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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 50 |. This is test number [ 338 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (50 ) | 0.00 (0 )
Mathematica | 98.00 (49 ) | 2.00 (1)
Maple 98.00 (49) | 2.00(1)
Maxima | 60.00 (30) | 40.00 (20)
Fricas 34.00 (17 ) | 66.00 ( 33)
Mupad | 34.00 (17) | 66.00 ( 33)
Giac 34.00 (17) | 66.00 (33)
Reduce 32.00 (16 ) | 68.00 (34)
Sympy | 20.00 (10) |80.00 ( 40)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 96.000 0.000 0.000 4.000
Maple 66.000 12.000 16.000 6.000

Mathematica 60.000 0.000 34.000 6.000

Maxima, 38.000 18.000 0.000 44.000
Giac 16.000 14.000 0.000 70.000
Fricas 10.000 14.000 6.000 70.000
Sympy 4.000 16.000 0.000 80.000

Mupad 0.000 30.000 0.000 70.000

Reduce 0.000 28.000 0.000 72.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematlca Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB
C
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00
Maple 1 100.00 0.00 0.00
Maxima, 20 100.00 0.00 0.00
Fricas 33 100.00 0.00 0.00
Mupad 33 0.00 100.00 0.00
Giac 33 100.00 0.00 0.00
Reduce 34 100.00 0.00 0.00
Sympy 40 67.50 32.50 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.16
Reduce 0.19
Rubi 0.88
Maple 1.54
Sympy 3.00
Giac 3.69
Mupad 4.48
Mathematica 4.91
Fricas 9.77

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 243.03 2.06 224.50 1.44
Rubi 272.14 1.06 220.00 1.01
Mathematica | 362.78 1.56 272.00 1.16
Reduce 468.31 4.91 283.00 2.19
Giac 502.35 3.45 269.00 1.60
Mupad 595.53 2.93 309.00 2.07
Maple 1721.57 3.60 273.00 1.40
Fricas 1884.76 6.98 401.00 2.54
Sympy 2275.90 14.90 708.00 6.78

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width

Rubi Mma Maple
8 10 10
c S 6 £ 6
G 4 k] 5
z g4 g 4
£ £ €
=3 2 =] =]
z ( (( z 2 z 2 (7
. mm . n llh mm x5 m [
05 10 15 20 25 30 0 1 2 3 4 5 0.0 0.5 1.0 1.5
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
5 8 14
g ? g0
£ 3 IS S 3
5 54 S
52 z 56
€ £ E 4
=3 =] 2 =]
z 9 z =z >
0 ; 3 , 5 5 0% ; Y y y %00 005 010 015 020 025 030
0 1 2 3 4 5 6 0 5 10 15 20 . A : : - - -
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
20 3.0 12
2 2 25 2 10
g 15 S g
2 £ 20 g 8
< = £
S 1.0 G 15 5 6
z g 5
€ £ 10 £ 4
5 05 E] 5
z Z 05 H z 2 —
0.0 0.0 0
1 2 3 4 5 6 7 4 5 6 7 0.10 0.15 0.20 0.25 0.30
CPU time (sec) CPU time (sec) CPU time (sec)

Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

(31,32)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}

Mathematica {5)([2) 3,4 [5) [0} 21,23} 50, 45, 47, )
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5 7 8010 1) 2 13,4 15,1677 15) 19, 20} 21, 22,23 20,25 26,
27 25,291 30,3, 5435, 36, 57 38 B9, 0L 41, 2} 3] o) 16,7, A5, 9} 0 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [12)B) 4B} B) B 0T} (5 [, 172 25 20) 25,29, 50} 53,54 55 57, 55,5
0L T 2 31 }

B grade { }

C grade { F)/T2T3T% 519, 21,2 23 27 55,5, L7 A5, 9160}
F normal fail {[20}

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade { 2131145678l L1} [13}[14}[21] 22} 23} 24} 25} [26} 27] 28} [29} 33, 34} 36} 37 38} 39
[40} 44} |45, {46, (47} 48} 49} 50 }

B grade { H0/ALA2M}
C grade { [I215,16/I7 5/ 5/20,63 }
F normal fail {30}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[}[4[24[25,26 }

B grade {[1[2,[6,[7,8,[2829 }
C grade {[33[34[36 }

F normal fail {[5[0}[10,[11}[12}[13}[14[15}[16,[17}[18} 19} 20} 21} 22} 23,2730} 35} 37} 38} 39}
[40} A1 |42} 43} 44} 45, 46} 47, 48, {49} 50] }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { (135602320 25,26/25/29,53 54,5657 B B30 )

B grade {BE0IIE3MEEE)

C grade { }

F normal fail { 5123 2 (15 16,75 19 20,21, 27 55,55, ) T B8, 90 }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac
A grade {[24[25,[26][28|[29,[33)[34,36] }
B grade {[1}22,8,[46,[7}[8 }

C grade { }

F normal fail { F}0}T0, [T} (23} 14 5, 16} 7 5} 19,20} 21) 22,25} 2750} 35,7} 35 B9,
0, T 2 3 0 5, 6, 7 S, 050

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade {[12E05 242520 25 29635450 )
C grade { }

F normal fail { }

F(-1) timedout fail {5}0)([0,[TT} 123,14 [5, 16, 7 5} [9) 20, 21} 22,23, 27,60, 35,57,
158 59, O, T 2, 3} 44 45, 7, A, 0,50 }

F(-2) exception fail { }

Sympy
A grade {[4[26]}
B grade {[[,23,[6},[7}[824,25] }

C grade { }

F normal fail { F}0} 10,1} (23} 1 5 16} 7 5 19,20} 21) 22, 25) 50, 57) 53, B9} A0}
P 3| 647 }

F(-1) timedout fail { 725 29)1}52, 53, 5 ) 55, A5, 5150}
F(-2) exception fail { }
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Reduce

A grade { }

B grade {[}EEA0MEEHE0EMEH)
C grade { }

F normal fail { F)0} 10,1} (23} 14 5, 16} 7 5} 19,20} 21) 22, 25} 2750, 55,6, 57 B8,
50,0, T 2 43, ) 45, 1, ) 45, 9,50

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 150 274 295 273 322 381 1576 348 272
N.S. 1 1.01 184 1.98 1.83 2.16 256 10.58 2.34 1.83
time (sec) N/A 0.374 0.083 0.351 0.035 0.086 0.499 0.152 0.181 4.210

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 125 122 205 227 209 244 279 970 247 197
N.S. 1 0.98 1.64 1.82 1.67 1.95 2.23 7.76 1.98 1.58
time (sec) N/A 0.343 0.064 0.191 0.028 0.095 0501 0.136 0.172 3.798

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 99 129 165 137 163 178 532 172 127
N.S. 1 1.03 134 1.72 1.43 1.70 1.85  5.54 1.79 1.32

time (sec) N/A 0.308 0.058 0.158 0.025 0.091 0.346 0.129 0.196 3.581
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 85 96 78 83 98 92 245 85 67
N.S. 1 1.01 1.14 0.93 0.99 1.17 1.10 2.92 1.01 0.80
time (sec) N/A 0.280 0.018 0.103 0.034 0.089 0.344 0.117 0.175 3.521
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 114 114 257 145 0 0 0 0 30 0
N.S. 1 1.00 2.25 1.27 0.00 0.00 0.00 0.00 0.26 0.00
time (sec) N/A 0.469 0.174 0.345 0.000  0.000 0.000 0.000 0.204 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 89 102 114 99 182 663 243 223 115
N.S. 1 096 1.10 1.23 1.06 1.96 7.13 2.61 2.40 1.24
time (sec) N/A 0.306 0.090 0.265 0.026 0.102 1.421 0.124 0.217 6.171
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 130 124 133 142 190 454 3216 809 693 427
N.S. 1 095 1.02 1.09 1.46 349 2474 6.22 5.33 3.28
time (sec) N/A 0.370 0.102 0.318 0.033 0.141 3.312 0.129 0.188 6.712
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 174 171 173 184 339 859 10946 1792 1565 418
N.S. 1 0.98  0.99 1.06 1.95 494 6291 1030 8.99 2.40
time (sec) N/A 0.428 0.182 0.438 0.045 0.290 5.155 0.165 0.184 5.043
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 359 362 506 804 782 0 0 0 619 0
N.S. 1 1.01 141 2.24 2.18 0.00 0.00 0.00 1.72 0.00
time (sec) N/A 1.210 0.566 0.293 0.204  0.000 0.000 0.000 0.203 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 257 270 319 590 524 0 0 0 400 0
N.S. 1 1.06 1.24 2.30 2.04 0.00 0.00 0.00 1.56 0.00
time (sec) N/A 1.024 0.398 0.200 0.194 0.000 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 160 177 174 298 313 0 0 0 208 0
N.S. 1 1.11  1.09 1.86 1.96 0.00 0.00 0.00 1.30 0.00
time (sec) N/A 0.847 0.360 0.147 0.207  0.000 0.000 0.000 0.203 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 188 188 1055 1087 0 0 0 0 55 0
N.S. 1 1.00 5.61 5.78 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.363 10.044 2.880 0.000  0.000 0.000 0.000 0.183 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 321 310 317 451 0 0 0 0 0 0
N.S. 1 097  0.99 1.40 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.694 2973 0.413 0.000  0.000 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 480 450 470 592 0 0 0 0 0 0
N.S. 1 094 0.98 1.23 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.868 4.507 0.746 0.000  0.000 0.000 0.000 0.210 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 614 608 830 5093 0 0 0 0 1081 0
N.S. 1 099 1.35 8.29 0.00 0.00 0.00 0.00 1.76 0.00
time (sec) N/A 1.490 1.240 28.289 0.000 0.000 0.000 0.000 0.187 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 387 403 591 3848 0 0 0 0 696 0
N.S. 1 1.04 1.53 9.94 0.00 0.00 0.00 0.00 1.80 0.00
time (sec) N/A 1.102 0.767 14.828 0.000  0.000 0.000 0.000 0.185 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 244 259 331 6347 0 0 0 0 345 0
N.S. 1 1.06 1.36  26.01 0.00 0.00 0.00 0.00 1.41 0.00
time (sec) N/A 0.847 0.671 2.789 0.000  0.000 0.000 0.000 0.180 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 272 272 2160 2160 0 0 0 0 80 0
N.S. 1 1.00 7.94 7.94 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.376 26.718 2.857  0.000  0.000 0.000 0.000 0.189 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 517 487 1107 3154 0 0 0 0 0 0
N.S. 1 094 214 6.10 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.947 11.532 2.632 0.000  0.000 0.000 0.000 0.226 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F C F F F F F F(-1)
verified N/A Yes N/A No TBD TBD TBD TBD TBD TBD
size 953 896 0 50477 0 0 0 0 0 0
N.S. 1 094 0.00 5297 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.175 0.000 10.626  0.000  0.000 0.000 0.000 0.357 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 67 109 240 92 0 0 0 0 34 0
N.S. 1 1.63  3.58 1.37 0.00 0.00 0.00 0.00 0.51 0.00
time (sec) N/A 0.657 0.207 0.222 0.000  0.000 0.000 0.000 0.178 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 88 108 272 127 144 0 0 0 47 0
N.S. 1 1.23  3.09 1.44 1.64 0.00 0.00 0.00 0.53 0.00
time (sec) N/A 0.474 0.082 0.298 0.111 0.000 0.000 0.000 0.197 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 86 86 260 106 119 0 0 0 12 0
N.S. 1 1.00  3.02 1.23 1.38 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.406 0.062 0.291 0.026  0.000 0.000 0.000 0.177 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 154 160 254 242 240 519 2786 227 314 823
N.S. 1 1.04 1.65 1.57 1.56 3.37 18.09 1.47 2.04 5.34
time (sec) N/A 0.527 0.136 0.497  0.114  0.147 7.477 7.467 0.188 4.696
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 158 140 170 199 171 401 3465 171 250 309
N.S. 1 0.89 1.08 1.26 1.08 254 2193 1.08 1.58 1.96
time (sec) N/A 0.423 0.098 0.369 0.113 0.101 6.063 1.100 0.188 3.940
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 117 103 104 92 95 249 753 133 118 242
N.S. 1 0.88  0.89 0.79 0.81 2.13 6.44 1.14 1.01 2.07
time (sec) N/A 0.370 0.047 0.211 0.106 0.102 4.895 0.298 0.185 3.836
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 325 325 285 347 0 0 0 0 32 0
N.S. 1 1.00 0.88 1.07 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.804 17.327 0.276 0.000  0.000 0.000 0.000 0.189 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 166 168 261 155 172 634 0 269 506 727
N.S. 1 1.01 157  0.93 1.04 3.82 0.00 1.62 3.05 4.38
time (sec) N/A 0.561 0.232 0.504 0.110 2,550 0.000 0.142 0.173 5.028
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 226 223 379 229 311 1639 0 362 1597 2016
N.S. 1 0.99 1.68 1.01 1.38 7.25 0.00 1.60 7.07 8.92
time (sec) N/A 0.637 0.444 0.744 0.114  22.241 0.000 24.159 0.208 7.637
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1085 1085 684 0 0 0 0 0 168 0
N.S. 1 1.00 0.63 0.00 0.00 0.00 0.00 0.00 0.15 0.00
time (sec) N/A 2.088 2.080 0.000 0.000  0.000 0.000 0.000 0.169 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 81 36 0 22 59 22
N.S. 1 1.00 1.10 1.00 4.05 1.80 0.00 1.10 2.95 1.10
time (sec) N/A 0.214 48.764 0.056 0.197 0.094 0.000 0.167 0.183 3.359
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 323 47 0 22 695 22
N.S. 1 1.00 1.10 1.00 16.15 2.35 0.00 1.10  34.75 1.10
time (sec) N/A 0.207 85.623 0.056 1.277  0.075 0.000 0.363 0.205 3.487
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A C F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 300 326 299 467 295 9282 0 346 369 1081
N.S. 1 1.09  1.00 1.56 0.98 30.94  0.00 1.15 1.23 3.60
time (sec) N/A 0.753 0.145 0.374 0.119 0995 0.000 11.459 0.177 3.633
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A C F(-1) A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 250 297 333 363 248 3928 0 267 252 621
N.S. 1 1.19 1.33 1.45 0.99 1571 0.00 1.07 1.01 2.48
time (sec) N/A 0.665 0.075 0.233 0.116 0.898 0.000 0.843 0.184 3.527
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 523 519 515 182 0 0 0 0 32 0
N.S. 1 099  0.98 0.35 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.244 10.781 0.326 0.000  0.000 0.000 0.000 0.225 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A C F(-1) A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 414 410 534 461 394 12984 0 554 20 2638
N.S. 1 099 1.29 1.11 0.95 31.36 0.00 1.34 0.05 6.37
time (sec) N/A 1.059 0.343 0.814 0.113  137.992 0.000 15.723 200.017 3.925
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 195 300 160 247 246 0 0 0 68 0
N.S. 1 1.54 0.82 1.27 1.26 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 3.168 0.476 0.243 0.195 0.000 0.000 0.000 0.176 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 160 217 130 216 208 0 0 0 59 0
N.S. 1 1.36  0.81 1.35 1.30 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 1.389 0.353 0.074 0.207  0.000 0.000 0.000 0.182 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 146 96 185 166 0 0 0 47 0
N.S. 1 1.22  0.80 1.54 1.38 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.853 0.229 0.070 0.187  0.000 0.000 0.000 0.189 0.000
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 89 75 140 101 0 0 0 39 0
N.S. 1 1.14  0.96 1.79 1.29 0.00 0.00 0.00 0.50 0.00
time (sec) N/A 0.488 0.137 0.061 0.234  0.000 0.000 0.000 0.186 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 75 74 180 159 0 0 0 40 0
N.S. 1 1.09 1.07 2.61 2.30 0.00 0.00 0.00 0.58 0.00
time (sec) N/A 0.572 0.180 0.091 0.170  0.000 0.000 0.000 0.175 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 117 123 118 243 248 0 0 0 58 0
N.S. 1 1.05 1.01 2.08 2.12 0.00 0.00 0.00 0.50 0.00
time (sec) N/A 0.901 0.301 0.098 0.192  0.000 0.000 0.000 0.161 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 185 158 273 291 0 0 0 123 0
N.S. 1 1.18 1.01 1.74 1.85 0.00 0.00 0.00 0.78 0.00
time (sec) N/A 1.274 0.454 0.103 0.205  0.000 0.000 0.000 0.164 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 192 261 187 303 330 0 0 0 157 0
N.S. 1 1.36  0.97 1.58 1.72 0.00 0.00 0.00 0.82 0.00
time (sec) N/A 1.733 0.600 0.104 0.205  0.000 0.000 0.000 0.165 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 460 459 558 564 0 0 0 0 56 0
N.S. 1 1.00 1.21 1.23 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 1.459 1.862 0.184 0.000  0.000 0.000 0.000 0.171 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 374 387 463 494 0 0 0 0 40 0
N.S. 1 1.03 1.24 1.32 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 0.925 1.648 0.066 0.000  0.000 0.000 0.000 0.183 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 318 329 432 433 0 0 0 0 31 0
N.S. 1 1.03 1.36 1.36 0.00 0.00 0.00 0.00 0.10 0.00
time (sec) N/A 0.843 1.165 0.062 0.000  0.000 0.000 0.000 0.168 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 358 374 445 499 0 0 0 0 40 0
N.S. 1 1.04 124 1.39 0.00 0.00 0.00 0.00 0.11 0.00
time (sec) N/A 1.357 1.499 0.092 0.000  0.000 0.000 0.000 0.183 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 413 429 479 577 0 0 0 0 56 0
N.S. 1 1.04 1.16 1.40 0.00 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 1.670 1.936 0.100 0.000 0.000 0.000 0.000 0.188 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 506 498 538 650 0 0 0 0 990 0
N.S. 1 098 1.06 1.28 0.00 0.00 0.00 0.00 1.96 0.00
time (sec) N/A 1.558 2.624 0.117  0.000  0.000 0.000 0.000 0.190 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [44]
had the largest ratio of [.769230999999999998]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
#ograde | s | i | et | D R
1] A 3 3 1.01 16 0.188
% A 3 3 0.98 16 0.188
3| A 3 3 1.03 16 0.188
4 A 3 3 1.01 14 0.214
i A ) 4 1.00 16 0.250
6} A 3 3 0.96 16 0.188
7] A 3 3 0.95 16 0.188
3] A 3 3 0.98 16 0.188
9) A 2 2 1.01 18 0.111
10j A 2 2 1.05 18 0.111
11 A 2 2 1.11 16 0.125
12] A 1 1 1.00 18 0.056
13] A 2 2 0.97 18 0.111
14 A 2 2 0.94 18 0.111
15) A 2 2 0.99 18 0.111
16} A 2 2 1.04 18 0.111
17] A 2 2 1.06 16 0.125
18] A 1 1 1.00 18 0.056
19 A 2 2 0.94 18 0.111
20) A 2 2 0.94 18 0.111
21] A ) 4 1.63 17 0.235
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A ) 4 1.23 15 0.267
23] A ) 4 1.00 10 0.400
24] A 3 3 1.04 18 0.167
25) A 3 3 0.89 18 0.167
26} A 3 3 0.88 16 0.188
27] A 3 3 1.00 18 0.167
28] A 3 3 1.01 18 0.167
29) A 3 3 0.99 18 0.167
30| A 2 2 1.00 18 0.111
N/A 1 0 1.00 20 0.000
N/A 1 0 1.00 20 0.000
33] A 3 3 1.09 18 0.167
34 A 3 3 1.19 16 0.188
35) A 3 3 0.99 18 0.167
36} A 3 3 0.99 18 0.167
37] A 18 17 1.54 26 0.654
38] A 14 13 1.36 26 0.500
39 A 10 9 1.22 24 0.375
40j A 6 5 1.14 23 0.217
41] A 6 5 1.09 26 0.192
42 A 10 9 1.05 26 0.346
43] A 15 14 1.18 26 0.538
44 A 21 20 1.36 26 0.769
45 A 12 11 1.00 23 0.478
46 A 8 7 1.03 21 0.333
47] A 4 3 1.03 20 0.150
48] A ) 4 1.04 23 0.174
49 A 9 8 1.04 23 0.348
50) A 14 13 0.98 23 0.565
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3.1 [(d + ex)*(a + barctanh(cz)) dz

Optimal result . . . . . . . . . . . . e 406l
Mathematica [A] (verified) . . . . . . . . . ... o 161
Rubi [A] (verified) . . . .. . . ... .. 47
Maple [B] (verified) . . . . . . . . . ... 43
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 19
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 50
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... b1l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... b1l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 52
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 53

Optimal result

Integrand size = 16, antiderivative size = 149

bde(2c*d® + €*) x N be?(10c2d? + €?) 2

/(d + ex)*(a + barctanh(cz)) dz =

c3 10¢3
bde’z®  be*z*  (d+ ex)®(a + barctanh(cz))
+ 224
3c 20c oe
b(cd + e)°log(1 —cz)  b(cd — e)°log(1 + cx)
10c%e 10c%e

output \ bxd*xe*x (2*xc~2%d"2+e”2) *x/c”3+1/10*%b*e~ 2% (10*c~2*%d"2+e~2) *x~2/c~3+1/3*b*d*e~ \
\ 3xx~3/c+1/20%bke"~4*x~4/c+1/5% (e*xx+d) “5% (a+b*arctanh (c*x))/e+1/10%b* (ckd+e) \
L‘S*ln(—c*x+1)/c‘5/e—1/10*b*(c*d—e)‘5*1n(c*x+1)/c‘5/e J

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 274, normalized size of antiderivative = 1.84

/(d + ex)*(a + barctanh(cz)) dz
_ 60c’d(ac’d® + be(2c2d? + €?)) x + 6c%e(20ac’d® + be(10c*d? + €?)) x? 4 20c*de®(6acd + be)z® + 3cte?(:

input ‘ Integrate[(d + e*x)~4*(a + bxArcTanh[c*x]),x] J
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(60%c~2%d* (a*c~3*%d"3 + bxe*x(2kc™2%d"2 + e72))*x + 6%c”2xex(20*axc~3*xd"3 +

bxe* (10*c™2+%d"2 + e72))*x~2 + 20*c”4*d*e 2% (6*a*c*d + b*e)*x”~3 + 3*kc 4*e”3
*(20*axcxd + bkxe)*x"4 + 12%a*c”5xe”4xx"5 + 12%bkc”5*x*(5%d"4 + 10*d~3*ex*xx

+ 10*%d"2%e"2%x"2 + bxd*e"3*x"3 + e”4*x"4)*ArcTanh[c*x] + 6*bx(5xc”4*%d"4 +

10*c~3*d"3*e + 10%c™2*%d"2*e"2 + bkckd*e”™3 + e74)*Log[l - c*x] + 6%b*(5%xc™4
*d~4 - 10%c”™3*d"3%e + 10*c"2xd"2%e"2 - bkcxd*xe”3 + e~4)*Log[l + c*x])/(60%
c”5)

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.01,

number of rules __
integrand size 0.188, Rules

number of steps used = 3, number of rules used = 3,
used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(d + ex)*(a + barctanh(cz)) dz

| 6478
exr 5
(d + ex)®(a + barctanh(cz)) B be [ %d
oe oe
| 477

(d + ex)?(a + barctanh(cz))

oe
(cd—e)®  &5z3  Bdetz? _ 5de?(2c2d*+e?) €3 (10c2d?+e?)x (cd+e)®
bCf (205(cm+1) c? + 2 ) dx

c2 ct ct cB(1—cz
oe
| 2009
(d + ex)?(a + barctanh(cz))
5e
b ( (cd—e)®log(ca+1) _ (cd+e)®log(l—cz)  bdelz® _ €Szt _ 5de’x(2c?d’+e®)  e®z?(10c2d?+e?) >
¢ 2c6 - 2c6 T T3¢ T 4 T ct - 2ct
oe

-

input LInt[(d + exx) 4*(a + bxArcTanh[c*x]) ,x]

~—
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t‘((d + e*x)“6*(a + bxArcTanh[c*x]))/(5xe) - (b*c*((-Bxd*e™2%(2%c™2*d"2 + e~
‘2)*x)/c”4 - (e73%(10%xc™2*d"2 + e"2)*x72)/(2%c"4) - (5*dxe~4*x"3)/(3*c"2) -
‘ (e~5*x74)/(4%c”2) - ((cxd + e) b*Log[l - c*x])/(2%c"6) + ((cxd - e) " 5*Log
[1 + c*x])/(2%c76)))/ (5%e)

outpu

Defintions of rubi rules used

rule 477‘Int[((0_) + (d_)* ()@ )*((a) + (b_.)*(x_)"2)7(p_), x_Symbol] :> Simp[
'a”p Int[ExpandIntegrand[(c + d*x)“nx(1 - Rt[-b/a, 2]*x)"p*(1 + Rt[-b/a, 2
‘]*x)’“p, x], x], x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] &
‘& NiceSqrtQ[-b/al] && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6478\Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
‘] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x])/(e*x(q + 1))), x] - Simp[b
*#(c/(ex(q + 1)))  Int[(d + exx)"(q + 1)/(1 - c™2%x"2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] & NeQ[q, -1]

N\

/|

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 294 vs. 2(137) = 274.

Time = 0.35 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.98



input t

output

input
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method result
4 5
b %+c e3 arctanh(cz)z*d+2c e? arctanh(cz)z3d?+2ce arctanh(cx)z?d®+arctanh(cz)
a(ez+d)°
parts se T
5 ;5 4
b (manhégz)cal-!—arctanh(cz)c5d4:v+2e arctanh(cw)c5d3w2 +2¢2 arctanh(cw)c5d2w3+63 arctanh(cw)c5d x4+
a(cem+cd)5+
derivativedivides fele
p| arctanh(ea)c®d® 5.4 53,2 5.2 52,3, .3 5.4, ¢t
————g¢ —— tarctanh(cz)c’d*z+2e arctanh(cz)c’d z“+2e” arctanh(cz)c®d“z" +e” arctanh(cx)c”d z™ + —
a(cem+cd)5+
default el
parallelrisch 6be*4-60b c?d2e2+120a c3d3e+12 arctanh(cz)be*+12In(cx—1)be*460In(cz—1)bctd*+60xa c®d*+3x%b ctet +12°
. 4.4 3,.3 2 2 .2 3 3
risch b YMew 4 eSadzt + 2e2a d?2® + 2ea dr? + adiz + 2L 2bdw 4 ebdn

int ((e*x+d) “4* (a+b*arctanh(c*x)) ,x,method=_RETURNVERBOSE)

1/5%a* (e*xx+d) “5/e+b/c* (1/5*c*e 4*xarctanh (c*x) *x~5+c*xe”3*arctanh (c*x) *x~4*d
+2xc*e”~2*arctanh (c*x) *x~3*%d~2+2*c*exarctanh (c*x) *x~2*d~3+arctanh (c*x) kcxx*
d~4+1/5*c/exarctanh (c*x)*d"5-1/5/c"4/ex(-1/4*e " 5xc™4*x"4-5%c~4*d"2*e 3*x"2
-5/3%c”4xd*e~4*x"3-10%Cc"4*d " 3*e " 2%x-5*c"2xd*e 4*x+1/2% (c~5*d"5-5*%c"4*d "~ 4*e
+10*c”~3*%d"3*e”2-10*c"2*%d"2*e " 3+5*c*d*e"4-e~5) *1n(c*x+1)-1/2% (c~5*d"5+5*c~4
*d"4*e+10*c”3*%d"3*e"2+10*%c~2*d"2*e " 3+5*cxd*e”4+e”5) *1n(c*x-1)-1/2*e " 5*c ™ 2%
x72))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 322 vs. 2(137) = 274.

Time = 0.09 (sec) , antiderivative size = 322, normalized size of antiderivative = 2.

/ (d + ex)*(a + barctanh(cz)) dx

16

12ac’e*z® + 3 (20 ac’de® + bete*)z* + 20 (6 ac’d?e? + betde®)z® + 6 (20 ac’dPe + 10 betd?e? + bcPet)z?

Lintegrate ((e*x+d) “4* (atb*arctanh(c*x)) ,x, algorithm="fricas")
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1/60* (12*axc~5*e~4*x~5 + 3*(20*axc~5xd*e~3 + bxc 4*xe"4)*x"4 + 20 (6*a*xc 5
d"2*e”2 + b*c~4*dxe”3)*x"3 + 6%(20%a*c”5*d"3*e + 10*bxc”4*xd"2*e”2 + b*xc~2*
e~4)*x"2 + 60*(axc”b*xd"4 + 2%bxc”"4*xd"3*e + b*c"2xd*e"3)*x + 6% (5xb*c"4xd"4
- 10*%b*c~3%d"3*e + 10*b*c”~2*d"2%e”2 - bxb*c*d*e~3 + b*e~4)*log(c*x + 1) +
6% (5*b*c~4*d"4 + 10%bxc”3*d"3*e + 10*b*c~2*d"2*xe”~2 + Sxb*cxd*e”3 + b*e”4)
xlog(c*kx — 1) + 6%(b*c™b*e"4*x”5 + bxb*c~b*d*e 3*%x"4 + 10%b*c~5*d~2%e 2%x"
3 + 10%b*c~5*d"3*e*x”2 + 5*b*c~5xd~4*x)*log(-(c*x + 1)/(c*x - 1)))/c”5

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 381 vs. 2(134) = 268.

Time = 0.50 (sec) , antiderivative size = 381, normalized size of antiderivative = 2.56

/(d + ex)*(a + barctanh(cz)) dx

ad*z + 2ad’ez? + 2ad?e®s® + ade®x* + %2 + bd'x atanh (cx) + 2bd®ex? atanh (cz) + 2bd%e?z? atan

a(d4:v + 2d3ex? + 2d%e?z® + de3z* + %)

r

Lintegrate((e*x+d)**4*(a+b*atanh(c*x)),x)

| —

input

Piecewise ((axd**4*x + 2kaxd**3ke*xx**2 + 2kaxdx*x2kxe**2kx**3 + akdkexx3xx**4
+ akxe*x*4*x**5/5 + bxdxx4dxx*atanh(c*x) + 2¥b*d**3xexx*x*x2xatanh(ckx) + 2%b*
d**k2xex*2xx**x3katanh (c*x) + bkdke**3*kx**4*katanh(c*x) + brex*kdxxx*5xatanh(c
*xx)/5 + bkd**4*log(x - 1/c)/c + bxdx*4xatanh(c*x)/c + 2xbxd**3*e*xx/c + bxd
*kQkekxk2kx**2/Cc + bkdke**x3kx*k*3/(3%c) + bkekxdxxx*x4/(20%c) - 2*b*xd**3ke*xat
anh (c*x)/c*x*2 + 2xbkd**2xe*x*x2x1log(x — 1/c)/c**3 + 2xb*d**2*ex*2*atanh (c*x)
/c**3 + bkdxe*x*3xx/c**3 + bkex*k4dxx**2/(10%c**3) - bkd*ex*3*atanh(c*x)/c*x*4
+ bxex*x4xlog(x - 1/c)/(5*c*x5) + bxexx4dxatanh(c*x)/(5*xc**5), Ne(c, 0)), (
a*(d**4*x + 2%d**k3kexx*k*k2 + 22kd*k*k2kekk2kx*k*k3 + dkex*k3kx*k*x4 + e**4*x**5/5),
True))

output
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.83

/ (d + ex)*(a + barctanh(cz)) dx

1
= = ae*z® + adedz* + 2 ad’e*x® + 2 ad’ex’?

)
2 1 1 1 -1
+ (2 z? artanh (cx) + c(—f _ 8 (ci +1) + 28 (cz )>>bd3e
c c c
2 oo (22? — 1
+ (2 23 artanh (cx) + c(m—2 + le)) ) bd?e?
c c
1 2 (c2x? 1 1 1 -1
+ = ( 6z artanh (cx) + ¢ (ca +3m)_3 og(cz + )+3 og (e —1) bde?
6 ct cd cd

1 5 Azt 42z 2log(c?z® —1) 4
+55 (49[: artanh (cz) + c( i + " be
(2 cx artanh (cx) + log (—c?z? + 1))bd*

2¢c

+ ad*z +

input Lintegrate ((e*x+d) “4*(at+b*arctanh(c*x)) ,x, algorithm="maxima") J

1/6%a*xe”4*x"5 + a*xd*e”3*%x"4 + 2¥a*d”"2%e”2*x"3 + 2%a*d"3*e*x”2 + (2*x"2*arc

tanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + log(cxx - 1)/c”3))*b*d"3*e + (

2xx"3%arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*bxd"2%e"2 + 1/6%(

6xx~4*arctanh(c*x) + c*(2*%(c™2*x"3 + 3*x)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog
(cxx - 1)/c”5))*b*d*e~3 + 1/20%(4*x"5*arctanh(c*x) + c*((c™2*x"4 + 2*x72)/
c™4 + 2%log(c™2*%x"2 - 1)/c”6))*b*e~4 + a*d~4*x + 1/2%(2*c*x*arctanh(c*x) +
log(-c™2*x"2 + 1))*b*d"4/c

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1576 vs. 2(137) = 274.

Time = 0.15 (sec) , antiderivative size = 1576, normalized size of antiderivative = 10.58

/ (d + ex)*(a + barctanh(cz)) dz = Too large to display

input integrate ((exx+d) “4*(a+b*arctanh(c*x)),x, algorithm="giac")




output
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1/15%c*x (3% (6% (c*x + 1) “4xbxc~4*xd~4/(c*x - 1)74 - 20%(c*x + 1) " 3*b*c~4*xd~4/

(cxx - 1)73 + 30*%(c*x + 1)~ 2%b*c™4*d"4/(c*x - 1)72 - 20*%(c*x + 1)*bkc~4*d~
4/(c*x - 1) + bxbxc™4*d"4 + 20*%(c*x + 1) "4xbxc~3*d"3*xe/(c*x - 1)74 - 60%*(c
*x + 1) 7 3xbxc”3*d"3*e/(c*x - 1)73 + 60*(c*x + 1) 2%b*c”3*d"3*e/(c*x - 1)72
- 20*(c*x + 1)*bxc”3*d"3*e/(c*x - 1) + 30*(c*x + 1) "4xb*c™2*%d"2*e"2/(c*x
- 1)74 - 60*(c*xx + 1) " 3*b*c"2%d"2%e"2/(c*x — 1)73 + 40*(c*x + 1) "2%b*xc~2*d
~2xe72/(cxx — 1)72 - 20%(c*x + 1)*bxc™2*xd"2*e”2/(c*x — 1) + 10%b*xc~2*d"2*e
2 + 20*(c*x + 1) “4xbxckd*e”3/(c*x — 1)74 - 20*(c*x + 1) "3*b*c*d*e~3/(c*x
- 1)73 + 20*%(c*x + 1) 2xbk*cxd*e”~3/(c*x - 1)72 - 20*%(c*x + 1)*b*c*d*e~3/(c*
X - 1) + 5x(c*x + 1)"4xbxe”4/(c*x - 1)74 + 10*%(c*xx + 1) 2*b*e”4/(c*x - 1)~
2 + b*e"4)*log(-(c*x + 1)/(c*x - 1))/((c*x + 1)75xc”6/(c*xx - 1)75 - bx(c*x
+ 1)74*%c™6/(c*x - 1)74 + 10*%(cxx + 1)73*%c”6/(c*x - 1)73 - 10*(c*x + 1)72%
c”6/(cxx — 1)72 + b5*x(c*x + 1)*c”6/(c*xx — 1) - c76) + 2*%(15*(c*x + 1) “4d*xax*c
~4xd~4/(cxx — 1)74 - 60*(c*x + 1)"3*axc™4*xd"4/(c*x - 1)73 + 90*(c*x + 1)72
*axc~4*d~4/(cxx - 1)72 - 60*(c*x + 1)*axc™4*d"4/(c*x - 1) + 15*axc”4xd"4 +
60* (cxx + 1) 4xaxc~3*d"3*%e/(c*x - 1)~4 - 180*(c*x + 1) 3*axc~3*d"3*e/(c*x
- 1)73 + 180*(c*xx + 1) 2*a*c~3*d"3*e/(c*x — 1)72 — 60*(c*kx + 1)*a*c~3*d"3
*e/(c*x — 1) + 30*%(c*xx + 1) 4*b*c™3*d"3*e/(c*x — 1)74 - 120*(c*x + 1) "3*bx*
c"3xd"3%e/(c*x - 1)73 + 180*(c*x + 1) 2xbxc~3*d"3*e/(cxx - 1)72 - 120*(c*x
+ 1)*bxc~3*d"3*e/(c*x - 1) + 30*b*c~3*d"3*e + 90*(ckx + 1) 4dxakxc™2*d~2...

Mupad [B] (verification not implemented)

Time = 4.21 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.83

ae4x54_ad4x4_bd4h1@?x2—-n
5 2c
be*In(c?z? —1) bet x*
2 d2 2 3
105 teade Tt o0
bet x? 4 .
+ bd*zatanh(cz) +2ad’ex

10¢3
taded st + bet 15 at5anh(cx) 4 2bdc33a;

bde’z 2bd’eatanh(cz) bde’atanh(cw)

/(d + ex)*(a + barctanh(cz)) dz =

+

c c? ct
+2bd® e x* atanh(cx) + bd e’ z* atanh(c z)
bded 3 0 2 3
T+2bd e’ z° atanh(cx)
bd2621n(02x2——1)+ bd? e? x?

c c
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input‘int((a + b*atanh(c*x))*(d + e*xx)~4,x)

(a*e™4#x75) /5 + a*d"4#x + (b*d~4#*log(c”2*x"2 - 1))/(2*c) + (b*e"4*log(c™2*
x"2 - 1))/(10%c”5) + 2*axd"2*e"2*x"3 + (b*e"4*xx74)/(20*c) + (b*e"4*xx~2)/(1
0%c~3) + bxd~4*x*atanh(c*x) + 2%a*d"3*exx"2 + axd*e"3*x"4 + (b*e 4*xx"5*ata
nh(c*x))/5 + (2%b*d~3%e*x)/c + (b*d*e~3%x)/c”3 - (2*b*d~3*e*atanh(c*x))/c”
2 - (bxd*e~3*atanh(c*x))/c”4 + 2xb*xd~3*exx~2*atanh(c*x) + b*d*e 3*x~4*atan
h(c*x) + (bxd*e~3%x73)/(3%c) + 2%bxd~2*e”2+x"3*atanh(c*x) + (b*d~2xe”2*log
(c™2%x”"2 - 1))/c”3 + (b*d"2*e~2%x"2)/c

output

N\

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 348, normalized size of antiderivative = 2.34

/ (d + ex)*(a + barctanh(cz)) dx
_ 60atanh(cz) bcPd's 4+ 120atanh(cz) bPde 2* + 120atanh(cz) b *d?e’x® + 60atanh(cz) bcPd e’z + 12

-

inputt

~—

int ((e*x+d) ~4* (at+b*atanh(c*x)) ,x)

(60*atanh (c*x) *bxckk5xd*x4xx + 120*atanh(c*xx)*bxckkE5xd*x*x3xe*x**x2 + 120*ata
nh (c*x) ¥*b*ck*x5xd*k*x2ke**2*xx*k*3 + 60*atanh (c*x) *bkck*5kdrex*k3xx+*4 + 12xatan
h(c*x) *bkcx*x5xe*x*4xx**x5 + 60*atanh (cxx)*bkxckxkd*xd**4 - 120*atanh (cxx)*bkck*
3*xd*x*3*e + 120*atanh (c*x)*bkck*2*xd**2ke**x2 — 60*atanh (c*x)*bxckd*ex*3 + 12
*atanh (cxx) *bkxex*4 + 60*Llog(c*x*2*x — c)*bxckx4d*d*x*4 + 120*%log(c**2*xx - c)*
bkcx*k2xd**2xe*x*x2 + 12xlog(c**2*x — c)*bxe**4d + B0*axc*x5kdx*kdxx + 120*a*c*
*5xd**k3kekxk*k2 + 120*%a*xchk*x5kd*k*2kex*k2xx**x3 + 60*axckkb5xdkex*3kx**x4d + 12*ax*
c¥xb5xe*x*x4*xx*x*5 + 120%bkxck*x4*d**3*kexx + 60*bkck*k4xd**2ke*x*2kx**2 + 20%bkc**
dxd*xex*3xx**3 + 3kbkckkdkxekkdkxk*4d + 60*bkck*2kd*e**x3*xx + Gxbkck*kkekkx4dxx*
*2) / (60*c**5)

output

\
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3.2 [(d + ex)*(a + barctanh(cz)) dx

Optimal result . . . . . . . . . . . . e %!
Mathematica [A] (verified) . . . . . . . . . ... o Y!
Rubi [A] (verified) . . . .. . . ... .. 5%
Maple [A] (verified) . . . . . . ... L 50
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 57
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 57
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... B
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... bYY)
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 60
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 60

Optimal result

Integrand size = 16, antiderivative size = 125

be(6c’d? + e?) x N bde?z? N be3x?

/(d + ex)?(a + barctanh(cz)) dz =

4¢3 2c 12¢
N (d + ex)*(a + barctanh(cz))
4e
N b(cd + e)*log(1 — cz)  b(cd — e)*log(1 + cx)
8cte 8cte

output \ 1/4*bxe* (6*%c~2*%d"2+e”2) *x/c~3+1/2*%bxd*e"2*%x~2/c+1/12*b*xe”~3*x~3/c+1/4* (exx+ \
'd)~4x(atbrarctanh(c*x))/e+1/8xb* (cxd+e) “4¥ln(-c*x+1)/c"4/e-1/8xb* (cxd-e) "4 |
L*ln(c*x+1)/c“4/e J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 205, normalized size of antiderivative = 1.64

/(d + ex)®(a + barctanh(cz)) dz
_ 6c(dactd® + be(6c?d? + %)) x + 12cde(3acd + be)z? + 2c3e?(12acd + be)x® + 6ace®z? + 6bctz(4d® +

input‘ Integrate[(d + e*x)~3*(a + bxArcTanh[c*x]),x] J
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(6xcx (4*a*xc™3*d"3 + bkex(6*xc™2%d"2 + e72))*x + 12kc~3kd*e*x (3*a*xc*d + b*e)*
X2 + 2%c”3*e 2% (12*%a*ckxd + b*e)*x"3 + 6*akxc 4*e”3*x"4 + 6kbkc 4*xx*(4*xd”3
+ 6%d"2%e*x + 4xd*e"2*xx"2 + e 3*x"3)*ArcTanh[c*x] + 3*b*(4*c~3*d"3 + 6%c~2
*d"2%e + 4xc*d*e”2 + e”3)*Logl[l - c*x] + 3*b*x(4*c”3*%d™3 - 6%c”2*d"2%e + 4%
ckd*e”2 - e73)*Logl[l + c*x])/(24*c”4)

output

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 122, normalized size of antiderivative = 0.98,

number of rules _
integrand size 0.188, Rules

number of steps used = 3, number of rules used = 3,
used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
+ ex)”(a + barctanh(cx)) dx
[(@+e0)’(a+ baxctanb(cs) d
l 6478
exr 4
(d+ ez)(a + barctanh(cz))  be [ 5Dy da

4e 4e

l 477
d—e)4 4,02 e2(6c2d?+e? 4de3 d+e)t
(d + ex)*(a + barctanh(cz)) be [ <2£Z(cace-i)-1) — - ( o L ot 25;2(1—6295)) dz

4e 4e

l 2009

(d + ex)*(a + barctanh(cz))

2c5 2c° c? 3c2 ct

4e

4e
bc((cd—e)4 log(cz+1) _ (cd+e)*log(l—cz)  2de3z®  etxd €2$(602d2+62)>

-

LInt[(d + exx) " 3*(a + b*ArcTanh[c*x]) ,x]

-/

input

‘ ((d + exx)"4*x(a + b*ArcTanh[c*x]))/(4*e) - (bxcx(-((e™2x(6%c™2xd"2 + e~2)* ‘
\x)/c‘4) - (2%d*e”3*x72)/c”2 - (e74*x73)/(3*c”2) - ((c*d + e) 4xLogl[l - c*x \
1)/(2%c™5) + ((c*d - e)~4xLogll + c¥x])/(2xc™5)))/(4%e) |

output
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Defintions of rubi rules used

rule 477 IBELCCE) + (A_)*(x))"(@I)*((al) + (b_)*(x)"2)~(p_), x_Symbol]l :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) nx(1 - Rt[-b/a, 2]#*x) p*(1 + Rt[-b/a, 2
‘]*x)“p, x], x1, x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] &
‘& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6478\In'c[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
‘] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simp[b
‘*(C/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 - c™2*x72), x], x] /; FreeQ[{a,
‘ b, ¢, d, e, q}, x] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.82

method result
b ced arci:etlnh(c:v)ar:4 e €2 arctanh(cx)de—i- 3ce arctan2h(cm)a:2d2 +arcta,nh(cz)cx d3+c arctai;l:(cac)d4 _ =
a(ex+d)*
parts e T
parallelrisch 3z arctanh(cz)b cte3+3x%a c*e3+1223 arctanh(cz)b ctd e2+1223a c*d e2+18x2 arctanh(cz)b c*d2e+x3b cBe3 +182
b(arctanh((gz)c‘ld4 +arctanh(cz)c4d3m+ 3e arctanh(cz)c4d2w2 +e? arctanh(cz)c4dz3+ e3 arctanh(cz)c4:c4 _ —6cf
a(cea:+cd)4+
derivativedivides Al
b ( arctanh(ecz)c4d4 +arctanh(cm)c4d3m+ 3e arctanh(cm)c4d20:2 +e2 arctanh(cm)c4d 34 e3 arctanh(cz)c4z4 _ —6¢f
u(cez-é—cd)4+
default 4cSe
: d)*b1 1 32! In(—ca+1 2bd 23 In(—ca+1 324  3ebd?z?In(—cz+1
risch (ez—i—)Sen(a’c-{—)_ean(cx—i-)_e xr;(cac—i—)_i_eix_e xz( cx+)+62adx3_

input‘int((e*x+d)"3*(a+b*arctanh(c*x)),x,method=_RETURNVERBCISE)
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1/4xa* (exx+d) ~4/e+b/c*(1/4*cxe”3*xarctanh (c*x) *x~4+c*e”2*arctanh (cxx) *x~3*d
+3/2*c*e*arctanh (c*x)*x~2*xd~2+arctanh (c*x) *c*x*d~3+1/4*c/e*xarctanh (c*x) *d"
4-1/4/c”3/e* (—6*c~3*d"2xe"2xx-2*%Cc " 3*d*e " 3*x"2-1/3*e"4*c"3*x"3-e " 4d*kc*x-1/2%
(c™4*d~4+4xc”3*d"3*e+6*c”2*%d"2*e " 2+4*cxd*xe"3+e”"4) *1n(c*x-1)+1/2* (c"4*d~4-4
*C"3*d"3*e+6*c”2xd"2%e " 2-4*c*xd*e"3+e"4) *1n(c*x+1)))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 244 vs. 2(113) = 226.

Time = 0.10 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.95

/ (d + ex)?(a + barctanh(cz)) dx
6actedz* + 2 (12actde® + bcPe?)a® + 12 (3ac*d®e + bcPde?)x? + 6 (4 ac*d® + 6 bc*d?e + bee®)z + 3 (4 be

input integrate ((e*xx+d) “3* (at+b*arctanh(c*x)),x, algorithm="fricas")

1/24x*(6%a*xc™4*e”3*%x"4 + 2% (12%axc™4*d*e”2 + b*c"3%e"3)*x"3 + 12x(3xaxc”4*d
“2%e + bxcT3*d*e”2)*x72 + 6% (4xaxc"4*d"3 + 6%b*c”3xd"2%e + bxcxe"3)*x + 3%
(4%b*c”~3%d"3 - 6xbxc”2*d"2xe + 4*xbxcxd*e”2 - b¥e”3)*log(cxx + 1) + 3*(4*bx
c"3%d"3 + 6xb*c”2*%d"2%e + 4*bxckdxe”2 + bxe~3)*log(cxx - 1) + 3*(bxc”"4*xe”3
*X"4 + 4xbxc”4*d*e"2%x"3 + 6xb*c”4*d"2%e*x”2 + 4¥bkc~4*d"3*x)*log(-(c*x +

1)/(c*x - 1)))/c™4

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 279 vs. 2(109) = 218.

Time = 0.50 (sec) , antiderivative size = 279, normalized size of antiderivative = 2.23

/ (d + ex)?(a + barctanh(cz)) dx

ad@r4—Qg%ﬁﬁ-+—ad62x34—gé%f—de@zatanh(cx)4—§Eﬁ5ﬁ%§£2332—de62x3atanh(ar)+—foiﬁ?ﬂﬁﬂ

a<d3x—|— 3d22ez2 4 de2a® + %)
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integrate ((e*x+d)**3* (a+b*atanh(c*x)) ,x)

input
output Piecewise ((axd**3*x + 3*axd**2*e*xx**2/2 + akdkex*2*x**3 + ake**3kxx*xx4/4 +
b*d**3*x*atanh (c*kx) + 3*bkxd**2xe*x**2*atanh(c*x)/2 + b*d*e*x*2xx**3*atanh(c
*X) + b¥e**x3xx**4*katanh(c*x)/4 + b*d**3*log(x - 1/c)/c + b*d**3*atanh(c*x)
/c + 3*xbkdx*2ke*xx/(2%c) + bkdke*x*x2xx**2/(2%c) + bke*x*3*xx**x3/(12%c) - 3*b*xd
*x*k2xexatanh (cxx)/(2kcx*2) + bxdxe*x*2xlog(x - 1/c)/c**3 + bkdxex*2xatanh(c*
X)/c**3 + bke*x*3xx/(4*cx*3) — bkex*3*atanh(c*x)/(4*xcx*4), Ne(c, 0)), (ax(d
*x3kx + kd**kexx*%x2/2 + dkex*2xx**k3 + e*x*k3*x*x*x4/4), True))
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 209, normalized size of antiderivative = 1.67
/(d + ex)*(a + barctanh(cr)) dz
1 3
= 1 ae®z* + ade*z? + 2 ad?ex?
3 2z log(cx+1 log (cx — 1
+ = (2z%artanh (cx) + c| = — g(cr + )+ 8 ) bd’e
4 2 c c
1 z?  log(c®z? —1)
— (2z%artanh (cz) + | = + =" "2} | bde?
+ 2 ( (cz) + (c2 + A
1 2(?2®+3x) 3log(cx+1)  3log(cx—1)
— ( 6z*artanh (cz) + ¢ — be3
* 24 ( (cz) + ( ct cd + cd
2 cz artanh (cz) + log (—c?x? + 1))bd?
e (cz) + log (~ca® + 1))
2¢c
. integrate ((exx+d) ~3*(at+b*arctanh(c*x)),x, algorithm="maxima")
input g
output 1/4*%a*xe”~3*x"4 + axd*e~2*x"~3 + 3/2%axd”"2xe*x”"2 + 3/4*(2*x"2*arctanh(c*x) +

cx(2*%x/c”2 - log(cxx + 1)/c”3 + log(c*x — 1)/c”3))*bxd"2%e + 1/2%(2*x"3*ar
ctanh(c*x) + c*x(x72/c”2 + log(c™2*x"2 - 1)/c™4))*b*xd*e”2 + 1/24x(6*x"4*arc
tanh(c*x) + c*(2x(c™2*x"3 + 3*x)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog(c*x - 1)
/c”B))*b*e”3 + axd"3xx + 1/2%(2*cxx*arctanh(c*x) + log(-c™2*x~2 + 1))*b*d”
3/c




input

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 970 vs. 2(113) = 226.

Time = 0.14 (sec) , antiderivative size = 970, normalized size of antiderivative = 7.76

/ (d + ex)?(a + barctanh(cz)) dx = Too large to display

e

Lintegrate((e*x+d)‘3*(a+b*arctanh(c*x)),x, algorithm="giac")

~—

1/3%c*x (3% ((c*x + 1) 3*%bxc~3*%d~3/(c*x - 1)73 - 3% (c*kx + 1) 2%b*c~3*d~3/(c*x
- 1)72 + 3%(c*kx + 1)*b*c~3%d~3/(c*x - 1) - b*c~3*%d~3 + 3*(c*x + 1) 3%b*c”
2xd"2%e/(c*x - 1)73 - 6%(c*x + 1) 2xbxc™2*%d"2xe/(c*xx - 1)72 + 3x(cxx + 1)*
b*c™2xd"2%e/(c*x - 1) + 3x(c*xx + 1) 3*bkcxd*e”2/(c*kx - 1)73 - 3*(c*x + 1)~
2%bxcxd*e~2/(c*xx - 1)72 + (c*x + 1)*bkc*d*e~2/(c*xx - 1) - bxcxd*e™2 + (c*x
+ 1)"3*b*e~3/(c*x - 1)73 + (c*x + 1)*b*e”3/(c*x - 1))*log(-(cxx + 1)/(c*x
- 1))/((c*x + 1)"4*c"5/(c*x - 1)74 - 4x(c*x + 1)"3*c”5/(c*x - 1)73 + 6*(c
*x + 1)72%c”5/(c*x - 1)72 - 4x(c*x + 1)*c”5/(c*x - 1) + ¢75) + (6x(c*x + 1
) "3*xaxc”3*d"3/(c*x - 1)73 - 18*(c*x + 1) "2%a*c”3*%d"3/(c*x - 1)72 + 18*(c*x
+ 1)*a*c”3*%d"3/(c*xx - 1) - 6%a*c™3*d~3 + 18*(c*kx + 1) 3%a*xc”2*d"~2*e/(c*x
- 1)73 - 36%(c*xx + 1) 2*%akxc”™2%d"2*e/(c*x - 1)72 + 18*%(c*kx + 1)*a*c™2*d " 2*e
/(c*x = 1) + 9% (c*xx + 1) " 3*b*c"2*%d"2*e/(c*x - 1)73 - 27*(c*x + 1) 2%b*c™ 2%
d~2%e/(c*x - 1)72 + 27x(c*x + 1)*b*c™2xd"2%e/(c*x — 1) - 9%b*c™2*d"2%e + 1
8x(c*x + 1) ~3%axckd*e~2/(c*x - 1)~3 - 18%(c*x + 1) 2%axcxd*e~2/(c*x - 1)°2
+ 6%(c*xx + 1)*akcxd*xe”2/(c*x - 1) - 6*a*ckd*e”2 + 6*x(c*kx + 1) " 3xb*ckdxe™2
/(cxx - 1)73 - 12*%(c*x + 1) "2*bkc*d*e”2/(c*x - 1)72 + 6x(c*x + 1)*bxckd*e”
2/(c*x - 1) + 6x(c*xx + 1)~ 3*a*e”3/(c*x - 1)73 + 6*x(c*x + 1)*a*e”3/(c*xx - 1
) + 3*x(c*kx + 1)"3%b*e”3/(c*xx — 1)73 - 6*%(c*x + 1) 2%b*xe"3/(c*x - 1)72 + 5%
(c*x + 1)*bxe”3/(c*x - 1) - 2¥b*e”3)/((c*x + 1)74*c”5/(c*x - 1)74 - 4x(c*x
+ 1)°3*%c”5/(c*xx - 1)73 + 6%(c*x + 1)72%c”5/(c*xx - 1)72 - 4x(c*x + 1)*c...
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Mupad [B] (verification not implemented)

Time = 3.80 (sec) , antiderivative size = 197, normalized size of antiderivative = 1.58

St bd® In(c?z? —1) | be®s®
/(d—i-ex)3(a+barctanh(cx))dx: €T L adr+ n(cz )_|_ er
2c 12¢

3ad®ex?

+ bd® zatanh(cz) + 5 +adeée®r?

bexz bedatanh(cz) bedztatanh(cz)

T e T 4ct * 4
3bd’exr  3bd’eatanh(cz)
220 ) 2¢?
bd tanh
sbd’ex ;an (ca) + bde? 2° atanh(c z)
bde? In(c?z? — 1) N bde? z?
2¢ 2c
inpudim;((a + bxatanh(c*x))*(d + exx)"3,%) J

(axe”3%x74) /4 + axd~3*x + (b*d"3*log(c™2*x"2 - 1))/(2*c) + (b*e~3%x~3)/(12
*c) + bxd”"3*x*atanh(c*x) + (3*a*d™2*e*x72)/2 + akd*e”2*x"3 + (b*e~3*x)/(4x*
c~3) - (b*e~3*atanh(c*x))/(4*c”4) + (b*xe~3*x"4*atanh(c*x))/4 + (3*bxd 2*ex*
x)/(2xc) - (3xbxd~2xexatanh(c*x))/(2*c”~2) + (3*b*d 2*exx 2*atanh(c*x))/2 +
b*d*e~2xx"3*atanh(c*x) + (b*d*e"2xlog(c™2*x~2 - 1))/(2xc~3) + (bxd*e”2*x~

2)/(2x%c)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.98

/(d + ex)?(a + barctanh(cz)) dz
_ 12atanh(cz) bc*d>z + 18atanh(cx) bc*d®e x® + 12atanh(cx) bctd e2a® + 3atanh(cz) bctedz* + 12atanh

inputLint((e*x+d)*3*(a+b*atanh(c*x)),x) J




output
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(12*atanh (c*x) *bkc*x*x4*d**3*xx + 18*atanh (c*xx)*bkxcx*4xd**2kxe*xx**2 + 12*atanh
(c*x) ¥bkckkd*d*ex*2+xx**k3 + 3katanh(c*x)*bkck*dxe*x*3*xx*k*4 + 12*atanh(c*x)*b
*cx*x3xd*x*x3 — 18*atanh (c*x)*b*c**2xd*x*2xe + 12*atanh(c*x)*b*ckxd*xex*x2 — 3*at
anh (c*x) *b*ex*3 + 12x1log(c**2*x - c)*bxc**3*d**3 + 12x1log(c**2*x - c)*b*xc*
dxe*x*2 + 12%akxck*4xd*x*3xx + 18ka*cx*k4dkdx*x2kexx*k*k2 + 12%kaxckkdxdkek*2kx**3
+ 3kakckkdxex*k3kxk*4 + 18*bkck*3*kd**2ke*xx + 6Gkbkckx*3kdke**x2xx*x*2 + bkck*x3*

e**x3*kx**3 + 3kbkcke*x*x3*xx)/(12*c**4)
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3.3 [(d + ex)*(a + barctanh(cz)) dx

Optimal result . . . . . . . . . . . . e 62]
Mathematica [A] (verified) . . . . . . . . . ... o 62
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 64
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 65
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 65
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 661
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 66
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 67
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 68

Optimal result

Integrand size = 16, antiderivative size = 96

2,.2 3
/(d + ex)?(a + barctanh(cz)) dz — bdex + be’x 4 (d + ex)*(a + barctanh(cz))

6c 3e
b(cd+ €)®log(l — cz)  b(cd — €)3log(1l + cx)
+ —_
6cle 6ce

brdxexx/c+l/6xbke"2+x"2/c+1/3% (exx+d) "3 (a+brarctanh (ckx)) /e+1/6xbk (cxd+e)
~3%1n(-c*x+1)/c"3/e-1/6%b*(c*d-e) "3*1n(c*x+1)/c"3/e

N\ J

output

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.34

acd + be)x 4 e(6acd + be)z?
c
+ 2bz (3d? + 3dex + €°z) arctanh(cz)
N b(3c%d? + 3cde + €2) log(1 — cx)
3
N b(3c2d* — 3cde + €?) log(1 + cx))
3

/(d + ex)*(a + barctanh(cx)) dr = % (6d( + 2ae’x®
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input‘ Integrate[(d + e*x)~2*(a + b*ArcTanh[c*x]),x] ‘

t‘ ((6*%d*(a*xcxd + bxe)*x)/c + (ex(6xakxckd + b*e)*x"2)/c + 2%a*e”2xx"3 + 2%b*x \
\*(3*d*2 + 3kdkexx + e~2%x~2)*ArcTanh[c*x] + (b*(3%c~2%d"2 + 3%c*d*e + e~2) \
L*Log[l - c*x]1)/c™3 + (b*(3%c™2xd"2 - 3xcxd*e + e"2)*Logl[l + c*x])/c"3)/6 J

outpu

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.03,

number of rules _ 0.188, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)?(a + barctanh(cz)) dz

l 6478

exr 3
(d+ ez)(a + barctanh(cz))  be [ 5Dy da
3e 3e
l 477

(d + ex)®(a + barctanh(cz)) be | (203(cx~|—1) 2 T 2 T aB3(-ca)
3e 3e

l 2009

(cd—e)® __ 3de? e3z (cd+e)? )d.’IJ

d—e)3 1 +1 d+e)3 log(1— 3de?x _ €322
(d + ex)3(a + barctanh(cz)) bc<(c 2 225((% )l 254g( ) - T 2 >

3e 3e

-

LInt[(d + e*x)~2%(a + b*ArcTanh[c*x]),x]

| —

input

‘ ((d + e*x)"3%(a + bxArcTanh[c*x]))/(3*e) - (b*cx((-3*d*e”2*x)/c”2 - (e"3*x ‘
"2)/(2%c™2) - ((c*d + e)~3%Logll - c*x])/(2%c™4) + ((c*d - e)~3*Logll + c*
x1)/(2%c™4)))/ (3%e) |

output
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Defintions of rubi rules used

rule 477 IBELCCE) + (A_)*(x))"(@I)*((al) + (b_)*(x)"2)~(p_), x_Symbol]l :> Simp[
‘a“p Int [ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) p*(1 + Rt[-b/a, 2
‘]*x)“p, x], x1, x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] &
‘& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6478‘In‘c[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol

‘] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simp[b

*(c/(ex(q + 1)))

Int[(d + e*xx)"(q + 1)/(1 - c™2*x~2), x], x] /; FreeQl{a,

‘ b, ¢, d, e, q}, X] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 165, normalized size of antiderivative = 1.72

method result
. 223 arctanh(cz)b c3e?42x3a c®e? 4622 arctanh(cx)b c3de+622a c3de+6b d? arctanh(cx)x c3+22b c2e? +6xa c3d?+61
parallelrisch 603
3
2 3 3 2.2 2 _esc2z2_(c ¢
b w+ce arctanh(cz)z2d+arctanh(cz)cz d2+ < amta;};(w)d _T3eTdemr 2
a(ez+d)®
parts 3.~ T P
3,3
3,3 2 3 3 _q.2 2_e3c212_(0d+
b(m‘ézz)#-#arctanh(cz)c?’dzm-ke arctanh(ca:)c3d 2248 arctang(cz)c g’ Z3cTdeTw 2
a(cea:+cd)3
. . o . 3% T c2
derivativedivides A
3,3
3.2 2 (c7d°+
b (M:M+arctanh(cm)c3d2m+e arctanh(ca:)c3d 22+ e? arctang(cz)csm?’ - —3c’deo—< 02 — (
u(cez;—cd)s_‘r .
default ScZe Fa—
risch (ez—i—d)sg;n(a’c-i-l) _ €%bad lné—cac—i-l) _ ebda? 1n2(—c:1:-|—1) + 62%353 _ bdlen(2—c:1:+1) + ead 22— In(c

input 10t ((exx+d) "2* (a+brarctanh(cxx)) ,x,method=_RETURNVERBOSE) |
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output \ 1/6* (2*x~3*arctanh (c*x) *bxc~3*e ~2+2%x " 3*a*xc~3*e~2+6*xx " 2*arctanh (c*x) *b*c~3 \
‘*d*e+6*x“2*a*c”3*d*e+6*b*d“2*arctanh(c*x)*x*c“3+x“2*b*c“2*e“2+6*x*a*c“3*d“
| 2+6%1n(ckx-1) ¥bkc™2%d"2+6*x*bxc 2+ d*e+6*arctanh (cxx) ¥bkc~2%d"2-6*arctanh(c |
‘ *x) ¥b*c*d*e+2*1n (c*x—1) ¥bxe~2+2*arctanh (c*x) *b*e™2) /c~3 ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 163, normalized size of antiderivative = 1.70

/ (d + ex)?(a + barctanh(cz)) dx
2acde®z® + (6 actde + bc’e?)x? + 6 (acdd? + bc*de)x + (3bc2d? — 3bede + be?) log (cx + 1) + (3bc2d? +

6c?
inputLintegrate((e*x+d)"2*(a+b*arctanh(c*x)),x, algorithm="fricas") J
e B
output‘ 1/6% (2xa*xc"3%e™2%x"3 + (Bxaxc™3kdxe + bkc 2%e 2)%x"2 + 6%(axc™3%d™2 + bkc™ |
|2%dxe)*x + (3%bxc™2%d™2 - 3¥bxckdke + bxe"2)*log(ckx + 1) + (3xb*c™2%d™2 +
| 3xbxcxdke + bke 2)*log(ckx - 1) + (bxc™3%e™2%x"3 + 3¥bkc™3*dkexx"2 + 3¥bkx |
c~3xd"2*x) *Llog(-(c*x + 1)/(c*x - 1)))/c"3
Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 178 vs. 2(82) = 164.
Time = 0.35 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.85
/(d + ex)*(a + barctanh(cz)) dz
2log (z—1
ad’x + adez® + —“63“3 + bd?x atanh (cx) + bdez? atanh (cx) + be?a? a?nh (co) 4 b logc(m ) 4 atacn h (o)
a(dzx + dex?® + %)
inputLintegrate((e*x+d)**2*(a+b*atanh(c*x)),x) J
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Piecewise ((a*d**2xx + akd*e*x**2 + akex*2kxx**3/3 + bkd**2*x*atanh(c*x) + b
xd*e*xk*2*katanh (c*x) + bkex*2kxx*k3xatanh(c*x)/3 + b*d*x2+log(x - 1/c)/c +

bxdx*2*atanh (c*x)/c + bxd*xexx/c + bke*x*2*x**2/(6%c) - bxdxexatanh(c*x)/c**
2 + bxe*x2*xlog(x - 1/c)/(3*c**3) + b*ex*2xatanh(c*x)/(3*c**3), Ne(c, 0)),

(a* (d**2xx + dke*xx*x*x2 + e*x*x2xx**3/3), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.43

/ (d + ex)*(a + barctanh(cz)) dx

1 1 2 1 1 1 -1
= = ae’z® + ader” + 3 (2 z? artanh (cz) + c(_x _ log(ez +1) 4 %8 (cz )))bde

3 c? c3 c3
1 5 2  log(cx?—1) )

+ 6 (235 artanh (cz) + c(g + — a4 be

+ads 4+ (2 cx artanh (cx) 4—21;)g (—c?z% + 1))bd?

p
Lintegrate((e*x+d)“2*(a+b*arctanh(c*x)),x, algorithm="maxima")

| —

input

e

1/3%a*e”2%x"3 + a*d*e*x”2 + 1/2%(2*x"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x
‘ + 1)/c”3 + log(c*x - 1)/c”3))*bxd*e + 1/6%(2*x"3*arctanh(c*x) + c*(x~2/c”
‘2 + log(c™2*x"2 - 1)/c”4))*b*e”2 + a*d™2*x + 1/2*%(2*kc*x*arctanh(c*x) + log
L(—c“Q*x‘2 + 1))*bxd~2/c

output

~

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 532 vs. 2(88) = 176.

Time = 0.13 (sec) , antiderivative size = 532, normalized size of antiderivative = 5.54

/(d + ex)?(a + barctanh(cz)) dz

2y .2 92 2 72 2 2, 2

- <3(ca(cc—;1_)1;72c ¢ 6(cxc—;1_)llzc d +3 b02d2 + G(iaz:i)l)gcde N 6(cxc;i—i)1bcde + 3((0;1:;—_1;)56 + b62> log (_zzi_%)

o § ¢ (cz+1)3ct _ 3 (ca+1)3ct 3 (cz+1)ct
(cz—1)3 (cxz—1)? cr—1

—ct
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input‘integrate((e*x+d)“2*(a+b*arctanh(c*x)),x, algorithm="giac")

output

1/3xcx ((3*(c*x + 1) 72%b*xc™2*%d"2/(c*x - 1)72 - 6% (c*x + 1)*bxc™2*xd"2/(c*x -
1) + 3*b*c™2%d"2 + 6% (c*x + 1) 2*bkckd*e/(c*x - 1)72 - 6x(c*xx + 1)*b*xc*d*
e/(c*x - 1) + 3*(c*x + 1)"2*b*e"2/(c*x - 1)72 + b*e"2)*log(-(c*x + 1)/(c*x
- 1))/((c*x + 1)73%c™4/(c*x - 1)73 - 3*(cxx + 1)72*%c”4/(cxx - 1)72 + 3*(c
*x + 1)*c”4/(c*x - 1) - ¢c74) + 2% (3*(c*xx + 1) " 2%a*c™2+%d"2/(c*x - 1)72 - 6%
(cxx + 1)*a*c™2*d"2/(c*x — 1) + 3*kaxc™2*d™2 + 6x(c*x + 1) 2xaxcxdxe/(c*x -
1)72 - 6*%(cxx + 1)*akxckd*e/(c*x - 1) + 3*(c*x + 1) 2%b*cxd*e/(c*x - 1)72
- 6%(c*xx + 1)*b*c*d*e/(c*x - 1) + 3*b*ckd*e + 3*x(c*x + 1) 2*%xaxe~2/(c*x - 1
)72 + a*xe”™2 + (c*x + 1) 2xb*e”2/(c*x - 1)72 - (c*x + 1)*b*e”2/(c*x - 1))/(
(cxx + 1)73%c™4/(c*x — 1)73 - 3*(c*xx + 1)724%c™4/(c*x - 1)72 + 3*(c*xx + 1)*
c”4/(c*x - 1) - c”4) - (3*b*c”2*d"2 + b*e"2)*1log(-(c*x + 1)/(c*x - 1) + 1)
/c”4 + (3*%b*c™2*d"2 + b*e~2)*log(-(c*x + 1)/(c*x - 1))/c"4)

Mupad [B] (verification not implemented)

Time = 3.58 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.32

/(d + ex)?(a + barctanh(cz)) dx =

ae’x3

3
be? In(c?z? —1)
6¢c3
+ bd* zatanh(cz) +

bdex bdeatanh(cx)
+ o 2
c c

bd? In(c?z?—1)
2c
2.2
+bex +adex’
6c
be? x3 atanh(c )
3

+ bdex? atanh(cz)

+ad®z +

input

}'int((a + bxatanh(c*x))*(d + e*x)~2,x) |

output

‘*atanh(c*x)

‘(a*e“Q*x‘3)/3 + axd~2*x + (b*d"2*log(c™2*x~2 - 1))/(2%c) + (b*e~2*log(c~2*
\x‘2 - 1))/(6%xc”3) + (b*e~2*x"2)/(6*c) + a*d*e*x”2 + b*d~2*x*atanh(c*x) + (
‘b*e“2*x‘3*atanh(c*x))/3 + (bkd*exx)/c - (bxd¥ekatanh(c*x))/c~2 + bkdxe¥x~2




input |

output
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.79

/(d + ex)*(a + barctanh(cz)) dz
_ 6atanh(cz) bPd*x + 6atanh(cx) bc*de z? 4 2atanh(cx) bc*e?x® + 6atanh(cx) bc?d? — 6atanh(cz) bede

int ((e*x+d) ~2* (a+b*atanh (c*x)),x)

(6*atanh (c*x) *bkc**3*xd**2+x + 6*atanh(c*x)*b*ck*x3*kd*exx**2 + 2*atanh(c*x)*
bxcx*x3kexk2kx**3 + 6*atanh(c*x)*xbxckx*x2kxd**2 — 6*atanh(c*x)*bxcxdxe + 2*ata
nh(c*x) *b*e**2 + Bxlog(c**2%x — c)*bkcx*k2xd**2 + 2%log(c**2*xx — c)*bke*x*2
+ BGkakcxk3kd*x*k2kx + Gkaxckk3Ikdkekxk*k2 + 2kakckk3kexk2Qkx*k*x3 + Bxbkckk2kdkex*

X + bxckk2kxe*xk2xx**x2) / (6*c*k*3)
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3.4 [(d + ex)(a + barctanh(cz)) dz

Optimal result . . . . . . . . . . . . e 69]
Mathematica [A] (verified) . . . . . . . . . ... o 69
Rubi [A] (verified) . . . .. . . ... .. 70
Maple [A] (verified) . . . . . . ... L [71]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 72
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 72
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 73]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 73
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [74]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 74

Optimal result

Integrand size = 14, antiderivative size = 84

2
/(d + ex)(a + barctanh(cz)) dx = b;_: n (d+ ex)*(a z:arctanh(cz))
b(cd + e)?log(l —cz)  b(ed — €)?log(1 + cx)

4c%e 4ce

| 1/2+bkexx/c+1/2% (exx+d) "2 (atb*arctanh(cxx) ) /e+1/4b* (cxd+e) “2xln(-c*x+1)/

output
Lc"2/e-1/4*b*(c*d—e)"2*1n(c*x+1)/c“2/e J
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.14
bex 1
(d + ex)(a + barctanh(cz)) dz = adx + 2 + 5aez + bdzarctanh(cz)
| belog(1 — czx)
+ Ebex arctanh(cx) + gz
_ belog(1 + cx) N bdlog (1 — c2x?)
4c? 2c
input Integrate[(d + exx)*(a + bxArcTanh[c*x]),x] J
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t‘a*d*x + (bxexx)/(2%c) + (a*e*xx"2)/2 + b*d*x*ArcTanh[c*x] + (b*e*x~2*ArcTan ‘
‘hlc¥x]1)/2 + (bxexLogll - c*x]1)/(4%c™2) - (bxexLogll + c*x]1)/(4%c™2) + (bxd
‘*Log[l - ¢c”2%x72]) /(2%c)

outpu

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.01,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(d + ex)(a + barctanh(cz)) dz

| 6478
2
(d + ex)®(a + barctanh(cz))  be / (ldj-ce27;)2 dz
2e 2e
| 477
cd—e)? 2 cd+-e)?
(d + ex)?(a + barctanh(cz)) B be [ (222(cz-|)-1) —at 2£2(1—Zzz)) dz
2e 2e
| 2009
d—e)? 1 +1 d+e)2 log(l—cx 2
(d + ex)®(a + barctanh(cz)) bc<(c )2::)1’:3(” L Ledie) 2:3g( =) _ ecTz)

2e 2e

input‘ Int[(d + e*x)*(a + b*ArcTanh[c*x]),x]

‘{((d + exx)"2%(a + bxArcTanh[c*x]))/(2*%e) - (b*cx(-((e"2*x)/c”2) - ((cxd +

output
‘e)"2*Log[1 - c*x])/(2%c”3) + ((c*d - e) 2xLogl[l + c#*x])/(2%c”3)))/(2*e)
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Defintions of rubi rules used

rule 477 TRELC(E) + (d_D*(x )~ @)I*((@) + (b_)*(x)"2)"(p_), x_Symboll :> Simp[
‘a“p Int [ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) p*(1 + Rt[-b/a, 2
‘]*x)“p, x], x1, x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] &
‘& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 6478‘Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol ‘
1 :> Simp[(d + exx)"(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simplb |
#(c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQ[{a, |
b, c, d, e, qF, x] && NeQlq, -1] |

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.93

method result
2cd+e) In(cz—1 —2cd+e) In(cz+1
b<c arctan;(cm)EQe+arctanh(c$)dcx_ —cew—( + )2 ( 20) +( + )2 (ca+1) >
1 2
parts a(zem —|—dz) + -
. arctanh(cz)b c?e x2+a c?e £2+2bd arctanh(czx)z c?+2a c2dz+2 In(cx—1)bed+bcex+2 arctanh(cx)bcd—arctanh(cz)be

parallelrisch 52

a(czdx+%cze xz) b<arctanh(cz)dc21+arCtanh(gz)e a2 +g§£+ (2cd+e)in(cm—l) _ (—2cd+ezlln(cz+1)>
derivativedivides < - <

a(02d1+%02e 12) b(arctanh(cm)dc2m+ardanh(;z)e a2 eezy (2cd+e)£lln(c:v—1) _ (—20d+ezlln(cz+1)>
default c . z

. bx(ex+2d) In(cz+1 bex? In(—cz+1 bdz In(—cx+1 2 In(cz+1)bd In(—cz+1)bd

I'lSCh ( i ( ) _ EL ) _ (2 ) _|_ (16293 + adx _|_ ( 50 ) + ( > ) _I_

-

Lint ((exx+d) * (a+b*arctanh(c*x)) ,x,method=_RETURNVERBOSE)

-/

input

‘ a*(1/2*exx”2+d*x)+b/c*(1/2*c*arctanh (c*x) *x~2*e+arctanh (c*x) *d*c*x-1/2/c*( ‘

output
‘ —cke*xx-1/2% (2xcxd+e) *1n(c*x-1)+1/2* (-2*xc*xd+e) *1n(c*x+1))) ‘




CHAPTER 3. LISTING OF INTEGRALS 72

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.17

/ (d + ex)(a + barctanh(cz)) dx

2ac’ex® + 2 (2acd + bee)x + (2bed — be) log (cx + 1) + (2 bed + be) log (cx — 1) + (bc’ex® + 2bc*dz) |
- 4c?

p
inputLintegrate((e*X+d)*(a+b*arctanh(c*x)),x, algorithm="fricas") J

‘1/4*(2*a*c’“2*e*x"2 + 2% (2*a*xc”2xd + b*cxe)*x + (2%bkc*d - b*e)*log(c*xx + 1 \
) + (2%bkcxd + bre)*log(ckx - 1) + (bxc 2kexx™2 + 2¥bkc 2%d*x)*log(-(c*x +
1)/ (exx = 1)))/c™2 |

output

Sympy [A] (verification not implemented)

Time = 0.34 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.10

/ (d + ex)(a + barctanh(cz)) dz

_1
adz + %2° + bdz atanh (cz) + bea? atanh (cz) 4 bdlogc(x =) 4 baatanh (cz) 4 bes _ beatanhler) (@) forc 0

a (dx + %) otherwise

input Lintegrate((e*x+d)*(a+b*atanh(c*x)) ,X) J

t‘Piecewise((a*d*x + akexx**2/2 + bkdkxx*atanh(c*x) + bxexx**2*atanh(c*x)/2 + ‘
‘ bxd*log(x - 1/c)/c + b*dxatanh(c*x)/c + bxexx/(2*c) - b*exatanh(c*x)/(2*c ‘
L**2), Ne(c, 0)), (ax(d*x + exx*x2/2), True)) J

outpu
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 83, normalized size of antiderivative = 0.99

/ (d + ex)(a + barctanh(cz)) dz

1 1 2z 1 1) 1 -1
=—aex2+zl(2xzartanh(cx)+c(_x_ og (cz + )_|_ og (cx ))>be

2 02 C3 C3
4 ade + (2 cz artanh (cx) + log (—c?z% + 1))bd
2c
inputLintegrate((e*X+d)*(a+b*arctanh(c*x)),x, algorithm="maxima") J

( N

1/2*%a*exx”2 + 1/4*(2*x"2*arctanh(c*x) + c*x(2*x/c”2 - log(c*x + 1)/c”3 + 1lo
‘g(c*x - 1)/c”3))*b*e + a*d*x + 1/2%(2*c*x*arctanh(c*x) + log(-c”2*x~2 + 1)
L) *xbxd/c J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(76) = 152.

Time = 0.12 (sec) , antiderivative size = 245, normalized size of antiderivative = 2.92

/ (d + ex)(a + barctanh(cz)) dz =

bdlog (—<H +1) <%j — bed + %) log (—<41) bd log (— <=£1) 2(catlacd _ o

—C — cx—1 cx—1
c? (cot1)’e® _ 2(catl)e® | 3 2 (ot T
(cz—1)2 cr—1 —(cm—]
inputLintegrate((e*x+d)*(a+b*arctanh(c*x)),x, algorithm="giac") J
output | ~C*(Prdxlog(-(cxx + 1)/(cxx - 1) + 1)/c72 - ((cxx + 1)¥bxcxd/(cxx - 1) - b

xc*d + (c*x + 1)*bxe/(c*x - 1))*1log(-(c*xx + 1)/(c*x - 1))/((c*x + 1)72%c~3
/(c*x - 1)72 - 2%(cxx + 1)*c”3/(c*x - 1) + ¢~3) - b*xd*log(-(cxx + 1)/(c*x
- 1))/c”2 - (2x(c*x + 1)*axc*d/(c*x - 1) - 2%a*xckd + 2%(c*x + 1)*a*xe/(c*x
- 1) + (c*x + 1)*b*e/(c*x - 1) - b*e)/((cxx + 1)72*%c”3/(c*xx - 1)72 - 2% (c*
X + 1)*c”3/(c*x - 1) + c~3))
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Mupad [B] (verification not implemented)

Time = 3.52 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.80

2 b beatanh
/(d-l—ex)(a+barctanh(cw))dx:adx+aez +bdzatanh(cz)+ 2ecz_ ca ;I; (cz)

bez?atanh(cz) bdIn(c?z®—1)
+ 2 + 2c

input Lint((a + b*atanh(c*x))*(d + e*xx),x) J

e

axd*x + (axe*x”2)/2 + bkxd*x*atanh(c*x) + (b*ex*xx)/(2*c) - (b*e*atanh(c*x))/
| (2%c"2) + (bkesx~2*atanh(c*x))/2 + (b*d*log(c™2+x"2 - 1))/(2%c)

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.01

/ (d + ex)(a + barctanh(cz)) dz

_ 2atanh(cx) bc®dx + atanh(cz) bcle x? 4 2atanh(cx) bed — atanh(cz) be + 2log(c?x — ¢) bed + 2a c*da A
B 2c?

inputLint((e*x+d)*(a+b*atanh(c*x)),x) J

p
\(2*atanh(c*x)*b*c**2*d*x + atanh (c*x) ¥bxc**2*e*xx**2 + 2*atanh(c*x)*b*cxd -
\ atanh(c*x) *bkxe + 2xlog(c**2*x — c)*bkckd + 2¥a*ck*2kd*x + akck*x2ke*xx**2 +

‘ bkckexx) / (2%c*x*2)

output

\‘
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35 f a+barctanhcz) dr

d+ex
Optimal result . . . . . . . . . . . . . e 751
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 76
Rubi [A] (verified) . . . . . . . . . . 76
Maple [A] (verified) . . . . . . . . .. 78]
Fricas [F] . . . . . . o 79
Sympy [F] . . o e 79
Maxima [F] . . . . . . R0
Giac [F] . . . o o o R0
Mupad [F(-1)] . . ..o e 80
Reduce [F] . . . . . o B

Optimal result

Integrand size = 16, antiderivative size = 114

/ a + barctanh(cz) p (a + barctanh(cz)) log (1%;)

d+ex =T e
c(d+ex
. (a + barctanh(cx)) log (%)
e
c(d+ex
b PolyLog (2, 1— H%) b PolyLog (2, 1- m>
2e B 2e

output ‘ -(at+b*arctanh(c*x))*1n(2/(c*x+1)) /e+(a+b*arctanh (c*x) ) *1n(2*c* (e*xx+d) / (c*d ‘
+e)/(c*x+1)) /e+1/2%b¥polylog(2,1-2/ (c*x+1)) /e-1/2%b¥polylog(2,1-2%ck (exx+d |
L)/(c*d+e)/<c*x+1)>/e J
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.17 (sec) , antiderivative size = 257, normalized size of antiderivative = 2.25

dz

/ a + barctanh(cz)
d+ex

alog(d + ex) + barctanh(cz) (3 log (1 — c*z?) + log (i sinh (arctanh (%) + arctanh(cz)))) — 1ib (—ii(

input LIntegrate[(a + b¥ArcTanh[c*x])/(d + e*x),x] J

(axLogl[d + exx] + b*ArcTanh[c*x]*(Log[l - c™2*x72]/2 + Log[I*Sinh[ArcTanh[
(c*d)/e]l + ArcTanh[c*x]1]1]) - (I/2)*b*((-1/4*I)*(Pi - (2*I)*ArcTanh[c*x])~2
+ I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2*I)*ArcTanh[c*x])*Logl[1
+ E~(2xArcTanh([c*x])] + (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Logl[l - E
~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2
/Sqrt[1 - c™2xx~2]] - (2+I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*Si
nh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] -
I*PolyLog[2, E~(-2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/e

output

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6472, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ a + barctanh(cx)
d+ex

l 6472
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1 2c(d+ex)
be [ W x be [ 1(2926;1) dx . (a + barctanh(cz)) log (%
e e

log (c;il) (a + barctanh(cx))
e
| 2849

lo 2c(dtex) (cz+1) 1 2c(d+ex
be [ %de . bf - Ao . (a + barctanh(cz)) log (W
e e e

log (Eiii) (a + barctanh(cz))
e
| 2752

1 2c(d+ex) d
_bcf W(ﬁ . (a + barctanh(cz)) log (%) ~
e e
log (cz2+1) (a + barctanh(cz)) N bPolyLog (2 1- cz+1)

e 2e

| 2897
2c(d+ex
(a + barctanh(cz)) log (W) ~ log (ﬁ) (a + barctanh(cz)) ~
e e
2c(d+ex
b PolyLog (2, 1- W) N bPolyLog (2 1- +1)
2e 2e

input [Int[(a + b*ArcTanh[c*x])/(d + e*x),x]

- >

output ‘

(((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])*Log[(
‘2*c*(d + e*xx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLogl[2, 1 - 2/(1 + c*x)])
‘/(2*e) - (b*PolyLogl[2, 1 - (2*c*x(d + e*x))/((cxd + e)*(1 + c*x))])/(2xe)

\‘




rule 2752

rule 2849

rule 2897

rule 6472
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Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Int[Loglu_l*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Int[((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcTanh
[c*x])*(Log[2*cx((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[b*(c/e)
Int[Logl[2/(1 + c*x)]1/(1 - c™2*x~2), x], x] - Simp[b*(c/e) Int [Log[2*c*((d
+ e*xx)/((cxd + e)*x(1 + c*x)))]1/(1 - c~2*%x~2), x], x]) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2*xd"2 - e~2, 0]

Maple [A] (verified)

Time = 0.34 (sec) ,

antiderivative size = 145, normalized size of antiderivative = 1.27

method result
— . _ +
arts aln(ex+d) + bln(cex+cd) arctanh(czx) + bln(cez+cd) ln< iecgfi—ee) + b dllOg( iecfi—i;) . bln(cez+cd) ln< o
p e e 2e 2e 2e
dilog( 82— ) tIn(cez+cd) In( LLE=C dilog ( £€2+€ ) {In(cex+cd) In (-
acln(cex+cd) In(cex+cd) arctanh(cz) — e( - Og( cd e) ° 20693 ‘ n( cd—e )) + e( ! Og( cd+e) " 2C€Z ¢ n(
- +bc P - 2
derivativedivides -
dilog( 8222 ) tIn(cez+cd) In( LLZ=C dilog( £€2E€ ) {In(cex+cd) In (-
acln(cex+cd) In(cex+cd) arctanh(cz) — e( - Og( cd e) ° 20693 ‘ n( cd—e )) + e( ! Og( cd+e) " 2C€Z ¢ n(
- +bc P - 2
default -
bdil ((—cz+1)e—cd—e) bln(—cz+1)1 <(—cz+l)e—cd—e) bdil ((cm+1)e+cd.
I'iSCh _ 1log —cd—e _ n{—cz n —cd—e + aln((—cz-l—l)e—cd—e) + 1log cd—e

2e 2e e 2e
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input Lint ((atbxarctanh(c*x))/(e*x+d) ,x,method=_RETURNVERBOSE) J

‘ a*1ln(e*x+d)/e+b*1n(c*exx+c*d)/e*arctanh(c*x)+1/2%b/e*1n(c*e*x+c*d)*1n((c*e ‘
‘ *xx-e)/(-c*d-e))+1/2*b/exdilog((c*e*x-e)/(-c*d-e))-1/2*b/ex1ln(cke*x+c*d) *1n ‘
‘ ((cxexx+e) /(-cxd+e))-1/2%b/e*dilog((c*exx+e) /(-c*d+e)) ‘

output

Fricas [F|
/ a + barctanh(cz) dp — / bartanh (cx) + a i
d+ex er+d
input Lintegrate ((a+b*arctanh(c*x))/(e*x+d) ,x, algorithm="fricas") J
output integral ((brarctanh(cxx) + a)/(ex + d), x) J
Sympy [F]
/ a + barctanh(cz) dr = / a + batanh (cx) i
d+ex d+ex
input integrate (atbratanh(cen))/ (exx+d) ,x) J

output tIntegral((a + bxatanh(c*x))/(d + exx), x) J
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Maxima [F]

dz

/ a + barctanh(cz) / bartanh (cz) + a
dz =
d+ex er+d

inputtintegrate((a+b*arctanh(c*x))/(e*x+d),X, algorithm="maxima") J

output‘ 1/2xbxintegrate((log(c*x + 1) - log(-c*x + 1))/(e*x + d), x) + axlog(e*x + ‘

‘ d)/e ‘
Giac [F]

/ a + barctanh(cz) dr — / bartanh (cx) + a .
d+er ex +d
inputLintegrate((a+b*arctanh(c*x))/(e*x+d),x, algorithm="giac") J
output Lintegrate((b*arctanh(c*x) + a)/(exx + d), x) J

Mupad [F(-1)]

Timed out.

dz

/ a + barctanh(cz) / a + batanh(cx)
dr =
d+ex d+ex

input‘ int((a + b*xatanh(c*x))/(d + e*x),x) ‘

outputtint((a + b*atanh(c*x))/(d + e*x), x) J
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Reduce [F]

(S #5iide) b+ logtea + D

/ a + barctanh(cz) dp —
d+ex e

inputt

int ((a+b*atanh(c*x) )/ (e*x+d) ,x)

outputt

(int(atanh(c*x)/(d + e*x),x)*b*e + log(d + exx)*a)/e




output‘
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3.6 f a+barctanhcz) dr
: (dtez)?

Optimal result . . . . . . . . . . . . . 82
Mathematica [A] (verified) . . . . . . . . ... . L 82
Rubi [A] (verified) . . . . . . .. . . ]R3
Maple [A] (verified) . . . . . . . . ... Rl
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... R5)
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... R5)
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 36
Giac [B] (verification not implemented) . . . . . ... ... ... ... 87
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 87

Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 16, antiderivative size = 93

T =

a + barctanh(cz)

_ belog(l — cz)

/ a + barctanh(cz)

(d + ex)? T e(d+ex)

2e(cd + e)

belog(l 4+ cz)  belog(d + ex)

2(cd — e)e

c2d?2 — e2

o8

-(atb*arctanh(c*x))/e/ (exx+d)-1/2*b*cx1n(-c*x+1) /e/ (ckd+e)+1/2*%b*xc*1n (ckx+

1)/ (c*d-e)/e-bxc*1n(e*x+d) /(c"2*xd"2-e"2)

e

input L

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 102, normalized size of antiderivative = 1.10

/ a + barctanh(cz) , a _ barctanh(cz)  bclog(l — cx)

(d + ex)? v e(d + ex)

e(d + ex)

2e(cd + €)

_bclog(1+cx)  belog(d + ex)

2e(—cd + e)

c2d? — e2

Integrate[(a + bxArcTanh[c*x])/(d + e*x)~2,x]

~—
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output‘_(a/(e*(d + e*x))) - (bxArcTanh[c*x])/(ex(d + e*x)) - (b*cxLogl[l - c*x])/( ‘
‘2*e*(c*d + e)) - (bxcxLogl[l + c*x])/(2xex(-(cxd) + e)) - (b*cxLogld + exx] ‘
‘)/(c“2*d‘2 - e"2) ‘

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.96,

number of rules _ 0.188, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barctanh(cz)
(d+ ex)?
| 6478
be | mda} __a+ barctanh(cz)
e e(d + ex)
| 477
62 [&] [&]
be | (‘(c2d2—e2>(d+ew) + edre)i-w) T 2(cd—e)(ca:+1)) dr 4+ barctanh(cz)
e e(d + ex)
| 2009
log(d+ log(1— log(cz+1
bc(_eco2gd(2_ee2z) - ;g(£d+<;a§) + (;g(g:ix—e))) _a+ barctanh(cz)
e e(d+ex)
input LInt [(a + b¥ArcTanh[c*x])/(d + e*x)~2,x] J
( N
output ‘ -((a + bxArcTanh[c*x])/(ex(d + e*x))) + (bkcx(-1/2%Log[l - c*x]/(c*d + e) ‘

L+ Log[1 + c*x]/(2x(c*d - e)) - (exLogld + e*x])/(c™2%xd™2 - e72)))/e J
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Defintions of rubi rules used

rule 477 TRELC(E) + (d_D*(x )~ @)I*((@) + (b_)*(x)"2)"(p_), x_Symboll :> Simp[
‘a“p Int [ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) p*(1 + Rt[-b/a, 2
‘]*x)“p, x], x1, x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] &
‘& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 6478‘Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
‘] :> Simp[(d + exx)~(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simp[b

*(c/(ex(q + 1)))

Int[(d + e*x)~(q + 1)/(1 - c"2*x"2), x], x] /; FreeQ[{a,

‘ b, ¢, d, e, q}, X] && NeQ[q, -1]

Maple [A] (verified)

Time = 0.26 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.23

method result
2 eln(cez+cd) In(cz—1) | In(cz+1)
b c2 arctanh(cz) ¢ (_ (cd+e)(cd—e)  2cd+2e 2cd—2e )
T " (cexFcd)e + e
a
parts (ex+d)e + c
5 _ eln(cextcd) In(cz—1) +1n(c:t-+—l)
2 arctanh(cz) (cd+e)(cd—e)  2cd+2e 2cd—2e
- (ce:icd)e +bc*| - (cex+cd)e + e
derivativedivides .
5 _ eln(cex+cd) In(cz—1)  In(czx+1)
2 arctanh(cz) (cd+e)(cd—e)  2cd+2e 2cd—2e
- (ce:icd)e +bct| — (cez+cd)e + e
default -

. In(cz—1)bc d? —In(ex+d)be d? +xa c2d? 4-arctanh(cz)be d? +-arctanh(cz)bde—za e +1In(cx—1)xbede—In(ex+d)xbede+
parallelrisch (cz—1) (extd) = ( (c)2d2—e2)(ez+d()d ) (eotd)
risch __bln(cz41) + In(—cz—1)bc?dex—In(cx—1)bc2dex+In(—cx—1)bc2d?+In(—cx—1)bc e2z—2 In(—ex—d)bc e2z—In(

2e(ez+d)
input Lint ((atb*arctanh(c*x) )/ (e*x+d) ~2,x,method=_RETURNVERBOSE) J
output‘-a/(e*X+d)/e+b/c*(-CA2/(C*9*X+C*d)/e*arCtanh(C*X)+C”2/e*(-e/(C*d+e)/(C*d-e

)Y*1n(c*kexx+ckxd) -1/ (2*%cxd+2*e) *1n(c*kx-1)+1/ (2*c*d-2*e) *1n(c*xx+1))) ‘
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Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 182 vs. 2(89) = 178.

Time = 0.10 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.96

-

input L

output ‘

/ a + barctanh(cz)
(d+ ex)?

2actd? — 2 ae? — (bctd? + bede + (bctde + bee?)x) log (cx + 1) + (bc?d? — bede + (bc?de — bee?)x) log

2 (c2d®e — de® + (c?d?e? — e*)x)

integrate((at+b*arctanh(c*x))/(e*x+d)~2,x, algorithm="fricas")

-/

-1/2% (2%a*xc™2*xd~2 — 2*a*xe”~2 - (b*c™2*%d"2 + bxcxd*e + (bk*c~2%d*e + b*c*xe~2)

| - 1) + 2x(b*cke 2%x + bxcxdxe)*log(exx + d) + (bxc™2*d™2 - bke™2)*log(-(c
kx + 1)/(cxx - 1)))/(c™2xd"3%e - d*e™3 + (c72%d"2%e"2 - e74)*x)

xx)xlog(cxx + 1) + (bkc™2%d™2 - bkckdxe + (bkc 2¢dxe - bxcke 2)xx)*log(c*x |

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 663 vs. 2(73) = 146.

Time = 1.42 (sec) , antiderivative size = 663, normalized size of antiderivative = 7.13

a + barctanh(cz)
B T
(d+ ex)
(
az
a2
—__a
de+e2x
bl -1
az+bzx atanh (czx)+ 8 (: J) +2 atanch (c2)
a2
= _ 2ad + bd atanh (7) + bd __ bezatanh (<)
2d2e+2de2x 2d2e+2de2x 2d2e+2de2x 2d2e+2de?x
_ 2ad __ bdatanh (<) _ bd bez atanh (£2)
2d2e+2de?x 2d2e+2de?x 2d2e+2de?x 2d2e+2de?x
ac2d? + ae? + bc2dex atanh (cz) + bede log (a; - % ) bede log
c2d3e+c2d?e2c—ded3 —etzx

L T 2dBet2d?e2z—ded—eix

c2d3e+c?d?e2x—de3 —etzx

c2d3e+c2d?e2x—de3 —etx

T 2dBet+c2d%e

inputt

integrate ((at+b*atanh(c*x))/(e*xx+d) **2,x)




output

/ a + barctanh(cz)
dz
(d+ ex)?
_1 . log(cz+1) log(czx—1) 2log(ex+d)) 2 artanh (cz) p_ @
2 cde — €2 cde + €2 c2d? — e? e’z + de e’z + de
input[integrate((a+b*arctanh(c*x))/(e*x+d)‘2,x, algorithm="maxima")
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Piecewise((a*x/d**2, Eq(c, 0) & Eq(e, 0)), (-a/(d*e + e*x2*xx), Eq(c, 0)),
((axx + b*x*atanh(c*x) + bxlog(x - 1/c)/c + bxatanh(c*x)/c)/d**2, Eq(e, 0)
), (—2*xa*xd/(2*d**2%e + 2xdxex*x2xx) + bkd*atanh(e*x/d)/(2xdx*2xe + 2kd*xe**2
*x) + bxd/(2xd**2%e + 2*d*e**2xx) — bxexx*atanh(e*x/d)/(2*d**2xe + 2xd*xex*x*
2xx), Eq(c, -e/d)), (-2xa*d/(2xd**2*e + 2xd*ex*2*x) - b*d*atanh(e*x/d)/ (2%
d**x2%e + 2xd*e*x*2xx) — bxd/(2kd*x*2xe + 2kdxe**2*x) + bkxexx*atanh(e*x/d)/(2
xd**2ke + 2xd*kex*2xx), Eq(c, e/d)), (—a*xcx*2xd**2/(cx*2xd**3*%e + cx*x2*d**2
*e*kx2kxx — d¥ex*3 — e*x*4*xx) + akex*2/(ckx*2kd**x3ke + Ck*k2kd**kkex*x2*xx — dkex*
*3 - e¥*4*x) + b¥cx*2kd*exx*atanh(ckx)/(ck*2kd**3ke + ck*k2kd**2kex*2*x - d
*xe*x3 — e¥*x4*xx) + bkckdxexlog(x - 1/c)/(ck*2kd**3ke + cx*k2kxd**2*ex*2*x - d
*ke*x3 — e**x4*xx) - bkckdxexlog(d/e + x)/(ck*2kd**3ke + cx*k2kxd**2%ex*2*x - d
*e*x*x3 — e**x4xx) + bkxckxdk*exatanh(ckx)/(cx*2kd**3%e + c**2kd**2kxe**x2*xx — d*e
**3 — exx4*x) + bkcxe*x2*xxlog(x — 1/c)/(c**2kd**3*e + Ck*2kd**x2kex*2xx -
d*e*x*3 - ex*4xx) — bxckex*2xx*log(d/e + x)/(c**2*d**3xe + CHk*2kd**2*e*x*2*xx
- d*e**3 — ex*4*xx) + bxckxex*2kx*katanh(c*x)/(ckx*2kxd**3ke + Ck*kd**kke*x*kQ*
X - d¥ex*3 — ex*4xx) + bxexx2xatanh(c*x)/(ck*2xd**3ke + CHkkkd**kke***kx —

dxex*x3 - ex*x4dxx), True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 99, normalized size of antiderivative = 1.06

~—

.
output‘ 1/2%(c*(log(cxx + 1)/(cxd*e - e72) - log(c*x - 1)/(c*d*e + e72) - 2xlog(ex

‘x + d)/(c™2%d"2 - e72)) - 2%arctanh(c*x)/(e"2xx + d*e))*b - a/(e”2%x + d*e
D

\‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 243 vs. 2(89) = 178.

Time = 0.12 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.61

/ a + barctanh(cz)
dxr =
(d + ex)?
blOg ( cac+1)Cd Cd+ (C:-i—l) + 6) blOg( ccc-i-l) blOg( Ez-i-i)
—¢ 2d2 — e2 T (atl)c2d® 2q2 . 2lez+lede | (cx+1)e? 1 e? 2d2 — e2

cr—1 cx—1 cx—1

p
Lintegrate((a+b*arctanh(c*x))/(e*x+d)”2,x, algorithm="giac")

| —

input

—c*(b*log((c*x + 1)*c*d/(c*x - 1) - cxd + (c*x + 1)*e/(c*x - 1) + e)/(c™2%
d~2 - e72) - bxlog(-(c*x + 1)/(c*x - 1))/((c*x + 1)*c"2%d"2/(c*x - 1) - c~
2xd"2 + 2x(c*x + 1)*cxd*e/(c*x - 1) + (c*x + 1)*e”2/(c*x - 1) + e72) - b*l
og(-(c*xx + 1)/(c*x - 1))/(c”2*xd"2 - e72) - 2*a/((c*x + 1)*c™2xd"2/(c*x - 1
) - c”2%d"2 + 2k(cxx + 1)*ckd*e/(c*x - 1) + (c*x + 1)*e”2/(c*x - 1) + e72)
)

N\ J

output

Mupad [B] (verification not implemented)

Time = 6.17 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.24

dr =

/ a + barctanh(cz)
(d + ex)?

@2 (2R pein(d+ex)+ac?z+bPratanh(cz)) + de batanh(cz) —bcz In(d+ex)-
2

d(e—c2d?) (d+ex)

input‘int((a + b*atanh(c*x))/(d + e*x)~2,x)

Output‘ (d72*((b*c*log(c™2%x"2 - 1))/2 - bxc*xlog(d + e*x) + axc™2xx + bxc ™ 2xx*ata ‘
‘nh(c*x)) + d*ex(b*atanh(c*x) - b*c*xxlog(d + e*x) + (b*c*xxlog(c™2*x"2 - 1
1))/2) - axe"2#x)/(d*(e”2 - c"2+d"2)*(d + e*x)) |
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 223, normalized size of antiderivative = 2.40

/ a + barctanh(cz) i
(d+ ex)?
_ 2atanh(cz) b?d*x — 2atanh(cz) be’x + log(c?x — ¢) bed? + log(c*x — c) bedex — log(c?x — ) bde — log

input Lint ((a+b*atanh (c*x) )/ (exx+d)~2,%) J

(2*atanh (c*x) ¥b*c**2*d**2%x — 2xatanh(c*x)*bxe**2xx + log(c**2*x — c)*bkc*
d**2 + log(c**2*x — c)*b*ckd*kexx — log(cx*2xx — c)*b*d*e - log(c**2*x - c)
*xbkex*2*x + log(c**2xx + c)*bkckd**2 + log(c**2*x + c)*b*ckd*e*x + log(c**
2*%x + c)*bxd*e + log(cx*2xx + c)*bke**2xx - 2xlog(d + exx)*bxcxd*x2 - 2x*lo
g(d + exx)*bxckdke*xx + 2kakCk*x2kd**2kx — 2¥axex*x2xx)/(2*xd* (Ck*2xd**3 + c**

2%dxk2kexx — d¥ex*2 — ex*k3*x))

output




output

input
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3.7 f a+barctanhcz) dr
: (dtex)?

Optimal result . . . . . . . . . . . . . R3]
Mathematica [A] (verified) . . . . . . . . ... . L 89
Rubi [A] (verified) . . . . . . .. . . 90
Maple [A] (verified) . . . . . . . . ... OT]
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 92
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 92
Maxima [A] (verification not implemented) . . . . . . . . ... ... ... ... 93
Giac [B] (verification not implemented) . . . . . ... ... ... ... 94
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 951
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 95

Optimal result

Integrand size = 16, antiderivative size = 130

_a+ barctanh(cz)

/ a + barctanh(cz) dr — bc
(d+ex)3 ©2(c2d? —e?) (d+
_ bc?log(1 — cx)

ex) 2e(d + ex)?
bc®log(1 +cx)  bc’dlog(d + ex)

4e(cd + e)?

4(cd — e)%e

(c2d2 _ 62)2

p
‘1/2*b*c/(c‘2*d‘2—e‘2)/(e*x+d)—1/2*(a+b*arctanh(c*x))/e/(e*x+d)‘2—1/4*b*c‘2
 *¥1n(-c*x+1)/e/ (cxd+e) ~2+1/4¥bxc™2%1n(c*x+1) / (c*xd-e) “2/e-bxc~3*dx1n(exx+d) /

L(c‘2*d‘2—e‘2)‘2

W
|
J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.02

a + barctanh(cz) 1 2a 2bc 2barctanh(cx)
/ drexy 7% <_e(d el T @B @) ([dter) eld+ ex)
bc*log(l —cx)  bctlog(l+cx)  4bcdlog(d + ex)
B e(cd + e)? e(—cd + €)? B (—c2d? + €2)? )

Integrate[(a + bxArcTanh[c*x])/(d + e*x)"3,x]
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t‘ ((-2%a)/(ex(d + e*x)"2) + (2¥b*c)/((c”2%d"2 - e72)*(d + e*x)) - (2*b*ArcTa

outpu ‘
‘nhlc*x])/(ex(d + exx)"2) - (bxc™2%Logll - c*x])/(ex(cxd + €)72) + (bkc™2+L |
‘og[l + cxx])/(e*x(-(c*d) + e)”2) - (4*b*c~3xdxLogld + e*x])/(-(c"2%d"2) + e
"2)72)/4 |
Rubi [A] (verified)
Time = 0.37 (sec) , antiderivative size = 124, normalized size of antiderivative = 0.95,
— _ o number of rules _
number of steps used = 3, number of rules used = 3, integrand size — 0.188, Rules
used = {6478, 477, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ a + barctanh(cz)
(d+ ex)3
| 6478
be [ (d+ex)2%1_c2z2)dx _ a+ barctanh(cz)
2e 2e(d + ex)?
| 477
c? c? 2de?c? e?
bCf (2(cd+e)2(1—cz) + 2(cd—e)?(cz+1) (c2d2—e2)?(d+ex) - (c2d2—62)(d+ez)2> dzx _
2e
a + barctanh(cz)
2e(d + ex)?
| 2009
2c2de log(d+ex) clog(l—cz) clog(cz+1)
bc((c2d2—e§)(d+ea)) - (chgfeQ)z - 2C()§d+e)2 + 2(E§d—e)2 ) _ a—i—barctanh(cac)
2e 2e(d + ex)?
inpudxnt[(a + b*ArcTanh[c*x])/(d + e*x)"3,x] J
output ~1/2*(a *+ DrArcTamhlcxx])/(ex(d + exx)"2) + (bkcx(e/((c"2+d2 -~ e"2)%(d +

‘e*x)) - (c*xLogll - c*x])/(2*%(cxd + e)~2) + (cxLogl[l + c*xx])/(2*(cxd - e)~2 ‘
) - (2%c”2*d*exLogld + exx])/(c™2*%d"2 - e72)72))/(2xe)

N J
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Defintions of rubi rules used

rule 477‘Int[((c_) + (@_)*))"(m)*x((a) + (b_.)*(x_)"Q)"(p_)’ X_Symbol] > Simp[ ‘
‘a"p Int [ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) p*(1 + Rt[-b/a, 2 ‘
‘]*x)"p, x], x1, x] /; FreeQ[{a, b, c, d}, x] & ILtQ[p, 0] && IntegerQ[n] & ‘
‘& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]] ‘

rule 2009 Llnt [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

‘Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol |
1 :> Simp[(d + exx)"(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simplb |
#(c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQ[{a, |
b, c, d, e, qF, x] && NeQlq, -1] |

rule 6478

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 142, normalized size of antiderivative = 1.09

method result
c3< e _ 2edcln(cex+cd) In(cx—1) | In(cz+1) )
b — 3 arctanh(cz) (cd+e)(cd—e)(cez+cd)  (cd+e)2(cd—e)?  2(cd+e)? ' 2(cd—e)?
2(cea:+cd)25 2e
a
parts 2(ex+d)’e + ¢

e _ 2edcIn(cex+cd) In(cx—1) | In(cz+1)
acd + c3 (_ arctanh(cz) (cd+e)(cd—e)(cex+cd) (cd-ﬁ-e)Q(cd—e)2 2(<:d+e)2 2(z:d—e)2 )
2e

- 2(cex+cd)2e 2(cez+cd)2e
derivativedivides -
e _ 2edcin(cex+cd) In(cx—1) + In(cz+1)
_ acd +b S| = arctanh(cz) (cd+e)(cd—e)(ceztcd)  (cdte)2(cd—e)?  2(cd+e)? ' 2(cd—e)?
2(cea:+cd)2e 2(cez+cd)2e 2e
default -
parallelrisch —e3a—z?ac?e—2In(ex+d)bc3d3+x2a ctd?e+2b d3 arctanh(cx)x ¢t —22b c3d e? —xb c3d?e+3 arctanh(cx)bc?d?e—a
. bln(cz+1) In(—cz+1)be*—bctd?e?z? In(—cx+1)—2bc*d3ex In(—cx+1)+In(—cz—1)b c2d?e?+In(—cx—1)b .
risch — y
4e(ex+d)
input Lint ((at+b*arctanh(c*x))/(e*x+d) “3,x,method=_RETURNVERBOSE) J
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Output‘-1/2*a/(e*x+d)"2/e+b/c*(—1/2*c"3/(c*e*x+c*d)"2/e*arctanh(c*x)+1/2*c"3/e*(e
‘/(c*d+e)/(c*d-e)/(c*e*x+c*d)-2*e*d*c/(c*d+e)“2/(c*d-e)“2*1n(c*e*x+c*d)-1/2
\ /(cxd+e) ~2%1n(c*x-1)+1/2/ (c*d-e) ~2*1n(c*x+1))) \

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 454 vs. 2(122) = 244.

Time = 0.14 (sec) , antiderivative size = 454, normalized size of antiderivative = 3.49

dr =

/ a + barctanh(cz)
(d+ ex)3
2actd* — 2bc3d®e — 4ac’d?e® + 2bede3 + 2 ae* — 2 (bc3d?e? — beet)x — (betd* + 2bc3d3e + bcPd?e? +

input‘integrate((a+b*arctanh(c*x))/(e*x+d)”3,x, algorithm="fricas")

-1/4x(2*xa*c”4*d~4 - 2%b*c~3*d"3*e - 4*xaxc”2*%d"2*xe"2 + 2*bk*ckxd*e”3 + 2*axe”
4 - 2%(b*c"3*%d"2*xe"2 - bxc*e"4)*x - (b*c"4*d"4 + 2xbxc”3*d"3*e + b*c"2%d"2
*¥e72 + (bxc™4*d"2%e”2 + 2¥b*c”3*d*e”3 + bxc"2*e”"4)*x"2 + 2% (b*c"4*xd"3*xe +
2xbxc”3*%d"2%e”2 + bxc~2*d*e”"3)*x)*log(c*x + 1) + (b*c"4*d"4 - 2xb*c”3*d"3*
e + b*c"2xd"2%e”2 + (b*xc"4*d"2*e”2 — 2%b*xc"3*d*e”3 + b*xc"2*e"4)*x72 + 2x*(b
*C"4xd"3%e - 2xbxc~3*d"2%e”2 + b*c~2xd*e”3)*x)*log(c*x - 1) + 4x(b*c”3*d*e
“3%x72 + 2xb*c"3%d"2*e”"2*x + bxc~3*d"3xe)*log(exx + d) + (b*cT4*xd"4 - 2%b*
c"2xd"2*e"2 + b*e"4)*log(-(c*x + 1)/(c*x - 1)))/(c™4*d"6%e — 2%c~2*d"4*e”3
+ d"2%e”5 + (c™4*d"4*e~3 - 2%c™2xd"2%e”5 + e"T)*x"2 + 2%(c"4*d"5*e”2 - 2%
c~2*d"3*e”"4 + d*e”6)*x)

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3216 vs. 2(109) = 218.

Time = 3.31 (sec) , antiderivative size = 3216, normalized size of antiderivative = 24.74

/ a + barctanh(cz) dxz = Too large to display

(d+ex)3
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input integrate ((at+b*atanh(c*x))/(e*x+d)**3,x)

Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), (-a/(2xd**2%e + 4xd*ex*2xx + 2%
ex*x3xx**2) , Eq(c, 0)), ((a*x + b*x*atanh(c*x) + bxlog(x - 1/c)/c + b*atanh
(c*x)/c)/d*x3, Eq(e, 0)), (-4xa*xd**2/(8*dx*dxe + 16*d**3xe*x2*x + 8xd**x2*e
**%3%x*%2) + 3*bkd*x2xatanh(exx/d)/(8*d**4*e + 16*d**3kex*2*x + 8*d**2xex*3
*x*%%x2) + 2%bxd**2/(8kd**4*e + 16kd**3ke*x*x2kx + 8Skdk*ke**x3Jkx*x*2) — 2xbkd*xe
xx*katanh (exx/d) / (8xdx*4xe + 16xd**x3kex*x2xx + 8*d*x*2*ex*3*x**2) + bkdxexx/(
8kdkxdxe + 16kdr*3ke*x*2kxx + Bkd**2*e**3xx**2) - brex*2*kx*x2xatanh (exx/d)/(
8*d¥*kd*e + 16%dx*3kex*2*x + 8kd**ke*xJkx**2), Eq(c, -e/d)), (-4*xa*xd**x2/(8
*d**k4*e + 16kd**k3ke**2*x + 8Skd**2kex*3*xx*x*2) — 3*kbkd**2*atanh (e*x/d)/ (8*dx*
*4ke + 16%d*x*x3kex*x2*xx + 8kxd**ke**k3xx**x2) — 2¥bkxd**2/(8kd**4*e + 16%d**x3*e
*k2%xX + Skd**kke*x*k3kx*%*2) + 2*bkd*e*x*atanh(e*x/d)/(8*xd*x*x4*xe + 16%kd*x*3ke**
2%x + 8kd**x2ke*x*k3*kx*%x2) — bkdkexx/(8kd*x*k4kxe + 16*d**3ke*x*2*x + 8kd**ke*x*3
*x*%x2) + bkex*2xx**x2kxatanh(e*x/d)/(8*xd*x*4*e + 16*kd**3ke**x2*xx + 8kd*x*2ke**x3
*x*%2) , Eq(c, e/d)), (-akxcxxdxd**4/(2xc**4*xdx*x6%e + 4dkcxx4*xdr*bxe**x2*kx + 2
*Ckxbkdrkbkexkkxk*D — Akckkkd**k4xe**3 — 8xckkxd*k3kekkd*x — 4kck*2kd**2
*ekx5kxkkx2 + kdx*xkex*5 + Akdkxe*kBxxX + kexkTkx*x*2) + kakckxkdkxkex*x2/
(2kc**4xd**6xe + 4kcxxbkdx*x5kex*2kx + kCkkdkdkxdkexk3kxk*2 — Akck*kd**4x
ex*x3 — 8kckkkdk*k3kek*kdkx — AkCkkkAk*kkexk5kxk*k2 + kdk*k2kex*5 + 4kdke*x*6
*X + 2kekkT*x**2) — akxexx4d/(2kckxkdkxd*kGke + 4kckkdkd*k5kex*k2kx + 2kckk4kxd*
*4ke*x*k3kx*k*kD — Akckkkd*kkdkek*k3 — 8kCkkkdkk3kekkdkx — 4kCkkkd*¥kke*kx5, . .

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 190, normalized size of antiderivative = 1.46

a + barctanh(cz) ,
/ (d+ex)3
1 4c?dlog (ex + d) clog (cz + 1) clog (cx — 1) 2
4 ((c4d4 —2d%e? + et Ad?e—2cde® + €3 Ad2e+2cde® + €3 Ad3 — de? + (de — €3)z
a

"~ 2(e322 + 2de?x + d2e)

inputlintegrate((a+b*arctanh(c*x))/(e*x+d)"3,x, algorithm="maxima")
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‘-1/4*((4*c“2*d*10g(e*x + d)/(c™4xd™4 - 2xc™2*d"2%e"2 + e”4) - cxlog(c*x +
\1)/(c“2*d‘2*e - 2xcxd*e”2 + e73) + cxlog(c*x - 1)/(c”2*%d"2%e + 2*c*d*e™2 +
‘ e”3) - 2/(c”2*%d"3 - d*e”2 + (c"2*%d"2%e - e~3)*x))*c + 2%arctanh(c*x)/(e"3
‘*x‘2 + 2%d*xe”2xx + d"2%e))*b - 1/2%a/(e”3*x"2 + 2*d*e”2*x + d"2%e)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 809 vs. 2(122) = 244.

Time = 0.13 (sec) , antiderivative size = 809, normalized size of antiderivative = 6.22

barctanh
/ a + barctanh(cz) dxz = Too large to display

(d+ex)d

-

Lintegrate((a+b*arctanh(c*x))/(e*x+d)‘3,x, algorithm="giac")

~—

input

-(bxc"2xd*log(-(c*x + 1)*c*d/(c*x - 1) + c*d - (cxx + 1)*e/(c*x - 1) - e)/
(c™4*d™4 - 2xc™2+d"2xe”2 + e”4) - bxc 2*xd*log(-(c*x + 1)/(c*x - 1))/(c™4*d
"4 - 2%c”2xd"2*%e”"2 + e74) - ((cxx + 1)*b*c™2xd/(cxx - 1) - b*c™2xd + (c*x
+ 1)xbxc*e/(c*x - 1))*log(-(c*x + 1)/(c*x - 1))/((cxx + 1)72%c”4*d"4/(c*x

- 1)72 - 2x(c*x + 1)*c™4*d"4/(c*x - 1) + c™4*d"4 + 4*x(c*kx + 1) 2%c”3*d"3*e
/(c*x - 1)72 - 4x(c*xx + 1)*c”3*d"3*e/(c*x - 1) + 6x(ckx + 1) 2%c"2+%d"2*e"2
/(c*x - 1)72 - 2xc™2*d"2*%e"2 + 4*(c*xx + 1) 2xcxd*e”3/(c*x - 1)72 + 4x(c*x
+ 1)*cxd*e”~3/(c*kx - 1) + (c*xx + 1)"2*%e"4/(c*x - 1)72 + 2x(c*kx + 1)*e~4/(c*
X - 1) + e74) - (2x(c*x + 1)*axc™3*%d"2/(c*x — 1) - 2*a*c™3*d"2 + 2*axc”2*d
*e - (cxx + 1)*b*c™2xd*e/(c*x - 1) + bkc™2xd*e - 2% (c*x + 1)*axcxe™2/(c*x

- 1) - (c*x + 1)*b*c*e”2/(c*x - 1) - b*c*e”2)/((cxx + 1)72%c”™5*d"5/(c*x -

1)72 - 2%(c*x + 1)*c"5*d"5/(c*x - 1) + c”5xd"5 + 3x(c*x + 1)72xc~4*d 4x*e/(
ckx - 1)72 - 2k(c*kx + 1)*c"4*d"4*e/(cxx - 1) - c”4*xd"4xe + 2x(cxx + 1) 2%c
~3xd"3*e"2/(c*x - 1)72 + 4x(c*kx + 1)*c”3*d"3*e"2/(c*x - 1) - 2%c~3*d"3*e”2
- 2% (c*xx + 1)72xc”2*xd"2*e"3/(c*x - 1)72 + 4x(cxx + 1)*c™2*d"2*e"3/(c*x -

1) + 2*c™2*d"2%e"3 - 3*(c*x + 1) 2*xckd*e"4/(c*x - 1)72 - 2x(c*xx + 1)*c*d*e
~4/(c*xx — 1) + cxd*e™4 - (c*x + 1)72*e”5/(c*x - 1)72 - 2*(c*x + 1)*e”5/(c*
X - 1) - e75))*c

output
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Mupad [B] (verification not implemented)

Time = 6.71 (sec) , antiderivative size = 427, normalized size of antiderivative = 3.28

/ a + barctanh(cz) - bctdIn(c?z?—1)
(d+ex)3 T 2(ctdt —2c2d?e? +et)
atan(f_%) (bc5d2+bC362) bc3dln(d—|—ex)
B 2e5+/_c2 _ 2 (2 dte (—c2)3/2 +4d2ed /—c2> CAdt—2c2d2e? + et
batanh(cw) T (_ac2 d2+%+ae2) 2 <_a022d2e+bc;lez+%> 4 (_ac42dze+b032de2+a0263> 3 (—G,C4 d2+LC?;
. 2e - d(e2—c? d?) - d? (e2—c? d?) + d? (e2—c? d?) + d(e2—c?

—c2d?2z2 —2c?2dexd —c?e?zt+d?2+2dex +e2x2

inputtint((a + b*atanh(c*x))/(d + e*x)~3,x) J

(b*c~3*d*xlog(c™2*x"2 - 1))/(2x(e”™4 + c™4*d"4 - 2*c™2xd"2*e"2)) - (atan((c”
2*xx) /(=c~2)~(1/2) ) *(b*c~5*d"2 + bxc~3*e~2))/(2*e”5*x(-c~2)~(1/2) - c~2%(2*d
“4xe*x(-c”2)7(3/2) + 4xd"2%e"3*(-c"2)7(1/2))) - (bxc"3*d*log(d + exx))/(e"4
+ c”4*%d"4 - 2xc"2*%d"2*%e”"2) - ((b*atanh(c*x))/(2*xe) - (x*x(a*xe”2 - a*xc~2xd~
2 + (b*cxd*e)/2))/(d*x(e”2 - c"2%d"2)) - (x"2x((axe”3)/2 + (b*c*d*e~2)/2 -

(a*c™2xd"2xe) /2))/(d"2*%(e"2 - c™2%d"2)) + (x"4*((axc™2*e"3)/2 - (a*c™4*d~2
xe) /2 + (b*c~3*d*e~2)/2))/(d"2x(e”2 - c™2*d"2)) + (x"3*(a*c™2*e”2 - axc 4x
d"2 + (b*c"3%d*e)/2))/(d*(e”2 - c~2xd"2)) - (b*c~2*x"2*atanh(c*x))/(2xe))/
(@72 + e72%x"2 + 2xd*e*x - c”2%d"2*x"2 - cT2*%e"2%x"4 - 2*c”2kd*xe*xx"3)

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 693, normalized size of antiderivative = 5.33

/ a + barctanh(cx)
(d+ ex)3
—2ac*d® — 2a d?e* — b3d3e3x? + bed e®x? + 4atanh(cz) bc*dPex + 2atanh(cx) bctd*e’s? + log(c®z — c

inputLint((a+b*atanh(c*x))/(e*x+d)~3,x) J




output
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N

(4*atanh (c*x) *bkckx*4*xd**x5*xexx + 2*atanh (c*x)*bxck*4xdx*kd*ex*x2xx**2 — 8xata

nh (ckx) *¥b*ck*x2kd**3*e**3*x — 4katanh(ckx)*xbkck*2xd**2kex*4xx**x2 + 4*atanh(
c*x) *b*d*e*x5*x + 2*atanh (c*x)*b*ex*6xx**x2 + 2*%Llog(cx*2*x — c)*bkcx*3*d**5
xe + 4*log(cx*2xx — c)*bkcx*k3xd*k*d*xe*xx2+%x + 2xLog(c*x*2%x — c)*bkcH*x3*kd**3*
ex*3kxx*2 — 3xlog(cx*2*x — C)*bkck*x2kd*k*4*e*x*2 — 6xlog(ck*2%x — c)*bkxck*2x
d*x3xexx3xx — 3*log(ck*2xx — C)*bkCk*kd**ke**4*xx**2 + log(ck*2xx — c)*bx*
dx*2xex*4 + 2%log(cx*2xx — c)*bkd*kex*5xx + log(cx*2*x — c)*b¥e**xB*x**2 + 2
x1og(ck*2%x + c)*bxc**3xd*x5xe + 4xlog(c**2%x + C)*bkck*3kd**4dxe*x2*xx + 2%
log(c**2xx + c)*bkcx*3kdx*3kex*k3xx*x*2 + 3*log(cx*2xx + C)*bkck*2kdk*4*e*x*2
+ 6xlog(cx*2*x + C)*b*ck*2*%d**3*e**3*x + 3xlog(ck*2kx + C)*bkxck*x2*xd**2*ex*
*x4xxk*x2 — log(cx*2xx + C)*bkd**2ke*xx4 — 2+log(ck*2xx + c)*bkd*e**5*x - log
(c*x2%x + c)*bkex*6xxx*2 - 4%log(d + e*x)*bkcx*3*kdx*5xe - 8+log(d + e*x)*b
xCkxk3kdkkdxe*x2%x — 4xlog(d + exx)xbkckx3*kd*x3ke*x*x3*kxk*2 — 2kaxckxd*xd**x6 +
dxaxckk2kd**4*xex*x2 — 2xaxdrkkexkd + bkck*3kd**x5ke — brckk3kdkkIkekkIkx*k*
2 - b*ckd**3k%e*x*3 + bkckdkekxk5xx*x*2)/(4kd*x*2ke*x (ck*k4*xd**6 + 2kck*k4*xd**5kex*
X + ckkdkd¥kkdkex*kQkxkk2 — kckkkdkkdkek*2 — 4kck*k2kd*k*k3kekk3kx — 2kck*k2%d
*kDkekkhkx*k*k2 + dkk2ke*k*kd + 2kdke**k5kx + e*x*xGxx**2))
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3.8 f a+barctanhcz) dr

(d+ex)*
Optimal result . . . . . . . . . . . . . e 97l
Mathematica [A] (verified) . . . . . . . . . ... 9]
Rubi [A] (verified) . . . . . . .. . . 98
Maple [A] (verified) . . . . . . . . ... 100!
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 100
Sympy [B] (verification not implemented) . . . ... ... ... ... ... ... 1071
Maxima [B] (verification not implemented) . . . . . . .. ... ... ... ... 102
Giac [B] (verification not implemented) . . . . . ... ... ... ... 103l
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 104
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 105

Optimal result

Integrand size = 16, antiderivative size = 174

/ a + barctanh(cz) dp — be N 2bc3d
(d+ ex)* 6 (c2d? — e?) (d+ex)?  3(2d? — e2)* (d + ex)
a + barctanh(cz)  bc3log(1l — cx)
~ 3e(d+ex)®  6be(cd+e)?
bctlog(l+cx)  bc3(3cd? + €?)log(d + ex)
6(cd — €)3e B 3(c2d? — 62)3

‘1/6*b*c/(c“2*d‘2—e“2)/(e*x+d)‘2+2/3*b*c“3*d/(c‘2*d“2—e“2)“2/(e*x+d)—1/3*(a
‘ +b*xarctanh(c*x))/e/ (e*xx+d) ~3-1/6%b*c~3*1n(-c*x+1)/e/(c*d+e) ~3+1/6%b*c~3*1n
(c*x+1)/(c*d-e) ~3/e-1/3*%b*c~ 3% (3*c~2*d"2+e~2) *1n(e*x+d) / (c"2*d"2-e~2) "3

N J

output
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 173, normalized size of antiderivative = 0.99

/ a + barctanh(cz) dp — 1 (_ 2a N be
(d+ex)* 6\ e(d+ex)® (c2d?—e?)(d+ ex)?
N 4bc3d _ 2barctanh(cz)  bc’log(1 — cx)
(—c2d? + €2)? (d + ex) e(d+ ex)3 e(cd +e)3
b log(l+cz)  2bc3(3c*d? + e?)log(d + ex)
(cd — €)3e B (2d? — e2)3 )

e

~—

inputtlntegrate[(a + b*ArcTanh([c*x])/(d + e*x)~4,x]

‘)/((-(c‘2*d“2) + e72)"2*%(d + e*x)) - (2*bxArcTanh[c*x])/(e*x(d + e*x)"3) -
‘(b*c‘S*Log[l - c*x])/(ex(c*d + e)~3) + (b*c"3xLogl[l + c*x])/((c*d - e) 3xe

( B
output‘ ((-2*%a)/(ex(d + exx)~3) + (bxc)/((c™2*d"2 - e72)*(d + exx)"2) + (4*b*c~3*d ‘
‘) - (2*%b*c™3*(3%c™2xd"2 + e~2)*Logl[d + e*x])/(c™2xd"2 - €72)73)/6 ‘

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 171, normalized size of antiderivative = 0.98,
number of rules _ 188 Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6478, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctanh(cz)
(d + ex)?

l 6478

be f (d+e:1:)3%1—c2932) dzx _a + barctanh(ca:)
3e 3e(d + ex)3

l 477
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3 3 e2?(3c2d%+e?)c? 2de2¢c? 2
bcf (2(cd+e§3(1—cx) + 2(cd—e§3(cx+1) - (c2d2—e?)3(d+ex) B (c2d2_e2e)26(d+ez)2 B (c2d2—eg)(d+ex)3> d.’L'_
3e
a + barctanh(cx)
3e(d + ex)3
| 2009
bc( 2¢2de n e _ c2e(3c%d?+e?) log(d+ex) _ c2log(l—cx) + c? log(caf:+1)>
(c2d2—e2)?(d+ex) ' 2(c?d?—e?)(d+ex)? (c2d2—e2)3 2(cd+e)3 2(cd—e)3 _
3e
a + barctanh(cx)
3e(d + ex)3
inpug Int[(a + brArcTanhc#x])/(d + exx)°4,x] J
output ~1/3*(a + brArcTanh[cxx])/(ex(d + exx)"3) + (bxcx(e/(2x(c72xd™2 - e"2)*(d
4+ exx)"2) + (2kc"2%d*e)/((c™2%d™2 - e72)"2%(d + exx)) - (c"2*Logll - c*x]) |
[/(2x(cxd + €)73) + (c™2*Logll + c*x])/(2*(cxd - €)73) - (c™2%ex(3*c™2%d™2
L+ e~2)xLogld + e*x])/(c™2*d"2 - €72)73))/(3xe) J

Defintions of rubi rules used

rule 477 IBELCCE) + (@ )*(x))"(@I)*((a)) + (b_)*(x)"2)7(p_), x_Symbol]l :> Simp[
‘a“p Int [ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) p*(1 + Rt[-b/a, 2
‘]*x)“p, x], x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, O] && IntegerQ[n] &
‘& NiceSqrtQ[-b/a] && !FractionalPowerFactorQ[Rt[-b/a, 2]]

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 6478\Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol ‘
1 :> Simp[(d + exx)"(q + 1)*((a + b*ArcTanh[c*x])/(ex(q + 1))), x] - Simp[b |
‘*(c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 - c™2%x72), x], x] /; FreeQl{a,
' b, c, d, e, g}, x] && NeQ[g, -1]
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Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.06

method result

2,2, 2
A . B e(3c d“+e ) In(cez+cd) 2ede ~
b A arctanh(cx) 2(cd+e)(cd—e)(cew+cd)2 (cd+e)3(cd—e)3 (cd+e)2(cd—e)2(cew+cd)
- 3(cea:+cd)3e 3e

+

a
parts 3(ex+d)36 c

. e(3c2d2+e2) In(cez+cd) 2ede In(ca
4 arctanh(czx) 2(cd+e)(cd—e)(cea:-ﬁ-cd)2 B (cd+e)3(cd—e)3 + (cd+e)2(cd—e)2(cea:+cd) B 2(cd-
+bc - 3 + 3
3(cex+cd)’e e

_L
3(cex+cd)3e

derivativedivides -
. e(3c2d2+e2) In(cex+cd) 2ede In(ca
_ act +b Al = arctanh(cz) + 2(cd+e)(cd—e) (cez+cd)2 B (cd+e)3(cd—e)3 + (cd+e)2 (cal—e)2 (cex+cd) B 2(cd-
3(cex+cd)3e 3(cex+cd)de 3e
default .
parallelrisch 6xa c8d®+6 arctanh(cz)bc®d® —6x2ad e’ —6xa d?e8+2 arctanh(cx)bd3e5+6 In(cz—1)bc®d®—6 In(ex+d)b > d®+2x3a
risch Expression too large to display
inputLint((a+b*arctanh(c*x))/(e*x+d)‘4,x,method=_RETURNVERBOSE) J
output ‘ -1/3%*a/ (exx+d) ~3/e+b/c*(-1/3*%c"4/ (c*e*xx+c*d) “3/exarctanh (c*x)+1/3%c~4/ex (1

| /2xe/(c*d+e) / (cxd-e) / (cxexx+cxd) "2-ex (3xc™2xd"2+e72) / (cxd+e) "3/ (c*d-e) "3*1 |
‘n(c*e*x+c*d)+2*e*d*c/(c*d+e)”2/(c*d-e)“2/(c*e*x+c*d)-1/2/(c*d+e)‘3*1n(c*x-
‘1)+1/2/(c*d-e)“3*1n(c*x+1)))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 859 vs. 2(162) = 324.

Time = 0.29 (sec) , antiderivative size = 859, normalized size of antiderivative = 4.94

barctanh
/ a + barctanh(cz) dx = Too large to display

(d+ ex)*

input Lintegrate ((atb*arctanh(c#*x))/(exx+d) “4,x, algorithm="fricas") J
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-1/6%(2*xa*xc”6*xd~6 - S*bkc~5*d"5*e - 6*axc”4*d"4*xe”2 + 6*b*c"3*d"3*e”3 + 6%
a*c~2*d"2*xe”"4 - bkxc*d*e”5 - 2*a*e”6 — 4*(b*xc"5*%d"3*e”3 - b*c~3*d*e”5)*x"2
- (9%b*c"5*d"4*e"2 — 10*b*c~3*d"2%e"4 + bxc*xe"6)*x — (b*c"6*%d"6 + 3*b*c~5*
d"5%e + 3*b*c”4*d"4*e”2 + b*c"3*d"3*e”3 + (b*c"6*d"3*e”3 + 3*b*c"5¢d"2*e"4
+ 3*b*c”4*d*e”5 + bxc"3*e”"6)*x"3 + 3*(b*c"6*d"4*e"2 + 3*bkc"5%d"3%e”3 + 3
*bxc"4*xd"2*%e”4 + b*c"3*kd*e”5)*x"2 + 3*(b*xc"6*%d"5*e + 3*b*c~5*d"4*xe”2 + 3*b
*C"4*d"3*e”3 + bxc~3*d"2*xe"4)*x)*log(c*kx + 1) + (b*c~6*%d"6 - 3*b*c~5xd"5*e
+ 3*b*c”"4xd"4*xe”2 - b*c"3*d"3*e"3 + (b*c"6xd"3*e”3 - 3*b*xc"5xd"2xe"4 + 3%
b*c"4*xd*xe”5 - bxc"3*%e”6)*x"3 + 3*(b*c"6*d"4*e”2 - 3xb*c"5xd"3*e”3 + 3xb*c”
4xd"2%e”4 - b*c"3*d*e”5)*x"2 + 3x(b*c"6*%d"5*e — 3*bkc~5+xd"4*e”2 + 3kbkc 4*
d"3*e”3 - b*c"3*d"2xe”4)*x)*log(c*x - 1) + 2x(3xbxc"5*d"5*e + b*c~3%d"3*e”
3 + (3*%b*xc~5xd"2*xe"4 + b*c"3*e”6)*x"3 + 3% (3*xbxc~5*d"3*%e”~3 + b*c"3*d*e”"5)x*
X"2 + 3*%(3%b*c"5*xd"4*e”2 + bxc~3*d"2*e"4)*x)*log(exx + d) + (b*c"6%d"6 - 3
xb*c~4*d"4*e”2 + 3xb*c"2*d"2+%e"4 - b*e”6)*log(-(c*x + 1)/(cxx - 1)))/(c”6*
d"9%e - 3*c"4*d"Txe"3 + 3*c"2*d"5*%e”"5 - d"3*e”7 + (c"6xd"6*e"4 - 3*c"4*d"4
*¥@76 + 3*xc"2xd"2*%e”"8 - e710)*x"3 + 3*(c"6xd"7*e"3 - 3*c"4*d"5xe”5 + 3*c”"2*
d"3%e”7 - d*e”9)*x"2 + 3*(c"6*d"8*%e”"2 - 3*c"4*d"6*e"4 + 3*c"2*d"4*e”6 - 4°
2%~ 8) *x)

output

\

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 10946 vs. 2(150) = 300.

Time = 5.15 (sec) , antiderivative size = 10946, normalized size of antiderivative =
62.91

h
/ a + barctanh(cz) dz = Too large to display

(d+ex)*

input‘integra‘ce((a+b*a1:anh(c*x))/(e*x+d)**4,x)
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Piecewise((a*x/d**4, Eq(c, 0) & Eq(e, 0)), (-a/(3xd**3xe + O*kd**2ke**2*x +
Oxdxe**3xx**2 + 3kex*kdkxx*3), Eq(c, 0)), ((a*x + bxxxatanh(c*x) + b*log(x
- 1/c)/c + bxatanh(c*x)/c)/d**4, Eq(e, 0)), (-24xa*d**3/(72xd**x6*e + 216%

d**x5xex*2%x + 216%kd*k*4*ke**x3kx*k*2 + T2kd**3kekk4dxx*x*3) + 21*bkd**3*atanh (ex*

x/d) / (T2*xd**6*%e + 216kd**5kex*2xx + 216kd**4ke**3kx**2 + T2xdA*k*k3ke*k*k4*kx*k*x3

) + 10%bxd**3/ (72*d**6*e + 216*d*x*5xe*x*x2%x + 216kd**k4ke*x*3*kx*k*2 + T2kdA*k*33*

e**x4xx**3) - Oxb*d**2xexx*atanh(exx/d)/(72*%d**x6xe + 216xd**5ke**2*x + 216%

d*xx4kex*k3kx*k*2 + T2kd*k*k3kekkdxx*k*3) + Oxbkd*x*2kexx/(72*d**6%xe + 216*d**5*e

*%k2%x + 216xd*x*k4ke*kk3kxkx2 + 72*d**3*e**4*x**3) = 9*b*d*e**2*x**2*atanh(e*

x/d) / (72%d**6%e + 216*d*x*xSkex*k2kx + 216*%d**4kex*x3Jkxk*x2 + Tkd*k*k3ke**4*xx**3

) + 3xbkdkxex*2*x**2/(72*%d**6%e + 216%d**5kex*x2%x + 216xd**4*ke*x*x3xx**2 + 72

*Q*k*3kexkd*xx**3) — 3kbre**3*kxk*x3*atanh(exx/d)/(7T2xd*x*6%e + 216xd**5kex*x2*x
+ 216xd*k*4xexx3*kxx*2 + T2kd**3*ex*4xx*x3), Eq(c, -e/d)), (-24xaxd**3/(72%

d*x*x6*e + 216*d**5ke*x*2*x + 216*d**k4ke*x*k3*kx**x2 + T2kd**k3kex*k4d*kx*k*x3) — 21*bx*

d**3*atanh (exx/d) / (72*d**6*e + 216*d*x*x5ke**x2xx + 216*kd**4dke**3xx*k*2 + 72*d

*k3kekk4*kx**3) — 10*%b*xd*x*3/(72*d**6*%e + 216*d*x*x5ke*x*x2%xx + 216%kd**4*e*x*3*x*

*2 + T2*d**3kex*4*xx*x3) + Okbkd*kx2xexx*atanh(e*x/d)/(72xd**6*e + 216%d**5*

e*x*kx2%xx + 216%kdk*k4ke* kx3kx*k*k2 + T2kd*x*3ke*xk4d*xx**3) — 9xbkd**2ke*xx/ (72*d**6*e
+ 216%d*k5xex*k2%x + 216%kd*x*k4kekk3kxk*k2 + 72*d**3*e**4*x**3) + 9xbxdke*x*x2%

x*x*k2xatanh (exx/d) / (T2*xd*x*6*e + 216*d**Dkex*2*xx + 2164 dk*dker*3kx*k*2 + 7. ..

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 339 vs. 2(162) = 324.

Time = 0.04 (sec) , antiderivative size = 339, normalized size of antiderivative = 1.95

/ a + barctanh(cz)
dx
(d+ex)?
_1 c?log (cx + 1) B c?log (cx — 1) _ 2(3c'd® +c%e?)log (ex +d)
~ 6 \\ 3d3e — 3c2d%e® + 3cded — et 3d3e + 3c2d2e? +3cded + et cBdS — 3 cidie? + 3 c2d2et — €f
a

" 3(e'ad + 3deda? + 3d2e%x + dde)

e

Lintegrate((a+b*arctanh(c*x))/(e*x+d)‘4,x, algorithm="maxima")

~—

input
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1/6%((c™2*log(c*x + 1)/(c"3*d"3xe - 3*c~2xd"2%e”2 + 3J*kc*xd*e~3 - e~4) - c~2
xlog(ckx - 1)/(c”3*%d"3*e + 3*c™2*d"2%e"2 + 3xc*d*e”3 + e74) - 2x(3*c"4xd"2
+ c"2xe"2)*xlog(exx + d)/(c™6%d"6 - 3*c~4*d"4*e”2 + 3*c"2+%d"2%e”"4 - e"6) +
(4xc™2xdxe*x + 5kc™2xd"2 - e72)/(c"4*d"6 - 2*c"2*d"4*xe”2 + d"2*%e"4 + (c74
*d"4*e”2 — 2%c72*d"2*xe"4 + e76)*x"2 + 2x(c"4*d"b*e - 2*xc"2*%d"3*e”3 + d*e”5
)*x))*c - 2xarctanh(c*x)/(e”4*x"3 + 3*d*e"3*x”2 + 3xd"2*e”2%x + d~3%e))*b
- 1/3*a/(e”4*x"3 + 3*d*e”3*x"2 + 3*d"2%e"2*x + d"3%e)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 1792 vs. 2(162) = 324.

Time = 0.17 (sec) , antiderivative size = 1792, normalized size of antiderivative = 10.30

h
/ a + barctanh(cz) dxz = Too large to display

(d+ex)*

tnput integrate((at+b*arctanh(c*x))/(e*x+d)~4,x, algorithm="giac")
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-1/3%cx ((3xb*c™4*d"2 + bxc~2%e"2)*log(-(c*x + 1)*cxd/(c*x - 1) + cxd - (c*
x + 1D*xe/(c*xx - 1) - e)/(c”6*d"6 - 3*c"4*d"4*e"2 + 3*xc~2*d"2*%e"4 - e76) -
(3*x(c*xx + 1)~ 2*bkc~4*d"2/(c*x - 1)72 - 6x(c*x + 1)*b*c™4*%d"2/(c*x - 1) + 3
*b*xc~4*d"2 + 6k (ckx + 1) 2%b*c”3xd*e/(c*xx — 1)72 - 6*(c*x + 1)*bxc”3*d*e/(
ckx - 1) + 3x(c*x + 1)72xbxc™2%e"2/(c*x - 1)72 + b*c™2*e”2)*log(-(c*x + 1)
/(c*xx = 1))/ ((c*x + 1)"3*c"6*%d"6/(c*x - 1)73 - 3*(c*x + 1) 2*xc"6*d~6/(c*x
- 1)72 + 3*(c*kx + 1)*c"6%d"6/(cxx — 1) - c"6+%d"6 + 6%(cxx + 1) 3*c”5*d"5*e
/(cxx - 1)73 - 12*%(c*x + 1)72*xc"5*%d"5*e/(c*xx - 1)72 + 6*x(c*x + 1)*c~5*d 5%
e/(c*x - 1) + 15x(cxx + 1)"3%c™4xd"4%e”2/(c*x - 1)73 - 15%(c*x + 1) 2%c 4%
d~4xe~2/(c*x - 1)72 - 3x(c*x + 1)*c~4*d"4*xe~2/(c*x - 1) + 3*c™4*xd"4*e”2 +
20*%(cxx + 1)"3%c~3*%d"3*e”"3/(c*x - 1)73 - 12%(c*x + 1)*c~3*d"3*e~3/(c*x - 1
) + 16%x(c*x + 1)73*c™2*xd"2*e"4/(cxx - 1)73 + 15x(c*x + 1) "2%c~2*d"2*e"4/(c
*x — 1)72 - 3*(c*kx + 1)*c™2*%d"2*e"4/(cxx — 1) - 3*%c™2+%d"2%e"4 + 6x(c*xx + 1
) "3xcxd*e”5/(c*kx - 1)73 + 12x(cxx + 1) "2*c*d*e”5/(c*x - 1)72 + 6x(c*x + 1)
*cxd*e”5/(cxx — 1) + (c*x + 1)73%e”6/(cxx — 1)73 + 3*(c*x + 1)72%e"6/(c*x
- 1)72 + 3*(c*x + 1)*e"6/(cxx - 1) + e76) - (3*%b*c™4*d”2 + b*c~2%e”2)*1log(
—(c*x + 1)/(c*x - 1))/(c™6%d"6 — 3*c"4*xd"4*e”2 + 3*kc~2*d"2%e"4 - e”6) - 2%
(3%(c*x + 1) 2%a*xc™6*%d"4/(c*xx - 1)72 - 6x(c*x + 1)*axc™6*d"4/(c*xx - 1) + 3
*xaxc~6xd"4 + 6x(c*kx + 1)*axc”b5xd"3xe/(c*x - 1) - 6%a*xc”b*d"3%e - 3*(c*x +
1) "2*b*c~5*%d"3*e/(c*kx — 1)72 + 6%(c*x + 1)*b*c~5xd"3*e/(c*x - 1) - 3*bx*...

output

Mupad [B] (verification not implemented)

Time = 5.04 (sec) , antiderivative size = 418, normalized size of antiderivative = 2.40

a + barctanh(cz)
d
/‘ drexytr
3 3
=In(d+ex) < be 3+ be 3)
6e(e+cd)” 6e(e—cd)

200t d'—5bc? & e—dac? & e +bedeP+2aet | z(bcet—9bc3d?e®)  9p3deda?
2(ctd*—2c2d2e2+e?) 2(ctd*—2c2d?e2+et) ctd4—2c? d? e?+et

3d3e+9d?2e2x+9de3 2+ 3etxd

B bcd In(cx — 1) B bcd In(cx +1)
6c3d3e+18c2d?e?2 +18cded +6e* —6c3d3e+18c2d?e?2 —18cded +6¢et
bln(cz+1) bln(1—czx)

6e (d®+3d?ex +3de?x? + e323) + 3e (2d®+6d’ex+6de?z?+2e323)

lint((a + bratanh(cxx))/(d + exx)~4,x)

N\

input
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log(d + exx)*((b*c~3)/(6xex(e + c*d)~3) + (bxc~3)/(6xex(e - c*d)"3)) - ((2
xa*xe~4 + 2%axc”4*d"4 - 4*axc”2xd"2*e”2 + bkxcxd*e~3 - 5¥bxc”3*d"3*e)/(2x(e”
4 + c74%d™4 - 2%c72%d"2xe”2)) + (x*(b*c*e”4 - 9*bxc”~3*d"2*e"2))/(2*(e"4 +

cT4xd~4 - 2xc”2*d"2%e"2)) - (2%bxc”3*d*e"3*x"2)/(e"4 + cT4*%d"4 - 2xc”2xd"2
*e72))/(3*%d"3%e + 3*%e”4*x"3 + 9kd"2%e"2*x + 9*kd*e"3*x"2) - (b*xc~3*log(c*x

- 1))/(6xe”4 + 6%c”3*%d"3%e + 18*c"2xd"2*e”2 + 18*c*d*e”3) - (b*c"3*log(c*x
+ 1))/(6%e”4 - 6*xc”3*%d"3xe + 18*c~2+%d"2xe"2 - 18*c*d*e”3) - (bxlog(c*x +

1))/ (6%ex(d"3 + e”3*%x"3 + 3*d*e"2*xx"2 + 3*d"2%e*x)) + (bxlog(l - c*x))/(3x
ex(2*d™3 + 2*%e"3%x"3 + 6xd*e”2*x"2 + 6*d"2%e*x))

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 1565, normalized size of antiderivative = 8.99

h
/ a + barctanh(cz) dx = Too large to display

(d+ ex)?

int ((a+bratanh (cxx))/ (exx+d)~4,x)

N

input
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(18*atanh (c*x) ¥bkc**6*d**8*e*x + 18*atanh(ckx)*¥bkck*6xd**THex*2xx**2 + 6%a
tanh (c*x) ¥bkxcx*B*d**x6xex*3*x**3 — b4a*xatanh(c*x)xbkxcx*k4*xd**x6xex*3*x — 5dxat
anh (c*x) *bxck*dxd*k5kxexkd*xk*x2 — 18*atanh(c*x)*xbkckkxdkdx*4kex*5kx**3 + 54x
atanh (c*x) ¥bkcx*2kd**4*kex*5xx + B4*atanh (c*x)*bkxc**2*xd**3*ke**B*x**2 + 18%a
tanh (c*x) ¥b*xc*k*2*d**2*e**7*x**3 — 18*atanh (c*x)*b*d**2*kex*7*x — 18*atanh(c
*x) ¥xbxd*ke**x8kx**2 — B*atanh (c*x)*bke**O*kx**3 + 9xlog(ck*2xx — c)*bkck*5*xd*
*8xe + 27*log(c**2xx — c)*bkck*kbxd**T*ke**x2%x + 27*1log(c**2*x — c)*bxcx*5*d
*xkBrexk3kx*k*2 + 9*log(ck*2xx — C)*bkck*bkd**bkex*k4xxx*3 — 18xLlog(ck*2*x -
C) ¥bkck*4*d**Te*x*2 — ba*xlog(cx*2xx — c)*bkckx4xd*x6xe*xx3xx — bd*xlog(cx*2*
X — C)*b¥ck*4*kdk*bkex*dkxx*2 — 18%Llog(ck*2%x — c)*kbkcxkdxdrkdrex*xbxx**3 +
3*xlog (cx*2%x — C)*bkck*x3kd**x6ke**x3 + 9*xlog(ck*2xx — C)*bkCk*xIkd**xEke*rxd*x
+ 9%log(cx*2xx — C)*b¥ck*3kdk*d*ex*kbxxk*2 + 3xlog(ck*2*kx — c)*bkck*3*xd**3*
ex*xB6xx**3 + 9klog(cx*2%x — c)*bkck*x2*«d**bxe**x4d + 27*log(c*k*2*x — c)*b*ck*2
xd*k*4kexxb*x + 27*log(cx*2xx — C)*bkck*k2xd**3xe*xxB*xx*x*2 + 9xlog(c**2*x — c
) ¥b¥c**2kd**2*e**Txx**3 — 3*log(c**2*xx - c)*bkd**3kxex*6 — 9*klog(c*k*2*x - C
) ¥b*d**2ke**7*x — 9*log(c**2*x — c)*bkd*e**8xx**2 — 3*log(c**2xx - c)*bkex
*9*x**x3 + 9xlog(c**2%x + c)*bkcx*kbxdx*8xe + 27*log(cx*2*x + C)*bkck*5xd**7
xe*xx2xx + 27*log(cx*2xx + C)*bkck*bkd**Bkex*3kxx*2 + 9*xlog(cx*2*x + c)*b*c
*xkExdxkbkexk4dxx*¥*x3 + 18+log(cx*2kx + c)*bkckxd*xd**xT*e**2 + 5d*xlog(c**2xx +
c) *bkck*k4*d*x6xex*3*%x + B4xlog(cx*2*x + C)*bxckkdkd*k*xbkxex*kdkx**x2 + 18%. ..

output
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Optimal result

Integrand size = 18, antiderivative size = 359

b’de’z N abe(6c*d? + €*) x

/(d + ex)?(a + barctanh(cz))? dr =

c? 2c3
b’e*s®  b*de’arctanh(cz)
12¢2 c3
b%e(6c2d? + €?) zarctanh(cx)
+
2¢3
N bde?z?(a + barctanh(cz))
c
be3z3(a + barctanh(cz))
+ 6c

N d(c*d? + €?) (a + barctanh(cz))?
3
_ (c*d* +6c*d*e® + ¢*) (a + barctanh(cz))?
4cte
N (d + ex)*(a + barctanh(cz))?
4e
2bd(c*d* + €?) (a + barctanh(cz)) log (2-)

l—czx

3
b%e3log (1 — c?z?)
12¢4

b’e(6c*d? + e?) log (1 — 2x?)

+
4ct

b*d(c*d? + €2) PolyLog (2,1 — =)

- c

b 2*xd*e~2+x/c”2+1/2*a*bxex (6*xc~2+%d"2+e~2) *x/c"3+1/12*b"2*e~3*x"2/c"2-b"2*d
xe~2*arctanh (c*x)/c~3+1/2*%b " 2xex (6xc~2*%d"2+e~2) *x*arctanh (c*x) /c~3+bxd*e~2
*x”~2* (a+b*arctanh(c*x))/c+1/6*b*e~3*x"3* (a+b*arctanh(c*x) ) /c+d* (c~2*d"2+e”
2) * (at+b*arctanh(c*xx)) ~2/c"3-1/4%(c"4*d~4+6*c~2xd"2*e"2+e"4) * (a+b*arctanh(c
*x))"2/c”4/e+1/4* (e*xx+d) ~4* (a+b*arctanh (c*x) ) “2/e-2*b*d* (c"2*d"2+e"2) * (a+b
*arctanh (c*xx))*1n(2/(—c*x+1))/c"3+1/12*xb"2*e " 3*1n(-c~2*x"2+1) /c~4+1/4*b" 2%
ex(6*c"2xd"2+e"2) *1n(-c"2*x"2+1) /c~4-b"2*d* (c"2*xd"2+e"2) *polylog(2,1-2/(-c
*x+1))/c”3

output
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Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 506, normalized size of antiderivative = 1.41

/(d + ex)®(a + barctanh(cz))? dz
B —b%e® + 12a2c*d3z + 36abcPd%ex + 12b%c*de*x + 6abcez + 18a%ct*d%ex? + 12abcide?x? + b2 c?e®x? + 14

e

input LIntegrate[(d + e*x)"3x(a + bxArcTanh[c*x]) ~2,x]

-/

(-(b™2%e~3) + 12*%a"2%c"4*d"3*x + 36*axbxc”3*kd"2ke*x + 12%b~2*%c 2*xd*e"2*x +
6xaxbkc*xe 3*%x + 18%a~2*kc "4*d"2%e*x"2 + 12%a¥*bxc”3*kd*e"2*%x"2 + bT2*c"2%e”3
*¥xX72 + 12*%a”2%c74*xd*e"2*%x"3 + 2%a*bxc”3*%e”3%xx"3 + 3*ka"2*%c"4*e”"3*%x"4 + 3xb”
2% (-4%c"3*%d"3 - 6xc”2*d"2%e - 4*c*xd*e”2 - €73 + cT4kx*(4*%d"3 + 6%d"2xexx +
4%d*e”2*%x"2 + e~ 3*x"3))*ArcTanh[c*x] "2 + 2xbkc*ArcTanh [c*x]*(3*a*c™3*x* (4
*d"3 + 6xd"2*xe*xx + 4*d*e”2*x"2 + e73%x73) + bke*x(18%c”2*%d"2*x + 6xdxex(-1
+ c72%x72) + e”2*x*(3 + c72%x72)) - 12%bxd*(c”2%d"2 + e"2)*Logl[l + E~(-2*A
rcTanh[c*x])]) + 18*axbxc”2xd~2*exLog[l - c*x] + 3*a*b*e~3*Logl[l - c*x] -
18%axbxc~2*d"2*exLog[1 + c*x] - 3*axb*e”3xLogl[l + c*x] + 12%axbxc~3*d~3x*Lo
gll - c™2xx72] + 18%b~2*c"2xd"2*exLog[l - c”2xx"2] + 4*b~2xe~3*Log[l - c~2
*x"2] + 12xaxbkckxdxe”2*Log[-1 + c™2*x"2] + 12xb~2*c*d*(c"2xd"2 + e~2)*Poly
Log[2, -E~(-2*ArcTanh[c*x])])/(12%c~4)

output

Rubi [A] (verified)

Time = 1.21 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.01,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)3(a + barctanh(cz))? dz

l 6480
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-

input

output

N\

(d + ex)*(a + barctanh(cz))? B

de
be [ <_z2(a+bal‘ctanh(cx))e4 _ 4da(atbarctanh(cz))ed  (6cd?+e?)(a+barctanh(cz))e? n (c*d*+6c%e?d?+4c%e(c?d? +e?)xd
2 2 P
2e
| 2009
(d + ex)*(a + barctanh(cz))?
4e
be (_ 2de3z2(a+ba§Ctanh(cw)) _ e4w3(a+ba§‘(;tanh(cz)) _ 2de(c2d2+62)(a;—ZaI‘Ctanh(cx))2 n 4de(c?d?+e?) log(ﬁ)(a%ard
C C C

N\

Int[(d + e*x)~3*(a + bxArcTanh[c*x])"~2,x]

((d + e*x)~4x(a + b*ArcTanh[c*x])~2)/(4*e) - (b*c*x((-2*b*d*e~3%x)/c"3 - (a
*e 2% (6%c”2%d"2 + e"2)*x)/c”4 - (bxe”4*x"2)/(6*c~3) + (2*b*d*e~3*ArcTanh(c
*x])/c”4 - (b*e"2*%(6%c”2+%d"2 + e~2)*xxArcTanh[c*x])/c”4 - (2*xd*e”3*x"2*(a
+ bxArcTanh[c*x]))/c™2 - (e~ 4*x~3%(a + b*ArcTanh[c*x]))/(3*c™2) - (2*dxex*(
c™2xd"2 + e"2)*(a + b*ArcTanh[c*x])~2)/(b*xc™4) + ((c"4*%d"4 + 6*c™2*xd"2*xe"2
+ e"4)x(a + bxArcTanh[c*x])~2)/(2*%bxc”5) + (4*d*ex(c™2*xd"2 + e”2)*(a + bx*
ArcTanh[c*x])*Log[2/(1 - c*x)])/c™4 - (b*e~4xLogl[l - c™2xx~2])/(6*c”5) - (
bxe 2% (6xc~2xd"2 + e”2)*Logl[l - c™2*x72])/(2*c”5) + (2xb*dxex(c™2%d"2 + e~
2)*PolyLogl[2, 1 - 2/(1 - c*x)]1)/c”4))/(2xe)

Defintions of rubi rules used

rukgzoogtlnt[u_: x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 6480

Int[((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*xx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q] && NeQ[q, -1]
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 803 vs. 2(343) = 686.

Time = 0.29 (sec) ,

antiderivative size = 804, normalized size of antiderivative = 2.24

method result
b2 ced arctazh(cx)zz4 +C€2 arctanh(ca:)zz?’d—i— 3ce arctanl;(cm)2a:2d2 +arctanh(cx)2cx d3+carctanile(cz)
a?(ex+d)*
parts e T
2 4,4 2 4,2 2 3 2 4
b2 arctanhglcez) c*d +arctanh(cm)2c4d3z+ 3e arctanh(gz) crd“x +e2 a.rctanh(ca:)2c4d:53+e arctanh4(cz) cr
a2(cez+cd)4+
derivativedivides e
b2 arctanhsl(;z)zc4d4 +arctanh(cz)2c4d32+ 3e arctanh(sx)2c4d2m2 +e2 arctanh(cz)2c4d13+63 arctanh(cm)2c4x
a2(cez+cd)4+
default dce
risch Expression too large to display
input Lint ((e*x+d) ~3* (a+b*arctanh(c*x))~2,x,method= RETURNVERBOSE) J
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1/4%a”~ 2% (exx+d) ~4/e+b~2/c* (1/4*c*e”3*arctanh (c*x) ~2%x~4+c*e~2%arctanh (c*x)
~2xx~3*d+3/2*c*e*arctanh (c*x) ~2*x~2*xd~2+arctanh (c*x) "2*c*x*d~3+1/4*c/e*xarc
tanh (c*x) "2*d~4-1/2/c”~3/ex (-6*arctanh (c*x) *c~3*d~2*e”2*xx-2*arctanh (c*x) *c~
3*d*e~3*x"2-1/3*arctanh (c*x) *e~4*c~3*x"3-arctanh (c*x) *e~4*c*x-1/2*arctanh (
c*x)*1n(cxx—1) *c"4*d"4-2*arctanh (c*x)*1n(c*x—1) *c~3*d"3*e-3*arctanh (c*xx)*1
n(c*x-1)*c"2*xd"2*e~2-2*arctanh (c*x) *1n(c*x-1) *c*d*e~3-1/2*arctanh (c*x) *1n(
c*xx—-1)*e~4+1/2*arctanh (c*x) *1n(c*x+1) *c~4*d"4-2*arctanh (c*x) *1n(c*x+1)*c~3
*d~3*e+3*arctanh (c*x) *1n (c*x+1) *c~2*%d~2*xe~2-2*arctanh (c*x) *1n (c*x+1) *cxd*e
~3+1/2*arctanh(c*x)*1n(cxx+1)*e~4-1/6% (-3*c~4*d"4+12%c~3%d"3*e-18*c™2xd " 2%
e”"2+12xc*d*e~3-3%e~4) * (-1/4*1n(c*x+1) "2+1/2* (In(c*x+1) -1n(1/2*c*x+1/2) ) *1n
(-1/2%c*x+1/2)-1/2*dilog(1/2*c*x+1/2))-1/6* (3*c~4*d"4+12%c~3*d " 3*e+18*c”~2%
d"2%e"2+12*%cxdxe”3+3*%e~4) *x (1/4*1n(cxx-1) "2-1/2*dilog(1/2*c*x+1/2)-1/2*1n(c
*x-1) *1n(1/2%cxx+1/2) ) -1/3*e” 2% (6*xc~2*d*e*xx+1/2%xe " 2%c~2*x~2+1/2* (18*c~2*d~
2+6xckd*e+d*re”2) x1n (ckxx—1)-1/2*% (-18*c~2+d~2+6*cxd*e—-4*e”~2) *1n(c*kx+1)))) +2*
a*b/c* (1/4*cxe”3*arctanh (c*x) *x~4+c*e”2*arctanh (c*x) *x~3*d+3/2*c*e*arctanh
(c*x)*x~2*d~2+arctanh (c*x) *c*x*d~3+1/4*c/e*arctanh (cxx)*d~4-1/4/c~3/e* (-6*
CT3*%d"2xe” 2*x-2*Cc " 3*xd*e " 3*x"2-1/3*e " 4*c"3*x"3-e " 4*ckx—1/2% (c"4*d"4+4*c"3*d
“3*xe+6*c”2xd"2xe " 2+4*ckd*e”3+e”4) *1n (c*kx—1)+1/2* (c"4*d"4-4*c”3*d " 3*e+6*c”"2
*d~2xe”~2-4*c*d*xe”~3+e~4) *1n(c*x+1)))

output

Fricas [F|

/(d + ex)*(a + barctanh(cz))? dr = / (ex + d)*(bartanh (cz) + a)® dz

input‘integrate((e*x+d)“3*(a+b*arctanh(c*x))‘2,x, algorithm="fricas")

t‘integral(a“Q*e"B*x’E + 3%a”2xdxe”2*%x"2 + 3*a"2xd"2%e*x + a"2*%d"3 + (b~ 2%e”
\s*x‘s + 3*%b"2*d*e"2xx"2 + 3*b"2*d"2%e*x + b~2*d~3)*arctanh(c*x) "2 + 2*(axb
‘*e‘3*x“3 + 3*axbkd*xe”2*x"2 + 3*kaxbkd"2*exx + axb*d~3)*arctanh(c*x), x)

outpu




input

output

input
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Sympy [F]

/(d + ex)®(a + barctanh(cz))? de = / (a + batanh (cz))? (d + ex)® dz

‘integrate((e*x+d)**3*(a+b*atanh(c*x))**2,x)

LIntegral((a + b*atanh(c*x))**2*x(d + e*x)**3, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 782 vs. 2(340) = 680.

Time = 0.20 (sec) , antiderivative size = 782, normalized size of antiderivative = 2.18

/ (d + ex)®(a + barctanh(cz))? dz = Too large to display

p
Lintegrate ((exx+d) “3*(atb*arctanh(c*x))~2,x, algorithm="maxima")

-/
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1/4*%a”~2xe"3*%x"4 + a”~2kd*e”2+x"3 + 3/2*%a"2xd"2*e*x~2 + 3/2*(2*x"2*arctanh(c
*x) + c*(2%x/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3))*a*bxd™2%e + (2*x~
3xarctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*a*bxd*e”2 + 1/12%(6*x
“4xarctanh(c*x) + c*(2*%(c™2*x"3 + 3%x)/c”4 - 3*log(c*x + 1)/c”5 + 3xlog(c*
x - 1)/c7b))*a*b*e”3 + a"2*%d"3*x + (2*c*x*arctanh(c*x) + log(-c~2*x"2 + 1)
)*a*xbxd~3/c + (c"2*d"3 + d*e~2)*(log(c*x + 1)*log(-1/2*c*x + 1/2) + dilog(
1/2%c*x + 1/2))*b"2/c”3 + 1/6%(9%c™2xd"2xe - 3*cxd*e”2 + 2xe”~3)*b " 2*log(c*
X + 1)/c”4 + 1/6%(9%c™2*d"2xe + 3*xcxd*e”2 + 2xe”3)*b~"2*log(c*x - 1)/c"4 +
1/48% (4*D"2xc"2%e”~3%x"2 + 48xb~2%c"2*dxe”2%x + 3x(b"2*c"4*e”3xx"4 + 4*b"2x%
CT4xd*e"2*xX"3 + 6*b"2%c"4*d"2%e*x"2 + 4*b"2%c"4*d"3*x + (4*c"3*%d"3 - 6%c”2
*d"2%e + 4xckxd*e”2 - e"3)*b"2)*log(c*x + 1)72 + 3*(b~2*c"4*e"3*x"4 + 4xb~2
*CT4xd*e"2%x"3 + 6%¥b72xcT4xd"2*e*x”"2 + 4%b"2xc”4xd"3*x - (4*c”3*d"3 + 6*c”
2xd"2xe + 4*ckxd*e”2 + e~ 3)*b"2)*log(-cxx + 1)72 + 4*(b"2*c"3*e"3*x"3 + 6%b
“2%c”3*%d*e"2%x72 + 3% (6*c”3*%d"2*e + c*e"3)*b"2*x)*log(ckx + 1) - 2% (2%b"2%
C™3%e"3%x73 + 12%b~2%c”3*d*e"2*x"2 + 6%(6%c”3*d"2%e + c*e"3)*b"2*x + 3x(b~
2%cT4xe"3*%x"4 + 4xb"2%c 4xd*e"2%x"3 + 6*%b"2%c"4*xd"2%e*x"2 + 4*b"2%c”4*xd"3*
X + (4%c™3*%d"3 - 6%c"2xd"2%e + 4xc*d*e”2 - e”3)*b"2)*log(cxx + 1))*log(-c*
x + 1)) /c4

output

Giac [F]

/(d + ex)*(a + barctanh(cz))? dr = / (ex + d)®(bartanh (cz) + a)® dz

p
input‘integrate((e*x+d)*3*(a+b*arctanh(c*x))"2,x, algorithm="giac")

Output‘integrate((e*x + d) "3%(b*arctanh(c*x) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctanh(cz))? de = / (a + batanh(cz))? (d + ex)’ dz

input Lint((a + b*atanh(c*x))"2*(d + e*x)~3,x) J
output Lin"((a + bratanh(c*x))~2*%(d + e*x)"3, x) J
Reduce [F]

/ (d + ex)?(a + barctanh(cz))? dz

8log(c*x — c) b*e® + 8atanh(cz) b%e® — 3atanh(cz)’ b€ + 24 (f de) v2c3d e? + 12atanh(cz)’ b

c2z2—-1

input Lint((e*x+d) ~3% (a+b*atanh (c*x))~2,x) J
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(12*atanh (c*x) **x2*xb**2kck*4*xd**3*x + 18*atanh (ckxx) **2xb*x*2kckkdkd**x2ke*x*k*
2 + 12*xatanh (c*x) **2xbk*x2kck*k4kd*ex*2xx*x*3 + 3*katanh (c*x) **2kb**2*Ck*k4q*ke**
3*x**4 - 18*atanh (ckxx)*k2kb**2*c**2*d**2%xe — 3*xatanh (ckx) **2*xb**2*e**3 + 2
4*xatanh (c*x) *a*xb*ckx*x4xd*x*x3xx + 36*atanh (c*x)*axbxckxdxdx*x2kexx*k*2 + 24*ata
nh (c*xx) *xaxbkck*4d*d*e**2*xx**3 + Bxatanh (ckx)*axbkck*d*e*x*x3xx*xx4 + 24*atanh (
c*x) *a*xbxc*x3*kd**3 — 36*atanh (c*x)*axbkcx*2*d**2xe + 24xatanh (c*xx)*a*bxc*d
xe**2 — Bkatanh(c*x)*axbkex*3 + 36*atanh(c*x)*b¥*x2*kckx*k3xd**x2kexx + 12*atan
h(c*x) ¥b**x2%xck*3*kd*ke**x2xx*x*2 + 2katanh (c*x) ¥b*x*2kc*x*3ke*x*3*x**3 + 36*atanh
(c*x) ¥b**2*c*k*2*d**2%e - 12*katanh (ckx)*bk*2*ckd*ex*2 + B*atanh (c*x) *b**2*c
xe*x*x3%x + 8*atanh(ckx)*b**2xe**3 + 24*int ((atanh(c*x)*x)/(c*¥*2xx**2 - 1) ,x
) ¥b**2kck*x5*xd**3 + 24xint ((atanh(c*x)*x)/(c*k*2xx**2 — 1) ,X)*b*k*2xck*3*kd*e*
*2 + 24xlog(c**2xx — c)*akxbkckx3xd*x*3 + 24xlog(c**2xx — c)*a*bkckd*e**2 +
36*Llog(cx*2%x — c)*b**2kc*k*2kd*x*2%e + 8*klog(cx*2*x — c)*b**2xe**x3 + 12*akx
2%k ckk4kd*xk3%kx + 18kaxk2kckk4kdkk2kekxk*k2 + 12%ka*kkQkckkdkdkex*k2Qkx*k*k3 + 3ka*k
*2kckkdkexk3kxkk4d + 36%kakbkckk3kdk*k2kekxx + 12*%axbkckk3kdkex*k2kx*k*2 + 2%a*b
XCk*k3kekk3%kx*k*k3 + BG*kakbkcke*kk3kx + 12%bk*k2kckk2kd*ke**k2%xxX + Dkk2kck*k2kekk33*x
x*k*2) / (12%c**4)

output
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3.10 [(d + ex)*(a + barctanh(cz))? dz

Optimal result . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . ... .. .. ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . . . o

Sympy [F] . . o o
Maxima [B] (verification not implemented) . . . . . . ... .. ... ... ...

Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 257

_ 2abdex b*e’z  b’e*arctanh(cz)
o 3c? 3c?

/(d + ex)?(a + barctanh(cz))? dz

N 2b?dezarctanh(cx) N bez?(a + barctanh(cz))

c 3c

(3c?d? + €?) (a + barctanh(cz))?

_|_
3c3

d(d2 + 3;%2) (a + barctanh(cz))?
B 3e
N (d + ex)3(a + barctanh(cr))?

3e

2b(3¢*d? + €?) (a + barctanh(cz)) log (12-)

3c3

N b%delog (i — cz?)
c
b*(3c*d? + €®) PolyLog (2,1 — :2-)

1l—cx
3c3
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2*axbxd*xexx/c+1/3*b"2xe~2xx/c"2-1/3*b~2xe~2*arctanh (c*x) /c~3+2*b~2*kd*e*xx*a
rctanh(c#*x)/c+1/3*bxe”2*xx~2* (a+b*arctanh (c*x)) /c+1/3* (3*c”~2*d~2+e"2) * (a+b*
arctanh(c*x))~2/c"3-1/3*d* (d"2+3*e~2/c"2) * (a+b*arctanh (c*x)) ~2/e+1/3* (exx+
d) “3* (at+b*arctanh(c*x)) ~2/e-2/3*b* (3*c~2*d"2+e~2) * (a+b*arctanh (c*x) ) *1n(2/
(-c*x+1)) /c"3+b"2*d*ex1n(-c~2*x"2+1) /c~2-1/3*b"2% (3%c~2*xd"2+e~2) *polylog(2
,1-2/(~c*x+1))/c"3

output

Mathematica [A] (verified)

Time = 0.40 (sec) , antiderivative size = 319, normalized size of antiderivative = 1.24

/(d + ex)*(a + barctanh(cz))? dz
_ 3a’cPd’x + 6abc’dex + bPce’s 4 3a’cPdex’ + abc’e’s® + a’cPe’x® + b2 (—1 4 cx) (2 + ce(3d + ex) + ¢

input!lntegrate[(d + exx)~2%(a + bxArcTanh[c*x])"~2,x]

(3*%a~2*c~3*%d"2*x + 6*a*bkc”2xd*e*x + b~ 2xckxe”2%x + 3*a”2%c”3xd*e*x”2 + axb
*CT2xe"2%xx"2 + a"2%c"3*%e”2%x"3 + b72x (-1 + c*kx)*(e”2 + c*e*(3*%d + exx) + cC
~2%(3*%d"2 + 3*xd*e*xx + e72%x72))*ArcTanh[c*x]~2 + b*ArcTanh[c*x]*(b*xex(-e +
6*c 2xd*x + c"2xexx"2) + 2xaxc~3*x*(3*xd"2 + 3kdkexx + e~ 2*x"2) - 2%b*(3*c
~2%d"2 + e"2)xLog[l + E~(-2*ArcTanh[c*x])]) + 3*axb*ckd*exLog[l - c*x] - 3
xaxb*ckdxexLog[1l + c*x] + 3*axbxc~2*%d"2xLog[l - c~2#x72] + 3*b~2*c*d*exLog
[1 - c”2*x"2] + a*bxe”2+Log[-1 + c™2%x"2] + b~2*(3*c~2*d"2 + e~2)*PolyLogl
2, -E"(-2xArcTanh[c*x])])/(3%c"3)

N J

output

Rubi [A] (verified)

Time = 1.02 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.05,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(d + ex)?(a + barctanh(cz))? dx

| 6480
(d + ex)3(a + barctanh(cz))? B
3e
%be f <_x(a+barcté21,nh(cm))e3 . 3d(a,+baI‘C2323,Ilh(cw))e? n (d(02d2+3e2)+e(3c;d(21—t6022)x:c2))(a-l—baI‘Ctal’lh(cm))> dr
3e
| 2009

(d + ex)3(a + barctanh(cz))? 3
3e
%be (_e3x2(a+bal‘ctanh(cx)) _ e(3c?d*+e?) (atbarctanh (cx))? n

l—cx

e(3c2d2+e2)]og< 2 )(a+barctanh(cz)) N d(c2d2-+3¢?) (a+

9c2 2bck ct 2b

-

LInt[(d + exx)~2%(a + bxArcTanh[c*x])~2,x]

-

input

((d + exx)"3*(a + bxArcTanh[c*x])~2)/(3*e) - (2xb*c*((-3*axd*e”2*x)/c"2 -

(b*e~3*x)/(2%c~3) + (b*e~3xArcTanh[c*x])/(2%c~4) - (3*bxd*e~2*x*ArcTanh[c*
x]1)/c”2 - (e73*%x"2*(a + bxArcTanh[c*x]))/(2xc”2) - (ex(3*c™2*d"2 + e~2)*(a
+ b*ArcTanh[c*x])~2)/(2*xb*c”4) + (d*(c”2*%d"2 + 3*e”~2)*(a + b*ArcTanh[c*x]
)72)/(2%¥b*c”3) + (e*(3*%c™2*d"2 + e~2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)
1)/c”4 - (3*b*d*e~2xLogl[l - c™2*x72])/(2*c"3) + (bxe*(3*c™2*d"2 + e~2)*Pol
yLogl[2, 1 - 2/(1 - c*x)])/(2%c™4)))/(3%e)

output

Defintions of rubi rules used

rule 2009 | Tot[u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcTanh([(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x])~p/(ex(q + 1))), x] -
Simp [bxcx(p/(ex(q + 1))) Int [ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1
), (d + e*xx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQlq, -1]

rule 6480




input
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Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 589 vs. 2(241) = 482.

Time = 0.20 (sec) , antiderivative size = 590, normalized size of antiderivative = 2.30

method result
2| -3 arctanh(cz)c:
2 2.3 2,3
p2 | cearctaniler) @ arcmgh(cw) z +cearctanh(ax)2xzd—l—arctanh(cm)zcxd2+°amtan;e<cz) 4= _
a?(ex+d)>
parts e T
2] -3 arctanh(cw)czdt
2.3.3 2 233
b2 arctanh(ce:c) c°d +arctanh(cm)203d2z+earctanh(cm)263d9:2+e arctanhs(cx) vz
a2(cez+cd)3+
. . . . P]
derivativedivides deve
2] -3 arctanh(cx)czd(
2.3,3 2 233
b2 %+arctanh(cz)zc3d2z+earctanh(cz)2c3dz2+e arctanh3(c:z:) cr _
az(cez+cd)3+
2
default dcte
isch 2abdex b2e2 bzln(—% %) ln(%+%)e2 b2 ln(%+%) In(—cz+1)e? b2 ln(—%+%) ln(%+%)d2
T1SC c + 3c? + 3c3 - 3c3 + c -

Lint ((exx+d) “2* (a+b*arctanh(c*x)) ~2,x,method=_RETURNVERBOSE) J
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1/3*a"2* (exx+d) “3/e+b~2/c*(1/3*cxe”2*arctanh (c*x) ~"2*x~3+c*e*arctanh (cxx) ~2
*x~2*d+arctanh (c*x) “2*c*x*d~2+1/3*c/e*arctanh (c*x) "2*xd~3-2/3/c"2/ex(-3*arc
tanh (c*x) *c"2*d*e~2xx—-1/2*arctanh (c*x) *e~3*c~2*xx"2-1/2*arctanh (c*x) *1n (c*x
-1) *c"3*%d"3-3/2*arctanh (c*x) *1n (c*x-1) *c~2*d~2*e—-3/2*arctanh (c*x) *1n (c*x-1
)*xcxd*e~2-1/2*arctanh (c*x)*1n(c*x—1) *e”~3+1/2*arctanh (c*x)*1n(c*x+1) *c~3*d"
3-3/2*arctanh (c*x) *1n (c*x+1) *c~2*d"2*e+3/2*arctanh (c*x) *1n (cxx+1) *c*d*e”~2-
1/2*arctanh (c*x)*1n(ckx+1)*e~3-1/2* (c~3*d~3+3*c~2*d"2*e+3*cxd*e”~2+e~3) *x(1/
4x1n(c*x-1)"2-1/2*dilog(1/2*c*x+1/2)-1/2*%1n(c*x-1)*1n(1/2*c*x+1/2))-1/2%e"
2% (cxexx+1/2* (6*c*d+e) *1n(c*x-1)-1/2% (-6*c*d+e) *In(c*x+1) ) -1/2% (-c~3*%d~3+3
*xC"2xd"2xe-3xcxdxe”2+e"3) * (-1/4*1n(c*x+1) "2+1/2* (In(cxx+1)-1n(1/2*c*x+1/2)
)*1n(-1/2%cxx+1/2)-1/2%dilog(1/2%c*x+1/2))))+2*axb/c*(1/3*c*e”2*arctanh (c*
X) *x~3+c*exarctanh (c*x) *x~2*d+arctanh (c*x) *c*x*d~2+1/3*c/e*arctanh (c*xx) *d~
3-1/3/c”2/e*x (~3*c~2*d*e”2*x-1/2%e"3*c”"2*x"2-1/2* (c~3*d~3+3*c~2*d"2*e+3*c*d
*xe~2+e"3) *1n (cxx-1)+1/2* (c~3*d"3-3*c”2*d " 2*e+3*c*d*e~2-e~3) *1n(c*x+1)))

output

Fricas [F]

/(d + ex)?(a + barctanh(cz))? dz = / (ex + d)*(bartanh (cz) + a)® dz

-

integrate ((e*x+d) “2*(atb*arctanh(c*x))~2,x, algorithm="fricas")

input

N

‘integral(a‘Q*e‘2*x“2 + 2%a"2xdxexx + a”2xd"2 + (b"2%e"2%x"2 + 2%b~2*xd*e*x
\+ b~2*d~2) *arctanh(c*x) "2 + 2x(axb*xe~2*x"~2 + 2*a*b*d*e*x + axbxd~2)*arctan
‘h(c*x), X)

output

Sympy [F]

/(d + ex)?(a + barctanh(cz))? dz = / (a + batanh (cz))? (d + ex)® dz

inputLintegrate((e*x+d)**2*(a+b*atanh(c*x))**2’x)

Output‘ Integral((a + b*atanh(ckx))**2x(d + exx)**2, x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 524 vs. 2(238) = 476.

Time = 0.19 (sec) , antiderivative size = 524, normalized size of antiderivative = 2.04

/ (d + ex)*(a + barctanh(cz))? dz

1 2 1 1 1 -1
= -~ a’e?z® + a’dex® + | 22% artanh (cx) + ¢ 2o _log(cz+1) + 28 (cx—1) abde
3 c? c3 c?
1 2 1 2.2 1
+ 3 <2 x% artanh (cz) + c(i—2 + %))abez
2.2 2
+ 2dr + (2 cx artanh (cx) + lcog( c“z? +1))abd
N (3c2d* + €?)(log (cz + 1) log (—3 cx + §) + Liz (5 cz + 3) ) b?
3¢
(6cde — e*)b*log (cx +1)  (6cde + €*)b*log (cx — 1)
+ +
6¢c3 6¢c3

N 40%ce?x + (bPcPe?a® 4 3b2c3dex? 4+ 3V2A3d2x + (3 c2d? — 3cde + €2)b%) log (cz + 1)% + (PcPea® + 31

input Lintegrate ((exx+d) ~2* (at+b*arctanh(c*x))~2,x, algorithm="maxima") J

1/3*a”"2%e"2xx"3 + a"2xdxe*xx”2 + (2*x"2*xarctanh(c*x) + c*x(2xx/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c~3))*axbxdxe + 1/3*(2*x"3*arctanh(c*x) + c*(x~2/
c”2 + log(c™2xx"2 - 1)/c”4))*a*b*e”2 + a~2xd"2*x + (2kckxx*arctanh(c*x) + 1
og(-c™2#x~2 + 1))*axb*d~2/c + 1/3*(3*%c"2+%d"2 + e~2)*(log(c*x + 1)*log(-1/2
xc*x + 1/2) + dilog(1l/2*c*x + 1/2))%b~2/c”3 + 1/6*(6*c*xd*e - e~2)*b~2*log(
ckx + 1)/c”3 + 1/6x(6*c*d*e + e€72)*b~2xlog(c*x - 1)/c™3 + 1/12%(4*b~2*c*e”
2xx + (b72*%c"3%e"2%x"3 + 3*b"2xc”3xd*exx"2 + 3*b~2kc"3*d"2*x + (3*%c"2*d"2

- 3xc*d*e + e 2)*b"2)xlog(c*x + 1)72 + (b"2%c"3*e”2*%x"3 + 3*b~2xc 3*d*exx”
2 + 3xb72*c"3%d"2xx - (3*Cc"2%d"2 + 3*ckdxe + e"2)*b"2)*log(-c*kx + 1)72 + 2
*(b72%Cc™2%e72%x"2 + 6%b"2xc"2*d*e*x)*log(ckx + 1) - 2%(b"2%c"2%e"2*x"2 + 6
*b"2xc”2xd*exx + (Db72%Cc"3%e”2%x"3 + 3*¥b72xc”3*kd*e*x"2 + 3*¥b"2*c"3*d"2*x +

(3*%c™2*d™2 - 3xckxd*e + e"2)*b~2)*log(c*x + 1))*log(-c*x + 1))/c”3

output
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Giac [F]

/(d + ex)*(a + barctanh(cz))? dx = / (ex + d)?(bartanh (cz) + a)® dz

input‘integrate((e*x+d)"2*(a+b*arctanh(c*x))"2,x, algorithm="giac")

outputtintegrate((e*x + d) "2*(b*arctanh(c*x) + a)~2, x) J

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctanh(cr))? dr = / (a + batanh(cz))’ (d + ex)’ dx

inputtint((a + bxatanh(c*x)) ~2*(d + e*x)~2,x) J
output Lint((a + b*atanh(c*x))"2*(d + exx)~2, x) J
Reduce [F]

/(d + ex)*(a + barctanh(cz))? dz

atanh(cz)’ bcGe2x® + atanh(cz) b2c?e?x? + ab 2e?x? + 3atanh(cx)® b2 c3de 12 + 6atanh(cz) ab Pd?x +

input Lint((e*x+d) ~2x (a+b*atanh (c*x))~2,x) J
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(3*atanh (c*x) **2xb**2kc*k*x3xd**2*x + 3katanh (ckx)**2xb*x*2kck*3kd*exx**2 + a
tanh (c*x) **2kb**2kxck*3kex*k2*kx**x3 — 3*xatanh (ckx) **2xb**2xckd*e + 6*atanh(c*
X) *axb*c**3*d**2*xx + 6xatanh(ckx)*axbkc**3*d*e*xx**2 + 2xatanh(ckx)*kaxb*c**
3*e**2*xx**x3 + B6xatanh(ckx)*ax*b*c**2*xd**x2 — 6xatanh(c*x)*a*b*c*d*e + 2*atan
h(c*xx)*axbke**2 + 6*atanh(c*x)*xbx*x2kxckk2xd*e*x + atanh(cxx)*xbx*x2kckk2ke**2
*x*%%2 + BGkatanh(c*x)*b**2+ckd*e - atanh(ckxx)*b**2xex*2 + 6xint ((atanh(c*x)
*x) / (Cx*2xx**2 — 1) ,X)*¥b**2*ck*x4*xd**x2 + 2xint ((atanh(c*x)*x)/ (Ck*2xx**2 —

1) ,x) ¥b**2kcx*2%e**2 + 6xLlog(cx*2*x — c)*axbkck*2kd**x2 + 2xlog(c**2*x - c)
xaxbkex*x2 + 6*log(c**2*x — c)*b**2%ckd*e + 3ka*xk2kCk*k3kd*kk2kx + IkakkkCk*
3kdkexx*k*x2 + axk2kckk3Ikekkkxk*k3 + Gkakbkckk2kdkexx + axbkckkdkekkQkxkk2 +
br*x2kckex*x2xx) / (3*c**3)

output
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3.11 [(d + ex)(a + barctanh(cz))* dx

Optimal result . . . . . . . . . . . . e 125
Mathematica [A] (verified) . . . . . . . . . ... o 1261
Rubi [A] (verified) . . . .. . . ... .. 126
Maple [A] (verified) . . . . . . ... L 128
Fricas [F] . . . . . . o 129
Sympy [F] . . o o 129
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1301
Giac [F] . . . . o o 130
Mupad [F(-1)] . . . o o 131
Reduce [F] . . . . . 131

Optimal result

Integrand size = 16, antiderivative size = 160

2 2
/ (d + ex)(a + barctanh(cz))? dz = abcex + b emarctcanh(cx) + da+ barc;canh(cx))

<d2 + %2) (a + barctanh(cz))?
- 2e
;. (d+ ex)*(a + barctanh(cz))”

2e
2bd(a + barctanh(cz)) log ( 2 )

l—cx

c
N b2elog (1 — c2a?) b*dPolyLog (2,1 — 2-)
2¢2 c

(a*b*e*x/c+b‘2*e*x*arctanh(c*x)/c+d*(a+b*arctanh(c*x))“2/c—1/2*(d‘2+e‘2/c‘2
‘)*(a+b*arctanh(c*x))“2/e+1/2*(e*x+d)‘2*(a+b*arctanh(c*x))“2/e—2*b*d*(a+b*a
‘rctanh(c*x))*ln(2/(—c*x+1))/c+1/2*b‘2*e*1n(—c‘2*x“2+1)/c‘2—b‘2*d*polylog(2
,1-2/ (—c*x+1)) /c

N\ J

output

/|
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Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.09

/ (d + ex)(a + barctanh(cz))? dz
_ 2d’dax + 2abcex 4 a’Pex® 4 b?(—1 + cx)(2cd + e + cex)arctanh(cz)? + 2bcarctanh(cx) (bex 4 acz(2

-

LIntegrate [(d + exx)*(a + bxArcTanh[c*x])~2,x]

-/

input

(2*%a~2*c™2xd*x + 2¥axbkckxexx + a~2%cT2%exx”"2 + b72x(-1 + c*kx)*(2*cxd + e +
c*exx)*ArcTanh [c*x] "2 + 2xbkckArcTanh[c*x]*(bke*xx + axckx*(2xd + e*x) - 2
*b*d*Log[1 + E~(-2xArcTanh[c*x])]) + a*bkexLog[l - c*x] - a*b*exLog[l + cx*
x] + 2xa¥bkcxdxLog[l - c™2*%x"2] + b~ 2%exLogl[l - c™2*x"2] + 2%b~2*c*d*PolyL
ogl[2, -E~(-2*ArcTanh[c*x])])/(2%c"2)

output

Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.11,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/(d + ex)(a + barctanh(cz))? dz

l 6480
(d + ex)?(a + barctanh(cz))? B
2e
2¢2 exc?+e2)(a tanh(cz 2
be f ((d +2d ;(1)_(62-4;2?1'0 anh(ez)) e (a+bar(c:§anh(cx))> d

e

l 2009
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(d + ex)?(a + barctanh(cz))? B

+

2e
pe _ delatbarctanh(ee))? | 2d° log(2; ) (atbarctanh(cs)) | (c2d2te?)(atbarctanh(cz))?  ge?p  belzarctanh(es)
c| — be2 + P + e — aciz _ betrarctanhi(cs)
e
input LInt [(d + exx)*(a + b*ArcTanh[c*x]) ~2,x] J

/

((d + e*x)"2x(a + bxArcTanh[c*x])"2)/(2%e) - (b*cx(-((axe"2%x)/c"2) - (b*e
~2%x*ArcTanh[c*x])/c"2 - (d*ex(a + bxArcTanh[c*x])~2)/(b*c~2) + ((c~2%d"2

+ e"2)*(a + bxArcTanh[c*x])~2)/(2¥b*c"3) + (2*d*ex(a + b*ArcTanh[c*x])*Log
[2/(1 - c*x)])/c”2 - (b*xe~2*Logl[l - c~2*x~2])/(2*c~3) + (b*d*exPolyLogl[2,

1-2/(1 - cxx)])/c"2))/e

output

Defintions of rubi rules used

rule 2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [b*xc*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d + exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 6480
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 298, normalized size of antiderivative = 1.86

method result
2.2 _ _ _ _ arctanh(cz)
b2 carctanhQ(c:c) T e+arctanh(ca:)2dcx— arctanh(cz)ecz—arctanh(cz) In(cz—1)cd 3
parts a*(iex® +dz) +
b2 arctanh(cm)2dc2m+MQM+arctanh(cm)ecm+arctanh(cm) ln(cz—l)cd-f-mgln(i
a2 (czdm+%c2e 1:2)
derivativedivides :
b2 arctanh(cm)Qdc2.7;+MQM+arctanh(cz)ecm+arctanh(cz) 1n(cz_1)cd+m2>ln(¢
a2 (czdz+%c2e zz)
default g
. abex 9 b2 In(—cz—1)e b2 dilog(—%—i—%)d ea?z? b2eln(—ca+1)2 bleln(—cz+1)  In(
risch c +a”dr + 2¢? + c + 2 8c? + 2¢?
jnputLint((e*x+d)*(a+b*arCtanh(C*X>)A2,X,meth0d=_RETURNVERBOSE) J

a~2*(1/2xe*xx~2+d*x)+b~2/c* (1/2*c*arctanh (c*x) ~2*x~2*e+arctanh (c*x) ~2kd*c*x
-1/c*(-arctanh (c*xx) *e*cxx—-arctanh (c*x)*1n(c*x-1) *c*d-1/2*arctanh (c*x) *1n(c
*x-1)*e-arctanh(c*x)*1n(c*x+1)*c*d+1/2*arctanh (cxx) *1n (c*x+1) *e-1/2% (2xc*d
-e)*(-1/4x1n(c*x+1)~"2+1/2*% (In(c*x+1)-1n(1/2*c*x+1/2) ) *1n(-1/2*c*x+1/2)-1/2
*dilog(1/2*c*x+1/2))-1/2%(2*cxd+e)*(1/4*1n(c*x-1) "2-1/2*xdilog(1/2*c*x+1/2)
-1/2*1n(c*x-1)*1n(1/2*c*x+1/2))-1/2*%1n(c*x-1) *e-1/2*1n(c*x+1) *e) ) +2*a*b/c*
(1/2*c*arctanh (c*x) *x~2*e+arctanh (c*x) xd*xc*x-1/2/c* (—c*xe*x—-1/2* (2*c*d+e) *x1
n(c*x-1)+1/2x(-2*c*xd+e) *1n(c*x+1)))

output
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Fricas [F]

/(d + ex)(a + barctanh(cz))? dz = / (ex + d)(bartanh (cz) + a)® d

input‘integrate((e*x+d)*(a+b*arctanh(c*x))"2,x, algorithm="fricas")

‘integral(a‘2*e*x + a"2xd + (b"2%exx + b~2*xd)*arctanh(c*x)”2 + 2x(axbkexx +

output
‘ axb*d) *arctanh(c*x), x)

Sympy [F]

/(d + ex)(a + barctanh(cz))? dr = / (a + batanh (cz))? (d + ex) dz

inputtintegrate((e*x+d)*(a+b*atanh(c*x))**Q,X) J

output LIntegral((a + bxatanh(c*x))**2%(d + e*x), x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 313 vs. 2(151) = 302.

Time = 0.21 (sec) , antiderivative size = 313, normalized size of antiderivative = 1.96

/ (d + ex)(a + barctanh(cz))? dx

1 1 2z 1 1) 1 —1
=—a26x2+§ (2x2artanh(cx)+c<_x_ og (cz + )_|_ og (cz ))>abe

2 c? c? c3
(2 cz artanh (cx) + log (—c?z% + 1))abd

c
N (log (cz + 1)log (—3 cz + 3) + Liz (3 cz + 3))b%d

c
b’elog(cx+1) b’elog(cz —1)
+ 2¢? + 2¢?
N 4b%cex log (cx + 1) + (Pcex? + 202Rdx + (2cd — e)b?) log (cz + 1) + (B*cCex? + 2b2cAdz — (2 cd A
8 ¢?

+ a’dz +

input Lintegrate ((exx+d) * (at+b*arctanh(c*x))~2,x, algorithm="maxima") J

1/2*a”~2%e*x~2 + 1/2%(2*x"2*arctanh(c*x) + c*x(2*x/c”2 - log(c*x + 1)/c”3 +
log(c*x - 1)/c”3))*a*bke + a~2kd*x + (2*c*x*arctanh(c*x) + log(-c™2*x"2 +
1))*axbxd/c + (log(cxx + 1)*log(-1/2*cxx + 1/2) + dilog(1l/2*c*x + 1/2))*Db”
2xd/c + 1/2xb"2%e*xlog(c*x + 1)/c”2 + 1/2¥b"2%e*log(c*x - 1)/c”2 + 1/8%(4%b
“2xckexxxlog(ckx + 1) + (b72%c™2%e*x"2 + 2¥b~2%c”2kd*x + (2%c*d - e)*b~2)*
log(c*x + 1)72 + (b™2*c™2%e*xx"2 + 2%b~2xc™2xd*x - (2%c*d + e)*b~2)*log(-c*
X + 1)72 - 2%(2%b"2xckexx + (b"2%c"2%e*x"2 + 2¥b"2*c"2*xd*x + (2%c*d - e)*b
~2)*log(c*x + 1))*log(-c*x + 1))/c”2

output

Giac [F]

/(d + ex)(a + barctanh(cz))? dz = / (ex + d)(bartanh (cz) + a)® dx

inputLintegrate((e*x+d)*(a+b*arctanh(c*x))"2,x, algorithm="giac") J
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Output‘ integrate((exx + d)*(b*arctanh(c*x) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctanh(cz))? dzr = / (a + batanh(cz))? (d + ex) dz

-

Lint((a + b*atanh(c*x))~2%(d + e*x),x)

-/

input
output 10E((a + bratanh(cxx))"2x(d + exx), x) )
Reduce [F]
/ (d + ex)(a + barctanh(cz))? dx
2atanh(cz)’ *cAdz + atanh(cz)’ b*ce x® — atanh(cz)® b2e + 4atanh(cz) ab Gdx + 2atanh(cz) ab e x°
( N
inputLint((e*x+d)*(a+b*atanh(c*x))‘2,x) J
output (2*atanh (ckx) **2*b**2kc**2%xd*x + atanh(ckx)**2kb**2kck*2ke*x**2 - atanh(c*

X) **2%bk*2xe + 4*atanh(ckx)*akbkxck*2xd*x + 2katanh(c*x)*axbkckk2kxexx**2 +
4xatanh (c*x)*axb*c*d - 2+atanh(c*x)*axb*e + 2xatanh(c*x)x*bx*k2xcke*x + 2*at
anh (c*x) *b**2*e + 4xint ((atanh(c*x)*x)/ (cx*2*x*x2 — 1) ,x)*¥b*x*2kc*k*x3%d + 4%
log(c**2xx - c)*akbxckxd + 2xLog(c**2%x — c)*bx*k2ke + 2kak*kkck*2kd*x + ak*

2kckk2kexx*k*k2 + 2kakbkckexx)/(2xc*x*2)




output
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3.12 f (a+barcdtanh(cx))2 dr
+ex

Optimal result . . . . . . . . . . . . . e 1321
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 133
Rubi [A] (verified) . . . . . . . . . . 134
Maple [C] (warning: unable to verify) . . . . . .. ... ... .. L. 1351
Fricas [F] . . . . . . o 136
Sympy [F] . . o e 137
Maxima [F] . . . . . . 137
Giac [F] . . . o o o 137
Mupad [F(-1)] . . ..o e 138
Reduce [F] . . . . . o 138

Optimal result

Integrand size = 18, antiderivative size = 188

d+ex =T e

2¢(d
(a + barctanh(cz))? log <%>

/ (a + barctanh(cz))? d (a + barctanh(cz))? log (1+2cx)

+
e
N b(a + barctanh(cz)) PolyLog (2,1 — 12-)

e
b(a + barctanh(cx)) PolyLog <2, 1 2c(d+ex)

" (cd+e)(1+cx)

)

e
b? PolyLog (3,1
2e

2c(d+ex)
- b2 PolyLog (3, 1- W)
2e

" Tre)

‘-(a+b*arctanh(c*x))‘2*1n(2/(c*x+1))/e+(a+b*arctanh(c*x))‘2*1n(2*c*(e*x+d)/
‘(c*d+e)/(c*x+1))/e+b*(a+b*arctanh(c*x))*polylog(2,1-2/(c*x+1))/e-b*(a+b*ar
‘ctanh(c*x))*polylog(Q,1—2*c*(e*x+d)/(c*d+e)/(c*x+1))/e+1/2*b‘2*polylog(3,1

‘-2/(c*x+1))/e—1/2*b“2*polylog(3,1-2*c*(e*x+d)/(c*d+e)/(c*x+1))/e




input

output
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 10.04 (sec) , antiderivative size = 1055, normalized size of antiderivative = 5.61

2
dxz = Too large to display

/ (a + barctanh(cx))

d+ex

/Integrate[(a + bk*ArcTanh[c*x])~2/(d + e*x),x]

N

(6*¥a~2*xLog[d + exx] + 6*a*bkArcTanh[c*x]*(Log[l - c~2*x"2] + 2xLog[I*Sinh[
ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) - (6*I)*a*b*((-1/4*I)*(Pi - (2*I)*ArcTa
nh[c*x])~2 + I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2*I)*ArcTanh[c
*xx])*Log[1 + E~(2#ArcTanh[c*x])] + (2%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])
*Log[1 - E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c
*x] ) *Log[2/Sqrt[1 - c”2*x"2]] - (2%I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Lo
g[(2*I)*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTan
h[c*x])] - I*PolyLogl[2, E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]) + (b~2x
(-8*c*dxArcTanh [c*x] "3 + 4*xexArcTanh[c*x]~3 - (4*Sqrt[1 - (c"2*d"2)/e"2]*e
*ArcTanh [c*x] ~3) /E"ArcTanh[(c*d) /e] - 6*c*dxArcTanh[c*x] ~2+Logl[l + E~(-2*A
rcTanh[c*x])] - (6*I)*c*d*PixArcTanh[c*x]*Log[(E~(-ArcTanh[c*x]) + E"ArcTa
nh[c*x])/2] - 6*c*d*ArcTanh [c*x] "2*Log[1 - (Sqrt[c*d + e]*E~ArcTanh[c*x])/
Sqrt[-(cxd) + e]] - 6xc*d*ArcTanh[c*x] ~2*Log[1 + (Sqrt[c*d + e]*E~ArcTanh[
c*x])/Sqrt[-(c*d) + el] + 6*cxdxArcTanh[c*x] 2+Log[1l - E~(ArcTanh[(c*d)/e]
+ ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x]~2*xLog[1 + E~(ArcTanh[(c*d)/e] + Arc
Tanh[c*x])] + 6%cxd*ArcTanh[c*x] “2*Log[1 - E~(2*(ArcTanh[(c*d)/e] + ArcTan
hlc*x]))] + 12%c*d*ArcTanh[(c*d)/e]*ArcTanh[c*x]*Log[(I/2)+*E~ (-ArcTanh[(c*
d)/e]l - ArcTanh[c*x])*(-1 + E~(2x(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] + 6%
cxd*ArcTanh [c*x] "2*Log[(e*(-1 + E~(2*ArcTanh[c*x])) + c*d*(1 + E~(2*ArcTan
h[c*x])))/(2+*E~ArcTanh[c*x])] - 6*c*d*ArcTanh[c*x] 2*Logl[(c*(d + e*x))/...

J
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 188, normalized size of antiderivative = 1.00,

number of rules _ 0.056, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6474}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctanh(cz))?
d+ex

l 6474

dz

b(a + barctanh(cx)) PolyLog (2, 1-— %)

e
(a + barctanh(cz))? log (%) bPolyLog (2, 1- ﬁ) (a + barctanh(cz))
+ —

e

e
log (Cwiﬂ) (a + barctanh(cz))? b2 PolyLog <3, 1— %) N b% PolyLog (3, 1-— ﬁ)

e 2e 2e

input! Int[(a + b*ArcTanh[c*x])~2/(d + e*x),x]

-(((a + bxArcTanh[c*x]) "2*Log[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x]) ~2+L
ogl[(2xc*(d + e*x))/((c*xd + e)*(1 + c*x))])/e + (bx(a + bxArcTanh[c*x])*Pol
yLog[2, 1 - 2/(1 + c*x)])/e - (bx(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - (2%c*
(d + exx))/((cxd + e)*(1 + c*x))])/e + (b~2%PolyLog[3, 1 - 2/(1 + c*xx)])/(
2%e) - (b~2#PolyLogl[3, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))])/(2xe)

output
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Defintions of rubi rules used

rule 6474

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol]
Simp[(-(a + b*ArcTanh[c#*x])~2)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x] ) 2% (Log [2*c*((d + e*x)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[b*(a
+ b*ArcTanh[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[b*(a + b*ArcT
anh[c*x])*(PolyLog[2, 1 - 2*cx((d + e*x)/((c*xd + e)*(1 + c*x)))]/e), x] + S
imp [b~2*(PolyLog[3, 1 - 2/(1 + c*x)]/(2%e)), x] - Simp[b~2*(PolyLog[3, 1 -

2%c*x((d + e*x)/((c*xd + e)*x(1 + c*x)))]1/(2*%e)), x1) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d"2 - e~2, 0]

>

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.88 (sec) , antiderivative size = 1087, normalized size of antiderivative = 5.78

method result size

derivativedivides | Expression too large to display | 1087
default Expression too large to display | 1087
parts Expression too large to display | 1090

input‘int((a+b*arctanh(c*x))”2/(e*x+d),x,method=_RETURNVERBCISE)




output

input

output
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1/cx(a~2xc*x1n(cke*x+cxd) /e+b™2xc* (ln(ckexx+c*d) /e*arctanh (c*x) ~2-2/ex (1/2*
arctanh (c*x) "2x1n(d*c* (1+(cxx+1) "2/ (~c™2*x~2+1) ) +ex ((c*x+1) "2/ (-c™2%x"2+1)
-1))-1/4*I*Pi*csgn(I*(d*xc*(1-(c*x+1)~2/(c™2*%x"2-1))+e* (- (c*x+1) "2/ (c™2*x"2
-1)-1))/(1-(c*x+1) "2/ (c"2*%x"2-1)) ) *(csgn (I* (d*c* (1-(c*x+1) "2/ (c"2*x"2-1) )+
ex(—(cxx+1)72/(c™2%x"2-1)-1)) ) *csgn(I/(1-(c*x+1)~2/(c"2*x"2-1)) ) -csgn(I*(d
xcx (1-(cxx+1) "2/ (c™2*x72-1) ) +ex (- (c*x+1) "2/ (c"2*x"2-1)-1) ) / (1-(c*x+1) "2/ (c
~2xx72-1)) ) *csgn(I/(1-(c*xx+1) "2/ (c™2*x~2-1)) ) -csgn (I* (d*c* (1-(c*x+1) "2/ (c”
2xx72-1) )+ex (- (c*xx+1) "2/ (c"2%x"2-1)-1)) ) *csgn (I* (d*cx (1-(c*x+1) "2/ (c"2*x"2
-1))+e*x (- (c*x+1)"2/(c"2%x"2-1)-1) ) / (1-(c*x+1) "2/ (c"2*x"2-1) ) ) +csgn (I* (d*c*
(1-(c*xx+1) 72/ (c™2*x72-1) ) +ex (- (c*x+1) "2/ (c™2*x72-1)-1) ) / (1-(c*x+1) "2/ (c™2%
x"2-1)))~2)*arctanh (c*x) “2+1/2*arctanh (c*x) *polylog(2,-(c*x+1) "2/ (-c~2*x"2
+1))-1/4%polylog(3,-(cxx+1)"2/(-c"2*x"2+1))-1/2/ (c*d+e) *e*arctanh (ckxx) ~"2*1
n(1-(cxd+e)*(cxx+1) "2/ (-c~2*%x"2+1) /(-c*d+e) )-1/2/ (c*d+e) *exarctanh (c*x) *po
lylog(2, (c*d+e) * (c*x+1) "2/ (-c~2%x"2+1) / (-c*d+e) ) +1/4/ (c*d+e) *e*polylog(3, (
cxd+e) * (cxx+1) "2/ (-c"2*xx"2+1) / (-cxd+e) ) -1/2/ (c*d+e) *d*c*arctanh (c*x) ~2*1n (
1-(c*d+e) *(c*xx+1) "2/ (-c"2*x"2+1) / (-c*d+e) ) -1/2/ (c*d+e) *d*c*arctanh (c*x) *po
lylog(2, (c*d+e)* (c*x+1) "2/ (-c~2*x~2+1) / (-c*d+e) ) +1/4/ (cxd+e) *d*c*polylog(3
, (cxd+e) * (cxx+1) "2/ (-c™2%x"2+1) / (-c*d+e) ) ) ) +2*a*b*c* (1n(ckexx+cxd) /exarcta
nh(c*x)-1/e"2%(-1/2*ex(dilog((c*e*x-e)/(-c*d-e))+1ln(c*exx+c*d)*1n((cke*x-e

)/ (-cxd-e)))+1/2%ex(dilog((cxe*x+e) /(-c*d+e) ) +1n(cke*x+ckd) *1n((c*exx+te. ..

Fricas [F]

2 2
/ (a + barctanh(cz)) dp — / (bartanh (cz) + a) ds
d+ex er+d

e

Lintegrate((a+b*arctanh(c*x))‘2/(e*x+d),x, algorithm="fricas")

~—

Lintegral((b‘2*arctanh(c*x)‘2 + 2%axbkarctanh(c*x) + a~2)/(exx + d), x)

J
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Sympy [F]

dz

/ (a + barctanh(cr))? (a + batanh (cz))”
dr =
d+ex d+ex

input Lintegrate ((a+b*atanh (cx))**2/ (e*x+d) ,x) J
output LIntegral((a + bxatanh(c*x))**2/(d + e*x), x) J
Maxima [F]
/ (a + barctanh(cz))? i — / (bartanh (cz) + a)® e
d+ex exr +d
input Lintegrate ((atb*arctanh(c*x))~2/(exx+d) ,x, algorithm="maxima") J

‘a"2*1og(e*x + d)/e + integrate(1/4*b~2*(log(c*x + 1) - log(-c*x + 1))72/(e ‘

output
#x + d) + a¥b*(log(ckx + 1) - log(-c*x + 1))/(e*x + d), x) |
Giac [F]
2 2
/ (a + barctanh(cz)) dp — / (bartanh (cz) + a) i
d+ex er+d
input Lintegrate ((at+b*arctanh(c*x)) "2/ (exx+d) ,x, algorithm="giac") J
output tintegrate((b*arctanh(c*x) + a)"2/(exx + d), x) J
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Mupad [F(-1)]

Timed out.
/ (a + barctanh(cg;))2 o — (a + batanh(c .’L'))2 s
d + ex d +ex
input Lint((a + b*atanh(c*x))~2/(d + e*x),x) J
output| 185((a + bratanh(cn))"2/(d + exx), %) ]
Reduce [F]

€Tr =

atanh(cx atanh(cz)?
/ (a + barctanh(cz))? 2 (f teT(d)dx> abe + (f tez—J(r,i)dﬂC) b’e + log(ex + d) a®
d+ex e

input Lint ((a+b*atanh(c*x)) "2/ (e*x+d) ,x) J

‘(2*int(atanh(c*x)/(d + exx),x)*axbxe + int(atanh(c*x)**x2/(d + e*xx),x)*b**2

output
‘*e + log(d + exx)*ax*2)/e ‘
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Rubi [A] (verified) . . . . . . .. . . 141
Maple [A] (verified) . . . . . . . . ... 1421
Fricas [F] . . . . . . . 143
Sympy [F] . . . 143
Maxima [F] . . . . . o 144
Giac [F] . . . o o o 144
Mupad [F(-1)] . . . . . e 144
Reduce [F] . . . . . .

Optimal result

Integrand size = 18, antiderivative size = 321

/ (a + barctanh(cz))? dp — — (a + barctanh(cz))?  bc(a + barctanh(cz)) log (ﬁ)
@+ ea)? e(d+e) e(cd+e)
be(a + barctanh(cx)) log (1)
(cd —e)e
. Zbe(a+ barctanh(cz)) log ()
2d2 — o2
2bc(a + barctanh(cz)) log (%)
2% — o2
b*cPolyLog (2,1 — %)
2e(cd +e)
b2c PolyLog (2, 1-— HLCZ) b*cPolyLog (2’ 1— Hicm>
2(cd — e)e c?d? — e?

2¢(d+ex)
PcPolyLog (2,1 — 2dter )

c2d? — e2

+
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-(atbxarctanh(c*x)) ~2/e/ (e*x+d) +b*c* (atb*arctanh (c*x))*1n(2/(-c*x+1)) /e/(c
*d+e) -b*c* (a+b*arctanh(c*x) ) *1n(2/ (c*x+1) )/ (c*xd-e) /e+2*b*c* (a+b*arctanh (c*
x))*1n(2/ (c*x+1) )/ (c"2*d"2-e~2) -2*b*c* (a+b*arctanh (c*xx) ) *1n(2*c* (e*x+d) / (c
xd+e) / (cxx+1)) /(c™2xd"2-e"2)+1/2%b" 2*c*polylog(2,1-2/ (~c*x+1)) /e/ (cxd+e) +1
/2%¥b~2xc*polylog(2,1-2/(c*x+1))/(c*d-e) /e-b~2*c*polylog(2,1-2/(c*x+1))/(c”
2%d"2-e"2)+b~2*c*polylog(2,1-2*c* (exx+d) / (cxd+e) / (c*x+1))/(c"2*d"2-e"2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 2.97 (sec) , antiderivative size = 317, normalized size of antiderivative = 0.99

(a + barctanh(cz))?

(d+ ex)?

9 abe (_ 2&1‘(;23?621(&) + (—cd+e) log(l—cx)+gzgt:; (1(6)5-(::)'0113)—26 log(c(d+ex)) )

dz

e(d + ex) e

B (_ e~2retanh () o rotanh (ea)?

cd
sarctanhie)? d (m log (1+62arctanh(cz)) —2arctanh(cz) log (1_6_2 (arctanh (<)

d+ex

+ +

_ c2d?
V15

-

inputLIntegrate[(a + b*ArcTanh[c*x])~2/(d + e*x)~2,x]

- 4

-(a”2/(ex(d + exx))) + (axbkxcx((-2xArcTanh[c*x])/(c*d + cxe*x) + ((-(c*d)
+ e)*Log[l - c*x] + (cxd + e)*Log[l + c*x] - 2%exLoglc*(d + e*x)])/((c*d -
e)*(c*xd + e))))/e + (b™2*(-(ArcTanh[c*x]~2/(Sqrt[1 - (c~2%d"2)/e"2]*exE"A
rcTanh[(c*d)/e])) + (x*ArcTanh[c*x]~2)/(d + exx) + (c*d*(I*xPixLogl[1 + E~(2
x*ArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[1 - E~(-2*(ArcTanh[(c*d)/e] + ArcTanh
[c*x]))] - IxPi*(ArcTanh[c*x] - Logl[l - c~2*x~2]/2) - 2%ArcTanh[(c*d)/e]*(
ArcTanh[c*x] + Logl[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - Logl[I*S
inh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~(-2*(ArcTanh[(c*d)/e
] + ArcTanh[c*x]))]1))/(c™2*d"2 - e72)))/d

output




input

output
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Rubi [A] (verified)

Time = 0.69 (sec) , antiderivative size = 310, normalized size of antiderivative = 0.97,

number of rules _ 0.111, Rules

number of steps used = 2, number of rules used = 2, 5 Fo 1

used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctanh(cz))?
(d+ ex)?

l 6480

dz

(a+barctanh(cz))e? | c(at+barctanh(cz)) , c(a+barctanh(cz))

2bcf (_ (cd—e)(cd+e)(d+ex) + 2(cd+e)(1—cz) + 2(cd—e)(cz+1) > dx _ ((l + barctanh(cm))2

e e(d + ex)
l 2009

_ (cz+1)(cd+e) l—cx

log (TQ-H) (a+bar:

e log(cﬁﬁ> (a+barctanh(cz))  e(a+barctanh(cz)) log<m> log(i) (a+barctanh(cx))
2be c2d?2—e? c2d?2—e? + 2(cd+e)

- 2(cd—e

(a + barctanh(cz))?
e(d + ex)

‘Int[(a + b*ArcTanh[c*x])~2/(d + e*x)~2,x]

\

-((a + bxArcTanh[c*x])~2/(ex(d + e*x))) + (2xbxcx(((a + b*ArcTanh[c*x])*Lo
gl2/(1 - c*x)1)/(2%(c*d + e)) - ((a + bkxArcTanh[c*x])*Logl[2/(1 + c*x)1)/(2
*(cxd - e)) + (ex(a + bkArcTanh[c*x])*Log[2/(1 + c*x)])/(c™2*d"2 - e~2) -

(ex(a + bxArcTanh[c*x])*Log[(2*xcx(d + e*x))/((cxd + e)*(1 + c*x))])/(c™2xd
“2 - e72) + (bxPolyLogl[2, 1 - 2/(1 - c*x)])/(4*x(cxd + e)) + (b*PolyLogl[2,

1 -2/(1 + c*xx)])/(4x(c*d - e)) - (bxexPolyLog[2, 1 - 2/(1 + c*x)]1)/(2%(c”
2*d"2 - e72)) + (b*exPolyLog[2, 1 - (2*c*(d + exx))/((cxd + e)*(1 + c*x))]
)/ (2% (c™2%d"2 - e72)))) /e

e
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [bxc*x(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*x)~(q + 1)/(1 - c~2*%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 6480

Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 451, normalized size of antiderivative = 1.40

method result
) < e(ail
2 arctanh(cz)eln(cex+cd) 2 arctanh(cz)ln(cz—1) | 2 arctanh(cz) In(cz+1)
_ a2c? +b2¢2 _arctanh(cz)z + B (cd+e)(cd—e) B 2cd+2e + 2cd—2e B
(cex+cd)e (cexz+cd)e
derivativedivides
) < e(dil
2 arctanh(cz)eln(cex+cd) 2 arctanh(cz) In(cz—1) | 2 arctanh(cz) In(cz+1)
_ a2c2 +b202 _arctanh(cz)2 + - (cd+e)(cd—e) - 2cd+2e + 2cd—2 -
(cez+cd)e (cez+cd)e
default
e(dilc
22| — arctanh(cz)eln(cex4cd) arctanh(cz) In(cx—1) + arctanh(cz) In(cz41)
(cd+e)(cd—e) 2cd+2e 2cd—2e
2 2
2 c“ arctanh(cz)
b T 7 (cez+cd)e +
t o’
parts (ex+d)e +

input Lint ((atb*arctanh(c*x))~2/(e*x+d) “2,x,method=_RETURNVERBOSE) J
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1/c*(-a~2%c~2/ (ckexx+c*d) /e+b " 2xc” 2% (-1/ (c*exx+c*d) /e*arctanh (cxx) ~2+2/e*(
—-arctanh (c*x) *e/ (c*d+e) / (c*d-e) *1n(c*e*x+c*xd) —arctanh (c*xx) / (2*xc*d+2*e) *1n (
cxx-1)+arctanh(c*x)/(2*xc*d-2*e) *1n(c*x+1)-1/(c*d+e) /(c*d-e) *(1/2*e*x(dilog(
(c*exx-e)/(-c*d-e) ) +1n(c*exx+c*xd) *1n((c*exx-e)/(-c*d-e)))-1/2*ex(dilog((c*
e*xx+e) / (—cxd+e) ) +1n(cke*xx+c*d) *1n((c*xexx+e) /(-cxd+e) ) ) )+1/2/(c*d-e) *(-1/4x*
1n(c*x+1)"2+1/2*%(In(c*x+1)-1n(1/2*c*x+1/2) ) *1n(-1/2*c*x+1/2)-1/2*dilog(1/2
xc*x+1/2))-1/2/ (c*d+e) *(1/4*1n(c*x-1)"2-1/2%dilog(1/2*c*x+1/2)-1/2*1n(c*x-
1)*1n(1/2%c*x+1/2))) ) +2%a*xb*xc~2%(-1/ (cxexx+c*d) /e*arctanh (c*x)+1/ex(-e/ (c*
d+e)/(cxd-e) *1n(cxexx+cxd) -1/ (2xcxd+2*e) *1n(c*x-1)+1/ (2*c*d-2*e) *1n (c*x+1)
)))

output

Fricas [F]

(a + barctanh(cz))? | [ (bartanh (cz) + a)? .
/ dtepp W= / td?

inputLintegrate((a+b*arctanh(c*x))*2/(e*x+d)*2,x, algorithm="fricas")

‘integral((b‘2*arctanh(c*x)“2 + 2%axbk*arctanh(c*xx) + a~2)/(e”2*x"2 + 2*d*xe*

output
Lx + d°2), x)

—

Sympy [F]

dz

/ (a + barctanh(cz))? - (a + batanh (cz))?
(d+ ex)? (d-+—ez)2

-

inputLintegrate((a+b*atanh(c*x))**2/(e*x+d)**2,x)

~—

-

Integral((a + bxatanh(c*x))**2/(d + e*xx)**2, x)

output

N\
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Maxima [F]

(a + barctanh(cz))® ;[ (bartanh (cx)+ a)2 .
/ (d + ex)? _/ (e + d)? d

inputLintegrate((a+b*arctanh(c*x))*2/(e*x+d)*2,x, algorithm="maxima")

output (c*(log(c*x + 1)/(cxd*e - e72) - log(c*x - 1)/(ckd*e + e72) - 2*log(e*x +
d)/(c™2*d"2 - e72)) - 2*arctanh(c*x)/(e"2*x + d*e))*axb - 1/4¥b~2%(log(-c*
x + 1)72/(e"2*x + dxe) + integrate(-((cxe*x - e)*log(c*x + 1)72 + 2*(c*exx
+ c*d - (c*xexx - e)xlog(ckxx + 1))*log(-cxx + 1))/(c*e"3%x"3 - d"2%e + (2%
ckdxe™2 - e”3)*x"2 + (c*xd"2%e - 2%d*e”~2)*x), x)) - a~2/(e"2*x + dxe)

Giac [F]

(a + barctanh(cz))® ;[ (bartanh (cz) + a)? .
/ (d+ex)? _/ (ez + d)° d

inputLintegrate((a+b*arctanh(c*x))”2/(e*x+d)“2,x, algorithm="giac")

output 1Rtegrate((brarctanh(ckx) + 2)72/(exx + d)°2, x)

Mupad [F(-1)]

Timed out.

/ (a + barctanh(cz))? . (a + batanh(cz))" dr
(d + ex)? (d+ex)?

input 186((a + bratanh(c*))"2/(d + e¥x)72,%)

OutputLint((a + bxatanh(c*x))~2/(d + e*x)~2, x)
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Reduce [F]

barctanh(cz))?
/ (a + barctanh(cx)) dx = too large to display

(d+ ex)?

-

inputLint((a+b*atanh(c*x))*2/(e*x+d)~2’x)

| —

(atanh (c*x) **2xbk*2*cx*k4d*d**x4*x - atanh (ckx) **2xb**2xcx*2+d*x*x3*e - atanh(c
*x) ¥k 2kbkk2kCck*k2kd*k*Qke**x2%x + atanh(ckxx)**x2xbx*k2kd*e**3 + 2*atanh (c*x) *ax*
b*cx*kdxd**4*x — 2xatanh (ckxx)*axbxe**4*x + 2xatanh (ckx)*xb**x2kcx*3*xd*k*3xe*x
- 2*atanh(c*x) *bx*2*xckd*xe**3*x + 2xint ((atanh(c*x)*x)/ (ckx*4*xd*x*4xx*¥*x2 + 2%
ckxdxdkk3ke*x**k3 + Ckkbkdkk2kekk2kxkk4d — ckk2kd*k*k4d — kck*k2kd*k*k3ke*kx + 2%C
*k2kdkexk3kx**3 + ckkkekkdkxkkd — dkkkex*2 — kdkex*3*kx — exkdkx**2),x)*
bx*2xck*7*d**8 + 2xint ((atanh(c*x)*x)/(ck*x4xd**xdxx**x2 + 2kck*kdkd**3ke*x**3
+ CkkAkd*kDkekkQkx*k*k4 — Ck*kkd**k4 — 2kCk*kkd*kk3kexx + 2kCk*kkdkekkIkx*k*3
+ ckk2kekkdkxkkd — dRk2ke*k*k2 — 2kdkex*3kx — exkkx**2) ,x) kbkk2kckkTxd**kT*e
*x — 2xint ((atanh(c*x)*x) / (ckkd*rdxxd*x**x2 + 2kcrkdxdx*x3ke*xx*x*3 + Crkdkd**2
kexkQkxkk4d — Ckkkd*k4d — 2kckk2kd*k3kekx + 2kckk2kdkek*k3kxk*k3 + Ckkkekk4k
x*k*%4 — Qk*x2kek*k2 — 2kdke**k3kx — exkdxx**2) ,X)*kbkk2kckkEkdkkBkek*x2 — 2*xint (
(atanh(c*x) *x) / (ckx*4xd**4xx**2 + 2kckkdxd*k3kekx**3 + Ckkdkdk*2kek*2kx*k*4
= ck*x2xd**x4 — 2kck*2xdkk3kekx + 2kCkk2kdkex*3kxk*k3 + ChkkDkekkdkxkkd - dk*2
kex*2 — 2kdke*k3kX — ex*k4kx*kx2) ,x)¥b¥*kkck*k5xd**kEkex*3*x - 2+int ((atanh(c*
x) *x) / (ck*4xd**k4*x*%2 + 2kCk*k4kd**k3kekx*k*3 + Chkkdkdk*kkekkQkxk*k4d — CkkQkd*
*4 — 2kck*k2kxd*x*k3kekxx + 2kCk*kkdke**k3Jkxk*k3 + Chkkkekkdkxkkd — dx*kke**x2 - 2
xdkex*3kx — e*xk4kx**2) ,X)*bkk2kck*k3kd*k*k4*ex*k4d — 2kint ((atanh(c*x)*x)/(ck*4
kdkk4dkxk*k2 + 2kckkdkd*kk3kekxk*k3 + chRkbkdkkDkekkkxkk4d — ckk2kdkk4d — 2kck*2

*dQ*k*k3kexx + 2kCkkkd*ke*k*kIkx*k*k3 + ChkkkekkLkxkkd — d¥x*Dke*x*k2 — 2kd*ke**k3x, ..

output
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3.14 [ (a+barctanh(e))? ;.

(d+ex)?
Optimal result . . . . . . . . . . . . . 146}
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 147
Rubi [A] (verified) . . . . . . .. . . 148
Maple [A] (verified) . . . . . . . . ... 1501
Fricas [F] . . . . . . . 151
Sympy [F] . . . 151
Maxima [F] . . . . . o 1511
Giac [F] . . . o o o 152
Mupad [F(-1)] . . . . . e 1521
Reduce [F] . . . . . o 153

Optimal result

Integrand size = 18, antiderivative size = 480

_ be(a + barctanh(cz))  (a + barctanh(cz))?

/ (a + barctanh(cz))? dp —
(d+ ex)? (d? — €?) (d + ex) 2e(d + ex)?
bc*(a + barctanh(cz)) log (2-)
2e(cd + €)?
b2 log(1 — cx) bc*(a + barctanh(cz)) log (5 fcx)
2(cd — e)(cd+e)? 2(cd — €)%

2bC3d(a + barCtanh(cx)) log (1—5010)
(cd — €)?(cd + €)?
b2 log(1 + cz) b*c’elog(d + ex)
~ 2cd—e)P(ed+e)  (cd—e)P(cd+e)?

2bc3d(a + barctanh(cz)) log (%)

(cd — €)?(cd + €)?
b?c® PolyLog (2,1 — 2-)  b*c*PolyLog (2,1 — Him)
4e(cd + €)? 4(cd — €e)%e
_ b*c*d PolyLog (2,1 — 1)
(cd — €)?(cd + €)?

2¢(d+ex)
Pc*dPolyLog (2,1 — 2t )

(cd — e)?(cd + €e)?

+
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bxc* (a+b*arctanh(c*x))/(c~2*d"2-e”2) / (exx+d)-1/2* (a+b*arctanh(c*x)) ~2/e/ (e
*x+d) "2+1/2xb*c”2* (a+b*arctanh(c*x) ) *1n(2/ (-c*x+1)) /e/ (cxd+e) "2+1/2*xb~2*c~
2%1n(-c*x+1)/(cxd-e) / (c*d+e) "2-1/2%b*c”2* (a+b*arctanh(c*x) ) *1n(2/ (c*x+1))/
(c*d-e) "2/e+2*xb*xc~3*d* (a+b*arctanh (c*x) ) *1n(2/ (c*x+1) )/ (c*d-e) "2/ (cxd+e) "2
-1/2%b"2%c"2*1n(c*x+1) / (c*d-e) "2/ (c*d+e) +b~2*xc~2xe*x1n (e*x+d) / (c*d-e) "2/ (c*
d+e) “2-2%b*c~3*d* (a+b*arctanh (c*x) ) *1n(2*c* (exx+d) / (cxd+e) / (c*xx+1) )/ (c*d-e
) "2/ (c*d+e) "2+1/4%b"2*%c"2xpolylog(2,1-2/(-c*x+1)) /e/(cxd+e) “2+1/4*b"2%c ™2
polylog(2,1-2/(c*x+1))/(cxd-e) ~2/e-b"2xc~3*d*polylog(2,1-2/ (c*x+1))/(c*d-e
) "2/ (c*d+e) ~2+b~2*xc~3*d*polylog(2,1-2*c* (e*x+d) / (cxd+e) / (c*x+1) )/ (cxd-e) "2
/ (c*xd+e) "2

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 4.51 (sec) , antiderivative size = 470, normalized size of antiderivative = 0.98

(a + barctanh(cz))? dp — — a?
(d+ ex)? ~ 2e(d + ex)?

e(—c? d2+e2+2c2d(d+ea:) log(c(d+ez)))
(cd+cex)? (cd+e)? (—cd+e)?

2¢(
abc? <2arctanh(cm) log(l—cz) , —log(l+cz)+ (edte)2(dte)

2e

b2 (_2«:"’““'““11‘(Ced)aurctanh(wc)2 _ e(z1+ea?)arctanhier)? | 2sarctanh(es)(—e+edarctanhier) 28(_earc

\/1 _ cng e c?(d+ex)? cd(d+ex)

_|_

input Integrate[(a + b*ArcTanh[c*x])~2/(d + exx)~3,x]




output
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-1/2%a~2/(ex(d + e*x)~2) - (axbk*c~2x((2%ArcTanh[c*x])/(c*d + c*e*x)~2 + Lo

gll - cxx]/(cxd + e)”2 + (-Logll + c*x] + (2*%e*x(-(c™2xd"2) + €72 + 2*c~2*d
*(d + exx)*Loglcx(d + e*x)]))/(c*x(cxd + e)72x(d + e*x)))/(-(c*xd) + e)~2))/
(2%xe) + (b72xc”2%((-2*ArcTanh[c*x]~2)/(Sqrt[1 - (c"2*d"2)/e”2]*e*E~ArcTanh
[(c*d)/e]l) - (ex(-1 + c~2*x"2)*ArcTanh[c*x]~2)/(c"2*%(d + e*x)~2) + (2*x*Ar
cTanh[c*x]*(-e + cxd*ArcTanh[c*x]))/(c*d*(d + e*xx)) + (2%e*(-(exArcTanhl[c*
x]) + cxdxLogl[(cx(d + e*x))/Sqrt[1 - c™2%x72]]1))/(c™3*d"3 - cxd*e~2) + (2%
ckd* (I*xPixLog[1 + E~(2xArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2%(ArcT
anh[(c*d)/e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Log[l - c~2%x~2]/2)
- 2xArcTanh[(c*d)/e]l*(ArcTanh[c*x] + Log[l - E~(-2*(ArcTanh[(c*d)/e] + Arc
Tanh[c*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLogl[2,
E~(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c"2%d"2 - ¢72)))/(2x(c*d - e)
*(cxd + e))

Rubi [A] (verified)

Time = 0.87 (sec) , antiderivative size = 450, normalized size of antiderivative = 0.94,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctanh(cz))?
(d+ ex)?

l 6480

b (a+barctanh(cz))c® | (a+barctanh(cz))c®?  2de?(a+barctanh(cz))c?  e2(a+barctanh(cz)) d
Cf 2(cd+e)2(1—cx) + 2(cd—e)2(cx+1) ~  (cd—e)2(cd+e)2(d+ex)  (cd—e)(cd+e)(d+ex)? z

e
(a + barctanh(cz))?
2e(d + ex)?

l 2009

2¢c(d+ex)

(c2d2—e?)(d+ex) (cd—e)2(cd+e)? (cd—e)2(cd+e)?

2(cd+e)?

b (e(a+barctanh(cx)) 2c2de log<ﬁ) (a+barctanh(cz)) 2c2de(a+barctanh (cz)) log<m> n clog(ﬁ) (atbarc

(a + barctanh(cz))?
2e(d + ex)?
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input‘Int[(a + bxArcTanh[c*x])~2/(d + e*x)"3,x]

-1/2%(a + b*ArcTanh[c*x])~2/(ex(d + e*x)~2) + (b*c*((ex(a + b*ArcTanh[c*x]
))/((c™2%d"2 - e"2)*(d + e*x)) + (c*(a + brArcTanh[ckx])*Log[2/(1 - c*x)1)
/(2%(cxd + e)72) + (bxckexLogl[l - c*x])/(2*(c*d - e)*(c*d + e)~2) - (c*(a

+ bxArcTanh [c*x])*Log[2/(1 + c*x)]1)/(2%(c*d - e)~2) + (2%c 2xd*e*(a + b*Ar
cTanh [c*x])*Log[2/(1 + c*x)])/((cxd - e)~2x(c*xd + e)~2) - (b*ckexLogl[l + ¢
#x1)/(2+(cxd - ) 2x(cxd + €)) + (b¥cre"2+Logld + exx])/((cxd - ) 2x(cxd

+ e)72) - (2+c~2xd*ex(a + b*ArcTanh[c*x])*Log[(2%c*(d + e*x))/((cxd + e)*(
1 + c*x))])/((c*d - e)"2x(cxd + e)~2) + (b*c*PolyLog[2, 1 -2/(1 - cxx)1)/
(4%(cxd + )72) + (bxc*PolyLogl2, 1 - 2/(1 + c*x)1)/(4x(cxd - €)72) - (bxc
~2%d*exPolyLogl[2, 1 - 2/(1 + c*x)])/((c*xd - e)"2%(c*d + e)~2) + (b*c 2xdxe
*PolyLog[2, 1 - (2%cx(d + e*x))/((c*kd + e)*(1 + c*x))])/((c*d - e)~2*(c*d

+e)72)))/e

output

Defintions of rubi rules used

rule 2009 | T2t [u_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 6480 Trt[((a_.) + ArcTanh[(c_.)*(x)]*(b_.))~(p)*((d) + (e_.)*(x_))7(q_.), x_8

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bkArcTanh[c*x])~p/(ex(q + 1))), x] -
Simp [bxc*(p/(e*x(q + 1)))  Int[ExpandIntegrand[(a + bxArcTanh[c*x])~(p - 1
), (d + exx)~(q + 1)/(1 - c"2%x~2), x1, x]1, x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q] && NeQ[q, -1]
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Maple [A] (verified)

Time = 0.75 (sec) , antiderivative size = 592, normalized size of antiderivative = 1.23

method result
arctanh(cz)e _ 2 arctanh(cz)edcln(cex+cd) _ arctanh(cz) In(cz—1) + arctanh
_ a2c3 +b263 _ arctanh(cz)2 (cd+e)(cd—e)(cez+cd) (cd+e)?(cd—e)2 2(cd+e)? 2|
2(cez+cd)?e 2(cez+cd)?e
derivativedivides
arctanh(cz)e _ 2 arctanh(cz)edcln(cex+cd) _ arctanh(cz) In(cxz—1) | arctanh
_ a2c3 ~|—b263 _ .:aur(:tanh(c:z)2 (cd+e)(cd—e)(cez+cd) (cd+e)2(cd—e)? 2(cd+e)? 2
2(cex+cd)2e 2(cex+cd)?e
default
3 arctanh(cz)e _ 2 arctanh(cz)edcln(cex+cd) _ arctanh(cz) In(cz—1) 4+
(cd+e)(cd—e)(cex+cd) (z:d-Ha)2 (cd—e)2 2((:d-#—e)2
p2| — 3 arctanh(ca:)2
2(cez+cd)2e
arts @ __ 4
b 2(ex+d)%e
inputLint((a+b*arctanh(c*x))"2/(e*x+d)"3,x,method=_RETURNVERBOSE) J

1/cx(-1/2*%a"2%c"3/ (c*xexx+c*xd) “2/e+b"2xc" 3% (-1/2/ (c*xexx+c*xd) “2/e*arctanh (c*
x) ~2+1/e*(arctanh(c*x)*e/ (cxd+e) /(c*d-e) / (c*e*x+c*d) -2*arctanh (c*xx) *e*xd*c/
(cxd+e) "2/ (cxd-e) ~"2*1n(c*e*x+c*d)-1/2*arctanh(c*x)/(cxd+e) ~2*1n(c*x-1)+1/2
*arctanh (c*x) /(c*d-e) "2*1n(c*x+1)-1/2/ (cxd+e) 2% (1/4*1n(c*x-1) "2-1/2*dilog
(1/2*c*x+1/2)-1/2*%1n(c*x-1) *1n(1/2*c*x+1/2))+1/2/ (c*d-e) "2* (-1/4*1n(c*x+1)
~2+1/2*%(1n(c*x+1)-1n(1/2%c*x+1/2) ) *1n(-1/2%c*x+1/2)-1/2*xdilog(1/2*c*x+1/2)
)+e/(c*xd+e) /(c*d-e) *(e/ (cxd+e) / (cxd—e) *1n(c*e*x+c*d)+1/ (2*xcxd+2*e) *1n (c*x—
1)-1/(2*c*d-2%e) *1n(c*x+1) ) -2*d*c/ (cxd+e) "2/ (cxd-e) "2%(1/2%e* (dilog((c*e*x
-e)/(-cxd-e) )+1n(c*exx+c*xd) *1n((c*xexx-e) / (-cxd-e) ) ) -1/2*ex(dilog((cxexx+e)
/ (—c*xd+e) ) +1n(cxe*xx+cxd) *1n((cke*x+e) / (—cxd+e))))) ) +2xaxb*c~3*(-1/2/ (c*e*xx
+cxd) “2/exarctanh(c*x)+1/2/ex(e/(cxd+e) / (cxd-e) / (cxe*x+c*d) -2xe*d*c/ (c*d+e
) "2/ (c*d-e) "2*1n(c*e*x+c*d)-1/2/(c*d+e) "2*1n(c*x-1)+1/2/ (c*xd-e) “2*1n(c*x+1
)DD))

output
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Fricas [F]
/ (a + barctanh(cz))? / (bartanh (cz) + a)®
3 dz = 3 dz
inputtintegrate((a+b*arctanh(c*x))‘2/(e*x+d)*3,x, algorithm="fricas") J

output‘ integral ((b~2*arctanh(c*x)~2 + 2%a*b*arctanh(c*x) + a~2)/(e”~3*x~3 + 3*d*e” ‘
24x72 + 3xd"2%exx + d°3), x) |

Sympy [F]
/ (a + barctanh(cx))Z . (CL + batanh (C.’IJ))2 i
(d+ ex)? (d+ ex)’
inputLintegrate((a+b*atanh(c*x))**2/(e*x+d)**3’x) J
OutputLIntegral((a + bxatanh(c*x))**2/(d + e*x)**3, x) J
Maxima [F]

/ (a + barctanh(cz))? _ / (bartanh (cz) + a)® i

(d+ ex)? (ez + d)°

inputLintegrate((a+b*arctanh(c*x))‘2/(e*x+d)*3,x, algorithm="maxima") J




output

input

output

input

output
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-1/2%((4*c~2xd*log(exx + d)/(c™4xd"4 - 2%c™2xd"2*e”2 + e"4) - c*log(cxx +

1)/(c"2%d"2%e - 2*c*d*e”2 + e73) + cxlog(c*x - 1)/(c"2xd"2%e + 2%c*d*e”2 +
e”3) - 2/(c”2%d"3 - d*xe”2 + (c"2*%d"2*e - e73)*x))*c + 2*arctanh(c*x)/(e”3
*X"2 + 2xd*e”2%x + d"2%e))*axb - 1/8%b"2*%(log(-c*x + 1)72/(e"3%x"2 + 2xd*e
“2%x + d"2xe) + 2*integrate(-((c*kexx - e)*log(c*x + 1)72 + (c*ke*x + c*d -

2% (cxe*x - e)*log(cxx + 1))*log(-c*x + 1))/(cxe”4*x~4 - d"3*e + (3*c*d*e”3
- e74)xx"3 + 3*(cxd"2*%e”"2 - d*e”3)*x"2 + (c*d"3*xe - 3*d"2*e"2)*x), X)) -

1/2*%a~2/(e"3*x"2 + 2xd*e”2*x + d~2%*e)

Giac [F]

(a + barctanh(cz))? | [ (bartanh (cz) +a)? .
/ (d+ ex)? dz = / (ex + d)3 d

Lintegrate((a+b*arctanh(c*x))”2/(e*x+d)“3,x, algorithm="giac")

Lintegrate((b*arctanh(c*x) + a)~2/(exx + d)~3, x)

Mupad [F(-1)]

Timed out.

(a + barctanh(cz))® . [ (a+ batanh(cz))” .
[ e ) e

‘int((a + bxatanh(c*x))"2/(d + e¥x)"3,x)

Lint((a + b*atanh(c*x))~2/(d + e*x)~3, x)
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Reduce [F]

barctanh(cz))?
/ (a + barctanh(cx)) dx = too large to display

(d+ex)3

-

input Lint ((atb*atanh(c*x)) "2/ (e*xx+d) ~3,x)

| —

(12*atanh (c*x) **2xb**2kck*8*kd**8ke*xx + 6Gkatanh (ckx)**k2xbkx*22kck*xGkd*x*7*ke*x*2
*x**k2 — 18*atanh (c*x)**k2¥bx*x2kck*6xd**Txex*2 — 20*atanh (c*x)**k2¥bk*x2*C*x*6*
d**6xe*x*3*x — 10*atanh (ckxx) **2xb*x*2*ck*kB6xd*x*xSke*x*x4*xx**2 + 30*atanh (ckxx) **2
*b*kx2kckk4kdx*k5kex*x4d + 4kxatanh (ckx) **k2kbk*kkckkdkdk*kdke*x5xx + 2*xatanh(c*x
) k% kbkkkCk*kLkd*kk3kex*kBkx*k*x2 — Bxatanh (ckx) k*k2kbkk2kck*kd**k3ke*x*6 + 4*xat
anh (c*x) **2¥b**x2kckx*kkd**x2kex*T*xx + 2katanh (ckx) **k2kbk*kkckk2kdke*k*8kx*k*x2

- 6xatanh (cxx) *x*2kbx*2kd*xe**8 — 12+atanh(c*x)*axb*ck*x8*d**9 - 16*atanh(c*x
)ka*xbkckkB6xd*x*7*ke*x*x2 + E6xatanh (ckx)*axbkck*x4dxd**5xe*x*4 - 16*atanh(c*x)*a*
bxcx*x2xd**k3*ke**6 — 12*atanh(ckxx)*axbkdke**8 — 22*atanh (c*x)*xbx*x2kck*7*d**8
ke — 8katanh (c*x)*b**2kck*7T*d**x7T*ke*x*2*x + 2*atanh (c*x) *xbkx*2kck*xTxd**Bke**x3
*x*%*x2 + 42%atanh (c*x) *b**2kck*5kxd**x6*kxe*x*3 + 24katanh (c*x) ¥b**x2xcx*k5kd**x5xe
*x4*kx + 2katanh (c*x) *bk*2*ckkSkd*xdke**x5xx*k*2 — 18*atanh (ckx)*xb**2kck*3*d*
*4xex*k5 — 24xatanh (c*x)*xb*x2kckk3xd**3kex*x6*x — 10*atanh (c*x) *¥br*k2kck*3kd*
*x2ke*kT*x**2 — 2xatanh (ckx)*xb**2kckd**k2xe*x*7 + 8Skatanh (c*x) *b**x2*ckd*ex*8*
X + 6%atanh (c*x)*b**x2%ckex*Qkx**2 + 24*int ((atanh(c*x)*x)/ (c**x4*xd**x5*xx**2

+ 3kckk4kdxkdkekxk*k3 + 3Ikckkdkdkk3kekkQkxkk4d + CkkAdxkdkkDkekk3kxkk5 — Ckkk
d**5 — 3Ikck*k2kdkk4dkekx + 8kCkk2kdA*kkQkek*k3kx*k*k3 + OkckkDkdkekk4dxx*x*k4 + 3Ikck
*2kexk5kxk*k5 — 3kd*kk3kek**k2 — Oxd*x*k2ke*x*k3%kx — Okdkekk4qkxx**x2 - 3*e**5*x**3),
X) *b**2*c**11*d**13%e + 48*xint ((atanh(c*x)*x)/ (cx*4xdxx5xx*k*2 + Ikck*kdxd**
Axexx**3 + 3kckk4kdkk3kekkQkxkk4d + Ckk4kd*kkDkekk3Ikx*k*k5 — ckk2kd**k5 - 3%, ..

output
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Optimal result . . . . . . . . . . . . e 155
Mathematica [A] (verified) . . . . . . . . . ... o 1561
Rubi [A] (verified) . . . .. . . ... .. 157
Maple [C] (warning: unable to verify) . . . . . . ... ... ... .o L. 150
Fricas [F] . . . . . . o 159
Sympy [F] . . o o 160
Maxima [F] . . . . . . 1601
Giac [F] . . . . o o 161
Mupad [F(-1)] . . . o o 161
Reduce [F] . . . . . 161
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Optimal result

Integrand size = 18, antiderivative size = 614

/(d + ex)?(a + barctanh(cz))? dz

_ 3ab’de’x N b’e’z  b’e’arctanh(cr) N 3b3de?zarctanh(cz)
e 4¢3 4ct c?

b’e*z?(a + barctanh(cz))  3bde’(a + barctanh(cz))?  be®(a + barctanh(cz))?

+ - +
4c? 2c3 4ct

3be(6c*d® + €?) (a + barctanh(cz))?  3be(6c*d? + €?) z(a + barctanh(cz))?

+ +
4ct 4¢3

3bde’z?(a + barctanh(cz))?  bedz3(a + barctanh(cz))?
+ 2c * 4c
N d(c’d® + €°) (a + barctanh(cz))®  (c*d* + 6c*d*e” + €*) (a + barctanh(cz))®

c 4cte
N (d + ex)*(a + barctanh(cz))® b?e®(a + barctanh(cz)) log ()
4e 2¢t

3b%e(6c*d? + €?) (a + barctanh(cz)) log (2)
- 2!

3bd(c*d? + €?) (a + barctanh(cz))?log (2-)  3b3de?log (1 — c2x?)
B c3 + 2¢3

b3e*PolyLog (2,1 — 2-)  3b%e(6c%d? + €?) PolyLog (2,1 — %)
a 4ct - 4ct

3b%d(c?d? + €?) (a + barctanh(cz)) PolyLog (2,1 — 12-)
_ >
N 3b%d(c?d? + €?) PolyLog (3,1 — 1)

l—czx
2¢3
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3kaxb~2kd*e~2*x/c”2+1/4*b"3*e"3*x/c"3-1/4*b~3*e"3*arctanh (c*x)/c~4+3*b”~3*d
*e”~2*x*arctanh(c*x) /c~2+1/4*b"2+e~3*x"2* (a+b*arctanh (c*x) ) /c~2-3/2xb*xd*e”~2
* (a+b*arctanh(c*x)) ~2/c”3+1/4*bxe~3* (a+b*arctanh (c*x)) ~2/c~4+3/4xbxex (6*c”
2+%d"2+e"2) * (a+b*arctanh (c*x)) ~2/c”4+3/4*bxex (6xc”2*d"2+e~2) *x* (a+b*arctanh
(c*x))~2/c”3+3/2*b*d*e”2*x"2* (a+b*arctanh (c*x)) ~“2/c+1/4%b*e”3*x"3* (a+b*arc
tanh(c*x))~2/c+d*(c~2*%d"2+e~2) * (a+b*arctanh(c*x) ) ~3/c~3-1/4* (c~4*d~4+6*c™2
*d~2xe~2+e”"4) * (a+b*arctanh(c*x)) ~3/c~4/e+1/4* (exx+d) ~4*(at+b*arctanh(c*x))~
3/e-1/2¥b"2*e"3* (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1)) /c”4-3/2*%b"2*%e* (6*xc~2*d "2
+e”2) * (a+b*arctanh (c*x) ) *1n(2/ (-cxx+1) ) /c~4-3*b*d* (c~2*xd"2+e"2) * (a+b*arcta
nh(c*x)) ~2*1n(2/ (-c*x+1))/c~3+3/2*b"3*d*e~2*1n(-c~2*x"2+1) /c~3-1/4%b"3*e"3
*polylog(2,1-2/(-c*x+1))/c~4-3/4%b~3*e* (6%c~2*%d~2+e~2) *polylog(2,1-2/(-c*x
+1))/c”4-3*%b"2xd* (c"2+%d"2+e"~2) * (a+b*arctanh (c*x) ) *polylog(2,1-2/(-c*x+1))/
c~3+3/2xb"3*d* (c"2*d"2+e”2) *polylog(3,1-2/(-c*x+1))/c~3

output

Mathematica [A] (verified)

Time = 1.24 (sec) , antiderivative size = 830, normalized size of antiderivative = 1.35

/ (d + ex)?(a + barctanh(cz))? dz = Too large to display

inputtlntegrate[(d + exx)"3%(a + b*ArcTanh[c*x])"3,x]
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(2xa~2%c* (4xa*xc™3*d™3 + 3*bxex(6*%c™2xd"2 + e72))*x + 12%a”2%c”~3xd*e* (axcxd
+ b*e)*x"2 + 2%a~2%c"3xe"2%(4xaxckd + bxe)*x"3 + 2¥a"3xc"4*e”3%x"4 + 6%a”
2xbxc 4*xk (4%d"3 + 6*%d"2xexx + 4xdxe”2*x"2 + e”3*x"3)*ArcTanh[cxx] + 3*a™2
*b* (4*%c”3*%d"3 + 6%c"2xd"2%e + 4xckd*e”2 + e73)*Logl[l - c*x] + 3*a~2%b*(4*c
“3%d"3 - 6xc”2xd"2%e + 4xcxdxe”2 - e"3)*Logl[l + c*x] + 36%axb~2*c”2xd"2*ex*
(2xcxx*xArcTanh[c*x] + (-1 + c™2*%x"2)*ArcTanh[c*x]~2 + Logl[l - c™2*x72]) +
2%a*b~2%e"3*% (-1 + c"2*x”"2 + 2*xc*xx*(3 + c"2*x"2)*ArcTanh[c*x] + 3*%(-1 + c”4
*x~4)*ArcTanh [c*x] "2 + 4xLog[1l - c™2%x72]) - 12*%b~3*c~2*d"2*e* (ArcTanh [c*x
1*%((3 - 3xc*x)*ArcTanh[c*x] + (1 - c”2*x"2)*ArcTanh[c*x]~2 + 6xLog[1l + E~(
-2xArcTanh[c*x])]) - 3*PolyLog[2, -E~(-2*ArcTanh[c*x])]) + 24*axb~2*ckd*e”
2x(ckx + (-1 + c”3*x"3)*ArcTanh[c*x] "2 + ArcTanh[c*x]*(-1 + c"2*x~2 - 2*Lo
g[1 + E7(-2*ArcTanh[c#*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 24*a*b~2
*c"3*%d"3* (ArcTanh [c*x] *((-1 + c*x)*ArcTanh[c*x] - 2+Log[l + E~(-2*ArcTanh[
c*x])]) + PolyLogl[2, -E~(-2%ArcTanh[c*x])]) + 2*b~3*e”3*(c*x + (-4 + 3*c*x
+ c¢"3*x73)*ArcTanh[c*x] "2 + (-1 + c~4#x"4)*ArcTanh[c*x]~3 + ArcTanh[c*x]*
(-1 + c™2*%x"2 - 8*Log[l + E~(-2*ArcTanh[c*x])]) + 4*PolyLog[2, -E~(-2*ArcT
anh[c*x])]) + 8%b~3*c~3%d~3*(ArcTanh[c*x] “2*((-1 + c*x)*ArcTanh[c*x] - 3*L
ogll + E~(-2*ArcTanh[c*x])]) + 3*ArcTanh[c*x]*PolyLog[2, -E~(-2xArcTanh[c*
x])] + (3*PolyLogl[3, -E~(-2*ArcTanh[c#*x])])/2) + 4*b~3xcxd*e 2% (6*c*x*ArcT
anh[c*x] - 3*ArcTanh[c*x]~2 + 3*c”2*x"2xArcTanh[c*x]~2 - 2*ArcTanh[c*x]...

output

Rubi [A] (verified)

Time = 1.49 (sec) , antiderivative size = 608, normalized size of antiderivative = 0.99,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)3(a + barctanh(cz))3 dz
| 6480
(d + ex)*(a + barctanh(cz))3 B
4e
3b z?(a+barctanh(cr))?e*  4dz(a+barctanh(cz))?ed  (6c2d?+e?)(atbarctanh(cr))?e? | (c'd*+6c2e?d?+4c?e(c2d?+e
¢ f - c2 - c2 - ct + ct(1-

4e
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| 2009
(d-+—em)4(a-+-barctanh(cx))3‘_
4e
3b (_e4(a+barctanh(cm))2 + 2be’ log(l_zc:c)(a—i-barctanh(cx)) + 2de3 (a+barctanh(cz))? _ beta? (a+barctanh(cz)) _ 2dea
¢ 3cd 3ch ct 3c3

input! Int[(d + e*x)"3%(a + b*ArcTanh[c*x])"3,x] ‘

((@ + exx)"4x(a + bxArcTanh[c*x])~3)/(4*e) - (3*bxc*((-4*xa*bxd*e”3*x)/c”3
- (b™2%e"4xx)/(3*c"4) + (b~2*e"4*ArcTanh[c*x])/(3*c”5) - (4%b~2*d*e”3*x*Ar
cTanh[c*x])/c™3 - (b*e~4*x~2%(a + bx*ArcTanh[c*x]))/(3*%c~3) + (2xd*e~3%(a +
b*ArcTanh[c*x]) "2)/c”4 - (e"4*(a + bxArcTanh[c*x])~2)/(3*c”5) - (e"2*(6*c
~2xd"2 + e”2)*(a + bxArcTanh[c*x])~2)/c”5 - (e”2*(6*%c™2*d"2 + e"2)*x*(a +
bxArcTanh[c*x]) "2)/c”4 - (2*d*e~3*x"2*(a + b*ArcTanh[c*x])~2)/c”2 - (e"4x*x
~3%(a + b*ArcTanh[c*x])~2)/(3%c”2) - (4xdxe*(c”2*%d"2 + e~2)*(a + b*ArcTanh
[c*x])"3)/(3*b*c™4) + ((c"4*d™4 + 6*c”2*%d"2*e”2 + e"4)*(a + bxArcTanh[c*x]
)~3)/(3*b*c~5) + (2%bxe~4x(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/(3*c”5) +
(2%b*e”2x (6%c~2+%d"2 + e~2)*(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)]1)/c”5 + (
4xd*e* (c"2*d"2 + e72)*(a + bk*ArcTanh[c*x]) "2+Log[2/(1 - c*x)])/c"4 - (2xb~
2xd*e~3*Log[1 - c™2*x"2])/c”4 + (b~2%e"4*PolyLog[2, 1 - 2/(1 - c*x)])/(3*c
~5) + (b"2xe"2%(6*%c"2*xd"2 + e~2)*PolylLogl[2, 1 - 2/(1 - c*x)])/c”5 + (4xbxd
*xex(c"2%d"2 + e”2)*(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 - c*x)])/c"4 -
(2*b"2*dxex (c"2xd"2 + e~2)*PolyLogl[3, 1 - 2/(1 - c*x)]1)/c”4))/(4*e)

output

Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6480 Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + b*ArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [b*c*(p/(e*x(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*x)~(q + 1)/(1 - c~2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 28.29 (sec) , antiderivative size = 5093, normalized size of antiderivative = 8.29

method result size

parts Expression too large to display | 5093
derivativedivides | Expression too large to display | 5124
default Expression too large to display | 5124

inputtint((e*x+d)‘3*(a+b*arctanh(c*x))"3,x,method=_RETURNVERBDSE)

-

Ou_tputtresult too large to display

-/

Fricas [F|

/(d + ex)?(a + barctanh(cz))? de = / (ex + d)®(bartanh (cz) + a)® dz

-

inputLintegrate((e*x+d)“3*(a+b*arctanh(c*x))"3,x, algorithm="fricas")

-/

integral(a~3*e”3*x"3 + 3*a~3xd*¥e”"2*x"2 + 3*a~3*d"2*exx + a~3*d"3 + (b"3*e”
3*x~3 + 3*b~3kd*ke 2*x"2 + 3*b~3*d"2*exx + b~3*d"3)*arctanh(c*x) "3 + 3x(a*b
“2xe"3%x”3 + 3*axb 2xdke”2*xx”"2 + 3*a*b~2xd"2*exx + axb~2+d~3)*arctanh(c*x)
2 + 3% (a”2%b*xe”"3*%x"3 + 3*a~2*b*d*e”2+x"2 + 3*a”~2+b*xd"2*e*x + a~2xb*d"3)*a
rctanh(c*x), x)

output
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Sympy [F]

/(d + ex)?(a + barctanh(cz))? dz = / (a + batanh (cz))® (d + ex)® dx

-

inputLintegrate((e*x+d)**3*(a+b*atanh(c*x))**3,x)

p
outputtlntegral((a + b*atanh(c*x))**3%(d + e*xx)**3, x)

Maxima [F]

/(d + ex)?(a + barctanh(cz))?® do = / (ex + d)®(bartanh (cz) + a)® dz

.
input‘integrate((e*x+d)“3*(a+b*arctanh(c*x))‘3,x, algorithm="maxima")

1/4*%a”~3*e"3*%x"4 + a~3*kd*e”2+x"3 + 3/2*%a"3*xd"2*e*x"2 + 9/4*(2*x"2*arctanh(c
*x) + c*(2%x/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c”3))*a”"2xbxd"2*e + 3/2
*(2*x~3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*a"2xb*d*e”2 + 1
/8% (6*x~4*arctanh(c*x) + c*(2*(c”2*x"3 + 3*x)/c”4 - 3*log(c*x + 1)/c”5 + 3
*xlog(cxx - 1)/c”B))*a~2%b*e”3 + a~3*d"3*x + 3/2%(2*c*x*arctanh(c*x) + log(
-CT2%x72 + 1))*a”2%b*d"3/c - 1/32x((b~3*c"4*e"3*x"4 + 4xb~3*c"4*d*e”2%x"3

+ 6*b~3*kcT4*d"2%exx"2 + 4xb"3*kcT4*d"3*x - (4*c”3*%d"3 + 6*c”2+d"2%e + 4*cxd
*e"2 + e73)*b~3)*log(-c*x + 1)73 - (6*a*b”2xc"4*e"3*x"4 + 2% (12%axb~2*c 4*
d*e”2 + b~3*c"3%e"3)*x"3 + 12x(3xaxb~2*c"4*xd"2*e + b7 3xc"3*d*e”2)*x"2 + 6%
(4*%axb~2%c"4*d"3 + (6%c~3*d"2%e + c*e"3)*b"3)*x + 3*(b"3*c"4*xe”"3%x"4 + 4*Db
“3%cT4*d*xe”2*x"3 + 6*b 3*%cT4*d"2%exx"2 + 4*b~3*%c"4*d"3*x + (4*%c"3*%d"3 - 6%
c"2xd"2%e + 4xcxd*e”2 - e”3)*b"3)*log(cxx + 1))*log(-c*x + 1)72)/c"4 - int
egrate(-1/16*(2*(b~3*c~4*e~3*x~4 - b~3*c”3*d"3 + (3*c"4*d*e”2 - c”3*e”3)*b
“3%x73 + 3*(c"4*d"2%e - c"3*d*e"2)*b"3*%x"2 + (c"4*d"3 - 3*c”3*d”"2%e)*b"3*x
)*¥log(c*x + 1)73 + 12%(a*b™2*c"4*e"3*x"4 - axb~2xc”3*d"3 + (3*%c”4*d*e”2 -

c”3%e”3)*axb~2xx"3 + 3*x(c"4*d"2%e - c"3*kd*e”"2)*axb"2*x"2 + (c"4*d"3 - 3*c”
3*d~2%e) *a*xb~2*x) *log(c*x + 1)72 - (6*axb~2xc"4*e"3*x"4 + 2x(12%axb~2%c~4*
d*e”2 + b~3*c"3%e"3)*x"3 + 12%(3xaxb"2*c"4*xd"2*%e + b7 3xc"3*d*e”2)*x"2 + 6%
(b™3%c"4xe"3*x"4 - b™3*c”"3%d"3 + (3xc"4*d*e”2 - c"3%e"3)*b"3xx"3 + 3*(c"4x
d"2%e - c"3*d*e”2)*b"3%x"2 + (c"4*d"3 - 3*c”"3*d"2xe)*b~3*x)*log(c*kx + 1...

output
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Giac [F]

/(d + ex)?(a + barctanh(cz))® de = / (ex + d)*(bartanh (cz) + a)® dz

input ‘ integrate((e*x+d) ~3*(a+b*arctanh(c*x))~3,x, algorithm="giac")

output tintegrate((e*x + d) “3*(bxarctanh(c*x) + a)~3, x)

Mupad [F(-1)]

Timed out.

/(d + ex)*(a + barctanh(cr))® dr = / (a + batanh(cz))® (d + ex)® dx

input Lint((a + b*atanh(c*x)) "3*(d + e*x)"3,x)

output iEE((a + bratanh(crn))"3+(d + exx)"3, x)

Reduce [F]

+ ex)”(a + barctanh(cz x = Too large to display
d 3 b h 3d Too 1 displ

inputtint((e*x+d) 3% (a+b*atanh(c*x))~3,x)
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(4xatanh (c*x) **3*xb**3kck*4*xd**k3*x + 6*atanh (cxx)**3*xbkk3kckkdkd**x2ke*x**2
+ 4xatanh (c*x) **3*bx*3kckkdkd*ke**2*xx**3 + atanh (ckx)k*3kbkk3kckkdkekk3kxk*
4 - 6*atanh(c*x)**3xbxx3xcx*x2xd**2*%e — atanh(c*x)**3xbx*x3*e*x*3 + 12*atanh(
C*X) **2kaxbkx*k2kck*k4*xd**3*x + 18*atanh (c*x)*k*2ka*xbk*kx2kck*k4kd**x2kexx*x*2 + 12
*atanh (c*x) **2ka*xbkx*2kck*kdkd*ke*x*2*xx**3 + 3xatanh (ckx) k*k2kakxbkk2kCkk4*ek*k3*
x**4 — 18+*atanh (c*x) **2xaxb**2xck*2xd**2*e — 3*atanh (c*x)*k*2*axb**2xe*x*3 +
18*atanh (c*x) **2¥b**x3kckx*3*kd**x2xexx + B*atanh (c*x) *x*k2kbk*3kCk*k3kd*kek*kQ*kx*
*2 + atanh(c*x) **2xb*x3*xc**x3*ke**x3*x**3 — 6xatanh (ckx)**2xbk*3kckd*xe**2 + 3
*atanh (cxx) **2¥b*x*3xc*ke*x*3xx + 12xatanh (cxx)*xa**2kxbxc**4*xd**x3*x + 18*atanh
(c*x) *ax*2kbkckkdxd*x*2ke*xx**2 + 12%atanh (c*x)*ka*x*x2kbkck*4kdke*xk2kxx*k*3 + 3%
atanh (c*x) *ax*2xbkckxx4d*xex*3xx* x4 + 12%atanh(ckx)*ax*2xb*ck*3xd**x3 - 18*ata
nh (c*x) *a**2xbkc**2xd**2*xe + 12*atanh(ckx)*ax*x2*xb*ckd*e**2 — 3*atanh(c*x)*
a**2¥b*xex*x3 + 36xatanh (ckx)*a*b**2*c**3*xd*x*x2xexx + 12*atanh (c*x)*a*xb**2xc*
*3kdke*x*k2xx**2 + 2katanh (c*x)*axb**x2kck*3ke**x3kx*x*3 + 36*atanh (c*x)*kakxb*x*x2
*ck*x2xdxx2xe — 12katanh (c*x)*axbx*x2xckdxe*x*2 + 6*atanh (c*x)*axbx*x2kcke*x*k3x*
X + 8*atanh(c*x)*axbx*2*e*x*3 + 12*atanh(c*x)*bx*k3kck*2kd*e*x*2*x + atanh(c*
X) *b**k3kck*kkex*k3kx**2 + 12xatanh(ckx)*bx*3kckd*e**2 — atanh (ckx)*b**3*e**
3 + 24xint ((atanh(c*x) *x)/ (c*x*2*x**2 — 1) ,x)*axbx*x2*xc**5xd*x*x3 + 24*int((at
anh (c*x) *x) / (c**2%kx**2 — 1) ,x)*axbx*k2kc*k*3kd*e*x*2 + 36%int ((atanh (c*x)*x)/
(cx*2%x**2 — 1),x)*b**k3kck*4*d**2ke + 8*xint ((atanh(c*x)*x)/(cx*2kx**2 —. ..

output
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3.16 [(d + ex)*(a + barctanh(cz))’ dz

Optimal result . . . . . . . . . . . . e 163
Mathematica [A] (verified) . . . . . . . . . ... o 164
Rubi [A] (verified) . . . . . . . . . 165
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 166
Fricas [F] . . . . . . o 167
Sympy [F] . . . o 168l
Maxima [F] . . . . . . 168
Giac [F] . . o o 1691
Mupad [F(-1)] . . .« 1691
Reduce [F] . . . . . 1691

Optimal result

Integrand size = 18, antiderivative size = 387

/(d + ex)?(a + barctanh(cz))? dz
_ab’e’x N bde’rarctanh(cz) N 3bde(a + barctanh(cz))?  be’(a + barctanh(cz))?

c? c? c? 2c3
N 3bdex(a + barctanh(cx))? N be2x?(a + barctanh(cr))?
c 2c
(322 + €2) (a + barctanh(cz))? d(d2 + %) (a + barctanh(cz))?
+ —
3c? 3e
N (d + ex)3(a + barctanh(cz))3 B 6b%de(a + barctanh(cz)) log (=)
3e c?
b(3c?d? + €?) (a + barctanh(cz))? log ()
_ >
b3e? log (1 — 02;1;2) 3b3de POlyLOg (2, 1-— ﬁ)
+ —
2¢3 c?
B b*(3c*d* + €?) (a + barctanh(cz)) PolyLog (2,1 — =)
3
N b3(3c*d? + €2) PolyLog (3,1 — =)

2¢3



output

input

output
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axb~2%e”2%x/c”2+b"3xe"2*x*arctanh (c*x)/c”2+3*b*d*ex (atb*arctanh(c*x))~2/c”
2-1/2*b*e~2* (a+b*arctanh(c*x) ) ~2/c~3+3*b*d*e*x* (a+b*arctanh(c*x)) ~2/c+1/2*
bxe~2*xx~2* (a+b*arctanh(c*x)) ~2/c+1/3*(3*c~2*d"2+e"2) * (a+b*arctanh(c*x)) "3/
c~3-1/3*d*(d"2+3*e"2/c"2) * (a+b*arctanh (c*x)) ~“3/e+1/3* (e*x+d) "3* (a+b*arctan
h(c*x))~3/e-6*%b~2*d*e* (a+b*arctanh(c*x))*1n(2/ (—c*x+1))/c"2-b*(3*c"2*d"2+e
~2) * (a+b*arctanh (c*x)) "2*1n(2/ (-c*x+1))/c”3+1/2xb"3%e~2*1n(-c~2%x"2+1) /c”3
-3*b~3*d*expolylog(2,1-2/(-c*x+1))/c™2-b~2* (3*c~2*d"~2+e~2) * (a+b*arctanh (c*
x))*polylog(2,1-2/(-c*x+1)) /c~3+1/2xb~3%(3*c~2*d"2+e~2) *polylog(3,1-2/(-c*

x+1))/c”3

Mathematica [A] (verified)

Time = 0.77 (sec) , antiderivative size = 591, normalized size of antiderivative = 1.53

/(d + ex)*(a + barctanh(cz))? dz

_ 6a’c®d(acd + 3be)x 4 3a*c®e(2acd + be)x® + 2a°c*e*x® + 6a”bcPx(3d? + 3dex + e’x?) arctanh(cz) + 3a

r

LIntegrate[(d + exx) " 2x(a + b*ArcTanh[c*x])~3,x]

| —

(6xa~2xc~2xd* (a*ckd + 3*bke)*x + 3%a~2%c”2%e*(2*axckd + bxe)*x”2 + 2%a~3*c
“3%e"2xx"3 + 6*%a”2xbxc”3xx*(3*d"2 + 3*kd*e*x + e"2*x"2)*ArcTanh[c*x] + 3*a”
2xbx (3*xc~2+%d"2 + 3*ckd*e + e”2)*Logl[l - c*x] + 3*a~2*b*(3*%c™2*d"2 - 3*cxd*
e + e"2)xLog[1l + c*x] + 18xa*b~2xcxd*e* (2*c*x*ArcTanh[c*x] + (-1 + c™2*x"2
)*ArcTanh[c*x] "2 + Log[l - c~2*%x"2]) - 6%b~3*c*d*ex (ArcTanh[c*x]*((3 - 3*c
*x)*ArcTanh[c*x] + (1 - c~2*x"2)*ArcTanh[c*x] "2 + 6*Log[1 + E~(-2*ArcTanh[
cxx])]) - 3xPolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 6%axb~2*e"2*(c*x + (-1 + ¢
~3%x73) #*ArcTanh [c*x] "2 + ArcTanh[c*x]*(-1 + c"2*x~2 - 2*Log[1 + E~(-2%ArcT
anh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 18%a*b~2xc~2*d"2*(ArcTan
hlc*xx]*((-1 + c*x)*ArcTanh[c*x] - 2+Log[l + E~(-2*ArcTanh[c*x])]) + PolyLo
gl[2, -E~(-2*ArcTanh[c*x])]) + 6%b~3*c~2*%d"2*(ArcTanh[c*x] 2% ((-1 + c*x)=*Ar
cTanh[c*x] - 3*Log[1l + E~(-2%ArcTanh[c*x])]) + 3*ArcTanh[c*x]*PolyLogl[2, -
E~(-2*%ArcTanh([c*x])] + (3*PolyLogl[3, -E~(-2*ArcTanh[c*x])])/2) + b~ 3%e”2%(
6xcxx*ArcTanh [c*x] - 3*ArcTanh[c*x]~2 + 3%c™2*x"2*ArcTanh[c*x] "2 - 2xArcTa
nh[c*x] "3 + 2*c~3*x"3*ArcTanh[c*x] "3 - 6*ArcTanh[c*x] 2*Log[1 + E~(-2*ArcT
anh[c*x])] + 3%Log[l - c™2*x~2] + 6*ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh
[cxx])] + 3*PolyLogl[3, -E~(-2*ArcTanh[c*x])]))/(6%c~3)




input

output
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Rubi [A] (verified)

Time = 1.10 (sec) , antiderivative size = 403, normalized size of antiderivative = 1.04,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)?(a + barctanh(cz))® dz

l 6480

(d + ex)3(a + barctanh(cz))? B
3e

b z(at+barctanh(cz))2¢®  3d(atbarctanh(cz))2e? | (d(c®d®+3e?)+e(3c?d?+e?)x) (atbarctanh(cs
Cf B c? o c? + c?(1—c2z2)

»2> i

e

l 2009

(d + ex)3(a + barctanh(cz))3 3
3e

e2z2(a

2ct c c3 c

bc<e3(a+barctanh(cx))2 _ 3de? (a+barctanh(cz))? + Gbde? 1°g<1_26z>(a+ba‘rCtanh(cx)) _ 3de2z(a+barctanh (cz))? _
3 2

s

LInt[(d + exx)~2%(a + b¥ArcTanh[c*x])"3,x]

|

((d + e*xx)~3*(a + b*ArcTanh[c*x])~3)/(3*e) - (bxc*(-((a*xbxe~3*x)/c"3) - (b
~2xe”~3xxxArcTanh[c*x])/c”3 - (3*d*e"2*(a + bxArcTanh[c*x])~2)/c”3 + (e”3x(
a + bxArcTanh[c*x])~2)/(2*%c"4) - (3*d*e”2*x*(a + b*ArcTanh[c*x])~2)/c"2 -

(e"3*x"2x(a + bxArcTanh[c*x])~2)/(2*c"2) - (e*x(3*c™2*d"2 + e~2)*(a + b*Arc
Tanh [c*x])~3)/(3*b*c”4) + (d*(c"2*d"2 + 3*e~2)*(a + bxArcTanh[c*x])~3)/(3*
b*c”3) + (6%b*d*e~2*(a + b*ArcTanh[c*x])*Logl[2/(1 - c*x)])/c”3 + (ex(3*c~2
*d~2 + e”2)*(a + bxArcTanh[c*x]) “2xLog[2/(1 - c*x)])/c”4 - (b~2*e~3*Logl[1l

- c"2%x72])/(2%c™4) + (3*b~2*d*e~2*PolyLog[2, 1 - 2/(1 - c*x)])/c”3 + (b*e
*(3xc™2*d"2 + e~2)*(a + bxArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 - c*x)])/c™4 -

(b~2%e*x (3%c"2xd"2 + e~2)*PolyLogl3, 1 - 2/(1 - c*x)])/(2%c"4))) /e
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6480

input

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [bxc*x(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*x)~(q + 1)/(1 - c~2*%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 14.83 (sec) , antiderivative size = 3848, normalized size of antiderivative = 9.94

method result size
parts Expression too large to display | 3848

derivativedivides | Expression too large to display | 3873
default Expression too large to display | 3873

Lint ((e*x+d) 2% (a+b*arctanh (c*x)) ~3,x,method=_RETURNVERBOSE)




output

inputt
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1/3%a~3* (e*x+d) “3/e+b~3/c*(1/3*c*e”2*arctanh (c*x) ~“3*x~3+cxe*arctanh (c*x) "3
*x~2*d+arctanh (cxx) “3*c*x*d~2+1/3%c/exarctanh(cxx) "3*d"3-1/c~2/e*(-1/2*arc
tanh (c*x) “2*1n(c*x-1)*e~3-1/2*arctanh (c*x) “2*1n(c*x+1)*e~3-(c*x+1) *arctanh
(c*x)*e~3+1n(2) *e~3*arctanh (c*x) "2+1/3%c~3*d"3*arctanh (c*x) ~3+1n((c*x+1) /(
-c”2*%x"2+1) " (1/2) ) *e~3*arctanh(c*x) “2+polylog(2,- (c*x+1) "2/ (-c~2%x"2+1) ) *e
~3*arctanh (c*x)+3/2*arctanh (c*x) “2*1n(c*x+1) *c*d*e~2-3/2*arctanh (c*x) “2*1n
(c*x-1) *c™2xd"2%e+1/4*I*Pixc~3*%d"3*csgn(I*(c*xx+1) "2/ (c"2*x"2-1) ) *csgn(I*(c
*x+1) 72/ (c™2%x72-1) / (1-(c*x+1) "2/ (c"2*x"2-1) ) ) *csgn(I/ (1-(c*x+1) "2/ (c"2*x"
2-1)))*arctanh(c*x) “2+3/4*I*Pixc*d*e 2*csgn(I* (cxx+1) "2/ (c™2%x~2-1) ) *csgn(
Ix(cxx+1)72/(c™2%x72-1) / (1-(c*x+1) "2/ (c™2%x72-1)) ) “2*arctanh (c*x) “2-3/4*I*
Pikc~2xd"2*excsgn (I*(cxx+1)~2/(c™2%x"2-1) ) *csgn (I* (c*x+1) "2/ (c"2*x"2-1) /(1
-(cxx+1)"2/(c”2%x"2-1))) “2*arctanh (c*x) “2-3/2*xI*xPixcxd*e”~2*csgn (I* (cxx+1)/
(-c™2*x"2+1) " (1/2) ) *csgn(I*(c*x+1) "2/ (c™2*x~2-1) ) “2*arctanh (c*x) “2+3/4*I*P
ixc™2xd"2*excsgn(I* (c*x+1)/(-c™2*%x72+1) " (1/2)) "2*csgn(I* (c*x+1) "2/ (c™2*x"2
-1))*arctanh (c*x) “2-3/4*I*Pi*c*d*e”2*csgn(I*(c*x+1)~2/(c™2*%x"2-1) / (1- (c*x+
1)72/(c™2%x72-1)) ) "2*%csgn (I/(1-(c*x+1) "2/ (c™2%x72-1)) ) *arctanh (c*x) “2-3/4*
I*Pikckd*e 2*csgn(I* (c*xx+1)/(-c™2%x"2+1) " (1/2)) “2*csgn (I*(c*x+1) "2/ (c™2*x"
2-1))*arctanh (c*x) ~2+3/2*%I*Pixc~2xd"2*excsgn (I* (cxx+1)/(-c~2*x~2+1)~(1/2))
*xcsgn (I* (cxx+1) "2/ (c™2*x"2-1)) “2*arctanh (c*x) ~2+3/4*I*Pixc~2xd~2*excsgn (I*

(c*x+1)"2/(c™2%x"2-1) / (1-(c*x+1) "2/ (c™2*x"2-1) ) ) "2*csgn(I/(1-(cxx+1)"2/. ..

Fricas [F]

/(d + ex)?(a + barctanh(cr))® dr = / (ex + d)*(bartanh (cz) + a)® dz

integrate ((e*x+d) “2*(atb*arctanh(c*x))~3,x, algorithm="fricas")

p
output‘integral(a“3*9“2*x“2 + 2%a~3*kdxe*x + a~3*%d"2 + (b"3*%e"2*x72 + 2xb " 3xd*e*x

\+ b~3*d"2) *arctanh(c*x) "3 + 3*(a*xb~2*%e~2*x"2 + 2*a*xb~2kd*e*x + axb~2*xd~2)x*
‘arctanh(c*x)“2 + 3x(a"2*%b*e"2*%x"2 + 2*%a”~2x%b*d*e*xx + a~2*¥b*d~2)*arctanh(c*x
L), x)

W
|
|
J
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Sympy [F]

/(d + ex)*(a + barctanh(cz))® do = / (a + batanh (cz))® (d + ex)® dz

input‘integrate((e*X+d)**2*(a+b*atanh(c*x))**3,x)
\

outputllntegral((a + bxatanh(c*x))**3*%(d + e*x)**2, x)

Maxima [F]

/(d + ex)?(a + barctanh(cz))® dz = / (ex + d)*(bartanh (cz) + a)® dz

inputlintegrate((e*x+d)"2*(a+b*arctanh(c*x))"3,x, algorithm="maxima")

1/3%a~3%e"2%x"3 + a~3*d*e*x"2 + 3/2%(2*x"2*arctanh(c*x) + c*(2*x/c”2 - log
(cxx + 1)/c”3 + log(c*x - 1)/c”3))*a"2+bxdxe + 1/2%(2+x"3*arctanh(c*x) + c
*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*a"2+b*e"2 + a~3*d"2*x + 3/2*(2xc*x*arct
anh(c*x) + log(-c™2*x™2 + 1))*a~2xb*d~2/c - 1/24*((b~3*c~3*e"2*x"3 + 3%b~3
*C"3*d*exx"2 + 3%b"3*c"3*%d"2xx - (3*c"2*%d"2 + 3*ckd*e + e"2)*b~3)*log(-c*x
+ 1)73 - 3%(2*%a*b"2xc"3*e"2*x"3 + (6*a*b”"2*c”3xd*e + b 3*xc"2*e"2)*x"2 + 6
*(axb~2%c”3*d"2 + b"3*c"2*d*e)*x + (b"3*c"3*e"2*x"3 + 3*b~3*c”3*kd*exx"2 +

3*xb~3*c”"3*d"2*x + (3*%c”2*d"2 - 3*cxd*e + e"2)*b"3)*log(c*x + 1))*log(-c*x
+ 1)72)/c”3 - integrate(-1/8*%((b~3%c”3*%e"2%x"3 - b~ 3%c™2*d"2 + (2%c”3*d*e

- cT2%e72)*b"3%x72 + (c"3*d"2 - 2*c"2*xd*e)*b”3*x)*log(c*x + 1)73 + 6% (axb”
2%Cc"3%e”2*%x"3 - a*b"2xc”2*d"2 + (2%c”3*d*e - c”2%e"2)*axb"2*x"2 + (c"3%d"2
- 2xc”2%d*e)*axb~2*x)*log(c*x + 1)72 - (4*a*b~2xc”3*e"2%x"3 + 2x(6*axb~2x
c"3xdxe + b"3xc"2*e"2)*x"2 + 3% (b 3%c"3*e”2*%x"3 - b73*%c"2xd"2 + (2*c"3xd*e
- c"2%e"2)*b"3*x"2 + (c"3%d"2 - 2%c"2xd*e)*b~3*x)*log(ckx + 1)72 + 12x(ax
b~2%c"3%d"2 + b"3*c"2xd*e)*x — 2% (6*%a*b”2xc”2*d"2 - (3%c"2xd"2 - 3xcxdxe +
e72)*b"3 - (6*axb~2*c"3%e”2 + b"3%c"3*e"2)*x"3 - 3x(b"3xc"3*kd*e + 2x(2xc”
3xdxe - c"2xe"2)*a*xb”2)*x"2 - 3*(b"3%c”3*d"2 + 2% (c"3*d"2 - 2kc~2xd*e)*a*b
~2)*x)*log(c*x + 1))*log(-c*x + 1))/(c™3*x - c~2), x)

output
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Giac [F]

/(d + ex)*(a + barctanh(cz))® de = / (ex + d)?(bartanh (cz) + a)® dz

input ‘ integrate ((e*x+d) ~2* (a+b*arctanh(c*x))~3,x, algorithm="giac")

output tintegrate((e*x + d) "2*(bxarctanh(c*x) + a)~3, x)

Mupad [F(-1)]

Timed out.

/(d + ex)?(a + barctanh(cr))® dr = / (a + batanh(cz))® (d + ex)’ dx

input Lint((a + b*atanh(c*x)) "3*(d + e*x)"2,x)

output iEE((a + bratanh(crn))"3x(d + exx)"2, x)

Reduce [F]

+ ex)”(a + barctanh(cz x = Too large to display
d 2 b h 3d Too 1 displ

inputtint((e*x+d) 2 (a+b*atanh (c*x))~3,x)
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(6*atanh (c*x) **3xb**3kc*k*x3*xd**x2%x + 6G*atanh (ckx)**3¥bk*3kck*3kd*exx**2 + 2
*atanh (c*x) **3xb*x*3*ck*k3kex*x2kx**3 — 6*atanh (c*xx) **3xb**3*ckxd*e + 18*atanh
(c*x) **2ka*xbkx*x2kckx*x3kd**2*xx + 18katanh (c*x)**2kakxbkx*2kck*x3kd*kexx*x*2 + Gkat
anh (c*x) **2xaxbxx2xck*k3ke*x*2*x**3 — 18*atanh (ckxx)**2kaxb**2*c*d*e + 18*ata
nh (c*x) **2¥b**x3kcx*2kd*e*x + 3*atanh (ckx)**2xbkx*x3kck*2ke*x*2*xx**x2 — 3*atanh
(c*x) **2xb**3*kex*2 + 18*atanh (ckx)*a**x2xbkxck*x3kd*x*2*x + 18*atanh(c*x) *a*x*2
*bkcrkIxdkexx**2 + Gkatanh (ckx)*kax*x2¥bkckx3kex*k2xx**3 + 18*atanh (c*x) *ax*2
xbkxc**x2%d**2 — 18*atanh(c*x)*a**2%bkxckd*e + 6*atanh(ckx)*a*x*2xbkex*2 + 36%
atanh (c*x) *axb**2kc*x*x2*d*e*xx + 6G*atanh(c*x)*axb**2kcxx2*xex*2xx**2 + 36+*ata
nh(c*x) *a*xb**2*ckd*e — 6*atanh(c*x)*a*xbk*2ke*x*2 + 6xatanh(cxx)*xbkk3kcke**2
*x + 6*atanh(c*x)*b**3*e*x*2 + 36*int ((atanh(c*x)*x)/(cx*2xx**2 - 1) ,x)*axb
**k2kckkdxd**2 + 12xint ((atanh(c*x)*x)/(c*x*2*x**2 — 1) ,x)*axbx*x2kxc*x*x2kex*2
+ 36*int ((atanh(c*x)*x)/ (ck*x2*x*x*2 — 1),x)*b**x3*kcx*3*kd*xe + 18*int((atanh(c
*x) *k2%x) / (Ck*2kx*k*2 — 1) ,x) *¥b**3*kck*kdkd*x*x2 + 6*int ((atanh(ckxx)**2*x)/ (ckx*
2xx*x*2 — 1) ,x)*bk*k3kck*k2kex*2 + 18xlog(ck*2%x — c)*ax*2xbxc**x2*xd**2 + 6%1lo
g(c*x2xx — c)*a*x*2*¥bkex*2 + 36xLlog(c**2*x — c)*axb**2xckd*e + 6%log(cx*2*x
= c)*b**3*e**2 + 6%a*k3kCckk3kd*kk2kxX + B6ka*kk3kckk3Ikdkekxxk*k2 + kakk3kckk3I*k
e*x*k2kx**3 + 18%ka*xk2xbkckkx2kdke*xx + Ikak*kQkbkck*kQkekx*kQkxk*x2 + BGxakbkk2kckek
*2xx) / (6xCcx*3)

output

\
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3.17 [(d + ex)(a + barctanh(cz))® dx

Optimal result . . . . . . . . . . .. . . . e Ival
Mathematica [A] (verified) . . . . . . . . . ... o 1721
Rubi [A] (verified) . . . . . . . . . 173
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... Ive!
Fricas [F] . . . . . . o 174
Sympy [F] . . . o 1751
Maxima [F] . . . . . .
Giac [F] . . o o 176l
Mupad [F(-1)] . . .« 1761
Reduce [F] . . . . . 1761

Optimal result

Integrand size = 16, antiderivative size = 244

_ 3be(a + barctanh(cz))? = 3bex(a + barctanh(cz))?
B 2c? + 2c
d(a + barctanh(cz))?
* c
(d2 + i—i) (a + barctanh(cz))3
a 2e
N (d + ex)?(a + barctanh(cz))?

2e
3b%e(a + barctanh(cz)) log ()

l—cz

/ (d + ex)(a + barctanh(cz))?® dzx

c2

3bd(a + barctanh(cz))? log (=)

l—cx

c
3b%e PolyLog (2,1 — =)
B 2c2
3b?d(a + barctanh(cz)) PolyLog (2, 1— I_L)

CT

c
N 3b%d PolyLog (3,1 — 12-)

1—cx
2c
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3/2*b*xe* (a+b*arctanh (c*x) ) ~2/c”2+3/2*b*e*x* (a+bxarctanh (c*x)) ~2/c+d* (a+b*a
rctanh(c#*x))~3/c-1/2%(d"2+e"2/c”2) * (a+b*arctanh (c*x)) ~3/e+1/2* (exx+d) ~2*(a
+b*arctanh (c*x)) ~3/e-3*b~2*xex* (a+b*arctanh (c*x) ) *1n(2/ (-c*xx+1)) /c~2-3*b*d*(
atb*arctanh(c*x)) “2*1n(2/(-c*x+1)) /c-3/2*b~3*e*polylog(2,1-2/(-c*x+1)) /c~2
-3%b~2*d* (atb*arctanh(c*x))*polylog(2,1-2/(-c*x+1))/c+3/2*b~3*d*polylog(3,
1-2/(-c*x+1))/c

output

Mathematica [A] (verified)

Time = 0.67 (sec) , antiderivative size = 331, normalized size of antiderivative = 1.36

/ (d + ex)(a + barctanh(cz))?® dx
_ 2a%c(2acd + 3be)z + 2a°c*ex? + 6a°bc*x(2d + ex)arctanh(cz) + 3a?b(2cd + e) log(1 — cx) + 3a”b(2cd -

input!lntegrate[(d + e*xx)*(a + bxArcTanh[c*x])~3,x]

(2xa~2xcx (2*%a*xckd + 3%bke)*x + 2%a~3%c”2%e*x"2 + 6%a”2*bkc”2*x*(2%d + exx)
xArcTanh[c*x] + 3%a~2*bx(2*c*d + e)*Logl[l - c*x] + 3*a~2%b*(2%c*d - e)*Log
[1 + c*x] + 6*axb~2xex(2*c*x*ArcTanh[c*x] + (-1 + c”2*x~2)*ArcTanh[c*x] "2
+ Log[l - c™2*x72]) - 2*b~3*ex(ArcTanh[c*x]*((3 - 3*c*x)*ArcTanh[c*x] + (1
- ¢"2xx"2)*ArcTanh[c*x] "2 + 6*Log[1 + E~(-2*ArcTanh[c*x])]) - 3*PolyLogl[2
, "E7(-2%ArcTanh[c*x])]) + 12*%axb~2*c*d*(ArcTanh[c*x]*((-1 + c*x)*ArcTanh[
cxx] - 2%Log[1 + E~(-2%ArcTanh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])])
+ 4xb~3%cxd* (ArcTanh [cxx] "2*%((-1 + c*x)*ArcTanh[c*x] - 3xLog[l + E~(-2%Ar
cTanh[c#*x])]) + 3%ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + (3*PolyL
ogl[3, -E~(-2*ArcTanh[c*x])])/2))/(4*c~2)

output
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Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.06,

number of rules _ 0.125, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(d + ex)(a + barctanh(cz))3 dz
| 6480
(d-+—ex)2(a-+-barctanh(cx))3‘_
2e
d2c?+2dexc?+e2) (a+b tanh(cz))2 2 2
3bc [ (( +2 :2(1) —(c:x %rc anh(cz))® e (a+barcct2anh(cx)) ) de
2e
| 2009
(d + ex)?(a + barctanh(cz))3 3
2e
3p ( e?(a+barctanh(cz))? 2be? log(l_zcz)(a-l-barctanh(cw)) 2bdePolyL0g(2,1—ﬁ>(a-l-baI'CtaIlh(c:t)) 2de(a-+barcta
—_ 03 + C3 + C2 —_ 3bC2
( B
inputLInt[(d + exx)*(a + bArcTanh[c*x])"3,x] J

((d + exx)"2x(a + bxArcTanh[c*x])~3)/(2*e) - (3*bxcx(-((e"2*(a + b*ArcTanh
[c*xx])~2)/c™3) - (e"2*x*(a + b*ArcTanh[c*x])~2)/c”2 - (2xd*ex(a + b*ArcTan
hlc*x])~3)/(3*b*c™2) + ((c™2*d"2 + e~2)*(a + bxArcTanh[c*x])~3)/(3*xbxc"3)
+ (2+bxe~2%(a + b*ArcTanh[c*x])*Log[2/(1 - c*x)])/c™3 + (2*d*ex(a + bxArcT
anh [c*x])"2xLog[2/(1 - c*x)]1)/c”2 + (b"2*e"2+PolyLog[2, 1 - 2/(1 - c*xx)]1)/
c™3 + (2xbxd*e*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b~
2xd*e*PolyLog[3, 1 - 2/(1 - c*x)])/c”2))/(2xe)

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [bxc*x(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*x)~(q + 1)/(1 - c~2*%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 6480

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.79 (sec) , antiderivative size = 6347, normalized size of antiderivative = 26.01

method result size

parts Expression too large to display | 6347
derivativedivides | Expression too large to display | 6355

default Expression too large to display | 6355

input‘int((e*x+d)*(a+b*arctanh(c*x))"3,x,method=_RETURNVERBOSE)

Output‘result too large to display

Fricas [F]

/(d + ex)(a + barctanh(cz))? dx = / (ex + d)(bartanh (cz) + a)® dx

input Lintegrate ((e*x+d) * (atb*arctanh(c*x))"3,x, algorithm="fricas") J

‘integral(a“B*e*x + a”3%d + (b"3*e*x + b~3*d)*arctanh(c*x)"3 + 3*(axb~2*e*x

output
‘ + axb~2%d)*arctanh(c*x)~2 + 3%(a~2bke*x + a~2%bxd)*arctanh(c*x), x) \
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Sympy [F]

/(d + ex)(a + barctanh(cz))® dzr = / (a + batanh (cz))® (d + ex) dz

jnput‘integrate((e*X+d)*(a+b*atanh(c*x))**3,x)

outputtlntegral((a + b*atanh(c*x))**3%(d + e*x), X)

Maxima [F]

/(d + ex)(a + barctanh(cz))® dzr = / (ex + d)(bartanh (cz) + a)® dz

inputLintegrate((e*x+d)*(a+b*arctanh(c*x))"3,x, algorithm="maxima")

1/2%a~3%e*x"2 + 3/4%(2*x"2*arctanh(c*x) + c*(2*x/c”2 - log(cxx + 1)/c”3 +
log(cxx - 1)/c”3))*a"2xbxe + a~3xd*x + 3/2x(2*cxx*arctanh(c*x) + log(-c~2x
X"2 + 1))*a”2+b*d/c - 1/16%((b"3*c"2*%exx"2 + 2¥b~3*c”"2kd*x — (2%c*d + e)*b
~3)*log(-cxx + 1)73 - 3x(2%axb~2xc 2%exx"2 + 2% (2*a*b~2xc~2*d + b 3kc*e)*x
+ (b73xc"2%exx”2 + 2%b~3*c”2*d*x + (2%cxd - e)*b~3)*log(c*x + 1))*log(-c*
x + 1)72)/c”2 - integrate(-1/8%((b~3*c"2*e*x~2 - b~3%cxd + (c™2*d - c*e)*b
~3*x)*1log(cxx + 1)73 + 6*x(a*b™2xc™2*e*x"2 — a*b~2xc*d + (c"2xd - c*e)*a*b”
2xx)*log(c*x + 1)72 - 3*(2xa*b~2*c"2*exx"2 + (b"3*%c"2*%exx”"2 - b~ 3*cxd + (c
~2%d - c*e)*b~3*x)*log(c*kx + 1)72 + 2% (2*a*b~2*c”2*%d + b~ 3*c*e)*x - (4*axb
“2%cxd - (2xc*d - e)*b~3 - (4xa*b~2*c"2%e + b"3*c”2xe)*x"2 - 2*(b"3*c”2*d
+ 2%(c”2#d - cxe)*axb”2)*x)*log(c*x + 1))*log(-c*xx + 1))/(c"2*x - c), x)

output
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Giac [F]

/(d + ex)(a + barctanh(cz))® dz = / (ex + d)(bartanh (cz) + a)® d

input‘integrate((e*x+d)*(a+b*arctanh(c*x))“s,x, algorithm="giac")

output tintegrate((e*x + d)*(b*arctanh(c*x) + a)~3, x) J

Mupad [F(-1)]

Timed out.

/(d + ex)(a + barctanh(cz))? dx = / (a + batanh(cz))® (d + ex) dx

input Lint((a + b*atanh(c*x))~3%(d + e*x),x) J
OutputLint((a + b*atanh(c*x))~3*(d + e*x), x) J
Reduce [F]

/ (d + ex)(a + barctanh(cz))® dzx

2atanh(cz)® B3 cAdz + atanh(cz)® b¥ce ? — atanh(cz)® b3e + 6atanh(cz)® a b?cEdx + 3atanh(cz)® a b?c>

input Lint((e*x+d)*(a+b*atanh(c*x))*3,x) J
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(2*atanh (c*x) **3*b**x3*cx*2xd*x + atanh(c*x) **3*bx*3*xck*2xe*x**2 — atanh(c*
x) **3*%b**x3%e + 6G*atanh(ckx)*x*2kakxb**2kc**2*xd*xx + 3*atanh (c*x)**2kaxbkk2*kc*
*2xexx*x*x2 — 3katanh (c*x)**2*axbxx2xe + 3*atanh (c*x) **2*b**3*ckxexx + 6*atan
h(c*xx) *a*x*k2*xb*c**2+d*x + 3*atanh(ckx)*ka*x*2¥b*c**2*xexx**x2 + 6Gxatanh(c*x)*a*
*2xbxcxd — 3*atanh(c*x)*a**2*b*e + 6xatanh(ckx)*akxb**2*c*e*x + 6*atanh(c*x
)*axb**x2xe + 12*%int((atanh(c*x)*x)/(ckx*2xx**x2 — 1) ,x)*axb**x2*c**3*xd + 6%in
t ((atanh (c*x) *x) / (ck*2*x**2 — 1) ,X)*b**k3*ck*x2*e + 6*int ((atanh(c*x)**2*x)/
(c**2xx*x2 — 1) ,x)*¥b**3*c*x3*%d + 6xLlog(ck*2%x — c)*ax*2xbxc*d + 6xlog(ck*2
*¥X — C)*axb¥*2ke + 2kakk3kckkkdkx + akk3kckkkexxk*k2 + 3kakk2xbkcxexx)/ (2
*C*%x2)

output
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3.18 [ (a+barctanh(e))?® ;.

d+ex
Optimal result . . . . . . . . . . . . . e 178}
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 179
Rubi [A] (verified) . . . . . . . . . . 180
Maple [C] (warning: unable to verify) . . . . . .. ... ... .. L. 1811
Fricas [F] . . . . . . o 182
Sympy [F] . . o e 183
Maxima [F] . . . . . . 183
Giac [F] . . . o o o 183
Mupad [F(-1)] . . ..o e 184
Reduce [F] . . . . . o 184

Optimal result

Integrand size = 18, antiderivative size = 272

/ (a + barctanh(cz))? dr = — (a + barctanh(cz))? log (1+2cx)
d+ex e
. (a + barctanh(cz))3 log (—(cjfe%eﬁm))
e
3b(a + barctanh(cz))? PolyLog (2,1 — 2-)
+ 2e
3b(a + barctanh(cz))? PolyLog (2, 1-— %)
B 2e
3b*(a + barctanh(cz)) PolyLog (3,1 — 1)
+ 2e
3b%(a + barctanh(cz)) PolyLog <3, 1-— %)
B 2e
3b* PolyLog (4,1 — 1%)
+
4e
3 2¢(d+ex)
3b POlyLOg <4, 1-— W)

4e



output

input

output
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- (atbxarctanh(c*x)) ~“3*1n(2/(cxx+1))/e+(a+b*arctanh (c*x)) “3*1n(2*c* (exx+d) /
(c*d+e) / (c*x+1)) /e+3/2*%bx (atb*arctanh (c*x) ) “2*polylog(2,1-2/ (c*x+1)) /e-3/2
*b* (a+b*arctanh(c*x)) “2*polylog(2,1-2xc* (e*xx+d) /(c*d+e) /(c*x+1)) /e+3/2xb"2
* (atb*arctanh(c*x) ) *polylog(3,1-2/(c*x+1))/e-3/2%b~2* (atb*arctanh (c*x) ) *po
lylog(3,1-2%c* (e*x+d)/(c*d+e)/(c*x+1))/e+3/4%b~3*polylog(4,1-2/(c*x+1)) /e~
3/4%b~3*polylog(4,1-2*c*(e*xx+d) /(cxd+e) /(cxx+1)) /e

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 26.72 (sec) , antiderivative size = 2160, normalized size of antiderivative = 7.94

(a + barctanh(cz))?
d+ex

dz = Result too large to show

{Integrate[(a + bxArcTanh[c*x])~3/(d + e*xx),x]

(a”3xLogl[d + exx])/e - ((3*I)*a”~2*b*(I*ArcTanh[c*x]*(-Log[1/Sqrt[1l - c~2*x
~2]] + Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + ((-I)*(I*ArcTanh[(c
*d)/e] + IxArcTanh[c*x])"2 - (I/4)*(Pi - (2*I)*ArcTanh[c*x])~2 + 2% (I*ArcT
anh[(c*d)/e] + IxArcTanh[c*x])*Log[l - E~((2+I)*(I*ArcTanh[(c*d)/e] + I*Ar
cTanh[c*x]))] + (Pi - (2*I)*ArcTanh[c*x])*Log[l - E~(I*(Pi - (2*I)*ArcTanh
[c*x]))] - (Pi - (2%I)*ArcTanh[c*x])*Log[2*Sin[(Pi - (2*I)*ArcTanh[c*x])/2
11 - 2% (IxArcTanh[(c*d)/e] + IxArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[(c*d)/
e] + ArcTanh[c*x]]] - I*PolyLog[2, E~((2*I)*(I*ArcTanh[(c*d)/e] + I*ArcTan
hlc*x]))] - IxPolyLogl[2, E~(I*(Pi - (2*I)*ArcTanh[c*x]))]1)/2))/e + (a*b~2%
(-8xcxd*ArcTanh[c*x] "3 + 4*exArcTanh[c*x]~3 - (4*Sqrt[1 - (c"2xd"2)/e"2]*e
xArcTanh [c*x] ~“3) /E"ArcTanh[(c*d)/e] - 6*c*d*ArcTanh[c*x] “2*Log[1 + E~(-2%A
rcTanh[c*x])] - 6xcxd*ArcTanh[c*x] ~2*Log[1 - (Sqrt[c*d + e]*E~ArcTanh[c*x]
)/Sqrt[-(cxd) + e]] - 6%cxd*ArcTanh[c*x] ~2*Log[l + (Sqrtlc*d + e]*E~ArcTan
h[c*x])/Sqrt[-(cxd) + el] - (6*I)*c*d*Pi*ArcTanh[c*x]*Log[(1 + E~(2*ArcTan
h[c*x]))/(2*E~ArcTanh[c*x])] + 6*c*d*ArcTanh[c*x] 2*Log[1 - E~(ArcTanh[(c*
d)/e] + ArcTanh[c*x])] + 6%ckdxArcTanh[c*x] “2*Log[1l + E~(ArcTanh[(c*d)/el
+ ArcTanh[c*x])] + 6*cxd*ArcTanh[c*x] “2*Log[1 - E~ (2% (ArcTanh[(c*d)/e] + A
rcTanh[c*x]))] + 12*c*d*ArcTanh[(c*d)/e]*ArcTanh[c*x]*Log[(I/2)*E~(-ArcTan
h[(c*d)/e] - ArcTanh[c*x])*(-1 + E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x])))]
+ 6xcxd*ArcTanh [c*x] “2*Log[(ex (-1 + E~(2*ArcTanh[c*x])) + cxd*(1 + E~(...
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.00,

number of rules _ 0.056, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6476}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
3
(a + barctanh(cz)) iz
d+ex
l 6476
~ 3b%(a + barctanh(cz)) PolyLog (3, 1-— 7(;-7-(5;(;6;4)-1)) N
2e
3b? PolyLog (3, 1-— #) (a + barctanh(cz))

2e
3b(a + barctanh(cz))? PolyLog (2, 1- %) (a + barctanh(cz))3 log (%)
+

2e e
3bPolyLog (2, 1-— ﬁ) (a + barctanh(cz))?  log (%4-1) (a + barctanh(cz))3
2e a e B
2c(d+-ex) 2
353 PolyLog (4, 1 W) . 36 PolyLog (4, 1- T+1>
4e 4e

(Int [(a + b¥ArcTanh[c*x])~3/(d + e*x),x]

N J

input

-(((a + bxArcTanh[c*x]) "3*Log[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x]) ~3+L
og[(2*ck(d + e*x))/((c*d + e)*(1 + c*x))])/e + (3*b*(a + bkArcTanh[c*x])"~2
*PolyLog[2, 1 - 2/(1 + c*x)1)/(2%e) - (3*b*(a + b*ArcTanh[c*x]) 2*PolyLog[
2, 1 - (2%c*x(d + e*x))/((cxd + e)*(1 + cxx))])/(2*e) + (3*¥b~2*(a + b*ArcTa
nh[cxx])*PolyLog[3, 1 - 2/(1 + c*x)]1)/(2*%e) - (3%b~2x(a + b*ArcTanh[c*x])*
PolyLogl[3, 1 - (2%cx(d + exx))/((cxd + e)*(1 + c*x))]1)/(2%e) + (3*b~3*Poly
Logl4, 1 - 2/(1 + c*x)])/(4%e) - (3*b~3xPolyLogl4, 1 - (2*c*x(d + e*x))/((c
*d + e)*(1 + cxx))])/(4xe)

output
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Defintions of rubi rules used

rule 6476

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol]
Simp[(-(a + b*ArcTanh[c#*x])~3)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Tanh [c*x] ) “3*(Log [2*c*((d + e*x)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[3*b*
(a + b*ArcTanh[c*x]) "2*(PolyLog[2, 1 - 2/(1 + c*x)]1/(2%e)), x] - Simp[3%b*(
a + b¥ArcTanh[c#*x]) 2% (PolyLog[2, 1 - 2*c*((d + e*x)/((c*d + e)*(1 + c*x)))
1/(2xe)), x] + Simp[3*b~2*(a + bxArcTanh[c*x])*(PolyLog[3, 1 - 2/(1 + c*x)]
/(2xe)), x] - Simp[3*b~2*(a + b*ArcTanh[c*x])*(PolyLog[3, 1 - 2xcx((d + e*x
)/((c*xd + e)*(1 + c*x)))]1/(2%e)), x] + Simp[3*b~3*(PolyLog[4, 1 - 2/(1 + c*
x)1/(4*e)), x] - Simp[3*b~3*(PolyLogl[4, 1 - 2*c*((d + e*x)/((c*d + e)*(1 +
c*x)))]/(4xe)), x]1) /; FreeQl{a, b, c, d, e}, x] && NeQ[c™2*d"2 - e72, 0]

>

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.86 (sec) , antiderivative size = 2160, normalized size of antiderivative = 7.94

method result size

derivativedivides | Expression too large to display | 2160
default Expression too large to display | 2160
parts Expression too large to display | 2164

inputt

int ((a+b*arctanh(c*x)) "3/ (e*x+d) ,x,method=_RETURNVERBOSE)




output

input

output
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1/c*(a”3*c*1n(cxexx+cxd) /e+b~3*c* (In(cxe*xx+cxd) /exarctanh(c*x) ~3-3/e* (1/3%*
arctanh (c*x) “3*1n(d*c* (1+(cxx+1) "2/ (-c™2*x72+1) ) +e* ((c*x+1) "2/ (-c™2*x"2+1)
-1))-1/6xI*Pikcsgn(I*(d*c*(1-(c*x+1)~2/(c™2*%x"2-1))+e* (- (c*x+1)~2/(c™2*x"2
-1)-1))/(1-(c*x+1) "2/ (c"2*%x"2-1)) ) *(csgn (I* (d*c* (1-(c*x+1) "2/ (c"2*x"2-1) )+
ex(—(cxx+1)72/(c™2%x"2-1)-1)) ) *csgn(I/(1-(c*x+1)~2/(c"2*x"2-1)) ) -csgn(I*(d
xcx (1-(cxx+1) "2/ (c™2*x72-1) ) +ex (- (c*x+1) "2/ (c"2*x"2-1)-1) ) / (1-(c*x+1) "2/ (c
~2xx72-1)) ) *csgn(I/(1-(c*xx+1) "2/ (c™2*x~2-1)) ) -csgn (I* (d*c* (1-(c*x+1) "2/ (c”
2xx72-1) )+ex (- (c*xx+1) "2/ (c"2%x"2-1)-1)) ) *csgn (I* (d*cx (1-(c*x+1) "2/ (c"2*x"2
-1))+e*x (- (c*x+1)"2/(c"2%x"2-1)-1) ) / (1-(c*x+1) "2/ (c"2*x"2-1) ) ) +csgn (I* (d*c*
(1-(c*xx+1) 72/ (c™2*x72-1) ) +ex (- (c*x+1) "2/ (c™2*x72-1)-1) ) / (1-(c*x+1) "2/ (c™2%
x"2-1)))~2)*arctanh(c*x) ~3+1/2*arctanh (c*x) ~2*polylog(2,-(c*x+1) "2/ (-c"2*x
~2+1))-1/2*arctanh (c*x) *polylog(3,-(c*x+1) "2/ (-c"2*x~2+1) )+1/4*polylog(4,-
(c*x+1) "2/ (-c~2%x"2+1))-1/3%e/ (c*d+e) *arctanh (c*x) “3*1n(1-(c*xd+e) * (cxx+1)~
2/(-c~2%x"2+1) /(-c*d+e) ) -1/2*e/ (c*d+e) *arctanh (c*x) ~2*polylog(2, (cxd+e) *(c
*x+1) "2/ (-c”"2%x"2+1) / (—c*d+e) ) +1/2*e/ (c*d+e) *arctanh (c*x) *polylog(3, (c*xd+e
)*(c*xx+1) "2/ (-c~2%x"2+1) / (-c*d+e) )-1/4*e/ (c*d+e) *polylog (4, (c*d+e) * (c*x+1)
~2/(-c"2%x"2+1) / (-c*d+e) ) -1/3*d*c/ (cxd+e) *arctanh (c*x) “3*1n(1-(cxd+e) * (c*x
+1)72/(-c”2*x"2+1) / (-c*d+e) ) -1/2*d*c/ (cxd+e) *arctanh (c*x) “2*polylog(2, (cxd
+e)* (cxx+1) "2/ (-c"2xx"2+1) / (-c*d+e) ) +1/2*d*c/ (c*d+e) *arctanh (cxx) *polylog(
3, (cxd+e) * (c*x+1) "2/ (-c~2*x~2+1) / (-c*d+e) ) -1/4*d*c/ (cxd+e) *polylog(4, (c. ..

Fricas [F]

3 3
/ (a + barctanh(cz)) dp — / (bartanh (cz) + a) ds
d+ex er+d

e

Lintegrate((a+b*arctanh(c*x))‘3/(e*x+d),x, algorithm="fricas")

~—

‘integral((b‘S*arctanh(c*x)‘S + 3*axb~2*arctanh(c*x)~2 + 3%a~2*b*arctanh(c*
x) + a”3)/(exx + d), x)

N

J
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Sympy [F]

dz

/ (a + barctanh(cr))? (a + batanh (cz))®
dr =
d+ex d+ex

input Lintegrate ((atb*atanh(c*x))**3/ (exx+d) ,x)

OutputLIntegral((a + b*atanh(c*x))**3/(d + e*x), x)

Maxima [F]

3 3
/ (a + barctanh(cz)) dp — / (bartanh (cz) + a) iz
d+ex ex +d

inputtintegrate((a+b*arctanh(c*x))‘3/(e*x+d),x, algorithm="maxima")

Ou_tput‘a’B*log(e*x + d)/e + integrate(1/8*b~3*(log(c*x + 1) - log(-c*x + 1))73/(e
‘*x + d) + 3/4*%a*b”2x(log(c*x + 1) - log(-c*x + 1))72/(e*x + d) + 3/2%a"2*b
L*(log(c*x + 1) - log(-c*x + 1))/(e*x + d), x)

Giac [F]

3 3
/ (a + barctanh(cz)) dp — / (bartanh (cz) + a) iz
d+ex ex +d

inputLintegrate((a+b*arctanh(c*x))"3/(e*x+d),x, algorithm="giac")

-

output Lintegrate((b*arctanh(c*x) + a)~3/(exx + d), x)

e—
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Mupad [F(-1)]

Timed out.
/ (CL + barctanh(cg;))3 e = (a + batanh(c .I))?) s
d + ex d +ex
input Lint((a + bratanh(c*x))"3/(d + exx),x) J
output 18E((a + bratanh(c¥x))73/(@ + exx), x) ]
Reduce [F]
3
(a + barctanh(cx)) i
d+ex

_ 3<f mg—}jr(dc@dx> a’be + (f %d@ ble + 3<f —atagi?)zdx> ab’e + log(ex + d) a®

- e
input Lint ((at+b*atanh(c*x)) "3/ (e*x+d) ,x) J

‘ (3xint (atanh(c*x)/(d + e*x),x)*a**2*bke + int(atanh(cxx)**3/(d + e*x),x)*b \

output
‘**3*e + 3%int(atanh(c*x)**2/(d + e*x),x)*a*b*x2%e + log(d + e*x)*a*x3)/e ‘
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(a+barctanh (c))?
3.19 | 5 dx
(d+ex)

Optimal result . . . . . . . . . . . . . 1861
Mathematica [C] (warning: unable to verify) . . . . . . .. ... ... ... ... 187
Rubi [A] (verified) . . . . . . .. . . 188
Maple [C] (warning: unable to verify) . . . . . .. ... ... ... L. 189
Fricas [F] . . . . . . . 190
Sympy [F] . . . 19T
Maxima [F] . . . . . o 191
Giac [F] . . . o o o 192
Mupad [F(-1)] . . . . . e 1921
Reduce [F] . . . . . . 192
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Optimal result

Integrand size = 18, antiderivative size = 517

/ (a + barctanh(cz))? dr — — (a + barctanh(cz))? N 3bc(a + barctanh(cz))? log (27)
(d+ ex)? B e(d+ ex) 2e(cd + €)
3bc(a + barctanh(cx))? log (%)
B 2(cd —e)e
3bc(a + barctanh(cz))? log (12;)
+ 22 — o2
2 2¢(d+ex)
3bc(a + barctanh(cz))? log <—(c Fr e +c$))
B 2d? _ o2
3b%c(a + barctanh(cz)) PolyLog (2,1 — 2-)
+
2e(cd + €)
3b%c(a + barctanh(cz)) PolyLog (2,1 — 12-)
_|_
2(cd —e)e
3b%c(a + barctanh(cz)) PolyLog (2,1 — 127)
B 242 — 2
3b%c(a + barctanh(cz)) PolyLog <2 1— M)
1= Garore
+ 2% — o2
3b3c PolyL - 2 3 _ 2
cPolyLog (3,1 — %;) 3b’cPolyLog (3,1 — ;)
de(cd + e) 4(cd — e)e
3b%cPolyLog (3,1 — 2-)
- 2(c2d? — e?)
3b% PolyLog (3 1 M)
N 1~ Carore
2 (c2d? — e?)

-(atb*arctanh(c*x)) ~3/e/ (e*xx+d)+3/2*b*c* (a+b*arctanh (c*x) ) "2*1n(2/ (—c*x+1)
)/e/ (cxd+e)-3/2*b*c* (a+b*arctanh (c*x) ) ~2*1n(2/ (c*x+1) )/ (c*xd-e) /e+3*b*c*x (a+
bxarctanh(c*x)) "2*1n(2/(c*x+1))/(c"2*d"2-e"2) -3*b*c* (a+b*arctanh (c*x)) ~2*1
n(2xc* (e*xx+d) / (c*d+e) /(c*xx+1) )/ (c"2*d"2-e"2) +3/2*b"2*c* (a+b*arctanh (c*x) ) *
polylog(2,1-2/(-c*x+1))/e/(c*d+e)+3/2%b~2*c* (atb*arctanh(c*x))*polylog(2,1
-2/ (c*x+1))/(c*d-e) /e-3*b~2*c* (at+tb*arctanh (c*x))*polylog(2,1-2/(c*x+1))/(c
T2%d"2-e72) +3*%b~2xc* (atb*arctanh (c*x) ) *polylog(2,1-2%c* (e*xx+d) / (c*kd+e) / (c*
x+1))/(c"2%d"2-e"2) -3/4*b"3*c*polylog(3,1-2/ (-c*x+1)) /e/ (c*d+e)+3/4%b~3*cx*
polylog(3,1-2/(c*x+1))/(cxd-e) /e-3*b~3*c*polylog(3,1-2/ (c*x+1))/(2%c~2*d"2
-2%e~2) +3*b"3*c*polylog(3,1-2xc* (e*x+d) / (cxd+e) / (c*x+1) ) / (2xc~2%d"2-2xe"2)

output




-

input |

output
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 11.53 (sec) , antiderivative size = 1107, normalized size of antiderivative = 2.14

/ (a + barctanh(cx))

3
(d+ex)? dxz = Too large to display

Integrate[(a + b*ArcTanh[c*x])~3/(d + e*x)~2,x]

-(a~3/(ex(d + e*x))) - (3*a"2xb*ArcTanh[c*x])/(ex(d + exx)) - (3%a”~2xbxc*L
ogll - cxx])/(2%e*x(c*d + e)) + (3*%a"2xbxc*Logl[l + c*x])/(2*cxd*e - 2xe~2)
- (3*a~2*bxc*Logl[d + e*x])/(c™2*d"2 - e~2) + (3*axb~2x(-(ArcTanh[c*x]~2/(S
qrt[1 - (c~2%d"2)/e~2]*exE~ArcTanh[(c*d)/e]l)) + (x*ArcTanh[c*x]"2)/(d + ex*
x) + (cxdx(IxPixLog[1 + E~(2*ArcTanh[c*x])] - 2%ArcTanh[c*x]*Log[1l - E~(-2
*(ArcTanh[(c*d)/e] + ArcTanh[c#*x]))] - I*Pi*(ArcTanh[c*x] - Logl[l - c™2*x~
2]/2) - 2xArcTanh[(c*d)/e]*(ArcTanh[c*x] + Log[l - E~(-2*(ArcTanh[(c*d)/e]
+ ArcTanh[c*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyL
ogl[2, E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c"2*%d"2 - e72)))/d + (b
~3%((x*ArcTanh[c*x]~3)/(d + e*x) + (3*(6xc*d*ArcTanh[c*x]~3 - 2*exArcTanh[
c*x] "3 + (4xSqrt[1 - (c~2%d"2)/e"2] *exArcTanh[c*x]~3)/E"ArcTanh[(c*d)/e] +
(6*I)*cxd*PixArcTanh[c*x]*Log[(E~(-ArcTanh[c*x]) + E~ArcTanh[c*x])/2] + 6
*xc*d*ArcTanh [cxx] “2*%Log[1 - (Sqrtlc*d + e]l*E"ArcTanh[c*x])/Sqrt[-(cxd) + e
11 + 6xc*d*ArcTanh[c*x] "2*Log[1 + (Sqrt[c*d + e]l*E~ArcTanh[c*x])/Sqrt[-(c*
d) + e]l] - 6xcxd*ArcTanh[c*x] "2*Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x]
)] - 6%ckdxArcTanh[c*x] " 2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 6
xc*kdxArcTanh [c*x] "2*xLog[1 - E~(2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - 12%
cxd*ArcTanh [ (c*d) /e] *ArcTanh [c*x] *Log[(I/2)*#E~ (—ArcTanh[(c*d) /e] - ArcTanh
[c*x])*(-1 + E~(2*x(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] - 6*c*d*ArcTanh[c*x
172+Log[(ex(-1 + E~(2%ArcTanh([c*x])) + cxd*(1 + E~(2+ArcTanh([c*x])))/(2...




CHAPTER 3. LISTING OF INTEGRALS 188

Rubi [A] (verified)

Time = 0.95 (sec) , antiderivative size = 487, normalized size of antiderivative = 0.94,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

(a + barctanh(cz))?
(d+ ex)?

l 6480

dz

(a+barctanh(cz))? (a+barctanh(cz))? 2(g+barctanh (cxz))2
3be [ (C a2(cd+e)(1—c(a:c;: + ¢ a2(cd—e)(cac+(f)x L e(ég—e)(cd—i—e)(d—::m) ) dzx B (a + barctanh(cz))3

e e(d + ex)
l 2009

(cd+e)(cz+1)
2d2—e2 2d2—e2 2dZ—e2

be PolyLog 2,1—% (a+barctanh(cz))  be(a+barctanh(cz)) PolyLog 2,1— 2cldten) elog % (a+barctanh(c:
3bc (— ( +1 ) + ( ) + ( 1 )

(a + barctanh(cz))3
e(d + ex)

‘Int[(a + bxArcTanh[c*x])~3/(d + e*x)~2,x]

\

input

-((a + bxArcTanh[c#*x])~"3/(ex(d + exx))) + (3*bxc*(((a + bxArcTanh[c*x]) 2%
Logl[2/(1 - c*x)]1)/(2%(c*d + e)) - ((a + bxArcTanh[c*x]) 2*Log[2/(1 + c*x)]
)/ (2x(cxd - e)) + (ex(a + bxArcTanh[c*x]) 2*Log[2/(1 + c*x)])/(c”2*d"2 - e
~2) - (ex(a + bxArcTanh[c*x]) 2*Log[(2*c*x(d + e*x))/((cxd + e)*(1 + c*x))]
)/(c™2%¥d"2 - e72) + (b*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/(
2%(c*xd + e)) + (bx(a + b*ArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 + c*x)])/(2*(c*
d - e)) - (bxex(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/(c"2*d"2

- e72) + (bxex(a + b*ArcTanh[c*x])*PolyLog[2, 1 - (2%c*(d + e*x))/((c*d +

e)*x(1 + c*xx))]1)/(c™2xd"2 - e”2) - (b"2xPolyLogl[3, 1 - 2/(1 - c*x)]1)/(4*(c*
d + e)) + (b™2xPolyLogl[3, 1 - 2/(1 + c*x)]1)/(4*(cxd - e)) - (b~2*xe*xPolyLog
[3, 1 - 2/(1 + c*x)])/(2%(c"2%d"2 - e72)) + (b"2*exPolyLogl[3, 1 - (2xc*(d

+ exx))/((cxd + e)*(1 + c*x))])/(2%(c™2%xd"2 - e72))))/e

output
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [bxc*x(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d+ e*x)~(q + 1)/(1 - c~2*%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQlql && NeQ[q, -1]

rule 6480

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.63 (sec) , antiderivative size = 3154, normalized size of antiderivative = 6.10

method result size

derivativedivides | Expression too large to display | 3154
default Expression too large to display | 3154
parts Expression too large to display | 3162

input Lint ((at+b*arctanh(c*x)) "3/ (e*x+d) ~2,x,method=_ RETURNVERBOSE)




output

input

output
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1/c*(-a~3%c™2/ (ckexx+c*d) /e+b~3xc~ 2% (-1/ (ckexx+c*d) /e*arctanh (c*x) ~"3+3/e*(
-1/2*I/(c*d+e)/(c*d-e)*Pi*exarctanh(c*x) “2+1/3/(c*d-e)*arctanh (c*x) ~3-e/(c
xd+e) "2/ (c*d-e) *d*c*arctanh (c*x) "2*1n(1- (c*kd+e) * (c*x+1) "2/ (-c™2*xx~2+1) / (-c
xd+e))-1/2+I/(cxd+e)/(cxd-e) #*Pikcsgn (I* (d*xc* (1-(c*x+1) "2/ (c"2*x"2-1) ) +ex (-
(c*xx+1)72/(c™2*x"2-1)-1))/(1-(c*x+1) "2/ (c"2*x~2-1)) ) “3*e*arctanh (c*x) ~2+1/
2*I/(c*d+e)/(cxd-e)*Pixcsgn(I/ (1-(c*x+1) "2/ (c"2*x~2-1))) "2*e*arctanh (c*x) "~
2+1/2%1/(c*d+e) / (c*d-e) #*Pi*c*d*arctanh (c*x) ~2-1/2*I/(c*d+e) /(c*d-e) *Pi*csg
n(I/(1-(c*x+1)"2/(c™2*x"2-1))) ~3*e*arctanh(c*x) ~2-e/ (c*d+e) "2/ (c*d-e) *d*c*
arctanh (c*x) *polylog(2, (ckd+e)* (cxx+1) "2/ (-c"2*x"2+1) / (-c*d+e) )-1/4*1/ (c*d
+e)/(cxd-e) *Pixcsgn(I* (cxx+1) "2/ (c™2*x"2-1) /(1-(c*x+1) "2/ (c™2*x"2-1))) "3%e
*arctanh (cxx) "2-1/4*I/(cxd+e)/(c*xd-e) *Pi*csgn (I* (c*x+1) "2/ (c”2%x"2-1)) "3*e
*arctanh (c*x) ~2+1/4*I/(c*d+e)/(c*kd-e) *Pi*csgn (I* (ckx+1) "2/ (c™2*xx"2-1) / (1-(
cxx+1) "2/ (c"2%x"2-1)) ) *csgn(I/ (1-(c*x+1) "2/ (c"2%x"2-1)) ) *csgn(I* (c*xx+1) "2/
(c™2xx72-1) ) *c*d*arctanh (c*x) “2-arctanh (c*x) “2*e/ (c*d+e) / (cxd-e) *1n (c*exx+
cxd)+1/2xe~2/ (c*d+e) "2/ (c*d-e) *polylog(3, (ckd+e) * (c*¥x+1) "2/ (-c~2*x"2+1) /(-
c*d+e) ) +arctanh (c*x) ~2/ (2*c*d-2*e) *1n(c*x+1) —arctanh (c*x) "2/ (2*c*d+2*e) *1n
(c*x-1)-arctanh(c*x) ~2/ (cxd-e) *1n((c*x+1) / (-c™2*x~2+1) ~(1/2))+1/4*1/ (c*d+e
)/ (cxd-e) *Pi*csgn(I*(c*x+1) "2/ (c™2*x"2-1) / (1-(c*x+1) "2/ (c~24x~2-1)) ) *csgn(
I/(1-(c*x+1)72/(c"2*%x"2-1) ) ) *csgn(I* (c*x+1) "2/ (c"2%x"2-1) ) *e*arctanh (c*x) =
2+1/4%1/ (cxd+e)/(c*d-e) *Pi*csgn (I* (cxx+1) "2/ (c™2*%x~2-1) / (1-(c*x+1)~2/(c. ..

Fricas [F]

(a + barctanh(cz))® . [ (bartanh (cz) +a)® .
/ (dtezpp @< / cwrd?  °

r

Lintegrate((a+b*arctanh(c*x))“3/(e*x+d)“2,x, algorithm="fricas")

| —

‘integral((b‘3*arctanh(c*x)‘3 + 3%a*b~2*arctanh(c*x) "2 + 3*a~2xb*arctanh(cx
Lx) + a~3)/(e”2%x™2 + 2kdke*x + d"2), x)




input

output
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Sympy [F]

3 3
/ (a + barctanh(cx)) dr — (a + batanh (cx)) s

(d+ ex)? B (d + ex)?

Lintegrate((a+b*atanh(c*x))**3/(e*x+d)**2,x)

-

LIntegral((a + bxatanh(c*x))**3/(d + e*x)**2, x)

-

Maxima [F]
/ (a + barctanh(cz))3 i — / (bartanh (cz) + a)® i
(d+ ex)? (ex + d)*
inputLintegrate((a+b*arctanh(c*x))“3/(e*x+d)"2,x, algorithm="maxima")

output

3/2x(cx(log(cxx + 1)/(cxd*e - e72) - log(c*x - 1)/(c*xd*e + e72) - 2xlog(ex
x + d)/(c”2xd"2 - e72)) - 2xarctanh(c*x)/(e"2*x + dxe))*a"2xb - a~3/(e”"2*x
+ dxe) - 1/8x(((c"2xd*e - cxe”2)*b~3*x - (cxdxe - e"2)*b~3)*log(-cxx + 1)
73 + 3%(2%(c”2*%d"2 - e”2)*a*b"2 - ((c"2xd*e + c*e"2)*b"3*x + (c*kd*e + e72)
*b~3)*1og(c*x + 1))*log(-c*xx + 1)72)/(c"2*%d"3*%e - d*e”3 + (c"2%d"2*e"2 - e
“4)*x) - integrate(1/8*(((c”™2*d*e - c*e~2)*b~3*x - (c*d*e - e72)*b~3)*log(
cxx + 1)73 + 6%((c™2*d*e - c*e”2)*a*b"2xx - (c*d*e - e”2)*a*b”2)*log(c*x +
1)72 + 3% (4% (c”2*d*e — c*e”2)*axb"2*x + 4x(c"2xd"2 - cxdxe)*axb”2 - ((c"2
xd*e — cxe"2)*b~3*x - (ckd*e — e72)*b"3)*log(c*x + 1)72 - 2x(b~3*c"2*ke"2*x
"2 + b”"3%ckxd¥e - 2x(cxd*e - e72)*axb”2 + (2%(c"2+d*e - c*e"2)*a*b”2 + (c"2
*d*e + c*xe”2)*b~3)*x)*log(c*x + 1))*log(-c*x + 1))/(c*d"3xe - d"2*e"2 - (c
“2xd*e”3 - c*e”4)*x"3 - (2%cT2xd"2*%e”2 - 3xckd*e”3 + e"4)*x"2 - (c"2*d"3xe

- 3xcxd"2%e”2 + 2xd*e”3)*x), X)
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Giac [F]

(a + barctanh(cz))® . [ (bartanh (cz)+ a)® .
/ (d + ex)? dx_/ (ez + d)’ d

inputtintegrate((a+b*arctanh(c*x))*3/(e*x+d)*2,x, algorithm="giac")

output Lintegrate ((b*arctanh(c*x) + a)~3/(exx + d)~2, x)

Mupad [F(-1)]

Timed out.

3 3
/ (a + barctanh(cx)) dr — (a + batanh(cx)) s

(d+€£13)2 (d+61})2

input Lint((a + b*atanh(c*x))~3/(d + e*x)~2,x)

output 1BE((a + bratanh(ex))"3/(d + exx)"2, x)

Reduce [F]

h 3
/ (a + barctanh(cz)) dxr = too large to display

(d+ ex)?

input Lint ((at+b*atanh(c*x)) "3/ (e*x+d) ~2,x)
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(4*atanh (c*x) **3xb**3kc*k*x6xd**x6*xx — 4*atanh (ckx)**3*xb*x*x3*kck*d*d**5xe — 4*a
tanh (c*x) **3%b**3kck*k4xd*k*k4dke**x2*xx + 4*katanh(ckx)*k*3kbkk3kck*k2kd**3*kex*3 +
12xatanh (c*x) **2*a*xb**x2xcxx6xd*x*x6*x — 12*atanh (c*x)**2xaxbxx2kckk4d*xd**5*e
- 12*atanh (c*x)**2xaxbkk2kck*kdxd**4*e*x*2xx + 12*atanh (ckx) **2*ka*b**2*xck*2
*d**x3kex*3 — 3katanh (c*x)**2*xbk*3kckk5xd*x*6 + Okatanh (ckx) **2xbkx*3kck*k5kd*
*5kexx — 12xatanh (ckxx) **k2+bk*3kck*x3kd**k3*xe**3*x + 3*atanh (cxx) **x2*bk*3kc*d
*x2xex*4 + 3katanh (ckx)**x2xbkx*3kckd*ke**x5xx + 12%atanh (c*x)*ka*x*x2xbkck*Bkd**
6*x — 12*atanh(c*x)*a*x*x2kbkck*x2kd**2ke*x*4*xx + 24*xatanh (ckx)*axbk*2*cx*k5*xd*
*5kexx — 24*xatanh (ckxx)*axbrk2kxck*3kd*xx3*kex*k3*xx + 18*atanh (ckx) *b**3kck*4*d
*kdkek*2xx — 24xatanh (ckx) ¥b**x3kck*k2kdk*2ke*xd*xx + 6xatanh (ckx)*¥b**x3kex*k6x
x - 6*int (atanh(c*x)/ (Ck*d*xdk*dkxk*2 + 2kCkkdxd*k3ke*x*k*3 + Crkdkdrk2kek*2
*X*k%k4 — ck*k2kd*k*k4 - 2kck*k2kxd*x*k3kekx + 2kCk*k22kdkek*k3kx*k*k3 + Ck*k2Qkekk4kxkx4
= d**2xe**2 - 2kxdkex*k3kx - exk4kxk*2),x)*kb*x*3kck*8*xd**10 - 6xint (atanh(c*x
)/ (c**4xd*x*4*x*%2 + 2kCkkbdkd*kIkexx*k*3 + Ckk4dkd**kkek*Qkx*k*k4d — Ck*kkd**x4 —
2%kCckk2kd*kk3kekx + 2%kCkk2kdkekk3Ikxk*k3 + Cckk2kekk4xxkk4d — d*k*k2kekxx2 — 2xd*e
*%k3%kX — ekk4kx**2) ,x)*bk*k3kck*kGkd*x*xJke*xx + 12*int (atanh (c*x)/ (ck*dxdk*xd*xk
*2 + 2%ckk4xd*xk3kekxk*k3 + CkkLdkdkkQkekkQkxkk4d — ckkQkdxk4 — 2kckk2kd*k*kJke*x
X + 2%ckk2kdke**k3kxkk3 + CkkDkekk4kxkk4d — dkk2kekk2 — 2kdkek*k3kx — exk4kxk
*2) ,X) kbx*k3kcrkBExd*k8kex*2 + 12xint (atanh(c*x)/ (CHkdxA*x4xx**2 + 2kckkdkd*
*3kekx*k*k3 + Ckk4kdkkDkekkQkxkkd — CkkDkdkk4 — 2kckkQkdkk3kekx + 2kCkkk ., . .

output
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a CT 3
3.20 [ lnarctanhen? g,

Optimal result . . . . ... . ... ... .. .. ..
Mathematica [F] . . . . . . . ... . ..
Rubi [A] (verified) . . . ... ... ..
Maple [C] (warning: unable to verify) . . . . . ... ... ... ... ...
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [F] . . . . . .
Giac [F] . . . o o o
Mupad [F(-1)] . . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 18, antiderivative size = 953

barctanh(cz))?
/ (a + barctanh(cx)) dx = Too large to display

(d+ex)3

1190}
196
193]
198
198
1199
200
2001
2001
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output

3/2xb*c* (atb*arctanh(c*x)) "2/ (c"2*d"2-e72) / (exx+d) -1/2* (a+b*arctanh(c*x)) "~
3/e/ (exx+d) ~2-3/2*%b~2*c~2* (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1) )/ (c*d-e) / (cxd+e
) "2+3/4xb*c~2* (atb*arctanh(c*x)) “2*1n(2/(-c*x+1) ) /e/ (cxd+e) "2-3%b~2%c™2%ex*
(a+b*arctanh(c*x))*1n(2/ (c*x+1) )/ (c*d-e) “2/ (cxd+e) "2+3/2xb~2*c~2* (at+b*arct
anh (c*x) )*1n(2/ (c*x+1))/(c*d-e) "2/ (c*d+e) -3/4*xb*c”2* (a+b*arctanh (c*x)) ~2*1
n(2/(cxx+1))/(c*d-e) ~2/e+3xbxc~3*d* (at+b*arctanh (c*x)) “2*1n(2/ (cxx+1) )/ (c*d
-e) "2/ (cxd+e) “2+3*b~2xc"2*e* (atb*arctanh (c*x) ) *1n(2*c* (exx+d) / (c*d+e) / (c*x
+1))/ (c*d-e) "2/ (c*d+e) "2-3*bxc”3*d* (a+b*arctanh (c*x)) ~2*1n(2*c* (exx+d) / (c*
d+e)/(c*x+1))/(cxd-e) "2/ (cxd+e) “2-3/4%b~3*c~2*polylog(2,1-2/(-c*x+1) )/ (c*d
-e)/(c*d+e) "2+3/4xb~2*c"2* (atb*arctanh(c*x)) *polylog(2,1-2/(-c*x+1))/e/ (c*
d+e) "2+3/2%b”~3%c~2*e*polylog(2,1-2/ (c*x+1) )/ (c*d-e) "2/ (c*d+e) "2-3/4%b~3*c™
2xpolylog(2,1-2/(c*x+1)) / (cxd-e) ~2/ (cxd+e) +3/4*b~2xc~2* (a+b*arctanh (c*x) ) *
polylog(2,1-2/(c*x+1))/(c*d-e) ~2/e-3*b~2xc~3*d* (a+b*arctanh (c*x) ) *polylog(
2,1-2/(c*x+1))/(c*d-e) "2/ (c*d+e) “2-3/2%b~3*c~2*e*polylog(2,1-2*c* (e*x+d) / (
ckd+e) /(c*x+1) )/ (cxd-e) "2/ (cxd+e) "2+3*%b~2%c~3*d* (a+b*arctanh (c*x) ) *polylog
(2,1-2xc*(exx+d) / (cxd+e) / (c*x+1) )/ (c*d-e) "2/ (c*d+e) "2-3/8%b~3*c~2*polylog(
3,1-2/(-c*x+1) ) /e/ (cxd+e) ~2+3/8%b~3*c~2*polylog(3,1-2/ (c*x+1))/(c*d-e) ~2/e
-3/2%b~3*c~3*d*polylog(3,1-2/(c*x+1))/(c*d-e) "2/ (c*d+e) “2+3/2*b~3*c~3*d*po
lylog(3,1-2*c* (e*xx+d)/(c*d+e)/(c*x+1))/(cxd-e) "2/ (cxd+e) "2

Mathematica [F]

3 3
/ (a + barctanh(cz)) dr — (a + barctanh(cx)) s

(d+ ex)3 B (d+ ex)3

inputt

Integrate[(a + bxArcTanh[c*x])~3/(d + e*x)"3,x]

-

outputt

Integrate[(a + bxArcTanh[c*x])~3/(d + exx)"3, x]

| —
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Rubi [A] (verified)

Time = 2.17 (sec) , antiderivative size = 896, normalized size of antiderivative = 0.94,

number of rules _ 0.111, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6480, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ (a + barctanh(cz))?
(d+ ex)?

J’6480

2(cd+e)2(1—cz) 2(cd—e)?(cz+1) (cd—e)2(cd+e)2(d+ex) ~ (cd—e)(cd+e)(d+ex)?

3be f (c2(a+barc’|:anh(cac))2 (a+barctanh(cz))?  2c%de?(a+barctanh(cz))? e2(a+barctanh(cm))2) da

2e
(a + barctanh(cz))3

2e(d + ex)?
l 2009

l—cx cx+1 cz+1

2c(d+ex) ) B2

(cd+e)(cz+1)

cP

3be ( ce PolyLog (2,1— L) b2 ce PolyLog <2,1— L) b2 ce? PolyLog <2,1 - L) b2 ce? PolyLog <2,1 -

2(cd—e)(cd+e)? - 2(cd—e)2(cd+e) + (cd—e)2(cd+e)? - (cd—e)2(cd+e)?

(a + barctanh(cz))?
2e(d + ex)?

/Int[(a + b*ArcTanh[c*x])~3/(d + e*x)~3,x]

N\ J




output

rule 2009

rule 6480
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-1/2x(a + bxArcTanh[c*x])~3/(e*x(d + exx)"2) + (3*bxc*((ex(a + b*ArcTanh[c*

x]1)72)/((c™2%d"2 - e"2)*(d + e*x)) - (bxcxex(a + b*ArcTanh[c*x])*Log[2/(1

- cxx)])/((c*d - e)*(c*kd + e)~2) + (c*(a + b*ArcTanh[c*x])~2xLog[2/(1 - c*
x)]1)/(2%(cxd + e)”2) - (2*bxc*e”2*(a + bk*ArcTanh[c*x])*Log[2/(1 + c*x)])/(
(c*xd - e)”2x(cxd + e)~2) + (b*cxex(a + b*ArcTanh[c*x])*Log[2/(1 + c*xx)])/(
(cxd - e)"2*%(cxd + e)) - (c*x(a + bxArcTanh[c*x]) "2+Log[2/(1 + c*x)])/(2x(c
*d - e)72) + (2xc~2*d*ex(a + bxArcTanh[c*x]) 2*Log[2/(1 + c*x)])/((c*d - e
)"2x(c*d + e)”2) + (2*bxcxe”2*(a + bxArcTanh[c*x])*Log[(2*cx(d + e*x))/((c
*d + e)*(1 + c*x))]1)/((c*d - e)"2*%(cxd + e)”2) - (2%c™2xd*e*(a + b*ArcTanh
[cxx]) "2*Log[(2*c*(d + e*x))/((cxd + e)*(1 + c*x))])/((c*d - e)72x(cxd + e
)"2) - (b~2xcxe*PolyLogl[2, 1 - 2/(1 - c*x)])/(2*(c*d - e)*(cxd + e)~2) + (
b*c*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)]1)/(2*(cxd + e)"2) + (b
~2%c*e"2xPolyLog[2, 1 - 2/(1 + c*x)])/((c*d - e) " 2x(cxd + e)~2) - (b~ 2%c*e
*PolyLog[2, 1 - 2/(1 + c*x)])/(2*(c*d - e) "2x(cxd + e)) + (b*cx(a + bxArcT
anh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/(2%(c*d - e)~2) - (2%b*c~2xd*e*(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - 2/(1 + c*x)]1)/((cxd - e)"2*(c*d + e)~2) -

(b~2*cxe"2xPolyLog[2, 1 - (2%cx(d + e*x))/((c*d + e)*(1 + c*x))])/((c*d -

e)"2x(cxd + e)"2) + (2*%b*xc~2*dxe*x(a + bxArcTanh[c*x])*PolyLog[2, 1 - (2%c*
(d + exx))/((cxd + e)*(1 + c*x))])/((c*d - e) 2x(cxd + e)~2) - (b"2xc*Poly
Logl3, 1 - 2/(1 - c*x)]1)/(4*(c*d + e)~2) + (b~2*cxPolyLogl[3, 1 - 2/(1 +...

Defintions of rubi rules used

e

L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcTanh[c*x]) p/(ex(q + 1))), x] -
Simp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1
), (d + exx)~(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q]l && NeQ[q, -1]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 10.63 (sec) , antiderivative size = 50477, normalized size of antiderivative =
52.97

method result size

derivativedivides | Expression too large to display | 50477
default Expression too large to display | 50477

parts Expression too large to display | 50485

inputLint((a+b*arctanh(c*x))"3/(e*x+d)"3,x,method=_RETURNVERBOSE)

ou_tpudresult too large to display

Fricas [F|

(a + barctanh(cz))® . [ (bartanh (czx) + a)® i
/ (d+ ea)? v / td’  °

-

input Lintegrate ((atb*arctanh(c*x))~3/(e*x+d)~3,x, algorithm="fricas")

-/

‘integral((b"S*arctanh(c*x)‘S + 3%axb~2*xarctanh(c*x) "2 + 3%a”2xb*arctanh(c*

output
x) + a~3)/(e"3*%x~3 + 3*kd*xe”2*xx"2 + 3*d"2*exx + d~3), x)

N\

Sympy [F]

/(a+barctanh(cac))3d z/(a-l—batanh (cz))? i

(d+ ex)3 (d + ex)®

input integrate ((a+b*atanh (c*x))**3/ (e*x+d) **3,x)
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Output‘Integral((a + b*atanh(c*x))**3/(d + e*x)**3, x)

input

output

Maxima [F]

(a + barctanh(cz))® | [ (bartanh (cz) +a)’ .
/ (d+ ex)? v / etd’

Lintegrate((a+b*arctanh(c*x))“3/(e*x+d)‘3,x, algorithm="maxima")

-3/4*((4*c~2*d*log(e*x + d)/(c"4*d"4 - 2%c"2*%d"2*e"2 + e74) - cxlog(c*x +
1)/(c™2*d"2xe - 2*c*d*e”2 + e73) + c*log(c*x - 1)/(c”2xd"2%e + 2xc*d*e”2 +
e”3) - 2/(c™2*d"3 - d*e”2 + (c™2%d"2%e - e~3)*x))*c + 2%arctanh(c*x)/(e”3
*x72 + 2xd*e”2xx + d"2%e))*a"2*b - 1/2%¥a"3/(e”3*x"2 + 2kd*e"2*x + d"2%e) -
1/16%(((c™4*d"2%xe~2 - 2xc~3*d*e”~3 + c~2%e"4)*b~3%x"2 + 2%(c™4*d"3*e - 2%c
~3*%d"2*%e”2 + c"2xd*e”3)*b"3*kx - (2*c"3*%d"3*e - 3*kcT2xd"2*e”2 + e74)*b"3)*1
og(—cxx + 1)73 - 3*(2*%(c™3*d"2%e"2 - c*e"4)*b"3*x - 2*(c"4*d"4 - 2*c"2%d"2
*e@"2 + e"4)*a*xb”2 + 2x(c"3*d"3*e - c*d*e"3)*b"3 + ((cT4*d"2*xe”2 + 2kc 3*d*
e”3 + c72%e"4)*b"3xx"2 + 2% (cT4*d"3%e + 2*%c”3*d"2*e”"2 + c"2*d*e”3)*b"3*x +
(2%c™3*d"3%e + 3*c"2+%d"2*e"2 - e74)*b~3)*log(c*x + 1))*log(-c*x + 1)72)/(
c"4*xd"6xe - 2*%c”2xd"4*xe"3 + d"2*xe”5 + (cT4*d"4*e”3 - 2*%c"2*%d"2*e”5 + e~ 7)*
X"2 + 2% (c"4*d"5%e”2 - 2%c”2*d"3*e"4 + dxe”6)*x) - integrate(1/8*%(((c"4xd"
3*%e — c"3*d"2%e”2 - c"2xd*e”3 + c*e"4)*b"3*x - (c"3*d"3*e - c"2*d"2*e"2 -
c*dxe”3 + e74)*b~3)*log(cxx + 1)73 + 6%((c™4*d"3%e - c~3*%d"2%e"2 - c"2xd*e
"3 + cxe"4)*axb"2*x - (c"3*%d"3*e - c"2xd"2*e”2 - cxd*e”3 + e~4)*axb~2)*log
(c*x + 1)72 - 3%(2+(c™3*d*e”3 - c™2*%e”4)*b~3*x"2 - 2x(c"4*%d"4 - c~3*d"3*e
- ¢c72%d"2*%e”2 + ckd*e”3)*a*xb”2 + 2% (c"3*%d"3*ke - c"2*d"2*e"2)*b"3 + ((c"4*d
“3%e - c”3xd"2*%e”2 - c"2*d*e”3 + c*e~4)*xb"3*x - (c"3*d"3*e - c"2*%d"2*xe”"2 -
cxd*e”3 + e"4)*b"3)*log(c*xx + 1)72 - 2% ((c"4*d"3*e - c~3*d"2*%e"2 - c”2xd*
e”3 + cxe"4)*xaxb”2 - 2x(c"3*d"2%e"2 - c"2xd*e"3)*b"3)*x + ((c"4xd*e”3 +...
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Giac [F]

(a + barctanh(cz))® | [ (bartanh (cz) +a)’ .
/ (d + ex)? de = / (ez + d)° d

inputtintegrate((a+b*arctanh(c*x))*3/(e*x+d)*3,x, algorithm="giac")

output Lintegrate ((b*arctanh(c*x) + a)~3/(exx + d)~3, x)

Mupad [F(-1)]

Timed out.

3 3
/ (a + barctanh(cx)) dr — (a + batanh(cx)) s

(d+ex)? (d+ez)

input Lint((a + b*atanh(c*x))~3/(d + exx)~3,x)

output Lint((a + bratanh(c*x))"~3/(d + e*x)"3, x)

Reduce [F]

h 3
/ (a + barctanh(cz)) dxr = too large to display

(d+ ex)?

input Lint ((at+b*atanh(c*x)) "3/ (e*xx+d)~3,x)
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(36*atanh (c*x) **3%b**3kckx*10*d**10*e*x + 18*atanh (c*x)**3xb**3*c**x10*d**9*
e*x*x2xx**2 — B4dxatanh (ckx) **3xbk*3*xck*k8xd*x*xke**x2 — 48*atanh (ckx) **3xb**3*c
*xk8kd*x*k8ke*x*k3kx — 24katanh (ckx) **k3kbk*3kck*kSkd*k*7Tkekkdxx*x*2 + T2xatanh(c*x
) k*3%b**k3kck*kBkd*k*xTxex*k4d — 8katanh (ckx)**k3kbkk3kck*kBkd*x*6*e**x5*xx — 4*xatanh
(c*x) **3*%b*k*x3kCk*kBkd*x*kDkex*xBxx*x*2 + 12*%atanh (c*x)**x3kbk*3kckkdxd*x*5ke*x*x6 +
16*atanh (c*x) **k3*¥bx*x3kckkdkd*k*4xex*T+x + 8*atanh (ckx) **3kbk*3*kck*kd*d**x3*e
*k8xkx**k2 — 24xatanh (cxx) **3kbr*kJkck*kkd**k3ke*x*k8 + 4d*atanh (c*x) **k3kbk*Jkck*
2xd*x*kQke*x*kQxx + 2katanh (ckx)**3*xb**x3kck*2kd*kex*10*x**2 — 6*atanh (c*x)**3%b
*x3*xdkex*x10 + 108*atanh (c*x)**2kaxb**2kckx*x10*xd**10*exx + 54*atanh (ckxx)**2*
axb**2kcxx10*xd**Qkex*x2*x**2 — 162*atanh (c*x) **x2*axb**x2kxcx*k8*xd**Oke**x2 - 14
4*atanh (c*x) **2*axbk*2*xckxk8*d**x8*ke**3kx — T2katanh (c*x)**x2*kaxbrk2kckx*x8kd**
Trexxd*xx*xx2 + 216*%atanh (c*x)**x2ka*xbxk2kck*xGkd**Txe*x*4 — 24*atanh(ckx)**2*a
*bk*k2%kCck*kBkd*kkOkekkHkxx - 12*atanh(c*x)**2*a*b**2*c**6*d**5*e**6*x**2 + 36%
atanh (c*x) **2%a*xb**x2xckx*4*kd**x5kxex*6 + 48xatanh (c*x) *x*2kaxb**k2kck*4*d**k4*e*
*7xx + 24*xatanh (c*x) **2*a*xb**2*xck*x4dxdx*x3kex*k8kx*k*2 — T2*atanh (cxx)*x*x2xaxbxk
*2xCkk2xdkk3kex*k8 + 12katanh (c*x)*x*k2*kaxbrk2kckx2kd**x2ke**9*xx + 6xatanh(ckx
) kk2kaxbkk2kxckk2kdkex*k10*xx**2 — 18*atanh (c*x)**2*axbk*2+xd*e**10 — 36+*atanh
(c*x) **2%b**x3kck*Qkd**10%e + 90*atanh (c*x) *k*2¥b**x3kCk*kQkd**kOkex*Q*kx + T2*a
tanh (c*x) **2¥b**k3kCk*Qkd**kSke*x*3*xx**x2 — Gkatanh (ckx) *k*k2xkbk*k3kCkkT7kd*k*kSke**
3 - 228*atanh (c*x) **x2¥brk3*xCk*kTkA**7Tkex*k4*xx — 150*atanh (ckx)**2xb**3kck. . .

output




output
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Sympy [F] . . o e 200
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Mupad [F(-1)] . . ..o e 207
Reduce [F] . . . . . o 207

Optimal result

Integrand size = 17, antiderivative size = 67

(a — barctanh(%)) log (—%)

/ a + barctanh(cz) dp —
1+ 2cx B 2c

_ bPolyLog(2, =1 — 2cz) N bPolyLog (2, 3(1 + 2cz))

4c

4c

|1/2%(a-bxarctanh(1/2))*1n(-1/2% (2kc*x+1) /d) /c-1/4*b*polylog (2, ~2kckx-1) /c+
L1/4*b*polylog(2,2/3*c*x+1/3)/c

J

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 0.21 (sec) , antiderivative size = 240, normalized size of antiderivative = 3.58

dz

/ a + barctanh(cz)
1+ 2cx

alog(1 + 2cz) + barctanh(cz) (1 log (1 — ¢®z?) + log (i sinh (arctanh(3) + arctanh(cz)))) —

1
2

ib( -

1
4

i

input L

Integrate[(a + bxArcTanh[c*x])/(1 + 2%c*x),x]
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(a*xLog[1 + 2%c*x] + bxArcTanh[c*x]*(Log[l - c"2*x~2]/2 + Log[I*Sinh[ArcTan
h[1/2] + ArcTanh([c*x]]1]) - (I/2)*b*((-1/4*I)*(Pi - (2*I)*ArcTanh[c*x])"2 +
Ix(ArcTanh[1/2] + ArcTanh([c*x])~2 + (Pi - (2xI)*ArcTanh[c*x])*Log[1l + E~(
2xArcTanh[c*x])] + (2*I)*(ArcTanh([1/2] + ArcTanh[c*x])*Logl[l - E~(-2*(ArcT
anh[1/2] + ArcTanh([c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Logl[2/Sqrt[1 - c~2*
x72]] - (2*I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[1/2] +
ArcTanh[c*x]]] - I*PolyLogl[2, -E~(2%ArcTanh[c*x])] - I*PolyLogl[2, E~(-2%(A
rcTanh[1/2] + ArcTanh[c*x]))1))/(2xc)

output

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.63,

4, number of rules _ 935, Rules
integrand size

number of steps used = 5, number of rules used =
used = {6472, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctanh(cx)
2cx +1

l 6472

1-— 1 — 222 2c +

log (23((2;;:11))) (a + barctanh(cz))
2c

l 2849

N |
o

1 /log cw—l—l b/ log 23((2;;:11)) i log (#) (a + barctanh(cz))

_|_

log(—2 )
2(2cx+1 cz+1 1
1 / log ( 3((“:1))> - b — - A - log (Cﬁi_l) (a + barctanh(cz))
2 1— c2x2 2c 2c

log (23((2 ;;jff) (a + barctanh(cz))
2c

lzmz
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log 2(2cz+1) log ( 2+ ) (a + barctanh(cz))
1b/ (3(cx+1))dx_ ( +1> +

2 1— c2x2 2c

2(2cz+1
log ( 3((;:1))) (a + barctanh(cz)) . bPolyLog (2, 1-— cwiﬂ)
2c 4c

l 2897

log (mf,_l) (a + barctanh(cz)) N log (23((2;1:11))) (a + barctanh(cz))
2c

2c
bPolyLog (2, 1-— ﬁ) bPolyLog (27 1- 23.((25:11)))
4c 4c

_|_

input‘ Int[(a + b*ArcTanh[c*x])/(1 + 2*c*x),x] ‘

‘-1/2*((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/c + ((a + b*ArcTanh[c*x])*Log ‘
([(2%(1 + 2%c*x))/(3%(1 + c*x))1)/(2%c) + (b*Polylogl2, 1 - 2/(1 + cxx)1)/(
‘4*c) - (b*PolyLogl[2, 1 - (2*x(1 + 2xc*x))/(3*(1 + c*x))]1)/(4*c) ‘

output

Defintions of rubi rules used

rule 2759 Int[Logllc_)*(x_)1/((d.) + (e_.)*(x.)), x_Symbol] :> Simp[(-e”(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQle + c*d, 0]

rule 2849 IntlLogllc_.)/((d)) + (e_.)*(x_))1/((£f)) + (g_.)*(x_)72), x_Symboll :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQle~2xf + d~2xg, 0]

e B

Int[Loglu_]l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/
Dlu, x1)1}, Simp[C+PolyLogl[2, 1 - ul, x] /; FreeQI[C, x]1 /; IntegerQ[m] &&
‘PolyQ [Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
L x1[[2]1, Expon[Pq, x]]

rule 2897

~
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Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcTanh
[c*x]) * (Log[2%c*((d + e*x)/((cxd + e)*x(1 + c*x)))]1/e), x] + Simp[b*(c/e)
Int[Logl[2/(1 + c*x)]/(1 - c™2*x"2), x], x] - Simp[b*(c/e) Int[Log[2*c*((d
+ exx)/((c*xd + e)*(1 + c*x)))]1/(1 - c™2%x~2), x], x]1) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2*d~2 - e~2, 0]

rule 6472

Maple [A] (verified)

Time = 0.22 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.37

method result
aln(2cz+1) In(2cz+1) arctanh(cz) (ln(26z+1)—1n(2% +%)) ln(%— 2%) dilog(z%-}—%) dilog(2cz+2) In(2cz+1) L
. . L 2 +b 2 + 4 - 4 - 4 - 4
derivativedivides -
aln(2cz+1) In(2cz+1) arctanh(cz) (ln(2cz+1)—ln(2% +%)) ln(%— 2%) dilog(%-}—%) dilog(2cz+2) In(2cz+1) 1
2 +b 2 + 4 - 4 - 4 - 4
default -
b < In(2cz+1) arctanh(cz) + (1n(2cz+1)—ln(2§£+%)) ln(% - %ﬁ) _ dﬂ‘)g(zﬁ?*‘%) _ dilog(2¢cz+2) _ In(2cz+
2 1 1 4
aln(2cz+1)
parts % + c
. bln(%—}-%) ln(%—z%) bln(%+%) In(—cz+1) bdilog(%—%) aln(—2cz—1) bln(—2cz—1) In(2c
I'lSCh 4c - 4c + 4c + 2c - 4c
input tint ((at+b*arctanh(c*x))/(2*c*x+1) ,x,method=_RETURNVERBOSE) J
output | 1/cx(1/2%ax1n(2%cxx+1) +b* (1/2%1n(2%cxx+1) *arctanh (c*x)+1/4% (In(2%c*x+1)-1n |

‘(2/3*c*x+1/3))*1n(2/3—2/3*c*x)—1/4*dilog(2/3*c*x+1/3)—1/4*dilog(2*c*x+2)—1 \
‘ /4%1n (2*c*x+1)*1n(2*c*x+2))) ‘

Fricas [F|

dz

/ a + barctanh(cz) dp — / bartanh (cx) + a
1+ 2cx B 2cr+1

input integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="fricas")
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OutputLintegral((b*arctanh(c*x) + a)/(2%cxx + 1), x) J
Sympy [F]
a + barctanh(cz) a + batanh (cz)
dr = dx
14 2czx 2cx + 1
inputtintegrate((a+b*atanh(c*x))/(2*0*X+1)’X) J
output LIntegral((a + b*atanh(c*x))/(2*c*x + 1), x) J
Maxima [F]
/ a + barctanh(cz) dr — / bartanh (cx) + a .
14 2¢cx 2cr +1
inputLintegrate((a+b*arctanh(c*x))/(2*c*x+1),x, algorithm="maxima") J
output‘ 1/2+bxintegrate((Log(ckx + 1) - log(-ckx + 1))/(2xckx + 1), x) + 1/2%axlog |

‘(2*c*x + 1)/c ‘

Giac [F]
/ a + barctanh(cz) dp — / bartanh (cz) + a i
14 2cx 2cx+1
inputLintegrate((a+b*arctanh(c*x))/(2*c*x+1),x, algorithm="giac") J

OutputLintegrate((b*arctanh(c*x) + a)/(2%cxx + 1), x) J
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Mupad [F(-1)]
Timed out.

dz

/ a + barctanh(cz) dp — / a + batanh(cx)
1+ 2cx B 2cx+1

input Lint((a + bratanh(c*x))/(2*c*x + 1),x)

OUtPUttint((a + b*atanh(c*x))/(2*c*x + 1), x)

Reduce [F]

o ) i

/ a + barctanh(cz) dp —
1+ 2cx 2c

input Lint ((at+b*atanh(c*x) )/ (2%c*x+1) ,x)

OutputL(2*in‘c(atanh(c*x)/(2*c*x + 1) ,x)*b*c + log(2*c*x + 1)*a)/(2%c)




output

N\
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: 1—/2z

Optimal result . . . . . . . . . . . . . 208}
Mathematica [C] (verified) . . . . . . . . . ... . L 208
Rubi [A] (verified) . . . . . . .. . . 209
Maple [A] (verified) . . . . . . ... L 211
Fricas [F] . . . . . o o 212
Sympy [F] . . o e 212
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 212
Giac [F] . . . o o 2131
Mupad [F(-1)] . . . .o 213
Reduce [F] . . . . o o 214

Optimal result

Integrand size = 15, antiderivative size = 88

[ actenhie) _ anctah(J ) log (1 - v2a)
1-— \/Z’L‘ o \/§

PolyLog (2, -

V2-2z

2—

V2

\/5—29:
> PolyLog (2, X )

22

+

22

-1/2*arctanh(1/2+2" (1/2))*1n(1-x*2"(1/2))*2" (1/2)-1/4*polylog(2,- (2" (1/2)-
2+x) /(2-2"(1/2))) %2 (1/2)+1/4%polylog (2, (2" (1/2)-2%x) / (2+2"(1/2)))*2" (1/2)

J

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.08 (sec) , antiderivative size = 272, normalized size of antiderivative = 3.09

/ arctanh(z) i
1—2z
w2 — élarc‘canh(\/li

2
) — 44rarctanh(z) + 8arctanh ( L

V2

) arctanh(z) — 8arctanh(z)? + 8arctanh<\/%> lo
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input ‘ Integrate[ArcTanh([x]/(1 - Sqrt[2]#*x),x] ‘

output

(Pi~2 - 4*ArcTanh[1/Sqrt[2]]1°2 - (4*I)*PixArcTanh[x] + 8*ArcTanh[1/Sqrt[2]
]*ArcTanh[x] - 8%ArcTanh[x]~2 + 8*ArcTanh[1/Sqrt[2]]*Logl[l - E~(2%ArcTanh[
1/Sqrt[2]] - 2*ArcTanh[x])] - 8*ArcTanh([x]*Log[1l - E~(2*ArcTanh[1/Sqrt[2]]
- 2xArcTanh[x])] + (4*I)*Pix*Log[1l + E~(2*ArcTanh[x])] + 8*ArcTanh[x]*Logl
1 + E(2*ArcTanh([x])] - (4*I)*Pi*Log[2/Sqrt[1 - x~2]] - 8*ArcTanh[x]*Log[2
/Sqrt[1 - x72]] - 4xArcTanh[x]*Log[l - x~2] - 8+%ArcTanh[x]*Log[(-I)*Sinh[A
rcTanh[1/Sqrt[2]] - ArcTanh([x]]] - 8*ArcTanh[1/Sqrt[2]]*Log[(-2+I)*Sinh[Ar
cTanh[1/Sqrt[2]] - ArcTanh[x]]] + 8%ArcTanh[x]*Log[(-2*I)*Sinh[ArcTanh[1/S
qrt[2]] - ArcTanh[x]]] + 4%PolyLog[2, E~(2%ArcTanh[1/Sqrt[2]] - 2%ArcTanh[
x])] + 4%PolyLog[2, -E~(2*ArcTanh[x])])/(8*Sqrt[2])

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.23,

number of rules _ 0.267, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6472, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

arctanh(z)
—Fd
/ 1—+2z v

l 6472

[ %da) I : g( o ) dr arctanh(z)log (xi—i-l)

1—z2 1—x2
Vi V2 i V2
arctanh(z) log (— 2<1+\/§) (l_ﬁw) )

z+1
V2
l 9849
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[ 10g<_2(1+‘/i)+(11“/5’”)) )

[ 1°g<%+1> d-1 2
x -2 %1 arctanh(z) log (w—“)

= - : - _
V2 V2 V2
arctanh(z) log (— 2(1+\/?+(11_ﬁx) )
V2
| 2752
d6ad) (1_ﬁx)> 2(1+v2) (1-v/22)
log <_ R R B
S 1—z2+ dez  arctanh(z)log (ﬁ) arctanh(z) log 2
V2 " V2 - NG -
PolyLog (2, 1—- ELH)
2V2
| 2897
2(1+v2) (1-v22)
arctanh(z) log (wi“) arctanh(z) log <— o ) PolyLog <2, -2 )
V2 B V2 - 2v/2
PolyLog 2,2(L+¢§55_V6x)—kl>
2V2
input LInt [ArcTanh[x]/(1 - Sqrt[2]*x),x] J
outpus (ArcTanhlx]*Log[2/(1 + x)1)/Sqrt[2] - (ArcTamhl[x]*Log[(-2+(1 + Sqrt[21)*(1

‘ - Sqrt[2]1*x))/(1 + x)1)/Sqrt[2] - PolyLogl[2, 1 - 2/(1 + x)1/(2%Sqrt[2]) + ‘
PolyLog[2, 1 + (2*%(1 + Sqrt[2])*(1 - Sqrt[2]*x))/(1 + x)1/(2%Sqrt[2])

N J

Defintions of rubi rules used

rule 2752‘Int[Log[(c_-)*(x_)]/((d_) + (e_.)*(x.)), x_Symboll :> Simp[(-e"(-1))*Polylo
Lg[2, 1 - c*x], x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0] J
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rule 2849 IntlLogllc_.)/((d)) + (e_.)*(x_))1/((£f)) + (g_.)*(x_)72), x_Symboll :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQle~2xf + d~2xg, 0]

Int[Loglu_]l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x]1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x1]

rule 2897

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcTanh
[c*x]) * (Log[2%c*((d + e*x)/((ckd + e)*x(1 + c*x)))]1/e), x] + Simp[b*(c/e)
Int[Logl[2/(1 + c*x)]/(1 - c™2*x~2), x], x] - Simp[b*(c/e) Int[Log[2*c*((d
+ e*xx)/((c*xd + e)*x(1 + c*x)))]1/(1 - c™2*x"2), x], x]) /; FreeQ[{a, b, c, 4
, e}, x] && NeQ[c™2*%d"2 - e~2, 0]

rule 6472

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.44

method | result

default —ln<ﬁ2_l>\2/§amanh(m) _ ﬁln(‘/%_lz (2522 N \/§1n<ﬁz—12 In(¥Hds) \/ﬁdﬂog(‘lff/él/fm) .
In(+/2x—1)+/2 arctanh(z) V2In(v2z—-1)In \/5—\_/590 V2 In(v2z—1) In(2+V2z V2 dilog \/5_1530
parts —< >2 — ( 2<\/51)_|_ ( 2(1+¢5)_ (4\/§1>_|_
risch ﬁl“(ﬁ_f{)l“@%) _ ﬁln(ﬁ%’”)ln(”’”) v dﬂ°g4(313%> _ ﬁln(?:f{) m(3=%) ﬁln(zs:ﬁ?)
input[int(arctanh(x)/(1—2“(1/2)*X),x,method=_RETURNVERBOSE) }

Output(-1/2*1n(2‘(1/2)*x—1)*2‘(1/2)*arctanh(x)—1/4*2‘(1/2)*1n(2‘(1/2)*x—1)*1n((2*
\(1/2)—2“(1/2)*x)/(2*(1/2)—1))+1/4*2‘(1/2)*1n(2“(1/2)*x—1)*1n((2‘(1/2)+2‘(1
\/2)*x)/(1+2*(1/2)))—1/4*2*(1/2)*dilog((2*(1/2)—2“(1/2)*x)/(2“(1/2)—1))+1/4
L*2“(1/2)*dilog((2“(1/2)+2“(1/2)*x)/(1+2“(1/2)))

| —
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~—

Fricas [F|
/ arctanh(z) dp — _ artanh (z) i
1—+2z V2r—1
input Lintegrate (arctanh(x)/(1-27(1/2)*x) ,x, algorithm="fricas")
output [integm(—(sqrt(z)*x + 1)*arctanh(x)/(2%x°2 - 1), x)
Sympy [F]
/ arctanh(z) dr — — atanh () s
1—+2z V2zr —1
imput [integrate (atanh (x)/ (1-2+% (1/2)%x) ,x)

-/

output L‘Integral(atanh(x)/ (sqrt(2)*x - 1), x)

Maxima [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(69) = 138.

Time = 0.11 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.64

arctanh(z) 1
/mdiﬂ =1 v2(log (z + 1) — log (z — 1)) log (\/51: - 1)

1
~3 2 artanh (z) log (\/533 - 1>

X V21 + 2 (V2 +V2
_ Z\/§<10g(31;-|—1)10g <—W + 1) + Liy (W))

1 V2x — /2 : V22— V2
+Z\/§<log(x—1)10g (ﬁ-*_l) +Ll2<_ﬁ>>
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inputLintegrate(arctanh(x)/(1—2“(1/2)*x),x, algorithm="maxima")

1/4xsqrt(2)*(log(x + 1) - log(x - 1))*log(sqrt(2)*x - 1) - 1/2*sqrt(2)*arc
tanh(x)*log(sqrt (2)*x - 1) - 1/4*sqrt(2)*(log(x + 1)*log(-(sqrt(2)*x + sqr
t(2))/(sqrt(2) + 1) + 1) + dilog((sqrt(2)*x + sqrt(2))/(sqrt(2) + 1))) + 1
/4*xsqrt (2)*(log(x - 1)*log((sqrt(2)*x - sqrt(2))/(sqrt(2) - 1) + 1) + dilo
g(-(sqrt(2)*x - sqrt(2))/(sqrt(2) - 1)))

output

Giac [F]

/ arctanh(z) dp — _artanh (z) i
1—+2z V2r —1

inputLintegrate(arctanh(x)/(1—2‘(1/2)*x),x, algorithm="giac")

outputLintegrate(-arctanh(x)/(sqrt(2)*x - 1), x)

Mupad [F(-1)]
Timed out.

/ arctanh(z) dp — atanh(z) i

R AIME) gy = — [ 2
1-+2z V2z—1

input 18t (-atanh(x)/(27(1/2)*x - 1),%)

OutputL-int(atanh(x)/(2“(1/2)*x - 1), x)
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Reduce [F]

_atanh(z) dz

/a,rcta,nh(a:) dp — atanh(z)? 3 </ atanh(w)xdx) N <f 221 —3c+1 )

1- \/§CL' 4 222 — 1 5
input Lint (atanh(x)/(1-2"(1/2) *x) ,x) J
output‘ (atanh(x)**2 - 4xsqrt(2)*int((atanh(x)*x)/(2*x**2 - 1),x) + 2*int(atanh(x) ‘

‘/(2*}{**4 - 3xx*x2 + 1),%x))/4 ‘
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3.93 f arctanh(z) do

a+bx
Optimal result . . . . . . . . . . . . . e 215
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 215
Rubi [A] (verified) . . . . . . . . . . 216
Maple [A] (verified) . . . . . . . . .. 2T8]
Fricas [F] . . . . . . o 218
Sympy [F] . . o e 218
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 219
Giac [F] . . . o o o 219
Mupad [F(-1)] . . ..o e 220
Reduce [F] . . . . . o 220

Optimal result

Integrand size = 10, antiderivative size = 86

arctanh(z) log <M)

/ arctanh(z) arctanh(z) log (2;) (@+b)(1+a)
aretanil®) gy — — +
a+bx b b
PolyLog (2,1 — ) PolyLog <2a 1- %)
2b B 2b

' -arctanh(x)*1n(2/ (1+x)) /b+arctanh (x) *1n (2* (bxx+a) / (a+b) / (1+x)) /b+1/2*polyl

output
‘ 0g(2,1-2/(1+x)) /b-1/2*polylog(2,1-2* (b*x+a) /(a+b) /(1+x)) /b ‘

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.
Time = 0.06 (sec) , antiderivative size = 260, normalized size of antiderivative = 3.02

/ arctanh(z) i
a+ bx

—72 + 4arctanh(%)2 + dimarctanh(z) + 8arctanh (%) arctanh(z) + 8arctanh(z)? — 4im log (1 4 e?ereten
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input ‘ Integrate[ArcTanh[x]/(a + b*x),x]

(-Pi~2 + 4xArcTanh[a/b]~2 + (4*I)*Pi*ArcTanh[x] + 8*ArcTanh[a/b]*ArcTanh[x
] + 8*ArcTanh[x]"2 - (4*I)*Pi*Log[l + E~(2*ArcTanh([x])] - 8*ArcTanh[x]*Log
[1 + E"(2%ArcTanh[x])] + 8*ArcTanh[a/b]*Log[1 - E~(-2*(ArcTanh[a/b] + ArcT
anh[x]))] + 8*ArcTanh[x]*Log[l - E~(-2*(ArcTanh[a/b] + ArcTanh[x]))] + (4*
I)*PixLog[2/Sqrt[1 - x~"2]] + 8+%ArcTanh[x]*Log[2/Sqrt[1 - x~2]] + 4*ArcTanh
[x]*Logl[l - x~2] + 8*ArcTanh[x]*Log[I*Sinh[ArcTanh[a/b] + ArcTanh[x]]] - 8
*ArcTanh [a/b] *Log[(2*I)*Sinh [ArcTanh[a/b] + ArcTanh[x]]] - 8*ArcTanh[x]*Lo
g[(2*I)*Sinh[ArcTanh[a/b] + ArcTanh[x]]] - 4*PolyLog[2, -E~(2*ArcTanh[x])]
- 4xPolyLog[2, E~(-2*(ArcTanh[a/b] + ArcTanh([x]))])/(8%b)

output

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.00,

number of rules _ 0.400, Rules

number of steps used = 5, number of rules used = 4, T Fo 1

used = {6472, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ arctanh(z) i

a + bx
| 6472
log (A (a D) log( 37 2(a+bz
J de N J 1<_x+21>dx N arctanh(z) log <(x£1)(a+)b)) - arctanh(z) log (%)
b b b b
| 2849
R (Ge: tog(e41) ;1 2a+bo
_f W(jz N J f—— daig N arctanh(z) log <W) ~ arctanh(z) log (z%l)
b b b b
| 2752
1 2(a+bx)
G gy arctani(e)tog (5 axctanbe)tos (1)
b

PolyLog b<2, 1-— %H)
2b




input

output

rule 2752

rule 2849

rule 2897

rule 6472
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| 2897
arctanh(z) log (%) PolyLog (2, 1-— %) arctanh(z) log (ﬁ)
b - % - b *
PolyLog (2, 1-— wiﬂ)
2b

LInt [ArcTanh[x]/(a + b*x),x]

-

‘—((ArcTa.nh[x] *Log[2/(1 + x)]1)/b) + (ArcTanh[x]*Log[(2*(a + b*x))/((a + b)*
\(1 + x))1)/b + PolyLogl[2, 1 - 2/(1 + x)1/(2%b) - PolyLogl[2, 1 - (2x(a + b*
LX))/((a + D)*(1 + x))1/(2%Db)

W
|
J

Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((@.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - cxx], x] /; FreeQl{c, d, e}, x] && EqQ[e + cx*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, d, e, £, gF, x] && EqQlc, 2+d] && EqQ[e~2%f + d~2%g, 0]

Int[Loglu_]1*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]]

imp[(-(a + b*ArcTanh[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcTanh
[c*x])*(Log[2*c*((d + exx)/((c*d + e)*(1 + c*x)))]1/e), x] + Simp[bx(c/e)
Int[Log[2/(1 + c*x)]/(1 - c"2%x72), x], x] - Simp[b*(c/e) Int[Logl[2*c*((d
+ e*xx)/((c*xd + e)*x(1 + c*x)))]1/(1 - c™2%x~2), x], x]) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2*d~2 - e~2, 0]

/Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S )




CHAPTER 3. LISTING OF INTEGRALS

218

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.23

method | result size
b(dilog( 2248} Lin(bz+a) In( 22EE b(dilog( 22=%) {in(ba+a) In( 228
T S T S RO o
parts Inbota) arctanh(z) b(dilog(ﬁ“f:‘_’;))a-h;(bwa-a)ln(ﬁj_%)) _b(dilog(iﬁi%)-ﬂ—ll;(b:c-}—a) n(22=8)) 106
b b2
) dﬂog<7(1—f{j_—;—”) In(1—z) 1n(7(1—f2f_—;—”) dilog(i(“wa)ﬁ“_b) In(1+z) 1n(7<1+ﬁ)ﬁ;“‘b)
risch — 55 — 5 + 55 T 120

input Lint (arctanh(x)/ (b*x+a) ,x,method=_RETURNVERBOSE)

output

‘ 1n(b*x+a) /b*arctanh(x)-1/b"2*(1/2*b* (dilog((b*x+b)/(-a+b))+1n(b*x+a)*1n((b
‘ *x+b) / (-a+b)))-1/2%b* (dilog((b*x-b)/(-a-b))+1n(b*x+a) *1n((b*x-b)/(-a-b)))) ‘

Fricas [F|
/ arctanh(z) / artanh (x)
———Fdr= | ———Fdr
a + bx bx + a
input Lintegrate (arctanh(x)/(b*x+a) ,x, algorithm="fricas")

output Lintegral(arctanh(x) /(bxx + a), x)

Sympy [F]

arctanh(z)
a+br

atanh (x)

d
a+ bx T

/ -/

input Lintegrate (atanh(x)/(b*x+a),x)
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output LIntegral(atanh(x)/(a + b*x), x) J
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 119, normalized size of antiderivative = 1.38
/ arctanh(z) (log (x + 1) —log (z — 1)) log (bz + @)  artanh (z)log (bx + a)
——dr = — +
a+bx 2b b
_ log (z —1)log (232 4+ 1) + Liz(—23)
2b
log (z + 1) log (22t2 + 1) + Liy (—2242)
+
2b
inputLintegrate(arctanh(x)/(b*x+a),x, algorithm="maxima") J

output‘—1/2*(log(x + 1) - log(x - 1))*log(b*x + a)/b + arctanh(x)*log(b*x + a)/b
|- 1/2%(log(x - 1)*log((b*x - b)/(a + b) + 1) + dilog(-(b*x - b)/(a + b)))/
‘b + 1/2%(log(x + 1)*log((b*x + b)/(a - b) + 1) + dilog(-(b*x + b)/(a - b)) |

/b
Giac [F]
/ arctanh(z) dp — / artanh () s
a+ bx br +a
— Lintegrate (arctanh(x)/(b*x+a) ,x, algorithm="giac") J

output Lintegrate (arctanh(x)/(b*x + a), x) J
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Mupad [F(-1)]

Timed out.

/ arctanh(z)
a+bx

dp — / atanh(z) i

a+bzx

input Lint(atanh(x)/(a + b*x) ,Xx)

Outputtint(atanh(x)/(a + b*x), x)

Reduce [F]

/ arctanh(z) d

a+ bx

_ / atanh(z) i

bxr+a

input Lint (atanh (x)/ (b*x+a) ,x)

output Lint (atanh(x)/(a + b*x),x)
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3.24 [(d + ex)? (a + barctanh(cz?)) dz

Optimal result . . . . . . . . . . . . e 221]
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 227
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 225
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 225
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2261
Giac [A] (verification not implemented) . . . . . . ... ... ... 227
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 228
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 229

Optimal result

Integrand size = 18, antiderivative size = 154

2bde’x  be3z®  bd(cd® — €?)arctan (y/cz)
= + 24
c 4c c3/2
bd(cd? + €*) arctanh (/cz)
372
b(c2d* + e*) arctanh(cz?)
4c?e
(d+ ex)* (a + barctanh(cz?))
+
4e
3bd%elog (1 — c?z*)
+
4c

/(d + ex)® (a + barctanh(cz?)) dz

‘ 2*xb*d*e~2*x/c+1/4*%bxe”3*x"2/c+b*d* (ckd~2-e~2) *arctan(c”~(1/2)*x) /c~(3/2) -bx* ‘
‘ d*(c*xd~2+e~2) *arctanh(c~(1/2)*x) /c~(3/2)-1/4*b* (c~2*d"4+e"4)*arctanh (c*x~2 ‘
\ )/c~2/e+1/4% (exx+d) ~4* (a+b*arctanh (c*x~2)) /e+3/4%b*xd~2xe*1n(-c~2%x~4+1) /c \

output




output
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 254, normalized size of antiderivative = 1.65

2 2 2 2 2
/(d + ex)3 (CL + barctanh(cxz)) dx = é <8d(a0d + 2b6 ).'L' + 26(6a0d + be ).’17

c c
+ 8ade?z® + 2aezt
8bd(cd2 — €e?) arctan (y/cz)
372
+2bx (4d3+6d26.’17+4d6 z’+e°z®) arctanh(cac2)
N b(4c32d® + 44/cde? + €) log (1 — y/cx

2
b(—4cEd® — dede?® + /ce®) log (1 + /cx)
+ 5/2
c
_ be’log (1 + ca?) N 6bd2elog 1—c2x* )

c2

inputtlntegrate[(d + e*x) "3*%(a + bxArcTanh[c*x~2]),x]

((8*d*(axc*xd~2 + 2xbxe~2)*x)/c + (2*%e*x(6*a*xc*d™2 + b*e~2)*x72)/c + 8*akd*e
“2%x73 + 2xa*e”3*x"4 + (8*b*d*(c*d~2 - e~2)*ArcTan[Sqrt[c]l*x])/c~(3/2) + 2
*¥bkx* (4*d~3 + 6xd"2*e*x + 4*xd*e”2%x"2 + e”3%x"3)*ArcTanh[c*x~2] + (b*(4*c”
(3/2)*d"3 + 4xSqrtlcl*d*e”2 + e~3)*Logl[l - Sqrt[cl*x])/c™2 + (bx(-4*xc~2*d"
3 - 4*cxd*e”2 + Sqrt[cl*e~3)*Logl[l + Sqrtlcl*x])/c~(5/2) - (b*e~3*Logl[l +
c*x"2])/c”2 + (6xbxd"2*exLog[l - c"2%x~4])/c)/8

Rubi [A] (verified)

Time = 0.53 (sec) , antiderivative size = 160, normalized size of antiderivative = 1.04,

= 3, number of rules _ 167, Rules
integrand size

number of steps used = 3, number of rules used =
used = {6486, 2372, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(d + ex)? (a + barctanh(cz?)) dz

l 6486
(d+ ez)* (a + barctanh(cz?))  be [ xf‘fti;”f dz
4e 2e
l 9372
ded3+4e3x2d) z? d4+6e212d2+etzt)z
(d + ex)* (a + barctanh(cz?)) b | <( T—c%? =4 T—c%? ) ) dz
4e 2e
l 2009

(d + ex)* (a + barctanh(cz?))

etz
2c?

)

4e
2de arctan(y/cz) (cd?—e?) 2dearctanh(ﬁx) (cd?+€2) arctanh (cx?) (c2d*+e?) 3d2e? log(1—c?z?) Ade3z
be( — o572 + 572 + 2c3 - 2¢2 T
2e
inputtlnt[(d + exx)~3x(a + bxArcTanh[c*x~2]),x] J

\(((d + e*xx) 4*(a + bxArcTanh[c*x"2]))/(4*e) - (bxcx((-4*d*e~3*x)/c”2 - (e”4
‘*x"2)/(2*c‘2) - (2%d*ex(c*d~2 - e~2)*ArcTan[Sqrt[cl*x])/c~(5/2) + (2*d*ex*(
‘c*d“2 + e72)*ArcTanh[Sqrt [c]*x])/c~(56/2) + ((c"2*%d"4 + e~4)*ArcTanh[c*x~2]
)/ (2xc~3) - (3*d~2xe~2*Logl[l - c~2*x~4])/(2*c~2)))/(2*e)

output

N

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[(Pq_)*((c_.)*(x_)) " (m_.)*((a_) + (b_.)*(x_)"(n_))~(p_), x_Symbol] :> Mo
dule[{q = Expon[Pq, x], j, k}, Int[Sum[((c*x)~"(m + j)/c~j)*Sum[Coeff[Pq, x,
j + kx(n/2)1*x~(k*(n/2)), {k, 0, 2%((q - j)/n) + 1}I*(a + b*xx"n)"p, {j, O,
n/2 - 1}1, x1]1 /; FreeQ[{a, b, ¢, m, p}, x] && PolyQ[Pq, x] && IGtQ[n/2, O
] & 'PolyQ[Pq, x~(n/2)]

rule 2372
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rule 6486‘Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))*((d_.) + (e_)*(x_))"(m_.), x_ ‘
‘Symbol] :> Simp[(d + exx)"(m + 1)*((a + bxArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1)))  Int[x~(n - D*((d + exx)"(m + 1)/(1 - c™2%x"(2 |
#n))), x], x] /; FreeQl{a, b, c, d, e, m, n}, x] & NeQ[m, -1] |

Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 242, normalized size of antiderivative = 1.57

method | result

default a(efl:d)4 +b| < MCtanf(ch)x4 + e?arctanh (cz2) z3d + > arCtanhQ(cz2)x2d2 + arctanh (cz?) zd® +

4 3 2\ .4 2\ 242
parts a(eazd) +b| < mtanf(cx )2* | ¢2 arctanh (cz?) z3d + > arCtanhz(cz )& 4 arctanh (cx¥)zd® +
risch Expression too large to display
input Lint ((exx+d) ~3* (at+b*arctanh(c*x~2)) ,x,method=_RETURNVERBOSE) J
output 1/4xa* (exx+d) “4/e+b* (1/4*e”3*arctanh(c*x~2) *x~4+e " 2*arctanh (c*x~2) *x~3*d+3

/2%e*arctanh (c*xx~2) *x~2*d"2+arctanh (c*x~2) *x*d~3+1/4/e*arctanh (c*x~2) *d~4-
1/2/e*cx(—e~3/c” 2% (1/2*e*x ™~ 2+4*d*x)+1/2/c” 2% (1/2* (—c~2%d"4-6*c*xd"2*xe"2-e~4
)/c*1n(c*x~2-1) - (-4*c*d~3*e-4*d*e~3) /c~(1/2) *arctanh(c~(1/2)*x))+1/2/c~2x(
1/2% (c~2*d"4-6*c*d"2xe"2+e”4) /cx1n(cxx™2+1) + (—4*cxd~3*e+4*xd*e~3) /c~(1/2) *a
rctan(c™(1/2)*x))))




CHAPTER 3. LISTING OF INTEGRALS 225

Fricas [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 519, normalized size of antiderivative = 3.37

/ (d + ez)? (a + barctanh(cz?)) dz

2ac’e3z* + 8ac’de’z® + 2 (6 ac’d®e + bee®)z? + 8 (bed® — bde?)y/carctan (v/cx) + 4 (bed® + bde?)+/c

;
integrate ((e*x+d) ~“3*(atb*arctanh(c*x~2)),x, algorithm="fricas")

N\ J

input

[1/8%(2%axc™2%e~3%x"4 + 8*a*xc 2*d*e”2%x"3 + 2x(6*a*xc™2*d"2*e + bkcxe~3)*x"
2 + 8%(bxc*d~3 - bxd*e”2)*sqrt(c)*arctan(sqrt(c)*x) + 4x(bkcxd™3 + bxdxe~2
Y*sqrt(c)*log((c*x~2 - 2*sqrt(c)*x + 1)/(c*x™2 - 1)) + 8x(a*xc™2%d™3 + 2*bx
ckd*e”2)*x + (6%bkckd"2%e - b*e~3)*log(c*x~2 + 1) + (6*b*c*d"2%e + b*e~3)x*
log(c*x™2 - 1) + (b*c™2*%e”"3*x"4 + 4*xb*c™2xd*e”2*x"3 + 6*bkxc™2xd"2%e*x"2 +

4xb*c~2*d"3*x) *1log(-(c*x"2 + 1)/(c*x"2 - 1)))/c”2, 1/8*%(2*a*xc”2*e”3*x"4 +

8kaxc~2xd*e"2%x"3 + 2% (6*a*xc”2%d"2%e + b*c*e”3)*x"2 + 8x(b*c*d"3 + b*d*e”2
)xsqrt(-c)*arctan(sqrt(-c)*x) + 4x(b*xcxd~3 - bxdxe~2)*sqrt(-c)*log((c*x"2

+ 2xsqrt(-c)*x - 1)/(c*x”2 + 1)) + 8x(axc™2%d"3 + 2*%b*ckd*e~2)*x + (6xbkcx
d"2%e - bxe~3)*log(c*x~2 + 1) + (6xb*c*d"2xe + b*e”3)*log(cxx™2 - 1) + (b*
CT2xe"3%x"4 + 4¥b*c”2xd*e”2*x"3 + 6%bkcT2*d"2kexx"2 + 4xbxc”2*d"3*x)*log(-
(c*x”2 + 1)/(c*x"2 - 1)))/c"2]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2786 vs. 2(141) = 282.

Time = 7.48 (sec) , antiderivative size = 2786, normalized size of antiderivative = 18.09

/ (d + ex)? (a + barctanh(cz?)) dz = Too large to display

e

inputLintegrate((e*x+d)**3*(a+b*atanh(c*x**2)),x) J
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Piecewise ((8*axc**2xd**x3xx*sqrt(-1/c)*sqrt(1/c)/(2*c**3*(-1/c)**(3/2) *sqrt
(1/c) - 2*kcx*3*sqrt(-1/c)*(1/c)**(3/2) + 12%c*k*2*sqrt(-1/c)*sqrt(1/c)) + 1
2xakcxk2xd*x*2kexx*k*2xsqrt (-1/c)*sqrt (1/c) / (2%cx*3x(-1/c) **(3/2) *sqrt (1/c)

- 2xc**3xsqrt(-1/c)*(1/c)**(3/2) + 12xc**2xsqrt(-1/c)*sqrt(1/c)) + 8xakc**
2xdxe*x*2xx**x3*sqrt (-1/c) *sqrt (1/c) / (2xc**3*(-1/c) **(3/2) *sqrt (1/c) - 2*c**
3xsqrt(-1/c)*(1/c)*x(3/2) + 12kcx*2xsqrt(-1/c)*sqrt(1l/c)) + 2kaxc**2xe*x3*
x*x4*sqrt (-1/c) *sqrt (1/c)/ (2xc*x3* (-1/c) **(3/2) *sqrt (1/c) - 2*xc**3*sqrt(-1
/c)*(1/c)**(3/2) + 12xc**2xsqrt(-1/c)*sqrt(1/c)) + 8xbkck*2*d**3*x*sqrt (-1
/c)*sqrt (1/c)*atanh (c*x**2) / (2*c**3% (-1/c)**(3/2) *sqrt (1/c) - 2*c**3*sqrt (
-1/c)*(1/c)**(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) - 2xbkck*2xd**3*(-1/c)*
*(3/2)*1log(x + sqrt(-1/c))/(2%c**3*%(-1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-
1/c)*(1/c)**(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) + 2¥bkcx*2kdx*3*(1/c)**(
3/2)*1log(x + sqrt(-1/c))/(2xc*x3*%(-1/c)**(3/2)*sqrt(1/c) - 2*c**3*sqrt(-1/
c)*(1/c)**(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) + 12xb*xc**2*d**2*e*x**2*sq
rt(-1/c)*sqrt(1/c)*atanh (c*x**2) / (2xc**3x (-1/c) **(3/2) *sqrt (1/c) — 2*c**3*
sqrt(-1/c)*(1/c)**(3/2) + 12%c**2*sqrt(-1/c)*sqrt(1/c)) + 3*bkck*2kd**2ke*
(-1/c)**(3/2)*sqrt (1/c)*log(x + sqrt(-1/c))/(2*c**3*(-1/c)**(3/2)*sqrt(1/c
) — 2xcx*3xsqrt(-1/c)*(1/c)**(3/2) + 12xcx*2xsqrt(-1/c)*sqrt(1l/c)) - 3*bxc
*xk2xdx*k2xexsqrt (-1/c)*(1/c) **(3/2) *Llog(x + sqrt(-1/c))/(2xc**3*(-1/c)**(3/
2)xsqrt(1/c) - 2*c**3*sqrt(-1/c)*(1/c)**(3/2) + 12%cx*2*sqrt(-1/c)*sqrt. ..

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 240, normalized size of antiderivative = 1.56

/(d + ex)® (a + barctanh(cz?)) dz

1 3
= 1 ae3z* + ade*z® + 3 ad?ex?

log ( 772
(C(2amum(v@x)+ (3 J>)+2maﬁad1@xﬂ)bf

_+_

N+~

3 3
c2 c2

log gg:ﬁ%
+ = (2 23 artanh (cxz) +c (4_:13 — 2 arctali (\/Ex) + ( 5+\[> ) ) bde?

—

[\)

02 c2 c2

2 2 2 _
+1 Zﬁamwh@ﬁ)+c2z _bgW”+1f+bg@r 1) be?
8 02 c3 C3

3 (2 cz? artanh (cz?) + log (—c®z* + 1))bd%e

d3
+ad’z + ic
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input‘integrate((e*x+d)’"3*(a+b*arctanh(c*x"2)),x, algorithm="maxima")

1/4*a*e”3%x"4 + axd*e”2*x"3 + 3/2xa*d"2*e*x"2 + 1/2x(cx(2*arctan(sqrt(c)*x
)/c”(3/2) + log((c*x - sqrt(c))/(c*x + sqrt(c)))/c”(3/2)) + 2*x*arctanh(cx
X72))*b*d~3 + 1/2%(2*x"3*arctanh(c*x”2) + c*x(4*x/c”2 - 2*arctan(sqrt(c)*x)
/c”(5/2) + log((cxx - sqrt(c))/(c*x + sqrt(c)))/c~(5/2)))*bxd*e”2 + 1/8%(2
*x~4*arctanh(c*x~2) + c*x(2*x"2/c”2 - log(c*x~2 + 1)/c”3 + log(c*x~2 - 1)/c
~3))*b*e~3 + axd~3*x + 3/4*(2kc*x"2*arctanh(c*x"2) + log(-c~2*x"4 + 1))*bx
d~2xe/c

output

Giac [A] (verification not implemented)

Time = 7.47 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.47

/(d + ex)? (a + barctanh(cz?)) dz
(6 acd?e + be®)z?

4c
2 1 3 2 2
+ é (be3r4 + 4 bde?x® + 6 bd%ex? + 4bd3m) log (—Z; + 1) + (acd +c bde”)

1
= 1 ae3z* + ade*z® +

N (bed® — bde?) arctan (y/cz) N (bed?® + bde?) arctan (;%)

3
c2 v/ —cCcC
(6 bed?e — be®) log (cx® + 1) (6bed?e + be?) log (cx? — 1)
* 8c? * 8¢?

input Lintegrate ( (e*X+d) 3% (a+b*arcta_nh(c*x'“2) ) ,X, algorithm="giac“)

1/4%axe”3%x"4 + axd*e”2*%x"3 + 1/4*(6%axc*d"2xe + b*e”3)*x"2/c + 1/8x(b*e”3

*X"4 + 4xbxd*e”2%x"3 + 6*%b*d"2xe*xx"2 + 4xbkd~3*x)*log(-(c*x"2 + 1)/(c*x"2

- 1)) + (a*c*d™3 + 2¥bkdxe~2)*x/c + (b*c*d~3 - b*d*e~2)*arctan(sqrt(c)*x)/
c~(8/2) + (b*c*d~3 + bxd*e~2)*arctan(c*x/sqrt(-c))/(sqrt(-c)*c) + 1/8x(6%*b
xc*d"2%e - b*e”~3)*log(c*x"2 + 1)/c”2 + 1/8*(6*bxc*xd"2%e + b*e”3)*log(c*x~2
- 1)/c™2

output
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Mupad [B] (verification not implemented)

Time = 4.70 (sec) , antiderivative size = 823, normalized size of antiderivative = 5.34

/ (d + ez)? (a + barctanh(cz?)) dz

—In(ca?+1) bdiz N 3bd?ez? N bde*z? N bed zt
N 2 4 2 8

o (bd2z  3bd’ex? bde’z® bedzt aedzt
—In(1-cz?) s t— t—5 t g +—

In (805d6 — el —4deP /- +eSxv/-B+83Per+4ctdPeBr—43delr+4cdeB /- —

8ct
In(8c°d® —?ef+4deS V- —efxvV-S+83 et +4c* B er—43dePz —4ed S V- +
8ct
z(2ac®d®+4bcde?)
2¢?
In (6402 d2 ()/? 4128 d8 e* (¢°)* — 64cP d2z — M ez + cel? (¢7)? — 3216 dt Bz — 128 c18
" 8t
In (8010d6 +Te+8B8d et —4de® ()P + e () —4 Bz —dede3 () +83d0 z(
" 8t
L z?(6ac’d*e+bce?) +adets?
4c?

input| 108 ((a + bratanh(cxx"2))*(d + exx)"3,x) )
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log(cxx™2 + 1)*((b*e"3*x74)/8 + (b*d"3%x)/2 + (3*bxd"2*e*x"2)/4 + (b*dxe”2
*x73)/2) - log(l - cxx"2)*((b*e”"3*x74)/8 + (b*d"3*x)/2 + (3*b*d"2*e*xx"2)/4
+ (b*d*e~2*x~3)/2) + (axe”3*x74)/4 - (log(8*c~5*d~6 - c~2*e”6 - 4*dxe 5*(
-c75)7(1/2) + e 6xx*(-c”5)"(1/2) + 8*c~3*%d"2*e"4 + 4*c”4*xd"3*e"3*x - 4*c”3
*d*e~5xx + 4xckd"3*e " 3*%(-c”5)"(1/2) - 8*c”3*d"6*x*(-c”5)"(1/2) - 8xcxd"2*e
“4xx* (-c”5) " (1/2) ) *(bxc"2%e~3 - 4xbkc*d~3*(-c~5)"(1/2) + 4xbxd*e”2x(-c~5)~
(1/2) - 6*b*xc~3*d"2*e))/(8*c~4) - (log(8*c~5%d"6 - c~2%e”6 + 4*xd*e 5*(-c”5
)"(1/2) - e 6*xxx(-c~5)~(1/2) + 8*c~3*d"2%e”4 + 4*xc”4*d"3%e"3*x - 4*c”3*d*e
“5*x - 4xc*xd"3*%e"3x(-c”5) " (1/2) + 8*%c"3*A"6*x*k(-c~5) " (1/2) + 8xc*xd"2*ke"4xx
*(—c”5) "~ (1/2) )% (b*c™2*e~3 + 4xbxc*d~3*(-c~5)~(1/2) - 4*bxd*e~2%(-c~5)~(1/2
) — 6xbxc~3%d"2%xe))/(8%c”4) + (x*(2%a*c™2xd"3 + 4xbxc*d*e”2))/(2%c"2) + (1
0g (64*c~2xd~12x(c"5)~(7/2) + 128xd"8%e”4x(c~5)~(7/2) - 64%c~20*%d"12*x - c~
14xe~12*%x + c*e”12%(c”5)7(5/2) - 32*c~16*d"4*e"8*x - 128*c~18*d"8*e”4*x +

32%c"3*%d"4*e"8*(c"5) " (5/2) ) *(b*c"2%e”3 + 4xbxcxd~3*(c”"5)"(1/2) + 4*b*d*e”2
*(c™5)~(1/2) + 6xbxc~3*d"2xe))/(8*%c"4) + (log(8*c~10*%d"6 + c~7*e”6 + 8*c™8
*d"2*%e"4 - 4*d*xe”5%(c”5)"(3/2) + e"6*x*(c”5)"(3/2) - 4*c”9*xd"3*e"3*x - 4*cC
*d"3*e"~3*(c~5) " (3/2) + 8*%c~3*d"6*x*(c~5)"(3/2) - 4*c~8*d*e 5*xx + 8xckd 2*e
“4xx* (c~5) " (3/2)) *(b*xc"2%e~3 - 4xbxc*d"3*(c”5)~(1/2) - 4*bxd*xe”2*(c”5)~(1/
2) + 6xbxc”3*d"2%e))/(8*c”4) + (x"2x(b*c*e”3 + 6*axc™2xd"2*e))/(4%c”2) + a
*d*e"2%x"3

output

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 314, normalized size of antiderivative = 2.04

/ (d + ez)? (a + barctanh(cz?)) dz

4/c atan <f/—’”6> bed® — 4+/c atan (;—’%) bd €2 + 4+/c atanh(cx?) be d® + 4+/c atanh(c z?) bd €? + 4atanh(cs

-

Lint((e*x+d)‘3*(a+b*atanh(c*x‘2)),x)

~—

input
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(4xsqrt (c)*atan((c*x)/sqrt(c))*bxcxd**3 - 4xsqrt(c)*atan((c*x)/sqrt(c))*b*
dxe**2 + 4*xsqrt(c)*atanh (c*x**2)xb*ckd**3 + 4xsqrt(c)*atanh (cxx**2)*bkxdxe*
*2 + 4xatanh (ckxx**2) kbkckx*2*xd**x3%x + 6B*atanh (ckxx**2) kxbkck*2kd*x*2ke*x**x2 +
4*atanh (c*xx**2) ¥bxck*2kxdxe**2xx*k*3 + atanh (ckx**2)*bkckx2ke**x3xx**4 — 6*at
anh (c*x**2) xb*xc*d**2%e — atanh(c*x**2)*bkex*3 + 4*sqrt(c)*log(sqrt(c)*x -

1) xb*xc*d**3 + 4xsqrt(c)*log(sqrt(c)*x - 1)*bxdxe*x*2 — 2*sqrt(c)*log(c*x**2
+ 1)*bkckd**3 - 2xsqrt(c)*log(ckx**2 + 1)*bkd*e*x*2 + 6xlog(ckx**2 + 1)*b*
ckd*xx2%e + 4kakckk2kd**k3%kx + 6kakCkkkdxk2kekxkk2 + 4kakckk2QkdkekkQkxk*k3 +
akckkkek*k3kx*kkd + Skbkckdkex*k2kx + bkckek k3kxx*x*x2)/(4dkc**2)

output
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3.25 [(d + ex)? (a + barctanh(cz?)) dx

Optimal result . . . . . . . . . . . . e 2311
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 234
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 234
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2361
Giac [A] (verification not implemented) . . . . . . ... ... ... 237
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 238
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 239

Optimal result

Integrand size = 18, antiderivative size = 158

2 2 2
/(d + ex)2 (a + barctanh(cxz)) dxr = 2be’z + b(3cd” — ¢°) arctan (\/Em)

3c 3c3/2
b(3cd? + €?) arctanh (y/cz)
B 3c3/2
N (d + ex)? (a + barctanh(cz?))
3e
bd(cd? + 3e?)log (1 — cz?)
+
6ce
_ bd(cd?® — 3¢*)log (1 + cz?)
6ce

‘ 2/3*b*e~2*x/c+1/3*%b*x (3*cxd"2-e~2) *arctan(c~(1/2)*x) /c~(3/2)-1/3*b* (3*xc*d~2 \
| +e”2)*arctanh(c” (1/2)*x)/c”(3/2)+1/3* (exx+d) “3* (atb¥arctanh(c*x"2)) /e+1/6% |
‘ b*d* (c*d~2+3*e"2) *1n(-c*x~2+1) /c/e-1/6*bxd* (c*d~2-3*e~2) *1n(c*x~2+1)/c/e ‘

output
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Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.08

2

<6ad2x + 4be’

2b(3cd® — €?) arctan (v/cx)
32
+ 2bz (3d® + 3dex + €°z”) arctanh(cz?)

N b(3cd? + €?)log (1 — y/cx)

+ 6adez? + 2ae?x®

/(d + ez)” (a + barctanh (cz?)) dz = %

c3/2
_ b(3cd® + €% log (1+ /ez)
32
3bdelog (1 — 2z
+ e og(c c’z?)

LIntegrate[(d + exx) 2*(a + b*ArcTanh[c*x~2]),x]

~—

input

\ (6xaxd~2%x + (4¥bxe”2%x)/c + Bxaxdkexx™2 + 2%axe 2%xx"3 + (24b*(3*c*d™2 - e |
~2)*ArcTan[Sqrt[c]*x])/c™(3/2) + 2¥bxx*(3%d™2 + 3xd*e*x + e"2¥x"2)*ArcTanh |
‘ [cxx™2] + (bx(3*c*d"2 + e~2)*Log[l - Sqrtlcl*x])/c”(3/2) - (bx(3*c*d"2 + e ‘
\*2)*Log[1 + Sqrt[c]*x])/c~(3/2) + (3xbxd*exLog[l - c~2%x~4]1)/c)/6 |

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.89,

—3 number of rules _ 167, Rules

number of steps used = 3, number of rules used =
integrand size

used = {6486, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ex)? (a + barctanh(cz?)) dz

l 6486
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(d+ ex)3 (a+ barctanh(cm2)) 2bc [ wfdtﬁil dz
3e 3e
l 2370
2.3 2 2 3 2,.2
(d+ ex)3 (a + barctanh(cw2)) 2bc | <(x e1jc32li4e)x + G ffizﬁf)x) dz
3e 3e
l 2009
d + ex)? (a + barctanh (cz?
(
3e
earctan (1/cz) (3cd?—e? e tanh (y/cx) (3cd2+e? 43 tanh (cz? 3de2 log(1—c?z*
2bc<— arcta (\2[0522( )+ arctan (2?/2)( + )+ arc a;:l (cz?) 0g4(c2 )_6032%>
3e
input LInt[(d + e*xx)~2*(a + b*ArcTanh[c*x~2]),x] J
output‘ ((d + e*x)~3*(a + bxArcTanh[c*x72]))/(3%e) - (2¥b*c*(-((e73*x)/c"2) - (ex(

‘ [Sqrt[cl*x]1)/(2xc~(5/2)) + (d~3*ArcTanh[c*x~2])/(2*c) - (3xd*e~2*Logl[l - ¢

‘3*c*d”2 - e"2)*ArcTan[Sqrt [c]*x])/(2*%c~(5/2)) + (ex(3*c*d"2 + e~2)*ArcTanh ‘
"2+x741)/(4%c"2)))/ (3%e) |

Defintions of rubi rules used

ruka2009t1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a)) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c”ii*(a + b*x"n))), {ii, 0, n/2 - 1}1}, Intlv, x] /; SumQ[v]l] /; FreeQ[{
a, b, ¢, m}, x] & PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

rule 2370

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)~(m + 1)*((a + bxArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[x"(n - D)*((d + exx)"(m + 1)/(1 - c™2*x"(2
*n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

rule 6486
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Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.26

method | result
2c (—
default “(eg_:d)s +b]| < arctan (c=®)a’ | ¢ arctanh (c?) 22d + arctanh (cz?) z d? + arcmnl;gczz)ds -
2c (—
2 arctan 2) 28 retan 2\ 43
parts “(egjd)?’ 4| e ;(w )=° + e arctanh (cz?) 22d + arctanh (cz?) z d? + =2 };S:z )& _
risch Expression too large to display

input‘int((e*x+d)“2*(a+b*arctanh(c*x"2)),x,method=_RETURNVERBOSE)

output

1/3*xax* (e*xx+d) ~3/e+b* (1/3*e"2*xarctanh (c*x~2) *x~3+e*arctanh (cxx”~2) *x~2*d+arc
tanh (c*x"2) *x*d~2+1/3/exarctanh (c*x~2) *d~3-2/3/exc*x(-e~3/c”2*x+1/2/c~ 2% (1/
2% (-c"2%d"3-3*c*xd*e”2) /ck1n(c*x"2-1) - (-3*c*d"2*xe-e”3) /c~ (1/2) *arctanh (c~ (1
/2)*x))+1/2/c”2x(1/2% (c"2*%d"3-3*c*d*e”2) /cx1n(c*xx"2+1) +(-3*c*xd"2*e+e”3) /c~
(1/2)*arctan(c~(1/2)*x))))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 401, normalized size of antiderivative = 2.54

/(d + ex)? (a + barctanh (cz?)) dz

2ac’e’z? + 6 ac’dex? + 3bedelog (cx? + 1) + 3bedelog (cx? — 1) + 2 (3bed? — be?)y/carctan (y/cz) A

-

inputt

integrate ((e*x+d) "2*(atb*arctanh(c*x~2)),x, algorithm="fricas")

~—
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[1/6*%(2xaxc™2%e™2%x"3 + 6*a*xc™2xd*e*x~2 + 3*kbkckxdxexlog(c*x™2 + 1) + 3*b*c
xd*e*log(c*x™2 - 1) + 2%(3xb*c*d™2 - b*e”2)*sqrt(c)*arctan(sqrt(c)*x) + (3
xbkcxd~2 + bxe”2)*sqrt(c)*log((c*x"2 - 2xsqrt(c)*x + 1)/(c*xx"2 - 1)) + 2x%(
3*xaxc"2+%d"2 + 2xbkc*e”2)*x + (b*cT2xe”"2%x"3 + 3xbkc”"2*d*e*x"2 + 3¥bxc”~2*d”
2xx)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/c”2, 1/6%(2%a*c”™2%e"2%x"3 + 6*akxc”2xd*
exx~2 + 3*bxcxd*exlog(c*x™2 + 1) + 3*bkckdxexlog(c*x™2 - 1) + 2% (3*bxcxd~2
+ b*e~2)*sqrt(-c)*arctan(sqrt(-c)*x) + (3*bxc*d~2 - b*e~2)*sqrt(-c)*log((
c*x”2 + 2*sqrt(-c)*x - 1)/(c*x"2 + 1)) + 2% (3xa*xc”™2+%d"2 + 2*b*cxe”2)*x + (
bxcT2%e"2%x"3 + 3*b*xcT2xd*e*x"2 + 3kb*c”2xd"2*x)*Llog(-(c*x~2 + 1)/(c*x"2 -
1)))/c~2]

output

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 3465 vs. 2(139) = 278.

Time = 6.06 (sec) , antiderivative size = 3465, normalized size of antiderivative = 21.93

/ (d + ex)? (a + barctanh(cz?)) dz = Too large to display

inputLintegrate((e*x+d)**2*(a+b*atanh(c*x**2)),x)
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Piecewise ((12xaxcx*2*xd**x2xx*sqrt (-1/c)/(12%c**3*(-1/c)**(3/2) - 12xcx*3*(1
/c)*%(3/2) + 24xcx*2xsqrt(-1/c) + 24*c**2*sqrt(1/c)) + 12xaxck*x2kd**2*xx*sq
rt(1/c)/ (12%c*x*3*(-1/c) **(3/2) - 12xc**3*(1/c)**(3/2) + 24*c**2*sqrt(-1/c)
+ 24xc*kx2xsqrt (1/c)) + 12xaxcx*2xd*re*xx**x2xsqrt (-1/c)/ (12xc**x3*(-1/c)**(3/
2) - 12%c**3*%(1/c)**(3/2) + 24*xcx*2xsqrt(-1/c) + 24*xcx*2xsqrt(1l/c)) + 12*a
xck*k2kd*exxx*x2*xsqrt (1/c) / (12*%cx*3*x (-1/c) **(3/2) - 12xc**3*%(1/c)**(3/2) + 2
4xcx*¥2xsqrt(—1/c) + 24*cx*2xsqrt(1/c)) + 4dxakcx*k2xe*x*2xx*xx3*sqrt(-1/c)/ (12
xC*kx3x(—1/c)*#x(3/2) - 12xcx*3%(1/c)**(3/2) + 24xcx*2xsqrt(-1/c) + 24*cx*2x
sqrt(1/c)) + 4xakck*k2xexx2kxx**3*sqrt(1/c)/(12*%cx*3x(-1/c)**(3/2) - 12%c**3
*(1/c)*x(3/2) + 24xcxx2xsqrt(-1/c) + 24*cx*2xsqrt(1/c)) - 3*kbxcxx3kd**2x (-
1/c)**(3/2)*sqrt (1/c)*log(x - sqrt(-1/c))/(12xc**3*(-1/c)**(3/2) - 12%c**3
*(1/c)**(3/2) + 24xc*x2xsqrt(-1/c) + 24xc**2xsqrt(1/c)) - 12xbxck*3xd**2% (
-1/c)**(3/2)*sqrt(1/c) *log(x + sqrt(-1/c))/(12xc**3*(-1/c)**(3/2) - 12*cx**
3x(1/c)*%(3/2) + 24xcx*2xsqrt(-1/c) + 24*xcx*2xsqrt(1/c)) + 3xbkck*3kd*k*2* (
-1/c)*x(3/2)*sqrt(1/c)*log(x - sqrt(1/c))/(12xc*x*3*(-1/c)**(3/2) - 12%c**3
*(1/c)**(3/2) + 24xc*x2xsqrt(-1/c) + 24xc**2xsqrt(1/c)) + 3*bkcx*3kd**2*sq
rt(-1/c)*(1/c)*x(3/2)*log(x - sqrt(-1/c))/(12xc**3*(-1/c)**(3/2) - 12%c**3
*(1/c)**(3/2) + 24xc**2xsqrt(-1/c) + 24xc*x*2xsqrt(1/c)) - 12xbxc**3*d**2*s
qrt(-1/c)*(1/c)**(3/2)*log(x + sqrt(-1/c))/(12*c**3*(-1/c)**(3/2) - 12*c**
3%(1/c)**(3/2) + 24xc*x2xsqrt(-1/c) + 24xcx*2*sqrt(1/c)) — 3*bxcx*3xdx*. ..

output

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.08

/(d + ex)? (a + barctanh(cz?)) dz

cx—+/c
1 1 2 arctan (/cz) 108 <cw c>
= —ae’z® +adex® + = | c 5 (vez) + 3+f + 2z artanh (cz?) | bd®
3 2 Cc2 c2
cz—y/c
1 4 2 arctan (y/cz) 108 (cac c>
+ 6 2 23 artanh (c:pQ) +c _2x — = (\/_ ) + :‘f be?
C c2 c2

(2 cz? artanh (cx?) + log (—c2x* + 1))bde

d2
+ ad’x + 90

inputLintegrate((e*X+d)“2*(a+b*arctanh(c*x“2)),x, algorithm="maxima")
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1/3%a*xe”2%x"3 + a*xd¥e*x”2 + 1/2*(cx(2*arctan(sqrt(c)*x)/c~(3/2) + log((c*x
- sqrt(c))/(c*xx + sqrt(c)))/c~(3/2)) + 2*x*arctanh(c*x"2))*b*xd"2 + 1/6%(2
*x~3*arctanh(c*x”2) + c*(4*x/c”2 - 2xarctan(sqrt(c)*x)/c~(5/2) + log((c*x

- sqrt(c))/(c*xx + sqrt(c)))/c~(5/2)))*b*xe”2 + a*xd~2*x + 1/2%(2%c*x~2*arcta
nh(c*x"2) + log(-c™2*x"4 + 1))*b*d*e/c

output

Giac [A] (verification not implemented)

Time = 1.10 (sec) , antiderivative size = 171, normalized size of antiderivative = 1.08

bdelog (cx? + 1)
2c

/ (d + ex)? (a + barctanh(cz?)) dz = % ae’z® + adex® +

bde 21
n elog (cx )
2c

+ é (b62x3 + 3bdex?® + 3 bd2z) log (—

cr?+1
cx? —1

N (3acd® + 2be*)x
3c
N (3bed? — be?) arctan (v/cx)

3¢
2 2 cx
(3bcd? + be*) arctan (\/_—c>
3y —cc

_|_

;
integrate((e*xx+d) “2*(atb*arctanh(c*x"2)) ,x, algorithm="giac")

N

input

1/3*%axe”2%x"3 + axd*e*x~2 + 1/2xbxd*e*xlog(c*x”2 + 1)/c + 1/2*bxd*e*log(c*x
"2 - 1)/c + 1/6%(bxe”2*x"3 + 3*bkd*exx"2 + 3xb*d"2*x)*log(-(c*x"2 + 1)/(c*
X"2 - 1)) + 1/3*%(3*%axcxd”2 + 2xb*xe”2)*x/c + 1/3%(3*b*c*d~2 - b*e~2)*arctan
(saqrt(c)*x)/c~(3/2) + 1/3%(3*b*c*d~2 + b*e~2)*arctan(c*x/sqrt(-c))/(sqrt(-
c)*c)

output
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Mupad [B] (verification not implemented)

Time = 3.94 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.96

/ (d + ez)? (a + barctanh(cz?)) dz

bd’?x bdex®? be*xd
_ 2
-Jn@x+d)( 5 + 5 + 5 )

o (bd?x bdex® be?zd z(Bacd®*+2bce?)
—In(1-cz?) st~ t—5 | 32

aelygd In <c+a:\/g> <b62\/c_3+3bcd2\/c_3—3b02de>

+ 3 6¢c3
In (c—x\/c_?’) (bezx/c_3+3bcd2\/c_3+3bc2de>
+ 6
+ln (c—|—m\/—c3) (bezx/—c3+3bczde—3bcd2\/—c3)
6¢c3
_ 3 2 _ 2./_.3 2 ./_.3
+1n(c T c) (3bc d6663be vV—=c2+3becd* v c) tade?

inputtint((a + b*atanh(c*x”2))*(d + exx)~2,x)

log(c*x™2 + 1)*((b*e”2%x73)/6 + (b*d~2#x)/2 + (b*d*e*x72)/2) - log(l - c*x
~2)*x((b*e~2*x~3) /6 + (b*d"2*x)/2 + (bkd*e*x"2)/2) + (x*(3*a*c~2*d~2 + 2*b*
c*xe”2))/(3xc™2) + (axe”2*x~3)/3 - (log(c + x*(c~3)"(1/2))*(bxe~2*x(c~3)~(1/
2) + 3xb*xcxd~2%(c”3)~(1/2) - 3xbk*c~2xd*e))/(6*c~3) + (log(c - x*(c~3)~(1/2
))*(b*xe~2%(c~3)~(1/2) + 3*b*c*d~2+(c~3)~(1/2) + 3*b*c~2*d*e))/(6xc~3) + (1
og(c + x*(-c”3)7(1/2))*(b*e™2%(-c"3)~(1/2) + 3xb*c~2*d*e - 3*bkc*d~2%(-c~3
)~(1/2)))/(6xc"3) + (log(c - x*x(-c~3)7(1/2))*(3*b*c~2*d*e - b*e 2*(-c~3) " (
1/2) + 3*b*xc*d~2*%(-c"3)"(1/2)))/(6*%c~3) + axd*rexx™2

output




input

output

;
int ((e*x+d) ~2* (a+b*atanh (c*x~2)) ,x)

N
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.58

/ (d + ez)? (a + barctanh(cz?)) dz

6+/c atan(%) bed? — 24/c atan(%) be® + 6+/c atanh(cz?®) be d? + 24/c atanh(c z?) be? + 6atanh(cz?)

(6*sqrt (c)*atan((c*x)/sqrt (c))*bxckd**2 - 2xsqrt(c)*atan((c*x)/sqrt(c))*bx
ex*2 + 6xsqrt(c)*atanh(cxx**2)*bxcxd*x2 + 2ksqrt(c)*atanh (ckx*k*2)*b*e*x*2 +
6*atanh (ckx**2) ¥bkck*2kd**2*x + 6*atanh (ckx**2)xb*ck*2*d*exx**2 + 2*atanh
(c*x**2) xbkck*2*e**2+x**3 — 6xatanh(ckx**2)*bkckd*xe + 6*sqrt(c)*log(sqrt(c
)*x - 1)*bxcxd**2 + 2*ksqrt(c)*log(sqrt(c)*x — 1)*b*e**2 - 3*sqrt(c)*log(cx
x**2 + 1)*bxcxd**2 - sqrt(c)*log(c*x**2 + 1)*bke*x2 + 6xlog(cxx**2 + 1)*bx
ckxd*e + B6*akxck*x2kd*k*k2%x + B6kakckk2kdkekxk*k2 + 2kakCckkkekk2kx*k*k3 + 4kbkcke
*%2%x) / (6*Cc*x*2)

N
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3.26 [(d + ex) (a + barctanh(cz?)) dz

Optimal result . . . . . . . . . . . . e 240
Mathematica [A] (verified) . . . . . . . . . ... o 24T]
Rubi [A] (verified) . . . .. . . ... .. 247]
Maple [A] (verified) . . . . . . ... L 242
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 243
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 247
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 244]
Giac [A] (verification not implemented) . . . . . . ... ... ... 245
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 246
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 247

Optimal result

Integrand size = 16, antiderivative size = 117

/(d + ex) (a + barctanh(cz?)) d

bd arctan (y/cz) B bdarctanh (y/cz)

Ve Ve

N (d + ex)? (a + barctanh(cz?))

2e

N b(cd? + €?)log (1 — ca?)

4ce
b(cd? — €2)log (1 + cx?)

4ce

output‘b*d*arCtan(CA(1/2)*X)/C‘(1/2)-b*d*arctanh(c“(1/2)*X)/C“(1/2)+1/2*(e*x+d)“2
‘*(a+b*arctanh(c*x‘2))/e+1/4*b*(c*d‘2+e‘2)*1n(—c*x‘2+1)/c/e—1/4*b*(c*d‘2—e‘

LQ)*ln(c*x“2+1)/c/e
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 104, normalized size of antiderivative = 0.89

/(d + ex) (a + barctanh(cz?)) dz

1 1
= adzx + §aex2 + bdzarctanh (cz®) + ébexzarctanh (cz?)

N bd(2arctan (y/cz) + log (1 — y/cz) —log (1 + v/cz)) N belog (1 — 2xt)
24/c 4c

input LIntegrate[(d + exx)*(a + b¥ArcTanh[c*x"2]),x] J

e B

axdxx + (axe*x"2)/2 + bxd*x*ArcTanh[c*x"2] + (b*exx"2*ArcTanh[c*x"2])/2 +
‘ (b*d* (2*%ArcTan[Sqrt [c]*x] + Log[l - Sqrt[cl*x] - Logl[l + Sqrtlcl*x]))/(2%S ‘
‘qrtlc]) + (brexlogli - c™2+x"4]1)/(4*c)

output

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.88,

number of rules __
integrand size 0.188, Rules

number of steps used = 3, number of rules used = 3,
used = {6486, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) (a + barctanh(cz?)) dz

| 6486
(d + ex)? (a + barctanh(cz?)) B be [ xl(:i-z;ﬁ? dz
2e e
| 2370

d2 2,.2
(d + ex)? (a + barctanh(cz?)) be | (12_(10623654 + ( 14;;:;4)90) dzx

2e e

l 2009
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(d + ex)? (a + barctanh(cz?))

2e
b dearctan(y/cz) , dearctanh(ycz) | d?arctanh(cz?) e?log(1—c?z?)
C\ — 372 + 372 + 2c - 4c?

e

-

input LInt [(d + exx)*(a + bxArcTanh[c*x~2]),x]

-/

Output‘(((d + e*x)”2%(a + b*ArcTanh[c*x72]))/(2%e) - (b*c*(-((d*e*ArcTan[Sqrt[c]*x \‘

‘ 1)/c~(3/2)) + (d*exArcTanh[Sqrt[cl*x])/c~(3/2) + (d"2*ArcTanh[c*x~2])/(2*c ‘

‘) - (e™2xLogl[1l - c™2%x"4])/(4%c”2))) /e ‘
Defintions of rubi rules used

rule 2009 [Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2370‘Int[((Pq_)*((c_.)*(x_))‘(m_.))/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> With[ ‘
{v = Sun[(c*xx)~(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x"(n/2)
)/(cTiix(a + bxx"n))), {ii, 0, n/2 - 1}1}, Intlv, x] /; SumQ[vl] /; FreeQ[{
'a, b, ¢, m}, x] & PolyQ[Pq, x] &% IGtQ[n/2, 0] && Expon[Pq, x] < n |

rule 6486 ImEL((a_.) + ArcTanh[(c_.)*(x_)~(a)]1*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
‘Symbol] :> Simp[(d + e*xx)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x] ‘
- Simp[b¥c*(n/(ex(m + 1)))  Int[x~(n - 1)*((d + exx)"(m + 1)/(1 - c™2%x"(2 |
#n))), x1, x] /; FreeQl{a, b, c, d, e, m, n}, x] & NeQ[m, -1] |

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.79
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method | result

default a(%er + d.’IJ) + barctanh2(cz2)z26 + b arctanh (C.’IJ2) dz + beln(iZQ—l) b arcta\,r/lél(\/Ez) + beln(iZ}2+1

parts a(%emQ + dCL') + barctanhQ(cx2)x26 + b arctanh (ch) dr + beln(izrz—l) __ bd arcta\.;?(\/Ex) + beln(ZZQ—H

. ba(ex+2d) In(cz?+1) bez?In(—ca?+1) bdz In(—cz2+1) aex2 bln(1+v/cz)d bln(1—v/=cz)+/—cd bln
risch 1 - 1 - 2 +5 - e T 2¢ -

input Lint ((exx+d)* (a+b*arctanh(c*x~2)) ,x,method=_RETURNVERBOSE) J

output‘a*(1/2*e*x“2+d*x)+1/2*b*arctanh(c*x"2)*x"2*e+b*arctanh(c*x"2)*d*x+1/4*b*e/
|c¥1n(c*x~2-1)-bxd*arctanh(c”(1/2)*x) /c”(1/2) +1/4¥bxe/c¥1n(c*x"2+1) +bxd*arc |
\tan(c*(1/2)*x)/c*(1/2)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 249, normalized size of antiderivative = 2.13

/ (d + ex) (a + barctanh(cz?)) dz

2 acex® + 4acdz + 4by/cd arctan (y/cz) + 2by/cdlog (%) + belog (cz? + 1) + belog (cx? —
4c

inputLintegrate((e*x+d)*(a+b*arctanh(c*x"2)),x, algorithm="fricas") J

[1/4*(2%axc*exx™2 + 4*axckd*x + 4*bxsqrt(c)*d*arctan(sqrt(c)*x) + 2xb*sqrt
(c)*d*xlog((c*x~2 - 2xsqrt(c)*x + 1)/(c*x”2 - 1)) + bxexlog(c*x~2 + 1) + b*
exlog(c*x™2 - 1) + (bxc*e*x™2 + 2¥bkcxd*x)*log(-(c*x~2 + 1)/(c*x"2 - 1)))/
c, 1/4x(2*axcxexx”2 + 4xaxckd*x + 4xbkxsqrt(-c)*d*arctan(sqrt(-c)*x) - 2*b*
sqrt (-c)*d*log((cxx~2 - 2*sqrt(-c)*x - 1)/(c*x"2 + 1)) + b*exlog(c*x™2 + 1
) + bxexlog(c*x~2 - 1) + (bkckexx™2 + 2*bxckd*x)*log(-(c*x~2 + 1)/(c*x"2 -

1)))/c]

output




input

output
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Sympy [A] (verification not implemented)

Time = 4.89 (sec) , antiderivative size = 753, normalized size of antiderivative = 6.44

/ (d+ez) (a+ barctanh(ch)) dz = Too large to display

r

Lintegrate((e*x+d)*(a+b*atanh(c*x**2)),x)

| —

axd*x + axe*x**2/2 + b*d*Piecewise((4*c*x*sqrt(-1/c)*sqrt(1/c)*atanh (c*x**
2)/(c**2x(-1/c)**(3/2)*sqrt (1/c) - c**2*sqrt(-1/c)*(1/c)**(3/2) + 6*c*sqrt
(-1/c)*sqrt(1/c)) - c*(-1/c)**(3/2)*log(x + sqrt(-1/c))/(c*k*2%(-1/c)**(3/2
Y*sqrt(1/c) - cx*2xsqrt(-1/c)*(1/c)**(3/2) + 6*c*sqrt(-1/c)*sqrt(l/c)) + c
*(1/c)**(3/2)*1log(x + sqrt(-1/c))/(cx*2x(-1/c)**(3/2)*sqrt(1/c) - cx*2*xsqr
t(-1/c)*(1/c)**(3/2) + 6*c*sqrt(-1/c)*sqrt(1/c)) - 2xsqrt(-1/c)*log(x - sq
rt(-1/c))/(c*x*2%(-1/c)**(3/2) *sqrt (1/c) - c**2xsqrt(-1/c)*(1/c)**(3/2) + 6
xc*xsqrt (-1/c)*sqrt(1/c)) - 3x*sqrt(-1/c)*log(x + sqrt(-1/c))/(cx*2x(-1/c)*x*
(3/2)*sqrt(1/c) - cx*2xsqrt(-1/c)*(1/c)**(3/2) + 6xcxsqrt(-1/c)*sqrt(1/c))
+ 4*xsqrt(-1/c)*log(x - sqrt(1/c))/(c**2x(-1/c)**(3/2)*sqrt(1/c) - c**2*sq
rt(-1/c)*(1/c)**(3/2) + 6*cxsqrt(-1/c)*sqrt(1/c)) + 4xsqrt(-1/c)*atanh(c*x
*x%2) / (c**2x (-1/c) *x(3/2) *sqrt (1/c) - c**2*xsqrt(-1/c)*(1/c)**(3/2) + 6*xc*xsq
rt(-1/c)*sqrt(1/c)) + 2*sqrt(1/c)*log(x - sqrt(-1/c))/(c**2x(-1/c)**(3/2)*
sqrt(1/c) - c**2*xsqrt(-1/c)*(1/c)**(3/2) + 6xc*sqrt(-1/c)*sqrt(1/c)) - 3#*s
qrt(1/c)*log(x + sqrt(-1/c))/(c**2*(-1/c)**(3/2)*sqrt(1/c) - c**2*sqrt(-1/
c)*(1/c)**(3/2) + 6*c*sqrt(-1/c)*sqrt(1/c)), Ne(c, 0)), (0, True)) + bxexP
iecewise ((x**2*atanh(c*kx**2)/2 + log(c*x**2 + 1)/(2%c) - atanh(ckx**2)/(2*
c), Ne(c, 0)), (0, True))

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 95, normalized size of antiderivative = 0.81

/(d + ex) (a + barctanh(cz?)) dz
cz—y/c

2 log { otz
= 1aex2 + ! (C( arctan (\/Ex) + ( 3+\f> ) + 2z artanh (Cx2)) bd

2 2 c% c2

(2 cz? artanh (cz?) + log (—c?z* + 1))be

d
+ adx + ic
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input‘integrate((e*x+d)*(a+b*arctanh(c*x"2)),x, algorithm="maxima")

output‘ 1/2*%axexx”2 + 1/2*(cx(2xarctan(sqrt(c)*x)/c~(3/2) + log((c*x - sqrt(c))/(c ‘
*#x + sqrt(c)))/c™(3/2)) + 2xx¥arctanh(ckx"2))*b*d + axdx + 1/4%(2kckx"2%a
chtanh(c*x‘Q) + log(-c~2*x"4 + 1))*bxe/c J

Giac [A] (verification not implemented)

Time = 0.30 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.14

bed arctan (z \/H )

Ek

/(d + ex) (a + barctanh(cz?)) dz = % aex’ + adz +

be log (mz + i)

lc|

+ 4c )
1 9 cr+1
+7 (bez® + 2bdz) log (_ch — 1)
— 1
- (2bcd\/|c| bce> log (‘z—l— \/HD
4c?
(2 bedy/|c| + bce) log (’x — 1|C| >
+
4c?
inputLintegrate((e*x+d)*(a+b*arctanh(c*xA2)),x, algorithm="giac") J
Output‘1/2*a*e*x“2 + axd*x + b*cxd*arctan(x*sqrt(abs(c)))/abs(c)~(3/2) + 1/4*bxex

‘log(x™2 + 1/abs(c))/c + 1/4%(bxexx™2 + 2¥bxd*x)*log(-(c*x™2 + 1)/(c*x™2 - |
‘1)) - 1/4%(2xb*c*d*sqrt(abs(c)) - bxc*e)*log(abs(x + 1/sqrt(abs(c))))/c"2
‘+ 1/4x(2xb*cxd*sqrt(abs(c)) + bxc*e)*log(abs(x - 1/sqrt(abs(c))))/c~2
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Mupad [B] (verification not implemented)

Time = 3.84 (sec) , antiderivative size = 242, normalized size of antiderivative = 2.07

aer? bdxIn(cz®+1)
2 + 2
bdz In(1—cz?) beln(c#—xvﬁg)
B 2 + 4c
be In (c—z\/c_?’) ber?In(cz?+1)
4c + 4
bea:zln(l—cw) beln(c—i—a;\/:)
4c
beln(c cﬂ bdln<c+ﬂrvﬁv Vel

2 c?

/(d + ez) (a + barctanh(cz?)) dz = adz +

+

bdln(c—x\/_)

2c2?

_bdln(c—l—x\/:) V=c3
(

2 c?
+bd1n c—zx )\/—03

2 c?

input| 10t ((a + bratanh(ckx"2))*(d + exx),x)

output

axd*x + (a*exx”2)/2 + (b*d*x*log(c*x~2 + 1))/2 - (b*d*x*log(l - c*x~2))/2
+ (bxexlog(c + x*(c™3)7(1/2)))/(4*c) + (b*exlog(c - x*(c™3)7(1/2)))/(4*c)
+ (bxexx"2*log(c*x"2 + 1))/4 - (b*exx"2*log(l - c*x~2))/4 + (b*exlog(c + x
*(-c”3)7(1/2)))/(4xc) + (bxexlog(c - x*(-c~3)7(1/2)))/(4*c) - (b*d*log(c +
x*(c”3)7(1/2))*(c™3)"(1/2))/(2%c™2) + (b*d*log(c - x*(c™3)7(1/2))*(c™3)7(
1/2))/(2*c~2) - (bxdxlog(c + x*(-c~3)~(1/2))*(-c~3)~(1/2))/(2%c~2) + (b*dx

log(c - x*(-c~3)"(1/2))*(-c"3)"(1/2))/(2%c~2)
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Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.01

/ (d + ez) (a + barctanh(cz?)) dz

24/c atan(%) bd + 2+/c atanh(c z*) bd + 2atanh(cz?) bedz + atanh(c z?) bee 22 — atanh(cx?) be + 24/
- 2c

input| 10t ((exx+d) * (atbratanh (c*x"2)) ,x)

output
\(c*x**2)*b*c*d*x + atanh(cxx**2)*bkxckxe*x**2 - atanh(ckx**2)*b*xe + 2*sqrt(c

‘)*log(sqrt(c)*x - 1)xb*d - sqrt(c)*log(c*x**2 + 1)*b*d + log(c*x**2 + 1)*b

‘(2*sqrt(c)*atan((c*x)/sqrt(c))*b*d + 2*sqrt(c)*atanh(cxx**2)*bxd + 2*atanh
*e + 2kaxchdkx + akckekxr2)/(2%c)
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3.27 f a—|—baI‘CdtaIlh (cx2) dz
+ex

Optimal result . . . . . . . . . . . . . . e 248
Mathematica [C] (verified) . . . . . . . . . .. .. 249
Rubi [A] (verified) . . . . . . . . . . 2501
Maple [A] (verified) . . . . . . . . ... 2511
Fricas [F] . . . . . . o e
Sympy [F(-1)] . . o o
Maxima [F] . . . . . . 253
Giac [F] . . . o o 253!
Mupad [F(-1)] . . . . . e 253
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 325

/

a + barctanh(cz?)

d+ex

dz

(a + barctanh(cz?)) log(d + ex)
e

blog (e(\l/}c—d‘/ic?) log(d + ex)

2e
blog (—e(\l/;—d‘ﬁ_cfg log(d + ex)

2e
blog <e(\1f:$f:)> log(d + ex)
2e

blog <—M> log(d + ex)

+

Ved—e

+ 2e

V—cd—e Ved—e

b PolyLog (2, M) b PolyLog (2, M)
—~ -

2e 2e

_ bPolyLog (2, %) . b PolyLog <2> %)

2e 2e
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(at+b*arctanh(c*x~2))*1n(e*x+d) /e-1/2*b*1n(e* (1-(-c)~(1/2)*x)/((-c)~(1/2)*d
+e))*1n(exx+d) /e-1/2*bx1n(-e* (1+(-c)~(1/2) *x) / ((-c)~(1/2) *d-e) ) *1n(e*x+d) /
e+1/2xb*1n(ex(1-c~(1/2)*x) /(c~(1/2) *d+e) ) *1n(e*x+d) /e+1/2*bx1n(-e* (1+c~(1/
2)*x)/(c~(1/2)*d-e) ) *1n(e*x+d) /e-1/2*%b*polylog(2, (-c)~(1/2) * (e*x+d) / ((-c)~
(1/2)*d-e)) /e+1/2%b*polylog(2,c~(1/2)*(e*xx+d) /(c~(1/2)*d-e)) /e-1/2*%b*polyl
0g(2, (-c)~(1/2) *(e*xx+d) / ((-c)~(1/2) *d+e) ) /e+1/2¥b*polylog(2,c” (1/2) * (exx+d
)/(c™(1/2)*d+e)) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 17.33 (sec) , antiderivative size = 285, normalized size of antiderivative = 0.88

/ a + barctanh(cz?) alog(d + ex)
dz = 0BT L)
d+ex e

b(2arctanh(c:c2) log(d + ex) — log (ef}:d‘ﬁ?> log(d + ex) — log (—e(\if;—\_f?) log(d + ex) + log (—%

+

input!lntegrate[(a + bxArcTanh[c*x~2])/(d + exx),x]

(axLogl[d + e*x])/e + (b*(2xArcTanh[c*x"2]*Logl[d + e*x] - Log[(ex(I - Sqrt[
cl*x))/(Sqrtlcl*d + I*e)]l*Logld + e*xx] - Logl[-((ex(I + Sqrtlcl*x))/(Sqrtlc
1*d - I*e))]*Logld + exx] + Logl[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Lo
gld + exx] + Logld + e*x]*Log[(e - Sqrt[c]l*e*x)/(Sqrtlcl*d + e)] + PolyLog
[2, (Sqrtlcl*(d + exx))/(Sqrtlcl*d - e)] - PolyLogl[2, (Sqrtl[cl*(d + exx))/
(Sgrtlcl*d - Ixe)] - PolyLogl[2, (Sqrtlcl*(d + exx))/(Sartlcl*d + Ixe)] + P
olyLog[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + e)]))/(2%e)

output




input

output

CHAPTER 3. LISTING OF INTEGRALS 250

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 325, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6482, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

barctanh (cx?
/a+ arctan (c.r ) d
d+ex
| 6482
9 z log(d+ex)
log(d + ez) (a + barctanh(cz?))  2bc [ 27 dx
e e
l 2863
log(d log(d
log(d + ez) (a + barctanh(cz?)) 2bc | <692:((C)E(02:§:)t) + 02(25952:??)) dz
e e
l 2009

log(d + ez) (a + barctanh(cz?))

e

—cd—e v/ —cd+e Vcd+e

v —cd+e

4c 4c 4c 4c

b ( PolyLog (2, %) PolyLog (2, %) + PolyLog (2, M) PolyLog (2, M) L log(d+ez) log < c(l-v—cs
c — —

4c

-

((a + b*ArcTanh[c*x~2])*Logl[d + e*xx])/e - (2%b*c*((Logl[(ex(1 - Sqrt[-c]*x)
)/ (Sqrt[-cl*d + e)]l*Logld + e*x])/(4xc) + (Log[-((ex(1 + Sqrt[-cl*x))/(Sar
t[-cl*d - e))]*Logld + exx])/(4xc) - (Logl(ex(1 - Sqrtlcl#*x))/(Sqrtlcl*d +
e)]*Log[d + exx])/(4xc) - (Log[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Lo
gld + exx])/(4xc) + PolyLogl[2, (Sqrt[-cl*(d + e*x))/(Sqrt[-cl*d - e)]/(4*c
) - PolyLog[2, (Sqrtlcl*(d + ex*x))/(Sqrtlcl*d - e)]/(4xc) + PolyLogl[2, (Sq
rt[-cl*(d + e*x))/(Sqrt[-cl*d + e)]/(4*c) - PolyLogl[2, (Sqrtlcl*(d + e*x))
/(Sartlcl*d + e)]1/(4x*c)))/e

LInt[(a + b*ArcTanh[c*x~2])/(d + e*x),x] J
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 2863

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_)*((£) + (g_)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLoglc*(d + e*x)"n])~p, (h*x) mx(f + g*x"r)~q, x], x] /; FreeQl{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] && IntegerQ[m] && IntegerQ[q]

rule 6482

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol
1 :> Simp[Log[d + exx]*((a + b*ArcTanh[c*x"n])/e), x] - Simp[b*c*(n/e)
t[x"(n - D*(Logld + e*x]/(1 - c~2*x~(2*n))), x], x] /; FreeQ[{a, b, c, d,
e, n}, x] && IntegerQ[n]

In

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 347, normalized size of antiderivative = 1.07

method | result
(e (St o (ot} (L
€ 2c
2c| — 5
default aln(ex+d) +b In(ex+d) arctanh(c z?) _
e e
P G e e e e P
2c
2c| — 5
parts aln(ex+d) +b In(ez+d) arctanh(c z?) _
e e
evc—(ex+d)ctecd ey/c+(ex+d)c—cd s e/«
. aln(ex+d) bln(ez+d) In(—cx?+1) bln(ex+d) ln<W> bln(ex+d) ln<w> bdllog(
risch e - 2e 2e + 2e
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input  int ((a+b*arctanh(c*x~2))/(e*x+d) ,x,method=_RETURNVERBOSE)

ax1ln(e*x+d) /e+b* (1n(e*x+d) /e*arctanh (cxx~2)-2/e"3*c*(-1/2%e~2% (1/2*1n (exx+
d)*(1n((exc™(1/2) - (exx+d) *c+cxd) / (exc™(1/2) +c*d) ) +1n((exc™ (1/2) +(exx+d) *c-
cxd)/(exc™(1/2)-c*d)))/c+1/2*(dilog((e*c™ (1/2) - (e*x+d) *c+c*d) / (exc™(1/2)+c
*d))+dilog((exc™ (1/2)+(e*x+d)*c-c*d)/(exc~(1/2)-c*d)))/c)+1/2%e~2%(1/2%1n(
e*x+d) * (In((ex(-c)~(1/2) - (exx+d) *c+c*d) / (ex(-c) ~(1/2)+c*d) ) +1n((ex(-c)~(1/
2)+(exx+d) *c—c*d) / (ex(-c) ~(1/2)-c*d))) /c+1/2x(dilog((ex (-c) ~(1/2) - (e*x+d) *
ctexd) / (ex ()™ (1/2)+cxd) ) +dilog ((ex(~c) ™ (1/2)+(exx+d) xc-cxd) / (e* (-c) ™ (1/2
)-c*d)))/c)))

output

Fricas [F]

dx

l/a+mmmmmm% /bm%ﬂﬂm%+a
dr =
d+ex er +d

jnputLintegrate((a+b*arCtanh(C*X“2))/(e*x+d),x, algorithm="fricas")

outputLintegral((b*arctanh(c*x‘2) + a)/(exx + d), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + barctanh(cz?)
d+ex

inputLintegrate((a+b*atanh(c*x**2))/(e*x+d)’x)

OutputLTlmed out
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Maxima [F]
2 2
/ a + barctanh(cz?) dp — / bartanh (cz?) + a i
d+ex er +d
inputtintegrate((a+b*arctanh(c*x*2))/(e*x+d),x, algorithm="maxima") J
Output‘1/2*b*integrate((log(c*x‘2 + 1) - log(-c*x~2 + 1))/(e*xx + d), x) + axlog(e
‘*X + d)/e ‘
Giac [F]
2 2
/ a + barctanh(cz?) dp — / bartanh (cx?) + a i
d+ex ex+d
inputLintegrate((a+b*arctanh(c*x“2))/(e*x+d),x, algorithm="giac") J
outputtintegrate((b*arctanh(c*x‘z) + a)/(exx + d), x) J
Mupad [F(-1)]
Timed out.
a + barctanh(cz?) a + batanh(cz?)
dr = dz
d+ ex d+ezx
inputtint((a + bxatanh(c*x72))/(d + e*x),x) J

outputtint((a + b*atanh(c*x~2))/(d + e*x), x) J
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Reduce [F]

er+d

(f atanh(cz?) dx) be + log(ex + d) a

2
/ a + barctanh(cz?) .
d+ex e

input tint ((a+b*atanh(c*x72) )/ (e*x+d) ,x)

Output L(int (ata'nh(c*x**2)/(d + e*X),X)*b*e + 1og(d + e*x)*a)/e




output
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f a+barctanh (cx2) d

3.28 (dtex)?

Optimalresult . . ... ... .. ... ... ... ... ......
Mathematica [A] (verified) . . . . . . ... ... .. L.
Rubi [A] (verified) . . . ... ... ... o
Maple [A] (verified) . . . . . . . .. ... oL
Fricas [B] (verification not implemented) . . . . . ... ... ...
Sympy [F(-1)] . . . .o
Maxima [A] (verification not implemented) . . . . . . .. ... ..
Giac [A] (verification not implemented) . . . . . ... ... .. ..
Mupad [B] (verification not implemented) . . .. ... ... ...
Reduce [B] (verification not implemented) . . ... ... ... ..

Optimal result

Integrand size = 18, antiderivative size = 166

/ a + barctanh(cz?) o — by/carctan (y/cz) by/carctanh(y/cz) a + barctanh(cz?)

(d + ex)? cd? + €2

2bcdelog(d + ex)  bedlog (1 — cx?)

bedlog (1 + cx?)

c2d4 — et

2e (cd? — e?)

2e (cd? + €2)

(b*c‘(1/2)*arctan(c‘(1/2)*x)/(c*d‘2+e‘2)-b*c‘(1/2)*arctanh(c‘(1/2)*X)/(c*d‘
\2—e‘2)—(a+b*arctanh(c*x‘2))/e/(e*x+d)+2*b*c*d*e*1n(e*x+d)/(c‘2*d‘4—e‘4)—1/

L2*b*c*d*1n(—c*x’“2+1) /e/(cxd~2-e72)+1/2%bxc*d*1n(c*xx"2+1) /e/ (c*xd~2+e~2)

*\\
|
J



input

output
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.57

/ a + barctanh(cz?) - 1/ 2 N 2by/carctan (y/cz) _ 2barctanh(cz?)
(d+ ex)? 2\ e(d+ex) cd? + e? e(d+ ex)
by/c(c*?d® — cd’e — €) log (1 — \/cx)
+ —c2d*e + €°
by/c(c2d? + cd?e + €3) log (1 + y/cx)
+ 24 5
—cide +e
4bcde log(d + ex) N bcd? log (1 + cx?)
c2d* — et c2d*e — eb
bedelog (1 — c*x)
o c2d4 — et

Integrate[(a + b*ArcTanh[c*x"2])/(d + e*x)~2,x]

((-2*a)/(ex(d + e*x)) + (2xb*Sqrt[c]*ArcTan[Sqrt[cl#*x])/(c*d”2 + e72) - (2
*b*ArcTanh [c*x~2])/(e*(d + e*x)) + (bxSqrt[c]*(c~(3/2)*d"3 - c*d"2xe - e”3
)*Logl[1l - Sqrtlcl*x])/(-(c"2*xd"4*e) + e5) + (b*Sqrtlcl*(c~(3/2)*d"3 + c*xd
“2xe + e73)*Logl[l + Sqrtlcl*x])/(-(c"2*d"4*e) + e~5) + (4xbxcxd*exLogld +
e*x])/(c™2xd"4 - e~4) + (bxc~2xd"3*Log[l + c*x~2])/(c"2*d"4*e - e~5) - (bx
ckxdxexLog[l - c™2*x74])/(c"2%d"4 - e74))/2

Rubi [A] (verified)

Time = 0.56 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.01,

number of rules __
integrand size 0.167, Rules

number of steps used = 3, number of rules used = 3,
used = {6486, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctanh (cz?)
x

(d+ ex)?
l 6486
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2bc [ (ren(imezeny 32 _ a+ barctanh(cz?)

e e(d+ ex)
l 7276
2bCf (_ de3 + e—cdz + e+cdz ) dx 9
(F—2d)(dtex) T 2(cd®—e?)(ca?—1) T 2(cd®+e?)(ca?+1) _at barctanh (cz?)
e e(d + ex)
l 2009

% earctan(y/cz) earctanh (Vez) de? log(d+ex) dlog(1—cz?) dlog(cz?+1)
eled+e?) | ajdled—e) T @di-et | T ded?=ed) T d(cd?ted)

e
a + barctanh (cz?)

e(d + ex)
input LInt [(a + b*ArcTanh[c*x"2])/(d + e*x)~2,x] J
output ‘(-( (a + bxArcTanh[c*x"2])/(ex(d + e*x))) + (2*b*c*((e*ArcTan[Sqrt[cl*x])/(2

‘*Sqrt [cI*(c*d"™2 + e72)) - (exArcTanh[Sqrt[c]*x])/(2*Sqrtlcl*(c*xd~2 - e72))
|+ (d*e"2+Logld + exx])/(c™2%d"4 - e™4) - (dxLog[l - c*x"2])/(4*(c*d™2 - e
~2)) + (d*Logll + c*x72])/(4%(cxd"2 + e72))))/e

& J

>

Defintions of rubi rules used

rule 2009“11?' [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

rule 6486‘In’c[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
‘Symbol] :> Simp[(d + e*x)"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
‘— Simp[b*c*(n/(ex(m + 1))) Int[x"(n - 1)*((d + e*x)"(m + 1)/(1 - c™2*%x~(2
*n))), x], x] /; FreeQ[{a, b, c, d, e, m, n}, x] && NeQ[m, -1]

- J

>

rule 7276‘ Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE ‘
‘xpand[u/(a + b*x"n), x1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ ‘
‘ [n, 0] ‘
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Maple [A] (verified)

Time = 0.50 (sec) , antiderivative size = 155, normalized size of antiderivative = 0.93

method | result
dln(c z2_1) e arctanh(vcz) dln(cw2+1) earctan(y/cx)
2c _ 2 _ Ve + 2 + c + de? In(ex+d)
h( 2) 2¢d2—2¢e2 2cd2+252 (c d2—e2) (c d2+e2)
a arctanh(cz
default | —r2ige +b| ~“Grae * e
dln(cx271) e arctanh(\/E:v) dln(ca;2+l) earctan(\/Ez)
2c ~ 2 _ Ve + 2 + c + de? In(ex+d)
2c d2 —2e2 2c d242e2 (c d2762) (C d2+62)
£ —_a_4pl|— arctanh(cz?) +
parts (ex+d)e (ez+d)e P
input Lint ((a+b*arctanh(c*x~2))/(e*x+d)~2,x,method=_RETURNVERBOSE) J
output ‘ -a/ (e*xx+d) /e+b* (-1/ (e*x+d) /e*arctanh (c*x~2) +2/exc* (1/ (2*xcxd~2-2%xe~2) *(-1/2

‘*x“2+1)+e/c‘(1/2)*arctan(c“(1/2)*x))+d*e“2/(c*d“2—e‘2)/(c*d‘2+e‘2)*1n(e*x+

‘*d*ln(c*x"2-1)—e/c‘(1/2)*arctanh(c‘(1/2)*x))+1/(2*c*d"2+2*e"2)*(1/2*d*ln(c \
D)) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 321 vs. 2(154) = 308.

Time = 2.55 (sec) , antiderivative size = 634, normalized size of antiderivative = 3.82

/ a + barctanh(cz?) .

(d+ ex)?
2ac’d* — 2ae* — 2 (bed®e — bde® + (bed?e® — be*)z)+/carctan (v/cx) + (bedde + bde® + (bed?e? + be

2ac’d* — 2ae* — 2 (bed3e + bde® + (bed®e? + be*)z)y/—carctan (v/—cz) — (bed®e — bde® + (bed?e? -
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input‘integrate((a+b*arctanh(c*x”2))/(e*x+d)“2,x, algorithm="fricas")

output

[-1/2%(2%a*c™2*xd"4 - 2*axe”4 - 2x(bxc*d"3%e - b*d*e”3 + (b*xc*d"2*e”2 - b*e
~4)*x)*sqrt(c)*arctan(sqrt(c)*x) + (bkcxd~3*e + bxd*e”3 + (b*cxd"2%e”2 + b
*xe~4) xx) *sqrt (c) *Llog((c*x"2 + 2xsqrt(c)*x + 1)/(c*x"2 - 1)) - (b*c™2xd"4 -
bxcxd~2%e~2 + (b*c~2*d"3*e - bk*ckd*e~3)*x)*log(c*x~2 + 1) + (b*xc™2xd"4 +
bxcxd~2%e~2 + (b*c"2*d"3*e + bkckd*e~3)*x)*log(c*x~2 - 1) - 4*(b*xckd*e”3*x
+ bxcxd"2xe”2)*log(e*x + d) + (bxc™2%¥d"4 - b*e~4)*log(-(c*x~2 + 1)/(c*x"2
- 1)))/(c™2+d"5xe - d*e”5 + (c"2*d"4%e”2 - e"6)*x), —-1/2%(2%a*c”2*d"4 - 2
*xaxe™4 - 2x(bxcxd"3%e + bxd*e”™3 + (b*cxd"2*e”2 + bxe”~4)x*x)*sqrt(-c)*arctan
(sqrt(-c)*x) - (bxc*d"3*e - b*d*e~3 + (bxc*d™2*e”2 - b¥e”4)x*x)*sqrt(-c)*lo
g((c*xx™2 + 2xsqrt(-c)*x - 1)/(c*x"2 + 1)) - (b*c"2*¥d"4 - bxc*d"2*e"2 + (b*
c"2+%d"3*e - b*cxd*e"3)*x)*log(c*x~2 + 1) + (b*xc™2*d"4 + b*cxd"2xe”2 + (b*c
~2%d"3%e + b*ckd*e~3)*x)*log(c*x™2 - 1) - 4*(b*c*d*e”3*x + bxc*xd~2%e”~2)*1lo
glexx + d) + (bxc™2*xd"4 - bxe~4)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/(c"2*d"5*e

- d*xe”5 + (c"2*xd"4*e"2 - e76)*x)]

Sympy [F(-1)]

Timed out.
2
/ a + barctanh(cz?) de — Timed out
(d+ ex)?
inputLintegrate((a+b*atanh(c*x**2))/(e*x+d)**2,x)

output

-

LTimed out

~—
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Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.04

/ a + barctanh(cz?)
(d+ ex)?
cr—+/c
1 4delog(exr+d) dlog(cx®+1) dlog(cz? —1) N 2 arctan (y/cz) log <cz+\/5> 2 ar
e —_ C —_
2 c2d* — et cd’e + €? cd?e — €3 (cd? 4+ e2)y/c  (cd? —e?)4/c :
a
e?x + de
input Lintegrate ((atb*arctanh(c*x72))/(e*x+d)~2,x, algorithm="maxima") J
output‘ 1/2% ((4*d*exlog(exx + d)/(c™2+%d"4 - e”4) + dxlog(c*x™2 + 1)/(c*d"2*e + €73 ‘
‘) - dxlog(c*x™2 - 1)/(c*d"2%e - e73) + 2*arctan(sqrt(c)*x)/((cxd"2 + e72)* ‘
‘sqrt(c)) + log((c*x - sqrt(c))/(c*x + sqrt(c)))/((cxd™2 - e~2)*sqrt(c)))*c ‘
‘ - 2xarctanh(c*x~2)/(e”2*x + d*e))*b - a/(e"2*x + dxe) ‘
iac verification not implemente
Giac [A ficat t implemented
Time = 0.14 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.62
/ a + barctanh(cz?)
dz
(d+ ex)?
2cd d? 2 2cd d? 2 2 carctan | S—eesd g
_1 cdlog <c " ewtd T Gera? T (ex+d)2> cdlog <c " eotd T (cord? (ex+d)2> + M
T2 cd?e + €3 cd?e — €3 (cd? — €2)y/—
a
(ex + d)e
input Lintegrate((a+b*arctanh(c*x*2) )/ (exx+d)~2,x, algorithm="giac") J
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1/2%(c*d*log(c - 2xcxd/(exx + d) + cxd”2/(exx + d)"2 + e~2/(exx + d)"2)/(c
x*d"2%e + e73) - c*d*log(c - 2kcxd/(exx + d) + cxd~2/(exx + d)"2 - e~2/(exx
+ d)~2)/(c*d"2xe - e73) + 2xc*arctan((c*d - c*d"2/(e*x + d) + e"2/(e*x +
d))/(sqrt(-c)*e))/((cxd™2 - e"2)*sqrt(-c)) + 2xsqrt(c)*arctan((cxd - c*d~2
/(exx + d) - e”2/(exx + d))/(sqrt(c)*e))/(c*d”2 + e72) - log(-(c*x"2 + 1)/

(c*x™2 = 1))/((exx + d)*e))*b - a/((e*xx + d)*e)

output
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Mupad [B] (verification not implemented)

Time = 5.03 (sec) , antiderivative size = 727, normalized size of antiderivative = 4.38

/

a + barctanh(cz?)

dx
(d+ ex)?
(bﬁ&i—bcd) 38468d¢56<|—817(i
8z (417011 d5 e2-f-52bc9 deG)
(bv/=cetbed) 2 - e
(bv/—ce+bcd) 2(cd2 e+e3)
— 39 e—
(b\/ ce+bcd) 8b°c’e 2(cd2e+63)
1656410 g
In e - 2 (cd? e+e3)
2 (cd?e+e3)
a
ze2+de
8z 24c10d465+
8z(4bclld552+52bcgda6) (bv/=ce—bcd) <38408d56+ ( -
6 vecte) 2 + e
(bv/=ce—bcd) 2(cd2 e+e3)
ce— 3.9 ,_
(b\/ ce bcd) 8b°c’e 2(Cd2€+e3)
In 2 (cd? e+e3)
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input‘int((a + b*atanh(c*x~2))/(d + e*x)~2,x)

(log((16*b~4*c~10*x) /e - ((b*(-c)~(1/2)*e + b*cx*d)*(8*b~3*c"9*e - ((b*(-c)
~(1/2)*e + bxcxd)*(((b*(-c)~(1/2)*e + bxc*xd)* ((8*x* (4*¥b*c”11*%d"5*xe”2 + 52*
bxc~9*d*e”6))/e"2 - ((bx(-c)~(1/2)*e + b*c*d)*(384*c"8xd*xe"6 + (8*x*(40*c”
8xe”9 + 24*c~10*%d"4*e”5))/e”2 + 128*%c~10*%d"5%e”2))/(2*(e"3 + c*d"2*e)) + 3
20*b*c~9*%d"2*e"3)) /(2% (e”~3 + c*xd"2*e)) - 64*b~2%c~10*d"2*e*x))/(2*%(e”"3 + ¢
*d"2xe)) + (8*%b"3*c”"11xd"3*x)/e"2))/(2%(e"3 + cxd"2*e)))*(bx(-c)~(1/2)*e +
bxcxd)) /(2% (e”3 + c*xd"2xe)) - a/(d*e + e"2xx) - (log(((bx(-c)~(1/2)*e - Db
*xckd) * (8xb~3*c"9%e - ((b*(-c)~(1/2)*e - bkc*d)*(((b*(-c)~(1/2)*e - b*cxd)*
((8*x* (4xbxc~11*d"5*e~2 + 52xb*xc~9*d*e"6))/e"2 + ((b*(-c)~(1/2)*e - bxcxd)
*(384*c~8*d*e”6 + (8xx*(40*%c™8%e”9 + 24*xc”~10*d"4*e"5))/e”2 + 128+c~10*d~5%
e”2))/(2x(e”3 + cxd"2*e)) + 320%b*c”9*xd"2xe"3))/(2*(e”"3 + c*d"2*e)) + 64x*b
~2xc”10*d"2*xe*xx) ) /(2% (e”3 + c*d"2*e)) + (8*b"3*kc"11*d"3%*x)/e"2))/(2*x(e”"3 +
cxd"2xe)) + (16*b~4*c~10%*x)/e)*(bx(-c)~(1/2)*e - b*c*d))/(2*x(e”3 + c*xd~2x*
e)) - (b*log(c*x™2 + 1))/ (2xex(d + exx)) - (b*c~(1/2)*log(c™(1/2)*x - 1))/
(2x(e”2 + c~(1/2)*d*e)) + (b*xc~(1/2)*log(c~(1/2)*x + 1))/(2x(e”2 - c~(1/2)
xd*e)) + (bxlog(l - c*x72))/(ex(2*d + 2*exx)) - (2xb*cxd*exlog(d + e*x))/(
e~4 - c~2xd"4)

N\ J

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 506, normalized size of antiderivative = 3.05

/ a + barctanh(cz?) i

(d+ ex)?
—log(v/cxz — 1) be'r —log(y/cz + 1) bde® —log(y/cz + 1) be*z + log(cz® + 1) bd €3 + log(cz? + 1) b

r

Lint((a+b*atanh(c*x"2) )/ (exx+d)~2,x)

| —

input
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(2xsqrt (c)*atan((c*x)/sqrt(c))*bxc*xd**4 + 2xsqrt(c)*atan((c*x)/sqrt(c))*b*
ckdx*3*kexx — 2*ksqrt(c)*atan((c*x)/sqrt(c))*bxd*x2xe*x2 - 2ksqrt(c)*atan((c
*x) /sqrt (c) ) *b*xd*kex*3*x + 2*atanh (ckx**2)*b*ck*2xd**x4*x — 2*atanh (ckxx**2)*
b*ex*4xx + sqrt(c)*log(sqrt(c)*x - 1)*bxckd**4 + sqrt(c)*log(sqrt(c)*x - 1
) ¥bkcxd**3xexx + sqrt(c)*log(sqrt(c)*x — 1)*b*d**x2*e**2 + sqrt(c)*log(sqrt
(c)*x — 1)*b*d*ex*3*x - sqrt(c)*log(sqrt(c)*x + 1)*bxcxd*x4 - sqrt(c)*log(
sqrt(c)*x + 1)*b*cxd**3xexx - sqrt(c)*log(sqrt(c)*x + 1)*bxdx*2xex*2 - sqr
t(c)*log(sqrt(c)*x + 1)*bxdxe*x*3xx — log(sqrt(c)*x — 1)*b*ckd**3*e - log(s
grt(c)*x - 1)*bkckd**2xe**2+x - log(sqrt(c)*x - 1)*bxd*ex*3 - log(sqrt(c)*
x — 1)*bkex*4*x - log(sqrt(c)*x + 1)*bkc*xd**3%e - log(sqrt(c)*x + 1)*b*cxd
*x*x2xex*x2xx — log(sqrt(c)*x + 1)*bxdxex*3 - log(sqrt(c)*x + 1)*b¥ex*4*x - 1
og(ckxx*2 + 1)*bxc*d**3%e - log(c*x*k*2 + 1)*bkckd**2xe**x2xx + log(c*x**2 +
1) *bkd*e**3 + log(c*kx**2 + 1)*b*ex*4xx + 4*log(d + e*x)*b*ckd**3*e + 4xlo
g(d + e*x)*bkckd**x2kex*2xx + 2*akck*x2kdx*4xx — 2%axe*x4d*x)/(2xd* (c*k*2kd**5

+ ck*2kd**k4ke*xx — dke*x*4d — ex*bkxx))

output




output
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3.29 f a+barctanh (cx2) dx

(d+ex)?
Optimal result . . . . . . . . .. . .. 265]
Mathematica [A] (verified) . . . . . . . . . ... 266!
Rubi [A] (verified) . . . . . . .. . . 267
Maple [A] (verified) . . . . . . . . . .. 268]
Fricas [B] (verification not implemented) . . . . . .. .. ... ... .. ..... 269
Sympy [F(-1)] . . . o o 270
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 270
Giac [A] (verification not implemented) . . . . . ... ... .. L. 271]
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 27T
Reduce [B] (verification not implemented) . . .. .. ... ... ... ...... 272
Optimal result
Integrand size = 18, antiderivative size = 226
a + barctanh(cz?) , bede bc*/?d arctan (y/cx)
/ (d + ex)? T (c2d* — €*) (d + ex) (cd? + €2)®
bc*?darctanh(y/cz)  a + barctanh(cz?)
B (cd2 — 62)2 B 26(d + 61’)2
bee(3c2d* + e*) log(d + ex)
(c2d4 __64)2
be(cd? 4+ ) log (1 — cx®)  be(ed? — €?) log (1 + cz?)
o 2 + 2
de (cd? — €2) 4e (cd? + €2)

-bxcxd*e/(c"2*%d~4-e"4) / (e*x+d) +b*c~(3/2) *d*arctan(c”(1/2) *x) / (c*d"2+e~2) "2
-b*c~(3/2)*d*arctanh(c” (1/2) *x) / (c*d"2-e"2) "2-1/2* (a+b*arctanh (c*x~2)) /e/(
exx+d) "2+bxckex (3kc"2xd"4+e~4) *1n (exx+d) / (c"2*%d~4-e"4) “2-1/4xbxc* (cxd~2+e”
2)*1n(-c*x"2+1) /e/ (c*xd"2-e"2) "2+1/4%b*c* (c*d"2-e~2) *1n(c*x"2+1) /e/ (c*d"2+e
~2)72
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Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 379, normalized size of antiderivative = 1.68

/ a + barctanh(cz?)
dz
(d+ ex)3
1 2 4bcde N 4bc3/?d arctan (y/cz) _ 2barctanh(ca?)
4\ e(d+ex)? (c2d*—e*)(d+ex) (cd? + €2)? e(d + ex)?

bc®/2d(cP2d° — 2c2d*e — ded?e® + 3y/ede* — 2€°) log (1 — v/cx)
- e (—c2d* + et)?
bc®/2d(c52d° + 2 d*e + 4ed?e® + 3y /ede* + 2¢°) log (1 + +/cx)
- e (—c2d* + et)?
4bce(3c2d* + e*)log(d + ex)  bc?(c2dS + 3d%e*) log (1 + cz?)
(—c2d4 + et)” " e (—c2d4 + et)?
bee(3c2d* + e*) log (1 — c?z?)
B (—c2d* + et)? )

input‘ Integrate[(a + b*ArcTanh[c*x~2])/(d + exx)~3,x]

((-2%a)/(e*x(d + e*x)~2) - (4*bxc*d*e)/((c”2%d"4 - e"4)*(d + e*x)) + (4xbx*c
~(3/2) #*d*ArcTan[Sqrt [c]*x])/(c*xd"2 + e72)"2 - (2xb*ArcTanh[c*x~2])/(ex(d +
e*x)72) - (bxc”(3/2)*d*(c~(5/2)*d"5 - 2*c~2*d"4*e - 4*cxd"2*e”3 + 3xSqrt[
cl*d*e~4 - 2*e~5)*Log[l - Sqrtlcl*x])/(ex(-(c"2*xd"4) + e74)72) - (bxc~(3/2
Y*¥d* (¢ (5/2)*%d"5 + 2xc”2*d"4*e + 4*xcxd"2%e”3 + 3*Sqrtlcl*d*e”4 + 2%e”5)*Lo
gl1l + Sqrtlcl*x])/(ex(-(c”2%xd"4) + e74)72) + (4xbxcxex(3*c"2*d"4 + e~4)*Lo
gld + exx])/(-(c"2xd™4) + e74)72 + (bxc™2*(c"2*d"6 + 3*d"2%e”4)*Log[l + c*
x72])/(ex(-(c"2%d"4) + e74)72) - (b*c*xex(3%c™2xd"4 + e~4)*Logl[l - c"2*x"4]
)/ (-(c™2xd"4) + e"4)"2)/4

output




input

output
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Rubi [A] (verified)

Time = 0.64 (sec) , antiderivative size = 223, normalized size of antiderivative = 0.99,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6486, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ a + barctanh (ch)
(d+ ex)3

l'6486

be [ @ (i=Zzm %  a+ barctanh(cz?)
e 2e(d + ex)?

l 7276

_ de3 7 +3c2d4e3 c((cd2+62)x—2de) c(2de+(cd2—e2)x)
bCf ( (e4_c2d4e)(d+€93)2 + (02(;4—65)2(;—}-62:) 2(cd2—e2)?(1—ca?) 2(cd2+62)2(cm2+1)> dz

e
a + barctanh (c:rz)
2e(d + ex)?

l 2009

(cd2 —62) log

b \/cede arctan (v/cx) Jedearctanh (Vez) de? €2 (3c?d*+e?) log(d+ex) (cd?+€2) log(1—cx?)
¢ (cd?+e2)? o (cd2—e2)? ~ (2di—ef)(d+ex) (c2d4—et)? h 4(cd?—e2)?

4(cd?+

a+ barctanh(cmz)
2e(d + ex)?

LInt[(a + b*ArcTanh[c*x~2])/(d + e*x)~3,x]

e N

-1/2*(a + b*ArcTanh[c*x"2])/(ex(d + exx)"2) + (bxc*x(-((d*e~2)/((c"2xd"4 -
e"4)*(d + exx))) + (Sqrtlcl*d*exArcTan[Sqrt[c]l*x])/(cxd~2 + e~2)"2 - (Sqrt
[c]*d*exArcTanh [Sqrt [c]*x])/(c*d"2 - e72)"2 + (e”2%(3*c~2+%d"4 + e~4)*Logld
+ e*xx])/(c™2%d"4 - e74)"2 - ((cxd™2 + e"2)*Logl[l - c*x72])/(4x(cxd"2 - e~
2)7°2) + ((c*d”2 - e~2)*Logl[l + c*x~2])/(4*(c*d"2 + e~2)72))) /e
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6486

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)”"(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[x"(n - D*((d + exx)"(m + 1)/(1 - c™2*x"(2
*n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

rule 7276

[n, 0]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ

Maple [A] (verified)

Time = 0.74 (sec) , antiderivative size = 229, normalized size of antiderivative = 1.01

method | result

In (C 3:2+1) i 2de arctan

C( (c d2+62) lﬂ(C 902*1) + 2de arctanh(y/cz)

RE=

(c d2 —62) In (c I2+1) + 2de arctan (

2c
‘1 ( 2 2)2
2(cd“—e
default —__a __ 41} _arctanh(cz2) 4
clatl 2(ex+d)’e 2(ez+d)2e
C( (c d2+e2)2ln(cm2_1) 4 2de arctanh(y/ca)
c| — 2(Cd2_82)2
_ a __arctanh (cz?)
paI‘tS m + b 2(ea:+d)2e +

input Lint ((at+b*arctanh(c*x~2) )/ (e*x+d) "3,x,method=_RETURNVERBOSE)




CHAPTER 3. LISTING OF INTEGRALS 269

-1/2xa/ (exx+d) “2/e+b*(-1/2/ (exx+d) "2/e*arctanh (c*x~2)+1/excx(-1/2xc/(c*d"2
-e72)"2%(1/2*%(c*xd"2+e~2) /c*1ln(c*x~2-1)+2*d*e/c” (1/2) *arctanh(c~ (1/2) *x) ) +1
/2%c/ (c*d™2+e”"2) "2x(1/2* (c*d"2-e"2) /c*1n(c*xx~2+1) +2*d*e/c” (1/2) *arctan (c”(
1/2)*x))-d*e~2/(c*d"2-e~2) / (c*xd"2+e"2) / (exx+d) +e~ 2% (3*xc~2*%d"4+e"4) / (c*d"2-
e"2)"2/(cxd"2+e~2) "2*1n(e*x+d)))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 815 vs. 2(212) = 424.

Time = 22.24 (sec) , antiderivative size = 1639, normalized size of antiderivative = 7.25

h 2
/ a + barctanh(cz”) dxz = Too large to display

(d+ ex)?

input‘integrate((a+b*arctanh(c*x‘2))/(e*x+d)‘3,x, algorithm="fricas")

[-1/4%(2%a*c™4*d"8 + 4*bxc~3*d"6*e”2 - 4*axc”2xd"4*xe”4 - 4xbxc*d"2%e”6 + 2
*a*xe~8 - 4% (b*c~3*d"7*e + 2*b*c~2*%d"5*e”3 + bxc*d"3*e”5 + (b*c~3*d"5*e"3 +
2%bxc”~2+%d"3*%e”5 + bkckxdxe”T7)*x"2 + 2x(b*c~3*d"6%e”"2 + 2xb*c”"2xd"4%e"4 + b
*xc*xd~2%e”~6)*x) *sqrt (-c)*arctan(sqrt (-c)*x) - 2*(b*c~3*%d"7*e — 2%¥bxc~2%d 5%
e”3 + b*cxd"3*e”5 + (bxc"3*%d"5*e”3 - 2*b*c"2*d"3*e”5 + bkckdxe”7)*x"2 + 2%
(bxc™3*d"6%e~2 - 2xb*c~2%d"4*e”4 + b*c*d~2%e”6)*x)*sqrt(-c)*log((c*x"2 + 2
*xsqrt(-c)*x - 1)/(c*x"2 + 1)) + 4x(b*c"3*d"5*e”3 - bxckd*e~7)*x — (b*c 4*d
"8 - 3xbxc"3xd"6xe”2 + 3xbxc"2xd"4xe"4 - bxc*d"2xe”6 + (b*xc 4*xd"6*e”2 - 3%
bxc~3%d"4*e~4 + 3xb*c”2%d"2%e”6 - b*c*e”8)*x"2 + 2x(b*c”4*d"T*e - 3%b*c 3%
d"5%e”3 + 3%b*c"2%d"3*e”5 - bxckd*e~7)*x)*log(c*x~2 + 1) + (b*xc"4*d"8 + 3x
b*c~3*%d"6%e”2 + 3xb*c"2*d"4*e”"4 + b¥xckd"2*e”6 + (b*cT4xd"6*xe”2 + 3*b*xc”3*d
“4%xe~4 + 3¥bxc”2*d"2*e”6 + b*cxe”8)*x"2 + 2% (b*c~4*d"T*e + 3*b*c~3*d"5xe”3
+ 3%b*c"2x%d"3*e”5 + bkxckd*e”7)#*x)*log(cxx™2 - 1) - 4*(3*%bxc"3*xd"6*e”2 + b
xc*d"2%e”6 + (3*b*c"3*d"4*e”4 + bxc*e"8)*x”2 + 2x(3xb*c~3*%d"5*%e”3 + b*ckd*
e"7)*x)*log(e*x + d) + (b*c™4*d"8 - 2*b*xc~2*d"4*e"4 + bxe~8)*log(-(c*x~2 +

1)/(c*x"2 - 1)))/(c"4*xd"10*%e — 2*xc”2xd"6*e”5 + d"2*e”9 + (c"4*d"8xe”3 - 2
*C"2%d"4*e”T7 + e711)*x"2 + 2% (c"4*d"9*%e”2 - 2*%c”2*d"5xe”6 + dxe~10)*x), -1
/4x(2*axc~4*d"8 + 4xbxc~3*d"6*e”2 - 4xaxc”2xd"4xe"4 - 4xbxcxd"2xe”6 + 2xax
"8 - 4x(bxc™3*d"T*e - 2*b*c~2%d"5*e”~3 + bxcxd~3*e”5 + (b*c~3*d"5*e”3 - 2%
bxc"2*%d"3%e”5 + b¥cxdxe”~T)*x"2 + 2% (b*c"3xd"6%e”2 - 2xb*c"2+d"4*e"4 + b...

output
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Sympy [F(-1)]

Timed out.
barctanh(cz?
/ a + barctanh (cz’) dz = Timed out
(d+ex)?
inputLintegrate((a+b*atanh(c*x**2))/(e*x+d)**3’x) J
OutputLTimed out J

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 311, normalized size of antiderivative = 1.38

/ a + barctanh(cz?)
dz
(d+ex)3
_ 1 ([ 4+/cdarctan (yez) 2 /edlog (j;;ﬁ) B 4de (cd? — €2)log (cx? + 1
4 c2d* +2cd?e? + et 2dt —2cd?e? + et c2dP —det + (c*die — €d)x c2d*e + 2 cd?e? + €°
a

" 2(e322 + 2de?x + d2e)

inputLintegrate((a+b*arctanh(c*x"2))/(e*x+d)"3,x, algorithm="maxima") J

1/4x((4*xsqrt(c)*d*arctan(sqrt(c)*x)/(c™2*xd"4 + 2%kcxd"2xe”2 + e"4) + 2*xsqrt
(c)*d*log((cxx - sqrt(c))/(c*x + sqrt(c)))/(c™2xd™4 - 2xcxd"2*e”2 + e™4) -
4xdxe/(c"2%d"5 - d*e"4 + (c"2+%d"4*e - e”5)*x) + (cxd"2 - e~2)*log(c*x~2 +
1)/(c"2xd"4%e + 2xc*d"2*e”3 + e75) - (c*d"2 + e”2)*log(c*xx"2 - 1)/(c™2*d"

4xe - 2xcxd"2%e”3 + e75) + 4*(3*c"2+d"4xe + e”b)*log(exx + d)/(c”4xd"8 - 2
*Cc"2xd"4%e"4 + e78))*c - 2*xarctanh(c*x"2)/(e"3*x"2 + 2xd*e”2xx + d"2%e))*Db
- 1/2%a/(e"3*%x"2 + 2xd*e~2*x + d"2xe)

output
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Giac [A] (verification not implemented)

Time = 24.16 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.60

/ a+ barctanh(ch) do — bes d arctan (\/Ex) bc*d arctan <\/%>
(d+ ex)? c2d* +2cd?e® + et (c2d* — 2cd?e? + et)\/—c
(bc%d? — bee?) log (cx? + 1)
4 (c2d*e + 2 cd?e® + €°)
(bc*d? + bee?) log (—cz? + 1)
© 4(AdYe — 2cd?ed + €d)
(3bc3d*e + beed) log (ex + d) blog <_ iﬁzfi)
cAd® —2c%d*et + €8 " 4(312 + 2de?x + d2e)
ac’d* + 2bcde*r + 2 bed?e? — aet
 2(d*e3a? + 2 2dPe?x + c2de — 72 — 2 debx — d2ed)

e

Lintegrate((a+b*arctanh(c*x‘2))/(e*x+d)‘3,x, algorithm="giac")

~—

input

bxc~(3/2) *d*arctan(sqrt(c)*x)/(c"2*xd"4 + 2*xcxd"2*e”2 + e”4) + b*c 2*d*arct
an(c*x/sqrt(-c))/((c™2*d~4 - 2xc*d~2*e”2 + e~ 4)*sqrt(-c)) + 1/4x(bxc~2%d"2
- bxcxe"2)*log(c*x™2 + 1)/(c"2xd"4*e + 2xcxd"2*e”3 + e75) - 1/4%(b*c™2xd"
2 + b*cxe"2)*log(-c*x"2 + 1)/(c™2xd~4xe - 2xc*d"2*e”3 + e75) + (3*b*xc~3*d"

4xe + bxcxe~5)*log(e*x + d)/(c™4*d™8 - 2*c~2*d"4*e"4 + e78) - 1/4%b*log(-(
c*x”2 + 1)/(cxx"2 - 1))/(e”3%x72 + 2xd*e”2*x + d"2%e) - 1/2%(axc”2*d"4 + 2
xbkcxd*e"3*x + 2*%bxc*kd"2%e”2 - axe”4)/(c"2*%d"4*e”"3*%x"2 + 2xc”2xd"bxe"2*x +
c"2*d"6xe - e"T*x"2 - 2*d*e"6*x - d"2%e”b)

output

Mupad [B] (verification not implemented)

Time = 7.64 (sec) , antiderivative size = 2016, normalized size of antiderivative = 8.92

/ a + barctanh(cz?)

A+ ex)? dxz = Too large to display

e

inputlint((a + b*atanh(c*x~2))/(d + exx)"3,x)

~—
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((a*c™2*%d™4 - a*e™4 + 2*¥bxcxd"2*e”2)/(2x(e™4 - c”2%d"4)) + (bxcxdxe”3*x)/(
e”4 - c"2xd"4))/(d"2%e + e”3*x"2 + 2%d*e"2xx) + (log(c*d~28*(-c~3)~(13/2)
+ c721%d"28*x + 100*c”7*e"28*x - 100*c~2%e”28*(-c~3) " (3/2) + 496*d"2*xe~26%*
(-c73)7(5/2) - 7398*d"8%e~20%(-c~3)"(7/2) + 17176*d"14*e”14%(-c~3)~(9/2) -
2703*xd"20*%e"8*% (-c~3) " (11/2) - 20*%d"26*e~2*(-c~3) ~(13/2) + 496*c~8*d"2*e"2
6xx + 1473%c”9*d"4*e"24*x + 3692*%c”10*d"6*e”22*%x + 7398*%c”11*d"8*e~20*x +
11868*c~12*%d"10*e~18*x + 16015*%c”13*d"12*%e " 16*x + 17176*c”14*d"14*e"14*xx +
13192%c~15*d"16*e”12*%x + 6984*c”16*%d"18*%e~10*x + 2703*c™17*d"20*e"8*x + 7
64*Cc™18%d"22%e " 6*x + T8*c 19kd"24*e"4*xx — 20%c”20*%d"26*e"2*x + 3692%c”2*d”
6%e”22%(-c~3)~(5/2) - 16015%c"2%d"12*%e~16*(-c~3)~(7/2) + 6984*c~2*%d"18*e”1
0%(-c~3)7(9/2) - 78xc~2*d"24*e"4*(-c~3)"(11/2) + 1473*c*d"4*e"24*(-c~3)~(5
/2) - 11868*c*d~10*e”~18*%(-c~3)~(7/2) + 13192*c*xd~16*e”~12*(-c~3)~(9/2) - 76
4xckd"22%e” 6% (-c~3) " (11/2) ) *(b*c™2*%d"2 - b*c*xe”2 + 2xbxd*ex(-c~3)~(1/2)))/
(4% (e”5 + 2xc*d"2*e”3 + c”2*xd"4*e)) - (log(c~21%d~28*x - c*d~28*(-c~3)~(13
/2) + 100*%c”7*e"28*x + 100*c~2*e~28*(-c~3)~(3/2) - 496*%d"2*xe~26*(-c~3)~(5/
2) + 7398*d"8*e~20*(-c~3) " (7/2) - 17176*d"14*e~14*x(-c~3)~(9/2) + 2703*%d"20
*e7 8% (-c~3) " (11/2) + 20%d"26*e"2*(-c~3)~(13/2) + 496%c~8*d"2*e"26*x + 1473
*CT9xd"4*e"24%x + 3692*%cT10*d"6*e"22*%x + 7398*c”"11*d"8xe"20*x + 11868*c~12
*d"10%e”18%x + 16015*%c™13*d"12*%e"16%x + 17176%c”14*d"14*e”14*x + 13192%c”1
Bbxd"16%e " 12*%x + 6984*xc”16*d"18*%e”10*x + 2703*c”17*d"20*%e”"8*x + 764*c~18...

output

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 1597, normalized size of antiderivative = 7.07

h 2
/ a + barctanh(cz”) dx = Too large to display

(d+ex)3

input{int((a+b*atanh(c*x*2))/(e*x+d)~3’x)
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(4*sqrt(c)*atan((c*x)/sqrt(c) ) *xbxc**3xd*x7*e + 8*sqrt(c)*atan((c*x)/sqrt(c
)) xbxcHkx3*xd*x6*e**2%x + 4xsqrt(c)*atan((cxx)/sqrt(c)) *bkck*3kdx*Ekex*Ikxk*
2 - 8xsqrt(c)*atan((c*x)/sqrt(c))*bkc*x*2*+d**5xe**3 - 16*sqrt(c)*atan((c*x)
/sqrt(c) ) *bxcx*2xd**4xe*x4*xx — 8*sqrt(c)*atan((c*x)/sqrt(c))*b*xc**x2*d**3*e
*xkExx*x*2 + 4*sqrt(c)*atan((c*x)/sqrt(c))*bxcxd**3*xe*x5 + 8*ksqrt(c)*atan((c
*x) /sqrt (c) ) *¥bkckd**2*ex*6*x + 4*xsqrt(c)*atan((c*x)/sqrt(c))*xbkckd*re**7*x*
*2 — 2xatanh(c*x**2) *bkck*4*xd**8 + 4*atanh(ckx**2)*xbkckx2xd*x4xe*xx4 — 2*at
anh (c*x**2) xbxe**x8 + 2ksqrt(c)*log(sqrt(c)*x — 1)*bkck*3*d**7*e + 4*sqrt(c
Y*xlog(sqrt(c)*x - 1)*bkck*3kd**6*ex*2xx + 2ksqrt(c)*log(sqrt(c)*x — 1)*b*c
**x3xd*x5xex*x3xx**2 + 4*xsqrt(c)*log(sqrt(c)*x — 1)*bkcx*2*dx*5*xex*3 + 8xsqr
t(c)*log(sqrt(c)*x — 1)*b*cx*2*dx*4*ex*4*x + 4xsqrt(c)*log(sqrt(c)*x - 1)*
b¥ck*2*%d*k*3*kex*k5xxx*2 + 2xsqrt(c)*log(sqrt(c)*x - 1)*bxckxd**3*e**x5 + 4xsqr
t(c)*log(sqrt(c)*x - 1)*bkcxd**2xexx6+x + 2*sqrt(c)*log(sqrt(c)*x - 1)*b*c
*xd*e*xT*x**x2 — 2xsqrt(c)*log(sqrt(c)*x + 1)*bkcx*3*kd**7*xe — 4*sqrt(c)*log(
sqrt(c)*x + 1)*bkcx*3xd*x*6xex*2xx — 2*ksqrt(c)*log(sqrt(c)*x + 1)*bkcx*3*kd*
*x5xe*x3*x**x2 — 4xsqrt(c)*log(sqrt(c)*x + 1)*bkck*2kdx*k5xex*3 — 8*sqrt(c)*1
og(sqrt(c)*x + 1)*bkcx*k2xdx*4xe*xx4xx — 4xsqrt(c)*log(sqrt(c)*x + 1)*bkck*2
*xd**3xe*xE5xx*¥x2 — 2kxsqrt(c)*log(sqrt(c)*x + 1)*bkckdx*3xex*5 — 4*sqrt(c)*1
og(sqrt(c)*x + 1)*bkckd**2ke*x*6*x — 2xsqrt(c)*log(sqrt(c)*x + 1)*bkckdkex*
T+x*x*2 - log(sqrt(c)*x - 1)*bxckx4xd*x8 — 2*log(sqrt(c)*x — 1)xbxckxdxd...

output
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3.30 [(d+ ex)(a+ barctanh(cz?))’ dz

Optimal result . . . . . . . . .. .. .
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ..
Rubi [A] (verified) . . . . . . .. . .
Maple [F] . . . . .
Fricas [F] . . . . . . .
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . o e
Mupad [F(-1)] . . . .
Reduce [F] . . . . . .

Optimal result

Integrand size = 18, antiderivative size = 1085

/ (d+ezx) (a+ barctanh(cm2))2 dz = Too large to display



output

input |
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-1/2#b~2+d*polylog (2, 1-2%c™(1/2)* (1+(~c) ~ (1/2)%x) / ((=c)~ (1/2)+c~(1/2)) / (1+

c~(1/2)*x))/c~(1/2)-1/2%b~2xd*polylog (2, 1+2*c~ (1/2) *(1-(-c)~(1/2) *x) / ((-c)
~(1/2)-c~(1/2))/(1+c~(1/2)*x) ) /c~ (1/2)+b~2*d*polylog(2,1-2/ (1+c~(1/2) *x)) /
c~(1/2)+b~2*d*polylog(2,1-2/(1-c~(1/2)*x)) /c~(1/2)-b~2*d*arctanh (c~(1/2) *x
)"2/c~(1/2)-1/2%b"2%e*polylog(2,1-2/(-c*x~2+1) ) /c+1/4%b~2*d*x*1n(c*x~2+1) "
2+1/4*%b"2xd*kx*1n (-c*x"2+1) "2-1/2*%b"2*d*x*1n (-c*x~2+1) *1n (c*x~2+1) -2*xb~2*d*
arctanh(c”™(1/2)*x) *1n(2/(1+c~(1/2)*x)) /c~ (1/2) +2*b~2*d*arctanh (¢~ (1/2) *x) *
1n(2/(1-c~(1/2)*x))/c”(1/2) -2*axbxd*arctanh (c~ (1/2) *x) /c~ (1/2) +a~2*d*x+2*b
~2xd*arctan(c”(1/2)*x)*1n(2/ (1+I*c~(1/2)*x)) /c~(1/2)-2%b~2*d*arctan(c~ (1/2
Y*x)*1n(2/(1-I*xc~(1/2)*x))/c~(1/2)+2*xa*bxd*arctan(c~(1/2) *x) /c~(1/2)-1/2*1
*b~2xd*polylog(2,1+(-1+I)*(1+c”~(1/2)*x) / (1-Ixc~(1/2)*x)) /c~(1/2)-1/2%I*b"2
*d*polylog(2,1-(1+I)*(1-c~(1/2)*x) / (1-Ixc~(1/2)*x) ) /c” (1/2)+b"2*d*arctan(c
~(1/2)*x)*1n(c*x”2+1) /c~(1/2)+b"2*d*arctanh(c” (1/2) *x) *1n(-c*x~2+1) /c~(1/2
)-b~2*d*arctan(c”(1/2)*x)*1n(-c*x~2+1) /c~(1/2) +I*b~2*d*polylog(2,1-2/ (1+I*
c~(1/2)*x))/c~(1/2)+I*b~2*d*polylog(2,1-2/(1-I*c~(1/2)*x) ) /c”~(1/2)+b~2*d*a
rctanh(c™(1/2) *x) *1n(2*c™(1/2) *(1+(-c) ~(1/2)*x) / ((-c) ~(1/2)+c~(1/2) )/ (1+c~
(1/2)*x))/c~(1/2)+b~2*d*arctanh(c™(1/2) *x) *1n(-2*c~ (1/2)*(1-(-c) ~(1/2) *x) /
((=c)~(1/2)-c~(1/2))/ (1+c~(1/2)*x) ) /c~(1/2) +b~2*d*arctan(c~ (1/2) *x) *1n ((1+
D*(1-c(1/2)*x) / (1-I*c~(1/2)*x)) /c~(1/2) +b~2*d*arctan(c”(1/2) *x) *1n((1-I)
*(1+c™(1/2)*x) / (1-I*c~(1/2)*x) ) /c~ (1/2)+I*b~2*d*arctan(c”(1/2)*x)~2/c” (...

Mathematica [A] (warning: unable to verify)

Time = 2.08 (sec) , antiderivative size = 684, normalized size of antiderivative = 0.63

/ (d+ex)(a+ barctanh(cavz))2 dz = Too large to display

Integrate[(d + exx)*(a + bxArcTanh[c*x~2])~2,x]
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(2%a~2kcxd*x"2 + a~2%c*kexx"3 + 4kaxbxckd*kx~2xArcTanh[c*x"2] + 4*axb*d*Sqrt
[c*x~2] * (ArcTan[Sqrt [c*xx~2]] - ArcTanh[Sqrt[c*x~2]]) + b~2*exx*ArcTanh [c*x
~2]*((-1 + c*x"2)*ArcTanh[c*x"2] - 2xLog[l + E~(-2*ArcTanh[c*x~2])]) + axb
xe*xx*x (2xc*x~2*%ArcTanh [c*x~2] + Logl[l - c™2*%x~4]) + b~ 2*e*x*PolyLogl[2, -E~(
-2%ArcTanh[c*x"2])] - b~2*d*Sqrt [c*x~2]*((2*I)*ArcTan[Sqrt [c*x~2]]"2 - 4*A
rcTan[Sqrt [c*x~2]]*ArcTanh [c*xx~2] - 2*Sqrt[c*x~2]*ArcTanh[c*x"2]"2 - 2*Arc
Tan[Sqrt [c*x~2]]*Log[1 + E~((4*I)*ArcTan[Sqrt[c*x~2]])] - 2*ArcTanh[c*x~2]
xLog[1 - Sqrt[c*x~2]] + Logl[2]*Logl[1l - Sqrtl[c*x~2]] - Log[l - Sqrtlc*x~2]]
~2/2 + Logl[l - Sqrtlc*x~2]]1*Logl[(1/2 + I/2)*(-I + Sqrt[c*x~2])] + 2*ArcTan
hlcxx~2]*Log[1 + Sqrt[c*x~2]] - Logl[2]*Logl[l + Sqrt[c*x~2]] - Log[((1 + I)
- (1 - I)*Sqrtcxx~2])/2]1*Logl[1l + Sqrtlc*x~2]] - Logl(-1/2 - I/2)*(I + Sq
rt[cxx~2])]*Log[1 + Sqrtlc*x~2]] + Logl[l + Sqrtlc*x~2]]1°2/2 + Logl[l - Sqrt
[c*x~2]]*Log[((1 + I) + (1 - I)*Sqrtlc*x~2])/2] + (I/2)*PolyLogl[2, -E~((4*
I)*ArcTan[Sqrt [c*x~2]]1)] - PolyLogl[2, (1 - Sqrtlc*x~2])/2] + PolylLogl[2, (-
1/2 - I/2)*(-1 + Sqrtlc*x~2])] + PolyLogl[2, (-1/2 + I/2)*(-1 + Sqrt[c*x~2]
)] + PolyLog[2, (1 + Sqrtlc*x~2])/2] - PolyLogl[2, (1/2 - I/2)*(1 + Sqrt[c*
x72])] - PolyLogl[2, (1/2 + I/2)*(1 + Sqrtlc*x~2]1)1))/(2*c*x)

output

Rubi [A] (verified)

Time = 2.09 (sec) , antiderivative size = 1085, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.111, Rules

number of steps used = 2, number of rules used = 2,
used = {6488, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) (a + barctanh (ca:2))2 dz
l 6488
/ (d(a + barctamh(cav:z))2 +ex (a + barctanh(cw2))2> dxr

l 2009
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, 2bdarctan (y/ez)a  2bdarctanh(y/cz)a

dza” + e - e
ib%d arctan (\/(_2.1')2 b2darctanh(\/<_::c)2 1, 911 2
e — e + Phad (a + barctanh(cx )) +
e(a+ ba,rctanh(cacQ))2
2c
2b%darctanh (y/cz) log (1_?/&) ~ 2b’d arctan (y/cz) log (ﬁ) N

Ve Ve

b?darctan (/cz) log (W) 2b%d arctan (y/cz) log (ﬁ)
Ve " G i

2b2darctanh(\/5x) ]og ( 2 ) bzdarctanh(\/éz) log (_ Zﬁ(l—\/fcm) )
+

— bdzlog (1 — cz®) a + bdzlog (cz® + 1) a +

- idem log? (1 — c2?) + idew log? (cz® +1) +

Ver+1 (\/fc_\/a) (\fcm—i-l)
ve Ve
b*darctanh (y/cz) log ( 2elv ertl) ) b?darctan (v/cz) log (M>
+ _

(V=ctve) (Vea+1) e
Ve Ve
be(a + barctanh (cz?)) log <1 cxz) b2 darctan (y/cx

c
b?darctanh(y/cz) log (1 — cz?) N b?darctan (y/cz

Ve
b?darctanh(y/cz) log (cz? + 1)

=
b2d PolyLog (2, 1- ) bzdPolyLog (2 1
Ve Ve
ib2d PolyLog (2, 1— M) ib2d PolyLog (2, 1-
+

~—

log (1 — cx2) 4

SN—
=

og (cz®+1)

S

8

- 1b26l30 log (1 — cz?) log (cz® + 1) +

o

s

1—i/cx n
2¢/c Ve

2 2 2y/c(1—v/—cx)
b“d PolyLog <2 1-— fm+1) b dPolyLog<  (V=e=va) (Ve tT) + 1) ~

Ve - 2,/c
2 2v/6(v/~ca+1) (1-i) (vVew+1)
b dPOlyLOg (27 1- (\/jc_hﬁ) (fcx—i—l)) ’lb dPOlyLOg (2 1- ﬁ)
2¢/c 2,/c
b%e PolyLog (2 1— m)

2c

i)

inputtlnt[(d + exx)*(a + bxArcTanh[c*x~2])"2,x] J




output

rule 2009
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a”2xd*x + (2%a*bxd*ArcTan[Sqrt[c]l*x])/Sqrtlc] + (I*b~2*d*ArcTan[Sqrt [c]*x]

~2)/8qrtlc] - (2xaxb*d*ArcTanh[Sqrt[cl#*x])/Sqrtlc] - (b~2*d*ArcTanh[Sqrt[c
1*x1°2)/Sqrt[c] + (ex(a + bxArcTanh[c*x72])~2)/(2*c) + (e*x"2x(a + b*ArcTa
nh[c*x~2])72)/2 + (2*%b~2*d*ArcTanh[Sqrt [c]*x]*Log[2/(1 - Sqrt[cl#*x)])/Sqrt
[c] - (2*#b~2xd*ArcTan[Sqrt[c]*x]*Log[2/(1 - I*Sqrtlcl*x)])/Sqrtlc] + (b~2x*
d*ArcTan[Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl#*x))/(1 - I*Sqrtlcl*x)])/Sqrt
[c] + (2+#b~2*d*ArcTan[Sqrt[c]*x]*Log[2/(1 + IxSqrtl[cl*x)])/Sqrtlc] - (2*b~
2xd*ArcTanh [Sqrt [c]*x]*Log[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b~2*d*ArcTanh[Sq
rt[c]*x]*Log[(-2*Sqrt[c]*(1 - Sqrt[-cl*x))/((Sqrt[-c] - Sqrtlcl)*(1 + Sqrt
[c]1*x))1)/Sqrtlc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrt[c]*(1 + Sqrt[-c]
*x))/((Sqrt[-c] + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~2*d*ArcTan[Sqrt
[c]*x]*Log[((1 - I)*(1 + Sqrtlcl*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] - (b*ex(a
+ b*ArcTanh [c*x~2])*Log[2/(1 - c*x72)])/c - axb*d*x*Log[l - cxx~2] - (b~2
*d*xArcTan [Sqrt [c] *x]*Log[1 - c*x~2])/Sqrt[c] + (b~2*d*ArcTanh[Sqrt[c]*x]*L
ogll - c*x~2])/Sqrtlc] + (b~2xd*x*Logl[l - c*x~2]72)/4 + axbxd*xxLogl[l + c*
x72] + (b~2xdxArcTan[Sqrt[c]*x]*Log[1l + c*x~2])/Sqrt[c] - (b~2*d*ArcTanh[S
grt[c]l*x]*Logl[l + c*x~2])/Sqrtlc] - (b~2*d*x*Logl[l - c*x~2]*Log[l + c*x~2]
)/2 + (b"2xd*x*Logl[1l + c*x"2]72)/4 + (b~2*d*PolyLog[2, 1 - 2/(1 - Sqrt[c]l*
x)]1)/Sqrt[c] + (I*b~2*d*PolyLogl[2, 1 - 2/(1 - I*Sqrtlcl*x)])/Sqrtlc] - ((I
/2)*b~2xd*PolyLog[2, 1 - ((1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/...

Defintions of rubi rules used

e

L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

ruleMSS‘Int[((a_-) + ArcTanh[(c_.)*(x_)~(n_)]*(b_.))~(p_)*((d.) + (e_.)*(x_))"(m_.)

input

N

» X_Symbol] :> Int[ExpandIntegrand[(a + bxArcTanh[c*x"n])~p, (d + e*x) m, x
1, x1 /; FreeQl[{a, b, c, d, e, n}, x] && IGtQ[p, 1] && IGtQ[m, O]

~—

Maple [F]

/ (ez +d) (a + b arctanh (c :c2))2dx

e

t

int ((e*x+d) * (a+b*arctanh(c*x~2))~2,x)

~—
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OutputLint((e*x+d)*(a+b*arctanh(c*x~2))~2,x) J
Fricas [F]
[(d+-ca) (a-+ brctanh(es?))? o = [ ez -+ ) (astans () + o) o
inputLintegrate((e*x+d)*(a+b*arctanh(c*x‘2))*z,x, algorithm="fricas") J
OUtPU’G‘ integral(a~2%e*x + a~2%d + (b~2%e*x + b~2%d)*arctanh(c*x~2)"2 + 2%(axb¥e*x ‘

‘ + axbxd)*arctanh(c*xx~2), x)

Sympy [F]

/(d + ex) (a + barctanh (cxz))2 dx = / (a + batanh (cac2))2 (d+ex) dx

jnputLintegrate((e*X+d)*(a+b*atanh(c*x**2))**Q,X) J
Ou_tputLIntegral((a + bkatanh(ckx**2))**2x(d + e*x), X) J
Maxima [F]

/(d + ex) (a + barctanh (cavz))2 dz = / (ez + d) (bartanh (cz®) + a)2 dz

inputLintegrate((e*x+d)*(a+b*arctanh(c*x‘2))‘2,x, algorithm="maxima") J




output

input

output

input

output
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1/2%a~2%e*x"2 + (cx(2*arctan(sqrt(c)*x)/c”(3/2) + log((c*x - sqrt(c))/(c*x
+ sqrt(c)))/c”(3/2)) + 2xx*arctanh(c*x”~2))*a*bkd + a~2*d*x + 1/2%(2*kc*xx"2
xarctanh(c*x~2) + log(-c™2*x"4 + 1))*a*bxe/c + 1/8%(b"2xe*x"2 + 2*b~2xd*x)
*log(-c*x”2 + 1)72 - integrate(-1/4*((b~2*c*e*x~3 + b ~2%c*d*x"2 - b~ 2%e*x
- b"2*%d) *log(c*x~2 + 1)72 - 2x(b"2*c*e*x”3 + 2*%b~2*c*kd*x"2 + (b~ 2%c*e*x~3
+ b"2%c*kd*x"2 - b"2xe*x - b~2*d)*log(c*x~2 + 1))*log(-c*x"2 + 1))/ (c*x"2 -

1, x)

Giac [F]

/(d + ez) (a + barctanh (cxz))2 dz = / (ez + d) (bartanh (cz®) + a)2 dz

-

Lintegrate((e*x+d)*(a+b*arctanh(c*x‘2))‘2,x, algorithm="giac")

-/

-

integrate((exx + d)*(b*arctanh(c*x~2) + a)~2, x)

N

Mupad [F(-1)]

Timed out.

/(d +ez) (a+ baurct.‘:mh(cxz))2 dx = / (a+ batanh(caf))2 (d+ex) dx

Lint((a + b*atanh(c*x~2))"2%(d + e*x),x)

-

Lint((a + b*atanh(c*x~2))"2%(d + e*x), x)

-/
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Reduce [F]

/ (d + ez) (a + barctanh (0392))2 dx
44/c atan <%> abd + 4+/c atanh(c z*) abd + 4atanh(c z?) abcdx + 2atanh(c z*) abce z? — 2atanh(cz?) a

int ((e*x+d) * (a+b*atanh(c*x~2))~2,x)

input L

output (4xsqrt(c)*atan((c*x)/sqrt(c))*axb*d + 4xsqrt(c)*atanh(c*x**2)*a*xb*d + 4*a

tanh (ckx**2)*axbkckd*x + 2*%atanh(ckx**2)*axbkcke*xx**2 - 2¥atanh (c*x**2)*ax
b*e + 4xsqrt(c)*log(sqrt(c)*x - 1)*axb*d - 2*sqrt(c)*log(c*x**2 + 1)*a*xbxd
+ 2*int (atanh(c*x**2) **2,x) *b**2xc*d + 2*int (atanh (ckx**2)*x*x2%x,x) *kb**2*c
xe + 2xlog(c*x**2 + 1)*akxbke + 2kax*2kckd*x + ax*2kckexx**2)/(2%c)




output

input

output
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(a—i—baI'Ct anh (ch) ) ?
d+ex

3.31 |

Optimal result . . . . . . . . . . . ..
Mathematica [N/A] . . . . . ...
Rubi [N/A] .« . o e
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [F(-1)] . . . o o
Maxima [N/A] . . .
Giac [N/A] .« . o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 20, antiderivative size = 20

dx

d+ex

/ (a + barctanh(cz?))? dr — Tnt ((a + barctanh(cz?))?

d+ex

287
2321
230!
2851
284
284
284
230
289)
289)

tDefer(Int)((a+b*arctanh(c*x‘2))‘2/(e*x+d),x)

Mathematica [N/A]

Not integrable

Time = 48.76 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dzr =

(a + barctanh(cz?))?

/ (a + barctanh(cz?))?
d+ex

d+ex

dx

LIntegrate[(a + b*ArcTanh[c*x~2])"2/(d + e*x),x]

LIntegrate[(a + bxArcTanh[c*x"2])"2/(d + e*x), x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
dzr

(a + barctanh(cz?))
/ d+ex

l 6490

/ (a + barctanh(cacQ) ) 2 P

d+ex

X

Llnt[(a + b*ArcTanh[c*x~2])"2/(d + e*x),x]

-

L$Aborted

-/

Maple [N/A]
Not integrable
Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a + b arctanh (cz?))”

ex+d dz

-

Lint ((atb*arctanh(c*x~2)) "2/ (e*xx+d) ,x)

| —

Lint((a+b*arctanh(c*x“2))‘2/(e*x+d),x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

21\2 2 2
(a + barctanh(cz?)) dp — / (bartanh (cz?) + a) d
d+ex er +d
input Lintegrate ((atb*arctanh(c*x72)) "2/ (exx+d) ,x, algorithm="fricas") J

OutputLintegral((b*2*arctanh(c*x*2)‘2 + 2xaxb*arctanh(c*xx~2) + a~2)/(e*xx + d), x) J

Sympy [F(-1)]

Timed out.
h(cz?))®
/ (a + barctanh(cz?)) dr — Timed out
d+ex
input Lintegrate ((a+b*atanh (c*x**2) ) *%2/ (exx+d) ,x) J
outputLTimed out J

Maxima [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 81, normalized size of antiderivative = 4.05

2\)2 2 2
/ (a + barctanh(cz?)) dp — / (bartanh (cz?) + a) d
d+ex exr+d
input Lintegrate ((atb*arctanh(c*x72)) "2/ (exx+d) ,x, algorithm="maxima") J

t‘ a"2xlog(e*xx + d)/e + integrate(1/4*b~2*(log(c*x~2 + 1) - log(-c*x"2 + 1))~ ‘

outpu
‘2/(e*x + d) + a*b*(log(c*xx™2 + 1) - log(-c*x"2 + 1))/(exx + d), x)
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Giac [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

21)2 9 2
(a + barctanh(cz?)) dp — / (bartanh (cz?) + a) i
d+ex er +d

input‘integrate((a+b*arctanh(c*x“2))’"2/(e*x+d),x, algorithm="giac")

outputLintegrate((b*arCtanh(C*XA2) + a)~2/(exx + d), x) J

Mupad [N/A]
Not integrable

Time = 3.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctanh(cz?))” do — (a + batanh(cz?))? e
d+ex d+ex
input Lint((a + b*atanh(c*x~2))"2/(d + e*x),x) J
output Lint((a + b*xatanh(c*x~2))"2/(d + e*x), x) J

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 59, normalized size of antiderivative = 2.95

atanh(cz? atanh(cz2)?
(a + barctanh(cz?))’ di = 2 <f #dﬂ:) abe + (f #dﬂv) b’e + log(ex + d) a®
d+ex o .
inputLint((a+b*atanh(c*x“2))“2/(e*x+d),x) J
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‘ (2*int (atanh (c*x**2)/(d + e*x),x)*a*b*e + int(atanh(c*x**2)**2/(d + e*x),x

output
)*b*a2ke + log(d + exx)*a**2)/e




outputt

input

output
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2
(a—i—baI'Ct anh (ch) )

3.32 | Trea) dz

Optimal result . . . . . . . . . .. .. 2871
Mathematica [N/A] . . . . . ... 287
Rubi [N/A] .« . o e 288
Maple [N/A] . . . o 288
Fricas [N/A] . . . . . o 289
Sympy [F(-1)] . . . o o 289
Maxima [N/A] . . . . o 289
Giac [N/A] « . o 290
Mupad [N/A] . . . . 2901
Reduce [N/A] . . . . o 291]

Optimal result

Integrand size = 20, antiderivative size = 20

(d+ ex)? (d+ ex)?

212 2112
(a + barctanh(cz?)) dr = Tnt ((a + barctanh(cz?)) ,z)

Defer (Int) ((a+b*arctanh(c*x~2)) "2/ (exx+d)~2,x)

Mathematica [N/A]
Not integrable

Time = 85.62 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/ (a + barctanh(cz?))? - (a + barctanh(cz?))? p
(d+ ex)? B (d + ex)?

X

LIntegrate[(a + b*ArcTanh[c*x~2])~2/(d + e*x)~2,x]

LIntegrate[(a + bkArcTanh[c*x"2])~"2/(d + e*x)~2, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

2
dzr

(a + barctanh(cz?))
/ (d+ ex)?

l 6490

dz

(a + barctanh(cwz) ) 2
/ (d+ ex)?

-

LInt[(a + b*ArcTanh[c*x~2]) ~2/(d + e*x)~2,x]

t$Aborted

Maple [N/A]
Not integrable
Time = 0.06 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (a + b arctanh (c :vz))2
(ex + d)?

dz

| —

Lint((a+b*arcta.nh(c*x“2))"2/(e*x+d)"2,x) J

int ((at+b*arctanh(c*x~2)) "2/ (e*xx+d) ~2,x)

N
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 2.35

(a + barctanh(ca?))® . [ (bartanh (ca?) + a)” .
/ (d+ ex)? do = / (ex + d)2 d

inputLintegrate((a+b*arctanh(c*x“2))‘2/(e*x+d)"2,x, algorithm="fricas") J

t‘integral((bA2*arctanh(c*x“2)”2 + 2%axbxarctanh(c*x~2) + a”2)/(e”2*x"2 + 2%
\dkexx + d72), X) |

outpu

Sympy [F(-1)]

Timed out.
2112
/ (a + barctanh(cz?)) i = Timed ont
(d+ ex)?
input Lintegrate ((atb*atanh (ckxx**2)) **2/ (e*x+d) **2,x) J
outputkTimed out J

Maxima [N/A]
Not integrable

Time = 1.28 (sec) , antiderivative size = 323, normalized size of antiderivative = 16.15

2112 9 2
(a + barctanh(cz?)) dp — / (bartanh (cz?) + a) i

(d+ ex)? (ex + d)*

inputLintegrate((a+b*arctanh(c*x*2))“2/(e*x+d)*2,x, algorithm="maxima") J
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((4xdxexlog(e*x + d)/(c”2xd"4 - e74) + dxlog(c*x™2 + 1)/(c*d"2xe + e73) -

dxlog(c*x~2 - 1)/(cxd"2*e - e~3) + 2*arctan(sqrt(c)*x)/((cxd"2 + e~2)*sqrt
(c)) + log((c*x - sqrt(c))/(c*xx + sqrt(c)))/((c*d”2 - e~2)*sqrt(c)))*c - 2
xarctanh(c*x”2)/(e"2*x + dxe))*a*xb - 1/4xb"2x(log(-c*x"2 + 1)72/(e"2*x + d
xe) + integrate(-((c*e*x”2 - e)*log(c*x™2 + 1)72 + 2% (2kckexx"2 + 2xc*d*x

- (c*exx™2 - e)*log(c*x™2 + 1))*log(-c*x"2 + 1))/(c*e"3*%x"4 + 2xc*d*e”2xx”
3 - 2xd*e"2*x - d"2*e + (cxd"2*e - e73)*x"2), x)) - a~2/(e"2xx + dxe)

output

Giac [N/A]
Not integrable

Time = 0.36 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

dz

/ (a + barctanh(cz?))? _ / (bartanh (cz?) + a)’
(d+ ex)? (ex + d)*

inputLintegrate((a+b*arctanh(c*x"2))"2/(e*x+d)"2,x, algorithm="giac") J

e

~—

outputLintegrate((b*arctanh(c*x*z) + a)~2/(e*xx + d)~2, x)

Mupad [N/A]
Not integrable

Time = 3.49 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

(a + barctanh(cz?))? . [ (a+ batanh(cz?))”
[ e

input‘int((a + b*atanh(c*x~2))"2/(d + e*x)~2,x)

outputtim"((a + b*atanh(c*x72))~"2/(d + e*x)~2, x) J
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 695, normalized size of antiderivative = 34.75

(a + barctanh(cz?))?
(d+ ex)?

dx = Too large to display

jnput\int((a+b*atanh(C*XA2))A2/(e*x+d)‘2,x)

(2*sqrt(c)*atan((c*x)/sqrt(c) ) *a*bxcxd**4 + 2*sqrt(c)*atan((c*x)/sqrt(c))*
axbxc*d**3*e*xx - 2*sqrt(c)*atan((c*x)/sqrt(c))*axbxd*x2xe*x2 - 2*ksqrt(c)*a
tan((c*x) /sqrt(c) ) *axbxd*e**3*x + 2xatanh (cxx**2)*axbkc*x2*d**x4*x - 2xatan
h(cxx**2) *axb*xe*x*4xx + sqrt(c)*log(sqrt(c)*x - 1)*axb*cxd*x4 + sqrt(c)*log
(sgrt(c)*x — 1)*a*bkcxd**3xe*xx + sqrt(c)*log(sqrt(c)*x — 1)*axbkxd**2ke**2
+ sqrt(c)*log(sqrt(c)*x - 1)*axbxd*e**3*x - sqrt(c)*log(sqrt(c)*x + 1)*a*b
xc*xd* x4 - sqrt(c)*log(sqrt(c)*x + 1)*a*bkckd**3xexx - sqrt(c)*log(sqrt(c)x*
X + 1)*a*bkd**2kex*2 - sqrt(c)*log(sqrt(c)*x + 1)*axbxd*e**3*x + int(atanh
(cHkx*xx2) *%2/ (d**2 + 2kdkexx + e¥*k2xx*%2),x)*b**2kc**2xd**6 + int(atanh(c*x
*xk2)k*2/ (d**x2 + 2kdkexx + e¥*k2xx**2),x)*bk*k2kck*2xd**5xe*x - int(atanh(ckx
*%k2) kk2/ (A**x2 + 2kdkexx + e¥*k2kx**2),x)*bk*2kd**2ke**4 - int(atanh(ckx**2)
*¥k2/ (dk*2 + 2xd*e*x + ex*k2xx**2) ,x)*bk*2kd*kex*5xx - log(sqrt(c)*x - 1)*axb
xckd*x*3xe - log(sqrt(c)*x — 1)*a*bkckxd**2xe*x2*x — log(sqrt(c)*x - 1)*a*xb*
dxe**3 - log(sqrt(c)*x - 1)*axbkex*4*x - log(sqrt(c)#*x + 1)*axbxc*d**3*e -
log(sqrt(c)*x + 1)*axb*ckd**2xex*2*x - log(sqrt(c)*x + 1)*axbxd*ex*3 - lo
g(sqrt(c)*x + 1)*a*bke*x4xx - log(ckx**2 + 1)*axbxckxd**3*e - log(ckx**2 +

1) *axbkckd**2*e*x*2xx + log(c*x**2 + 1)*axbxdxex*3 + log(ckx**2 + 1)*axbkex
*x4xx + 4xlog(d + exx)*axbkckd**3*e + 4*log(d + e*x)*akxbkckd**2xe*x2*x + ax
*2kCkk2kd*kkdkx — akk2kexkd*x)/(d* (ck*2xd**5 + cx*2kd**kdkexx — dkex*4d — e*xx*
5*x))

output
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3.33 [(d + ex)? (a + barctanh(cz?®)) dz

Optimal result . . . . . . . . . . . . e 292
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 293
Maple [A] (verified) . . . . . . ... L 295
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 297
Sympy [F(-1)] . . o oo 297
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 298]
Giac [A] (verification not implemented) . . . . . . ... ... ... 299
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 300
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 300

Optimal result

Integrand size = 18, antiderivative size = 300

1-23/cx
v/3bde arctan ( 75 >

2c2/3

v/3bde arctan <1+2 )

/(d + ex)? (a + barctanh(cz?)) dz = —

_|_

2¢2/3
C / a?
V/3bd” arctan ( e e bdearctanh ( %x)

2\/_ c2/3
N (d + ex)? (a + barctanh(cz?))
3e

Yca
bdeaurctaunh(—1“2/3%2 N b2 log (1 _ c2/3x2)

+

2c2/3 2/c
b(cd® + €3) log (1 — cz?)
_|_
6ce
_ b(cd® — €*)log (1 + cz?)
6ce

bd? IOg (1 + C2/3£172 + 04/31'4)
e




output

input

output
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-1/2%3~(1/2) *b*d*e*arctan(1/3* (1-2%c~(1/3) *x)*3~(1/2))/c~(2/3)+1/2%3~(1/2)
*bxd*exarctan(1/3*(1+2xc~(1/3)*x)*37(1/2))/c~(2/3)+1/2%3~(1/2) *b*d~2*arcta
n(1/3%(1+2xc™(2/3)*x~2)*37(1/2)) /c” (1/3) -bxd*e*arctanh(c” (1/3)*x) /c~(2/3)+
1/3% (e*x+d) ~3* (atb*arctanh(c*x"3))/e-1/2%b*d*e*arctanh(c~(1/3)*x/(1+c~(2/3
)*x72))/c”(2/3)+1/2%bxd~2*1n(1-c~ (2/3) *x~2) /¢~ (1/3) +1/6*b* (c*d~3+e~3) *1n(-
c*x~3+1)/c/e-1/6*b*x(c*d"3-e"3) *1n(c*x~3+1) /c/e-1/4*%b*d"2*1n(1+c”~ (2/3) *x~2+
c~(4/3)*x"4)/c~(1/3)

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.00

/(d + ex)? (a + barctanh (cz®)) dz

3
12acd?z + 12acdex? + 4ace’z® + 6/3b3/cd(/cd + €) arctan (L\/gcw) — 6v/3b3/cd(+/cd — €) arcta

LIntegrate[(d + exx)"2x(a + b*ArcTanh[c*x"3]),x]

(12%a*xc*d™2*x + 12%a*ckd*exx™2 + 4xaxc*e”2*x~3 + 6*Sqrt[3]*bxc~(1/3)*d*(c”
(1/3)*d + e)*ArcTan[(-1 + 2*c~(1/3)*x)/Sqrt[3]] - 6*Sqrt[3]*b*c”~(1/3)*d*(c
~(1/3)*d - e)*ArcTan[(1 + 2*c~(1/3)*x)/Sqrt[3]] + 4xb*cxx*(3*d~2 + 3*d*e*x
+ e"2*x"2)*ArcTanh [c*x~3] + 6xb*c~(1/3)*d*(c~(1/3)*d + e)*Logl[l - c~(1/3)
*xx] + 6%b*c”(1/3)*d*(c”(1/3)*d - e)*Logl[l + c~(1/3)*x] - 3%bxc~(1/3)*d*(c”
(1/3)*d - e)*Logll - c~(1/3)*x + c~(2/3)*x~2] - 3*b*c~(1/3)*d*(c~(1/3)*d +
e)*Log[l + c~(1/3)*x + c~(2/3)*x"~2] + 2xb*xe~2*Log[l - c~2*x~6])/(12*c)

~

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.09,

number of steps used = 3, number of rules used = 3,
used = {6486, 2370, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

number of rules _ 0.167, Rules
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/(d + ex)? (a + barctanh(cz?)) dz

| 6486
(d + ex)® (a + barctanh(ca®))  be xi(iz:;%)s d
3e .
l 2370
(d+ ex)? (a + barctanh(cx?’)) ~ be [ (fﬁe;z‘; + fﬁi%zi (d31_’_—ec3;i6)m2) .
3e .
l 2009

(d + ex)? (a + barctanh(cz?))

2 202/3x2+1
v/3d2e arctan <7\/§

3 3
2 12 Cx 2 2\/65” 1
V3de arCtan<¢§ 3 > V3de arcmn( V3 +¢§> dezarctanh(%x) d3arctar
_ + +

be| — 2c4/3 + 26573 26573 573

3c

r

Int[(d + e*x) 2x(a + bxArcTanh[c*x"3]),x]

| —

inputt

((d + e*xx)"3*(a + b*ArcTanh[c*x~3]))/(3*e) - (bxc*x((Sqrt[3]*d*e~2*ArcTan[1
/Sqrt[3] - (2*c~(1/3)*x)/Sqrt[3]1]1)/(2*c~(5/3)) - (Sqrt[3]*d*e~2xArcTan[1/S
qrt[3] + (2xc~(1/3)*x)/Sqrt[3]1]1)/(2*xc~(5/3)) - (Sqrt[3]*d~2*exArcTan[(1 +
2xc~(2/3)*x~2)/8qrt[3]1]1)/(2*xc~(4/3)) + (d*e~2xArcTanh[c~(1/3)*x])/c~(5/3)
+ (d"3xArcTanh[c*x~3])/(3*c) - (d"2*xexLogl[l - c~(2/3)*x~2])/(2%c~(4/3)) -
(d*e~2*Logl[l - ¢~ (1/3)*x + c~(2/3)*x"2])/(4xc~(5/3)) + (dxe"2+Logll + c~(1
/3)*x + ¢~ (2/3)*x72])/(4xc~(5/3)) + (d~2%exLogl[l + c~(2/3)*x"2 + c~(4/3)*x
~4]1)/(4xc~(4/3)) - (e~3*Logl[l - c~2*x~6])/(6%c”2))) /e

output




rule

rule 2370

rule 6486
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Defintions of rubi rules used

2009‘In1: [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int [((Pg )*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c"ii*(a + b*x"n))), {ii, 0, n/2 - 1}]}, Int([v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] &% IGtQ[n/2, 0] && Expon[Pq, x] < n

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[x"(n - D*((d + exx)"(m + 1)/(1 - c™2*x"(2
*n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 467, normalized size of antiderivative = 1.56
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method | result

—3

default a(e?:d)s +b| <€ arCtan; (c=)2’ | ¢ arctanh (cz®) z?d + arctanh (cz®) z d? + arCtanI;(:wg)ds —

—3
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input‘

int ((e*x+d) ~2* (a+b*arctanh(c*x~3)),x,method=_RETURNVERBOSE)

output

1/3*xax* (e*xx+d) ~3/e+b* (1/3*e"2*xarctanh (c*x~3) *x~3+e*arctanh (cxx"~3) *x~2*d+arc
tanh (c*x~3) *x*d~2+1/3/exarctanh (c*x~3) *d"3-1/e*c*x (1/2* (-3*d"2xe*x(1/3/c/(1/
c)~(2/3)*1n(x-(1/c)~(1/3))-1/6/c/(1/c)~(2/3)*1n(x"2+(1/c) " (1/3)*x+(1/c)~ (2
/3))-1/3/c/(1/c)~(2/3) %3 (1/2)*arctan(1/3*3" (1/2)*(2/(1/c) " (1/3) *x+1)) ) -3*
dxe~2%(1/3/c/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/6/c/(1/c)~(1/3)*1n(x"2+(1/c)~
(1/3)*x+(1/c)~(2/3))+1/3%37(1/2) /c/(1/c)~(1/3)*arctan(1/3*3~(1/2)*(2/(1/c)
~(1/3)*x+1)))+1/3*(-c*d~3-e"3) /cx1n(c*x~3-1) ) /c+1/2% (-3*xd"2*xe*(1/3/c/(1/c)
~(2/3)*1n(x+(1/c)~(1/3))-1/6/c/(1/c)~(2/3)*1n(x~2-(1/c) " (1/3) *x+(1/c)~(2/3
M+1/3/c/(1/c)~(2/3)*3~(1/2)*arctan (1/3*3~(1/2)*(2/(1/c) ~(1/3)*x-1))) -3*dx*
e”2x(-1/3/c/(1/c)~(1/3)*1n(x+(1/c)~(1/3))+1/6/c/(1/c)~(1/3)*1n(x"2-(1/c) " (
1/3)*x+(1/¢c)~(2/3))+1/3%37(1/2)/c/(1/c)~(1/3)*arctan(1/3*3~(1/2)*(2/(1/c)"
(1/3)*x-1)))+1/3*(c*d"3-e"3) /c*1n(c*x"3+1))/c))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.99 (sec) , antiderivative size = 9282, normalized size of antiderivative = 30.94

/ (d + ex)?® (a + barctanh(cz®)) dz = Too large to display

-

input

-

output

N\

Lintegrate((e*x+d)‘2*(a+b*arctanh(c*x‘3)),x, algorithm="fricas")

~—

Too large to include

Sympy [F(-1)]

Timed out.

/ (d + ex)? (a + barctanh(cz®)) dz = Timed out

-

inputt

integrate ((exx+d) **2x (a+b*atanh (c*x**3)) ,x)

~—
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Output‘Timed out

Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 295, normalized size of antiderivative = 0.98

/ (d + ez)* (a + barctanh(cz?)) dz = % ae’z® + adex?

\/5(25%:”24_6%) 4 2 2 2

1 2 /3 arctan —7 log <c§x4 L34 1) 2 log <03x2—1>
+= e . — - + < + 4 zartanh (cz®

4 C3 Cc3 c3

\/3 202:0 cl \/§ 2czm—cl

1 2v/3 arctan <%) 2v/3arctan (%) log (ngz ]

—|—Z 4 22 artanh (cx3) +c 5 ¢ + 5 ¢
C3 Cc3

+ ad?z 4 (2 cz® artanh (cz3) + log (—c2x® + 1))be?

6¢

inputLintegrate((e*X+d)A2*(a+b*arctanh(c*x‘3)),x, algorithm="maxima")

1/3%axe”2%x"3 + a*xd*e*x”2 + 1/4%(cx(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(4/3
)*x~2 + ¢~(2/3))/c~(2/3))/c”(4/3) - log(c~(4/3)*x~4 + c~(2/3)*x~2 + 1)/c™(
4/3) + 2%log((c™(2/3)*x"2 - 1)/c~(2/3))/c"(4/3)) + 4*x*xarctanh(cxx~3))x*bxd
2 + 1/4x(4xx"2*arctanh(c*x”3) + c*x(2xsqrt(3)*arctan(1/3*sqrt(3)*(2xc~(2/3
Yxx + ¢~(1/3))/c~(1/3))/c~(5/3) + 2*sqrt(3)*arctan(1/3*sqrt(3)*(2xc~(2/3)*
x - ¢c7(1/3))/c™(1/3))/c~(8/3) - log(c™(2/3)*x”2 + c~(1/3)*x + 1)/c~(5/3) +
log(c™(2/3)*x72 - c™(1/3)*x + 1)/c~(5/3) - 2%log((c™(1/3)*x + 1)/c~(1/3))
/c”(5/3) + 2xlog((c™(1/3)*x - 1)/c~(1/3))/c”(5/3)))*b*d*e + axd~2*x + 1/6%
(2xc*x~3*arctanh(c*x~3) + log(-c™2*x~6 + 1))*b*e~2/c

output
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Giac [A] (verification not implemented)

Time = 11.46 (sec) , antiderivative size = 346, normalized size of antiderivative = 1.15

/(d + ex)? (a + barctanh(cz®)) dz

1 1
=3 ae’z® + adex® + ad’z + 5 (be?*z® + 3bdex® + 3bd’z) log (—

\/§<bcd2|c|% — bcde|c|%> arctan (% \/5(2310 + —) |c|§)

cr® +1
cxd —1

1
i
le|3

2¢?
\/ﬁ(bcd2|c|§ + bcde|c|%) arctan <§ \/3(233 — —15—) |c|§)
2c?

3bcd2|c|§ + 3bcde|c|% — 2bce?

_l_

12 ¢2

2 1
cd?|c|3 — 3bedelc|® — 2 bce
3bcd?|c|? — 3bede|c|? — 2 bee?

N——— |

log (x2 — 24+ %)
|e|3 |e| 3
12¢2

K
K
(3 bed?|c|5 — 3bedelc|? + bcez) log ( r+ 2 )
+
(
+

6 c2

3bcd2|c|% + 3 bedelc|® + bce2> log ( r— - )

6 c2

inputLintegrate((e*X+d)A2*(a+b*arctanh(c*x‘3)),x, algorithm="giac")

1/3%axe”2%x"3 + akd¥exx”2 + a*d"2*x + 1/6x(bxe”2%x"3 + 3*bxd*e*x~2 + 3*b*d
~2*xx)*log(-(c*xx"3 + 1)/(c*x™3 - 1)) - 1/2*sqrt(3)*(b*c*d"2xabs(c)~(2/3) -
b*c*d*exabs (c) ~(1/3))*arctan(1/3*sqrt(3)*(2*x + 1/abs(c)~(1/3))*abs(c)~(1/
3))/c”2 + 1/2*%sqrt(3)*(b*c*d~2*abs(c) ~(2/3) + b*cxd*exabs(c)~(1/3))*arctan
(1/3*sqrt (3)*(2*x - 1/abs(c)~(1/3))*abs(c)~(1/3))/c”2 - 1/12%(3xbxcxd~2*ab
s(c)~(2/3) + 3*xbxcxd*e*abs(c)~(1/3) - 2*b*c*e~2)*log(x~2 + x/abs(c)~(1/3)
+ 1/abs(c)~(2/3))/c”2 - 1/12%(3*bxc*d~2*abs(c) ~(2/3) - 3*b*ckdxe*abs(c)~ (1
/3) - 2xbkcke~2)*log(x~2 - x/abs(c)~(1/3) + 1/abs(c)~(2/3))/c”2 + 1/6%(3*b
*xckd~2*abs(c) ~(2/3) - 3xbxckdke*abs(c)~(1/3) + bxcxe~2)*log(abs(x + 1/abs(
c)~(1/3)))/c™2 + 1/6x(3*b*cxd"2*abs(c)~(2/3) + 3xb*ckdxexabs(c)~(1/3) + bx
cxe~2)*log(abs(x - 1/abs(c)~(1/3)))/c~2

output
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Mupad [B] (verification not implemented)

Time = 3.63 (sec) , antiderivative size = 1081, normalized size of antiderivative = 3.60

/ (d + ex)? (a + barctanh (cm3)) dz = Too large to display

r

Lint((a + b*atanh(c*x"3))*(d + e*x)~2,x)

| —

input

symsum(log(x* (6*%b~5*c~7*d"2%e"8 + 162*b~5*xc~9*d"8*e”2) + root(216*c~3%z"3
- 108*b*c™2%e"2%z"2 - 162*%b~2%c"2*%d"3*e*z + 18%b"2kc*ke"4*xz — 27*b"3kc"2*d”
6 - b"3%e"6, z, k)*(x*x(486*b~4*c”10*%d"8 - 90*b~4*c"8*d"2*e”6) + root(216*c
“3%z"3 - 108%bxc”2%e"2*z"2 - 162%b"2*c"2xd"3*exz + 18*b"2*ckxe”4*z - 27%b”3
*c"2%d"6 - b"3*%e”6, z, k)*(root(216*%c”~3*z~3 - 108*bxc 2*e”2*z"2 - 162%b~2x*
cT2*d"3*e*xz + 18*%b"2xcke 4xz — 27*b"3*%c”2*xd"6 - b"3*e”6, z, k)*(3888*b~2*c
~10*%d"3*e - 3888*root(216*c~3%z"3 — 108%b*c~2*e”2*z~2 - 162*xb~2xc”2*xd " 3*e*
Z + 18%b"2%c*e"4xz - 27*b~3*c"2*d"6 - b"3*e”6, z, k)*bxc~11*xd"2*x + 648%b”
2%c"10*%d"2%e"2xx) - 972*%b"3*%c"9*d"3*e"3 + 324*xb"3*c"9*kd"2%e"4*x)) + 243*b~
5%c”9*d"9%e + 9*b"5*c”7*d"3*e”7)*root (216*%c”3*z"3 - 108*b*c"2*e"2*z"2 - 16
2+%b"2%c"2%d"3*exz + 18*%b"2%c*e"4*z - 27*b"3*c"2*xd"6 - b"3*e”6, z, k), k, 1
, 3) + symsum(log(x*(6*b~5xc~7*d"2*xe~8 + 162*b~5xc~9*d"8*e~2) + root(216%*c
“3%z"3 - 108*bxc”2%e"2*z"2 + 162%b"2*%c"2xd"3*exz + 18*b"2*ckxe”4*z - 27%b"3
*c"2%d"6 - b"3*%e”6, z, k)*(x*x(486*%b"4*xc"10*%d"8 - 90*b~4*c~8*d"2*e"6) + roo
t(216*c"3%z"3 - 108*b*c~2*e"2*%z"2 + 162*%b~2*xc"2*%d"3*e*z + 18%b~2*c*e~4*z -
27*b~3*%c"2*d"6 - b"3*e”6, z, k)*(root(216*c”"3*z"3 - 108*b*c~2*e"2*z"2 + 1
62%b~2%c"2%xd"3%exz + 18%b~2%cke~4xz - 27*b"3*%c"2%xd"6 - b~3*e"6, z, k)*(388
8*%b~2*%c~10*d"3*e — 3888*root(216*c~3*z"3 — 108*b*c~2*e~2*z"2 + 162*xb~2*c~2
*d~3%exz + 18%b~2%cke"4*z - 27*b"3*%c"2*xd"6 - b"3*e”6, z, k)*b*c"11xd"2*xx +
648*b~2*xc”10*d"2*xe"2*x) - 972*%b"3*c"9*d"3*e”3 + 324*b"3*kc"9*xd"2*e"4x*x)...

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 369, normalized size of antiderivative = 1.23

/(d + ez)? (a + barctanh (cz®)) dz

1 1 1 1
6c3/3 atan(—hf/%_l) bd? +6v/3 atan(m’f/%_l) bede — 6¢3 /3 atan(w’:/?l) bd? +6v/3 atan(ch’:/“"g“) be




CHAPTER 3. LISTING OF INTEGRALS 301

input| 12t ((e¥x+d) 2% (atbratanh (c*x"3)) ,x)

(B*xcx*x(1/3)*sqrt(3)*atan((2xc*x*x(1/3)*x - 1)/sqrt(3))*b*cxd**2 + 6*sqrt(3)=*
atan((2*c**(1/3)*x - 1)/sqrt(3))*bxc*d*e — 6*c**(1/3)*sqrt(3)*atan((2kc**(
1/3)*x + 1)/sqrt(3))*bxc*d**2 + 6xsqrt(3)*atan((2*cx*(1/3)*x + 1)/sqrt(3))
*bkckdke + 12%c**(2/3)*atanh(c*x**3)*b*ckxd**2*x + 12%c**(2/3)*atanh (ckxx**3
) ¥bkcxdxe*x**2 + 4xcx*(2/3)*atanh (c*x**3) ¥bkxcke**2*x**3 — 4xcx*(2/3)*atanh
(cxx**3) ¥bxex*2 + 6*c**(1/3)*atanh(c*x**3)*¥bkc*kd**2 + 6xatanh (c*x**3)*b*c*
d*e + 4xcx*(2/3)*Llog(cx*(2/3)*xx**2 — c*x(1/3)*x + 1)*bxex*2 + 4*c*x(2/3)*1
og(c**(2/3)*x + c*x*(1/3))*bxexx2 + 12%c*x(2/3)*a*xcxd**x2*xx + 12kc**(2/3)*ax
crxdkexx**2 + 4Axckk(2/3)*akxcker*kx**3 — Gkck*(1/3)*xLog(cx*(2/3)*x*k*2 — ckx
(1/3)*x + 1)*bkcxd**2 + 3*ck*(1/3)*xLog(ck*(2/3)*x + c**(1/3))*bxcxd**2 + 9
xc**(1/3)*Log(cx*(2/3)*x - c**(1/3))*bkcxd**2 - 9*xlog(c*x*(2/3)*x + c**(1/3
))*bxckd*e + 9%log(c**(2/3)*x — c**(1/3))*b*ckd*e)/(12xc**(2/3)*c)

output
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3.34 [(d + ex) (a + barctanh(cz?)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3031
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 305
Fricas [C] (verification not implemented) . . . . . ... ... ... ... ..... 300
Sympy [F(-1)] . . o oo
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 309
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 3101

Optimal result

Integrand size = 16, antiderivative size = 250

1-23/cx
\/3be arctan < 75 >

/ (d + ex) (a + barctanh(cz?)) dz = —

4c2/3
\/3be arctan (1+2 )
+ 4c2/3
v/3bd arctan <1+202/3 2)
+
2v/c
bearctanh(¥/cz)  bd?arctanh(cz?)
B 2c2/3 B 2e
N (d + ex)? (a + barctanh(cz?))
2e

Y/ce
bearctanh(m .\ bdlog (1 _ 02/31'2)

4¢3 2v/c
bdlog (14 /32?4 ¢*/3z4)
4+/c
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-1/4%3" (1/2) *b*exarctan(1/3*(1-2*c~(1/3) *x)*3~(1/2)) /c~(2/3)+1/4*3~(1/2) *b
*exarctan(1/3* (1+2+%c~(1/3)*x)*37(1/2))/c~(2/3)+1/2%3~(1/2) *b*d*arctan (1/3*
(1+2%c~(2/3)*x~2)*37(1/2)) /c~(1/3)-1/2*b*e*arctanh(c~(1/3) *x) /c~(2/3) -1/2%
b*d~2*arctanh (c*x~3) /e+1/2% (e*x+d) ~2* (a+b*arctanh(c*x~3))/e-1/4*bke*arctan
h(c~(1/3)*x/(1+c~(2/3)*x~2)) /c~(2/3)+1/2*bxd*1n(1-c~(2/3)*x~2) /c~(1/3)-1/4
*xbkd*1n (1+c~(2/3) *x~2+c~(4/3)*x~4) /c~(1/3)

output

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.33

1423/ cCx
\/3be arctan ( 7 )

402/3

/(d + ez) (a + barctanh(cz®)) dz = adz + §aex2 +

3
V/3be arctan (1+2\/§ Cz) 1
3 2 3
127 + bdzarctanh (cz ) + Ebex arctanh (CﬂU )

belog (1 — /cx) belog (1+ /cx) belog (1 — /cx + */3z?)
4c2/3 B 4c2/3 8c2/3

_|_

belog (1 + /cx + c*/z?

3 3
bd| —24/3 arctan “ir2yer ) 2+/3 arctan H2yce ) _ 2log (1 — /e
) V3 V3

862/3

input Integrate[(d + exx)*(a + bxArcTanh[c*x~3]),x]

axdxx + (a*e*x~2)/2 + (Sqrt[3]*bxexArcTan[(-1 + 2*c~(1/3)#*x)/Sqrt[3]]1)/(4*
c~(2/3)) + (Sqrt([3]*b*exArcTan[(1 + 2*c~(1/3)*x)/Sqrt[3]1]1)/(4*%c~(2/3)) + b
*d*x*xArcTanh [c*x~3] + (b*exx~2*ArcTanh[c*x73])/2 + (b*exLogl[l - c~(1/3)*x]
)/ (4xc~(2/3)) - (bxexLogl[l + c~(1/3)*x])/(4*%c~(2/3)) + (b*exLogl[l - c~(1/3
)*x + ¢~ (2/3)%x72])/(8%c™(2/3)) - (bxexLogll + c(1/3)*x + c~(2/3)*x72])/(
8*c~(2/3)) - (b*d*(-2*Sqrt[3]*ArcTan[(-1 + 2%c~(1/3)#*x)/Sqrt[3]] + 2*Sqrt[
3]*ArcTan[(1 + 2%c~(1/3)*x)/Sqrt[3]] - 2*Logl[l - c~(1/3)*x] - 2*Log[l + c~
(1/3)*x] + Logll - c~(1/3)*x + c~(2/3)*x72] + Logl[l + c~(1/3)*x + c~(2/3)*
x721))/ (4xc™(1/3))

output

4



input L

output

-
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Rubi [A] (verified)

Time = 0.67 (sec) , antiderivative size = 297, normalized size of antiderivative = 1.19,

number of rules _ 0.188, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {6486, 2370, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(d + ez) (a + barctanh(cz®)) dz

l 6486
(d+ ez)? (a + barctanh(cz®))  3bc [ le(iijze;?2 dx
2e B 2e
l 2370
(d + ex)? (a + barctanh(cz?)) 3be [ (1525;6 + 12—(1?;6 + 1{2”5;) dz
2e B 2e
l 2009

(d + ex)? (a + barctanh(cz?))

3 3
2/3.2 2 1_2VCz 2 2 \/Ea: 1
3be de ama’“(% 75 +1) n © aman(ﬁ V3 ) € arCtan< Vi T3 ) ezarctanh( %m) N d2arctanh (cz3)

\/§c4/3 2\/305/3 2\/305/3 + 3¢c5/3

3c

Int[(d + exx)*(a + b*ArcTanh[c*x"3]),x] J

((d + e*xx)~2*(a + bk*ArcTanh[c*x73]))/(2*%e) - (3*b*c*((e~2*ArcTan[1/Sqrt[3]
- (2%c~(1/3)*x) /Sqrt[3]1])/(2*Sqrt [3]*c~(5/3)) - (e~ 2*ArcTan[1/Sqrt[3] + (
2%c~(1/3)*x) /Sqrt [3]1]1) / (2+Sqrt [31*c~(5/3)) - (dxexArcTan[(1 + 2*c~(2/3)*x"
2)/Sqrt[311)/(Sqrt[31*c~(4/3)) + (e~2*ArcTanh[c~(1/3)*x])/(3*c~(5/3)) + (d
~2%ArcTanh [c*x73])/(3*c) - (d*exLogl[l - c~(2/3)*x~2])/(3%c~(4/3)) - (e”2xL
ogll - c~(1/3)*x + c~(2/3)*x72])/(12%c~(56/3)) + (e"2xLogl[l + c~(1/3)*x + ¢
~(2/3)*x72])/(12%xc™(5/3)) + (d*exLogll + c~(2/3)*x"2 + c~(4/3)*x74])/(6*c”
(4/3))))/(2%e)

2e



rule

rule 2370

rule 6486

input
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Defintions of rubi rules used

2009‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

Int [((Pg )*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[(c*x)~"(m + ii)*((Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + iil*x~(n/2)
)/(c"ii*(a + b*x"n))), {ii, 0, n/2 - 1}]}, Int([v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] & PolyQ[Pq, x] &% IGtQ[n/2, 0] && Expon[Pq, x] < n

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*cx(n/(ex(m + 1))) Int[x"(n - D*((d + exx)"(m + 1)/(1 - c™2*x"(2
*n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 363, normalized size of antiderivative = 1.45

method | result

b arctanh (c :c?’)

default | a(ies®+dz) + fx% + b arctanh (cz3) dz +

b arctanh (c x3)

parts a(3ez? +dz) + fx% + b arctanh (cz3) dz + 5
2c( =

b(%e z2+dz) ln(ca:3+1)

1
c

)3

1 13 nl 224 (1) 5 pa(1)3
bdzln(—ca®+1) | bAm(2—(C) bdln( z?+(3)32+(3)

)

bd+/3 ¢

risch + ¢ z? + adzx — + —

c

2
2 2 2 2¢(1)% de(L)

2
3

Lint ((e*x+d) * (at+b*arctanh(c*x~3)),x,method=_RETURNVERBOSE)
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output

ax(1/2*exx"2+d*x)+1/2*%b*arctanh (c*x~3) *x~2*e+b*arctanh (cxx~3) *d*x+1/2*b*xd/
c/(1/c)~(2/3)*1n(x-(1/c)~(1/3))-1/4*b*d/c/(1/c)~(2/3)*1n(x"2+(1/c) ~(1/3) *x
+(1/c)~(2/3))-1/2%b*d/c/(1/c)~(2/3)*3~(1/2) *arctan(1/3*3~(1/2)*(2/(1/c)~ (1
/3)*x+1))+1/4*xbxe/c/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/8*bxe/c/(1/c)~(1/3)*1n
(x"2+(1/c)~(1/3)*x+(1/c)~(2/3))+1/4%b*ex3~(1/2) /c/(1/c)~(1/3)*arctan(1/3*3
~(1/2)*(2/(1/c)~(1/3) *x+1) )+1/2*%b*d/c/(1/c) " (2/3) *1n(x+(1/c) ~(1/3))-1/4*b*
d/c/(1/c)~(2/3)*1n(x"2-(1/c)~(1/3) *x+(1/c)~(2/3) )+1/2xbxd/c/(1/c) ~(2/3) 3"
(1/2)*arctan(1/3*3"(1/2)*(2/(1/c)~(1/3)*x-1))-1/4%b*e/c/(1/c) " (1/3) *1n (x+(
1/c)~(1/3))+1/8%b*e/c/(1/c)~(1/3)*1n(x~2-(1/c)~(1/3) *x+(1/c) ~(2/3) ) +1/4%b*
ex37(1/2)/c/(1/c)~(1/3)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3) *x-1))

Fricas [C] (verification not implemented)

Result contains complex when optimal does not.

Time = 0.90 (sec) , antiderivative size = 3928, normalized size of antiderivative = 15.71

/ (d + ex) (a + barctanh(cz®)) dz = Too large to display

inputt

integrate ((e*xx+d)* (a+b*arctanh(c*x~3)),x, algorithm="fricas")

p

outputL

Too large to include

~—  /

Sympy [F(-1)]

Timed out.

/ (d + ez) (a + barctanh(cz®)) dz = Timed out

-

inputt

integrate ((e*x+d)* (a+b*atanh (c*x**3)),x)

| —

outputt

Timed out




input |

output
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Maxima [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 248, normalized size of antiderivative = 0.99

2

/(d + ex) (a + barctanh(cz?)) dz = %
2c§w2+c§ )

1 2 /3 arctan ( log g 22+ 1> 2 log <c%x;—1>

+7 ¢ . . + - + 4 zartanh (cz®
C3 C3 C3
\/§ 2czw cl \/5 202.70—0l

) 2\/§arctan< ( 331+ 3>) 2v/3arcta ( < 33% i > log (chzﬁ

c3 c
+3 4 z* artanh (cz®) + ¢ = + 5 - ;
c3 Cc3 C:

+ adx

integrate ((e*x+d)*(atb*arctanh(c*x~3)),x, algorithm="maxima")

1/2*%axexx”2 + 1/4*(cx(2xsqrt(3)*arctan(1/3*sqrt(3)*(2+c~(4/3)*x"2 + c~(2/3
))/c™(2/3))/c”(4/3) - log(c™(4/3)*x~4 + c~(2/3)*x"2 + 1)/c”(4/3) + 2*log((
c~(2/3)*x72 - 1)/c~(2/3))/c~(4/3)) + 4*x*xarctanh(c*x~3))*b*d + 1/8%(4*x"2%
arctanh(c*x~3) + c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(2/3)*x + c~(1/3))/c
~(1/3))/c~(5/3) + 2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(2/3)*x - c~(1/3))/c"(
1/3))/c™(6/3) - 1log(c™(2/3)*x72 + c~(1/3)*x + 1)/c”(5/3) + log(c™(2/3)*x~2
- ¢ (1/3)*x + 1)/c~(5/3) - 2%1log((c~(1/3)*x + 1)/c~(1/3))/c~(6/3) + 2*log

((c™(1/3)*x - 1)/c™(1/3))/c™(8/3)) ) *b*e + a*dxx
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Giac [A] (verification not implemented)

Time = 0.84 (sec) , antiderivative size = 267, normalized size of antiderivative = 1.07

/ (d+ ez) (a + barctanh(cz®)) dz

| 1 ) cxd +1
_ - - 2bdz) log [ —
5 aex + adz + 1 (bez® + 2bdz) log ( o 1)
(2 V3bed|c|? — \/§bce> arctan (% \/3(21: + ﬁ) |c|3)
4ef?
(2 \/gbcd|c|% + \/gbce) arctan (% \/5(2 x — ﬁ) |c|3)
+ 5
4lcl®
<2 bcd|c|% + bce) log <x2 + 2+ %)
~ f " 1ef?
5
8c[®
(2 bed|c|® — bce) log <x2 — =4+ %)
- ef " el
5
3

r— L

1
a;_i__
1 |c|1

(2 bcd|c|% - bce) log ( T ) <2 bcd|c|% + bce) log (
+

5 5
4lcl® 4lcl®

)

_|_

inputLintegrate((e*X+d)*(a+b*arctanh(c*x‘3)),x, algorithm="giac")

1/2*%a*exx”2 + axd*x + 1/4*(bxe*x”2 + 2xb*d*x)*log(-(c*x~3 + 1)/(c*x"3 - 1)
) - 1/4x(2xsqrt(3)*b*c*xd*abs(c) ~(1/3) - sqrt(3)*b*cxe)*arctan(1/3*sqrt(3)*
(2%x + 1/abs(c)~(1/3))*abs(c)~(1/3))/abs(c)~(5/3) + 1/4*(2*sqrt(3)*b*cxd*a
bs(c)~(1/3) + sqrt(3)*b*cxe)*arctan(1/3*sqrt(3)*(2*x - 1/abs(c)~(1/3))*abs
(c)~(1/3))/abs(c)~(5/3) - 1/8*(2*bxcxd*abs(c)~(1/3) + b*cxe)*log(x~2 + x/a
bs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/3) - 1/8*(2xbxc*d*abs(c)~(1/3) - b
xcxe)*log(x~2 - x/abs(c)~(1/3) + 1/abs(c)~(2/3))/abs(c)~(5/3) + 1/4x(2xbxc
xd*abs(c)~(1/3) - bxc*e)*log(abs(x + 1/abs(c)~(1/3)))/abs(c)~(5/3) + 1/4%*(
2*b*cxd*abs(c)~(1/3) + bxc*e)*log(abs(x - 1/abs(c)~(1/3)))/abs(c)~(5/3)

output
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Mupad [B] (verification not implemented)

Time = 3.53 (sec) , antiderivative size = 621, normalized size of antiderivative = 2.48

/(d + ex) (a + barctanh(cz?)) dzx

3

= (Z In <—roo’c(6402 22424 cdez—8b cd®+b3 e3,z,k) <root(6402 22424 cdez—8b cd®+b3 €

k=1

24365 %d*e 24300 d3 e’ x
2 + 4

) root (64 c*2° +24b* cdez— 8% cd® + b 63,z,k)>

3
+ <Z In (—root(64c2 22—24b%cdez—8b3 cd®—b® €3, 2, k) (root(64 A 22—24b%cdez—8b% cd®—b3
k=1

24 5 9 74 24 5.9 13 .2
3b2c i e+ 3 C4d : x) 1”00t(6402z:"‘—24b2calez—8b3cal?’—b?'63’z’k>>
2 2 2
+ln(cm3+1) (be4x +_bc;x) _ln(l—c:v3) (be4x +dex) +adx+ae2x

-

Lint((a + b*atanh(c*x~3))*(d + e*x),x)

|

input

symsum(log((243*b~5*c~9*d"4*e) /2 - root (64*c”~2%z"3 + 24xb~2kckd*exz - 8*b~
3*xcxd~3 + b~3*e~3, z, k)*(root(64*c~2%z~3 + 24xb~2%cxd*e*xz - 8*b~3*c*d~3 +
b~3%e~3, z, k)*(root(64*c~2%z"3 + 24%b~2%c*d*e*xz - 8*b~3*c*xd~3 + b~3*e”3,
z, k)*(486%b~2%c~10%e~2%xx — 1944%b~2%c~10*d*e + 3888*root(64*c~2%z~3 + 24
*b~2xckd*xexz — 8*b"3*kc*d"3 + b~3*%e~3, z, k)*bkcT11kd*x) - (243*%b"3*c"9*e”3
)/2) - 486%b~4%c”10*d"4*x) + (243*%b"5*%c”9*d"3*e”2%x)/4)*root (64*xc"2*z"3 +
24%b~2xc*d*e*z — 8%b~3*cxd"3 + b~3%e”3, z, k), k, 1, 3) + symsum(log((243*
b~5*c"9*d"4*e) /2 - root(64*xc”2xz"3 - 24*b"2%c*d*e*z - 8*b~3*c*xd"3 - b~ 3*e”
3, z, k)*(root(64*xc™2%z"3 - 24*b~2*ckxd*e*xz — 8*b~3*c*d"3 - b~3*%e”3, z, k)*
(root (64*c~2%z"3 - 24xb~2*ckd*exz - 8*b~3xc*d~3 - b~3*%e”3, z, k)*(486%b~2x%
c”10*e"2xx — 1944%b~2%c”10*d*e + 3888*root (64*c”2%z"3 - 24*b~2*cxd*exz — 8
*b~3%c*d~3 - b~ 3*%e”3, z, k)*bkc 11xd*x) - (243*b”~3%c~9%e”3)/2) - 486%b~4*c
~10%d"4#*x) + (243%b"5xc”9*d"3*e"2+*x)/4) *root (64xc”2%z"3 - 24xb~2*ckdxexz -
8%b~3*%c*kd"3 - b~3*e”"3, z, k), k, 1, 3) + log(cxx~3 + 1)*((b*xd*x)/2 + (b*e
*x72)/4) - log(l - c*x73)*((bxd*x)/2 + (b¥e*x~2)/4) + axd*x + (a*e*x~2)/2

output
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.01

/ (d+ ez) (a + barctanh(cz®)) dz

1 1 1 1
B 4c3+/3 atan<2cg—f§_l> bd + 2v/3 atan<2'zf/%_l) be — 4c3+/3 atan<263:/’”§+1> bd + 2+/3 atan<2cf/””§+1> be + 8

-

input L

-/

int ((e*x+d) * (a+b*atanh(c*x~3)),x)

(4*cx*(1/3)*sqrt(3) *atan((2xc**(1/3)*x - 1)/sqrt(3))*b*d + 2*sqrt(3)*atan(
(2xc*x(1/3)*x - 1)/sqrt(3))*b*e - 4xc*x*(1/3)*sqrt(3)*atan((2xcx*(1/3)*x +

1) /sqrt(3))*bxd + 2*sqrt(3)*atan((2xc**(1/3)*x + 1)/sqrt(3))*b*e + 8xc*x*(2
/3)*atanh (c*x**3) xbxd*x + 4xcx*(2/3)*atanh(ckx**3)¥bxexx**x2 + 4*c**(1/3)*a
tanh (c*x**3) *b*d + 2*atanh(c*x**3)*bke + 8kc*x(2/3)*axd*x + 4*c**(2/3)*axe
*xx*k*2 — 4kcxx(1/3)*log(c**(2/3)*x*x*2 — c*xx(1/3)*x + 1)*b*d + 2*c**(1/3)*1lo
g(c*x(2/3)*x + c**x(1/3))*b*d + 6*c**x(1/3)*Llog(c**(2/3)*x — c**x(1/3))*b*d -
3xlog(c**(2/3)*x + c**(1/3))*bxe + 3*log(c**(2/3)*x — c**(1/3))*b*e)/(8*c
*x(2/3))

output
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a+barctanh (cx3)

3.35 | o dzx

Optimal result . . . . . . . . . . . . .
Mathematica [C] (verified) . . . . . . . . . .. ..
Rubi [A] (verified) . . . . . . .. . . 314
Maple [C] (verified) . . . . . . . . . ... 316l
Fricas [F] . . . . . . o e BI7
Sympy [F(-1)] . . . o o BI7
Maxima [F] . . . . . . B17
Giac [F] . . . o o o 318
Mupad [F(-1)] . . . o 318}

Reduce [F] . . . . . o 318
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Optimal result

Integrand size = 18, antiderivative size = 523

a + barctanh(cz?®)

_ (@ + barctanh(cz®)) log(d + ex)

/

d+ex

+

blog (—

_|_

_|_

blog (

b PolyLog (2,

e

blog (%) log(d + ex)

2e

ng/rE—d_c:)> log(d + ex)

2e
{/ca-Y/—1e
2e
e((—1)2/3+ %m)
Vi (-2

blog (—

blog

) log(d + ex)

) log(d + ex)

(—1)2/3e(1+§2/6—_1i/5z)
%d+(—1)2/3e
2e
%/—_16(1+(—1)2/3 %m)
Year ¥/ —1e
2e

Y cdten)
\/Ed—e

blog

) log(d + ex)

) log(d + ex)

Y cdren)

PolyL 2
) boyog( Vcire

2e

)

2e

2 \/_(d'i‘@z)

b PolyLog

bPolyLog 2, \/_(dJrex)

(5
( =
(2
(

_ R/c(dren)
Cd (=1)2/3e

b PolyLog

\f Cld+ex)

b PolyLog odr(-1)/e

2
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(at+b*arctanh(c*x~3))*1n(e*x+d) /e+1/2*b*1n(e*(1-c~(1/3)*x) /(c~(1/3) *d+e) ) *1
n(e*x+d)/e-1/2*b*1ln(-e* (1+c~(1/3)*x) /(c~(1/3) *d-e) ) *1n (e*x+d) /e+1/2*%b*1n (-
ex((-1)"(1/3)+c~(1/3)*x) /(c~(1/3)*d-(-1)~(1/3) *e) ) *1n(e*x+d) /e-1/2*b*1ln(-e
*((-1)7(2/3)+c”"(1/3)*x) / (¢~ (1/3)*d-(-1) " (2/3) *e) ) *1n (e*x+d) /e+1/2xbx1n ((-1
)~ (2/3)*%ex(1+(-1)~(1/3) *c~(1/3) *x) / (¢~ (1/3) *d+(-1) ~(2/3) *e) ) *1n (e*x+d) /e-1
/2xb*1n((-1)~(1/3) *e*x (1+(-1)~(2/3)*c~(1/3) *x) / (¢~ (1/3) *d+(-1)~(1/3) *e) ) *1n
(exx+d)/e-1/2%b*polylog(2,c”(1/3)*(exx+d)/(c~(1/3)*d-e) ) /e+1/2%b*polylog(2
,€~(1/3) *(exx+d) /(c~(1/3) *d+e) ) /e+1/2*b*polylog(2,c~(1/3) * (exx+d) /(c~(1/3)
*d-(-1)~(1/3)*e)) /e-1/2xbxpolylog(2,c”(1/3) *(e*x+d) /(c~(1/3)*d+(-1)~(1/3) *
e))/e-1/2*b*polylog(2,c”(1/3)*(e*x+d) /(c~(1/3)*d-(-1)~(2/3) *e)) /e+1/2xbxpo
lylog(2,c”(1/3)*(exx+d)/(c~(1/3)*d+(-1)~(2/3)*e)) /e

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 10.78 (sec) , antiderivative size = 515, normalized size of antiderivative = 0.98

/ a + barctanh(cz?) alog(d + ex)
dr = ———
d+ex e

e(—i—‘,-\/?;—% %x)
2i{/ca+(~i+v3)e

e(1-iv3-2%/Cz
b <2arctanh(cx3) log(d + ex) — log ( (23 A ) ) log(d + ex) + log (
+e—iv3e

) log(d +

_|_

-

| —

inputtlntegrate[(a + bxArcTanh[c*x~3])/(d + e*xx),x]
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(axLogld + exx])/e + (b*(2*ArcTanh[c*x~3]*Log[d + e*x] - Logl[(ex(1 - I*Sqr
t[3] - 2%c”(1/3)#x))/(2%c™(1/3)*d + e - I*Sqrt[3]*e)]*Logld + exx] + Logl(
ex (-1 + Sqrt[3] - (2*I)*c™(1/3)%x))/((2*D)*c~(1/3)*d + (-1 + Sqrt[3])*e)]*
Logld + e*x] + Log[(ex(I + Sqrt[3] + (2*I)*c~(1/3)*x))/((-2*I)*c~(1/3)*d +
(I + Sqrt[3])*e)]*Logld + e*x] - Log[-((ex(1 + ¢~ (1/3)*x))/(c”(1/3)*d - e
))1*Logld + exx] - Logl-((ex(-1 - I*Sqrt[3] + 2xc™(1/3)*x))/(2xc™(1/3)*d +
e + IxSqrt[3]*e))l*Logld + e*xx] + Logld + e*xx]*Logl(e - c~(1/3)*exx)/(c"(
1/3)*d + e)] - PolyLogl[2, (c~(1/3)*(d + e*x))/(c~(1/3)*d - e)] + PolyLog[2
, (c7(1/3)%(d + exx))/(c™(1/3)*d + e)] + PolyLogl[2, (2xc™(1/3)*(d + e*x))/
(2%c~(1/3)*d - e - I*Sqrt[3]*e)] - PolyLogl[2, (2*c~(1/3)*(d + e*x))/(2xc"(
1/3)*d + e - I*Sqrt[3]*e)] + PolyLogl[2, (2*%c~(1/3)*(d + e*xx))/(2xc~(1/3)*d
- e + IxSqrt[3]*e)] - PolyLogl[2, (2%c~(1/3)*(d + exx))/(2%c~(1/3)*d + e +
IxSqrt[3]*e)]))/(2%e)

output

Rubi [A] (verified)

Time = 1.24 (sec) , antiderivative size = 519, normalized size of antiderivative = 0.99,

— 3, number of rules _ 167, Rules

number of steps used = 3, number of rules used =
integrand size

used = {6482, 2863, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a+ barctanh(cx3 )
d+ex v
| 6482
log(d + ex) (a + barctanh(cz?)) B 3be [ %dm
e e
| 2863
log(d log(d 2
log(d + ex) (a + barctanh(ca:3)) 3be | (c ;)(gc( 1;6;3) +° g(gcg;-;iwg)x ) dz
e e

l 2009
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log(d + ez) (a + barctanh(cz?))
e

3 3 3 3
PolyLog (2, W) PolyLog (2, Cldtez) ) PolyLog <2, \/W> PolyLog <2, W) PolyLog <

e o - be B 6c + 6c +
inputLInt[(a + bxArcTanh[c*x"3])/(d + e*x),x] J

((a + b*ArcTanh[c*x~3])*Logl[d + e*x])/e - (3*b*c*(-1/6*(Logl(ex(1 - c~(1/3
)*x))/(c”(1/3)*d + e)]l*Logld + e*x])/c + (Logl[-((ex(1 + c~(1/3)*x))/(c~(1/
3)xd - e))]*Logld + e*x])/(6%c) - (Logl-((ex((-1)~(1/3) + c~(1/3)*x))/(c~(
1/3)*d - (-1)7(1/3)*e))1*Logld + e*x])/(6xc) + (Log[-((ex((-1)7(2/3) + c~(
1/3)*x))/(c”(1/3)*d - (-1)~(2/3)*e))]1*Logld + e*x])/(6xc) - (Logl((-1)~(2/
3)xex(1 + (-1)7(1/3)*c™(1/3)*x))/(c™(1/3)*d + (-1)7(2/3)*e)]*Logld + e*x])
/(6%c) + (Logl((-1)7(1/3)*ex(1 + (-1)7(2/3)*c~(1/3)*x))/(c™(1/3)*d + (-1)~
(1/3)*e)]*Logld + e*x])/(6xc) + PolyLogl[2, (c~(1/3)*(d + e*x))/(c”(1/3)*d

- e)]/(6%c) - PolyLogl[2, (c~(1/3)*(d + ex*x))/(c”(1/3)*d + e)]1/(6%c) - Poly
Log[2, (c™(1/3)*(d + e*x))/(c~(1/3)*d - (-1)"(1/3)*e)]/(6xc) + PolyLogl2,

(c™(1/3)*(d + e*x))/(c™(1/3)*d + (-1)~(1/3)*e)]1/(6%c) + PolyLogl[2, (c~(1/3
)*x(d + exx))/(c™(1/3)*d - (-1)"(2/3)*e)]1/(6%c) - PolyLogl[2, (c~(1/3)*(d +

exx))/(c™(1/3)*d + (-1)7(2/3)*e)]1/(6xc)))/e

output

Defintions of rubi rules used

e

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule 2009

rule2863‘Int[((a_-) + Log[(c_.)*((d_) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((h_.)*(x_))
“(m_.)*((f_) + (g_.)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
\ + bxLoglcx(d + e*xx)"n]) p, (h*x) m*x(f + g*x"r)~q, x], x] /; FreeQl[{a, b, c
,d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

\‘
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ruk36482‘Int[((a—') + ArcTanh[(c_.)*(x_)"(n_)1*(b_.))/((d_.) + (e_.)*(x_)), x_Symbol
‘] :> Simp[Log[d + e*x]*((a + bxArcTanh[c*x"n])/e), x] - Simp[b*cx(n/e) 1In ‘
‘t[x“(n - 1*(Logld + exx]/(1 - c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, d,
‘e, n}, x] && IntegerQ[n]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.33 (sec) , antiderivative size = 182, normalized size of antiderivative = 0.35

method | result

(ln(ez+d) In (%R}gl—d) +

b >
default a ln(ex—i—d) + b ln(ex-l—d) arctanh (C :133) + (_RI:RootOf(_Z30—3_226d+3_Zc d2—cd3 —63)

€ ¢ 2e
b ( > (ln(ex-{-d) In (Lfﬁlf‘i) +
a ]n(eg;+d) b ln(ez+d) arctanh (C .'E?’) _Rl:RootOf(_Z3c—3_Z20d+3_Zc d2—cd3 —e3) J—
parts > + : + _
b ( > (ln(ez—i—d) In (LR}EI_O!) +d
: aln(ez+d)  bln(ez+d)In(—ca’41) _RI=RootOf(_ZPc—3 ZPcd+3_Zcd2—cd3—e3) _
risch . - + -
input Lint ((atbxarctanh(c*x"3))/ (e*x+d) ,x,method=_RETURNVERBOSE) J
output ‘ axln(exx+d) /e+b*1n(exx+d) /e*arctanh(c*x~3)+1/2*b/e*sum(1ln(exx+d) *1n((-e*x+

| _R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1),_R1=RootOf (_Z~3*c-3%_Z 2%cxd+3%_Zxckd~ |
‘ 2-c*d"3-e"3) ) -1/2*b/e*sum(1n(e*x+d) *1n((-exx+_R1-d)/_R1)+dilog((-exx+_R1-d ‘
\ )/_R1), R1=RootOf (_Z~3%c-3%_Z 2xckd+3% Zkc*xd~2-c*d~3+e"3)) \
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Fricas [F]
3 3
/ a + barctanh(cz?) dp — / bartanh (cz°) + a i
d+er er +d
inputtintegrate((a+b*arctanh(c*x“3))/(e*x+d),x, algorithm="fricas")

output Lintegral((b*arctanh(c*x‘3) + a)/(exx + d), x)

Sympy [F(-1)]

Timed out.
barctanh(cz?
/ @+ barctanh{er) dx = Timed out
d+ ex
inputLintegrate((a+b*atanh(c*x**3))/(e*x+d),x)
OutputLTimed out
Maxima [F]

/ a + barctanh(cz?®) s = / bartanh (cz®) + a i

d+ex er+d

inputtintegrate((a+b*arctanh(c*x‘3))/(e*x+d),x, algorithm="maxima")

output
‘*x + d)/e

‘1/2*b*integrate((log(c*x"3 + 1) - log(-c*x"3 + 1))/(exx + d), x) + axlog(e ‘




CHAPTER 3. LISTING OF INTEGRALS

318

Giac [F]

dx

/ a + barctanh(cz?) / bartanh (cz®) + a
dr =
d+ex er+d

inputtintegrate((a+b*arctanh(c*x“3))/(e*x+d),x, algorithm="giac")

output Lintegrate((b*arctanh(c*x“B) + a)/(e*xx + d), x)

Mupad [F(-1)]

Timed out.

T

/ a + barctanh(cz?) / a + batanh(cz?)
dr =
d+ex d+ez

input Lint((a + b*atanh(c*x~3))/(d + e*x),x)

output Lint((a + b*atanh(c*x~3))/(d + e*x), x)

Reduce [F]

< S/ am:sJ(rZﬂ) dx) be + log(ex + d) a

3
/ a + barctanh(cz?) dp —
d+ex e

input Lint ((a+b*atanh(c*x73) )/ (e*x+d) ,x)

outputt(int(atanh(c*x**@/(d + e*x),x)*bxe + log(d + exx)*a)/e
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3.36 f a+barctanh (cx3) dx
' (dtex)?

Optimal result . . . . . . . . .. . .. 319
Mathematica [A] (verified) . . . . . . . . . ... 3201
Rubi [A] (verified) . . . . . . .. . . B21]
Maple [A] (verified) . . . . . . . . . ..
Fricas [C] (verification not implemented) . . . . . .. .. ... ... .. .....
Sympy [F(-1)] . . . o o
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 320
Giac [A] (verification not implemented) . . . . . ... ... .. L.
Mupad [B] (verification not implemented) . . . . .. ... ... ... .. .... 3271
Reduce [F] . . . . . . 328

Optimal result

Integrand size = 18, antiderivative size = 414

a + barctanh(cz?®)

1-23/cz
V/3b¥/carctan ( e )

/

(d+ ex)?

2 (23d? + /cde + €?)

V/3b/c(/cd + €) arctan (Hig cw)

2 (cd® + €?)
_ a+ barctanh(cz®) N b+/c(¥/cd — €) log (1 — +/cz)
e(d + ex) 2 (cd® +e3)

N b3/c(V/cd + €) log (1 + +/cx) _ 3bed?e?log(d + ex)

2 (cd?® — e3) c2dé — b

by/c(v/cd + €) log (1 — ¥/cx + */3x?)

4 (cd® — €?)

b/c(5/cd — €) log (1 + /cx + c*/3z?)

_ bed?log (1 — cz®)

4 (cd? + €3)
bed? log (1 + cx?)

2e (cd® + €3)

2e (cd® — €3)
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-1/2%3"(1/2)*b*c~(1/3) *arctan(1/3*(1-2*xc~(1/3)*x)*3~(1/2) )/ (c~(2/3) *d"2+c"
(1/3) *d*e+e~2)-3"(1/2) *b*c~(1/3) *(c~ (1/3) *d+e) *arctan (1/3* (1+2*c~(1/3) *x) *
37(1/2))/(2*%c*d~3+2*e~3) - (atb*arctanh(c*x"3)) /e/ (e*xx+d) +b*xc~(1/3) *(c~(1/3)
*d-e)*1n(1-c”(1/3) *x) / (2%c*d"3+2*e~3) +b*xc~ (1/3) *(c~ (1/3) *d+e) *1n(1+c~(1/3)
*x) / (2*xc*xd~3-2*%e”3) -3*b*c*d"2*e"2*1n(exx+d) / (c"2*d"6-e"6) -b*c~ (1/3)*(c~(1/
3)*d+e) *1n(1-c~(1/3) *x+c” (2/3) *x"2) / (4*c*d~3-4*e”~3) -b*c~ (1/3) *(c~ (1/3) *d-e
Y*1In(1+c™ (1/3) *x+c~(2/3) *x72) / (d*c*d~3+4*e~3) —1/2*b*c*d~2*x1n (-c*xx"3+1) /e/(
c*d~3+e~3)+1/2*b*c*d~2*1n(c*x~3+1) /e/(c*d~3-e~3)

output

Mathematica [A] (verified)

Time = 0.34 (sec) , antiderivative size = 534, normalized size of antiderivative = 1.29

dz

/ a + barctanh(cz?)
(d + ex)?

3 —1+2%/cx
) " 21/3b/carctan (T)

- +
4| e(d+ex) B3d? + ede + €2

P 1423/ cz
) 2v/3by/c(V/cd + e) arctan ( V3 ) B 4barctanh(cz?)

cd? + €3 e(d + ex)
2b/c(P3d> — c*3d*e + cd3e® + §/cde* — €°) log (1 — /cx)
+ —c2dbe + €7
2b/c(P3d® + c*3dbe + cde? + /cde* + €°) log (1 + ¥/cx)
—c2dbe + €7
12bcd?e? log(d + ex)
o c2d6 — b
N b%(205/3d5 — c*3de — cd®e? — Yede* — 65) log (1 — Jex + 02/39:2)
c2dbe — €7
b/c(2653d° + c*3d'e — cdPe® — §/cde* + €°) log (1 + ez + ¢*/32?)
* —c2dbe + €7

2bcd?e? log (1 — c2x5)
26 — b

input LIntegrate[(a + bxArcTanh[c*x~3])/(d + e*x)~2,x]




output
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/((—4*a)/(e*(d + e*x)) + (2xSqrt[3]*bxc~(1/3)*ArcTan[(-1 + 2xc~(1/3)*x)/Sqr

t[311)/(c™(2/3)*d"2 + c~(1/3)*d*e + e72) - (2+Sqrt[3]*b*xc™(1/3)*(c™(1/3)*d
+ e)xArcTan[(1 + 2%c~(1/3)#*x)/Sqrt[3]]1)/(c*d"3 + e~3) - (4xbxArcTanh[c*x”
31)/(ex(d + exx)) + (2%b*xc™(1/3)*(c”(5/3)*%d"5 - c~(4/3)*d"4*e + c*d"3*e"2

+ ¢c7(1/3)*d*e”4 - e~B)*Logl[l - c~(1/3)*x])/(-(c”™2*d"6xe) + e77) - (2%b*c~(
1/3)*(c~(5/3)*d"5 + c~(4/3)*d"4xe + c*d"3xe”2 + c~(1/3)*d*e”4 + e~5)*Logl[1
+ ¢~ (1/3)*x])/(-(c"2%d"6xe) + e7) - (12*bxcxd~2*e~2xLogld + e*x])/(c™2*xd
6 - e76) + (b*c™(1/3)*(2%c~(5/3)*d"5 - c~(4/3)*d"4*e - c*d"3*e”2 - c~(1/3
)*xd*xe~4 - e~5)*Logl[l - c~(1/3)*x + c~(2/3)*x72])/(c"2*xd"6%e - e77) + (b*c~
(1/3)*(2%c~(5/3)*d"5 + c~(4/3)*d"4*e - c*d"3*e”2 - c~(1/3)*d*e"4 + e~5)*Lo
gll + c~(1/3)*x + c~(2/3)*x72])/(-(c™2*d"6xe) + e77) + (2*%b*xcxd~2xe”2xLogl[
1 - c™2*x76])/(c™2*xd"6 - e76))/4

Rubi [A] (verified)

Time = 1.06 (sec) , antiderivative size = 410, normalized size of antiderivative = 0.99,

number of rules _ 0.167, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6486, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a + barctanh (cx3 )
T

(d + ex)?
l_6486
3bc | mdﬂ? a + barctanh(cz3)
e e(d + ex)
l 7276

d24 _2+d_d22 _2+d+d22
3be [ <(e3—cd3)(cd3e+e3)(d+ex) + 2edited)(ead-1) T 2(5163—e3§(c§3f1)) dz ¢ 4 barctanh (cz?)

€ e(d + ex)
l 2009
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3 earctan <23\/C;+1> ( %d+e) earctan (1_2\;\5/&6> e ( %d-f-e) log (02/%2— %m—i—l) e( %d—e) log <02/3m5
el — _ —

2v/3c2/3(cd3+e3) T 2/3c2/3 (Cz/sdz+ %de—i—e?) 12¢2/3(cd3—e3) 12¢2/3(cd3+

e
a + barctanh (cz?)

e(d + ex)

e

LInt[(a + bxArcTanh[c*x~3])/(d + e*x)~2,x]

~—

input

-((a + bxArcTanh([c*x"3])/(ex(d + e*x))) + (3*b*c*(-1/2*%(exArcTan[(1 - 2x%c~
(1/3)*x)/Sqrt[311)/(Sqrt [38]*c~(2/3)*(c~(2/3)*d"2 + c~(1/3)*d*e + e72)) - (
ex(c”(1/3)*d + e)*ArcTan[(1 + 2*c~(1/3)*x)/Sqrt[3]1]1)/(2xSqrt [31*c~(2/3)*(c
*d"3 + e73)) + ((c”(1/3)*d - e)*exLogll - c~(1/3)*x])/(6*c~(2/3)*(cxd"3 +
e3)) + (ex(c™(1/3)*d + e)*Log[l + c~(1/3)*x])/(6*c~(2/3)*(c*d"3 - e~3)) -
(d"2*e~3xLogld + exx])/(c™2*d"6 - e76) - (e*x(c”(1/3)*d + e)*Logll - c~(1/
3)*x + ¢~ (2/3)*x72])/(12xc~(2/3)*(c*d"3 - e73)) - ((c~(1/3)*d - e)*exLogl[1
+ ¢~ (1/3)*x + ¢~ (2/3)*x72])/(12*c~(2/3)*(c*d"3 + e73)) - (d"2*Log[l - c*x
~31)/(6x(cxd”~3 + e73)) + (d"2*Logl[l + c*x~3])/(6%(c*d"3 - e73))))/e

output

Defintions of rubi rules used

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)I*(b_.))*((d_.) + (e_.)*(x_))"(m_.), x_
Symbol] :> Simp[(d + e*x)~(m + 1)*((a + b*ArcTanh[c*x"n])/(ex(m + 1))), x]
- Simp[b*c*(n/(ex(m + 1))) Int[x"(n - D*((d + exx)"(m + 1)/(1 - c™2*x"(2
*n))), x], x] /; FreeQ[{a, b, ¢, d, e, m, n}, x] && NeQ[m, -1]

rule 6486

rule 7276 Int[(u )/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]
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Maple [A] (verified)

Time = 0.81 (sec) , antiderivative size = 461, normalized size of antiderivative = 1.11
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method | result
\/g( 2z1 +1)
1
V3 arctan (63)3
a(om(1)3) imfe24(1)F0p(1)3 n
| ®) ) (b)) 2 BE
30(%)3 Gc(%)§ 30(%)3
3 2c d3-
a arctanh(cz3)
default ~ (eatd)e +b (extd)e +
\/g( 2z1 +1)
1
/3 arctan (63)3
1 2
n(s-()) w2 er)?d :
Lol ety ]
3c(1)3 6c(1)3 sc(1)3 ,
3 2¢ d3-
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input‘int((a+b*arctanh(c*x"3))/(e*x+d)“2,x,method=_RETURNVERBOSE)

-a/ (e*xx+d) /e+bx(-1/(e*x+d) /e*arctanh (c*x~3)+3/excx((d*e*x(1/3/c/(1/c)~(2/3)
*1n(x-(1/c)~(1/3))-1/6/c/(1/c)~(2/3)*1n(x~2+(1/c) " (1/3)*x+(1/c)~(2/3))-1/3
/c/(1/c)~(2/3)*3~(1/2)*arctan(1/3*37(1/2)*(2/(1/c)~(1/3)*x+1)))-e~2%(1/3/c
/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/6/c/(1/c)~(1/3)*1n(x"2+(1/c) " (1/3)*x+(1/c
)=(2/3))+1/3%3°(1/2)/c/(1/c) " (1/3) *arctan(1/3*3~ (1/2)*(2/(1/c)~(1/3) *x+1))
)-1/3*%d"2*1n(c*x~3-1) )/ (2*c*d~3+2xe”~3) -d"2*e"3/(c*d"3+e"3) / (c*d~3-e"3) *1n(
exx+d) +(d*ex(1/3/c/(1/c)~(2/3)*1n(x+(1/c)~(1/3))-1/6/c/(1/c)~(2/3) *1n(x"2-
(1/¢)~(1/3)*x+(1/c)~(2/3))+1/3/c/(1/c)~(2/3) %3~ (1/2) *arctan(1/3*3~ (1/2) *(2
/(1/c)"(1/3)*x-1)))-e"2x(-1/3/c/(1/c)~(1/3)*1n(x+(1/c)~(1/3))+1/6/c/(1/c)”
(1/3)*1n(x"2-(1/c)~(1/3) *x+(1/c)~(2/3))+1/3%3~(1/2) /c/(1/c)~(1/3) *arctan(1
/3%37(1/2)*(2/(1/c)~(1/3) *x-1)))+1/3*d"2*1n(c*x~3+1) ) / (2*c*d~3-2%e"~3)))

output

Fricas [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 137.99 (sec) , antiderivative size = 12984, normalized size of antiderivative =
31.36

barctanh(cz?
/ a + barctanh(cz”) dx = Too large to display

(d+ ex)?

-

Lintegrate((a+b*arctanh(c*x‘3))/(e*x+d)‘2,x, algorithm="fricas")

-/

input

p
Too large to include

output

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + barctanh(cz?)
(d+ ex)?

-

inputLintegrate((a+b*atanh(c*x**3))/(e*x+d)**2,x)

~—
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Output‘Timed out

Maxima [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 394, normalized size of antiderivative = 0.95

/ a + barctanh(cz?)
dz =
(d+ ex)?
2 \/§<cde +c3 e2> arctan M 2 \/g(cde —c3 e2> arctan <

1 12 d2€?log (ex + d) 3c3 B

4 c2d® — eb (2d3e + cet)cs (c?d3e — ce)c
__e

e?x + de

e

inputLintegrate((a+b*ar0tanh(C*X“3))/(e*x+d)‘2,x, algorithm="maxima")

~—

-1/4%((12*d"2*e"2xlog(e*x + d)/(c”2%d"6 - e76) + 2xsqrt(3)*(c*xd*e + c~(2/3
)*xe~2)*arctan(1/3*sqrt (3)*(2xc~(2/3)*x + c¢~(1/3))/c~(1/3))/((c"2xd"3%e + c
*e"4)*c”(1/3)) - 2xsqrt(3)*(c*kd*e - c~(2/3)*e~2)*arctan(1/3*sqrt(3)*(2xc~(
2/3)*x - ¢~ (1/3))/c~(1/3))/((c™2xd"3*e — cxe~4)*c~(1/3)) + (2*c*d~2 + c~(2
/3)*d*e - c~(1/3)*e"2)*log(c~(2/3)*x72 + c~(1/3)*x + 1)/(c"2%d"3%e + c*e”4
) = (2%c*d™2 - c~(2/3)*d*e - c~(1/3)*e"2)*x1log(c™(2/3)*x"2 - c~(1/3)*x + 1)
/(c™2xd"3%e - c*e”4) - 2x(cxd"2 + c~(2/3)*d*e + c~(1/3)*e”2)*1log((c~(1/3)*
X + 1)/c”(1/3))/(c™2*d"3%e - c*xe”4) + 2*(c*d"2 - c~(2/3)*dxe + c~(1/3)*e"2
)*¥1log((c™(1/3)*x - 1)/c~(1/3))/(c”"2*%d"3%e + c*e”4))*c + 4*arctanh(c*x"3)/(
e”2*x + d*e))*b - a/(e”2*x + dxe)

output

Giac [A] (verification not implemented)

Time = 15.72 (sec) , antiderivative size = 554, normalized size of antiderivative = 1.34

/ a + barctanh(cz?)

A+ ca)? dz = Too large to display

input integrate((a+b*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="giac") J
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-3xbxc*d"2xe"2*xlog(e*x + d)/(c”2xd"6 - e76) + 1/2xbkc*d”~2+log(abs(c*x~3 +

1))/(c*d"3xe - e74) - 1/2xb*c*d"2xlog(abs(-c*x~3 + 1))/(cxd"3%e + e”4) - 1
/2*sqrt (3) *bxc*abs(c) ~(2/3)*arctan(1/3*sqrt (3) *c~(1/3)*(2*x + 1/c~(1/3)))/
(c™2*%d~2 - c*d*exabs(c)~(2/3) + e"2*abs(c)~(4/3)) - 1/2*sqrt(3)*b*c*arctan
(1/3*sqrt (3)*(2*xx + (-1/¢)~(1/3))/(-1/c)~(1/3))/(c*d*e + (-c72)~(2/3)*d"2

- (-¢c72)7(1/3)*e”2) + 1/2%(b*c~3*d"3*e”3*(-1/c)~(1/3) - b*c~3*d"4*e"2 - bx
c"2xe"6%(-1/c)~(1/3) + b*kc~2xd*e”5)*(-1/c)~(1/3)*log(abs(x - (-1/c)~(1/3))
)/ (c73*d"6%e"2 - 2%c”"2xd"3*e”5 + c*e”8) + 1/4*((-c"2)"(1/3)*bxc*d - (-c~2)
~(2/3)*bxe) *log(x~2 + x*x(-1/c)~(1/3) + (-1/¢)~(2/3))/(c”2*d"3 - c*e”3) - 1
/4% (b*xc*d*abs(c)~(2/3) - bxe*abs(c)~(4/3))*1log(x"2 + x/c~(1/3) + 1/c~(2/3)
)/(c™2*d"3 + c*e”3) - 1/2*%bxlog(-(c*x~3 + 1)/(c*x"3 - 1))/(e"2*x + d*e) +

1/2% (b*c~3*xd"4%e”2 - b*c~(8/3)*d"3*e~3 + bkc~2xd*e”5 - b*c”(5/3)*e”6)*1log(
abs(x - 1/c”(1/3)))/((c"3*%d"6%e”2 + 2xc"2xd"3*e”5 + c*e”8)*c~(1/3)) - a/(e
“2xx + dxe)

output

Mupad [B] (verification not implemented)

Time = 3.92 (sec) , antiderivative size = 2638, normalized size of antiderivative = 6.37

/ a + barctanh(cz?)

(d+ex)? dxz = Too large to display

e

inputLint((a + b*atanh(c*x73))/(d + e*xx)~2,x)

~—



CHAPTER 3. LISTING OF INTEGRALS 328

symsum(log (- (729%b~6xc~14xd*e”2 + 54432*root (8*c*d"3*e~3*z"3 - 8*e~6%z"3 -
12*b*c*xd"2%e~2*%z"2 + 6*%b~2kckd*exz - b~ 3*c, z, k) “6xc"12*xe~15%x + 729*b”6
*Cc"14*e"3xx + 31104*root (8*c*d"3*e"3*z"3 — 8*%e”~6%z"3 — 12¥b*c*xd"2*xe”2xz"2
+ 6*%b"2%c*d*e*z - b~ 3*c, z, k) “6*%c”14*%d"T*e"8 + 243*root(8*c*d"3*e"3%z"3 -
8*%e~6%z"3 - 12¥b*xc*xd"2*xe"2*xz"2 + 6%b"2%c*d*e*z - b~ 3*c, z, k)*b"5xc"15%d"
5 + 62208*root (8*c*d"3*e”"3%z"3 - 8*e"6%z"3 — 12xbkc*d"2*xe”2%z"2 + 6xb”"2*cx
dxe*xz - b"3*c, z, k)“6xc"12*d*e"14 - 5832*root (8*c*xd"3*e”"3*z"3 - 8*e~ 6%z 3
- 12xbxc*d"2%e"2%xz"2 + 6*b~2xc*d*e*z - b~3*c, z, k) 2*%b"4*c~14%d"3*e”"4 -
1944*root (8*c*xd"3*e"3*z"3 — 8%e~6*z"3 — 12¥bkxckd"2*e”2*z"2 + 6*b~2kc*d*ex*z
- b™3%c, z, k)“3*%b"3*%c”15%d"7*e"2 + 15552*root (8*c*d"3*%e"3%z"3 - 8*e~6xz"
3 - 124bxcxd"2%e”~2*z"2 + 6*b~2kckd*e*z - b~3*c, z, k) “4*b"2*xc"14*%d"5*e”6 +
10692*root (8*c*d"3*e"3%z"3 — 8xe~6*z"3 - 12¥b*c*d"2*e"2*xz"2 + 6*b~2kc*d*e
*zZ - b"3%c, z, k) 3*b~3*%c"13*d*e”"8 + 101088*root (8*cxd"3*e~3*z"3 - 8*e~6*z
"3 - 12xbxcxd"2*%e”2%z"2 + 6%b"2*ckxd*exz — b~ 3*c, z, k) 5¥b*c”13*d"3*e~10 +
3888*root (8*c*d~3*e"3*%z"3 — 8*%e”"6%z"3 — 12¥b*c*d"2*xe"2*xz"2 + 6*b”2kckd*e*
Z - b"3%c, z, k) 5*xb*c”15%d"9*e”"4 + 12636*root (8*c*d"3*xe"3*%z"3 - 8*xe~6*z"3
- 12*b*c*xd"2*%e"2*z"2 + 6*b 2xckd*exz — b~ 3*c, z, k) " 3*b"3*c”13*e"9*x + 38
880*root (8*c*d~3*e"3%z"3 - 8*e”"6%z"3 - 12xbkc*d~2*e"2%z"2 + 6xb”2*ckxdke*z
- b73%c, z, k)“6*c"14*xd"6*e”9*x + 116640*root (8*xc*xd"3*e"3*z"3 — 8*e~6*z"3
- 12xbxc*d"2%e~2%xz"2 + 6*b~2xc*xd*e*xz - b"3*c, z, k) 5xb*c”13xd"2%e”11x%x...

output

Reduce [F]

/ a + barctanh(cz®) , / atanh(cz®)b+a i

(d+ ex)? (ex + d)®

input{int((a+b*atanh(c*x*3))/(e*x+d)~2,x)

outputLint((a+b*atanh(c*xﬁ3))/(e*x+d)“2,x)




output
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23 (a+barctanh (cyz))

3.37 | — dx

Optimal result . . . . . . . . .. . .. 329
Mathematica [A] (verified) . . . . . . . .. ... L L 330
Rubi [A] (verified) . . . . . . . . ... 330
Maple [A] (verified) . . . . . . . . . .
Fricas [F] . . . . . . 3361
Sympy [F] . . . o 337
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 337
Giac [F] . . . o o
Mupad [F(-1)] . . . 338
Reduce [F] . . . . . o

Optimal result

Integrand size = 26, antiderivative size = 195

/ z*(a + barctanh (cy/z)) e = — 11by/z  5bz*?  ba®?  1lbarctanh (ev/T)
1—c%z 6c” 18¢? 15¢3 68
z(a + barctanh(cy/z))  z?(a + barctanh(cy/z))
B o B 2c¢t
z®(a + barctanh(cy/z)) (a4 barctanh(cy/z)) 2
B 3c? B bc?
2(a + barctanh(cy/z) ) log (1—3\/5)
+ 5
bPolyLog (2,1 — —2~
N yLog ( , -z )

08

-11/6%b*x~(1/2) /c~7-5/18*%b*x~ (3/2) /c~5-1/15%b*x~(5/2) /c~3+11/6*b*arctanh(c
*x~(1/2))/c”8-x* (a+bxarctanh(c*x~(1/2)))/c”6-1/2%x"2* (a+b*arctanh(cxx~(1/2
)))/c"4-1/3%x"3*(at+b*arctanh(cxx~(1/2)))/c~2-(a+b*arctanh(c*x~(1/2)))~2/b/
c~8+2* (at+bxarctanh (c*x~(1/2)))*1n(2/(1-c*x~(1/2)) ) /c"8+b*polylog(2,1-2/(1-
c*xx~(1/2)))/c"8




input L

output
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Mathematica [A] (verified)

Time = 0.48 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.82

T =

/ z*(a + barctanh(cy/z))
d
1-c%z
165bcy/z + 90ac?z + 25bc3x3/% 4 45actz? + 6bc’z®/? + 30acSz® — 90barctanh (c\/E)2 + 15barctanh (c

Integrate[(x"3*(a + bxArcTanh[c*Sqrt[x]]1))/(1 - c~2#*x),x] J

e N

-1/90* (165*%bxc*Sqrt [x] + 90*a*c™2+x + 26*%bxc”3*x~(3/2) + 4b*a*xc™4*x"2 + 6%
b*c~5*x~(5/2) + 30*a*c”6*x"3 - 90*bxArcTanh[c*Sqrt[x]]~2 + 15xb*ArcTanh [c*
Sqrt[x]]1*(-11 + 6*%c™2*x + 3*c™4*x"2 + 2*xc~6*x~3 - 12*Log[l + E~(-2*ArcTanh
[c*Sqrt[x]])]) + 90*xaxLogl[l - c~2*x] + 90*b*PolyLog[2, -E~(-2*ArcTanh[c*Sq
rt[x]1)1)/c"8

Rubi [A] (verified)

Time = 3.17 (sec) , antiderivative size = 300, normalized size of antiderivative = 1.54,

number of steps used = 18, number of rules used = 17, number of rules _ 0.654, Rules
integrand size

used = {7267, 6542, 6452, 254, 2009, 6542, 6452, 254, 2009, 6542, 6452, 262, 219, 6546,
6470, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ z3(a + barctanh (cy/z))

1—c2z

| 7267
2/ 27/2(a + barctanh(cy/z)) iz

1-—c%x

l 6542
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2%/2 (a+barctanh (cy/z) )

) f — d\/z B [ 2%2(a + barctanh(cy/z)) dy/z

c2 ¢
l 6452
2 ﬁﬂ@ﬁﬁﬁgm@ﬁ”dvg_éw%a+hudmm®i?)_émf1z;ﬂ¢5
l 254

2

25/2 (a+barcta,nh(cx/5)) Az 133 (a + barctanh(cy/z)) — Lbe [ (‘%2 -Z+ Wlé@ - clﬁ) dvx

9 1—c2z _
c? c?
l 2009
o) (o btanboyE) - e ST gz )
9 1—c2z _
c? c?
l 6542
23/2 (atvarctanh (cvz)
( i ) we [ £3/2 (a+barctanh(c\/5))d\/5 %I3 (a + barctanh (c\/i)) _ %bc (MCIM _
2 ¢ 5 < - 2
c c
l 6452
23/2 (at+barctanh (cvz) |
( — ) dvz  ja? (a+barctanh (Cﬁ)) —gbef 1_”02235 dvz %w?’ (a + barctanh(cy/z)) — %bc <arcta.
9 o2 - 5 c? _ 5
c c

l 9254
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+3/2 a+barctanh cf) -
d/z

l—c4x

1x2(a cevz))=tbe [l -H+—~L 1 x |
i? (atbarctanh(evz) ) - b f( 2V A ) 67>d\[ t23(a + barctanh (cy/z)

.’L‘

02 c?
C2

l 2009

+3/2 a+barctanh (ev/?) )

arctanh(cvz T 23/2
SNt (a+bar0tanh(c\/5))—ibc<4r ?5 ( f)_g_?f) %xg’ (a + barctanh (cy/z)

7:
02 c?

c2

l 6542

2 c [
c? — c?
C2

l 6452

z a+barctanh V) )

1‘

1 1
ivE ha <a+barctanh(c¢§)) bl EavE 1 (atbarctanh (cya) ) - 1oc ( arctagh(cﬁ) s
C

c? c?

l 262

a: a+barctanh cf))

:L‘

C

dvz

I - dvE
1 1 l—c4zx VT
3 (a+barctanh(cﬁ)) —Lbe (*027 - 7)

, 1g2 (a+barctanh (evz) ) —2be (%ﬁh(“ﬁ
c? © c?
c2

VT a arctanh (c
+bi VT )) iz j-ﬁ(ﬁbarctanh(cﬁ))dﬁ 1.2 tanh 1, (arctanh(cyz) sz 43/2
B — iz (a+barc an (cﬁ))—zbc o e Sk

l 219
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vz (a+varctanh cvz) Lo(assarctanh(cvs)) s ( arctanh(cvz) @)
( 1_6221 ) dﬁ_ 2 ( ( )> 22 3 c2 %ZQ (a_i_barcta’nh(cﬁ))_%bc(%a’cnéh'(
2 c? - 2
2
l 6546
) —“J’bar(fta?h(cﬁ) avz (arvarctanh(cvs)) * . (a+barctanh(cya) ) - foc arctanh(evs) vz
— - 2 2 ? e c? 1,2 (q4parctanh
, 2he _ - 1a? (ot (cv/a)
c? —
2 2
l 6470

1og(l_§ ﬁ) (wz;arctanh(cx/i)) N log(1 1—5;/5) iy (a narctanh(c \/5))2 i (a+barctanh(cﬁ))— Lo (arctanh(cﬁ) - 4)

— c c

c 2bc2
C2 C

2 c?

c2

l 9849

) (a+barctanh(cﬁ))

2
1—c\/z

(63 -

C

2
(a+barctanh(cﬁ)) ls (a arctanh e ﬁ)> ! bc(arctanh(cﬁ) i

c 2bc2 —
C2 C
2 il
02
lzmz
2 _ 2
“(Hﬁ)(“*';arcmnh(cﬁ)) +bP°1yL°g(22’1 =) (e+sarctanhevs) )" %z(marctanh(cﬁ))—%m(%‘mtaﬂh(cﬁ)_:
c = — 2bc2 _ - ¢ ‘
2 ¢

c2



input

output

rule 219

rule 254

rule 262

rule 2009

rule 2752

CHAPTER 3. LISTING OF INTEGRALS 334

‘ Int[(x~3%(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

2x(-(((x~3*%(a + b*ArcTanh[c*Sqrt[x]]))/6 - (bxc*(-(Sqrt(x]/c"6) - x~(3/2)/
(3xc™4) - x7(5/2)/(5%c~2) + ArcTanh[c*Sqrt([x1]1/c~7))/6)/c"2) + (-(((x"2*(a
+ b*ArcTanh[c*Sqrt[x]]))/4 - (bxcx(-(Sqrtlx]/c”4) - x~(3/2)/(3%c”2) + Arc
Tanh [c*Sqrt[x]11/c~5))/4)/c”2) + (-(((x*(a + bxArcTanh[c*Sqrt[x]]1))/2 - (b*
c*(-(8qrt[x]/c”2) + ArcTanh[c*Sqrt[x]]1/c~3))/2)/c"2) + (-1/2%(a + b*ArcTan
h[c*Sqrt[x]]1)~2/(bxc"2) + (((a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 - c*Sqrt([x
1D1)/c + (b*Polylogl[2, 1 - 2/(1 - c*xSart[x]1)]1)/(2xc))/c)/c"2)/c"2)/c"2)

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x m,
a + bxx~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

N\

Int[((c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - D*x((a + bxx"2)"(p + 1)/(b*(m + 2xp + 1))), x] - Simpla*c™2x((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQl[{a, b
» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int[Log[(c_.)*(x_)]/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]
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Int[Logl(c_.)/((d ) + (e_.)*(x_))1/((£f)) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQle~2xf + d~2xg, 0]

rule 2849

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x"n]) “p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d ) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + e*(x/d))]/e), x] + Simp[b*c
x(p/e) Int[(a + bxArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 - c~2*x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2
, 0]

rule 6470

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))~(p_.)*((£_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*
x]1)7p, x], x] - Simp[d*(£f72/e) Int[(f*x)~(m - 2)*((a + b*ArcTanh[c*x]) p/
(d + exx"2)), x], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6542

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcTanh[c*x])~p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c~2*d + e, 0] && IGtQ[p, O]

rule 6546

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !FalseQ[lst] &% SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7267
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 247, normalized size of antiderivative = 1.27

method result
% arctanh (cy/z) 043 + arctanh (cy/z) cAz2 + arctanh (cy/z) 2z + arctanh (cy/z
6 4 2 :
az3 ax? azr aln(c2:c—1)
parts 3c? 2ct c8 c8

6.3 4 2 2 — 6 .3 4.2 2 ,
2<a(c 61; 4 f +%+ln(c\2§ 1)+1n(1+20\/5)>+b(arctanh(2\/fc)c x +arctanh(i\/§c)c T +arctanh(20\/5)c z+ﬁ

derivativedivides | —
2 <a(066$3+c4292+622z+ ln((:xéi—l) + ln(14—26ﬁ) >+b (arctanh(zﬁ)cﬁz?’ n arctanh(iﬁ)c4z2 n arctanh(zcﬁ)c2z qare
default —
inputtint(x"3*(a+b*arctanh(c*x"(1/2)))/(—c"2*x+1),x,method=_RETURNVERBOSE) J

-1/3%a/c”2*xx"3-1/2*a/c 4*x"2-a/c"6*x-a/c 8*1n(c~2*x-1)-2*b/c"8*(1/6*arctan
h(c*x~(1/2))*c”6*x~3+1/4*arctanh(c*x~(1/2) ) *c~4*x~2+1/2*arctanh (c*x~(1/2))
*c~2%x+1/2*arctanh (c*xx~ (1/2) ) *1n(c*x~(1/2)-1)+1/2*arctanh(c*x~ (1/2)) *1n(1+
c*x~(1/2))-1/2*dilog(1/2*c*x~(1/2)+1/2)-1/4%1n(c*x~(1/2)-1)*1n(1/2*c*x~(1/
2)+1/2)+1/8*%1n(c*x~(1/2)-1)"2-1/8*1n(1+c*x~(1/2)) "2+1/4*x(In(1+c*xx~(1/2))-1
n(1/2xcxx~(1/2)+1/2) ) *1n(-1/2*c*x~(1/2)+1/2)+1/30*c~5+x~ (5/2) +5/36*c~3*x~ (
3/2)+11/12*c*xx~(1/2)+11/24*1n(c*x~(1/2)-1)-11/24*x1n(1+c*x~(1/2)))

output

Fricas [F]
z*(a + barctanh (cy/z)) (bartanh (cy/z) +a)z®
/ dr = / — dx
1-—c%x cr —1
inputLintegrate(x“3*(a+b*arctanh(c*x"(1/2)))/(-c‘2*x+1),x, algorithm="fricas") J

OutputLintegral(—(b*x‘3*arctanh(c*sqrt(x)) + a*xx~3)/(c2%x - 1), x) J
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Sympy [F]

x
1—c2z c2r—1

/ z*(a + barctanh (cy/z)) do— / az® e / bz? atanh (c\/z) p

inputLintegrate(x**s*(a+b*atanh(c*x**(1/2)))/(—c**2*x+1),x) J
output‘_Integral(a*x**3/(c**2*X - 1), x) - Integral (b*x**3*atanh(cksqrt(x))/(cx*2
‘*x_l), x) ‘

Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 246, normalized size of antiderivative = 1.26

/ z*(a + barctanh(cy/7)) " 1 (2 tr?+3c22? +6x N 6 log (c*z — 1))

1-cz 6 b 3

(log (cy/@ + 1) log (—5¢v/a + 3) + Lir (3 vz + 3))b
P

11blog (cy/z+1) 11blog (cy/z — 1)

123 12 ¢8
12bc%z2 + 50 bcdz2 + 45blog (cy/z + 1)2 —45blog (—cy/z + 1)2 + 330 bcy/z + 15 (2523 + 3 bcta?

180 c®
inputtintegrate(X‘3*(a+b*arctanh(c*x“(1/2)))/(-c‘2*x+1),x, algorithm="maxima") J
output -1/6*ax ((2%c~4*x~3 + 3*c~2%x"2 + 6%x)/c"6 + 6xlog(c~2*x - 1)/c”8) - (log(c

*sqrt(x) + 1)*xlog(-1/2*c*sqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”
8 + 11/12*b*log(cxsqrt(x) + 1)/c”8 - 11/12xb*log(c*sqrt(x) - 1)/c"8 - 1/18
0% (12%bxc~5*x~(5/2) + 50*b*c~3%x~(3/2) + 45*b*log(c*ksqrt(x) + 1)72 - 45%bx
log(-c*sqrt(x) + 1)72 + 330*b*cksqrt(x) + 15%(2xb*xc™6*x~3 + 3*b*c™4*x"2 +
6*b*c~2%x) *log(c*xsqrt(x) + 1) - 15%(2%b*c™6*%x"3 + 3*b*xc™4*x"2 + 6xbxc™2%x
+ 6%b*log(c*sqrt(x) + 1))*log(-cxsqrt(x) + 1))/c”8
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Giac [F]

dz

/ z*(a + barctanh(cy/z)) do — / B (bartanh (cy/z) + a)a?

1—cz ccr —1

inputLintegrate(x"3*(a+b*arctanh(c*x’"(1/2)))/(—c"2*x+1),x, algorithm="giac")

OutputLintegrate(-(b*arctanh(c*sqrt(x)) + a)*x~3/(c™2*x - 1), x)

Mupad [F(-1)]

Timed out.

dz

/ z*(a + barctanh(cy/z)) o — / K (a+ batanh(c/z))

1—c2z ccr—1

input Lint(—(x‘B*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1),x)

output Lint(—(x“S*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1), x)

Reduce [F]

dz

/ 2% (a + barctanh(cy/x))
1-cx
—6 ( [ ctanh(Vzo)z? dx) be® —6log(c’r — 1) a — 2ac®z® — 3ac'z® — 6ac’z

c2z—1
6¢c8

input Lint (x~3*(at+b*atanh(c*x~(1/2)))/(-c 2*x+1) ,x)

‘ ( - 6xint((atanh(sqrt(x)*c)*x**3)/(c*k*2%x - 1),x)*bkc**8 - 6*log(ck*2xx -

output
‘1)*a — 2kakCHk*kBxX*k*3 — Jkakckkdkxkk2 — Bxakck*k2xx) [/ (6xc*k*8)




output
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22 (a+barctanh cyz))
3.38 | — dx
—C°T
Optimal result . . . . . . . . .. . ..
Mathematica [A] (verified) . . . . . . . .. ... L L 340
Rubi [A] (verified) . . . . . . . . . . 3401
Maple [A] (verified) . . . . . . . . . . 345
Fricas [F] . . . . . .
Sympy [F] . . . o 346
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3461
Giac [F] . . . o o 3471
Mupad [F(-1)] . . . 347
Reduce [F] . . . . . o 347
Optimal result
Integrand size = 26, antiderivative size = 160
2?(a + barctanh (cy/z)) i — 3by/z bz*/?  3barctanh(cy/z)
/ 1—c%x YT T T e 26
z(a + barctanh (cy/z))
o
2?(a + barctanh(c\/z)) (a-+—barctanh(cvﬂ5))2
2c? bcb
2(a + barctanh(cy/z) ) log (1—z¢5)
+ 6
c
bPOIYLOg 2, 1- %
iratas (21 )

06

‘—3/2*b*x‘(1/2)/c‘5—1/6*b*x“(3/2)/c‘3+3/2*b*arctanh(c*x“(1/2))/C‘6—x*(a+b*a
‘rctanh(c*x‘(1/2)))/c‘4—1/2*x‘2*(a+b*arctanh(c*x‘(1/2)))/c‘2—(a+b*arctanh(c
‘*x“(1/2)))“2/b/c“6+2*(a+b*arctanh(c*x“(1/2)))*1n(2/(1—c*x‘(1/2)))/c‘6+b*po

|1ylog(2,1-2/(1-cxx~(1/2)))/c"6
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Mathematica [A] (verified)

Time = 0.35 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.81

/ z*(a + barctanh(cy/z))
d
1-c%z
9bcy/z + 6ac’x + bc’z®/? + 3ac*z? — Gbarctanh (c\/g_v)2 + 3barctanh (cy/z) (—3 + 2c%z + c*z? — 41o;

6c5

input LIntegrate[(x‘?*(a + b*ArcTanh [c*Sqrt [x11))/(1 - c~2%x),x] J

e B

-1/6*(9%bxc*Sqrt [x] + 6*a*c”2+x + b*c~3*x~(3/2) + 3*axc™4*x"2 - 6*bxArcTan
‘h[c*Sqrt [x]172 + 3%b*ArcTanh[c*Sqrt[x]]1*(-3 + 2%c™2*%x + c”4*x"2 - 4x*Log[1 ‘
'+ E~(-2%ArcTanh[c*Sqrt[x]1)]) + 6*axLogl[l - c~2%x] + 6¥b*PolyLog[2, -E~(-2

L*ArcTanh [cxSqrt[x]11)1)/c”6 J

output

Rubi [A] (verified)

Time = 1.39 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.36,

number of steps used = 14, number of rules used = 13, number of rules _ 0.500, Rules
integrand size

used = {7267, 6542, 6452, 254, 2009, 6542, 6452, 262, 219, 6546, 6470, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ 2% (a + barctanh (cy/z))

1—c%x

l 7267

1—c%z

5/2
5 / #°/?(a + barctanh (cy/z)) iz
| 6542
z3/2 (a+barctanh(c\/i))

9 / oy dvz B [ 23/%(a + barctanh (cy/z)) dy/z

c? c?
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| 6452
Z3/2 a t h C\/ZT
( +bafiza;n ( f))d\/i 122(a + barctanh(cy/z)) — 1be [ %dﬁ
2 2 - c2
| 254
3/2 h
) I ‘ (a+balr_c:2a;n (C\/E)) dv/z ~ 122 (a + barctanh (cy/z)) — 3be [ (—c% + 704(1;%) - c%) dv/z
c? c?
| 2009

f 3/2 a+barctanh(cf)) \/:E ix2(a+barctanh(c\/§)) . ibc<arcmclgl(c\/5) v xS/z)
1— c2

z a+barctanh cf) -
d/x

3z (a+barctanh (cﬁ)) —1be (fl—c22z

c2

c2

4 3c?
2 — 3
l,6542
z a+barcta,nh (cev/m)
_ -
2 c? - 2
l 6452
w a+barctanh (cv/x)
) vz %m(a+barctanh (Cﬁ)) —sbe i dva  1z%(a+ barctanh(cy/z)) — %bc <arctar£1
- 2
2 c? ‘ o 2
l 262

l 219
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vz a+varctanhcyz) arctanh(vz) =
( — ) dyz  be(etbarctanh(cyz)) ‘%bc(673_ 72) 122(a + barctanh(cy/z)) — 1bc
c2 — c?
2 02 - 02
| 6546
a tanh(c.z) 2
| a+barc V%) 4z (atvarctanh(cya) arctanh(cvs) vz
1—c\6/5 _ < - ) B %x(a+bal‘ctanh(c\/§))—%bc —= ilj (a + barctan.
92 c2 c2 _
2
c
l 6470
log( ;=2 ) (a+sarctanh (cyz) log (=2~ 2
(1 \F) ( B ) -y (11_02{) awE (a+barctarlh(cﬁ)) %z(a+barctanh(c\/5))—%bc(arcmgh@ﬁ) _
c 2bc
c2 - )
l 2849
or(=27)
b VE ,i .
“ies +l°g( 1—(2;\/5) <“+”ar0tanh(cﬁ)) (a+barctanh(cﬁ)>2 1 w(ﬂ ‘varctanh(c ﬁ)) 1 bc( %rgh(cv
< c < — 2bc2 2 2 ¢
c? - 2
l2%2
l°g( Vs ) (a+barctanh(cﬁ)) b Polyfes (2’1‘ = ) avvarctanh cva) )’ arctanhcyz
- — : o B ( + o ( )) _ éw(a—i—bal‘ctanh(cﬁ))—fl)c( : (cva
C C
2 2

input}/lnt[(x?*(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c~2%x),x]
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2% (-(((x"2x(a + bxArcTanh[c*Sqrt[x]]1))/4 - (bxcx(-(Sqrt[x]/c~4) - x~(3/2)/
(3*xc~2) + ArcTanh[c*Sqrt([x]1]1/c~5))/4)/c"2) + (-(((x*(a + b*ArcTanh[c*Sqrt[
x]11))/2 - (bxcx(-(Sqrt[x]/c”2) + ArcTanh[c*Sqrt([x]]1/c~3))/2)/c"2) + (-1/2%
(a + b*ArcTanh[c*Sqrt[x]]1)~2/(b*c"2) + (((a + bxArcTanh[c*Sqrt([x]])*Logl[2/
(1 - c*Sqrt[x])]1)/c + (b*PolyLogl2, 1 - 2/(1 - c*Sqrtl[x])]1)/(2%c))/c)/c"2)
/c”2)

output

Defintions of rubi rules used

rule 219 IRt + (b_)*(x)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 21*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule254/Int[(x_)‘(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m,
a + b*x~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

rule 262 Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - 1)*((a + b*x"2)"(p + 1)/(b*(m + 2*p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1)))  Int[(c*xx)"(m - 2)*(a + b*x~2)7p, x], x] /; FreeQ[{a, b
,» C, p}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, x]

ruka2009tlnt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule2752\Int[Log[(c_.)*(x_)]/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
Lg[2, 1 - cxx], x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

2849‘Int[Log[(c_.)/((d_) + (e_)*(x_)]1/((£f) + (g_.)*(x_)"2), x_Symbol]l :> Simp
‘[—e/g Subst [Int [Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[
L{c, d, e, £, g}, x] && EqQ[c, 2xd] && EqQ[e~2*f + d"2*g, 0]

rule
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Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh([c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x~
2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2
, 0]

rule 6470

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + b*ArcTanh[c*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/
(@ + exx~2)), x1, x] /; FreeQl[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6542

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(c*d) Int[(a + bkArcTanh([c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[c™2%d + e, 0] && IGtQ[p, 0]

rule 6546

e

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘ mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
‘ 1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7267

A\




input

output

input

output
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 216, normalized size of antiderivative = 1.35

method result
arctanh (cy/x) c4z? | arctanh (cv/x) c2z | arctanh (cv/x) In(cy/z—1) | arctanh(cy/z) In
9 1 ( 2 1) 2b < 4 + 2 + 2 + 2
ax axr an(cr—
parts % T AT T E

2
derivativedivides | —

4 2 2 _ 4.2 2 _ .
2<a(c f +%+ln(c\/5 1)+1n(1+20\/5)>+b<arctanh(i\/5)c z +arctanh(zc\/5)c x+arctanh(c\/52) In(cy/z 1)+ﬂ

default —

2

4. 2 2 :
2<a(c4f2+c22m+ln(c\éi—l)+1n(14;c\/5))+b<arctanh(iﬁ)c z +arctanh(2cﬁ)c z+arctanh(c\/5) ln(cﬁ_l)_i_LCt‘

tint(x“2*(a+b*arctanh(c*x‘(1/2)))/(—c“2*x+1),x,method=_RETURNVERBOSE)

-1/2*xa/c”2*x"2-a/c"4*x-a/c"6*1n(c”"2*x-1)-2*%b/c~6* (1/4*arctanh (c*x~ (1/2) ) *c
~4*x~2+1/2*arctanh (c*x~ (1/2) ) *c~2*x+1/2*arctanh (c*xx~(1/2) ) *1n(c*x~(1/2)-1)
+1/2*arctanh(c*x~(1/2) ) *1n(1+c*x~(1/2))-1/2*dilog(1/2*c*x~(1/2)+1/2)-1/4%1
n(c*x~(1/2)-1)*1n(1/2*c*x~(1/2)+1/2)+1/8*1n(c*x~ (1/2)-1) "2-1/8*1n(1+c*x~ (1
/2))7"2+1/4% (An(1+c*x~ (1/2) ) -1n(1/2*c*x~ (1/2)+1/2) ) *1n(-1/2*c*x~(1/2)+1/2) +
1/12%c~3*x~(3/2)+3/4*cxx~(1/2)+3/8*1n(c*x~(1/2)-1)-3/8*1n(1+c*x~(1/2)))

Fricas [F]

dx

/ 2?(a + barctanh(cy/z)) o — / _ (bartanh (c/z) + a)z?

1—cz c2r—1

-

kintegrate(x‘2*(a+b*arctanh(c*x‘(1/2)))/(-c‘2*x+1),x, algorithm="fricas")

e—

Lintegral(—(b*x‘2*arctanh(c*sqrt(x)) + a*x”2)/(c”™2*%x - 1), x)
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Sympy [F]

X

/ z?(a + barctanh (cy/z)) do— / az? / bz? atanh (c\/z) p

1—c2z c2r—1

inputLintegrate(x**2*(a+b*atanh(c*x**(1/2)))/(_C**Q*x+1)’X) J
output‘_Integral(a*x**z/(c**Q*X - 1), x) - Integral (b*x**2*atanh(cksqrt(x))/(cx*2
‘*x_l), x) ‘

Maxima [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.30

rT=—-a

/ z?(a + barctanh(cy/7)) p 1 (c2x2 +2z N 2 log (c’z — 1))

1-cz 2 ct b
(o (e + 1) log (~heyE+ ) + Lin(h v+ 1)1
6

3blog (cy/z+1) 3blog (cy/z — 1)
* 4cb 48

2bc3z + 3blog (cy/z + 1)2 —3blog (—cyz + 1)2 + 18 bey/z + 3 (be*z? + 2bc’z) log (cy/z + 1) — 3

12 cb
inputtintegrate(X‘2*(a+b*arctanh(c*x“(1/2)))/(-c‘2*x+1),x, algorithm="maxima") J
output -1/2%ax((c™2*x™2 + 2*x)/c”4 + 2xlog(c™2*x - 1)/c”6) - (log(cksqrt(x) + 1)*

log(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2))*b/c”™6 + 3/4*b*log(
cxsqrt(x) + 1)/c”6 - 3/4*%bxlog(c*xsqrt(x) - 1)/c”6 - 1/12%(2*%b*c™3*x~(3/2)

+ 3xbxlog(c*ksqrt(x) + 1)72 - 3xbxlog(-c*sqrt(x) + 1)72 + 18*b*cksqrt(x) +

3% (b*c™4%x"2 + 2%b*c”2*xx)*log(cksqrt(x) + 1) - 3*(b*c™4*x"2 + 2%b*c™2*xx +

2xbxlog(cksqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”6
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Giac [F]

dz

/ z?(a + barctanh(cy/z)) do — / B (bartanh (cy/z) + a)z?

1—cz ccr —1

inputLintegrate(x"2*(a+b*arctanh(c*x’"(1/2)))/(—c"2*x+1),x, algorithm="giac")

outputLintegrate(_(b*arCtanh(C*Sqrt(X)) + a)*x"2/(c"2*x - 1), x)

Mupad [F(-1)]

Timed out.

dz

/ 2*(a + barctanh(cy/z)) o — / Ka (a+ batanh(c/z))

1—c2z ccr—1

input Lint(—(x‘2*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1),x)

output Lint(—(x“2*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1), x)

Reduce [F]

dz

z*(a + barctanh(cy/z))
/ 1—-cz
—2 (f de> bc® —2log(c’z — 1) a —ac's® — 2ac’s

c2x—1
26

input Lint (x~2x (at+b*atanh(c*x™~(1/2)))/(-c~2*x+1) ,x)

‘( - 2xint((atanh(sqrt(x)*c)*x**2)/(c**2xx — 1) ,x)*bkc**6 — 2xlog(ck*2xx -

output
‘1)*a — akCHRAKXRAD — karcHr2¥x)/ (2FCH*6)
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dx

3 20 [ z (a+bar(1:i:1221h (cva))

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . .
Fricas [F] . . . . . .

Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...

Giac [F] . . . o o
Mupad [F(-1)] . . .
Reduce [F] . . . . . o

Optimal result

Integrand size = 24, antiderivative size = 120

z(a + barctanh (cy/z))

/ z(a + barctanh (cy/)) e — _byz N barctanh (cy/z) B
1—c%x c3 ct
(a + barctanh (c\/E))2
B bct

2(a + barctanh(cy/z) ) log <1_z 7

)

+

+

b PolyLog (2, 1—

ct

=)
l—cy/z

ct

c2

output “P*%" (1/2)/c 3+brarctanh (cxx™(1/2)) /c™4-x* (atbrarctanh(ckx™ (1/2)))/c™2- (ar
‘ b*arctanh(c*x~(1/2)))~2/b/c”4+2* (at+b*arctanh(cxx~(1/2)))*1n(2/ (1-c*x~(1/2)

1))/c“4+b*polylog(2,1-2/(1-c*x“(1/2)))/c“4
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Mathematica [A] (verified)

Time = 0.23 (sec) , antiderivative size = 96, normalized size of antiderivative = 0.80

/ z(a + barctanh (cy/z))
dz =
1-c%z
bcy/T + ac’x — barctanh (C\/E)2 + barctanh (cy/z) (_1 + 2z — 2log <1 + e—2arctanh(c\/§))> +alog(
— -
input LIntegrate [(x*(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c~2*x),x] J
output /-( (b*c*Sqrt [x] + a*c™2*x - b*ArcTanh[c*Sqrt[x]]~2 + b*ArcTanh[c*Sqrt [x]]*( )

‘—1 + c"2%x - 2xLog[l + E~(-2*ArcTanh[c*Sqrt[x]])]) + a*Logl[l - c”2*x] + bx ‘
‘ PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]11)])/c"4) ‘

Rubi [A] (verified)

Time = 0.85 (sec) , antiderivative size = 146, normalized size of antiderivative = 1.22,

_ _ q humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.375, Rules

used = {7267, 6542, 6452, 262, 219, 6546, 6470, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
z(a + barctanh(cy/z))
/ 5 dz
1—cz
| 7267
3/2
2/ 232 (a + barct2anh(c\/§)) iz
1—cz
| 6542
NG (a+barctanh (cv/) )
9 / - dvz J vz(a + barctanh(cy/z)) dy/z
c? c?

l 6452
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tanh
ﬁ<a+barf ::n (ev®)) dy/x  1x(a+ barctanh(cy/z)) — Lbe [ —Z-dy/x
92 1—c?x 2 2 1-c%x

c2 c2

l 262

14z
[ \/i(a+bafctz;nh(c\/§)) vz 12 (a + barctanh(cy/z)) — %bc(flf;d\[ — ‘g)
—C°T

2 —
c2 c2

l 219

I ﬁ(aerafCt?nh(Cﬁ)) vz tz(a + barctanh(cy/z)) — %bc(mclw - ‘g)
2 c? c?

l 6546

2 C\/ZT
J %&h(cﬁ)dﬁ B (a+barctanh(cya)) 12 (a + barctanh(cy/z)) — %bc<arcm§1(ﬂ - \0/2‘%>
9 c 2bc2

c? c2

l 6470
o, a t h cT o, p
1 g(1—§ﬁ>( +l;arc anh f)) —bfl ggl_zg;/i) e (a+barctanh(c\/5)>2 %x(a " barctanh(cﬁ)) _ ;bc(arct(
92 c 2bc? _
2 2
l 2849
IOg(l—c\/E 1
i
’ 1‘% dl_cﬁ_i_l"g(lfgﬁ) (a+z;arctanh(c\/5)) B <a+barctamh(c\/a?))2 %w(a + barctanh (cy/z)) — %bc(al
2 Cc 2bc? _
c2 2

l 9752
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(=275 ) (+rarctanhiey)) +”P°1yL°g(22’j‘1—5ﬁ) (e+barctanh(eva))”  Ly(a+ barctanh(cy/z)) — ;bc<ar<

c —

V)
9 c 2bc’
c2 c?

input‘lnt[(x*(a + bxArcTanh[c*Sqrt[x]1]1))/(1 - c™2*x),x]

output‘ 2% (- (((x*(a + b*ArcTanh[c*Sqrt[x]]))/2 - (bxc*(-(Sqrt[x]/c2) + ArcTanh[c* \
‘Sqrt [x11/c73))/2)/c”2) + (-1/2%(a + bxArcTanh[c*Sqrt[x]])~2/(b*c"2) + (((a \
‘ + b*ArcTanh [c*Sqrt [x]])*Log[2/(1 - c*Sqrt[x])]1)/c + (bxPolyLog[2, 1 - 2/(
1 - exSqre[x1)1)/(2%¢)) /) /c72)

Defintions of rubi rules used

rule 219 ItLC@) + (b_)*(x)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 21))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

s ™

rule 262 Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2*x((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pt, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

N J

rule 2752 Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2849 Int[Logl(c_.)/((d)) + (e_.)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2xf + d~2xg, 0]
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Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh([c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcTanh[c*x]) p)*(Log[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x~
2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd"2 - e~2
, 0]

rule 6470

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + b*ArcTanh[c*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/
(@ + exx~2)), x1, x] /; FreeQl[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6542

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.)*(x_))/((d) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(c*d) Int[(a + bkArcTanh([c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[c™2%d + e, 0] && IGtQ[p, 0]

rule 6546

e

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘ mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
‘ 1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7267

A\
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.54

method result
% arctanh(;ﬂ)czz +arctanh(c\/5:2) In(cy/z—1) +arctanh(c\/52) In(14-c/z) +#+ln(c\ﬁi—l) )
az aln (c2z—1)
parts -2~ = —

9 <a(c22a;+ln(c\25—l)+1n(1-;c\/5))+b(arctanh(;:\/i)t:?m+arctanh(c\/52) In(cy/z—1) +arctanh(c\/:7:2) llrx(l-ﬁ-c\/nic)_"_ﬁ_1

derivativedivides | —
9 <a(822$+1n(c\25—1) +1n(1+2c\/5) )-l-b (arctanh(zc\/;) 32z+arctanh(c\/52) In(cy/z—1) +arctanh(c\/52) In(14cy/z) +#4
default -
inputtint(x*(a+b*arctanh(c*x"(1/2)))/(-c"2*x+1),x,method=_RETURNVERBOSE) J

-a/c”2*x-a/c”4*1n(c"2*x-1)-2*xb/c"4* (1/2*arctanh (c*x~ (1/2)) *c~2*x+1/2*arcta
nh(c*x~(1/2))*1n(c*x~(1/2)-1)+1/2*arctanh(c*x~(1/2) ) *1n(1+c*x~(1/2))+1/2*c
*x~(1/2)+1/4*1n(c*x~(1/2)-1)-1/4*1n(1+c*x~(1/2))-1/2*dilog(1/2*c*x~(1/2)+1
/2)-1/4*1n(c*x~(1/2)-1)*1n(1/2*c*x~(1/2)+1/2)+1/8*1n(c*x~ (1/2)-1)"2-1/8%1n
(1+c*x~(1/2)) ~2+1/4*% (In(1+c*x~(1/2) ) -1n(1/2%c*x~ (1/2)+1/2) ) *1n(-1/2*c*xx~ (1

output

/2)+1/2))
Fricas [F]
z(a + barctanh (cy/)) (bartanh (cy/z) + a)z
/ dr = / — dz
1—c%z cx—1
input{integrate(x*(a+b*arctanh(c*x"(1/2)))/(—c“2*x+1),x, algorithm="fricas") }

output Lintegral(—(b*x*arctanh(c*sqrt(x)) + axx)/(c™2%x - 1), x) J
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Sympy [F]

X

/a;(a + barctanh (cy/Z)) o — _/ w / bz atanh (cy/z) p

1—cz 2z —1 ccr —1

inputLintegrate(x*(a+b*atanh(c*x**(1/2)))/(_C**2*X+1),X) J

Output‘—Integral(a*x/(c**Q*x - 1), x) - Integral(b*x*atanh(c*sqrt(x))/(c**2*x - 1
‘),x) ‘

Maxima [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 166, normalized size of antiderivative = 1.38

/ z(a + barctanh (cy/z))
dz
1-c%z

_ (7 loe(@z—1)Y _ (log(ev@+1)log (—5ev@+5) +Liz(3evT +5))b
- TN e ct ct

blog (cy/z+1) blog(cy/z —1)

* 2ct a 2c4
2bc’zlog (cy/z + 1) + blog (cy/z + 1)2 —blog (—cy/z + 1)2 + 4 bey/z — 2 (bc*z + blog (cy/z + 1))

4ct

input‘integrate(x*(a+b*arctanh(c*x"(1/2)))/(-c"2*x+1),x, algorithm="maxima") ‘

output —ax(x/c”2 + log(c™2*x - 1)/c”4) - (log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) +
1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”4 + 1/2xbxlog(c*sqrt(x) + 1)/c”4 -
1/2*xb*log(c*ksqrt(x) - 1)/c™4 - 1/4*%(2*%bxc”2*x*log(c*sqrt(x) + 1) + b*xlog(

ckxsqrt(x) + 1)72 - bxlog(-c*sqrt(x) + 1)72 + 4xb*cksqrt(x) - 2x(b*c™2*x +

bxlog(c*sqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”4
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Giac [F]

dz

/ z(a + barctanh (cy/)) o — / _ (bartanh (cy/z) + a)z

1—cz cx—1

input Lintegrate (x* (at+b*arctanh (c*x~(1/2)))/(-c~2%x+1) ,x, algorithm="giac")

output Lintegrate(—(b*arctanh(c*sqrt(x)) + a)*x/(c”2%x - 1), x)

Mupad [F(-1)]

Timed out.

d
1-cz A2z —1 o

/ z(a + barctanh(cy/z)) o — / _z(a+batanh(cvz))

input 19E(-Gex(a + bratanh (e (1/2)))/(c"2%x = 1))
output Lint(-(x*(a + b*atanh(c*x~(1/2))))/(c™2*x - 1), x)
Reduce [F]
atanh(\/zc)x
z(a + barctanh (cy/z)) . —(f %dm) bet —log(c?z —1)a — ac’x
/ 1-cz = !

input Lint (x*(at+b*atanh(c*x~(1/2)))/(-c™2*x+1) ,x)

‘( - (int((atanh(sqrt(x)*c)*x)/(c**2%x — 1),x)*bkck*k4 + log(ck*2*x — 1)*a +

output
‘ axc**2xx)) /cx*4




output
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3.40 f a+barctanh (cyz) dx

1—c?z
Optimal result . . . . . . . . . . . ..
Mathematica [A] (verified) . . . . . . . . . ... 356
Rubi [A] (verified) . . . . . . ... . 357
Maple [A] (verified) . . . . . . . . ... 3591
Fricas [F] . . . . . . . o 359
Sympy [F] . . . o 360
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 360
Giac [F] . . . o o 3611
Mupad [F(-1)] . . . . . e
Reduce [F] . . . . . .

Optimal result

Integrand size = 23, antiderivative size = 78

1—cz be?

2(a + barctanh(cy/z) ) log <1—Z/5)
2
b PolyLog <2, 1— ﬁ)

/ a + barctanh (c/z) p (a + barctanh (c\/E))2
T

+

—+

c2

‘—(a+b*arctanh(c*x‘(1/2)))“2/b/c‘2+2*(a+b*arctanh(c*x‘(1/2)))*1n(2/(1-c*x“(
11/2)))/c"2+b*polylog(2,1-2/ (1-c*x™(1/2))) /c™2 |

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.96

/ a + barctanh(cy/z) alog (1 — c2x)
dp = -8 —C%)
1—c%x c?

b(—arctanh (ev/T) <arctanh (cy/z) + 2log (1 + ¢~ 2arctanh(cy/z) )) + PolyLog (2, _e—2arctanh(c\/5)>)

c2
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input ‘ Integrate[(a + b*ArcTanh[c*Sqrt([x]])/(1 - c~2*x),x] ‘

output ‘ -((a*xLog[1l - c™2*x])/c”2) - (b*(-(ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] + ‘
- 2%Log[1 + E~(-2*ArcTanh[c*Sqrt[x]1)1)) + PolyLog[2, -E~(-2*ArcTanh[c*Sqrt |
L[:ﬂ])]))/m J

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.14,

— 5, number of rules _ 217, Rules

number of steps used = 6, number of rules used =
integrand size

used = {6484, 6546, 6470, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barctanh(cy/z)
dz
1—c%x
l’6484
2/f a+barctanh(cf)) iz
1—c%x
l'6546
a t h C\/XT
) i +barf_a;\r}§( V) dyx (a—i—barctanh(c\/ﬂ?))2
c - 2bc?
l 6470
1 2 parctanh 1
; og(licﬁ)(wcarc an (cf) —bf og( ) /T ( +barctanh(c\/5))2
c 2bc?
l 2849
os(=27)
bf ) d ez 2 tanh
5 i e i + log(l_cﬁ> (a+l;arc an (cﬁ)> B (a+barctanh(c\/5))2

c 2bc?
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l2%2

2
0 ovE p 5 =) (a + barctanh (c\/E))2

c B 2bc?

log ( = 2 ) (a+barctanh (ev) ) + b PolyLog (2,1—

inpu‘c‘Int[(a + bxArcTanh[c*Sqrt [x]]1)/(1 - c™2*x),x]

‘2*(-1/2*(a + b¥ArcTanh[c*Sqrt[x]]) "2/ (b*c"2) + (((a + b*ArcTanh[c*Sqrt[x]]
‘)*Log[2/(1 - cxSart[x])])/c + (bxPolyLogl[2, 1 - 2/(1 - c*Sqrt[x])])/(2*c))
/)

output

Defintions of rubi rules used

rule 2752 It[Logllc_)*(x_)1/((d)) + (e_.)*(x.)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2849 ImELLogllc )/ () + (e_)*(x))1/((f) + (g_.)*(x)72), x_Symboll :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQl[
{c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 6470 Intl((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcTanh[c*x]) “p)*(Log[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*x(p/e) Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c~2*x~
2)), x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c~2%d"2 - e~2
, 0]

rule 6484 Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))/((d.) + (e_.)*(x_)), x_Symboll]

:> With[{k = Denominator([n]}, Simp[k Subst[Int[x~(k - 1)*((a + b*ArcTanh
[c*x~(k*n)])/(d + exx"k)), x], x, x~(1/k)], x1] /; FreeQ[{a, b, c, d, e}, x
] && FractionQ[n]
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rule 6546 1atL(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))~(p_.)*(x_))/((d)) + (e_.)*(x)72),
‘ x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
‘(c*d) Int[(a + bxArcTanh[c*x])“p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] &k Eqlc™2xd + e, 0] && IGtQ[p, O] |

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 140, normalized size of antiderivative = 1.79

method result

2 arctanh(cy/z) In(cy/z—1) +arctanh(c\/;:) In(14cy/z) _dilog(#-k%) _ In(eva—1) ln(¥+%> +}

aln (022—1) ? ? ? ¢

parts ——= - =
dilog( = 4+1)  In(cym—1)Ir
9 <a(1n(c\25—1) +1n(1+2c\/5) )-l-b (arctanh(c\/;;) In(cy/z—1) +arctanh(c\/52) In(1+evm) g( 22 2) _ ( ) i

derivativedivides | — =

. c/T

9 <a(1n(c\é5—1) +1n(1+20\/:?) )-l—b (arctanh(c\/@ In(cy/z—1) +arctanh(c\/52) In(1+cy/z) _dllog( 22 +%) _ In(cyz—1) IZ

default — >

input Lint ((at+bxarctanh(c*x~(1/2)))/(-c"2*x+1) ,x,method=_RETURNVERBOSE) J

‘ —a*ln(c™2*x-1)/c~2-2%b/c~ 2% (1/2*arctanh(c*x~(1/2) ) *1n(c*x~(1/2)-1)+1/2*arc ‘
\ tanh (c*x~(1/2) ) *1n(1+c*x~(1/2))-1/2*dilog(1/2*c*x~(1/2)+1/2)-1/4*1n(c*x" (1 \
| /2)-1)*1n(1/2%c*x™(1/2)+1/2)+1/8%1n(c*x™ (1/2)-1)"2-1/8*1n(1+cxx~(1/2))"2+1 |
\ /4% (1n(1+c*x~(1/2))-1n(1/2%c*x~(1/2)+1/2)) *1n(-1/2%c*x~ (1/2)+1/2)) \

output

Fricas [F]
a + barctanh (cy/z) bartanh (c\/z) + a
/ dr = /— dz
1-cz c2x—1
input Lintegrate((a+b*arctanh(c*x‘(1/2) ))/(-c~2*x+1) ,x, algorithm="fricas") J
output Lintegral(_(b*arCtanh(C*Sqrt(X)) + a)/(c”2*x - 1), x) J
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Sympy [F]

/ a + barctanh(cy/z) o — / L / batanh (cy/z) p

T
1—-cz c2r—1 2z —1

inputLintegrate((a+b*atanh(c*x**(1/2)))/(_C**z*x+1)’x) J

‘—Integral(a/(c**Q*x - 1), x) - Integral(b*atanh(c*sqrt(x))/(c**2*x - 1), x

) |

output

Maxima [A] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.29

/ a + barctanh (cy/z) g
1-c%z
(log (cv/z +1) og (< evz+ 1) + Lia(3ey@+ )b _ alog(éz—1)
- c2 o c2
blog (cy/z + 1)2 —2blog (cy/z + 1) log (—cy/z + 1) — blog (—cy/z + 1)2
B 4.c?
inputLintegrate((a+b*arctanh(c*x"(1/2)))/(-c"2*x+1),x, algorithm="maxima" J

output‘—(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(1/2*c*sqrt(x) + 1/2
‘))*b/c‘2 - axlog(c™2*x - 1)/c”2 - 1/4*(bxlog(c*sqrt(x) + 1)72 - 2*bxlog(c*
‘sqrt(x) + 1)*log(-c*sqrt(x) + 1) - b*log(-c*sqrt(x) + 1)72)/c~2 ‘
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Giac [F]
a + barctanh(cy/z) bartanh (c\/z) +a
/ dr = / — dz
1—c%x cr—1
input Lintegrate ((atb*arctanh(c*x~(1/2)))/(-c"2*x+1) ,x, algorithm="giac")

output Lintegrate(—(b*arctanh(c*sqrt(x)) + a)/(c”2*x - 1), x)

Mupad [F(-1)]

Timed out.
/ a + barctanh (c\/i) / a + batanh ( c \/5)
de = | — "
1-ci 2z —1
input Lint(—(a + b*atanh(c*x~(1/2)))/(c"2*x - 1),x)

output| 1BE(-(@ + bratanh(cxx™(1/2)))/(c72%x - 1), x)

Reduce [F|

atanh (/T c
/ a + barctanh (c/z) i —(f %d@ bc? —log(c’z —1)a
Tr =

1-—c2z 2

inpup 10t ((avbratanh(cxx™(1/2)))/ (-e"2#x+1) )

output

\ 2

‘( - (int(atanh(sqrt(x)*c)/(c**2xx — 1),x)*b*c**2 + log(cx*2*x — 1)*a))/ckx* ‘
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341 [ a+barctanh (c,/z) dx

x(l—c%)
Optimal result . . . . . . . . . . . . . 362
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . . 363
Maple [B] (verified) . . . . . . . . . ... 365
Fricas [F] . . . . o . o o 365
Sympy [F] . . o 360
Maxima [B] (verification not implemented) . . . . . . .. .. ... ... ... ..
Giac [F] . . . o o 367l
Mupad [F(-1)] . . . .o 367
Reduce [F] . . . o . oo e 367

Optimal result

Integrand size = 26, antiderivative size = 69

i

/ a + barctanh (cy/z) _ (a + barctanh (c\/E))2

z (1 — c2x) N b
2
+ 2(0; + barCtanh(C\/E)) log (2 — m)
2
— bPolyLL 2,—14+ ——
b Poly og(, +1—|—c\/g_v>

output‘(a+b*arCtanh(C*XA(1/2)))A2/b+2*(a+b*arCtanh(C*XA(1/2)))*ln(2—2/(1+c*x“(1/2
‘)))—b*polylog(2,—1+2/(1+c*x*(1/2)))

Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.07

/ a + barctanh (c\/z)

= — 2 __2arctanh(cy/z)
(1= ) dz = —barctanh (cy/z)" + 2barctanh (cy/z) log (1 e )

+ a(log(z) — log (1 — c*z)) + bPolyLog (27 ezarctanh(cﬁ)>
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input ‘ Integrate[(a + b*ArcTanh[c*Sqrt([x]])/(x*(1 - c~2#%x)),x] ‘

output ‘ - (b*ArcTanh [c*Sqrt [x]]~2) + 2%b*ArcTanh[c*Sqrt[x]]*Log[1 - E~(2*ArcTanh[c* ‘
‘ Sqrt[x]])] + a*(Loglx] - Logl[l - c”2#x]) + b*PolyLog[2, E~(2*ArcTanh[c*Sqr ‘
Lt [x1D] J

Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.09,

number of rules _ 0.192, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {7267, 2026, 6550, 6494, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a + barctanh(cy/z)

z (1 —c%x)
| 7267

a + barctanh (cy/z)
VT — 23/

l 2026

dv'z

a + barctanh (cy/z)
vz (1 - c*z)
| 6550

a + barctanh (cy/z) (a + barctanh(cy/)) ’
e e

2 dvz

l 6494

1-—c2%x 2b

) (—bc/ log (2 - ﬁi+1> iz + (a+ barcta,nh(C\/E))2 +log <2 — > (a+ barctanh(c\/i)))

2
vz +1

l 2897
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(a-+—barctanh(c~ﬂf))2 2 1 2
2( 5% + log <2 v 1) (a + barctanh(cy/z)) — ibPolyLog (2, N 1>

input LInt [(a + b*ArcTanh[c*Sqrt[x]])/(x*(1 - c~2*x)),x]

‘2*((a + b*ArcTanh [c*Sqrt[x]])~2/(2*b) + (a + bxArcTanh[c*Sqrt([x]])*Logl[2 - ‘

output
\ 2/(1 + cxSqrt[x])] - (b*PolyLogl2, -1 + 2/(1 + c*Sqrt[x1)1)/2)

Defintions of rubi rules used

rule 2026‘ Int[(Fx_.)*(Px_)~(p_.), x_Symbol] :> With[{r = Expon[Px, x, Minl}, Int[x~(p ‘
‘ *xr) *ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] && Integ ‘
‘erQ[p] & !MomomialQ[Px, x] && (ILtQlp, 0] || !PolyQlu, xI)

Int[Loglu_l*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x]1)]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, xI]

rule 2897

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) p*(Log[2 - 2/(1 + e*x(x/d))]1/d), x] -
Simp[b*cx(p/d) Int[(a + bxArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + e*x(x/d))]
/(1 - c™2xx72)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQlc
~2%d"2 - e~2, 0]

rule 6494

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d)) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + bxArcTanh[c*x])~p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQlc~2*d + e, 0] && GtQ[p, O]

rule 6550
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ruk37267‘1nt[u , X_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
‘mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x ‘
‘] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 179 vs. 2(61) = 122.

Time = 0.09 (sec) , antiderivative size = 180, normalized size of antiderivative = 2.61

method result

parts —a(—=In(z) +In(z — 1)) — b(—2 arctanh (cy/z) In (¢y/z) + arctanh (cy/z) In (cy

derivativedivides —2a< In (c\/_ ) c‘f 1) + ln(“;ﬁ)> _ Qb(— arctanh (c \/5) In ( c \/5) n arctanh

default —2a( In (ey/z) + In c\f Y4 ln(l—;c\/i)> — 26( arctanh (cy/z) In (cy/z) + arctanh(
input Lint ((at+b*arctanh(c*x~(1/2)))/x/(-c"2*x+1) ,x,method=_RETURNVERBOSE) J
output | ~2* (-1n(x)+1n(c™2*x-1))-b*(-2*%arctanh (c*x~(1/2) ) *1n(c*x~(1/2))+arctanh(c*x

~(1/2))*1n(c*x~(1/2)-1)+arctanh(c*x~(1/2) ) *1n(1+c*x~(1/2) )+dilog(c*x~(1/2)
)+dilog(1+c*x~(1/2))+1n(c*xx~(1/2) ) *1n(1+c*x~(1/2))+1/4*1n(c*x~(1/2)-1)"2-d
ilog(1/2*c*x~(1/2)+1/2)-1/2*%1n(c*x~(1/2)-1)*1n(1/2*c*x~(1/2)+1/2)-1/4%1n(1
+c*x7(1/2))72+1/2*x(An(1+c*x™ (1/2) ) -1n(1/2*c*xx~ (1/2)+1/2) ) *1n(-1/2*c*x~ (1/2

)+1/2))
Fricas [F|
a + barctanh (cy/z) bartanh (c\/z) + a
/ dr = / — dz
z (1 —c%x) (x—1)x
inputLintegrate((a+b*arctanh(c*x*(1/2)))/x/(—c‘2*x+1),x, algorithm="fricas") J
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‘integral(—(b*arctanh(c*sqrt(x)) + a)/(c™2*x™2 - x), %)

output
Sympy [F]
/ a + barctanh (cy/z) dp — _/ a / batanh (c\/z) .
z (1 — c2x) A2 —zx 2x?—z
input integrate((atbratanh (crxwk (1/2)))/x/ (-cxx2ax+1) ,x) |
output‘—Integral(a/(c**2*x**2 - x), x) - Integral(b*atanh(cksqrt(x))/(c*2*x**2 - \

‘ Xx), Xx) ‘

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 159 vs. 2(60) = 120.

Time = 0.17 (sec) , antiderivative size = 159, normalized size of antiderivative = 2.30

/ a + barctanh(cy/z)

z (1 —c%x)
= —iblog (evT + 1)2 + %blog (ev/z +1)log (—evz + 1) + iblog (—evz + 1)2
- (log (cv/z+1)log (—%c\/a_c+ %) +Li2<% VT + %))b

- (log (cﬁ) log (—c\/E + 1) + Liz(—c\/a_v + 1))b
+ (log (cv/z + 1) log (—cv/z) + Lis(cy/z 4+ 1) )b
—a(log (cv/z + 1) +1log (cv/z — 1) — log (z))

dx

inputLintegrate((a+b*arctanh(c*x"(1/2)))/x/(-c"2*x+1),x, algorithm="maxima") J

-1/4*%bxlog(c*sqrt(x) + 1)72 + 1/2%b*log(c*sqrt(x) + 1)*log(-c*sqrt(x) + 1)
+ 1/4%b*log(-c*sqrt(x) + 1)72 - (log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) +
1/2) + dilog(1l/2xc*xsqrt(x) + 1/2))*b - (log(c*xsqrt(x))*log(-c*sqrt(x) + 1)
+ dilog(-c*sqrt(x) + 1))*b + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(

cksqrt(x) + 1))*b - a*(log(cxsqrt(x) + 1) + log(c*ksqrt(x) - 1) - log(x))

output
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Giac [F]

dx

/ a + barctanh(cy/z) p / bartanh (c\/z) +a
T = —

z (1 - c’x) (c2z — 1)z

input Lintegrate ((at+b*arctanh(c*x~(1/2)))/x/(-c~2*x+1) ,x, algorithm="giac")

output Lintegrate(-(b*arctanh(c*sqrt(X)) + a)/((c™2%x - 1)*x), Xx)

Mupad [F(-1)]

Timed out.
/ a + barctanh(cy/z) / a + batanh(c+/z)
dz = — dx
z (1 - c*z) z (c2z—1)
input Lint(—(a + bkatanh(c*x~(1/2)))/(x*x(c™2*x - 1)),x)

output L—int((a + bratanh(c*x”(1/2)))/(xx(c™2%x - 1)), x)

Reduce [F]

/ a + barctanh (c/z) dr — — (/ Mdz) b—log(c’z — 1) a+log(z)a

z (1 - c*z) cr? —z

input Lint ((atb*atanh(c*x™(1/2)))/x/(-c"2*x+1) ,x)

output ‘
a

- int(atanh(sqrt(x)*c)/(c**2*x**2 - x),x)*b - log(c**2*x - 1)*a + log(x)* ‘




output ‘

N\
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a+barctanh (c,/z)
3.42 [ Larctan de
x (1—c x)
Optimal result . . . . . . . . . . . . . 368}
Mathematica [A] (verified) . . . . . . . . . ... 369
Rubi [A] (verified) . . . . . . .. . . 369
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o o
Sympy [F] . . o 373
Maxima [B] (verification not implemented) . . . . . . .. .. ... ... ... .. 374
Giac [F] . . . o o 374
Mupad [F(-1)] . . . .o
Reduce [F] . . . o . oo e
Optimal result
Integrand size = 26, antiderivative size = 117
a + barctanh(cy/z) be 0 a + barctanh(cy/x)
=—— h -
/ P dz NG + bc*arctanh (cy/z) "
c?(a + barctanh (cy/z)) 2
+
b
2
+ 2¢*(a + barctanh (cy/z) ) log (2 kN c\/g_v>

— bc? PolyLog <2, -1

2
+1+c\/5

)

-bxc/x" (1/2)+b*c~2*arctanh (c*x” (1/2) ) -(a+b*arctanh(c*x~(1/2)))/x+c"2x(a+b* ‘
‘ arctanh(c*x~(1/2))) ~2/b+2%c”~2* (at+b*arctanh(c*x~(1/2)))*1n(2-2/ (1+c*x~(1/2) ‘

))-bxc~2*polylog(2,-1+2/(1+c*x~(1/2)))

J
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Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.01

/ a + barctanh(cy/z)

_ a5 o
2 (1= o) dz = " + 2ac’log (vz) — ac’log (1 — c’z)

2
—bc? (L — arctanh (cy/z) (— ! . °Ty arctanh(cy/x)

e/ 2z

4 2log <1 3 e—2arctanh(cﬁ)>)

+ PolyLog <2, e‘%mtanh(cﬁ)))

input LIntegrate [(a + bxArcTanh[c*Sqrt[x]])/(x"2%(1 - c~2%x)),x] J

e B

-(a/x) + 2%axc”2*Log[Sqrt[x]] - a*c™2xLog[l - c”2*x] - b*c™2*(1/(c*Sqrt[x]
‘) - ArcTanh[c*Sqrt[x]]1*(-((1 - c™2*x)/(c"2*x)) + ArcTanh[c*Sqrt[x]] + 2*Lo ‘
'g[1 - E"(-2*ArcTanh[c*Sqrt[x]11)1) + PolyLogl2, E~(-2*ArcTanh[c*Sqrt[x1D1)

output

Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 123, normalized size of antiderivative = 1.05,

number of rules _
integrand size 0.346, Rules

used = {7267, 2026, 6544, 6452, 264, 219, 6550, 6494, 2897}

number of steps used = 10, number of rules used = 9,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ a + barctanh(cy/z)

z2 (1 — 2x)
| 7267
2/ a + barctanh (cy/z) iz

23/2 _ (245/2

l 2026
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a + barctanh (cy/z)
2 d
/ x3/2 (1 — c2z) Ve
| 6544
a + barctanh (cy/z) a + barctanh(cy/z)
o[ 2
A e i,
| 6452
a + barctanh(cy/z) 1 1 a + barctanh(cy/z)
o[ o2 < _
(c VvV (1 - c%x) o+ 2bc/ z(1l-— c%)dﬁ 2z
| 264
a + barctanh(cy/z) 1 1 1 a + barctanh (cy/z)
o 2 L[ 2 / b Ly
(C Vz (1 — c2x) o+ 2bc<c 1—c2xd\/g_6 \/5> 2z

l 219

2 a + barctanh(cy/z) = a + barctanh(cy/z) lc carctanh (e 1
2( Vz (1 — c2z) dvz 2z + 2b < ¢ h( \/_) ﬁ))

l 6550

5 <c2 < / a + barctanh (cy/z) iz + (a + barctanh (c\/:?))2> _a+ barctanh (ey/z)

1
(Voe+1) 2 27 + ibc <carctanh(c\/§) -

l 6494

) (62 <_bc/ log (2 - xi+1) E+ (a+barctanh(c\/5))2 tlog (2 2 > (a+barctanh(6\/5))) _

1-cx 2b vz +1
| 2897
2
o [ (a+ barctanh(cy/z)) < 2 ) 1 < 2 > ~
2 <c < 5 +log (2 NCES (a + barctanh (cy/z)) 2bPolyLog 2, N 1

-

Int[(a + bxArcTanh[c*Sqrt[x]])/(x"2*(1 - c~2*x)),x]

| —

input L
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output‘ 2x(-1/2*%(a + bxArcTanh[c*Sqrt[x]])/x + (b*ck(-(1/Sqrt[x]) + cxArcTanh[c*Sq ‘
'rt[x]11))/2 + c™2%((a + bArcTanh[c*Sqrt[x]1)"2/(2%b) + (a + bxArcTanh[c*Sq |
‘rt [x]11)*Log[2 - 2/(1 + cxSqrt[x])] - (b*PolyLog[2, -1 + 2/(1 + c*Sqrt[x])] ‘

)/2))

Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qa, 0] || LtQ[b, 01)

rule 219

rule 264 Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x"2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

rule 202¢ IntL(Fx_)*(Px_)~(p_.), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Int[x"(p
*xr) *ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] && Integ
erQlp] && !'MonomialQ[Px, x] && (ILtQ[p, 0] || !'PolyQ[u, x1)

Int[Log[u_l*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x]1)]1}, Simp[CxPolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]1]1, Expon[Pq, x]]

rule 2897

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcTanh[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452




rule 6494

rule 6544

rule 6550

rule

input L
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcTanh[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]1/d), x] -
Simp [bxc*(p/d) Int[(a + bxArcTanh[c*x])~(p - 1)*(Log[2 - 2/(1 + e*x(x/d))]
/(1 - c™2xx72)), x], x] /; FreeQ[{a, b, c, 4, e}, x] & IGtQ[p, 0] && EqQlc
~2xd"2 - e72, 0]

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcTanh[c*x])"p, x
], x] - Simp[e/(d*f~2) Int[(f*x)~(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x
~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxd*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcTanh[c*x])~p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c~2*d + e, 0] && GtQ[p, 0]

7267‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
‘mp[1st[[2]]1*1st[[4]]  Subst[Int[1st[[1]], x], x, 1st[[311~(1/1st[[2]1D)], x
‘] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 242 vs. 2(103) = 206.

Time = 0.10 (sec) , antiderivative size = 243, normalized size of antiderivative = 2.08

method result

parts —2+ac’ln(z) —ac’ln(r —1) — 2bc? (%@(xﬁ/ﬂ?) — arctanh (cy/Z) In (¢y/Z) +
derivativedivides —202( (202 —In (ey/z) + cf o4 ln(lzcﬁ)) + b(w — arctanh (cy/z)
default —2c? (a(QC2m —In (cy/z) + c‘f Dy 1n(1+2c\/5)) + b<% — arctanh (¢y/z)

int ((a+b*arctanh(c*x~(1/2)))/x"2/(-c~2*x+1) ,x ,method=_RETURNVERBOSE)
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-a/x+a*xc”2%1n(x)-a*c~2*1n(c™2*x-1) -2%b*c~2* (1/2*arctanh(c*x~(1/2))/c~2/x-a
rctanh(c*x~(1/2))*1n(c*x~(1/2))+1/2*arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)+1/2
*arctanh (cxx”(1/2))*1n(1+c*x~(1/2))+1/2/c/x"(1/2)+1/4*1n(c*x~(1/2)-1)-1/4%
In(1+c*x~(1/2))+1/2*xdilog(c*x~(1/2))+1/2*dilog(1+c*x~(1/2))+1/2*1n(c*x~(1/
2))*1n(1+c*x~(1/2))-1/2*dilog(1/2*c*x~ (1/2)+1/2)-1/4%1n(c*x~(1/2)-1)*1n(1/
2%cxx” (1/2)+1/2)+1/8*1n(c*x~(1/2)-1)"2-1/8*1n(1+c*x~(1/2)) ~2+1/4*% (In(1+c*x
~(1/2))-1n(1/2*c*x~(1/2)+1/2) ) *1n(-1/2*c*xx~ (1/2)+1/2))

output

Fricas [F|

/ a + barctanh (cy/z) p / bartanh (c\/z) + a p
z= [ — T

z2 (1 — c?x) (z —1)x?

inputLintegrate((a+b*arctanh(c*x“(1/2)))/x‘2/(—c‘2*x+1),x, algorithm="fricas") J

outputLintegral(_(b*arCtanh(C*Sqrt(X)) + a)/(c”2*x"3 - x°2), %) J

Sympy [F]

dx

/ a + barctanh (cy/z) de— — / @ / batanh (cy/z)

z2 (1 — 2x) c2xd — x2? c2x3 — z?

input‘integrate((a+b*atanh(c*x**(1/2)))/x**2/(—c**2*x+1),x)

‘—Integral(a/(c**2*x**3 - x*#x2), x) - Integral(b*atanh(c*sqrt(x))/(c*x*2*x**

output‘3 ), ) ‘
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 248 vs. 2(102) = 204.

Time = 0.19 (sec) , antiderivative size = 248, normalized size of antiderivative = 2.12

/ a + barctanh(cy/z)

2 (1= z)
__ (log eV + 1) log <_% vz + %) + Lis (% VE + %))w
~ (log (ev/E) log (—ev/E + 1) + Lip(—ey/& + 1) )be?
(

+ (log (cv/z + 1) log (—cy/z) + Liz(cv/z + 1) )be® + % bc®log (cv/z + 1)

—%bczlog(c x—l) - (CZIOg(C\/E-I-l) +0210g(c x—l) —czlog(x)—i—%)a

b2z log (cy/Z +1)° — bz log (—evT + 1)° + 4bey/T + 2blog (cy/T + 1) — 2 (bzlog (ey/T + 1) +
4z

dz

input integrate((at+b*arctanh(c*x~(1/2)))/x~2/(-c"2*x+1) ,x, algorithm="maxima") ‘

-(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2
))*#b*c”2 - (log(c*sqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))#*bx*
c”2 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*bxc™2 +
1/2*%bxc~2*log(cxsqrt(x) + 1) - 1/2%b*c”2*log(cxsqrt(x) - 1) - (c"2*log(c*s
qrt(x) + 1) + c"2xlog(c*sqrt(x) - 1) - c”2xlog(x) + 1/x)*a — 1/4*(b*c™2*xx*
log(c*sqrt(x) + 1)72 - bxc™2*x*log(-c*sqrt(x) + 1)72 + 4*bxcxsqrt(x) + 2%b
*log(cksqrt(x) + 1) - 2k (bkc™2xx*log(c*sqrt(x) + 1) + b)*log(-c*sqrt(x) +
1))/x

output

Giac [F]

dxr

/ a + barctanh (cy/z) p / bartanh (c\/z) + a
€T = —

z2 (1 — c%x) (2x — 1)x?

input integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1) ,x, algorithm="giac") ‘
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OutputLintegrate(—(b*arctanh(c*sqrt(x)) + a)/((c™2%x - 1)*x~2), %)

Mupad [F(-1)]

Timed out.
a + barctanh (c\/i) a + batanh (c \/5)
u/1 d :='—L/n dx
z2 (1 — c2x) z? (ctzx—1)
inputLint(—(a + bxatanh(c*x~(1/2)))/(x72*(c™2*x - 1)),x)
output ~int((a + bratanh(cxx™(1/2)))/(x"2¢(c"2+x - 1)), x)
Reduce [F]
/ a + barctanh(cy/z)
dx
z2 (1 — 2x)

_ <f atanh(y/z ) dx) br — log(c2x _ 1) acly + 1Og(g;) ac’c —a

2z3_12

T

input Lint((a+b*atanh(c*x‘(1/2) ))/x~2/ (~c~2%x+1) , %)

output
‘2*x + log(x)*a*xcx*2*x - a)/x

‘( - int(atanh(sqrt(x)*c)/(ck*2xx**3 — x**2) ,x)*bxx — log(ck*2*x - 1)*akcskx




output
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3.43

x3 (1—c2x)

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . o . o o
Sympy [F] . . o
Maxima [B] (verification not implemented) . . . . . . .. .. ... ... ... ..
Giac [F] . . . o o
Mupad [F(-1)] . . . .o
Reduce [F] . . . o . oo e

Optimal result

Integrand size = 26, antiderivative size = 157

[ a+barctanh (c,/z) dx

(eve) -
N c*(a + barctanh (cy/z)) 2

3311
382
382
383l
384
[384]
[384]

a + barctanh(cy/z)

a + barctanh(cy/z) be 3 3.,
/ 2 (1= ) T= s m + §bc arctanh
¢?(a + barctanh (cy/))
T

+ 2¢*(a + barctanh(cy/z)) log (2 -

— bc* PolyLog (2, -1

2

+1—|—c\/5

)

‘—1/6*b*c/x‘(3/2)—3/2*b*c‘3/x“(1/2)+3/2*b*c“4*arctanh(c*x‘(1/2))—1/2*(a+b*a
‘rctanh(c*x“(1/2)))/x‘2—c‘2*(a+b*arctanh(c*x‘(1/2)))/x+c‘4*(a+b*arctanh(c*x
"(1/2)))“2/b+2*c‘4*(a+b*arctanh(c*x‘(1/2)))*ln(2—2/(1+c*x‘(1/2)))-b*c‘4*po

1ylog(2,-1+2/ (1+c*x"(1/2)))
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Mathematica [A] (verified)

Time = 0.45 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.01

/ a + barctanh(cy/z)
dz =
z3 (1 — c%x)
3a + bey/T + 6acz + 93?2 — 6bctz2arctanh (cy/z)” — 3barctanh (cy/7) <—1 — 2c%z + 3c*z? + 4Ac
B 622
_ bC4 POlyLOg <2’ e—2arctanh(c\/5)>
input ‘ Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c™2*x)),x]
output‘ -1/6%(3%a + bxcxSqrtlx] + 6xaxc™2*x + 9*b*xc™3*x7(3/2) - 6¥bxc”4*x"2*ArcTan ‘
‘hlc*Sqrt[x]1°2 - 3*bkArcTanh[c*Sqrt[x]1*(-1 - 2%c™2%x + 3%c™4%x™2 + 4xc 4%
‘ x"2%Log[1 - E~(-2*ArcTanh[c*Sqrt[x]]1)]) - 6%a*xc™4xx"2*Log[x] + 6*axc™4*x"2 ‘
L*Log[l - ¢™2%x])/x"2 - b*c 4*PolyLogl[2, E~(-2%ArcTanh[c*Sqrt[x]1])] J

Rubi [A] (verified)

Time = 1.27 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.18,

_ _ number of rules _
number of steps used = 15, number of rules used = 14, integrand size — 0.538, Rules

used = {7267, 2026, 6544, 6452, 264, 264, 219, 6544, 6452, 264, 219, 6550, 6494, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

dz

/ a + barctanh(cy/z)

z3 (1 — c2x)
| 7267
2/ a + barctanh (cy/z) iz

25/2 — 247/2

| 2026
2/ a + barctanh (cy/z) iz

x5/2 (1 — c2z)
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| 6544
) (c / a+ l;zrztiafhc(;\/_ i+ / a+ barctar;h(c\/_ ) \/_>
| 6452
2<02/a+$2r?tanh( \)/_) vz + bc/ " sz)d\/__ a—l—barc;ir;h(c\/i))
| 264
o [ e e [ e ) - )
| 264

, [ a+ barctanh(cy/z) 1 of o / 1 1y 1\ e+ barctanh (c\/z)
2 <c / 23/2 (1 — c2x) ot 4bc “\°J1- czzdﬁ VT 3x3/2 472

l 219

a + barctanh (cy/z) a + barctanh (cy/z ) 1 1
2 2 = h I R
(c / (1 - ) dvz — 122 4bc< (carctan (evx) \/5) 353 /2>

l 6544

5 <02 <02 a + barctanh(cy/z) iV + / a + barctanh(cy/z) p \/5> a + barctanh(cy/z) fbc (c (carctanh

VvV (1-c%x) x3/2 472 i
| 6452
o[ o [ a+ barctanh(cy/z) 1 / _a+ barctanh (cy/z) _a+ barctanh (ev/T)
2 <c <c VvV (1-c%x) ot 2bc (1- c2 )d\/_ 2z 42 +
| 264

+ barctanh (cy/z) 1 1 1 a + barctanh (cy/z) a + barctanh
o222 [ & 2 2 / L R _
<c <c Vv (1 - c%x) ot 2bc <c 1- c%dﬁ 2z 472

l 219



input

output
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o o [ a- barctanh(cy/z) a+ barctanh(cy/z) 1 1 a + barctanh c.
_ - h S T el A
2 (c (c N dv/z 5 + 2bc carctanh (cy/z) NG 122

l 6550

a + barctanh(cy/z) (a+ ba,rctanh(c\/i))2 a + barctanh(cy/z) 1
2 <c2 <c2 (/ (\/Ec - 1) NG dvz + 5% ) — o + §bc <carctanh (c\/E)

l 6494

) (C2 (02 (—bc/ log (2 - ﬁiﬂ) AT + (a + barctabnh(c\/i))2 +log (2 B

1—-c2x 2b

C\/;_i_ 1) (a+ barctanh(c\/i)))

l 2897

2
o[ of (a+ barctanh(cy/z)) 2 > 1 2
2 <c <c ( 2% +log ( 2 70\/5 1 (a + barctanh(c\/E)) 2bPolyLog 2, 7\/50 1 1

e

LInt[(a + b¥ArcTanh[c*Sqrt [x]11)/(x"3*(1 - c~2%x)),x]

~—

2% (-1/4*(a + b*ArcTanh[c*Sqrt[x]]1)/x"2 + (b*c*x(-1/3*1/x~(3/2) + c~2x(-(1/S
qgrt[x]) + c*ArcTanh[c*Sqrt[x]]1)))/4 + c~2*%(-1/2x(a + b*ArcTanh[c*Sqrt[x]])
/x + (bxcx(-(1/Sqrt[x]) + cxArcTanh[c*Sqrt[x]]1))/2 + c~2*((a + bxArcTanh[c
*Sqrt [x]]1)~2/(2*b) + (a + b*ArcTanh[c*Sqrt[x]])*Log[2 - 2/(1 + c*Sqrt[x])]
- (bxPolyLogl[2, -1 + 2/(1 + c*Sqrt[x1)1)/2)))
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

rule 264 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

rule 2026 mELFx_)*(Px)~(p_.), x_Symbol]l :> With[{r = Expon[Px, x, Minl}, Int[x"(p
*r)*ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] && Integ
erQ[p] && !'MonomialQ[Px, x] && (ILtQ[p, 0] || !'PolyQ[u, x])

Int[Loglu_]l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]1] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

rule 2897

Int[((a_.) + ArcTanh([(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh([c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452

rule 6494 IntL((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/(x)*((d) + (e_.)*(x)))), x
_Symbol] :> Simp[(a + bxArcTanh[c*x]) p*(Logl[2 - 2/(1 + e*x(x/d))1/d), x] -
Simp[b*c*(p/d) Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]
/(1 - c”2*x~2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc
~2xd~2 - e~2, 0]
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rule 6544 Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x
1, x] - Simp[e/(d*f"2) Int[(f*x)~(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x
~2)), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && LtQ[m, -1]

rule 6550 ntL(Ca_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)72)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + bxArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQl[c™2xd + e, 0] && GtQ[p, 0]

rule 7267 Intlu_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1])], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 272 vs. 2(131) = 262.

Time = 0.10 (sec) , antiderivative size = 273, normalized size of antiderivative = 1.74

method result

parts —a(# +<S —ctln(z) + ctn (z - 1)) —2bct (amfﬁigﬁ) + a“ta;c};ic\/@ _ arctan
derivativedivides | —2c* (a(—4ciw2 + ﬁ —In (c\/ﬂ_v) + ln(c\f_l) + ln(lzcﬁ)> + b(‘“‘:tj’c‘fiiﬁ) + a“’ta;}éf‘
default —2c (a(—4cix2 + ﬁ —In (c\/E) + ln(c‘f_l) + ln(lzcﬁ)> + b(amtzlclf igﬁ) + ama;c};i&

-

int ((atb*arctanh(c*x~(1/2)))/x~3/(-c~2*x+1) ,x,method=_RETURNVERBOSE)

| —

inputt




output

input

output

input

output
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—ax(1/2/x"2+c”2/x-¢c"4*1n(x)+c~4*1n(c"2*x-1) ) -2*b*c~4* (1/4*arctanh (cxx~(1/2
))/c”4/x"2+1/2*%arctanh (c*x~(1/2))/c”2/x—arctanh (c*x~(1/2) ) *1n(c*x~(1/2))+1
/2*arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)+1/2*arctanh(c*x~(1/2) ) *1n(1+c*x~(1/2
))+1/2xdilog(c*x~(1/2))+1/2*%dilog(1+c*x~(1/2))+1/2*1n(c*x~(1/2)) *1n(1+c*x~
(1/2))-1/2*dilog(1/2*c*x~(1/2)+1/2)-1/4*1n(c*x~(1/2)-1)*1n(1/2*c*x~ (1/2)+1
/2)+1/8*1n(c*x~(1/2)-1)"2-1/8*1n(1+c*x~(1/2)) ~2+1/4*(An(1+c*x~(1/2))-1n(1/
2%cxx” (1/2)+1/2) ) *1n(-1/2%c*x~(1/2)+1/2)+1/12/c~3/x~(3/2)+3/4/c/x~(1/2)+3/
8*In(c*x~(1/2)-1)-3/8*1n(1+c*x~(1/2)))

Fricas [F|

dz

/ a + barctanh (cy/z) p / bartanh (c\/z) + a
- _

z3 (1 — c2x) B (z —1)z3

-

integrate((at+b*arctanh(c*x~(1/2)))/x~3/(-c"2*x+1) ,x, algorithm="fricas")

N\

‘integral(—(b*arctanh(c*sqrt(x)) + a)/(c™2*x"4 - x73), x)

Sympy [F]

h h
/ a + barctanh(cy/z) do — / L / batanh (cy/z) s

z3 (1 — 2x) 2zt — a3 2zt — o3

-

Lintegrate((a+b*atanh(c*x**(1/2)))/x**3/(-c**2*x+1),x)

| —

‘—Integral(a/(c**2*x**4 - x**3), x) - Integral(b*atanh(c*sqrt(x))/(ck*2xx*x*
‘4 - x**3), x)
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 291 vs. 2(130) = 260.

Time = 0.20 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.85

dz

/ a + barctanh(cy/z)

z3 (1 — 2x)
1 1 (1 1 4
—| log c\/5+1)log —§Cﬁ+§ + Lis 50\/54—5 bc

(
— (log (cv/z) log (—cy/z + 1) + Lis(—cv/z + 1) ) bc*
+ (log (cv/z + 1) log (—cy/z) + Liz(cy/z + 1) ) be*

—|—Zbc log (cv/z +1) —Zbc“log(c r—1)

1 2¢ !
2 (2c410g (v +1) +2¢*log (cv/z — 1) —2041°g(z)+m;—2+)“

2
3bctz? log (cy/z + 1)2 — 3bc*z?log (—cv/T + 1)2 +18bc%x? + 2bey/T + 3 (2% + b) log (cy/z + 1)
B 1222
input[integrate((a+b*arctanh(c*x“(1/2)))/x“3/(—c“2*x+1),x, algorithm="maxima") J

-(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(l/2*c*sqrt(x) + 1/2
))*bxc~™4 - (log(c*sqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))x*bx*
c™4 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*bxc™4 +

3/4xbxc~4*xlog(cxsqrt(x) + 1) - 3/4xb*c”4xlog(cksqrt(x) - 1) - 1/2%(2%c™4x1
og(cksqrt(x) + 1) + 2xc”4*xlog(c*sqrt(x) - 1) - 2xc"4xlog(x) + (2*%c™2xx + 1
)/x"2)*a - 1/12%(3xb*c~4*x"2xlog(c*sqrt(x) + 1)72 - 3*b*xc 4*x"2*log(-c*sqr
t(x) + 1)72 + 18%b*c”™3*x7(3/2) + 2%b*c*ksqrt(x) + 3*(2xbxc”2*x + b)*log(c*s
qrt(x) + 1) - 3*%(2*%b*c~4*x"2*log(c*sqrt(x) + 1) + 2*%bxc™2*x + b)*log(-c*sq
rt(x) + 1))/x"2

output
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Giac [F]
a + barctanh(cy/z) bartanh (c\/z) +a
x3 (1 — c%x) (x —1)x3
inputLintegrate((a+b*arctanh(c*x*(1/2)))/x*3/(—c‘2*x+1),x, algorithm="giac") J
OutputLintegrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2%x - 1)*x73), x) J
Mupad [F(-1)]
Timed out.
/ a + barctanh(cy/z) / a + batanh(c/z)
dr = — €T
z3 (1 — c%x) 23 (zx—1)
inputtint(-(a + b*atanh(c*x~(1/2)))/(x"3*(c™2*x - 1)),x) J
outputt_int((a + b*atanh(c*x~(1/2)))/(x"3*%(c™2%x - 1)), x) J
Reduce [F]
/ a + barctanh (cy/z)
dz
z3 (1 — c2x)
9atanh(y/z ) bela? — Gatanh(y/z ¢) bz — Batanh(y/z ) b — 9Vabcs — Vabe — 6( [ 52 dr )
B 62
input {int ((atb*atanh(c*x~(1/2)))/x"3/(-c"2*x+1) ,x) \J

Output‘ (9*atanh (sqrt (x)*c) *b*cx*4xx**2 - 6G*atanh(sqrt(x)*c)*b*cx*2xx - 3*atanh(sq \
‘rt(x)*c)*b - 9xsqrt (x)*b*cx*3*x - sqrt(x)*bxc - 6+int(atanh(sqrt(x)*c)/(c*
K2EXHAD - X),X) ¥brCHRARXHHD - GxLlog(cHk2kx - 1)kaxckxdkxxx2 + 6xlog(x)*axc |
HRAKEARD = GRakCHA2RX — 3ka)/(6¥x*H2) |




output
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a+barctanh (cyz)
3.44 [ ttarctan da
x (1 —cC x)

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . ... L
Fricas [F] . . . . o . o o
Sympy [F] . . o 392

Maxima [B] (verification not implemented) . . . . . . .. .. ... ... ... ..
Giac [F] . . . o o 3931
Mupad [F(-1)] . . . .o
Reduce [F] . . . o . oo e

Optimal result

Integrand size = 26, antiderivative size = 192

_a+ barctanh (cv/T) c (a + barctanh (cy/z))

+ 1—61b06arctanh (ev/z)

/ a+ barctanh(cy/z) . be 5bc3
P (l-cz) o 15252 18532 6z
33
c*(a + barctanh(cy/z))
T

+2c8 (a + barctanh (Cﬁ)) log (2 -

— bcS PolyLog <2, -1+

N 5 (a + barctanh(cy/z)) 2

+c*x~(1/2)))

N

-1/15%b*c/x~(5/2)-5/18%b*c~3/x~(3/2)-11/6%b*c~5/x~(1/2)+11/6*b*c"6*arctanh
(c*x~(1/2))-1/3*(a+b*arctanh (cxx~(1/2))) /x~3-1/2*c"2* (a+b*arctanh (cxx~(1/2
)))/x"2-c~4x(at+b*arctanh (c*x~(1/2)))/x+c~6*(a+b*arctanh(c*x~(1/2))) ~2/b+2x%
c~6%(atb*arctanh(c*x~(1/2)))*1n(2-2/(1+c*x~(1/2)))-b*c~6*polylog(2,-1+2/(1




input

output
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Mathematica [A] (verified)

Time = 0.60 (sec) , antiderivative size = 187, normalized size of antiderivative = 0.97

dr =

/ a + barctanh(cy/z)

z* (1 — c%x)

30a + 6bcy/T + 45actz + 25bc3z®/? + 90actz? + 165bc°z>/2 — 90bcSz3arctanh (c\/i)2 — 15barctanh

_ bC6 POlyLOg <2’ e—2arctanh(c\/5)>

‘ Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x~4*(1 - c™2*x)),x]

-1/90%(30*a + 6xbkcxSqrt[x] + 45*%axc™2xx + 25xb*c”™3*x”(3/2) + 90*a*xc”4*x"2

+ 165%b*c~5%x~(5/2) - 90%b*c~6*x~3*ArcTanh[c*Sqrt[x]]~2 - 15%b*ArcTanh [c*
Sqrt[x]]1*(-2 - 3%c™2%x - 6%c™4*x"2 + 11*c™6*x"3 + 12%c”6*x"3*Logl[l - E~(-2
xArcTanh [c*Sqrt[x]])]) - 90*a*c~6*x"3*Log[x] + 90*a*c”6*x"3*Logl[l - c~2*x]
)/x"3 - b*c”6*PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]])]

Rubi [A] (verified)

Time = 1.73 (sec) , antiderivative size = 261, normalized size of antiderivative = 1.36,

number of steps used = 21, number of rules used = 20, number of rules _ 0.769, Rules
integrand size

used = {7267, 2026, 6544, 6452, 264, 264, 264, 219, 6544, 6452, 264, 264, 219, 6544,
6452, 264, 219, 6550, 6494, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ a + barctanh (cy/z)

z* (1 — 2x)
| 7267
2/ a + barctanh (cy/z) vz

27/2 — 229/2

l 2026
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2/ a + barctanh (cy/z) iz

z7/2(1 — c2z)
| 6544

2(02 / a+barctanh( \/_ d - / a+barctar;h(c\/_ ) \/_>

5/2 (1 —

l 6452

0 <c2/ a—+ barctanh( VZ) iVE+ bc/ 1 Vs - a-+ barctanh(cﬁ))

x5/2 (1 — c2x) 3(1-c2x) 63

l 264

2<02/a+barctanh(6\/5)dﬁ+ébc<cz/x2(11d\/g_ 1 )_ a—i—barctanh(c\/:?))

x5/2 (1 — c2x) — c2z) 5x5/2 63

l 264

2<02/a+barctanh(cx/5)d\/5+ébc(cg(cg/ : 1 Vi — 1 )_ 1 >_a+barctanh(c\/5)>

z5/2 (1 — c2z) z (1 - c2z) 3z3/2 5x5/2 623
| 264
o [ a+ barctanh(cy/z) 1 of of 2 1 1\ 1\ 1\ oat+tbarctanh
2&t/ o —an Vet ) 1T ) T ) T s 623
| 219
, [ a+ barctanh(cy/z) a + barctanh (cy/z ) 2 1 1 1
2 <c / 72 (1 - &) dvz — 62 6bc c carctanh (cy/z) — 7z) " 37) " 5

l 6544

2(02 <c2 / a—l;lc l;jlzrztlafh( /) 0+ / a+barcta1;h(c\/_ ) \/_> a+barc;;a;1h(c\/_ ) ébc ( < 9 <carct

l'6452

4x2 6x3

a + barctanh(cy/z 1 a + barctanh(cy/z a + barctanh(cy/z
2<C2<02/ x3/2(1_c(2w\)/_)d\/5+4b0/ 2(1 )d\/_— (\/_)>_ (\/_)_
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l 264

of 2 c2/ a + barctanh(cy/z) 0+ lbc 02/ 1 vz — 1\ at barctanh (cy/z) _ a+ bar
4 z (1 —c%x) 3x3/2

x3/2 (1 — c?x) 42

l 264

2<c2 <c2/ a + barctanh (cy/z) /T + ibc(cQ <02/ 1 Vi — 1) - 13/2> _a+ barctanh(cﬁ)) ~

z3/2 (1 — c2x2) 1-c%z N7 472

l 219

+ barctanh (cy/z) a+ barctanh(cy/z) 1 1 1 a
o 2( 2 / a . 2z 2 h _ _ _Z
(c (c B2 (1 - &) dv/x 122 + 4bc ¢’ carctanh (cy/z) NG 3532

l 6544

of of o [ a-+barctanh(cy/z) a + barctanh(cy/z) a+ barctanh(cy/z) 1 9
2 <c <c (c Jz =) dvT + 232 dvz | — 122 + Zbc ¢ | carc

l 6452

o of o [ a+ barctanh(cy/z) 1 / 1 _a+ barctanh(cy/z) _a+ barctanh (cy/z
2 <c <c (C Vz (1 - cx) e+ 2bc z (1 —c2x) e 2z 472

l 264

+ barctanh (cy/z) 1 1 1 a + barctanh (cy/z) a + barct
ol 222 [ ° 1 2 / L R _
<c <c (c VT (1 — c2x) o+ 2bc “J1- c%d\/E VT 2z 4

l 219

of of o [ a-+barctanh(cy/z) a+ barctanh(cy/z) 1 1 a + barctan
2 <c <c (c Vo= ) dvz — o7 + ibc carctanh (cy/z) — )T

l 6550

carctanh (¢

a + barctanh (cy/z) (a + barctanh (c\/i))2 a + barctanh(cy/z) 1
2(02 (62 <c2 </ Vret 1)/ Az + 5 ) - o + 2bc<
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| 6494
ol 2lelel s log (2_ ﬁi—i—l)d\/— (a + barctanh (cy/z))? lou (2 2 (a + barctanh(cy/
c'|c|c -—c/ 11—z T+ % + log _c¢5+1 a arctanh(cy/a
| 2897
2
of of o (a-+barctanh(cy/z)) 2 1 2
2 (c (c (c < 5% +log (2 NS (a + barctanh(cy/z)) 2bPolyLog 2, Tt 1

( hY

Int[(a + b*ArcTanh[c*Sqrt[x]1]1)/(x"4*(1 - c~2%x)),x]

N\ J

input

2x(-1/6%(a + bxArcTanh[c*Sqrt[x]])/x"3 + (bkcx(-1/5%1/x~(5/2) + c~2*%(-1/3*
1/x7(3/2) + c"2x(-(1/Sqrt[x]) + cxArcTanh[c*Sqrt[x]]1))))/6 + c"2x(-1/4*(a
+ b¥ArcTanh[c*Sqrt[x]])/x"2 + (b*c*(-1/3*1/x7(3/2) + c™2*(-(1/Sqrt[x]) + c
*ArcTanh [c*Sqrt([x]]1)))/4 + c~2%(-1/2x(a + b*ArcTanh[c*Sqrt[x]])/x + (bxc*(
-(1/8qrt[x]) + cxArcTanh[c*Sqrt[x]]))/2 + c"2x((a + bxArcTanh[c*Sqrt[x]])~
2/(2%b) + (a + b*ArcTanh[c*Sqrt[x]])*Logl[2 - 2/(1 + c*Sqrt[x])] - (b*PolyL
ogl2, -1 + 2/(1 + cxSart[x1)1)/2))))

output

Defintions of rubi rules used

rule 219 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt[-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

rule 264 Int[(C(c_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] && IntBinomialQ[a, b, c, 2, m, p, x]

rule 202¢ IntL(Fx_)*(Px_)~(p_.), x_Symbol] :> With[{r = Expon[Px, x, Minl]}, Int[x~(p
*xr) *ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] && Integ
erQlp] && !'MonomialQ[Px, x] && (ILtQ[p, 0] || !'PolyQ[u, x1)
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rule 2897 Int[Loglu 1*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, x]]

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n]) “p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcTanh[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6452

rule 6494 Int[((a_.) + ArcTanh([(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d.) + (e_.)*(x.))), x
_Symbol] :> Simp[(a + b¥ArcTanh[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]/d), x] -

Simp[bxc*(p/d) Int[(a + b*ArcTanh[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]
/(1 - c™2xx~2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc
~2%d"2 - e~2, 0]

rule 6544 I0t[(((a_.) + ArcTanh[(c_.)*(x)1*(b_.))"(p_.)*((£_.)*(x))"@_))/((d) + (
e_.)*(x_)"2), x_Symbol]l :> Simp[1/d Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x
1, x] - Simp[e/(d*£72) Int[(f*x)"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x
~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

rule 6550 Imtl((a_.) + ArcTanh[(c_.)*(x)1*(b_.))"(p_.)/((x)*((d)) + (e_.)*(x.)72)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQl{a, b, c, d,
e}, x] && EqQlc~2*d + e, 0] && GtQ[p, O]

rule 7967 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1"(1/1st[[2]11)], x
1 /; !FalseQ[lst] &% SubstForFractionalPowerQ[u, 1st[[3]], x]]




CHAPTER 3. LISTING OF INTEGRALS 391

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 303, normalized size of antiderivative = 1.58

method result

parts —a(# + 5 4+< —Sln(z) + Sl (x - 1)) —2bc® (armnh(cﬁ)  arctanh(eva)

6c023 4ctx?

6c8x3

derivativedivides | —2c® (a(ﬁ + 1z + 505 — In (ey/z) + ln(c‘f_l) + 1n(14;\/5)> + b(M +

6c8x3

defanlt 265 (ks + ke + g —In (o) + L) BV ()

inputLint((a+b*arctanh(c*x“(1/2)))/X‘4/(-c‘2*x+1),x,method=_RETURNVERBOSE) J

-—ax(1/3/x"3+1/2*c”~2/x"2+c"4/x-c~6*1n(x) +c~6*1n(c”2*x-1) ) -2*%b*c~6% (1/6*arct
anh(c*x~(1/2))/c~6/x"3+1/4*arctanh(c*x~(1/2))/c~4/x~2+1/2*%arctanh (c*xx~(1/2
))/c~2/x-arctanh(c*x” (1/2))*1n(c*x”~ (1/2))+1/2*arctanh (c*x~(1/2)) *1n(c*x~ (1
/2)-1)+1/2*arctanh(c*x~(1/2))*1n(1+c*x~(1/2))+1/2*dilog(c*x~(1/2))+1/2*dil
og(1+c*x~(1/2))+1/2*1n(c*x~(1/2)) *1n(1+c*x~(1/2))-1/2*dilog(1/2*c*x~(1/2)+
1/2)-1/4*%1n(c*x~(1/2)-1)*1n(1/2%c*x~(1/2)+1/2)+1/8*1n(c*x~(1/2)-1) ~2-1/8%1
n(1+c*x~(1/2))"2+1/4%(An(1+c*x~(1/2))-1n(1/2*%c*x~ (1/2)+1/2) ) *1n(-1/2*c*x"(
1/2)+1/2)+1/30/c”5/x~(5/2)+5/36/c~3/x~(3/2)+11/12/c/x~ (1/2)+11/24*1n(c*x" (
1/2)-1)-11/24*1n(1+c*x~(1/2)))

output

Fricas [F|

dz

/ a + barctanh (cy/z) p / bartanh (c\/z) + a
- _

z* (1 — c2x) - (zx —1)z*

integrate((at+b*arctanh(c*x~(1/2)))/x~4/(-c2*x+1) ,x, algorithm="fricas")

inputt

Output‘integral(—(b*arctanh(c*sqrt(x)) + a)/(c”2*x"5 - x"4), x)
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Sympy [F]

/ a + barctanh(cy/z) do — / L / batanh (cy/z)

€T
z4 (1 — 2x) c2xd — rt 25 _ ot
inputLintegrate((a+b*atanh(c*x**(1/2)))/x**4/(_c**2*x+1)’x) J
Output‘—Integral(a/(c**2*x**5 - x¥*4), x) - Integral(b*atanh(c*sqrt(x))/(ck*2xx**

‘5 - x**4), x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 330 vs. 2(157) = 314.

Time = 0.20 (sec) , antiderivative size = 330, normalized size of antiderivative = 1.72

/ a + barctanh (cy/z) J
z4 (1 — c2x) v

1 N /1 1\,

= —( log (cv/z + 1) log —50\/54—5 + Liy 50\/54—5 bc

— (log (c\/ﬂ_v) log (—c\/E + 1) + Lig(—c\/g_v + 1))ch
+ (log (cv/z + 1) log (—cy/z) + Lis(cv/z + 1) ) bc®

L _ s _
+12bc log (cv/z + 1) 12bc log (cv/z — 1)

1 4,.2 2 2
~ % (60610g (cv/z+1) +6c°log (cv/z — 1) — 6°log (z) + Ocz —:;C v )a
45 bCGx?’ ].Og (c\/i'i‘ 1)2 _45 bCG:L‘3 ].Og (_C\/E_'_ 1)2 +330bc5x% +50 bc3x% + 12 bC\/E—i— 15 (6 bc4x2 ]

180

inputLintegrate((a+b*arctanh(c*xA(1/2)))/x”4/(—c”2*x+1),x, algorithm="maxima") J
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-(log(c*sqrt(x) + 1)*log(-1/2*c*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2
))*b*xc”™6 - (log(c*sqrt(x))*log(-cxsqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bx
c”6 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™6 +

11/12*b*c"6*log(c*sqrt(x) + 1) - 11/12xb*c”6*log(c*sqrt(x) - 1) - 1/6%(6*c
~“6*log(cxsqrt(x) + 1) + 6*c”6*log(cksqrt(x) - 1) - 6*c”6*log(x) + (Bkc™4*x
T2 + 3xc72xx + 2)/x73)*a - 1/180*(45xb*xc~6*x"3*1log(c*sqrt(x) + 1)72 - 45%b
*C~6*x"3*xlog(-c*sqrt(x) + 1)72 + 330%b*c”5*x~(5/2) + 50%bxc~3*x~(3/2) + 12
*bkcksqrt (x) + 15%(6xbxc™4*x"2 + 3xb*c™2%x + 2%b)*log(c*sqrt(x) + 1) - 15%
(6*b*c”6*x"3*Llog(c*sqrt(x) + 1) + 6xbxc™4*x™2 + 3*b*c™2xx + 2*b)*log(-c*sq
rt(x) + 1))/x73

output

Giac [F]

/ a + barctanh (cy/z) o — / _ bartanh (ev/z) +a e

z* (1 — c2x) (x —1)x*

input ‘ integrate ((at+b*arctanh(cxx~(1/2)))/x"4/(-c~2*x+1) ,x, algorithm="giac")

outputLintegrate(_(b*arCtanh(C*Sqrt(X)) + a)/((c™2*x - 1)*x74), x)

Mupad [F(-1)]

Timed out.

/ a + barctanh(cy/z) J / a + batanh(c+/z) p
T=— T

z4 (1 — c2x) zt (zx—1)

input‘ int(-(a + b*atanh(c*x~(1/2)))/(x~4x(c"2*x - 1)),x)

output ~1AE((a + bratanh(cxx™(1/2)))/(x™4x(c"2+x - 1)), x)
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Reduce [F]

dx

a + barctanh(cy/z)
/ z* (1 — c2x)
165atanh (/z ) bcbz® — 90atanh(/z ¢) bc*a? — 45atanh(y/z c) bz — 30atanh(/z c) b — 165\/T b

inputLint((a+b*atanh(c*x“(1/2)))/X”4/(—c‘2*x+1),x) J

(165*atanh (sqrt (x) *c) xb*xc**6*x**3 — 90*atanh (sqrt (x) *c)*¥bxc**4xx*x2 - 45%a
tanh (sqrt (x) *c) ¥bxc**2*x - 30*atanh(sqrt(x)*c)*b - 165*%sqrt (x) *bxc**5kx**2
- 26xsqrt (x) *b*cx*3*xx - 6*sqrt(x)*b*c - 90*int (atanh(sqrt(x)*c)/(cx*2*x**
2 - x),x)*bkck*6*x**3 — 90*log(c**2xx - 1)*kakckx6xx**3 + 90*1og(x)*a*xck*6*
x*%3 - 90kakck*d*x*x2 — 4b5kakxckx2xx — 30%a)/(90%x**3)

output
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22 (a+barctanh cyz))

3.45 | o dzx

Optimal result . . . . . . . . .. . . .
Mathematica [C] (warning: unable to verify) . . . . . . ... .. ... ... ... 396
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . . Z0
Fricas [F] . . . . . . 03]
Sympy [F(-1)] . . . o 403l
Maxima [F] . . . . . . 403
Giac [F] . . . o o 404
Mupad [F(-1)] . . . 404
Reduce [F] . . . . . o 404

Optimal result

Integrand size = 23, antiderivative size = 460

z*(a + barctanh(cy/z)) o — bdy/x by ba®? bdarctanh(cy/z)
/ d+ ex =T ce? + 2c3e + 6ce + c2e?
barctanh(cy/z)  dz(a + barctanh(cy/z))
Bl 2cte a e?
2?(a + barctanh(c\/z))
+ 2e

2d? (a + barctanh (cy/z) ) log (ﬁ)

e3

d*(a + barctanh (cy/z)) log ( (c%;/_?d\/é_)‘(/ff\)/a >

_|_

3

d*(a + barctanh (cy/z)) log < (c%%ff%))
+ o3
. bd? PolyLog (2, 1— ﬁ)

e3

2 _2e(V=d-eya)
bd? PolyLog (2,1 e ﬁ))

2e3

0 2c(v—d+y/ey/x)
- bd“ PolyLog (2, 1— (Cm+ﬁ)(1+cﬁ))

2e3
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-b*d*x~(1/2) /c/e~2+1/2*b*x" (1/2) /c~3/e+1/6*b*x" (3/2) /c/e+b*d*arctanh (c*x~ (
1/2))/c”2/e~2-1/2%b*arctanh(c*x~(1/2))/c~4/e-d*x* (atb*arctanh (c*xx~(1/2)))/
e~ 2+1/2*x”2x (a+b*arctanh (c*x~(1/2))) /e-2*d~2* (a+b*arctanh (c*x~(1/2)))*1n(2
/ (1+c*x~(1/2))) /e~ 3+d"2* (a+b*arctanh (c*x~(1/2) ) ) *1n(2*c*x ((-d) ~(1/2)-e~(1/2
Yxx~(1/2))/ (e*x(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2))) /e~ 3+d~2* (a+b*arctanh (c*x"
(1/2)))*1n(2*cx ((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*(-d) " (1/2)+e~ (1/2) ) / (1+c*x~
(1/2)))/e~3+b*d~2*polylog(2,1-2/(1+c*x~(1/2)))/e~3-1/2*b*d~2*polylog(2,1-2
xc*x((-d)~(1/2)-e~(1/2)*x~(1/2)) /(c*x(-d)~(1/2)-e~(1/2)) / (1+c*x~(1/2))) /e"3-
1/2%bxd~2*polylog(2,1-2*c*((-d)~(1/2)+e~(1/2)*x~(1/2))/(cx(-d) ~(1/2)+e"~(1/
2))/(1+c*xx~(1/2))) /e"3

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.86 (sec) , antiderivative size = 558, normalized size of antiderivative = 1.21

X

/ z*(a + barctanh(cy/z)) p

d+ex

—3c2d+2e)/z+ce?/z(—1+c2z)—6(c2d—e)e(—1+c3x) arctanh (ev/T)+3e2

b (2ce(
_ —6adex + 3ae’x® 4 6ad” log(d + ex) +

input Integrate[(x"2*(a + bxArcTanh[c*Sqrt[x]]))/(d + exx),x]
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(-6xaxd*e*xx + 3*a*xe”2xx"2 + 6xaxd”"2*Log[d + e*xx] + (b*(2*ckex(-3*%c™2xd + 2
*xe)*Sqrt [x] + c*e”2*Sqrt[x]*(-1 + c™2xx) - 6x(c™2*d - e)*e*x(-1 + c™2%x)*Ar
cTanh[c*Sqrt [x]] + 3*e”2*(-1 + c~2*x) "2xArcTanh[c*Sqrt[x]] - 6*c~4*d"2*x(Ar
cTanh[c*Sqrt [x]]*(ArcTanh [c*Sqrt[x]] + 2*Logl[l + E~(-2*ArcTanh[c*Sqrt([x]])
1) - PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])]) + 3%c~4*d~2*(2*ArcTanh[c*Sqrt
[x]172 - (4*I)*ArcSin[Sqrt[(c~2*d)/(c"2*d + e)]]*ArcTanh[(c*e*Sqrt[x])/Sqr
t[-(c"2xd*e)]] + 2% ((-I)*ArcSin[Sqrt[(c~2*d)/(c"2*d + e)]] + ArcTanh[c*Sqr
t[x]])*Log[(-2*Sqrt[-(c"2*d*e)] + ex(-1 + E~(2*ArcTanh[c*Sqrt[x]])) + c~2*
d*(1 + E~(2*ArcTanh[c*Sqrt[x]1)))/((c”2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))]
+ 2% (IxArcSin[Sqrt[(c™2*d)/(c”2*d + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt
[-(c"2xd*e)] + ex(-1 + E~(2xArcTanh[c*Sqrt[x]])) + c"2*d*(1 + E~(2xArcTanh
[c*Sqrt[x]1]1)))/((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]1))] - PolyLogl[2, (-(c~2
*d) + e - 2xSqrt[-(c”2*d*e)])/((c"2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))] - Po
lyLog[2, (-(c™2%d) + e + 2xSqrt[-(c™2*xdxe)])/((c"2*d + e)*E~(2*ArcTanh[c*S
qrt[x]1))1)))/c”4)/(6%e~3)

output

Rubi [A] (verified)

Time = 1.46 (sec) , antiderivative size = 459, normalized size of antiderivative = 1.00,

_ _ number of rules _
number of steps used = 12, number of rules used = 11, integrand size 0.478, Rules

used = {7267, 6542, 6452, 254, 2009, 6542, 6452, 262, 219, 6606, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ z*(a + barctanh (cy/z))

d+ex
l'7267

2/ 2%/2(a + barctanh(cy/z)) iz

d+ex

l 6542

z3/2 (a+barctanh(cﬁ))

0 [ 2%/2(a + barctanh(cy/z)) dy/z B df Trew dv/z

e e

l 6452
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3/2(g+barctanh (cy/z
122(a + barctanh(cy/z)) — 1bc [ %dﬁ B df i St (c z))d\/E
e e
| 254
3/2 t h
) 122(a + barctanh(cy/z)) — 1bc [ (—c% + m - c%) dy/z df z <a+ba;Jcre:n (cﬁ))d\/:?
e - e
| 2009
i 22 (a + barctanh (cy/Z)) — ibc(mclw _ g _ f;/;) af £3/2 (a+b&;‘0tanh(cﬁ)) NG
_ +ex
2 . .
| 6542
N J vz <a+barctanh(c\/5))d\/5 df ﬁ(““’ar(
122(a + barctanh(cy/z)) — ibc(amtalcls (eva) _ vz _ %36/22) e B
2 . - -
| 6452
1 1 x
§x(a+barctanh(c\/5)>—§bcf ThodvT d
122(a + barctanh(cy/z)) — ib(j(&rctarzﬁh(cﬁ) - ﬁ - %3:;) d( e o
2 —

€ e

l 262
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399

1z (a+barctanh (cya) ) 1be (; -

d
im2 (a + barctanh(cﬁ)) — ibc(amsw — g - gif) e
2 _
€ e
l 219
arctanh ” p %x(a-l—barctanh(cﬁ))—%bc(%&l(cm_
122(a + barctanh(cy/z)) — ibc(M _ g _ 3%@) p
2 _
€ e
l 6606
1o(a h(cvz)) — Lpe( BrCtanh(eva) _
arctanh(cyvz) |z 3/2 dl 2 ( +earctanh( f)> 2b ( 3
im2 (a + barctanh(c\/i)) — ibc(cs — C—f — “’3C2 > e
2 _
e
l 2009
1 ( 1, (arctanhcyz)
iz a+barctanh(c\/§))—§bc SAeve)
d e
122(a + barctanh(cy/z)) — ibc(misw - % - g?;/;)
2 _

e

input!’ Int[(x"2*%(a + bxArcTanh([c*Sqrt[x]1))/(d + e*x),x]




output

rule 219

rule 254

rule 262

rule

rule 6452
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2x(((x"2x(a + b*ArcTanh([c*Sqrt[x]]))/4 - (b*cx(-(Sqrt[x]/c"4) - x~(3/2)/(3
*c~2) + ArcTanh[c*Sqrt[x]]/c~5))/4)/e - (d*(((x*(a + b*ArcTanh[c*Sqrt[x]])
)/2 - (bxcx(-(Sqrt[x]/c”2) + ArcTanh[c*Sqrt[x]11/c~3))/2)/e - (d*(-(((a + b
*ArcTanh [c*xSqrt [x]])*Log[2/(1 + c*Sqrt[x])])/e) + ((a + bk*ArcTanh[c*Sqrt[x
11)*Log[(2*c*(Sqrt [-d] - Sqrtlel*Sqrt([x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*
Sqrt[x]1))]1)/(2xe) + ((a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqrt[-d] + Sqrtl[
e]*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 + c*Sqrt[x]))])/(2*e) + (b*PolyLog
[2, 1 - 2/(1 + c*Sqrt[x])])/(2*e) - (b*PolyLogl2, 1 - (2*c*(Sqrt[-d] - Sqr
t[e]l*Sqrt[x]))/((c*Sqrt[-d] - Sqrtl[e]l)*(1 + c*Sqrt[x]))])/(4*e) - (b*PolyL
ogl2, 1 - (2*c*(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 +

cxSqrt[x]1))]1)/(4xe)))/e))/e)

Defintions of rubi rules used

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))* )

ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x m,
a + bxx~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

Int[((c_)*(x)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + b*x"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x"2)"p, x], x] /; FreeQl[{a, b
, C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

2009 Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcTanh([(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]
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Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcTanh[c*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6542

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_)) " (m_.)*((d_) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"m*(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[ml)

rule 6606

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

rule 7267

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 564, normalized size of antiderivative = 1.23
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method result
C2
% 8 arctanh (cy/z)zd 8 arctanh(c\/:?):v2 8 arctanh(cﬁ)dz 1n(c26x+c2d)
- 2¢2 + 4de + 2e3 -
az? adz ad? In(ex+d)
parts S — e T 23 +
6 ;2 2 2 42 2 2
64 6.2 ac’d”In(c“ex+cd arctanh(cy/z)ctdz | arctanh(cy/z)ctz? arctanh(cy/z)c*d“ In(c“ex+c“d
_a(;2z+aczex + (53 )+2b02 _ éez ) + (4e ) + 253 ( )
derivativedivides
6 ;2 2 2 4 52 2 2
6d 6 2 ac’d®In(c®ex+c“d arctanh (cy/z c4dz arctanh (cy/z c412 arctanh(cﬁ)c d“In(c“ex+c“d
_ace2w+ac2€w + (83 )+2662 — éez ) + (4e ) + 303 ( )
default

-

Lint (x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d) ,x,method=_RETURNVERBOSE)

-/

input

1/2*a/exx"2-a/e " 2*d*x+a*d~2/e”~3*1n(exx+d)+2*xb/c~ 6% (-1/2*c 6*arctanh (cxx~ (1
/2)) /e~ 2*x*d+1/4*c”6*arctanh (cxx~(1/2)) /e*x~2+1/2*c~6*arctanh(c*xx~(1/2))*d
~2/e"3*1n(c"2xe*x+c"2xd) -1/2%c” 2% (-1/2/e" 2% (1/3*exc™3*x~ (3/2) -2*c~3*d*x~ (1
/2)+exc*x~(1/2)+1/2% (-2*c"2*d+e) *1n(c*x~ (1/2)-1)-1/2* (-2*%c~2*d+e) *1n (1+c*x
~(1/2)))-c”4*xd"2/e" 3% (1/2*1n(c*x~(1/2)-1)*1n(c"2*e*x+c~2*d) —ex (1/2*x1n (c*x~
(1/2)-1)*(AIn((c*(-d*e) ~(1/2) -ex(c*x~(1/2)-1)-e) / (c*(-d*e) " (1/2)-e) ) +1n((c*
(-dxe) " (1/2)+ex(c*x~(1/2)-1)+e) /(cx(-d*e) ~(1/2)+e))) /e+1/2x(dilog((c* (-d*e
)7 (1/2)-e*x(c*x~(1/2)-1)-e) / (c*(-d*e) ~(1/2)-e) ) +dilog((c*(-d*e) ~(1/2) +ex (c*
x~(1/2)-1)+e) /(c*x(-d*e) ~(1/2)+e))) /e)-1/2*%1n(1+c*x~(1/2) ) *1n(c”2*e*x+c~2*d
)+ex(1/2*1n(1+c*x~(1/2))*(AIn((c*(-d*e) ~(1/2) -ex(1+c*x~(1/2))+e) / (cx(-d*e)
(1/2)+e) ) +1n((c*x(-d*e) ~(1/2) +ex (1+c*x~ (1/2))-e) / (c*(-d*e) ~(1/2)-e)) ) /e+1/2
*(dilog((cx(-dxe)~(1/2)-e*(1+cxx~(1/2))+e)/(c*(-d*e) ~(1/2)+e))+dilog((c* (-
dxe) " (1/2)+ex(1+c*xx~(1/2))-e) / (cx(-d*e)~(1/2)-e)))/e))))

output
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Fricas [F]

dz

/ z*(a + barctanh(cy/z)) i / (bartanh (cy/z) + a)2?

d+ex - er+d

inputLintegrate(x“2*(a+b*arctanh(c*x‘(1/2)))/(e*x+d),x, algorithm="fricas")

OutputLintegral((b*x‘2*arctanh(c*sqrt(x)) + a*x"2)/(exx + d), x)

Sympy [F(-1)]

Timed out.
2 barctanh
/ = {a + barctarh(cy)) dz = Timed out
d+ex
inputLintegrate(x**2*(a+b*atanh(c*x**(1/2)))/(e*x+d)’x)

Output‘Timed out

Maxima [F]

dz

/ z*(a + barctanh(cy/z)) o — / (bartanh (cy/z) + a)2?

d+ex er+d

-

inputkintegrate(x‘2*(a+b*arctanh(c*x"(1/2)))/(e*x+d),x, algorithm="maxima")

—

output

)/ (exx + d), %)

‘1/2*a*(2*d‘2*log(e*x + d)/e”3 + (e*x™2 - 2%d*x)/e”2) + bxintegrate(1/2*x"2
‘*1og(c*sqrt(x) + 1)/(exx + d), x) - bxintegrate(1/2*x"2xlog(-c*sqrt(x) + 1
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Giac [F]

dz

2?(a + barctanh(cy/z)) o — (bartanh (cy/z) + a)z?
/ d+ex T= / exr+d

input Lintegrate (x~2x (at+b*arctanh(c*x~(1/2)))/(exx+d) ,x, algorithm="giac")

outputLintegrate((b*arCtanh(C*Sqrt(x)) + a)*x"2/(exx + d), x)

Mupad [F(-1)]

Timed out.

dz

/ z*(a + barctanh(cy/z)) o — / z? (a + batanh(c+/z))

input Lint((x'"2*(a + bratanh(c*x~(1/2))))/(d + e*x),x)

outputLint((x’q*(a + bxatanh(c*x~(1/2))))/(d + e*x), x)

Reduce [F|

dz

/ z?(a + barctanh (cy/z))

d+ex
2 (f gtarklvacls dx) be’ +2log(ex + d) ad’ — 2adex + a ez’

ex+d
2e3

input 10t (X"2# (atbratanh (crx™ (1/2)))/ (exx+d) )

output
‘ — 2%axd*e*xx + ake*x*x2*xx*x*2)/(22*e*%x3)

‘(2*int((atanh(sqrt(x)*c)*x**z)/(d + exx) ,X)*bxex*3 + 2xlog(d + exx)*ardxx2
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z(a+barctanh (cyz)) ;

3.46 | o T

Optimal result . . . . . . . . .. . . .
Mathematica [C] (verified) . . . . . . . . . ... . L 200!
Rubi [A] (verified) . . . . . . . . . . 407
Maple [A] (verified) . . . . . . . . . . 409
Fricas [F] . . . . . . 411l
Sympy [F] . . . o 41Tl
Maxima [F] . . . . . . 41T
Giac [F] . . . o o o 412
Mupad [F(-1)] . . . 412
Reduce [F] . . . . . . AT12

Optimal result

Integrand size = 21, antiderivative size = 374

a + barctanh(c\/z)) J by/z  barctanh(cy/) N z(a + barctanh(cy/z))
T = —

/=

d+ex

ce c’e e
2d (a + barctanh (c\/i)) log (ﬁ)

_|_

+

+

e2

d(a + barctanh(cy/z)) log < (0\2/0_(7\/?55)\(/16.\5\)/5)

)

(eV/=d+ve) (L+ov5)

)

62

d(a + barctanh(c\/i)) log ( 26(\/—7‘14—\/5\/5)
62

bd PolyLog (2, 1— #>

e2

_ 2¢(V=d—eya)
bd PolyLog (2,1 (V=d—2) (L+oda)

)

2e2

2¢(v—d++/e/z)
bd PolyLog (2,1 e

)

2e2
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b*x~(1/2) /c/e-b*arctanh (c*x~(1/2))/c~2/e+x* (a+b*arctanh (c*x~(1/2)))/e+2*dx*
(at+b*arctanh(c*x~(1/2))) *1n(2/ (1+c*x~(1/2))) /e~ 2-d* (a+b*arctanh (c*xx~ (1/2))
)*1In(2*c* ((-d)~(1/2)-e~(1/2)*x~(1/2) )/ (c*x(-d) " (1/2)-e~(1/2) )/ (1+c*x~(1/2))
)/e~2-d*(a+b*arctanh (c*x~(1/2)))*1n(2*c*((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c* (-
d)~(1/2)+e~(1/2))/ (1+c*x~(1/2)) ) /e~ 2-b*d*polylog(2,1-2/ (1+c*x~(1/2))) /e~ 2+
1/2*%b*d*polylog(2,1-2*kcx((-d)~(1/2)-e~(1/2)*x~(1/2))/(c*(-d)~(1/2)-e~(1/2)
)/ (1+c*xx~(1/2))) /e~ 2+1/2%bxd*polylog(2,1-2*xc* ((-d) ~(1/2)+e~(1/2)*x~(1/2))/
(cx(-d)~(1/2)+e~(1/2))/ (1+c*x~(1/2))) /e"2

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.65 (sec) , antiderivative size = 463, normalized size of antiderivative = 1.24

/ z(a + barctanh (cy/z))

d
d+ex v

%%@+%mﬁﬁw4ﬂm§mwmc@+Mwmwm< ﬁi)mmmwj%%>+%@mwm@¢@k

input{lntegrate[(x*(a + b*ArcTanh[c*Sqrt[x]]1))/(d + e*x),x]

((2xbxe*Sqrt [x])/c + 2*axexx + (2¥b*ex(-1 + c~2xx)*ArcTanh[cxSqrt[x]])/c"2
+ (4%I)*bxd*ArcSin[Sqrt[(c™2*d)/(c"2*d + e)]]*ArcTanh[(c*e*Sqrt([x])/Sqrt[
-(c™2*d*e)]] + 4xb*d*ArcTanh[c*Sqrt[x]]*Log[l + E~(-2*ArcTanh[c*Sqrt([x]])]
+ (2+I)*bxd*(ArcSin[Sqrt[(c™2*d)/(c"2xd + e)]] + I*ArcTanh[c*Sqrt[x]])*Lo
g[(-2*%Sqrt[-(c~2*d*e)] + e*(-1 + E~(2xArcTanh[c*Sqrt[x]])) + c"2xd*x(1 + E~
(2xArcTanh[c*Sqrt[x]]1)))/((c™2*d + e)*E~ (2*ArcTanh[c*Sqrt[x]]))] - 2%b*dx*(
IxArcSin[Sqrt[(c™2#d)/(c~2*d + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c™
2%d*e)] + ex(-1 + E~(2%ArcTanh[c*Sqrt([x]])) + c”2xd*(1 + E~(2*ArcTanh[c*Sq
rt[x]11)))/((c™2%d + e)*E~(2*ArcTanh[c*Sqrt[x]]))] - 2*a*xd*Logl[d + exx] - 2
*b*d*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])] + bxd*PolyLog[2, (-(c~2%d) + e
- 2xSqrt[-(c™2*d*e)]) /((c"2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] + bxd*PolyL
ogl2, (-(c™2*%d) + e + 2*Sqrt[-(c”2xd*e)])/((c"2*d + e)*E~ (2*ArcTanh[c*Sqrt
[x11))1)/(2%e”2)

output
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Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 387, normalized size of antiderivative = 1.03,

number of rules _ 0.333, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {7267, 6542, 6452, 262, 219, 6606, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z(a + barctanh(cy/z))
dz
d+ex
| 7267
3/2
2/ x (a+babrctanh(c\/:?))d\/5
d+ex
| 6542
vz (a+barctanh (cy/z
5 J Vz(a + barctanh(cy/z)) dvz  d [ (e dtez © w))d\/i
e e
| 6452
tanh
3% (a + barctanh(cy/z)) — $bc [ -dyz  d [ ﬁ(a+ba213zn (eva)) Az
€ B e
| 262
er i Gl
) 1z(a + barctanh(cy/z)) — ;bc<1022 — ‘C{) K \/E(a+ba1:iisinh(c\/5)> Y
€ e
| 219

1z (a + barctanh(cy/z)) — ébc(mﬁw - *6/25> df va(a+barctanh(cyz)) iz
2 _ d+ex
e e

l 6606
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%w (a i barctanh(c \/E)) _ % bc(arctanh(cﬁ) _ ﬁ) df <a+barctanh(cﬁ) . a+barctanh(c\/§)> Az

9 ¢ ¢ 2e(V=drvevs) — 2v/e(V=d—eVa)
€ e
| 2009
(a+barctanh(c¢5))kg(ggggﬁfzi%iiﬁz,) (a+bar
1z (a + barctanh(cy/z)) — ébc<amgl(c\/5) _ xc/25> d( A CAE/VE)
2 _

e

input Int[(x*(a + b*ArcTanh[c*Sqrt[x]]1))/(d + e*x),x]

2% (((x*(a + bxArcTanh[c*Sqrt[x]1]1))/2 - (b*cx(-(Sqrt[x]/c~2) + ArcTanh[c*Sq
rt[x]]1/c”3))/2)/e - (d*(-(((a + b*ArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x]
)1)/e) + ((a + b*ArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqrt[-d] - Sqrt[e]l*Sqrt[x])
)/ ((c*Sqrt[-d] - Sqrtle])*(1 + cxSqrt[x]))]1)/(2xe) + ((a + b*ArcTanh[c*Sqr
t[x]1]1)*Log [(2*c*(Sqrt[-d] + Sqrt[el*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle])*(1 +

c*Sqrt[x1))1)/(2*e) + (bxPolyLogl[2, 1 - 2/(1 + c*Sqrt[x])]1)/(2*e) - (b*Po
lyLogl[2, 1 - (2%c*(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrt([el)*(1

+ cxSqrt[x1))1)/(4*e) - (bxPolyLogl[2, 1 - (2*cx(Sqrt[-d] + Sqrt[el*Sqrt[x
1))/ ((c*Sqrt[-d] + Sqrtl[el)*(1 + c*Sqrtl[x]))]1)/(4*e)))/e)

output

Defintions of rubi rules used

ruk3219/Int[((a—) + (b_.)*(x_)"2)~(-1), x_Symboll :> Simp[(1/(Rt[a, 21*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQl[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

rule 262 It L((c_D*(x_)) (@ )*((a_) + (b_.)*(x_)"2)7(p_), x_Symbol] :> Simp[c*(c*x)
“(m - 1)*((a + b*x"2)"(p + 1)/(b*(m + 2*%p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Intl[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQl[{a, b
, C, p}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, xJ
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rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 6452

rule 6542

rule 6606

rule 7267

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcTanh[c*x"n])~p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcTanh[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x
1, x1 /; FreeQl[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + bkArcTanh[c*
x]1)7p, x1, x] - Simp[d*(£~2/e) Int[(f*x)"(m - 2)*((a + bxArcTanh[c*x]) p/
(4 + exx~2)), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQlp, 0] && GtQ[m,
1]

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_)*((f_D*(x_))"(m_.)*((d_) + (e

_)*(x_)"2)"(g_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)"p, (£*x)"m*x(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQl{a, b, c,
d, e, f, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlg, O] || IntegerQ[ml)

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st [[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1)], x
] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 494, normalized size of antiderivative = 1.32



input

output
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method result
42 In(cy/z—1) 1n<czem+c2d) (l
62
4 arctanh (cv/T)m % arctanh (ev/z)d1n (c25:1:+c2 d)
2b e — o2 —
dl d
parts az _ sdlnlentd) |
In(cy/z—1)
dc? —e
ac4a: ac4dln (chm+c2d) 5 arctanh(cﬁ)czw arctanh(c\/i)dcz In (c2ex+c2d) (
e e2 +2be 2e - 2¢2 -
derivativedivides
In(cy/z—1)
dc? —e
ac41: ac4dln(62(—‘:z+c2d) % 2 arctanh(cﬁ)cQw arctanh(cﬁ)dcz In (6281}+C2d) (
o T t2%e 2 - 322 -
default

-

Lint(x*(a+b*arctanh(c*x‘(1/2)))/(e*x+d),x,method=_RETURNVERBOSE)

-/

a/e*x—a*d/e " 2*1n(e*x+d) +2*b/c~4* (1/2*c 4*arctanh (c*x~(1/2)) /e*xx-1/2*xc 4*ar
ctanh(c*x~(1/2))*d/e"~2*1n(c”~2*e*x+c”~2*d) -1/2*xc~2x (d*c~2/e " 2* (1/2*1n(c*x~ (1
/2)-1)*1n(c~2*e*x+c~2*d) —e* (1/2*1n(c*x~(1/2)-1)*(In((c* (-d*e) ~(1/2) —ex (c*x
~(1/2)-1)-e)/(c*(-d*e)~(1/2)-e) ) +1n((c*(-d*e) ~(1/2) +ex (cxx~(1/2)-1)+e) / (c*
(-dxe)~(1/2)+e)) ) /e+1/2+(dilog((c*(-d*e) " (1/2)-e*(c*x~(1/2)-1)-e) /(cx(-d*e
)~ (1/2)-e))+dilog((c*(-d*e) ~(1/2)+e*(c*x~(1/2)-1)+e) /(c*(-d*e) ~(1/2)+e)))/
e)-1/2*1n(1+c*x~(1/2) ) *1n(c"2*e*x+c™2*d) +ex (1/2*x1n(1+c*x~ (1/2) ) * (In((c*x(-d
*e) " (1/2)-ex(1+c*x~(1/2))+e) / (c*x(-d*e) ~(1/2)+e) ) +1n((c* (-d*e) " (1/2) +e*x (1+c
*x~(1/2))-e) /(c*x(-d*e)~(1/2)-e)))/e+1/2*(dilog((c*(-d*e) ~(1/2)-e* (1+c*x~ (1
/2))+e)/(c*x(-d*e)~(1/2)+e))+dilog((c*(-d*e)~(1/2)+ex(1+c*x~(1/2))-e)/(cx(-
dxe)~(1/2)-e)))/e))-1/ex(c*x” (1/2)+1/2x1n(c*x~(1/2)-1)-1/2%1n(1+c*x"(1/2))
)))
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Fricas [F]

dx

/ z(a + barctanh(cy/z)) i / (bartanh (cy/z) +a)z

d+ex - er +d

inputLintegrate(x*(a+b*arctanh(c*x‘(1/2)))/(e*x+d),x, algorithm="fricas") J

OutputLintegral((b*x*arctanh(c*sqrt(x)) + axx)/(e*x + d), x) J

Sympy [F]

/ z(a + barctanh (cy/z)) do— / z(a + batanh (cy/z)) "

d+ex d+ex

input‘integrate(x*(a+b*atanh(c*x**(1/2)))/(e*x+d),x)

outputtlntegral(x*(a + b*atanh(c*sqrt(x)))/(d + e*x), x) J

Maxima [F]

dzx

/ z(a + barctanh (c/z)) s / (bartanh (cy/z) +a)z

d+ex - er+d

inputLintegrate(x*(a+b*arctanh(c*x“(1/2)))/(e*x+d),X, algorithm="maxima") J

. ax(x/e - dxlog(exx + d)/e"2) + bxintegrate(1/2xxxlog(crsqrt(x) + 1)/(exx +

outpu
‘ d), x) - bxintegrate(1/2xx*log(-c*sqrt(x) + 1)/(exx + d), x)
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Giac [F]

/ z(a + barctanh(cy/z)) i / (bartanh (cy/z) +a)z

d+€.’1)‘ - e:L'_i_d

dx

input Lintegrate (x*(at+b*arctanh(c*x~(1/2)))/(exx+d) ,x, algorithm="giac")

OutputLintegrate((b*arctanh(c*sqrt(x)) + a)*x/(exx + d), x)

Mupad [F(-1)]

Timed out.
/ z(a + barctanh (cy/z)) / z (a + batanh(cy/z))
dz = dz
d+ex dtez
input 19E(G(a + bratanh(cex (1/2)))/(d + exx),x)

OutputLint((x*(a + b*atanh(c*x~(1/2))))/(d + exx), x)

Reduce [F]

d+ex €2

/ z(a + barctanh (cy/z)) i (f %d@ be? — log(ex + d) ad + aex
z

inputLint(x*(a+b*atanh(c*xh(1/2)))/(e*x+d),x)

output
exk2

‘(int((atanh(sqrt(x)*c)*x)/(d + e*x),x)*brex*2 - log(d + exx)*axd + a*e*x)/
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3.47 f a—|—baI‘C}l§aIlh (cv/T) dr
+ex

Optimal result . . . . . . . . . . . . . T3]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 414
Rubi [A] (verified) . . . . . . .. . . 415
Maple [A] (verified) . . . . . . . . ... AT6l
Fricas [F] . . . . . . o e 417
Sympy [F] . . o e 417
Maxima [F] . . . . . . 418
Giac [F] . . . o o o 418
Mupad [F(-1)] . . . o AT8]
Reduce [F] . . . . . . 419

Optimal result

Integrand size = 20, antiderivative size = 318

2(a + barctanh(cy/z) ) log (ﬁ)

r=—

/ a + barctanh(cy/z)

d+ex

(a + barctanh (cy/z)) log <(

e

2¢(v=d-V/eV/a)

cv/—d—/e) (1+cy/z)

)

_|_

_|_

(a + barctanh(cy/z)) log ( (

e

2¢(v/=d++/ey/z)

cv/—d+v/e) (1+cy/)

)

+

b PolyLog (2, 1-—

e

2
1+c\/5>

e

cv/—d—fe) (1+cy/)

b PolyLog (2, 1—¢ 2e(v=d—y/eya)

)

2e

b PolyLog (2, 1— ( 2e(v=d+V/eya)

cv/—d++/e) (1+cy/z)

)

2e
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-2% (a+b*arctanh (cxx~(1/2)))*1n(2/ (1+c*x~(1/2))) /e+(a+b*arctanh (c*x~(1/2)))
*1n(2*c* ((-d) " (1/2)-e~(1/2)*x~(1/2)) / (c*x(-d) ~(1/2)-e~(1/2)) / (1+c*x~(1/2)))
/e+(at+b*arctanh(cxx~(1/2)))*1n(2*c* ((-d)~(1/2)+e”~(1/2)*x~(1/2)) /(c*(-d)~ (1
/2)+e~(1/2))/(1+c*x~(1/2))) /e+b*polylog(2,1-2/(1+c*x~(1/2))) /e-1/2*b*polyl
0g(2,1-2%c*((-d) ~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d) ~(1/2)-e~(1/2) ) / (1+c*x~(1/2
)))/e-1/2%b*polylog(2,1-2*c*((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*(-d) ~(1/2) +e~ (
1/2))/(1+cxx~(1/2))) /e

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.16 (sec) , antiderivative size = 432, normalized size of antiderivative = 1.36

/ a + barctanh(cy/z) e — alog(d + ex)
d+ex B e

b(—Zarctanh (ev/x)® + 4i arcsin ( C;;ig) arctanh(\/c%) + 2arctanh(cy/z) (arctanh (ev/z) + 21

input‘lntegrate[(a + b*ArCTanh[c*Sqrt[x]])/(d + exx),x]

(axLogld + e*x])/e - (b*(-2*ArcTanh[c*Sqrt[x]]~2 + (4*I)*ArcSin[Sqrt[(c~2x*
d)/(c"2*d + e)]]*ArcTanh[(c*e*Sqrt[x])/Sqrt[-(c"2*d*e)]] + 2*ArcTanh [c*Sqr
t[x]]*(ArcTanh[c*Sqrt[x]] + 2*Log[l + E~(-2*ArcTanh[c*Sqrt[x]]1)]) - 2x((-I
)*ArcSin[Sqrt[(c™2*d)/(c™2*d + e)]] + ArcTanh[c*Sqrt[x]])*Logl[(-2*Sqrt[-(c
~2*%dxe)] + ex(-1 + E~(2xArcTanh[c*Sqrt[x]])) + c~2*%d*x(1 + E~(2*ArcTanh[c*S
qrt[x]11)))/((c”2*d + e)*E~(2*ArcTanh[c*Sqrt[x]1]1))] - 2*(I*ArcSin[Sqrt[(c~2
*d)/(c”2xd + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c™2*d*e)] + ex(-1 +
E~(2*ArcTanh[c*Sqrt[x]]1)) + c”2*d*(1 + E~(2*ArcTanh[c*Sqrt[x]1])))/((c"2*d
+ e)*E”~(2xArcTanh[c*Sqrt[x]]1))] - 2*PolyLogl[2, -E~(-2*ArcTanh[c*Sqrt[x]])]
+ PolyLog[2, (-(c™2xd) + e - 2*Sqrt[-(c~2*d*e)])/((c~2*d + e)*E~(2*ArcTan
hlc*Sqrt[x]1]1))] + PolyLogl[2, (-(c™2%d) + e + 2xSqrt[-(c™2*d*e)])/((c"2*d +
e)*E~ (2%ArcTanh [c*Sqrt [x]1]))]1))/(2xe)

output




input

output
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Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 329, normalized size of antiderivative = 1.03,

number of rules _ 50, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {6484, 6606, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a + barctanh (cy/z)

d+ex
l 6484

5 / vz (a + barctanh(cy/z)) iz

d+ex

l 6606

a + barctanh (cy/z) _at barctanh (cy/z) -
J (z«aw:fwa@ 2«6(@—«6@)) e

l 2009

cv/z+1) (ev/—d—+/e)

cv/z+1) (cv/—d++/e)

) e

2
cy/z+

2
2e 2e

-

LInt[(a + bxArcTanh[c*Sqrt[x]1)/(d + e*x),x]

2% (-(((a + bkArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e) + ((a + b*ArcT
anh [c*Sqrt [x]])*Log[(2*c*(Sqrt [-d] - Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrt
[e]l)*(1 + cxSqrt[x]1))]1)/(2*e) + ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt
[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]1))1)/(2xe)
+ (b*PolyLogl[2, 1 - 2/(1 + c*Sqrt[x])])/(2*e) - (b*PolyLogl[2, 1 - (2%c*(Sq
rt[-d] - Sqrtlel*Sqrtl[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*Sqrtl[x]))]1)/(4*e
) - (bxPolyLog[2, 1 - (2%c*(Sqrt[-d] + Sqrtlel*Sqrt([x]))/((cxSqrt[-d] + Sq
rtle])*(1 + cxSqrt[x]))]1)/(4*e))

(a + barctanh(cy/z)) log (( 2¢(v—d—y/ev/z) ) (a + barctanh (cy/z)) log (( 2¢(v/=d+/e/z)
_+_

~—
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6484

rule 6606

inputt

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))/((d_) + (e_.)*(x_)), x_Symboll
:> With[{k = Denominator([n]}, Simp[k Subst[Int[x~(k - 1)*((a + b*ArcTanh
[cxx~(k*n)])/(d + exx"k)), x], x, x~(1/k)], x]1] /; FreeQ[{a, b, c, 4, e}, x
] && FractionQ[n]

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*((£_.)*(x_)) " (m_.)*((d_) + (e
_)*x(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"m*(d + e*x~2)"q, x]}, Int[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, £, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQLq, 0] || IntegerQ[m]l)

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 433, normalized size of antiderivative = 1.36

method result
2 ln(c\/E—l) 1n(c2ez+c2d) 1“(‘3\/5_1) (ID(M
c — “+e
cZ1n (62 ez+c2d) arctanh (cy/z) ?
2b 55 —
1 d
parts a n((;ﬂ:-i- ) +
In(cy/z—1) ln(czex+c2d) In(cv/@—1) <IU<M
— +e
a 02 In (02 e:c+c2d) —|—2b c2 1n(c2ez+02 dzearctanh (c\/E) _ 2
derivativedivides
In(cy/z—1) In (c2ez+02d) 4 In(cv/@—1) (IH<M
- e
a c2 In (02 ex+c2d) +2b c2 In (028.’L‘+C2 dgearctanh (c\/E) _ 2
default

int ((a+b*arctanh(c*x~(1/2)))/(e*x+d) ,x,method=_RETURNVERBOSE)




CHAPTER 3. LISTING OF INTEGRALS 417

a*x1ln(e*x+d)/e+2xb/c”2*(1/2%c~2/e*1ln(c”2%e*x+c~2*d) *arctanh (c*x~(1/2))-1/2*
c~2/e*x(-1/2*1n(c*x~(1/2)-1) *1n(c~2*e*x+c~2%d) +ex (1/2%1n(c*xx~ (1/2)-1) *(1n ((
ckx(-d*e)~(1/2)-ex(c*x~(1/2)-1)-e)/(c*(-d*e)~(1/2)-e))+1In((c*x(-d*e) ~(1/2) +e
*(cxx~(1/2)-1)+e) /(cx(-dxe)~(1/2)+e))) /e+1/2*(dilog((c*(-d*e) ~(1/2) -e* (c*x
~(1/2)-1)-e) /(c*x(-d*e) ~(1/2)-e) ) +dilog((c* (-d*e) ~(1/2)+e* (c*x~(1/2)-1)+e)/
(cx(-dxe)~(1/2)+e))) /e)+1/2*1n(1+c*x~(1/2) ) *1n(c"2*e*x+c”2%d) —ex (1/2*1n(1+
c*x”(1/2))*(In((c*(-d*e) =~ (1/2) -ex(1+c*x~(1/2))+e) / (c*(-d*e) ~(1/2)+e) ) +1n((
ck(-d*e)~(1/2)+ex(1+c*x~(1/2))-e)/(c*x(-d*e)~(1/2)-e))) /e+1/2%(dilog((c*(-d
xe) " (1/2)-e*x (1+cxx~(1/2) ) +e) / (c*x(-d*e) ~(1/2)+e) ) +dilog((c*x (-d*e) ~(1/2) +e*(
1+c*x~(1/2))-e)/(cx(-d*e)~(1/2)-e)))/e)))

output

Fricas [F]

/ a + barctanh(cy/z) J / bartanh (cy/z) + a p
Tr =

d+ex er+d v

inputLintegrate((a+b*arctanh(c*x"(1/2)))/(e*x+d),x, algorithm="fricas")

-

Lintegral((b*arctanh(c*sqrt(x)) + a)/(exx + d), x)

-/

output

Sympy [F]

dz

/ a + barctanh (cy/z) / a + batanh (c\/z)
dr =
d+ezx d+ezx

input‘integrate((a+b*atanh(c*x**(1/2)))/(e*x+d),x)

outputtIntegral((a + bxatanh(c*sqrt(x)))/(d + e*x), x)
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Maxima [F|

X

/ a + barctanh(cy/x) p / bartanh (c\/z) +a p
T =

d+ex er+d

inputLintegrate((a+b*arctanh(c*x“(1/2)))/(e*x+d),x, algorithm="maxima") J

‘b*integrate(1/2*1og(c*sqrt(x) + 1)/(exx + d), x) - bxintegrate(1/2*log(-cx*

output
'sqrt(x) + 1)/(e*x + d), x) + a*log(e*x + d)/e |

Giac [F]
a + barctanh (cy/z) bartanh (cy/z) +a
/ dz = / dz
d + ex exr + d
inputLintegrate((a+b*arctanh(c*x‘(1/2)))/(e*x+d),x, algorithm="giac") J
outputtintegrate((b*arctanh(c*sqrt(x)) + a)/(exx + d), x) J

Mupad [F(-1)]

Timed out.
a + barctanh(cy/z) a + batanh (c /z)
/ dz = / dzx
d+ex d+ex
inputtint((a + b*atanh(c*x~(1/2)))/(d + e*x),x) J

output Lint((a + b*atanh(c*x~(1/2)))/(d + e*x), x) J
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Reduce [F|

Tr =

atanh(\/z c
/ a + barctanh(cy/z) i (f %—:df)dl) be + log(ex + d) a
d+ex e

input 10 (a+bratanh (corx™(1/2))) / (exx+d) %)

output L(int(atanh(sqrt(x)*C)/(d + e*x) ,x)*b*e + log(d + exx)*a)/e
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a+barctanh (cv/T)
3.48 | dx
z(d+ex)

Optimal result . . . . . . . . . . . e 420
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... .. ... 4211
Rubi [A] (verified) . . . .. .. ... .. 22
Maple [A] (verified) . . . . . . . .. L 427
Fricas [F] . . . . . o o 4251
Sympy [F(-1)] . . o oo 425
Maxima [F] . . . . . . 4251
Giac [F] . . . . o o 126
Mupad [F(-1)] . . . oo 126

Reduce [F] . . . . . o 120

Optimal result

Integrand size = 23, antiderivative size = 358

Tr =

/ a + barctanh(cy/z) 2(a + barctanh(cy/z)) log <1+3ﬁ )

z(d + ex) d

(a + barctanh(cy/z)) log (( 2c(v/=d—/e/x)

cv/—d—fe) (1+cy/a)

)

)

d
(a + barctanh (cy/z)) log ( (c%{ff\)ﬂ)
- d
alog(z) b PolyLog <2 1— 1+cf>
+
b PolyLog (2 1— ( \2/%)‘{}5 f))
+
20 (V—=d+veVz) )
cx/i-f-\f) (14+cyz)

b PolyLog

—c\/_ ) bPolyLog (2,cv/x)

b PolyLog (2, 1-—
(2,
d
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2% (a+b*arctanh (c*x~(1/2)))*1n(2/ (1+c*x~(1/2)))/d- (a+b*arctanh (c*x~(1/2)))*
In(2*c*x((-d)~(1/2)-e~(1/2)*x~(1/2))/ (c*(-d)~(1/2)-e~(1/2) )/ (1+c*x~(1/2)))/
d-(a+b*arctanh(c*x~(1/2)))*1n(2*c*((-d) " (1/2)+e~(1/2)*x~(1/2)) /(c*(-d)~(1/
2)+e~(1/2))/(1+c*x~(1/2))) /d+a*1n(x) /d-b*polylog(2,1-2/ (1+c*x~(1/2)))/d+1/
2xbxpolylog(2,1-2*%cx((-d)~(1/2)-e~(1/2)*x~(1/2))/(c*x(-d)~(1/2)-e~(1/2))/(1
+c*xx”~(1/2))) /d+1/2*b*polylog(2,1-2xcx((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*(-d)~
(1/2)+e~(1/2))/ (1+c*x~(1/2))) /d-b*polylog(2,-c*x~(1/2)) /d+b*polylog(2, cxx”
(1/2))/4

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.50 (sec) , antiderivative size = 445, normalized size of antiderivative = 1.24

dx

a + barctanh(cy/z)
| v

_2barctanh(c\/5)2 + 4ib arcsin ( c;;_‘ie> arctanh(j%) + 2barctanh (cy/z) (arctanh(cﬁ) + 2log

input Integrate[(a + bxArcTanh[c*Sqrt[x]])/(x*(d + e*x)),x]

(-2xb*ArcTanh[c*Sqrt [x]]172 + (4*I)*bxArcSin[Sqrt[(c~2xd)/(c"2*d + e)]]*Arc
Tanh [ (c*exSqrt [x]) /Sqrt [-(c"2xd*e)]] + 2%bxArcTanh[c*Sqrt[x]]*(ArcTanh[c*S
qrt[x]] + 2xLogl[1l - E~(-2*ArcTanh[c*Sqrt[x]]1)]) + (2+I)*b*(ArcSin[Sqrt[(c”
2xd)/(c™2*d + e)]] + IxArcTanh[c*Sqrt[x]])*Log[(-2*Sqrt[-(c~2*d*e)] + ex(-
1 + E~(2*ArcTanh[c*Sqrt[x]])) + c”2*d*(1 + E~(2*ArcTanh[c*Sqrt[x]]1)))/((c”
2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] - 2*b*(I*ArcSin[Sqrt[(c™2*d)/(c”2*d +
e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c"2*d*e)] + ex(-1 + E~(2*ArcTanh[
c*Sqrt[x]11)) + c™2%d*(1 + E~(2*ArcTanh[c*Sqrt[x]1]1)))/((c"2%d + e)*E~(2*Arc
Tanh[c*Sqrt[x]11))] + 2xa*Logl[x] - 2*a*Logld + e*x] - 2*b*PolyLogl[2, E~(-2*
ArcTanh[c*Sqrt[x]]1)] + b*PolyLog[2, (-(c”2%d) + e - 2*Sqrt[-(c”2xd*e)])/((
c~2%d + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] + b*PolyLogl[2, (-(c”2*d) + e + 2x3qr
t[-(c™2xd*e)])/((c"2*d + e)*E~(2+ArcTanh[c*Sqrt[x]1]1))]1)/(2*d)

output
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Rubi [A] (verified)

Time = 1.36 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.04,

number of rules _ 0.174, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {7267, 2026, 6554, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ a + barctanh (cy/z)
z(d + ex)

l 7267

a + barctanh(cy/z)
2 d
/ ex3/2 + dy/z Ve

l 2026

a + barctanh (cy/z)
Vz(d + ex)
| 6554

a + barctanh(cy/z)  ey/z(a + barctanh(cy/))
?/( "NE B d(d+ ex) >d¢5

dvz

l 2009

o (a + barctanh(cy/z) ) log ( (c%ﬁc_\/\/—%\/—i\)ﬁ)) ~ (a + barctanh(cy/z) ) log < (c%ﬁ:\/\/—%\f\)ﬁ)) N log (W
2d 2d

i@mhmua+whﬂuﬂﬂﬁmhﬂﬂﬁﬂd+meﬂ
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2%(((a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x]1)])/d - ((a + b*ArcTanh
[c*Sqrt [x]])*Log[(2*c*(Sqrt[-d] - Sqrt[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrtl[e]
)*(1 + c*Sqrt[x]))]1)/(2xd) - ((a + bxArcTanh[cxSqrt[x]])*Log[(2*c*(Sqrt[-4
] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrtlx]))]1)/(2+d) + (
a*Log[Sqrt[x]])/d - (b*PolyLogl[2, 1 - 2/(1 + c*Sqrt[x])]1)/(2*d) + (b*PolyL
ogl2, 1 - (2%c*(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrtle])*(1 +
cxSqrt[x]))]1)/(4xd) + (b*PolyLogl[2, 1 - (2*cx(Sqrt[-d] + Sqrtl[e]l*Sqrt(x]))
/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*Sqrt[x]1))])/(4*d) - (bxPolyLog[2, -(c*Sqrt
[x1)1)/(2xd) + (bxPolyLogl[2, c*Sqrt[x]]1)/(2*d))

output

Defintions of rubi rules used

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

ruka2026/Int[(Fx_.)*(Px_)‘(p_.), x_Symbol] :> With[{r = Expon[Px, x, Min]}, Int[x~(p
*r) *ExpandToSum [Px/x"r, x] pxFx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] && Integ
erQ[p] && !'MonomialQ[Px, x] && (ILtQ[p, 0] || !PolyQ[u, x])

rule 6554 Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*(x_)"(m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x™m/(d + e*x"2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]
)

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
] /; 'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 499, normalized size of antiderivative = 1.39

method result
In(cy/z—1) 1n(c2e:
—_—
aln(z) aln(ez+d) 2 arctanh (cy/z) In(cy/x) arctanh(cy/z) In(c2ex+c2d) 2
parts . T tb ;i — 7 —c
ln(c\/
2 2 2 2
derivativedivides _aln(c Za:-l—c d) + 2a lnfic\/i) +2b 2 _arctanh(c\/;)iigl(c ez+c?d) + arctanh(cl}/j;) In(cy/z) _
In(cvy
aln(c?ex+c?d) 2a1n(cy/x) 9 arctanh(cy/z) In(c2ex+c?d) arctanh (cy/z) In(cy/z)
default — = + d +2bc® | — o2 + 1 -

inputt

int ((a+b*arctanh(c*x~(1/2)))/x/ (e*x+d) ,x,method=_RETURNVERBOSE)

output

a*1n(x)/d-a/d*1n(e*x+d)+b* (2*arctanh(c*x~(1/2))/d*1n(c*x~(1/2))-arctanh(c*
x~(1/2))/d*1n(c"2*exx+c~2*d) -c~2*(1/d/c”2*(1/2*1n(c*x~ (1/2)-1) *1n(c"2*e*x+
c”2%d)-ex(1/2*1n(c*x~(1/2)-1)*(In((c*(-d*e) ~(1/2)-ex(c*x~(1/2)-1)-e) / (c* (-
d¥e)~(1/2)-e))+1n((c*(-d*e) ~(1/2)+e*(cxx~(1/2)-1)+e) / (c*x(-d*e) ~(1/2)+e)))/
e+1/2x(dilog((c*(-d*e) ~(1/2)-e*(c*x~(1/2)-1)-e)/(c*x(-d*e)~(1/2)-e))+dilog(
(cx(-d*e)~(1/2)+ex(cxx~(1/2)-1)+e) /(cx(-d*e)~(1/2)+e))) /e)-1/2x1n(1+c*x~ (1
/2))*1n(c”~2*e*xx+c~2xd) +e* (1/2*1n(1+c*x~(1/2)) * (In((c* (-d*e) ~(1/2) —ex (1+c*x
~(1/2))+e) / (cx(-d*e)~(1/2)+e))+1n((c*(~dxe) ~(1/2) +e* (1+c*x~(1/2))-e) / (c* (-
d*e)~(1/2)-e)))/e+1/2*x(dilog((c*(-d*e)~(1/2)-e*x(1+c*x~(1/2))+e)/(c*(-d*e) "
(1/2)+e))+dilog((c*(-d*e) ~(1/2)+e* (1+c*x~(1/2))-e) / (c*(-d*e) ~(1/2)-e)))/e)
)-2/d/c”2%(-1/2*dilog(c*x~(1/2))-1/2*dilog(1+c*x~(1/2))-1/2*1n(c*x~(1/2) ) *
In(1+c*x~(1/2)))))
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Fricas [F]

dz

/ a + barctanh(cy/x) o — / bartanh (c\/z) +a
z(d + ex) (ex +d)x

inputLintegrate((a+b*arctanh(c*x"(1/2)))/x/(e*x+d),x, algorithm="fricas")

output tintegral( (b*arctanh(c*sqrt (x)) + a)/(e*x”2 + d*x), x)

Sympy [F(-1)]

Timed out.
barctanh
/ 2 + borctanh(cys) dz = Timed out
z(d + ex)
input Lintegrate ((atb*atanh(c*x**(1/2)))/x/ (e*xx+d) ,x)
Ou_tputLTimed out

Maxima [F]

a + barctanh (c/z) bartanh (cy/Z) +a
/ dr = / dz
z(d + ex) (ex + d)x

input Lintegrate ((atbxarctanh(c*x~(1/2)))/x/(e*x+d) ,x, algorithm="maxima")

output

‘x“(3/2) + d*sqrt(x))*sqrt(x)), x)

‘—a*(log(e*x + d)/d - log(x)/d) + bxintegrate(1/2*log(c*sqrt(x) + 1)/((exx” ‘
‘(3/2) + d*sqrt(x))*sqrt(x)), x) - bxintegrate(1/2*log(-c*sqrt(x) + 1)/((ex*
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Giac [F]

dz

/ a + barctanh(cy/x) o — / bartanh (c\/z) +a
z(d + ex) (ex +d)x

inputt

integrate((atb*arctanh(c*x~(1/2)))/x/(e*x+d) ,x, algorithm="giac")

output tintegrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x), x)

Mupad [F(-1)]

Timed out.

/ a + barctanh(cy/z) p / a+ batanh(c+/z) p
T = T

z(d + ex) z (d+ex)

inputtint((a + b*atanh(c*x7(1/2)))/(x*(d + e*x)),x)

Lint((a + b*atanh(c*x~(1/2)))/(x*(d + e*x)), x)

output
Reduce [F]
/ a + barctanh (cy/7) B (f %dz) bd — log(ex + d) a + log(z) a
z(d + ex) v d

input tint ((a+b*atanh(c*x~(1/2))) /x/ (e*x+d) ,x)

output L

(int (atanh(sqrt(x)*c)/(d*x + e*x**2),x)*b*xd - log(d + exx)*a + log(x)*a)/d J
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3.49 f a+barctanh (cv/T) d
’ z2(d+ex) L

Optimal result . . . . . . . . .. . .. 427
Mathematica [C] (verified) . . . . . . . . . ... . L 128
Rubi [A] (verified) . . . . . . .. . . 429
Maple [A] (verified) . . . . . . . . . .. 1321
Fricas [F] . . . . . . o o 133
Sympy [F(-1)] . . . o o 133
Maxima [F] . . . . . o 434
Giac [F] . . . o o 434
Mupad [F(-1)] . . . . . 434
Reduce [F] . . . . . .

Optimal result

Integrand size = 23, antiderivative size = 413

dx = —

/ a + barctanh(cy/x) be N bc*arctanh(cy/z)  a+ barctanh(cy/z)

z2(d + ex) dv/x d

dz

2¢(a + barctanh (cy/z) ) log <1+3\/5)

d2

e(a + barctanh(cy/z) ) log <( 2e(v=d—/eva) )

cv/—d—+/e) (1+cy/z)

_|_

_.|_

d2

e(a + barctanh (cy/z)) log <( 2e(V=dtyeya) )

oV=d1/2) (L+eV)

_ aelog(z)

d2

be PolyLog (2, 1—

_2
1+c\/5)

d2

be PolyLog <2, 1-— (

d2

N )
cv/—d—v/e) (1+cy/z)

202
be PolyLog (2, 1—

2c(v—d++/e\/) >
(evV—d++/e) (1+cy/x)

2d?

N be PolyLog (2, —cy/Z)

be PolyLog (2, cy/Z)

d2

d2
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-bxc/d/x~(1/2)+b*c~2xarctanh(c*x~(1/2))/d- (atb*arctanh(c*x~(1/2)))/d/x-2*e
* (a+bxarctanh(c*x~(1/2)))*1n(2/ (1+c*x~(1/2)))/d"2+e* (a+b*arctanh (c*x~ (1/2)
))*1n(2*c*((-d)~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d) ~(1/2)-e~(1/2) ) / (1+c*x~(1/2)
))/d"2+ex* (a+b*arctanh (c*x~(1/2)) ) *1n(2*cx ((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*(
-d)~(1/2)+e~(1/2))/(1+c*x~(1/2)) ) /d"2-a*e*1n(x) /d~2+b*expolylog(2,1-2/(1+c
*x~(1/2)))/d"2-1/2xbxe*xpolylog(2,1-2%c*((-d)~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d
)~ (1/2)-e~(1/2))/ (1+c*x~(1/2)))/d"2-1/2%b*e*polylog(2,1-2*c* ((-d) ~(1/2) +e”
(1/2)*x~(1/2)) / (c*x(-d)~(1/2)+e~(1/2) ) / (1+c*x~(1/2) ) ) /d"2+b*e*polylog(2,-c*
x~(1/2))/d~2-b*expolylog(2,c*x~(1/2))/d"2

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 1.94 (sec) , antiderivative size = 479, normalized size of antiderivative = 1.16

dx

/ a + barctanh(cy/z)
z2(d + ex)

—2ad — 2aezx log(x) + 2aex log(d + ex) — 2b (cd\/i + arctanh (cy/z) (d — c*dz + ezarctanh(cy/z) + 2

p
input‘lntegrate[(a + b*ArcTanh [c*Sqrt [x]]1)/(x"2*(d + e*x)),x]

(-2xaxd - 2xaxe*x*Log[x] + 2*a*e*x*Logl[d + exx] - 2%b*(c*d*Sqrt[x] + ArcTa
nh[c*Sqrt[x]]1*(d - c™2*d*x + exx*ArcTanh[c*Sqrt[x]] + 2*e*xxxLogl[l - E~(-2%
ArcTanh[c*Sqrt[x]])]) - e*x*PolyLogl[2, E~(-2*%ArcTanh[c*Sqrt[x]])]) + b*exx
* (2xArcTanh [c*Sqrt [x]]1~2 - (4*I)*ArcSin[Sqrt[(c~2*d)/(c"2*d + e)]]*ArcTanh
[(cxe*Sqrt[x])/Sqart[-(c™2*d*e)]] + 2% ((-I)*ArcSin[Sqrt[(c™2*d)/(c™2*d + e)
1] + ArcTanh[c*Sqrt[x]])*Logl[(-2*Sqrt[-(c~2*d*e)] + ex(-1 + E~(2*ArcTanhl[c
*Sqrt[x]])) + c™2*d*(1 + E~(2*ArcTanh[c*Sqrt[x]])))/((c™2*d + e)*E~(2*ArcT
anh[c*Sqrt[x]]1))] + 2% (I*ArcSin[Sqrt[(c™2*d)/(c"2*d + e)]] + ArcTanh[c*Sqr
t[x]1]1)*Log[(2*Sqrt [-(c~2*d*e)] + ex(-1 + E~(2*ArcTanh[c*Sqrt[x]])) + c~2xd
*(1 + E~(2xArcTanh[c*Sqrt[x]])))/((c”2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] -
PolyLog[2, (-(c™2%d) + e - 2*Sqrt[-(c”2xd*e)])/((c"2xd + e)*E~(2*ArcTanh[
c*Sqrt[x]]))] - PolyLogl[2, (-(c™2#d) + e + 2xSqrt[-(c™2xd*e)])/((c"2xd + e
)*E~(2*ArcTanh [c*Sqrt[x]]1))]))/(2*xd"2*x)

output
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Rubi [A] (verified)

Time = 1.67 (sec) , antiderivative size = 429, normalized size of antiderivative = 1.04,

=8, number of rules _ 348, Rules
integrand size

number of steps used = 9, number of rules used =
used = {7267, 2026, 6544, 6452, 264, 219, 6554, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ a + barctanh (cy/z) p
z2(d + ex) v
| 7267
a + barctanh(cy/z)

2/ exd/2 + dx3/? e

| 2026
a + barctanh(cy/z)
2 d
/ z3/2(d + ex) Ve
| 6544
a+barctanh(c a+barctanh (cy/z)
9 f 2372 V) d\/_ ef Va(d+ex) d\/_

d d

| 6452
1 1 a+barctanh (cy/z) a+barctanh (cy/z)
9 chf x(l—c2m)d\/5_ 2z _ ef vz(d+ex) d\/_

d d

l 264
1 1 1 a+barctanh (cy/z) +barctanh (cy/z
0 *bC(czfi_—czwd\/_— ﬁ) — 21‘ B ef a ﬁ(d+ex()c ) dﬁ

d d

| 219
+barctanh (cy/z +barctanh
2§Mmmm@@_%%ﬂ 2w@ﬂjﬁaﬁm$mwg

d

l 6554

d
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atbarctanh(cyz)  eva(attarctanh(eya))
%bc(carctanh(c\/i) = ﬁ) — a+bamt23fh(cﬁ) ef ( EN d(dtex) dv/z
2 —
d d
| 2009
<a+barctan11@x/5))log<f;§%$§§%i%§%fﬂ:§> (a+barctan
) %bc(carctanh(c\/:f) - ﬁ) - a+barct§;1h(c\/§) e(— 2d -

d

e

input | 18t[(a + brArcTanhcxSqre[x]1)/(x72+(d + exx)),x]

2% ((-1/2*(a + bxArcTanh[c*Sqrt[x]]1)/x + (bxcx(-(1/Sqrtl[x]) + cxArcTanh[c*S
qrt[x]1))/2)/d - (ex(((a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])]1)/d
- ((a + bxArcTanh[c*Sqrt [x]])*Log[(2*c*(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*
Sqrt[-d] - Sqrtlel)*(1 + cxSqrt[x]1))1)/(2%d) - ((a + b*ArcTanh[c*Sqrt[x]])
*Log [(2*c*(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrt[el)*(1 + c*Sqr
t[x1))]1)/(2%d) + (axLogl[Sqrt[x]])/d - (bxPolyLogl[2, 1 - 2/(1 + c*Sqrt[x])]
)/(2%d) + (b*PolyLogl2, 1 - (2xc*(Sqrt[-d] - Sqrt[el*Sqrt[x]))/((c*Sqrt[-d
] - Sartlel)*(1 + cxSqrt[x]))])/(4xd) + (b*PolyLogl[2, 1 - (2*c*(Sqrt[-d] +
Sqrt [el*Sqrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x]1))1)/(4xd) - (b*P
olyLog[2, -(c*Sqrt[x])])/(2xd) + (b*PolyLogl[2, c*Sqrt[x]])/(2*d)))/d)

output




rule 219

rule 264

rule 2009

rule 2026

rule 6452

rule 6544

rule 6554
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

‘Int[(Fx_.)*(Px_)"(p_.), x_Symbol] :> With[{r = Expon[Px, x, Minl}, Int[x~(p
‘ *xr) *ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] &% Integ
LerQ[p] & 'MonomialQ[Px, x] && (ILtQ[p, 0] || !PolyQ[u, x])

|
|
J

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcTanh[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((£_)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + bxArcTanh[c*x])“p, x
], x] - Simpl[e/(d*£~2) Int[(f*x)~"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x
~2)), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))*(x_)"(m_.))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, O]
)
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7967 ‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si ‘
‘mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x ‘
‘ ] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]] ‘

rule

Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 577, normalized size of antiderivative = 1.40

method result
1 _ eln(x) eln(ex+d) 2 | _ arctanh (ev/) __ arctanh (evT)eln(cy/z) arctanh (cy/z) e
parts a < dz d? + d2 +2bc 2d 2z c2d? + 2c?
. . - o | aeln(c?ex+c?d) __a __ @eln (cv/T) o | arctanh(cy/z)eln(c?ex+c?d) __ arctanh (evz) o
derivativedivides | 2¢ S22 T =g tbc SR A 2d iz
2 | aeln(c?ex+c?d) __a___ aeln (cv/T) o | arctanh(cy/z)eln(c?ex+c?d) __ arctanh (cvz) i
default, 2c 2c2d? 2d 2z c2d? +bc 2d2ct 2d ctz

input Lint ((at+bxarctanh(c*x~(1/2)))/x"2/ (e*x+d) ,x,method=_RETURNVERBOSE) J




output

input

output

input

output
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ax(-1/d/x-e/d"2*1n(x)+e/d"2*1n(exx+d) ) +2xbxc~2%(-1/2*arctanh(c*x~(1/2))/d/
c~2/x-1/c”2*arctanh(c*x~(1/2))/d"2*e*1n(c*x~ (1/2))+1/2/c"2*arctanh(c*x~ (1/
2))*e/d"2*1n(c"2xexx+c~2*d) -1/2*%c”2*(1/d/c"2*x(1/c/x" (1/2)+1/2*1n(c*x~(1/2)
-1)-1/2*%1n(1+c*x~(1/2)))+2/d"2/c"4*e* (-1/2*xdilog(c*x~(1/2))-1/2*dilog(1+c*
x~(1/2))-1/2%1n(c*xx~(1/2) ) *1n(1+c*x~(1/2)))-1/d"2/c 4*ex (1/2*1n(c*xx~(1/2) -
1) *1n(c”2*exx+c”2*d) —e* (1/2*1n(c*xx” (1/2)-1) * (In((c*x (-d*e) ~(1/2) -ex(c*x~(1/
2)-1)-e)/(cx(-d*e)~(1/2)-e) ) +1n((c*(-d*e) "~ (1/2) +ex(c*x~(1/2)-1)+e) / (c* (-d*
e)~(1/2)+e)))/et+t1/2x(dilog((c*(-d*e) ~(1/2) -e*(c*xx~(1/2)-1)-e) /(c*(-d*e) ~ (1
/2)-e))+dilog((c*(-d*e)~(1/2)+ex(c*x~(1/2)-1)+e)/(cx(-d*e)~(1/2)+e)))/e)-1
/2*%1n(1+c*x~(1/2) ) *1n(c”2*%exx+c 2*%d) +e* (1/2*1n(1+c*xx~(1/2) ) * (An((cx (~d*e) ™
(1/2)-e*x(1+c*xx~(1/2) ) +e) / (cx(-d*e) ~(1/2)+e) ) +1n((c* (-d*e) ~ (1/2) +ex (1+c*x™ (
1/2))-e)/(c*x(-dxe)~(1/2)-e)))/e+1/2+(dilog((c* (-d*e) " (1/2)-e* (1+c*x~(1/2))
+e)/(cx(-d*xe)~(1/2)+e))+dilog((cx(-d*e) ~(1/2)+ex(1+c*x~(1/2))-e) /(c*(-d*e)
~(1/2)-e)))/e))))

Fricas [F]

i

/ a + barctanh(cy/z) o — / bartanh (c\/z) +a
z2(d + ex) v (ex + d)z?

e

Lintegrate((a+b*arctanh(c*x‘(1/2)))/x‘2/(e*x+d),x, algorithm="fricas")

~—

Lintegral((b*arctanh(c*sqrt(x)) + a)/(e*x~3 + d*x~2), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a + barctanh (cy/z)
z2(d + ex)

-

Lintegrate((a+b*atanh(c*x**(1/2)))/x**2/(e*x+d),x)

LTimed out
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Maxima [F]

a + barctanh(cy/x) bartanh (c\/z) +a
/ dr = / dz
z2(d + ex) (ex + d)z?
inputLintegrate((a+b*arctanh(c*x"(1/2)))/x"2/(e*x+d),x, algorithm="maxima") J

Ou_tput‘a*(e*log(e*x + d)/d72 - exlog(x)/d"2 - 1/(d*x)) + b*integrate(1/2*log(c*sq
‘rt(x) + 1)/((exx~(5/2) + d*x~(3/2))*sqrt(x)), x) - b*integrate(1/2*log(-c* ‘
‘sqrt(x) + 1)/ ((e*x”(5/2) + d*x~(3/2))*sqrt(x)), x) ‘

Giac [F]
a + barctanh (c/z) bartanh (cy/z) +a
/ dz = / dz
z?(d + ex) (ex + d)z2
inputLintegrate((a+b*arctanh(c*xA(1/2)))/X‘2/(e*x+d),x, algorithm="giac") J
output 1rtegrate((brarctanh(cxsqre(x)) + a)/((exx + )*x"2), x) J

Mupad [F(-1)]

Timed out.
/ a + barctanh (cy/z) / a+ batanh(c/z)
dz = dz
z*(d + ex) z? (d+ex)
inputtint((a + b¥atanh(c*x~(1/2)))/(x"2%(d + e*x)),x) J

OutputLint((a + b*atanh(c*x~(1/2)))/(x"2*(d + e*x)), x) J
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Reduce [F]
a + barctanh(cy/z) ( / %dw) bd?z + log(ex + d) aex — log(x) aex — ad
/ 2(dter) s
inputLint((a+b*atanh(c*x“(1/2)))/x*z/(e*x+d)’X) J

t‘ (int (atanh(sqrt(x)*c)/(d*x**2 + e*x**3),x)*b*xd**2*x + log(d + e*x)*a*exx - \

outpu
| log(x)*axerx - a*d)/(d**2*x) |
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Optimal result

Integrand size = 23, antiderivative size = 506

dr — — _ be 4 bce
z3(d + ex) T T T 6dzd 2d\/x  d*\/x

bc*arctanh (cy/z)  bc’earctanh (cy/z)

* 2d - iz

a + barctanh(cy/z)  e(a + barctanh(cy/z))
B 2dz? + d?z
2¢*(a + barctanh(cy/z) ) log <ﬁ>

B

e?(a + barctanh(cy/z) ) log < (cji%%{ff}i) )
B

e?(a + barctanh(cy/z)) log ( (C\Q/C_Ld%‘(/ff\)ﬁ ))
B

ae? log(z) be? PolyLog (2, 1- —1+z\/5)
F 43

2 __2ely=d-yeya)
be? PolyLog (2,1 — (0 —0-Vve) )

243

2 __ 2¢(V=d+V/eVa)
be? PolyLog (2,1 i ﬁ))

+ 2P
be? PolyLog (2, —cy/z)  be? PolyLog (2, cy/Z)
B &3 * &3

/ a + barctanh(cy/z) bc bc3

+

+

-1/6%b*xc/d/x~(3/2)-1/2*b*c~3/d/x~ (1/2)+b*xc*xe/d~2/x" (1/2)+1/2%b*c 4*arctanh
(c*xx~(1/2)) /d-b*c"2*exarctanh(c*x~(1/2))/d"2-1/2*(a+b*arctanh(c*x~(1/2)))/
d/x"2+ex (at+b*arctanh(c*x~(1/2)))/d"~2/x+2*e"2* (a+b*arctanh (c*x~(1/2)) ) *1n(2
/(1+c*x~(1/2)))/d"3-e~2* (atb*arctanh (c*x~ (1/2)) ) *1n(2*cx((-d) ~(1/2)-e~(1/2
)*¥x~(1/2))/ (c*x(-d)~(1/2)-e~(1/2) )/ (1+c*x~(1/2))) /d"3-e"2x (at+b*arctanh (c*x"
(1/2)))*1n(2*c* ((-d) ~(1/2)+e~(1/2)*x~(1/2) ) / (c*(-d) ~(1/2)+e~ (1/2) ) / (1+c*x~
(1/2)))/d"3+a*xe”2*x1n(x)/d"3-b*e~2*polylog(2,1-2/ (1+c*x~(1/2)))/d"3+1/2*bxe
~2%polylog(2,1-2*%c*((-d)~(1/2)-e~(1/2)*x~(1/2))/(cx(-d)~(1/2)-e~(1/2)) / (1+
c*x”(1/2)))/d"3+1/2*bxe~2*polylog(2,1-2xc* ((-d) ~(1/2)+e”~ (1/2)*x~(1/2)) / (c*
(-d)~(1/2)+e~(1/2))/(1+c*x~(1/2)))/d"3-b*e~2*polylog(2,-c*x~(1/2)) /d~3+b*e
~2xpolylog(2,c*x~(1/2))/d"3

output




input

output
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 2.62 (sec) , antiderivative size = 538, normalized size of antiderivative = 1.06

/ a + barctanh(cy/z)

z3(d + ex) dz =

3ad? — 6adex — 6ae’z? log(z) + 6ae’z?log(d + ex) + b (cd\/i(d + 3c*dz — 6ex) — 3arctanh(cy/z) (

r

LIntegrate[(a + bxArcTanh[c*Sqrt [x]])/(x~3*(d + e*x)),x]

| —

-1/6%(3*%a*d"2 - B*axd*e*x — 6xa*xe”2*x"2xLogl[x] + 6*axe”2*x"2xLogl[d + e*x]
+ b*(c*xd*Sqrt[x]*(d + 3*%c™2xd*x - 6%exx) - 3*ArcTanh[c*Sqrt[x]]*(d*(-1 + c
“2xx)*(d + cT2xd*x - 2%exx) + 2%e”2%x”2*kArcTanh[c*Sqrt[x]] + 4*e~2*x"2*Log
[1 - E"(-2*%ArcTanh[c*Sqrt[x]])]) + 6%e~2*xx"2%PolyLog[2, E~(-2*ArcTanh[c*Sq
rt[x]11)] + 3*e~2*x~2%(2xArcTanh[c*Sqrt[x]]~2 - (4*I)*ArcSin[Sqrt[(c~2*d)/(
c~2*d + e)]]*ArcTanh[(cxe*Sqrt[x])/Sqrt[-(c 2*d*e)]] + 2x((-I)*ArcSin[Sqrt
[(c~2*d)/(c"2*d + e)]] + ArcTanh[c*Sqrt[x]])*Logl[(-2*Sqrt[-(c"2*d*e)] + e*
(-1 + E"(2*ArcTanh[c*Sqrt[x]]1)) + c"2*d*x(1 + E~(2*ArcTanh[c*Sqrt[x]])))/ ((
c"2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] + 2% (IxArcSin[Sqrt[(c~2+d)/(c"2*d +
e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c"2*d*e)] + e*(-1 + E~(2*ArcTanh[
cxSqrt[x]])) + c”2xd*(1 + E~(2%ArcTanh[c*Sqrt[x]])))/((c™2*d + e)*E~(2*Arc
Tanh [c*Sqrt[x]1]1))] - PolyLogl[2, (-(c™2*d) + e - 2*Sqrt[-(c™2*d*e)])/((c~2*
d + e)*E~(2*ArcTanh[c*Sqrt[x]]1))] - PolyLogl[2, (-(c"2%d) + e + 2*Sqrt[-(c~
2xd*e)])/((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]1))1)))/(d"3*x"2)

Rubi [A] (verified)

Time = 1.56 (sec) , antiderivative size = 498, normalized size of antiderivative = 0.98,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size 0.565, Rules

used = {7267, 2026, 6544, 6452, 264, 264, 219, 6544, 6452, 264, 219, 6554, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ a + barctanh (cy/z)
dx
z3(d + ex)
l'7267
a + barctanh(cy/z)
2/ ex7/2 + dz5/2 vz
l 2026
a + barctanh(cy/z)
2 d
/ z5/2(d + ex) Ve
| 6544
tanh +barctanh (c/z)
2 f a+barcz?/ll = d\/_ € f - $3/2(d+ex; d\/_
d d
l 6452
a+barctanh(cy/z a+barctanh (cy/z)
lbc‘l\ 1132(11021‘) d\/i - 41‘2 ( ) _ € f $3/2(d+€1‘) d\/_
d d
l 264
a+barctanh (cy/z +barctanh (cv/z
9 ibc<c2 f x(l—lc%:)dﬁ_ 3x}”/2) - 42 ( ) f ¢ w3/2(d+e:1(:; )d\/:E
d d
l 264
+barctanh (cyz a+barctanh (cyz
) lbc<c2 <c2f 71_16%61\/5_ %) _ 3;3/2) _a bar (evz) ) e[ x3/2(d+e£) )d\/E
d d
l 219
a+barctanh (c/z varctanh
) %bc<c2 (carctanh(c\/i) — %) — 3x§/2) — 122 (ev/2) ~ ef at ig%iﬁegﬁ) d\/z

d d

l 6544
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a+varctanh(cvz atrvarctanh vz
1 1 1 atbarctanh(cyz) e I — e T e
Zbc<c2 (carctanh(cﬁ) - ﬁ) — 3z3/2> - - d d
2 7 . .
| 6452
a t h C\/T
%bcfz(l—lc2w) dy/z— obaIC in (ev) o [ ot
e _
d
1be (c2 (carctanh(c\/i) - ﬁ) _ 3;3/2) _ a+barctj13121h(c\/5)
2 y . ~
| 264
Loe(e? [ 12dvg_j%)_zﬂﬁﬂigﬁhﬁﬁa .
l—cz T T _C
1be <02 (carctanh(c\/:?) - ﬁ) — 537 2) _ ot barc’ggl;h(c\/.%) e 7
2 g . -
| 219
varctanh %bc(carctanh(cﬁ)_ﬁ>_w ~
ibc<c2 (carctanh(c\/:f) - %) - 3;)’/2) _at arc;ﬁl (cvz) € >
2 7 _ -
| 6554
a t h Cc\/T
. %bc(carctanh(cﬁ)_?%%n(ﬂ B
) ibc(é (carctanh(cﬁ) — %) _ 3;3/2) _ a+barctﬁrzlh(cx/5)

d




inpu

output
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l 2009

1be (carctanh(c\/i) -4

T

)

_a+varctanhcvz)

2x

ot

ibc<c2 (carctanh(cﬁ) — %) _ 3;/2) _ a+barc‘53121h(c\/5)

d

¢ ‘ Int[(a + bxArcTanh[c*Sqrt[x]])/(x"3*(d + e*x)),x]

2% ((-1/4*(a + b*ArcTanh[cxSqrt[x]1]1)/x"2 + (b*c*(-1/3%1/x7(3/2) + c~2*x(-(1/
Sqrt[x]) + c*ArcTanh[c*Sqrt[x]]1)))/4)/d - (ex((-1/2%(a + b*ArcTanh[c*Sqrt[
x11)/x + (b*cx(-(1/8qrt[x]) + cxArcTanh[c*Sqrt[x]]1))/2)/d - (ex(((a + b*Ar
cTanh [c*Sqrt [x]])*Log[2/(1 + cxSqrt[x])])/d - ((a + b*ArcTanh[c*Sqrt[x]])x*
Log[(2*c*(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrtl[e])*(1 + c*Sqrt
[x1))1)/(2%d) - ((a + b*ArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqrt[el*S
qrt[x]))/((cxSqrt[-d] + Sqrtlel)*(1 + cxSqrt[x]))]1)/(2*d) + (axLogl[Sqrt [x]
1)/d - (bxPolyLogl[2, 1 - 2/(1 + cxSqrt[x])]1)/(2xd) + (b*PolyLog[2, 1 - (2%
cx(Sqrt[-d] - Sqrtl[el*Sqrt[x]))/((c*Sqrt[-d] - Sqrtle]l)*(1 + cxSqrt[x]))])
/(4xd) + (bxPolyLogl[2, 1 - (2*c*(Sqrt[-d] + Sqrtl[e]l*Sqrt[x]))/((c*Sqrt[-d]
+ Sqrtle]l)*(1 + cxSqrtlx]))])/(4xd) - (b*PolyLogl[2, -(c*Sqrt[x])])/(2*d)
+ (b*PolyLogl[2, c*Sqrt[x]]1)/(2*d)))/d))/d)




rule 219

rule 264

rule 2009

rule 2026

rule 6452

rule 6544

rule 6554
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

‘Int[(Fx_.)*(Px_)"(p_.), x_Symbol] :> With[{r = Expon[Px, x, Minl}, Int[x~(p
‘ *xr) *ExpandToSum [Px/x"r, x] p*Fx, x] /; IGtQ[r, 0]] /; PolyQ[Px, x] &% Integ
LerQ[p] & 'MonomialQ[Px, x] && (ILtQ[p, 0] || !PolyQ[u, x])

|
|
J

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcTanh[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcTanh[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((£_)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + bxArcTanh[c*x])“p, x
], x] - Simpl[e/(d*£~2) Int[(f*x)~"(m + 2)*((a + b*ArcTanh[c*x]) p/(d + e*x
~2)), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))*(x_)"(m_.))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + b*ArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, O]
)
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7967 ‘ Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si ‘
‘mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]1]1°(1/1st[[2]11)], x ‘
‘ ] /; !'FalseQ[1lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]] ‘

rule

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 650, normalized size of antiderivative = 1.28

method result
e ln(z) e _ e ln(ez+d) __ arctanh(cy/z) arctanh(cy/z)e? In(cy/z) |
parts a( 2dz2 + + d?z + 2bc* 4d ctx? + ctd3 +
210 (2 2 2 210 (2 2
. . .. 4| _ae In(c?ez+c?d) _ ae?ln(cy/z) _arctanh(c\/i)e In(cez+c?d) )
derivativedivides | 2¢ A 1z T —ag i t bc? 9735
215 (2 2 2 210 (2 2
4| _ae In(c?ez+c?d) __ a ae?ln(cy/T) _arctanh(cﬁ)e In(c?ez+c?d) ]
default, 2c 2ctd3 4d ctz? + ctd3 + 2c4d2 + be? 2d3c

input Lint ((at+bxarctanh(c*x~(1/2)))/x"3/ (e*x+d) ,x,method=_RETURNVERBOSE) J
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a*(-1/2/d/x"2+e~2/d"3*1n(x)+e/d"2/x-e~2/d"3*1n(e*x+d) ) +2*b*c~4*(-1/4*arcta
nh(c*x~(1/2))/d/c~4/x~2+1/c"4*arctanh (c*x~ (1/2))/d"3%e ~2*1n(c*x~(1/2))+1/2
/c~4xarctanh (c*x~(1/2))/d"2*e/x-1/2/c " 4*arctanh(c*x~ (1/2)) *e~2/d"3*1n(c"2*
exx+c”2+d)-1/4%c"2%(-4/d"3/c"6*e"2x(-1/2*%dilog(c*x~(1/2))-1/2*dilog(1+c*x"
(1/2))-1/2*%1n(c*x~(1/2) ) *1n(1+c*x~(1/2)))+2/d"3/c~6%e" 2+ (1/2*1n(c*x~ (1/2) -
1) *1n(c”™2*e*x+c~2*d) —e* (1/2*1n(c*xx~ (1/2)-1)* (An((c*x (-d*e) ~(1/2) -e*x (c*x~(1/
2)-1)-e) /(c*(~d*e) ~(1/2)-e) ) +1n((c* (~d*e) ~(1/2)+ex (cxx~(1/2)-1)+e) / (cx (-d*
e)~(1/2)+e))) /e+1/2%(dilog((cx (-d*e)~ (1/2) -e*(cxx~ (1/2)-1)-e) /(cx(-d*e)~ (1
/2)-e))+dilog((c*(-dxe)~(1/2)+e*x(cxx~(1/2)-1)+e)/(c*(-d*e)~(1/2)+e)))/e)-1
/2%1n(1+c*x~(1/2) ) *¥1n(c~2*%exx+c~2%d) +e* (1/2*1n (1+c*x~(1/2) ) * (An((c* (~d*e) ~
(1/2)-ex(1+c*x~(1/2) ) +e) / (cx(-d*e) ~(1/2)+e) ) +1n((c* (-d*e) =~ (1/2) +e* (1+c*x(
1/2))-e)/(cx(-d*e)~(1/2)-e))) /e+1/2%(dilog((c*(-d*e) ~ (1/2)-e* (1+c*x~(1/2))
+e)/(cx(-dxe) ~(1/2)+e))+dilog((cx(-dxe) ~(1/2)+e*x (1+c*x~(1/2))-e)/ (c*x(-d*e)
~(1/2)-e)))/e))-1/c~4/d 2% (- (c~2%d-2%*e) /c/x~(1/2)-1/3*d/c/x"~ (3/2) +(-1/2%c"”
2xd+e) *1n(c*x~(1/2)-1)+(1/2%c~2*d-e) *1n(1+c*x~(1/2)))))

output

Fricas [F|

dz

/ a + barctanh(cy/z) o — / bartanh (c\/z) + a
z3(d + ex) v (ex + d)z?

input‘integrate((a+b*arctanh(c*x‘(1/2)))/x‘3/(e*x+d),x, algorithm="fricas")

outputLintegral((b*arCtanh(C*Sqrt(x)) + a)/(e*xx™4 + d*x73), x)

Sympy [F(-1)]

Timed out.
barctanh
/ a7+ barctan (Cﬁ> dz = Timed out
z3(d + ex)
inputLintegrate((a+b*atanh(c*x**(1/2)))/X**3/(e*x+d)’x)

Output‘Tlmed out




input

output

input

output

input

output
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Maxima [F|

/ a + barctanh(cy/x) o — / bartanh (c\/z) +a
z3(d + ex) v (ex + d)z?

dz

Lintegrate((a+b*arctanh(c*x‘(1/2)))/x“3/(e*x+d),x, algorithm="maxima")

‘—1/2*a*(2*e‘2*log(e*x + d)/d"3 - 2%e”2*log(x)/d"3 - (2*e*x - d)/(d"2*x"2))
\ + bxintegrate(1/2xlog(c*sqrt(x) + 1)/((e*x~(7/2) + d*x~(5/2))*sqrt(x)), x
‘) - bxintegrate(1/2*log(-c*sqrt(x) + 1)/((e*x~(7/2) + d*x~(5/2))*sqrt(x)),

o

Giac [F]

/ a + barctanh (cy/z) / bartanh (cy/z) +a
dr =
z3(d + ex) (ex + d)x3

dz

Lintegrate((a+b*arctanh(c*x‘(1/2)))/x‘3/(e*x+d),x, algorithm="giac")

‘integrate((b*arctanh(c*sqrt(x)) + a)/((e*x + d)*x73), x)

Mupad [F(-1)]

Timed out.

/ a + barctanh (cy/z) / a + batanh(c/z)
dr =
x3(d + ex) z3 (d+ex)

T

Lint((a + b*atanh(c*x~(1/2)))/(x~3*(d + e*x)),x)

Lint((a + b*atanh(c*x~ (1/2)))/(x"3%(d + e*x)), x)
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Reduce [F]

dx = Too large to display

/ a + barctanh(cy/z)
z3(d + ex)

input Lint ((a+b*atanh(c*x~(1/2)))/x~3/ (e*x+d) ,x)

7

(3*atanh(sqrt (x) *c) ¥bkxc**8xd**4*x**2 — 6G*atanh(sqrt(x)*c)*b*ck*6*d**3*ke*x*
*2 - 3*atanh(sqrt(x)*c)*b*ck*4xd*x4 + 6*atanh(sqrt(x)*c)*b*ck*2xd**x3*e — 3
*sqrt (X) ¥b*cx*Txd**4*x — sqrt (x) ¥bxc**x5*xd*x*4 + 6xsqrt(x)*b*ck*5xd**x3*kexx +
2*%sqrt (x) ¥bkc**3*d**3*e + 6*xint(atanh(sqrt(x)*c)/(ck*4*xd**3xx**3 + ckx4dxd
*kQkekxkkd — 2%kckkQkdkkQkexxk*k3 — 22kckk2kdkekk2Qkxk*k4 + dkex*k2kx*k*k3 + e*xkx3x
X**4) ,X) ¥b*ckx4xdx*Eke*x2xx**2 - 12xint (atanh(sqrt(x)*c)/ (c**4*xd**3*x**3 +
Ckk4xdkk2kekxkk4 — 2kCkk2kd*kkQkekxk*k3 — 2kCk*k2kdkekk2kx*k*k4 + dkek*k2Qkxk*k3
+ e*kxJkx*k*k4) ,X) kbkcrk*2xdx*4xex*3*xx**2 + 6*xint (atanh(sqrt (x)*c)/ (ck*d*xd**3*
X*%3 + Ckk4kdkk2Dkekxkk4q — 2kCkk2kd*kk2kekx*k*k3 — 2kckk2kdkekk2kx*k*k4 + dkekx*x2
*x*¥*3 + e**3xx**x4) ,x)*bkxd**3*kex*k4dxx**2 + 6*xint(atanh(sqrt(x)*c)/(cx*4*d**3
xXk%k2 + Ckk4kdkkDkekxk*k3 — 2kCkkQkdkk2kekxkk2 — 2kcCckk2kdkek*k2Qkxk*k3 + dkekxx*x
2xx*¥*2 + e**3kx**3) ,X) ¥bkCck*kBkd**kExe**2kx*¥*x2 — 12xint (atanh(sqrt(x)*c)/(c*
*4xd*kk3kxkk2 + chkkLdkdkkQkekXkk3 — 22kCkk2kdkkDkekXk*k2 — 2kCk*k2kdkekk2Qkxk*x3
+ dxex*2+x**2 + ex*3*x**3),X)kbkcr*kdkd*kxdxex*3*kx**x2 + 6xint (atanh(sqrt(x)*
c)/ (cx*4*xd*x*x3*xx*k*2 + Ckkqdkd**kke*xx*k*3 — kckkkdk*kDkekx**x2 — 2kCk*kkdke*x*2
*xx**3 + dkek*k2kX*k*2 + e*xk3xx**3) ,X)kbkCk*k2*xd*¥*k3kex*4*x**2 - 6xint (atanh(sq
Tt (x)*C) / (CH*k2kd**x2kx*¥*2 + ck*kkdkekx**k3 — dkekx**2 — ex*x2kx**3) ,X)*bkC**6
*d*xx5xe*xx**2 + 12+int (atanh(sqrt(x)*c)/(c*x*2xd**2xx**2 + ck*2*kd*rexx**3 - d
kekX**k2 — ex*x2kx*k*3) ,X)*bkck*kdkd*sxdkex*k2xx**2 - 6*int(atanh(sqrt(x)*c)/(c*
*2kd*xkkx*k k2 + Chkkdkekxk*3 — dkexxkk2 — ex*kx**3) ,x)kbkckk2kdkk3kex*, .

output
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 447
4.2 Links to plain text integration problems used in this report for each CAS . 4G5l

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

447
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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