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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 177 ]. This is test number [ 333 .

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed

Rubi 100.00 (177) | 0.00 (0)

Mathematica | 99.44 ( 176 ) 0.56 (1)
Maple 83.62 (148 ) | 16.38 (29)
Maxima | 38.98 (69) | 61.02 (108)
Reduce 35.03 (62) | 64.97 (115)
Giac 33.33 (59) | 66.67 (118)
Fricas 31.64 (56 ) | 68.36 (121 )
Mupad 31.64 (56) | 68.36 (121)
Sympy 20.90 (37) | 79.10 ( 140 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons

1. antiderivative contains a hypergeometric function and the optimal

antiderivative does not.

2. antiderivative contains a special function and the optimal an-

tiderivative does not.

3. antiderivative contains the imaginary unit and the optimal an-

tiderivative does not.

exception was raised.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Mathematica 63.842 2.260 2.825 31.073
Rubi 51.977 0.000 17.514 30.508
Maple 32.768 17.514 2.825 46.893
Fricas 12.429 2.260 0.000 85.311
Maxima, 9.605 2.825 0.000 87.571
Giac 2.260 0.565 0.000 97.175
Mupad 0.000 1.130 0.000 98.870
Reduce 0.000 4.520 0.000 95.480
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB

C
BF
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Maple 29 100.00 0.00 0.00

Fricas 121 54.55 0.00 45.45

Maxima 108 88.89 0.00 11.11

Reduce 115 100.00 0.00 0.00

Giac 118 66.95 0.00 33.05

Mupad 121 0.00 100.00 0.00

Sympy 140 75.00 25.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.15

Maxima 0.34

Maple 0.41

Rubi 0.95

Giac 1.75
Mathematica 2.85

Mupad 3.06

Sympy 21.79

Reduce 36.22

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Mupad 23.70 1.01 22.00 1.00
Sympy 28.08 1.24 20.00 0.95
Giac 35.14 1.02 22.00 1.00
Rubi 153.26 0.97 104.00 1.00
Mathematica | 155.35 1.04 101.50 1.06
Fricas 168.61 2.23 82.00 1.55
Maxima 242.65 6.30 70.00 1.10
Maple 269.85 1.58 82.50 1.00
Reduce 326.44 13.49 58.50 1.82

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more

complicated to solve.

Rubi Mma Maple
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals

solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive
{21}[22, 2627 31} 82} 36} 87 [74} 75} 30} BT} 35} 6},[8% 90} [93} 94} [98} 09}, 102} 103} [108} [[09} [T 14]

[115}[T19,[120}[136} 137, 141} 142} [143} 144} 148} [149} 150} 15T} [152} 153} [154} 155} [156} 157 15|
159, [163,[164} [167}[168, 172} [173, [176, [77)}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
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Mathematica {5} [6}[L1}[12}[23)[24}[33,[34} 35,38} [39} [40} 45} [46} [49} [52} 53} |54} [69} [60} 63} (64}
165,69, [70} [71}, |05}, 110} [L 11} [112} [116}, [L17, [L38), [139)}, [L40} [145} [146} 147}, 160} {165} 166, 174}

Maple {[127]

Maxima Verification phase not currently implemented.

Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.
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Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.

1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')
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See https://ask.sagemath.org/question/43088/integrate-results-that-are|
fdifferent-from—using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
V/ask.sagemath.org/question/b57123/could-we—-have-a-leaf count-function-1|
n-base-sagemath/|

def tree_ size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:

return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2




CHAPTER 1. INTRODUCTION 26

1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 20]
Mma . . . . . . e e e e 20
Maple . . . . . e e e 30
Fricas . . . . . . e 30
Maxima . . . . . . . e e e 31
Gilac . . . . e e 31l
Mupad . . . . . . . e e e
Sympy . . . . . e e
Reduce . . . . . . . . . e

Rubi

A grade {[1}[23)[7,89}[13}[14}[15}[23 24 25} 33} 34} 3538} [39} 40} |41} |42} 43} [44} 45}, 46} AT,
0,1} 253} b4 55} 56, 67 58} 59} (60, 61} 65} (66, 67, [70} 711, 72} [73, [76} 77} [79}, |84}, BT} B8,
[92}[97} [0} [T0T], (104} [105} [T06},[T07}, [0} [TTT} [TT3), [TT6}, 17, [T18) [12T), T2} 123} [T24) [125)

[126}[127], 128, [129}, (130}, (131}, 132} [133], 134} [138], [1 39} [140}, (145} [146], 147} [160, [16 1}, 162, [165),
169 [T70},[T74,[175) }

B grade {}

C grade {[1)5)5)[T0, [T} 126, 7 15,0, 20,5} 29) 0, 5 49,62 63,64 659, 75) B2, B3
1,95, 96, 112,135 [0 71}

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,25)/A5)B) 75 510, 1,3, 13,5 16,5 19,20, 25,25, 29,50, 53,5 55,58
39, 40}, AT}, 42, (43} 44 {45}, 46| 47}, 48, 49} 50} 61}, 52} 63}, 54} 551, [56} 571, 68} 59, (60, 6T, (62, [63),
64,65, 166} (671, (68} [70L [T}, [72}[73} [76}[77], [78} [79], B2} [83, B4} [87], [88} 91} 92} 95}, [06}, 97}, 100, [10T}
[104,[103},[106},[107], 110} [TT1}, 112} [TT3] 116} 117, 118} [121], 122} [123] 124}, [125], 126}, 128} [129]
(T30, [131 132, [33 134 33,135 [39, .40} 160} 161 [162 165} 166} 169, 170, 171} 74 }

B grade {[I2}[17,23,24 }
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C grade { [69[127,[145}[146}[147] }

F normal fail {[175}
F(-1) timedout fail { }

F(-2) exception fail { }

Maple

A grade { [1}2}[3, 5} 617, 8} 9} [11} 12} 13} 14} [L5, [17}[18} 19} 20} 23} [24} [25), 28 [29} 30} 51} [55)
165366} 67} 70} (71 72, [73, [763, 77} [78, [79} B4 [88,, 92} 97, [T0T} [T07} 113} [T T8, [T2T} 122} 123} [T24)
[125} [128}[129} [£30} [131} 133} [134} 135} [139} [140] }

B grade {[53,54)55,55) 59,0} 1) 23, 5, ) 7 )19, 50 52 53 5 56, 57 65 )
0,61, [52,63) 64,68, 69, 35

C grade { [[0}16/1Z6,127 }

F normal fail {[82}[83][87}[91}[05][96}[100}[104}[105][106][110} [111}[112} [116}[117}[132}[145)
[146}[147}[160}[161} [162} 165} [L66} 169, 170} [171} 174, [L75] }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { [1)25 7 BB C3) 4 5 73} 70} .13 38 2T 2 23) 1.2 25 125 129 30
15}

B grade { 5131140147}
C grade { }
F normal fail {[4}5}[6}[10},[11}12}[16}[17 1§ [19} 20} 23} 24} 25 [28} [29}[30} ]33} 34} 35} 38} 39

[0, (AT}, A2, [43, [44) 45, 46, A7} 48, [49} 50} 52} 53, 54 (55, 56, 57} 58}, 59} (6T} 611, 62} 63} (64} [65)
[66}671,[68, [69% [70} [71}, 72} [76}, [77, [78} [126} [127} [132} 133} [134} [135}, (138} [139} [140] }

F(-1) timedout fail { }
F(-2) exception fail {[82]83}[84}[85,[86]87,[88[8% |90} 91}02}93, 94} 95} 96,97} |98, [99} 100

[101},[102} 103, 104} [105], [106} 107} 108, [109, 110} [TTT} 112} 114} [TT5| 116} 117, T19, 120} [T60,
[161}[162} 163} 164} [L65} (166} [167] [168, 169} 170} 171} [172}[173} 174} 175} [L 76} [I77 }
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Maxima

A grade { [1,2,5,0,/2, 3, 56,57 121 22 (23 124 (125} 128,29} 130, 131 }

B grade { [7[8[L3,[14[15]}

C grade { }

F normal fail {5610} [T, (2 [6) 7 5[0} 20, 25, 24 25, 25) 29,50} 53} 54,55} 55,59,
[0} [4T} (44}, 45, 46}, 47} (48} 49} 5T} 52} 53} 54} 55} 58}, 59} (60} 6T} (62} 63} (64, 67} (68, (69} 70} [7 T

[72,[73,[76}[77, 78} [79, 82, B3, 84} 87} 88, [PT} 92} 95} 96}, 7} [100} 10T} [T04} 105} 106}, 107, [T 10
[L11}[112} [T13} 116} 117, [T18| 126} 127,133} [134} 135, [138} [139} [140} 146} 147, [160} 16T} [T62,

[165}166}[169} 170} [17T} [I74,[I75] }

F(-1) timedout fail { }

F(-2) exception fail { 50,55, 66,32} 143} 14445 [48 149} 150, 163 167 }

Giac

A grade {[122[123][124,[125] }

B grade {[131]}

C grade { }

F normal fail {[45}[6}[10},[11}[12}[16}[17 L8 [19} 20} 23} 24} 25 [28} [29}[30} 33} 34} 35} 50} 51
(55456} 5758} 161} (62} 63} 167} (68, [70} [71} 72} 73} [76, 77, [78} [, 84}, 88} 92395}, 96}, 97, [L00} [T0T]

[104} 105}, [106, 107} 110}, [T1T} 112} [TT3, [T16} 117} [T18, 126} 127, [132} 133} 134 [135} 138} [139,
[140} 145} 146} [147} [T60} [L61} [162} [166, 169, [170} 171} [174[175] }

F(-1) timedout fail { }

F(-2) exception fail {1)25,) 0131315} 5, 50,0, 1 2 ) ) 1, 7, ) 5,
52 53, 5% 59, 60,54 65,60} 69,52} 53, 87,01} 121} 128, 129} 130, 165}




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 32

Mupad
A grade { }

B grade { }
C grade { }
F normal fail { }

F(-1) timedout fail {125}/ 5} )7 BB 10} ) (23} 141516, 17 5 19} 20} 23,2
25,28} [29,[30}[33} 34} 135} [38} 39, 140} T}, 42} (43}, 44}, (45, 46}, [47], A8, 49} [50}, 52}, [p3} 54} [55}, [66),
[67,[68, 59} 60 (61} [62} [63} 64, [65}, 664 (67}, 68} (69}, [70} [71},[72} [73, [76} [77),[78} [82} [83} 84} [87] B8,
(91,92} [95},[96} 097} [L0C} 10T}, [T04}[T05} [106},[107, 110, 111}, 1T} [T13] [116}, 117} 118} [T2T} [T22]
[123,[124} [T25],[126}, 127], 128, [T29} 130} [131], 132, [133} 134}, [135}, [138], 139, [140}, [145}, [146}, 147,
[T60,[16T 162} [65} 166, 69, 170, 71 L7 175}

F(-2) exception fail { }

Sympy

A grade { }
B grade { }
C grade { }

F normal fail {[1}[2134[51(6}[7][8} 0} [L0}[L1}[12} 13} 14}[L5} 16 L7} 18} 19} 20} 23} 24 25} (28]
[29}, B0} 33} 8%, 35 [0} AT, 42 {6, 47, 48, {19} 0, b 53, 54 55, 563, 67, 5% 0} 6T, 62 63} 66
[67, 68} 69 [T13 72} 73, [77[78, [79} 82, B3} %[BT B8} 95} (96,07} (100} [T} [T05} [106;, 107} [T 1T}
[[T2} (LT3} [TT7) (T2} 122} 123, (124, [[25, (126 27 [L28} 29 (130} [T31) (132, (133} 137 L35, 138,
[139}[140} [145} 146} [160} 16} 162} 165 [166} [169} (170} 171} (74 [I75] }

F(-1) timedout fail {5850\ 5} 52, 58) 62 G5, 70,7} €1, 60, 01, 62 93, 103, 107
[109] [110} 114} [115}[116}[118] [L19] 20} 137, 142} 147, [151} [159 [168, 173,177 }

F(-2) exception fail { }
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Reduce

A grade { }

B grade { [1}[2}[3[121}[122}[123}[124,[125] }
C grade { }

F normal fail {56,750 [0J[) (23} (45} 16,7} [5)} 20, 23 2 25} 25 B
33,34, 351,38, [39} [0}, AT}, 42} (43, (44}, 45}, 46, (47} 48}, (49, [50} b 1}, 52} [53} 54} 55} [66} 571, 58, B9}
60,61} [62, 163} [64} [651, (66} (67}, 68, [69} [70}, [711, [72} [73} [76, [77} [78}, [79}[82} |83, B4} [B7} [88, 9T} 02}
[95,[96}[97},[100} [101},[104} [105},[106},[107} [110} [T1T}[T12}[T13}[T16}[117, [1 18} [126}, 127}, 128} [129]
[130, (13T}, 132} 133}, 134, [135} [T 38}, [139} [140}, 145}, [146}, 147, [160} [16T], 162, [165), [166}, 169}, 170,

T4 }
F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 191 194 123 130 302 169 0 0 174 0

N.S. 1 1.02 064  0.68 1.58 0.88 0.00 0.00 0.91 0.00
time (sec) N/A 1.071 0.172 0.142 0.037 0.246 0.000 0.000 0.188  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F F(2) B  F(1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 143 155 99 99 194 133 0 0 133 0

N.S. 1 108 069 069 136 093 000 000 093  0.00
time (sec) N/A | 0474 0101 0129 0039 0206 0.000 0.000 0182  0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 86 89 71 71 97 83 0 0 89 0

N.S. 1 1.03 083 0.83 1.13 0.97 0.00 0.00 1.03 0.00

time (sec) N/A 0.280 0.057 0.073 0.026 0.303 0.000 0.000 0.181 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 58 64 180 0 0 0 0 54 0
N.S. 1 0.98  1.08 3.05 0.00 0.00 0.00 0.00 0.92 0.00
time (sec) N/A 0.369 0.051 0.661 0.000  0.000 0.000 0.000 0.184 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 120 118 189 192 0 0 0 0 148 0
N.S. 1 0.98  1.58 1.60 0.00 0.00 0.00 0.00 1.23 0.00
time (sec) N/A 0.554 1.034 0.218 0.000  0.000 0.000 0.000 0.191 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 180 174 316 256 0 0 0 0 262 0
N.S. 1 097 1.76 1.42 0.00 0.00 0.00 0.00 1.46 0.00
time (sec) N/A 0.743 0.825 0.301 0.000  0.000 0.000 0.000 0.196 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 314 366 249 356 714 354 0 0 265 0
N.S. 1 1.17  0.79 1.13 2.27 1.13 0.00 0.00 0.84 0.00
time (sec) N/A 2.852 1.425 0.382 0.061 0.253  0.000 0.000 0.221 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 231 256 201 264 457 278 0 0 200 0
N.S. 1 1.11  0.87 1.14 1.98 1.20 0.00 0.00 0.87 0.00
time (sec) N/A 2171 1.252 0.181 0.042 0.280 0.000 0.000 0.209 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 148 146 171 230 178 0 0 133 0
N.S. 1 1.09 1.07 1.26 1.69 1.31 0.00 0.00 0.98 0.00
time (sec) N/A 0.865 0.212 0.134 0.039  0.197 0.000 0.000 0.208 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 104 119 355 0 0 0 0 85 0
N.S. 1 0.88 1.01 3.01 0.00 0.00 0.00 0.00 0.72 0.00
time (sec) N/A 0.544 0.088 0.175 0.000  0.000 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 195 185 359 428 0 0 0 0 233 0
N.S. 1 095 1.84 2.19 0.00 0.00 0.00 0.00 1.19 0.00
time (sec) N/A 1.890 5.432 0.221 0.000  0.000 0.000 0.000 0.197 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 302 294 660 558 0 0 0 0 417 0
N.S. 1 097 219 1.85 0.00 0.00 0.00 0.00 1.38 0.00
time (sec) N/A 4.372 7.561 0.260 0.000  0.000 0.000 0.000 0.200 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 510 749 427 668 1353 582 0 0 361 0
N.S. 1 1.47 0.84 1.31 2.65 1.14 0.00 0.00 0.71 0.00
time (sec) N/A 6.508 1.710 0.237 0.100  0.250 0.000 0.000 0.274 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 386 488 347 492 861 455 0 0 271 0
N.S. 1 1.26  0.90 1.27 2.23 1.18 0.00 0.00 0.70 0.00
time (sec) N/A 3.019 1.368 0.230 0.070  0.188 0.000 0.000 0.256 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 213 257 256 313 437 296 0 0 178 0
N.S. 1 1.21  1.20 1.47 2.05 1.39 0.00 0.00 0.84 0.00
time (sec) N/A 2.122 0.354 0.199 0.053  0.228 0.000 0.000 0.241 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 178 154 167 590 0 0 0 0 114 0
N.S. 1 0.87 0.94 3.31 0.00 0.00 0.00 0.00 0.64 0.00
time (sec) N/A 0.988 0.128 0.254 0.000  0.000 0.000 0.000 0.228 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 316 286 708 811 0 0 0 0 312 0
N.S. 1 091 224 2.57 0.00 0.00 0.00 0.00 0.99 0.00
time (sec) N/A 3.098 7.518 0.267  0.000  0.000 0.000 0.000 0.229 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 61 45 44 0 0 0 0 64 0
N.S. 1 091 0.67 0.66 0.00 0.00 0.00 0.00 0.96 0.00
time (sec) N/A 0.363 0.327 0.096 0.000  0.000 0.000 0.000 0.215 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 48 34 33 0 0 0 0 46 0
N.S. 1 0.96 0.68 0.66 0.00 0.00 0.00 0.00 0.92 0.00
time (sec) N/A 0.340 0.131 0.070 0.000  0.000 0.000 0.000 0.213 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 29 33 25 24 0 0 0 0 28 0
N.S. 1 1.14  0.86 0.83 0.00 0.00 0.00 0.00 0.97 0.00
time (sec) N/A 0.509 0.085 0.047 0.000  0.000 0.000 0.000 0.204 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 25 24 22 24 27 22
N.S. 1 1.00 1.10 1.00 1.25 1.20 1.10 1.20 1.35 1.10
time (sec) N/A 0.305 1.376 0.163 0.106 0.183 1.185 0.128  0.200 3.034
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 23 36 36 23 36 22
N.S. 1 1.00 1.10 1.00 1.15 1.80 1.80 1.15 1.80 1.10
time (sec) N/A 0.340 4.534 0.085 0.108 0.171 3.855 0.129 0.222 3.076
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 98 83 257 107 0 0 0 0 64 0
N.S. 1 0.85  2.62 1.09 0.00 0.00 0.00 0.00 0.65 0.00
time (sec) N/A 0.948 0.446 0.086 0.000  0.000 0.000 0.000 0.233 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 82 73 194 87 0 0 0 0 46 0
N.S. 1 0.89 237 1.06 0.00 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.783 0.322 0.075 0.000  0.000 0.000 0.000 0.208 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 57 65 61 0 0 0 0 28 0
N.S. 1 098 1.12 1.05 0.00 0.00 0.00 0.00 0.48 0.00
time (sec) N/A 0.638 0.225 0.053 0.000  0.000 0.000 0.000 0.200 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 259 24 26 24 31 22
N.S. 1 1.00 1.10 1.00 12.95 1.20 1.30 1.20 1.55 1.10
time (sec) N/A 0.526 2.588 0.155 0.248 0.184 2402 0.127 0.189 3.038
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 351 36 41 23 42 22
N.S. 1 1.00 1.10 1.00 17.55 1.80 2.05 1.15 2.10 1.10
time (sec) N/A 0.556 8.119  0.082 0.289  0.168 10.283 0.133 0.192 3.041
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 269 226 183 242 0 0 0 0 80 0
N.S. 1 0.84 0.68 0.90 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.688 1.415 0.451 0.000  0.000 0.000 0.000 0.259 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 201 172 139 182 0 0 0 0 58 0
N.S. 1 0.86  0.69 0.91 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.538 0.504 0.197 0.000  0.000 0.000 0.000 0.215 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 116 93 114 0 0 0 0 36 0
N.S. 1 093 0.74 0.91 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.445 0.164 0.159 0.000  0.000 0.000 0.000 0.203 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 24 29 39 36 28 40 26
N.S. 1 1.00 1.08 1.00 1.21 1.62 1.50 1.17 1.67 1.08
time (sec) N/A 0.227 2.536 0.133 0.111 0.167 2300 0.131 0.204 3.064
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 24 27 67 61 27 58 26
N.S. 1 1.00 1.08 1.00 1.12 2.79 2.54 1.12 2.42 1.08
time (sec) N/A 0.228 20.632 0.160 0.114 0.232 10.519 0.133 0.195 3.085
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 307 247 573 908 0 0 0 0 136 0
N.S. 1 0.80 1.87 2.96 0.00 0.00 0.00 0.00 0.44 0.00
time (sec) N/A 1.317 2.058 0.369 0.000  0.000 0.000 0.000 0.258 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 240 198 261 591 0 0 0 0 100 0
N.S. 1 0.82  1.09 2.46 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 1.451 1.489 0.217 0.000  0.000 0.000 0.000 0.254 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 161 143 132 318 0 0 0 0 64 0
N.S. 1 0.89 0.82 1.98 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.785 0.494 0.187 0.000  0.000 0.000 0.000 0.218 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 24 447 71 73 28 74 26
N.S. 1 1.00 1.08 1.00 18.62 2.96 3.04 1.17 3.08 1.08
time (sec) N/A 0.612 9.369 0.141 0.300 0.200 9.119 0.143 0.219 3.055
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 24 644 119 121 27 112 26
N.S. 1 1.00  1.08 1.00 26.83 4.96 5.04 1.12 4.67 1.08
time (sec) N/A 0.632 23.638 0.149 0.366  0.201 100.070 0.152  0.208 2.978
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 254 306 300 871 0 0 0 0 150 0
N.S. 1 1.20 1.18 3.43 0.00 0.00 0.00 0.00 0.59 0.00
time (sec) N/A 0971 1.670 0.374 0.000  0.000 0.000 0.000 0.238 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 179 216 192 546 0 0 0 0 101 0
N.S. 1 1.21  1.07 3.05 0.00 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.659 1.262 0.237 0.000  0.000 0.000 0.000 0.216 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 106 124 110 281 0 0 0 0 51 0
N.S. 1 1.17  1.04 2.65 0.00 0.00 0.00 0.00 0.48 0.00
time (sec) N/A 0.428 0.352 0.214 0.000  0.000 0.000 0.000 0.203 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 44 53 53 88 0 0 0 0 38 0
N.S. 1 1.20 1.20 2.00 0.00 0.00 0.00 0.00 0.86 0.00
time (sec) N/A 0.230 0.034 0.154 0.000  0.000 0.000 0.000 0.211 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 84 73 174 70 0 0 0 80 0
N.S. 1 1.17  1.01 2.42 0.97 0.00 0.00 0.00 1.11 0.00
time (sec) N/A 0.349 0.026 0.274 0.038  0.000 0.000 0.000 0.215 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 150 179 122 475 157 0 0 0 197 0
N.S. 1 1.19 0.81 3.17 1.05 0.00 0.00 0.00 1.31 0.00
time (sec) N/A 0.683 0.070 0.284 0.042 0.000 0.000 0.000 0.198 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 225 274 168 2225 0 0 0 0 355 0
N.S. 1 1.22  0.75 9.89 0.00 0.00 0.00 0.00 1.58 0.00
time (sec) N/A 0.938 0.088 0.322 0.000  0.000 0.000 0.000 0.217 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 301 356 333 1061 0 0 0 0 166 0
N.S. 1 1.18  1.11 3.52 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 1.701 2.821 0.273 0.000  0.000 0.000 0.000 0.283 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 186 181 202 533 0 0 0 0 82 0
N.S. 1 097 1.09 2.87 0.00 0.00 0.00 0.00 0.44 0.00
time (sec) N/A 0.805 1.011 0.253 0.000  0.000 0.000 0.000 0.236 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 44 53 53 147 0 0 0 0 69 0
N.S. 1 1.20 1.20 3.34 0.00 0.00 0.00 0.00 1.57 0.00
time (sec) N/A 0.244 0.041 0.194 0.000  0.000 0.000 0.000 0.207 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 162 140 127 560 0 0 0 0 142 0
N.S. 1 0.86 0.78 3.46 0.00 0.00 0.00 0.00 0.88 0.00
time (sec) N/A 0.666 0.330 0.312 0.000  0.000 0.000 0.000 0.230 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 289 278 288 2373 0 0 0 0 361 0
N.S. 1 0.96 1.00 8.21 0.00 0.00 0.00 0.00 1.25 0.00
time (sec) N/A 1.912 1971 0.359 0.000  0.000 0.000 0.000 0.221 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 66 54 152 0 0 0 0 13 0
N.S. 1 1.00 0.82 2.30 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.479 0.109 0.300 0.000  0.000 0.000 0.000 0.208 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 45 51 0 56 0 0 22 48
N.S. 1 1.00 1.41 1.59 0.00 1.75 0.00 0.00 0.69 1.50
time (sec) N/A 0.330 0.022 0.100 0.000  0.162 0.000 0.000 0.185 3.129
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 278 306 347 885 0 0 0 0 150 0
N.S. 1 1.10 1.25 3.18 0.00 0.00 0.00 0.00 0.54 0.00
time (sec) N/A 1.358 1.801 0.264 0.000  0.000 0.000 0.000 0.246 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 197 216 235 546 0 0 0 0 101 0
N.S. 1 1.10 1.19 2,77 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 0.638 0.899 0.195 0.000  0.000 0.000 0.000 0.213 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 124 124 144 278 0 0 0 0 51 0
N.S. 1 1.00 1.16 2.24 0.00 0.00 0.00 0.00 0.41 0.00
time (sec) N/A 0.427 0.447 0.163 0.000  0.000 0.000 0.000 0.192 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 53 53 89 0 0 0 0 38 0
N.S. 1 095 0.95 1.59 0.00 0.00 0.00 0.00 0.68 0.00
time (sec) N/A 0.232 0.032 0.137 0.000  0.000 0.000 0.000 0.193 0.000
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 84 72 180 70 0 0 0 80 0
N.S. 1 1.00 0.86 2.14 0.83 0.00 0.00 0.00 0.95 0.00
time (sec) N/A 0.252 0.027 0.218 0.038  0.000 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 162 179 132 477 157 0 0 0 197 0
N.S. 1 1.10 0.81 2.94 0.97 0.00 0.00 0.00 1.22 0.00
time (sec) N/A 0.444 0.067 0.250 0.045 0.000 0.000 0.000 0.211 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 237 274 178 2283 0 0 0 0 355 0
N.S. 1 1.16  0.75 9.63 0.00 0.00 0.00 0.00 1.50 0.00
time (sec) N/A 0.647 0.087 0.269 0.000  0.000 0.000 0.000 0.192 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 324 356 374 1061 0 0 0 0 166 0
N.S. 1 1.10 1.15 3.27 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 1.735 3.204 0.213 0.000  0.000 0.000 0.000 0.255 0.000
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 204 181 235 527 0 0 0 0 82 0
N.S. 1 0.89 1.15 2.58 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 1.067 1.069 0.178 0.000  0.000 0.000 0.000 0.213 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 53 53 149 0 0 0 0 69 0
N.S. 1 095 0.95 2.66 0.00 0.00 0.00 0.00 1.23 0.00
time (sec) N/A 0.396 0.038 0.151 0.000  0.000 0.000 0.000 0.200 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 198 140 126 578 0 0 0 0 142 0
N.S. 1 0.71  0.64 2.92 0.00 0.00 0.00 0.00 0.72 0.00
time (sec) N/A 0.685 0.307 0.280 0.000  0.000 0.000 0.000 0.206 0.000
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 319 278 289 2435 0 0 0 0 361 0
N.S. 1 0.87 0.91 7.63 0.00 0.00 0.00 0.00 1.13 0.00
time (sec) N/A 1.675 1.562 0.321 0.000  0.000 0.000 0.000 0.212 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 405 407 220 794 0 0 0 0 90 0
N.S. 1 1.00 0.54 1.96 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 2460 1.046 0.476 0.000  0.000 0.000 0.000 0.191 0.000
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F F(-1) F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 387 390 148 536 0 0 0 0 53 0
N.S. 1 1.01 0.38 1.39 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 4.648 0.403 0.319 0.000  0.000 0.000 0.000 0.206 0.000
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F(-2) F F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 231 182 98 256 0 0 0 0 23 0
N.S. 1 0.79  0.42 1.11 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 1.320 0.200 0.240 0.000  0.000 0.000 0.000 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 46 46 55 0 0 0 0 27 0
N.S. 1 094 094 1.12 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 0.232 0.022 0.210 0.000  0.000 0.000 0.000 0.187 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 241 143 162 548 0 0 0 0 52 0
N.S. 1 0.59  0.67 2.27 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.801 0.221 0.383 0.000  0.000 0.000 0.000 0.181 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C B F F F F(-2) F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 401 292 258 955 0 0 0 0 68 0
N.S. 1 0.73  0.64 2.38 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 3.118 0.794 0.454 0.000  0.000 0.000 0.000 0.194 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 458 207 195 302 0 0 0 0 94 0
N.S. 1 045 0.43 0.66 0.00 0.00 0.00 0.00 0.21 0.00
time (sec) N/A 0.594 0.917 0.256 0.000  0.000 0.000 0.000 0.265 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 314 156 149 234 0 0 0 0 61 0
N.S. 1 0.50 047 0.75 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.520 0.620 0.128 0.000  0.000 0.000 0.000 0.236 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 52
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 181 104 106 167 0 0 0 0 27 0
N.S. 1 0.57  0.59 0.92 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 0.454 0.426 0.109 0.000  0.000 0.000 0.000 0.209 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 49 55 60 0 68 0 0 54 0
N.S. 1 092 1.04 1.13 0.00 1.28 0.00 0.00 1.02 0.00
time (sec) N/A 0.259 0.283 0.152 0.000 0.225 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 26 26 28 24 26 81 27 26 88 26
N.S. 1 1.00 1.08 0.92 1.00 3.12 1.04 1.00 3.38 1.00
time (sec) N/A 0.256 8.873 0.196 0.131 0.165 7.304 0.174 0.208 3.011
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 26 26 28 24 26 108 27 26 129 26
N.S. 1 1.00 1.08 0.92 1.00 4.15 1.04 1.00 4.96 1.00
time (sec) N/A 0.246 3.630 0.295 0.133  0.181 38.797 0.183 0.211 3.013
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 454 247 271 628 0 0 0 0 136 0

N.S. 1 0.54  0.60 1.38 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 1.030 1.368 0.273 0.000 0.000 0.000 0.000 0.289 0.000

Problem 7 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 307 195 170 448 0 0 0 0 89 0

N.S. 1 0.64 055  1.46 0.00 0.00 0.00 0.00 0.29 0.00

time (sec) N/A 1.204 0.798 0.182 0.000 0.000 0.000 0.000 0.242 0.000

Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 175 146 122 271 0 0 0 0 41 0

N.S. 1 0.83 0.70 1.55 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 1.252 0.386 0.159  0.000  0.000 0.000 0.000 0.205 0.000

Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 53 51 51 61 0 80 0 0 65 63
N.S. 1 0.96 0.96 1.15 0.00 1.51 0.00 0.00 1.23 1.19

time (sec) N/A 0.402 0.037 0.098 0.000 0.270  0.000 0.000 0.194 2.907
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 26 26 28 24 597 133 29 26 144 26
N.S. 1 1.00 1.08 0.92 22.96 5.12 1.12 1.00 5.54 1.00
time (sec) N/A 0.693 6.325 0.179 0.790  0.196 50.185 0.188 0.210 3.206
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 26 26 28 24 735 178 0 26 216 26
N.S. 1 1.00  1.08 0.92 28.27 6.85 0.00 1.00 8.31 1.00
time (sec) N/A 0.678 12.707 0.263 1.214  0.207 0.000 0.197 0.227 3.204
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 351 352 154 0 0 0 0 0 51 0
N.S. 1 1.00 0.44 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 2.965 0.226 0.000 0.000  0.000 0.000 0.000 0.402 0.000
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 205 180 117 0 0 0 0 0 22 0
N.S. 1 0.88  0.57 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 1.971 0.142  0.000 0.000  0.000 0.000 0.000 0.284 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 48 48 41 0 0 0 0 37 0
N.S. 1 094 094 0.80 0.00 0.00 0.00 0.00 0.73 0.00
time (sec) N/A 0.382 0.027 0.101 0.000  0.000 0.000 0.000 0.245 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 26 22 44 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 1.08 0.92 1.83 0.92
time (sec) N/A 0.601 5.012 0.289 0.407  0.000 4.660 1.644 0.508 2.851
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 26 22 278 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 1.08 092 11.58 0.92
time (sec) N/A 1.090 5.542 0.326 0.432  0.000 90.569 1.621 0.615 2.802
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 302 203 136 0 0 0 0 0 26 0
N.S. 1 0.67 045 0.00 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 1.507 0.325 0.000 0.000  0.000 0.000 0.000 0.392 0.000
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 48 48 41 0 0 0 0 41 0
N.S. 1 094 094 0.80 0.00 0.00 0.00 0.00 0.80 0.00
time (sec) N/A 0.228 0.027 0.098 0.000  0.000 0.000 0.000 0.263 0.000
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 26 22 48 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 1.08 0.92 2.00 0.92
time (sec) N/A 0.365 4.784 0.237 0.351 0.000 43.181 3.017 0.571 2.787
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 296 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 092 1233 0.92
time (sec) N/A 1.398 5.597 0.303 0.364 0.000 0.000 3.012 0.760 2.825
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F(-1) F(-2) F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 330 256 148 0 0 0 0 0 28 0
N.S. 1 0.78 0.45 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 3.659 0.413 0.000 0.000  0.000 0.000 0.000 0.432 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 48 48 41 0 0 0 0 43 0
N.S. 1 094 094 0.80 0.00 0.00 0.00 0.00 0.84 0.00
time (sec) N/A 0.259 0.026 0.100 0.000  0.000 0.000 0.000 0.285 0.000
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 50 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 2.08 0.92
time (sec) N/A 0.363 4.384 0.227 0.377  0.000 0.000 3.049 0.626 2.873
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 304 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 092  12.67 0.92
time (sec) N/A 1.541 3.828 0.295 0.374 0.000 0.000 3.040 0.779 2.807
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 368 369 165 0 0 0 0 0 50 0
N.S. 1 1.00 0.45 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 3.419 0.325 0.000 0.000  0.000 0.000 0.000 0.438 0.000
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 211 186 121 0 0 0 0 0 20 0
N.S. 1 0.88  0.57 0.00 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 2.768 0.203 0.000 0.000  0.000 0.000 0.000 0.279 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 50 50 44 0 0 0 0 31 0
N.S. 1 0.96 0.96 0.85 0.00 0.00 0.00 0.00 0.60 0.00
time (sec) N/A 0.221 0.041 0.131 0.000  0.000 0.000 0.000 0.224 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 20 22 37 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.83 0.92 1.54 0.92
time (sec) N/A 0.368 6.514 0.519 0.407  0.000 4.611 1.011 0.441 2.748
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 20 22 275 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.83 092 11.46 0.92
time (sec) N/A 0.959 3.186 0.470 0.454  0.000 91.914 1.024 0.643 2.666
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 316 217 144 0 0 0 0 0 26 0
N.S. 1 0.69 0.46 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 1.835 0.421 0.000 0.000  0.000 0.000 0.000 0.319 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 50 50 44 0 0 0 0 37 0
N.S. 1 0.96 0.96 0.85 0.00 0.00 0.00 0.00 0.71 0.00
time (sec) N/A 0.228 0.043 0.124 0.000  0.000 0.000 0.000 0.227 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 20 22 43 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.83 0.92 1.79 0.92
time (sec) N/A 0.456 6.916 0.369 0.386  0.000 45.545 3.354 0.489 2.569
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 301 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 092 12.54 0.92
time (sec) N/A 2.325 3.227 0.442 0.368  0.000 0.000 3.375 0.769 2.613
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 438 205 209 0 0 0 0 0 259 0
N.S. 1 047 048 0.00 0.00 0.00 0.00 0.00 0.59 0.00
time (sec) N/A 0.595 0.352  0.000 0.000  0.000 0.000 0.000 1.516 0.000
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 294 148 153 0 0 0 0 0 172 0
N.S. 1 0.50  0.52 0.00 0.00 0.00 0.00 0.00 0.59 0.00
time (sec) N/A 0.460 0.237  0.000 0.000  0.000 0.000 0.000 1.109 0.000
Problem 106 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 175 104 114 0 0 0 0 0 85 0
N.S. 1 0.59  0.65 0.00 0.00 0.00 0.00 0.00 0.49 0.00
time (sec) N/A 0.392 0.139  0.000 0.000  0.000 0.000 0.000 0.517 0.000
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F(-2) F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 46 46 41 0 0 0 0 46 0
N.S. 1 094 094 0.84 0.00 0.00 0.00 0.00 0.94 0.00
time (sec) N/A 0.229 0.031 0.097 0.000  0.000 0.000 0.000 0.275 0.000
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 27 22 55 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 1.12 0.92 2.29 0.92
time (sec) N/A 0.222 5.038 0.246 0.330  0.000 14.538 1.861 0.322 2.738
Problem 109, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 70 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 2.92 0.92
time (sec) N/A 0.226 5.307 0.332 0.334 0.000 0.000 1.886 0.336 2.683
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F(-1) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 433 241 411 0 0 0 0 0 306 0
N.S. 1 0.56  0.95 0.00 0.00 0.00 0.00 0.00 0.71 0.00
time (sec) N/A 0.854 0.908 0.000 0.000  0.000 0.000 0.000 1.562 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 286 183 239 0 0 0 0 0 204 0
N.S. 1 0.64 0.84 0.00 0.00 0.00 0.00 0.00 0.71 0.00
time (sec) N/A 0.737 0.408 0.000 0.000  0.000 0.000 0.000 0.983 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 170 148 127 0 0 0 0 0 105 0
N.S. 1 0.87 0.75 0.00 0.00 0.00 0.00 0.00 0.62 0.00
time (sec) N/A 0.659 0.273  0.000 0.000  0.000 0.000 0.000 0.455 0.000
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 46 46 41 0 59 0 0 50 0
N.S. 1 094 094 0.84 0.00 1.20 0.00 0.00 1.02 0.00
time (sec) N/A 0.311 0.030 0.072 0.000  0.178 0.000 0.000 0.271 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 61 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 2.54 0.92
time (sec) N/A 0.865 4.420 0.256 0.335  0.000 0.000 0.180 0.494 2.753
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 84 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 3.50 0.92
time (sec) N/A 0.878 5.121 0.322 0.328 0.000 0.000 0.191 0.577 2.605
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F(-1) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 329 251 317 0 0 0 0 0 216 0
N.S. 1 0.76  0.96 0.00 0.00 0.00 0.00 0.00 0.66 0.00
time (sec) N/A 2.582 0.448 0.000 0.000  0.000 0.000 0.000 1.015 0.000
Problem 117| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 201 182 141 0 0 0 0 0 111 0
N.S. 1 091 0.70 0.00 0.00 0.00 0.00 0.00 0.55 0.00
time (sec) N/A 0.621 0.256  0.000 0.000  0.000 0.000 0.000 0.484 0.000
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 48 48 41 0 59 0 0 50 0
N.S. 1 094 094 0.80 0.00 1.16 0.00 0.00 0.98 0.00
time (sec) N/A 0.228 0.029 0.098 0.000  0.103 0.000 0.000 0.271 0.000
Problem 119, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 61 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 2.54 0.92
time (sec) N/A 0.560 4.384 0.242 0.333  0.000 0.000 0.187 0.512 2.686
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 24 24 26 20 22 0 0 22 84 22
N.S. 1 1.00 1.08 0.83 0.92 0.00 0.00 0.92 3.50 0.92
time (sec) N/A 0.590 4.041 0.311 0.337  0.000 0.000 0.196 0.562 2.652
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 337 343 265 302 415 333 0 0 481 0
N.S. 1 1.02  0.79 0.90 1.23 0.99 0.00 0.00 1.43 0.00
time (sec) N/A 0.944 0.221 0.151 0.035  0.118 0.000 0.000 0.209 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 312 322 216 246 385 250 0 316 398 0
N.S. 1 1.03  0.69 0.79 1.23 0.80 0.00 1.01 1.28 0.00
time (sec) N/A 1.392 0.136 0.144 0.038 0.116 0.000 0.131 0.191 0.000
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 221 236 154 168 257 179 0 214 268 0
N.S. 1 1.07  0.70 0.76 1.16 0.81 0.00 0.97 1.21 0.00
time (sec) N/A 1.124 0.099 0.142 0.048 0.100 0.000 0.127 0.182 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 167 103 106 154 121 0 134 162 0
N.S. 1 1.14  0.70 0.72 1.05 0.82 0.00 0.91 1.10 0.00
time (sec) N/A 0.471 0.083 0.138 0.039  0.097 0.000 0.125 0.177 0.000
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 90 60 56 74 71 0 70 80 0
N.S. 1 1.07 0.71 0.67 0.88 0.85 0.00 0.83 0.95 0.00
time (sec) N/A 0.275 0.041 0.074 0.027  0.087 0.000 0.119 0.184 0.000
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 481 481 375 222 0 0 0 0 16 0
N.S. 1 1.00 0.78 0.46 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.200 0.235 10.978 0.000  0.000 0.000 0.000 0.203 0.000
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 774 774 687 790 0 0 0 0 27 0
N.S. 1 1.00 0.89 1.02 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.581 1.410 9.651 0.000  0.000 0.000 0.000 0.267 0.000
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 609 609 453 632 684 586 0 0 442 0
N.S. 1 1.00 0.74 1.04 1.12 0.96 0.00 0.00 0.73 0.00
time (sec) N/A 2904 0.392 0.522 0.063  0.102 0.000 0.000 0.251 0.000
Problem 129, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 359 359 299 402 429 380 0 0 283 0
N.S. 1 1.00 0.83 1.12 1.19 1.06 0.00 0.00 0.79 0.00
time (sec) N/A 1.715 0.281 0.323 0.048 0.095 0.000 0.000 0.222 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F(-2) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 168 174 203 218 209 0 0 150 0
N.S. 1 1.00 1.04 1.21 1.30 1.24 0.00 0.00 0.89 0.00
time (sec) N/A 0.894 0.160 0.273 0.042 0.095 0.000 0.000 0.211 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 55 84 78 72 96 0 111 50 0
N.S. 1 1.08 1.65 1.53 1.41 1.88 0.00 2.18 0.98 0.00
time (sec) N/A 0.389 0.041 0.123 0.027 0.089 0.000 0.214 0.193 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 67
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F(-2) F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 763 763 623 0 0 0 0 0 74 0
N.S. 1 1.00 0.82 0.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 1.848 0.425 0.000 0.000  0.000 0.000 0.000 0.257  0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 388 388 254 380 0 0 0 0 57 0
N.S. 1 1.00 0.65 0.98 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 1.044 0.393 0.662 0.000  0.000 0.000 0.000 0.241 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 139 180 125 178 0 0 0 0 33 0
N.S. 1 1.29  0.90 1.28 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 0.564 0.168 0.400 0.000  0.000 0.000 0.000 0.206 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 57 46 56 0 0 0 0 12 0
N.S. 1 1.06  0.85 1.04 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.446 0.046 0.029 0.000  0.000 0.000 0.000 0.183 0.000
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Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 29 17 22 31 22
N.S. 1 1.00 1.10 1.00 1.10 1.45 0.85 1.10 1.55 1.10
time (sec) N/A 0.283 0.546 0.181 0.098 0.071 8306 0.140 0.239 2.906
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 22 53 0 22 59 22
N.S. 1 1.00 1.10 1.00 1.10 2.65 0.00 1.10 2.95 1.10
time (sec) N/A 0.343 2.405 0.323 0.107  0.092 0.000 0.134 0.340 2.959
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 510 510 663 1102 0 0 0 0 99 0
N.S. 1 1.00 1.30 2.16 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 1.654 2.342 0.572 0.000  0.000 0.000 0.000 0.233 0.000
Problem 139, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 257 257 338 465 0 0 0 0 61 0
N.S. 1 1.00 1.32 1.81 0.00 0.00 0.00 0.00 0.24 0.00
time (sec) N/A 0.984 0.917 0.421 0.000  0.000 0.000 0.000 0.215 0.000
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 90 86 80 125 0 0 0 0 26 0

N.S. 1 0.96 0.89 1.39 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.748 0.268 0.047 0.000 0.000 0.000 0.000 0.201 0.000

Problem 141 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 816 57 19 22 64 22

N.S. 1 1.00 110 1.00 40.80 285 095 110 320 110
time (sec) N/A 0209 16586 0.197  1.110  0.097 81.031 0.138 0.240  2.940

Problem 142 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A F(l) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 1078 98 0 22 115 22

N.S. 1 1.00 110 1.00 5390 490 000 110 575  1.10
time (sec) N/A 0.216 27.685 0.362 1.626 0.092 0.000 0.140 0.342  2.880

Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A F(-2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 0 20 19 20 20 20

N.S. 1 1.00 1.10 0.90 0.00 1.00 0.95 1.00 1.00 1.00

time (sec) N/A 0.200 6.075 0.818 0.000 0.086 1.598 0.163 200.027 3.304
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Problem 144 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A F(2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 18 0 20 19 20 20 20

N.S. 1 1.00 110 090 000 1.00 095 1.00 1.00  1.00
time (sec) N/A 0.202 2.686 0.704 0.000 0.094 0.983 0.136 51229 3.351

Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C F F(-2) A F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 101 101 556 0 0 332 0 0 20 0

N.S. 1 1.00  5.50 0.00 0.00 3.29 0.00  0.00 0.20 0.00

time (sec) N/A 0.417 13.231 0.000 0.000 0.117  0.000 0.000 200.027 0.000

Problem 146 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C F F B F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 180 176 633 0 0 724 0 0 20 0

N.S. 1 0.98  3.52 0.00 0.00 4.02 0.00 0.00 0.11 0.00
time (sec) N/A 0.393 1.791 0.000 0.000 0.150 0.000 0.000 200.030 0.000

Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C F F B F(-1) F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 264 270 685 0 0 1360 0 0 20 0

N.S. 1 1.02 259  0.00 0.00 5.15 0.00  0.00 0.08 0.00

time (sec) N/A 1.169 2.825 0.000 0.000 0.215 0.000 0.000 200.030 0.000
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Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A F(2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 0 34 20 22 22 22

N.S. 1 1.00 1.09 091 000 155 091 100 1.00  1.00

time (sec) N/A 0.355 14.129 0.372 0.000 0.095 1.638 0.250 200.026 3.194

Problem 149, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A F(2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 0 34 20 22 22 22

N.S. 1 1.00 109 091 000 155 091 1.00 1.00  1.00

time (sec) N/A 0.367 7.650 0.288 0.000 0.093 1.069 0.181 54.741  3.208

Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A F(2) N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 0 54 20 22 22 22

N.S. 1 1.00 109 091 000 245 091 1.00 1.00  1.00
time (sec) N/A 0.348 12.948 0.776  0.000 0.090 7.239 0.173 200.029 3.451

Problem 151 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 107 65 0 22 22 22

N.S. 1 1.00 1.09 0.91 4.86 2.95 0.00 1.00 1.00 1.00

time (sec) N/A 0.286 26.175 0.565 0.576 0.099 0.000 0.183 200.031 3.418
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 22 19 22 22 22
N.S. 1 1.00 1.09 0.91 1.00 1.00 0.86 1.00 1.00 1.00
time (sec) N/A 0.287 0.878 0.589 0.113  0.094 0479 0.141 126.835 3.006
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 39 20 22 22 22
N.S. 1 1.00 1.09 0.91 1.00 1.77 0.91 1.00 1.00 1.00
time (sec) N/A 0.293 0.758 0.524 0.096 0.082 0.746 0.150 65.950 3.209
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 63 20 22 22 22
N.S. 1 1.00 1.09 0.91 1.00 2.86 0.91 1.00 1.00 1.00
time (sec) N/A 0.338 1.277 0.711 0.118 0.081 3.126 0.150 197.558 3.183
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 87 20 22 22 22
N.S. 1 1.00 1.09 0.91 1.00 3.95 0.91 1.00 1.00 1.00
time (sec) N/A 0.328 2.592 0.707 0.126  0.075 35.462 0.155 200.027 3.099
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Problem 156| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 596 36 20 22 22 22
N.S. 1 1.00 1.09 0.91 27.09 1.64 0.91 1.00 1.00 1.00
time (sec) N/A 0.218 10.051 0.615 0.602 0.099 0.873 0.144 192.204 3.359
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 580 67 22 22 22 22
N.S. 1 1.00  1.09 0.91 26.36 3.05 1.00 1.00 1.00 1.00
time (sec) N/A 0.241 10.483 0.500 1.041 0.082 2.106 0.151 73.057 3.338
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 857 108 22 22 22 22
N.S. 1 1.00  1.09 0.91 38.95 4.91 1.00 1.00 1.00 1.00
time (sec) N/A 0.230 15.472 0.681 2.075 0.106 15.209 0.166 200.032 3.173
Problem 159, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 1117 149 0 22 22 22
N.S. 1 1.00 1.09 0.91 50.77 6.77 0.00 1.00 1.00 1.00
time (sec) N/A 0.218 23.525 0.683 2.817 0.096 0.000 0.179 200.029 3.391
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 672 672 536 0 0 0 0 0 54 0
N.S. 1 1.00 0.80 0.00 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 2.722 4.327  0.000 0.000  0.000 0.000 0.000 0.923 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 322 322 317 0 0 0 0 0 31 0
N.S. 1 1.00 0.98 0.00 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 1.681 1.776 0.000 0.000  0.000 0.000 0.000 0.528 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 102 104 100 0 0 0 0 0 11 0
N.S. 1 1.02 098 0.00 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 1.229 0.088 0.000 0.000  0.000 0.000 0.000 0.232 0.000
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 0 0 19 22 21 22
N.S. 1 1.00 1.09 0.91 0.00 0.00 0.86 1.00 0.95 1.00
time (sec) N/A 0.366 1.917 0.234 0.000  0.000 1.542 9.832 0.664 3.007
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 20 22 32 22
N.S. 1 1.00 1.09 0.91 1.00 0.00 0.91 1.00 1.45 1.00
time (sec) N/A 0.370 17.686 0.383 0.388  0.000 39.669 9.858 1.778 3.124
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F(-2) F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 442 442 812 0 0 0 0 0 74 0
N.S. 1 1.00 1.84 0.00 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 2.144 1.879 0.000 0.000  0.000 0.000 0.000 0.997 0.000
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 140 151 269 0 0 0 0 0 32 0
N.S. 1 1.08  1.92 0.00 0.00 0.00 0.00 0.00 0.23 0.00
time (sec) N/A 0.893 0.158  0.000 0.000  0.000 0.000 0.000 0.432 0.000
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A F(-2) F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 0 0 19 22 51 22
N.S. 1 1.00 1.09 0.91 0.00 0.00 0.86 1.00 2.32 1.00
time (sec) N/A 0.233 0.476 0.230 0.000  0.000 33.013 14.542 1.608 3.263
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 0 22 73 22
N.S. 1 1.00  1.09 0.91 1.00 0.00 0.00 1.00 3.32 1.00
time (sec) N/A 0.243 11.458 0.404 0.500  0.000 0.000 14.416 5.221 3.330
Problem 169, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 608 608 530 0 0 0 0 0 85 0
N.S. 1 1.00 0.87 0.00 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 1.433 0.777  0.000 0.000  0.000 0.000 0.000 0.697 0.000
Problem 170, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 287 287 213 0 0 0 0 0 52 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.00 0.00 0.18 0.00
time (sec) N/A 1.097 0.415 0.000 0.000  0.000 0.000 0.000 0.427 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F(-2) F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 88 96 100 0 0 0 0 0 22 0
N.S. 1 1.09 1.14 0.00 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.575 0.068 0.000 0.000  0.000 0.000 0.000 0.210 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 20 22 41 22
N.S. 1 1.00 1.09 0.91 1.00 0.00 0.91 1.00 1.86 1.00
time (sec) N/A 0.374 0.187 0.247 0.339  0.000 4.817 10.067 0.642 3.300
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 0 22 69 22
N.S. 1 1.00 1.09 0.91 1.00 0.00 0.00 1.00 3.14 1.00
time (sec) N/A 0.365 0.231 0.369 0.360  0.000 0.000 10.005 1.706 3.277
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F(-2) F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 358 358 268 0 0 0 0 0 1233 0
N.S. 1 1.00 0.75 0.00 0.00 0.00 0.00 0.00 3.44 0.00
time (sec) N/A 1.231 1.237  0.000 0.000  0.000 0.000 0.000 1.479 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F(-2) F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 120 129 0 0 0 0 0 0 842 0
N.S. 1 1.08  0.00 0.00 0.00 0.00 0.00 0.00 7.02 0.00
time (sec) N/A 0.799 0.000 0.000 0.000  0.000 0.000 0.000 0.747 0.000
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 20 22 74 22
N.S. 1 1.00 1.09 0.91 1.00 0.00 0.91 1.00 3.36 1.00
time (sec) N/A 0.238 0.195 0.240 0.386  0.000 36.155 0.210 0.642 4.094
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A F(-2) F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 22 22 24 20 22 0 0 22 14432 22
N.S. 1 1.00 1.09 0.91 1.00 0.00 0.00 1.00  656.00 1.00
time (sec) N/A 0.234 0.246 0.386 0.402  0.000 0.000 0.237 57.292 4.215




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 79

2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [135]
had the largest ratio of [1]

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of nc?rms%lize'd integrand umber of rules
# | grade Slf:jcis u:;fg;e antlléi;r:if:zlve leaf size | integrand leaf size
1] A 7 6 1.02 22 0.273
2] A 7 6 1.08 22 0.273
3 A 4 4 1.03 20 0.200
4 C 7 6 0.98 22 0.273
5 C 10 9 0.98 22 0.409
6} C 12 11 0.97 22 0.500
7 A 11 11 1.17 24 0.458
3] A 10 10 1.11 24 0.417
9) A 7 7 1.09 22 0.318
10j C 8 7 0.88 24 0.292
11 C 14 13 0.95 24 0.542
12 C 16 15 0.97 24 0.625
13 A 22 21 1.47 24 0.875
14 A 17 16 1.26 24 0.667
15 A 10 10 1.21 22 0.455
16 C 9 8 0.87 24 0.333
17 C 20 19 0.91 24 0.792
18] C 6 ) 0.91 20 0.250
19 C 6 5 0.96 20 0.250
120] C 6 5 1.14 18 0.278
N/A 1 0 1.00 20 0.000
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
N/A 1 0 1.00 20 0.000
23 A 5 4 0.85 20 0.200
24 A 5 4 0.89 20 0.200
25 | A 5 4 0.98 18 0.222
N/A 2 0 1.00 20 0.000
N/A 2 0 1.00 20 0.000
28 C 7 6 0.84 24 0.250
29 C 7 6 0.86 24 0.250
300 | C 7 6 0.93 22 0.273
N/A 1 0 1.00 24 0.000
N/A 1 0 1.00 24 0.000
33 A 5 4 0.80 24 0.167
34 A 5 4 0.82 24 0.167
35 | A 5 4 0.89 22 0.182
N/A 2 0 1.00 24 0.000
N/A 2 0 1.00 24 0.000
38 A 11 11 1.20 24 0.458
39 A 8 8 1.21 24 0.333
40 A 3 3 1.17 24 0.125
41] A 1 1 1.20 24 0.042
42 A 2 2 1.17 24 0.083
43 A 5 5 1.19 24 0.208
44 A 9 9 1.22 24 0.375
45, A 12 12 1.18 26 0.462
46 A 5 5 0.97 26 0.192
47 A 1 1.20 26 0.038
48 C 10 0.86 26 0.346
49 C 14 13 0.96 26 0.500
50 A 3 3 1.00 14 0.214
51] A 1 1 1.00 21 0.048
52 A 11 11 1.10 24 0.458

Continued on next page




CHAPTER 2.

DETAILED SUMMARY TABLES OF RESULTS

81

Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# grade Slf::: u:li;i:e antlfaefrls\;:zwe leaf size integrand leaf size
53 A 8 8 1.10 24 0.333
54 A 3 3 1.00 24 0.125
55, A 1 1 0.95 24 0.042
56, A 2 2 1.00 24 0.083
57 A 5 5 1.10 24 0.208
58 A 9 9 1.16 24 0.375
59 A 12 12 1.10 26 0.462
60 A 5 5 0.89 26 0.192
61] A 1 0.95 26 0.038
62 C 10 0.71 26 0.346
63 C 14 13 0.87 26 0.500
64 C 18 17 1.00 22 0.773
65, A 18 18 1.01 22 0.818
66 A 6 6 0.79 22 0.273
67 A 1 1 0.94 22 0.045
68 C 11 10 0.59 22 0.455
69 C 16 15 0.73 22 0.682
70 A 6 5 0.45 26 0.192
71 A 5 4 0.50 26 0.154
72 A 6 5 0.57 26 0.192
73 | A 1 1 0.92 26 0.038
N/A 1 0 1.00 26 0.000
N/A 1 0 1.00 26 0.000
76 A 7 6 0.54 26 0.231
77 A 8 7 0.64 26 0.269
78 C 14 13 0.83 26 0.500
79 | A 1 1 0.96 26 0.038
N/A 3 1.00 26 0.000
N/A 1.00 26 0.000
82 C 18 17 1.00 24 0.708
83 C 12 11 0.88 24 0.458
84 A 1 1 0.94 24 0.042

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of nc?rma.ulize.d integrand rumber of rules

# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
N/A 2 0 1.00 24 0.000
N/A 4 0 1.00 24 0.000
87 | A 8 7 0.67 24 0.292
B | A 1 1 0.94 24 0.042

N/A 2 0 1.00 24 0.000
N/A 6 0 1.00 24 0.000
o1 | C 15 14 0.78 24 0.583
o [ A 1 1 0.94 24 0.042
N/A 2 0 1.00 24 0.000
N/A 6 0 1.00 24 0.000
95 | C 19 18 1.00 24 0.750
96| | C 12 11 0.88 24 0.458
o7 [ A 1 1 0.96 24 0.042

N/A 3 0 1.00 24 0.000
N/A 6 0 1.00 24 0.000
100 A 8 7 0.69 24 0.292
o1 [ A 1 1 0.96 24 0.042
102/ | N/A 3 0 1.00 24 0.000
103 | N/A 8 0 1.00 24 0.000
104 A 6 5 0.47 24 0.208
105 A 5 4 0.50 24 0.167
106 A 6 5 0.59 24 0.208
o7 [ A 1 1 0.94 24 0.042
108/ | N/A 1 0 1.00 24 0.000
109 | N/A 1 0 1.00 24 0.000
10| A 6 5 0.56 24 0.208
11| A 7 6 0.64 24 0.250
12| C 11 10 0.87 24 0.417
13| A 1 1 0.94 24 0.042
114 | N/A 3 1.00 24 0.000
115/ | N/A 1.00 24 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
116 A 13 12 0.76 24 0.500
117 A 10 9 0.91 24 0.375
1118 A 1 1 0.94 24 0.042
119 | N/A 3 0 1.00 24 0.000
120 | N/A 4 0 1.00 24 0.000
121 A 7 6 1.02 18 0.333
122 A 7 6 1.03 14 0.429
123 A 7 6 1.07 14 0.429
124 A 7 6 1.14 14 0.429
125 A 4 4 1.07 12 0.333
126 A 2 2 1.00 14 0.143
127 A 2 2 1.00 14 0.143
128 A 2 2 1.00 20 0.100
129 A 2 2 1.00 20 0.100
130 A 2 2 1.00 18 0.111
131 A 3 3 1.08 10 0.300
132 A 2 2 1.00 20 0.100
133 A 2 2 1.00 20 0.100
134 A 2 2 1.29 18 0.111
35| C 11 10 1.06 10 1.000
136/ | N/A 1 0 1.00 20 0.000
1137 | N/A 1 0 1.00 20 0.000
138 A 2 2 1.00 20 0.100
139 A 2 2 1.00 18 0.111
1140 | A 10 9 0.96 10 0.900
N/A 1 0 1.00 20 0.000
142( | N/A 1 0 1.00 20 0.000
143 | N/A 1 0 1.00 20 0.000
1144 | N/A 1 0 1.00 20 0.000
145 A 7 6 1.00 20 0.300
146 A 8 7 0.98 20 0.350

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
47| A 10 9 1.02 20 0.450
N/A 1 0 1.00 22 0.000
149 | N/A 1 0 1.00 22 0.000
150/ | N/A 1 0 1.00 22 0.000
1151 | N/A 1 0 1.00 22 0.000
1152 | N/A 1 0 1.00 22 0.000
153/ | N/A 1 0 1.00 22 0.000
154 | N/A 1 0 1.00 22 0.000
IL55 | N/A 1 0 1.00 22 0.000
1156 | N/A 1 0 1.00 22 0.000
1157 | N/A 1 0 1.00 22 0.000
1158 | N/A 1 0 1.00 22 0.000
1159 | N/A 1 0 1.00 22 0.000
160/ A 2 2 1.00 22 0.091
161 A 2 2 1.00 20 0.100
62| A 9 8 1.02 12 0.667
163/ | N/A 1 0 1.00 22 0.000
164/ | N/A 1 0 1.00 22 0.000
165 A 2 2 1.00 20 0.100
66| | C 11 10 1.08 12 0.833
N/A 1 0 1.00 22 0.000
168/ | N/A 1 0 1.00 22 0.000
169 | A 2 2 1.00 22 0.091
170/ A 2 2 1.00 20 0.100
7| C 9 8 1.09 12 0.667
N/A 1 0 1.00 22 0.000
173/| N/A 1 0 1.00 22 0.000
174 A 2 2 1.00 20 0.100
75| A 9 8 1.08 12 0.667
N/A 1 0 1.00 22 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand
. C . number of rules
# grade steps unique antiderivative leaf size integrand leaf size
used rules leaf size

IL77 | N/A 1 0 1.00 22 0.000
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31  [(d—c*dz?) (a + barccosh(cz)) dz

32  [(d-c*dz?) (a + barccosh(cz)) dz

3.3  [(d—c*dz?) (a+ barccosh(cz)) dz

34 %Lgshw de . ... ... ..
a+barccosh(cr)

3.5 f W de . .. ... ...

a+barccosh(cz
36 [ ﬁ de ... ... ...

3.7  [(d—dz?)?® (a+barccosh(cz))2dz . . . .. ... ...
(

38 [
39  [(d— c*dz?) (a+ barccosh(cz))? dz
310 [ (a+barccosh(cz))? dr

recoshen gp L
311 [ HAICCOSM gy
312 [ HAICCOSMl gy

313 [ (d— dz?)® (a + barccosh(cz))? da
3.14 [ (d — dz®)* (a + barccosh(cz))? da

3.15 [ (d— c*dz?) (a + barccosh(cz))? dz
316 [ (a+barccosh(cz))3 dr

d — 2da?)? (a + barccosh(cz))2dz . . . .. . ...

3.19 fm ................................
320 [ ST _dp

ez —dr ...
a+barccosh(cz))s

3.17 j‘(+(d e 2)2 Wdg . ...
(C 0/2C$2)3

318 [ arccoshien (ax) de. . ... .. ...
arccosh(az)

1
3.21 (c—a2cx?)arccosh (ax) dz
3.22 L

(c—a2cz?)?arccosh (ax) dz
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(C a20x2)3 O
323 [ arccosh(as)? dT . . 236
(c—a2cz2)2
3.24 f W ...............................
325 [ aTccosh(@z BF 1 298
1 /
3.26 e AT .
S Targeoehier dT 309
(d—c?dz?)
3.28 f m .............................. m
(d— c2dx? )
329 [ —a+barcgosh ST 521
d—c?dz? Q
3.30 f m ..............................
331 [ s (a+barccosh ol 534
332 [ Gramm (a+barCCOSh T 339
(d c2dw2)
333 [ Gt dn 34
(d—c2da:2)2
334 [ Groarcooshie 7 ¢ 352
d—c*dz
335 [ arpareeoshE@E BT e 3600
1
336 [ Ry (a+barCCOSh GE BT 367
337 [ n chx2) (a+barccosh =5 dr . . ..
3.38 [ (m—cPnz?) 52 (a + barccosh(cz))dz . . . .o B77
339 [(r—cmz 232 (g + barccosh(cz)) AT . . . . oo
340 [vm—c2mz?(a+barccosh(cz))dz . . . ..o
341 [ %w dT . . 00
342 [ %ﬁ)};}?) AT . 05
a h CcT
343 [ % AT . 410
a h CcIT
344 [ %‘3}) AT . A7
345 [ (r — Ana?)*? (a+ barccosh(cz))dz . . . ... A75]
3.46  [v/m—c2mz?(a+ barccosh(cz))dr . . . ... A35]
347 [ <a+b3r;_cg§};§w>>2 AT . . 73
348 [OOSR gy 113
349 [ IO gy 156
350  [v1—=z?arccosh(z)dz . . ... ... ... ... 463]
1 /]
351 [ oo G BT A73
352  [(d— dz?)®? (a+barccosh(cz))dz . . . . .. AT8)
353 [(d- 2dz?)*? (a + barccosh(cz))dz . . . . oo 487
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354  [+/d—cdz?(a+ barccosh(cz))dz . . . . ... A95)
a+barccosh(cr)
355 f W d ..............................
atbarccosh(ca
356 [ W AT . . 506
atbarccosh(ca
357 W AT . . BITI
atbarccosh(ca
358 [ W AT . . 518
359 [ (d— c2dz?)*? (a+ barccosh(cz))2dz . . ... ... 526
3.60 [+vd—cdz?(a+ barccosh(cz))®dz . . . ... ... 5361
a h CT 2
361 [ +b$r;f§3ﬁ§ Dode .o
a-+barccosn(cz))? o
3.62 [l e dmz);/z Dode .o 543
a+barccosh(cz))?
3.63 [ CHAICOSMEN? gy
364 [ECOMR gr 567
365 [(c— aZcz?)®?arccosh(az)®dz . . . . ..o 5301
3.66 [+vc—a’cz?arccosh(az)®dx . . ... ... 592
367 [AMCCOSMan? gy 599
368 [ECCOML Gy 604
arccosh(az)?®
369 [ (c_a2m2<)5 /53/2 dT .. 612
(d— c2dz? ) i
370 [ ccoshies AT 6241
(d—c2da:2)3/2
371 [ —a+barccosh (m) dT . . o 6311
Vd—c2dz?
3.72 f m .............................. [‘g“
3.73 NrErr (a+barCCOSh @) dr . . . . e 04
374 [ amr tmarccoshiy AF 648
1
375 | ammrerarcsosh B e 653
(d—czdar:2)5/2 .
3.7 [ arareooshE@E BF ¢ e 658
(d—czdar:2)3/2
3.77 [ rvarccoshiaz BE 666
Ji—dz? .
378 [ ersarcoosh = dT . oo 674
379 [ s (Hbamcosh ST L)
3.80 (d—02d$2)3/2 (a+lba.I'CCOSh(c:L‘))2 dr . .. .. e 035
381 [ w2 (a+baI'CCOSh 0T 694
3.82  [(c—ad%cz®)”" \/arccosh(az)dz . . .. ... ... ... ... ... (700
3.83  [+Vec—a%cx®\/arccosh(az)dr . . . . ... ...
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3.84 \/arccosh (az) d

Yo dr 720
\/arccosh ax

3'85 f (c a2w2)3(/2 d -------------------------------
varccosh(az

386 [ - a2w2)5(/2 dT . . . 730

387  [Ve-— cica:%?rccosh(az)?’/ 2dr . . 7361

388 [AICCOSMWalR 4

vec—aZcx?

arccosh(az)3/2

389 f W d .............................. m

390 | % AT o

391  [+c—a%cxlarccosh(az)®?dx . . . . . ... 759

392 [ M}W AT . 769

393 [ % AT we!

394 | ar(cfi’f—lig‘;ﬁ)z” AT .. 779

395 [(a®-— 22)*? , /arccosh (B)dr ... ..

3.96 [+a?—a?\jarccosh (E)dz . ... ... (797

397 f Vamﬂi\/i:l Dde R05
y/arccosh(z

398 [ e Vdr RI0
\/ h(

3.99 ?rc_"fs);/Z AT .

3.100 [ +/a? — z?arccosh(2) Pdr 8211

h )3/2

3001 [OOSR gy R2%
arccg;h? z)3/2 .

3.102 f W T o o e e e e e e e e e e e e e e e e e e e e e e e e e e e 339
arccosh(z)3/2 _—

3.103 f W dx . . . e S

3104 [l g RIZ

. \/m ...............................
3.105 [ L=t g 8511
. \/m ............................... O

3106 [ SR 85T
\/aICCOSh(am

3.107 [ dT . . R63
Ve—aZca? \/ arccosh(az)

3.108 1 dT . . 868

J (c—a2cx?)3/? \/a,I'CCOSh(am) v -
3.109 [ ! dT . . RT3

(c—a2cx2)5/? \/ arccosh(az)
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(C (126(172)5/ O
3].10 f m L e e e e e e e e e e e e e e e e e e e e e e e e e e e e e S( &
(c—a?cz?)®/? a9
3].1]. f W d.’E ..............................
_ Ve—a?cx? e
3112 [ e (P dT . .. 892
3.113 Warccosh T 899
3114 [ ) /2arccosh G B 904
3115 [ (C T /2arccosh L dr . ... 909
C 012612 3/2
3116 f W d.'L' .............................. 914
vc—a2cx? Vi
3117 f W dil? .............................. 924
3.118 [ — arccosh T de . . ... 932
3119 [ (c_a2w2)3/2arccosh(a$)s SdT 937
3120 [ e Tarccosh G 0 942
3121 [(d+ 61:2)4 (a + barccosh(cz))dz . . . . . . . ... ... 947
3122 [(c+ dacz)4 arccosh(az)dr . . . . . . .. ... 9506
3123  [(c+ dacQ)3 arccosh(az)dr . . . . . . ... ... 965
3124 [(c+ da:2)2 arccosh(az)dr . . . . . . . . ... ... 973
3125 [(c+dz*)arccosh(az)dr . . . . . . . ... OKT]
3126 [ACCOshen) g 987
3127 [RACOSMGD) gy
3.128 [(d+ eaz:2)3 (a + barccosh(cz))?dx . . . . . . ... ... 1003
3129 [(d+ eavz)2 (a +barccosh(cz))?dz . . . . . .. ... ..
3.130 [ (d+ex?)(a+barccosh(cz))?dz . . . . . ... 1020
3.131 [(a+barccosh(cz))®dzx . . . . . . .. 10261
3132 [ (“J”’ar;ffmih(“”Q AT . o 032
(d—i—ez
3.133 fm .............................. m
d+ex? /
3134 [ —Hbam?osh(w) dT . . o 1049
3135 f m dl’ ..............................
1
3136 [ Do) <a+ba,1rccosh G 1062
3137 [ @res (e rtarccoshie) dr . . . . 1067
3.138 [ ldter) T072
. (@rparccosh(e))? L o e e e e e e e e e e e e e e
d+ez? Q
3139 [ rrarccoshiar BE 10821
1 Q
3.140 [ rvarccoshiar BF 1089
1
3.141 [ et ariarceosha e GF + + 1 10961
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3.142 [ e (a+b;rccosh T 101
3.143 [Vd+ ex?(a + barccosh(cz))dz . . . . . ... 1106!
3144 [ HHRICCOSMn) gy 11T
3.145 [ %;W dT . . 1116
3.146 | %ﬁg@) AT o
3.147 | %W dT . . 1129
3.148 [ +/d+ex%(a+barccosh(cz))?dx . . . . . ... 1138
3149 [ (HAICCOSNEn)? gp T3
3.150 [ (“+”?drfec:;?§}§“))2 AT . INEE]
3151 [ (“+”2lrfec:;?5}}§“))2 AT . 1153
3.152 [ Mﬁr .............................. 1158
3.153 [ W (a+barccosh G T 1163
3154 [ (a+11>arccosh T 1168
3155 | i artarccosiay B8 < e 1173
3.156 | (a+ba% T 1178
3.157 [ = (a+barCCOSh T 1183
3158 | e mammrocosh@ i BE e 1188
3.159 Gret) (a+b1arCCOSh T 1193
3.160 [ (d+ex?)®/a+barccosh(ca)dr . . . . .. .. ... 1198
3.161 [ (d+ex?) \/a+barccosh(cr)dzr . . . . . ... 12061
3.162 [ y/a+barccosh(cz)dr . . . . ...
3163 [ VeRAICCOSNen) gy TIT9
3.164 f v “’Lz:ii;f’fh(“) AT oo 1274
3.165 [ (d+ex?) (a+barccosh(cz))®?dz . . . ... ... 12291
3.166 [(a+barccosh(cz))¥?dx . . . . . ... ... 1236
3167 [ lwArccosh@)™ g 1242
3.168 [ (“eral;gi‘::z};(“”s/ ST 1249
3.169 [ WM;?ZZOS}W) AT . . 1254
3.170 v ;:gosh(cx) dT . 12621
3171 [ ! dT . o 1268

\/ a+barccosh(cz)
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3172 [ ! dT . o o 12751
(d+e22)/a+barccosh (cz)

3.173 L dT . o 12801
J (d-+e22)?\/a+barccosh (cz)

ezz Q

3.174 [ oAt ggosh(cz»s SAT 1285

3175 [ (a+barcc3sh G T 1297}

1 Q

3176 [ @resyarvarccoshie)) dT . .o 12983

3177 [ ! AT o oo 1303

(d+ex2)?(a+barccosh(cz))3/2
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3.1 [ (d — 2dz?)’ (a + barccosh(cz)) d

Optimal result . . . . . . . . . . . .. 93]
Mathematica [A] (verified) . . . . . . . . ... .. L 94
Rubi [A] (verified) . . . . . . .. . . 94
Maple [A] (verified) . . . . . . . . ... 97l
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 97
Sympy [F] . . . o 98]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [F(-2)] . . . o o o 99
Mupad [F(-1)] . . . . . e 99
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 100

Optimal result

Integrand size = 22, antiderivative size = 191

/ (d— chm2)3 (a + barccosh(cx)) dz
_16bd’/ =1+ cay/1+cz 4 8bd®(—1 + cx)%/2(1 + cx)>/?

35¢ 105¢
_ 6bd® (=1 4 cx)*?(1 + cx)/? N bd3 (=1 4 cz)"/?(1 + cx)™/?
175¢ 49c

1
+d?z(a+barccosh(cz)) — c?d*z®(a+barccosh(cz)) + §c4d3x5 (a+barccosh(cz))— ?c(jd3x7 (a+barccosh(c:

| -16/35%bxd"3* (c*x-1) " (1/2) * (c*x+1) " (1/2) /c+8/105+b*kd"3% (ckx-1)~ (3/2) * (chx+
11)7(3/2)/c-6/175xb*d "3 (c*x-1) " (5/2) * (c*x+1) " (5/2) /c+1/49%b*d "3 (c*xx-1) (7 |
‘ /2)*(c*xx+1) ~(7/2) /c+d"3*x* (a+tb*arccosh(c*x) ) -c~2*xd~3*x"3* (a+b*arccosh (c*x) ‘
‘ )+3/5%c~4*d"3*x" 5% (a+b*arccosh(c*x))-1/7*c~6xd~3*x~7* (atb*arccosh(c*x)) ‘

output
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Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.64

/ (d— 62d$2)3 (a + barccosh(czx)) dz =

d3(by/—1 + czv/1+ cz(2161 — 757c*z? + 351c*z* — 75c82%) + 105acz(—35 + 35c%z? — 21c*z* + 5¢5
3675¢

input‘ Integrate[(d - c”2xd*x"2)"3*(a + bxArcCosh[c*x]),x] ‘

-1/3675%(d"3*% (b*Sqrt [-1 + cxx]*Sqrt[1 + c*x]*(2161 - 757*c"2xx"2 + 351%c”4
*x"4 - T5*%c"6*x"6) + 105*axckx*(-35 + 35*%c™2*%x"2 - 21*c"4*x"4 + 5*xc”6*xx"6)
‘ + 105%b*c*xx* (=35 + 35%c™2*%x"2 - 21*c~4*x"4 + 5%c”6*xx"6)*ArcCosh[c*x]))/c

( N
output ‘
|

Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.02,

number of rules _
integrand size 0.273, Rules

number of steps used = 7, number of rules used = 6,
used = {6309, 27, 2113, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d— chm2)3 (a + barccosh(cz)) dz

J,6309

b / d3a:(—5c6:v6 + 21c*zt — 35222 + 35) d 1
—0C €T — —
35vecx — 1v/cx + 1 7

barccosh(cz)) — 2d3z3(a + barccosh(cz)) + d3x(a + barccosh(cz))

| 27

®d3z"(a + barccosh(cz)) + §c4d3m5(a +

1 x(—5c6ac6 + 21c*z* — 35¢%2% + 35) 1
— —bed® / dx — ~8d3z" (a + barccosh(cz)) +
35 ver —1v/er+1 7 ( (cz))

§c4d3x5(a + barccosh(cz)) — 2d®z>(a + barccosh(cz)) + d*z(a + barccosh(cz))

l 2113



CHAPTER 3. LISTING OF INTEGRALS 95

z(—5c820+21ctx*—35¢2 22435
bed3v/c2z2 — 1 [ ( ) de

1
35m\/cizi—t21_1 - ?cﬁd3:c7(a + barccosh(cx)) + §c4d3:c5 (a+
barccosh(cz)) — 2d3z3(a + barccosh(cz)) + d3x(a + barccosh(cz))
| 2331
bcd3m f —506w6+2lc‘;z:—3502m2+35 dz? 1 3
— Vst — —®d3x"(a + barccosh(cz)) + —ctd3z®(a +
70v/cx — 1\/ex + 1 7 5
barccosh(cz)) — c?d3z3(a + barccosh(cz)) + d3x(a + barccosh(cz))
| 2389
bed®v/c2a? —1 [ <—5(02:c2 - 1)5/2 + 6(c*z? — 1)3/2 —8Vc2r2 — 1+ ,702552_1) dz?

. B 70y/cx — 1y/cx + 1 B
?cﬁd‘q‘x?(a + barccosh(cz)) + §c4d3a:5 (a + barccosh(cz)) — c?d®z>(a + barccosh(cz)) + d3z(a +
barccosh(cx))

| 2009
1
- Ecﬁd3w7(a + barccosh(cz)) + gc4d3a:5 (a-+barccosh(cx)) — c?d®x3(a + barccosh(cz)) + d*z(a+
bcds,m(_w(czi;l)" '+ 12(0292202—1)5/ ? 16(029;"’02—1)3/ ’ 32\/?#—1)
b h —
arccosh(cz)) Tover —Tva i1

e

Llnt[(d - c~2%d*x~2)~3%(a + b¥*ArcCosh[c*x]),x]

~—

input

-1/70% (b*xc*d~3*Sqrt [-1 + c~2*%x"2]*((32*%Sqrt[-1 + c™2*x"2])/c”2 - (16%(-1 +

c"2%x72)7(3/2))/(3%c™2) + (12x(-1 + c™2xx~2)"(5/2))/(5*%c~2) - (10*(-1 + ¢
~2%x72)7(7/2))/(7%c2)))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]) + d"3*x*(a + b*Arc
Cosh[c*x]) - ¢™2#%d"3*x"3*(a + b*ArcCosh[c*x]) + (3*c”4*d~3*x"5*(a + bxArcC
osh[c*x]))/5 - (c™6%d~3*x"7*(a + b*ArcCosh[c*x]))/7

output




rule 27

rule 2009

rule 2113
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Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

e

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

~—

Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(@m_)*((e_.) + (£f_.
)*¥(x_))"(p_.), x_Symbol] :> Simp[(a + b*x) FracPart[m]*((c + d*x) FracPart[
m]/(a*c + b*d*x"2) "FracPart[m]) Int[Pxx(a*c + b*d*x"2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

rule 2331‘Int[(Pq_)*(x_)"(m_.)>|=((a_) + (b_.)*(x_)"2)"(p_.), x_Symboll :> Simp[1/2 S

rule 2389

rule 6309

‘ubst[Int[x"((m - 1)/2)*#SubstFor [x"2, Pq, x]*(a + b*x)“"p, x], x, x°2], x] /;
L FreeQ[{a, b, p}, x] & PolyQ[Pq, x"2] && IntegerQ[(m - 1)/2]

Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)"p, x], x] /; FreeQ[{a, b, n}, x] & PolyQ[Pq, x] && (IGtQ[p
, 01 || EqQ[n, 11)

N\

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCosh[c*x]) u,
x] - Simp[b*c Int[SimplifyIntegrand([u/(Sqrt[1 + c*x]*Sqrt[-1 + c*x]), x]
,» x], x]1] /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[p, O]
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.68

method result
d3b < arccosh(ca:)c7z7 _3 arccoslls(cx)c5z5 +C3:E3 arccosh(cz)—cx arcc
3 (16,7 34,5, 2.3 .\ _
parts Ba(3fz” — 3cta® + Pad — 1) -
7.7 5.5 Vex—
—d3a(%c7z7—%c5m5+c3z3—ca:) —d3b (arCCDSh(;z)C e 3 arccns};(cz)c £ 4323 arccosh(cz)—cz arccosh(cz)—
derivativedivides -
7.7 5.5 =
—dsa(%c7x7—%c5$5+c3m3—ca:) —dsb(arCCOSh(;w)c e 3 arccos};(cw)c £ 4323 arccosh(cx)—cz arccosh(cx)— i
default .
75c82% —351ctz4+757c222—2161) | -
orerin % (325826 —1437c* x4 +2739c2 22 —5547) (—czdac2-|—d)3(a+b arccosh(cz)) ( )
g 1225(cz—1)?(cz+1)2(c2z2—1) 3
input Lint ((-c~2%d*x~2+d) ~3* (a+b*arccosh(c*x)) ,x,method=_RETURNVERBOSE) J
Output‘—d“3*a*(1/7*c‘6*x“7—3/5*c‘4*x‘5+c‘2*x‘3—x)—d‘3*b/c*(1/7*arccosh(c*x)*c‘7*x

‘ ~7-3/5%arccosh(c*x) *c~5*x~5+c~3*x"3%arccosh (c*x) -c*x*arccosh(c*x)-1/3675%( ‘

\ cxx-1)"(1/2) *(c*xx+1) ~(1/2) * (75%c~6%x"6-351*%Cc 4*x"4+T757*c " 2*%x~2-2161)) \

Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 169, normalized size of antiderivative = 0.88

/ (d— c2dx2)3 (a + barccosh(cx)) dz =

525 ac’d3z" — 2205 ac®d3z® + 3675 ac*d3x® — 3675 acd®*z + 105 (5 bc’d3x” — 21 bcPd®x® + 35 bc3d3x3 -

3675

/

input

tintegrate ((-c~2*d*x~2+d) "3 (atb*arccosh(c*x)) ,x, algorithm="fricas")

~—

output ‘

-1/3675% (525*%a*c~7*d"3*x~7 — 2205%a*c~5xd~3*x"5 + 3675%a*c”3*d"3*%x"3 - 367

‘5*a*c*d“3*x + 105%(5xb*c~7*d"3%x"7 - 21xb*c"5*%d"3*x"5 + 35*b*c"3*%d"3*x"3 -

| 35¥bxcxd"3*x)*log(ckx + sqrt(c 2#x™2 - 1)) - (75%b*c™6*d"3%x"6 - 351¥bxc™ |

‘4*d“3*x“4 + T57*bxc™2*d"3%x~2 - 2161*b*d~3)*sqrt(c™2*x"2 - 1))/c
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Sympy [F]

/ (d— czdx2)3 (a + barccosh(cz)) dr = —d° (/ (—a) dz + / (—bacosh (cz)) dz
+ / 3ac’z? dr + / (—3ac'z®) dr
+ / ac’z® dx + / 3bc*z? acosh (cz) dz
+ / (—3bc*z* acosh (cz)) dz

+ / bc®z% acosh (cz) dx)

-

integrate ((—c**2*d*x**2+d) **3* (at+b*acosh(c*x)) ,x)

~—

input t

‘*2, x) + Integral(-3*akcx*4*xx**4, x) + Integral (axc*x6*x*x6, x) + Integral
\(3*b*c**2*x**2*acosh(c*x), x) + Integral (-3*b*ckx4xx**4*acosh(c*x), x) + I

e B
Output‘—d**B*(Integral(—a, x) + Integral(-b*acosh(c#*x), x) + Integral(3kaxck*2xx* ‘
‘ntegral(b*c**6*x**6*acosh(c*x), x)) ‘

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 302, normalized size of antiderivative = 1.58

/ (d— 02d$2)3 (a + barccosh(cx)) dz = —% ac’d®z” + g ac*d®z®

1 . 5vc2x?2 — 125 62z — 1zt 8+/c2x? — 122  16+/c%2? — 1 |
——— | 352" arcosh (cz) — + + + c |bc
245 c? ct b c®
1 3vc2x? — 1zt 4+/c2x? — 122 8+/c2x? —1
+2—5 <15 x° arcosh (cx) — ( ¢ 3;2 T Ive 324 i cc:g )c) bctd®
1 VAZE — 122 2/ — 1
—ac’d3x® — 3 (3 x* arcosh (cx) — c( ¢ xcz i c; ))bc2d3

(cz arcosh (cz) — v/2x? — 1)bd?

C

+ad’z +
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input‘integrate((‘0”2*d*xh2+d)”3*(a+b*arccosh(c*x)),x, algorithm="maxima")

-1/7*a*c”6*d"3*x~7 + 3/5*a*xc”4*d"3*x"5 - 1/245%(35*x"7*arccosh(c*x) - (b*s
qrt(c™2*x"2 - 1)*x76/c”2 + 6*sqrt(c™2*x"2 - 1)*x"4/c”4 + 8*sqrt(c”2*x"2 -

1)*x"2/c™6 + 16*sqrt(c™2*x"2 - 1)/c”8)*c)*bxc"6*d~3 + 1/25%(15*x"5*arccosh
(c*x) - (B*sqrt(c™2*xx™2 - 1)*x74/c”2 + 4*sqrt(c™2*x™2 - 1)*x"2/c”4 + 8*sqr
t(c™2*%x"2 - 1)/c”6)*c)*b*c"4*d"3 - akc”2xd"3*x"3 - 1/3%(3*x"3*arccosh(c*x)
- c*x(sqrt(c™2*x72 - 1)*x72/c”2 + 2*sqrt(c™2*x"2 - 1)/c”4))*b*xc™2*d"~3 + ax
d"3xx + (c*x*arccosh(c*x) - sqrt(c™2*x"2 - 1))*b*d~3/c

N\

output

Giac [F(-2)]

Exception generated.

/ (d— c2dx2)3 (a + barccosh(cz)) de = Exception raised: TypeError

input‘integrate((—c"2*d*x"2+d)"3*(a+b*arccosh(c*x)),x, algorithm="giac")

output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (d— czdx2)3 (a + barccosh(cx)) dz = / (a+ bacosh(cz)) (d— ¢ dw2)3 dx

input‘int((a + b*acosh(c*x))*(d - c~2*d*x~2)"3,x)

outputtint((a + b*acosh(c*x))*(d - c~2xd*x~2)"3, x)
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.91

/ (d— 62d$2)3 (a + barccosh(cx)) dzx
_ d3(—525acosh(cx) bz + 2205acosh(cz) bPx® — 3675acosh(cx) b a® 4 3675acosh(cx) bex + 75v/c2x

input ‘ int ((-c~2*xd*x~2+d) ~3* (a+b*acosh(c*x)),x)

(d**3*%( — 525*%acosh(c#*x)*bxc**x7*x*x*7 + 2205*acosh(c*x) *b*c**x5*xx**5 — 3675%
acosh (c*x) ¥bkc**3*x**3 + 3675%acosh(c*x)*b*c*x + T5ksqrt (cx*2xx**2 — 1)*bx
Ck*B*x*k*%6 — 351%sqrt (ck*2*x**2 — 1)*bkckkdxxk*k4d + TET*sqrt (cx*2kx**2 — 1)*
b¥ck*2+x*k*2 + 1514*sqrt (cx*2xx**2 — 1)xb — 3675*sqrt(cxx + 1)*sqrt(c*x - 1
)*¥b — B25¥axck*Txx**7 + 2205kaxcx*5*x**5 — 3675*a*xc*k*x3xx**3 + 3675%a*xc*x))

/ (3675%c)

output




output

CHAPTER 3. LISTING OF INTEGRALS

101

3.2 [ (d — 2dz?)* (a + barccosh(cz)) d

Optimal result . . . . . . . . .. .. .
Mathematica [A] (verified) . . . . . . .. ... . L L
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ..

Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...

Giac [F(-2)] . . . o o o e
Mupad [F(-1)] . . . .
Reduce [B] (verification not implemented) . . . ... ... ... ... .....

Optimal result

Integrand size = 22, antiderivative size = 143

/ (d— chm2)2 (a + barccosh(cx)) dzx

8bd*/—1+ cz\/1+cx = 4bd*(—1 + cx)¥/%(1 + cz)?/?
— +
15¢ 45c
b (=1 4 cx)®(1 + cx)/?
25¢

102
102
109}
105}
106!
106

L0g]

+ d?x(a + barccosh(cr)) — gczdzx?’(a + barccosh(cz)) + %c‘ld%‘r’(a + barccosh(cz))

‘—8/15*b*d‘2*(c*x—1)A(1/2)*(c*x+1)‘(1/2)/c+4/45*b*d‘2*(c*x—1)‘(3/2)*(c*x+1)
\‘(3/2)/c—1/25*b*d“2*(c*x—i)‘(5/2)*(c*x+1)‘(5/2)/c+d‘2*x*(a+b*arccosh(c*x))

‘-2/3*c‘2*d“2*x”3*(a+b*arccosh(c*x))+1/5*c‘4*d“2*x‘5*(a+b*arccosh(c*x))
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.69

/ (d— 62d$2)2 (a + barccosh(cx)) dzx

(V=14 cav/1+ cx(—149 4 38c%2? — 9c'z*) + 15acx(15 — 10c%2? + 3c'z?) 4 15bcz(15 — 10c%? +
B 225¢

input‘ Integrate[(d - c”2xd*x"2)"2*(a + bxArcCosh[c*x]),x] ‘

p
\(d‘2*(b*Sqrt[-1 + c*x]*Sqrt[1 + cxx]*(-149 + 38*c™2*x"2 - 9xc~4*x"4) + 15%
\a*c*x*(is - 10*%c™2%x"2 + 3*%c"4*xx"4) + 15xbkckxx* (15 - 10*%c™2*x"2 + 3%c 4*x"~
‘4)*ArcCosh[c*x]))/(225*c)

output

\‘

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.08,

number of rules _
integrand size 0.273, Rules

number of steps used = 7, number of rules used = 6,
used = {6309, 27, 1905, 1576, 1140, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d— chm2)2 (a + barccosh(cz)) dz

J,6309

d?z(3c*z* — 10c%z? + 15 1 2
—bc/ xis/;%j% )d:c + Sc4d2:c5(a + barccosh(czx)) — 502d2w3(a +

barccosh(cz)) + d?z(a + barccosh(cz))

| 27

1 a:(3c4ac4 —10c2z2 + 15) 1 2
——_bed? / dx + =c*d?z®(a + barccosh(cz)) — =c2d?z%(a +
15 ver —1yex +1 5 ( (cz)) 3 (

barccosh(cz)) + d?z(a + barccosh(cz))

l 1905
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bcdsz w(3c4x4—1002x2+15) d 1 9
- Vol 1 + —c*d?z%(a + barccosh(cz)) — =c2d?z3(a +
15v/cx — 1/ex + 1 5 3

barccosh(cz)) + d?z(a + barccosh(cz))

l 1576

bed?VP2? — 1 et A0 15 g2
30\/%\6/\/% + é04d2w5(a + barccosh(cz)) — §C2d2w3(a n
barccosh(cz)) + dza:(a + barccosh(cz))

l 1140
3/2 8
_bcd2\/62.’1:2 -1/ (3(02»’432 —1)"7 -4V -1+ W) do’? n lc4d2w5(a n
30vcx — 1v/ecx + 1 5

barccosh(cz)) — §CQd2x3(a + barccosh(cz)) 4 d2x(a + barccosh(cz))
| 2009

%c4d2z5 (a + barccosh(cx)) — ; c2d?z3(a + barccosh(cz)) + d2x(a + barccosh(cz)) —
bcd%/W( 22 1 B2 8(c2w2_21)3/2 10 /;ccgfz_l)

-/

3c
30vcx — 1y/ex + 1
p
input LInt[(d - ¢™2xd*x"2)"2*(a + b*ArcCoshl[c*x]),x]
output‘ -1/30% (bxcxd~2%Sqrt [-1 + c 2xx~2]*((16%Sqrt[-1 + c 2%x"2])/c"2 - (8x(-1 +

|c"2%x72)7(3/2))/(3%c™2) + (6%(-1 + c™2%x"2)7(5/2))/(5%c"2)))/(Sqrt[-1 + cx
‘x] *Sqrt[1 + c*x]) + d"2+x*(a + bxArcCosh[c*x]) - (2*c™2xd"2%x"3*(a + b*Arc
‘Cosh[c*x]))/B + (c"4xd"2*x"5*(a + b*ArcCosh[c*x]))/5




rule 27

rule 1140

rule 1576

rule 1905
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((d_.) + (e_.)*(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x

_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*x~2)7p, x], x] /;
FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[p, O]

~

Int[(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(
pP_.), x_Symbol]l :> Simp[1/2 Subst[Int[(d + e*x) g*(a + b*x + c*x~2)"p, x]
, X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n_) + (c_.)*(x_)"(n2_))"(p_.), x
_Symbol] :> Simp[(dl + el*x~(n/2)) FracPart[ql*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + el*e2*x"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + el*e2*x"n) g*(a
+ b*x"n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,
q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6300 ImEL((a_.) + ArcCoshl(c_.)*(x)1*(b_.))*((d)) + (e_.)*(x))"2)"(p_.), x_Symb

‘ol] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCosh[c*x]) u,

x] - Simp[b*c Int [SlmpllfyIntegrand[u/(Sqrt [1 + cxx]*Sqrt[-1 + c*xx]), x]
, x1, x1]1 /; FreeQ[{a, b, c, d, e}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]




input

outpu

input

output
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.69

method result
a2b (arccoshg:ac)cs:1:5 _ 2c323 argcosh(cm) +ex arccosh(cz)— vez—lyeztl (
2 (14,5 _ 2,.2..3
parts d a(gc T’ — 3¢°T —I—x) + -
55 33 Vez—T ez F1 (9ctz? —38c222 4149
dga(éc5x5_§cgz3+m)+d2b<arccoshg:z)c z° _ 2c%z ar;cosh(cz) ez arccosh(ca:)— (
derivativedivides -
7 T (0.4 4 2 2
d2a(écsz5_§c3z3+cm)+d2b<arccosh%cw)c5z5_2c333 ar;cosh(cw) +ez arccosh(cw)— cz—1yextl (Qc #”—38c"27+149
default .
9ctx*—38c2x24+149) | —4(—c?d x?+d) (a+b arccost
orering z(81lctz*—302c%2%+821) (—c2dx2+d)2(a+b arccosh(cz)) ( ) ( )

225(cz—1)(cz+1)(c2z2—1)

-

Lint((—c‘2*d*x‘2+d)‘2*(a+b*arccosh(c*x)),x,method=_RETURNVERBOSE)

-/

t‘d‘2*a*(1/5*c‘4*x‘5—2/3*c‘2*x‘3+x)+d‘2*b/c*(1/5*arccosh(c*x)*c‘5*x‘5—2/3*c‘
‘3*x‘3*arccosh(c*x)+c*x*arccosh(c*x)-1/225*(c*x—1)‘(1/2)*(c*x+1)*(1/2)*(9*c

‘“4*x“4—38*c“2*x“2+149))

Fricas [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.93

/ (d— c2dw2)2 (a + barccosh(cz)) dx

_ 45ac°d?x® — 150 ac®d?x® + 225 acd®x + 15 (3bcd?z® — 10bc*d®x® + 15 bed?x) log (cx + Vc2x? — 1) —

225¢

Lintegrate((—c‘2*d*x‘2+d)“2*(a+b*arccosh(c*x)),x, algorithm="fricas")

‘1/225*(45*a*c”5*d“2*x“5 - 150%a*c”3*%d"2*xx~3 + 225*%axc*d”2*x + 15%(3*b*xc” 5%
‘d‘2*x“5 - 10*bxc~3*%d"2*x"3 + 15*bkcxd"2#x)*log(cxx + sqrt(c™2*x~2 - 1)) -
‘(9*b*c"4*d‘2*x"4 - 38xb*c”2*%d"2#x"2 + 149%b*d~2)*sqrt(c”2*x"2 - 1))/c

225¢2(cz—1)(cz+1)
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Sympy [F]

/ (d— c2dx2)2 (a + barccosh(cr)) dz = d? </ adz + /bacosh (cz) dx
+ / (—2ac2w2) dz + /ac4m4 dz
+ / (—2bc*z® acosh (cz)) dz

+ / bc*z* acosh (cz) dx)

input | 1ntegrate((-crs2xdrxx2+d) x+2+ (atbracosh(ckx)) ,x) J

‘d**Z*(Integral(a, x) + Integral(b*acosh(c*x), x) + Integral (—2%akck*2xx**2 ‘
» X) + Integral (a*c*x4*x*x4, x) + Integral (-2¥bkcx*2*kx**2*acosh(c*x), x) + ‘
L Integral (bxc**4*x*x4*acosh(c*x), x)) J

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 194, normalized size of antiderivative = 1.36

1
/ (d— c2da:2)2 (a + barccosh(cz)) dr = s ac'd®x®
3vc2x? — 1zt N 4+/c2x? — 122 N 8+/c2x? — 1)0)
2 A 6

(&

—l—% <15 x° arcosh (cx) — ( bctd?

2 2 VT — 122 2/ — 1
- Saltd?r® - = <3x3arcosh(cx)—c< s Ty c; )>b02d2

3 9 c?
(cz arcosh (cz) — Vc2z? — 1)bd?

(&

+ ad’z +

input Lintegrate ((-c™2*d*x"~2+d) “2* (atb*arccosh(c*x)) ,x, algorithm="maxima") J
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1/5*a*c”4*d"2*x"5 + 1/75%(16*x " b*arccosh(c*x) - (3*sqrt(c™2*x"2 - 1)*x"4/c
"2 + 4*xsqrt(cT2#x72 - 1)*x72/c”4 + 8%sqrt(cT2*x"2 - 1)/c76)*c)*b*c"4xd"2 -
2/3%axc”2xd"2*x"3 - 2/9*%(3*x"3*arccosh(c*x) - c*(sqrt(c™2*x"2 - 1)*x72/c”
2 + 2xsqrt(c”2*x"2 - 1)/c”4))*bxc”2*xd"2 + a*d"2*x + (c*x*arccosh(c*x) - sq
rt(c™2*xx"2 - 1))*b*d~2/c

output

Giac [F(-2)]

Exception generated.

/ (d— czda:Q)2 (a + barccosh(cx)) dr = Exception raised: TypeError

input Lintegrate ((-c™2xd*x~2+d) "2* (a+b*arccosh(c*x)) ,x, algorithm="giac")

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r23ym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (d— czd:c2)2 (a + barccosh(cz)) dzr = / (a + bacosh(cz)) (d— ¢ dac2)2 dz

-

input Lint((a + bxacosh(c*x))*(d - c~2*d*x~2)"2,x)

-/

OutputLint((a + bxacosh(c*x))*(d - c"2*d*x"2)"2, x)
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.93

/ (d— 62d$2)2 (a + barccosh(cx)) dzx

_ d?(45acosh(cz) bPx® — 150acosh(cx) bc*a® 4 225acosh(cx) bex — 9v/c2x? — 1bcta? 4 38v/c2a? — 1bc
B 225¢

input‘int((—C”2*d*x”2+d)*2*(a+b*acosh(c*x)),x)

output‘ (d**2% (45%xacosh (c*x) *bkc*x*5xx**5 — 150%acosh(c*x) *b*c**3*x**3 + 225%acosh ( ‘
|CkX)*bxCRX - OkSQU(CHE¥xH*2 - 1)¥bkchkdkxrxd + 38xsqrt(crr2kxrx2 - 1)xbx
|CRR2¥XAK2 + TERSQUL(CRr2¥x**2 - 1)¥b - 226%sqrt(cxx + 1)xsqrt(cxx - 1)%b +

‘ 45xaxc**5xxk*x5 — 150*%axcx*3*x**3 + 225*axc*x))/(225%c)




output
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3.3 [ (d — ¢*dz?) (a + barccosh(cz)) dx

Optimal result . . . . . . . . . . . . 109
Mathematica [A] (verified) . . . . . . . . . ... 1091
Rubi [A] (verified) . . . ... .. .. .. 110
Maple [A] (verified) . . . . . . ... L 112
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ..... 112
Sympy [F] . . o o 113l
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... .. 113l
Giac [F(-2)] . . .« o o e 114
Mupad [F(-1)] . . . o o 114
Reduce [B] (verification not implemented) . . . ... ... ... ... ..... 114

Optimal result

Integrand size = 20, antiderivative size = 86

Tbd\/—1 + cx/1 + cx
9¢c

/ (d — c*dz?) (a + barccosh(cz)) dz = —

1
+ §bcdx2\/—1 +czvV1l+cx
+ dz(a + barccosh(cz))

1
_ §c2dm3(a + barccosh(cz))

‘—7/9*b*d*(c*x—1)‘(1/2)*(c*x+1)‘(1/2)/c+1/9*b*c*d*x‘2*(c*x—i)‘(1/2)*(c*x+1) \

N\

~(1/2)+d*xx* (a+b*arccosh(c*x))-1/3*c~2*d*x"~3* (a+b*arccosh(c*x))

J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.83

/ (d — *dz?) (a + barccosh(cz)) dz

AV -1+ cav/1+ ca(=7+ 2?) + a(9cx — 3¢°4®) — 3bex(—3 + c*x?) arccosh(cz) )

9¢

input‘lntegrate[(d - ¢™2xd*x"2)*(a + b*ArcCosh[c*x]),x]
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‘(d*(b*Sqrt [-1 + c*x]*Sqrt[1 + cxx]*(-7 + c™2*x"2) + a*x(9*c*x - 3*c~3*x"3)

output
L- 3xbxc*xx* (-3 + c~2%x"2)*ArcCosh[c*x]))/(9*c)

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.03,

number of steps used = 4, number of rules used = 4, Bumber of rules _ 4 9 Ryjes
integrand size

used = {6309, 27, 960, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d — c*dz?) (a + barccosh(cz)) dz

| 6309
dz (3 — x? 1
—be 3 \/;(__\C/%dw - gCde?’(a + barccosh(czx)) + dz(a + barccosh(czx))
| 27
—fb d/ e dx 1c2da:3(a + barccosh(cx)) + dz(a + barccosh(cx))
vex —14/cx + 3
| 960
1
— bcd( / \/c;c——\/— ~3 22Vex — 1Vex + ) ~c?dx3(a + barccosh(cz)) +
dz(a + barccosh(cx))

| 83

1
—§c2d:c3(a + barccosh(cx)) + dz(a + barccosh(cx)) —

1bcd(7 ce—1 CI+1—;x2\/cx—1\/cx+1>

3 3c?

.
LInt[(d - ¢ 2%d*x~2)*(a + bkArcCosh[c*x]),x]

-/

input

~—



output

rule 27

rule 83

rule 960

rule 6309
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‘-1/3*(b*c*d*((7*Sqrt [-1 + c*x]*Sqrt[1 + c*x])/(3*%c”2) - (x"2*Sqrt[-1 + c*x
‘]*Sqrt [1 + c*x])/3)) + d*x*(a + bxArcCosh[c*x]) - (c~2*d*x~3*(a + b*ArcCos
‘h[c*x1))/3

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))*((c_.) + (@_.)*(x_))"(n_.)*((e_.) + (£_.)*(x_))"(p
), x_1 > Simp[bx(c + d*x)"(n + D*((e + £xx)"(p + 1)/(d*fx(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p+ 2) - bx(d*ex(n + 1) + c*f*(p + 1)), 0]

Int[((e_.)*(x_))"(m_.)*((al_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*xx)~(
m + 1)*(al + bl*x"(n/2))"(p + 1)*((a2 + b2*x"(n/2))~(p + 1)/(bl*b2*e*x(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1)) Int[(exx) m*(al + blxx~(n/2)) p*(a2 + b2*x"(n
/2))°p, %], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCosh[c*x]) u,
x] - Simp[b*c  Int[SimplifyIntegrand[u/(Sqrt[1 + c*x]*Sqrt[-1 + c*x]), x]
, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[p, O]
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.83

method result size
VCr—1+/cx 6212—
db(WSOSh(m)—cz arccosh(cz)— ! ;1 ( 7) )
parts —da (3% —z) — - 71
VCT—1+/CcxT C2E2—
—da(%c3m3—ca:) —db<cgzsamcgm(cz)—cz arccosh(cz)— ! :1 ( 7)>
derivativedivides . 73
VCer—1/cx C2132—
—da(%c3w3—cw) —db <03w3 MC?’COSh(w) —cx arccosh(cx)— ! -;1 ( 7) )
default . 73
—c2d a:2+d) be
222-7) | —2c2dz(a+b h +(7
. z(5c222—23) (—c?d 2% +d) (a+b arccosh(cz)) (Fa®-7) < ¢"da(a-+b arccosh(cz)) Vez—1vez+l 103
orering 9222 —9 — 92
input Lint ((-c~2%d*x~2+d) * (a+b*arccosh(c*x)) ,x ,method=_RETURNVERBOSE) J

‘ —d*a* (1/3*c~2*x~3-x) —-d*b/c* (1/3*c~3*x"3*arccosh(c*x)-c*x*arccosh(c*x)-1/9% ‘

output
‘(c*x—l)“(1/2)*(c*x+1)”(1/2)*(c“2*x‘2-7))

Fricas [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.97

/ (d — *dz?) (a + barccosh(cz)) dz =
3acddz® — 9acdz + 3 (bc*dz® — 3bedz) log (cz + V2x? — 1) — (bc*dz? — Tbd)v/?z? — 1

9c
input Lintegrate ((-c~2xd*x~2+d) * (a+b*arccosh(c*x)) ,x, algorithm="fricas") J
output ‘ -1/9%(3%axc~3kd*x~3 - Okaxckd*x + 3%(bxc~3*d*x~3 - 3xbkckd*x)*log(c*x + sq ‘

Tt(cT24x72 - 1)) - (bkcT2xdkx"2 - Tbkd)*sqrt(cT2+x"2 - 1))/c |
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Sympy [F]

/ (d — ¢*dz?) (a + barccosh(cz)) dz = —d (/ (—a) dz + / (—bacosh (cx)) dz
+ / ac’z? dx + / bc*x? acosh (cz) da:)

input Lintegrate ((—c**2xd*xx**2+d) * (a+b*acosh(c*x)) ,x) J

‘-d*(Integral(-a, x) + Integral(-bxacosh(c*x), x) + Integral (a*xck*2*x**2, x

output
‘) + Integral (bxc*#*2*xx**x2%acosh(c*x), x))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.13

/ (d — ¢®dz?) (a + barccosh(cz)) dz
/2.2 _ 2 272 __
= Lo - % <3x3 arcosh (cx) — c( co -l + 2vew 1>)bc2d

3 c? ct
(czarcosh (cz) — Vc2z? — 1)bd

C

+ adz +

input ‘ integrate ((-c~2*d*x~2+d) * (a+b*arccosh(c*x)),x, algorithm="maxima") ‘

output‘—l/S*a*c‘2*d*x“3 - 1/9%(3*x"3*arccosh(c*x) - c*(sqrt(c™2*x"2 - 1)*x72/c"2
‘+ 2xsqrt (c”2*%x"2 - 1)/c”4))*bxc”2xd + axd*x + (c*x*arccosh(c*x) - sqrt(c™2
L*x*z - 1))*bxd/c J
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Giac [F(-2)]

Exception generated.

/ (d — c®dz?) (a + barccosh(cz)) dz = Exception raised: TypeError

inputtintegrate((-c‘2*d*x“2+d)*(a+b*arccosh(c*x)),X, algorithm="giac") J

p
Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const

N
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (d — c*dz?) (a + barccosh(cz)) dz = / (a + bacosh(cz)) (d — ®dz?) dz

input Lint((a + b*acosh(c*x))*(d - c~2%xd*x~2),x) J

output Lint((a + bxacosh(c*x))*(d - c~2*xd*x"2), x) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.03

/ (d — c*dz?) (a + barccosh(cz)) dz

d(—3acosh(cz) b3z® + 9acosh(cz) bex + v/c2x? — 1bc*a? 4 2v/c222 —1b— 9v/ex + 1v/cx — 1b — 3ac
9c

input tint ((-c™2*d*x~2+d) * (a+b*acosh(c*x)) ,x) J
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‘(d*( - 3%acosh(c*x) *¥b*c**3*x**3 + 9xacosh(c*x)*b*c*x + sqrt(ck*2xx*x2 - 1)
‘*b*c**2*x**2 + 2xsqrt (c*k*2*x**2 - 1)*b - 9*sqrt(c*x + 1)*sqrt(c*xx - 1)*b -
| BrakcHaBrxkk3 + Okakcx))/(9%c)

output
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3.4 f a+barccoshcz) do

d—c?dx?
Optimal result . . . . . . . . . . .. . 116
Mathematica [A] (verified) . . . . . . . . . ... 116
Rubi [C] (verified) . . . .. . .. . . 117
Maple [C] (verified) . . . . . . . . . ... 1191
Fricas [F] . . . . . . . o 120
Sympy [F] . . o e 120
Maxima [F] . . . . . . 120
Giac [F] . . . o o o 121]
Mupad [F(-1)] . . . o o 1211
Reduce [F] . . . . . . 121]

Optimal result

Integrand size = 22, antiderivative size = 59

a + barccosh(cz) 2(a + barccosh(cz))arctanh (e2recosh(es))
dx =
d — c2dx? cd
b POI}’LOg (2’ _earccosh(cw)) b POlYLOg (27 earccosh(cx))
+ _
cd cd

2 (a+brarccosh(cxx) ) *arctanh (cx+(ckx-1) " (1/2) * (cxx+1)~(1/2)) /c/d+b*polylo

output

TP (2, —exx- (oxx-1)" (1/2) % (crx+1) ~(1/2) ) /c/d-brpolylog(2, crx+ (cxx-1)~ (1/2) *(c
*x+1)7(1/2))/c/d |
Mathematica [A] (verified)
Time = 0.05 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.08
/ a + barccosh(cz)

d — c*dz?

- ((a + barccosh(cz)) (log (1 — e2recoshien)) — Jog (1 4 e2recosh(e)))) 4 p PolyLog (2, —e®reosh(<@)) — p Pc
B cd

input LIntegrate[(a + b*ArcCosh([c*x])/(d - c~2*d*x~2),x] J
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‘ (-((a + b*ArcCosh[c*x])*(Log[1 - E"ArcCosh[c*x]] - Log[1l + E~ArcCosh[c*x]] ‘

output
L) ) + bxPolyLog[2, -E"ArcCosh[c*x]] - b*PolyLog[2, E~ArcCosh[c*x]])/(c*d) J

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.37 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.98,

number of rules _ 0.273, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {6318, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barccosh(cz)

d — c2dx?
| 6318
i wdarccosh(cz)
2211 (cz+1)

cd
| 3042

| i(a + barccosh(cz)) csc(iarccosh(cx))darccosh(cz)
cd
| 26

i [ (a + barccosh(cz)) csc(iarccosh(cz))darccosh(cx)
cd
| 4670

i(ib [ log (1 — earecosh(c@)) darccosh(cz) — ib [ log (1 + €27°osh(<)) darccosh(cz) + 2iarctanh(ea‘r°c°Sh(c’”)) (a+
cd

l 2715

’l(’Lb f e—arccosh(cz) lOg (1 _ earccosh(cm)) dearccosh(ca:) — b f e—arccosh(cz) 10g (1 + earccosh(ca:)) dearccosh(ca:) + 2iarct
cd

l 2838
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i(2iarctanh(earC°°Sh(cx)) (a + barccosh(cz)) + ib PolyLog (2, —earCCOSh(“)) — ibPolyLog (2, earCCOSh(cx)))

cd

e hY

Int[(a + b*ArcCosh[c*x])/(d - c 2%d*x~2),x]

N J

input

t‘((—I)*((2*I)*(a + bxArcCosh[c*x])*ArcTanh[E~ArcCosh[c*x]] + IxbxPolyLogl[2,

outpu
‘ -E"ArcCosh[c*x]] - I*b*PolyLog[2, E~ArcCosh[c*x]]))/(c*d)

Defintions of rubi rules used

rule26‘Int[(Complex[O, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
Lnt[Fx, x], x] /; FreeQla, x] & EqQ[a~2, 1] J

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Logllc_)*((d)) + (e_.)*(x_)"(n_.))1/(x.), x_Symbol] :> Simp[-PolyLog[2
, (-c)*e*xx"n]/n, x] /; FreeQl{c, d, e, n}, x] && EqQ[cx*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]

rule 4670 Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(£f*fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfz+x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]
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rukaﬁBlS‘Int[((a—') + ArcCosh[(c_.)*(x_)I*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symb ‘
‘ol] :> Simp[-(c*d)~(-1) Subst [Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x1 /; FreeQl{a, b, c, d, e}, x] &k EqQlc™2+d + e, 0] & IGtQ[n, 0] |

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.66 (sec) , antiderivative size = 180, normalized size of antiderivative = 3.05

method result
2i( arctanh(cz) In 1+M —arctanh(cz) In( 1— 7m +dilog( 14+ —
b(—arctanh(cm) arccosh(cz)— ( ( Y 76212+1) ( 7c2m2+1> 02:1:2E1 v
a arctanh(cz)
derivativedivides d p 4
. i(cz+1) i(cz+1) .
2i( arctanh(cz) In( 1+ —====4= | —arctanh(cz) In( 1— ——==—"=4= | +dilog( 1+ —
b (— arctanh(cz) arccosh(cz)— ( ( v _62w2+1) ( Y _62$2+1) 2 2§1 ~
a arctanh(cz)
default d - 4
2i( arctanh(cz) In 1+M —arctanh(cz)In( 1— i(
b| — arctanh(cz) arccosh(cz)— ( ( v _°2m2+1> ( e
aln(cz+1)  aln(cz—1)
parts 2dc 2dc dc

input‘int((a+b*arccosh(c*x))/(-c“2*d*x“2+d),x,method=_RETURNVERBOSE)

1/c*x(a/d*arctanh (c*x)-b/d* (—arctanh (c*x)*arccosh(c*x)-2*I* (arctanh(c*x)*1ln
(1+I*(c*xx+1) / (-c™2%x~2+1) ~(1/2) ) —arctanh (c*x) *1n (1-I* (c*x+1) / (-c™2*x"2+1) "~
(1/2))+dilog(1+I* (c*x+1)/(-c™2*x~2+1)~(1/2))-dilog (1-I* (c*x+1) /(-c™2%x~2+1
)7 (1/2)))*(—c™2%x72+1) " (1/2) * (1/2%c*x+1/2) = (1/2) * (1/2%c*x-1/2) ~(1/2) / (¢~ 2%
x~2-1)))

output




inputt

output

input

p
output‘

input

output
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Fricas [F]

dz

d — c2dz? c2dz? — d

/ a + barccosh(cz) . / _ barcosh (cz) +a

integrate((atb*arccosh(c*x))/(-c"2*d*x~2+d) ,x, algorithm="fricas")

‘integral(—(b*arccosh(c*x) + a)/(c™2xd*x"2 - d), x)

Sympy [F]

/ a + barccosh(cz) dp — — | g de+ [ P5m P da
d — 2dz? B d

tintegrate((a+b*acosh(c*x))/(—c**2*d*x**2+d),x)

-(Integral(a/(c**2*x*x2 - 1), x) + Integral(b*acosh(c*x)/(c**2*x*x2 - 1),
x))/d

—

Maxima [F]

/ a + barccosh(cz) dr — / _ barcosh (cz) +a s

d — c2dz? c2dz? —d

tintegrate((a+b*arccosh(c*x))/(—c‘2*d*x‘2+d),x, algorithm="maxima")

1/8%b* ((4*(log(c*x + 1) - log(c*x - 1))*log(c*x + sqrt(c*xx + 1)*sqrt(c*x -
1)) - log(c*x + 1)72 - 2xlog(c*x + 1)*log(c*x - 1))/(cxd) + 8*integrate(l
/4% (3*%cxx - 1)*log(c*x - 1)/(c™2*d*x"2 - d), x) + 8*integrate(1/2*(log(c*x
+ 1) - log(cxx - 1))/(c™3*d*x"3 - c*xd*x + (c™2xd*x"2 - d)*sqrt(c*x + 1)*s
art(c*x - 1)), x)) + 1/2xax(log(c*x + 1)/(c*d) - log(cxx - 1)/(cxd))
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Giac [F]

/ a + barccosh(cz) dp — / _barcosh (cz) +a i

d — c2dz? c2dz? —d

input

tintegrate((a+b*arccosh(c*x))/(—c‘2*d*x‘2+d),x, algorithm="giac")

output Lintegrate(—(b*arccosh(c*x) + a)/(c"2xd*x"2 - d), x)

Mupad [F(-1)]
Timed out.

dz

/ a + barccosh(cz) dp — / a + bacosh(cz)

d — c2dz? d—c2dzx?

input Lint((a + b*acosh(c*x))/(d - c~2xd*x"2),x)

Lint((a + b*acosh(c*x))/(d - c™2xd*x~2), x)

output
Reduce [F]
—2( [ acoshlen) g ) be — log(c2x — ¢) a + log(c*z + ¢) a
/ a + barccosh(cz) dp — Pa?-1 g g
d — c2dz? B 2cd

input Lint ((atb*acosh(c*x))/(-c~2*d*x~2+d) ,x)

output
‘ *x + c)*a)/(2xcxd)

‘( - 2*int(acosh(c*x)/(c**2*x*x*2 - 1) ,x)*b*c - log(cx*2xx - c)*a + log(c**2




output
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3.5 f a+baI'CCOSl21(cx) do
(d—c?dz?)

Optimal result . . . . . . . . . . . . . e 122
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 123l
Rubi [C] (verified) . . . . . . . . . .. 123]
Maple [A] (verified) . . . . . . ... L 126
Fricas [F] . . . . . o e 127
Sympy [F] . . o o 127
Maxima [F] . . . . . . . 128
Giac [F] . . . . o o 128
Mupad [F(-1)] . . . o o 129
Reduce [F] . . . . o e 129

Optimal result

Integrand size = 22, antiderivative size = 120

z(a + barccosh(cz))

/ a + barccosh(cz) p b

(d — c*dz?)” v _20d2\/—1 +czv/1+cx

2d? (1 — c2x?)

(a + barccosh(cz))arctanh (e2recosh(e))

cd?

N bPOlyLOg (2, _6a,rccosh(cm)) B bPOlyLOg (2, earccosh(cz))

2cd?

2cd?

‘—1/2*b/c/d“2/(c*x-1)‘(1/2)/(c*x+1)“(1/2)+1/2*x*(a+b*arccosh(c*x))/d‘2/(—c‘
‘2*x‘2+1)+(a+b*arccosh(c*x))*arctanh(c*x+(c*x—1)‘(1/2)*(c*x+1)“(1/2))/c/d‘2
‘+1/2*b*polylog(2,—c*x—(c*x-l)‘(i/Z)*(c*x+1)‘(1/2))/c/d“2—1/2*b*poly10g(2,c

\*x+<c*x—1)*<1/2)*(c*x+1)*<1/2))/c/d*2
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Mathematica [A] (warning: unable to verify)

Time = 1.03 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.58

/ a + barccosh(cz)

(d — c2da?)?
—2acx—2b _li‘*c;’” —2bcz _15;? —2barccosh(cz) <cz+ (—1+c2z?) log (l—earCCOSh(“)) +(1-c%z?) log (l-l-earCCOSh(C“”))) +(a—ac?z?) 1
_ —1+c2z2
4cd?

-

input L

~—

Integrate[(a + bxArcCosh[c*x])/(d - c"2xd*x"2)"2,x]

((-2xa*c*x - 2¥bxSqrt[(-1 + c*x)/(1 + c*x)] - 2¥bxc*x*Sqrt[(-1 + c*x)/(1 +
c*x)] - 2*bxArcCosh[cxx]*(c*x + (-1 + c”2%x"2)*Log[1 - E"ArcCosh[c*x]] +
(1 - c™2xx"2)xLog[1 + E"ArcCosh[c*x]]) + (a - axc™2+x"2)*Logl[l - c*x] - ax
Logl[l + cxx] + a*c™2*x"2xLog[l + c*x])/(-1 + c~2*x~2) + 2%b*PolyLog[2, -E~
ArcCosh[c*x]] - 2xbxPolyLog[2, E~ArcCosh[c*x]])/(4*c*d~2)

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.55 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.98,

number of rules _
integrand size 0.409, Rules

number of steps used = 10, number of rules used = 9,
used = {6316, 27, 83, 6318, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

XL

/ a + barccosh(cz)
(d — 2dz?)?

l 6316

b h T
) ;ﬁgigiz)(cx)d N be | (@—172(@129%  z(a + barccosh(cz))

2d 2d? 2d2 (1 — c2x2?)

| 27




CHAPTER 3. LISTING OF INTEGRALS 124

f%?wsgh(mdﬂ? be | (cgg_l):%/zm(cgpr1)3/2dﬁU z(a + barccosh(cz))

2d? + 2d? 2d2 (1 — c2x2?)

| 83

/ %&S}lm)d$ z(a + barccosh(cz)) b
2d2 2d? (1 — c2z?) 2¢cd?\/cx — 1\/cx + 1
| 6318
I a+ba,I‘CfOSh(ca:) darccosh(cz)
B cay1(ca+l) 4 z(a + barccosh(cz)) b
2cd? 2d2 (1 — c2z?) 2cd?v/cx — 1y/cx + 1
| 3042
B | i(a + barccosh(cz)) csc(iarccosh(cz))darccosh(cz) — z(a + barccosh(cz))
2cd? 2d? (1 — c%z?)
b

2cd?+/cx — 1v/ecx + 1

| 26

i [(a + barccosh(cz)) csc(iarccosh(cz))darccosh(cz) — z(a + barccosh(cz))

B 2cd? + 2d? (1 — 2z?)
b
2cd?+\/cx — 1v/cx + 1
l_4670

i(ib [ log (1 — earecosh(<®)) darccosh(cz) — b [ log (1 + e27°°sh(¢?)) darccosh(cz) + 2iarctanh (e2ecosh(e®)) (g +

2cd?
z(a + barccosh(cz)) b
2d? (1 — c2x2?) 2cd?\/cx — 1y/cx + 1
| 2115

Z(’Lb f e—arccosh(cx) log (1 _ 6arccosh(cw)) dearccosh(cz) — b f e—arccosh(cx) log (1 + eau‘ccosh(cac)) dearccosh(m:) + 24arct
- 2cd?

z(a + barccosh(cz)) b
2d? (1 — c?z?) 2cd?\/cx — 1y/cx + 1
| 2838
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i(2iarctanh(earC°°Sh(cx)) (a + barccosh(cz)) + ib PolyLog (2, —earCCOSh(“)) — ibPolyLog (2, earCCOSh(cx)))
2cd? +
z(a + barccosh(cz)) b

242 (1 - c222)  2cd?\/ex — Iy/ez + 1

-

inputLInt[(a + b*ArcCosh[c*x])/(d - c~2*d*x"2)"2,x]

-/

t‘—1/2*b/(c*d“2*Sqrt[—1 + c*x]*Sqrt[1 + c*x]) + (x*(a + bxArcCosh[c*x])) /(2%
‘d‘2*(1 - ¢™2xx72)) - ((I/2)*((2*I)*(a + b*ArcCosh[c*x])*ArcTanh[E~ArcCosh[
‘c*x]] + Ixb*PolyLog[2, -E~ArcCosh[c*x]] - I*b*PolyLog[2, E~ArcCosh[c*x]])) ‘
1/(c*d“2) 1

outpu

Defintions of rubi rules used

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[a~2, 1]

rule o7 Int[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 83 IntLCGa ) + (b )*(x_))*((c_.) + (d_)*x )" (a_)*((e_.) + (£_)*x))7(p

), x_1 :> Simplbx(c + d*x)~(n + 1)*((e + £xx)"(p + 1)/(d*fx( + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p + 2) - bk(d*ex(n + 1) + c*f*(p + 1)), 0]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) % (X_) - (n_ . ) )] / (x_) s X_Symbol] > Slmp [‘POlyLOg [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]
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rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(f*xfz*I)), x]
+ (-Simp[d*(m/(f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x1, x] + Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] && IGtQ[m, O]

rule 4670

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(-x)*(d + e*x"2)"(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xd*(p +
1)), x] + (Simp[(2*p + 3)/(2*d*(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*
ArcCosh[c*x])~"n, x], x] - Simp[b*c*x(n/(2*(p + 1)))*Simp[(d + e*x~2)"p/((1 +
cxx) “p* (-1 + c*x)"p)] Int[x*(1 + c*xx)"(p + 1/2)*(-1 + cxx)~(p + 1/2)*(a
+ b*ArcCosh[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*
d + e, 0] & GtQ[n, 0] && LtQ[p, -1] && NeQ[p, -3/2]

rule 6316

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*d + e, 0] && IGtQ[n, O]

rule 6318

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.60

method result
cx ar h(cz cx—1+/cz+1 h In(l—cz—+/cx—1+/cx+1
a(_ 4(c:c1—1) B ln(cz:—l) - 4(c:v1+1) + ln(cz"'l)) ’ <_ o 2((c2):2{7\/7+_ arecomh(ee) nf c2a: = e Fl) )
. . .. +
derivativedivides o -
a<_ i1 —In(ez—1) ~ 2@ +1“(CZ+1)) b<_ - afccosz((:;:QTm_arccosh(cw) n(izcp=ver-1vertl)
CIT— cT +
default o2 .
_cx arccosh(ca)++v/cx—1+/cz+1 _ arccosh(cz)ln(l—cz—+/ca—1 /ca-
a’(_ 4c(cclb+l)+ln(céfc+1) _46(6;—1) _ln(célzcil)) b( 2(62‘”2_1) 2
parts 7 +
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input‘int((a+b*arccosh(c*x))/(—c“2*d*x“2+d)'"2,x,method=_RETURNVERBCISE)

1/c*x(a/d"2*%(-1/4/(cxx-1)-1/4*1n(c*x-1)-1/4/ (cxx+1)+1/4*1n(c*kx+1) ) +b/d~2* (-
1/2*x(c*x*arccosh(c*x)+(c*x-1)~(1/2) *(c*x+1)~(1/2))/(c"2*x"2-1)-1/2*arccosh
(c*x) *1n(1-c*x-(c*x-1) " (1/2) *(c*x+1) ~(1/2) )-1/2*polylog(2, c*x+(c*x-1) ~(1/2
)*(cxx+1) ~(1/2))+1/2*arccosh(c*x) *1n(1+cxx+(c*x-1) ~(1/2) * (c*xx+1) ~(1/2))+1/
2*polylog(2,-c*x-(c*x-1)~(1/2) *(c*x+1)~(1/2))))

output

Fricas [F|

/ a + barccosh(cz) dp — / barcosh (cx) + a
(d — c2dz?)” (2dx? — d)®

B
input Lintegrate ((atb*arccosh(c*x))/(-c™2*d*x~2+d) ~2,x, algorithm="fricas")

-/

OutputLintegral((b*arccosh(c*x) + a)/(c 4*d~2%x"~4 - 2%c 2%d~2%x~2 + d~2), X)

Sympy [F]

/a + barccosh(cx) d — il Ty 4T + / % dz
(d — 2dax?)? d?

inputkintegrate((a+b*acosh(c*x))/(_C**g*d*x**2+d)**2,x)

Output‘(Integral(a/(c**4*x**4 - 2xc**2xx**2 + 1), x) + Integral(b*acosh(c*x)/(c**
‘4*x**4 - 2kcHx2kx*k*2 + 1), x))/d**2
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Maxima [F|

/ a + barccosh(cz) / barcosh (cz) + a
5 dzr = 5— dT
(d — c2dx?) (c2dz? — d)

input‘integrate((a+b*arccosh(c*x))/(-c‘2*d*x“2+d)”2,x, algorithm="maxima")

1/64*(192*c~3*integrate (1/8%x"3*log(c*x - 1)/(c™4*d"2%x"4 - 2%c~2*d"2%x"2
+ d"2), x) - 8%c”2*(2%x/(c™4*d"2*x"2 - c”2%d"2) + log(c*x + 1)/(c”3*%d"2) -
log(c*x - 1)/(c™3*d"2)) - 64*c”2*integrate(1/8*x~2*log(c*x - 1)/(c”4*d 2%
X"4 - 2%cT2%d"2*%x"2 + d72), x) + 3*(cx(2/(c"4xd"2*x - c~3*%d"2) - log(c*x +
1)/(c™3%d"2) + log(c*x - 1)/(c™3*%d"2)) + 4*log(cxx - 1)/(c™4*d"2*x"2 - ¢~
2%d72) )*xc - 4x((c™2*x"2 - 1)*log(c*x + 1)72 + 2%(c™2*x"2 - 1)*log(c*x + 1)
*xlog(c*x — 1) + 4x(2xc*x - (c™2%x72 - 1)*log(c*x + 1) + (c™2*x™2 - 1)*log(
cxx - 1))*log(c*x + sqrt(cxx + 1)*sqrt(c*x - 1)))/(c"3*%d"2*x"2 - c*d~2) +
64xintegrate (-1/4*(2*c*x - (c™2*x"2 - 1)*log(c*x + 1) + (c™2*x"2 - 1)*log(
cxx - 1))/(c75*xd"2%x"5 - 2%c”3*d"2%x"3 + c*kd"2*x + (cT4*d"2*x"4 - 2%c"2%d”
2*x72 + d72)*sqrt(c*x + 1)*sqrt(c*x - 1)), x) + 64*integrate(1/8*log(c*x -
1)/(c™4xd"2*x"4 - 2*%c™2*d"2*%x"2 + d72), x))*b - 1/4*xa*(2*x/(c”2*d"2*x"2 -
d~2) - log(c*x + 1)/(c*d”2) + log(c*x - 1)/(c*xd~2))

output

Giac [F]

/ a + barccosh(cz) dp — / barcosh (cx) + a i

(d — c*dz?)” (2dx? — d)°

e

inputtintegrate((a+b*arccosh(c*x))/(—c“2*d*x‘2+d)*2,x, algorithm="giac")

~—

-

output Lintegrate((b*arccosh(c*x) + a)/(c™2%d*x~2 - d)~2, x)

~—
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Mupad [F(-1)]

Timed out.
/ a + barccosh(cz) dp — / a + bacosh(cz)
(d — c2dx?)’ (d — 2 d22)?
input Lint ((a + bxacosh(c*x))/(d - ¢~2*d*x"2)"2,x%) J
output Lint((a + bxacosh(c*x))/(d - c™2*%d*x"2)"2, x) J
Reduce [F]

/ a + barccosh(cz)
(d — c2da?)?

4<f %dx) bcix? — 4<f %dw) be — log(c®z — ¢) ac®z? + log(c*x — c) a + log(c*z + «
4cd? (2x? — 1)

input ‘ int ((a+b*acosh(c*x))/(-c 2*d*x~2+d) ~2,x) ‘

t‘ (4*int (acosh(c*x) / (ckx*4*x*k*kd — 2*ck*2kx**2 + 1) ,x)*bkc**3*x**2 - 4*int(aco \
 Sh(c*x) / (crxdxxaxd — 2xcH*2kxxx2 + 1) ,X)¥bkC — Log(CH¥2¥X — C)*akCHAXXH*2 |
|+ log(ckx2%x - c)¥a + log(ckx2¥x + c)¥akckx2¥x*2 - log(ck*2kx + c)*a - 2 |
‘*a*c*x)/(4*c*d**2*(c**2*x**2 - 1) ‘

outpu




output
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3.6 f a—i—baI'CCOSl?}(cx) do
(d—c?dz?)

Optimal result . . . . . . . . . . . . . e 130
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 131
Rubi [C] (verified) . . . . . . . . . .. 131
Maple [A] (verified) . . . . . . ... L 135
Fricas [F] . . . . . o e 136
Sympy [F] . . o o 136
Maxima [F] . . . . . . . 136
Giac [F] . . . . o o 137
Mupad [F(-1)] . . . o o 138

Reduce [F] . . . . o e 138

Optimal result

Integrand size = 22, antiderivative size = 180

3b

/ a + barccosh(cz) . b
(d — 02d$2)3 o 120d3(—1 + C.’L')3/2(

1+ cx)¥?  8ed3y/—1+ czv/Itcx

z(a + barccosh(cx))  3z(a + barccosh(cz))

4d3 (1 — c22?)? 8d3 (1 — c%z?)
3(a + barccosh(cz))arctanh (erecosh(e))

4ed?

| 3bPolyLog (2, ™)) 3bPolyLog (2, e"*"(")

8cd3

8cd?

*b*polylog(2, cxx+(c*x-1)~(1/2)*(c*x+1)~(1

1/12*%b/c/d~3/ (c*x-1)~(3/2) / (c*x+1)~(3/2)-3/8*b/c/d~3/ (c*x-1) ~(1/2) / (c*x+1)
~(1/2)+1/4*x* (at+b*arccosh(c*x))/d~3/(-c"2*xx~2+1) “2+3/8+*x* (a+b*arccosh(c*x)
)/d~3/(-c"2%x"2+1)+3/4* (a+b*arccosh (c*x) ) *arctanh (c*xx+(c*xx—1) ~(1/2) * (c*x+1
)~(1/2))/c/d~3+3/8*b*polylog(2,-c*x-(c*x-1)~(1/2) *(c*x+1)~(1/2))/c/d~3-3/8

/2))/c/d"3




input L

output
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Mathematica [A] (warning: unable to verify)

Time = 0.82 (sec) , antiderivative size = 316, normalized size of antiderivative = 1.76

/ a + barccosh(cz)

5 dx
(d — c?dz?)
3| ———1
4daz 6az b(V —1tczy 1+C$(2+C$)—3aTCCOSh(cx)) b((2—C$)\/—1+C$\/1+Cx+3aI'CCOSh(cz)) ( =
I Be(iter)? T 3 Tica)? T
Integrate[(a + b*ArcCosh[c*x])/(d - c~2*d*x~2)"3,x] J

((4*%a*xx) /(-1 + c™2%x72)72 - (6%a*x)/(-1 + c"2*x"2) + (b*x(Sqrt[-1 + c*x]*Sq
rt[1 + cxx]*(2 + c*x) - 3%ArcCosh[c*x]))/(3xc*x(1 + c*x)72) + (b*x((2 - c*x)
*Sqrt [-1 + cxx]*Sqrt[1 + cxx] + 3*ArcCosh[c*x]))/(3*cx(-1 + c*x)~2) + (3%b
*(-(1/8qrt[(-1 + c*x)/(1 + c*x)]) + ArcCosh[c*x]/(1 - c*x)))/c + (3*b*(Sqr
t[(-1 + c*x)/(1 + c*x)] - ArcCosh[c*x]/(1 + c*x)))/c - (3*a*xLog[l - c*x])/
c + (3xaxLogl[1l + c*x])/c - (3%b*(ArcCosh[c*x]*(ArcCosh[c*x] - 4*Logl[l + E~
ArcCosh[c*x]]) - 4*PolyLogl[2, -E~ArcCosh[c#*x]]))/(2*c) + (3*bx(ArcCosh[c*x
1*(ArcCosh[c*x] - 4xLog[1l - E~ArcCosh[c*x]]) - 4*PolyLog[2, E~ArcCosh[c*x]
13)/(2%c))/(16%d"3)

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.74 (sec) , antiderivative size = 174, normalized size of antiderivative = 0.97,

number of steps used = 12, number of rules used = 11, Bumber of rules _ 4 55 Ryes
integrand size

used = {6316, 27, 83, 6316, 83, 6318, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barccosh(cz)
(d — 2dz?)?

l 6316
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+barccosh(cz)
3/ W‘i be [ (cx_l)5/2w(ca;+1)5/2 dzx z(a + barccosh(cz))

4d 4d? 4d3 (1 — c2x?)?

l 27

+barccosh(cz) z
3/ %d be [ (co—1)572(cat1)5/2 dx N z(a + barccosh(cz))
4d3 443 4d3 (1 — c2a2)?

| 83

3[ a+baI'CCOSh(cx) d

(1—c2a?) 4 z(a + barccosh(cz)) + b
4d3 4d3 (1 — 222)? 12cd3(cz — 1)3/2(cx + 1)3/2
| 6316
a+barccosh (cz z(a+barccosh(cz
< f 1—c?z? : )d + %bcf (ca:—1)3/230(caz+1)3/2 dz + ( 2(1—02z2)( ))>
4 +
z(a + barccosh(cz)) + b
4d3 (1 — 222)? 12¢d3(cx — 1)3/2(cx + 1)3/2
| 83
a+barccosh(cz z(a+barccosh(cz b
( J 1—cZ? () dg 4 = 2(1—029:2)( D 20\/m_1\/cx+1) z(a + barccosh(cz))
4d? 4d3 (1 — c2a2)?
b
12¢d3(cz — 1)3/2(cx + 1)3/2
| 6318
atarccosh cz) darccosh(cz)
3| S (cat) n z(a+barccosh(cz)) b
2c 2(1—c?z2) 2cv/cx—1+v/cx+1
1 +
x(a + barccosh(cz)) + b
4d3 (1 — 222)? 12¢d3(cz — 1)3/2(cx + 1)3/2
| 3042
3 (_ [ i(a+barccosh(cz)) csc(iarccosh(cz))darccosh(cz) i z(a+barccosh(ez)) b )
2c 2(1—c2z2) 2¢cv/cx—1v/cx+1
1 *
z(a + barccosh(cz)) b

1P (1= 2222 | 12d(cx — 1)32(ca + 1)

l 26
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g(_: [(a+barccosh(cz)) csc(iarccosh(cz))darccosh(cz) i z(a+barccosh(cz)) b
(_ 2c 2(1—c2z2) o 2c\/ca:—1\/cz+1> 4
4d3
z(a + barccosh(cz)) b

1P (1= 2222 | 12ed(cx — 1)32(ca + 1)32

l 4670

3 ( i(ib [ log ( 1—eaf°C°Sh(Cx>) darccosh(cz)—ib [ log <1+eafCC°Sh<°w) ) darccosh(cz)+2iarctanh (eafCCOShW)) (a-{—baI‘CCOSh(cx)))
_ o .

443
z(a + barccosh(cz)) b

4d3 (1 — 222)? * 12¢d3(cz — 1)3/2(cx + 1)3/2

l 2715

i(ib I e—arccosh(cz) log<1— earccosh(cz)> dedrccosh(ez) _zp I e—arccosh(cx) log<1 +earccosh(cz)> dearccosh(ea) { oiarctanh (earccosh(c‘
3 —
2c

4d3
z(a + barccosh(cz)) b

4d3 (1 — 222?)? * 12cd3(cz — 1)3/2(cx + 1)3/2

l 2838

n z(a+barccosh(cr))
2c 2(1—c?z2)

3 ( i (2iarctanh (eaTCCOSh(“)) (a+barccosh(cz))+ib PolyLog (2,—eaTCCOSh(“)) —ibPolyLog (2,631600511(“)) )

443
z(a + barccosh(cz)) b

1P (1= 2222 12ed(cx — 1)32(ca + 1)

-

LInt[(a + b*xArcCosh[c*x])/(d - c~2*d*x~2)"3,x]

input

| —

/b/(12*c*d‘3*(—1 + cxx)7(3/2)%(1 + c*xx)7(3/2)) + (x*(a + b*ArcCosh[c*x]))/(
output
4%d~3*(1 - c™2*x"2)"2) + (3*(-1/2*%b/(cxSqrt[-1 + c*x]*Sqrt[1 + c*xx]) + (x*
(a + b*ArcCosh([c*x]))/(2x(1 - c™2*x72)) - ((I/2)*((2*xI)*(a + b*ArcCosh[c*x
1) *ArcTanh [E"ArcCosh[c*x]] + I*b*PolyLog[2, -E~ArcCosh[c*x]] - I*b*PolyLog
[2, EArcCoshlc*x]]1))/c))/(4*d~3)
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Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 26

/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 83 Int L) + (b )*(x_)*((c_.) + (d_)*x )" (m_)*(Ce) + (£_)*(x))7(p
_.), x_] > Simp[b*(c + d*x)~(n + 1)*((e + £*x)"(p + 1)/(d*fx(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p + 2) - bx(d*ex(n + 1) + cxfx(p + 1)), 0]

ruk32715‘Int[L°g[(a_) + (b_)*((F)~(Ce_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘ :> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
L))‘n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

rule 2838 Int[Logllc_.)*((d_) + (e_.)*(x.)"(n_.))]1/(x), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042 Dt [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4670 Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(f*xfz*I)), x]
+ (-Simp[d*(m/(f*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l - E~((-I)*e + fxfz*x
)1, x1, x] + Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] && IGtQ[m, O]
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Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_), x
_Symbol] :> Simp[(-x)*(d + e*x"2)"(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xd*(p +
1)), x] + (Simp[(2*p + 3)/(2*d*(p + 1)) Int[(d + exx"2)"(p + 1)*(a + b*
ArcCosh[c*x])"n, x], x] - Simp[b*c*x(n/(2*(p + 1)))*Simp[(d + e*x~2)"p/((1 +
cxx) “p* (-1 + c*x)"p)] Int[x*(1 + c*xx)"(p + 1/2)*(-1 + cxx)~(p + 1/2)*(a
+ bxArcCosh[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*

d + e, 0] & GtQ[n, 0] && LtQ[p, -1] && NeQ[p, -3/2]

rule 6316

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

rule 6318

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.42

method result
31 —1 31 +1 9c3z3 arccosh(cz)+9ycz—1 VertlcZz?—
e (_ 16(cac1—1)2 + 16(62—1) + n(lcg : 16(cxl+1)2 + 16(c?a)c+1) B n<1cg : ) _ b( 24cdz4—48c2
derivativedivides 22
3ln(cz—1 31n(cz+1 9c343 arccosh(cm)+9mmc2zz—
e (_ 16(cac1—1)2 + 16(c:;fl) + (fg : 16(ca:1+1)2 + 16(ci+1) B <1Cg : ) _ b( 24ctz4—48c2
default P
31 +1 31 —1 903a:3 arccosh(cz)+9vcz—1 /cx+1
a( 150(0;4_1)2 + 16c(3w+1) - n(lcﬁxc ) 16c(ci—1)2 + 166(031)—1) + nﬁ%ﬁ )> b( 24cdx
parts — e —
input {iﬂt ((atb*arccosh(c*x))/(-c~2+d*x"2+d)"3,x,method=_RETURNVERBOSE) J
output 1/cx(-a/d~3*(-1/16/(c*x-1) "2+3/16/ (c*x-1)+3/16%1n(c*x-1)+1/16/ (c*x+1) ~2+3/

16/ (c*x+1)-3/16*1n(c*x+1))-b/d"3*(1/24* (9*c~3*x"3*arccosh(c*x) +9* (c*x-1) ~(
1/2)* (cxx+1) " (1/2) *c~2*x~2-15*c*x*arccosh (c*x) -11* (c*x-1) ~(1/2) * (c*x+1) " (1
/2))/ (c™4*x~4-2%c~2*x~2+1)+3/8*arccosh (c*x) *1n (1-c*x- (c*xx-1) ~(1/2) * (c*x+1)
~(1/2))+3/8*polylog(2, cxx+(c*x-1) ~(1/2) *(c*x+1)~(1/2))-3/8*arccosh(c*x)*1n
(1+c*kx+(c*xx-1) " (1/2) *(c*x+1) ~(1/2) ) -3/8*polylog(2,-c*x-(c*x-1) " (1/2) * (cxx+
1)°(1/2))))
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Fricas [F]

/a+ﬁmm%Mmﬁ / barcosh (cz) + a
s—dr= [ — 57— dz
(d — c2dx?) (c*dz? — d)

inputLintegrate((a+b*arccosh(c*x))/(—c‘2*d*x“2+d)”3,x, algorithm="fricas")

Output‘integral(-(b*arccosh(c*x) + a)/(c™6*d"3%x76 - 3*%c”4*d"3%x"4 + 3*c"2%d"3*x”

2-4d73), 0
Sympy [F]
a d bacosh (cz) d
/a-l— ba,rccosh(cac) . _f B 3AA 3221 AT + f 26 _3c454130252—1 WL
(d — c2dz?)® 3

tnput Lintegrate ((atb*acosh(c*x))/ (-~cx*2kd*x**2+d) **3,x)

-(Integral(a/(c**6*x**6 — 3kckkdxx**4d + 3kck*k2kx**2 - 1), x) + Integral (b*

output‘
acosh(c*x)/ (ck*xBxx**6 — 3kckk4*x**4 + 3kck*2*kx*k*2 — 1), x))/d**3

Maxima [F]

/ a + barccosh(cz) , / _ barcosh (cz) +a i

(d — c2da?)? (dz? — d)®

inputLintegrate((a+b*arccosh(c*x))/(-c“2*d*x‘2+d)*3,x, algorithm="maxima"
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1/2048%(18432*c~5*integrate (1/32*x"5xlog(c*x - 1)/(c”6*xd"3*x"6 - 3*c~4xd"3
*x"4 + 3%c”2*%d"3*%x"2 - d"3), x) - 48*%c”4x (2% (5xc”2%x"3 - 3*x)/(c"8*%d"3*x"4
- 2%c76+%d"3*x"2 + c"4*%d"3) + 3xlog(c*x + 1)/(c”5%d"3) - 3*log(cxx - 1)/(c
~5%d~3)) - 6144xc”4*integrate(1/32*x"4*log(c*x — 1)/(c”6*%d"3*x~6 - 3*c~4xd
“3*%x74 + 3*%c”2%d"3*x"2 - d73), x) + 18%(cx(2*%(5kc”2xx"2 + 3*kcxx - 6)/(c"8%
d~3%x"3 - c77*#d"3*x"2 - c"6%d"3*x + c”"5*%d"3) - 5xlog(c*x + 1)/(c"5%d"3) +
5xlog(c*x - 1)/(c™5%d"3)) + 16%(2*%c™2*x"2 - 1)*log(cxx - 1)/(c™8*%d"3*x"4 -
2%c76xd"3%x"2 + c74*d"3))*c”3 + 80*cT2*(2*%(c"2*x"3 + x)/(cT6%d"3*x"4 - 2%
cT4*d"3*x"2 + c¢"2*xd"3) - log(c*x + 1)/(c™3*%d"3) + log(c*x - 1)/(c”3%d"3))
+ 12288xc”~2*xintegrate(1/32*x"2+log(c*x - 1)/(c”6*d"3%x"6 - 3*c"4xd"3*x"4 +
3%c™2%xd"3%x"2 - d~3), x) + 9*(c*x(2%(3*%c”2%x"2 - 3*c*kx - 2)/(c”6%d"3*%x"3 -
c"5*d"3%x"2 - c74*d"3*x + c"3*d"3) - 3*log(cxx + 1)/(c”3%d"3) + 3*log(c*x
- 1)/(c™3%d"3)) - 16*log(c*x - 1)/(c”™6*d"3*x"4 - 2%c~4*d"3*x"2 + c~2*d"3)
Y¥c — 32%(3*%(c™4*x"4 - 2%c”2*x"2 + 1)*log(c*xx + 1)72 + 6x(c™4*x"4 - 2%c™2%
x72 + 1)*log(c*x + 1)*log(cxx - 1) + 4%(6xc™3*x"3 - 10*c*kx - 3*(c™4*x"4 -
2xc™2%x"2 + 1)*log(c*x + 1) + 3*(c™4*x"4 - 2%c™2*x"2 + 1)*log(c*x - 1))*lo
g(c*x + sqrt(cxx + 1)*sqrt(c*kx - 1)))/(c”5*%d"3*x"4 — 2%c"3*%d"3*x"2 + c*d~3
) + 2048*integrate(-1/16%(6*c~3*x~3 — 10*c*x - 3*(c™4*x"4 - 2%c™2*x"2 + 1)
*xlog(c*x + 1) + 3x(c™4*x™4 - 2*c™2xx"2 + 1)*log(c*x - 1))/(c™7*d"3*x~7 - 3
*C"5xd"3*x"5 + 3%Cc"3%d"3%x"3 - c*xd"3*x + (cT6*d"3*x"6 - 3*c"4*xd"3*x"4 +...

output

Giac [F]

/a+bmm%Mm0 / barcosh (cx) + a
s—dr = [ — s— dz
(d — c2dx?) (c*dz? — d)

-

input integrate ((a+b*arccosh(c*x))/(-c~2*d*x~2+d)~3,x, algorithm="giac")

N\

Output‘integrate(-(b*arccosh(c*x) + a)/(c”2*d*x"2 - d)~3, x)
N
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Mupad [F(-1)]

Timed out.
/ a + barccosh(cz) dp — / a + bacosh(cz)
(d — c2da?)? (d— c2dz2?)®
inputtint((a + bxacosh(c*x))/(d - c~2*d*x~2)"3,x)
OutputLint((a + bxacosh(c*x))/(d - c™2*%d*x"2)"3, x)
Reduce [F]
/ a + barccosh(cz) .
(d — c2da?)?

cBx6—-3ctzt+3c2xr2—1

—16( ) dx)bc5w4+32< I c%e_ggsz<;§g%2_ldx)bc3x2—16( [

acosh(cz)

cBx6—3ctzrt+3c2x2—1

dw)bc

input‘int((a+b*aC°Sh(C*X))/(-c“2*d*x“2+d)”3,x)

output

*kAkxkk4d — 2kCkkkx*k*2 + 1))

( - 16xint (acosh(c*x)/ (c**6xx*x*x6 — 3kckkdxx**4 + Ikck*2*x**2 — 1) ,x)*bkckx*
Sxx*xx4 + 32*int(acosh(c*x)/(c**6*x*k*6 — 3kckkdkxk*4d + Jkckk2kx**2 — 1) ,x)*
bkc*k*3xx*k*2 — 16+int(acosh(c*x)/(ck*6xx*k*6 — Ikck*4dxx*k*4 + Jkck*x2kx**2 — 1
) ,x)*bkc — 3*xlog(c**2%x — c)*axck*d*x**4 + 6xlog(Ck*2%x — C)*axCkkkx**2 —
3*xlog(cx*2*x — c)*a + 3*log(cx*2xx + c)*axckxdxx*x4 — 6*xlog(cx*2xx + c)*a
*xCkxk2xx*kx2 + 3*klog(cx*2xx + c)*a — Bkaxcx*3*xx*3 + 10%axckx)/(16*ckd**3*(c
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3.7 [ (d — 2dz?)’ (a + barccosh(cz))? da

Optimal result . . . . . . . . . . . .. 139
Mathematica [A] (verified) . . . . . . . . . ... 1401
Rubi [A] (verified) . . . . . . .. . . 1401
Maple [A] (verified) . . . . . . . . ... 144
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 145]
Sympy [F] . . . o
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 146
Giac [F(-2)] . . . o o o 147
Mupad [F(-1)] . . . . . e T48]
Reduce [F] . . . . . . 148

Optimal result

Integrand size = 24, antiderivative size = 314

4322b*d3 1514b%2d3x®
/ (d— c2dx2)3 (a + barccosh(cr))? dz = 33675 v_b 110625 i
234b*c*d’z® ib2c6d3z7 _ 32bd®v/—1+ cz/1 + cx(a + barccosh(cz))
6125 343 35¢
N 16bd®(—1 + cz)3/2(1 + cx)®/(a + barccosh(cz))

105¢
_ 12bd%(=1 4 cx)’*(1 + cx)*/*(a + barccosh(cz))

175¢
N 2bd®(—1 + cx)"/?(1 + cz)"/?(a + barccosh(cz))

49c

+ £d3x(a+barccosh(cx))2 + 3%61396 (1—c?2?) (a+barccosh(cz))?+ ;_5d3x (1-¢2%)* (a+barccosh(cz))’

4322/3675%b"2%d"3*x-1514/11025%b"2%c~2*%d " 3*x~3+234/6125%b"2%c"4*d " 3*x~5-2/
343%b~2%c”~6%d"3*x~7-32/35%b*d"3* (cxx-1) " (1/2) *(c*x+1) ~(1/2) * (a+b*arccosh(c
*x))/c+16/105%b*xd~3% (c*xx-1) ~ (3/2) * (c*x+1) ~(3/2) * (a+b*arccosh(c*x)) /c-12/17
5xb*d~3* (c*x-1) ~(5/2) * (cxx+1) " (5/2) * (a+b*arccosh (c*x) ) /c+2/49*b*d~3* (c*x-1
)~ (7/2)*(c*x+1) = (7/2) * (a+b*arccosh(c*x) ) /c+16/35*%d~3*x* (a+b*arccosh(c*x)) "~
2+8/35%d"3*x* (-c~2*x"2+1) * (a+b*arccosh (c*x) ) "2+6/35*%d " 3*x* (—c~2*x"2+1) ~2% (
at+b*arccosh(c*x) ) “2+1/7*d"3*x* (-c~2*x"2+1) “3* (a+b*arccosh(c*x)) "2

output
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Mathematica [A] (verified)

Time = 1.43 (sec) , antiderivative size = 249, normalized size of antiderivative = 0.79

/ (d— chmQ)S (a + barccosh(cz))? dz
 d3(2b%cx(226905 — 26495c2? + 7371c!x* — 1125¢52%) — 11025a%ca(—35 + 35¢%? — 21c*z* + 5c%2°) 4

input ‘ Integrate[(d - c™2xd*x~2)"3*(a + bxArcCosh[c*x])~2,x]

(d"3* (2%b~2*c*x* (226905 - 26495*%Cc~2*x"2 + 7371*c™4%x"4 - 1125%c”6%x"6) - 1
1025*%a~2*kc*x* (-35 + 35%c™2*x"2 - 21%c”4*x"4 + 5xc”6*x”6) + 210*a*bxSqrt[-1
+ c*x]*Sqrt[1 + cxx]*(-2161 + 757*c™2*%x"2 - 351*c™4*x~4 + 75*%c”6*x"6) + 2
10*b* (-105*a*c*x* (-35 + 35%c”2%x"2 - 21*%c"4*x"4 + 5xc”6%x"6) + bxSqrt[-1 +
cxx]*Sqrt[1 + cxx]*(-2161 + 757*c"2*%x"2 - 351*c™4*x~4 + 75xc”6*x"6))*ArcC
osh[c*x] - 11025%b~2%c*x*(-35 + 35%c™2*x"2 - 21xc~4*x"4 + 5*c~6*x~6)*ArcCo
sh[c*x]~2))/(385875%c)

output

Rubi [A] (verified)

Time = 2.85 (sec) , antiderivative size = 366, normalized size of antiderivative = 1.17,

number of rules _ 458, Rules
integrand size

used = {6312, 27, 6312, 6312, 6294, 6330, 24, 25, 39, 210, 2009}

number of steps used = 11, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d— chw2)3 (a + barccosh(cz))? da
| 6312

gd/d2(1 — c2ac2)2 (a + barccosh(cz))?dz + 3bcd3/m(ca¢ —1)%2(cx +1)°?(a +

1
barccosh(cx))dx + ?dg’x(l - c2x2)3 (a + barccosh(cz))?

l 27
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2
7d3/ (1-— c2x2)2 (a + barccosh(cz))?dz + 7bcd3/x(c:r —1)%2(cx +1)%%(a +
barccosh(cz))dx + 1d?’:v

= (1- 02x2)3 (a + barccosh(cz))?

l 6312

4 2
$d3 (5 / (1 — c®z?) (a + barccosh(cz))?dz — 5bc/w(cx —1)3%(cz + 1)*/?(a + barccosh(cz))dz + —z(l-¢?
%bcd3 / z(cx — 1)%/%(cz 4+ 1)°/?(a + barccosh(cz))dz + %d‘gw(l - 023:2)3 (a + barccosh(cz))?

l 6312
6

7d3 (: <§bc/:v\/ca: — 1vcx + 1(a + barccosh(cz))dx + ; /(a + barccosh(cz))?dz + 1ac(l — c*z?) (a + barcc
2bcd3 / x

- (cz — 1)%/%(cz + 1)%/(a + barccosh(cz))dz + %d?’a:(l - 02372)3 (a + barccosh(cz))?

l 6294

4/2 h 2
g 3 (5 <3 (x(a + barccosh(cx))Q _ 2bc/ :L'(ac-:v Ifmrlcccz: E:j))dx> + 3bc/a:\/cx — 1v/cx + 1(a + barccosh(cz
2bcd3/x

= (cz — 1)2(cz + 1)%/%(a + barccosh(cz))dx + %d?’x(l - 023:2)3 (a + barccosh(cz))?
| 6330
4 Vex —1yex + 1 h b/ 1d —1)3/2
§d3 2 x(a + barccosh(cz))? — 2bc i co + 1(a+ barccosh(cr)) _ b [ 1de + 2bc (ew = D)7
7 \5\3 c? c 3
gb B (cz —1)"/?(cx + 1)7/?(a + barccosh(cz)) RIS cz)3(cz + 1)3dz
77" e Tc
1
“dix

- (1- c2m2)3 (a + barccosh(cz))?

l 24

6 5(4(2, ([ (cx—1)32(cx+1)%?(a+ barccosh(cz))
7d g —bc

b[—((1—cz)(cx +1))dz 2 2 |
3 322 - " +§x(1—c:c ) (a + ba
2 of (cx —1)"2(cx +1)7/?(a + barccosh(cz)) b [ —(1 —cz)3(cx +1)3dx
Sbed — +
7 7c? Tc

%dz)’m(l - c2:r2)3 (a + barccosh(cz))?
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l 25

1— 1 _1)3/2 3/2
% <2bc<bf( cx)(cx + 1)dz 4 (cx — 1) %(cx +1)°/*(a + barccosh(cac))) + %x(l _ 22?) (a+ barcco

3 3c 3c?
2. ofb[(1—cx)(cx+1)3dx (cx —1)"/?(cx +1)"/%(a + barccosh(cz))
bed + +
7 Tc 7c?
1

—dPz(1- c2w2)3 (a + barccosh(cz))?

7
l 39

6 3 (4 (2bc<bf (1-c?2?) dx N (cx —1)3/%(cx +1)%?(a + barccosh(cx))) 1

+ g:r(l — c¢®z?) (a + barccosh(ca

7 \5\3 3c 32
2 ofb)(1- c2x2)3 dz  (cx —1)"/%(cx +1)"/?(a + barccosh(cz))
bed + +
7 Tc 7c?
1

?d3a:(1 - 021:2)3 (a + barccosh(cz))?
| 210

bl (1-=c%22)d —1)3/2 3/2
6d3<4 <2bc< [ (1—c2z?) x+ (cx —1)3%(cx +1) (a+barccosh(cx))> +1x(1—cza:2) (a + barccosh(ca

7 \5\3 3c 3c? 3

2, ofb[(—cf2®+3ctz* —3c2? +1)dx  (cx —1)7/%(cx + 1)7/%(a + barccosh(cz))

Sbed + +

7 Tc 7c?

;d%(l - 02w2)3 (a + barccosh(cz))?
| 2009
%d‘gfv(l - 02w2)3 (a + barccosh(cz))? +
2

6

3
L 2 42 (cx — 1)3?(cx + 1)3/?(a + barccosh(cz)) b<m—7c§c )
“431 = 2.2 2 42
7d (533(1 c’z?)” (a + barccosh(cz))* + = <3bc( - N _

4.5
2, o (cx —1)"/?(cx + 1)7/?(a + barccosh(cz)) b(_%cﬁﬂ + 355 — % + ac)
7b6d 7c? + Tc

input‘ Int[(d - c™2*%d*x"2) 3*(a + bxArcCoshl[c*x])"2,x] ‘
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(d"3*x*(1 - c™2*x"2)"3*%(a + bkArcCosh[c*x])"2)/7 + (2xb*c*d~3*((b*x(x - c~2
*x"3 + (3*%c™4*x75)/5 - (c76*x"7)/7))/(T*c) + ((-1 + c*x)~(7/2)*(1 + c*x)~(
7/2)*(a + bkArcCosh[c*x]))/(7*c™2)))/7 + (6*d"3*((x*(1 - c™2*x"2)"2x(a + b
*xArcCosh[c*x])~2)/5 - (2*bxc*(-1/5*(b*(x - (2*c~2%x~3)/3 + (c~4*x~5)/5))/c
+ ((-1 + c*x)7(5/2)*(1 + c*x)~(5/2)*(a + bxArcCosh[c*x]))/(5%c~2)))/5 + (
4x((x*(1 - c™2*x72)*(a + bxArcCosh[c*x])"2)/3 + (2xbxcx((b*(x - (c"2*x73)/
3))/(3xc) + ((-1 + c*x)~(3/2)*(1 + c*x)~(3/2)*(a + b*ArcCosh[c*x]))/(3*c~2
)))/3 + (2x(x*(a + bxArcCosh[c*x])~2 - 2xbxcx(-((b*x)/c) + (Sqrt[-1 + c*x]
*Sqrt[1 + cxx]*(a + bxArcCosh[c*x]))/c~2)))/3))/5))/7

output

Defintions of rubi rules used

ruk324tlnt[a-’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

-

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule o7 Int[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 39 Int[((a ) + (b_.)*(x_))~(m_.)*((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Intl[(
axc + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + a*xd, 0] && (
IntegerQ[m] || (GtQla, 0] && GtQ[c, 0]1))
ruk321071nt[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*x~2
)°p, x1, x] /; FreeQ[{a, b}, x] && IGtQ[p, O]
ruka2009(Int[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N\

rule6294‘Int[((a_.) + ArcCosh[(c_.)*(x_)I1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
‘rcCosh[c*x])‘n, x] - Simp[b*c#*n  Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
‘[1 + cxx]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]
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Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*x(x_)"2)"(p_.),

rule 6312
x_Symbol] :> Simp[x*(d + e*x”2) px((a + bxArcCosh([c*x])"n/(2*p + 1)), x] +
(Simp[2*d*(p/(2%p + 1)) Int[(d + e*x"2)"(p - 1)*(a + b*ArcCosh[c*x])"n, x
1, x] - Simp[b*c*(n/(2*p + 1))*Simp[(d + e*x"2)"p/((1 + c*x) p*(-1 + c*x)7p
)] Imt[xx(1 + c*x)"(p - 1/2)*(-1 + c*x)"(p - 1/2)*(a + b*ArcCosh[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e}, x] & EqQ[c"2*d + e, 0] && GtQ[n,
0] && GtQ[p, 0]

rule 6330 IntL(Ca_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_)*(x_)*((d1_) + (el _.)*(x_))"(p

_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x)~(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xelxe2x(p + 1))), x] - Simp[b*(n/(2
xcx(p + 1)))*Simp[(d1l + elxx)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
Pl Int[(1 + c*xx)~(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x]) " (n -
1), x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, p}, x] && EqQlel, cxdl] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1l

Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 356, normalized size of antiderivative = 1.13

method result
2 2 3 3 2 2

—d3a2(%C7Z7—%65$5+63$3—Cﬂ)) —d3p2 <_ 16 arcco;l;(cz) cz+arccosh(cz) (ca;—l) (cxz+1)°cx 6 arccosh(cz) cgécz—l) (
derivativedivides

—d3a2 (167937—365154-6313—@) _d3p2 (_ 16 arccosh(cz)zcz+arccosh(cw)2(cz—l)S(cz+1)36w _ 6arccosh(cz)2cw(cz—1)2(‘

f 1 7 5 35 7 35
default
d3b2 <_ 16 arcco;lsl(c:c)zcz+arccosh(cz)z(09?7—1)3(6:0+1)3cw _ 6arccosh

_ 13.2(1,.6,7_ 34,5 2.3 .\ _

parts dPa® (2527 — 2ctad + P2 — x)

20250c3z8 —
(47625828 —271212c8 26+ 741678¢ 2 —3539900c222 +128625) (—c?d z2+d) * (a+b arccosh(cz))? (

128625(cz—1)2(cz+1)% (222 —1)2

orering

-

input Lint ((-c~2*d*x~2+d) “3* (a+b*arccosh(c*x)) ~“2,x ,method=_RETURNVERBOSE)

-/
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1/c*(-d~3*%a~ 2% (1/T*c”~7T*x"7-3/5%c~5*x"5+c”~3*%x~3-c*x)-d"3*%b~2* (-16/35*arccos
h(c*x) “2*c*x+1/T*arccosh(c*xx) ~2* (c*x-1) “3* (c*x+1) “3*c*x-6/35*arccosh(c*x) ~
2% c*x* (c*xx—1) "2x (c*xx+1) “2+8/35*arccosh (c*x) “2xc*xx* (ckx-1) * (c*x+1)+32/35*ar
ccosh(cxx)*(c*x-1) " (1/2) * (c*x+1)~(1/2)-413312/385875*c*x-2/49*arccosh (c*x)
*(ckx-1)~(7/2)*(c*x+1) " (7/2)+2/343*c*x* (ckx—1) “3* (c*xx+1) ~3-888/42875*c*x* (
c*xx-1) "2x (cxx+1) "2+30256/385875*c*x* (ckx-1) * (c*x+1)+12/175*arccosh(c*x) * (c
*x-1)~(5/2)* (c*x+1)~(5/2)-16/105*%arccosh (cxx) * (c*x—-1) " (3/2) * (cxx+1) ~(3/2))
-2%d"3*axb* (1/7*arccosh (c*x) *c~7*x"7-3/5*arccosh (c*x) *c~5*x~5+c~3*x"3*arcc
osh(c*x)-c*x*arccosh (c*x)-1/3675*% (cxx-1)~(1/2) *(c*x+1) ~(1/2) * (7T5*c~6*x~6-3
B51xCc™4%x~4+757*Cc"2%x~2-2161)))

output

Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 354, normalized size of antiderivative = 1.13

/ (d— chxz)S (a + barccosh(cr))? dr =

1125 (49 a2 + 2b%)c7d3z” — 189 (1225 a2 + 78 b2)cPd3z® + 35 (11025 a® + 1514 b2)3d®z® — 105 (3675 ¢

input‘integrate((—c"2*d*x"2+d)’"3*(a+b*arccosh(c*x))’"2,x, algorithm="fricas") ‘

-1/385875% (1125% (49*%a~2 + 2*b~2)*c~7*d"3*x~7 - 189%(1225%a~2 + 78*b~2)*c”5
*d~3*%x"5 + 35%x(11025%a"2 + 1514%b~2)*c~3*%d"3*x"3 - 105%(3675%a~2 + 4322%b~
2)*c*d"3*x + 11025%(5%b~2%c~7*d"3*x"7 — 21%b~2%c"5%d"3*x"5 + 35%xb~2%c”"3*d"
3*x~3 - 35%b”2%cxd"3*x)*log(cxx + sqrt(c™2*x"2 - 1))72 + 210%(525*a*b*c”~7*
d”"3*x"7 - 2205%axb*c”5xd"3*x"5 + 3675*a*b*c”3*d"3*x"3 - 3675*axb*ckd”"3*x -

(75%b~2%c™6*%d"3*%x"6 - 351*%b~2%c"4*d"3*x"4 + T57*b"2%c"2*xd"3*x"2 - 2161%b~
2%d"3) *sqrt (c™2*x~2 - 1))*log(c*x + sqrt(c™2*x"2 - 1)) - 210%(75%axb*c”6*d
"3%x76 - 3bl¥axbxc”4*d"3*x"4 + T5T*axb*c"2xd"3%x"2 - 2161xa*b*d”~3)*sqrt(c”
2%x72 - 1)) /c

output
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Sympy [F]

/ (d— 62d$2)3 (a + barccosh(cr))? dz
= —d° (/ (—a?) dz + / (—b*acosh® (cz)) dx+/(—2abacosh (cx)) dx
+ / 3a*c*r? dx + / (—3a’c*z?) dz + / a’cx® dx + / 3b%c?x? acosh? (cz) dz
+ / (—3b*c*z* acosh? (cz)) dz + / b?cb2® acosh? (cx) dz + / 6abc’z? acosh (cx) dx

+ / (—6abc*z* acosh (cz)) dz + / 2abc®z® acosh (cx) d:c)

-

kintegrate((-c**2*d*x**2+d)**3*(a+b*acosh(c*x))**2,x)

~—

input

-d*x3*(Integral (—a**2, x) + Integral(-bx*2*acosh(c*x)*+*2, x) + Integral(-2
*xaxbxacosh(c*x), x) + Integral (3xax*2kc*k*2*x**2, x) + Integral (-3*a*x*2*c**
4xx*x4, x) + Integral (a**2xc*x6*xx**6, x) + Integral (3*b**2*c**2*x**2*acosh
(cxx)**2, x) + Integral (-3*b¥*2*c**4*x**4d*acosh(c*xx)**2, x) + Integral (bx*
2*xcH*B*x*k*k6*acosh(cxx)**2, x) + Integral (6xaxbkc**2kx**2*acosh(c*x), x) +
Integral (-6*axb*c*x4*x*x4*acosh(c*x), x) + Integral (2*axbxc**6xx**x6xacosh (
c*x), X))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 714 vs. 2(271) = 542.

Time = 0.06 (sec) , antiderivative size = 714, normalized size of antiderivative = 2.27

/ (d— czdx2)3 (a + barccosh(cr))? dz = Too large to display

p

inputt

-

integrate ((-c~2*d*x~2+d) ~“3* (atb*arccosh(c*x))~2,x, algorithm="maxima")
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-1/7*b"2*%c"6%d"3*x"T*arccosh(c*x) "2 - 1/7*a”2%c~6xd"3*x~7 + 3/5xb~2xc~4*d"
3xx"5*arccosh(c*x) "2 + 3/5%a”2*c"4*d"3*x"5 - 2/245%(35*x"T*arccosh(c*x) -

(B*sqrt(c™2*x"2 - 1)*x"6/c”2 + 6*sqrt(c™2*x"2 - 1)*x"4/c”4 + 8xsqrt(c™2*x”
2 - 1)*x72/c”6 + 16*sqrt(c™2*x"2 - 1)/c”8)*c)*a*bxc™6xd"3 + 2/25725%(105%(
Bxsqrt(c™2#x72 - 1)*x76/c”2 + 6*sqrt(c™2*x"2 - 1)*x74/c”4 + 8*sqrt(c™2*x"2
- 1)*x72/c”6 + 16*sqrt(c™2*x"2 - 1)/c~8)*c*arccosh(c*x) - (75*c™6*x"7 + 1
26%c”4*x"5 + 280*c”2*%x"3 + 1680%x)/c”6)*b"2*%c"6xd"3 - b~ 2*c”2*d"3*x"3*arcc
osh(c*x)~2 + 2/25*%(16*x"b*arccosh(c*x) - (3*sqrt(c™2*x"2 - 1)*x~4/c”2 + 4%
sqrt(c™2*x"2 - 1)*x"2/c”4 + 8*sqrt(c”™2*x"2 - 1)/c”6)*c)*axbxc"4*d~3 - 2/37
B* (15% (3*sqrt (c™2*x"2 - 1)*x74/c”2 + 4*sqrt(c™2*x"2 - 1)*x72/c”4 + 8*sqrt(
c"2xx"2 - 1)/c”6)*c*karccosh(ckx) - (9*kc™4*x"5 + 20%c™2xx"3 + 120%x)/c"4)*b
"2%c”4*d"3 - a"2xc”2+d"3*x"3 - 2/3*(3*x"3*arccosh(c*x) - ck(sqrt(cT2*xx"2 -
1)*x72/c”2 + 2xsqrt(c™2*x"2 - 1)/c”4))*axb*c™2xd"3 + 2/9*(3*cx(sqrt(c™2+*x
2 - 1)*x72/c”2 + 2*sqrt(c”2*x”2 - 1)/c”4)*arccosh(c*x) - (c”2%x"3 + 6%*x)/
Cc"2)*¥b”"2%c"2%d"3 + b~2*d"3*x*arccosh(c*x) 2 + 2xb~2*%d"3*(x - sqrt(c”2*x"2
- 1)*arccosh(c#*x)/c) + a"2*d"3*x + 2*(c*x*arccosh(c*x) - sqrt(c™2*x"2 - 1)
) *axbxd~3/c

output

Giac [F(-2)]

Exception generated.

/ (d — ?dz?)’ (a + barccosh(cz))? dz = Exception raised: TypeError

-

integrate ((-c~2*d*x"2+d) "3* (atb*arccosh(c*x))~2,x, algorithm="giac")

N\

input

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN

‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const
’index_m & i,const vecteur & 1) Error: Bad Argument Value
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Mupad [F(-1)]

Timed out.

/ (d— c2da:2)3 (a + barccosh(cz))? dz = / (a + bacosh(cz))® (d — ¢ dx2)3 dz

input Lint((a + bxacosh(c*x)) ~2%(d - ¢ 2xd*x~2)"3,x) J

Output‘int((a + b*acosh(c*xx))"2%(d - c™2*d*x~2)"3, x)

Reduce [F]

/ (d — *dz?)® (a + barccosh(cz))? dz
_ d*(—1050acosh(cz) abc’x” + 4410acosh(cx) ab >x® — 7350acosh(cz) abc*x? 4 7350acosh(cx) abex + 1

input ‘ int ((-c~2*d*x~2+d) “3* (at+b*acosh(c*x))~2,x) J

(d**3*( - 1050*acosh(c*x)*axbkc**x7Txx**7 + 4410*acosh(c*x)*axbkc**x5xx**5 —
7350*acosh (c*x) *a*b*c**3*x**3 + 7350%acosh(c#*x)*axb*cxx + 150%sqrt (cx*2xx*
*2 — 1)*axbkck*Bxx*x*6 — T02*ksqrt (cx*2kx**2 — 1)*axbkck*4d*x**x4 + 1514*sqrt(
Ck*2¥x*k*2 — 1)*kaxbkxck*x2xx**2 + 3028*sqrt (cx*2kx**2 — 1)*axb — 7350%sqrt(c*
x + 1)*sqrt(cxx - 1)*a*b + 3675*int (acosh(c*x)**2,x)*b**2xc - 3675*int (aco
sh (ckx) **x2%x**6 ,x) *xb**2*c*k*7 + 11025*%int (acosh(ckx)*x*2*x**4,x) *b**2*kck*5 -

11025*int (acosh (c*x) **2%x**2 ,X) *bk*k2*kck*3 — 525ka**kckx*Txx*k*7 + 2205%a**
2xckk5xx**k5 — 3675*a**x2kck*x3*x**3 + 3675*ax*2xcxx))/(3675%c)

output

N\



CHAPTER 3. LISTING OF INTEGRALS 149

3.8 [ (d — 2dz?)® (a + barccosh(cz))? da

Optimal result . . . . . . . . . . . .. 149
Mathematica [A] (verified) . . . . . . . . . ... 1501
Rubi [A] (verified) . . . . . . .. . . 150
Maple [A] (verified) . . . . . . . . ... 154
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 155
Sympy [F] . . . o 153
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 156
Giac [F(-2)] . . . o o o 157
Mupad [F(-1)] . . . . . e 157l
Reduce [F] . . . . . . 158

Optimal result

Integrand size = 24, antiderivative size = 231

/ (d— chm2)2 (a + barccosh(cr))? dz

298,55 76 5553 2 545 16bd*/—1+ cx/1+ cx(a+ barccosh(cz))
—225bdx 675bcdx+125bcdx 15c
N 8bd?(—1 + cx)%/?(1 + cx)®?(a + barccosh(cz))
45c
_ 2bd*(=1 4 cx)**(1 + cx)>/*(a + barccosh(cz))
g 25¢ A .
+1—5d2x(a+barccosh(cx))2+1—5d2x(1—02x2) (a—l—bawccosh(c:c))2+ngac(l—c%cQ)2 (a+barccosh(cz))?

298/225%b"2*xd " 2*x-76/675*b"2%c"2*%d " 2*x"3+2/125xb~2*c"4*d"2*x"5-16/15%b*d "2
*(c*xx-1)"(1/2) *(c*x+1) " (1/2) * (a+b*arccosh(c*x)) /c+8/45%b*d~2* (cxx-1) ~(3/2)
*(c*xx+1) " (3/2) * (a+b*arccosh(c*x))/c-2/25xb*d"2* (c*x-1) " (5/2) * (c*xx+1) ~(5/2)
* (a+b*arccosh(c*x)) /c+8/15+%d"2*x* (a+b*arccosh(c*x)) "2+4/15+%d"2*x* (—c~2*x"2
+1) * (at+b*arccosh(c*x)) “2+1/5%d" 2*x* (-c~2*x"2+1) "2* (a+b*arccosh(c*x)) "2

output




input‘ Integrate[(d - c™2xd*x~2)"2*(a + bxArcCosh[c*x])~2,x]

output
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Mathematica [A] (verified)

Time = 1.25 (sec) , antiderivative size = 201, normalized size of antiderivative = 0.87

/ (d— chmQ)2 (a + barccosh(cz))? dz
_ d?(225a%cx(15 — 10c%2? + 3c*a*) — 30aby/—1 + cxy/T + cx(149 — 38c%? + 9c'z*) + 2b%car(2235 — 190

(d"2% (225*%a”~2xc*x* (15 - 10%c™2*x"2 + 3%c”4*x"4) - 30*a*xb*Sqrt[-1 + c*xx]*Sq
rt[1 + c*x]*(149 - 38%c™2*x"2 + 9*%c™4*x"4) + 2%b~2*c*x* (2235 - 190*Cc”2*x"2
+ 27*c”4%x"4) - 30%b*(-15*axc*x* (15 — 10%c™2*x~2 + 3%c™4*x~4) + b*Sqrt[-1
+ c*x]*Sqrt[1 + c*x]*(149 - 38%c™2*x"2 + 9*c”4*x"4))*ArcCosh[c*x] + 225xb
“2%cxx* (156 - 10%c™2*x"2 + 3%c~4*x"4)*ArcCosh[c*x]~2))/(3375%c)

Rubi [A] (verified)

Time = 2.17 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.11,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.417, Rules

used = {6312, 27, 6312, 6294, 6330, 24, 25, 39, 210, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d— c2d:1:2)2 (a + barccosh(cz))? d
| 6312

4 2
5cl/d(l — ¢®2?) (a + barccosh(cz))*dz — 5bccl2 /w(cm —1)32(cx +1)*?(a +

barccosh(cz))dx + %d%(l - 02:1:2)2 (a + barccosh(cz))?
| 27
%d2 / (1 — ¢®2?) (a + barccosh(cz))?dz — %bcd2 /a:(ca: —1)%2(cx +1)*2(a +

1
barccosh(cz))dz + gd2m(1 - 02x2)2 (a + barccosh(cz))?
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l 6312

gdz <3bc/x\/cm — 1vcx + 1(a + barccosh(cz))dz + g /(a + barccosh(cz))?dz + ~z(1 — ¢®z?) (a + barccosh
“bed / cz —1)%2(cz + 1)3/%(a + barccosh(cz))dx + gdza:(l — c*z*)” (a + barccosh(cz))

l 6294

§d2 (; <a:(a + barccosh(cz))? — 2bc/ z(a + barccosh(cz)) dz

\/c:c——m > + 2bc/x\/ca: — 1v/cz + 1(a + barccosh(cz))
2
gbcd2 (cx — 1)%?(cx + 1)%/%(a + barccosh(cz))dz + fdQ (1

- c2w2)2 (a + barccosh(cz))?

l 6330

2 -1 1
ng <3 <a:(a + barccosh(cz))? — 2bc< @ ot

(a + barccosh(cz)) bf ldx — 1)3/2(cx
2
zb 2 (cx — 1)%2(cz + 1)%/%(a + barccosh(cz)) B b [(1—cx)?(cz+ 1)2dw +
5 5 B
gd%(l - c2:r2)2 (a + barccosh(cz))?
| 24
_1)3/2 3/2 —((1 = 1
éd2 gbc (cz — 1)°/*(cz + 1)°/*(a + barccosh(cz)) b[—((1—cz)(cx+1))dz 4 1:1:(1 _ 2?) (a + barcos
5 \3 3c? 3c 3
gb 2 (cx —1)%%(cx + 1)%/?(a + barccosh(cz)) RS cx)?(cx + 1)2%dx L
5 5 B
gd%(l - czx2)2 (a + barccosh(cz))?
| 25
1— 1 _1)3/2 3/2
édQ gbc b[(1—cz)(cx+1)dz + (cx — 1)*/%(cx + 1)*/“(a + barccosh(cz)) + 1:5(1 — 22?) (a+ barccosh(
5 \3 3c 3c? 3
gbcdz (cz — 1)%/?(cx + 1)5/2(a + barccosh(cz)) R cz)?(cz + 1)%dx +
5 5¢2 5¢
gdza:(l - c2x2)2 (a + barccosh(cz))?

| 39
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3c 3c? 3

2bcd2 ((c:c — 1)%2(cz + 1)*?(a + barccosh(cz)) _bJ (1- czx2)2 dz N

5¢2 5¢

1
5d2x(1 - 02m2)2 (a + barccosh(cz))?
| 210

bl (1—c22?)d _1)3/2 3/2
4d2 <2bc [ (1—c*a?) do N (cx — 1)3/%(cx + 1)3/2(a + barccosh(cz)) N lx(l — 222 (a + barccosh(cz))

5 \3 3c 3c2 3
2bcd2 <(ca: —1)%2(cz + 1)%2(a + barccosh(cz)) b [ (c*z? —2c%2? +1) dx) N
5 5¢2 a 5¢

1
ngx(l - 02x2)2 (a + barccosh(cz))?
| 2009

1
gd2m(1 - 02x2)2 (a + barccosh(cz))? +

c2as

5 3 3c? 3c

cCI

A5 2c%g3
gbcd2 ((Cm —1)5/2(cx + 1)%/2(a + barccosh(cz)) b( . a:) )

5 5¢c2 B 5¢

input LInt[(d - ¢"2xd*x"2) "2*(a + b*ArcCosh[c*x])~2,x] J

(d™2*x*x (1 - c”2*x"2)"2%(a + b*ArcCosh[c*x])~2)/5 - (2%b*c*d~2*(-1/5*(b*(x
- (2%c™2%x73)/3 + (c"4%x75)/5))/c + ((-1 + c*x)~(5/2)*(1 + c*x)~(5/2)*(a +
bxArcCosh[c*x]))/(5%c~2)))/5 + (4%d~2%((x*(1 - c™2*x"2)*(a + bxArcCosh[c*
x]1)72)/3 + (2xbxcx((bx(x - (c™2%x73)/3))/(3*c) + ((-1 + c*x)~(3/2)*(1 + c*
x)~(3/2)*%(a + b*ArcCosh[c*x]))/(3*c"2)))/3 + (2*(x*x(a + b*ArcCosh[c*x])~2
- 2%bxc*(-((b*x)/c) + (Sqrt[-1 + c*xx]*Sqrt[1 + c*x]*(a + b*ArcCosh[c*x]))/

c"2)))/3))/5

output

bl(1—c222)d _1)3/2 3/2
éd2 <2bc< [ (1=c*a?) do n (cx —1)%%(cx + 1) (a—i—barccosh(c;v))) + 1.1;(1 _ 2?) (a + barccosh(cz))?

2

3

_1)3/2 3/2 blxz —
éd2 <2bc ((cm 1) (e + 1)°"(a + barccosh(cz)) + ( ° )) + %x(l — c*2?) (a + barccosh(cz))? + 2
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Defintions of rubi rules used

ruk324‘1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule%tlnt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(@)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 39 Int[((a_) + (b_.)*(x_))"(m_.)*((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
a*c + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + axd, 0] && (
IntegerQ[m] || (GtQ[a, 0] && GtQlc, 01))

rule 210 Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Int[ExpandIntegrand[(a + b*x~2
)7p, x], x] /; FreeQ[{a, b}, x] && IGtQ[p, O]

-

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCosh[c*x])"n, x] - Simp[b*c*n Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
[1 + c*x]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, O]

rule 6294

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.),
x_Symbol] :> Simp[x*(d + e*x~2) p*((a + b*ArcCosh[c*x]) " n/(2%p + 1)), x] +
(Simp[2*d*(p/(2*%p + 1)) Int[(d + e*x"2)"(p - 1)*(a + b*ArcCosh[c*x])"n, x
1, x] - Simp[b*cx(n/(2*%p + 1))*Simp[(d + exx"2) p/((1 + c*x)“p*(-1 + c*x)7p
)1 Intlx*x(1 + c*xx)~(p - 1/2)*(-1 + c*x)~(p - 1/2)*(a + bxArcCosh[c*x]) ~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2*d + e, 0] && GtQ[n,
0] && GtQ[p, 0]

rule 6312




rule 6330

input

output

CHAPTER 3. LISTING OF INTEGRALS 154

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x) " (p + 1)*((a + bxArcCosh[c*x]) n/(2xel*e2*(p + 1))), x] - Simp[b*(n/(2
xc*x(p + 1)))*Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
Pl  Int[(1 + c*xx)"(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x])~(n -

1), x1, x]1 /; FreeQ[{a, b, c, d1, el, d2, e2, p}, x] && EqQ[el, c*d1] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 264, normalized size of antiderivative = 1.14

method result
d2a,2(écsz5—%c3x3+cz‘)+d2bz <8arccoslh5(c:c)2cw+arccosh(cw)ch(;z—l)z(cw+1)2 _4arccosh(cw)zig(cw—1)(cw+1) _ 16 ar
derivativedivides
2 2(1 5.5 2.3 3 212 8arccosh(cw)2cw arccosh(cw)ch(cw—1)2(c:v+1)2 4arccosh(0$)2cz(cw—1)(c:v+1) 16 ar
d°a (gc z’—5cx +cz)+d%b 5 + 3 - 15 ——
default
d2v? (8arccosh(cw)zcm+arccosh(ca:)zcz(cz—l)z(cz+1)2 _4arccosh(cm)2cz(ca:—1)(cz
15 5 15
2.2(1 4,5 _ 2.2,..3
parts d?a®(icts® — 232 + o) +
324825 —2035¢ x4 +18450c2 22 —:
orerin z (1647825 —8677c*x?+51845c222—3375) (—c2d m2+d)2(a+b arccosh(cz))? (
g 3375(cz—1)(cz+1)(c2z2—1)2
Lint((—c‘2*d*x‘2+d)“2*(a+b*arccosh(c*x))‘2,x,method=_RETURNVERBOSE) J

1/c*x(d"~2%a~ 2% (1/5%c~5*x~5-2/3%c~3*x~3+c*x)+d " 2xb~2% (8/15*arccosh (c*x) ~2*c*
x+1/5*arccosh (c*x) “2*c*x* (c*x-1) 2% (c*x+1) “2-4/15*arccosh (c*x) ~2*c*x* (c*x-
1) *(c*x+1)-16/15*%arccosh(c*xx) * (cxx-1) ~(1/2) * (c*x+1) ~(1/2)+4144/3375*%c*x-2/
25*arccosh(c*x)* (cxx—1) " (5/2) * (c*x+1) ~(5/2)+2/125*c*x* (ckx—-1) "2* (c*x+1) ~2-
272/3375*c*x* (cxx—1) * (c*x+1)+8/45*arccosh (c*x) * (c*xx—-1) " (3/2) * (c*x+1)~(3/2)
)+2xd”~2*axb* (1/5*%arccosh(c*x) *c~5*x~5-2/3%c~3*x"3*arccosh(c*x)+c*x*arccosh
(c*x)-1/225% (c*x-1) ~(1/2) * (c*x+1) ~(1/2) * (9% c™4*x~4-38*Cc"2*x"2+149)))
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Fricas [A] (verification not implemented)

Time = 0.28 (sec) , antiderivative size = 278, normalized size of antiderivative = 1.20

/ (d— 62d$2)2 (a + barccosh(cz))? dz

_27(25a 4+ 20%)c°d?’x® — 10 (225 a® + 38 b°)c’d’x® + 15 (225 0 + 298 b%)cd’x + 225 (3 b*c°d’x® — 10 b*c

input Lintegrate ((-c™2%d*x~2+d) ~2* (a+b*arccosh(c*x))~2,x, algorithm="fricas") J

1/3375%(27*(25%a"2 + 2%b~2)*c”~5*d"2*x"5 - 10*%(225%a~2 + 38%b~2)*c~3*d"2*x"
3 + 15%(2265%a”2 + 298%b~2) *ckd"2*x + 225%(3*b~2*c"5*%d"2*x"5 - 10*b~2*c~3*d
“2xx73 + 15%b”2%c*kd"2*x)*log(c*x + sqrt(c™2*x"2 - 1))72 + 30%(45*a*xb*c~5*d
~2%x75 - 1B50%axb*c”3*d"2xx"3 + 225xa*b*cxd~2*x - (9%b~2%c"4*d"2*x"4 - 38%Db
T2%cT2%d72%x"2 + 149%b”2%d"2) *sqrt (c"2*x"2 - 1))*log(c*kx + sqrt(cT2*x"2 -
1)) - 30*(9*axbkc~4*d"2xx"4 - 38*a*xb*xc”2xd"2*x"2 + 149*a*bxd~2)*sqrt(c”2*x
"2 - 1)) /c

output

Sympy [F]

/ (d— c2da:2)2 (a + barccosh(cz))? dx = d* (/ a® dx + /b2 acosh? (cz) dz
+/2abacosh (cz)dx + / (—2a*c*z?) dx
—|—/a2c4x4 dac—l—/ (—2b%c?z acosh® (cz)) dz
+ / b?c*z* acosh? (cx) dx
+ / (—4abc®z? acosh (cz)) dz

+ / 2abc*z* acosh (cx) d:v)

p

Lintegrate((-c**2*d*x**2+d)**2*(a+b*acosh(c*x))**2,x)

-

input
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d*x2x (Integral (a**2, x) + Integral (b**2xacosh(c*x)**2, x) + Integral(2*a*b
xacosh(c*x), x) + Integral (-2kax*2xcx*2xx**2, x) + Integral (a*x2*ckx4d*x*x4
, X) + Integral (-2xb**x2*kcx*2*x**2*xacosh(c*x)**2, x) + Integral (b**2kcx*4*x
x*x4*xacosh(cxx)**2, x) + Integral (—4*axb*cx*2xx**2*acosh(c*x), x) + Integra
1(2*a*xbxck*x4*x**x4*acosh(c*x), x))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 457 vs. 2(199) = 398.

Time = 0.04 (sec) , antiderivative size = 457, normalized size of antiderivative = 1.98

/ (d— chx2)2 (a + barccosh(cz))? dx
1 1 2
= b2 ctd?z® arcosh (cz)® + R a’c*d’z® — 3 b2?d?x® arcosh (cz)’
2 V22 — 122 422 — 112 e —1
+— | 152° arcosh (cz) — 3Vew TopIveT Ty 8vce c | abc*d?
75 c? ct o
2 3vcx? — 1zt 4+/c2x? — 122 8+/c2x? —1 9ctzd 4+ 20 %3 + 1202
——— |15 + + carcosh (cx) —
1125 c? ct b ct
2 4 VAT —1g? 22— 1
— > a*c®d*z® — ~ | 3x®arcosh (cz) — ¢ T T ove? abc*d?
3 9 c? ct
4 V2r2 — 122 2c2r2 — 1 2.3
+ o7 <3c< ¢ x02 4 c; ) arcosh (cz) — cxc—;l—ﬁz> b’cPd?

+ b%d*z arcosh (cz)® + 2 b2d? (:c — .

2 (czarcosh (cz) — V/22? — 1) abd?

Cc

Vc2x? — 1 arcosh (cx))

+ a’d*z +

input Lintegrate ((-c™2*d*x~2+d) “2* (atb*arccosh(c*x))"2,x, algorithm="maxima") J
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1/5%b~2xc~4*d"2xx"b*arccosh(c*x) "2 + 1/5%a”2%c~4*d"2*x"5 - 2/3*b~2%c”"2*d"2
*x~3%arccosh(c*x) "2 + 2/75x(15*%x"5*arccosh(c*x) - (3*sqrt(c™2*x"2 - 1)*x~4
/c”2 + 4xsqrt(c™2*x"2 - 1)*x72/c”4 + 8*sqrt(c”2*x"2 - 1)/c”6)*c)*a*bxc”4*d
2 - 2/1125%(15%(3*sqrt(c™2*x"2 - 1)*x74/c”2 + 4xsqrt(c™2*x"2 - 1)*x"2/c”4
+ 8%sqrt(c™2*x"2 - 1)/c”6)*c*arccosh(c*x) - (9*kc™4*x"5 + 20%c™2*x"3 + 120
*x)/c”4)*b"2xc"4*d"2 - 2/3*a"2xc”2xd"2*x"3 - 4/9%(3*x"3*arccosh(c*x) - c*(
sqrt(c™2*x"2 - 1)*x72/c”2 + 2xsqrt(c™2*x"2 - 1)/c”4))*axb*c™2+%d"2 + 4/27*(
3xcx(sqrt(c™2*x™2 - 1)*x72/c”2 + 2xsqrt(c”™2*x"2 - 1)/c”4)*arccosh(c*x) - (
CT2%x"3 + 6%x)/cT2)*b"2%c"2%d"2 + b~2*d"2*x*arccosh(c*x) 2 + 2%b~2%d"2*(x

- sqrt(c™2xx"2 - 1)*arccosh(c*x)/c) + a"2*%d"2xx + 2*(c*x*arccosh(c*x) - sq
rt(c™2*x"2 - 1))*axb*d~2/c

output

Giac [F(-2)]

Exception generated.

/ (d— c2dx2)2 (a + barccosh(cz))? dz = Exception raised: TypeError

-

inputLintegrate((-c‘2*d*x‘2+d)‘2*(a+b*arccosh(c*x))‘2,x, algorithm="giac")

-

Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r23ym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (d— c2da:2)2 (a + barccosh(cr))? dz = / (a + bacosh(cz))® (d — ¢ clxz)2 dz

input Lint((a + b¥acosh(c*x))~2x(d - c~2*%d*x~2)"2,x)

Output‘int((a + b*acosh(c*x))~"2%(d - c™2*d*x~2)"2, x)
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Reduce [F]

/ (d— 62d$2)2 (a + barccosh(cr))? dz
_ d?(90acosh(cz) abx® — 300acosh(cx) ab Px® + 450acosh(cz) abex — 18v/c2x? — Labc'a? + 76v/c2a? -

input Lint ((~c~2*%d*x~2+d) ~2* (a+b*acosh(c*x) ) ~2,x) J

-

(d**2* (90*acosh (c*x) *a*b*c**5*xx**x5 — 300*acosh(c*x) *a*b*c**3*xx**3 + 450*ac
osh(c*x)*a*bkc*x — 18%sqrt(c**2*x**2 — 1)*akbkckx*4xx**4 + T6*sqrt (CHk*2*x**
2 - 1)*axbkck*2*x*k*2 + 152*sqrt (c**2*x**2 - 1)*axb - 450*sqrt(c*x + 1)*sqr
t(cxx - 1)*axb + 225%int (acosh(c*x)**2,x)*b**2xc + 225*%int (acosh(ckx)**2*x
*x4 X)) ¥b*x*k2*kck*x5 — 450*%int (acosh(c*x) **2xx**2,X) kb**2*xC**3 + 45*ax*x2kc**x5*
x**k5 — 150%a**kck*3kx*x*3 + 225*ka*x*2kxc*xx))/(225%c)

output
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3.9 [ (d — ¢*dz?) (a + barccosh(cz))? dzx

Optimal result . . . . . . . . . . . . e 159
Mathematica [A] (verified) . . . . . . . . . ... o 1601
Rubi [A] (verified) . . . .. . . ... .. 160
Maple [A] (verified) . . . . . . ... L 163
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 164
Sympy [F] . . o o 164
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1651
Giac [F(-2)] . . .« o oo 165
Mupad [F(-1)] . . . o o 166
Reduce [F] . . . . . 166

Optimal result

Integrand size = 22, antiderivative size = 136

/ (d — c*dz?) (a + barccosh(cz))? dz = 19—4b2dx — %b2czdx3
_ 4bdy/—1 + czy/1 + cz(a + barccosh(cz))
3c
N 2bd(—1 + cx)3/%(1 + cz)3/?(a + barccosh(cr))
) 9c
+ gdx(a + barccosh(cz))?
+ %da:(l — ®z?) (a + barccosh(cz))?

output \ 14/9%b~2%d*x-2/27*b"2%c~2*d*x~3-4/3*bxd* (c*x—1) " (1/2) * (c*x+1) ~ (1/2) * (a+b*a
‘ rccosh(c*x))/c+2/9%b*d* (c*xx-1) ~(3/2) * (c*x+1) ~(3/2) * (atb*arccosh(c*x))/c+2/
LB*d*x* (atb*arccosh(c*x)) ~2+1/3*d*x* (-c~2*x"2+1) * (a+b*arccosh(c*x)) "2 J
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.07

/ (d — *dz®) (a + barccosh(cz))? dz

d(—2b%cz(—21 + 22?) + 6aby/—1 + czv/1 + cx(—T7 + *z?) — 9a’cz(—3 + ?z?) + 6b(by/—1 + cz+/1 4
B 27c

input‘ Integrate[(d - c”2xd*x"2)*(a + bxArcCosh[c*x])"2,x] ‘

p
\(d*(-2*b“2*c*x*(-21 + Cc72%x72) + 6*xaxb*Sqrt[-1 + ckx]*Sqrt[1 + c*xx]*(-7 +
\c‘2*x‘2) - 9%a”2#cxx* (-3 + c”2*%x72) + 6xb*(b*Sqrt[-1 + c*x]*Sqrt[l + c*x]*
\(-7 + c72%x72) + ax(9*kcxx — 3*%c”3%x"3))*ArcCosh[c*x] - 9*b~2kc*x*(-3 + c~2

output
|
L*X‘Z)*ArcCosh[c*x]‘2))/(27*c) J

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.09,

number of rules _
integrand size 0.318, Rules

number of steps used = 7, number of rules used = 7,
used = {6312, 6294, 6330, 24, 25, 39, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (d — c*dz?) (a + barccosh(cz))? dz
| 6312
;bcd / z+/cx — 1v/cx + 1(a + barccosh(cz))dz + ;d /(a + barccosh(cx))?dz +
%da:(l — c*z?) (a + barccosh(cz))?
| 6294
id(m(a + barccosh(cz))? — 2bc/ I%&%”dm) + ;bcd/mmm(a +

1
barccosh(cx))dx + gda:(l — c¢*z?) (a + barccosh(cz))?
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l 6330
\/cac——lm(a"‘ barccosh(cz)) bf 1d$>> n
+

2
§d (m(a + barccosh(cz))? — 2bc< 2

2bcd<(cw —1)*2(cz +1)*?(a + barccosh(cz)) b [ —((1 — cx)(cz + 1))dm>

3 3c? 3c
1
gdm(l — c*z?) (a + barccosh(cz))?

| 24

2 (cx — 1)3/?(cx + 1)3/%(a + barccosh(cz)) b [ —((1 —cz)(cx +1))d=
3b6d( 3c? B 3c > +

1
gda)(l — c®z?) (a + barccosh(cz))? +
c(y/c:v — 1y/cx + 1(a + barccosh(cz)) bx))

c? c
l 25

2ed (bf(l - Cx?z(c-’ﬂ + 1)dz + (cx — 1)32(cx + 1)3/%(a + barccosh(c:c))) N
c

;d(:z:(a + barccosh(cz))? — 2b

3 3c?
1
gdm( — c¢*z?) (a + barccosh(cz))? +
c(y/cac — 1y/cx + 1(a + barccosh(cz)) b:v>>

c? c
l 39

2 b (1—c*2?)dz  (cx —1)%?(cx + 1)%?(a + barccosh(cz))
Sbed +
3 3c 3c?

barccosh(cz))? +
;d(.r(a + barccosh(cz))? — 2bc< cx —1yez + 1(a + barccosh(cz)) bw))

c2 c

gd (:p(a + barccosh(cz))? — 2b

+ %dx(l —c®7?) (a+

l 2009

02173
2 (cx — 1)3/?(cx + 1)3/2(a + barccosh(cz)) b(‘” T3 ) 1 9 o
3bcd( 32 + ™ + gdx(l —c*z?) (a+

barccosh(cz))? +

. ( Vex —1y/cx +1(a + barccosh(cz)) bz ) )

2 2
§d (:p(a + barccosh(cx))® — 2b 2 ;

input \Int[(d - c~2xd*x~2)*(a + b¥ArcCosh[c*x])~2,x]
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Output‘(d*x*(l - ¢"2xx"2)*(a + b*ArcCosh[c*x])~2)/3 + (2%b*cxd*((b*(x - (c™2*x~3)
‘/3))/(3*c) + ((-1 + c*x)~(3/2)*(1 + c*x)~(3/2)*(a + bxArcCosh[c*x]))/(3*c”
‘2)))/3 + (2xd*(xx(a + b*ArcCosh[c*x])~2 - 2*bxcx(-((b*x)/c) + (Sqrt[-1 + c
‘*x]*Sqrt[l + c*x]*(a + b*ArcCosh[c*x]))/c~2)))/3

Defintions of rubi rules used

ruk324‘Int[a—’ x_Symbol] :> Simpl[a*x, x] /; FreeQla, x]

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule39‘Int[((a_) + (b_)*(x_))"(m_.)*((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
‘a*c + bxd*x™2)"m, x] /; FreeQ[{a, b, ¢, d, m}, x] & EqQ[b¥c + axd, 0] && (
LIntegerQ[m] || (GtQ[a, 0] && GtQl[c, 0]1))

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6294 Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCosh[c*x])"n, x] - Simp[b*c*n Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
[1 + c*x]*Sqrt[-1 + c*x]1)), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]

rule 6312 Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.),
x_Symbol] :> Simp[x*(d + e*x~2) p*((a + b*ArcCosh[c*x])"n/(2%p + 1)), x] +
(Simp [2*d* (p/(2*xp + 1)) Int[(d + e*xx"2)"(p - 1)*(a + bxArcCosh[c*x])"n, x
1, x] - Simp[b*cx(n/(2*%p + 1))*Simp[(d + exx"2) p/((1 + c*xx)“p*(-1 + c*x)7p
)1 Imt[xx(1 + c*xx)"(p - 1/2)*(-1 + c*xx)"(p - 1/2)*(a + b*ArcCosh[c*x]) " (n
- 1), x1, x]1) /; FreeQl[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && GtQ[n,
0] && GtQ[p, 0]




rule 6330

input

output
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Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x) " (p + 1)*((a + bxArcCosh[c*x]) n/(2xel*e2*(p + 1))), x] - Simp[b*(n/(2
xc*x(p + 1)))*Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
Pl  Int[(1 + c*xx)"(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x])~(n -

1), x1, x]1 /; FreeQ[{a, b, c, d1, el, d2, e2, p}, x] && EqQ[el, c*d1] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.26

method result
—da2 (%631‘3 —C.’E) _db? <_ 2arccosg(cw)20w +arccosh(cw)2cg(cm—1)(cw+1) +4 arccosh(cw);/cwj Vez41 43;;,; _ 2 arccoshl
derivativedivides .
—da? (%03z3 —C:L‘) —db? <_ 2arccosg(cz)20z +arccosh(cz)2cg(cz—1)(cz+1) +4 arccosh(cz);/cwj Vez41 4(2];9; _ 2 arccoshl
default -
dbv? 2&rccosh(c:v)2ca: arccosh(cm)ch(cm—1)(cz+1) 4 arccosh(cx)vcx—1+/cz+1 _ 40cx _
9/1.9.3 - 3 + 3 + 3 ot T
parts —da (gc x —a:) — -
2( -
2ct24—29c2x2+7) | —2c?dx(a+b arccosh(cz 2-|—L
. z(19ctz?—166c222+27) (—c2d 22 +d) (a+b arccosh(cz))? ( ) ( (c2)
orering 27(Pz2—1)? - 9c2(c2x2-1)
Lint ((-c~2*d*x~2+d) * (a+b*arccosh(c*x) ) "2, x,method=_RETURNVERBOSE) J

1/c*(—-d*a~2%(1/3*%c"3*x"3-c*x) -d*b~2* (-2/3*arccosh(c*x) “2*c*x+1/3*arccosh(c
*x) "2kcHxk (ckx—1) * (c*x+1)+4/3*arccosh(cxx) * (ckx-1) " (1/2) * (c*x+1) ~(1/2)-40/
27xc*xx-2/9*arccosh (c*x) * (c*x-1) ~(3/2) * (c*xx+1) ~(3/2) +2/27*c*x* (c*x—1) * (c*x+
1)) -2*xd*a*xb* (1/3*c”3*x"3*arccosh(c*x)-c*x*arccosh(c*x)-1/9* (cxx—-1)~(1/2) *(
cxx+1) " (1/2)*(c™2*%x~2-7)))
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Fricas [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.31

/ (d — *dz®) (a + barccosh(cz))? dr =

(9a® +20?)cdz® — 3 (9a® + 14b?)cdz + 9 (b2 cPdx® — 3b%cdz) log (cx + V/2a? — 1)2 + 6 (3 abc*dz?

27¢

input Lintegrate ((-c~2xd*x~2+d) * (a+b*arccosh(c*x))~2,x, algorithm="fricas") J

e B

-1/27%((9%a~2 + 2*b~2)*c~3*d*x"3 - 3*(9%a"2 + 14*b~2)*cxd*x + 9*(b~2xc~3*d
| ¥x73 - 3¥b~2%ckdxx)*log(ckx + sqrt(cT2¥x"2 - 1))72 + 6% (3xaxbkc 3xd*x"3 -
\Q*a*b*c*d*x - (b72%c"2%d*x"2 - 7xb~2xd)*sqrt(c”2*x"2 - 1))*log(c*x + sqrt(
Lc‘Q*x‘Q - 1)) - 6*x(a*b*xc™2*d*x~2 - T*axb*d)*sqrt(c™2*x"2 - 1))/c J

output

Sympy [F]

/ (d — *dz?) (a + barccosh(cz))? dr = —d</ (—a®) dz + / (—b® acosh? (cz)) dz
+ / (—2abacosh (cz)) dz + /a202x2 dx
+ / b2 c*z? acosh? (cx) dx

+ / 2abc’z? acosh (cr) dx)

input ‘ integrate ((-c**2*d*x**2+d) * (at+b*acosh(c*x)) **2,x)

p
‘-d*(Integral(-a**2, x) + Integral (-b**x2*acosh(c*x)**2, x) + Integral (-2xax
‘b*acosh(c*x), x) + Integral (a**2kc*x*2*x**2, x) + Integral (b**2*cx*2xx**2%a

‘cosh(c*x)**2, x) + Integral (2#axb*c**2xx**x2*acosh(c*x), x))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 230, normalized size of antiderivative = 1.69

/ (d — ¢*dz?) (a + barccosh(cz))? dx

1 1
=3 b2 c?da® arcosh (cz)? — 3 a’c*ds?

2 VEZ—1a® 2/ FE 1
_§<3x3arcosh(cx)—c< cxcz T4 c; ))achd

2 V22 — 122 2+/c2x? -1 At +6zx\ 4,
3¢ + 22 T 0T gt

+ 77 2 arcosh (cz) — 2

+ b?dzx arcosh (cz)® + 2b%d (:1: — .

2 (cx arcosh (cz) — v/c2? — 1)abd

C

Vc2x? — larcosh (cx))

+ a’dz +

input tintegrate ((-c™2*d*x~2+d) * (atb*arccosh(c*x))~2,x, algorithm="maxima")

-1/3%b~2*c~2*d*x"3*arccosh(c*x) "2 - 1/3%a"2*%c"2*d*x"3 - 2/9%(3*x"3*arccosh
(c*x) - c*(sqrt(c™2*x"2 - 1)*x72/c”2 + 2*sqrt(c™2*x™2 - 1)/c”4))*a*bxc~2x*d
+ 2/27*(3xcx(sqrt(c™2*x"2 - 1)*x72/c”2 + 2*sqrt(c”2*x"2 - 1)/c”4)*arccosh
(c*x) - (c™2#x73 + 6*x)/c”2)*b"2%c™2+d + b~2xd*x*arccosh(ckx) "2 + 2¥b~2*d*
(x - sqrt(c™2*x"2 - 1)*arccosh(c*x)/c) + a"2*d*x + 2*(c*x*arccosh(c*x) - s
qrt(c™2*x~2 - 1))*axb*d/c

output

Giac [F(-2)]

Exception generated.

/ (d — c®dz?) (a + barccosh(cz))? dz = Exception raised: TypeError

input Lintegrate ((-c~2xd*x~2+d) * (a+b*arccosh(c*x)) "2,x, algorithm="giac")
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Output‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const ‘
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

Mupad [F(-1)]

Timed out.

/ (d — c®dz?) (a + barccosh(cz))? dz = / (a + bacosh(cz))® (d — 2 dz?) dx

input Lint((a + b*acosh(c*x)) "2x(d - c~2%d*x"2),x) J
output Lint((a + b*acosh(c*x))"2x(d - c~2*d*x"2), x) J
Reduce [F]

/ (d — *dz?) (a + barccosh(cz))? dx

d(—6acosh(cz) ab c*z® + 18acosh(cz) abex + 2v/c2x? — 1abx* + 4v/cx? — Lab — 18v/ex + 1y/cx —

9c

input ‘ int ((-c~2*d*x~2+d) * (a+b*acosh(c*x)) ~2,x) ‘

‘ (d*( - 6*acosh(c*x)*axb*c**3*x**3 + 18%acosh(c*x)*a*bkc*x + 2*sqrt (ck*2kx* \
(¥2 - 1)kaxbkcHR2xx#*2 + 4xsqrt(ckr2exx*2 - 1)*a¥b - 18sqrt(ckx + 1)*sqrt( |
(ckx - 1)*axb + 9xint(acosh(ckx)**2,x)*bx*2xc - 9xint (acosh(ckx)*x+2kx**2,x) |
‘*b**2*c**3 - 3kakxk2kxckk3kx*k*k3 + Qkax*k2kcxx))/(9*c)

output




output
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3.10 f (a+barccosh(cz))? dr

d—c2dx?
Optimal result . . . . . . . . . . .. . 167
Mathematica [A] (verified) . . . . . . . . . ... 168
Rubi [C] (verified) . . . .. . .. . . 168
Maple [C] (verified) . . . . . . . . . ... Il
Fricas [F] . . . . . . . o Ival
Sympy [F] . . o e 172
Maxima [F] . . . . . . 172
Giac [F] . . . o o o 173l
Mupad [F(-1)] . . . o o 173l
Reduce [F] . . . . . . 173

Optimal result

Integrand size = 24, antiderivative size = 118

/ (a + barccosh(cz))? 2(a + barccosh(cz))%arctanh (e2recosh(er) )

dx =
d — c?dz? cd

N 2b(a + barccosh(cz)) PolyLog (2, —e2recosh(<e))

cd
2b(a + barccosh(cz)) PolyLog (2, earccosh(cx))

cd
2b2 POIYLOg (3, _earccosh(cx))

cd
N 2b2 PolyLog (3’ earccosh(cx))

cd

2% (a+bxarccosh(c*x) ) “2*arctanh (cxx+(c*x-1) ~(1/2) * (c*x+1) ~(1/2) ) /c/d+2*xb* (a
+b*arccosh(c*x))*polylog(2,-c*x—(c*x-1)~(1/2) *(c*x+1)~(1/2)) /c/d-2*b* (a+b*
arccosh(c*x) ) *polylog(2,c*x+(c*xx-1)~(1/2)*(c*x+1)~(1/2)) /c/d-2*%b"2*polylog
(3,-c*x-(c*x-1) " (1/2) *(c*x+1)~(1/2)) /c/d+2*b~2*polylog (3, cxx+(c*x-1)~(1/2)
*(c*xx+1)7(1/2))/c/d
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.01

(a + barccosh(cz))?
d — c2dx?
(a + barccosh(cz))? log (1 — e*ecosh(e®)) + (g + barccosh(cz))? log (1 + e*recosh(e®)) 4+ 2b(a + barccosh

dz

input‘ Integrate[(a + b*ArcCosh[c*x])~2/(d - c~2*d*x"~2),x] ‘

p
‘ (-((a + b*ArcCosh[c*x]) "2+Log[1 - E"ArcCosh[c*x]]) + (a + b*ArcCosh[c*x])~
‘ 2xLog[1 + E"ArcCosh[c*x]] + 2#b*x(a + b*xArcCosh[c*x])*PolyLog[2, -E~ArcCosh
‘ [c*x]] - 2%b*(a + bxArcCosh[c*x])*PolyLog[2, E"ArcCosh[c*x]] - 2*b~2*PolyL

N
output
Log [3, -E"ArcCosh[c*x]] + 2*¥b~2*PolyLog[3, E~ArcCosh[c*x]])/(c*d) J

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.54 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.88,

number of rules _ 0.292, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {6318, 3042, 26, 4670, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+ barccosh(Cl’))2 d
d — c2dx? *
l 6318
I (a+barccosh(cz))? darccosh(cx)
\/ Zz;} (cz+1)
cd
l 3042

[ i(a + barccosh(cz))? csc(iarccosh(cz))darccosh(cz)
cd
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l 26

K [(a + barccosh(cz))? csc(iarccosh(cz) )darccosh(cz)
cd

l 4670

_ i(2ib [ (a + barccosh(cz)) log (1 — earecosh(ez)) darccosh(cz) — 2ib [(a + barccosh(cz)) log (1 + e2reosh(e2)) dar
cd

l.3011

i(—2ib(b [ PolyLog (2, —e®°sh(¢2)) darccosh(cz) — PolyLog (2, —e***s8(¢?)) (g + barccosh(cz))) + 2ib(b [ F

l 2720

( 2zb(bf e—arccosh(cz) PolyLog ( arccosh(cz)) de arccosh(cz) _ PolyLog ( arccosh(cx)) (a + barccosh(ca:)))

l'7143

i(24arctanh (e27e°sh(¢2)) (g + barccosh(cz))? — 2ib(bPolyLog (3, —e2recosh(<®)) — PolyLog (2, —erecosh(e@)) (g -
cd

input LInt[(a + b*ArcCosh[c*x])~2/(d - c~2*d*x~2),x] J

~I)*((2*I)*(a + bxArcCosh[c*x]) 2*ArcTanh[E~ArcCoshlc*x]] - (2*I)*bx(-(( |
‘ a + b*ArcCosh[c*x])*PolyLog[2, -E~ArcCosh[c*x]]) + b*PolyLog[3, -E~ArcCosh ‘
‘ [c*x]]) + (2*I)*bx(-((a + bxArcCosh[c*x])*PolyLog[2, E~ArcCosh[c*x]]) + b* ‘

J

Defintions of rubi rules used

% ‘ Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

rule
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1] \




CHAPTER 3. LISTING OF INTEGRALS 170

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

rule 3011 It [Logll + (e_)*((FL)~((c_.)*((a_.) + (b_.)*(x2)))) " (a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(f*xfz*I)) Int[(c + d*x)~(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfz*x)], x], x]) /; FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

rule 4670

Int[((a_.) + ArcCosh[(c_.)*(x_)1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[-(c*d)~(-1) Subst[Int[(a + b*x) n*Csch[x], x], x, ArcCoshl[c*x
11, x] /; FreeQl{a, b, c, d, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]

rule 6318

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x))), x_S
ymbol]l :> Simp[PolyLogl[n + 1, c*(a + b*x)~pl/(exp), x] /; FreeQ[{a, b, c, d
, e, n, p}, x] && EqQ[bxd, axel




inputt

output

input
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.18 (sec) , antiderivative size = 355, normalized size of antiderivative = 3.01

method result
a2 arctanh(cz) b2 (arccosh(cm)z In(1—cz—+/caz—1 v/cz+1)+2 arccosh(cz) polylog(2,cz++/cz—1 v/cax+1)—2 polylog(3,cax++/cx—1
derivativedivides d
a2 arctanh(cx) b2 (arccosh(cz)2 In(1—cz—+/cx—1+/ca+1)+2 arccosh(cz) polylog(2,cz++/cz—1 v/cz+1)—2 polylog(3,cz++/cz—1
default d
" a2 In(ce+1) a? In(cz—1) b2 (arccosh(ca:)2 ln(l—cz—\/cz—l \/cac+1)+2 arccosh(cz) polylog(2,cz+\/cz—1 v
parts 2dc 2dc

int ((a+b*arccosh(c*x)) "2/ (-c~2*d*x~2+d) ,x,method=_RETURNVERBOSE)

1/c*(a”2/d*arctanh (c*x)-b~2/d* (arccosh (c*x) "2*1n(1-c*x-(cxx-1) ~(1/2) * (c*x+
1)~ (1/2))+2*arccosh(c*x) *polylog(2, cxx+(c*x-1) ~(1/2) * (cxx+1) " (1/2) ) -2*poly
log (3, ckx+(c*x-1)~(1/2)*(c*x+1) ~(1/2) ) -arccosh (c*x) “2*1n (1+c*x+(cxx-1) ~(1/
2) *(c*x+1) ~(1/2) )-2*arccosh(c*x) *polylog(2,-c*x-(c*x-1)~(1/2) * (c*x+1) ~(1/2
))+2*xpolylog(3,-c*x-(c*x-1) " (1/2) *(c*x+1)~(1/2) ) ) -2*a*b/d* (-arctanh(c*x) *a
rccosh(c*x)-2*I* (arctanh (c*x) *1n(1+I* (c*x+1)/(-c~2*x"2+1) " (1/2))-arctanh(c
*xx)*1n (1-I* (c*xx+1) / (-c™2*%x~2+1) ~(1/2) ) +dilog (1+I* (c*x+1) /(~c™2*x"2+1)~(1/2
))-dilog(1-I*(c*x+1)/(-c™2%x"2+1) " (1/2)) ) * (-c™2*x"2+1) " (1/2) * (1/2*c*x+1/2)

~(1/2)*(1/2%c*x-1/2)~(1/2) / (c"2%x72-1)))

Fricas [F]

(a + barccosh(cz))? _ [ _(barcosh (cz) + a)’
/ dz / dz

d — c2dz? c2dz? —d

Lintegrate((a+b*arccosh(c*x))‘2/(-0‘2*d*x“2+d),x, algorithm="fricas")
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‘integral(—(b”2*arccosh(c*x)”2 + 2%axbxarccosh(c*x) + a”2)/(c”™2*d*x"2 - d),

output
5
Sympy [F]
acos. 2 CT ab acos CcT
/ (a + barccosh(cz))? dr — — 1l % dzr + [ % dzr + [ Zabooosh (ex) bczsz§ ) dz
d — c2dx? N d
inputLintegrate((a+b*acosh(c*x))**2/(—c**2*d*x**2+d),X)

Output‘—(Integral(a**2/(c**2*x**2 - 1), x) + Integral(b**2*acosh(ckx)**2/(ck*2xx*
‘*2 - 1), x) + Integral(2*a*b*acosh(c#*x)/(ckx*2xx**x2 - 1), x))/d

Maxima [F]

/ (a + barccosh(cz))? dp — /_(b arcosh (cz) + a)* i
d — c2dz? N c2dz? —d

p
inputLintegrate((a+b*arccosh(c*x))‘2/(—c‘2*d*x*2+d),x, algorithm="maxima")

-/

1/2*%a~2*(log(cxx + 1)/(cxd) - log(c*x - 1)/(cxd)) + 1/2%(b~2*log(c*x + 1)

- b™2*log(c*x - 1))*log(c*x + sqrt(cxx + 1)*sqrt(cxx - 1))72/(cxd) - integ

rate((2xaxbxc*x + (b"2xcxx*log(c*x + 1) - b~2*c*xxlog(c*x - 1) + 2xaxb)*sq

rt(c*x + 1) *sqrt(c*x - 1) + (b™2*%c™2*x"2 - b"2)*xlog(cxx + 1) - (b™2%c™2*x~

2 - b™2)*log(cxx - 1))*log(c*x + sqrt(c*x + 1)*sqrt(ckx - 1))/(c™3*d*x"3 -
cxd*x + (c72xd*x"2 - d)*sqrt(c*x + 1)*sqrt(cxx - 1)), x)

output
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Giac [F]
/ (a + barccosh(cr))? e — / _ (barcosh (cz) + a)’ i
d — c2dz? dx? —d
input Lintegrate ((a+bxarccosh(c¥x))~2/ (-c~2xd*x~2+d) ,x, algorithm="giac") J
output Lintegrate(—(b*arccosh(c*x) + a)"2/(c”2*%d*x"2 - d), x) J

Mupad [F(-1)]

Timed out.

dz

/ (a + barccosh(cz))? dr — (a + bacosh(cx))®
d — c*dz? B d—c*dax?

input Lint((a + b*acosh(c*x))~2/(d - c~2%d*x~2),x) J

output Lint((a + b*acosh(c*x))~2/(d - c~2*d*x"2), x) J

Reduce [F]

/ (a + barccosh(cz))? i
d — cdx?

~4( [ S der) abe — 2( [ “H= de ) e — log(c*r — o) o + log(c*w + ) a?
2cd

input tint ((atb*acosh(c*x)) "2/ (-c~2*d*x~2+d) ,x) J

‘( - 4xint (acosh(c*xx)/ (c**2*x**x2 - 1),x)*axbxc — 2*int (acosh(c*xx)**2/(ck*x2x \

output
(xHk2 = 1), x)¥b*A2kc — Llog(ckH24x — C)*kax*2 + log(ck*2+x + C)*a*x2)/(2%ckd)




output
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3.11 f (a+barccosh(cz))? dr

(d—czdxz)Q
Optimal result . . . . . . . . . . . .. 174
Mathematica [A] (warning: unable to verify) . . . . . ... ... ... ... ... 175
Rubi [C] (verified) . . . . . . . . . .. 1751
Maple [A] (verified) . . . . . . ... L 180
Fricas [F] . . . . . o e 181
Sympy [F] . . o o 181
Maxima [F] . . . . . . . 182
Giac [F] . . . . o o 182
Mupad [F(-1)] . . . o o 183
Reduce [F] . . . . o e 183

Optimal result

Integrand size = 24, antiderivative size = 195

(a+ barccosh(cz))® ,  b(a+ barccosh(cz)) | w(a+ barccosh(cz))?
(d — c2dz?)” v Ced?/—Itcvltez 2d? (1 — c?x?)
(a + barccosh(cz))?arctanh (e2sh(<®))  p2arctanh(cz)
cd? - cd?
N b(a + barccosh(cz)) PolyLog (2, —e?recosh(en))

cd?
b(a + barccosh(cz)) PolyLog (2, earecosh(ea))

cd?
~ b2 PolyLog (3’ _earccosh(cw)> N b2 PolyLog (3, earccosh(c:c))

cd? cd?

N

-b*(at+b*arccosh(c*x))/c/d~2/(c*x-1)~(1/2) / (c*x+1) =~ (1/2) +1/2*x* (a+b*arccosh
(c*x))~2/d472/ (-c~2*x~2+1) +(a+b*arccosh(c*x) ) “2*arctanh (cxx+(c*x-1) ~(1/2) *(
cxx+1)~(1/2))/c/d"2-b"2*arctanh (c*x) /c/d"2+b* (a+b*arccosh(c*x) ) *polylog(2,
—cxx-(cxx-1)~(1/2) *(c*x+1)~(1/2) ) /c/d"2-b* (atb*arccosh(c*x) ) *polylog(2, c*x
+(cxx-1)"(1/2) *(c*x+1)~(1/2)) /c/d"2-b"2*polylog (3, -c*x—(c*x-1) ~(1/2) * (c*x+
1)7(1/2))/c/d"2+b~2*polylog (3, c*x+(c*x-1) ~(1/2) * (cxx+1)~(1/2)) /c/d~2




input

output
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Mathematica [A] (warning: unable to verify)

Time = 5.43 (sec) , antiderivative size = 359, normalized size of antiderivative = 1.84

(a + barccosh(cz))? p
X
(d — c2da?)?
=ltcz cx cz) (cz+(—1+c222) 1o —e h(cx) —c252"
4ab<_2<,/m(1+ y+arccosh )( +( 1+ )_1141(2112 arccos )+(1 /
__ 4d’z 2a? log(1—cx) +2a210g(1+cw) +
— —1+4c2z2 c c c
LIntegrate[(a + bxArcCosh[c*x])~2/(d - ¢ 2xd*x~2)"2,x] J

((-4xa~2*x) /(-1 + c™2%x72) - (2*a~2*Logl[l - c*x])/c + (2xa~2xLog[1l + c*x])
/c + (4xaxb*x((-2%(Sqrt[(-1 + c*x)/(1 + c*x)]*(1 + c*x) + ArcCosh[c*x]*(c*x
+ (-1 + c”2%x"2)*Log[1 - E"ArcCosh([c*x]] + (1 - c~"2*x"2)*Log[1 + E"ArcCos
hlc*x]1]1)))/(-1 + c"2%x"2) + 2*PolyLog[2, -E~ArcCosh[c*x]] - 2#PolyLog[2, E
“ArcCosh[c*x]]))/c + (b~2%(-4*ArcCosh[c*x]*Coth[ArcCosh[c*x]/2] - ArcCoshl[
c*x] “2*Csch[ArcCosh[c*x] /2] "2 - 4*ArcCosh[c*x]~2*Log[1 - E~(-ArcCosh[c*x])
] + 4xArcCosh[c*x] “2*Log[1 + E~(-ArcCosh[c*x])] + 8*Log[Tanh[ArcCosh[c*x]/
2]] - 8%ArcCosh[c*x]*PolyLog[2, -E~(-ArcCosh[c*x])] + 8*ArcCosh[c*x]*PolyL
og[2, E"(-ArcCosh[c*x])] - 8+PolyLog[3, -E~(-ArcCosh[c*x])] + 8xPolyLogl[3,
E~(-ArcCosh[c*x])] - ArcCosh[c#*x]~2*Sech[ArcCosh[c*x]/2]"2 + 4xArcCosh[c*
x]*Tanh [ArcCosh[c*x]/2]))/c)/(8*d~2)

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.89 (sec) , antiderivative size = 185, normalized size of antiderivative = 0.95,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 549 Ry
integrand size

used = {6316, 27, 6318, 3042, 26, 4670, 3011, 2720, 6330, 25, 39, 219, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
/ (a + barccosh(cz)) s

(d — 2dx?)?
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l 6316

a+b h(cz))? z(a+barccosh(cz
J ot 3{105002202% 2 da n be | (c(w—1)3/2(c1:+1()3/)2) dz z(a + barccosh(cz))?

2d d? 2d? (1 — c2z?)

| 27

2 z(a+barccosh(ce
J (a+balic_ccgi£l(w)) dzx n be | (c(z—1)3/2(cm+1()3/)2) dz z(a + barccosh(cz))?
2d? d? 2d2 (1 — c2z?)
| 6318
(a+barccosh(cz))?
z(a+barccosh(cz darccosh(cz
be | (;—1)3/2(13—}—1()3/)2) dx B / V E5 (ca+1) (<o) N z(a + barccosh(cz))?
d? 2cd? 2d? (1 — c2x?)

| 3042

z(atbarccosh(cz
be [ (c(z—1)3/2(cz+1()3/)2) dz [ i(a + barccosh(cz))? csc(iarccosh(cz))darccosh(cz)

d? 2cd?
z(a + barccosh(cz))?
2d2 (1 — c%z?)

| 26
+barccosh
be ?£2—1)3/2(Cz+f)c:/)2) dz G [(a + barccosh(cz))? csc(iarccosh(cz))darccosh(cz)

d? 2cd?
x(a + barccosh(cz))?
2d? (1 — c2z?)

l 4670

i(2ib [ (a + barccosh(cz)) log (1 — e°cosh(¢®)) darccosh(cz) — 2ib [(a + barccosh(cz)) log (1 + e27e°sh(¢2)) dar

2cd?
+barccosh
be | g(cc(:—1)3/2(cx+1()cx3/)2) dzx z(a + barccosh(cz))?
d? 2d? (1 — c2x?)
| 3011

i(—2ib(b [ PolyLog (2, —e®°sh(¢2)) darccosh(cz) — PolyLog (2, —e***sh(¢?)) (g + barccosh(cz))) + 2ib(b [ F

z(a+barccosh(cz
be | (c(x—1)3/2(cx+1()3/)2) dz z(a + barccosh(cz))?

d? 2d? (1 — c?z?)
l'2720
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i(—2ib(b [ e~2recosh(e®) PolyLog (2, —

arccosh(cx) ) dearccosh(cx) PolyLog (

a,rccosh(cx)) (a + ba,I‘CCOSh(Cx))) '

a+barccosh(cx
bCf (c(x 1)3/2(033_’_1()3/)2) dx

z(a + barccosh(cz))?

d2

i(—2ib(b [ e~arecosh(er) PolyLog (2, —

l 6330

arccosh(cﬂ’?) )

242 (1 - c2a?)

de?recosh(cz) _ PolyLog (

arccosh(cx)) (a + barCCOSh(C.’Ij))) .

_a+barccosh(cz)

c

1
bc(bf—(l—cz)(c:v-i—l)dx

c2v/cz—1/cz+1

) x(a + barccosh(cz))?

d2

i(—2ib(b [ e~arecosh(er) PolyLog (2, —

l 25

arccosh(cﬂ’?)) de

242 (1 — c2a?)

arccosh(cz) _ PolyLog (

arccosh(cx)) (a + barCCOSh(C.’I:))) .

1
b @

_ a+barccosh(cz)

e

[

c2v/cz—1/cz+1

) o(a + barccosh(cz))?

d2

i(—2ib(b [ e~arecosh(er) PolyLog (2, —

l 39

arccosh(cﬂ’?)) de

2d2 (1 — c2a?)

arccosh(cz) _ PolyLog (

arccosh(cx)) (a + barCCOSh(C.’E))) .

e -

b[ e

: —_

a+barccosh (cz)
c2/cx—1y/cx+1

z(a + barccosh(cz))?

d2

i(—2ib(b [ e~arecosh(er) PolyLog (2, —

l 219

arccosh(cﬂ’?)) de

2d2 (1 — c2a?)

arccosh(cz) _ PolyLog (

arccosh(cx)) (a + barCCOSh(Cz))) .

be(~

atbarccosh(cz)

c2\/cx—1+/cz+1

c2

varctanh(cz) )

z(a + barccosh(cz))?

d2

l 7143

242 (1 — c2a?)
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b (_ at+barccosh(cz) barctanh(cx)>
c2v/cx—1+/cx+1 c?
a2
i(2iarctanh(ear°°°s}1(cx)) (a + barccosh(cz))? — 2ib(b PolyLog (3, —earccos}l(cx)) — PolyLog (2, —earcms}l(cx)) (a+

2cd?
z(a + barccosh(cz))?

2d? (1 — c2x?)

input \Int[(a + bxArcCosh[c*x])~2/(d - ¢ 2%d*x~2)"2,x] ]

(x*(a + b*ArcCosh[c*x])~2)/(2*d"~2x(1 - c~2*x~2)) + (bxc*(-((a + b*ArcCosh[
c*x])/(c”2%Sqrt[-1 + c*x]*Sqrt[1 + c*x])) - (b*ArcTanh[c#*x])/c"2))/d"2 - (
(I/2)*((2*%I)*(a + b*ArcCosh[c*x]) “2*ArcTanh[E~ArcCosh[c*x]] - (2%I)*b*(-((
a + b¥ArcCosh[c*x])*PolyLogl[2, -E~ArcCosh[c*x]]) + b*PolyLog[3, -E~ArcCosh
[c*x]]) + (2*I)*bx(-((a + bxArcCosh[c*x])*PolyLog[2, E~ArcCosh[c*x]]) + b*
PolyLog[3, E~ArcCosh[c*x]1)))/(cxd"2)

output

Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

rule

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symboll :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 39 Int[((a_) + (b_.)*(x_))"(m_.)*((c_) + (d_.)*(x_))"(m_.), x_Symbol] :> Int[(
axc + bxd*x~2)"m, x] /; FreeQ[{a, b, c, d, m}, x] && EqQ[b*c + a*xd, 0] && (
IntegerQ[m] || (GtQ[a, 0] &% GtQ[c, 01))

rule 219 IntL((a)) + (b_.)*(x_)"2)~(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 01)




rule 2720

rule 3011

rule 3042

rule 4670

rule 6316

rule 6318
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Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[F[x]]]

Int[Log[1l + (e_.)*((F_)"((c_.)*x((a_.) + (b_.)*(x_))))"(n_.)1*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(f*xfz*I)) Int[(c + d*x)~(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e
+ fxfz*x)], x], x]) /; FreeQ[{c, d, e, £, fz}, x] && IGtQ[m, O]

N\

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p ), x
_Symbol] :> Simp[(-x)*(d + e*x~2)"(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xd*(p +
1))), x] + (Simp[(2*p + 3)/(2*d*(p + 1)) Int[(d + e*x"2)"(p + 1)*(a + b*
ArcCosh[c*x])"n, x], x] - Simp[b*c*x(n/(2*(p + 1)))*Simp[(d + e*x~2)"p/((1 +
c*xx) “p* (-1 + c*x)"p)] Int[x*(1 + c*xx)"(p + 1/2)*(-1 + cxx)~(p + 1/2)*(a
+ bxArcCosh[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2x*

d +e, 0] & GtQ[n, 0] && LtQlp, -1] && NeQ[p, -3/2]

Int[((a_.) + ArcCosh[(c_.)*(x_)I1*(b_.))"(n_.)/((d_ ) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[-(c*d)~(-1) Subst [Int[(a + b*x) "n*Csch[x], x], x, ArcCosh[c*x
11, x] /; FreeQl{a, b, c, d, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]
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Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x) " (p + 1)*((a + bxArcCosh[c*x]) n/(2xel*e2*(p + 1))), x] - Simp[b*(n/(2
xck(p + 1)))*Simp[(d1l + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
pl  Int[(1 + c*xx)~(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x])~(n -
1), x1, x]1 /; FreeQ[{a, b, c, d1, el, d2, e2, p}, x] && EqQ[el, c*d1] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

rule 6330

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + bxx)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

rule 7143

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 428, normalized size of antiderivative = 2.19

method result
2
1 1 . 1 b2 [ — arccosh(cx) (cx arccosh(cz)+2v/ca—1 v/cz+1) __ arccosh(cz) In(1—cx—
a? (‘ 4(czl—1) - nleg )_4(cz1+1)+ nlegt )) + ( 2(c202-1) 2
derivativedivides =
2
_ w2 [ = arccosh(cz) (cz arccosh(cz)42v/cz—1/ca+1) arccosh(cz)” In(l—cz—
o? <_ 4(611—1) _ln(cz L _4(ca}+1)+1n(cz+l)) + ( 2(021:2—1) 2
default =
In(cz+1) In( 1 b2 arccosh(cx) (cx arccosh(cxz)+2+v/ca—1 v/cz+1) arccosh(ca:)2 In (1
1 n(cx 1 n(cx— — —
paI‘tS a? (_ 4c(cm+1)+ 4c d2_4c(cz—1)_ 4c ) + 2(C2$2_1)

input Lint ((at+b*arccosh(c*x)) "2/ (-c~2xd*x~2+d) ~2,x,method=_RETURNVERBOSE) J




output
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1/c*x(a~2/d"2x(-1/4/ (c*x-1)-1/4*1n(c*x-1)-1/4/ (c*x+1) +1/4*1n(c*x+1) ) +b~2/d"
2% (-1/2/(c~2*x~2-1) *arccosh (c*x) * (cxx*arccosh (c*x) +2* (c*xx-1) ~(1/2) * (c*x+1)
~(1/2))-1/2*xarccosh(c*x) "2*1n(1-c*x-(c*x-1)~(1/2) *(c*x+1)~(1/2))-arccosh(c
*x) *polylog (2, c*xx+(c*x-1) ~(1/2) * (c*x+1)~(1/2) ) +polylog(3, cxx+(c*x-1)~(1/2)
*(c*xx+1)~(1/2))+1/2*arccosh(c*x) “2*1n (1+c*x+(c*x-1) " (1/2) * (c*x+1) ~(1/2) ) +a
rccosh(c*x)*polylog(2,-c*x-(c*x-1) " (1/2) *(c*x+1)~(1/2))-polylog(3,-c*x-(c*
x-1)"(1/2)*(c*x+1) " (1/2) ) -2*arctanh (ckx+ (c*xx-1) ~(1/2) * (c*x+1) ~(1/2) ) ) +2*ax*
b/d~2%(-1/2% (c*x*arccosh (c*x)+(c*x-1) ~(1/2) * (c*x+1)~(1/2) )/ (c™2*x~2-1)-1/2
*arccosh(c*xx) *1n(1-cxx-(c*x-1) ~(1/2) *(c*x+1) ~(1/2) )-1/2*polylog(2, cxx+(c*x
-1)"(1/2)*(c*x+1) " (1/2) )+1/2*arccosh (cxx) *1n (1+c*x+(cxx-1) ~ (1/2) * (c*xx+1) ~(
1/2))+1/2*polylog(2,-c*x-(c*x-1)~(1/2) *(c*x+1)~(1/2))))

Fricas [F]

dzx

(a + barccosh(cz))® | / (barcosh (cz) + a)?
(d — c2dz?)” B (2dx? — d)°

input‘integrate((a+b*arccosh(c*x))”2/(—c“2*d*x‘2+d)“2,x, algorithm="fricas")

output‘integral((b"2*arccosh(c*x)“2 + 2*%axb*arccosh(c*x) + a~2)/(c™4*d"2*x~4 - 2%

input

output

‘c‘2*d‘2*x‘2 +d~2), x)

Sympy [F]
2 2
/ (a + barccosh(cz))® | | e do + | aiemi de + | B de
(d — c2dx?)? d?

.
Lintegrate ((a+b*acosh(c*x) ) *%2/ (—ck*2kd*x**2+d) **2, x)

-/

‘(Integral(a**2/(c**4*x**4 - 2xcx*2xx**2 + 1), x) + Integral(b**2xacosh(c*x
\)**2/(c**4*x**4 - 2xck*2*x**2 + 1), x) + Integral (2*axb*acosh(c*x)/(cx*4*x
‘**4 - 2kcHkAkx*kx2 + 1), x))/d¥*2
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Maxima [F]
(a + barccosh(cz))? / (barcosh (cz) + a)?
5 —dr = 5—— dT
(d — c2dx?) (c2dz? — d)
inputLintegrate((a+b*arccosh(c*x))‘2/(—c‘2*d*x“2+d)‘2,x, algorithm="maxima") J
output -1/4%a”2*%(2%x/(c2%d™2*x"2 - d72) - log(c*x + 1)/(c*d”2) + log(c*x - 1)/(c

*d"2)) - 1/4%(2%b"2*%c*x — (b"2%c”™2*x"2 - b~2)*log(c*x + 1) + (b"2%c™2*x"2
- b"2)*log(c*x - 1))*log(c*x + sqrt(cxx + 1)*sqrt(c*x - 1))72/(c™3*d"2*x"2
- c*d"2) - integrate(-1/2x(2%b~2xc”~3*x"3 + (2%b~2*c~2%x"2 + 4*a*xb - (b~2x
c”3%x"3 - b~ 2xc*x)*log(c*kx + 1) + (b™2%c”3*x"3 - b~ 2*c*x)*log(c*x - 1))*sq
rt(cxx + 1)*sqrt(c*x - 1) + 2x(2xaxb*c - b™2xc)*x - (b™2%c™4*x"4 - 2*b"2%*c
"2%x72 + b~2)xlog(ckx + 1) + (b™2%c™4*x"4 - 2%b~2%c”2*x"2 + b"2)*log(c*x -
1))*1log(c*x + sqrt(c*x + 1)*sqrt(c*x - 1))/(c™5*d"2*x"5 - 2*%c~3*d"2#x"3 +
cxd"2*x + (c74*d"2xx74 - 2xc”2xd"2*x"2 + d72)*sqrt(cxx + 1)*sqrt(cxx - 1)

), %)
Giac [F]
/ (a + barccosh(cz))? / (barcosh (cz) + a)®
5 —dr = 5—— dx
(d — c2dz?) (c2dz? — d)
input[integrate((a+b*arccosh(c*x))‘2/(—c*2*d*x*2+d)*2,x, algorithm="giac") J

e hY

integrate((b*arccosh(c*x) + a)~2/(c”2xd*x"2 - d)~2, x)

N J

output
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Mupad [F(-1)]

Timed out.

/ (a + barccosh(cz))? / (a + bacosh(cx))®
5 dx = 57— dx
(d — c2dx?) (d—c*dx?)

input‘int((a + b*acosh(c*x))"2/(d - c~2%d*x~2)"2,x)

Lint((a + b*acosh(c*x))~2/(d - c”2*d*x"2)"2, x)

output
Reduce [F]
(a + barccosh(cr))? i
(d — 2da?)?
2 2
8(/ ceysyde) aba? — 8( [ iitgshd ) abe + 4( [ sthyde ) Beta? — 4( [ 55
B 4cd? (c2x? -

inputLint((a+b*acosh(c*x)) 2/ (-c~2%d*x~2+d) ~2,x)

(8*int (acosh(c*x) / (ckx*4*x**4d — 2kxc**2kx*k*x2 + 1) ,x)*axbkxc**3*xx**x2 - 8*int(a
cosh(cxx)/ (cx*4*x*x4 — 2xcx*2kx**x2 + 1) ,x)*axbxc + 4xint(acosh(c*x)**2/(c*
*4kxkkd — 2kCkkkX*k*k2 + 1) ,X)*b*k*2kck*x3kx*x*x2 — 4kxint (acosh(c*x)**2/ (ckx*4dxx
*k4 — kCHkRkkx*k*k2 + 1) ,x)*b*k*k2kc — log(ck*2%x - c)*ax*k2xck*x2xx**2 + log(c*
*¥2%x - c)*ax*2 + log(ck*2%x + c)kax*kkcxk2xxx*k2 — log(cx*2kx + c)*a*x2 - 2
*a*x*k2%Ccxx) / (d*ckd**x2% (Ck*2xx**x2 — 1))

output
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a CTr 2
312 [ +bj§f§3;])f§< P do

Optimalresult . . . . . .. . . . . ... . .
Mathematica [B] (warning: unable to verify) . . . . . . .. ... ... ... ..
Rubi [C] (verified) . . . .. . . . . ...
Maple [A] (verified) . . . . . . ... Lo
Fricas [F] . . . . . o
Sympy [F] . . . o
Maxima [F] . . . . . . .
Giac [F] . . . . . o
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o

Optimal result

Integrand size = 24, antiderivative size = 302

(a + barccosh(cr))? . b’z N b(a + barccosh(cz))
(d — c2dz?)® —12d3 (1 — c232)  6ed3(—1 + cx)3/2(1 + cx)3/2
_ 3b(a + barccosh(cz))

4ed3+/—1 + cx/1+ cx
z(a + barccosh(cz))?  3z(a + barccosh(cz))?

4dB (1 — 2x2)? 8d3 (1 — c?z?)
3(a + barccosh(cz))?arctanh (e?recosh(ea))
4cd?
_ 5b%arctanh(cz)
6cd?

3b(a + barccosh(cz)) PolyLog (2, —e2recosh(ce))

+
4cd?
3b(a + barccosh(cz)) PolyLog (2, e2recosh(ee))
4cd?
3b2 POlyLOg (3, _earccosh(cx))
4cd?

N 32 POlyLOg (3’ earccosh(cw))
4ed?

1851
192
1931
119J)

195
1190}



output

input
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-1/12%b~2%x/d~3/ (-c~2%x~2+1)+1/6*b* (a+b*arccosh(c*x))/c/d~3/ (cxx-1)~(3/2)/
(c*x+1)~(3/2)-3/4*b* (a+b*arccosh(c*x))/c/d"3/ (c*x-1)~(1/2) / (c*x+1) " (1/2)+1
/4*x* (a+b*arccosh(c*x)) ~2/d"3/(-c™2*x"2+1) “2+3/8*x* (a+b*arccosh(c*x))~2/d"
3/ (-c™2%x"2+1)+3/4*x (a+b*arccosh(c*x)) "2*arctanh (cxx+(c*x-1) ~(1/2) * (c*x+1) "~
(1/2))/c/d"3-5/6*b~2*arctanh (c*x)/c/d~3+3/4*b* (at+b*arccosh(c*x) ) *polylog(2
,—c*x-(c*x-1) " (1/2) *(c*x+1)~(1/2)) /c/d~3-3/4*bx (a+b*arccosh(c*x) ) *polylog(
2,c*x+(c*x-1) " (1/2) * (cxx+1)~(1/2)) /c/d"3-3/4*b~2*polylog(3,-c*x-(c*x-1)~ (1
/2)* (cxx+1)~(1/2))/c/d~3+3/4*%b~2*polylog (3, c*x+(cxx-1)~(1/2) * (c*x+1)~(1/2)
)/c/d"3

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 660 vs. 2(302) = 604.

Time = 7.56 (sec) , antiderivative size = 660, normalized size of antiderivative = 2.19

dx = Too large to display

/ (a + barccosh(cz))?
(d — c2da?)?

-

LIntegrate[(a + bxArcCosh[c*x])"2/(d - c™2*d*x"2)"3,x]

| —
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(a™2%x)/(4*d"3* (-1 + c™2*x72)7"2) - (3*%a~2*x)/(8%d"3*(-1 + c~2*x"2)) - (3*a
~2xLog[1 - c*x])/(16xcxd~3) + (3*a~2xLogl[1l + c*x])/(16%c*d~3) - (2¥axb*(((
-2 + cxx)*Sqrt[-1 + c*x]*Sqrt[1 + c*x] - 3xArcCosh[c*x])/(48*(-1 + c*x)~2)
- (Sqrt[-1 + c*x]*Sqrt[1 + c*x]*(2 + c*x) - 3*ArcCosh[c*x])/(48*(1 + c*x)
~2) - (3*(-(8qgrt[1 + c*x]/Sqrt[-1 + c*x]) - ArcCosh[c*x]/(-1 + c*x)))/16 -
(3*%(Sqrt[-1 + c*x]/Sqrt[1 + c*x] - ArcCosh[c*x]/(1 + c*x)))/16 - (3*(-1/2
*ArcCosh[c*x] "2 + 2*ArcCosh[c*x]*Log[1 + E~ArcCosh[c*x]] + 2%PolyLog[2, -E
“ArcCosh[c*x]]))/16 + (3*(-1/2%ArcCosh[c*x]~2 + 2xArcCosh[c*x]*Log[1 - E~A
rcCosh[c*x]] + 2*PolyLog[2, E~ArcCosh[c*x]]))/16))/(c*xd"3) - (b~2*(80%ArcC
osh[c*x]*Coth[ArcCosh[c*x]/2] + 2x(-2 + 9*ArcCosh[c*x]~2)*Csch[ArcCosh[c*x
172172 - 2*Sqrt[(-1 + c*x)/(1 + c*x)]*(1 + c*x)*ArcCosh[c*x]*Csch[ArcCosh[
c*x] /2] "4 - 3xArcCosh[c*x] ~2*Csch[ArcCosh[c#*x]/2]"4 - 160*Log[Tanh[ArcCosh
[c*x]/2]] + 72x(ArcCosh[c*x] ~"2xLog[1 - E~(-ArcCosh[c#*x])] - ArcCosh[c*x]~2
*xLog[1 + E~(-ArcCosh[c*x])] + 2*ArcCosh[c*x]*PolyLogl[2, -E~(-ArcCosh[c*x])
] - 2xArcCosh[c*x]*PolyLog[2, E~(-ArcCosh[c*x])] + 2*PolyLogl[3, -E~(-ArcCo
shc*x])] - 2xPolyLogl[3, E~(-ArcCosh[c*x])]) + 2*(-2 + 9%ArcCosh[c*x]~2)*S
ech[ArcCosh[c*x]/2] "2 + 3*ArcCosh[c*x] ~2*Sech[ArcCosh[c*x]/2]"4 - (32%ArcC
osh[c*x]*Sinh[ArcCosh[c*x]/2]174)/(((-1 + c*x)/(1 + c*x))~(3/2)*(1 + c*x)"3
) - 80%ArcCosh[c*x]*Tanh[ArcCosh[c*x]/2]))/(192*c*d"3)

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 4.37 (sec) , antiderivative size = 294, normalized size of antiderivative = 0.97,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 4 go5 Ryl
integrand size

used = {6316, 27, 6316, 6318, 3042, 26, 4670, 3011, 2720, 6330, 25, 39, 215, 219, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + barccosh(cz))? de
(d — c2dz?)?
l 6316
(a+barccosh(cz))? +barccosh
3/ 2(1—c2a?)? dx 3 be | a(cé;_l)m(cmﬂ(;:/)z) dx z(a + barccosh(cz))?
4d 2d3 4d3 (1 — c2x?)?

l27
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(a+barccosh(cx))2 +barccosh
3/ (1—c2x2)2cx dz B be | ?25—1)5/2(030“(;:/)2) dx z(a + barccosh(cz))?
4d3 2d3 Ad3 (1 — 2x2)?
l 6316
h(cz))? h h(cz))?
33 CHAISEEh e g g stesbarcosi) g, sesigrecoscn?
( h( ))4d3 )
z(a+barccosn(cx
be (cz—1)5/2 (ca+1)5/2 dz z(a + barccosh(cz))?
2d° 4d3 (1 — 2a2)?
l 6318
i (a4+5arCCOSh (cz))? darccosh(cz)
3l z(a+barccosh(cz)) d | aF (eat) z(a+barccosh(cr))?
Cf (cz—1)3/2(cx+1)3/2 = 2c + 2(1—c2z2)
N 443 B
+barccos
be g(cc(;—l)5/2(cx+1()c5m/)2) dT  g(a + barccosh(cz))?
243 4d3 (1 — c2z?)?
| 3042
h i(a+b h(cx))? esc(i h(cz))d h hcx))2
3<bcf g(cc(;tl{‘;f/cz?;i 1(;:;)2) do — [ i(a+barccosh(cz)) csc(zzac,rccos (cz))darccosh(cz) n x(a~|—b§(€(i(i(2):2)(cx)) >
443 B
+barccosh
be | g(cc(z—1)5/2(cw+1()cm5/)2’) dz x(a + barccosh(cz))?
2d3 4d3 (1 — c222)?
l 2
h i b h(cx))2 esc(i h(cx))d h h(cx))?
3<bc f agc(zirl{;sgc(:gi 1(;;;)2) de — ° J (a+barccosh(cz)) csc(zzzzrccos (cz))darccosh(cz) + x(a+b;€(ii(2):2)(cx)) )
443 B
b z(a+barccosh (cz)) d
c/ (ca—1)572(cat+1)52 % x(a + barccosh(cz))?
2d3 4d3 (1 — c222)?
l 4670

( i <2ib [(a+barccosh(cz)) log (1—eafCC°Sh<CZ) ) darccosh(cz)—2ib [(a+barccosh(cz)) log <1+earC°°Sh(C$> ) darccosh (cz)+2iarcts
- 2c

4d3

z(a+barccosh
be | ($—1)5/2(c¢+1()cf/)2) dzx x(a + barccosh(cz))?

2d3 4d3 (1 — c2x?)?
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l 3011

3 ( i ( —2ib (b J PolyLog (2,—earCC°Sh(”> ) darccosh(cz)—PolyLog (2,—earCC°Sh<“‘ )) (a-l—baI'CCOSh(cz))) +2ib (b J PolyLog (2,earCC°Sh<c“
- 2c

z(a+barccosh
be | (;—1)5/2(c¢+1()6;/)2) dz x(a + barccosh(cz))?

243 4d3 (1 — c2x?)?
l 2720

( i(—2ib (b i e—arccosh(cz) PolyLog (zy_earccosh(cm)) dedrccosh(cz) _PolyLog <2,_earccosh(ca:)> (a+b&1‘CCOSh(cz))> +2ib (b I ¢—arccost

+barccosh
be g(cc(z—1)5/2(cw+1()cm5/)2) dT  g(a + barccosh(cz))?

2d3 Ad3 (1 — 2x2)?
l_6330

3 < i<—2ib (b i e—arccosh(cx) PolyLog (2’_earccosh(cw)) dedrccosh(cz) —PolyLog <2’_earccosh(cz)> (a+ba,1‘CCOSh(cm))> +2ib <b I e—arccost

1
be bf @2 ®®  atbarccosh(cz)
3¢ 3c2(cx—1)3/2(ca+1)3/2 x(a + barccosh(cz))?

243 4d3 (1 — 02502)2
l 25

3 ( i<—2ib (b i e—arccosh(cz) PolyLog (2’_earccosh(cz)> dedrccosh(cz) _PolyLog (2’_earccosh(cz)> (a+baI‘CCOSh(cm))> +2ib (b I e—arccost

1
po b/ G @@ ® __ atbarccosh(er)
3¢ 3c2(cz—1)3/2(ca+1)3/2 x(a + barccosh(cz))?

243 4dB (1 — c222)?

| 39
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( i(—2ib (b i e—arccosh(cz) PolyLog (2,_earccosh(cz)) dedrccosh(cz) —PolyLog <2’_earccosh(cm)> (a+baI‘CCOSh(cx))) +2ib (b I ¢—arccost

bfﬁgdx

; 1— o222 ___atbarccosh(cz)
C 3z 3c2(cx—1)3/2(co+1)3/2
x(a + barccosh(cz))?
2d3 4d3 (1 - 02-772)2
l 215

3 ( i<—2ib (b i e—arccosh(cz) PolyLog (2’_earccosh(cz)> dedrccosh(cz) _PolyLog <2,_earccosh(cz)) (a—l—b&I‘CCOSh(cz))) +2ib (b I e—arccost

b ’ (é | = dat 2(1*:212) ) a+barccosh(cz)
¢ 3c - 3c2(cx—1)3/2(ca+1)3/2
x(a + barccosh(cz))?
243 4d3 (1 — c2x?)?
| 219

< i<—2ib (b i e—arccosh(cx) PolyLog (2’_earccosh(cw)) dedrccosh(cz) —PolyLog <2’_earccosh(cz)> (a+ba,1‘CCOSh(cm))> +2ib <b I e—arccost

b < arcta2161h(cx) + « >

b 2(1-¢2s2) ] gtbarccosh(cz)
¢ 3c 3c2(cx—1)3/2(cz+1)3/2
z(a + barccosh(cz))?
2d° 4d3 (1 — c2a2)?
| 7143

) i (2z'arctanh (earccoshm)) (a-+barccosh (cz))2—2ib (b PolyLog (3,—eafccosh(w>) —P

a+barccosh(ce)  barctanh(cz)
3(bc<_ 2yJex—1v/ex+1 c2

b arctanh(cw)+ T
2e 2(1-c222) parccosh
be — ot (co)
3c 3c2(cx—1)3/2(cx+1)3/2

z(a + barccosh(cz))?
243 Ad3 (1 — 2x2)?
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input‘lnt[(a + b¥ArcCosh[c*x])~2/(d - c~2%d*x~2)"3,x]

(xx(a + b*ArcCoshl[c*x])~2)/(4*d"3*(1 - c~2*x"2)"2) - (b*c*(-1/3*%(a + b*Arc
Cosh[c*x])/(c™2%(-1 + c*xx)~(3/2)*(1 + c*x)~(3/2)) + (b*(x/(2*%(1 - c™2*x"2)
) + ArcTanh([c*x]/(2%c)))/(3%c)))/(2%d"3) + (3*((x*(a + bxArcCosh[c*x])~2)/
(2% (1 - c™2*%x72)) + b*xcx(-((a + bkArcCosh[c*x])/(c~2+Sqrt[-1 + c*x]*Sqrt[1
+ c*x])) - (bxArcTanh[c*x])/c”2) - ((I/2)*((2*I)*(a + bxArcCosh[c*x]) ~2*A
rcTanh[E"ArcCosh[c*x]] - (2*I)*bx(-((a + bxArcCosh[c*x])*PolyLog[2, -E"Arc
Cosh[c*x]]) + b*PolyLog[3, -E~ArcCosh[c*x]]) + (2*I)*b*(-((a + b*ArcCoshl[c
*x])*PolyLog[2, E~ArcCosh[c*x]]) + bxPolyLogl[3, E~ArcCosh[c*x]]1)))/c))/(4x*
d~3)

output

Defintions of rubi rules used

-

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

-/

rule 26 Int[(Complex[0, a_1)*(Fx_), x_Symboll :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

/Int[((a_) + (b_)*(x D))" (m_)*((c_) + (d_.)*(x_))"(m_.), x_Symbol]l :> Int[(
axc + b*d*x~2)"m, x] /; FreeQl[{a, b, c, d, m}, x] && EqQ[b*c + a*d, 0] && (
IntegerQ[m] || (GtQ[a, 0] && GtQlc, 01))

rule 39

Int[((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(-x)*((a + b*x~2)~(p + 1)
/(2%ax(p + 1))), x] + Simp[(2*p + 3)/(2*a*x(p + 1)) Int[(a + b*x"2)"(p + 1
), x], x] /; FreeQ[{a, b}, x] && LtQ[p, -1] && (IntegerQ[4+p] || IntegerQ[6
*p])

rule 215
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 0] Il LtQ[b, 01)

rule 219

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]
Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 It [Logll + (e_)*((F_)"((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “nl/(b*c*nxLog[F]1)), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(cx(a + b*x)))~nl, x1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3049 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4670 Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(£*fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l + E~((-I)*e
+ fxfz*x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p ), x
_Symbol] :> Simp[(-x)*(d + e*x~2)"(p + 1)*((a + b*ArcCosh[c*x]) n/(2*xd*(p +
1))), x] + (Simp[(2*p + 3)/(2%dx(p + 1)) Int[(d + exx"2)"(p + 1)*(a + bx
ArcCosh[c*x])"n, x], x] - Simp[b*cx(n/(2%(p + 1)))*Simp[(d + exx~2)"p/((1 +
cxx) "pk(-1 + c*x)"p)] Int[x*x(1 + cxx)"(p + 1/2)*(-1 + cxx)"(p + 1/2)*(a
+ b*ArcCosh[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c~2*

d + e, 0] & GtQ[n, 0] && LtQlp, -1]1 && NeQ[p, -3/2]

rule 6316
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Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[-(c*d)~(-1) Subst [Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"™2*d + e, 0] && IGtQ[n, O]

rule 6318

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*(x_)*((d1_ ) + (el_.)*(x_))"(p
O*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x)~(p + 1)*((a + b*ArcCoshl[c*x]) n/(2*el*e2x(p + 1))), x] - Simp[b*(n/(2
xcx(p + 1)))*Simp[(dl + elxx)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
pl  Int[(1 + cxx)~(p + 1/2)*(-1 + c*x)"(p + 1/2)*(a + b*ArcCosh[c*x]) " (n -
1), x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, p}, x] && EqQlel, c*dl] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

rule 6330

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/(C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
» €, I, P}3 X] && EqQ[b*d, a*e]

rule 7143

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 558, normalized size of antiderivative = 1.85

method result

2 (_ 1 + 3 + 3ln(cz—1) + 1 + 3 _ 3lIn(cz+1) ) b2 9 arccosh(cz)2c3z3+18 arccosh(cz)+/cx
_ 16(cz—1)2 ' 16(cz—1) 16 16(cx+1)2 ' 16(ca+1) 16
a3

derivativedivides

2 (_ 1 + 3 n 3ln(cz—1) + 1 + 3 _ 3In(cz+1) ) b2 9 arccosh(cz)2c313+18 arccosh(cz)+/cz
_ 16(cz—1)2 ' 16(cz—1) 16 16(cz+1)2 ' 16(ca+1) 16

default e

a2 1 . + 3 _ 31ln(cz+1) _ 1 + 3 +
(o T6c(cat1 16 clex—1)2 T 16c(ca—1 16
paI‘tS _ (16 (cz+1) c(cz+1) c p 16¢( 1) c(cz—1) c _

3In(cz—1) ) b2 (Qarccosh(cz)2c313+18 arccosh(

input Lint ((at+b*arccosh(c*x)) "2/ (-c~2xd*x~2+d) ~3,x,method=_RETURNVERBOSE) J
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1/c*(-a~2/d"3%(-1/16/(c*x-1) "2+3/16/ (c*x-1)+3/16*1n(c*x-1)+1/16/ (c*x+1) "2+
3/16/ (c*x+1)-3/16*%1n(c*x+1))-b~2/d~3*(1/24* (9*arccosh (c*x) ~2*xc”~3*x~3+18*ar
ccosh(cxx)*(cxx+1) " (1/2) *(c*x-1) " (1/2) *c~2*x"2-15*%arccosh (c*x) “2*c*x—-22*ar
ccosh(c*x) * (c*xx—1) " (1/2) * (cxx+1) ~(1/2) -2*c~3*x"3+2*c*x) / (c"4*x"4-2%C”2%x"2
+1)+5/3*arctanh (c*xx+(c*xx—-1) " (1/2) *(c*x+1) ~(1/2) )+3/8*arccosh(c*x) "2*1n(1-c
*xx-(c*x-1)~(1/2) *(c*x+1) ~(1/2) ) +3/4*arccosh(c*x) *polylog (2, ckx+(cxx-1) ~(1/
2)*(c*x+1)~(1/2) )-3/4*polylog(3, cxx+(c*x-1)~(1/2) * (c*x+1) ~(1/2))-3/8*arcco
sh(c*x) "2*%1n(1+cxx+(c*xx-1)~(1/2) * (c*x+1) " (1/2))-3/4*arccosh(c*x) *polylog(2
,—c*kx—(c*xx-1) " (1/2) *(c*x+1) " (1/2) ) +3/4*polylog (3, -cxx-(c*kx-1) ~(1/2) * (c*x+1
)" (1/2)))-2*a*xb/d~3% (1/24* (9*c~3*x~3*arccosh (c*x) +9* (cxx-1) "~ (1/2) * (c*x+1) "~
(1/2) *c™2*x"2-16*c*x*arccosh (c*x) -11*(c*x-1) ~(1/2) *(cxx+1)~(1/2)) /(c"4*x"4
-2%c”2xx"2+1)+3/8*arccosh(c*xx) *1n(1-cxx-(c*xx-1) ~(1/2) * (c*x+1)~(1/2))+3/8%*p
olylog(2,c*xx+(c*x-1)~(1/2)*(c*x+1)~(1/2))-3/8*arccosh(c#*x) *1n(1+c*x+(c*x-1
)~ (1/2)*(c*x+1)~(1/2))-3/8*polylog(2,-c*x-(c*xx-1) ~(1/2) *(c*x+1)~(1/2))))

output

Fricas [F]
/ (a + barccosh(cz))? / (barcosh (cz) + a)?
3 dr = | — 3 dx
(d — c2dx?) (c?dz? — d)
input[integrate((a+b*arccosh(c*x))"2/(—0“2*d*x"2+d)"3,x, algorithm="fricas")

-

‘integral(—(b‘2*arccosh(c*x)“2 + 2xaxbxarccosh(c*x) + a~2)/(c”"6*%d"3*x"6 - 3

output
*C"4xd"3*x"4 + 3*cT2*d"3*x"2 - 473), x)

N\

Sympy [F]

/ (a + barccosh(cz))? i

3
(d — c2dx?)
a? b2 acosh? (cx) 2ab acosh (cz)
_ f cBx6—3ctrt43c2x2—1 dz + f Bx6—3ctzrt+3c2x2—1 dz + f Bx6—3ctrt43c2x2—1 dz

d3

input integrate((atb*acosh(c*x))*x*2/ (—c**2xd*x**2+d) ¥*3,x)
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‘-(Integral(a**2/(c**6*x**6 — 3Bkck*k4*x**k4 + 3kck*k2xx**2 - 1), x) + Integral
‘(b**2*acosh(c*x)**2/(c**6*x**6 - 3kckkdxx*kk4d + 3kck*¥2%xx*k*x2 - 1), x) + Inte
\gral(2*a*b*acosh(c*x)/(c**6*x**6 — 3kckk4xx**4d + Jkck*k2kxk*2 - 1), x))/d**
3

output

Maxima [F]

/ (a + barccosh(cr))? dp — / _ (barcosh (cz) + a)’ i
(d — c2dz?)® B (c2dx? — d)®

p

inputLintegrate((a+b*arccosh(c*x))‘2/(-0‘2*d*x‘2+d)‘3,x, algorithm="maxima")

-

-1/16%a”~2% (2% (3*c"2*x"3 - 5*x)/(c"4*d"3*x"4 - 2%xc"2*d"3*x"2 + d73) - 3*log
(c*x + 1)/(c*d™3) + 3xlog(cxx - 1)/(c*xd"3)) - 1/16%(6xb"2%c"3*%x~3 - 10%b~2
xckx — 3x(b72xc74*x"4 - 2¥xb72*cT2xx"2 + b72)*log(cxx + 1) + 3% (b"2*c"4*x"4
- 2¥b72xc”"2%x"2 + b~2)*log(c*kx - 1))*log(c*x + sqrt(cxx + 1)*sqrt(c*x - 1
))"2/(c™5%d"3*x"4 - 2%c~3*%d"3*x"2 + c*d"3) - integrate(-1/8*(6xb~2*c”~5*x"5
- 16*b"2%c”"3*%x"3 + (6%¥b"2*c"4*x"4 - 10%b~2%c”2*x"2 - 16%a*b - 3*(b~2*c”b*
X756 - 2¥b72%c”3*%x"3 + b"2*xc*x)*log(ckx + 1) + 3% (b"2%c”™5*x"5 - 2%b~2%c”3*x
~3 + b"2*xcx*x)*log(c*x - 1))*sqrt(c*x + 1)*sqrt(c*x - 1) - 2x(8xaxb*c - 5xb
“2xc)*x — 3% (b72%CcT6%x”6 — 3*¥b72*%c"4*x"4 + 3*¥b"2%c”2*x"2 - b"2)*log(c*x +
1) + 3%(b72%c"6%x"6 - 3*%b~2%c"4*x"4 + 3*%b"2%c”2*%x"2 - b"2)*log(cxx - 1))*1
og(c*kx + sqrt(c*x + 1)*sqrt(cxx — 1))/(c"7*d"3*x"7 - 3%c~5*d"3*x"5 + 3%c~3
*d"3*%x"3 - c*d"3*x + (cT6+%d"3*x"6 — 3kc"4*d"3*x"4 + 3*kc"2xd"3*x"2 - d73)*s
grt(cxx + 1)*sqrt(cxx - 1)), x)

output

Giac [F]

/ (a + barccosh(cz))? dp — /_(b arcosh (cz) + a)’ i
(d — c2da?)? (dz? — d)®

r

inputLintegrate((a+b*arccosh(c*x))“2/(-c”2*d*x*2+d)*3,x, algorithm="giac")

|
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Output‘integrate(—(b*arccosh(c*x) + a)~2/(c~2%d*x~2 - d)~3, x)

Mupad [F(-1)]

Timed out.

T = dz

/ (a + barccosh(cz))? dr — (a + bacosh(cx))®
(d — c2da?)? (d— 2 dz?)®

inputtint((a + b*acosh(c*x))"2/(d - c~2%d*x~2)"3,x)

outputtint((a + b*acosh(c*x))"2/(d - c™2xd*x~2)"3, x)

Reduce [F]

(a + barccosh(cz))?
(d — c2da?)?

X

—32 ( i acosh(ez) d:c) abcPzrt + 64 ( Ik acosh(ez) dw) abc3z? — 32 < i

cBx6—3ctzrd+3c2xr2—1 cBx6—3ctzrt+3c2x2—1

acosh(cz)

cBx6—3clzrt+3c2x2—1

dz)

inputkint((a+b*acosh(c*x))*2/(-0*2*d*X*2+d)A3,X)

output

*x2 + 1))

( - 32xint(acosh(c*x)/(ck*6xx*x*x6 — 3Jkckkdxx**4 + 3kck*2*x*k*k2 — 1),x)*axb*xc
**x5xx*k*k4d + 64*int (acosh(c*x)/(c*x*6*x*k*k6 — 3kckkdkxkkxd + Jkckk2kxx**2 - 1),x
) *axbxckxk3xx**2 — 32xint (acosh(c*x)/(cx*x6xx**x6 — IkCkkdkxk*kd + IkCk*k2*x**2
- 1),x)*axbxc - 16%int(acosh(c*x)**2/ (c**Bxx**6 — 3Jkckkdkx**x4 + 3Jkckkkx*
*2 — 1),%) ¥b**2%ckx5xx*k*x4 + 32+int (acosh(ckx)**2/ (ck*6xx**x6 — kCkkdkxk*d
+ 3kck*k2kxkk2 — 1) ,x)*kbk*x2kxck*3kx*x*x2 - 16%int (acosh(ckxx)**2/(ck*xBxx*x*x6 - 3
*Ckk4kxkk4d + 3IkCkkDkxkk2 — 1),x)*b**2*c - 3*1og(c**2*x - c)*a**2*c**4*x**4
+ 6%log(cx*2*x — C)*a**2kxc*k*x2*x**x2 — 3klog(c**2%x — c)*a**2 + 3xlog(ck*2x*
X + C)*a*x2kxckx4d*x* x4 — 6xlog(ck*2%x + c)*kax*k2kck*k2xx*x*2 + 3*log(cx*2xx +
C)*a*x*x2 — Bkax*2kck*k3kx**3 + 10%a**x2kc*kx)/(16*ckd**x3* (Cckkdxx*k*k4d — 2kCk*k2*X
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3.13 [ (d — 2dz?)’ (a + barccosh(cz))? dz

Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ... 197l
Rubi [A] (verified) . . . . . . .. . . 198
Maple [A] (verified) . . . . . . . . ... 208}
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 209
Sympy [F] . . . o 2101
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 211
Giac [F(-2)] . . . o o o 212
Mupad [F(-1)] . . . . . e
Reduce [F] . . . . . .

Optimal result

Integrand size = 24, antiderivative size = 510

/ (d— chm2)3 (a + barccosh(cr))? dz

12 b3d3 1 1 1
_ 59536 \/ + C.’IJ\/ +cx + _6b3cd3x2\/—1 + C.’E\/l +cx

385875¢ 315
N 1184b%° (=1 + cx)*? (1 + cx)®?  2664b°d3 (=1 + cx)5/2(1 + cx)®/?
42875c¢ 214375¢
N 66°d3(—1 + cx)/2(1 + cx)"/? N 4322b?d3z(a + barccosh(cz))
2401c 1225
_ 1514b°c*d*x*(a + barccosh(cx)) N 702b%c*d3x° (a + barccosh(cr))
3675 6125

48bd3+/—1 + cz+/1 + cx(a + barccosh(cz))? N 8bd3(—1 + cx)3/2(1 +

6
—— B2 SBr (a+b h —
c’d’z" (a+barccosh(cz)) 35

343
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-1259536/385875*xb~3*%d~3* (c*x—-1) ~(1/2) * (c*x+1) ~(1/2) /c+16/315*xb"3*c*xd~3*x"2
*(c*x-1)"(1/2) *(c*x+1) ~(1/2)+1184/42875%b~3*d~3* (c*x-1) ~(3/2) * (c*x+1) ~(3/2
)/c-2664/214375%b"3*d"3* (c*x-1) ~(5/2) *(c*x+1) ~(5/2) /c+6/2401%b"3*d~3* (c*x—
1)°(7/2) *(c*xx+1) ~(7/2) /c+4322/1225*%b"2*%d " 3*x* (a+b*arccosh (c*x) ) -1514/3675%
b~ 2xc"2*d"3*x"3* (a+b*arccosh(c*xx))+702/6125%b"2*c~4*d~3*x"5* (a+b*arccosh(c
*x) ) —6/343%b"2*c”6*d"3*x"7* (a+b*arccosh (c*xx) ) -48/35*b*d~3* (c*xx-1) ~(1/2)*(c
*xx+1) = (1/2) * (a+b*arccosh(c*x)) ~2/c+8/35%b*d "3 (c*x-1) ~(3/2) * (cxx+1) ~(3/2) *
(atb*arccosh(c*x)) ~2/c-18/175%b*d~3* (c*xx-1) ~(5/2) * (c*x+1) ~ (5/2) * (at+b*arcco
sh(c*x)) ~2/c+3/49%b*d~3* (cxx-1) ~(7/2) * (c*x+1) " (7/2) * (a+b*arccosh(c*x)) ~2/c
+16/35*d"3*x* (at+b*arccosh(c*x)) ~3+8/35%d " 3*x* (—c~2*x~2+1) * (a+b*arccosh (cxx
)) "3+6/35%d"3*kx* (—c~2*x"2+1) “2* (a+b*arccosh (c*x)) “3+1/7*d~3*x* (-c~2*x"2+1)
~3*(at+b*arccosh(c*x))~3

output

Mathematica [A] (verified)

Time = 1.71 (sec) , antiderivative size = 427, normalized size of antiderivative = 0.84

/ (d— chmQ)S (a + barccosh(cr))? dz
_ d3(—385875a%cx(—35 + 35c%x” — 21cz* + 5c%2%) 4 11025a%bv/—1 + cx/1 + ca(—2161 + 757¢% — 3

input‘Integrate[(d - ¢c™2*d*x~2) 3% (a + b*ArcCosh[c*x])~3,x]

(d~3%(-385875*a”~3*c*x*(-35 + 35*%c™2*%x"2 — 21%c™4*x"4 + 5*c”6*x"6) + 11025%
a~2xb*Sqrt[-1 + c*x]*Sqrt[1 + c*x]*(-2161 + 757*c”2*x"2 - 351*%c"4*x"4 + 75
*CT6%*x"6) - 210*%axb~2*c*x* (-226905 + 26495%c”2*x"2 - 7371*c"4*xx"4 + 1125%c
“6*x76) + 2xb"3xSqrt[-1 + ckx]*Sqrt[1 + cxx]*(-22329151 + T747937*c~2*x"2 -
134541*c”4%x"4 + 16875*%c”6*x"6) + 105%b* (2*b~2kc*x* (226905 — 26495*%Cc™2*x~
2 + 7371*c"4*x~4 - 1125%c”6*x"6) - 11025%a"2*c*xx*x(-35 + 35%c™2*%x"2 - 21%*c”
4*x"4 + 5xc"6%x76) + 210*axb*Sqrt[-1 + c*x]*Sqrt[l + cxx]*(-2161 + 757*c"2
*x"2 - 3b51%c”4*x”4 + 75%c”6*x"6))*ArcCoshl[c*x] + 11025%b~2*(-105*a*c*x* (-3
B + 35%cT2%x72 - 21*%c"4*x"4 + B*cT6%x"6) + bxSqrt[-1 + ckx]*Sqrt[1 + c*x]*
(-2161 + 757*c”2*x"2 - 351%c™4*x~4 + 75*c”~6*x"6))*ArcCosh[c*x] "2 - 385875%
b~ 3*xckx*k (-35 + 35%c72%x"2 - 21*xc”4*x"4 + 5%c”6*x"6)*ArcCosh[c*x]~3)) /(1350
5625%c)

output
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Rubi [A] (verified)

Time = 6.51 (sec) , antiderivative size = 749, normalized size of antiderivative = 1.47,

number of steps used = 22, number of rules used = 21, Bumber of rules _ 4 g75 Ryl
integrand size

used = {6312, 27, 6312, 6312, 6294, 6330, 25, 2009, 6304, 6309, 27, 960, 83, 1905, 1576,
1140, 2009, 2113, 2331, 2389, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d— chx2)3 (a + barccosh(cz))? dx

l 6312

gd/d2(1 - c2ac2)2 (a + barccosh(cz))3dz + ibcd3/x(cz‘ —1)%?(cx +1)%?(a +

barccosh(cz))2dz + ;d?’a:(l — c2x2)3 (a + barccosh(cz))?
| 27
$d3/ (1- sz2)2 (a + barccosh(cz))3dz + 3bcd3/x(ca: —1)%2(cx +1)?(a +
barccosh(cz))2dz + %dg’x(l - 02:1:2)3 (a + barccosh(cz))3

l 6312

gd3 (?’; / (1 - c®z?) (a + barccosh(cz))*dz — gbc/m(cm —1)32(cx + 1)%2(a + barccosh(cz))?dx + %x(l —c
%bcd3 / z(cz — 1)°2(cz + 1)%/%(a + barccosh(cz) ) 2dz + %d?’a:(l - c2x2)3 (a + barccosh(cz))?

l 6312

gdg (: <bc / zvcx — 1v/cx + 1(a + barccosh(cz))2dz + ; /(a + barccosh(cz))3dz + %z(l — *z?) (a + barce

1
%bcd?’ / z(cz — 1)*?(cz + 1)%?(a + barccosh(cz))?dz + ?d3m(1 - czw2)3 (a + barccosh(cz))3

l 6294
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2
gd3 (;1 (?), <x(a + barccosh(cz))® — 3bc/ I(a\/;%i(/)z:_(jﬁ)) dm) + bc/a:\/cac — 1vcx + 1(a + barccosh(cz

%bcd3 / z(cz — 1)%?(cz + 1)%/%(a + barccosh(cz) ) 2dz + %d?’m(l - c2:c2)3 (a + barccosh(cz))?

l 6330

5\3 c? c

7
3b 2 ((ca: —1)"2(cx +1)7/?(a + barccosh(cz))?  2b [ —(1 — cz)3(cx + 1)3(a + barccosh(cw))dw) N
7 7c2 B e

6d3 (4 <2 (a:(a + barccosh(cx))® — 3he ( Vex —1y/cx +1(a + barccosh(cz))®  2b [(a + barccosh(cac))dac)) _

1d39v(1 - 62:E2)3 (a + barccosh(cz))?

7
l 25

6d3 (4 (2 <:E(a + barceosh(cz))? — 3bc<mm(a + barccosh(cz))®  2b [(a+ barccosh(c:c))d:c)) _

7 \5\3 c? c
3b 3 2b [(1 — cx)3(cx + 1)3(a + barccosh(cz))dz 4 (cx —1)"/?(cx + 1)7/?(a + barccosh(cz))? 4
7 7c 7c?

1

?d3.'1:(1 — c2932)3 (a + barccosh(cz))?

l 2009

6 4 2b [(1 - cx)(cz + 1)(a + barccosh(cz))dz  (cx — 1)3/%(cx 4 1)3/%(a + barccosh(cz))? 1

— + 5 + (1
7 5 3c 3c

3

7

(1 — cz)3(cz + 1)3(a + barccosh(cz))dzx n (cx — 1) (cx +1)"?(a + barccosh(cx))2)+
7c 7c?

%d?’a:(l - 02.1:2)3 (a + barccosh(cz))?

l 6304

2
3c 302 + —m(l — 7

6 3 (4 (b <2bf (1 — c*2?) (a + barccosh(cz))dz N (cx —1)32(cx +1)%2(a + barccosh(cm))2> 1
3

5
3. a(2b)(1—c*a? (a + barccosh(cz))dz  (cx — 1)7/?(cx 4 1)7/2(a + barccosh(cz))?
bed » + e +

1
?d‘gx(l - 02m2)3 (a + barccosh(cz))?
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| 6309
3—c*z
§d3 4 oo 2b< be [ 5 E(x cx)Jr,dx — 1c223(a + barccosh(cz)) + z(a + barccosh(cac))) . (cz —1)%2(ca +
7 5 3c
ob(—b z(—5c8z8+21ctz? 3502x2+35)d 1.6,.7 b h 3.4..5 b h 3

3, dS( (<o =oenete 300159 4y — 484 (a-+ barccosh(ea)) + §eta®(a + barccosh(ca)) — s*(a
=be
7 Tc

%d%(l - 02x2)3 (a + barccosh(cz))?
| 27

z(3—c’z
(bc( ( lbe [ \/%\/de — 1c22%(a + barccosh(cz)) + z(a + barccosh(cm))) . (cz — 1)%2(cz +

3c

4

5

<2b(315bcf w(_506zi/til_ciic;?ff2m2+35) dz — 1c®2"(a + barccosh(cz)) + 2c*a®(a + barccosh(cz)) — 2z
Tc

1
?d3x(1 - 02:172)3 (a + barccosh(cz))3

l 960

1 — 12,3
§d3 4 . 2b( bC( / W W L z2\/ex — 1y/ex + ) (a + barccosh(cz)) + z(a + barccosl
7 5 3c
3 (Qb(—315bc J x(_506xi;:il_ciic;3ff "5 G — 1c827(a + barccosh(cz)) + 2c*a5(a + barccosh(cz)) — 2z
—bcd
7 Tc

1d39v(1 - c2w2)3 (a + barccosh(cz))?

7
l 83

1 z(3cz* —10c?z%+15) 1 |
§d3 (—3bc ( (cx —1)%/2(cx + 1)%/2(a + barccosh(cz))? 2b(—1—5bcf JaTveiT Tt c*z®(a + barcco

5¢2 B

3bcd3 <2b(—315bc J/ 2(=5¢" zijleclf/c;fflc *27435) s — 1827 (a + barccosh(cz)) + 2c*a5(a + barccosh(cz)) — 2z
Tc

%d3fc(1 - c2:172)3 (a + barccosh(cz))?

l 1905
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z(3c4z4—1002w2+15>

beve2z2—1 f gt T n 1C4x5(a n bar

— = l
15¢/cx—1v/cz+1 5

2
6 5| 3 (cx — 1)%2(cx + 1)%/%(a + barccosh(cz))? (
-d’| —=bc -

7 5 5¢2

3bcd3 (2b(315bcf m(_5cemi;_cil_ciic;?ffzm2+35) dz — 1c®27(a + barccosh(cz)) + 2c*25(a + barccosh(cz)) — 2z
Tc

1
?de(l - c2m2)3 (a + barccosh(cz))?
| 1576
be/2x2—1 M,ﬁﬁ
2| — 507 _1% + tctz5(a + barce
6 35| 3 (cx —1)%2(cx + 1)%/?(a + barccosh(cz))? aTmiver
2B —Zhe -
7 5 5¢2
3 2b<—3—15bcf w(_sc%s\/til_ciic;?ffzmu%) dz — 1c®2"(a + barccosh(cz)) + 2c*a®(a + barccosh(cz)) — 2z
—bed”
7 Tc
1
?de(l - c2x2)3 (a + barccosh(cz))?
| 1140
o _bcx/02x2—1f(3(c2x2—1)3/2—4\/02:1:2—1+ﬁ)dz2
30v/cz—1+/cx+1
6 5| 3, | (cx—1)%2%(cz+1)%2(a+ barccosh(cz))? v
-d’| —=bc -
7 5 5¢2

3bcd3 (2b(315bcf m(_5cem6\/til_ciic;?ffzm2+35) dz — 1c®2"(a + barccosh(cz)) + 2c*2®(a + barccosh(cz)) — 2z
Tc

1
?de(l - c2x2)3 (a + barccosh(cz))?

l 2009



CHAPTER 3. LISTING OF INTEGRALS 202

3bcd3 (Zb(%bcf m(_506$i;rcil_ciicjflc2m2+35) dz — 1c®2"(a + barccosh(cz)) + 2c*a®(a + barccosh(cz)) — 2z
Tc

1
?dg’x(l — c2w2)3 (a + barccosh(cz))® +

—2c%z3(a + barccos

6 5|1 2 a1 2b<
?d3 ga:(l — c®z%)” (a + barccosh(cz))? + B ga:(l — c®z?) (a + barccosh(cz))? + be

l 2113

(—5c6w6+2104:v4 —35c242 +35)

bev/Pa?—1 [ dz
2b (— d ?a?_1 — 1% (a + barccosh(cz)) + 2c*z®(a + barccosh(cz)) — ¢
3
bed?

35v/cx—1+/cx+1

7 Tc

;d‘gac(l - 02m2)3 (a + barccosh(cz))® +

—3c?x3(a + barccos

(A4

d? %w(l - 02z2)2 (a + barccosh(cz))? +

N o

1 2, 2 3 2b(
gw(l — c*z?%) (a + barccosh(cz))® + be

l 2331
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bev/eZz2—1 [ —5c8284 216454 356222435 ;o
3 2b <_ 70\/cx—1\/002:—2|—;1 — 1827 (a + barccosh(cz)) + 2c*z®(a + barccosh(cz)) — 2z
Zbed?
7 i Tc
1
7d3x(1 - 02x2)3 (a + barccosh(cz))® +

2b <— c%x3(a + barccos

1 4
—d3 gm(l - 023:2)2 (a + barccosh(cz))3 + z(1 — ¢®z?) (a + barccosh(cz))® + be

l 2389

beve2z2—1 [ (—5(c2x2—1)5/2+6(02w2—1)3/2—8\/c2x2—1+¢

)dacz
26 — N G — 1827 (a + barccosh(cz)) + 2ctz(

3, 13
?de Tc
1
?d3x(1 - 02m2)3 (a + barccosh(cz))® +
6 5| 1 ) 2 , 41 ) s ; 2b<—%02m3(a + barccos
?d ga:(l — c’z?)” (a + barccosh(cz))’ + E g:r(l — cz?) (a + barccosh(cz))® + be

l 2009
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%d%(l - 02332)3 (a + barccosh(cz))® +

6 51 2 22 3 41 5 9 5 2b< 1?23 (a + barccos
?d g:c(l —c'z%)” (a + barccosh(cz))” + 5 gw(l — c’z?) (a + barccosh(cz))® + be

2b| —%c827(a + barccosh(cz)) + 2c*z5(a + barccosh(cz))

?bcdg (cx —1)"/%(cx + 1);/022((1 + barccosh(cz))? +

e

Int[(d - c~2*d*x"2) "3*(a + b*ArcCosh[c*x]) ~3,x]

~—

input t




CHAPTER 3. LISTING OF INTEGRALS 205

(d~3*x*(1 - c™2%x"2)"3*%(a + bxArcCosh[c*x])~3)/7 + (3*bxc*d~3*(((-1 + c*x)
“(7/2)* (1 + cxx)~(7/2)*(a + bxArcCosh[cxx])~2)/(7*c™2) + (2%b*(-1/70% (b*c*
Sqrt[-1 + c™2*x"2]*((32#Sqrt[-1 + c™2*x"2])/c”2 - (16%(-1 + c~2*xx~2)~(3/2)
)/ (3%c™2) + (12%(-1 + c™2*xx72)7(5/2))/(5*xc™2) - (10%(-1 + c~2*x"2)"(7/2))/
(7%c~2)))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]) + x*(a + b*ArcCosh[c*x]) - c™2*x~
3*(a + bxArcCosh[c*x]) + (3*c”4*x"5*x(a + b*ArcCosh[c*x]))/5 - (c"6*x"7*(a
+ bxArcCosh[c*x]))/7))/(7Txc))) /T + (6xd~3*((x*(1 - c~2*x~2)"2*(a + bxArcCo
shlc*x])~3)/5 - (3*bxckx(((-1 + c*x)~(5/2)*(1 + c*x)~(5/2)*(a + b*ArcCosh[c
*x])"2)/ (5%c™2) - (2xb*(-1/30% (b*c*Sqrt[-1 + c™2*x~2]*((164Sqrt[-1 + c™2*x
~2]1)/c”2 - (8x(-1 + c”2%x72)7(3/2))/(3%c™2) + (6%(-1 + c~2*x~2)"(5/2)) /(5%
c~2)))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x]) + x*(a + b*ArcCosh[c*x]) - (2%c~2*x~
3%x(a + b*ArcCosh[c*x]))/3 + (c"4*x"5%(a + b*ArcCosh[c*x]))/5))/(5*c)))/5 +

(Ax((x*x(1 - c~2*x"2)*(a + bxArcCosh[c*x])~3)/3 + b*cx(((-1 + c*x)~(3/2)*(
1 + c*x)~(3/2)*(a + b*ArcCosh[c*x])~2)/(3*%c™2) + (2%b*(-1/3%(b*xc*((7*Sqrt[
-1 + c*x]*Sqrt[1 + c*x])/(3*c”2) - (x"2*Sqrt[-1 + c*x]*Sqrt[1 + c*x])/3))
+ xx(a + b*ArcCosh[c*x]) - (c™2*x"3x(a + bx*ArcCosh[c*x]))/3))/(3%c)) + (2%
(x*(a + b*ArcCosh[c*x])~3 - 3*b*c*((Sqrt[-1 + c*x]*Sqrt[1 + c*x]*(a + b*Ar
cCosh[c*x])~2)/c”2 - (2*%b*(a*xx - (b*Sqrt[-1 + c*x]*Sqrt[l + c*x])/c + b*xx*
ArcCosh[c*x]))/c)))/3))/5))/7

output

Defintions of rubi rules used

rule 25]Int [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x], x] \

rule 27‘/71nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma ‘
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]]

rule 83\Int[((a_.) + (b_)*(x_))*((c_.) + (d_)*(x_)D"(n_.)*((e_.) + (£_)*(=x_)ND"(p
‘_.), x_] :> Simp[b*(c + d*x)"(n + 1)*((e + £xx)"(p + 1)/(d*f*x(n + p + 2))),
‘ x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
L*(n +p+2) - b*(d*ex(n + 1) + c*f*(p + 1)), 0]

. _
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rule 960

Int[((e_.)*(x_))"(m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(exx)~(
m + 1)*(al + bl*x"(n/2)) " (p + 1)*((a2 + b2*x~(n/2))"(p + 1)/(bl*b2*e*(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/
(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x" (n
/2))°p, x1, x] /; FreeQ[{al, bl, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

rule 1140

Int[((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*x"2)7p, x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 0]

rule 1576

Int [(x_)*((d) + (e_.)*(x_)72)7(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)~"g*(a + b*x + c*x~2)7p, x]
, X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

rule 1905

Int[((£_.)*(x_)) " (m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(n)) + (c_)*(x_)"(@m2))"(p_.), x
_Symbol] :> Simp[(dl + el*x~(n/2)) FracPart[q]l*((d2 + e2*x~(n/2)) FracPart[
ql/(d1*d2 + elxe2*x"n) FracPart([q]) Int [(£*x) “m*(d1*d2 + elxe2*x"n) gq*(a

+ b*x"n + c*x~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, f, n, p,

q}, x] && EqQ[n2, 2*n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

e

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 2113

rule 2331

~—  /

Int[(Px_)*((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_)*(x_))"(m_)*((e_.) + (£f_.
)*(x_))"(p_.), x_Symbol] :> Simp[(a + b#*x) FracPart[m]*((c + d*x) FracPart[
m]/(a*c + b*d*x"2) "FracPart[m]) Int[Pxx(a*c + b*d*x~2) m*(e + f*x)“p, x],
x] /; FreeQ[{a, b, ¢, d, e, f, m, n, p}, x] && PolyQ[Px, x] && EqQ[b*c + a
*d, 0] && EqQ[m, n] && !IntegerQ[m]

Int[(Pq ) *(x_ )" (m_.)*((a_) + (b_.)*(x_)"2)"(p_.), x_Symbol] :> Simp[1/2 S
ubst [Int [x~((m - 1)/2)*SubstFor[x~2, Pq, x]*(a + b*x)7p, x], x, x~2], x] /;
FreeQ[{a, b, p}, x] && PolyQ[Pq, x~2] && IntegerQ[(m - 1)/2]
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Int[(Pq_)*((a_) + (b_.)*(x_)"(n_.))"(p_.), x_Symbol] :> Int[ExpandIntegrand
[Pgx(a + b*x"n)"p, x]1, x] /; FreeQl[{a, b, n}, x] && PolyQ[Pq, x] && (IGtQ[p
, 01 |l EqQ[n, 11)

rule 2389

/Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCosh[c*x])"n, x] - Simp[b*c*n Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
[1 + cxx]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] & GtQ[n, O]

rule 6294

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d1 ) + (el_.)*(x_))"(p_.)*(
(a2_) + (e2_.)*(x_))"(p_.), x_Symbol] :> Int[(d1*d2 + el*e2*x"2) p*(a + bxA
rcCosh[c*x])"n, x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] &% EqQ[d2*el +
di*e2, 0] && IntegerQ[p]

rule 6304

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x~2)"p, x]1}, Simp[(a + b*ArcCosh[c*x]) u,
x] - Simp[b*c  Int[SimplifyIntegrand[u/(Sqrt[1 + c*x]*Sqrt[-1 + c*x]), xI]
, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[p, O]

rule 6309

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.),
x_Symbol] :> Simp[x*(d + e*x”2) p*((a + bkArcCosh[c*x]) " n/(2%p + 1)), x] +
(Simp[2#d*(p/(2%p + 1)) Int[(d + e*x"2)"(p - 1)*(a + b*ArcCosh[c*x]) n, x
1, x] - Simp[b*c*(n/(2xp + 1))*Simp[(d + e*x"2)"p/((1 + c*x) p*(-1 + c*x)7p
)] Int[x*x(1 + c*x)"(p - 1/2)*(-1 + c*x)~(p - 1/2)*(a + b*ArcCosh[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"™2*d + e, 0] && GtQ[n,
0] && GtQ[p, 0]

rule 6312

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
O*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x)~(p + 1)*((a + b*ArcCosh[c*x]) n/(2xelxe2x(p + 1))), x] - Simp[b*(n/(2
xcx(p + 1)))*Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x)"p/(-1 + c*x)~
pl] Int[(1 + cxx)"(p + 1/2)*(-1 + cxx)"(p + 1/2)*(a + b*ArcCosh[c*x])"(n -

1), x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, p}, x] && EqQlel, cxdl] && E
qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

rule 6330




input

output
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 668, normalized size of antiderivative = 1.31

method result

—d3a3 (%C7x7_%c5$5+03x3 ) —ddb? (_ 16 arccog};(cm)%z i arccosh(ca:)3(cz7—1)3 (cz+1)3cz 6 arccosh(cm)%ggcm_l)?(
derivativedivides

—d3a3 (%6%7_%6%5_*_6%3 ) —ddb (_ 16 arccogl;(cx)Scm i arccosh(cz)S(cz7fl)3 (cz+1)3cz _ 6arccosh(cz)3ca(cz—1)2(
default
parts Expression too large to display
orering Expression too large to display

e

Lint((—c‘2*d*x‘2+d)‘3*(a+b*arccosh(c*x))‘3,x,method=_RETURNVERBOSE)

~—

1/c*(-d"3*a~3*(1/7*c”7*x"7-3/5%c"5*x"5+c”"3*x~3-c*x)-d"3*b~3*(-16/35*arccos
h(c*x) ~3*cxx+1/T*arccosh(c*xx) 3% (ckx—1) "3* (ckx+1) “3*c*x-6/35*arccosh(c*x)”
3xckx* (c*xx-1) "2* (c*x+1) ~2+8/35*arccosh (c*xx) “3*ckx* (c*x-1) * (c*xx+1) +48/35*ar
ccosh(c*x) "2* (c*x-1) " (1/2) * (cxx+1) " (1/2)-413312/128625*c*x*arccosh (c*xx)+41
3312/128625* (c*x—-1) ~(1/2) * (c*x+1) ~(1/2)-3/49*arccosh (c*x) ~2* (cxx-1) ~(7/2) *
(c*xx+1)~(7/2)+6/343*arccosh (c*x) *cxx* (cxx—1) “3* (c*x+1) ~3-2664/42875*arccos
h(c*xx)*ckx*k (c*x-1) "2* (c*xx+1) “2+30256/128625*arccosh (c*x) *cxx* (cxx—1) * (c*xx+
1)-6/2401*%(c*x-1) " (7/2) * (c*x+1) ~(7/2)+2664/214375% (c*x-1) " (5/2) * (c*x+1) ~ (5
/2)-30256/385875* (c*xx—-1) ~(3/2) * (c*x+1)~(3/2)+18/175*%arccosh (c*x) ~2* (c*x-1)
~(5/2)*(c*x+1) ~(5/2)-8/35*arccosh (c*x) “2x (c*x-1) " (3/2) * (c*x+1) " (3/2) ) -3*d~
3*a*b~2* (-16/35*arccosh (c*x) ~“2*c*x+1/T*arccosh(c*xx) “2* (c*x—-1) "3* (c*x+1) ~3*
c*x—6/35*arccosh(c*x) ~2*c*x* (ckx—1) 2% (ckx+1) ~2+8/35*arccosh (c*x) ~2*c*x* (¢
*x-1)* (c*xx+1)+32/35*arccosh (c*x) * (cxx-1) ~(1/2) * (c*x+1) ~(1/2)-413312/385875
xcxx-2/49%arccosh(c*x) * (cxx—-1) ~(7/2) * (cxx+1) ~(7/2) +2/343*c*x* (c*xx-1) "3* (c*
x+1) ~3-888/42875*c*x* (c*x—1) “2* (c*x+1) ~2+30256/385875*c*x* (c*x—1) * (cxx+1)+
12/175*%arccosh(c*x) * (c*x-1)~(5/2) * (c*x+1) " (5/2)-16/105*arccosh (c*x) * (c*x-1
)~ (3/2) % (c*x+1) " (3/2) ) -3*d~3*a~2xb*x (1/7*arccosh (c*x) *c~7*x~7-3/5*arccosh(c
*x) *Cc~B*x~5+c”"3*x"3*arccosh (c*x)-c*xx*arccosh(c*x)-1/3675% (c*x-1)~(1/2) *(c*
x+1) 7 (1/2) % (75*%c™6*x"6-351*c"4*x"4+757*c”~2*xx~2-2161)))




CHAPTER 3. LISTING OF INTEGRALS 209

Fricas [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 582, normalized size of antiderivative = 1.14

/ (d— chmQ)S (a + barccosh(cz))® dz =

39375 (49 a® + 6 ab?)c'd®z" — 6615 (1225 a® + 234 ab?)c>d3z® + 3675 (3675 a® + 1514 ab®)d3x3 — 11

input Lintegrate ((-c~2xd*x~2+d) ~3* (a+b*arccosh(c*x))"3,x, algorithm="fricas") J

7 N

-1/13505625%(39375%(49*a~3 + 6*axb~2)*c~7*d"3*x~7 - 6615%(1225%a~3 + 234*a
*b~2) *c"5*d"3*%x"5 + 3675%(3675%a~3 + 1514*a*b~2)*c~3*%d"3*x"3 - 11025%(1225
*a~3 + 4322*%axb~2)*c*d"3*x + 385875% (5*¥b"3*c”7*d"3*x"7 — 21%b”3%c 5*xd"3*x"
5 + 35*%b"3xc”3*d"3%x"3 - 35xb~3*c*d"3*x)*log(ckx + sqrt(c”2*x"2 - 1))73 +

11025% (525*axb~2*c~7*d"3*x"7 - 2205%a*b”~2*c~5*d"3*x~5 + 3675%axb~2%c”~3*d"3
*x~3 - 3675*%axb”2*ckd"3*x - (75x¥b"3*%c"6xd"3*%x"6 - 351*b~3*c"4*d"3*x"4 + 75
T¥b"3xc™2*d"3%x"2 - 2161*b~3%d"3)*sqrt(c”2*x"2 - 1))*log(c*x + sqrt(c™2*x”
2 - 1))72 + 105%(1125%(49%a~2%b + 2*b~3) *c~7*d"3*x"7 - 189%(1225*%a~2*b + 7
8xb~3) *c~"5*d"3*%x"5 + 35%x(11025%a"2xb + 1514*b~3)*c~3*d"3*x"3 - 105%(3675%a
“2%b + 4322%xb73)*kc*xd"3*x - 210%(75*a*xb"2xc"6*d"3*x"6 - 351xa*b~2*c"4*d”"3*x
"4 + T57*axb~2xc”2xd"3*x"2 - 2161*a*b~2*d"3)*sqrt(c”2*x"2 - 1))*log(c*x +

sqrt(c™2*x"2 - 1)) - (16875%(49*a~2%b + 2*b~3)*c"6*d"3*x"6 - 81*(47775%a"2
*b + 3322*%b~3)*c"4*d"3*x"4 + (8345925*a"2*xb + 1495874*b~3)*c"2*xd"3*x"2 - (
23825025*a"2*b + 44658302*b~3)*d~3)*sqrt(c”2*x"2 - 1))/c

output
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Sympy [F]

/ (d— chmQ)S (a + barccosh(cr))? dz
= —d° (/ (—a®) dz + / (—b*acosh® (cz)) dz + / (—3ab? acosh? (cz)) dz
+/(—3a2bacosh (cz)) dm+/3a3c2m2 dm+/(—3a3c4:c4) dx+/a3cﬁx6 dx
+ / 3b3c?x? acosh® (cz) dz + / (—3b%c*z* acosh® (cz)) dz+ / b3cPz’ acosh® (cx) dx
+ / 9ab*c*z? acosh? (cz) dx + / (—9ab’c*z* acosh? (cz)) dz
+ / 3ab*c8z% acosh? (cz) dx + / 9a*bc*z? acosh (cx) dz

+ / (—9a®bc*z* acosh (cz)) dz + / 3a?bc’z acosh (cx) dx)

>

input integrate ((-cx*2xdxx**2+d) **3* (a+b*acosh (ckx) ) **3,x)

-d**3%(Integral (-a**3, x) + Integral(-b**3*acosh(c*x)**3, x) + Integral(-3
xaxb*x2*acosh(c*x)**2, x) + Integral (-3xa**2xb*acosh(c*x), x) + Integral(3
*xa¥xk3kCkx2xx*x2, x) + Integral (-3*a**3*ck*x4*x*k*4, x) + Integral (ax*3*xcx*6%
x*x6, x) + Integral (3*b*x3*c**2xx**x2*acosh(c*x)**3, x) + Integral (-3xb*x3x
ck*4*xk*d*acosh(c*x)**3, x) + Integral (b**3*c**B*x**B*acosh(c*x)**3, x) +
Integral (9*axbx*2kck*2xx**2*kacosh(c*x)**2, x) + Integral (-9 axbi*2*ck*4*kx*
x4xacosh(c*x)**2, x) + Integral (3*a*b**2kcx*B*kx**6*acosh(c*x)**2, x) + Int
egral (9*a**2¥bkcx*2xx*x*2xacosh(c*x), x) + Integral (-9*ax*2kbkck*4xx**4*aco
sh(c*x), x) + Integral(3*ax*2xbxc*x6*x*x6*acosh(c*x), x))

output




-

inputL
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Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1353 vs. 2(437) = 874.

Time = 0.10 (sec) , antiderivative size = 1353, normalized size of antiderivative = 2.65

/ (d— czdx2)3 (a + barccosh(cr))? dz = Too large to display

integrate ((-c~2*d*x~2+d) “3* (atb*arccosh(c*x))~3,x, algorithm="maxima")

~—

output

-1/7*b~3%c~6*d~3*x"7*arccosh(c*x) "3 - 3/7*a*b~2*c~6*d~3*x"7*arccosh(c*x) 2
- 1/7*a"3*%c~6%d"3*x"7 + 3/5%b~3*c”4*d"3*x"b*arccosh(c*x)~3 + 9/5*axb~2%c”
4*d~3*x"5*arccosh(c*x) "2 + 3/5%a”3xc"4*d"3%x~5 - b~3%c~2*d"3*x"3*arccosh(c
*x) "3 - 3/245%(35xx"T*arccosh(c*x) - (5*sqrt(c™2*x"2 - 1)*x76/c”2 + 6*sqrt
(c™2*%x72 - 1)*x74/c”4 + 8xsqrt(c™2*x"2 - 1)*x72/c”6 + 16*sqrt(c”2*x"2 - 1)
/c”8)*c)*a”~2%bxc~6+%d"3 + 2/8575%(105% (5*sqrt(c™2*x"2 - 1)*x76/c”2 + 6*sqrt
(c™2%x™2 - 1)*x74/c”4 + 8*sqrt(c™2*x"2 - 1)*x72/c”6 + 16%sqrt(c™2*x"2 - 1)
/c”8)*c*arccosh(c*x) - (75%c™6*x”~7 + 126%c~4*x”5 + 280*c”2*x"3 + 1680%*x)/c
~6)*a*b~2*c~6+%d~3 + 1/900375%(11025% (5*sqrt(c™2*x"2 - 1)*x"6/c”2 + 6*sqrt(
CcT2%x72 - 1)*x74/c”4 + 8*sqrt(cT2*x”2 - 1)*x"2/c”6 + 16*sqrt(c”2*x"2 - 1)/
c~8)*ckarccosh(c*x) "2 + 2%c*((1125%sqrt(c™2*x"2 - 1)*c~4*x"6 + 3996+*sqrt(c
T2%x72 - 1)*cT2%x74 + 15128%sqrt(c”2*x”2 - 1)*x"2 + 206656%sqrt(c”2*x"2 -
1)/c™2)/c”6 - 105*(75*c™6*x"7 + 126*%c”4*x"5 + 280%c~2*x"~3 + 1680%*x)*arccos
h(c*x)/c™7))*b"3*c™6*%d"3 - 3*a*b~2%c~2+d"3*x"3*arccosh(cxx) "2 + 3/25*%(15%x
“Bkarccosh(c*x) - (3*sqrt(c™2*x"2 - 1)*x"4/c”2 + 4xsqrt(c™2*x"2 - 1)*x~2/c
"4 + 8*sqrt(c”2#x72 - 1)/c”6)*c)*a~2xb*c"4*d"3 - 2/125%(15*%(3*sqrt(c”2*x"2
- 1)*x74/c”2 + 4xsqrt(c™2*x"2 - 1)*x72/c”4 + 8*xsqrt(c™2*x"2 - 1)/c”6)*c*a
rccosh(c*x) - (9%c™4*x75 + 20*c™2*x"3 + 120%x)/c~4)*a*b~2*c"4*xd"3 - 1/1875
*(2265% (3*sqrt (c™2*x"2 - 1)*x74/c”2 + 4*sqrt(c™2*x"2 - 1)*x72/c”4 + 8*sqrt(
c"2*x72 - 1)/c”6)*cxarccosh(c*x) "2 + 2kc*x((27*sqrt(c™2*x"2 - 1)*c™2*xx74...
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Giac [F(-2)]

Exception generated.

/ (d— chx2)3 (a + barccosh(cz))® dx = Exception raised: TypeError

inputtintegrate((-c"2*d*x"2+d)"3*(a+b*arccosh(c*x))"3,x, algorithm="giac") J

p
‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

output

\‘

Mupad [F(-1)]

Timed out.

/ (d— c2dac2)3 (a + barccosh(cr))® dz = / (a + bacosh(cz))? (d—¢ dx2)3 dx

input Lint((a + b*acosh(c*x)) "3*(d - c~2*d*x~2)"3,x) J

output Lint((a + b*acosh(c*x))"3*(d - c 2*d*x~2)"3, x) J

Reduce [F]

/ (d— c2dx2)3 (a + barccosh(cr))® dx
_ d*(—525acosh(cx) a®bc"x” 4 2205acosh(cx) a*b Pz’ — 36T5acosh(cx) a®b c*x® 4 3675acosh(cx) a*bex

-

input Lint ((-c~2*d*x~2+d) ~3* (a+b*acosh(c*x))~3,x)

-/
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(d**3*%( - 525%acosh(c*x)*ax*2xbkckx*x7*x*k*7 + 2205*acosh (c*x) xa**2kbkcx*x5kx*
x5 — 3675*acosh(c*x) *a**x2*¥bkcx*3*kx*x*3 + 3675*acosh(ckx)*ax*2xbxc*x + 7b*sq
Tt (Cck*2kx*x*%2 — 1)*a**x2*kbkc*k*x6*kx*x*x6 — 351*ksqrt (ck*2xx**x2 — 1)*a*x*2xb*ck*d*x
*x*k4 + TET*sqrt (cx*2kx**2 — 1)*ax*k2kbkc**2*x**2 + 1514*sqrt (cx*2kx**2 — 1)*
ax*2%b — 3675*sqrt(c*x + 1)*sqrt(c*xx — 1)*a*x*2%b + 1225xint(acosh(c*x)**3,
x) *b**3*c + 3675*int (acosh(c*x) **2,x)*a*b**2xc - 1225*%int (acosh(ckxx)**3*x*
*6,x) ¥bx*x3*c**7 + 3675*int (acosh(c*x) **k3xx**4,x) *b*x*x3*xc**5 - 3675*int (acos
h(c*x) *k3xx**2,x) ¥b*k*3kc**3 — 3675*int (acosh (c*x) **2kx**6,x) kaxbkx2kxc**7 +

11025*int (acosh (c*x) **2%x**4 ,x) *axb**2xc*k*5 — 11025*int (acosh (c*x)k*2¥x**

2,X) ¥axb*xx2*Cck*3 — 175¥ax*3kCk*xT*x**7 + T35kax*x3*xCk*5xx**x5 — 1225*ka*x*3*ck*
3kx*k*3 + 1225%a*x*3*c*x))/(1225%c)

output
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3.14 [ (d — 2dz?)* (a + barccosh(cz))? dz

Optimal result . . . . . . . . . . . .. 214
Mathematica [A] (verified) . . . . . . . . . ... 2151
Rubi [A] (verified) . . . . . . .. . . 215
Maple [A] (verified) . . . . . . . . ... 2221
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [F] . . . o 224
Maxima [B] (verification not implemented) . . . . . . . ... .. ... ... ... 224
Giac [F(-2)] . . . o o o 225
Mupad [F(-1)] . . . . . e 2261
Reduce [F] . . . . . .

Optimal result

Integrand size = 24, antiderivative size = 386

/ (d— chm2)2 (a + barccosh(cr))? dz

12632b3d?+/—1 1
_ 1263 v—1+ery +cx+ 8 bed’z*vV/—1+ czv/1+ cx

3375¢ 135
N 8b3d* (=1 + cx)*?(1 + cx)*?  6b°d*(=1 + ca)**(1 4 cx)®/?
375¢ 625c¢
2 bd*+/
+ 7158b2d2x(a+barccosh(cx)) - 27765b2czd2x3(a+barccosh(cx)) + %5bzc4d2x5(a+barccosh(cx)) _ SV

-12632/3375*b~3*d"2* (c*x-1) " (1/2) * (c*x+1) " (1/2) /c+8/135xb~3*cxd~2*x "2 (c*x
-1)"(1/2)*(c*xx+1) " (1/2)+8/375%b~3*d"~2* (c*x-1) ~(3/2) * (c*x+1) ~(3/2) /c-6/625*
b~3*d"2* (c*xx-1) ~(5/2) * (c*x+1) ~(5/2) /c+298/75*b~2+d"2*x* (a+b*arccosh(c*x) ) -
76/225%b~2xc~2+%d~2*x~3* (a+b*arccosh(c*x) ) +6/125xb~2*c~4*d~2*x~5* (a+b*arcco
sh(c*x))-8/5%b*xd~2* (c*xx-1) ~(1/2) *(c*x+1) ~(1/2) * (a+b*arccosh(c*x) ) ~2/c+4/15
*b*xd~2* (cxx—-1) " (3/2) * (c*x+1) " (3/2) * (a+b*arccosh (c*x) ) ~2/c-3/25*%b*d~2* (cxx—
1)7(5/2) *(c*x+1) " (5/2) * (a+b*arccosh(c*x)) "2/c+8/15*%d " 2*x* (a+b*arccosh (c*x)
) "3+4/15%d"2xx*k (—c"2*x"2+1) * (a+b*arccosh (c*x) ) “3+1/5*d " 2*x* (-c~2*xx"2+1) ~ 2%
(at+b*arccosh(c*x)) "3

output
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Mathematica [A] (verified)

Time = 1.37 (sec) , antiderivative size = 347, normalized size of antiderivative = 0.90

/ (d— chmQ)2 (a + barccosh(cz))? dz
_ d?(1125a%cz(15 — 10c%? 4 3c*z?) — 225a2by/—1 + cav/1 + cx(149 — 38c*2? + 9¢'a?) + 30ab’cz (2235

input‘ Integrate[(d - c™2xd*x~2)"2*(a + bxArcCosh[c*x])~3,x] ‘

(d"2% (1125%a~3*cxx* (15 - 10%c™2%x"2 + 3*c™4*x"4) - 225%a”2*xbxSqrt[-1 + c*x
1#Sqrt[1 + c*x]*(149 - 38*c™2*x"2 + 9*c”™4*x"4) + 30*axb”~2*xc*x*(2235 - 190%
CT2%x72 + 27*c”4*x"4) - 2%b”3xSqrt[-1 + c*xx]*Sqrt[1 + c*xx]*(31841 - 842%c~
2xx”2 + 81%c~4*x"4) + 15%b*(225%a~2*kcxx* (15 - 10%c™2*x"2 + 3*c”4*x~4) - 30
*xa*xbxSqrt [-1 + ckx]*Sqrt[1l + cxx]*(149 - 38*c”™2*x"2 + 9*xc™4*xx"4) + 2*b~2*c
*x% (2235 - 190%c™2%x"2 + 27*c~4*x~4))*ArcCosh[c*x] - 225xb~2*(-15*a*xc*x* (1
5 - 10%c™2xx72 + 3%c"4*x"4) + b*Sqrt[-1 + cxx]*Sqrt[1 + c*x]*(149 - 38%c~2
*X"2 + 9xc"4xx74))*ArcCosh[c*x] "2 + 1125%b~3*c*x*(15 — 10*c™2*x"2 + 3*c™4x*
x~4)*ArcCosh[c*x]~3))/(16875%c)

output

Rubi [A] (verified)

Time = 3.02 (sec) , antiderivative size = 488, normalized size of antiderivative = 1.26,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 0.667, Rules
integrand size

used = {6312, 27, 6312, 6204, 6330, 25, 2009, 6304, 6309, 27, 960, 83, 1905, 1576, 1140,

2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d— c2dac2)2 (a + barccosh(cz))? dx
| 6312

éd/d(l — c®z?) (a + barccosh(cz))*dz — gbcd2 /:v(cw —1)%2(cz +1)%%(a +

barccosh(cz))?dz + %d%(l - c2w2)2 (a + barccosh(cz))?
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| 27
§d2/ (1 — ¢®2?) (a + barccosh(cz))?dz — gbcd2 /:v(c:v —1)%2(cx +1)*2(a +
barccosh(cz))?dz + %d%(l - c23:2)2 (a + barccosh(cz))?

l 6312

§d2 (bc / zv/cx — 1v/cx + 1(a + barccosh(cz))?dz + g /(a + barccosh(cz))3dz + %m(l — c*z?) (a + barccosh(

gbcd2 / z(cx — 1)3%(cz + 1)3/%(a + barccosh(cz))?dx + %d%c(l - czx2)2 (a + barccosh(cz))3

l 6294

a + barccosh(cz))?

4 2
§d2 (3 <$(a + barccosh(cx))® — Sbc/ z( = TV 1 dx) + bc/w\/c:c — 1V/ez + 1(a + barccosh(cz))2c

1
gbcd2 / z(cx — 1)3%(cz + 1)3/%(a + barccosh(cz))?dx + 5d2x(1 - c2x2)2 (a + barccosh(cz))3

l 6330

4 (2 <w(a + barccosh(cz))® — 3bc<\/c:c——1\/cm—+1(a + barccosh(cz))®  2b [(a+ barccosh(c:c))dx)) b

57\ 3 c? c
§b 2 (cx — 1)%(czx + 1)%/2(a + barccosh(cz))? _ 2b [(1 = cz)*(cx + 1)*(a + barccosh(cz))dz N
5" 5¢2 5c

1

~d?z(1 - 02x2)2 (a + barccosh(cz))?

5
l 25

4 (2 ( (a + barccosh(cz))? — 3bc(\/cx——1\/m(a + barccosh(cz))®  2b [(a+ barccosh(ca:))da:)) b

5 \3 c? c
§b 2 (cx — 1)%(cx + 1)%/%(a + barccosh(cz))? 2 [(1 = cz)?(cz + 1)2(a + barccosh(cz))dz 4
57 5 5c

1

ng:c(l - 02:172)2 (a + barccosh(cz))?

l 2009
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_ _1)3/2 3/2 2 ,
4 (bc <2b J (1 = cz)(cx + 1)3(Ca + barccosh(cz))dz + (cx —1)°/%(cx + 1)302((1 + barccosh(cx)) ) + %x(l ¢

4 4
)
3
)

3 hed? <(cw —1)%2(cx + 1)%/?(a + barccosh(cz))?  2b [(1 — cz)?(cx + 1)%(a + barccosh(c:v))d:r) 4
5¢2 - 5¢

%d%(l - czx2)2 (a + barccosh(cz))?

l_6304

4 (bc<2bf (1-cz?) (a31— barccosh(cz))dz N (cx —1)3/%(cx + 1)‘(;/622((1 + barccosh(cx))2> N 1 (1— )

4 ,
5
3b 2 <(cm —1)5/2(cz + 1)5/2(a + barccosh(cz))>  2b [ (1— c2m2)2 (a+ barccosh(ca:))da:) N
5 5c2 B 5¢

%d%{:(l — 029:2)2 (a + barccosh(cz))?

l 6309

2.2
be [ _2Be) g 1c223(a + barccosh(cz)) + z(a + barccosh(cz)) _1)3/2 3/
% 2 (bc( ( 3mm 3 . ) 4 (ew =1 (ex + 1)3(

x(304a:4—10c2m2+15) 1
3 bed? ((cw —1)%2(cz 4 1)%?(a + barccosh(cz))? 2b<_bc | = Gvetver 4 + 5¢'a(a + barccosh(cz))
5 5¢2 5

1d29:(1 - 021:2)2 (a + barccosh(cz))3

5
l 27

4 9 ( ( ( tbe [ \/ii/:wd:c — 1c2z%(a + barccosh(cz)) + z(a + barccosh(c:c))) (cz — 1)32(cz + 1)
—d” | be +
)

3c 3

1 z(3ctzt—10c222+15) 1.4.5 .
§bcd2 ((cx —1)%2(cz + 1)%/2(a + barccosh(cz))? ~ 2b(—ﬁbcf NCES NS dz + zc*z°(a + barccosh(cz
5 5¢2 5¢

1
5d2x(1 - 02m2)2 (a + barccosh(cz))3

l 960
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édz (bc (2b(—§bc(g J mdax —i?2ex —Ty/ex + 13)0— +c223(a + barccosh(cz)) + z(a + barccosh(cz

1 z(3ctzt—10c222+15) 1.4 .
§bcd2 ((caz —1)%2(cz + 1)%/2(a + barccosh(cz))? ~ 2b(—1—5bcf NIV dz + 3c*z°(a + barccosh(cz

5 5¢2 5¢

1
—d’z(1 - c2w2)2 (a + barccosh(cz))?

5)
| 83
1 z(3c4x4—10c2x2+15)
—§bcd2 ((cm —1)%2(cx + 1)%/?(a + barccosh(cz))? 2b<_ﬁbc J Vea—Ty/cat1

dz + £ c*z5(a + barccosh(c
: —

5¢2 5

%d%(l - 02w2)2 (a + barccosh(cz))® +

—3¢?x3(a + barccosh(cz)) + z(a + barccosh(cz)) — %170(7‘/a
3c

2 1 22 3 2b<
—d gx(l — c*z?) (a + barccosh(cz))® + be
| 1905

x (30424—1002m2+15)

9 beve?z?—1 [ Gy z 5( b

- — + zc*z°(a + barccos

15v/cx—1+v/cx+1 5

3, ol (cx —1)%2(cx + 1)5/%(a + barccosh(cz))? Vet
——bcd -

5 5¢2

%d%(l - 02w2)2 (a + barccosh(cz))® +

4 1 2b(—%c2w3(a + barccosh(cx)) + z(a + barccosh(cz)) — %bc(7‘/a
§d2 gw(l — c*z?) (a + barccosh(cz))? + be v

l 1576



input |
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bey/c2z2—1 [ 3cte?=10c%2?415 52
2b| — 30\/%_1% + $c*a5(a + barccosh
3bcd2 (cx —1)5/%(cx + 1)%/2(a + barccosh(cz))?
5 5c2 B ;

%dzx(l - 023:2)2 (a + barccosh(cz))? +
2b<—%02w3(a + barccosh(czx)) + z(a + barccosh(cz)) — %bc(7‘/a
(cx))® + be

éd2 (;m(l — c®z?) (a + barccosh

) 3c
| 1140
bcx/c2z'2—1f(3(0212—1)3/2—4\/021‘2—1+\/ﬁ)dz2 L
2| - 30vcz—1+v/cz+1 +3
3, ol (cx —1)%2(cx + 1)5/%(a + barccosh(cz))?
——bcd
5 5¢2
%d%(l - c2:1:2)2 (a + barccosh(cz))® +
4 1 2b(—%c2w3(a + barccosh(cx)) + z(a + barccosh(cz)) — %bc(7‘/a
§d2 gw(l — c*2?) (a + barccosh(cz))? + be oy

l 2009

1

gd2m(1 - 02x2)2 (a + barccosh(cz))® +

2b<—%023:3(a + barccosh(cx)) + z(a + barccosh(cz)) — %60(7‘/;1
3c

4 1
ng <3:c(1 — ¢®z?) (a + barccosh(cz))® + be (
2b| ic*z®(a + barccosh(cz)) — 2c?z(a + barccosh(cz)) +

(cx — 1)%2(cz + 1)%/2(a + barccosh(cz))?
5¢2 a

Int[(d - c~2%d*x~2)~2%(a + b*ArcCosh[c*x])~3,x]




output

-
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(@72xxx(1 - c™2*x"2)"2x(a + b*ArcCosh[c*x])~3)/5 - (3*bxcxd~2x(((-1 + c*x)
~(5/2)*%(1 + c*x)~(5/2)*(a + b*ArcCosh[c*x])~2)/(5%c™2) - (2*%b*(-1/30*(b*c*
Sqrt[-1 + c™2*x"2]*((16+Sqrt[-1 + c™2*x"2])/c”2 - (8*(-1 + c~2%x"2)"(3/2))
/(3%c™2) + (6%(-1 + c™2*x72)7(5/2))/(6%c~2)))/(Sqrt[-1 + c*x]*Sqrt[1 + c*x
1) + x*(a + bxArcCosh[c*x]) - (2*c™2*x"3*(a + bxArcCosh[c*x]))/3 + (c™4*x"
5x(a + bxArcCosh[c*x]1))/5))/(6%c)))/5 + (4xd~2*((x*(1 - c™2*x"2)*(a + b*Ar
cCosh[c*x])~3)/3 + b*cx(((-1 + c*x)~(3/2)*(1 + c*x)~(3/2)*(a + b*ArcCosh[c
*x])72)/(3%c™2) + (2%b*(-1/3*(bxc*((7*Sqrt[-1 + c*x]*Sqrt[1 + c*x])/(3*c™2
) - (x72%Sqrt[-1 + c*x]*Sqrt[1 + c*x])/3)) + xx(a + b*ArcCosh[c*x]) - (c™2
*x"3%(a + b*ArcCosh[c*x]))/3))/(3xc)) + (2x(xx(a + b*ArcCosh[c*x])"3 - 3*b
xc*((Sqrt[-1 + cxx]*Sqrt[1 + c*x]*(a + b*ArcCosh[c*x])~2)/c”2 - (2*b*(a*x

- (b*Sqrt[-1 + cxx]*Sqrt[1 + c*x])/c + bkxxArcCosh[c*x]))/c)))/3))/5

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

rule 27

rule 83

rule 960

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(Ca_.) + (b_.)*x_))*x((c_.) + (d_)*(x))"(m_.)*((e_.) + (£_.)*(x_))"(p

), x_] :> Simp[bx(c + d*x)~(n + 1)*((e + £f*x)~(p + 1)/(d*f*x(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[a*xd*f
*(n + p + 2) - bk(d*ex(n + 1) + c*f*(p + 1)), 0]

Int[((e_.)*(x_)) " (m_.)*((a1_) + (b1_.)*(x_)"(non2_.)) (p_.)*((a2_) + (b2_.)
*(x_)"(non2_.)) " (p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simpl[d*(e*xx)~(
m + 1)*x(al + bixx~(n/2)) " (p + V*((a2 + b2*x~(n/2)) "~ (p + 1)/(bl*b2*ex(m + n
*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*cx(m + nx(p + 1) + 1))/
(b1xb2*(m + nx(p + 1) + 1))  Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~(n
/2))7p, x]1, x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2*bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

~—




rule 1140

rule 1576

rule 1905
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Int[((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_.), x
_Symbol] :> Int[ExpandIntegrand[(d + e*x) m*(a + b*x + c*x~2)7p, x], x] /;
FreeQ[{a, b, c, d, e, m}, x] && IGtQ[p, 0]

Int [(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(
P_.), x_Symbol] :> Simp[1/2 Subst[Int[(d + e*x)"g*(a + b*x + c*x~2)7p, x]
, X, x°2], x] /; FreeQ[{a, b, c, d, e, p, q}, x]

~

Int [((£_)*(x_))"(m_.)*((d1_) + (el_.)*(x_)"(non2_.))"(q_.)*((d2_) + (e2_.)
*(x_)"(non2_.))"(q_.)*((a_.) + (b_)*(x_)"(m) + (c_)*(x_)"(@2))"(p_.), x
_Symbol] :> Simp[(dl + el*x”(n/2)) FracPart[ql*((d2 + e2*x”(n/2)) FracPart[
ql/(d1*d2 + elxe2xx"n) FracPart[q]l) Int[(f*x) m*(d1*d2 + elxe2*x"n) g*(a
+ bxx"n + cxx~(2*n))"p, x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, f, n, p,

-

q}, x] && EqQ[n2, 2#n] && EqQ[non2, n/2] && EqQ[d2*el + dixe2, 0]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6294

rule 6304

rule 6309

~—

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCosh[c*x])"n, x] - Simp[b*c*n  Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
[1 + c*x]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.)) " (n_.)*x((d1_) + (el_.)*(x_))"(p_.)*(
(d2_) + (e2_.)*(x_))"(p_.), x_Symbol] :> Int[(d1*d2 + el*e2*x"2) px(a + b*A
rcCosh[c*x])"n, x] /; FreeQ[{a, b, c, di, el, d2, e2, n}, x] && EqQ[d2*el +

di*e2, 0] && IntegerQ[p]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symb
0l] :> With[{u = IntHide[(d + e*x"2)"p, x]}, Simp[(a + b*ArcCosh[c*x]) u,
x] - Simp[b*c Int[SimplifyIntegrand[u/(Sqrt[1 + c*x]*Sqrt[-1 + c*x]), x]

,» x], x]1]1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c™2xd + e, 0] && IGtQ[p, O]




rule 6312

rule 6330

input
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Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)*((d_) + (e_)*x(x_)"2)"(p_.),
x_Symbol] :> Simp[x*(d + e*x”2) px((a + bxArcCosh([c*x])"n/(2*p + 1)), x] +
(Simp[2*d*(p/(2%p + 1)) Int[(d + e*x"2)"(p - 1)*(a + b*ArcCosh[c*x])"n, x
1, x] - Simp[b*cx(n/(2*%p + 1))*Simp[(d + e*xx"2) p/((1 + c*x)“p*(-1 + c*x)7p
)] Imt[xx(1 + c*x)"(p - 1/2)*(-1 + c*x)"(p - 1/2)*(a + b*ArcCosh[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e}, x] & EqQ[c"2*d + e, 0] && GtQ[n,

0] && GtQ[p, 0]

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x)~(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xelxe2x(p + 1))), x] - Simp[b*(n/(2
xcx(p + 1)))*Simp[(d1l + elxx)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
Pl Int[(1 + c*xx)~(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x]) " (n -
1), x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, p}, x] && EqQlel, cxdl] && E

qQle2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 492, normalized size of antiderivative = 1.27

method result
3 3 2 2 3

d2a3 (%C5z5_%c3m3+cz) +d2b3 <8 arccoslhfl(cz) @ arccosh(cz) cz(;z—l) (cx+1)“ 4 arccosh(cz) ;g(cz—l)(caﬂ—l) __ 8arc
derivativedivides

d2a3 (éc5z5 —%c3m3+cm) +d2b3 < 8 arccoslh5(cw)3cz + arccosh(cw)3cm(5¢z—1)2 (cz+1)2 _4 arccosh(cz)“?’;g(cw—1)(cw+1) _ 8arc
default

d2v3 8 arccosh(cw)scz + arccosh(c:c)sc:v(cz—l)2 (cw+1)2 _4 arccosh(ca:)3cz(cw—1)(cz
2.3 ( 1.4,..5 2.2,..3 ) v ° 0

parts da®(sc*z® — 5c°z° + ) +
orering Expression too large to display

Lint ((-c~2*d*x~2+d) ~2* (a+b*arccosh(c*x)) ~3,x,method=_RETURNVERBOSE) J
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1/c*x(d~2%a~3*(1/5%c~5*%x~5-2/3%c~3*x~3+c*x)+d " 2*xb~3%(8/15*arccosh (c*x) ~3*cx
x+1/5*arccosh (c*x) “3*c*x* (c*x-1) 2% (c*x+1) “2-4/15*arccosh (c*x) “3*c*x* (c*x-
1)*(c*x+1)-8/5*arccosh(c*x) “2x (cxx—-1) ~(1/2) * (c*x+1) ~(1/2)+4144/1125*c*x*ar
ccosh(c*x)-4144/1125% (c*x-1)~(1/2)*(c*x+1) ~(1/2)-3/25*arccosh(c*x) ~2* (cxx—
1)7(5/2) *(c*x+1) " (5/2)+6/125*arccosh (c*x) *c*x* (c*x-1) "2* (c*xx+1) "2-272/1125
*xarccosh(c*x) *cxx* (ckx—1) * (c*x+1)-6/625* (c*x-1) ~(5/2) * (c*xx+1) " (5/2)+272/33
75% (c*x-1)~(3/2) *(c*x+1) " (3/2)+4/15*arccosh (c*x) “2* (c*x-1) ~(3/2) * (c*x+1) ~(
3/2))+3*%d"2*xaxb~2*(8/15*%arccosh (c*x) “2*c*x+1/5*arccosh (c*x) ~“2*c*x* (c*xx-1)~
2% (c*x+1) "2-4/15*arccosh (c*x) “2xc*xx* (c*x-1) * (c*x+1) -16/15*arccosh (c*x) * (c*
x-1)"(1/2)*(c*x+1) " (1/2)+4144/3375*%c*x-2/25*arccosh (c*x) * (c*x-1) ~(5/2) * (c*
x+1) 7 (5/2)+2/125%c*kx* (c*x—1) “2% (c*x+1) ~2-272/3375*c*x* (c*x—1) * (c*x+1) +8/45
*arccosh(c*x)*(c*x-1)~(3/2)*(c*x+1)~(3/2) ) +3*d~2*a"2*b* (1/5*arccosh (c*x) *c
~5xx~5-2/3*c”~3*x"3*arccosh (c*x)+c*x*arccosh(c*x)-1/225% (c*x-1) " (1/2) * (cxx+
1)7(1/2) % (9*c~4*x~4-38*c"2*x"2+149)))

output

Fricas [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 455, normalized size of antiderivative = 1.18

/ (d— czdac2)2 (a + barccosh(cz))? dx

_ 135(254° + 6ab®)Pd®z® — 150 (75 a® + 38 ab®)Pdz® + 225 (75 a° + 298 ab?)cd®x + 1125 (3b°c°dx® —

s N

‘integrate((-c‘2*d*x‘2+d)‘2*(a+b*arccosh(c*x))‘3,x, algorithm="fricas")

inputL

1/16875%(135%(25*%a~3 + 6*a*b~2)*c~5*xd"2*x"5 — 150%(75%a"3 + 38%axb~2)*c 3%
d"2*x73 + 225%(75%a”3 + 298*axb~2)*c*d"2*x + 1125%(3%¥b~3*c"5*d"2*x"5 - 10%
b~3%c”"3%d"2*x"3 + 15%b~3%c*xd"2*x)*log(c*x + sqrt(c”2*x”2 - 1))73 + 225%(45
*a*b~2*%c"5*%d"2%x"5 — 150*axb”2xc”3*d"2*x"3 + 225xa*b~2*cxd"2*x — (9*b~3*c”
4xd"2%x"4 - 38xb"3*c"2xd"2*x"2 + 149%b~3*d"2) *sqrt(c"2*x"2 - 1))*log(c*x +
sqrt(c™2*x"2 - 1))72 + 15%(27*(25%a"2xb + 2%b~3)*c~5*xd"2*x~5 - 10%(225*a”
2xb + 38xb73)*c”3*d"2*x"3 + 15x(225*%a~2*b + 298%b~3)*c*d"2*x - 30*(9*axb”2
*C"4*d"2%x"4 - 38*axb"2%c”2*d"2*x"2 + 149%a*b”2%d"2)*sqrt(c”2*x"2 - 1))x*lo
glcxx + sqrt(c™2*x72 - 1)) - (81%(25%a~2%b + 2*¥b~3)*c~4*d"2*x"4 - 2%(4275*
a~2*b + 842%b~3)*c”2xd"2*x"2 + (33525%a"2xb + 63682%b~3)*d"2)*sqrt (c"2*x"2
-1)/c

N J

output
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Sympy [F]

/ (d— c2dx2)2 (a + barccosh(cz))?® dz
= d? ( / a® dx + / b® acosh® (cx) dzx + / 3ab® acosh® (cx) dx + / 3a*bacosh (cz) dz
+/(—2a3c2x2) dm+/a3c4x4 dx+/(—2b302m2 acosh’ (cz)) dz
+ / b*c*z* acosh® (cx) dx + / (—6ab’c®z* acosh? (cz)) dz
+ / 3ab’c*z* acosh? (cz) dz + / (—6a”bc*z? acosh (cz)) dz

+ / 3a’bc*z* acosh (cx) dac)

~

Lintegrate ((—cx*2*d*x**2+d) *¥*2* (at+tb*acosh (c*x) ) *¥*3,x)

|

input

d*x2x (Integral (a**3, x) + Integral (b**3xacosh(c*x)**3, x) + Integral(3*a*b
*x*+2%acosh(c*x) **2, x) + Integral (3xax*2*bk*acosh(c*x), x) + Integral (-2%a*x
3kcHk*k2xx**2, x) + Integral (a**3*ck*xd*x**4, x) + Integral (—2kb**3kCkkkx**2
xacosh(cxx)**3, x) + Integral (bx*3*cx*4xx**dxacosh(cxx)**3, x) + Integral(
—B*axbx*k2kcx*k2xxx*k2xacosh(cxx) **2, x) + Integral (3xaxb*x2*c*x4d*x**4d*acosh (
c*xx)*x2, x) + Integral(-6*a**2¥bkcx*2kx**2*acosh(c*x), x) + Integral(3xa**
2*xb*ckx*x4*,x*x*x4*acosh(c*x), x))

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 861 vs. 2(330) = 660.

Time = 0.07 (sec) , antiderivative size = 861, normalized size of antiderivative = 2.23

/ (d— cha:2)2 (a + barccosh(cr))? dz = Too large to display

input Lintegrate ((-c~2*d*x~2+d) ~2x (at+b*arccosh(c*x))"3,x, algorithm="maxima") J




output

input

output
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1/5%b~3*c"4*d~2*x"5*arccosh(c*x) "3 + 3/5*a*xb~2xc”4*d"2*x"5*arccosh(c*x) "2

+ 1/5%a”"3xc"4*d"2*x"5 - 2/3%b"3%c”2xd"2*x"3*arccosh(c*x) "3 - 2*axb~2*c"2xd
~2*x~3%arccosh(c*x) "2 + 1/25%(156*%x"5*arccosh(c*x) - (3*sqrt(c™2*x"2 - 1)*x
“4/c”2 + 4xsqrt(c”2*x"2 - 1)*x72/c”4 + 8*sqrt(c”2*x”2 - 1)/c”6)*c)*a"2xb*c
~4%d~2 - 2/375%(156*(3*sqrt(c™2*x"2 - 1)*x"4/c”2 + 4x*sqrt(c™2*x"2 - 1)*x"2/
c"4 + 8xsqrt(c™2*x"2 - 1)/c”6)*c*arccosh(c*x) - (9*%c™4*x"5 + 20*c™2*x"3 +

120*x) /c”4) *a*b~2*c”"4*d"2 - 1/5625%(225%(3*sqrt(c™2*x"2 - 1)*x"4/c”2 + 4xs
qrt(c™2*x"2 - 1)*x72/c”4 + 8*sqrt(c”2*x"2 - 1)/c”6)*c*arccosh(c*x) "2 + 2%c
*((27*sqrt (c™2*x™2 - 1)*c™2*x"4 + 136*sqrt(c™2*x"2 - 1)*x~2 + 2072*sqrt(c”
2%x72 - 1)/c”2)/c”4 - 15%(9*c”4*x"5 + 20%c”2*x"3 + 120%x)*arccosh(c*x)/c”5
))*b"3*c"4*d"2 - 2/3*%a"3%c"2+d"2%x"3 + b~3%d"2xx*arccosh(c*x) "3 - 2/3*%(3*x
~3*arccosh(c*x) - c*(sqrt(c™2*x"2 - 1)*x72/c”2 + 2*sqrt(c™2*x"2 - 1)/c”4))
*a"2xb*c"2+%d"2 + 4/9%(3*kc*(sqrt(c™2*x"2 - 1)*x"2/c”2 + 2*sqrt(c™2*x"2 - 1)
/c”4)*arccosh(c*x) - (c7™2%x”3 + 6%x)/c”2)*a*b~2*xc”2*d"2 + 2/27*(9*c*(sqrt(
CcT2%x72 - 1)*x72/c”2 + 2*sqrt(c™2*xx"2 - 1)/c"4)*arccosh(c*x)~2 + 2xc*((sqr
t(c™2%x72 - 1)*x72 + 20*sqrt(c™2*x"2 - 1)/c”2)/c”2 - 3*(c"2*#x"3 + 6%*x)*arc
cosh(c*x)/c~3))*b"3*c™2*d"2 + 3*axb~2xd"2*x*arccosh(c*x) 2 - 3*(sqrt(c”2#*x
~2 - 1)#*arccosh(c*x)~2/c - 2*(cxx*arccosh(c*x) - sqrt(c”2*x”2 - 1))/c)*b~3
*d"2 + 6xaxb"2*%d"2x(x - sqrt(c”2*x"2 - 1)*arccosh(c*x)/c) + a”3*d"2*xx + 3%

(c*x*arccosh(c*x) - sqrt(c™2*x"2 - 1))*a~2*b*d"2/c

Giac [F(-2)]

Exception generated.

/ (d— c2dgn2)2 (a + barccosh(cz))® dz = Exception raised: TypeError

-

Lintegrate((-c“2*d*x‘2+d)“2*(a+b*arccosh(c*x))“3,x, algorithm="giac")

| —

-

‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sageO,sageVARx):;OUTPUT:sym2poly/r2sym(const gen & e,const

Lindex_m & i,const vecteur & 1) Error: Bad Argument Value

|\
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Mupad [F(-1)]

Timed out.

/ (d— c2da:2)2 (a + barccosh(cz))® dz = / (a + bacosh(cz))® (d — ¢ daz:z)2 dz

input Lint((a + bxacosh(c*x)) ~3*(d - ¢ 2xd*x~2)"2,x) J

output‘ int((a + b*acosh(c*x))~3%(d - c~2%d*x"2)"2, x)

Reduce [F]

/ (d — *dz?)? (a + barccosh(cz))?® dz
_ d?(45acosh(cz) a®b Pz — 150acosh(cz) a®b x® + 225acosh(cx) a’bex — 9v/c2x? — 1aPbc'z* + 38v/c?a

input ‘ int ((-c~2*d*x~2+d) ~2* (a+b*acosh(c*x))~3,x) J

(d**2* (45*%acosh (c*x) *a*x*2*bxck*5*xx*x*5 — 150*acosh(c*x)*a**2xbkc**3xx**3 +

225*%acosh(c*x) *ax*2xbkckxx — 9*sqrt (ck*2kx**2 — 1)*a**x2kbxck*4*xx**x4d + 38*sq
Tt (Cx*2kx**2 — 1)*ax*2xbkck*x2*x**2 + TE*sqrt (ck*2*x**2 — 1)*ax*2%b — 225%s
grt(c*x + 1)*sqrt(c*x — 1)*a**2%b + 75*int(acosh(c*x)**3,x)*b**3*%c + 225%i
nt (acosh(c*xx) **2,x) *axb**2*c + 75xint (acosh(c*x)**3*kx**4,x) *b**3*xckx*5 - 15
O*int (acosh(c*x) **x3*x**2,x) *b**3*kc*k*3 + 225*%int (acosh(ckx) **x2*x**4,x) *a*xb*
*2xc**5 — 450*int (acosh (c*x)**2%x**2,x) *axb**2xc*k*3 + 15*ka*x*x3kc**x5xx**5 —

50*ax*3*cxx3kx**x3 + THxakx*x3xckxx))/(75%c)

output

N\
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3.15 [ (d — ¢*dz?) (a + barccosh(cz))® dz

Optimal result . . . . . . . . . . . . e 227
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 233
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 233
Sympy [F] . . o o 234
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2351
Giac [F(-2)] . . .« o oo
Mupad [F(-1)] . . . o o 230
Reduce [F] . . . . . 230

Optimal result

Integrand size = 22, antiderivative size = 213

B 12263d+/—1 4 cz/1 + cz
27c

2
+ 2—7b3cda:2\/—1 +cxvV1+cx

+ %lbzdx(a + barccosh(cx))

/ (d — c*dz?) (a + barccosh(cz))® dz =

2
- §b2c2dac3(a + barccosh(cz))

_ 2bdy/=1+ cx+/1 + cz(a + barccosh(cz))?
c
N bd(—1 + cx)*?(1 + cx)®/?(a + barccosh(cz))?
3c

2
+ §dx(a + barccosh(cr))?

+ %dw(l — ¢*z”) (a + barccosh(cz))?

-122/27%b"3*d* (cxx-1) ~(1/2) * (c*x+1) ~(1/2) /c+2/27*b"3*cxd*x~2* (c*x-1) ~(1/2)
*(cxx+1) " (1/2)+14/3%b"2*d*x* (a+b*arccosh(c*x) ) -2/9%b"2*c~2*d*x"3* (a+b*arcc
osh(c*x))-2xbxd* (cxx—-1) " (1/2) * (c*x+1) ~(1/2) * (a+b*arccosh (c*x)) ~2/c+1/3*b*xd
*(c*kx-1)~(3/2)*(c*x+1) " (3/2) *(a+b*arccosh(c*x) ) “2/c+2/3*d*x* (a+b*arccosh(c
*x)) "3+1/3*d*x* (-c"2*x”2+1) * (a+b*arccosh(c*x) )3

output
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 256, normalized size of antiderivative = 1.20

/ (d — *dz®) (a + barccosh(cz))® dx
_ d(20V—=1+ cav1+ cx(—61 4 *a?) — 6abcx(—21 + *2?) + 9a°by/—1 + cxv/1 + ca(—T7 + a?) — 9

input‘ Integrate[(d - c”2xd*x"2)*(a + bxArcCosh[c*x])"3,x] ‘

(d* (2%b~3*Sqrt[-1 + cxx]*Sqrt[1 + c*x]*(-61 + c~2%x"2) - 6*axb~2*c*x*(-21
+ c72%x72) + 9*%a~2*%bxSqrt[-1 + c*x]*Sqrt[l + cxx]*(-7 + c”2%x72) - 9*a"3*c
*x*% (-3 + c72%x72) + 3*bx(-2%b"2xc*kx*(-21 + c"2%x"2) + 6B*axb*Sqrt[-1 + c*x]
*Sart[1 + cxx]*(-7 + c™2*x72) - 9%a~2*cxx*(-3 + c”2*x"2))*ArcCosh[c*x] + 9
*b~2x (b*xSqrt [-1 + cxx]*Sqrt[1 + c*xx]*(-7 + c™2*x"2) + a*x(9*c*x — 3*c~3*x"3
))*ArcCosh[c*x] "2 - 9*b~3*c*x* (-3 + c~2*x~2)*ArcCosh[c*x]~3))/(27*c)

output

Rubi [A] (verified)

Time = 2.12 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.21,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.455, Rules

used = {6312, 6294, 6330, 25, 2009, 6304, 6309, 27, 960, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (d — c*dz?) (a + barccosh(cz))? dz
| 6312

bcd/ac\/ cx — 1v/cx + 1(a + barccosh(cz))?dx + gd/(a + barccosh(cz))3dz +
%dx(l — *z?) (a + barccosh(cz))?

l 6294
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2
;d(.r(a + barccosh(cz))® — 3bc/ x(f/:%i(/)%) dm) + bcd/w\/cz —1ver + 1(a+

barccosh(cz))?dz + %dm(l — c*z?) (a + barccosh(cz))?

l 6330

2d<x(a + barccosh(cz))® — 3bc<\/cx —1yex + 1(a + barccosh(cz))? 2 J(a+ barccosh(cac))dac) > +

3 c? c
bcd<(cac —1)3/2(cx + 1)%/?(a + barccosh(cz))? ~ 2b [ —((1 = ez)(cz + 1)(a + barccosh(cz)))dz >+
3c? 3c

%dm(l — c*z?) (a + barccosh(cz))?

| 25

Vez —1v/cx +1(a + barccosh(cz))®  2b [(a+ barccosh(cx))dac) ) N

2
§d <x(a + barccosh(cz))® — 3bc<

c? c
2b [(1 — cz)(cx + 1)(a + barccosh(cz))dzr  (cx — 1)%/?(cx + 1)%/?(a + barccosh(cz))?
+ +
3c 3c?
1
gdx(l — c*z?) (a + barccosh(cz))?
| 2009
be x)(cz + 1)(a + barccosh(cz))dr  (cx — 1)%/?(cx + 1)3/2(a + barccosh(cz))?
+ +
3c 3c?
%dw(l — c*z?) (a + barccosh(cz))? +
bycx—1+/cx
2 3 vz — 1+/ex + 1(a + barccosh(cz))? 20 (ax + brarccosh(cz) — PYEE= e,
§d z(a + barccosh(cz))® — 3bc 2 - .
| 6304

2b [ (1 — 22?) (a + barccosh(cz))dz  (cx — 1)3/%(cx 4 1)%/%(a + barccosh(cz))?
bed 3 + 3c2 +

%dw(l — c*z?) (a + barccosh(cz))® +

by/cx—1+/cx+
— 14/ 2 2b(ax + brarccosh(cr) — 2VE= VLT
gd (ac(a + barccosh(cz))® — 3bc ( cr cz + 1(a + barccosh(cz))” ( c

c2 c

l 6309
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bed ( be [ 3\/cTC\/(de — 1c?z%(a + barccosh(cz)) + z(a + barccosh(cw))) (cz — 1)%/(cx + 1)3/2(a 4
¢ 3c + 3c?
1
gdac(l — *z?) (a + barccosh(cz))? +

— 2 2b(az + bxarccosh(cz) — @
gd (m(a + barccosh(cz))3 — 3bc ( ce — 1yew + 1(a + barccosh(cw)) - (

c2 c
l 27

_1.2,3
de( ( ibe [ \/ch/de 3¢?z3(a + barccosh(cz)) + z(a + barccosh(ca:))) N (cz — 1)32(cz + 1)3/2(a -

3c 3c?
%dm(l — c*z?) (a + barccosh(cz))? +

— 2 2b(az + brarccosh(cz) — @
gd (m(a + barccosh(cz))* — 3bc ( ez~ 1y + 1{a + barccosh(cr)) - (

c? c
| 960
. (2b< ( J N Y \/c:r——\/—) — 1c?z3(a + barccosh(cz)) + z(a + barccosh(ca:))) _
3c

%dm(l — *z?) (a + barccosh(cz))? +
2 vz — 1v/ez + 1(a + barccosh(cz))? 20 (aw + barccosh(cg) — MYt
gd x(a + barccosh(cz))® — 3bc 2 — -
83

1
gdw(l — c*z?) (a + barccosh(cz))® +

(2b<§02x3(a + barccosh(cx)) + z(a + barccosh(cz)) — bc(7V & 30; cotl — L?ex —T\/ex + 1>> (cz
bcd

3c T

Jer — 14/ 2 2b(ax + bxarccosh(cz) — byez—lyecxt
gd (ac(a + barccosh(cz))® — 3bc ( cx — 1y/cx + 1(a + barccosh(cz))® ( c

c2 c

LInt[(d - ¢ 2%d*x~2)*(a + bxArcCosh[c*x])"3,x]

|
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(d*x*(1 - c~2*x"2)*(a + bxArcCosh[c*x])~3)/3 + b*c*xd*(((-1 + c*x)~(3/2)*(1
+ c*x)~(3/2)*(a + bxArcCosh[c*x])~2)/(3*%c”2) + (2%b*(-1/3%(b*c*((7*Sqrt[-
1 + cxx]*Sqrt[1 + c*x])/(3*c”2) - (x"2%Sqrt[-1 + c*x]*Sqrt[1 + c*x])/3)) +
x*(a + b*ArcCosh[c*x]) - (c™2*x~3*(a + b*ArcCosh[c*x]))/3))/(3%c)) + (2*d
*(x*(a + bxArcCosh[c*x])~3 - 3*b*xc*x((Sqrt[-1 + c*x]*Sqrt[l + cxx]*(a + bxA
rcCosh[c*x])~2)/c”2 - (2xb*(a*x - (b*Sqrt[-1 + c*x]*Sqrt[l + c*x])/c + b*x
*ArcCosh[c*x]))/c)))/3

output

Defintions of rubi rules used

ruk325LInt[-(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Intl(@)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

e g3 TRELCG_) + (b_*GU*((el) + (d_)* ) ~@_)*((e_.) + (£_)*(x_)"(p
_), %1 > Simplbx(c + d#x)"(n + 1)*((e + £4x)~(p + 1)/(d*Ex(n + p + 2))),
x] /; FreeQ[{a, b, ¢, d, e, £, n, p}, x] && NeQ[n + p + 2, 0] && EqQ[axd*f
*(n + p + 2) - bk(dkex(n + 1) + cxfx(p + 1)), 0]

rule 960 Int[(Ce_.)*(x_))"(m_.)*((a1_ ) + (bi_.)*(x_)"(non2_.))"(p_.)*((a2_) + (b2_.)

*(x_)"(non2_.))"(p_.)*((c_) + (d_.)*(x_)"(n_)), x_Symbol] :> Simp[d*(e*x)~(

m + 1)*(al + bl*x"(n/2)) " (p + ) *((a2 + b2*x~(n/2))~(p + 1)/(bl*b2*e*(m + n

*(p + 1) + 1))), x] - Simp[(al*a2*d*(m + 1) - bl*b2*c*(m + nx(p + 1) + 1))/

(b1#b2*(m + n*(p + 1) + 1)) Int[(e*x) m*x(al + bl*x~(n/2)) p*(a2 + b2*x~ (n

/2))°p, x], x] /; FreeQ[{al, b1, a2, b2, c, d, e, m, n, p}, x] && EqQ[non2,
n/2] && EqQ[a2#bl + al*b2, 0] && NeQ[m + n*(p + 1) + 1, 0]

ruka2009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

ru166294‘Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
‘rcCosh[c*x])“n, x] - Simp[b*c*n  Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
L[i + cxx]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]
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rule 6304 Int[((a_.) + ArcCoshl[(c_.)*(x_)1*(b_.))"(n_.)*((d1_) + (el_.)*(x_))"(p_.)*(
(a2_) + (e2_.)*(x_))"(p_.), x_Symbol] :> Int[(d1*d2 + el*e2*x"2) p*(a + bxA
rcCosh[c*x])"n, x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] && EqQ[d2*el +
di*e2, 0] && IntegerQ[p]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_)"2)"(p_.), x_Symb
0l] :> With[{u = IntHide[(d + exx"2)"p, x]}, Simp[(a + b*ArcCosh[c*x]) u,
x] - Simp[b*c  Int[SimplifyIntegrand[u/(Sqrt[1 + c*x]*Sqrt[-1 + c*x]), x]
, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2*d + e, 0] && IGtQ[p, O]

rule 6309

N\

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d.) + (e_)*x(x_)"2)"(p_.),
x_Symbol] :> Simp[x*(d + e*x”2) p*((a + b*ArcCosh[c*x]) n/(2%p + 1)), x] +
(Simp[2*d*(p/(2*%p + 1)) Int[(d + e*x"2)"(p - 1)*(a + b*ArcCosh[c*x])"n, x
1, x] - Simp[b*c*(n/(2*p + 1))*Simp[(d + e*x"2)"p/((1 + c*x) p*(-1 + c*x)7p
)] Imt[xx(1 + c*x)"(p - 1/2)*(-1 + c*x)"(p - 1/2)*(a + b*ArcCosh[c*x])~(n
- 1), x1, x1) /; FreeQ[{a, b, c, d, e}, x] & EqQ[c"2*d + e, 0] && GtQ[n,
0] && GtQ[p, 0]

rule 6312

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.)) " (n_.)*(x_)*((d1_) + (el_.)*(x_))"(p
_)*x((d2)) + (e2_.)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2xx) " (p + 1)*((a + b*ArcCosh[c*x]) "n/(2*el*e2*x(p + 1))), x] - Simp[bx(n/(2
xc*x(p + 1)))*Simp[(d1l + elxx)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
Pl Int[(1 + c*xx)"(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + bxArcCosh[c*x])~(n -

1), x], x] /; FreeQ[{a, b, c, d1, el, 42, e2, p}, x] && EqQlel, cxdl] && E
qQle2, (-c)=*d2] && GtQ[n, 0] && NeQ[p, -1]

rule 6330
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 313, normalized size of antiderivative = 1.47

method result
—da® (%c3x3 —cz)—dbd <— 2 arccosl;(cz)scm + arCCOSh(m)3c§(cm_1)(Cm+1) +2arccosh(cz)?+/cz—1 +/ca+1— 20ez arccosh arCQCOSh
derivativedivides
—dad (%63133 —Cil:) —dbd <_ 2 arccosl;(cz)gcz +arccosh(cz)gcg(cmf1)(c:r+1) +2 arccosh(cm)z\/cﬁ oy 40cz ar(;cosh
default
3 3
dbd (_Zarccos}é(cz) cz+arccosh(cz) cg(cz—l)(caﬂ—l) +2 arccosh(cz)Q\/cﬁ cz—l—l—&
parts —da’ (3P’ —z) —
25ctz* —683c2x2—242) | —2c2dx(a+b arccosh(cz)
orerin 5z (13ctz*—194c?22—179) (—c?d 22+d) (a+b arccosh(cx))® _ ( ) ( (cz)
8 81(c2x2—1)° 81c2(c?z2—1)
input Lint ((-c~2*d*x~2+d) * (a+b*arccosh(c*x))~3,x,method=_RETURNVERBOSE) J

1/cx(—d*a~3%(1/3*c"3*x"3-c*x)-d*b~3*(-2/3*arccosh (c*x) ~3*c*x+1/3*arccosh(c
*x) “3*ckx* (c*xx—1) * (c*x+1)+2*arccosh(c*x) “2* (c*x-1) ~(1/2) * (c*x+1) ~(1/2)-40/
9*cxx*arccosh (cxx)+40/9* (c*x-1) " (1/2) * (c*x+1) ~(1/2)-1/3*arccosh(c*x) “2* (c*
x-1) " (3/2) *(c*x+1) ~(3/2) +2/9*arccosh (c*x) *c*x* (c*x—1) * (c*xx+1) -2/27* (c*x-1)
~(3/2)*(c*x+1) ~(3/2) ) -3*d*axb~2* (-2/3*arccosh (c*x) ~2*c*x+1/3*arccosh(c*x)~
2xckx*k (c*xx-1) * (c*x+1)+4/3*arccosh(cxx) * (cxx-1) " (1/2) * (cxx+1) ~(1/2)-40/27*c
*x-2/9*arccosh(c*x) * (ckx-1) ~(3/2) * (c*x+1) ~(3/2) +2/27*c*xx* (c*xx—-1) * (c*x+1) ) -
3xd*a~2*b* (1/3*c~3*x"3*arccosh(c*x)-c*x*arccosh(c*x)-1/9* (c*xx-1)~(1/2)*(c*
x+1)7(1/2)*(c"2%x~2-7)))

output

Fricas [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 296, normalized size of antiderivative = 1.39

/ (d — c*dz?) (a + barccosh(cz))® dz =

3(3a®+ 2ab?*)cPdz® — 9 (3a® + 14 ab?)cdz + 9 (b¥cPdz® — 3b3cdz) log (cx + v/ c?x? — 1)3 + 9 (3ab%c

tnput Lintegrate ((-c™2%d*x~2+d) * (a+b*arccosh(c*x))~3,x, algorithm="fricas") J
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-1/27*(3%(3%a"3 + 2*a*b”2)*c"3xd*x"3 - 9*(3%a"3 + 14*xaxb~2)*c*kd*x + 9*(b~3
*C"3*d*x"3 - 3*%b~3xc*d*x)*log(cxx + sqrt(c™2*x”2 - 1))73 + 9x(3*kaxb~2%c" 3%
d*x”3 - 9xa*b~2*cxd*x - (b7~3*c”2xd*x"2 - T*b~3*d)*sqrt(c”2*x"2 - 1))*log(c
*x + sqrt(c™2*x"2 - 1))72 + 3% ((9%a"2%b + 2%b73)*c”"3*d*x"3 - 3*(9*a"2%b +
14*%b~3) *c*d*x - 6% (axb~2*xc”2xd*x"2 - T*axb~2xd)*sqrt(c”2*x"2 - 1))*log(c*x
+ sqrt(c™2*x"2 - 1)) - ((9*%a”~2%b + 2*b~3) *c"2*d*x"2 - (63*a"2*b + 122*b~3
)*d) *sqrt (c™2*x"2 - 1))/c

output

Sympy [F]

/ (d — *dz?) (a + barccosh(cz))® dr = —d (/ (—d®) dz + / (—b® acosh® (cz)) dz
+ / (—3ab® acosh? (cz)) dz
+ / (—3a*bacosh (cz)) dz + /a302w2 dz
+ / b3c*z? acosh® (cx) dx
+ / 3ab’c*z? acosh?® (cz) dz

+ / 3a’bc’z? acosh (cx) da:)

input‘integrate((—C**2*d*x**2+d)*(a+b*acosh(c*x))**3,x)

-d*(Integral (-a**3, x) + Integral(-b**3%acosh(c*x)**3, x) + Integral(-3*ax
bx*2*acosh(c*x)**2, x) + Integral(-3*a**2*b*acosh(c*x), x) + Integral(a**3
xck*2xx*x2, x) + Integral (b**3*ck*2*x**2*acosh(c*x)**3, x) + Integral(3*ax
b**2xc*kx2*x**x2%acosh(c*x) **2, x) + Integral (3xa**2¥bkck*2xx**2xacosh(c*x),

x))

output
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 437 vs. 2(182) = 364.

Time = 0.05 (sec) , antiderivative size = 437, normalized size of antiderivative = 2.05

/ (d — ¢*dz?) (a + barccosh(cz))® dz

1 1
=—3 b3c?da® arcosh (cz)® — ab®c?da® arcosh (cz)? — 3 al?dz® 4 b*dx arcosh (cz)®

1 Vr? — 112 2422 — 1
-3 (3 x3 arcosh (cx) — c( c :1:02 4 c; )>a2bczd

2 Ve2r2 — 132 2vc2x2 — 1 2.3
+2(3c Y22 T aves arcosh (cz) — ca + 6z ab*c*d

9 c? ct c?

1 Vo2 — 12 2+/c2x? — 1 2 V2?2 — 1g? + VeSSl 323 4 6y
+--|9c + arcosh (cz)” + 2¢ < —

o7 2 o 2 c
+ 3 ab*dz arcosh (cz)?
4 V2% —1arcosh (cz)? _ 2 (czarcosh (cz) — Vc2a? — 1) B

c c

+ 6abid (m _ Vera? - I:rcosh (cx)) s+ 3 (cz arcosh (cz) ; Vc2z? — 1)a?bd

input‘integrate((-c"2*d*x"2+d)*(a+b*arccosh(c*x))"3,x, algorithm="maxima") ‘

-1/3%b~3*c~2*d*x"3*arccosh(c*x) "3 - axb~2*c~2xd*x~3*arccosh(c*x)~2 - 1/3%a
“3%c”2*d*x~3 + b~ 3*d*x*arccosh(c*x) 3 - 1/3%(3*x"3*arccosh(c*x) - c*x(sqrt(
CT2*x"2 - 1)*x72/c”2 + 2*sqrt(c”2*x”2 - 1)/c”4))*a"2xb*xc"2*d + 2/9%(3*c*(s
qrt(c™2*x"2 - 1)*x72/c”2 + 2*xsqrt(c”2*x"2 - 1)/c"4)*arccosh(c*x) - (c™2*x”
3 + 6%x)/c”2)*a*b"2xc”2+d + 1/27*(9*kcx(sqrt(c™2*x™2 - 1)*x"2/c”2 + 2xsqrt(
c”2*x"2 - 1)/c”4)*arccosh(cxx) "2 + 2*c*x((sqrt(c™2*x™2 - 1)*x~2 + 20*sqrt(c
“2%x72 - 1)/c”2)/c”2 - 3%(c"2*%x"3 + 6%x)*arccosh(c*x)/c”3))*b"3*c”2xd + 3%
a*b~2xd*x*arccosh(c*x) "2 - 3*(sqrt(c™2*x"2 - 1)*arccosh(c*x)"2/c - 2*(ckx*
arccosh(c*x) - sqrt(c™2#x"2 - 1))/c)*b"3*d + 6*a*b~2xd*(x - sqrt(c™2*x"2 -

1)*arccosh(c*x)/c) + a~3*d*x + 3x(c*x*arccosh(c*x) - sqrt(c™2*x"2 - 1))#*a
~2xbxd/c

output
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Giac [F(-2)]

Exception generated.

/ (d — c®dz?) (a + barccosh(cz))® dz = Exception raised: TypeError

inputtintegrate((-c"2*d*x"2+d)*(a+b*arccosh(c*x))"3,x, algorithm="giac") J

p
‘Exception raised: TypeError >> an error occurred running a Giac command:IN
‘PUT:sage2:=int(sage0,sageVARx) : ; OUTPUT : sym2poly/r2sym(const gen & e,const
‘index_m & i,const vecteur & 1) Error: Bad Argument Value

output

\‘

Mupad [F(-1)]

Timed out.

/ (d — c®dz?) (a + barccosh(cz))® dz = / (a + bacosh(cz))? (d—c*da?) dz

input Lint((a + b*acosh(c*x))~3*%(d - c~2*%d*x~2),x) J

output Lint((a + b*xacosh(c*x))~"3*(d - c~2*%d*x"2), x) J

Reduce [F]

/ (d — c*dz?) (a + barccosh(cz))® dx
d(—3acosh(cz) a?b z? + 9acosh(cz) a*bex + v2x? — 1a®bPa? + 2v/2x? — 1a®b — 9/ex + 1v/cx —

-

input Lint((—c 2*%d*xx~2+d) * (a+b*acosh(c*x))~3,x)

-/
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(d*( - 3*acosh(c*x)*a**x2kb*xc**3*x**3 + 9xacosh(c*x)*a**2xb*c*x + sqrt(c**2
*XkK2 = 1) *ka*kk2kbkck*k2kxk*2 + 2xsqrt (ck*2xx**2 — 1)*a*x2%b - 9xsqrt(c*x +
1)*sqrt(c*x - 1)*a**2xb + 3*int(acosh(c*x)**3,x)*b**3*%c + 9*int(acosh(c*x)
**2,x) *axb**2*%c — 3xint (acosh(c*x)**3*kx**2,x)*b**3kcx*3 - 9*kint (acosh(c*x)

*kkxkk2 , X) ka*xbkk2kckk3 — akk3kckk3kxk*k3 + 3kak*x3*ckxx))/(3*c)

output
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(a+barccosh(cz))?
3.16 | 23 dzx
—cadz

Optimal result . . . . . . . . . . . . . . e 238
Mathematica [A] (verified) . . . . . . . . . ... 239
Rubi [C] (verified) . . . .. . . . . .. 2391
Maple [C] (verified) . . . . . . . . . ... 2421
Fricas [F] . . . . . . .
Sympy [F] . . o o
Maxima [F] . . . . . . 247
Giac [F] . . . o e 2441
Mupad [F(-1)] . . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 24, antiderivative size = 178

(a + barccosh(cz))? 2(a + barccosh(cz))3arctanh (earecosh(er) )
dr =
d — c?dz? cd
N 3b(a + barccosh(cz))? PolyLog (2, —e?recosh(ea))
cd
3b(a + barccosh(cz))? PolyLog (2, exeosh(c2))
cd
6b(a + barccosh(cz)) PolyLog (3, —earecosh(ea))
cd
N 6b?(a + barccosh(cz)) PolyLog (3, e2recosh(e))
cd
6b3 POlyLOg (4 arccosh(cac))
+
cd

6b3 PolyLog (4, earccosh(cx))
B cd




output

input

output
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2% (at+b*arccosh(c#*x)) "3*arctanh (c*x+(c*x-1) " (1/2) * (c*x+1) ~(1/2) ) /c/d+3*b* (a
+bk*arccosh(c*x)) ~2*polylog(2,-c*x—(c*x-1) " (1/2) *(c*x+1) ~(1/2) ) /c/d-3*b* (a+
b*arccosh(c*x)) “2*polylog(2, cxx+(c*x-1) ~(1/2) *(c*x+1)~(1/2))/c/d-6*b~ 2% (a+
b*arccosh(c*x))*polylog(3,-c*x-(c*xx-1)~(1/2)*(c*x+1)~(1/2)) /c/d+6%b~2* (a+b
*arccosh(c*x) ) *polylog(3, cxx+(c*xx-1)~(1/2)*(c*x+1)~(1/2)) /c/d+6%b~3*polylo
g(4,-cxx-(c*x-1)7(1/2) *(c*x+1)~(1/2) ) /c/d-6*b~3*polylog (4, ckx+(ckx-1) ~(1/2
)*(cxx+1)~(1/2))/c/d

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.94

(a + barccosh(cz))3
d — c?dz?

dz

—(a + barccosh(cz))? log (1 — e*ecosh(e®)) 1 (g + barccosh(cz))? log (1 + eecosh(<®)) + 3b(a + barccosh(

s

LIntegrate[(a + b*ArcCosh[c*x])~3/(d - c”2*d*x~2),x]

~—

(-((a + b*ArcCosh[c*x]) "3*Log[1l - E~ArcCosh[c*x]]) + (a + b*ArcCosh[c*x])~
3*Log[1 + E"ArcCosh[c*x]] + 3*b*(a + b*ArcCosh[c*x]) "2*PolyLog[2, -E~ArcCo
shlcxx]] - 3*bx(a + bxArcCosh[c*x]) “2xPolyLog[2, E~ArcCosh[c*x]] - 6%b~2%(
a + bxArcCosh[c*x])*PolyLog[3, -E~ArcCosh[c*x]] + 6*b~2*(a + b*ArcCosh[c*x
1)*PolyLog[3, E~ArcCosh[c*x]] + 6*b~3*PolyLog[4, -E"ArcCosh[c*x]] - 6*b~3*
PolyLog[4, E~ArcCosh[c*x]])/(c*d)

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.99 (sec) , antiderivative size = 154, normalized size of antiderivative = 0.87,

number of steps used = 9, number of rules used = 8§,
used = {6318, 3042, 26, 4670, 3011, 7163, 2720, 7143}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules _ 0.333, Rules
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i(3ib [ (a + barccosh(cz))?log (1 — eareeosh(e?)) darccosh(cz)

/ (a + barccosh(cz))? i

d — c2dx?
| 6318
(a+barccosh(cz))? d h
) 1l N=me arccosh(cr)
cd
| 3042

[ i(a + barccosh(cz))? csc(iarccosh(cz))darccosh(cz)

C
l 2

K [(a + barccosh(cz))3 csc(iarccosh(cz))darccosh(cz)

cd
J'4670

—3ib [(a+ barccosh(cz))? log (1 + eafccosh(w)) d

i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e?*esh(¢2)) darccosh(cz) — PolyLog (2, —e2™cosh(¢?)) (g

cd
l 3011

+ barcco

l 7163

i(—3ib(2b(PolyLog (3, —e>°cosh(¢?)) (g + barccosh(cz)) — b [ PolyLog (3, —e**°*>sh(¢2)) darccosh(cz)) — Polyl

( 3Zb(2b (PolyLog (3 arccosh(cft)) (a + barccosh(cz)) — b f ¢ —arccosh(cz) PolyLog (3 a,rccosh(cm)) d

l 2720

earccosh(cn

l 7143

i(24arctanh (e27°°h(¢2)) (q + barccosh(cz))® — 3ib(2b(PolyLog (3, —e?*°°*sh(¢2)) (q + barccosh(cz)) — bPolyL

input

LInt[(a + bxArcCosh[c*x])~3/(d - c~2%d*x~2),x]
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((-I)*((2*I)*(a + b*ArcCosh[c*x]) “3*ArcTanh[E~ArcCosh[c*x]] - (3*I)*bx*(-((
a + b¥ArcCosh[c#*x]) ~2%PolyLog[2, -E"ArcCosh[c*x]]) + 2%b*((a + b*ArcCosh[c
*x] ) *PolyLog[3, -E"ArcCosh[c*x]] - b*PolyLog[4, -E"ArcCosh[c*x]])) + (3+*I)
*b*(-((a + b*ArcCosh[c*x]) “2*PolyLog[2, E"ArcCosh[c*x]]) + 2*b*x((a + bx*Arc
Cosh[c*x])*PolyLog[3, E~ArcCosh[c*x]] - b*PolyLog[4, E~ArcCosh[c*x]1]1))))/(
cxd)

output

Defintions of rubi rules used

26‘Int[(Complex[O, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I

rule
Lnt[Fx, x], x] /; FreeQl[a, x] &% EqQ[a~2, 1] J

Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

N J

rule 2720

Int[Logll + (e_.)*((F_)~((c_.)*((a_.) + (b_.)*(x))))"(a_)I*((£f_.) + (g_.)
*(x_))"(m_.), x_Symbol] :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x)))“nl/(b*c*n*Log[F])), x] + Simp[g*(m/(b*ckn*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x]1, x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3011

rule 3042 Intlu_, x_Symboll :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfzxx)]/(fxfzxI)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e

+ fxfz*x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

rule 4670
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Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[-(c*d)~(-1) Subst [Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"™2*d + e, 0] && IGtQ[n, O]

rule 6318

Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/(C(d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}: X] && EqQ[b*d, a*e]

rule 7143

Int[((e_.) + (£_.)*(x_)) " (m_.)*PolyLogln_, (d_.)*((F_)~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(c*(a
+ bxx)))"pl/(b*c*p*Log[F])), x] - Simp[f*(m/(b*c*p*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(c*(a + b*x)))7pl, x], x] /; FreeQ[{F, a, b, c
, d, e, £, n, p}, x] && GtQ[m, O]

rule 7163

Maple [C] (verified)
Result contains complex when optimal does not.

Time = 0.25 (sec) , antiderivative size = 590, normalized size of antiderivative = 3.31

method result

a3 arctanh(cz) b3 (arccosh(cz)3 In(1—cz—+/cz—1+/cz+1)+3 am:cosh(cz)2 polylog(2,cz++/cz—1 v/cz+1)—6 arccosh(cz) polylog(:

derivativedivides

a3 arctanh(cz) b3 (arccosh(cz)'?’ In(1—cz—+/cx—1+/ca+1)+3 arccosh(cm)2 polylog(2,cz++/cz—1 v/cz+1)—6 arccosh(cz) polylog(:
d

default

pa,rts a3 In(cz+1) _ a3 In(cz—1) _ b3 (arccosh(ca:)?’ In(1—cz—+/cx—1+/cz+1)+3 arccosh (cz)? polylog(2,cz++/cz—1 v
2dc 2dc

input Lint ((a+bxarccosh(c*x)) 3/ (-c"2xd*x~2+d) ,x,method=_RETURNVERBOSE) J
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1/c*x(a~3/d*arctanh(c*x)-b~3/d* (arccosh(c*x) “3*1n(1-c*x-(c*x-1) " (1/2) * (c*x+
1)~ (1/2))+3*arccosh(c*x) "2xpolylog(2, c*xx+(c*x-1) " (1/2) * (cxx+1) ~(1/2) ) -6*ar
ccosh(c*x) *polylog(3, cxx+(c*x-1) ~(1/2) *(c*x+1) ~(1/2) )+6*polylog (4, ckx+(c*x
-1)~(1/2)*(c*x+1) " (1/2) ) —arccosh(c*x) “3*1n(1+c*kx+(c*x-1) ~(1/2) * (c*x+1) ~(1/
2))-3*arccosh(c*x) ~2*polylog(2,-c*x-(c*x-1)~(1/2) *(c*x+1) ~(1/2) ) +6*arccosh
(c*x) *polylog(3,-c*x-(c*x-1) " (1/2) *(c*x+1)~(1/2))-6*polylog(4,-c*x—(c*x-1)
~(1/2) *(c*x+1)~(1/2) ) ) -3*a*b~2/d* (arccosh(c*x) "2*1n(1-c*xx-(c*xx-1) ~(1/2)*(c
*x+1)~(1/2))+2*arccosh(c*x) *polylog(2, cxx+(cxx-1)~(1/2)* (c*x+1)~(1/2))-2*p
olylog(3,cxx+(c*x-1)~(1/2)*(c*x+1)~(1/2))-arccosh(c*x) “2*1n(1+c*x+(c*x-1)"
(1/2) *(c*x+1) ~(1/2) ) -2*arccosh (c*x) *polylog (2, -c*x-(c*x-1) ~(1/2) * (c*xx+1) ~(
1/2))+2*polylog(3,-c*x-(c*x-1)~(1/2) *(c*x+1)~(1/2)))-3*a"~2*b/d*(-arctanh(c
*x) *arccosh (cxx) -2xI* (arctanh (c*x) *1n (1+I* (c*x+1) /(-c"2*x~2+1)~(1/2))-arct
anh (c*x) *1n(1-I*(c*x+1) /(-c™2*%x"2+1) " (1/2) ) +dilog(1+I* (c*x+1) /(-c™2*x~2+1)
~(1/2))-dilog(1-I*(cxx+1)/(-c2*x"2+1) ~(1/2) ) ) *(—c™2*x~2+1) " (1/2) * (1/2*c*x
+1/2)~(1/2)*(1/2*c*x-1/2)~(1/2) / (c™2*x"2-1)))

output

Fricas [F]

/ (a + barccosh(cz))? dp — /_(b arcosh (cz) + a)® s
d — c*da? B c2dx? —d

p
inputLintegrate((a+b*arccosh(c*x))‘3/(—c‘2*d*x*2+d),x, algorithm="fricas")

-/

‘integral(—(b‘3*arccosh(c*x)‘3 + 3xa*b~2*arccosh(c*x) "2 + 3%a~2*b*arccosh(c

output
*x) + a~3)/(c™2xd*x"2 - d), x)

N\

Sympy [F]
/ (a + barccosh(cz))? .
d — c2dz?
3acos 3 CcT a 2acos 2 CcT a2 acos CT
f cza?;—l dz + f ’ 02m2h—§ ) dz + f o c2z2E1( : dz + f : I;2z2—hl( ) dz

d

input integrate ((a+b*acosh(c*x))**3/ (—ck*2*d*x**2+d) ,x)
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Output‘-(Integral(a**3/(c**2*x**2 - 1), x) + Integral(b**3*acosh(c*x)**3/(cx*2*x*
‘*2 - 1), x) + Integral(3*axb*x2*acosh(c*x)**2/(cx*2*x**2 - 1), x) + Integr
‘al(3*a**2*b*acosh(c*x)/(c**2*x**2 - 1), x))/d

Maxima [F]

dz

/ (a + barccosh(cz))? dp — / _ (barcosh (cz) + a)®

d — c2dz? c2dz? —d

inputLintegrate((a+b*arccosh(c*x))‘3/(—CA2*d*x‘2+d),x, algorithm="maxima")

1/2%a~3*(log(cxx + 1)/(cxd) - log(c*x - 1)/(cxd)) + 1/2%(b~3*log(c*x + 1)
- b™3*log(c*x - 1))*log(c*x + sqrt(cxx + 1)*sqrt(cxx - 1))73/(cxd) - integ
rate(3/2* ((2xaxb~2*c*kx + (b~ 3*c*x*log(c*x + 1) - b~ 3*ckx*xlog(c*x - 1) + 2%
axb~2)*sqrt(c*x + 1)*sqrt(cxx - 1) + (b™3*c™2*x"2 - b~3)*1log(c*x + 1) - (b
“3%c”2*%x"2 - b~3)*log(c*xx - 1))*log(c*x + sqrt(c*x + 1)*sqrt(cxx - 1))72 +
2% (a"2*bxc*x + sqrt(cxx + 1)*sqrt(c*kx - 1)*a~2%b)*log(c*x + sqrt(c*x + 1)
xsqrt(c*xx - 1)))/(c™3*%d*x™3 - c*kd*x + (c™2*d*x"2 - d)*sqrt(c*x + 1)*sqrt(c
*x - 1)), x)

output

Giac [F]

/ (a + barccosh(cz))? dp — /_(b arcosh (cz) + a)® s
d — c*dz? B c2dx? —d

inputLintegrate((a+b*arccosh(c*x))“3/(-c‘2*d*x“2+d),x, algorithm="giac")

outputLintegrate(-(b*arccosh(c*x) + a)"3/(c™2*%d*x"2 - d), x)
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Mupad [F(-1)]

Timed out.
3 3
/ (a + barccosh(cz)) do — / (a + bacosh(cz)) .
d — cdx? d— c2dxz?
input Lint((a + b*acosh(c*x))~3/(d - c~2%d*x~2),x) J

-

Lint((a + b*acosh(c*x))~3/(d - c~2%d*x~2), x)

N

output
Reduce [F]
(a + barccosh(cr))? i
d — c?dx?
—6 < [ ooh(cr) dx) a?bc — 2 ( i —ai(;ihz(ixl)sdx> bic — 6( i —ai';?g(iﬁf dx) ab’c —log(c’z — c) a® + log(c’z + ¢
2cd
input Lint ((atb*acosh(c*x)) "3/ (-c™2*d*x"2+d) ,x) J

‘( - 6*xint (acosh(c*x) / (cx*2*x**x2 — 1),x)*a*x*x2kb*c — 2*int(acosh(c*x)**3/(c* ‘
¥2kx**2 - 1),X)¥bx*3%c - 6*int (acosh(ckx)*x2/ (Ckr2xx**2 - 1),X)*axbkx2xc -
| log(cwk2#x - c)*a**3 + log(ck*2+x + c)*ak*3)/(2%cd) |

output
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(a+barccosh(cz))?
3.17 | - dz
(d—c?dz?)

Optimalresult . . . . . .. . . . . ... . . 246
Mathematica [B] (verified) . . . . . . . .. . ... 247
Rubi [C] (verified) . . . . . . . . . ... 248
Maple [A] (verified) . . . . . . . . . . 2551
Fricas [F] . . . . . o 250
Sympy [F] . . . o 2571
Maxima [F] . . . . . . . 257
Giac [F] . . o o 258]
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o 258

Optimal result

Integrand size = 24, antiderivative size = 316

/ (a + barccosh(cz))? dr — — 3b(a + barccosh(cz))?  z(a + barccosh(cz))?
(d - cda?)” T 2/ 1ta/Iter 2@ (1 — 22?)
6b(a + barccosh(cz))arctanh (e2recoshies))
cd?
(a + barccosh(cz))arctanh (e>recosh(<e))
cd?
3b3 POlyLOg (2, _earccosh(cq;))
cd?
3b(a + barccosh(cz))? PolyLog (2, —e?recosh(er))
+
2cd?
T 3b3 POIyLog (27 6arccosh(cz))
cd?
3b(a + barccosh(cz))? PolyLog (2, e2recosh(en))
2cd?
3b%(a + barccosh(cz)) PolyLog (3, —earecosh(e))
cd?
3b?(a + barccosh(cz)) PolyLog (3, e2recosh(e))
+ 2
cd
33 PolyLog (4’ _ earccosh(cg;))
+
cd?

3b3 POlyLOg (4, earccosh(cx))
cd?
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-3/2*b* (at+b*arccosh(c*x))~2/c/d"2/ (c*x-1)~(1/2) / (c*x+1) ~(1/2) +1/2*x* (at+b*a
rccosh(c#*x))~3/d72/(-c~2%x"2+1) -6*b~2* (a+b*arccosh (c*x) ) *arctanh (cxx+ (c*x-
1)~ (1/2)*(c*x+1)~(1/2)) /c/d"2+(atb*arccosh(c*x) ) “3*arctanh (c*x+(c*xx-1)~(1/
2)*(c*x+1)~(1/2))/c/d"2-3*b"3*polylog(2,-c*x-(cxx-1) " (1/2) *(cxx+1)~(1/2))/
c/d~2+3/2%b* (atb*arccosh(c*x)) “2*polylog(2,-c*x- (c*x-1) " (1/2) * (c*x+1) ~(1/2
))/c/d"2+3*b"3*polylog (2, c*x+(c*x-1) ~(1/2) * (cxx+1)~(1/2)) /c/d"2-3/2*b* (a+b
*xarccosh(c*x)) “2xpolylog(2, cxx+(c*x-1)~(1/2) *(c*x+1)~(1/2))/c/d"2-3*b"2*(a
+bxarccosh(c*x))*polylog(3,-c*x—(c*xx-1)~(1/2)*(cxx+1)~(1/2))/c/d~2+3*b~2x(
at+b*arccosh(c*x))*polylog(3, cxx+(c*x-1)~(1/2) * (c*x+1)~(1/2))/c/d"~2+3*b"3*p
olylog(4,-c*x-(cxx-1)"(1/2)*(c*x+1)~(1/2))/c/d"2-3*¥b"3*polylog(4, cxx+(c*x-
1)7(1/2)*(c*xx+1)~(1/2)) /c/d~2

output

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 708 vs. 2(316) = 632.

Time = 7.52 (sec) , antiderivative size = 708, normalized size of antiderivative = 2.24

3
/ (a + barccosh(cz)) dx = Too large to display

(d — c2dz?)*

e

inputtlntegrate[(a + bxArcCosh[c*x])"3/(d - c™2*d*x~2)"2,x]

~—
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-1/2%(a"3*x) /(d"2*(-1 + c"2%x"2)) - (a"3xLog[1l - c*x])/(4*cxd"2) + (a~3*Lo
gll + c*x])/(4xc*d"2) + (3*a~2xbx((-(Sqrt[1 + c*x]/Sqrt[-1 + c*x]) - ArcCo
shlc*x]/(-1 + c*x))/4 + (Sqrt[-1 + c*x]/Sqrt[1 + c*x] - ArcCosh[c*x]/(1 +

c*x))/4 + (-1/2%ArcCosh[c*x]~2 + 2*ArcCosh[c*x]*Log[l + E~ArcCosh[c*x]] +

2¥PolyLog[2, -E"ArcCosh[c*x]])/4 + (ArcCosh[c*x]~2/2 - 2*ArcCosh[c*x]*Logl
1 - E"ArcCosh[c*x]] - 2*PolyLog[2, E~ArcCosh[c*x]]1)/4))/(c*d~2) + (3*a*xb~2
* (-4xArcCosh [c*x] *Coth [ArcCosh[c*x] /2] - ArcCosh[c*x]~2*Csch[ArcCosh[c*x]/
2172 - 4xArcCosh[c*x]"2+Log[1 - E~(-ArcCosh[c*x])] + 4*ArcCosh[c*x]~2*Logl[
1 + E~(-ArcCosh[c*x])] + 8*Log[Tanh[ArcCosh[c*x]/2]] - 8*ArcCosh[c*x]*Poly
Log[2, -E~(-ArcCosh[c*x])] + 8+%ArcCosh[c*x]*PolyLog[2, E~(-ArcCosh[c*x])]

- 8xPolyLog[3, -E~(-ArcCosh[c*x])] + 8*PolyLog[3, E~(-ArcCosh[c*x])] - Arc
Cosh[c*x] “2*Sech[ArcCosh[c*x] /2] "2 + 4*ArcCosh[c*x]*Tanh[ArcCosh[c*x]/2]))
/(8%c*d"2) + (b~3*(-Pi~4 + 2xArcCosh[c*x]~4 - 12%ArcCosh[c*x]~2*Coth[ArcCo
shc*x]/2] - 2*%ArcCosh[c*x] “3*Csch[ArcCosh[c*x]/2] "2 + 48*ArcCosh[c*x]*Log
[1 - E"(-ArcCosh[c*x])] - 48*ArcCosh[c*x]*Log[1 + E~(-ArcCosh[c*x])] + 8*A
rcCosh[c*x] “3*Log[1 + E~(-ArcCosh[c*x])] - 8*ArcCosh[c*x]~3*Log[1 - E~ArcC
osh[c*x]] - 24*(-2 + ArcCosh[c*x]~2)*PolyLog[2, -E~(-ArcCosh[c*x])] - 48P
olyLog[2, E~(-ArcCosh[c*x])] - 24*ArcCosh[c*x] ~2*PolyLog[2, E~ArcCosh[c*x]
1 - 48xArcCosh[c*x]*PolyLog[3, -E~(-ArcCosh[c*x])] + 48*ArcCosh[c*x]*PolyL
ogl[3, E"ArcCosh[c*x]] - 48*PolyLog[4, -E~(-ArcCosh[c*x])] - 48*PolyLogl...

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 3.10 (sec) , antiderivative size = 286, normalized size of antiderivative = 0.91,

number of steps used = 20, number of rules used = 19, number of rules _ 0.792, Rules
integrand size

used = {6316, 27, 6318, 3042, 26, 4670, 3011, 6330, 25, 6304, 6318, 3042, 26, 4670, 2715,
2838, 7163, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ (a + barccosh(cz))3
(d — dz?)?

l 6316

b h(cz))3 +barccosh(cz))?
J ot 3{10_?28952%“)) dzx n 3be 36(22—1)3/2(0354_(1(;3)2 dx z(a + barccosh(cz))3

2d 2d? 2d? (1 — c2z?)
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l27

. o)) z(a+barccosh(cz
O T L
22 22 2d? (1 - c*a?)
l_6318
(a+barccosh(cz))3
+barccosh 2 darccosh
3be [ x((c(; 1 3/2(cx+(10)§3)2 dz J V& (et “ NECh, barcoosh(ez))”
242 2cd? 2% (1 - c*a?)

l 3042

z(a+barccosh(cz
3be f (ca— 1)3/2(cx+(1)33)2 dzx f i(a + barccosh(cz))3 csc(iarccosh(cz))darccosh(cz) +

2d? 2cd?
z(a + barccosh(cz))?

2d? (1 — c2x?)

| 26
z(atbarccosh(cz
3be [ (co— 1)3/2(593-',-(1)3})2 dr 4 f (a + barccosh(cz))? csc(iarccosh(cz))darccosh(cz) +

2d? 2cd?
x(a + barccosh(cz))?

2d2 (1 — c2z?)
l 4670

_i(3ib J (a + barccosh(cz))* log (1 — e?reosh(ez)) darccosh(cz) — 3ib [(a + barccosh(cz))? log (1 + e2recoshiea)) g

2cd?
+barccosh(cz))?
3be [ x((c(; 1 3/2(cz+§_c)§})2 dr  z(g + barccosh(cz))3
2d? 2d2 (1 — c2x2?)
| 3011

i(—3ib(2b [(a + barccosh(cz)) PolyLog (2, —e?°°sh(¢2)) darccosh(cz) — PolyLog (2,— —earecosh(e)) (g 4 barcco

+barccosh 2
3be [ z((; 1 3/2(cx+(1§§3)2 dzx z(a + barccosh(cz))?

2d? 2d? (1 — c2x?)
l 6330
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i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, — Z’“ccosh(c’”)) darccosh(cz) — PolyLog (2, —

a,rccosh(c:c)) (a -+ barcco

3be 2 [ - —a+<b1ai(i?((c)f£l1()c 2 dz _ (atbarccosh(cz))?
c c2y/cx—1+/cx+1 3
n z(a + barccosh(cz))
2d? 2d? (1 — c%x?)

| 25

i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e2cosh(e2)) darccosh(cz) — PolyLog (2, —

a,rccosh(c:c)) (a -+ barcco

3b B %&?ﬁfﬂdm (a+barccosh(cz))?
¢ c c2v/cx—1+y/cx+1 3
4 z(a + barccosh(cz))
2d2 2d? (1 — c%x?)
| 6304

i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e2h(¢2)) darccosh(cz) — PolyLog (2, —

arccosh(CGC)) (a + barcco

3h 2 %zoféh(m)dw __ (a+barccosh(cz))?
¢ c c2v/cx—1+/cx+1 3
n z(a + barccosh(cz))
2d? 2d? (1 — c2z?)
l 6318

i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e**°°>h(¢2)) darccosh(cz) — PolyLog (2, —

arccosh(cm)) (a + barcco

2 [ —“*”arCCOSh(“)darccosh(cz)

3b \ 531 (ex D) _ (a+barccosh(cz))?
c c2 c2v/cx—1+/cx+1
4 z(a + barccosh(cz))3
2d? 2d? (1 — c2z?)
| 3042

( 3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e*°c*sh(<®)) darccosh(cz) — PolyLog (2, —

arccosh(cx)) (a + barcco

3pe(— (abarccosh(er))® | 2] i(a+barccosh(cx)) csc(iarccosh(cz))darccosh(cz)
C( c2v/cx—1+v/cx+1 c? )
2d?
z(a + barccosh(cz))?

2d? (1 — c2z?)

l 26

_+_
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i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, — Z’“ccosh(c’”)) darccosh(cz) — PolyLog (2, — ‘“CCOSh(“)) (a + barcco

3b (a+barccosh(cz))? 4 2ib [(a+barccosh(cz)) csc(iarccosh(cz))darccosh(cz)
C(— c2v/cx—1+/cx+1 c? >
2d2
x(a + barccosh(cz))3

2d? (1 — c2z2?)
l 4670

_|_

3b (a+barccosh(cz))? | 2 (“’ J log( ‘“CCOSh(“)) darccosh(cz)—ib [ log (1+eaTCC°Sh(Cz> ) darccosh(cm)+2zarctanh( arcco
- c2v/cx—1+/cz+1 2

2d?
i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e?*c°*s(¢2)) darccosh(cz) — PolyLog (2, —e*°*sh(¢?)) (g + barccost

x(a + barccosh(cz))?
2d2 (1 — c2z?)

l 2715

abel — (abarccosh(cz))? %b (’Lb I e—arccosh(cz) log( arccosh(cz)) dedrccosh(ez) _p i e—arccosh(cx) log(1+earccosh(cz)) dedrccost
c2v/cx—1+v/cx+1 c?

2d?
i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e®*°*sh(¢2)) darccosh(cz) — PolyLog (2, —e*°*sh(¢?)) (g + barccost

z(a + barccosh(cz))?
2d? (1 — c2x?)

l 2838

i(—3ib(2b [ (a + barccosh(cz)) PolyLog (2, —e?recsh(e2)) darccosh(cz) — PolyLog (2, —e2*°°sh(<2)) (g + barcco

b (a+barccosh(cz))? |, 2@ (Qzarctanh ( arccosh(cz) ) (a+barccosh(ez))+ib PolyLog ( earecosh(er) ) —ibPolyLog (2,earCC°Sh<°
3be c2v/cx—1+/cx+1 c2

2d?
z(a + barccosh(cz))?

2d? (1 — c2z?)
l 7163
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i(—3ib(2b(PolyLog (3, — arCCOSh(C”)) (a + barccosh(cz)) — b [ PolyLog (3, — arccmh(cw)) darccosh(cz)) — Poly]

c2v/cx—1+/cx+1 c?

2d?
z(a + barccosh(cz))?

2d2 (1 — c2z?)
l 2720

3 ( (a+barccosh(cz))? | 2ib (2iarctanh (eaTCCOSh(Cﬂ) (a+barccosh(cz))+ib PolyLog (2,—6"“‘3‘3051‘(“)) —ibPolyLog (2,earCCOSh<C
c —

i(—3ib(2b(PolyLog (3 arccosh(ca:)) (a + barccosh(ca:) b f e—arccosh(c:c) PolyLog (3 arccosh(cz)) de?recosh(cs

b (a-+barccosh(cz))? 2ib <2zarctanh ( a.I‘CCOSh(cw)) (a+barccosh(cx))+ib PolyLog (2 arccosh(cw)> —ibPolyLog (2 arccosh(e
3be| — c2v/cx—1+/cx+1 c?

2d?
z(a + barccosh(cz))?

2d? (1 — c2x?)
l 7143

c2v/cx—1+/cx+1 c?

2d?
i (24arctanh (e27°°sh(¢2)) (q + barccosh(cz))® — 3ib(2b(PolyLog (3, —e*°°>sh(¢2)) (g + barccosh(cz)) — bPolyLog

3b ( (at+barccosh(cz))? | 2ib (2iarctanh (eaTCCOSh(CI>> (a+barccosh(cz))+ib PolyLog (2,—ear°C°Sh(Cz>> —ibPolyLog (2,earC°°Sh<C
c —

z(a + barccosh(cz))?
2d? (1 — c2z?)

input‘ Int[(a + bxArcCoshlc*x])~3/(d - c~2*d*x"2)"2,x]

(x*(a + b*ArcCosh[c*x])~3)/(2*xd"2%(1 - c™2*x~2)) + (3*b*cx(-((a + b*ArcCos
hlc*x])~2/(c™2#Sqrt[-1 + c*x]*Sqrt[1 + c*x])) + ((2*I)*b*x((2*I)*(a + b*Arc
Cosh[c*x] ) *ArcTanh [E~ArcCosh[c*x]] + I*b*PolyLog[2, -E~ArcCosh[c*x]] - I*b
*PolyLog[2, E"ArcCosh[c*x]1]1))/c~2))/(2%d"2) - ((I/2)*((2*I)*(a + b*ArcCosh
[c*x]) ~3*ArcTanh [E"ArcCosh[c*x]] - (3*I)*b*(-((a + b*ArcCosh[c*x]) ~2*PolyL
ogl[2, -E"ArcCosh[c*x]]) + 2%b*((a + b*ArcCosh[c*x])*PolyLog[3, -E~ArcCoshl[
cxx]] - b*PolyLogl[4, -E"ArcCosh[c*x]])) + (3*I)*b*(-((a + b*ArcCosh[c*x])~
2xPolyLog[2, E"ArcCosh[c*x]]) + 2*b*((a + b*ArcCosh[c*x])*PolyLog[3, E Arc
Cosh[c*x]] - b*PolyLog[4, E~ArcCosh[c*x]]))))/(cxd~2)

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 26

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) % (x_) - (n_ . ) )] / (X_) s x_Symbol] > Slmp [_PolyLog [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3011 Int[Logll + (e_)*((F)"((c_)*((a_.) + (b_.)*(x_))))~(a_)I*((£_.) + (g_.)
*(x_)) " (m_.), x_Symbol] :> Simp[(-(f + g*X)Am)*(PolyLog[2, (~e)*(F~(c*(a +
b*x))) “nl/(b*c*n*Log[F]1)), x] + Simp[g*(m/(b*c*n*Log[F1)) Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))°nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, 0]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
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Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)I1*((c_.) + (A_.)*x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + f*xfz*x)]/(£xfz*I)), x]
+ (-Simp[d*(m/(£*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x], x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Logl[l + E~((-I)*e

+ fxfz+x)], x], x]) /; FreeQ[{c, 4, e, £, £z}, x] && IGtQ[m, O]

rule 4670

rule 6304 Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*((d1)) + (el_.)*(x_))"(p_.)*(
(d2_) + (e2_.)*(x_))"(p_.), x_Symbol] :> Int[(d1*d2 + el*e2*x~2) p*(a + b*A

rcCosh[c*x])"n, x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] && EqQ[d2*el +
dixe2, 0] && IntegerQ[p]

rule 6316 Int[((a_.) + ArcCosh[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)~(p_), x
_Symbol] :> Simp[(-x)*(d + e*x"2)"(p + 1)*((a + b*ArcCosh[c*x]) "n/(2xd*(p +
1))), x] + (Simp[(2*p + 3)/(2*d*(p + 1)) Int[(d + e*x"2)"(p + 1) *(a + b*
ArcCosh[c*x])"n, x], x] - Simp[b*c*x(n/(2*(p + 1)))*Simp[(d + e*x~2)"p/((1 +
c*xx) “p* (-1 + c*x)"p)] Int[x*(1 + c*xx)"(p + 1/2)*(-1 + cxx)~(p + 1/2)*(a
+ bxArcCosh[c*x])~(n - 1), x], x]) /; FreeQ[{a, b, c, d, e}, x] && EqQlc~2x*
d +e, 0] & GtQ[n, 0] && LtQlp, -1] && NeQ[p, -3/2]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/((d_) + (e_.)*(x_)"2), x_Symb

rule 6318
0l] :> Simp[-(c*d)~(-1) Subst [Int[(a + b*x) n*Csch[x], x], x, ArcCosh[c*x
11, x1 /; FreeQ[{a, b, c, d, e}, x] && EqQ[c"2*d + e, 0] && IGtQ[n, O]
ru166330/Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)*(x_)*((d1_ ) + (el_.)*(x_))"(p

_)*x((d2)) + (e2_)*(x_))"(p_), x_Symbol] :> Simp[(dl + el*x)~(p + 1)*(d2 +
e2*x)~(p + 1)*((a + b*ArcCosh[c*x]) n/(2*el*e2x(p + 1))), x] - Simp[b*(n/(2
xc*x(p + 1)))*Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x) p/(-1 + c*x)~
pl]  Int[(1 + cxx)"(p + 1/2)*(-1 + c*x)~(p + 1/2)*(a + b*ArcCosh[c*x])"(n -

1), x], x] /; FreeQ[{a, b, c, d1, el, d2, e2, p}, x] && EqQlel, c*dl] && E
qQ[e2, (-c)*d2] && GtQ[n, 0] && NeQ[p, -1]

rule 7143 Int[PolyLog[n_, (C_-)*((a_-) + (b_-)*(X_))A(p_-)]/((d_.) + (e_.)*(X_))s X_S
ymbol] :> Simp[PolyLog[n + 1, c*(a + b*x)~pl/(e*p), x] /; FreeQ[{a, b, c, 4
> €, N, P}, X] && EqQ[b*d, a*e]
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Int[((e_.) + (£_.)*(x_))~(m_.)*PolyLogln_, (d_.)*((F))~((c_.)*((a_.) + (b_.
)*(x_))))"(p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLogln + 1, d*x(F~(c*(a
+ b*x)))~pl/(bkcxpxLog[F])), x] - Simp[f*(m/(b*ckp*Log[F])) Int[(e + f*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, 0]

rule 7163

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 811, normalized size of antiderivative = 2.57

method result
3 1 In(cz—1) 1 In(cz+1) W3 [ arccosh(cz)2 (cz arccosh(cz)+3v/cz—1cz+1) arccosh(cz)3 In(1—ca-
¢ (_ T(cz—T) 4 “d(catD) T 4 >+ 2(222-1) >
derivativedivides a2
2 3
1 _1 1 1 v3( arccosh(cz) (cz arccosh(cz)43v/cz—1+/cx+1) arccosh(cz)® In(l—ca-
(- a@=n - a@e ) + ( 2(c222-1) p
default 2
In(cz+1) In( 1 b3 arccosh(cz)2 (cz arccosh(cz)+3+vcz—1 /cz+1) arccosh(cz)3 In|
1 nicx 1 n(cx— — _
a3 (_ 4c(cz+1)+ 4c _4c(cz—1)_ 4c > 2((:29:2—1)
parts - +

input Lint ((atb*arccosh(c*x))~3/(-c~2#d*x~2+d) “2,%,method=_RETURNVERBOSE) J




output

input

output
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1/cx(a~3/d"2%(-1/4/ (c*x-1)-1/4*1n(c*x-1)-1/4/ (c*x+1)+1/4*1n(c*x+1) ) +b~3/4"
2x(-1/2/(c”2*x"2-1) *arccosh(c*x) ~2* (c*x*arccosh (cxx) +3* (cxx-1) ~(1/2) * (cxx+
1)~ (1/2))-1/2*arccosh(c*x) “3*1n(1-c*x-(c*x-1)~(1/2)*(c*x+1)~(1/2))-3/2*arc
cosh(c*x) "2*polylog(2, cxx+(c*x-1) ~(1/2) *(c*x+1) ~(1/2))+3*arccosh(c*x) *poly
log (3, ckx+(c*x-1)~(1/2)*(c*x+1) ~(1/2) ) -3*polylog(4, ckx+(c*xx-1) ~(1/2) * (c*x+
1)~ (1/2))+1/2*arccosh(c*x) “3*1n(1+c*x+(cxx-1) " (1/2) *(c*xx+1) ~(1/2) ) +3/2*arc
cosh(c*x) "2xpolylog(2,-c*x—(c*x-1)~(1/2)*(c*x+1)~(1/2))-3*arccosh(c*x) *pol
ylog(3,-c*xx-(c*xx-1)~(1/2)*(c*x+1)~(1/2))+3*polylog(4,-c*x-(c*x-1)~(1/2)*(c
*x+1) = (1/2))+3*arccosh(c*x) *1n(1-c*x-(c*x-1) " (1/2) * (c*x+1) ~(1/2) ) +3*polylo
g(2, cxx+(c*x-1) " (1/2) * (c*x+1) ~(1/2) ) -3*arccosh (cxx) *1n (1+cxx+(c*x-1) " (1/2)
*(cxx+1)~(1/2))-3*polylog(2,—-c*x—(c*x-1) " (1/2) *(c*x+1)~(1/2))) +3*a*b~2/4"2
*(-1/2/(c~2*x"2-1) *arccosh(c*x) * (cxx*arccosh (c*x) +2* (c*x-1) ~(1/2) * (c*x+1)~
(1/2))-1/2*arccosh(c*x) "2*1ln(1-c*x-(c*x-1) " (1/2) * (c*x+1) ~(1/2) ) -arccosh(c*
x)*polylog(2, cxx+(c*x-1) ~(1/2)*(c*x+1)~(1/2))+polylog(3,c*x+(c*x-1) ~(1/2) *
(cxx+1)~(1/2))+1/2*arccosh(c*x) ~2*x1n (1+cxx+(cxx—-1) ~(1/2) * (c*xx+1) ~(1/2) ) +ar
ccosh(c*x)*polylog(2,-c*x-(c*x-1) ~(1/2) *(c*x+1)~(1/2))-polylog(3,-c*x-(c*x
-1)~(1/2)*(c*x+1) " (1/2) ) -2*arctanh (c*x+(c*x-1) " (1/2) * (c*x+1) ~(1/2)) ) +3*a~2
*b/d~2* (-1/2* (c*x*arccosh(c*x)+(cxx-1) ~(1/2) *(cxx+1) ~(1/2)) /(c~2*x~2-1) -1/
2*arccosh(c*x) *1n(1-c*x-(c*xx-1) ~(1/2) *(c*x+1) ~(1/2))-1/2*polylog(2, ckx+(c*
x-1)7(1/2) *(c*x+1) ~(1/2))+1/2*arccosh (c*x) *1n(1+c*x+(ckx-1) ~(1/2) * (c*xx+. ..

Fricas [F]

/ (a + barccosh(cz))? / (barcosh (cz) + a)®
5 dxr = 5—— dT
(d — c?dx?) (c2dz? — d)

r

Lintegrate((a+b*arccosh(c*x))“3/(-c”2*d*x“2+d)“2,x, algorithm="fricas")

| —

‘integral((b‘3*arccosh(c*x)‘3 + 3%a*b~2*arccosh(c*x) "2 + 3*a~2xb*arccosh(cx
Lx) + a”3)/(c™4*%d"2%x"4 - 2*c”2xd"2*x"2 + d”~2), x)

|
J
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Sympy [F]

/ (a + barccosh(cz))? e

2
(d — c2dzx?)
a3 b3 acosh® (cz) 3ab? acosh? (cx) 3a?bacosh (cz)
f cirt—2c22241 dz + f ctrt—2c22241 dz + f ctzrt—2c22241 dz + f ctrt—2c22241 dx

d2

inputLintegrate((a+b*acosh(c*x))**3/(-c**2*d*x**2+d)**2,x)

Ou_tput‘(Integral(a**B/(c**4*x**4 - 2kck*x2xx**2 + 1), x) + Integral(b**3*acosh(c*x
\)**3/(c**4*x**4 - 2xc**2xx**2 + 1), x) + Integral(3*axbx*2xacosh(c*x)**2/(
‘c**4*x**4 - 2xc*x*2xx*x2 + 1), x) + Integral(3*ax*2*¥bxacosh(c*x)/(ckxd*x*x4
L - 2kCkk2¥xx*k*2 + 1), x))/d*x*x2

Maxima [F]

/ (a + barccosh(cz))3 / (barcosh (cz) + a)®
5 dxr = 5—— dT
(d — c?dx?) (c2dz? — d)

inputLintegrate((a+b*arccosh(c*x))*3/(—c‘2*d*x“2+d)*2,x, algorithm="maxima")

-1/4*a”~3*(2xx/(c”2%d"2*x"2 - d72) - log(c*x + 1)/(c*d"2) + log(c*x - 1)/(c
*d"2)) - 1/4%(2%b"3*c*x - (b~3%c™2*x"2 - b~3)*log(c*x + 1) + (b~3*c™2*x"2

- b™3)*1log(c*x - 1))*log(c*x + sqrt(c*x + 1)*sqrt(c*x - 1))~3/(c”3*d"2*x"2
- c*d™2) - integrate(-3/4*((2*b~3*c”~3*x"3 + (2%b~3%c”2*x"2 + 4*a*b”2 - (b
“3%c”3*x"3 - b~3*xc*x)*log(ckx + 1) + (b~3*c"3*x"3 - b~3*c*x)*log(c*x - 1))
xsqrt (c*x + 1)*sqrt(c*x - 1) + 2x(2*a*b™2*c - b~3*c)*x - (b™3*c™4*x"4 - 2%
b~3%c”2%x"2 + b~3)*log(c*x + 1) + (b"3*c”4*x"4 - 2*%b~3%c”2*x"2 + b~3)*log(
cxx - 1))*log(c*x + sqrt(c*x + 1)*sqrt(cxx - 1))72 + 4x(a”2*bxcxx + sqrt(c
*x + 1)*sqrt(c*x - 1)*a~2xb)*log(c*x + sqrt(cxx + 1)*sqrt(c*x - 1)))/(c”5*
d"2%x75 - 2%c”3*%d"2%x"3 + cxd"2*x + (cT4xd"2*x"4 - 2%cT2xd"2%x"2 + d72)*sq
rt(cxx + 1)*sqrt(c*x - 1)), x)

output
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Giac [F]
(a + barccosh(cz))? / (barcosh (cz) + a)®
5 dzr = 5—— dT
(d — c2dx?) (c2dz? — d)
inputtintegrate((a+b*arccosh(c*x))"3/(-c"2*d*x"2+d)"2,x, algorithm="giac") J
output Lintegrate((b*arccosh(c*x) + a)~3/(c”2xd*x"2 - d)"2, x) J
Mupad [F(-1)]
Timed out.
/ (a + barccosh(cr))? . (a + bacosh(cz))® i
(d — c2dz?)* (d — c2dz?)”
input Lint((a + bkacosh(c*x))"3/(d - ¢ 2*d*x"2)"2,x) J
output Lint((a + bkacosh(c*x))"3/(d - ¢ 2*d*x"2)"2, x) J
Reduce [F]

dz

/ (a + barccosh(cz))3
(d — c2dz?)®
19 (f acosh(cz) dx) @%b Az — 12 (f Lh(cw)dx) T 4(f de> R 4<f _Seoshie

cArd—2c2x241 cArd—2c2x241 cArd—2c25241

input Lint ((atb*acosh(c*x)) "3/ (-c"2%d*x~2+d) ~2,x) J
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(12%int (acosh(c*x) / (Ck*4*x**k4 — kck*2%x*%2 + 1),X)*kak*2kbkckk3kx**2 — 12%
int (acosh(c*x) / (cxxdxx**x4 — 2xc*x*2*xx**2 + 1),x)*a*x*x2xbxc + 4xint (acosh(c*x
Y*%3/ (Ckxd*xkkd — 2kck*x2kx**2 + 1),x)*b*x*3kck*3kx**2 - 4*xint(acosh(ckx)**3
[/ (Cxxdxx**4 — 2kck*2*x*k*2 + 1),x)*b**3*xc + 12*%int (acosh(c*xx)**2/ (ckxdxx**4
- 2kCkk2*xx*k*2 + 1) ,x)*kakbkx2kck*3kxk*x2 — 12*int (acosh(ckx)**2/ (ckkdxxk*4

— 2xCc*k*2xx**2 + 1) ,x)*a*b**x2%c — log(c**2%x — c)*kax*3kck*k2kx*x*2 + log(ck*2
*x — c)*a**x3 + log(c**2xx + c)*a*x*3kck*2kx**2 — log(c**2%x + c)*ax*3 - 2xa
*x%3%C*x) / (Akckdk*x2% (Ck*2%xx**2 — 1))

output

N
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3
318  [_lewe) gy
arccosh(az)

Optimal result . . . . . . . . . . . . . e 260
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Fricas [F] . . . . . . o 263
Sympy [F] . . . 263
Maxima [F] . . . . . .. 264
Giac [F] . . . . o o 264
Mupad [F(-1)] . . . o o 264
Reduce [F] . . . . . 265

Optimal result

Integrand size = 20, antiderivative size = 67

/ (c — a*ca?)’ g — 35¢°Shi(arccosh(ax))  21c*Shi(3arccosh(az))

arccosh(ax) v 64a 64a
7c¢3Shi(5arccosh(ax))  ¢*Shi(7arccosh(az))
+ —
64a 64a

‘ 35/64%c~3*Shi (arccosh(a*x))/a-21/64*c~3*Shi (3*arccosh(a*xx))/a+7/64*c~3%Shi ‘

output
(5%arccosh(a*x))/a-1/64*c~3*Shi(7*arccosh(a*x))/a
Mathematica [A] (verified)
Time = 0.33 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.67
(¢ — a*cz?)’®
arccosh(az)
_ c*(35Shi(arccosh(ax)) — 21Shi(3arccosh(az)) + 7Shi(5arccosh(az)) — Shi(7arccosh(ax)))
B 64a
input LIntegrate [(c - a"2%c*x"2)~3/ArcCosh[a*x] ,x] J
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‘ (c™3%(35%xSinhIntegral [ArcCosh[a*x]] - 21*SinhIntegral [3*ArcCosh[a*x]] + 7 ‘

output
LSinhIntegral [6xArcCosh[a*x]] - SinhIntegral [7*ArcCosh[a*x]]))/(64*a) J

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.36 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.91,

number of rules _
5 integrand size 0.250, Rules

number of steps used = 6, number of rules used =
used = {6321, 3042, 26, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c - azcx2)3
~———dx
arccosh(ax)

l 6321

&3 (222) " @ty

arccosh(ax)
a

l 3042

darccosh(ax)

arccosh (ax)
a

| 26

. 3 r sin(sarccosh(az))”
_zc J arccosh(az)
a

l 3793

3 f Z'Sin(iarCCOSh((m"))7darccosh(a??)

darccosh(ax)

353,/ 9271 (az+1) . h . h - h
. 3 az+1 __ 2lisinh(3arccosh(az)) 7isinh(5arccOoSN(ax))  isinh(7arccosh(az))
i ] ( 64arccosh (az) esarccosh(as) | 64arccosh(as) 64arccosh (az) darccosh(az)

a
l 2009

ic3(22iShi(arccosh(az)) — 2}iShi(3arccosh(az)) + ¢;iShi(5arccosh(az)) — giShi(7arccosh(az)))
a




CHAPTER 3. LISTING OF INTEGRALS 262

input‘Int[(c - a~2xc*x"2) ~3/ArcCosh[ax*x] ,x]

t‘((-I)*c“3*(((35*I)/64)*SinhIntegral[ArcCosh[a*x]] - ((21%I)/64)*SinhIntegr
‘a1[3*ArcCosh[a*x]] + ((7*I)/64)*SinhIntegral [5%ArcCosh[a*x]] - (I/64)+*Sinh
LIntegral[7*ArcCosh[a*x]]))/a J

outpu

Defintions of rubi rules used

26‘Int[(Complex[O, a_l)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I

rule
‘nt[Fx, x], x] /; FreeQ[a, x] &% EqQ[a~2, 1]

ruk32009LInt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3793 IntL((c_.) + (d_)*(x)) " )*sinl(e_.) + (£_.)*(x)]1"(n)), x_Symbol] :> In
t [ExpandTrigReduce[(c + d*x)"m, Sin[e + f*x]°n, x], x] /; FreeQl{c, d, e, £
, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m] || (GeQ[m, -1] && LtQ[m, 11))

rule 6321 Int[((a_.) + ArcCosh[(c_.)*(x_)1*(b_.))"(n_.)*((d_) + (e_.)*(x_)"2)"(p_.),
x_Symbol] :> Simp[(1/(bxc))*Simp[(d + e*x~2) p/((1 + c*xx) p*(-1 + c*x)~p)]

Subst [Int [x"n*Sinh[-a/b + x/b]~(2*p + 1), x], x, a + b*ArcCosh[c*x]], x]
/; FreeQ[{a, b, c, d, e, n}, x] && EqQlc~2*d + e, 0] && IGtQ[2*p, O]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.66

method result size
. . P c3(35 Shi(arccosh(ax))—21 Shi(3 arccosh(ax))+7 Shi(5 arccosh(az))—Shi(7 arccosh(az)))
derivativedivides o1a 44
c3(35 Shi(arccosh(az))—21 Shi(3 arccosh(az))+7 Shi(5 arccosh(az))—Shi(7 arccosh(az)))
default ol 44
input Lint ((-a~2%c*x"~2+c) ~3/arccosh(a*x) ,x ,method=_RETURNVERBOSE) J
output ‘ 1/64/a*c”~3* (35*Shi (arccosh(a*x))-21*Shi (3*arccosh(a*x) )+7*Shi (5%arccosh (a* ‘
‘x))—Shi(7*arccosh(a*x)))
Fricas [F|
(c — a2cx?)? / (a*cz?® — ¢)°
——drx= | ——FF—
arccosh(ax) arcosh (ax)
inputLintegrate((—a”2*c*x‘2+c)“3/arccosh(a*x),x, algorithm="fricas") J

output‘ integral (-(a~6xc”3*x"6 - 3*a”4*c”3%x"4 + 3%a”2%c”3%x"2 - c¢~3)/arccosh(axx) ‘

,» X) ‘
Sympy [F]

% dz = —¢’ ( / %ﬁzm) do + / ( acc?:;xax ) dz + aco(z;x;am) dz

/ ~ acosh ax)) d:v)

input Lintegrate ((-a**2xcrx**2+c) **3/acosh(axx) ,x) J
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‘-c**3*(Integral(3*a**2*x**2/acosh(a*x), x) + Integral (-3*a**4*x**4/acosh(a

output
‘*x), x) + Integral (ax*6*x**6/acosh(a*x), x) + Integral(-1/acosh(a*x), x))

Maxima [F]

2.2 _ \3
(¢ —a’cz®)” a’cz?)’ dzz/_(acx c) i

arccosh(az) arcosh (ax)

input Lintegrate ((-a~2xc*x~2+c) ~3/arccosh(a*x) ,x, algorithm="maxima")

k—integrate((a‘Q*c*x“2 - c)~3/arccosh(a*x), x)

output
Giac [F]
(c—a*cz®)” 2)3 g — /_(a%av2 —¢)° i
arccosh(az) arcosh (ax)
inputLintegrate((-a"2*c*x"2+c)"3/arccosh(a*x),x, algorithm="giac")

OutputLintegrate(—(a‘z*c*x*z - c¢)~3/arccosh(a*x), x)

Mupad [F(-1)]
Timed out.

2 .,2\3
(c— a,cw)dm:/(c acx)dx

arccosh(ax) acosh (a x)

inputLint((c - a~2xc*x"2) "3/acosh(a*x),x)

OutputLint((c - a"2%c*x"2)"3/acosh(a*x), x)
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Reduce [F]

i = ([ ) ol i)
-/ )+ | )

Lint((-a"2*c*x"2+c)"3/acosh(a*x) ,X) J

input

‘c**3*( - int (x**6/acosh(a*x) ,x)*a*x*x6 + 3*int(x**4/acosh(a*x),x)*a*x*x4d - 3*i ‘

output
‘nt(x**2/acosh(a*x),x)*a**2 + int(1/acosh(a*x),x)) ‘




outpu

input

output
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2
3.19 [ lee) g,
arccosh(az)

Optimal result . . . . . . . . . . . . . e 266
Mathematica [A] (verified) . . . . . . . .. ... Lo 260
Rubi [C] (verified) . . . .. .. ... ... . 267
Maple [A] (verified) . . . . . . . .. L 268
Fricas [F] . . . . . . o 269
Sympy [F] . . . 269
Maxima [F] . . . . . .. 269
Giac [F] . . . . o o 270
Mupad [F(-1)] . . . o o 270
Reduce [F] . . . o . o o 270

Optimal result

Integrand size = 20, antiderivative size = 50

(c — a*cz?)? dp—

_ 5c*Shi(arccosh(az))  5¢*Shi(3arccosh(ax)) N c*Shi(5arccosh(az))

arccosh(ax) 8a

16a 16a

Larccosh(a*x))/a

t‘5/8*c"2*Shi(arccosh(a*x))/a—5/16*c“2*Shi(S*arccosh(a*x))/a+1/16*c‘2*Shi(5*

Mathematica [A] (verified)

Time = 0.13 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.68

(c—a

203:2)2 o — c%(10Shi(arccosh(az)) — 5Shi(3arccosh(az)) + Shi(5arccosh(az)))

arccosh(ax)

16a

LIntegrate [(c - a"2xc*x"2)"2/ArcCosh[a*x] ,x]

‘ (c"2x(10*SinhIntegral [ArcCosh[a*x]] - 5*SinhIntegral [3*ArcCosh[a*x]] + Sin

‘ hIntegral [6%ArcCosh[a*x]]))/(16%a)

J



input
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.34 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.96,

number of rules _
integrand size 0.250, Rules

number of steps used = 6, number of rules used = 5,
used = {6321, 3042, 26, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c— azcm2)2
———dz
arccosh(ax)

l 6321

e[ (2252)" @a1y®

arccosh(az)
a

J’3042

darccosh(ax)

2 (_ isin(iarccosh(az))’
cJ arccosh(az) darccosh

a

| 26

. 9  sin(iarccosh(az))®
ic* [ arccosh(az)
a

l 3793

(az)

darccosh(ax)

5 azx—1 (ax+1) .. h .. h
2 az+1 _ 56 sinh(3arccosi(az)) i sinh(5arccosn(az))
ic? [ ( sarccosh(az) 16arccosh(az) + ~earccosh (@) darccosh(ax)

a

l 2009

ic? (2iShi(arccosh(az)) — £iShi(3arccosh(az)) + 75iShi(5arccosh(az)))
a

LInt[(c - a"2xc*x"2) "2/ArcCosh[a*x] ,x]




output
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‘((—I)*c“2*(((5*I)/8)*Sinh1ntegral[ArcCosh[a*x]] - ((5%I)/16)*SinhIntegrall
‘B*ArcCosh[a*x]] + (I/16)*SinhIntegral [6*ArcCosh[a*x]]))/a

Defintions of rubi rules used

rule 26‘Int[(C°mP19X[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al)
Lnt[Fx, x], x] /; FreeQla, x] & EqQ[a~2, 1]

rule

I

——

2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

p
ruk33042‘1nt[u—’ x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

\Q[u, x]

N

rule 3793‘Int[((c_.) + (d_)*(x))"(m_)*sinl[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In ‘
‘t[ExpandTrigReduce[(c + d*x)°m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, £ |
Il (GeQ[m, -1] && LtQ[m, 11))

, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m]

e 6321 T0tL(Ca_.) + ArcCosh[(c_.)*(x)1*(b_.))"(n_)*((d)) + (e_)*(x))"2)~(p_.),
‘x_Symbol] :> Simp[(1/(b*c))*Simp[(d + e*x~2)"p/((1 + c*x) p*(-1 + c*x) p)]
‘ Subst[Int [x"n*Sinh[-a/b + x/b]~(2*p + 1), x], x, a + b*ArcCosh[c*x]], x]

input

‘/; FreeQ[{a, b, c, d, e, n}, x] && EqQ[c™2*d + e, 0] && IGtQ[2*p, O]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.66

method result size

derivativedivides c?(10 Shi(arccosh(ax))—5 Shi(3122ccosh(ax))+8hi(5 arccosh(ax))) 33
c2(10 Shi(arccosh(az))—5 Shi(3 arccosh(az))+Shi(5 arccosh(az)))

default 16a 33

Lint ((-a~2xc*x”2+c) "“2/arccosh(a*x) ,x,method=_RETURNVERBOSE)
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‘1/16/a*c“2*(10*Shi(arccosh(a*x))—5*Shi(3*arccosh(a*x))+Shi(5*arccosh(a*x))

output
)
Fricas [F]
(c — a%cz?)? (a%ca? — ¢)?
————dr= | ————~—dr
arccosh(azx) arcosh (ax)
input Lintegrate ((-a~2xc*x~2+c) “2/arccosh(a*x) ,x, algorithm="fricas")

OutputLintegral((a‘4*c*2*x‘4 - 2%a"2%c”2*x"2 + c~2)/arccosh(a*x), x)

Sympy [F]

(c—a%ez?)? / 201> / a*z? / 1
arccosh(ax) de=c acosh (azx) dz+ acosh (azx) dz+ acosh (azx) de

inputLlntegrate((—a**2*c*x**2+c)**2/acosh(a*x),x)

‘c**2*(Integral(-2*a**2*x**2/acosh(a*x), x) + Integral (ax*4*x**4/acosh(a*x)

output
, Xx) + Integral(1l/acosh(a*x), x))

Maxima [F]

dz

/ (c — a%ca?)? gy — (a*ca? — ¢)?

arccosh(az) =~/ arcosh (az)

input Lintegrate ((-a™2%c*x"2+c) "2/arccosh(a*x) ,x, algorithm="maxima")

outputLintegrate((a‘2*c*x“2 - c)~2/arccosh(a*x), x)
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Giac [F]
(c — a?cz?)? (a%caz? — ¢)?
Coa L) gy [ G gy
arccosh(ax) arcosh (ax)
input tintegrate ((-a~2*c*x~2+c) "2/arccosh(a*x) ,x, algorithm="giac") J
output Lintegrate ((a~2%c*x~2 - c)~2/arccosh(a*x), x) J

Mupad [F(-1)]

Timed out.
120,22 2 2)\2
(e—dea?)” / (e—aed’)”
arccosh(az) acosh (a x)
inputLint((c - a"2%c*x~2)~2/acosh(a*x) ,x) J
OutputLint((c - a”2xc*x"2)"2/acosh(a*x), x) J
Reduce [F]
_ 2,...2)2 n )
/de:cz /x—dx a9 / x e ) o2
arccosh(ax) acosh (az) acosh (az)
+ / ;d:c
acosh (ax)
input Llnt ((-a~2*c*x"2+c) “2/acosh(a*x) ,X) J

output‘ cx*2x (int (x**4/acosh(a*x) ,x) *a*x*4 — 2xint (x**2/acosh(a*x),x)*a**x2 + int(1/ ‘

‘acosh(a*x),x)) ‘




output

input

output
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C—-a26$2
3.20 f arccosh(az) dz

Optimalresult . . . . . .. . .. ..
Mathematica [A] (verified) . . . . . . . .. ... L
Rubi [C] (verified) . . . .. . . .. ...
Maple [A] (verified) . . . . . . . . ..
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 29

dr =

/ ¢ — a’cz? _ 3cShi(arccosh(az))  cShi(3arccosh(ax))

arccosh(ax) 4a

4qa

L3/4*C*Shi (arccosh(a*x))/a-1/4*c*Shi(3*%arccosh(a*x))/a

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.86

/ ¢ — a’cx? . c(3Shi(arccosh(azx)) — Shi(3arccosh(az)))
arccosh(az) =~

4qa

‘Integrate[(c - a”2*c*x"2)/ArcCosh[a*x] ,x]

L(c*(B*SinhIntegral[ArcCosh[a*x]] - SinhIntegral [3*xArcCosh[a*x]]))/(4*a)

J




input
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Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 0.51 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.14,

number of rules _
integrand size 0.278, Rules

number of steps used = 6, number of rules used = 5,
used = {6321, 3042, 26, 3793, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/ ¢ — a’cz?
———dx
arccosh(ax)

below.

| 6321
ar—1 3/2 3
o (az+1)
cf ( a;izlosh(ax) darccosh(azx)
B a
| 3042
/ isingfgggs()ﬁ(};%x))?’ darccosh(azx)
B a
l 26
, in(iarccosh(ax))3
B J Sln(E:,I'CCOSh(éZ;:)) darccosh(azx)
a
| 3793
) 3i\/ 5571 (92+1)  jginn(3arccosh(ac))
ic | ( 4arccosh(az) =~ 4arccosh(az) darccosh(az)
B a
l 2009

ic(%iShi(arccosh(aa:)) — %iShi(3arcc0sh(afv)))
a

e

LInt[(c - a~2xc*x"2) /ArcCosh[a*x] ,x]

~—




outpu

rule 26‘Int[(C°mP19X[0, a_1)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al)
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'sh[a*x]1))/a

t‘((—I)*c*(((3*I)/4)*SinhIntegra1[ArcCosh[a*x]] - (I/4)*SinhIntegral [3*ArcCo

Defintions of rubi rules used

Lnt[Fx, x], x] /; FreeQla, x] & EqQ[a~2, 1]

I

——

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

p
ruk33042‘1nt[u—’ x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

\Q[u, x]

N

rule3793‘1nt[((c_.) + (d_)*(x))"(m_)*sinl[(e_.) + (f_.)*(x_)]1"(n_), x_Symbol] :> In ‘
‘t[ExpandTrigReduce[(c + d*x)°m, Sin[e + f*x]°n, x], x] /; FreeQ[{c, d, e, £ |

, m}, x] && IGtQ[n, 1] && ( 'RationalQ[m]

[l (GeQ[m, -1] && LtQ[m, 11))

e 6321 T0tL(Ca_.) + ArcCosh[(c_.)*(x)1*(b_.))"(n_)*((d)) + (e_)*(x))"2)~(p_.),
‘x_Symbol] :> Simp[(1/(b*c))*Simp[(d + e*x~2)"p/((1 + c*x) p*(-1 + c*x) p)]
‘ Subst[Int [x"n*Sinh[-a/b + x/b]~(2*p + 1), x], x, a + b*ArcCosh[c*x]], x]

input

‘/; FreeQ[{a, b, c, d, e, n}, x] && EqQ[c™2*d + e, 0] && IGtQ[2*p, O]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.83

method result size
derivativedivides c(3 Shi(arccosh(ax)l—Shi(3 arccosh(ax))) 24
a
(3 Shi(arccosh(az))—Shi(3 arccosh(az)))
default c arccosh(az - arccosh(az 24

Lint ((-a~2*c*x~2+c) /arccosh(a*x) ,x,method=_RETURNVERBOSE)
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Ll/4/a*c*(3*Shi(arccosh(a*x))-Shi(3*arccosh(a*x)))

output
Fricas [F]
¢ — a*cz? a’cx? —c
——dr= | ———dz
arccosh(ax) arcosh (ax)
input Lintegrate ((-a~2*c*x~2+c) /arccosh(a*x) ,x, algorithm="fricas")

OutputLintegral(-(a‘2*c*x*2 - ¢)/arccosh(a*x), x)

Sympy [F]

arccosh(az) =~ acosh (azx) acosh (ax)

input Lintegrate ((—a**2xc*x**2+c) /acosh(a*x) ,x)

OutputL-C*(Integral(a**2*x**2/acosh(a*x), x) + Integral(-1/acosh(a*x), x))

Maxima [F]

/ ¢ — a’cz? / a’er? —c
CTO g [T TC gy
arccosh(ax) arcosh (ax)

input Lintegrate ((-a~2*c*x"2+c) /arccosh(a*x) ,X, algorithm="maxima")

output L‘integrate((a‘2*c*x‘2 - c)/arccosh(a*x), x)
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Giac [F]

¢ — a*cz? a’ex? —c
———dt= [ ——dz
arccosh(ax) arcosh (az)

inputLintegrate((-a”2*C*x”2+c)/arccosh(a*x),x, algorithm="giac")

output tintegrate(-(a‘2*c*x‘2 - c)/arccosh(a*x), x)

Mupad [F(-1)]

Timed out.

c — a’cx? c—a*cx?
————~dz= | ————dzx
arccosh(ax) acosh (a x)

inputLint((c - a~2*c*x"2)/acosh(a*x) ,x)

Ou_tpudint((c - a~2*c*x"2)/acosh(a*x), x)

Reduce [F]

arccosh(az) =~ acosh (azx) acosh (azx

inputLint((—a"2*c*x"2+c)/acosh(a*x),x)

outputtc*( - int (x**2/acosh(a*x) ,x)*a**2 + int(1/acosh(a*x),x))
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3.21 [ . dz
(c—a?cz?) arccosh(az)

Optimal result . . . . . . . . . . .. 2776
Mathematica [N/A] . . . . . ... 276
Rubi [N/A] .« . 271
Maple [N/A] . . . o 27T
Fricas [N/A] . . . . o 278
Sympy [N/A] . . o 278]
Maxima [N/A] . . . . o 278
Giac [N/A] .« . . 279
Mupad [N/A] . . . o 279
Reduce [N/A] . . . o o e 280

Optimal result

Integrand size = 20, antiderivative size = 20

1

1
dz = Int
/ (¢ — a?cx?) arccosh(ax) v= <(c — a?cx?) arccosh

(ax)"”)

output LDefer (Int) (1/(-a~2*c*x~2+c) /arccosh(a*x) ,x)

Mathematica [N/A]

Not integrable

Time = 1.38 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ (c — a?cx?) arccosh(ax) de = / (c — a2cx?)

arccosh(ax)

dz

input LIntegrate [1/((c - a~2%c*x"~2)*ArcCosh[a*x]),x]

output ‘\Integrate [1/((c - a~2xc*x~2)*ArcCosh[a*x]), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.30 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
arccosh(az) (¢ — a?cz?)
l 6325

1

/ arccosh(az) (¢ — a?cz?) dz

-

Int[1/((c - a~2*c*x~2)*ArcCosh[a*x]) ,x]

N\ J

‘$Aborted

Maple [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1
/ (—a2cz? + c) arccosh (ax) de

Lint(1/(—a"2*c*x‘2+c)/arccosh(a*x) ,X) J

Lint(l/(-a“2*c*x“2+c)/arccosh(a*x),x)
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Fricas [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
= [ - d
/ (¢ — a?cx?) arccosh(ax) dz / (a2cz? — c) arcosh (ax) v

input Lintegrate (1/(-a"2xc*x~2+c) /arccosh(a*x) ,x, algorithm="fricas")

output‘ integral(-1/((a"2*c*x"2 - c)*arccosh(a*x)), x)

Sympy [N/A]
Not integrable

Time = 1.19 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1
1 de — — f a2z2 acosh (az)—acosh (az) dx
(c — a?cx?) arccosh(ax) -

input Lintegrate (1/ (—a*x*2xc*xx**2+c) /acosh (a*x) ,x)

output L-Integral(l/(a**2*x**2*acosh(a*x) - acosh(a*x)), x)/c

Maxima [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.25

1 1
= [ - d
/ (¢ — a%cx?) arccosh(ax) de / (a2cz? — c) arcosh (ax) v

input Lintegrate (1/(-a~2xcxx~2+c) /arccosh(a*x) ,x, algorithm="maxima")
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output L'integrate(l/((a“2*c*x“2 - c)*arccosh(a*x)), x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
/ (¢ — a?cx?) arccosh(ax) do = / ~ (a2cz? — ¢) arcosh (az) dz

input Lintegrate (1/(-a~2%c*x~2+c) /arccosh(a*x) ,x, algorithm="giac")

output Lintegrate(—1/((a*2*c*x*2 - c)*arccosh(a*x)), x)

Mupad [N/A]
Not integrable

Time = 3.03 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ ! dr = / - dz
(c — a%cz?) arccosh(az) ~ ./ acosh(az) (c —a2cz?)

input Lint(l/(acosh(a*x)*(c - a~2%c*x72)),x)

OutputLint(l/(acosh(a*x)*(c - a~2%c*x72)), x)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.35

dr —
¢ — a%cx?) arccosh(ax) v c

1
/ 1 . f acosh(az)a?z?—acosh(ax) dx
(

input Lint (1/ (-a~2%c*x~2+c) /acosh(a*x) ,x)

output L( - int(1/(acosh(a*x)*a*x*2xx**2 — acosh(a*x)),x))/c
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322 : . dzx

Optimalresult . . . . . . . . .. . .. 28T
Mathematica [N/A] . . . . . ... . 28]
Rubi [N/A] . . o 282
Maple [N/A] . . . o 282
Fricas [N/A] . . . . o 283
Sympy [N/A] . . o 283
Maxima [N/A] . . . . o e 283
Giac [N/A] .« . . 287
Mupad [N/A] . . . o 287
Reduce [N/A] . . . o 2851

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ YTV da:=Int( YV ,m)
(¢ — a%cx?)” arccosh(azx) (¢ — a%cx?)” arccosh(azx)

OutputLDefer(Int)(l/(—a 2%c*x~2+c) “2/arccosh(a*x) ,x)

Mathematica [N/A]

Not integrable

Time = 4.53 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ YTV dr = / YV dz
(¢ — a?cx?)” arccosh(azx) (¢ — a%cx?)” arccosh(azx)

tnput LIntegrate [1/((c - a~2xc*x~2) ~2*ArcCosh[a*x]) ,x]

output LIntegrate [1/((c - a™2*c*x~2) 2*ArcCosh[a*x]), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.34 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1
/ 5 dz
arccosh(az) (c — a?cx?)
| 6325

1

/ 5dT
arccosh(az) (¢ — a?cz?)

‘ Int[1/((c - a~2*c*x~2) ~2%ArcCosh[a*x]),x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1
/ 2 5 dx
(—a2cz? + ¢)” arccosh (ax)

Lint (1/(-a~2*xc*x~2+c) "2/arccosh(a*x) ,x)

Lint(l/(-a“2*c*x“2+c)“2/arccosh(a*x),x)
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Fricas [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

1 1

YV dr = / — 5 dx
(¢ — a%cx?)” arccosh(azx) (a2cz? — ¢)” arcosh (ax)

inputLintegrate(1/(-a"2*c*x"2+c)"2/arccosh(a*x),x, algorithm="fricas") J

outputLintegral(l/((a*4*c*2*x‘4 - 2%a”2%c"2%x"2 + c”2)*arccosh(a*x)), x) J

Sympy [N/A]
Not integrable

Time = 3.86 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

| ! dz
/ 1 de a*z* acosh (ax)—2a2z? acosh (ax)+acosh (azx)
2
(¢ — a%cx?)” arccosh(ax) c?

-

kintegrate(1/(—a**2*c*x**2+c)**2/acosh(a*x),x)

e—

input

output‘ Integral (1/ (ax*4*xx*4*acosh(a*x) - 2%ax*2*x**2%acosh(a*x) + acosh(a*x)), x ‘

L)/c**z J

Maxima [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1 1

dr = dx
(c — a%cx?)? arccosh(az) / (a2cz? — ¢)? arcosh (az)
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input Lintegrate (1/(-a~2*c*x~2+c) ~2/arccosh(a*x) ,x, algorithm="maxima")

output Lintegrate(l/((a"2*c*x‘2 - c¢)~2*arccosh(a*x)), x)

Giac [N/A]
Not integrable
Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1

1
/ YV dr = / - 5 dx
(¢ — a%cx?)” arccosh(azx) (acz? — ¢)” arcosh (ax)

input Lintegrate (1/(~a~2%c*x~2+c) “2/arccosh(a*x) ,x, algorithm="giac")

output tintegrate(l/((a’?*c*x*z - c)~2*arccosh(a*x)), x)

Mupad [N/A]
Not integrable

Time = 3.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
2022)2 dz = 2 o r2)2 dz
(¢ — a%cx?)” arccosh(ax) acosh (ax) (c — a?cx?)

input tint(l/(acosh(a*x)*(c - a”2*%c*x"2)"2),x)

output Lint(l/(acosh(a*x)*(c - a"2xc*x"2)"2), x)
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Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

dz

1 de — f acosh(azx)atzt—2acosh(az)a?z2+acosh(azx)

(¢ — a2cx?)? arccosh(ax) c?

input Lint (1/(-a~2xc*x~2+c) ~2/acosh(a*x) ,x)

p
OutputLint(l/ (acosh(a*x)*ax*4xx**x4 - 2%acosh(a*x)*a**2*x**2 + acosh(axx)),x)/c**2

1
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3
3.23 [-lrae) g,
arccosh(az)?

Optimal result . . . . . . . . . . . . . e

Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... .. .. 2861

Rubi [A] (verified) . . . . . . ... .. 281

Maple [A] (verified) . . . . . . . .. L 289

Fricas [F] . . . . . . o 289

Sympy [F] . . . 290

Maxima [F] . . . . . .. 290

Giac [F] . . . . o o 291]

Mupad [F(-1)] . . . o o 291]

Reduce [F] . . . . . 291]

Optimal result

Integrand size = 20, antiderivative size = 98

/ (c — a%cz?)’ A(—=1+ax)?(1 + ax)™/?
dr =
arccosh(az)? aarccosh(ax)
35¢3Chi(arccosh(az))  63c3Chi(3arccosh(az))
64a - 64a
35¢3Chi(5arccosh(az))  7c3Chi(Tarccosh(azx))
+ —
64a 64a
output ‘(c"s* (axx-1)~(7/2)*(axx+1)~(7/2) /a/arccosh(a*x)+35/64*c~3*Chi (arccosh(a*x)) \‘

‘ /a-63/64*c~3*Chi (3*arccosh(a*x))/a+35/64*c”~3*Chi (5*%arccosh(a*x))/a-7/64*c™ ‘
LS*Chi (7*arccosh(a*x))/a J

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 257 vs. 2(98) = 196.

Time = 0.45 (sec) , antiderivative size = 257, normalized size of antiderivative = 2.62
_2..2\3
/ (c —a*cx ) da
arccosh(ax)?

( 64,/552 — 64z, [SE2 1 1920%2, /5102 41920809, [SHe — 19atst, [SHEe — 1924507 /
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input ‘ Integrate[(c - a"2%c*x"2)"3/ArcCosh[a*x]~2,x] ‘

(c™3%(-64*Sqrt[(-1 + a*xx)/(1 + a*x)] - 64*xa*x*Sqrt[(-1 + a*x)/(1 + a*x)] +
192*%a~2*x"2*%Sqrt [(-1 + a*x)/(1 + a*x)] + 192*%a~3*x"3*Sqrt[(-1 + a*x)/(1 +
a*x)] - 192%xa~4*x"4*xSqrt[(-1 + a*x)/(1 + a*x)] - 192%a~b5*x"5xSqrt[(-1 + a

*x) /(1 + a*x)] + 64*a"6xx"6*Sqrt[(-1 + a*x)/(1 + a*x)] + 64*a”7*x~7*Sqrt[(

-1 + a*x)/(1 + a*xx)] + 35*ArcCosh[a*x]*CoshIntegral [ArcCosh[a*x]] - 63*Arc

Cosh [a*x]*CoshIntegral [3*ArcCosh[a*x]] + 35*ArcCosh[a*x]*CoshIntegral [5*Ar

cCosh[a*x]] - 7*ArcCosh[a*x]*CoshIntegral [7*ArcCosh[a*x]]))/(64*a*ArcCoshl[

axx])

output

Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.85,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6319, 6368, 5971, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (c - a20w2)3
———— = dz
arccosh(az)?
| 6319
Aax —1)/2(az +1)"2 3 [ z(ax —1)*?(az +1)/2
— Tac dr
aarccosh(az) arccosh(azx)
| 6368
az(az—1)3 1)3
A3az — 1)7/2(az +1)7/2 7c3 [ %S}({Z:))darccosh(ax)
aarccosh(az) B a
| 5971
Alax —1)7?(ax 4+ 1)7/2 _
aarccosh(azx)
3((— 5az 9cosh(3arccosh(az))  5cosh(5arccosh(az)) , cosh(7arccosh(az))
e | ( 64arccosh (az) 64arccosh (az) s1arccosh(az) | 64arccosh(a) ) darccosh(az)
a

l 2009
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Alax —1)2(ax +1)7/2 B

aarccosh(azx)
7¢3(—&;Chi(arccosh(az)) + & Chi(3arccosh(az)) — & Chi(5arccosh(az)) + g4 Chi(7arccosh(az)))
a
input ‘ Int[(c - a"2*xc*x”2)~3/ArcCosh[a*x]~2,x] J

¢ ‘ (c™3x(-1 + axx)~(7/2)*(1 + axx)~(7/2))/(a*ArcCosh[a*x]) - (7*c~3*((-5*Cosh
‘ Integral [ArcCosh[a*x]])/64 + (9*CoshIntegral[3*ArcCosh[a*x]])/64 - (5*Cosh
‘ Integral [6%ArcCosh[a*x]])/64 + CoshIntegral [7*ArcCosh[a*x]]1/64))/a

outpu

-

Defintions of rubi rules used

rule 2009 mtlu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[Cosh[(a_.) + (b_.)*(x_ )] (p_.)*((c_.) + (A_.)*(x_)) " (m_.)*Sinh[(a_.) +
(b_.)*(x_)1"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& IGtQ[p, 0]

rule 5971

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.)) " (n_)*((d_) + (e_.)*(x_)"2)"(p_.), x
_Symbol] :> Simp[Simp[Sqrt[1 + c*x]*Sqrt[-1 + cxx]*(d + e*x"2) pl*((a + bxA
rcCosh[c*x])~(n + 1)/(bxcx(n + 1))), x] - Simp[c*x((2*p + 1)/(b*x(n + 1)))*Si
mp[(d + e*x72)"p/((1 + cxx)"p*(-1 + cxx)"p)] Int[x*x(1 + c*x)~(p - 1/2)*(-
1+ cxx)~(p - 1/2)*(a + b*ArcCosh[c*x])~(n + 1), x], x] /; FreeQl[{a, b, c,
d, e, p}, x] && EqQ[c™2*d + e, 0] && LtQ[n, -1] && IntegerQ[2*p]

rule 6319

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.)) " (n_.)*(x_)"(m_.)*((d1_) + (el_.)*(x
)7 (p_)*x((d2) + (e2_.)*(x_))"(p_.), x_Symbol]l :> Simp[(1/(b*c”™(m + 1)))*
Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x)"p/(-1 + c*x)"p]  Subst[In
t[x"n*Cosh[-a/b + x/b] m*Sinh[-a/b + x/b]~(2*%p + 1), x], x, a + b*ArcCoshlc
*x]]1, x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] && EqQlel, c*d1] && EqQ[
e2, (-c)xd2] && IGtQ[p + 3/2, 0] && IGtQ[m, O]

rule 6368
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.09

method result
. . .. ¢3(35 Chi(arccosh(az)) arccosh(az)—63 Chi(3 arccosh(az)) arccosh(az)+35 Chi(5 arccosh(az)) arccosh(az)—7 Ch
derivativedivides 2o o
default c3(35 Chi(arccosh(ax)) arccosh(az)—63 Chi(3 arccosh(ax)) arccosh(az)+35 Chi(5 arccosh(ax)) arccosh(az)—7 Ch
elan 64a arc
inputLint((—a‘2*c*x‘2+c)‘3/arccosh(a*x)“2,x,method=_RETURNVERBOSE) J

‘ 1/64/a*c”3*(35%Chi (arccosh(a*x) ) *arccosh (a*x)-63*Chi (3*arccosh (a*x) ) *arcco ‘
‘ sh(a*x)+35*Chi (5*arccosh(a*x)) *arccosh(a*x)-7*Chi (7*arccosh(a*x) )*arccosh( ‘
‘ a*x)-35*(a*xx-1)~(1/2)*(a*x+1)~(1/2)+21*sinh (3*arccosh(a*x) )-7*sinh(5*arcco ‘
‘ sh(a*x))+sinh(7*arccosh(a*x)))/arccosh(a*xx) ‘

output

Fricas [F]
(c — a2cx?)? (a%cz® — ¢)°
———dr= [ —————dx
arccosh(ax) arcosh (ax)
input Lj_ntegrate ((-a~2*c*x~2+c) "3/arccosh(a*x) "2,x, algorithm="fricas") J

t‘ integral (-(a"6xc~3*x"6 - 3*a~4*c”3*x"4 + 3*a"2*c"3*x"2 - c~3)/arccosh(a*x) ‘

outpu ‘ 2 %) ‘
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Sympy [F]

(c — a*cz?)’ 3 ( / 3a’z? / ( 3atz? )
—— " dr=— ——d — ] d
/ arccosh(ax)? v ¢ acosh® (ax) v acosh® (ax) v

+/ﬂdx+/(—;) dw)
acosh? (az) acosh? (az)

integrate ((—ax*2xcxx**2+c)**3/acosh(a*x)**2,x)

p

inputt

-

Output‘—c**3*(Integral(3*a**2*x**2/acosh(a*x)**2, x) + Integral (—3*a*x4*x**4/acos
‘h(a*x)**2, x) + Integral (a**6*x**6/acosh(axx)**2, x) + Integral(-1/acosh(a
*x)#%2, X))

Maxima [F]
(c — a*cz?)’ (a*cz® — ¢)°®
T dr= | ——————5dz
arccosh(az) arcosh (az)
input Lintegrate ((-a~2*c*x~2+c) ~3/arccosh(a*x)~2,x, algorithm="maxima")

(a"9*c™3*x™9 - 4*a~T*c"3*x”7 + 6%a~b*c"3*x”5 - 4*a”3*c”3*x"3 + a*c”3*x + (
a"8xc”3%x"8 - 4%a”"6xc”3*%x"6 + 6%a”4*c”3%x"4 - 4%a”2%c"3%x"2 + c~3)*sqrt(ax
x + Dxsqrt(a*x - 1))/((a"3*x"2 + sqrt(axx + 1)*sqrt(a*xx - 1)*a™2+x - a)*l
og(a*x + sqrt(a*x + 1)*sqrt(a*x - 1))) - integrate((7*a~10%c~3*x~10 - 29%a
“8%cT3*%x"8 + 46%a”6*c"3%x"6 - 34*a"4xc”3*x"4 + 11xa"2kc"3*x"2 + (7*a"8%c”3
*X"8 - 20%a”6xCc"3*x"6 + 18%a"4xc"3*x"4 - 4*a”~2*c"3*x"2 - c"3)*(a*x + 1)*(a
*x — 1) - c73 + T*(2%a"9%c™3%x"9 - 7*a~7*c"3%x"7 + 9%a~b*c”3*%x”5 - 5*a~3*c
"3%x73 + axc”3*x)*sqrt(akx + 1)xsqrt(a*x - 1))/((a"4*x"4 + (a*x + 1)*(a*x

- 1)*%a”2%x"2 - 2%a”2*x"2 + 2%(a"3*%x"3 - a*x)*sqrt(a*x + 1)*sqrt(a*xx - 1) +
1)*log(a*x + sqrt(a*x + 1)*sqrt(a*x - 1))), x)

output
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Giac [F]
— 20m2)3 2.2 33
®a_cw>2dx:/_(a ca’=c)
arccosh(az) arcosh (ax)
inputLintegrate((-a‘2*c*x“2+c)“3/arccosh(a*x)*2,x, algorithm="giac") J
output Lintegrate(-(a?*c*x‘z - c¢)~3/arccosh(a*x)~2, x) J
Mupad [F(-1)]
Timed out.
2.2 3 2 213
(c — a’cz?) d:c:/(c acz)2 e
arccosh(az)? acosh (a x)
inputtint((c - a~2*c*x~2) "3/acosh(a*x) ~2,x) J
outputtint((c - a"2xc*x~2)"3/acosh(a*x)~2, x) J
Reduce [F]
_ 12,72)3 6 4
/@a_cxgdzzcg(_(/w_m) a6+3(/x_2dw> p
arccosh(az) acosh (ax) acosh (ax)
? 1
NV iy
acosh (ax) acosh (ax)
inputLint((—a‘2*c*x‘2+c)‘S/acosh(a*x)*z,x) J
output‘c**3*( - int(x**6/acosh(a*x)**2,x)*a**6 + 3*int (x**4/acosh(axx)**2,x)*a*x4

‘ - 3xint (x**2/acosh(axx)**2,x)*a**2 + int(1/acosh(axx)**2,x))
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2
324 [ lore) g,
arccosh(az)?

Optimal result . . . . . . . . . . . . . e 292
Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... .. ..
Rubi [A] (verified) . . . . . . ... .. 293
Maple [A] (verified) . . . . . . . .. L 295
Fricas [F] . . . . . . o 295
Sympy [F] . . . 295
Maxima [F] . . . . . .. 296
Giac [F] . . . . o o 290
Mupad [F(-1)] . . . o o 297
Reduce [F] . . . . . 297

Optimal result

Integrand size = 20, antiderivative size = 82

/ (c — a*cz?)? i — (=1 +ax)*?(1+ ax)®?  5c2Chi(arccosh(az))

arccosh(az)? aarccosh(ax) 8a
15¢Chi(3arccosh(az)) = 5c*Chi(barccosh(az))
—~ +
16a 16a

N

-c~ 2% (a*x-1) " (5/2) * (a*x+1) ~(5/2) /a/arccosh(a*x)+5/8*c~2*Chi (arccosh(a*x))/ ‘

;
output ‘
a-15/16%c~2*Chi (3*arccosh(a*x))/a+5/16*c~2*Chi (5*arccosh(a*x))/a ‘

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 194 vs. 2(82) = 164.

Time = 0.32 (sec) , antiderivative size = 194, normalized size of antiderivative = 2.37

2
(c — a’cz?)
NEZEE) gy
arccosh(ax)
2 —l4ax —l4ax __ 2,2 [—=14ax __ 3,3 [=ltazx 4,.4 [—=1+4azx 5,50 [/—=1+a
¢ (16,7522 + 16az, /5122 — 320%2 /510 — 320328, [SHr 4 16atat /Sl 4 160%0° 1S

16a:
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input‘ Integrate[(c - a"2xc*x"2)"2/ArcCosh[a*x]~2,x]

-1/16%(c~2*%(16*%Sqrt[(-1 + a*x)/(1 + a*x)] + 16*a*x*Sqrt[(-1 + a*xx)/(1 + a*
x)] - 32%a”2*x"2*Sqrt[(-1 + a*x)/(1 + a*x)] - 32%a~3*x"3*Sqrt[(-1 + a*x)/(
1 + a*x)] + 16%a~4*x"4*Sqrt[(-1 + a*x)/(1 + a*x)] + 16%a~b*x~5xSqrt[(-1 +
a*x)/(1 + a*x)] - 10%ArcCosh[a*x]*CoshIntegral [ArcCosh[a*x]] + 15*ArcCoshl[
axx] *CoshIntegral [3*ArcCosh[a*x]] - 5*ArcCosh[a*x]*CoshIntegral [6xArcCosh[
a*x]1))/(axArcCosh[a*x])

output

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.89,

number of rules _ 0.200, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6319, 6368, 5971, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c - a20w2)2 d
arccosh(ax)? v

| 6319
2/ z(az —1)3/2(az +1)3/2 (ax — 1)%2(azx + 1)%/2
5ac dxr —
arccosh(ax) aarccosh(ax)
| 6368
—_1)2 2
502f%darccosh(am) ez — 15/2(az + 1)%/2
a aarccosh(azx)
| 5971
2 az __ 3cosh(3arccosh(az)) | cosh(5arccosh(az))
5¢ [ <8aI'CCOSh(ax) 16arccosh(az) + 16arccosh(az) ) darccosh(az)

a
A(ax —1)2(azx + 1)5/2
aarccosh(ax)

l 2009




input

output

rule 2009

rule 5971

rule 6319

rule 6368
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5¢? (§Chi(arccosh(az)) — - Chi(3arccosh(az)) + 15 Chi(5arccosh(az)))

a
(azx — 1)°2(az + 1)%/?
aarccosh(ax)

‘ Int[(c - a"2*xc*x”2)~2/ArcCosh[a*x]~2,x]

p
‘-((c"2*(-1 + axx)~(5/2)*(1 + axx)~(5/2))/(a*ArcCosh[a*x])) + (5*c~2%(CoshI
‘ntegral [ArcCosh[a*x]]/8 - (3*CoshIntegral [3*ArcCosh[a*x]])/16 + CoshIntegr

‘ al[5*%ArcCosh[a*x]]/16))/a

-

Defintions of rubi rules used

;
Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[Cosh[(a_.) + (b_.)*(x_ )] (p_.)*((c_.) + (A_.)*(x_)) " (m_.)*Sinh[(a_.) +
(b_.)*(x_)1"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& IGtQ[p, 0]

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.)) " (n_)*((d_) + (e_.)*(x_)"2)"(p_.), x
_Symbol] :> Simp[Simp[Sqrt[1 + c*x]*Sqrt[-1 + cxx]*(d + e*x"2) pl*((a + bxA
rcCosh[c*x])~(n + 1)/(bxcx(n + 1))), x] - Simp[c*x((2*p + 1)/(b*x(n + 1)))*Si
mp[(d + e*x72)"p/((1 + cxx)"p*(-1 + cxx)"p)] Int[x*x(1 + c*x)~(p - 1/2)*(-
1+ cxx)~(p - 1/2)*(a + b*ArcCosh[c*x])~(n + 1), x], x] /; FreeQl[{a, b, c,
d, e, p}, x] && EqQ[c™2*d + e, 0] && LtQ[n, -1] && IntegerQ[2*p]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.)) " (n_.)*(x_)"(m_.)*((d1_) + (el_.)*(x
)7 (p_)*x((d2) + (e2_.)*(x_))"(p_.), x_Symbol]l :> Simp[(1/(b*c”™(m + 1)))*
Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x)"p/(-1 + c*x)"p]  Subst[In
t[x"n*Cosh[-a/b + x/b] m*Sinh[-a/b + x/b]~(2*%p + 1), x], x, a + b*ArcCoshlc
*x]]1, x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] && EqQlel, c*d1] && EqQ[
e2, (-c)xd2] && IGtQ[p + 3/2, 0] && IGtQ[m, O]
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Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.06

method result

¢2(10 Chi(arccosh(az)) arccosh(az)—15 Chi(3 arccosh(az)) arccosh(az)+5 Chi(5 arccosh(az)) arccosh(az)—10+/a
16a arccosh(az)

c2(10 Chi(arccosh(ax)) arccosh(az)—15 Chi(3 arccosh(ax)) arccosh(az)+5 Chi(5 arccosh(az)) arccosh(az)—10+/a
16a arccosh(az)

derivativedivides

default

input Lint ((-a"2xc*x~2+c) "2/arccosh(a*x) ~2,x,method=_RETURNVERBOSE) J

‘ 1/16/a*c~ 2% (10*Chi (arccosh(a*x) ) *arccosh(a*x)-15%Chi (3*arccosh(a*x))*arcco ‘
‘ sh(a*x)+5*Chi (5%arccosh(a*x))*arccosh(a*x)-10%(a*xx-1)~(1/2) *(a*xx+1) ~(1/2)+ ‘
‘ 5%sinh (3*arccosh(a*x))-sinh(5*arccosh(a*x)))/arccosh(a*xx) ‘

output

Fricas [F|
(c — a?cz?)? (a%ca? — c)’
—————dr= | ———5dz
arccosh(az) arcosh (az)
input Lintegrate ((-a~2xc*x~2+c)~2/arccosh(a*x)~2,x, algorithm="fricas") J
output tintegral( (a"™4xc™2xx™4 - 2*%a~2*%c”2*%x"2 + c~2)/arccosh(a*x)”~2, x) J
Sympy [F]

_2,..2\2
/(c acx)dw

arccosh(ax)?
2a2x? atz? 1
S . 2T g / 4 )
¢ (/ ( acosh? (ax)) x+/ acosh? (ax) Ea acosh® (az) ’

Lintegrate ((—ax*2xcxx**2+c) **x2/acosh (a*x) **2,x) J

input
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‘c**2*(Integral(-2*a**2*x**2/acosh(a*x)**2, x) + Integral (ax*4*x**4/acosh(a

output
L*x)**2, x) + Integral(acosh(a*x)**(-2), x))

Maxima [F|

_2...2\2 2.2 )2
/(c a‘cz?) dx:/(acz c) i

arccosh(azx)? arcosh (az)’

-

input tintegrate ((-a~2*c*x~2+c) ~2/arccosh(a*x)~2,x, algorithm="maxima")

~—

-(@"Txc™2xx"7 - 3*%a~b*c"2*x"5 + 3*¥a"3*%c"2*x"3 - axc”2*x + (a"6*c"2*x"6 - 3
*¥a"4*CcT2%x"4 + 3*%a"2%c”2*x"2 - c”"2)*sqrt(axx + 1)x*sqrt(a*x - 1))/((a"3*x"2
+ sqrt(a*x + 1)*sqrt(axx - 1)*a"2*x - a)*log(a*x + sqrt(axx + 1)*sqrt(a*x
- 1))) + integrate((5*a~8*c™2*x"8 - 16%a~6*c™2*x"6 + 18%a"4*c”2xx"4 - 8%a
T2%cT2xx72 + (5*aT6*CT2*%xT6 — 9%a”4xcT2xx"4 + 3%a"2+c72%x72 + c”2)*(axx +

1)*(a*x - 1) + 5x(2%a~7*c™2*%x”7 - 5*a”~b*c™2*x"5 + 4%a~3*c”"2*x"3 - a*c”2#*x)
xsqrt(a*xx + 1)*sqrt(a*x - 1) + c72)/((a"4*x"4 + (a*x + 1)*(a*xx — 1)*a~2*x”
2 - 2%a”2*%x"2 + 2% (a”3*x"3 - a*x)*sqrt(axx + 1)*sqrt(a*x - 1) + 1)*log(a*x
+ sqrt(a*x + 1)#*sqrt(a*x - 1))), x)

output

Giac [F]

— a2cx?)? 2.2 _ )2
/(c a‘cx?) dx=/(acx c) i

arccosh(ax)? arcosh (az)?

inputLintegrate((—a‘2*c*x‘2+c)"2/arccosh(a*x)"2,x, algorithm="giac")

OutputLintegrate((a”2*c*x“2 - ¢)~2/arccosh(a*x) "2, x)
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Mupad [F(-1)]
Timed out.

A2 212 ) 212
(c — a*cx?) dx:/(c acz)dx

arccosh(azx)? acosh (a z)?

inputtint((c - a~2xc*x"2) "2/acosh(a*x) ~2,x)

ou_tputkint((c - a”2xc*x”2)"2/acosh(a*x) "2, x)

Reduce [F]

(c — a2cx?)’ zt
" dg = — —dz)a' -2 | ———
arccosh(az)? acosh (ax) acosh (

- &)
de)

input Lint ((-a™2*c*x"2+c) "2/acosh(a*x) "2,x)

output
‘int(l/acosh(a*x)**2,x))

‘c**2*(int(x**4/acosh(a*x)**2,x)*a**4 - 2xint (x**2/acosh(a*x) **2,x)*a**2 +
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3.25  [_—tow g

arccosh(az)?
Optimalresult . . . . . .. . .. .. 298]
Mathematica [A] (verified) . . . . . . . .. ... L 298
Rubi [A] (verified) . . . . . . . .. .. 299
Maple [A] (verified) . . . . . . . . .. 300
Fricas [F] . . . . . . o 3011
Sympy [F] . . .
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o
Reduce [F] . . . . . o 3031

Optimal result

Integrand size = 18, antiderivative size = 58

/ ¢ — a’cz? dp — c(—=1+ az)??(1 + ax)>/?

arccosh(az)? ~ aarccosh(ax)
N 3cChi(arccosh(az))  3cChi(3arccosh(az))
4a 4a

t} o (a*x-1)~(3/2) * (a*x+1)~ (3/2) /a/arccosh(a*x) +3/4*c#Chi (arccosh(a*x)) /a-3/4 |

outpu
‘*c*Chi(B*arccosh(a*x))/a

Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.12

/ c— a’cx?
———dzx
arccosh(ax)?
c<4(ﬂ)3/ ?(1 + az)? + 3arccosh(az)Chi(arccosh(az)) — 3arccosh(aa:)Chi(3arccosh(aa:)))

14azx

4aarccosh(ax)

input LIntegrate[(c - a”2xc*x”~2) /ArcCosh[a*x] ~2,x] J
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‘ (cx(4*%((-1 + a*xx)/(1 + axx))~(3/2)*(1 + a*x)"3 + 3xArcCosh[a*x]*CoshIntegr ‘
‘ al[ArcCosh[a*x]] - 3*ArcCosh[a*x]*CoshIntegral [3*ArcCosh[a*x]]))/(4*a*ArcC ‘
‘ osh[a*x]) ‘

output

Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.98,

— 4 number of rules _ 992, Rules

number of steps used = 5, number of rules used =
integrand size

used = {6319, 6368, 5971, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ¢ — a’cz?
———dzx
arccosh(ax)?

| 6319
clax — 1)3/2(azx + 1)3/2 a4 /w\/ax— Vvaz +1
aarccosh(ax) arccosh(ax)
| 6368
claz — 1)@z + 12 3¢J o racothy darccosh(az)

aarccosh(ax) a

| 5971
3/2 3/2 3cf <°°Sh(3arCCOSh(aw)) — az ) darccosh(azx)
claz — 1)°/*(az + 1) _ 4arccosh(az) 4arccosh(az)

aarccosh(az) a

| 2009

claxz — 1)3/2(az +1)3/2  3c(1Chi(3arccosh(az)) — % Chi(arccosh(az)))
aarccosh(az) a

p
LInt [(c - a™2*c*x"2)/ArcCosh[a*x]~2,x]

-/

input

‘ (cx(-1 + a*x)~(3/2)*(1 + a*xx)~(3/2))/(a*xArcCosh[a*x]) - (3*c*x(-1/4*CoshInt ‘

output
egral [ArcCosh[a*x]] + CoshIntegral [3*ArcCosh[a*x]]/4))/a

J
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[Cosh[(a_.) + (b_.)*(x_)]1 " (p_.)*((c_.) + (d_.)*(x_))"(m_.)*Sinh[(a_.) +
(b_.)*(x_)]1"(n_.), x_Symbol] :> Int[ExpandTrigReduce[(c + d*x)"m, Sinh[a +
b*x] “n*Cosh[a + b*x]~"p, x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[n, 0] &
& IGtQ[p, 0]

rule 5971

Int[((a_.) + ArcCosh[(c_.)*(x_)I*(b_.))"(n_)*((d_) + (e_.)*(x_)"2)"(p_.), x
_Symbol] :> Simp[Simp[Sqrt[1 + c*x]*Sqrt[-1 + c*x]*(d + e*x~2) pl*((a + Db*A
rcCoshlc*x])~(n + 1)/(bxcx(n + 1))), x] - Simp[cx((2*p + 1)/(bx(n + 1)))*Si
mp[(d + e*x72)"p/((1 + c*x)"p*(-1 + c*x)"p)] Int[xx(1 + c*x)~(p - 1/2)*(-
1 + c*xx)~(p - 1/2)*(a + bxArcCosh[c*x])~(n + 1), x], x] /; FreeQ[{a, b, c,
d, e, p}, x] & EqQlc™2#d + e, 0] && LtQ[n, -1] && IntegerQ[2*p]

rule 6319

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)*(x_)~(m_.)*((d1_) + (el_.)*(x
)7 (p_)*x((d2) + (e2_.)*(x_))"(p_.), x_Symbol] :> Simp[(1/(b*c”™(m + 1)))*
Simp[(dl + el*x)"p/(1 + c*x) pl*Simp[(d2 + e2*x)"p/(-1 + c*x)"p]  Subst[In
t[x"n*Cosh[-a/b + x/b] “m*Sinh[-a/b + x/b]~(2*%p + 1), x], x, a + b*ArcCosh[c
*x]], x] /; FreeQ[{a, b, c, d1, el, d2, e2, n}, x] & EqQ[el, c*d1] && EqQ[
e2, (-c)xd2] && IGtQ[p + 3/2, 0] && IGtQ[m, O]

rule 6368

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.05

method result

(3 Chi(arccosh(az)) arccosh(az)—3 Chi(3 arccosh(az)) arccosh(az)—3v/az—1 +/az+1+sinh(3 arccosh(az)))
4a arccosh(az)

(3 Chi(arccosh(az)) arccosh(az)—3 Chi(3 arccosh(ax)) arccosh(azx)—3+/az—1 v/az+1+sinh(3 arccosh(az)))
4a arccosh(az)

derivativedivides

default

input Lint ((-a~2*c*x~2+c) /arccosh(a*x) ~2,x,method=_RETURNVERBOSE) J
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‘1/4/a*c*(3*Chi(arccosh(a*x))*arccosh(a*x)—3*Chi(3*arccosh(a*x))*arccosh(a*

output
‘x)-3*(a*x-1)“(1/2)*(a*x+1)“(1/2)+sinh(3*arccosh(a*x)))/arccosh(a*x)

Fricas [F]

c — a’cx? a*cx® —c
———dr= [ -——————dz
arccosh(azx) arcosh (azx)

inputLintegrate((‘aAQ*C*X“2+C)/arccosh(a*x)‘2,x, algorithm="fricas")

ou_tputtintegral(-(a"2=l=c*x"2 - c)/arccosh(a*x)~2, x)

Sympy [F]

/—C_ a’ca” dr = —c(/ —a2x2 da:—i—/ (——1 ) da:)
arccosh(az)? acosh® (az) acosh? (ax)

inPUtLintegrate((_a**2*c*x**2+0)/aCOSh(a*x)**2,x)

Output‘-c*(Integral(a**2*x**2/acosh(a*x)**2, x) + Integral(-1/acosh(axx)**2, x))

Maxima [F]

¢ — a’cx? a*cx® —c
- dp= [ -
arccosh(azx) arcosh (azx)

inputLintegrate((‘aAQ*C*X“2+C)/arccosh(a*x)“2,x, algorithm="maxima")
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(a"B*c*x™5 - 2*%a”3xcxx"3 + axckxx + (a"4*c*x"4 - 2*%a"2%cxx"2 + c)*sqrt(a*x

+ 1 xsqrt(a*xx - 1))/((a"3*x"2 + sqrt(axx + 1)*sqrt(a*x - 1)*a~2*x - a)*log
(a*x + sqrt(a*x + 1)*sqrt(a*x - 1))) - integrate((3*a~6xc*x~6 - T*a 4*c*x”
4 + B¥a"2xckx"2 + (3%a"4xckx"4 - 2%xa"2kc*kx"2 - c)x(axx + 1)x(a*xx - 1) + 3%
(2%a"b*cxx™b - 3*a~3*c*x"3 + akckx)*sqrt(axx + 1)*sqrt(a*x - 1) - c)/((a"4
*x"4 + (a*xx + 1)*(axx - 1)*a”™2*x"2 - 2*%a~2*x"2 + 2*%(a"3*x"3 - a*x)*sqrt(a*
x + 1)*sqrt(a*x - 1) + 1)*log(a*x + sqrt(a*x + 1)*sqrt(a*xx - 1))), x)

output

Giac [F]

c — a’cz? a’cx® —c
— dr = -0 3 dx
arccosh(ax) arcosh (ax)

inputLintegrate((—a‘2*c*x"2+c)/arccosh(a*x)‘Q,x, algorithm="giac")

OutputLintegrate(—(a”Q*c*x? - c)/arccosh(a*x)~2, x)

Mupad [F(-1)]

Timed out.

c— a’cx? c—a’cz’
—— dr = — dx
arccosh(ax) acosh (a x)

inputLint((c - a~2xc*x"2) /acosh(a*x) ~2,x)

Outputtint((c - a~2*c*x"2) /acosh(a*x)~2, x)
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Reduce [F]

¢ — a’cz? x? 9 1
——————de=c|—| | ————=dr|d’+ | ———dz
arccosh(ax) acosh (azx) acosh (azx)

inputLint((-a“2*c*x“2+c)/acosh(a*x) 2.%)

output tc*( - int (x**2/acosh(a*x)**2,x)*a*x*2 + int(1/acosh(a*x)**2,x))
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1

3.26 f (c—a20w2)al‘CCOSh(ax)2 dz

Optimal result . . . . . . . . . . .. 304
Mathematica [N/A] . . . . . ...
Rubi [N/A] . . o
Maple [N/A] . . . o
Fricas [N/A] . . . . o
Sympy [N/A] . . o 3061
Maxima [N/A] . . . . o
Giac [N/A] .« . .
Mupad [N/A] . . . o 307
Reduce [N/A] . . . o o e 308

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
dz = Int
/ (¢ — a?cx?) arccosh(azx)? v= <(c — a?cx?) arccosh(ax)?’ m)

output LDefer(Int) (1/(-a"2xc*x~2+c) /arccosh(a*x) ~2,x) J

Mathematica [N/A]

Not integrable

Time = 2.59 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1 1
/ (¢ — a?cx?) arccosh(ax)? de = / (c — a?cx?) arccosh(ax)? dz

input LIntegrate [1/((c - a~2%c*x~2)*ArcCosh[a*x]"2),x] J

output ‘\Integrate [1/((c - a~2%c*x~2)*ArcCosh[a*x]~2), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.53 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 dx
arccosh(az)? (c — a2cx?)
| 6319
af (az—1)3/2(ax+1;c3/2arccosh(az) d 1
c acv/ax — 1y/ax + larccosh(ax)
| 6376
af (am—1)3/2(az+1;c3/2arccosh(aw) dz 1
c acvax — 1y/ax + larccosh(ax)
LInt [1/((c - a~2*c*x~2)*ArcCosh[a*x] ~2),x] J
L$Aborted J

Maple [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1

dx
(—a2cx? + ¢) arccosh (az)®

Lint(1/(—a"2*c*x‘2+c)/arccosh(a*x) ~2,x%) J

Lint(1/(-a“2*c*x“2+c)/arccosh(a*x)A2,x)
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Fricas [N/A]

Not integrable

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
dr = [ — d
/ (¢ — a®cx?) arccosh(azx)? v / (a2cx? — c) arcosh (az)? ’

inputt

integrate(1/(-a~2*c*x~2+c)/arccosh(a*x)~2,x, algorithm="fricas") J

-

output L

integral(-1/((a"2*c*x~2 - c)*arccosh(a*x)~2), x)

-/

Sympy [N/A]
Not integrable

Time = 2.40 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.30

1
1 f a2z2 acosh? (ax)—acosh? (azx) dzx
) 2 3 d{L’ = —
(¢ — a%cx?) arccosh(ax) c
inputLintegrate(1/(—a**2*c*x**2+c)/acosh(a*x)**Q,X) J
OutputL—Integral(l/(a**2*x**2*acosh(a*x)**2 - acosh(a*x)**2), x)/c J

input

Lintegrate(1/(—a“2*c*x‘2+c)/arccosh(a*x)“2,x, algorithm="maxima")

Maxima [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 259, normalized size of antiderivative = 12.95

1 1
dr= | — d
/ (¢ — a?cx?) arccosh(az)? v / (a2cx? — ¢) arcosh (az)? ’
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(a*x + sqrt(a*x + 1)*sqrt(axx - 1))/((a"3*cxx"2 + sqrt(a*x + 1)*sqrt(a*x -
1)*a~2*c*kx - a*c)*log(axx + sqrt(a*x + 1)*sqrt(a*x - 1))) + integrate((a”
4*xx"4 + (a”2*x72 - 1)*(a*xx + 1)x(a*x - 1) + (2%a”3*x"3 - a*x)*sqrt(axx + 1
Y¥sgrt(a*xx - 1) - 1)/((a"6*c*xx"6 - 3*a~4*c*x~4 + 3*%a~2xc*x"2 + (a"4*c*x"4
- a”2%c*kx"2)*(a*x + 1)*(a*x - 1) + 2%(a~b*c*x™5 - 2*%a~3*c*x™3 + axc*x)*sqr
t(a*x + 1)*sqrt(a*x - 1) - c)*log(a*x + sqrt(a*x + 1)x*sqrt(a*x - 1))), x)

output

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

1 1
dr = | — dz
/ (¢ — a%cx?) arccosh(azx)? / (a2cx? — ¢) arcosh (az)®

p
input Lintegrate (1/(-a~2*c*x~2+c) /arccosh(a*x) ~2,x, algorithm="giac")

OutputLintegrate(—1/((a‘2*c*x*2 - c)*arccosh(a*x)~2), x)

-/

Mupad [N/A]
Not integrable

Time = 3.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ ! dr = / ! dx
(c — a®cz?) arccosh(az)? ./ acosh(az)? (c—a?cz?)

inputLint(l/(acosh(a*x)‘Q*(c - a~2xc*x"2)),x)

OutputLint(l/(acosh(a*x)“Q*(c - a~2%c*x~2)), x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.55

¢ — a%cx?) arccosh(ax)? do = - c

/ 1 f acosh(aac)2a2x12—acosh(aw)2 dz
(

input tint (1/ (-a~2xc*x~2+c) /acosh(a*x) ~2,x)

output L( - int (1/(acosh(a*x)**2ka**2xx**x2 - acosh(a*x)**2),x))/c




output

input

output
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3.27 . dx
f (c—a?cz?) 2aI'CCOSh(cwv)2

Optimalresult . . . . . . . . .. . ..
Mathematica [N/A] . . . . . ... . 309
Rubi [N/A] . . o BI0)
Maple [N/A] . . . o 310
Fricas [N/A] . . . . o B11]
Sympy [N/A] . . o 31T
Maxima [N/A] . . . . o e 312
Giac [N/A] .« . .
Mupad [N/A] . . . o B13l
Reduce [N/A] . . . o 313l

Optimal result

Integrand size = 20, antiderivative size = 20

1 1
/ 2,072)2 2da:=Int( 2072)2 2’
(¢ — a%cx?)” arccosh(ax) (¢ — a%cx?)” arccosh(azx)

)

LDefer (Int) (1/(-a~2*c*x~2+c) ~2/arccosh(a*x) ~2,x)

Mathematica [N/A]

Not integrable

Time = 8.12 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
dr = /
/ (¢ — a2cx?)? arccosh(ax)? (¢ — a2cx?)? arccosh(ax)?

dx

LIntegrate [1/((c - a~2%c*x~2) ~2xArcCosh[a*x]~2),x]

LIntegrate [1/((c - a"2xc*x"2) "2*ArcCosh[a*x]~2), x]




output L

input L

CHAPTER 3. LISTING OF INTEGRALS 310

Rubi [N/A]
Not integrable
Time = 0.56 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ 1 5 dz
arccosh(az)? (¢ — a?cx?)
| 6319
_ 3a f (az—1)5/2 (aw—l—l:;s/zaI‘CCOSh(ax) dz _ 1
c? ac%(ax — 1)3/2(az + 1)3/2arccosh(az)
| 6376
_ 3a [ (am—1)5/2(az+1§5/2arccosh(am) dz _ 1
c? ac?(ax — 1)3/2(ax + 1)3/2arccosh(ax)

LInt [1/((c - a~2*c*xx~2) "2%ArcCosh[a*x]~2),x]

s

$Aborted

~—

Maple [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

1
/ 20 12 2 74T
(—a?cz? + ¢)” arccosh (ax)

int (1/(-a~2*xc*x~2+c) ~2/arccosh(a*x)~2,x)
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OutputLint(1/(-a"2*c*x"2+c)"2/arccosh(a*x)"2,x) J

Fricas [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

1 1
/ 2,072)2 2 dr = / 2 o2 2 7 4o
(¢ — a?cx?)” arccosh(azx) (a2cz? — ¢)” arcosh (ax)

input Lintegrate (1/(-a~2%c*x~2+c) ~2/arccosh(a*x) ~2,x, algorithm="fricas") J

outputLintegral(l/((a‘4*c“2*x*4 - 2%a~2%c”"2%x"2 + c~2)*arccosh(a*x)~2), x) J

Sympy [N/A]
Not integrable

Time = 10.28 (sec) , antiderivative size = 41, normalized size of antiderivative = 2.05

1
/ 1 dr = f atz4 acosh? (ax)—2a2x2 acosh? (ax)+acosh? (azx) dx
(¢ — a2cx?)? arccosh(ax)? 2
inputtintegrate(1/(-a**2*c*x**2+c)**2/acosh(a*x)**2,x) J

( N
output‘ Integral (1/ (a**4*x**4d*acosh(axx)**2 - 2¥a**2kx**2%acosh(a*x)**2 + acosh(a* ‘

‘x)**2), x) /Cc**2 ‘




CHAPTER 3. LISTING OF INTEGRALS 312

Maxima [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 351, normalized size of antiderivative = 17.55

1 1
dr = /
/ (¢ — a2cx?)? arccosh(ax)? (a2cz? — ¢)* arcosh (az)

5 dx

input Lintegrate (1/(-a™2*c*x~2+c) "2/arccosh(a*x) ~2,x, algorithm="maxima")

-(a*xx + sqrt(a*x + 1)*sqrt(a*x - 1))/((a"b*c™2%x"4 - 2%a~3*c”2%x"2 + a*c™2
+ (a"4%c™2*%x"3 - a"2*c”2*x)*sqrt(a*x + 1)*sqrt(a*x - 1))*log(a*x + sqrt(a
*x + 1)*sqrt(a*x - 1))) - integrate((3*a~4*x~4 - 2*a~2%x"2 + (3*a™2%x"2 -
1)*(a*x + 1)*(a*x - 1) + 3%x(2%a"3*x"3 - axx)*sqrt(a*x + 1)*sqrt(axx - 1) -
1)/((a™8*%c™2%x™8 — 4*a”6*Cc"2*x"6 + 6%a"4*cT2*x"4 - 4*a"2xc”2*x"2 + (a"6*c
T2%x76 - 2%a"4%cT2%x"4 + a”2%cT2xx"2)*(axx + 1)*(axx - 1) + 2%(aT*c"2*x77
- 3%a”bxc"2*x75 + 3*a”3%c”2*x"3 - axc”2*x)*sqrt(akx + 1)*sqrt(a*x - 1) +
c"2)*log(a*x + sqrt(axx + 1)*sqrt(axx - 1))), x)

output

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.15

1 1
/ 2,072)2 2 dr = / 2 o2 2 7 4z
(¢ — a?cx?)” arccosh(azx) (a2cz? — ¢)” arcosh (ax)

input‘integrate(1/(—a"2*c*x“2+c)'“2/arccosh(a*x)”2,x, algorithm="giac")

outputLintegrate(l/((a"2*c*x“2 - c)~2*arccosh(a*x)~2), x)
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Mupad [N/A]
Not integrable

Time = 3.04 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

1

1
/ 2,072)2 2 dz :/ 2 2 o 12)2 dz
(¢ — a%cx?)” arccosh(azx) acosh (ax)” (¢ — a? cz?)

inputLint(l/(acosh(a*x)’?*(c - a~2%c*x"2)"2),x) J

Outputtint(l/(acosh(a*x)’?*(c - a~2*%c*x"2)"2), x) J

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 2.10

1
/ 1 de = f acosh(azx)?atzt—2acosh(ax)?a2z2+acosh(ax)? dx
(¢ — a%cx?)? arccosh(az)? c?
inputtint(l/(—a 2*%c*x~2+c) "2/acosh(a*xx) ~2,x) J

Output‘int(1/(acosh(a*x)**2*a**4*x**4 - 2xacosh(a*x) x*x2*a*x*x2*xx*x*2 + acosh(a*xx)**2
RESYLLY:
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(d—cha:2) 3
3.28 J a+barccosh (cz) dz

Optimal result . . . . . . . . . . . .. . e
Mathematica [A] (verified) . . . . . . ... ... L Lo
Rubi [C] (verified) . . . .. .. ... .. ..
Maple [A] (verified) . . . . . . ...
Fricas [F] . . . . . . o
Sympy [F] . . .
Maxima [F] . . . . . ..
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . .« . o o

Optimal result

Integrand size = 24, antiderivative size = 269

d—c dx2)3 35d3Chi ( —a—l—baI'C%OSh(cz)) sinh (%)
/ a + barccosh(cz) do = 64bc
91d3Chi <3(a+barc§osh(cw)) ) sinh ( 3Ta )

+ 64bc
7d3Chi (5(a+baI'CZZOSh(cac))) sinh (5a)

)
64bc
Chi < 7(a+barczzosh(cz)) ) sinh (7_:)
64bc .
) Shi <a+baI'C(;OS (cx) )

64bc N
21d3 cosh ( 3Ta ) Shi (3(a+barc§os (cz)) )

_|_

35d3 cosh (%

+

64bc
7d3 cosh ( 5%1 ) Shi (5(a+barczzosh(m)) )

64bc N
3 cosh ( %a) Shi<7(a+barc§os (ca:)))

64bc

+
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-35/64+*d~3*Chi ((at+b*arccosh(c*x))/b)*sinh(a/b)/b/c+21/64%d"3*Chi (3% (a+b*ar
ccosh(c*x)) /b)*sinh(3*a/b) /b/c-7/64*d"3*Chi (5% (a+b*arccosh(c*x))/b)*sinh (5
*a/b) /b/c+1/64*d"3*Chi (7* (a+b*arccosh(c*x))/b)*sinh(7*a/b) /b/c+35/64*d"3*c
osh(a/b)*Shi ((a+b*arccosh(c*x))/b) /b/c-21/64*d"3*cosh(3*a/b) *Shi (3* (a+b*ar
ccosh(c*x))/b) /b/c+7/64%d"3*cosh(5*a/b) *Shi (5% (a+b*arccosh(c*x))/b)/b/c-1/
64*d~3*cosh(7*a/b) *Shi (7*(a+b*arccosh(c*x))/b)/b/c

output

Mathematica [A] (verified)

Time = 1.42 (sec) , antiderivative size = 183, normalized size of antiderivative = 0.68

/ (d — 2dz?)?
a + barccosh(cz)
_ d*(—35Chi(¢ 4 arccosh(cz)) sinh (§) + 21Chi(3(§ + arccosh(cz))) sinh (32) — 7Chi(5($ + arccosh(c

-

input LIntegrate[(d - ¢"2%d*x~2)~3/(a + b*ArcCosh[c*x]),x] J

(d~3%(-35%CoshIntegral[a/b + ArcCosh[c*x]]*Sinh[a/b] + 21