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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 49 |. This is test number | 342 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (49 ) | 0.00 (0)
Mathematica | 100.00 (49 ) | 0.00 (0)
Maple 97.96 (48 ) | 2.04(1)
Maxima | 83.67 (41) | 1633 (8)
Fricas 57.14 (28 ) | 42.86 (21)
Giac 55.10 (27) | 44.90 (22)
Reduce 55.10 ( 27 ) | 44.90 ( 22)
Mupad | 53.06 (26) | 46.94 (23 )
Sympy | 46.94 (23) | 53.06 (26)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.878 2.041 0.000 4.082
Mathematica 89.796 0.000 6.122 4.082
Maple 61.224 8.163 24.490 6.122
Maxima, 55.102 24.490 0.000 20.408
Fricas 51.020 2.041 0.000 46.939
Sympy 20.408 10.204 12.245 57.143
Giac 0.000 51.020 0.000 48.980
Mupad 0.000 48.980 0.000 51.020
Reduce 0.000 51.020 0.000 48.980

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematlca Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB
C
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F'.

>

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Maple 1 100.00 0.00 0.00
Maxima, 8 100.00 0.00 0.00
Fricas 21 100.00 0.00 0.00
Giac 22 100.00 0.00 0.00
Reduce 22 100.00 0.00 0.00
Mupad 23 0.00 100.00 0.00
Sympy 26 96.15 3.85 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.08
Fricas 0.09
Mathematica 0.09
Giac 0.12
Reduce 0.17
Sympy 0.45
Rubi 0.60
Maple 1.17
Mupad 3.59

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Reduce 38.41 0.94 31.00 0.90
Mupad 44.12 1.01 32.00 0.85
Fricas 46.61 1.18 38.00 1.10
Sympy 61.22 1.65 49.00 1.03
Mathematica | 61.76 1.00 52.00 0.93
Rubi 84.90 1.15 52.00 1.04
Maxima 97.68 2.02 66.00 1.29
Giac 164.85 3.85 144.00 4.14
Maple 350.15 3.51 47.50 1.17

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi

Rubi number of steps

steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals

based on CPU time used with @.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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1.9 list of integrals with no known antideriva-
tive

(34139)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
Mathematica {}

Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[1,28)/05)B) BB [0) T3, [2) 13,4 (5,6} {718} 19
25) 20,301 5152 53,56, 57 5, 30L 0, 1) 121 3 14 45,6, 7, 519 }

B grade {23}
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1,2,5)/A5)B) 75 BT0) 1,2 13,4 15,16, 7 15 19,20, 21,22 23,25, 27,25
29|50, 31} 52,33, 56 37 38, 30}, 1) 12, 3]l 1} 16, A} 5 )

B grade { }

C grade {[24,[26[49] }

F normal fail { }
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {12,505} B) 7 5,5 10,1 12 13,4 15 16} 7 20,2 5 59 0, 4 3, 5,
A6} T, A5 9

B grade {[I9,21}[28,42 }

C grade { [1923/24,253 20,27, 29 50,5152 5357
F normal fail {36}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { (1275 55,05 5 0 1) 26, 20, 22 5 5L 5 0 . 5 )
B grade {{49}

C grade { }

F normal fail {[7[13}[15}[17,[18}19}[21} [23,[24} 25,26, 27 28} 29} 30} 31} 32} 33} |36} 37} 42|
}

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[1[23[4,[5}[6,[8} 9} 10} 1 1}[12}[13} 14}[15 20} 21} 23} 38} 39} |40} (41} |43, |44 |45 46}
A7A8 }

B grade { [116/[719 23,2527 BLE3 BT )
C grade { }

F normal fail { [18}[24[26][28)[29,[30,[32}[36| }
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac
A grade { }

B grade {[1[2,3,14}[5,[6}[8} 9} [L0}[L1}[12} [14}[16,[20} 22} 38} |39 40} A1} |43} [44} 45| 46, 47 (48] }

C grade { }

F normal fail { [7T3}[T5) 7 5} 19} 21, 25} 24 25 26) 27 25, 29) B0, BT, B2 B3, B0, B 2,
)

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade { 1,25 55,05 610112 14 1620 22,55, 55 ) £, B3, A4 ST 9 )
C grade { }

F normal fail { }

F(-1) timedout fail { [7[[3,15)[[7 TS} 19} 21,23} 2 25,26, 27 25,29, 50, 51, 52 53,56,
5742, 6,19)

F(-2) exception fail { }

Sympy

A grade { [8[9}[10}[11}[12}[14}[16}[20}[22)[38] }
B grade { [43}[44,[45][47,[48 }

C grade {[[2[l[4[5,0 }

F normal fail { [7T3}[T5) 7 8} 19} 21, 25} 24 25 26) 27 25 29) 50 51, 52 53,56, B9},
A} 26,9 )

F(-1) timedout fail {37}
F(-2) exception fail { }
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Reduce
A grade { }
B grade { [1}[2,[3} 4} [5}[6} [} 9 [£0} (11} [12} [14} 16, [20} [22} 38} [39} [40} [41} 43} [44} 45} [46} [47} 48] }

C grade { }

F normal fail { [7T3}[T5) 7 5} 19} 21, 25} 24 25 26) 27 25, 29) B0, BT, B2 B3, B0, B 2,
)

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 52 67 45 61 51 49 245 44 41
N.S. 1 1.02 131 0.88 1.20 1.00 096  4.80 0.86 0.80
time (sec) N/A 0.236 0.008 0.152  0.029 0.073 0.355 0.118 0.164  3.651

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 50 52 50 47 46 55 54 255 52 43
N.S. 1 1.04 1.00 0.94 0.92 1.10 1.08 5.10 1.04 0.86
time (sec) N/A 0.233 0.008 0.108 0.025 0.081 0320 0.122 0.179 3.664

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 42 57 37 52 43 41 195 36 33
N.S. 1 1.02 139  0.90 1.27 1.05 1.00  4.76 0.88 0.80

time (sec) N/A 0.221 0.008 0.095 0.028 0.085 0.285 0.123 0.174 3.553
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Problem 4 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 42 40 38 35 44 46 206 44 35
N.S. 1 1.05 1.00 0.95 0.88 1.10 1.15 5.15 1.10 0.88
time (sec) N/A 0.218 0.007 0.074 0.024 0.097 0.239 0.117 0.172 3.572

Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes  Yes Yes TBD TBD TBD TBD TBD TBD
size 31 32 47 27 41 34 32 144 27 26
N.S. 1 1.03 152  0.87 1.32 1.10 1.03  4.65 0.87 0.84

time (sec) N/A 0.192 0.007 0.088 0.023 0.081 0.206 0.119 0.173 3.560

Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A C B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 23 25 33 27 153 28 22
N.S. 1 1.00 1.00 0.92 1.00 1.32 1.08 6.12 1.12 0.88
time (sec) N/A 0.177 0.002 0.059 0.031 0.069 0.141 0.121 0.164 3.550
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 26 28 86 0 0 0 10 0
N.S. 1 1.00 0.93 1.00 3.07 0.00 0.00 0.00 0.36 0.00

time (sec) N/A 0.183 0.008 0.089 0.031 0.000 0.000 0.000 0.159 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 33 30 35 30 39 26 143 38 27
N.S. 1 1.10 1.00 1.17 1.00 1.30 0.87  4.77 1.27 0.90
time (sec) N/A 0.198 0.008 0.076 0.024 0.099 0.141 0.115 0.160 3.591
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 29 47 26 36 35 24 140 26 40
N.S. 1 094 1.52 0.84 1.16 1.13 0.77  4.52 0.84 1.29
time (sec) N/A 0.193 0.007  0.090 0.031 0.090 0.271 0.113 0.164 3.602
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 47 48 40 50 46 209 55 39
N.S. 1 1.00 1.00 1.02 0.85 1.06 0.98 4.45 1.17 0.83
time (sec) N/A 0.229 0.008 0.091 0.029 0.090 0.251 0.117 0.173 3.567
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 41 41 57 36 51 43 32 205 35 60
N.S. 1 1.00 1.39 0.88 1.24 1.05 0.78 5.00 0.85 1.46
time (sec) N/A 0.205 0.008 0.110 0.028 0.080 0.275 0.118 0.171 3.974
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 177 80 92 135 98 114 534 94 85
N.S. 1 1.69 0.76 0.88 1.29 0.93 1.09 5.09 0.90 0.81
time (sec) N/A 1.306 0.017 0.286 0.032 0.092 0426 0.126 0.164 3.760
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 127 172 87 164 155 0 0 0 82 0
N.S. 1 1.35  0.69 1.29 1.22 0.00 0.00 0.00 0.65 0.00
time (sec) N/A 1.130 0.303 0.316 0.034  0.000 0.000 0.000 0.173 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 115 62 72 118 81 90 335 73 65
N.S. 1 1.42  0.77 0.89 1.46 1.00 1.11 4.14 0.90 0.80
time (sec) N/A 0.834 0.014 0.201 0.031 0.086 0.319 0.128 0.162 3.818
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 120 66 144 134 0 0 0 58 0
N.S. 1 1.17  0.64 1.40 1.30 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.732 0.172 0.284 0.032  0.000 0.000 0.000 0.163 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 61 43 49 97 62 60 154 53 44
N.S. 1 1.13  0.80 0.91 1.80 1.15 1.11 2.85 0.98 0.81
time (sec) N/A 0.456 0.011 0.172 0.031 0.115 0.241 0.117 0.164 3.769
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 58 71 46 116 135 0 0 0 8 0
N.S. 1 1.22  0.79 2.00 2.33 0.00 0.00 0.00 0.14 0.00
time (sec) N/A 0.429 0.061 0.240 0.034  0.000 0.000 0.000 0.169 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 97 128 114 459 0 0 0 0 12 0
N.S. 1 1.32  1.18 4.73 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.717 0.041  3.542 0.000  0.000 0.000 0.000 0.176 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 55 60 49 145 146 0 0 0 37 0
N.S. 1 1.09 0.89 2.64 2.65 0.00 0.00 0.00 0.67 0.00
time (sec) N/A 0.416 0.071 0.141 0.035  0.000 0.000 0.000 0.180 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 61 60 57 72 96 79 56 137 75 145
N.S. 1 0.98  0.93 1.18 1.57 1.30 0.92 2.25 1.23 2.38
time (sec) N/A 0.471 0.013 0.146 0.032 0.085 0.280 0.119 0.174 3.781
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 103 97 87 184 176 0 0 0 69 0
N.S. 1 094 0.84 1.79 1.71 0.00 0.00 0.00 0.67 0.00
time (sec) N/A 0.708 0.153 0.157  0.036  0.000 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 114 82 101 154 97 90 319 96 196
N.S. 1 1.27 091 1.12 1.71 1.08 1.00 3.54 1.07 2.18
time (sec) N/A 0.863 0.016 0.158 0.034 0.084 0.292 0.125 0.161 4.232
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A C A F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 186 421 117 2133 289 0 0 0 132 0
N.S. 1 226 0.63 1147 1.55 0.00 0.00 0.00 0.71 0.00
time (sec) N/A 2.957 0.366 5.857 0.036  0.000 0.000 0.000 0.156 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 196 304 175 1223 0 0 0 0 123 0
N.S. 1 1.55  0.89 6.24 0.00 0.00 0.00 0.00 0.63 0.00
time (sec) N/A 2.627 0411 5.506 0.000  0.000 0.000 0.000 0.157 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 139 239 88 871 262 0 0 0 96 0
N.S. 1 1.72  0.63 6.27 1.88 0.00 0.00 0.00 0.69 0.00
time (sec) N/A 1.793 0.212 4.686 0.036  0.000 0.000 0.000 0.158 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 149 177 140 776 0 0 0 0 89 0
N.S. 1 1.19 094 5.21 0.00 0.00 0.00 0.00 0.60 0.00
time (sec) N/A 1.528 0.260 4.335 0.000  0.000 0.000 0.000 0.161 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 95 109 68 2910 215 0 0 0 85 0
N.S. 1 1.15  0.72  30.63 2.26 0.00 0.00 0.00 0.89 0.00
time (sec) N/A 0.841 0.099 3.546 0.035  0.000 0.000 0.000 0.158 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 85 101 79 168 0 0 0 0 8 0
N.S. 1 1.19 093 1.98 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.653 0.076  0.308 0.000  0.000 0.000 0.000 0.163 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 150 182 156 536 0 0 0 0 12 0
N.S. 1 1.21  1.04 3.57 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 1.046 0.054 3.959 0.000  0.000 0.000 0.000 0.160 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 79 93 72 718 0 0 0 0 39 0
N.S. 1 1.18 091 9.09 0.00 0.00 0.00 0.00 0.49 0.00
time (sec) N/A 0.676 0.091 5.003 0.000  0.000 0.000 0.000 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 95 90 79 3498 252 0 0 0 86 0
N.S. 1 095 0.83 36.82 2.65 0.00 0.00 0.00 0.91 0.00
time (sec) N/A 0.802 0.110 3.792 0.043 0.000 0.000 0.000 0.157 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 154 158 142 836 0 0 0 0 120 0
N.S. 1 1.03  0.92 5.43 0.00 0.00 0.00 0.00 0.78 0.00
time (sec) N/A 1.580 0.153 6.372 0.000  0.000 0.000 0.000 0.154 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 141 191 118 657 342 0 0 0 108 0
N.S. 1 1.35  0.84 4.66 2.43 0.00 0.00 0.00 0.77 0.00
time (sec) N/A 1.502 0.164 4.562 0.039  0.000 0.000 0.000 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 124 12 10 12 12 12
N.S. 1 1.00 1.20 1.00 12.40 1.20 1.00 1.20 1.20 1.20
time (sec) N/A 0.184 0.720 0.285 1.102  0.089 2.331 0.139 0.166 3.525
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 93 12 10 12 12 12
N.S. 1 1.00 1.20 1.00 9.30 1.20 1.00 1.20 1.20 1.20
time (sec) N/A 0.186 0.731 0.193 0.728  0.098 1.220 0.140 0.161 3.662
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 52 0 0 0 0 0 99 0
N.S. 1 1.00 091 0.00 0.00 0.00 0.00 0.00 1.74 0.00
time (sec) N/A 0.213 0.028 0.000 0.000  0.000 0.000 0.000 0.166 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 32 26 95 104 0 0 0 12 0
N.S. 1 1.14 0.93 3.39 3.71 0.00 0.00 0.00 0.43 0.00
time (sec) N/A 0.236 0.011 0.170 0.035  0.000 0.000 0.000 0.163 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 17 16 15 23 15 104 17 26
N.S. 1 1.00 0.89 0.84 0.79 1.21 0.79 5.47 0.89 1.37
time (sec) N/A 0.183 0.001 0.145 0.023 0.109 0.098 0.116 0.161 0.093
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 52 59 42 41 38 0 164 30 31
N.S. 1 1.02 1.16 0.82 0.80 0.75 0.00 3.22 0.59 0.61
time (sec) N/A 0.204 0.014 0.043 0.025 0.095 0.000 0.121 0.164 3.668
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 43 52 37 36 31 0 114 23 26
N.S. 1 1.02 124 0.88 0.86 0.74 0.00 2.71 0.55 0.62
time (sec) N/A 0.194 0.010 0.031 0.031  0.095 0.000 0.123 0.168 3.686
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 22 29 22 27 26 24 0 65 15 16
N.S. 1 1.32  1.00 1.23 1.18 1.09 0.00 2.95 0.68 0.73
time (sec) N/A 0.189 0.016 0.029 0.030 0.089 0.000 0.118 0.179 3.683
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 27 19 33 66 0 0 0 9 0
N.S. 1 142  1.00 1.74 3.47 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.230 0.009 0.142 0.034  0.000 0.000 0.000 0.185 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 32 45 32 31 30 92 65 17 18
N.S. 1 1.28 1.80 1.28 1.24 1.20 3.68 2.60 0.68 0.72
time (sec) N/A 0.202 0.015 0.042 0.028  0.098 0.457 0.123 0.169 3.728
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 43 58 37 36 38 160 114 26 45
N.S. 1 1.02  1.38 0.88 0.86 0.90 3.81 2.71 0.62 1.07
time (sec) N/A 0.200 0.015 0.042 0.025 0.133 0918 0.121 0.178 4.153
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 35 31 35 24 35 121 168 31 24
N.S. 1 092 0.82 0.92 0.63 0.92 3.18 4.42 0.82 0.63
time (sec) N/A 0.208 0.012 0.036 0.028 0.100 0.833 0.124 0.171 3.859
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F B B F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 28 25 30 19 30 0 119 24 0
N.S. 1 090 0.81 0.97 0.61 0.97 0.00 3.84 0.77 0.00
time (sec) N/A 0.200 0.009 0.033 0.027  0.082 0.000 0.115 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 20 20 20 15 16 24 87 70 20 14
N.S. 1 1.00 1.00 0.75 0.80 1.20 4.35 3.50 1.00 0.70
time (sec) N/A 0.176 0.006 0.033 0.023 0.096 0.206 0.117 0.167 3.753
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 29 18 36 126 70 34 22
N.S. 1 1.00 1.00 1.21 0.75 1.50 5.25 2.92 1.42 0.92
time (sec) N/A 0.182 0.014 0.034 0.025 0.099 0356 0.121 0.178 3.774
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A B B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 36 52 45 147 128 0 0 12 0
N.S. 1 095 1.37 1.18 3.87 3.37 0.00 0.00 0.32 0.00
time (sec) N/A 0.233 0.037 0.272 0.101 0.102 0.000 0.000 0.179 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [23]
had the largest ratio of [1.69999999999999996|

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade icse;s uziﬁ;e antlf;r;\;:;clve leaf size integrand leaf size
1] A 3 3 1.02 8 0.375
% A ) 4 1.04 8 0.500
3| A 3 3 1.02 8 0.375
4 A 5 4 1.05 8 0.500
i A 3 3 1.03 6 0.500
6} A 2 2 1.00 4 0.500
7] A 1 1 1.00 8 0.125
3] A 6 ) 1.10 8 0.625
9) A 3 3 0.94 8 0.375
10j A ) 4 1.00 8 0.500
]| A 4 4 1.00 8 0.500
12] A 16 15 1.69 10 1.500
13] A 14 13 1.35 10 1.300
14 A 11 10 1.42 10 1.000
15) A 10 9 1.17 10 0.900
16} A ) ) 1.13 8 0.625
17] A 6 5 1.22 6 0.833
18] A 4 4 1.32 10 0.400
19 A 4 4 1.09 10 0.400
20) A 9 8 0.98 10 0.800
21] A 8 8 0.94 10 0.800
Continued on next page
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Table 2.1 — continued from previous page

number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A 14 13 1.27 10 1.300
23] B 18 17 2.26 10 1.700
24] A 17 16 1.55 10 1.600
25) A 14 13 1.72 10 1.300
26} A 11 11 1.19 10 1.100
27| A 9 8 1.15 8 1.000
28| A 5 5 1.19 6 0.833
29| A 5 5 1.21 10 0.500
30| A ) ) 1.18 10 0.500
31| A 7 7 0.95 10 0.700
32] A 15 14 1.03 10 1.400
133 A 11 11 1.35 10 1.100
N/A 1 0 1.00 10 0.000
N/A 1 0 1.00 10 0.000
36} A 2 2 1.00 8 0.250
37] A 3 2 1.14 10 0.200
38| A 3 3 1.00 4 0.750
39| A 7 6 1.02 10 0.600
40/ | A 6 ) 1.02 8 0.625
4[| A 5 4 1.32 6 0.667
42 A 3 2 1.42 10 0.200
43] A 5 4 1.28 10 0.400
44| A 6 ) 1.02 10 0.500
g | A 3 3 0.92 12 0.250
46/ | A 3 3 0.90 12 0.250
47] A 2 2 1.00 12 0.167
4| A 4 4 1.00 12 0.333
49 | A 3 2 0.95 10 0.200
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3.1 [ 2°coth™*(az) dx

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)
Sympy [C] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 8, antiderivative size = 51

x3 x°

/x5 coth™(az) dx = ad

605 1843  30a

6

1
+ ~z%coth™ (az)

6ab

_ arctanh(az)

‘1/6*x/a”5+1/18*x“3/a‘3+1/30*x”5/a+1/6*x“6*arccoth(a*x)—1/6*arctanh(a*x)/a”

} 6

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.31

x x3

5
1
/x5 coth™ (az)dr = = + —— + 24 2g coth™(az) +

6a® 18a3 30a 6

log(1 —az) log(l + az)

12a$

12a$

e

tIntegrate[x“S*ArcCoth[a*x],x]

~—

L]/(12*a‘6) - Log[1l + a*x]/(12%a™6)

, X/(6¥a™5) + x"3/(18%a"3) + x5/(30%a) + (x"6*ArcCoth[axx])/6 + Log[l - axx

|
J
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z° coth™ (az) d
| 6453
1 g .4 1 x5
i coth™ (azx) — 6a/1 — a2:v2dx
| 254
L6 .11 1 gt 2? 1 1
g% coth (aw)_ﬁa/<_a2_a4+af3(1—a2x2)_a€ dx
| 2009
g .1 1 (arctanh(az) =z 23 2°
6.1: coth™ (azx) — 6a<a7 ~ 5T 340 " 5g?
input LInt [x~5*ArcCoth[a%x] ,x] J

output ‘

(x~6*ArcCoth[a*x])/6 - (a*x(-(x/a"6) - x~3/(3*a~4) - x~5/(5%a"2) + ArcTanh[ ‘

La*x] /a"7))/6 J

rule 254 ‘

-

ruka2009tint[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Defintions of rubi rules used

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m, ‘
a + bxx~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

-/




rule 6453

input

output

input k
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Int[((a_.) + ArcCoth[(c_

+ 1))
1, x1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p,
] && IntegerQ[m])) && NeQ[m, -1]

D) (@_)1*(Mm_))"
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
Int[x"(m + n)*((a + bxArcCoth[c*x"n])~

(p_.)*(x_)"(m_.), x_Symbol]

(p - 1)/ - c™2*x~(2*n))), x
0] && (EqQlp, 11 || (EqQ[n, 1

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 45, norm

alized size of antiderivative = (.88

method result size
parallelrisch __ —152%a5 arccoth(xa)— 3x5a;0—a523x3a3—151a+15 arccoth(za) 45
648 th(za) | 250 | 2343 za ln(ma 1) _In(za+1)
derivativedivides B ——— - L ot 12 54
a
z6a6 arccoth(za) g;5 a5 a:'?'a'?’ za | In(xa—1) In(za+1)
goa arccoth(za) j oa” 4o a” | zayIn(zacl) In(zadl)
default 6 30 fG 6 12 12 54
a( 5a4z5+ a?z34a ln(ma+1)+1n(xa 1))
6 th 06 2a7 2a7
parts T a.rccg (za) + - 59
. z51n(za+1) 2 ln(xa 1) In(—za+1) In(za+1)
risch 12 + 3¢ % + 18a3 T T s T 69
5
. (3a828+a*z*+5a222—9) arccoth(za) (3a*z*+5a%2?+15) (za+1)(za—1) (5x4 arccoth(za)— a222a_1 )
orerin, — 99
g 9ab 90z%ab

tint (x~5*arccoth(x*a) ,x,method=_RETURNVERBOSE)

‘ -1/90* (-15*%x~6*a~6*arccoth (x*a)-3*x~5*xa~5-5%x"3*a~3-15*x*a+15*arccoth (x*a) \

‘ )/a"6

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.00

6 a®z% + 10 a®z? + 30 az + 15 (a®z% — 1) log (221)

ar—1

/ z° coth™* (az) dr =

180 ab

integrate(x~5*arccoth(a*x) ,x, algorithm="fricas") J
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‘1/180*(6*a“5*x"5 + 10%a”3*x73 + 30%axx + 16x(a”6*x"6 - 1)*log((axx + 1)/(a \

outputt*X PN J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.36 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.96

z% acoth (azx) 5 z3 T acoth (az)
5 ot )6 tawetmates e foraF0
x°coth™ (ax)dr = ¢ |
1T

5 otherwise

inputLintegrate(x**s*aCOth(a*x),x) J

t‘Piecewise((x**6*acoth(a*x)/6 + x**5/(30%a) + x**x3/(18*a*x*3) + x/(6*a**5) -

outpu
‘ acoth(a*x)/(6*ax*6), Ne(a, 0)), (I*pi*x**6/12, True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.20

/ z° coth™ (az) dz

1
=5 z°® arcoth (az)

L 1 . 2(3ar® +5a%2®+152) 15 log(az + 1) N 15 log (az — 1)
180 ab a? a’
input Lintegrate (x~5*arccoth(a*x),x, algorithm="maxima") J

‘1/6*x”6*arccoth(a*x) + 1/180%a* (2% (3*%a~4*x~5 + Bxa~2%x~3 + 15%x)/a"6 - 15% \

output
‘log(a*x + 1)/a”7 + 15*log(a*x - 1)/a"7)
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 245 vs. 2(41) = 82.

Time = 0.12 (sec) , antiderivative size = 245, normalized size of antiderivative = 4.80

/ z° coth™* (az) dz

15 (3(ax+1)5 4 10 (az+1)3 n

45 (az+1)* 90 (az+1)® | 140 (az+1)® 70 (az+1) 193 (az—1)° (az—1)°

ar—1

3 (az+1) ) log _g

1 (az—1)* (az—1)3 + (az—1)* ax—1
5 +
45 a7(a$+1 _ 1) a7(ax

azr—1 azx

+1 _ 1)6

-1

i - i =4 n
inputtlntegrate(x B5xarccoth(a*x) ,x, algorithm="giac")

1/45*%a*x ((45*%(a*x + 1)74/(a*xx - 1)74 - 90*(a*x + 1)73/(a*xx - 1)73 + 140*(a*
X + 1)72/(axx - 1)72 - 70x(a*x + 1)/(a*x - 1) + 23)/(a”~7*((a*x + 1)/(a*x -
1) - 1)75) + 15%(3*(a*x + 1)°5/(a*x - 1)°5 + 10*(a*x + 1)~3/(a*xx - 1)°3 +
3x(axx + 1)/(axx - 1))*log(-(((a*x + 1)*a/(axx - 1) - a)/(ax((a*x + 1)/(a
*x - 1) + 1)) + 1)/(((a*x + 1)*a/(a*x - 1) - a)/(a*x((a*x + 1)/(a*x - 1) +

1)) - 1))/@7«((axx + 1)/(axx - 1) - 1)76))

output

Mupad [B] (verification not implemented)

Time = 3.65 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.80

acoth(a z) + ad 23 + ab 2®

/ZIIS COth_l(a,;I;) dx = % — 6 5 18 30 + x® aCO;h(a x)

-

inputtint(x‘S*acoth(a*x),x)

~—

‘((a*x)/G - acoth(a*x)/6 + (a~3*x"3)/18 + (a"5*x~5)/30)/a"6 + (x"6*acoth(a*

output
Lx))/G

|
J
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.86

15acoth(az) a®z® — 15acoth(az) — 3a°z® — 5a*z® — 15ax
90a®

/ z° coth™ (az) dr =

input Lint (x~5*acoth(a*x) ,x)

Output‘(15*acoth(a*x)*a**6*x**6 - 15%acoth(a*x) - 3*a**5kx**x5 - Bka*xx3xx**3 - 15%
‘a*x)/(QO*a**G)




outputt

input

output
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4 -1

3.2 [ z* coth™ (ax) dz

Optimal result . . . . . . . . . . . . e H2]
Mathematica [A] (verified) . . . . . . . . . ... o 52
Rubi [A] (verified) . . . .. . . ... .. 53
Maple [A] (verified) . . . . . . ... L !
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 55
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 55
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 561
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 56
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 57
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... by

Optimal result

Integrand size = 8, antiderivative size = 50

3,/.2

10a®  20a

4 -1 gt 1, -
z* coth™ (az) dr = —— + — + —z° coth

5

Haz) +

log (1 — a®z?)

10a®

1/10%x~2/a~3+1/20%x~4/a+1/5%x"5*arccoth(a*x)+1/10%1n(-a~2*x~2+1) /a"5

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.00

.’13'2

4 -1 zt 15 -
z* coth™ (ax)de = —— + — + —z° coth

10a®  20a

5

Y(az) +

log (1 — a*z?)

10a®

LIntegrate[x“4*ArcCoth[a*x],x]

p
‘X‘2/(10*a‘3) + x74/(20*%a) + (x"5*ArcCothl[a*x])/5 + Logl[l - a~2*x~2]/(10%a"

\5)

N




input

output
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.04,

number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6453, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z* coth™!(az) dx
l 6453
1o 4 1 x5
EZL' COth (aa:) — 5(1/1_(121‘2d.’1;

l 243

1« .4 1 z? 1 1 9
5% coth™ (azx) — ma/ (—(12 T i@ =1) a4> dx

l 2009
1o 1 2 z*  log(1l-—a?2?)
g.’]? COth (am) — 10a<—a4 — ﬁ — a6
LInt [x~4*ArcCoth[a*x] ,x]

‘((X‘S*ArcCoth[a*x])/S - (ax(-(x"2/a"4) - x~4/(2%a"2) - Log[l - a~2%x"2]/a"6 ]
pmo J




rule 49

rule 243

rule 2009

rule 6453

input
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[((a_.) + ArcCoth[(c_.)*(x_ )" (n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symboll]

> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.94

method result size
ln(a212—1) %a2$4+$2
a
x® arccoth(za) 2a° 20
parts = + z 47
2545 arccoth(za) a222 | In(za—1) | In(za+1)
e a”a” arccoth(za) | aa® | o%2 | Inwa1) | In(satl)
derivativedivides - 50 50
z%a® arccoth(za) |, a%z? | a?z2 |, In(xa—1) | In(za+1)
St S S S T+ S A TV N S Y R
default > 50 50
para,llelrisch __ —4x5a® arccoth(za)— a4z4—2—2%)1225x2 —4In(za—1)—4 arccoth(za) 50
: z° In(za+1) 2% In(za—1) x4 x2 In(a2?z2-1) 1
risch 10— 10 Taatiwdt 105 T2 | 60

p
Lint (x~4*arccoth(x*a) ,x,method=_RETURNVERBOSE)

-/
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‘1/5*x“5*arccoth(x*a)+1/5*a*(1/2/a“6*1n(a“2*x“2—1)+1/2/a“4*(1/2*a“2*x“4+x”2

p)

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.10

2a5z%log (22£L) 4+ g4z + 240222 + 2 log (a22% — 1
/x4 coth_l(ax) dxr = & <‘w_1) 50 a5 g )
a

input Lintegrate (x~4*arccoth(a*x),x, algorithm="fricas ")

output‘ 1/20*% (2*a~5xx"5xlog((a*x + 1)/(a*x - 1)) + a"4*x™4 + 2xa"2*x"2 + 2*log(a™2
‘*x“2 - 1))/a"5

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.32 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.08

z° acoth (az) zt z? log (ax+1) acoth (ax)
4 411 _ 5 T 200 T 1043 55 bad fora #0
z* coth™ (az) dx =

o 5 .
% otherwise

inputLintegrate(x**4*acoth(a*x),x)

t‘Piecewise((x**5*acoth(a*x)/5 + x**x4/(20%a) + x**2/(10*a**3) + log(a*x + 1)

outpu
‘/(5*a**5) - acoth(a*x)/(5*a**5), Ne(a, 0)), (I*pi*x**5/10, True))
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.92

1 1 2044922 2] 2,2 _ 1
/x4COth_1(ax) dr = 5x5 arcoth (ax)_i_ (0, T +2z + og ((1, T ))

20 N at ab

integrate (x~4*arccoth(a*x) ,x, algorithm="maxima")

inputt

( \
‘1/5*x”5*arccoth(a*x) + 1/20%a*((a"2%x"4 + 2xx72)/a"4 + 2xlog(a~2*x~2 - 1)/

OUtput‘a‘G) ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 255 vs. 2(42) = 84.

Time = 0.12 (sec) , antiderivative size = 255, normalized size of antiderivative = 5.10

/ z* coth™ (az) dz

5(az+1)* | 10 (az+1)* )
+ +1)log
az azt-1)3 az+-1)2 oz ( (az—1)* (az—1)?
1 | loe () wom (et -1 4(EE5 - 5+ 25
5 ab B ab ab(2tl 1)4 T as (2ztl _ 1)5
az—1 ar—1
inputLintegrate(x‘4*arccoth(a*x),x, algorithm="giac") J
output 1/5%a*(log(abs(a*x + 1)/abs(a*x - 1))/a"6 - log(abs((a*x + 1)/(a*x - 1) -

1))/a"6 + 4x((a*x + 1)°3/(a*x - 1)73 - (a*x + 1)72/(a*x - 1)72 + (a*x + 1)
/(axx - 1))/(a"6*x((a*x + 1)/(a*x - 1) - 1)74) + (5*(axx + 1)74/(axx - 1)74
+ 10*(a*x + 1)72/(a*xx - 1)72 + 1)*log(-(((a*x + 1)*a/(a*x - 1) - a)/(a*x((
axx + 1)/(a*x - 1) + 1)) + 1)/(((a*x + 1)*a/(a*x - 1) - a)/(ax((a*x + 1)/(
a*x - 1) + 1)) - 1))/(a"6x((a*x + 1)/(a*x - 1) - 1)75))
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Mupad [B] (verification not implemented)

Time = 3.66 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.86

In(a?z%2-1) a2 22 4.4

/:c4 coth‘l(a;c) dr = 10 +5 0 T “28” n i aco;h(a )
a

inputtint(x 4xacoth(a*x),x)

e

output (log(a™2*x"2 - 1)/10 + (a"2%x72)/10 + (a"4*x"4)/20)/a"5 + (x"5*acoth(a*x))
5

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.04

4acoth(ax) a®z® + 4acoth(ax) — 4log(a’x — a) — a*z* — 2a2z?
20a5

/ z* coth™(az) dz =

input ‘\mt (x~4*acoth(a*x) ,x)

‘ (4*acoth(ax*x) *a*x5xx*x5 + 4*acoth(a*x) - 4xlog(a**2*x - a) - axx4xx*x4 — 2

output
‘*a**2*x**2)/(20*a**5)




output

input

output
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3.3 [ 23 coth™*(az) dx

Optimal result . . . . . . . . . . . . e Ha]
Mathematica [A] (verified) . . . . . . . . . ... o B
Rubi [A] (verified) . . . .. . . ... .. bYe)
Maple [A] (verified) . . . . . . ... L 60
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 60
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 611
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 611
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 62
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 62
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 63

Optimal result

Integrand size = 8, antiderivative size = 41

T
4a3  12a

3 -1 2 1, -1
z° coth™ (az)dx = — + — + ~z" coth

4

(az)

4a*

_ arctanh(az)

L1/4*x/a“3+1/12*x“3/a+1/4*x‘4*arccoth(a*x) -1/4*arctanh(a*xx)/a~4

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.39

3 -1 z z? 14 -1
z° coth™ (az) dz = 1 12 T coth™ (az) +

120 4

log(1 —az) log(l+ az)

8a?

8a?

LIntegrate[x“3*ArcCoth[a*x],x]

(x/(4*a‘3) + x73/(12*a) + (x"4xArcCoth[a*x])/4 + Logl[l - axx]/(8*a"4) - Log

‘ [1 + axx]/(8*a"4)

N
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.02,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 254, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 23 coth™ (az) dz

| 6453
14 .. 1 zt
Z.’L’ coth (aa:) - 4(1/]-_(1,21:2d.’1;
| 254
1, 1 z? 1 1
| 2009

1 (arctanh(az) = ai’
ab a*  3a?

1
1:1:4 coth™ (az) — 4a< -

e

tInt [x~3*ArcCoth[a*x] ,x]

~—

input

OutputL(x‘4*ArcCoth[a*x])/4 - (a*(-(x/a~4) - x~3/(3*%a~2) + ArcTanh[a*x]/a~5))/4 J

Defintions of rubi rules used

954 ‘ Int[(x_)"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m, ‘

rule
\ a + b*x~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3] \

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—  /

rule 2009
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rule 6453 Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))" (P_ Dx(x_ )" (m_.), x_Symbol]
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c"2*%x~(2%n))), x
1, x]1 /; FreeQl{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]
Maple [A] (verified)
Time = 0.10 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.90
method result size
par allelrisch __ —3z*a* arccoth(za) —lx;’;zj—3xa+3 arccoth(za) 37
z4a4arccoth(ma) M za | In(za—1) In(za+1l)
derivativedivides 4 Rl 1_44 s 8 46
z4a4arccoth(ma) ﬁ za | In(za—1) In(za+l)
default 4 o 1_44 R 8 46
L1a2z3 4o __In(za+41) | In(za—1)
parts z* a,rcc;)th(za,) + a( : ot ias T2 ) 51
risch z4ln(8wa+1) _ x4ln(:8ta—1) + % + ﬁ _ ln(ggz—l) + ln(—s.’ZtZ—i—l) 61
4,44 2,2 222+43) (za+1)(za—1) (322 th(za)— 2o
orering (a*z?+a’z 254) arccoth(za) (a?2?+3) (za+1)(za 12&;2431“0‘:0 (za) a2w2—1) 81
( N
input Lint (x~3*arccoth(x*a) ,x,method=_RETURNVERBOSE) J
output L—1/12* (-3xx~4*a"4*arccoth(x*a)-x"3*a~3-3xx*a+3*arccoth(x*a)) /a~4 J
Fricas [A] (verification not implemented)
Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.05
2a*z% + 6 az + 3 (a'z* — 1) log (2t1)
3 -1 azr—1
z° coth™ (ax) dr =
/ (az) 24 a*
input Lintegrate (x~3*arccoth(a*x) ,x, algorithm="fricas") J




output

input

output

input

output
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\1/24*(2*a“3*x“3 + 6*a*xx + 3x(a"4*x"4 - 1)*log((axx + 1)/(axx - 1)))/a™4

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.28 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00

z* acoth (ax) z3 z acoth (ax)
3 1 )1 timtis o fora#0
z°coth™ (ax)dr = |

- otherwise

Lintegrate(x**S*acoth(a*x),x)

‘Piecewise((x**4*acoth(a*x)/4 + x*x3/(12%a) + x/(4*a**x3) - acoth(a*x)/(4*ax
'*%4), Ne(a, 0)), (I*pi*x*x4/8, True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.27

/ 2% coth™ (az) dz = le z* arcoth (azx)
1 (2(a2x3 +3z) 3log(az +1) N 3 log (az — 1))

+ —a

24 at ab a®

Lintegrate(x*3*arccoth(a*x),x, algorithm="maxima")

p
‘1/4*x“4*arccoth(a*x) + 1/24xa* (2% (a"2+%x"3 + 3#*x)/a"4 - 3xlog(axx + 1)/a"b
‘+ 3xlog(a*x - 1)/a”b)
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 195 vs. 2(33) = 66.

Time = 0.12 (sec) , antiderivative size = 195, normalized size of antiderivative = 4.76

/ 2% coth™ (azx) dz

(aw+1)a_a
—fasti ) TL
(az+1)3 4 aztl )] _e(@th)
2 (ax—1)3 ar—1 Og (az+1)a —a
3(az+1)°  3(az+l) +2 afz_-y-]1 _
_ 1 a (az—1)* az—1 n a(g3tt+1)
ax+1 3 5(ax+1 4
3 a’5(ax—1 - 1) a (aw—l - 1)

inputt

integrate(x~3*arccoth(a*x) ,x, algorithm="giac")

output

N

inputt

1/3*ax((3*(a*x + 1)72/(a*x - 1)72 - 3*(a*x + 1)/(a*x - 1) + 2)/(a"5*((a*x

+ 1)/(axx - 1) - 1)73) + 3*((a*x + 1)73/(a*x - 1)73 + (a*x + 1)/(a*x - 1))
*log(-(((axx + 1)*a/(a*x - 1) - a)/(ax((a*xx + 1)/(a*x - 1) + 1)) + 1)/(((a
*x + 1)*a/(axx - 1) - a)/(ax((a*x + 1)/(a*x - 1) + 1)) - 1))/(a"56x((a*x +

1)/(a*xx - 1) - 1)74))

Mupad [B] (verification not implemented)

Time = 3.55 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.80

ax acoth(a x) a3 3 4
> + x* acoth(ax
/x3 coth_l(ax) dx = 4 ‘;4 12 1 (a2)

int (x"3*acoth(a*x),x)

-

output

L((a*x)/4 - acoth(a*x)/4 + (a~3%x~3)/12)/a"4 + (x~4*acoth(axx))/4

-/
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.88

/x3 coth™Y(az) dz = 3acoth(ax) a*z* — 31a2c;;:h(aa:) _ a32% — 3ax

inputLint(x‘3*acoth(a*x),x)

outputL(3*aC°th(a*X)*a**4*x**4 - 3*xacoth(a*x) - a**3*xx**3 - 3*a*x)/(12*a*x*x4)
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2 -1

3.4 [ z* coth™ (ax) dz

Optimal result . . . . . . . . . . . . e 64]
Mathematica [A] (verified) . . . . . . . . . ... o 64
Rubi [A] (verified) . . . .. . . ... .. 65
Maple [A] (verified) . . . . . . ... L 66
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 67
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 67
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 68}
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 63
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 69
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 69

Optimal result

Integrand size = 8, antiderivative size = 40

T
6a 3

2
1
/x2 coth™(azx)dz = >— + ~z®coth™

(ax) +

log (1 — a’z?)

6a3

outputt

1/6%x~2/a+1/3*x"3*arccoth(a*x)+1/6x1ln(-a~2%x~2+1) /a3

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00

2 -1 2 1, ~1
z*coth™ (az) dx = 6a + —z° coth

3

(azx) +

log (1 — a*z?)

6a3

inputt

Integrate[x~2*ArcCoth[a*x] ,x]

-

output L

x"2/(6*a) + (x"3xArcCoth[a*x])/3 + Logl[l - a~2%x"2]/(6%a"3)

-/




input

output
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.05,

number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6453, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 22 coth™ (az) dz
| 6453

13 .. 1 3
gl’ coth (aa:) - 3(1/1_(121‘2d.’1;
| 243

2

1 1
g.'.v?) Coth_l(ax) - 60,/ md{fz

| 49

1 3 coth—! _1./ _1 1 2
3% coth™ (ax) 6% < " az(a%?—l))dx

l 2009
15 1 22 log (1 - a%z?)
§$ COth (aw) —_ éa <—a2 - T

LInt [x~2*xArcCoth[a*x] ,x]

‘(x“B*ArcCoth[a*x])/S - (ax(-(x"2/a"2) - Logll - a"2%x"2]/a"4))/6
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Defintions of rubi rules used

rule 49

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

rule 243

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009 L

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6453

-

input L

Int[((a_.) + ArcCoth[(c_.)*(x_ )" (n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symboll]

> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.95

method result size
122 " ln(azz2 —1)
al =25 "7 77
x3 arccoth(za) 20” 20
parts 3 + 3 38
parallelrisch _ —2z8%a3 arccoth(za)—a2z26;32 In(za—1)—2 arccoth(za) 41
. . L. z3a3 arccoth(za) + o222 | In(za—1) + In(za+1)
derivativedivides . 6 —¢ L 42
2343 arccoth(za) | a?z2 | In(za—1) | In(za+1)
g a” arccoth(za) | a%2®  In(wa—l) | In(watl)
default 3 o —F 6 42
. z2 In(za+1) z° In(za—1) x2 In(a?z2-1)
I'lSCh 6 — 6 —|- 6a + 63 47

int (x"2*arccoth(x*a) ,x,method=_RETURNVERBOSE)

-/
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Output‘1/3*x"3*arccoth(x*a)+1/3*a*(1/2*x“2/a“2+1/2/a"4*1n(a"2*x"2-1))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.10

adz?log (£11) + a’z? + log (a®z? — 1)
6 a?

/ z% coth™(az) dr =

-

input Lintegrate (x~2*arccoth(a*x),x, algorithm="fricas "

-/

-

output 1/6*(a~3*x"3*log((a*x + 1)/(a*x - 1)) + a"2*%x"2 + log(a"2*x"2 - 1))/a"3

N\

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.15

x3 acoth (azx) z2 log (az+1) acoth (azx)
4 4 — fora #0

/ g?coth™ (az)dz =4 ° 6a 3a® 3a® 7
iz

5 otherwise

inputLintegrate(x**2*acoth(a*x),x)

‘Piecewise((x**S*acoth(a*x)/S + x*x*2/(6*a) + log(a*x + 1)/(3*a**3) - acoth(

output
‘a*x)/(B*a**S), Ne(a, 0)), (I*pixx**3/6, True))
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.88

1 1 [(z® log(a’x?—1)
2 -1
/x coth™ (az) dz = 3% % arcoth (az) + = 5 a(a2 + T)

integrate (x~2*arccoth(a*x) ,x, algorithm="maxima")

inputt

.
outputtl/Ii*x 3*arccoth(a*x) + 1/6*a*(x"2/a"2 + log(a™2*x"2 - 1)/a"4) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 206 vs. 2(34) = 68.

Time = 0.12 (sec) , antiderivative size = 206, normalized size of antiderivative = 5.15

/ x% coth™ (az) dz

(az+1)a

3 (az+1)? (a“ﬂ% ;H
|az+1| ((ax nr 1) log | — e, —
axr azx—
_1 |l <Iaw—1l) log (|85~ 1)) (= ) 2 (az +1)
3 at a* at(92t — 1)3 (az — 1)a* (24 — 1)2
inputLintegrate(x"2*arccoth(a*x),x, algorithm="giac") J

1/3*a*(log(abs(a*x + 1)/abs(a*x - 1))/a~4 - log(abs((a*x + 1)/(a*x - 1) -
1))/a~4 + (3*x(a*x + 1)72/(a*x - 1)72 + 1)*log(-(((a*xx + 1)*a/(axx - 1) - a
)/(ax((axx + 1)/(axx - 1) + 1)) + 1)/(((axx + 1)*a/(a*x - 1) - a)/(ax((a*x
+1)/(a*x - 1) + 1)) - 1))/(@ 4*((a*x + 1)/(a*x - 1) - 1)73) + 2*(axx + 1
)/ ((a*x - 1)*a~4x((a*x + 1)/(a*x - 1) - 1)72))

N J

output
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Mupad [B] (verification not implemented)

Time = 3.57 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.88

In(a? z2—1) 2.2

+ o2 3 acoth
/m2 coth™(az) dx = 8 3 6 T 8% (az)
a 3
inputtint(x“Q*acoth(a*x),x) J
outputL(log(aAQ*XAz - 1)/6 + (a~2*x~2)/6)/a~3 + (x~3*acoth(a*x))/3 J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.10

2acoth(ax) a3z® + 2acoth(az) — 2log(a’r — a) — a’x?
6a3

/ 2% coth™(az) dz =

input Lint (x~2*acoth(a*x) ,x) J

‘ (2*acoth(a*x) xax*3*x**3 + 2*acoth(a*x) - 2¥log(ax*2*x - a) - ax*2*xx**2)/(6 \

output
1*a**3) 1




output
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3.5 [z coth™'(azx) dz

Optimal result . . . . . . . . . . . . e 701
Mathematica [A] (verified) . . . . . . . . . ... o 70}
Rubi [A] (verified) . . . .. . . ... .. (1]
Maple [A] (verified) . . . . . . ... L 72
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 73
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... (73l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 73]
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... (74
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [74]
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 75

Optimal result

Integrand size = 6, antiderivative size = 31

1
/xcoth_l(ax) dr = — + =22 coth™

2¢ 2

(az) —

2a2

arctanh(azx)

-

N\

1/2%x/a+1/2*x"2*arccoth(a*x)-1/2*arctanh(a*x)/a~2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.52

X

1 .
/wcoth (az) dx = 55 T 3

1
+ —z%coth™(az) +

log(1 —az) log(1+ az)

4a?

4a?

input ‘ Integrate [x*ArcCoth[a*x],x]

output

‘x/(2*a) + (x72xArcCoth[a*x])/2 + Logl[l - a*x]/(4*a"2) - Logl[l + a*x]/(4*a”

\2)
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.03,

number of rules _ 500, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 262, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z coth™ (az) dz
l 6453
1 1 2
51’2 COth_l(a.’L') — 2(1/1_1‘&21‘2de;
l 262
1
1, _1 1 ([ =224z
Ea: coth™ (azx) — §a (Z; -
l 219
1, _1 1 (arctanh(az) =
2% coth™ (azx) — 2a<a3 -
input LInt [x*ArcCoth[a*x] ,x] J
outputL(X‘Z*ArcCoth[a*x])D - (ax(-(x/a"2) + ArcTanh[a*x]/a"3))/2 J

Defintions of rubi rules used

219‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))* ‘
|ArcTanh[Rt[-b, 21*(x/Rt[a, 21)], x] /; FreeQ{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il Ltalb, 01)

rule
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rule 262 Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - D*x((a + bxx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(bx(m + 2*p + 1)))  Int[(c*x)~(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, %]

rule 6453 Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol]

> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*%x~(2%n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.87

method result size
. — th 2z2— th
parallelrlsch __—arccoth(za)a zaz za+arccoth(za) 27
arccoth(:ca)a2z2 za | In(za—1) In(za+l)
derivativedivides 2 * 7;; S 38
arccoth(;a)a2w2 +z27a+ ln(:cz—l) _ ln(wz+1)
default — 38
z _ In(za+1) | In(za—1)
parts x? arcc;)th(za,) + a(ﬁ WZ‘*‘T) 49
. z2 In(za+1) 22 In(za—1) z In(za+1) In(—za+1)
risch i — yy t o iz T T2 93
. (a2x2—1) arccoth(za) (za+1)(za—1) (arccoth(ma)— %)
orering 2 — 57 azz 54

input Lint (x*arccoth(x*a) ,x,method=_RETURNVERBOSE)

OutputL‘1/2*(‘arccoth(x*a)*a 2%x~2-x*a+arccoth(x*a))/a"2
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.10

2az + (a’z? — 1) log (2tL
/x coth™ (az) dz = ( )log (22%1)
4a?
inputLintegrate(x*arccoth(a*x),x, algorithm="fricas") J

output\ 1/4x(2%a*x + (a™2*%x"2 - 1)*log((a*x + 1)/(a*x - 1)))/a™2 |

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.21 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.03

/ th_l( )d x2 aco;h (azx) + %1 _ acot;;éax) for a 7& 0
x Co ar)dr = {
% otherwise

-

input Lintegrate (x*acoth(a*x) ,x)

-/

‘Piecewise((x**2*acoth(a*x)/2 + x/(2*a) - acoth(a*x)/(2*a*x*2), Ne(a, 0)), (
Ixpixx**2/4, True))

N J

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.32

a? a3 a3

1 1 /2 1 1 1 -1
/:L'COth_l(ax) dx = 5 :L'Q arcoth (a.’L') _|_ Z_l a( T Og (a:I,' + ) + Og (a/.’L' ))

inputLintegrate(x*arccoth(a*x),x, algorithm="maxima") J
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t‘ 1/2xx"2*arccoth(a*x) + 1/4xax(2xx/a"2 - log(a*x + 1)/a"3 + log(a*x - 1)/a” ‘

2 J

Giac [B] (verification not implemented)

outpu

Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(25) = 50.

Time = 0.12 (sec) , antiderivative size = 144, normalized size of antiderivative = 4.65

(az+11)a —a

aazz+1 +1
(ax +1)log | — (Sﬂjlz
_ 1 (agwg_i‘l 1)

zcoth ™ (az)dz = a +
/ ( ) a3(_22t} —_ 1) (ax _ 1)a3(ax+1 1)2
input Lintegrate (x*arccoth(a*x) ,x, algorithm="giac") J
output‘a*(l/(a‘?’*((a*x +1)/(a*x - 1) - 1)) + (a*x + 1)*log(-(((a*x + 1)*a/(a*x -

1) - a)/(ax((axx + 1)/(a*x - 1) + 1)) + 1)/(((axx + )*a/(a*x - 1) - a)/( |
‘ax((a*x + 1)/(axx - 1) + 1)) - 1))/((a*x - D*a™3x((a*x + 1)/(a*xx - 1) - 1
D72) |

Mupad [B] (verification not implemented)

Time = 3.56 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

z? acoth(a ) acoth(az) _ az
th™! dr = _ 2 2
/ T CO (ax) dx 5 —
input ‘ int (x*xacoth(a*x) ,x) ‘
output L (x~2*acoth(a*x))/2 - (acoth(a*x)/2 - (a*x)/2)/a~2 J
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.87

2,2 _ _
/ z coth™ (az) dz = acoth(az) e’z 2a;zcoth(aac) ax

input Lint (x*acoth(a*x) ,x)

OutputL(acoth(a*x)*a**2*x**2 - acoth(a*xx) - a*x)/(2%a*x2)
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3.6 [ coth™(az) dx

Optimal result . . . . . . . . . . . . e 7061
Mathematica [A] (verified) . . . . . . . . . ... o 761
Rubi [A] (verified) . . . .. . . ... .. 7
Maple [A] (verified) . . . . . . ... L 7

Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... [78
Sympy [C] (verification not implemented) . . . ... ... ... . ... ..... 79
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 79
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 79
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... R

Reduce [B] (verification not implemented) . . . ... ... ... ... ...... R0

Optimal result
Integrand size = 4, antiderivative size = 25

log (1 — a®z?)

/ coth™!(az) dz = x coth™(az) + 50

OutputLx*arCCOth(a*X)+1/2*1n(—a“2*x*2+1)/a

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

log (1 — a*z?)

/ coth™'(az) dz = x coth™'(az) + 9

inputLIntegrate[ArcCoth[a*x],x]

-

Ou_tpmL}:*ArcCoth[a*x] + Logl[l - a~2%x~2]/(2+%a)

-/




input

output

rule 240

rule 6437
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6437, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(az) dz

| 6437
-1 T
x coth™ (ax) —a/l_de
| 240

log (1 - a2w2)

50 + z coth™!(azx)

‘ Int [ArcCoth[a*x] ,x]

‘x*ArcCoth[a*x] + Logl[l - a™2xx"2]/(2*a)

Defintions of rubi rules used

/Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]1/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/(1 - c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQ[p, 11)




input

output

input

output
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.92

method result size
ln(a2x2——1)

parts x arccoth (za) + ———= 23
th ln(a2x2 —1)

derivativedivides | Z**°% (ma)+ 2 25
th In (a2w2 —1)

default Za arcco (ma63+72 95

par allelrisch __—za arccoth(za)—lntfxa—l)—arccoth(xa) 29

risch x ln(a;a+1) oz ln(z2a—1) + In (a22$a2—1) 35

Lint (arccoth(x*a) ,x,method=_RETURNVERBOSE)

Lx*arccoth(x*a) +1/2/a*1n(a”~2*x"2-1)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.32

/ coth™ (az) de =

azlog (411 4 log (a?z% — 1)

ax—1
2a

Lintegrate (arccoth(a*x),x, algorithm="fricas")

L1/2*(a*x*log((a*x + 1)/(axx - 1)) + log(a™2%x"2 - 1))/a
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.14 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.08

7 acoth (CL.’L‘) + log (az+1)  acoth (ax) for a 7& 0

/ coth™ (az) dz = “ “

o otherwise

inputtintegrate(acoth(a*x),x)

e

Piecewise((x*acoth(a*x) + log(a*x + 1)/a - acoth(a*x)/a, Ne(a, 0)), (I*pix
‘X/Z, True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.00

_ 2azarcoth (az) + log (—a’z® + 1)

/ coth™ (az) dx = P

i i =n : n
input Llntegrate(arccoth(a*x),x, algorithm="maxima")

output ‘\1/2*(2*a*x*arccoth(a*x) + log(-a~2*x"2 + 1))/a

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 153 vs. 2(23) = 46.
Time = 0.12 (sec) , antiderivative size = 153, normalized size of antiderivative = 6.12

(az+11)a_
axr—
;(§§£¥1Ij+l
Ja+1] 08 | T emime
axr 1 axr— -1
log (fz=43) _log([E5 -1)) (2E)
a? a? a?(%4 —1)

ar—1

a

/coth_l(am) dxr =a
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input‘integrate(arccoth(a*x),x, algorithm="giac")

output‘a*(log(abs(a*x + 1)/abs(a*x - 1))/a"2 - log(abs((a*xx + 1)/(a*xx - 1) - 1))/
‘2”2 + log(-(((axx + 1)*a/(a*x - 1) - a)/(ax((a*x + 1)/(axx - 1) + 1)) + 1)
/((a*x + 1)*a/(axx - 1) - a)/(ax((axx + 1)/(a*x - 1) + 1)) - 1))/(a"2x((a
x4 1)/ (a%x - 1) - 1))

Mupad [B] (verification not implemented)
Time = 3.55 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

In(a?z? —1)

/coth_l(az) dz = z acoth(az) + 5a

input Lint (acoth(a*x),x) J

Outputtx*acoth(a*x) + log(a™2*x~2 - 1)/(2%a) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.12

acoth(az) ax + acoth(az) — log(a’z — a)
a

/ coth™(az) dz =

inputLint(acoth(a*x),x) J

OutputL(acoth(a*x)*a*x + acoth(a*x) - log(a**2*x - a))/a J




output

input

output
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3.7 f coth™ 1 (ax) dx

T

Optimalresult . . ... ... ... ... ... . ... ......
Mathematica [A] (verified) . . . . . . ... ... ... ...
Rubi [A] (verified) . . . .. ... .. ...
Maple [A] (verified) . . . . . . . .. ...
Fricas [F] . . . . . . .
Sympy [F] . . .
Maxima [B] (verification not implemented) . . . . . . ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . ... o o

Optimal result

Integrand size = 8, antiderivative size = 28

h-! 1 1 L 1
/cot—(ax) dr = 3 PolyLog (2, ——) — — PolyLog (2, _>
o 5 ar

X

-

L1/2*polylog(2,—1/a/x)—1/2*poly10g(2,1/a/x)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

-1
/ coth™ (az) , E(PolyLog (2, —i) — PolyLog (2, i))
- 2 azx axr

LIntegrate [ArcCoth[a*x]/x,x]

L(PolyLog[2, -(1/(a*x))] - PolyLogl[2, 1/(a*x)])/2
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6447}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1
jlcoﬂl(aw>dx
x
| 6447
1 1 1 1
2 PolyLog <2, _aw> -3 PolyLog <2, ax>
inputLInt[ArcCoth[a*x]/x,x] J
output LPolyLog [2, -(1/(a*x))]1/2 - PolyLogl2, 1/(a*x)]/2 J

Defintions of rubi rules used

rule 6447‘ Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))/(x_), x_Symbol]l :> Simpl[a*Loglx], x ‘
‘] + (8imp[(b/2)*PolyLog[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLog[2, 1/(c*x) ‘
1, %) /; FreeQla, b, c}, x] J
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Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00

method result
risch _dﬂog(;a"‘l) _ dﬂog2(wa) _ ln(xa—;) In(za)
derivativedivides | In (za) arccoth (za) — dﬂ"g(;“"'l) _ In(za) 1‘21(””““) — di1°g2(m)
dilog(za+1) In(za) In(za+1) dilog(za)
default In (za) arccoth (za) — =% — 2 — dilog
parts In (z) arccoth (za) + a(—dﬂ"gg’;"“) B C)) lgixa+1) + (1n(w)—1n(w;3l) In(—za+1) _ di102g(§xa)>
input Liﬂt (arccoth(x*a) /x,x,method=_RETURNVERBOSE) J
output t—l/Z*dilog (a*x+1)-1/2*dilog(x*a)-1/2*1n(a*x-1)*1n(x*a) J
Fricas [F]
coth™! arcoth
/ (az) do — / rcoth (az) e
T T
input Lintegrate (arccoth(a*x)/x,x, algorithm="fricas") J
outputLintegral(arccoth(a*x)/x, x) J
Sympy [F]
coth™ (az acoth (ax
[y, [rtblen)
z z
input Lintegrate (acoth(a*x)/x,x) J

output LIntegral (acoth(a*x)/x, x) J
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 86 vs. 2(22) = 44.

Time = 0.03 (sec) , antiderivative size = 86, normalized size of antiderivative = 3.07

/ coth™' (ax) i — 1 a(log (ax+1) log (a;(: - 1)) log ()

x 2 a
1 . log (az — 1) log (az) + Liz(—az +1) log(az + 1)log (—az) + Lis(az + 1)
2 a a
+ arcoth (ax) log (z)

jnput‘integrate(arccoth(a*x)/x,x, algorithm="maxima")

‘—1/2*a*(log(a*x + 1)/a - log(a*x - 1)/a)*log(x) - 1/2*a*x((log(a*x - 1)*log
(a*x) + dilog(-a*x + 1))/a - (log(a*x + 1)*log(-a*x) + dilog(a*x + 1))/a)
‘+ arccoth(a*x)*log(x)

output

Giac [F]

T = T
Z T

/ coth™! (azx) P / arcoth (ax) P

p
tintegrate(arccoth(a*x)/x,x, algorithm="giac")

e—

input

output Lintegrate (arccoth(a*x)/x, x) J
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Mupad [F(-1)]

Timed out.
-1
/Coth (ax) dx:/acoth(az) s
x x
inputtint(acoth(a*x)/x,x)
OutputLint(acoth(a*x)/x, x)
Reduce [F]
-1
/ coth™ (ax) dp — / acoth(azx) s
z z

input Lint (acoth(a*x)/x,x)

outputLint(aCOth(a*X)/x’x)
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3.8 f coth™ 1 (ax) dx

2
Optimal result . . . . . . . . . . . . . 86
Mathematica [A] (verified) . . . . . . . . . ... 36
Rubi [A] (verified) . . . . . . . . . . 87
Maple [A] (verified) . . . . . . . . . .. 88
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... ]9
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... R9
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 90
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 90
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... OTl
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... OTl

Optimal result
Integrand size = 8, antiderivative size = 30

/ coth™ (azx) dp — _coth_l(ax)

1
p + alog(x) — ialog (1 - a’2?)

-

output | ~2TCCOER (a%0) /x+axln(x)-1/2+axln(-a"2+x"2+1)

| —

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

/ coth™ (azx) dp — _coth_l(ax)
T

1
p + alog(x) — ialog (1-a’2?)

input ‘ Integrate[ArcCoth[a*x] /x"2,x] ‘

output L-(ArcCoth [a*x]/x) + a*Loglx] - (axLogl[l - a~2*x~2])/2 J
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.10,

number of rules _ 0.625, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6453, 243, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(aw) iz

72
| 6453
1 coth™!(ax)
S PSS B A
a/:c(l—a%:z) v x
| 243
1 1 , coth™(ax)
2a/ z2 (1 - a2x2)dx B x

| 47

1 75 1 9 /1 2\ coth™(az)

2a<a /1—a2:c2dx + de;v —
| 14

1 /5 1 9 9 coth™(az)
| 16

%a(log (m2) — log (1 — a2m2)) - 7coth_l(a:1:)

T

input ‘ Int [ArcCoth[a*x]/x~2,x]

-

output L- (ArcCoth[a*x]/x) + (ax(Logl[x~2] - Logll - a"2xx72]))/2

| —
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Defintions of rubi rules used

rule 14‘Int[(a_.)/(x_), x_Symbol] :> Simp[axLoglx], x] /; FreeQ[a, x]

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]

rule 16

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simpl[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQl[{a, b, c, d}, x]

rule 243 | 0t L(x D)7 (m_)*((a)) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2  Subst[In
tlx"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.08 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.17

method result 76
parallelrisch aln(z)z—z ln(ma—l)a—mt;arccoth(za,) —arccoth(za) 35
parts _MCCO;M _ a(_ In (.’17) + ln(wg—i—l) + ln(xg—1)> 35

za 2

derivativedivides | a(—&ccothza) _ In@@atl) 4 1) (3q) — In(@a=l) 36
2

default a(_arccoth(wa) . ln(x;.-i—l) +1In (a:a,) . ln(:cg_l)) 36

xra

__In(za+1) + 2aIn(z)z—aln(a?z2—1)z+In(za—1) 45

risch 5 =
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inputt

int (arccoth(x*a)/x~2,x,method=_RETURNVERBOSE)

outputt

(a*1ln(x)*x-x*1n(a*x-1)*a-x*a*arccoth(x*a)-arccoth(x*a))/x

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.30

/ coth™ (az) p azlog (a’z? — 1) — 2azlog (z) + log (£41)
2 2z

input L

integrate(arccoth(a*x)/x"2,x, algorithm="fricas")

output‘

-1/2x%(a*x*log(a~2%x~2 - 1) - 2%a*x*log(x) + log((a*x + 1)/(a*x - 1)))/x

Sympy [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.87

-1
/%flm)dz = alog (z) — alog (axz + 1) + aacoth (az) — M

inputt

integrate(acoth(a*x) /x**2,x)

outputt

axlog(x) - a*log(a*x + 1) + axacoth(a*x) - acoth(a*x)/x
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00

coth™'(az) , 1 9 o 5 arcoth (ax)
/de— —ia(log(a x —1) —log(ac )) S

input‘integrate(arccoth(a*x)/x“2,x, algorithm="maxima")

outputL_1/2*a*(1°g(aﬁ2*xﬁ2 - 1) - log(x72)) - arccoth(a*x)/x J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 143 vs. 2(28) = 56.

Time = 0.11 (sec) , antiderivative size = 143, normalized size of antiderivative = 4.77

(az+1)a
ar—1 ¢
ax+1 +1
1 a(az—1+1)
Og T “(azt+l)a
az—1_ ¢

-1 lastl ) L

i - 3 =" "
inputLlntegrate(arccoth(a*x)/x 2,x, algorithm="giac") J

‘ax(Log(-(((a*x + 1)*a/(axx - 1) - a)/(ax((a*x + 1)/(a*x - 1) + 1)) + 1)/((
(axx + 1)*a/(axx - 1) - a)/(ax((a*xx + 1)/(axx - 1) + 1)) - 1))/((a*x + 1)/
‘(a*x - 1) + 1) - log(abs(a*x + 1)/abs(a*x - 1)) + log(abs((a*x + 1)/(a*x - ‘
D+ D)) |

output
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Mupad [B] (verification not implemented)

Time = 3.59 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.90

-1 2,2 _
/ coth 2(aar:) dz = aln (z) — aln(a®z®—1) acoth(az)
z 2 x

input‘ int (acoth(a*x)/x"2,x) ‘

output La*log(x) - (a*log(a~2%x~2 - 1))/2 - acoth(a*x)/x J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 38, normalized size of antiderivative = 1.27

/ coth™(ax) dp — —acoth(az) ax — acoth(azx) + log(a’z — a) ax — log(z) ax
x? B x

input Lint (acoth(a*x)/x"2,x) J

/

( - acoth(a*x)*a*x - acoth(a*x) + log(ax*2*x - a)*a*x - log(x)*a*x)/x

~—

output t




output

input

output
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3.9 f coth_;(ax) dx
I

Optimal result . . . . . . . . . . . . . 92]
Mathematica [A] (verified) . . . . . . . . . ... 92
Rubi [A] (verified) . . . . . . . . . . 93
Maple [A] (verified) . . . . . . . . . .. 94
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 95
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 95
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 95
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 96
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 96
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 97

Optimal result

Integrand size = 8, antiderivative size = 31

de = —— —
3 v 2x

/ coth™!(az) a  coth™'(ax)
222

+ §a2arctanh(a:c)

-

L-1/2*a/x-1/2*arccoth(a*x)/x“2+1/2*a“2*arctanh(a*x)

| —

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.52

4a2 log(1 — ax)

/ coth™(ax) gy — 2 coth™! (ax)
x3 2z 222

1

1
+ Za2 log

(1+ ax)

‘Integrate[ArcCoth[a*x]/x“B,x]

‘-1/2*a/x - ArcCoth[a*x]/(2*x~2) - (a"2*Logl[l - a*x])/4 + (a"2xLogl[l + a*x]

/4
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.94,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1
/ coth” (a2) 4
x
l 6453
1 1 coth_l(am)
2a/ z? (1 — a?x?) de = 212
l 264
1[5 1 1 coth™!(az)
z“(“ /1—a2m2dw_ x) T o2
l 219
1 1 coth™(az)
2a<aarctanh(aa:) — a:) -
input LInt [ArcCoth[a*x]/x"3,x] J
e A
output L—1/2*ArcCoth [a*x]/x"2 + (a*(-x"(-1) + axArcTanh[a*x]))/2 J

Defintions of rubi rules used

rule 219‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]1*Rt[-b, 2]))* ‘
|ArcTanh[Rt[-b, 21*(x/Rtla, 21)1, x] /; FreeQl{a, b}, x] && NegQla/b] && (Gt |
Qla, 0] Il Ltalb, 01) |
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Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)"(
m+ 1)*((a + b*x"2)"(p + 1)/(a*ck(m + 1))), x] - Simp[b*((m + 2*p + 3)/(axc
~2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

rule 264

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol]

> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])“p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

method result size
. — arccoth(za)a?2?+za+arccoth(za)
parallelrisch — 522 26
1  aln(za+1l) |, In(za—1)a
arccoth(za) a<;— 2 +— )
parts — gz 5 36
. . A 2 ( _ arccoth(za)  In(xa—1) In(za+1) 1
derivativedivides | a < vZa> T 73 S0z 42
default a2 __arccoth(za)  In(za—1) + In(za+1) 1 49
2z2a? 4 4 2ax
. __In(za+1) In(—za+1)a?z?—In(—za—1)a?z?+2za—In(za—1)
risch 122 1 60
za—1)(za+1 22| — a __ 3 arccoth(za)
. (2a2z®—2z) arccoth(za) ( X ) ( (0212—1)23 ot
orering o + 5 64

input Lint (arccoth(x*a)/x~3,x,method=_RETURNVERBOSE)

output L‘1/2* (-arccoth(x*a)*a~2*x~2+x*a+arccoth(x*a)) /x"2
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.13

axr—1

coth™! (az) 2azx — (a®z? — 1) log (&H)
—d
/ z? 4 x?

inputLintegrate(arccoth(a*x)/x"B,x, algorithm="fricas") J

output L-1/4*(2*a*x - (a™2%x72 - 1)*log((a*x + 1)/(a*x - 1)))/x72 J

Sympy [A] (verification not implemented)
Time = 0.27 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

r= — — — —

/ coth™! (azx) P a’acoth (ax) a  acoth (ax)
x3 2 2z 222

integrate(acoth(a*x) /x**3,x)

input ‘\

output‘ a*xx2xacoth(a*x)/2 - a/(2*x) - acoth(a*x)/(2%x*%2) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.16

coth™' (ax) 1 2 arcoth (ax)
/de— 1 (alog(ax+l) —alog(ax — 1) — 5>a— oz

/

tintegrate (arccoth(a*x)/x"3,x, algorithm="maxima")

~—

input

output L1/4*(a*1og(a*x + 1) - a*log(a*x - 1) - 2/x)*a - 1/2*arccoth(a*x)/x"2 J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 140 vs. 2(25) = 50.

Time = 0.11 (sec) , antiderivative size = 140, normalized size of antiderivative = 4.52

(az+11)a —a
—er—2 11
azi—l +1
(ax + 1)alog ——"(SZH; )

—a
ar—

/ coth_;(ax) ds amﬂa + a(%t)
z az—1 +1 (ax - 1)(a$+1 + 1)

ax—1

|
)

i - 3 =" "
input Llntegrate(arccoth(a*x)/x 3,x, algorithm="giac") J

output‘a*(a/((a*x + 1)/(a*xx - 1) + 1) + (a*x + 1)*axlog(-(((axx + 1)*a/(a*x - 1) ‘
- a)/(ax((a*x + 1)/(a*x - 1) + 1)) + 1)/(((a*x + 1)¥a/(axx - 1) - a)/(a*((
‘a*x + 1)/(a*xx - 1) + 1)) - 1))/((a*x - 1)*((a*x + 1)/(a*x - 1) + 1)72)) ‘

Mupad [B] (verification not implemented)

Time = 3.60 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.29

3 2 x2

G,2 T / ax
/ COth_l (a,l') d a atan ( A /_a2 ) _a2 _aCOt};( ) + aza:
€r = J—

input 10t (acoth(axx) /x73,x) )

(a*atan((a~2+x)/(-a"2)~(1/2))*(-a~2)"(1/2))/2 - (acoth(a*x)/2 + (a*x)/2)/x

2 J

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.84

3 22

/ coth™! (az) p acoth(az) a®z® — acoth(az) + ax

input ‘ int (acoth(a*x)/x"3,x)

output L(aCOth(a*X) *xa*xx2*%x**2 - acoth(axx) + axx)/(2xx**2)




output

input

output
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-1

3.10 [ @) gy

Optimal result . . . . . . . . . . . . . 98
Mathematica [A] (verified) . . . . . . . . . ... 98
Rubi [A] (verified) . . . . . . . . . . 99
Maple [A] (verified) . . . . . . . . . .. 100!
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 10T
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 1071
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 102
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 102
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 103
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 103

Optimal result

Integrand size = 8, antiderivative size = 47

de = —— —
xt v 612 33

/ coth™(ax) a  coth™'(az)

_|_

1

3

a3 log(z) —

ga?’ log

(1 — a2:c2)

-

L-l/G*a/x‘2-1/3*arccoth(a*x)/x“3+1/3*a“3*1n(x)-1/6*a“3*1n(-a“2*x“2+1)

| —

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00

/ coth™(ax) a  coth™'(az)

de = ——— —
xt v 612 33

_|_

1
3

a®log(z) —

6(13 log

(1 — a2x2)

‘Integrate[ArcCoth[a*x]/x“4,x]

‘-1/6*a/x‘2 - ArcCoth[a*x]/(3*x"3) + (a"3*Logl[x])/3 - (a"3%Logl[l - a"2*x"2]

/86




input

output
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,
number of rules _ 500, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6453, 243, 54, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ coth_i (ax) dx
x
| 6453
1 1 coth™!(azx)
3a/ z3 (1 — a2z?) dz = 3x3
| 243
1 1 coth™ (az)
z = dxp?==
6a/ z* (1 — a2z?) o 33
| 54
1 a* a? 1 , coth™(ax)
6a/<‘a2xz_1+zz+m4>dﬂ” R
| 2009
1 /5 9 9 9 9 1 coth™!(ax)
6a(a log(a: ) —a log(l—a )_ﬁ T 33
LInt [ArcCoth[a*x]/x"4,x]

‘-1/3*ArcCoth[a*x] /x"3 + (ax(-x~(-2) + a"2xLog[x~2] - a~2xLogl[l - a~2*x"2])
/86




rule 54

rule 243
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b#*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009LInt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6453

input

Int[((a_.) + ArcCoth[(c_.)*(x_ )" (n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symboll]

> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.09 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.02

method result size
. . . - 3( _arccoth(za)  In(za—1) In(za+l) 1 In(za)
derivativedivides | a ( T 5 5 2z T 3 48
3( _arccoth(xa)  In(za—1)  In(za+l) 1 In(za)
default a ( 2307 5 5 62z T —3 48
a(%_az ln(a:)+a2 In(za+1) +a2 In(za—1)
__arccoth(za) — ~\ 2 2 2
parts 323 3 49
. 1 1 21n(z)a3z®—In(a?z%—1)a3z3 —za+In(za—1
risch - n(gz; ) 4 2@ ( 6363) (wa-1) 57
. 21 32322 In(za—1)a®—2z3a® h(za)—z3a®—za—2 h
parallelrlsch n(z)a’z®—2z° In(za—1)a’—2z a(;l;ccot (za)—z°a®—za—2 arccoth(za) 61

Lint (arccoth(x*a)/x"4,x,method=_RETURNVERBOSE)
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. a°3x(-1/3/x73/a"3*arccoth(x+a)-1/6%1n(a*x-1)-1/6%In(a*x+1)-1/6/x"2/a"2+1/3

outpu ‘*ln(x*a)) ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.06

ax—1

coth™ (ax) a’z®log (a?a? — 1) — 2a%z®log (z) + az + log (221)
/ o de 6 3

inputLintegrate(arccoth(a*x)/x‘4,x, algorithm="fricas") J

‘—1/6*(a“3*x*3*log(a‘2*x“2 - 1) - 2#a”3*x"3*log(x) + axx + log((a*x + 1)/(a

Output}*x - 1)))/x3 |

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.98

/ coth™ (az) dp — a’log (z) a®log(az +1) N a’acoth (az)  a  acoth (ax)
x? 3 3 3 622 33

input Lintegrate (acoth(a*x) /x**4,x) J

output‘a**3*log(x)/3 - ax*3xlog(a*x + 1)/3 + a**3*acoth(a*x)/3 - a/(6*xx**2) - aco
th(akx)/ (3xx**3) |
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.85

coth™ (azx) 1 1 arcoth (ax)
/de =5 (a2 log (a2x2 — 1) —a’log (xz) + E)a BTy

inputLintegrate(arccoth(a*x)/x"él,x, algorithm="maxima") J

‘—1/6*(a‘2*10g(a‘2*x*2 - 1) - a™2#log(x~2) + 1/x"2)*a - 1/3%arccoth(a*x)/x"

E |

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 209 vs. 2(39) = 78.
Time = 0.12 (sec) , antiderivative size = 209, normalized size of antiderivative = 4.45

-1
/ coth™ (ax) dp —

x4

al .. lei1 .,

1|, laz + 1] 5 ar +1 2 (az + 1)a?
—= 1 —a’l 1| | -
3| Og(|am—1|> @08 ax—1+ (

i o i =Ngianh
input integrate(arccoth(a*x)/x"4,x, algorithm="giac")

-1/3*(a"2*log(abs(a*x + 1)/abs(a*xx - 1)) - a"2*log(abs((a*x + 1)/(a*x - 1)
+ 1)) - 2x(a*x + 1)*a”2/((a*xx - 1)*((a*x + 1)/(a*x - 1) + 1)72) - (3*(a*x
+ 1)7"2xa"2/(a*xx - 1)72 + a"2)*log(-(((a*x + 1)*a/(a*x - 1) - a)/(a*((a*x

+1)/(axx - 1) + 1)) + 1)/(((a*x + *a/(axx - 1) - a)/(ax((a*x + 1)/(a*x

-1+ 1) - D)/ ((axx + 1)/(axx - 1) + 1)73)*a

output

(3(&?:11))?2 + a2> log | =
az — 1) (2 +1)° (et 4 1)°
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Mupad [B] (verification not implemented)

Time = 3.57 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.83

/coth_l(ax) i a’ln(z) aCOt};(”) + %  a®*In(a®z?—1)
x? 3 x3 6

-

Lint(acoth(a*x)/x‘4,x)

-/

input

Outputt(a‘s*log(x))/B - (acoth(a*x)/3 + (a*x)/6)/x"3 - (a~3%log(a~2*x"2 - 1))/6 J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.17

/coth_l(ax) s

4
x
—2acoth(az) a®z® — 2acoth(az) + 2log(a’z — a) a3z — 2log(z) a®z® + ax
N 63
inputLint(acoth(a*x)/x‘4,x) J
output‘ ( - 2xacoth(a*xx)*ax*3xx**3 — 2%acoth(a*x) + 2klog(a**2*x — a)*ax*3*kx**3 - \

L2*log(x)*a**3*x**3 + a¥x)/ (6%x**3) J




output

input

output

CHAPTER 3. LISTING OF INTEGRALS

104

3.11 [ @) g,

)
Optimal result . . . . . . . . . . . . . 104
Mathematica [A] (verified) . . . . . . . . . ... 104
Rubi [A] (verified) . . . . . . . . . . 105
Maple [A] (verified) . . . . . . . . . .. 106!
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 107
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 107
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 107
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 108
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 108
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 109

Optimal result

Integrand size = 8, antiderivative size = 41

/coth_l(ax) P a®
x? 1223 4z

coth™! (ax)

44

1

+ L—la‘larctanh(am)

-

L-l/12*a/x“3-1/4*a“3/x-1/4*arccoth(a*x)/x“4+1/4*a“4*arctanh(a*x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.39

/ coth™! (az) a a® coth™'(az) 1

dmz———————ga

0 1223 4z 44

1
(1 —ax)+ §a4 log(1 + azx)

‘Integrate[ArcCoth[a*x]/x“S,x]

‘-1/12*a/x‘3 - a”3/(4*x) - ArcCothl[a*x]/(4*x"4) - (a~4xLogl[l - axx])/8 + (a

“4*Log[1 + a*x])/8

| —



input

output
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6453, 264, 264, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(aw) iz

5
| 6453
1 1 coth™!(azx)
- dr —
4a/ z4 (1 — a?x?) v 4z
| 264
1/, 1 1 coth™(az)
4a<a / z2 (1 - a2a:2)dw - 3.1:3> 4zt
| 264

1 [ of o 1 1 1 coth™!(azx)
4a<a (a /1—a2m2dw w) 3x3> 4zt
| 219

-1
ia <a2 <aarctanh(aa:) — 1) — 1) _ M

z 4zl

e

tInt [ArcCoth[a*x]/x"5,x]

~—

‘—1/4*ArcCoth[a*x] /x~4 + (ax(-1/3*%1/x"3 + a~2%(-x"(-1) + a*ArcTanh[ax*x])))/

L4

|
J



rule 219

rule 264

rule 6453

input
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ D*x((a + bxx"2)"(p + 1)/(axcx(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] && LtQ[m, -1] &% IntBinomialQ[a, b, c, 2, m, p, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(_.))"(p_.)*(x_)"(m_.), x_Symboll

> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1

] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.88

method result size
. _ =3z th 3z3a3 3 th
par allelrisch z4a? arcco (wa)-{—l ;vx f +za+3 arccoth(za) 36
1 ﬁ_ a3 In(xa+1) a3 In(za—1)
arccoth(za) 5 ( 5231 s 2 + 2 49
parts R — 7
. . i 4( _ arccoth(za) 1 1 ln(:z:a-l-l) __ In(za-1)
derivativedivides | a ( Taigl 55303 4M + S 50
4( _arccoth(za) 1 1 ln(:ca—i-l) __In(za-1)
default a ( 4z%at 12z3a3 4a:c + 8 50
. In(za+1 3In(—za—1)a*z*—3In(—za+1)a*z*—6x3a® —2xa+3In(za—1
risch — (8x4 ) 4 3 ! ( 24)964 — 69
3a2z2+1) (za—1)(za+1)z2 | — = — 5 arccoth(za)
. (2a*25— 24223 — 22) arccoth(za) ( ) X ) (a222-1)ab 26
orering = + 5 82

tint (arccoth(x*a)/x"5,x,method=_RETURNVERBOSE)
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output‘

-1/12% (-3*x~4*a~4xarccoth (x*a) +3*x~3*a~3+x*a+3*arccoth(x*a))/x"4

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.05

5 24 4

/ coth™!(az) i 6 a®z3 + 2az — 3 (a*z* — 1) log (%41)

-

inputt

integrate(arccoth(a*x)/x"5,x, algorithm="fricas")

-/

outputt

-1/24%(6%a~3*x"3 + 2*a*x - 3*(a~4*x"4 - 1)*log((axx + 1)/(axx - 1)))/x"4

inputt

Sympy [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.78

/ coth™'(az) i a*acoth (axr) a® a  acoth(az)
x® 4 4r 1223 4zt

integrate(acoth(a*x) /x**5,x)

outputt

axx4xacoth(a*x)/4 - a*xx3/(4xx) - a/(12%x**3) - acoth(a*xx)/(4*xx**4)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.24

x? 24 x3
__ arcoth (az)

4 x4

-1 2.2
/Mckv: 1 (3a3log(a:p+1) —3a’log (ax — 1) — M)a

inputt

integrate(arccoth(a*x)/x"5,x, algorithm="maxima")
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‘1/24*(3*a“3*10g(a*x + 1) - 3%a"3xlog(a*x - 1) - 2*%(3*a"2*%x"2 + 1)/x"3)*a - ‘

output
L 1/4*arccoth(a*x)/x"4 J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 205 vs. 2(33) = 66.
Time = 0.12 (sec) , antiderivative size = 205, normalized size of antiderivative = 5.00

/ coth™ (az) d

x5

(az1)’a® | (az+1)a’ o(azti)
3 (ax+1)%a® 3 (az+1)a® 92 4° 3 ( (zzw—l)g + azz_fl ) lOg — e —
+ +2a

1 (aaf;—l)2 az—1 n
3 (sztl 4 1)3 (&H + 1)4

azr—1 ax—1

i - 3 =" "
input Llntegrate(arccoth(a*x)/x 5,x, algorithm="giac") J

1/3*ax((3*(a*x + 1)72*%a~3/(a*x - 1)72 + 3*(a*x + 1)*a~3/(a*x - 1) + 2*a”3)
/((a*x + 1)/(a*x - 1) + 1)73 + 3*((a*x + 1)"3*a~3/(a*x - 1)73 + (a*x + 1)*
a~3/(a*x - 1))*log(-(((a*x + 1)*a/(a*x - 1) - a)/(ax((a*xx + 1)/(a*x - 1) +

1)) + 1)/(((a*x + 1)*a/(a*x - 1) - a)/(ax((a*xx + 1)/(a*xx - 1) + 1)) - 1))
/((axx + 1)/(a*xx - 1) + 1)74)

output

Mupad [B] (verification not implemented)
Time = 3.97 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.46

ax

x° v 8 r4 8 r4 T 443 4

/ coth™ (az) p In(1-2L) In(L+1) a®z?+% _ a*atan(ax 1i) 1i

input Lint (acoth(a*x)/x~5,x) J
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‘log(l - 1/(axx))/(8*x~4) - (a~4*atan(a*x*1i)*1i)/4 - log(1l/(a*x) + 1)/(8*x

output
"4) - (a/3 + a"3¥x72)/ (4%x°3)

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.85

0 1224

/ coth™' (az) i 3acoth(az) a*z* — 3acoth(az) + 3a®z® + ax

input‘int(acoth(a*x)/x"S,x)

outputL(3*acoth(a*x)*a**4*x**4 - 3%acoth(a*x) + 3%ax*3*x**3 + axx)/(12kx**4) J
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3.12 [ 2° coth™(az)? dx

Optimal result . . . . . . . . . . . . e 110
Mathematica [A] (verified) . . . . . . . . . ... o 1101
Rubi [A] (verified) . . . .. . . ... .. 11T
Maple [A] (verified) . . . . . . ... L 115
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 115
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 116
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 176l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 117
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 118
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 118

Optimal result

Integrand size = 10, antiderivative size = 105

42 r*  zcoth™(azx) 2°coth™'(az) 2°coth™'(az)
5 1y N2 g
/x coth™ (az)*dz = 15 + 6042 + 305 + 905 + 5a
B coth™(az)? 1 231og (1 — a®z?)

6 it —1( )2
66 + 57 coth™ (az)” + 9048

‘ 4/45%x~2/a~4+1/60*x~4/a~2+1/3*x*arccoth(a*x)/a~5+1/9*x"3*%arccoth(a*x) /a~3+ ‘

output
P ‘ 1/16*x"b*arccoth(a*x) /a-1/6*arccoth(a*x) “2/a~6+1/6*x"6*arccoth(axx) ~2+23/9 ‘
LO*ln(-a“Q*x“2+1)/a“6 J
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 80, normalized size of antiderivative = 0.76
/w5 coth™(ax)? dx
_ 16a%z? + 3a’z* + 4ax(15 + 5a’z? + 3a’z?) coth™' (az) + 30(—1 + a’2%) coth™" (az)? + 46 log (1 — a’a’
B 180a’
input LIntegrate [x~5*ArcCoth[a*x]~2,x] J
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‘ (16%a~2%x"2 + 3*%a~4*xx~4 + 4*xaxx*x(15 + 5%a~2*%x"2 + 3*%a~4xx"4)*ArcCoth[a*xx]

output
L+ 30*% (-1 + a"6*x~6)*ArcCoth[axx]~2 + 46xLog[l - a~2*x~2])/(180%a"6)

Rubi [A] (verified)

Time = 1.31 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.69,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 4 54 Ryjeg
integrand size

used = {6453, 6543, 6453, 243, 49, 2009, 6543, 6453, 243, 49, 2009, 6543, 6437, 240,
6511}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z° coth™! (ax)? da

J,6453
6 3 1 — a2x2
l 6543
z? coth~! (ax) 4 1

1 1 s —dr th d
6:106 coth™ (az)? — Ba( 1‘22;“”2 _ Jateo -, (az)dz

l 6453

z* coth™1 (azx) 1.5 -1 1 5
6% coth™ (az)* — 3a( Z;E _ ~ o’z

l'243

a? a?

l49

1
6:56 coth™ (az)? —

1(]“?%$@m éﬁwﬁl@@—ﬁwaw‘ww%n‘é)mj

4 -1
z* coth™ ' (az) 1,.5 -1 1 z* 2
T de ga coth™ (ax) — 5a [ iz de

1 1
éxﬁ coth™ (az)? — 39 (‘f 1-a’a? -

~a
3 a? a?
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l 2009
:Z)4C0th_1 axr l 5 _1 — i _ﬁ R L4 R M
145 coth= (az)?— = [ ™ dw  5¢° coth™ (az) 10“( ot ~ 2a7 a®
—z°co ax)’——-a -
6 3 a? a?
l 6543
1 -1 2
i coth™ (az)® —
z2 co h_l(az) 2.2
I%dm z2 coth™ 1 (az)dz 1.5 -1 _1 (_z2 =zt M
1 E=E _J a2( ) sz’ coth™ (az) — ga( —% — 522 s
7a -
3 a? a?
l 6453
1 -1 2
i coth™ (az)® —
zzcoth_l(az) 1.3 -1 1 3 —a?z?
J gz e geicothT(az)—ga [ Topdz 1.5 coth~!(az) — +a —% - L42 - M
1 ) a2 10 a 2a a
7a -
a? a?
l 243
1 s -1 2
i coth™ (az)® —
z2 co h_l(az) 1.3 -1 1 (v2 2 222
[ de galcothTlaz)—gaf Eypde® 105 1y -1(g0y - 1,(_a® _ 2t log(1-a’a?)
. e 3 5o gz’ coth™ " (az) — ma( —% — 522 -5
7a -
a? a?
l 49
1 -1 2
—z° coth™ (az)” —
6
2 coth—1 (az) la:?’cot;h_l(az)—laf - |d«? 222
R LY T 6 a2 2(a222-1 1.5 -1 _1,(_2® _ z* _ log(l-a’s?)
1 =% _ \ ( ) s2° coth™ (az) — jpa( —57 — o2 pes
—Qa -
3 a2 a?
l 2009
16 -1 2
6% coth™ (az)® —
10g(1—a2x2)
2 goth—1 123 coth™!(az)—La _ay oBEE) 22
J2leoth lgaw) 4 3 6%\ Ta2 o 15 coth—) (qz) — Laf—22 — z* _ log(l=a’z?)
1. o - > _ 5@ coth™(az) — 50 G — 302 a®

a? a?
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l 6543

1
Exﬁ coth™ (az)? —

th™ *( ) _ 2 log 1-a222
f% *  [coth™!(az)de £a® coth™!(az)—ta _%_¥ , \ o
a2 22 a a lx5c0th_1(ax)—ia _z2 gt log
1 a? — a? 5 10 a*  2a?
Za 3 —
a2 a2
l 6437
1 _
gxﬁ coth 1((130)2 —
1 _ 2.2
e et e g o - o235 2
2 P] — a a 1 _ L 22
1 - rER— - > 1z coth™ (az) — 5a(—%
Za B
a2 (12
l 240
1 _
gwﬁ coth™(az)? —
co az —a2a? 1o; l—a.zan2
flthTa(u)d Mﬂcoth—lm) 32° Coth‘l(aw)—zls“(‘f;—imﬁ)) 1 1 2
= — o2 - iz coth™(az) — La(—%;
la Py = E L
3 a2 "
l 6511
1 _
éwﬁ coth™(az)? —
1 242 log(1—a2z2
coth™(az)2 M-}—zcoth L(az) %$3 Coth_l(ax)—%a _7 Og( a?z ) , \
243 22 a at 11’,5 coth™ ( ) la z z*
! a? — a? 5 10 a*  2a?
Za B

a?

input Llnt [x~5*ArcCoth [a*x] ~2,x]

~—

output ‘(x 6xArcCoth[a*x]~2)/6 - (a*x(-(((x~5*ArcCoth[a*x])/5 - (a*(-(x"2/a~4) - x~ ‘
‘4/(2*a 2) - Logll - a~2*x~2]1/a"6))/10)/a~2) + (-(((x~3*ArcCoth[a*x])/3 - ( ‘
‘a*( (x72/a"2) - Logl[l - a"2xx"2]/a"4))/6)/a"2) + (ArcCoth[a*x]~2/(2*a~3) - ‘

‘ (x*ArcCoth[a*x] + Log[l - a~2*x~2]/(2*a))/a~2)/a"2)/a~2))/3




rule 49

rule 240

rule 243

rule 2009

rule 6437

rule 6453

rule 6511
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQl{a, b}, x]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + bxx)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcCoth[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCoth[c*x™n]) “p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/ - c™2xx(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

~

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

‘(Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
‘ol] :> Simp[(a + bxArcCoth[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQl[c™2xd + e, 0] && NeQ[p, -1]

N

\‘

J
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Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6543

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.88

method result

parallelrisch __ —30z%aS arccoth(wxa) 2_124545 arccoth(za)—16—3a%z*—2023a3 arccoth (xltgz);;&z? z2—60za arccoth(za)+30 arc

2545 arccoth(za) 2343 arccoth(za) arccoth(za) In(za—1) arccoth(za)Iln(za+1)
parts 6 arccoﬁt‘,h(a:a,)2 + 5 + 3 ~+za arccoth(za)+ 5 — 5 +

2545 arccoth(ma)2 + T

derivativedivides 4

5

o’ arccoth(za) + 2343 arccoth(za) + za arccoth(za) + arccoth(za) In(za—1)  arccoth(za)In(za+1) +ﬂ
15 9 3 6 6

(

2545 arccoth(aca.)2 + T

default 6

545 arccoth(za) + 2343 arccoth(za) + za arccoth(za) + arccoth(za) In(za—1)  arccoth(za)In(za+1) +M
15 9 3 6 6

(

(a®z5-1) In(za+1)2 (1525 In(za—1)a®—625a5—1023a3 —30za—15In(za—1)) In(za+1) + 25 In(za—1)2 T
24a5 B 180a 24 -

risch

input | 11t ("B*arccoth (x+a) "2, x,method=_RETURNVERBOSE) J

‘-1/180*(—30*x”6*a“6*arccoth(x*a)“2—12*x“5*a”5*arccoth(x*a)-16—3*a”4*x“4—20
‘*x“3*a”3*arccoth(x*a)-16*a“2*x“2-60*x*a*arccoth(x*a)+30*arccoth(x*a)“2-92*
‘ln(a*x—l)-92*arccoth(x*a))/a‘6

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.93

/ z° coth™ (az)? dz

6 a*z? + 32 a’z? + 15 (ab2% — 1) log (%)2 +4(3a°z° + 5432 + 15 az) log (22£1) + 92 log (a®z* — 1
a 360 af
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input ‘ integrate(x~5*arccoth(a*x)~2,x, algorithm="fricas") ‘

t‘ 1/360* (6*a~4*x~4 + 32%a"2*xx"2 + 156*%(a"6*x"6 - 1)*log((a*x + 1)/(a*x - 1))~ \
\2 + 4x(3*%a”b*x"5 + b*%a~3*%x"3 + 16*xaxx)*log((a*x + 1)/(a*x - 1)) + 92*log(a \
L‘2*x“2 - 1))/a"6 J

outpu

Sympy [A] (verification not implemented)

Time = 0.43 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.09

/ z° coth ™ (az)? dz

z8 acoth? (az 2% acoth (az 4 z3 acoth (az 422 x acoth (ax 23 log (az+1 acoth? (az 23 acoth (azx
()+ ()_+_93 ()_|_45ma4_+_ ()_+_ g ( )_ ()_ (az)

N ; o 604 0a? 3a® 4508 6ab 4545
- 7('2:116
T4
inputLintegrate(X**5*aC0th(a*x)**2,x) J
output Piecewise((x**6%acoth(axx)*x2/6 + x**bxacoth(ax)/(15%a) + xxxd/(60%a**2) |

+ xxx3xacoth(akx)/(9%ax*3) + dxx**2/(45*axxd) + xracoth(a*x)/(3xa**5) + 23
(¥log(a*x + 1)/(45%ax*6) - acoth(axx)*x2/(6xa*x6) - 23*acoth(ax)/(45xa**6) |
L, Ne(a, 0)), (-pi**2*x**6/24, True)) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.29

1
/m5 coth™(az)? dz = 8 2% arcoth (az)?
1 [(2Ba*z®+5a*3+152) 15log(ax+1) 15 log(ax — 1)
—a - +
90 ab a’ a’
+6a4x4 + 32a%z% — 2 (15 log (az — 1) — 46) log (az + 1) + 15 log (az + 1)* 4 15 log (az — 1)* + 92 lo
360 a

) arcoth (az)

input Lintegrate (x~5*arccoth(a*x)~2,x, algorithm="maxima") J
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Output‘1/6*x“6*arccoth(a*x)"2 + 1/90%a* (2% (3*%a~4*x~5 + b*xa~2%x~3 + 15%x)/a"6 - 15
‘*log(a*x + 1)/a”7 + 1b6%log(a*x - 1)/a"T7)*arccoth(a*x) + 1/360*(6*xa~4*x"4 +
‘ 32%xa”2*xx"2 - 2*(1b*log(a*x - 1) - 46)*log(a*x + 1) + 16*log(a*x + 1)72 +
|16*log(a*x - 1)72 + 92+log(a*x - 1))/a"6

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 534 vs. 2(89) = 178.

Time = 0.13 (sec) , antiderivative size = 534, normalized size of antiderivative = 5.09

/ z° coth™ (az)? dz = Too large to display

-

inputt

~—

integrate(x~5*arccoth(a*x) ~“2,x, algorithm="giac")

1/90*% (15*% (3*(a*xx + 1)°5/(a*x - 1)°5 + 10*(a*x + 1)~3/(a*x - 1)~3 + 3x(a*x
+ 1)/(a*xx - 1))*log((a*x + 1)/(a*x - 1))"2/((axx + 1)"6*a"7/(a*x - 1)76 -
6x(axx + 1)76%a"7/(a*x - 1)°5 + 15x(a*xx + 1)~4%a~7/(a*x - 1)74 - 20*(a*x +

1)"3*a”~7/(a*x - 1)73 + 15x(a*x + 1)72*a”7/(a*x - 1)72 - 6x(a*x + 1)*a~7/(
a*x - 1) + a”7) + 2x(45x(a*x + 1)74/(a*xx - 1)74 - 90*(a*x + 1)73/(a*x - 1)
~3 + 140*(a*x + 1)72/(a*xx - 1)72 - 70*(a*x + 1)/(a*x - 1) + 23)*log((a*x +

1)/(a*x - 1))/((a*x + 1)"5%xa~7/(a*xx - 1)°5 - Bx(a*x + 1)~ 4*a~7/(axx - 1)~
4 + 10*(a*x + 1)73*a"7/(axx - 1)7°3 - 10*(a*xx + 1)72*a"7/(a*x - 1)72 + b5*(a
*x + 1)*a”~7/(axx - 1) - a~7) + 4x(11x(axx + 1)"3/(a*x - 1)73 - 16*(a*xx + 1
)"2/(a*x - 1)72 + 11x(a*xx + 1)/(a*xx - 1))/((a*x + 1)"4*a"7/(a*x - 1)"4 - 4
*(axx + 1)7"3%a~7/(a*x - 1)73 + 6x(a*x + 1)"2%a”~7/(a*x - 1)°2 - 4x(a*xx + 1)
*a"7/(axx - 1) + a”7) - 46*log((a*x + 1)/(axx - 1) - 1)/a"7 + 46xlog((a*x
+ 1)/(a*xx - 1))/a"7)*a

output




CHAPTER 3. LISTING OF INTEGRALS 118

Mupad [B] (verification not implemented)

Time = 3.76 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.81

/ z° coth™ (az)? dz

_ a%acoth(az)?

6
23 In(a? z2-1) 4a2 22 atat acoth(a )2 a® 2% acoth(a z) a® 2% acoth(a z) az acoth(a )
90 45 60 6 + 9 + 15 +
_|_

ab

-

input L

-/

int (x"5*acoth(a*x) ~2,x)

(x~6*acoth(a*x)"2)/6 + ((23+log(a~2+x"2 - 1))/90 + (4*a"2#x"2)/45 + (a~4*x
“4)/60 - acoth(a*x)~2/6 + (a”3*x"3*acoth(a*x))/9 + (a~5*x"5*acoth(a*x))/15
‘ + (axx*acoth(a*x))/3)/a"6

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.90

/ z° coth ™ (az)? dz

_ 30acoth(az)? a®z® — 30acoth(az)’ — 12acoth(az) a®z® — 20acoth(az) a®z® — 60acoth(az) az — 92acoth
a 180aS

input Lint(x 5xacoth(a*x)~2,x) J

‘(30*acoth(a*x)**2*a**6*x**6 - 30*xacoth(a*x)**2 - 12*%acoth(a*x)kaxx5xx**x5 - \
‘ 20*acoth(a*x)*a*x*3*x**3 — 60*acoth(a*x)*a*x - 92xacoth(a*x) + 92*log(ax*2
‘*x - a) + 3kaxkdkxkkd + 16%axk2kxkk2)/(180%ax*6) ‘

output
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3.13 [ z* coth™(az)? dx

Optimal result . . . . . . . . . . . . e 119
Mathematica [A] (verified) . . . . . . . . . ... o 1191
Rubi [A] (verified) . . . .. . . ... .. 120
Maple [A] (verified) . . . . . . ... L 124
Fricas [F] . . . . . . o 125
Sympy [F] . . o o 125
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1261
Giac [F] . . . . o o 126
Mupad [F(-1)] . . . o o 127
Reduce [F] . . . . . 127

Optimal result

Integrand size = 10, antiderivative size = 127

3z > 2?coth™'(ax) =zcoth™'(ax)
4 th_l 2d —
/ zeothar)dr = 6 T 502 T s T 10a
coth™(az)? 1 | 1 3arctanh(ax)
I V4 o h™ 2 =
a + =% coth™ (az) 1005

2C0th_1(a$) log (ﬁ) POlyLOg (27 1- 1—20,9:)
B 5a’ B 5a°

|3/10%x/a~4+1/30%x~3/a"2+1/5%x"2*arccoth(a*x) /a~3+1/10%x 4*arccoth(a*x) /atl
‘/S*arccoth(a*x)‘2/a‘5+1/5*x‘5*arccoth(a*x)‘2—3/10*arctanh(a*x)/a‘5—2/5*arc
coth(a*x)*1n(2/(-a*x+1))/a"~5-1/5*polylog(2,1-2/(~a*x+1))/a"5

N\ J

output

Mathematica [A] (verified)

Time = 0.30 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.69

/ z* coth™ (az)? dz

az(9 + a®z?) 4 6(—1 + a®z®) coth ™ (az)? + 3 coth™ ' (azx) (—3 + 2a2z? + a*z* — 4log (1 — g2coth™ (az
30a®
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input‘ Integrate[x"4*ArcCoth[a*x]~2,x] ‘

t‘ (a*xx*(9 + a~2%x"2) + 6*%(-1 + a~5*x"5)*ArcCoth[a*xx] "2 + 3*ArcCoth[a*x]*(-3 ‘
|+ 2%a”2%x72 + a™4¥x"4 - 4xLog[l - E~(-2*ArcCoth[a*x])]) + 6*PolylLogl[2, E"(
L—2*ArcCoth [a*x]1)1)/(30%a"5) J

outpu

Rubi [A] (verified)

Time = 1.13 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.35,

_ _ number of rules _
number of steps used = 14, number of rules used = 13, integrand size — 1.300, Rules

used = {6453, 6543, 6453, 254, 2009, 6543, 6453, 262, 219, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z* coth™! (ax)? da

l 6453
1 2 5coth™!
g:cs coth™!(az)? — 5a/$(130_(12:6(;“6)(13E
l 6543
z3 coth™! (az) 3 1
1 . 1, N 2 -z 4z [ 23 coth™!(az)dzx
52 coth™ " (ax) —5a( 221,- _ >
l 6453
3 -1
1 5 coth(ar)? — 2 J = de _ g@*coth™ (az) — za [ Zsde
5w co (ax)* — —a ) -
l 254
1 5 1 2
e coth™ (az)* —
N B "
2 (flh()dx Lot coth ™ (az) - a [ (=% + iy — &) dm)
‘a _
5 a2 a2

l 2009
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z3 coth~! (az 1.4 -1 _ 1, (arctanh(e) o _ 4%
[ Wzg)da} 12* coth™ (az) — 7a 5 T 307

1 2
gx‘r’ coth™!(ax)? — e 2 - >

l 6543

1
gm5 coth™ (az)? —

wcoth_l(az) _
9 / ooz 4z _ [z coth Yaz)dzx %x‘l coth_l(aa:) _ %4%15111(%’) -z L‘Z)
a? a? a a 3a
Za _
5 a? a?
l 6453

1
gw5 coth™ (az)? —

zcoth™1 — 2
f072(aw)dz 122 coth~!(az)—1a [ oy ade %374 coth_l(aac) _ %a(arctanh(ax) oz ﬁ)

—a Z2
2 . a2 - a? @ o’ Sa7
7a -
5 a2 a?
l 262
1 5 -1 2
—z° coth™ (az)” —
I oz de
1 lx%oth_l(ax)—la Zl—afz?  x
[zooth—(az) gy 2 2 a2 a2 1,4 -1 _ 1 (arctanh(ez) & _ &®
5 =% _ - 7T%coth™ (ax) — za po: 2 T 322
7a -
5 a2 a?
l 219

1
ga:5 coth™ (az)? —

1 1 _ arctanh
f%dz 122 coth 1(‘11)—%@(@73((”)‘@%) 1,4 coth_l(aw) 1,4 arctanh(az) & _ o3
2 a2 - a2 4 4 a’ at 3a?
7a -
5 a2 a?

l 6547

1
3x5 coth™!(ax)? —

- coth ™! (az) , “1.2 0 1.2 -1 1 (‘arctanh(az)
[ T1mas ®_co”ae)?  ga’coth™!(am)—ga( g Lo coth~ (az) — Lo BrCtanhe)
2 2 - a2 4 4 ad

“a _
5 a? a?

l'6471
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1
3335 coth™ (az)? —

oo ) ot~ o) tos( 1)
a - 72 92 coth~!(az)? %mQ coth‘%az)—%a(mglh(m)—%) 1.4 1 1_(a
5 — > _ @ @ zx*coth™ (ax) — 7a( =
a a? a? 4 4
5 a2 a’
l 2849
1 _
gwE‘ coth™ (az)? —
log(il—zaz) d1 1 ) )
Fp— —aT g ( th~ 1 (az)
=az + o¢( 12z )aco 22 cothL(am)? 1a? coth‘%az)—%a(mglh(”)—l) 1.4 —1 1

9 a 222 _ e o 77 coth™ (azx) — 7

—a a? a? i

5 a?

l 2752
1 _
gw‘r’ coth™ (az)? —
PolyLog(2,1— 1—2 1 2 th~ 1 (az)
i Og(za ) + *¢( 1 ),:O e _ coth™1(az)? 152 coth_l(ax)—%a<4ar0ta?h<az)_%) 1,4 -1 1

9 a 222 _ @ ° 77% coth™ (azx) — z

—a a? a? —

5 a?

- A
. “4x% *x]”
input \Int [x~4*ArcCoth[a*x]~2,x] )

(x~5*%ArcCoth[a*x]~2) /5 - (2*a*x(-(((x"4*ArcCoth[a*x])/4 - (ax(-(x/a"4) - x~
3/(3*a"2) + ArcTanh[a*x]/a"5))/4)/a~2) + (-(((x~2*ArcCoth[a*x])/2 - (a*(-(
x/a~2) + ArcTanh[a*x]/a~3))/2)/a"2) + (-1/2xArcCoth[a*x]~2/a"2 + ((ArcCoth
[a*x]*Log[2/(1 - a*x)])/a + PolylLogl[2, 1 - 2/(1 - a*x)]/(2%a))/a)/a"2)/a"2

))/5

output




rule 219

rule 254

rule 262

rule 2009

rule 2752

rule 2849

rule 6453
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x"m,
a + bxx~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simpl[c*(c*x)
“(m - 1)*((a + b*x"2)"(p + 1)/(b*(m + 2*p + 1))), x] - Simp[a*c™2*((m - 1)/
(bx(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQl[{a, b
,» C, p}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, x]

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—  /

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQle + c*d, 0]

Int[Logl(c_.)/((d.) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol]l :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQle~2xf + d~2xg, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)~(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]
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rule 6471

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(Log[2/(1 + e*(x/d))]/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2%x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2
, 0]

rule 6543

Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol]l :> Simp[f~2/e Int[(f*x)"(m - 2)*(a + b*ArcCoth[c*
x])7p, x], x] - Simp[d*(£f72/e) Int[(f*x)~(m - 2)*((a + b*ArcCoth[c*x]) p/
(d + e*x~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6547

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(c*d) Int[(a + b*ArcCoth[c*x]) p/(1 - c*x), x], x] /; FreeQl[{a, b, c, 4,
e}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.29

method result

2.2

ztat arccoth(za)_l_arccoth(za)a z
5

_I_arccoth(zaé) In(za—1) + arccoth(wtg) In(za+1) +

5 2
x° arccoth(za
(za) 10

parts z

5.5 4 4 2.2

2
z°a® arccoth(za) z*a” arccoth(za) | arccoth(za)a“z arccoth(za) In(za—1) | arccoth(za) In(za+1)
+ 10 + 5 + 5 + 5 +

derivativedivides 5
2545 arccoth(:va)2 z4at arccoth(za) arccoth(wa)a2w2 arccoth(za) In(za—1) , arccoth(za) In(za+1)

default 5 hs 10 + . + 5 hs 5 hs

risch 413 2% In(za+1) + In(xa+1)z? _ In(zxa+1)z3 + In(za+1)z? _ In(wa+l)z In(zxa—1)z* __ In(za-
2250a® 50 40a 30a? 20a3 10a%

input L

int (x~4*arccoth(x*a)~2,x,method=_RETURNVERBOSE)
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output

1/5*x"5*arccoth(x*a) ~"2+2/5/a~5* (1/4*x"4*a"~4*arccoth(x*a)+1/2*arccoth(x*a)*
a~2xx"2+1/2*arccoth(x*a)*1n(a*x-1)+1/2*arccoth(x*a) *1n(a*x+1)+1/12*xx"3*a"~3
+3/4*x*a+3/8*1n(a*xx-1)-3/8*1n(a*xx+1)-1/2*dilog(1/2*x*a+1/2)-1/4*1n(a*x-1) *
In(1/2*x*a+1/2)+1/8*1ln(a*x-1)"2-1/8*1n(a*x+1) "2+1/4* (ln(a*x+1)-1n(1/2*x*a+
1/2))*1n(-1/2*x*a+1/2))

Fricas [F]

/ z* coth™ (az)? dz = / z* arcoth (az)? dx

-

inputt

integrate(x~4*arccoth(a*x)~2,x, algorithm="fricas")

—

outputt

input

integral (x~4#*arccoth(a*x) 2, x)

Sympy [F]

/ z* coth™ (az)* dx = / z* acoth? (az) dz

Lintegrate(x**4*acoth(a*x)**2,x)

outputt

Integral (x**4*acoth(a*x)**2, x)




CHAPTER 3. LISTING OF INTEGRALS 126

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 155, normalized size of antiderivative = 1.22

1
/ z* coth™ (az)? dx = E z® arcoth (az)?

+@a

1 2<2a3x3+ 18 az — 3 log (az + 1)* + 6 log (azx + 1) log (az — 1) + 3 log (az — 1)* + 9 log (az —
e

1 [(a’z*+22% 2log(a®z?—1)
0@ arcoth (ax
+ 10 ( at + ab ) ( )
inputLintegrate(XA4*arccoth(a*x)*2,x, algorithm="maxima") J

1/5*%x"6*arccoth(a*x) "2 + 1/60*a~2x((2*a"3*x"3 + 18+%a*x - 3%log(axx + 1)72

+ 6xlog(a*x + 1)*log(a*x - 1) + 3*log(a*x - 1)72 + 9*log(a*x - 1))/a"7 - 1
2% (log(a*x - 1)*log(1l/2*a*x + 1/2) + dilog(-1/2*a*x + 1/2))/a~7 - 9xlog(a*
x + 1)/a”7) + 1/10*%a*((a"2*%x"4 + 2*x~2)/a"4 + 2xlog(a~2*x~2 - 1)/a"6)*arcc
oth(a*x)

output

Giac [F]

/ z* coth™ (az)? dz = / z* arcoth (az)? dx

p
Lintegrate(x‘4*arccoth(a*x)‘2,x, algorithm="giac")

-/

input

outputLintegrate(XA4*arCcoth(a*x)A2, 0 J
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Mupad [F(-1)]

Timed out.
/ z* coth™ (az)* dx = / z*acoth(az)’ dz
input Lint (x~4*acoth(a*x)~2,x) J
output Lint (x~4*acoth(a*x)~2, x) J
Reduce [F]
/ z* coth™ (az)? dz
6acoth(az)’ a®z® — 6acoth(az)’ ax — 3acoth(azx) a’z? — 6acoth(az) a®z® + 9acoth(az) + 6( [ acoth(az)
a 30a’
fnput Lint (x~4xacoth(a*x)~2,x) J
Output‘(G*aCOth(a*x)**2*a**5*x**5 - 6%acoth(a*x)**2xa*x - 3%acoth(a*x)kakkdkx**s

|- Bxacoth(axx)*ax*2*xk*2 + Oacoth(a*x) + 6xint(acoth(axx)**2,x)*a + axx3x
‘x**S + 9xaxx)/(30%a**5) ‘




output

input
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3.14 [ 23 coth™(az)? dx

Optimal result . . . . . . . . . . . . e 128
Mathematica [A] (verified) . . . . . . . . . ... o 128]
Rubi [A] (verified) . . . .. . . ... .. 129
Maple [A] (verified) . . . . . . ... L 132
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 132
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 133l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 133l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 134
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 134
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 135

Optimal result

Integrand size = 10, antiderivative size = 81

log (1 — az?)

2 -1 3 -1
3 1, N2 T zcoth™ (az) z°coth™ (ax)
/ z° coth™ (az)” dz = a2 T 53 =
th™'(az)? 1
_coth (92)" L L4 oth= (az)? +

4a*

4

3a*

‘1/12*x‘2/a“2+1/2*x*arccoth(a*x)/a‘3+1/6*x‘3*arccoth(a*x)/a—1/4*arccoth(a*x
‘)“2/a”4+1/4*x“4*arccoth(a*x)”2+1/3*1n(—a“2*x“2+1)/a“4

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.77

/ 23 coth™ (az)? dz

_ a®z? + 2ax(3 + a’z?) coth ™! (az) + 3(—1 + a*z*) coth™ ' (az)? + 4log (1 — az?)

12a4

kIntegrate[x‘S*ArcCoth[a*x]‘2,x]
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output‘ (a~2%x"2 + 2*axx*(3 + a~2*x"2)*ArcCoth[a*x] + 3*(-1 + a~4*x"4)*ArcCoth[a*x ‘
L] ~2 + 4xLogl[l - a~2*%x~2])/(12*a~4) J

Rubi [A] (verified)

Time = 0.83 (sec) , antiderivative size = 115, normalized size of antiderivative = 1.42,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 55 Ryyes
integrand size
used = {6453, 6543, 6453, 243, 49, 2009, 6543, 6437, 240, 6511}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z3 coth™ (az)? dz

| 6453
1, _1, o 1 /m4 coth™!(azx)
z h _og [ B0 9
i coth™ (ax) 5% 1= a?a? dx
| 6543
2 coth™1(az) 9 1
1 4 -1 9 1 fwl_Tde J «* coth™ (az)dz
- h _ = _
AL cot (ax) 2a( 2 =
| 6453
1, L (ag)? 1 %;;gm)dw 123 coth™ (az) — 2a [ 71_”;?;:”2 dzx
2% co (az)* — 24 2 - 2

l 243

2 coth~? - 2
zla(fmioﬁém%h iﬁcmhlﬁw)—é“f1f%ﬁdﬁ)

a? a?

l 49

e?cotht(az) 7. 143 coth™(az) — laf S SO N,
1.%'4 coth_l(aar;)2 — ;a( 1—a’z? s 6 ( a a?(a2z —1))

im‘* coth™ (az)

4 2

a a?

l 2009
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2 -1 1 -1 1 2 log(1—a2z2
1 B 5 a2 - a2
l 6543
14 -1 2
Zx coth™ (az)® —
co -1 azr
1 [ P2 de Jeotham)ds 133 coth(az) — Lo 22 — l80=e’?)
a2 a2 3 6 a a
2° a? N a2
l 6437
14 -1 2
Zx coth™ (az)® —
-1
1 J e weoth!(az)a [ ol pde 123 coth™!(az) — %a<_% — M)
Za a? a2 . a a
a? a2
l 240
14 -1 2
Zx coth™ (az)® —
o tos 1-a%%) -1 1.3 -1 1 2 log(l-a%s?)
1 1—a222 _ — 5, twcoth”!(az) 123 coth (az) — éa'(_% _ 74)
—a 02 a2 _ a a
2 a? a2
l 6511
1 4 -1 2
1° coth™ (ax)* —
(e} —(l21}2
1 coth™!(az)? #-choth_l(am) %CE?’ Coth_l(ax) _ %a<_é . M)
Za 2a3 a2 _ a a
a? a2

inputLInt[x“S*ArcCoth[a*x]“2,x]

t‘(x“4*ArcCoth[a*x]“2)/4 - (a*(-(((x"3*ArcCoth[a*x])/3 - (ax(-(x"2/a"2) - Lo
‘g[l - a”2xx"2]/a"4))/6)/a"2) + (ArcCoth[a*x]~2/(2%¥a~3) - (x*ArcCoth[a*x] +
‘ Log[1l - a~2*x~2]/(2%a))/a"~2)/a"2))/2

outpu




rule 49

rule 240

rule 243

rule 2009

rule 6437

rule 6453

rule 6511
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQl{a, b}, x]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
tx~((m - 1)/2)*(a + bxx)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcCoth[(c_.)*(x_)~(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCoth[c*x™n]) “p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/ - c™2xx(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

~

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

‘(Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
‘ol] :> Simp[(a + bxArcCoth[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQl[c™2xd + e, 0] && NeQ[p, -1]

N

\‘

J




rule 6543
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Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,

1]

Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.89

method result
parallelrisch _ —3z%a arccoth(za)?—2z3a3 arccoth(wa) —1—a?z2—6za arccoth(za)+3 arccoth(za)?—8In(za—1)—8 arccoth(za
12a4
risch (a*z*-1) In(za+1)? . (3z*In(za—1)a*—2z%a% —6za—3 In(za—1)) In(za+1) + zt1n(za—1)2 _ z%In(za—1)
16a4 24a4 16 12a
zsas art O ra arcco’ Ta n(ra— art O Tra n(ra ln(za—l) ln M+l
arts x4 a,rccoth(xa)2 + 7? th(za) +xza arccoth(za)+ ccoth( 2)1 ( 1) _ arceoth( 2) In(zatl) 1 ( £ 2
p 4 2a*
ztat arccoth(za)? + 2343 arccoth(za) +2a arccoth(za) + arccoth(za) In(za—1) _ arccoth(za)ln(za+1) In(za—1) ln(Lza +%) +
derivativedivides 1 6 2 4 4 =
a
ztat arccoth(ma)z + 2343 arccoth(za) +2a arccoth(za) + arccoth(za) In(za—1) _ arccoth(za)ln(za+1) In(za—1) ln(%ﬁ +%) +
default 4 ¢ 2 4 4 e
input Lint (x~3*arccoth(x*a) ~2,x,method=_RETURNVERBOSE) J
output ‘ -1/12*% (-3*x"4*a~4*arccoth(x*a) "2-2*x"3*a~3*arccoth(x*a)-1-a~2*x"2-6*x*a*ar ‘

input

ccoth(x*a)+3*arccoth(x*a) ~2-8*1n(a*x-1)-8*arccoth(x*a))/a~4 ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00

/ 23 coth™ (az)* dz

4a’z? + 3 (a*z* — 1) log (&H)2 + 4 (a*z® + 3az) log (£211) + 16 log (a’z? — 1)

ar—1 ar—1

48 a4

Lintegrate (x~3*arccoth(a*x)~2,x, algorithm="fricas") J
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(1/48%(4xa”2%x72 + 3#(a™4xx"4 - D*log((axx + 1)/(axx - 1))72 + 4x(a™3%x™3

output
L+ 3xaxx)*log((a*x + 1)/(a*x - 1)) + 16*log(a™2*%x"2 - 1))/a"4 J

Sympy [A] (verification not implemented)

Time = 0.32 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.11

/ 2% coth™ (az)? dz

z* acoth? (ax) 23 acoth (azx) z2 z acoth (az) 2log (az+1) acoth? (azx) 2 acoth (ax)
1 T %6 T 23 T - T T 3af fora #0

3at 4at

2,..4 .
— ”1(”3” otherwise

e A
integrate (x**3*acoth (a*xx)**2,x)

N\ J

input

‘Piecewise((x**4*acoth(a*x)**2/4 + xx*3%xacoth(a*xx)/(6%a) + x**2/(12%ax*x2) +
‘ xxacoth(axx)/(2*ax*3) + 2xlog(a*x + 1)/(3*ax*4) - acoth(a*x)**x2/(4xa*x4) ‘
‘— 2xacoth(a*x)/(3xa**4), Ne(a, 0)), (-pi**2xx*x4/16, True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.46

1
/ 2% coth™ (az)? dx = 1 z* arcoth (az)?

1 [(2(a*2®*+3z) 3log(az+1) 3log(az—1)
+ T a( " - s + - arcoth (ax)
+4a2x2 —2(3 log (az — 1) — 8)log (az + 1) + 3 log (az 4+ 1)* + 3 log (az — 1) + 16 log (az — 1)

48 a*

-

Lintegrate(x‘3*arccoth(a*x)‘2,x, algorithm="maxima")

~—

input

‘1/4*x‘4*arccoth(a*x)“2 + 1/12%a* (2% (a~2%x"3 + 3#*x)/a"4 - 3xlog(a*x + 1)/a”

‘5 + 3*log(a*x - 1)/a”b)*arccoth(a*x) + 1/48%(4*a~2*x"2 - 2*(3*log(a*x - 1) ‘
‘ - 8)*log(axx + 1) + 3*log(a*x + 1)72 + 3xlog(a*x - 1)72 + 16xlog(a*x - 1) ‘
‘ )/a"4 ‘

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 335 vs. 2(69) = 138.

Time = 0.13 (sec) , antiderivative size = 335, normalized size of antiderivative = 4.14

/ 23 coth™ (az)? dx

(az+1)* az+1 az+1\2 3 (ax+1)2 3 (az+1) ar+1
1 3 ((aw—1)3 + a:c-—i-1> 10g (az-—’-l) 2 ( (az—1)2 T Taz—1 + 2) ]'Og (ﬁ)
- 6 (aa:+1)4a5 o 4(ax+1)3a5 6(a:c+1)2a5 N 4 (az+1)ab + 5 (aa:+1)3a5 . 3(aa:+1)2a5 3 (az+1)ab 5 (az-
(az—1)* (az—1)3 (az—1)2 ar—1 a (az—1)3 (az—1)2 ar—1 a E
inputLintegrate(x"3*arccoth(a*x)"2,x, algorithm="giac") J

1/6%x(3*x((a*xx + 1)73/(a*x - 1)73 + (a*xx + 1)/(a*x - 1))*1log((a*xx + 1)/(a*x
- 1))°2/((a*x + 1)"4*a~5/(a*xx - 1)74 - 4x(a*xx + 1)~3*a"5/(a*x - 1)"3 + 6%(
axx + 1)72%a”5/(a*x - 1)72 - 4*(a*x + 1)*a"5/(a*xx - 1) + a~5) + 2x(3*(a*x
+ 1)72/(axx - 1)72 - 3*%(axx + 1)/(a*x - 1) + 2)*log((a*x + 1)/(a*xx - 1))/(
(axx + 1)73*a”5/(a*x - 1)7°3 - 3*(a*x + 1)"2*a~5/(a*x - 1)72 + 3*x(a*x + 1)*
a”5/(a*xx - 1) - a”5) + 2x(a*xx + 1)/(((a*x + 1)72%a"5/(a*x - 1)72 - 2*(a*x
+ 1)*a”5/(a*x - 1) + a”b5)*(a*x - 1)) - 4xlog((a*x + 1)/(a*x - 1) - 1)/a”b
+ 4xlog((a*xx + 1)/(a*xx - 1))/a"6)*a

output

Mupad [B] (verification not implemented)

Time = 3.82 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.80

4 2
z*acoth(az
/x3 coth™(az)? dz = %
In(a? z2—1) 2 g2 acoth(ax)? a3 23 acoth(a x) a x acoth(a x)
+ 3 Sr 4 + 6 + 2

at

input‘int(x"B*acoth(a*x)'?,x)

| (x"4*acoth(a*x)~2)/4 + (log(a~2#x~2 - 1)/3 + (a"2%x"2)/12 - acoth(a*x)"2/4

output
‘ + (a~3*x"3*acoth(a*x))/6 + (a*x*acoth(a*x))/2)/a~4
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.90

/ 23 coth™ (az)? dz

_ 3acoth(az)? a’z* — 3acoth(az)’ — 2acoth(az) a’z® — 6acoth(az) ax — 8acoth(azx) + 8log(a’z — a) + a
B 12a*

input‘ int (x~3*acoth(a*x) ~2,x) ‘

output‘ (3*acoth(a*xx) **2xa*x*xdxx**x4d - 3xacoth(a*xx)**x2 - 2xacoth(a*xx)*a**3*x**3 - 6%
'acoth(a*x)*a*x - 8kacoth(akx) + 8klog(axk2kx - a) + a*x2kx**2)/(12*a*xd) |
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3.15 [ % coth™(az)? dx

Optimal result . . . . . . . . . . . . e 136
Mathematica [A] (verified) . . . . . . . . . ... o 1361
Rubi [A] (verified) . . . .. . . ... .. 137
Maple [A] (verified) . . . . . . ... L 140
Fricas [F] . . . . . . o 141
Sympy [F] . . o o 141]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1411
Giac [F] . . . . o o 142
Mupad [F(-1)] . . . o o 142
Reduce [F] . . . . . 142

Optimal result

Integrand size = 10, antiderivative size = 103

2 -1 —1(, )2
9 1, 24 x  x’coth™ (axz)  coth™ (ax)
/x coth™ (az)*dz = 32 T % 33
1, _1, .o arctanh(ax)
+ g.’li coth (a:z:) - T

2coth™'(az)log (%) PolyLog (2,1 — %)

l—azx
3a3 3a?

‘ 1/3*x/a"2+1/3*x"2*arccoth(a*x)/a+1/3*arccoth(axx) ~2/a~3+1/3*x"3*arccoth(a* ‘
‘ x)"2-1/3*arctanh(a*x)/a~3-2/3*arccoth(a*x)*1n(2/(-a*x+1))/a~3-1/3*polylog( ‘
2,1-2/(~a%x+1)) /a3 |

output

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.64

/ 2% coth™ (az)? dz

az + (—1 + a®2®) coth ™ (azx)? + coth™(az) <—1 + a’z? — 2log (1 — e_2°°th_1(‘”)>> + PolyLog (2, e

N 3a3
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input‘ Integrate [x"2xArcCoth[a*x] ~2,x] ‘

t‘ (a*x + (-1 + a~3*x"3)*ArcCoth[a*x] "2 + ArcCoth[a*x]*(-1 + a~2*x"2 - 2+Logl ‘

outpu
‘1 - E"(-2*ArcCoth[a*x])]) + PolyLogl2, E~(-2*ArcCoth[a*x])])/(3*a"3) |

Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.17,

number of steps used = 10, number of rules used = 9, ﬂ%ﬁ%ﬁ;ﬁg gtilzlgs = 0.900, Rules

used = {6453, 6543, 6453, 262, 219, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z2 coth_l(aa:)2 dx
l,6453
]. 2 3 th—l
ot coth(aa)? = S [ T B
l 6543
T th_l(az) -1
1 3 -1 2 2 g dx J z coth™ (az)dz
ga: coth™ (az)” — ga ) — =
l 6453
x coth™ ! (ax) 1.9 _1 1 9
1;1;3 COth_l(a.’L‘)z _ ga de.’E _ PR coth (aa:) - §af1_?172x2d.’13
3 a? a2
l 262
1
z coth™ (az 1.2 oth—Y(qg) — Lol =22 % _ =
19:3coth_1(ax)2_ ga #ﬂ;)dm B 5% coth™ (ax) 2a< pe a2>
3 3 a2 22

l 219
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-1 1,2 -1 1 (arctanh
1. 1w 2 () %%(an)dx 522 coth™'(az) — 5(1(7(13 (a2) _ %)
3% coth™ (az)” — 39 2 - e

l 6547

1
§m3 coth™ (az)? —

coth_l(az) _ _
J " dz coth 1(ax)2 %xz coth l(ax) _ %a<arctanh(ax) _ %>

p [LEEe ey R
3 a? a?
| 641
1 3 -1 2
3% coth™ (az)® —
lo %aa: coth_l(aw) lo; %am
g(l >a _f ?Ei?zQ ) dz coth_l(ax)z le coth_l(ax) — la(%rﬂl(az) —_ i)
ga a — 202 _ 2 2 a3 a?
3 a? a?

l 9849

1
§x3 coth™!(ax)? —

1 log($> d-—1

1— -~ I-az |og —2az coth_l(az)
I—az + (I ) coth_l(am)2 %IEQ Coth_l(ax) _ %a(al‘ctanh(ax) _ oz

)

a3

a a —
2 a 2a?

a

3 a? a?

lzmz

1
§$3 coth™ (az)? —

a3

PolyLog(2,1— _2 log —2az coth_l(aa:)
( T aw)+ (I ) coth™! (az)? %xQ coth_l(ax) _ %a(arctanh(ax) oz

)

2a a —
2 a 2a2

a

7a —_—
3 a? a?

-

input LInt [x~2*ArcCoth[a*x] ~2,x]

| —

e

(x~3*%ArcCoth[a*x] "2)/3 - (2*ax(-(((x"2*ArcCoth[a*x])/2 - (a*(-(x/a"2) + Ar
‘cTa.nh[a*x] /a~3))/2)/a"2) + (-1/2xArcCoth[a*x]~2/a"2 + ((ArcCoth[a*x]*Logl[2
L/(i - a*x)])/a + PolyLogl[2, 1 - 2/(1 - a*x)]/(2*a))/a)/a~2))/3

output
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

rule 262 Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pt, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

N

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2752

rule 2849 Int[Logl(c_.)/((d)) + (e_)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQ[e~2*f + d~2xg, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1
] &% IntegerQ[m])) && NeQ[m, -1]

rule 6453

rule 6471 Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol

1 :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Simp[bxc
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x"
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c~2xd"2 - e~2
, 0]

N
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rule 6543 Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d.) + (

e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*

x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6547 IntLC((a_.) + ArcCothl(c_.)*(x)1*(b_.))"(p_.)*(x))/((d)) + (e_.)*(x_)72),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCoth[c*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,

e}, x] && EqQ[c™2xd + e, 0] && IGtQ[p, O]

Maple [A] (verified)

Time = 0.28 (sec) , antiderivative size = 144, normalized size of antiderivative = 1.40

method result
th(za)a’z? th(za) In(za—1) th(za) In(za+1) | ga , In(za—1) In(za+l) , In(za—1)°
parts 3 arccoth(xa)2 n arcco ;a a®z® | arcco m% n(za 4 areco m% n(za ey n zg _In mg 41n au];z
3 a
z3a3 arccoth(ma)2+arccoth(za)a2:1:2+arccoth(za) 1n(za—1)+arccoth(xa) 1n(a:a+1)+ﬂ+ln(xa—1)_1n(za+1)+ln(ma—1)2_
derivativedivides 3 3 3 3 3 8 83 12
default z3a3 arc;oth(ma)2+arccoth(3za)a2:1:2+arccoth(za3) 1n(za—1)+arccoth(a::13) 1n(xa+1)+%+ln(mg—1)_1n(zg+1)+ln(m(112—1)2_
a3
. In(za—1)223 _ In(za—1)2 _ In(@a—1)z®  In(wa—1)z®  In(za—1)z 11ln(za—1) x In(za+1)°
risch 12 1243 18 12a 62 T 3628  T32T 12
input Lint (x~2*arccoth(x*a) “2,x,method=_RETURNVERBOSE) J

‘1/3*x‘3*arccoth(x*a)‘2+2/3/a‘3*(1/2*arccoth(x*a)*a‘2*x“2+1/2*arccoth(x*a)*
‘1n(a*x—1)+1/2*arccoth(x*a)*1n(a*x+1)+1/2*x*a+1/4*1n(a*x-1)—1/4*ln(a*x+1)+1
‘ /8%1n(a*x-1)"2-1/2*dilog(1/2*x*a+1/2)-1/4*1n(a*x~-1)*1n(1/2*x*a+1/2)-1/8*1n
(a*x+1)~2+1/4% (1n(a*x+1)-1n(1/2+x*a+1/2)) *1n(-1/2%x*a+1/2))

output
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Fricas [F]

/x2 coth™(az)? dz = /x2 arcoth (az)® dz

‘integrate(x“2*arccoth(a*x)“2,x, algorithm="fricas")

input
output tintegral (x~2*arccoth(a*x)~2, x) J
Sympy [F]
/ z* coth™ (az)? dz = / z? acoth? (azx) dz
input Lintegrate (x*x*2*acoth (a*x) **2,x) J
output LIntegral (x**2%acoth (a*xx) **2, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.30

1
/ z? coth™!(az)? dz = = z® arcoth (ax)?

3
+i 2 4az —log (az + 1)> + 2 log (az + 1) log (az — 1) + log (az — 1)* + 2 log (az — 1) 4 (log (a
12 ab
1 (z* log(a?z?—1
+ 30 (% + %) arcoth (ax)

input tintegrate (x~2*arccoth(a*x) ~2,x, algorithm="maxima") J
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output‘ 1/3*x"3%arccoth(a*x) "2 + 1/12%a”2*x((4*a*x - log(a*x + 1)"2 + 2*1og(a*x + 1 ‘
‘)*1og(a*x - 1) + log(a*xx - 1)°2 + 2*log(a*x - 1))/a"5 - 4x(log(a*x - 1)*lo ‘
‘g(1/2*a*x + 1/2) + dilog(-1/2*%a*x + 1/2))/a"5 - 2*log(a*x + 1)/a"5) + 1/3x ‘
‘a*(XAQ/aA2 + log(a™2*x~2 - 1)/a"4)*arccoth(axx)

Giac [F]
/xz coth™ (az)* dz = /1‘2 arcoth (az)? da
input Lintegrate (x~2%arccoth(a*x)~2,x, algorithm="giac") J
OutputLintegrate(x‘2*arccoth(a*x)‘2, x) J
Mupad [F(-1)]
Timed out.
/ 2% coth™ (az)* dz = / z?acoth(az)’ dz
input tint (x~2%acoth(a*x) "2,x) J
output Lint (x~2*acoth(a*x)~2, x) J
Reduce [F|

/ z% coth™ (az)? dz

B acoth(ax)? a*z® — acoth(az)’ az — acoth(az) ax? + acoth(az) + ([ acoth(ax)’ dzr) a + ax
B 3a3

input Lint(x 2*acoth(a*x)~2,x) J
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output‘ (acoth(a*xx) **2*xa**3*xx**3 — acoth(a*xx)**2*a*x - acoth(a*x)*ax*x2*x**x2 + acot
‘h(a*x) + int (acoth(a*x)**2,x)*a + a*xx)/(3*a*x*3)




output

input L

output
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p
‘ x*arccoth(a*x) /a-1/2*arccoth(a*x) ~2/a~2+1/2*x"2*arccoth(a*x) "2+1/2*1n(-a~2 ‘

-

3.16 [z coth™'(ax)? dzx

Optimal result
Mathematica [A] (verified)
Rubi [A] (verified)

Maple [A] (verified)
Fricas [A] (verification not implemented)

Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 54

_ zcoth™'(az) B coth™(ax)?

a 2a?

/x coth™(ax)? dz =

1

+ —x%coth™ (az)? +

2

log (1 — az?)

*x"2+1)/a"2

N

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.80

_ 2azcoth™(az) + (—1 + a®z?) coth™" (az)? + log (1 — az?)

/ x coth™ (az)? dzx

2a?

Integrate [x*ArcCoth[a*x] ~2,x]

-/

‘ (2xa*x*ArcCoth[a*x] + (-1 + a~2*x"2)*ArcCoth[a*x]~2 + Logl[l - a~2%x~2])/(2 ‘

N

*a~2)

J
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Rubi [A] (verified)

Time = 0.46 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.13,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {6453, 6543, 6437, 240, 6511}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/zco‘ch_l(ax)2 dz
| 6453
1o 1, 2 z% coth™! (ax)
2% coth™ (ax) _a/l—a2w2dm
| 6543
th—!(ax) 1
1 5 1782 | iz rdz [ coth™ (az)da
5% coth™ (az) a( - =
| 6437
L coth™!(az)? —a / %dw — zcoth™ (az) —a [ g de
2 a? a?
l 240
th_l(aw) log(l—a2a:2) _1
1 o -1 2 | e dw ——5.— +zcoth™ (ax)
5% coth™ (ax) a( ) =
| o511
_ log(1—a?x?) _1
1o 1, 9 coth™}(az)? =5, — + zcoth™'(az)
3% coth™ (ax) a( 503 - -
input LInt [x*ArcCoth[a*x]"2,x] J

N

)
| (x"2%ArcCoth[axx]"2)/2 - a(ArcCoth[a*x]"2/(2%a"3) - (x*ArcCoth[a*x] + Log

output
1 - am2ex72]/(2%2))/a"2) |




rule 240

rule 6437

rule 6453

rule 6511

rule 6543
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Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simpl[x*(a
+ b*ArcCoth[c*x"n])“p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1)/(1 - c”2%x"(2*n))), x1, x] /; FreeQl[{a, b, c, n}, x] && IGtQ[p, 0]
&& (EqQ[n, 11 || EqQlp, 11)

~

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1
] && IntegerQm])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxcxd*x(p + 1)), x] /; FreeQ[{a, b

, ¢, d, e, p}¥, x] && EqQl[c™2xd + e, 0] && NeQ[p, -1]

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.)) " (p_.)*((£_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x) " (m - 2)*(a + b*ArcCothl[c*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]




input L

output ‘

input

output
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Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.91

2 2 2 2
h h 1 —1 h 1 1 1 —1
z“a“ arccoth(za) za arccoth(ma) arccot (ma2) n(za—1) arccot (wa2) n(za+1) n(:vas )

method result
. —z2a? arccoth(wa)? —2za arccoth(za)+arccoth(za)?—2 In(za—1)—2 arccoth(za)
parallelrisch - 202
isch (a?x2-1) In(za+1)? (22 In(za—1)a?—2za—In(za—1)) In(za+1) z2 In(za—1)2 zln(za—1) In(za—1)
IS¢ 8a2 - 4a? + 8 - -
_ N N n(wa—1)2 In(za—1)In(2241 n
parts 22 a.rccoth(za)2 + za arccoth(wa)+arccoth(wtl2) In(za—1) _a ccoth(:va2)1 (:va+1)+l (:cas ne (za—1) ( 2 2) In(
2

In(za—1) ln(zz—a’-i—%)

derivativedivides 2

2

In(za—1) ln(‘a—a-i—%)

2 2 _ —1)2
z“a“ arccoth(za) +za arCCOth(za)+arccoth(za2) In(za 1)_arccoth(za2) 1n(za+1)+1n(zas 1)

default 2

int (x*arccoth(x*a) "2,x,method=_RETURNVERBOSE)

-1/2%(-x"2*%a~2*arccoth(x*a) ~2-2*x*a*arccoth(x*a)+arccoth(x*a) “2-2*1n(a*x-1
)-2%arccoth(x*a))/a~2

Fricas [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.15

4azlog (22£1) + (a’z? — 1) log (@)2 + 4 log (a%z? — 1)

ar—1 axr—1
8 a?

/x coth™(az)? dz =

Lintegrate (x*arccoth(a*x) "2,x, algorithm="fricas")

‘1/8*(4*a*x*1og((a*x + 1)/(axx - 1)) + (a™2*x72 - 1)*log((a*x + 1)/(a*x - 1
‘))“2 + 4xlog(a~2*x~2 - 1))/a"2
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Sympy [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.11

/ z coth™ (az)? dzx

z2 acoth? (ax) z acoth (ax) log (az+1) acoth? (azx) acoth (azx)
2 + a + a? - 2a? - a? for a # 0

m2z?

5 otherwise

p
Lintegrate (x*acoth(a*x) **2,x)

-/

input

‘Piecewise((x**2*acoth(a*x)**2/2 + xxacoth(a*x)/a + log(a*x + 1)/a**2 - aco ‘
th(a*x)**2/(2xax*2) - acoth(axx)/a**2, Ne(a, 0)), (-pi**2xx**2/8, True))

N J

output

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(48) = 96.

Time = 0.03 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.80

/ z coth™ (az)? dz

1, o 1 (2x log(ax+1) log(ax—1)
=5 arcoth (az)” + 5 a( = 3 + = arcoth (azx)
_ 2(log (az — 1) — 2)log (az + 1) — log (az + 1)? —log (ax — 1)*> — 4 log (az — 1)
8a?

input ‘ integrate(x*arccoth(a*x)~2,x, algorithm="maxima") ‘

‘1/2*x“2*arccoth(a*x)“2 + 1/2%a*(2*x/a"2 - log(a*x + 1)/a"3 + log(a*x - 1)/ ‘
‘a"3)*arccoth(a*x) - 1/8%(2*(log(a*x - 1) - 2)*log(a*x + 1) - log(a*x + 1)~ ‘
‘2 - log(a*x - 1)72 - 4xlog(a*x - 1))/a"2 ‘

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 154 vs. 2(48) = 96.

Time = 0.12 (sec) , antiderivative size = 154, normalized size of antiderivative = 2.85

/x coth™ ' (ax)? dx

1 (CLLE + 1) 10g (Zz_g_i) 2 log (aw+1) 2 10g (aa:+1 1) N 2 10g (am-l—l)
=—Qa
(e e Yoy B e af"’

-

| —

i - i =] "
inputLlntegrate(x*arccoth(a*x) 2,x, algorithm="giac")

‘1/2*a*((a*x + 1)*log((a*x + 1)/(a*x - 1))72/(((a*x + 1)72*a~3/(a*x - 1)72
‘— 2x(axx + 1)*a~3/(a*x - 1) + a"3)*(a*x - 1)) + 2xlog((a*x + 1)/(a*x - 1))
\/((a*x + 1)*a”3/(a*x - 1) - a”3) - 2xlog((a*xx + 1)/(a*x - 1) - 1)/a"3 + 2%

output
|
Llog((a*x +1)/(a*x - 1))/a"3) J

Mupad [B] (verification not implemented)

Time = 3.77 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.81

s?acoth(az)® —2M@D 4 g pacoth(ax) + 2

/ z coth™ (az)?dr = 5

a2

input Lint (x*acoth(a*x)~2,x) J

‘(x“2*acoth(a*x)“2)/2 + (log(a™2#x~2 - 1)/2 - acoth(a*x)~2/2 + a*x*acoth(a* ‘

output
x))/a™2
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.98

/ z coth™ (az)? dz

acoth(az)® a2x® — acoth(ax)® — 2acoth(azx) ax — 2acoth(az) + 2log(a’z — a)
2a?

input ‘ int (x*acoth(a*x)~2,x)

‘(acoth(a*x)**2*a**2*x**2 - acoth(a*x)**2 - 2*acoth(a*x)*a*x - 2*acoth(a*x)

output
|+ 2xlog(axk2+x ~ a))/(2xar*2)
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3.17 [ coth™(az)? dz

Optimal result . . . . . . . . . . . . e 1511
Mathematica [A] (verified) . . . . . . . . . ... o 1511
Rubi [A] (verified) . . . .. . . ... .. 152
Maple [A] (verified) . . . . . . ... L 154
Fricas [F] . . . . . . o 154
Sympy [F] . . o o 155
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 1551
Giac [F] . . . . o o 156
Mupad [F(-1)] . . . o o 156
Reduce [F] . . . . . 156

Optimal result

Integrand size = 6, antiderivative size = 58

th_l 2
= coth _(az)” + z coth™* (az)?

2 coth™(az) log (2-) PolyLog (2,1 - %)

l—ax l—azx

/ coth™ (ax)? dx

a a

‘ arccoth(a*x) “2/a+x*arccoth(a*x) “2-2*arccoth(a*x)*1n(2/(-a*x+1)) /a-polylog(

output
‘ 2,1-2/(-a*x+1))/a ‘

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.79

/ coth™ (ax)? dx
coth™! (azx) ((—1 + az) coth™!(az) — 2log (1 — e_2°°th_1(‘””))> + PolyLog <2, e‘zmth_l(“’”))

a

input Integrate[ArcCoth[a*x] ~2,x]
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‘ (ArcCoth[a*x]*((-1 + a*x)*ArcCoth[a*x] - 2xLog[l - E~(-2*ArcCoth[a*x])]) +

output
L PolyLog[2, E~(-2*ArcCoth[a*x])])/a J

Rubi [A] (verified)

Time = 0.43 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.22,

number of rules _ 0.833, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6437, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(ax)? dz

l 6437
-1 2 z coth™!(ax)
x coth™ (az) _2‘1/1_a%2dw
l 6547
coth™!(ax) d . )
" 1—ax h
accoth_l(gwg)2 —%a f 1—az _ cot (az)
a 242
l 6471
log(ﬁ) coth~! (az) 1Og<1 _ZM)
mcoth—l(am)2 —%2a a - f 1—a2z2 dx B coth l(ax)z
a 2a2
l 2849

I Md 1 2 1
1= 1—2az 1—az + log(m> coth™ (ax) th_l( )2
z coth™!(az)? — 2a 4 * - = =
a 2a2

l 92752

PolyLog 2,1—%” log %{m coth™!(azx)
z coth™!(azx)? — 2a (2“ : ) + (1 )“ - coth™ (az)”
a 2a2




input

output

rule 2752

rule 2849

rule 6437

rule 6471

rule 6547

CHAPTER 3. LISTING OF INTEGRALS 153

Int [ArcCoth[a*x]~2,x]

x*ArcCoth[a*x] "2 - 2*a*(-1/2xArcCothl[a*x]~2/a"2 + ((ArcCoth[a*x]*Logl[2/(1
- axx)])/a + PolyLogl[2, 1 - 2/(1 - a*x)]/(2*a))/a)

Defintions of rubi rules used

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQle + c*d, 0]

Int[Logl(c_.)/((d_) + (e_.)*(x_))1/((£f_ ) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d"2xg, 0]

N

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCoth[c*x"n])“p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1/ - c™2%x7(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.))"(p_.)/((d ) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(Log[2/(1 + e*(x/d))]/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl2/(1 + ex(x/d))]/(1 - c™2%x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 - e~2
, 0]

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d)) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCothlc*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c~2%d + e, 0] && IGtQ[p, 0]
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 116, normalized size of antiderivative = 2.00

method result

arccoth(wa)?(zxa—1)+2 arccoth(za)?—2 arccoth(za) In 1-{—*_1 —2 polylog 2,—% —2 arccoth(za) ln(
\ waF1 za

. . « . +1
derivativedivides =

a

arccoth(wa)?(xa—1)+2 arccoth(za)?—2 arccoth(za) In (1-1—11) —2polylog <2,—11> —2 arccoth(za) In (
\ zat1 \ zaFl

default _
. In(za—1)%z In(za—1)z In(za—1)2 In(za—1) 1 In(za+1)%z zIn(za+1) In(zat1)? In
risch 1 - 2 — =ttt - - 2 + n(eatl)” 4 In
input Lint (arccoth(x*a) ~2,x,method=_RETURNVERBOSE) J

output ‘ 1/a*(arccoth(x*a) “2* (a*x-1)+2*arccoth(x*a) "2-2*arccoth(x*a) *1n(1+1/((a*x-1 ‘
‘ )/ (a*xx+1))~(1/2))-2*polylog(2,-1/((a*x-1)/(a*x+1))~(1/2))-2*arccoth(x*a)*1 ‘
‘ n(1-1/((a*xx-1)/(a*x+1))~(1/2))-2*polylog(2,1/((a*x-1)/(a*xx+1))~(1/2))) ‘

Fricas [F|
/ coth™ (az) dz = / arcoth (az)’ dz
input Lintegrate (arccoth(a*x)~2,x, algorithm="fricas") J
output Lintegral(arccoth(a*x) =2, x) J
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Sympy [F]

/ coth™(az)? dz = / acoth? (az) dx

input‘integrate(acoth(a*x)**2,x)

outputLIntegral(acoth(a*x)**Q, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 135 vs. 2(55) = 110.

Time = 0.03 (sec) , antiderivative size = 135, normalized size of antiderivative = 2.33

/ coth™!(az)? dz = z arcoth (ax)?

+_

4

1 a(log (az + 1)* + 2 log (az + 1) log (az — 1) — log (az — 1)° 4 (log (az — 1)log (3 az + 1) +
a? a3

N arcoth (ax) log (a?z? — 1)
a

-

| —

i - i =n sl
inputLlntegrate(arccoth(a*x) 2,x, algorithm="maxima

‘x*arccoth(a*x)‘Q + 1/4%(a*((log(a*x + 1)72 + 2xlog(a*x + 1)*log(a*x - 1) -
‘ log(a*x - 1)72)/a"3 - 4*(log(a*x - 1)*log(1l/2*a*x + 1/2) + dilog(-1/2*a*x
‘ + 1/2))/a"3) - 2*(log(a*x + 1)/a - log(a*x - 1)/a)*log(a"2*x"2 - 1)/a)*a

output
L+ arccoth(a*x)*log(a™2*x"2 - 1)/a J
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Giac [F]

/ coth™(az)? dz = / arcoth (az)® dz

i - i ="q n
inputLlntegrate(arccoth(a*x) 2,x, algorithm="giac")

Outputtintegrate(arccoth(a*x)"2, x)

Mupad [F(-1)]
Timed out.

/ coth™(az)? dz = / acoth(a z)* dz

input Lint (acoth(a*x)~2,x)

Outputtint(acoth(a*x)'?, x)

Reduce [F]

/ coth™(az)? dz = / acoth(az)? dx

inputLint(aCOth(a*X)A2’x)

ou_tputtint(acoth(a*x)**2,x)




output
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3.18  [eh (g,

Optimal result . . . . . . . . . . . . . 157
Mathematica [A] (verified) . . . . . . . . . ... 158
Rubi [A] (verified) . . . . . . . . . . 158
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 1601
Fricas [F] . . . . . . 161
Sympy [F] . . o e 161
Maxima [F] . . . . . . 162
Giac [F] . . . o o o 162

Mupad [F(-1)] . . .. o 162

Reduce [F] . . . . . . 163

Optimal result

Integrand size = 10, antiderivative size = 97

~1¢,.\2
/ M dz = 2coth™*(az)? coth™ (1

+ coth™!(az) PolyLog
— coth™(az) PolyLog

1
+ = 5 PolyLog (3 1-—

(2
(>

1+ az

)

1+ax>
2ax
1+ax

~3 PolyLog

(3.1-

2ax
1+ ax

)

B
‘2*arccoth(a*x)‘2*arccoth(1—2/(—a*x+1))+arccoth(a*x)*polylog(2,1—2/(a*x+1))
‘—arccoth(a*x)*polylog(2,1—2*a*x/(a*x+1))+1/2*polylog(3,1—2/(a*x+1))—1/2*po

\‘

J
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Mathematica [A] (verified)
Time = 0.04 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.18
/ M dx = gcoth_l(ax)?’ + coth™!(az)? log (1 +e? C"th_l('”’))
— coth™'(az)?log (1 — e2C°th_1(‘“”)>
— coth™'(az) PolyLog (2, —e 2 °°th_1(‘”’)>
— coth™!(az) PolyLog (2, e’ C"th_l(‘”))

1 - 1 -
— g PolyLog (3, —e 2o 1(“””)) + 5 PolyLog (3, gZeoth 1(aac))

input LIntegrate [ArcCoth[a*x] ~2/x,x] J

output} (2*ArcCoth[a*x]"3)/3 + ArcCoth[a*x]~2+Log[1 + E"(-2*ArcCoth[a*x])] - ArcCo
‘th[a*x] “2+Log[1 - E~(2*ArcCoth[a*x])] - ArcCoth[axx]*PolyLogl[2, -E~(-2%Arc |
‘Coth[a*x])] - ArcCoth[a*x]*PolyLog[2, E~(2*ArcCoth[a*x])] - PolyLogl[3, -E~ ‘

‘ (-2xArcCoth[a*x])]/2 + PolyLog[3, E~(2*ArcCoth[a*x])]/2

Rubi [A] (verified)

Time = 0.72 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.32,
number of steps used = 4, number of rules used = 4, number of rules _ 0.400, Rules

integrand size
used = {6449, 6615, 6619, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l 2
/ coth™ (ax) i

x
| 6449
-1 -1 2
9 coth™ (az)coth™ (1 — —
2coth™ (az)?coth™ (1 — —4a ( ' aw) dz
1—azx 1 — a2z

l 6615
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2
2 coth™!(az)? coth ! <1 - > -

1—azx
‘e 1 / coth™!(az) log (ai;?l) - 1 / coth™!(ax) log (%ﬂ) -
2 1 — a?x? 2 1— a2z?
| 6619
—1/..3\2 -1 2
2 coth™"(az)* coth <1-— ) —
1—azx
Wf1[a I%ﬂyLog(2,1-a;11)d PolyLog (2,1 — ;27) coth~'(az)\ 1 (PolyLog (2,1— 222 ) cot
2 2/ 1— a?22 T 2a +§ 2a
| 7164
2 coth™!(azx)? coth™ (1 — 2 —
1—azx
Wl PolyLog (3, 1- %ﬂ) PolyLog (2, 1 Mzﬁ) coth™ (az)\ {1 (PolyLog (3, 1- ai“fl) Polyl
2\~ 4a B 2a +_§ 4a +

input ‘ Int [ArcCoth[a*x]~2/x,x] ‘

output‘2*ArcCoth[a*x]“2*ArcCoth[1 - 2/(1 - a*x)] - 4xax((-1/2*(ArcCoth[a*x]*PolyL
‘ogl2, 1 - 2/(1 + a*x)])/a - PolyLogl3, 1 - 2/(1 + a*x)]1/(4%a))/2 + ((ArcCo |
‘th[a*x]*PolyLogl[2, 1 - (2%a*x)/(1 + a*x)])/(2%a) + PolylLog[3, 1 - (2%a*x)/
1+ ax)]/(xa))/2) |

Defintions of rubi rules used

rule 6449‘ Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2*(a + ‘
‘ b*ArcCoth[c*x]) “p*ArcCoth[1 - 2/(1 - c*x)], x] - Simp[2*b*cxp Int[(a + b ‘
‘*ArcCoth[c*x])"(p - 1)*x(ArcCoth[1l - 2/(1 - c*x)]1/(1 - c™2*%x~2)), x], x] /; ‘
\Freea[{a, b, ¢}, x] && IGtQ[p, 1] \
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Int[(ArcCoth[u_J*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(
x_)"2), x_Symbol] :> Simp[1/2 Int[Log[SimplifyIntegrand[1l + 1/u, x]]1*((a
+ b*ArcCoth[c*x])"p/(d + e*x"2)), x], x] - Simp[1/2 Int[Log[SimplifyInteg
rand[1 - 1/u, x]11*((a + bxArcCoth[c*x]) p/(d + exx~2)), x], x] /; FreeQl{a,
b, c, d, e}, x] && IGtQ[p, 0] && EqQlc~2*d + e, 0] && EqQu™2 - (1 - 2/(1
- c*x))"2, 0]

rule 6615

Int[(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.))/((a_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(PolyLog[2, 1 - ul/(2%c*d)), x
] - Simp[b*(p/2) Int[(a + bxArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] && EqQL[(1 - u)"2 - (1 - 2/(1 + c*x))~2, 0]

rule 6619

rule 7164 Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,
x]}, Simp[w#PolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.54 (sec) , antiderivative size = 459, normalized size of antiderivative = 4.73

method result

. i(14Zetl . . )
iT csgn <(mff1) csgn ﬁll csgn (z(1+%) ) —csgn ﬁll csg
Z zatl— zatl_

ra— ra— ra—

derivativedivides | In (za) arccoth (za)? +

za—1 za—1 za—1

) i(14 za-_kl X . i
in ngn<(mff_i) csgn ﬁ csgn<z(1+ igﬂ))—csgn #1_1 csg

default In (za) arccoth (za)? +

za—1 xa

) +1 . +1 .
<i71' csgn(é) csgn < 1(3102:55:1) > csgn <:((1;;%°_Zl_11)) > —iT csgn(%) csgn ( :((19;
a

parts In (z) arccoth (za)® + 2a

input int (arccoth(x*a) ~2/x,x,method=_RETURNVERBOSE)




output

inputt

outputt

inputt
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1n(x*a)*arccoth(x*a) ~2+1/2*I*Pi*csgn(I/((a*xx+1)/(a*x-1)-1)*(1+(a*x+1)/(a*x
-1)))*(csgn(I/((a*xx+1)/(a*x-1)-1))*csgn(I*(1+(a*xx+1)/(a*xx-1)))-csgn(I/((a*
x+1)/(a*x-1)-1) ) *csgn(I/((a*x+1) / (a*xx-1)-1) *(1+(axx+1) /(a*x-1) ) ) -csgn(I/ ((
axx+1)/(a*xx-1)-1)*(1+(a*xx+1)/(a*x-1)) ) *csgn(I*(1+(a*x+1)/(a*xx-1)))+csgn(I/
((a*xx+1)/(a*xx-1)-1)*(1+(a*x+1) / (a*x-1) ) ) “2) *arccoth(x*a) “2+arccoth(x*a) ~2*
1n((a*x+1)/(a*x-1)-1)-arccoth(x*a) "2*1n(1-1/((a*x-1) / (a*x+1))~(1/2) ) -2*arc
coth(x*a)*polylog(2,1/((axx-1)/(axx+1))~(1/2))+2*polylog(3,1/((a*x-1)/(a*x
+1))~(1/2))-arccoth(x*a) "2*1n(1+1/((a*x-1)/(a*xx+1))~(1/2))-2*arccoth(x*a) *
polylog(2,-1/((a*x-1)/(a*x+1))~(1/2))+2*polylog(3,-1/((a*x-1)/(a*x+1))~(1/
2) )+arccoth(x*a)*polylog(2,-(a*x+1)/(a*x-1))-1/2*polylog(3,-(a*x+1)/(a*x-1
)

Fricas [F]

-1 2 2
/ coth™ (ax) dp — / arcoth (ax) i

T T

integrate(arccoth(a*x)~2/x,x, algorithm="fricas")

-/

integral (arccoth(a*x)~2/x, x)

Sympy [F]

1, N2 2
/ coth™ (ax) dp — / acoth” (ax) i

T T

integrate(acoth(a*x) **2/x,x)

outputLlntegral(aCOth(a*X)**2/x, x)
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Maxima [F]

-1 2 2
/ coth™ (ax) dp — / arcoth (ax) i

z x

input Lintegrate (arccoth(a*x)~2/x,x, algorithm="maxima")

OutputLintegrate(arccoth(a*x)*Q/X, x)

Giac [F]

T
z x

~1(r)2 2
/ coth™ (ax) dp — / arcoth (az) p

inputtintegrate(arccoth(a*x)‘2/x,x, algorithm="giac")

output Lintegrate (arccoth(a*x)~2/x, x)

Mupad [F(-1)]
Timed out.

-1 2 2
/ coth™ (ax) dp — / acoth(a x) i

z x

input Lint (acoth(a*x) ~2/x,x)

output Lint (acoth(a*xx)~2/x, x)
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Reduce [F]

T T

-1 2 2
/ coth™ (ax) dp — / acoth(ax) i

input Lint(acoth(a*x)’?/x,x)

output Lint (acoth(axx)**2/x,x)




output

L

input L
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3.19 [ (@l gy

Optimal result . . . . . . . . . . . . . 164
Mathematica [A] (verified) . . . . . . . . . ... 164
Rubi [A] (verified) . . . . . . . . . . 165
Maple [B] (verified) . . . . . . . ... 167l
Fricas [F] . . . . . . 167
Sympy [F] . . o e 168
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 168
Giac [F] . . . o o o 169
Mupad [F(-1)] . . .. o 169
Reduce [F] . . . . . . 169

Optimal result

Integrand size = 10, antiderivative size = 55

. ) -1 2
/M dx = acoth™*(azx)? — M + 2a coth™'(az) log <2 S )

2 z

— a PolyLog <2, -1+

1+ azx

2
1+azx

0g(2,-1+2/ (a*x+1))

p
‘ axarccoth(a*x) “2-arccoth(a*x) “2/x+2*a*arccoth(a*x)*1n(2-2/ (a*x+1) ) -a*polyl

\‘

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.89

/ coth™(az)? (=1 + az) coth ™ (az)?
—
T T

+ 2a COth_l(am) log (1 + 6_2 cothfl(am)>

— aPolyLog <2, —e? °°th_1(“)>

Integrate[ArcCoth[a*x] ~2/x72,x]
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‘ ((-1 + axx)*ArcCoth[a*x]~2)/x + 2%a*ArcCoth[a*x]*Log[1l + E~(-2*ArcCoth[a*x ‘

output
L] )] - a*PolyLog[2, -E~(-2*ArcCoth[a*x])] J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.09,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6453, 6551, 6495, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(aav)2 iz

72
| 6453
-1 —1(, )2
2a/ coth™ (az) o coth™ (ax)
z (1 — a?xz?) x
| 6551
coth™!(azx) 1 1/ \9 coth™!(az)?
2a( [ S22 9% gi 4~ coth™ _ ot ar
a(/ P P dx+2cot (ax) > .
| 6495
log (2- %) 1 2
—a | e - “1(qx)? _ -1 _
2a< a/ 1 il dzr + 5 coth™ (ax)® + log (2 p— 1) coth™ (az)
coth™!(ax)?
z
| 2897

1 2 1 2
2a( —= PolyLog ( 2, ——— — 1] + - coth™(az)® + log ( 2 — h! —
a< 5 Poly og(,ag’:_’_1 )—i—zcot (az) +og< aac+1>COt (aw)>
coth™!(ax)?

x

)
Int [ArcCoth[a*x]~2/x"2,x]

N J

input
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‘-(ArcCoth[a*x]“2/x) + 2xa*(ArcCoth[a*x]~2/2 + ArcCoth[a*x]*Log[2 - 2/(1 +

output
La*x)] - PolyLogl2, -1 + 2/(1 + a*x)1/2)

Defintions of rubi rules used

Int[Loglu_l*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)]}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents/[u,
x] [[2]], Expon[Pq, x1]

rule 2897

N

Int[((a_.) + ArcCoth[(c_.)*(x_ )" (n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :

rule 6453
> Simp[x~(m + 1)*((a + bxArcCoth[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6495 Intl(Ca_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Simp [bxc*(p/d) Int[(a + bxArcCoth[c*x])~(p - 1)*(Logl[2 - 2/(1 + e*x(x/d))]
/(1 - c™2xx~2)), x], x] /; FreeQ[{a, b, ¢, d, e}, x] & IGtQ[p, 0] && EqQlc
~2xd"2 - e~2, 0]

rule 6551 Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),

x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/

d Int[(a + b*ArcCoth[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQlc~2+d + e, 0] && GtQ[p, 0]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(55) = 110.

Time = 0.14 (sec) , antiderivative size = 145, normalized size of antiderivative = 2.64

method result

xa

derivativedivides a(—M — arccoth (za) In (za + 1) + 21n (za) arccoth (za) — arccoth (za) In (3

default a(—% — arccoth (za) In (za + 1) + 21n (za) arccoth (za) — arccoth (za) In (2
parts _M _ 2a<arccoth(mc;) In(zat+1) In (CL‘(I) arccoth (CL‘(L) + arccoth(za2) In(za—1) + ln(zaé—
inputLint(arccoth(x*a)“2/x‘2,x,method=_RETURNVERBOSE) J

output ‘ a*x(-1/x/a*arccoth(x*a) “2-arccoth(x*a) *1n(a*x+1)+2*1n(x*a) *arccoth(x*a)-arc ‘
| coth(x*a)*1n(a*x-1)-1/4*1n(a*x-1) "2+dilog(1/2*x*a+1/2)+1/2¥1n(a*x-1)*1n(1/ |
| 2%x*a+1/2)+1/4%1n(a*x+1)"2-1/2% (In(axx+1)-1n(1/2%x*a+1/2) ) ¥1n(-1/2*x*a+1/2 |
‘)-dilog(a*x+1)—ln(x*a)*1n(a*x+1)-dilog(x*a))

Fricas [F]
coth™!(az)? arcoth (az)?
/ coth” (a2)” g _ / ()’ g,
z T
jnputLintegrate(arccoth(a*X)‘2/x‘2,x, algorithm="fricas") J

OutputLintegral(arccoth(a*x)~2/X~2, %) J
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Sympy [F]

2 x2

-1 2 2
/ coth™ (ax) dp — / acoth” (ax) s

input  integrate (acoth(axx)*¥2/x**2,X) |

outputLIntegral(acoth(a*x)**2/x**2, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 146 vs. 2(54) = 108.
Time = 0.03 (sec) , antiderivative size = 146, normalized size of antiderivative = 2.65

/ coth™*(ax)? i

12

1 o2 <log (az +1)* — 2 log (az + 1) log (az — 1) — log (az — 1) N 4 (log (az — 1)log (3 az + 1) + Lis|
a a

9 o 9 arcoth (ax)?
— a(log (a’z* — 1) — log (z*)) arcoth (az) — —

inputtintegrate(arccoth(a*x)‘2/x‘2,x, algorithm="maxima") J

(1/4*a‘2*((10g(a*x + 1)72 - 2%log(a*x + 1)*log(a*x - 1) - log(a*x - 1)72)/a
‘ + 4x(log(a*x - 1)xlog(l/2*axx + 1/2) + dilog(-1/2*a*x + 1/2))/a - 4*(Llog(
‘a*x + 1)*log(x) + dilog(-a*x))/a + 4*(log(-a*x + 1)*log(x) + dilog(a*x))/a
) - ax(log(a™2*x"2 - 1) - log(x~2))*arccoth(a*x) - arccoth(a*x)~2/x

N\ J

output

/|
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Giac [F]
coth™!(az)? arcoth (az)?
[ e, [t
T T
inputLintegrate(arccoth(a*x)‘2/x*2,x, algorithm="giac")

outputLintegrate(arccoth(a*x)*Q/xAz, %)

Mupad [F(-1)]
Timed out.

—1( )2 2
/ coth™ (az) dp — / acoth(a z) i

inputLint(acoth(a*x)“Q/x*Q,x)

Outputtint(acoth(a*x)"2/x“2, x)

Reduce [F]

acoth(ax) dx

2
/coth_l(omc)2 . —acoth(az) +2<fm

x2 T

inputLint(acoth(a*x)‘2/x*2,x)

outputt

( - acoth(a*xx)**2 + 2xint (acoth(a*x)/(a**2*x**3 - x),x)*a*x)/x
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3.20 f coth™! (azr:)2 dx

3
Optimal result . . . . . . . . . . . . . I7a
Mathematica [A] (verified) . . . . . . . . . ... 1701
Rubi [A] (verified) . . . . . . . . . . Ival
Maple [A] (verified) . . . . . . . . . .. 173l
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 174
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... Ive!
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 175
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 175
Mupad [B] (verification not implemented) . . . ... ... .. ... .. ..... 176
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 176

Optimal result

Integrand size = 10, antiderivative size = 61

B! 2 ht 1
/ —COt 3(ax) dx = _acoth \ax) cot (aa:) + ~a? coth_l(a.’v)2
z z 2
_ coth™ (az)?

1
572 + a®log(z) — §a2 log (1 — a’z?)

e R
output ‘ -a*xarccoth(a*x) /x+1/2*a”~2*xarccoth(a*x) ~2-1/2*arccoth(a*x) ~2/x"2+a~2*1n(x) - ‘

‘1/2*a‘2*1n(—a“2*x‘2+1) \

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.93

/ coth™ (az)? acoth™(az) (—1+ a2z?)coth™ (az)?
———dr=— +
z? x 272
1
+ a2 ].Og(.’l:) —_ 50,2 log (1 _ a2.’l:2)
input LIntegrate [ArcCoth[a*x] ~2/x"3,x] J
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‘-((a*ArcCoth[a*x])/x) + ((-1 + a"2*x"2)*ArcCoth[a*x]~2)/(2*x"2) + a~2*Logl ‘

output
Lx] - (a"2xLog[1 - a~2%x~2])/2 J

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.98,

number of rules _ 0.800, Rules

number of steps used = 9, number of rules used = 8§, integrand size

used = {6453, 6545, 6453, 243, 47, 14, 16, 6511}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(aa:)2 iz

3
| 6453
/ coth™!(azx) dg — coth™!(ax)?
z2 (1 — a?x?) 212
| 6545
a(aQ/ coth™!(ax) dz + / coth™(ax) dx) 3 coth™!(ax)?
1—a2z? x2 212
| 6453
e e R
| 243
(30 e+ o [ T e - ) e

| 47
1 75 1 9 /1 9 2/c0th_1(a:v) B coth™!(azx) B coth™!(ax)?
a<2a<a /1—a2z2dx + w2da: +a 1 — 242 dz - 972
| 14
175 1 9 9 2/ coth™!(azx) B coth™!(ax) B coth™!(ax)?
a<2a<a /1—a2x2dx + log (z )>+a T a2 dx 502

X
llﬁ
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a<a2 / Mdm + %a(log (z?) —log (1 — a%z?))

B coth™!(azx) B coth™!(ax)?
1—a?z?

T 222

l 6511

212

-1 —1(,)\2
a(;a(log (z?) —log (1 — a%z?)) + %a coth™ (az)? — coth - (ax)) _ coth ™ (az)

input LInt [ArcCoth[a*x]~2/x"3,x] J

¢ ‘ -1/2%ArcCoth[a*x] “2/x~2 + a*(-(ArcCoth[a*x]/x) + (a*ArcCoth[a*x]~2)/2 + (a ‘

outpu
‘*(Log[x”2] - Logl[l - a~2*x~2]))/2) ‘

Defintions of rubi rules used

e

rule 14t1nt[(a_-)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQ[a, x]

~—

6‘Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a + ‘
Lb*x, x]1/v), x] /; FreeQ[{a, b, c}, xI] J

rule 1

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQ[{a, b, c, d}, x]

~

/Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 243

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c"2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453
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rule 6511

Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

rule 6545

input L

Int[(((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcCoth[c*x]) p, x
1, x] - Simple/(d*£"2) Int[(f*x)"(m + 2)*((a + bxArcCoth[c*x]) p/(d + e*x
~2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.18

method

result

parallelrisch
risch

derivativedivides
default

parts

z2a? arccoth(za)?+2a2 In(z)x2—222 In(za—1)a?—2 arccoth(za)a?s?—2za arccoth(za)—arccoth(za)?
2z2
(a222-1) In(za+1)? (22 In(wa—1)a?+2za—In(za—1)) In(za+1) + a?2? In(za—1)%48a? In(z)x2 —4a? In(a?z?
82 472 82
2 arccoth(za)? arccoth(za) In(za—1) arccoth(za) In(za+1) arccoth(za) In(za—1)2 In(za-
A"\ — 722242 - 2 + 2 - za - 8 +

2 arccoth(za)? arccoth(za) In(za—1) arccoth(za) In(za+1) arccoth(za) In(za—1)2 In(za-
A"\~ 2g2a2 - 2 + 2 - za - 8 +

_aurccoth(ar:on)2 __ 2 arccoth(za) In(xa—1)  arccoth(za)In(za+1) + arccoth(za) + In(za—1)2 _ In(za-
222 a 2 2 za 8

int (arccoth(x*a) ~2/x"3,x,method=_RETURNVERBOSE) J

output

‘ 1/2%(x~2*a"2*arccoth(x*a) ~2+2%a~2*1n(x) *x~2-2*x~2*1n (a*x-1)*a~2-2*arccoth( ‘
‘ x*a)*a”~2*x"2-2*x*a*arccoth(x*a)-arccoth(x*a)~2)/x~2 ‘
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.30

/ coth™ (az)? i

3
1 1\2
B _4a2:102 log (a?z? — 1) — 8az?log (7) + 4 az log (2£1) — (a?2? — 1) log (22tl)
8 22
inputtintegrate(arccoth(a*x)‘2/x*3,x, algorithm="fricas") J
[ N
output‘ -1/8*(4*a~2*x"2xlog(a"2*x"2 - 1) - 8%a~2*x"2xlog(x) + 4*axx*log((a*x + 1)/ ‘

(a*x - 1)) - (a72%x"2 - 1)*log((a*x + 1)/(a*x - 1))72)/x2 |

Sympy [A] (verification not implemented)
Time = 0.28 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.92
a? acoth? (az)

2
aacoth (az) acoth? (ax)

dz = a*log () — a®log (axz + 1) +

/ coth™ (az)?

3

2
th —
+ a” acoth (ax) - 507

input Lintegrate (acoth(a*xx) **2/x**3,x) J

‘a**2*log(x) - ax*2xlog(a*xx + 1) + a*x2+acoth(a*x)**2/2 + a**2*acoth(a*x) - ‘

output
‘ a*acoth(a*x)/x - acoth(a*xx)**x2/(2xx**2) ‘
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.57

/ coth™ " (ax)? i

3
1
=3 (2 (log (az — 1) — 2) log (az + 1) — log (az + 1)* — log (az — 1)* — 4 log (az — 1) + 8 log (z))a?
1 2 arcoth (ax)?
+ 3 <a log (az + 1) —alog (az — 1) — E)aarcoth (azx) — -

e A
integrate(arccoth(a*x)~2/x~3,x, algorithm="maxima")

N J

input

‘1/8*(2*(log(a*x - 1) - 2)*log(a*x + 1) - log(a*x + 1)72 - log(a*x - 1)72 - ‘
‘ 4xlog(a*x - 1) + 8*log(x))*a~2 + 1/2*(a*xlog(axx + 1) - axlog(a*x - 1) - 2
‘/x)*a*arccoth(a*x) - 1/2*arccoth(a*x) ~2/x"2

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 137 vs. 2(55) = 110.

Time = 0.12 (sec) , antiderivative size = 137, normalized size of antiderivative = 2.25

/ coth™*(ax)? i

3
1 1 1 az + 1)alog (&+1)? 2 alog (eztl
=—12alog (ax+ —I—l) —2alog (ax_|_ ) + ( ) _ g(ax—l) n ax—'_gl(am—l)
2 ar — ar —1 (az — 1) <§szi;2 n 2g¢;x_+11) N 1) astl
input Lintegrate (arccoth(a*x)~2/x73,x, algorithm="giac") J

‘1/2*(2*a*10g((a*x + 1)/(a*x - 1) + 1) - 2*a*xlog((a*x + 1)/(a*x - 1)) + (ax
‘x + 1)*axlog((a*x + 1)/(a*x - 1))72/((axx - 1)*((a*x + 1)72/(a*x - 1)72 +
‘2*(a*x + 1)/(axx - 1) + 1)) + 2*a*xlog((a*x + 1)/(a*xx - 1))/((a*x + 1)/(a*x

output
{ - 1) + 1))*a J
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Mupad [B] (verification not implemented)

Time = 3.78 (sec) , antiderivative size = 145, normalized size of antiderivative = 2.38

coth™*(ax)? ) 1 a2 1
/wa—a In(z) +In (E—i_l) <§ — @>

1\*/a®> 1 a®In(a?z? — 1)
m(1-—) (£- -
+ n( ax) (8 81‘2) 2

1 dar—2 4azr+2
In(1-—
+ n( az> ( 16 22 + 16 22

1 a? 1 aln(L+1)
_m(ﬂﬁd)(Z_Zﬁ>>___Z?__

e

Lint(acoth(a*x)‘2/x‘3,x)

~—

input

‘a‘2*1og(x) + log(1/(a*x) + 1)72%(a"2/8 - 1/(8%x72)) + log(l - 1/(a*x)) ~2x*( ‘
‘a‘2/8 - 1/(8%x72)) - (a"2*log(a™2*x"2 - 1))/2 + log(1l - 1/(a*x))*((4*a*xx -

| 2)/(16%x72) + (4xaxx + 2)/(16%x72) - log(1/(axx) + 1)*(a"2/4 - 1/(4%x72)) |
) - (axlog(1/(a%x) + 1))/(2%x)

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.23

/ coth™ (az)? i

73
_ acoth(az)? a®z? — acoth(az)’ + 2acoth(azx) a®z? + 2acoth(az) ax — 2log(a’s — a) a®z? + 2log() a’x?
B 222

int (acoth(a*x)~2/x"3,x)

input ‘\

output‘ (acoth(a*x)**2*a**2xx**2 — acoth(a*x)**2 + 2xacoth(a*x)*a**2*x**2 + 2%acot ‘
‘h(a*x)*a*x - 2xlog(a**2xx — a)*a*k2kx**2 + 2x1log(x)*a**2xx**2)/(kx**2) ‘
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3.91 f co’ch_l(ax)2 dx

74
Optimal result . . . . . . . . . . . . . 177
Mathematica [A] (verified) . . . . . . . . . ... 177
Rubi [A] (verified) . . . . . . . . . . 178
Maple [B] (verified) . . . . . . . ... I
Fricas [F] . . . . . . 18T
Sympy [F] . . o e 18T
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 182
Giac [F] . . . o o o 182
Mupad [F(-1)] . . .. o 183
Reduce [F] . . . . . . 183

Optimal result

Integrand size = 10, antiderivative size = 103

coth™ (ax)? a> acoth™'(az) 1, ., ., coth™!(azx)?
J A o= = S ¢ gt ) -
+ la?’arctanh(aa:) + 2(13 coth™(az)log ( 2 — 2
3 3 \" T 1tae

1, 2
— ga PolyLog (2, -1+ g ax)

‘-1/3*a”2/x-1/3*a*arccoth(a*x)/x“2+1/3*a“3*arccoth(a*x)“2-1/3*arccoth(a*x)“
‘2/x“3+1/3*a“3*arctanh(a*x)+2/3*a‘3*arccoth(a*x)*ln(2—2/(a*x+1))-1/3*a“3*po
‘1y10g(2,—1+2/(a*x+1))

output

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.84

h—l 2
/ coth™ (ax) d

!
—a?z? 4 (=1 + a®2%) coth*(azx)? + az coth™ ' (azx) (—1 + a’z? + 2az? log (1 +e72 COth_l(a‘”)>) — a3’

N 3z3




input

output
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‘ Integrate[ArcCoth[a*x] ~2/x74,x] ‘

‘ (-(a"2*x"2) + (-1 + a~3*x"3)*ArcCoth[a*x] "2 + a*x*ArcCoth[a*x]*(-1 + a~2*x ‘
‘ ~2 + 2*%a~2xx"2*Log[1l + E~(-2*ArcCoth[a*x])]) - a~3*x"3*PolyLog[2, -E~(-2%A ‘
chCoth [a*x])])/(3*x~3) J

Rubi [A] (verified)

Time = 0.71 (sec) , antiderivative size = 97, normalized size of antiderivative = 0.94,

number of rules _ 0.800, Rules

number of steps used = 8, number of rules used = 8, = -
integrand size

used = {6453, 6545, 6453, 264, 219, 6551, 6495, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™! (ax)? iz

o
| 6453
9 -1 -1 2
2 / coth™ (ax) dr — coth™ (ax)
3 z3 (1 — a?z?) 33
| 6545
2 (5 [ coth™(ax) / coth™!(azx) coth™!(ax)?
£ Lo 9% 4 SR O g ) - 22 %)
3a<a / z (1 — a?2?) vt z3 v 3z3
| 6453
2 /(1 1 coth™!(azx) coth™!(azx) coth™!(ax)?
Zal = - - d 2 dx — -
3a<2a/a:2 (1 — a2z?) rta z (1 — a?2?) v 2z2 > 3z3
| 264
2 (1 ([, 1 1 9 / coth™ (ax) coth™ (az) coth™ (az)?
Zal = .t dr— = do — _
3a<2a(a /1—a2:1:2 v z) +a z (1 — a?2?) v 2z 33

l 219

2 [ o [ coth™(ax) 1 1 coth™! (ax) coth™!(ax)?
3a(a / mdm + 24 aarctanh(ax) — o 572 - 323

l.6551
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2 [, coth™!(azx) 1 1, N2 1 1 coth™!(azx)
3a<a (/ P P dx + 5 coth™ (az)” | + 50 aarctanh(ax) - 52
coth™(ax)?

33

l 6495

log (2 — -2 |
2 8 ( ) 1 2 1 1
3¢ (a2 (—a/ Tg;ldw + 3 coth™ (az)? + log (2 T 1> cothl(aa:)) + 2a<aarctanh(am) 2

coth™ (az)?
323

l 2897

2 (o 1 2 1
3a<a ( 5 PolyLog (2, P 1) + 5 coth™ (az)® + log (2
coth™!(ax)?
3x3

1
1 1 _
p— 1) coth (aw)) + 2a<aarctanh(aa:)

e

Llnt [ArcCoth[a*x] ~2/x~4,x]

~—

input

output‘ -1/3*ArcCoth[a*x]~2/x"3 + (2%a*(-1/2*ArcCoth[a*x]/x"2 + (a*(-x"(-1) + a*Ar ‘
‘cTanh[a*x]))/2 + a”2*(ArcCoth[a*x]~2/2 + ArcCoth[a*x]*Log[2 - 2/(1 + a*x)] ‘
- PolyLog[2, -1 + 2/(1 + a*x)]/2)))/3

N J

Defintions of rubi rules used

rule 219 IntL((a)) + (b_.)*(x_)"2)7(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

rule 264 Int[(Cc_)*(x_))"(m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[(c*x)~(
m+ 1)*((a + bxx™2)"(p + 1)/(a*c*(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
“2x(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] & LtQ[m, -1] && IntBinomialQ[a, b, ¢, 2, m, p, x]
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Int[Loglu_l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, x]]

rule 2897

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])“p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d.) + (e_.)*x(x.))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]/d), x] -
Simp [bxc*(p/d) Int[(a + b*ArcCothl[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]
/(1 - c™2xx~2)), x], x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQlc
~2%d"2 - e~2, 0]

rule 6495

Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcCoth[c*x]) p, x
1, x] - Simp[e/(d*£72) Int[(f*x)~"(m + 2)*((a + b*ArcCoth[c*x]) p/(d + e*x
~2)), x1, x] /; FreeQl{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

rule 6545

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d)) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcCoth[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

rule 6551

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 183 vs. 2(89) = 178.

Time = 0.16 (sec) , antiderivative size = 184, normalized size of antiderivative = 1.79
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method result
243 arccoth(za) ln(za+1)+arccoth(za) ln(za—l)_’_arcco;h(;a) —ln(za,) arccoth(ma)_ln(za+1)+m
" arccoth(wa)? 2 2 2e%a *
parts - =
derivativedivides | a3 _arccot;l(ga)2 __ arccoth(za) In(za+1) _ arccoth(za)In(za—1) arccotzh(zwa) + 2In(za) arccoth(za)
3z°a 3 3 3r4a

3 _arccoth(:ca)2 __ arccoth(za)In(za+1)  arccoth(za)ln(zxa—1)  arccoth(za) 2In(za) arccoth(za)

default a ( 32343 3 3 3a%a® T 3

inputt

int (arccoth(x*a) ~"2/x"4,x,method=_RETURNVERBOSE)

output

-1/3*arccoth(x*a) ~2/x~3-2/3*a~3*(1/2*arccoth(x*a) *1n(a*x+1)+1/2*arccoth (x*
a)*1ln(a*x-1)+1/2/x"2/a"2*arccoth(x*a)-1n(x*a)*arccoth(x*a)-1/4*1n(a*x+1)+1
/4*1n(a*x-1)+1/2/a/x+1/8*1n(a*xx-1) "2-1/2xdilog(1/2*x*a+1/2)-1/4*1n(a*xx-1) *
1n(1/2*x*a+1/2)-1/8*1n(a*x+1) "2+1/4* (1n(a*x+1)-1n(1/2*x*a+1/2) ) *1n(-1/2*x*
a+1/2)+1/2*dilog(a*x+1)+1/2*1n(x*a)*1n(a*x+1)+1/2*xdilog(x*a))

Fricas [F]
[t g, [arcoth o)y,
z x
inputLintegrate(arccoth(a*x)‘Q/x‘4,x, algorithm="fricas")
OutputLintegral(arccoth(a*x)*2/x*4, x)
Sympy [F]

T xt

1,32 2
/ coth™ (ax) dp — / acoth” (ax) s

inputt

integrate(acoth(a*x)**2/x**4,x)
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Output‘Integral(acoth(a*x)**2/x**4, x)

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.71

/ coth™ ' (ax)? i

1.4
1 1 1 (1 1 _
=1 (4 (log (ax — 1) log (5 ax + 5) + Li, (—5 ax + 5) ) a — 4 (log (ax + 1) log (z) + Lis(—az))a + 4

arcoth (az)’
33

- % (a2 log (a’z® — 1) — a’log (z*) + %)aarco’ch (axz) —

inputLintegrate(arccoth(a*X)“2/x*4,x, algorithm="maxima") J

1/12%(4*(log(a*x - 1)*log(1l/2*a*xx + 1/2) + dilog(-1/2%a*x + 1/2))*a - 4*(1
og(a*xx + 1)*log(x) + dilog(-a#*x))*a + 4*(log(-a*x + 1)*log(x) + dilog(a*x)
)*¥a + 2xaxlog(a*x + 1) - 2*xaxlog(a*x - 1) + (a*x*log(a*x + 1)72 - 2*axx*lo
g(axx + 1)*log(a*x - 1) - axxxlog(a*x - 1)72 - 4)/x)*a"2 - 1/3*(a"2xlog(a”
2*x72 - 1) - a"2xlog(x~2) + 1/x"2)*a*arccoth(a*x) - 1/3*arccoth(a*x)”~2/x"3

output

Giac [F]
coth™ (azx)? arcoth (az)?
[y, [,
x x
input‘integrate(arccoth(a*x)“2/x“4,x, algorithm="giac")

outputLintegrate(arccoth(a*x)‘Q/x*4, x) J
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Mupad [F(-1)]
Timed out.

-1 2 2
/ coth™ (ax) dp — / acoth(a x) i

z? xt

inputtint(acoth(a*x)‘2/x“4,x)

output Lint (acoth(a*x)~2/x~4, x)

Reduce [F]

/ coth™ (az)? i

o
—acoth(az)® — acoth(az) a3z? + acoth(azx) ax + 2<f %(‘”)dx) a®z? — a’x?

a2x3—zx
313

inputLint(acoth(a*x)”2/x“4,x)

‘( - acoth(a*x)**2 - acoth(a*x)*a**3*x**3 + acoth(a*x)*a*x + 2*xint(acoth(a*

output
‘x)/(a**z*x**s - X),X)*a*k*k3kxk*k3 - arkkx**2)/(3kx**3)
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3.99 f coth™! (azr:)2 dx

)
Optimal result . . . . . . . . . . . . . 184
Mathematica [A] (verified) . . . . . . . . . ... 184
Rubi [A] (verified) . . . . . . . . . . 185
Maple [A] (verified) . . . . . . . . . .. 1R8]
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 139
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 1]9
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 190
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 190
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 1911
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... 192

Optimal result

Integrand size = 10, antiderivative size = 90

coth™! (ax)? a> acoth™'(az) a®coth™(az) 1, .. _,
[ e = g - S - R et ot ()
th™' (az)? | 2 1
- % + §a4 log(z) — §a4 log (1 — a’z?)

N

p
‘ -1/12*%a~2/x~2-1/6*a*arccoth(a*x) /x~3-1/2*%a~3*arccoth(a*x) /x+1/4*a~4*arccot ‘

output
\ h(a*x)~2-1/4%arccoth(a*x) ~2/x"4+2/3%a~4%1n(x)-1/3*a~4*1n(-a~2%x"2+1) \

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 82, normalized size of antiderivative = 0.91

/ coth™!(ax)? e a®>  a(l+3a’s?) coth™ (az)
x? T 122 63
—1+ a*z*) coth ' (az)? = 2 1
+ (Fltea x4)z<io (a2) + §a4 log(z) — §a4 log (1 — a’z?)

input Integrate[ArcCoth[a*x] ~2/x75,x] ‘
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‘-1/12*a"2/x“2 - (ax(1 + 3*a~2*x"2)*ArcCothl[a*x])/(6%x~3) + ((-1 + a~4*x"4) ‘

output
L*ArcCoth[a*x]"2)/(4*x"4) + (2%a~4*Log[x])/3 - (a~4*Logl[l - a~2*%x~2])/3 J

Rubi [A] (verified)

Time = 0.86 (sec) , antiderivative size = 114, normalized size of antiderivative = 1.27,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 354 Ryjes
integrand size

used = {6453, 6545, 6453, 243, 54, 2009, 6545, 6453, 243, 47, 14, 16, 6511}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/coth_l(aa:)2 iz

5
| 6453
-1 —1(,.\2
1a/ coth™ (azx) dr — coth™ (ax)
2 z* (1 — a?x?) 4z
| 6545
1 [/ 5 [ coth~!(azx) coth™!(azx) coth™ (az)?
z“(“ /xz(l_md””+/x4dx Tt
| 6453
1 [/ 5 [ coth™!(ax) 1 1 coth™!(azx) coth™!(ax)?
2a<a / z2(1— a2w2)dm + 3a/ z3 (1 — a2$2)dx 328 - 4zt
l 243

1 (5 [ coth™!(ax) / o2 coth™!(azx) coth™!(ax)?
2a<a / z2 (1 — a?z?) 21— a2?) T 5 z4(1 —a2ac2 3x3 4zt
| 54

1 (5 [ coth™!(az) 1 / a* a2 1 , coth™!(ax)
s OO Y g4 o S T ST 1 e icnli SuaZ A I
2a(a /w2 (1 — a?z?) iE—I_(Sa a?z? —1 +x2 + e 3z3
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1 [ 5 [ coth™!(az) 1 [/, 9 9 9 9 1 coth™ (ax)
2a<a /ac?(l—a%?)dw—i_ﬁa a’log (z°) — a®log (1 — a’z?) . 323
coth™!(ax)?
4a4

l 6545

1 o o [ coth™(ax) coth™!(ax) 1 9 9 9 9 9 1 coth™! (ax)
oot [Tt [ ) + gl atow o7) —aog (1) - 1) - D
coth™!(ax)?
4x4

l 6453

-1 —1 \
;a<a2 (a/ x(ldw + a? / coth™ (az) dx — coth (aa:)) + 1a<a2 log (332) —a?log (1 — a2x2) — %

1 —a%2?) 1—a22? x 6 z?,
coth™ (az)?
4a4

l 243

-1 -1
1a<a2 <1a/ aﬂ(lde + a? / de — coth(ax)) + 1(1((12 log (z%) — a?log (1 — a?2?) —

2 2 1—a2z?) 1— a2z? x 6
coth™!(ax)?
4a4

| 47

1 5(1 9 1 9 / 1.5 2/co‘uh 1(aac) coth 1(aac) 1 9 9 9
z z - - — z 1 — a2l
2a<a <2a<a /1 5 5 dz" + 5dz” | +a 1 22,2 dx +6a a og(x) a”log |

coth™!(ax)?
4x4

l 14

1 751 2/ 1 9 9 2/coth_1(aw) _coth_l(ax) 1/, 2 2
2a<a <2a<a 71—a2a:2dx +log (z°) | + a a2 dx +gala log (z%) — a”log (]

z
coth™!(ax)?
4a4

l 16
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-1 -1
1a<a2 <a2 / de + %a(log (:1:2) — log (1 — a2m2)) - coth(ax)) + 1a<a2 log (:c2) —a’log (1 —a

2 x 6
coth™!(ax)?
44
l 6511
1 /1 [, 2y 2 2.9y 1 21 2y _ 2.2 1 —1;, 2 coth™
2a<6a(a log (z°) — a’log (1 — a’z?) ) ta 2a(log(ac) log (1 aa:))+2acoth (ax) .
coth™!(ax)?
4z4
input LInt [ArcCoth[a*x] ~2/x"5,x] J

e B

-1/4*ArcCoth[a*x] "2/x"4 + (a*(-1/3*ArcCothl[a*x]/x"3 + a~2*(-(ArcCoth[a*x]/
'x) + (axArcCoth[axx]~2)/2 + (ax(Log[x~2] - Logll - a~2¥x72]1))/2) + (ax(-x"
‘ (-2) + a"2xLog[x~2] - a~2*Logl[l - a"2%x~2]))/6))/2 ‘

output

Defintions of rubi rules used

rule 14\Int[(a_.)/(x_), x_Symbol] :> Simp[axLoglx], x] /; FreeQ[a, x] ‘

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]

rule 16

rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol]l :> Simpl[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x1 /; FreeQl[{a, b, c, d}, x]

Int[((a_) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[E
xpandIntegrand[(a + b#*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &&
ILtQ[m, O] &% IntegerQ[n] && !'(IGtQ[n, O] && LtQ[m + n + 2, 0])

rule 54




rule 243

rule 2009

rule 6453

rule 6511

rule 6545
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‘Int[(x_)”(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In ‘
tlx"((m - 1)/2)*(a + b*x)7p, x]I, x, x°2], x] /; FreeQ[{a, b, m, p}, x] & I |
‘ntegerQ[(m - 1)/2] ‘

-

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

e—

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol]

> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQlp, -1]

Int[(((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))~(p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcCoth[c*x]) p, x
1, x] - Simple/(d*£72) Int[(f*x)"(m + 2)*((a + b*ArcCoth[c*x]) p/(d + e*x
~2)), x1, x] /; FreeQl{a, b, ¢, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.12

method result
. 3z%at arccoth(wa)?+8In(x)atz?—8z* In(za—1)at —8x*a? arccoth(za)—ata? —6x3a3 arccoth(za) —a2x2 —2za arcco
parallelrisch 1952
4 arccoth(za) In(za+1) , arccoth(za) , arccoth(za) , arccoth(za)ln(za—1) In(za—1) ln(% +%)
e C ; G 2 -
arccoth(za
parts — —
. . es 4 __a.rccoth(aca)2 arccoth(za) In(xa+1)  arccoth(za)  arccoth(za)  arccoth(za)ln(za—1) In(zc
derivativedivides | a ( 1riar T 1 623a3 2za 4 +
4 __a,rccoth(:w)2 arccoth(za) In(xa+1)  arccoth(za)  arccoth(za)  arccoth(za)ln(za—1) In(zc
default a ( PP + 4 6z3a3 2za 4 +
risch (az*—1) In(za+1)? . (3z*In(za—1)a*+6x3a%+2za—3In(za—1)) In(za+1) n 3atz? In(za—1)2+321n(zx)atz?-

1624 24x4
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input \ int (arccoth(x*a) ~2/x"5,x,method=_RETURNVERBOSE) ‘

‘ 1/12*(3*x"4*a~4*arccoth(x*a) "2+8*1n(x) *a~4*x"4-8*x"4*1n (a*xx-1) *a~4-8*x"4*a ‘
‘ “4xarccoth(x*a)-a~4*x~4-6*xx"3*a"3*arccoth(x*a)-a~2*x~2-2*xx*a*arccoth(x*a) - ‘
LB*arccoth(x*a) ~2)/x"4 J

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.08

/Coth_l(aﬂv)2 dp —

5
16 a*z*log (a?x? — 1) — 32 a*z*log (z) + 4 a2? — 3 (a*z* — 1) log (%)2 + 4 (3az® + azx) log (24
48 z4

input Lintegrate (arccoth(a*x)~2/x"5,x, algorithm="fricas") J

e B

-1/48%(16*a~4*x"4*log(a™2*%x"2 - 1) - 32%a~4*x"4xlog(x) + 4*a~2*x"2 - 3*(a”
‘4*}(“4 - 1)*log((a*x + 1)/(a*x - 1))72 + 4x(3*%a~3%x"3 + a*x)*log((a*x + 1)/ \
(axx - 1)))/x74 |

output

Sympy [A] (verification not implemented)

Time = 0.29 (sec) , antiderivative size = 90, normalized size of antiderivative = 1.00

/ coth™ (az)? dr — 2a*log ()  2a’log(az +1) N a*acoth? (az) N 2a* acoth (ax)

x® 3 3 4 3

_a’acoth(az) @  aacoth(az) acoth? (az)

2z 1222 623 4zt

-

Lintegrate (acoth(a*x)**2/x**5,x)

-/

input

‘2*a**4*log(x)/3 - 2xax*4xlog(a*x + 1)/3 + ax*4dxacoth(a*x)**2/4 + 2xax*dxac \
‘oth(a*x)/3 - akx3xacoth(a*x)/(2%x) - a**2/(12%x**2) - axacoth(axx)/(Exx**3 |
) = acoth(axx)*#2/ (4%x*4)

output
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 154 vs. 2(76) = 152.
Time = 0.03 (sec) , antiderivative size = 154, normalized size of antiderivative = 1.71

/ coth™*(ax)? i

5
3a%z?log (az 4+ 1)* + 3 a2z log (ax — 1)* + 16 a%2? log (ax — 1) — 2 (3 a2z? log (ax
72

1 2
=18 (32a log (z) —

2 (30222 + 1)

1 3 3
+ 12 (3a log (ax + 1) — 3a°log (az — 1) 3

) a arcoth (ax)

__ arcoth (azx)®

4 x4

p
Lintegrate(arccoth(a*x)“2/x“5,x, algorithm="maxima")

| —

input

‘1/48*(32*a“2*log(x) - (3*a"2*x"2*log(a*x + 1)72 + 3*a~2*xx"2xlog(a*x - 1)72
\ + 16*a”2#x"2*log(a*x - 1) - 2x(3*%a~2*x"2*log(a*x - 1) - 8%a~2*x"2)*log(a*
\x + 1) + 4)/x72)*a”2 + 1/12%(3*xa"3*log(axx + 1) - 3*a~3xlog(a*x - 1) - 2x%(

output
LB*a‘Q*x‘Q + 1)/x73) *a*arccoth(a*x) - 1/4*arccoth(a*x)~2/x"4 J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 319 vs. 2(76) = 152.

Time = 0.12 (sec) , antiderivative size = 319, normalized size of antiderivative = 3.54

/ coth™ (az)? i

xrd
3 ( (az+1)3a® +

1 1 1 2 1)a® az—1)°
== 4a3log<m+ +1)—4a310g<ax+ >+ (axj_ Ja + o ( 41) 3
6 ar — 1 ar — 1 (CLCL' _ 1) <(am+1) 2 (az+1) + 1> (az+ )4 + (az+1)

(az—1)? az—1 (az—1) (az—1)3

input Lintegrate (arccoth(a*x)~2/x75,x, algorithm="giac") J
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1/6%(4*a~3*log((a*x + 1)/(a*x - 1) + 1) - 4*a~3*log((axx + 1)/(axx - 1)) +
2% (a*xx + 1)*a~3/((a*x - 1)*((a*x + 1)72/(a*x - 1)72 + 2x(a*x + 1)/(a*x -
1) + 1)) + 3*%((a*x + 1)73*%a"3/(a*x - 1)73 + (a*x + 1)*a~3/(a*x - 1))*log((
a*x + 1)/(a*xx - 1))72/((a*x + 1)74/(a*x - 1)74 + 4x(a*x + 1)"3/(a*x - 1)73
+ 6x(a*x + 1)72/(a*x - 1)72 + 4*x(a*x + 1)/(a*x - 1) + 1) + 2x(3*(a*x + 1)
“2%a”3/(a*x - 1)72 + 3*(axx + 1)*a~3/(a*x - 1) + 2*xa~3)*log((a*x + 1)/(a*x
- 1))/((axx + 1)73/(a*x - 1)73 + 3*(a*x + 1)72/(a*x - 1)72 + 3*(axx + 1)/

(a*x - 1) + 1))*a

output

Mupad [B] (verification not implemented)

Time = 4.23 (sec) , antiderivative size = 196, normalized size of antiderivative = 2.18

coth™ (az)? 2a* In (z) 1 > at 1
eoth ) g =20 W (1) (Z -
/ N g (a:c + ) (16 16x4)

w1 LY (e L
azx 16 16z4

( 1 ) (24a3x3—12a2x2+8ax—6
+1In

1— —
azx 192 z4

24a 23 +12a%2>+8azx+6 (1 ) a* 1 ))
+ —ln §

192 z4

a*In(a’z%—1) 2 oh(g+1) ( 1 +%>
3 12 22 x3

inputLint(acoth(a*x)‘2/x“5,x)

(2%a~4*log(x))/3 + log(1/(axx) + 1)72x(a"4/16 - 1/(16xx74)) + log(1l - 1/(a
*x))"2%(a"4/16 - 1/(16%x74)) + log(1l - 1/(a*xx))*((8*axx - 12%a”2%x"2 + 24x%
a”3*x"3 - 6)/(192%x74) + (8%axx + 12*a~2%x"2 + 24*a~3*x"3 + 6)/(192%x74) -
log(1/(a*xx) + 1)*x(a~4/8 - 1/(8%x74))) - (a"4*log(a™2*x"2 - 1))/3 - a~2/(1
2*%x72) - (a*log(1l/(axx) + 1)*((a"2*x"2)/4 + 1/12))/x"3

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 96, normalized size of antiderivative = 1.07

/ coth™ " (ax)? i

5
_ 3acoth(az)? a*z* — 3acoth(az)’ + 8acoth(az) a’s? + 6acoth(az) a®z® + 2acoth(azx) ax — 8log(a’s — a)
B 12z
input Lint (acoth(a*x)~2/x75,x) J

output‘ (3*acoth(a*x) **2xa*x*4xx**4 — 3kacoth(a*x)**2 + 8kacoth(a*x)*a**4d*x**4d + 6% \
'acoth(a*x)*a**3¥x**3 + 2%acoth(a*x)*a*x - 8xlog(ax+2*x - a)*akxdsxsd + 8%
| Log(x)kaxkkxkd — akk24xkk2)/(12%xk*4) |




output
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3.23 [ 2° coth™(az)? dx

Optimalresult . . ... ... ... ... .. .. ... .....
Mathematica [A] (verified) . . . . . . . .. ... ... ... ..
Rubi [B] (verified) . .. ... ... ... ... ... . .....
Maple [C] (warning: unable to verify) . . . . ... .. ... ...
Fricas [F] . . . . . . .
Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . . .. ..
Giac [F] . . . . . o
Mupad [F(-1)] . . . .o o
Reduce [F] . ... . .. . .

Optimal result

Integrand size = 10, antiderivative size = 186

19z 2 422 coth™'(ax)

z* coth™ (az)

201]
202
203!
209
204
204
204

23 coth™! (azx)?

5 h—l 3 —
/x coth™ (az)” dz 60a5+60a3+ 5

zcoth™(az)?  z°coth™'(ax)?

2 coth™ (az)?

2a® 6a3

_ coth™(az)® 1

+ ~ 5 coth™(az)® —

6ab 6

23 coth ' (az)log (+%-) 23 PolyLog (2,1 —

19arctanh(ax)

15a5

19/60*x/a"5+1/60%x~3/a"3+4/15*%x"2*arccoth(a*x)/a~4+1/20*x"4*arccoth(a*x)/a
~2+23/30*arccoth(a*x) ~2/a~6+1/2*x*arccoth(a*x) ~2/a"~5+1/6*x"3*arccoth(a*x)”
2/a"3+1/10*x"5*arccoth(a*x) "2/a-1/6*arccoth(a*xx) ~3/a"~6+1/6*x"6*arccoth(a*xx
) ~3-19/60*arctanh (a*x) /a~6-23/15%arccoth(a*x) *1n(2/(-a*x+1))/a~6-23/30*pol

ylog(2,1-2/(-a*x+1))/a"6
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Mathematica [A] (verified)

Time = 0.37 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.63

/ z° coth ™ (az)?® dz

az(19 + a?x?) + 2(—23 + 15azx + 5a°z® + 3a°2%) coth™ (azx)? + 10(—1 + ab2°) coth™ (azx)? + coth™(a
B 60a’

e hY

Integrate [x"5*ArcCoth[a*x] ~3,x]

N J

input

outpus (*X*(19 + a724x72) + 2+(-23 + 15%akx + 5*a"3+x"3 + 3xa bax"5)*ArcCothlaxx
1172 + 10%(-1 + a"6%x"6)*ArcCoth[a*x]~3 + ArcCoth[a*x]*(-19 + 16%a”2¥x™2 + |
‘3*a"4*x"4 - 92*Log[1 - E~(-2*ArcCoth[a*x])]) + 46xPolyLog[2, E~(-2*ArcCoth ‘
[a*x1)1)/(60%a"6) |

Rubi [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 421 vs. 2(186) = 372.

Time = 2.96 (sec) , antiderivative size = 421, normalized size of antiderivative = 2.26,

_ _ number of rules _
number of steps used = 18, number of rules used = 17, integrand size — 1.700, Rules

used = {6453, 6543, 6453, 6543, 6453, 254, 2009, 6543, 6437, 6453, 262, 219, 6511, 6547,
6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z° coth ™! (ax)? dz
| 6453

1 1 6 coth™! (ax)?
61'6 coth™ (az)® — 2a/ mdx

l'6543
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z* coth™ 1 (ax)? 4 _1 9
1 1, 3 1 —i—g2zz 4z [ z%coth™'(az)%dx
—z° coth™ (az)’ — =a gz -
6 (az) 2 a? a?
l 6453
1 1 f z* coth™! (ax)? diL‘ 1.5 coth™1 af 2% coth™ d.’L‘
6 -1 3 1—a222 5 5 1— a2x2
—z°coth™ (ax)’ — =a
6 (az) 2 a? a?
l_6543
1 6 -1 3
g% coth™ (az)”® —
z3 coth_l(aw)d
22 coth—1 (a2 1.5 -1 9 2 J 1—a222 T J 22 coth™!(az)dx
1 J 1t_ha21(2 L dz J 2 coth~!(az)?dx 5% coth (a’x) - 5a< a2 - a?
a2 — a?
Za _
2 a? a?
l 6453
1 g -1 3
i coth™ (az)”® —
3 —1
_ _ JE co_ﬂ;%z(az) dx 1.4 coth™1(a
1 fimQ C(l)t_}la21(2ax)2 dx éx coth™ l(ax)2—faf7m C1°ﬂ; m(‘n)d %x5 coth l(am)2 - §a< ! a2 -4
2” a? a2
l 254
1 6 -1 3
g% coth™ (az)”® —
z3 coth_l(am)d %1134 COthil(a
1.5 -1 o o | T e
22 coth— (a2 B e zx° coth™ (ax)* — £a 5 —
1 filt—hazzg P _ %z coth™ l(aw)2—72af71 t};2 (az) g 5 5 a
2 a? a?

l 2009
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1
63:6 coth™!(az)3 —

1.5 Long g [T en et eoth™(a
2 -1 2 3 -1 E - — =z 1—a®z —
1 [T $ P de §o® coth~! (az)?—Fa [ T {2 de 52" coth™ (az)” — Fa a?
a? B a2
70/ —
a2 a2
| 6543
1 6 -1 3
g% coth™ (ax)® —
. zcoth_l(aa:)
coth_l(az)2 1.3 COth_l(aw)z—ga J 1—a2z2 dz_fzcoth_l(aa:)dm lx5 Coth_l(am)2 _ za
= [ coth™ ! (az)2da 3 3 o2 ) 3 5
2 - 2
1a, ’ a? - _ a? _
a2
| 6437
1 6 -1 3
6% coth™ (ax)® —
-1 2 _1 fm;_g‘i)dx _1 1.5 _
I *2—2—001"11“_(1 (;”:) dz mcoth_l(ax)2—2a A Ctl)t—ha z(axf) dz %x3 coth_l(ax)Q—%a 1—(;2w —'[ECOthQQ (az)dz ECC coth™
2 - 2
la a a2 a —_ a2 _
2 a2
| 6453
1 6 -1 3
6% coth™ (ax)® —
x coth~ ! (az) 1.2 -1 1 z2
1 2 1 [ =5 —%5—4dx Fx“coth™“(az)—5a [ —L55dz
I 7cot1h_a2(:2m) dz zcoth_l(az)2—2af reoth %) cit_ha2z(2az) dz %wS Coth_l(am)2—§a< 1—22.7;2 _2 a22 1—a?s?
2 - 2
1a, ’ a? ’ _ a? _
2 a2

l 262
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1
6$6 coth™(az)? —

f712 Zdz
— 1—
Jzcoth” az) 4 32 coth 1(“)—%“(*2217—;
1.3 -1 2_2 1—a2g2 _
coth™ 1 (az)2 L o coth=1 (az) 3@° coth™ " (az)’—3a 2 -
fﬁrdax zcoth™ * (ax)“—2a [ ﬁ—rdw
—a?zx _ —a2z
a? a2 _
a? a2
a?
| 219
1 6 -1 3
—z° coth™ (ax)” —
6
) ) \ j-mCTth_l(az)dz 1a2 coth_l(az)7%a<%{}h(am),
— — 1.3 - 2_2 —a‘zx _
,f‘wdz zcoth_l(az)2—2a‘fmc':th72l(2am)dz 3T coth (aa:) 3@ a2 a2
—a’ T —a‘x
a2 — a2
a? - P
a2
| o511
1 6 -1 3
—~z° coth™ (ax)® —
6
-mcoth_l(aa:) 122 coth™L(az)—1a %ﬂh(am)_i
-1 145 coth~ (az)?—2q | | 1-a%a? **_* 2 o3 >
coth_l(az)3 zcoth_l(az)2—2a I/ zc;)thiz(zaz)dz 3 3 a a2
—a“x
3a3 — a2
a? — a2

a?

l 6547
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1
6$6 coth™!(az)3 —

-1
I coth™ ™ (ax) dz

h_l(az) T—azx coth_l(az)2 1.2 coth_l(
_ [t 0T) g en—1(a)2 L 3 9 - 5 p)
L (an? z coth™1 (am)2—2a ( :a: _ 2a2(az) §$3 coth l(aw)2_§a a — 2a —
co ax
1 3a3 — a2 _
Za a? a2
2 a2
| 6471
1 _
~28 coth™ (az)3 —
6
log 17_2 coth_l(a:
log(l_zax)coth_l(az) flog(ﬁ)d %
B —a2z2 ° -1 2
xcoth_l(am)2—2a a - 1—a?z _coth2a2(aw) %11:3 coth_l(ax)Q—ga a
coth_l(az)3
3 - 2
la 3a — a _
a2
| 2849
1 _
~28 coth™ ! (az)3 —
6
2 log (=275 )
log(12z) , 1 ) ) J Tlfdi
1— 1_27(” 1-az + log(m) coth™ * (ax) 1 5 zz
z coth™ 1 (az)2—2a a = a _co 2a2(az) %:1:3 coth_l(ax)2—%a
coth_l(ax)3
3 - 2
la 3a — a .
a2

l 2752



inpu

output

rule 219\Int[<(a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
‘ArcTanh[Rt[—b, 2]*(x/Rt[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule

CHAPTER 3. LISTING OF INTEGRALS 199

1
63:6 coth™ (az)® —

zcoth_l(aa:)272a

( PolyLog(2,1— 1_2(”:) log( 1—2aa:) coth_l(az)
2a

coth™1 (az)3 _
1 3a3

a2

—1(,02
2a +a a _coth 2(‘“”) ) %m‘q‘ coth™! (ax)2— %a (

PolyLog(2,1— T

2a

a2

a2

¢ ‘ Int [x~5*ArcCoth[a*x] ~3,x]

(x"6*ArcCoth[a*x] ~3)/6 - (a*(-(((x~5*ArcCoth[a*x]"2)/5 - (2%a*(-(((x"4*Arc
Coth[a*x])/4 - (ax(-(x/a"4) - x~3/(3*a~2) + ArcTanh[a*x]/a"5))/4)/a"2) + (
-(((x~2*ArcCoth[a*x])/2 - (a*(-(x/a"2) + ArcTanh[a*x]/a"3))/2)/a~2) + (-1/
2xArcCoth[a*x]~"2/a"2 + ((ArcCoth[a*x]*Logl[2/(1 - a*x)])/a + PolyLogl[2, 1 -
2/(1 - a*x)]/(2xa))/a)/a"2)/a"2))/5)/a"2) + (-(((x"3*ArcCoth[a*x]~2)/3 -
(2xax (- (((x~2*ArcCoth[a*x])/2 - (a*(-(x/a~2) + ArcTanh[a*x]/a~3))/2)/a"2)
+ (-1/2*ArcCoth[a*x]~2/a"2 + ((ArcCoth[a*x]*Log[2/(1 - a*x)])/a + PolyLogl
2, 1 -2/(1 - axx)]/(2*a))/a)/a"2))/3)/a~2) + (ArcCoth[axx]~3/(3*a"3) - (x
x*ArcCoth[a*xx] "2 - 2*ax(-1/2*ArcCoth[a*x]~2/a~2 + ((ArcCoth[a*x]*Log[2/(1 -
axx)])/a + PolyLogl[2, 1 - 2/(1 - a*x)]/(2%a))/a))/a~2)/a~2)/a~2))/2

Defintions of rubi rules used

254‘Int[(x_)’"(m_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Int[PolynomialDivide[x m, ‘
L a + b*x~2, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 3]

J

\‘
J



rule 262

CHAPTER 3. LISTING OF INTEGRALS 200

Int[((c_)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + bxx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(bx(m + 2*p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, P}, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, %]

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2752

rule 2849

rule 6437

rule 6453

rule 6471

Int[Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQle + c*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_ ) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCoth[c*x"n])“p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1/ - c™2%x7(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) "p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x"n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x~
2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c~2%d"2 - e~2
, 0]
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Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_ ) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*c*dx(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

rule 6511

Int[(((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[c*
x1)°p, x1, x] - Simp[d*(£72/e) Int[(f*x)~(m - 2)*((a + b*ArcCoth[c*x]) p/
(d + e*x~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6543

N\

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d_.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(cxd) Int[(a + bxArcCoth[c*x])"p/(1 - c*xx), x], x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

rule 6547

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 5.86 (sec) , antiderivative size = 2133, normalized size of antiderivative = 11.47

method result size

parts Expression too large to display | 2133
derivativedivides | Expression too large to display | 2135
default Expression too large to display | 2135

input Lint (x~5*arccoth(x*a)~3,x,method=_RETURNVERBOSE)




output

input

output
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1/6*x"6*arccoth(x*a) ~3+1/2/a~6*(1/3*x"3*a"~3*arccoth(x*a) "2+1/5*x"5*a"~5*arc
coth(x*a) ~2-46/15*%arccoth(x*a) *1n(1+1/((a*x-1)/(a*x+1))~(1/2))-1/3*arccoth
(x*a)~3-1/2*arccoth(x*a) "2*1n((a*xx-1)/(a*xx+1))+41/120* (((a*x-1)/(a*xx+1)) " (
1/2) *x*a+((a*x-1) / (a*x+1) )~ (1/2)+x*a+1) *arccoth(x*a)-41/60/ (((a*x-1)/ (a*x+
1))~ (1/2)+1)*((a*x-1) / (a*xx+1)) ~(1/2)-1/40* (a*xx-1) / (((a*xx-1) / (a*x+1) ) ~(1/2)
*xxa+((axx-1)/(a*xx+1) )~ (1/2)-x*a)+1/40* (a*xx-1) / (((a*x-1) / (a*xx+1) ) ~(1/2) *x*
a+((axx-1)/(a*x+1))~(1/2)+x*a)+1/10* (2*x ((a*xx-1)/ (a*x+1) ) ~(1/2) *x~2*a”~2+2*a
~2xx72-((a*xx-1)/(a*x+1) )~ (1/2) -2*x*a) * (a*xx—1) *arccoth (x*a) * (a*xx+1)-41/60/(
((axx-1)/(a*x+1))~(1/2)-1) *((a*x-1) / (a*x+1) )~ (1/2) +47/120* (((a*x-1) / (a*x+1
)) " (1/2) *x*a+((a*x-1)/(a*x+1)) ~(1/2) -x*a) *arccoth(x*a) * (axx+1)+1/2*arccoth
(x*a) ~2*1n(a*x-1)-1/2*arccoth(x*a) ~2*1n(a*x+1)-41/120*% (((a*x-1)/(a*x+1)) ~(
1/2) *x*a+((a*x-1) / (a*x+1) )~ (1/2) -x*a-1) *arccoth(x*a)+arccoth(x*a) “2*x*a-1/
20* (2% ((a*xx-1) / (a*x+1) )~ (1/2) *x"2*a~2+3* ((a*x-1) / (a*x+1) ) " (1/2) *x*a-2*a "~ 2%
x"2+((a*x-1) /(a*x+1) )~ (1/2) —x*a+1) *arccoth (x*a) * (a*x+1)-1/40* (2% ((a*x-1) /(
a*xx+1)) " (1/2) *x~2*%a"2+2* ((a*xx—-1) / (axx+1) ) ~(1/2) *x*ka+2*xa~2+x~2-1) * (a*x+1) ~2
*arccoth(x*a)-1/4*I*Pi*csgn(I/(a*x-1)*(a*x+1)/((a*x+1)/(a*x-1)-1)) " 3*arcco
th(x*a) ~2-1/4*I*Pi*csgn(I*(a*x+1)/(a*x-1)) “3*arccoth(x*a) ~2-1/4*I*Pi*csgn(
I/((axx+1)/(a*xx-1)-1))*csgn(I*(a*x+1)/(a*x-1))*csgn(I/(a*x-1)*(a*x+1)/((ax
x+1)/(a*x-1)-1) ) ¥arccoth(x*a) "2+46/15*%dilog(1/ ((a*xx-1) /(a*x+1))~(1/2))-46/
15%dilog(1+1/((a*x-1)/(a*x+1))~(1/2))+23/15*arccoth (x*a) ~2+1/10% (2% ((ax*. ..

Fricas [F]

/x5 coth™(az)3 dz = /w5 arcoth (az)® dz

N

integrate(x~5*arccoth(a*x)~3,x, algorithm="fricas")

|

integral (x"5*arccoth(a*x) "3, x)

| —
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Sympy [F]

/ z° coth™ (az)® dx = / z° acoth® (az) dz

input‘integrate(x**S*acoth(a*x)**3’x)

outputLIntegral(X**5*aCOth(a*x)**3, ) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 289, normalized size of antiderivative = 1.55

1
/ x° coth™* (azx)® dx = 8 2% arcoth (az)®
1 (2 (3a'2® +54°1° +152) 15 log (az +1) N 15 log (az — 1)

) arcoth (az)?

—a
60 ab a’ a’

1 4a323+(15 log(ax—1)—46) log(az+1)%—5 log(az+1)3+5 log(ax—1)3+76 ax— (15 log(az—1)2—92 log(ax—l)) log(az+1)+46
+-——a =
240 ab

jnputLintegrate(XA5*arCCOth(a*x)“3,x, algorithm="maxima") J

1/6xx"6*arccoth(a*x) "3 + 1/60%ax(2*(3*a~4*x~5 + b*a~2xx"3 + 15%x)/a"6 - 15
xlog(a*x + 1)/a”7 + 15*xlog(a*x - 1)/a”7)*arccoth(a*x)~2 + 1/240%a*(((4*a"3
*x~3 + (16xlog(a*x - 1) - 46)*log(a*x + 1)72 - Bxlog(a*x + 1)73 + 5xlog(ax
x - 1)73 + 76*%a*x - (16*log(a*x - 1)72 - 92xlog(a*x - 1))*log(a*x + 1) + 4
6*xlog(a*x - 1)72 + 38*log(a*x - 1))/a - 184*(log(a*x - 1)*log(1l/2*a*x + 1/
2) + dilog(-1/2*a*x + 1/2))/a - 38*log(a*x + 1)/a)/a"6 + 2*(6*a~4*x"4 + 32
*a"2%x"2 - 2%(15%log(a*x - 1) - 46)*log(a*x + 1) + 15*log(a*x + 1)72 + 15%
log(a*x - 1)72 + 92xlog(a*x - 1))*arccoth(a*x)/a~7)

output
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Giac [F]
/xS coth™ (az)® dz = /x5 arcoth (ax)3 dr
input Lintegrate (x"6*arccoth(a*x)~3,x, algorithm="giac") J
outputLintegrate(X“S*arccoth(a*x)*3’ x) J

Mupad [F(-1)]

Timed out.
/ z° coth™ (az)® dx = / 2’ acoth(a z)® dz
inputLint(x”S*acoth(a*x)“B,x) J
outputLint(x"S*acoth(a*x)“B, X) J
Reduce [F]
/ z° coth™ (az)® dx
10acoth(az)® az® — 10acoth(az)® — 6acoth(az)? a®z® — 10acoth(az)® a®x® — 30acoth(az)® az + 3acott
N 60
e N
inputtint(x‘S*acoth(a*x)“S,x) J
output‘ (10*acoth(a*x) **3*a*x6*x**6 — 10%*acoth(axx)**3 - 6*acoth(a*x)**2kax*5xx**5

| - 10%acoth(a*x)**2*ax*3*x**3 - 30%acoth(axx)**2¥axx + 3xacoth(a*x)*axxd*x |
(¥4 + 16%acoth(axx)*akx2%x*¥2 - 19%acoth(axx) + 92xint((acoth(axx)*x)/(a** |
‘2*}{**2 - 1),x)*ak*2 - axk3kxkk3 - 19%akx)/(60*a**6) \




output
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3.24 [ z* coth™(az)? dx

Optimal result . . . . . . . . . . . . e 205
Mathematica [C] (verified) . . . . . . . . .. ... L 2061
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 212
Fricas [F] . . . . . . o 213
Sympy [F] . . o o 214
Maxima [F] . . . . . . 214
Giac [F] . . . . o o 214
Mupad [F(-1)] . . . o o 215
Reduce [F] . . . . . 215

Optimal result

Integrand size = 10, antiderivative size = 196

4 i1, A3 2 9rcoth™'(azx) 2®coth™'(ax) 9coth™'(ax)?
/ weoth ) dr = g5 T loat T 102 208
3z2 coth™*(ax)? = 3z*coth™'(az)? L coth™*(ax)?
10a? g(l)a , , 5a’ .
+ %x5 coth™ (az)* — 3 coth (a:c)ﬁ log (=) 4 Lo (12;5a )
B 3 coth™!(az) PolyLog (2,1-2) N 3PolyLog (3,1 — =)
5a® 10a®

1/20*x"2/a"~3+9/10*x*arccoth(a*x)/a~4+1/10*x"3*arccoth(a*x)/a~2-9/20*arccot
h(a*x)~2/a"5+3/10*x"2*arccoth(a*x) “2/a~3+3/20*x"4*arccoth(a*x) “2/a+1/5*arc
coth(a*x)~3/a"b+1/5*x"b*arccoth(a*x) ~3-3/5*arccoth(a*x) “2*1n(2/(-a*x+1))/a
~6+1/2x1n(-a~2*x"2+1) /a~5-3/5*arccoth(a*x)*polylog(2,1-2/(-a*x+1))/a"5+3/1
O*polylog(3,1-2/(-a*x+1))/a"5
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.41 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.89

/ z* coth™ (az)® dz

—2 — i1 4 2a%2? + 36ax coth™ ' (az) + 4a®z® coth™ (ax) — 18 coth™'(az)? + 12a%z? coth™ (az)? + 6a*

-

inputLIntegrate[x“4*ArcCoth[a*x]‘3,x] J

(-2 - I#Pi~3 + 2%a~2#x"2 + 36%axx*ArcCoth[a*x] + 4*a~3*x"3*ArcCoth[a*x] -
18*ArcCoth[a*x] "2 + 12%a~2*x~2*ArcCoth[a*x]~2 + 6%a~4*x~4*ArcCoth[a*x]~2 +
8*ArcCoth[a*x] "3 + 8+%a~b*x~5*ArcCoth[a*x]~3 - 24*ArcCoth[a*x] 2*Log[l - E
~(2xArcCoth[a*x])] - 40xLogl[1/(a*Sqrt[1 - 1/(a"2*x"2)]*x)] - 24*ArcCothl[ax
x]*PolyLog[2, E~(2*ArcCoth[a*x])] + 12*PolyLog[3, E~(2*ArcCoth[a*x])])/(40
*a~b)

output

Rubi [A] (verified)

Time = 2.63 (sec) , antiderivative size = 304, normalized size of antiderivative = 1.55,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 4 g5 Ryyjeg
integrand size

used = {6453, 6543, 6453, 6543, 6453, 243, 49, 2009, 6543, 6437, 240, 6511, 6547, 6471,

6621, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z* coth™ (az)? dz
| 6453

5 -1 2
3at/°x coth™ (ax) iz

L s —1/,.3
52 coth™ (az)”® — E 1~ a?a?

l 6543
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x3 coth™1 (ax)? d

1 _ 3 — 222 z3 coth™ (az)2dz
—z° coth 1(a:1:)3 ——a L “2” - J 5 (az)
5 a a
| 6453
1 3 f z3 coth™1 (ax)? diL‘ 1.4 ooth™1 af 2% coth™ d.’L‘
_ T 1—g212 T 1 =a202 2
—z° coth™Y(az)3 — Za L o 4 22 1—az
) ) a a
| 6543
15 -1 3
e coth™ (ax)® —
22 coth™ (a:v)
— g ——dr 2 -1
z coth™ 1 (az)? 2 1 J o222 z# coth™ " (az)dz
f%dm J xcoth™!(az)?dx 437 *coth™ (a:r) — 20 = a? -1 a? =
3 2 —~ —
5 a? a2
| 6453
1 _
gac‘r’ coth™!(az)3 —
z2 coth—1 (ax) 1.3 —1
g dx x5 coth™ " (az)-
h=1(az)2 h—1 1.4 -1 2_1 S 1—a2g2 _ 3
3 fi“olt_azigm) de 222 coth™*(az) —af‘z COta%(M)d 4@" coth™ (az) 2a< a? a
5 a? a2
l 243
1 _
gx‘r’ coth™ (az)® —
22 coth™ (a.z) 1.3 1
———a——dx z° coth™ " (ax)-
x co ax)? x“ co axr 1,4 -1 2_1 f 1—a2g2 3
3 f%i)dm B 122 coth~! (az)2—a [ #d iz coth™ (ax) 2a< o2 -
—a a? a? —
5 a? 2

l49



CHAPTER 3. LISTING OF INTEGRALS 208
1 5 -1 3
—z° coth™ (az)” —
)
2 -1 123 coth~!(az)-
3 f z“ coth™ * (ax) d 3
:Ecoth_l(a,az:)2 1.2 —1 2 z2 coth_l(az) im‘l COth 1(a$)2 - %a 1_22212 -
[ 5 a g dz jz?coth™az)’—a [ T2 55" da
3 ] - -
5 a? a?
| 2009
1 5 -1 3
—z° coth™ (az)” —
5
22 coth™ 1 (ax) La3 coth™! (az)-
a”coth ~(az) ;. 3
1,.4 -1 2 1 f 1—a2z2
1, 9 2 1 zx*coth™ (ax)® — 5a -
f zcoltiaza(:;z) dr %CIJZ coth_l(az)z—af z clo_t12212(az) dx 4 ( ) 2 a2
3 Z - =
5 a? a?
| 6543
1 5 -1 3
—z° coth™ (az)® —
)
cothfl(aw)
I coth_l(az)dx / h—l( i 14 1 9 1 / 1—a2w dw_m
— “a2g2 cot. ax)dx -
fzcothfl(aw)de %xzcoth 1(ax)2—a 1 ‘;25” — ” T coth (aa:) — 50 = P
2,2
3 mae - 3
a a
Za —
5 a?
| 6437
1 5 -1 3
—z° coth™ (az)” —
5
-1
1 fcoth -
I coth™ (az) 4, zcoth™ L (az)—a [ —Z, — da _ - l-as
“1, 2 122 coth~(az)?—a 1-a%e? 1-a%e? 1zt coth™Y(az)? — la| —=2
fmcoth (azx) de 2 a a2 4 2
T 1—a222
3a 1 (;29: _ e
5 a?

l 240
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1
§$5 coth™ (az)® —

. coth—1
I cothfl(aw) da 10g(1—a2z2) h_l( ) J %Ti
— “a2g2 ———&5-—+zcot ax _
_1, 2 3% coth™!(az)?—a | —I=%————Z— izt coth™(az)? — La| —=2
f:tcoth (az) dz a a 1 2
1—a2z2
§a 22:0 B a? _
5 a?
| o511
1 5 -1 3
=T coth™ (az)® —
10g(1—a2x2) co':h_l(aar:)2
1 2 -1 L) .
1. s %EQCoth_l(amF—a COth2 (a2)” 2a tocoth”” (ax) 1.4 coth_l(ax)2 —lg| —=283
fzcoth (az) dz a a 1 3
1—a2z2
§G, ZQx — a? _
5 a?
| 6547
1 5 -1 3
52 coth™ (az)”® —
2 2
~1, .2 1.2 coth—1(az)2 coth 1 (ax)? wﬂcoth_l(m) 1,4 -1 2 1
peothi@a) g gy 20 (az)’—a P B o 7x%coth™ (az)’ — 5a
a — 3a2 _
§a 2 a2 _
5 a2
| 6471
1 5 -1 3
5T coth™ (az)”® —
log(l—a2x2) 1
1 2 th—1 2 th—1 1 2 1 o _1 2 cothl(az)?2 —— 55— +zcoth™ " (az)
Og(l_am)zo @) -2/ = (lafl;zgz(l_az)dw coth™!(az)3 27 coth (az) —a 2a3 - “ a2
3 a - 3a2 _
Za a? a2
) a2

l 6621
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1
3335 coth™ (az)® —

log( 1_2az ) coth™1 (a:c)2 1 PolyLog(2,1— l—zaz) PolyLog(Z,l— 1—2az) coth ™1 (az) th—1
—2| Ly do— 122 coth~!(az)2—a | <L
2 2.2 2
e 1-a®z e _coth_l(az)3 2 ( ) 243
2
3 a 22 3a —
—-a
5 a2
| 7164
1 5 -1 3
—z° coth™ (ax)® —
5
log(i_ziw) coth_l(aa:)2 s PolyLog(E},l—i_Laz) N PolyLog(2,l—1_27a$) coth_l(aa:) 1.9 h-1 9 coth_l(az)2
a 4a 2a 1. .3 gz?coth™ (az)’—a| =53 —
__coth™ ~(az)
302
3 < a2 “ - a2
) a

input L

Int [x~4*ArcCoth[a*x] ~3,x]

output

(x"5*ArcCoth[a*x]~3)/5 - (3*a*x(-(((x"4*ArcCoth[a*x]"2)/4 - (a*(-(((x"3*Arc
Coth[a*x])/3 - (a*(-(x72/a"2) - Logl[l - a"2%x72]/a"4))/6)/a"2) + (ArcCoth[
a*x]~2/(2*a"~3) - (x*ArcCoth[a*x] + Logl[l - a~2*x~2]/(2*a))/a~2)/a~2))/2)/a
~2) + (-(((x"2*ArcCoth[a*x]~2)/2 - a*(ArcCoth[a*x]~2/(2*¥a"3) - (x*ArcCoth[
a*x] + Log[l - a™2%x72]/(2%a))/a"2))/a"2) + (-1/3xArcCoth[a*x]~3/a"2 + ((A
rcCoth[a*x] “2xLog[2/(1 - a*x)])/a - 2%(-1/2*(ArcCoth[a*x]*PolyLog[2, 1 - 2
/(1 - a*x)])/a + PolyLog[3, 1 - 2/(1 - a*x)]/(4%a)))/a)/a~2)/a"2))/5

-

rule 49

N

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int

[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, 0] && IGtQ[m + n + 2, O]




rule 240

rule 243
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Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[(x_)"(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)7p, x], x, x72], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009 {Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6437

rule 6453

rule 6471

rule 6511

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcCoth[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1)/(1 - c~2*x~(2*n))), x], x] /; FreeQl[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]/(1 - c™2%x~
2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 - e~2
, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])“(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]
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rule 6543

Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)"(m - 2)*((a + bxArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6547

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCoth[c*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c™2xd + e, 0] && IGtQ[p, O]

rule 6621

Int[(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + bxArcCoth[c#*x]) “p)*(PolyLog[2, 1 - ul/(2%c*d))
, x] + Simp[b*(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(
d + exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] && EqQ[(1 - uw)"2 - (1 - 2/(1 - c*x))~2, 0]

rule 7164

Int[(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]

-

input L

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 5.51 (sec) , antiderivative size = 1223, normalized size of antiderivative = 6.24

method result size

parts Expression too large to display | 1223
derivativedivides | Expression too large to display | 1225

default Expression too large to display | 1225

int (x"~4*arccoth(x*a) ~3,x,method=_RETURNVERBOSE)

| —




output

input

output
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1/5*x~5*arccoth(x*a) ~3+3/5/a~5*(1/2%x"2*a"~2*arccoth(x*a) "2+1/4*x"4*a~4*arc
coth(x*a)~2-5/3*1n(1+1/((a*x-1) /(a*xx+1))~(1/2))+1/3*arccoth(x*a) ~3+1/4*I*P
i*xcsgn(I/((a*x+1)/(a*x-1)-1))*csgn(I*(a*x+1)/(a*xx-1))*csgn(I/(a*x-1)* (a*x+
1)/ ((a*x+1) /(a*x-1)-1) ) *arccoth(x*a) “2+1/2*arccoth(x*a) ~2*1n((a*xx-1)/ (a*x+
1))+7/8*(((a*x-1) / (a*x+1) )~ (1/2) *x*a+((a*x-1) / (a*x+1) )~ (1/2) +x*a+1) *arccot
h(x*a)-1/12/(((a*x-1)/(a*x+1))~(1/2)+1) *((a*x-1) / (a*x+1) ) ~(1/2) -1/24* (a*x—
1)/ (((a*x-1)/(a*x+1) )~ (1/2) *x*a+((a*x-1) / (a*x+1) ) " (1/2) -x*a) +1/24* (a*xx-1) /
(((axx-1)/(a*xx+1)) " (1/2) *x*a+((a*x-1) / (a*x+1) ) ~(1/2)+x*a) —arccoth(x*a) ~2*1
n(1-1/((a*x-1)/(a*x+1))~(1/2))-arccoth(x*a) “2*1n(1+1/((a*x-1) / (a*x+1) )~ (1/
2) )-2xarccoth(x*a)*polylog(2,-1/((a*xx-1)/(a*x+1))~(1/2))-5/3*1n(-1+1/((a*x
-1)/(a*x+1))~(1/2))+1/4*xI*Pi*csgn(I*(a*x+1)/(a*x-1)) “3*arccoth(x*a) ~2+1/4*
I*Pi*csgn(I/(a*x-1)*(a*x+1)/((axx+1)/(axx-1)-1)) " 3*arccoth(x*a)~2-1/12/(((
axx-1)/(axx+1))~(1/2)-1)*((a*x-1) /(a*x+1) )~ (1/2) +2*polylog(3,1/((a*x-1)/(a
*x+1) )~ (1/2))+2*polylog(3,-1/((a*x-1)/(a*x+1))~(1/2))+1/2*arccoth(x*a) ~2*1
n(axx-1)+1/2*arccoth(x*a) "2*1n(axx+1)-7/8*%(((a*x-1) /(a*x+1) )~ (1/2) *x*a+((a
*x-1) / (a*x+1) )~ (1/2)-x*a-1)*arccoth(x*a)-2*arccoth(x*a)*polylog(2,1/ ((a*x-
1)/ (a*x+1))~(1/2))-1n(2) *arccoth(x*a) “2+arccoth(x*a) “2*1n((a*x+1)/ (a*x-1) -
1)-1/24* (a*x+1) *arccoth(x*a) * (2x ((a*x-1) / (a*x+1)) ~(1/2) *x~2*a~2-3* ((a*x-1)
/ (axx+1))~ (1/2) *x*a-2%a~2*%x~2+((axx-1) / (a*x+1) ) ~(1/2) +6*x*a-5) +1/24* (a*xx+1
)*xarccoth (x*a) * (2% ((a*xx-1) / (a*x+1)) = (1/2) *x~2*a~2-3* ((a*x-1) /(a*xx+1)) (...

Fricas [F]

/x4 coth™(az)3 dz = /w4 arcoth (az)® dz

N

integrate(x~4*arccoth(a*x)~3,x, algorithm="fricas")

|

integral (x~4*arccoth(a*x) "3, x)

| —
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Sympy [F]

/ z* coth™ (az)® dx = / z* acoth® (az) dzx

input‘integrate(X**4*aC0th(a*X)**3’x)

outputtlntegral(X**4*aCOth(a*x)**3, )

Maxima [F]

/ z* coth™ (ax)® dx = / z* arcoth (az)® dz

inputLintegrate(x“4*arccoth(a*x)‘3,x, algorithm="maxima")

1/80*(2x(a~5*x~5 + 1)*log(a*x + 1)73 + 3*(a™4*x"4 + 2%a~2*x"2 - 2*(a~b*x"5
- 1)*log(a*x - 1))*log(a*x + 1)72)/a"5 + 1/8xintegrate(-1/5%(5*(a~5*x"5 +
a~4xx"4)xlog(a*x — 1)73 + 3x(a"4*x"4 + 2*a~2+x"2 - 5*(a”5*x"5 + a~4*x"4)*
log(a*x - 1)72 - 2*%(a”5*x”5 - 1)*log(a*x - 1))*log(a*x + 1))/(a"b*x + a~4)

» X)

output

Giac [F]

/ z* coth™ (az)® dzx = / z* arcoth (az)® dz

input Lintegrate (x~4*arccoth(a*x)~3 ,X, algorithm="giac ")

OutputLintegrate(x"4*arccoth(a*x)"3, x)
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Mupad [F(-1)]
Timed out.

/x4 coth™(az)3 dz = /x4 acoth(az)’ dz

input Lint (x~4*acoth(a*x)~3,x) J

Output‘int(x"4*acoth(a*x)"3, x)

Reduce [F]

/ z* coth™ (az)® dz

B 4acoth(az)® a®z® — 4acoth(az)® ax — 3acoth(az)? a*z* — 6acoth(az)’ a®x? + Yacoth(az)® + 2acoth(ax)
B 20a5

inputLint(x"4*acoth(a*x)“3,x) J

Output‘(4*acoth(a*x)**3*a**5*x**5 - 4%acoth(a*x)**3*axx — 3*acoth(a*x)**2*a*x*x4xx*
(%4 - Gxacoth(akx)**2karx2¥x+2 + Oacoth(axx)**2 + 2%acoth(axx)xa**3*x++3
‘+ 18*acoth(a*x)*a*x + 20*acoth(a*x) + 4+*int(acoth(a*x)**3,x)*a - 20*log(a* ‘
‘*2*x - a) - axk2%x**2)/(20%a**5)
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3.25 [ 23 coth™(az)? dx

Optimal result . . . . . . . . . . . . e 216
Mathematica [A] (verified) . . . . . . . . . ... o 217
Rubi [A] (verified) . . . .. . . ... .. 217
Maple [C] (warning: unable to verify) . . . . . . . ... ... ...
Fricas [F] . . . . . . o 223
Sympy [F] . . o o 224
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 2241
Giac [F] . . . . o o 225
Mupad [F(-1)] . . . o o 225
Reduce [F] . . . . . 225

Optimal result

Integrand size = 10, antiderivative size = 139

2 -1 ~1(,\2
3 “1, \34._ &  z*coth” (az)  coth™ (az)
/x coth™ (az)’ dz = il 122 o
3zcoth™'(az)?  z°coth™'(az)?
4a3 4a

coth™(az)®> 1, . _, 5 arctanh(az)
— T + Zl‘ COth ((Zl’) — T

2coth™'(az)log (1) PolyLog (2,1 — %)
B at B a*

‘1/4*x/a“3+1/4*x“2*arccoth(a*x)/a“2+arccoth(a*x)“2/a“4+3/4*x*arccoth(a*x)”2
‘/a“3+1/4*x“3*arccoth(a*x)“2/a—1/4*arccoth(a*x)“3/a”4+1/4*x”4*arccoth(a*x)“
‘3—1/4*arctanh(a*x)/a“4—2*arccoth(a*x)*1n(2/(—a*x+1))/a“4—polylog(2,1-2/(—a
(*x+1)) /a4

output
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.63

/ 23 coth™ (az)® dz

az + (—4 + 3az + a®z%) coth™ (az)? + (=1 + a*z*) coth™" (az)® + coth™" (az) (—1 + a*z? — 8log <1 -

N 4a4

e hY

Integrate [x~3*ArcCoth[a*x] ~3,x]

N J

input

‘ (axx + (-4 + 3*a*x + a~3*x"3)*ArcCoth[a*x]"2 + (-1 + a~4*x~4)*ArcCoth[a*x] ‘
|3 + ArcCoth[a*x]*(-1 + a"2%x"2 - 8+Log[1 - E~(-2%ArcCoth[a*x])]) + 4%Poly |
'Logl2, E~(-2*ArcCoth[a*x])])/(4*a"4) |

output

Rubi [A] (verified)

Time = 1.79 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.72,

number of steps used = 14, number of rules used = 13, number of rules _ 1.300, Rules
integrand size

used = {6453, 6543, 6453, 6543, 6437, 6453, 262, 219, 6511, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 3 coth™! (az)3 da

| 6453
1 4 coth™ (az)?
Zm‘l coth™ (az)® — za/ mdw
| 6543
1, 3 (/[ de [ z% coth™ (az)?dz
- -1 3_° —a‘z _
i coth™ (ax) 2% 2 e

l 6453
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1
1:1:4 coth™ (az)® — %a

z2 coth™1 (ax)?
1—a2x2 dzx

_ 123 coth™'(az)? — 2a |

3 -1
z° coth™ ! (az) dx

1—a2z2

a? a?
l 6543

1
1934 coth™ (az)® —

1(az)? 1,3 VRV Y B Rae = e coth (o) gy [ coth~! (az)d
th™ ~ (az ES - __ 4 l—a“x _
3 / col,az(iﬁ) dz [ coth~!(az)?dz 3T coth™ (ax) 30 o -
a? a?
7al —_—
4 a2 a2
| 6437
1 4 -1 3
Ve coth™ (az)° —
wcoth_l(ax)d
—1, 32 1 1 1 9 e z coth™(az)dz
3 ficmlh_a;;zw) dr  zcoth™!(az)?—2a [ T2 7% Cll)t_hazzgaz)dz 3%3 coth (ax)2 — 30,( 1 2;” _ o2 (az)
a? — a2
Za _
4 a2 a?

f coth™1 (aa:)2 dz

l 6453
im‘l coth™ (az)® —

_ th—1
zcoth™!(az)?—2a [ m;*_ag;(z@dx

tz3 coth™!(az)? — 2

th—1 _
2a< *Q—fzm;_a z(“)dz B %:ﬁ coth 1(az)—%aj
3

_ a? a?
3 : aazm - a2
7a p—
4 a? a?
l 262
1 4 -1 3
—z* coth™ (ax)” —
4
-1 1.2 -1 _1
1o® coth™(az)? — 3a | © zeoth Mae) gy 3% ot () 2“(
f coth_lz(a2z)2 dz zcoth_l(az)2—2af zcoth;l(Qaz) dx Bm ar 3a a? a?
l—a“x l—a“x
3 o T -
4 a? a?

l 219
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iw‘l coth™ (az)® —
/

-1
z coth (az)d
zeoth ~\2%) dx
1—a2z2

1
5“(

a

%mQ coth™(ax)—

tz3 coth ' (az)? — 2a

a2

b1 (az)2 3 p—1
3 ficml_az(z;) dx _ zcoth™1(az)?—2a [ T2 P2 C(l)t_a%(;z)dx
4 a? a?
| 6511
1 4 -1 3
Vi coth™ (az)”® —
1,..3 h_l 2 2 fzc‘itha_zlxgam)dx %1‘2 COth_l(ax)_%a<%
-1 = pa— — p—
coth~ (az)3 z coth™(az)?—2a %dm 37 cot (GJJ) 3d a? a?
§a 3a3 — a?
4 a? a?
| 6547
L4 o1/ 33
—z* coth™ (az)® —
-1
_1 I coth™ * (ax) da _1 2
_ I Coth_ (az) da b1 2 T—ax __coth™ " (ax)
e x coth 1(ax)2—2a( =gz _coth —(es) 323 coth™ (az)? — 2a e 2
coth™ " (ax
§a 3a3 _ a? _
4 a? a?
| 6471
1 4 -1 3
—z* coth™ (az)® —
log(lf )coth_l(aw) log(%) log(
- a -/ 1—a2z2z dz_coth_l(a.a:)2 1.3 h_l 2 2 —
a 32 3x° coth™ (az)* — 5a| ——

zcoth™!(az)?2—2a

coth™*(az)3

3a3
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1 4 -1 3 _
yh coth™ " (ax)
log(ﬁ) 1 I
d1—az 2 -1
1-1=%% az log(m) coth™ * (az) 1 5 —
z coth™ (az)?—2a e - e — coth—{on) 123 coth™(az)? — 2a| —
coth™(az)3
§CL 3a3 a? —
4 a2
| 2752
14 o1, 3
2% coth™"(ax)
PolyLog(L’,l—ﬁ) log( 1—2(1.7:) coth_l(az)
- + a co -1 azr 2 —
N @ coth 1(1196)2—%( 2 z — ot ges) 123 coth™(az)? — 2a
CO axr
§a, 3a _ a? _
a2

LInt [x~3*ArcCoth[a*x] ~3,x]

input

output (x~4*ArcCoth[a*x]~3)/4 - (3%ax(-(((x~3*ArcCoth[a*x]"2)/3 - (2%ax(-(((x"2*A

rcCoth[a*x])/2 - (ax(-(x/a"2) + ArcTanh[a*x]/a"~3))/2)/a"2) + (-1/2*ArcCoth
[a*x]~2/a"2 + ((ArcCoth[a*x]*Log[2/(1 - a*x)])/a + PolyLogl[2, 1 - 2/(1 - a
*x)]/(2%a))/a)/a~2))/3)/a~2) + (ArcCoth[a*x]~3/(3*a~3) - (x*ArcCoth[axx]"2
- 2xa*(-1/2%ArcCoth[a*x]"2/a"2 + ((ArcCoth[a*x]*Log[2/(1 - axx)])/a + Pol

yLogl[2, 1 - 2/(1 - a*x)]/(2%a))/a))/a~2)/a"2))/4




rule 219

rule 262

rule 2752

rule 2849

rule 6437

rule 6453
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pt, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

N

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

Int[Logl(c_.)/((d_ ) + (e_.)*(x_))1/((£f_) + (g_.)*(x_)"2), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2+d] && EqQ[e~2*f + d~2xg, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/(1 - c™2*xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQ[p, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x"n])~(p - 1)/(1 - c"2*x"(2*n))), x
1, x]1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]




rule 6471

rule 6511

rule 6543
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Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(Log[2/(1 + e*(x/d))]/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2%x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2
, 0]

N\

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])“(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))~(p_.)*((£f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[c*
x]1)7p, x1, x] - Simp[d*(£72/e) Int[(f*x)~"(m - 2)*((a + b*ArcCoth[c*x]) p/
(d + e*x"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,
1]

rule 6547‘Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d.) + (e_.)*x(x_)"2),

input

x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCoth[c*x])~p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c~2*d + e, 0] && IGtQ[p, O]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.69 (sec) , antiderivative size = 871, normalized size of antiderivative = 6.27

method result size
derivativedivides | Expression too large to display | 871

default Expression too large to display | 871

parts Expression too large to display | 871

Lint (x~3*arccoth(x*a) ~3,x,method=_RETURNVERBOSE)




output

input

output
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1/a~4x*(1/4*x"4*a"4*xarccoth(x*a) ~3+1/4*x~3*a"3*arccoth(x*a) “2-3/16*I*Pixcsg
n(I/((a*xx+1)/(a*x-1)-1))*csgn(I*(axx+1)/(a*x-1))*csgn(I/ (axx-1)*(axx+1)/((
axx+1)/(a*xx-1)-1))*arccoth(x*a) “2-2*arccoth(x*a) *1n(1+1/((a*x-1) /(a*xx+1) )~
(1/2))-1/4*arccoth(x*a) “3-3/8*arccoth(x*a) "2*1n((a*x-1)/(a*x+1))+1/8* (((a*
x-1)/(a*x+1))~(1/2) #*x*a+((a*x-1) /(a*xx+1)) " (1/2) +x*a+1) *arccoth(x*a)-1/4/ ((
(a*x-1)/(axx+1)) " (1/2)+1) *((a*x-1) / (a*xx+1) )~ (1/2)-1/4/ (((a*x-1) / (a*x+1) ) = (
1/2)-1)*((axx-1)/(a*x+1) ) ~(1/2) +1/8* (((a*x-1) / (a*x+1) ) = (1/2) *x*a+((a*x-1) /
(a*x+1))~(1/2)-x*a)*arccoth(x*a)* (a*x+1)+3/8*arccoth(x*a) “2*1n(a*x-1)-3/8%
arccoth(x*a) “2*1n(a*x+1)-1/8%(((a*xx-1)/(a*x+1))~(1/2) *x*a+((a*x-1) / (a*x+1)
)~ (1/2)-x*a-1)*arccoth(x*a)-3/16*%I*Pi*csgn(I/ (a*x-1)*(a*x+1)/((a*x+1)/(a*x
-1)-1))"3*arccoth(x*a) "2-3/16*I*Pixcsgn(I*(axx+1)/(axx-1)) 3*arccoth(x*a)”
2+3/4*arccoth(x*a) ~2*x*a+2*dilog(1/((a*x-1)/(a*x+1))~(1/2))-2*dilog(1+1/ ((
axx-1)/(axx+1))~(1/2))+arccoth(x*a) "2+3/8*I*Pixcsgn(I/((a*x-1)/(a*x+1))~(1
/2))*csgn(I*(a*x+1)/(a*x-1)) 2*arccoth(x*a) ~2-3/16*xI*Pi*csgn(I/((a*x-1)/(a
*xx+1))~(1/2)) "2*csgn(I*(a*x+1) /(a*x-1) ) *arccoth(x*a) ~2-1/8*(((a*x-1) / (a*x+
1))~ (1/2) *x*a+((a*x-1) / (a*xx+1) )~ (1/2) +x*a) *arccoth(x*a) * (a*x+1)-1/4*(((a*x
-1) /(a*x+1) )~ (1/2) #*x*a-x*a+l) ¥*arccoth (x*a) * (a*xx+1)+1/4* (((a*x-1) / (a*x+1)) "~
(1/2) *x*a+x*a-1) *arccoth(x*a) * (a*x+1)+3/16*xI*Pixcsgn(I/((a*x+1)/(a*x-1)-1)
)*xcsgn(I/(a*xx-1)*(a*x+1)/((axx+1)/(axx-1)-1)) "2*arccoth(x*a) ~2+3/16*I*Pixc
sgn (I*(axx+1)/(a*xx-1))*csgn(I/(a*xx-1)*(a*xx+1)/((a*x+1)/(a*x-1)-1)) "2*ar...

Fricas [F]

/x3 coth™(az)3 dz = /w3 arcoth (az)® dz

N

integrate(x~3*arccoth(a*x)~3,x, algorithm="fricas")

|

integral (x~3*arccoth(a*x) "3, x)

| —
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Sympy [F]

/ 23 coth™ (az)® dx = / 23 acoth® (az) dzx

input‘integrate(x**3*acoth(a*x)**3’x)

outputLIntegral(X**3*aCOth(a*x)**3, ) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(122) = 244.

Time = 0.04 (sec) , antiderivative size = 262, normalized size of antiderivative = 1.88

1
/ z% coth™ (az)® dx = 1 z* arcoth (az)?

1 [2(a?z3+3 31 1 31 -1
L1, (a’2°+3z) 3log(az +1) L 3log (az — 1) arcoth (az)?
8 at ad a®
(3 log(az—1)—8) log(az+1)2—log(az+1)3+log(ax—1)%+8 az— (3 log(az—1)2—16 log(az—l)) log(az+1)+8 log(az—1)2+4 log(c
* 32 at

input‘integrate(X”3*arccoth(a*x)“3,x, algorithm="maxima")

1/4*x"4*xarccoth(a*x) "3 + 1/8*a*(2x(a”2*%x"3 + 3*x)/a"4 - 3*log(a*x + 1)/a”b
+ 3xlog(a*x - 1)/a"b)*arccoth(a*x)~2 + 1/32*a*x((((3*log(a*x - 1) - 8)*log
(axx + 1)72 - log(a*x + 1)73 + log(a*x - 1)73 + 8*a*x - (3*log(a*x - 1)72
- 16%log(a*x - 1))*log(a*x + 1) + 8*log(a*x - 1)72 + 4xlog(a*x - 1))/a - 3
2% (log(a*x - 1)*log(1l/2*a*x + 1/2) + dilog(-1/2xaxx + 1/2))/a - 4*log(a*x
+ 1)/a)/a"4 + 2*(4*a"2%x"2 - 2*(3*log(a*x - 1) - 8)*log(a*x + 1) + 3x*log(a
*x + 1)72 + 3*xlog(a*x - 1)72 + 16*xlog(a*x - 1))*arccoth(a*x)/a”b)

N\ J

output
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Giac [F]
/ 23 coth™ (ax)® dx = / ® arcoth (az)® dx
inputtintegrate(x‘3*arccoth(a*x)‘3,x, algorithm="giac") J
Ou_tputLintegrate(x"?:*::xrcco‘ch(a*x)“3, x) J
Mupad [F(-1)]
Timed out.
/x3 coth™(az)3 dz = /x?’ acoth(a z)® dz
inputLint(x”B*acoth(a*x)‘B,x) J
OutputLint(x“B*acoth(a*x)“B, x) J
Reduce [F]
/ 23 coth™ (az)® dx
acoth(az)® a*z* — acoth(az)® — acoth(azx)® az?® — 3acoth(azx)? ax + acoth(azx) a?x?® — acoth(az) + 8( |
- 4at
inputLint(x‘B*acoth(a*x)‘S,x) J
Output‘(acoth(a*x)**S*a**4*x**4 - acoth(a*x)**3 - acoth(a*x)**2*a**3*x**3 - 3%aco

‘th(a*x)**Q*a*x + acoth(a*x)*a**2*xx**x2 - acoth(a*x) + 8*int((acoth(a*xx)x*x)/
‘(a**2*x**2 - 1),x)*a*x*2 - axx)/(4*ax*4) \




output
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3.26 [ % coth™(az)? dx

Optimal result . . . . . . . . . . . . e 226
Mathematica [C] (verified) . . . . . . . . .. ... L 2261
Rubi [A] (verified) . . . .. . . ... .. 227
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... 231
Fricas [F] . . . . . . o 232
Sympy [F] . . o o 233
Maxima [F] . . . . . . 233l
Giac [F] . . . . o o 233
Mupad [F(-1)] . . . o o 234
Reduce [F] . . . . . 234

Optimal result

Integrand size = 10, antiderivative size = 149

_ zcoth™'(az) B coth™(ax)?

22 coth™* (az)?

coth™'(az)?

/x2 coth™!(az)® dz =

a? 2a3

2a 3a3

1
+ gm?’ coth™!(az)® —

coth™ (az) PolyLog (2,1 —

a3
2

1—

aa:) +

2a3

PolyLog (3,1 —

2
l—ax

coth™(ax)? log (2) N log (1 — a%z?)

)

a3

2a3

‘ x*arccoth(axx)/a~2-1/2*arccoth(a*xx) ~2/a"~3+1/2*xx"2*arccoth(a*x) ~2/a+1/3*arc ‘
‘ coth(a*x)~3/a"~3+1/3*x"3*arccoth(a*x) “3-arccoth(a*x) ~2*1n(2/(-a*xx+1))/a"~3+1 ‘
‘ /2*1n(-a~2*x~2+1) /a~3-arccoth(a*x) *polylog(2,1-2/(-a*x+1))/a~3+1/2*polylog ‘

\(3,1-2/(-a*x+1))/a*3

Mathematica [C] (verified)

Result contains complex when optimal does not.
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Time = 0.26 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.94

/ z% coth™ (az)® dz

—im® 4 24ax coth™* (azx) — 12 coth™'(az)? + 12422 coth™'(az)? + 8 coth™* (ax)? + 8a3z® coth™ (az)? -

input‘ Integrate [x"2xArcCoth[a*x] ~3,x] ‘

((-I)*Pi~3 + 24x*a*x*ArcCoth[a*x] - 12xArcCoth[a*x]~2 + 12*a~2*x"2xArcCothl[
a*x] "2 + 8xArcCoth[a*x]~3 + 8+%a~3*x"3*ArcCoth[a*x]~3 - 24*ArcCoth[a*x] ~2*L
ogll - E~(2*ArcCoth[a*x])] - 24*Logl[1/(a*Sqrt[1 - 1/(a"2*x"2)]*x)] - 24*Ar
cCoth[a*x]*PolyLog[2, E~(2xArcCoth[a*x])] + 12%PolyLogl[3, E~(2%ArcCoth[a*x
1)1)/(24%a"3)

output

Rubi [A] (verified)

Time = 1.53 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.19,

number of rules __
integrand size 1.100, Rules

used = {6453, 6543, 6453, 6543, 6437, 240, 6511, 6547, 6471, 6621, 7164}

number of steps used = 11, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z? coth™! (az)? dz

| 6453
1 3 h—l 2
gw?’ coth™ (az)® — a/ mdm
| 6543
x coth™! (az)? _
1563 coth~!(az)® — a (f 1_22;2(130 B fxcotha;(am)zdm)

l 6453
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x coth™ ! (azx)? 1 z2 coth™! (ax)
1, 1 3 g dx L 2 coth™! —a [ T dx
—x°coth™ (ax)’ —a
3 (az) 2 o
l 6543
1 3 -1 3
3% coth™ (ax)® —
coth™ (az)d 1
1,2 -1 2 J T1-a222 % coth™!(az)dx
fa:cothfl(aav)2 PR coth (a’m) _a’< ! a2 ~ 1L a2( ) )
2.2
a 1 a;: _ 5
a a

l 6437

1
~z® coth™ ! (az)3 —

3
-1
_ [eoth” (o) gy geoth—)(az)—a [ —Zydo
P L e
T 1-a%a?
a
a2 (12
l 240
1 3 -1 3
—z° coth™ (az)® —
3 ( .
coth™ (am)d log(1—a?z )
12 -1 2 | oz de ———~+zcoth™!(az)
ooty o?coth M (ag)? — o Lt o,
I e
a ) _ -
l 6511
13 1 3
gx coth™ (az)”® —
2.2
1,.2 -1 2 COth_:l'(a,_fz;)2 10g(127am)+w(:0th 1((1:13)
wCOth_l(aw)2 E’T COth (GICB) —a 2a3 - a2
R
a _
a2 Cl2

l 6547
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1
§w3 coth™ (az)® —

b 1( )2 10g(1—a2w2)+ th_l( )
-1 2 1,.2 -1 2 _ coth™*(ax)®? ——>,—"tzco ax
f%dx coth™1(ax)3 2T coth (a’m) a 2a3 a?
a — 3a? _
¢ a? a2
| 6471
1 3 -1 3
3% coth™ (az)® —
( 2 ) 1 2 1 ( 2 ) !(az)? log;(1_(12262)+
log( +—* coth™* (az) coth™* (az) log( —2— 1,.2 -1 2 coth™ " (az _ 2a T CC
T—azx - _2f s 1—az) 4. B coth_l(a$)3 2.’1,‘ COth (a.’L‘) a 223 a -
a a 3a? _
a? a2
| 6621
1 3 -1 3
3% coth™ (ax)® —
10g(1_27az)coth_l(az)2 9 1fPolyLog(2,1—1_27ME)d PolyLog(2,1—1_27M)coth_l(a:c) 1.9 1 9
a 3 1= aZa? w %a coth~(az)? 2T coth™ (az)* —a
a — 3a?
a —
a?
| 7164
1 3 -1 3
3% coth™ (az)”® —
log(i_Qiaw) coth—1 (aa:)2 PolyLog(3,17 1_271“3) PolyLog(Q,lf 1—270.13) coth_l(az) th-
a —2 4a - 2a 1 3 l.’L'Q COth_l(aiL‘)2 —a ==
coth™ ' (az) 2 2
a - 3a2
a
a?
. 2% t - ‘
mputtlnt [x~2*ArcCoth [a*x]"3,x] J

(x~3%ArcCoth[a*x] ~3)/3 - ax(-(((x"2*ArcCoth[a*x]~2)/2 - ax(ArcCoth[a*x]~2/
(2%a~3) - (x*ArcCoth[a*x] + Logl[l - a~2*x~2]/(2+*a))/a~2))/a~2) + (-1/3*Arc
Coth[a*x]~3/a"2 + ((ArcCoth[a*x]~2*Logl[2/(1 - a*x)])/a - 2x(-1/2%(ArcCoth[
a*x]*PolyLog[2, 1 - 2/(1 - a*x)])/a + PolylLogl[3, 1 - 2/(1 - a*x)]1/(4*a)))/
a)/a~2)

output




rule 240

rule 6437

rule 6453

rule 6471

rule 6511

rule 6543
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Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
=2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simpl[x*(a
+ b*ArcCoth[c*x"n])“p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1)/(1 - c”2%x"(2*n))), x1, x] /; FreeQl[{a, b, c, n}, x] && IGtQ[p, 0]
&& (EqQ[n, 11 || EqQlp, 11)

~

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[n, 1
] && IntegerQm])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Simp[bxc
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x"
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - e~2
, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + bkArcCoth[c*x])~(p + 1)/(bxc*d*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Int[(((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*
x])7p, x], x] - Simp[d*x(£f72/e) Int[(f*x)"(m - 2)*((a + b*ArcCoth[c*x]) p/
(d + e*x~2)), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m,
1]
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rule 6547 Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(cxd) Int[(a + bxArcCoth[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, 4,
e}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

rule 6621 Int[(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d_ ) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + b*ArcCoth[c*x]) p)*(PolyLogl[2, 1 - ul/(2*c*d))
, x] + Simp[b*(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(
d + exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] & IGtQ[p, 0] && EqQ[c~2+d
+ e, 0] && EqQ[(1 - uw)"2 - (1 - 2/(1 - c*x))~2, 0]

rule 7164 IntL(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !'FalseQ[w]] /; FreeQ[n, x]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.34 (sec) , antiderivative size = 776, normalized size of antiderivative = 5.21

method result

2 za—1 3 2
za+1

2 —1 za—1 za—]
22a® arccoth(za)® _; <1+ 1 )+arccoth(za)3+‘”“°c°“‘(“> 1“(§Z+1)+<\/mm+ s

z3 arccoth(za)®
(wa)® |

parts 3

2 za—1 3 2
zTa+1

za—1 za—1
2,2 2 3  arccoth(za)?In za—1 (\/ F1 20\ gaF +za+l) arccoth(za)
z“a“ arccoth(za) In (1 1 ) arccoth(za) ( TaF1l ) zaf1 Ta . )

derivativedivides

za—1 2
za+1

za—1 za—1
2 2 2 3 arccoth(:ta)2 ln(za‘_1 \/ zaFT T\ zar1 TTatl arccoth(za)
z“a“ arccoth(za) 1 arccoth(za) za+1 _
2 —In (1+ \/ ) + 3 + + 5

default

input Lint (x~2*arccoth(x*a) ~3,x,method=_RETURNVERBOSE) J
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1/3%x~3*%arccoth(x*a) ~3+1/a~3*(1/2*xx~2%a"~2*%arccoth (x*a) ~2-1n(1+1/((a*x-1)/(
a*x+1))~(1/2))+1/3*arccoth(x*a) “3+1/4*xI*Pi*csgn(I/((a*xx+1)/(a*xx-1)-1))*csg
n(Ix(a*xx+1)/(a*x-1))*csgn(I/(a*x-1)*(a*x+1)/((a*x+1)/(a*x-1)-1))*arccoth(x
*a) "2+1/2*arccoth(x*a) “2*1n((a*xx-1)/(a*x+1))+1/2x(((a*x-1) /(a*x+1) )~ (1/2) *
x*a+((a*x-1)/(a*x+1) )~ (1/2)+x*a+1)*arccoth(x*a)-arccoth(x*a) ~2*1n(1-1/((a*
x-1)/(a*x+1))~(1/2) ) -arccoth(x*a) "2*1n(1+1/((a*x-1)/(a*x+1) )~ (1/2) )-2*arcc
oth(x*a)*polylog(2,-1/((a*xx-1)/(a*x+1))~(1/2))-1n(-1+1/((a*x-1) / (a*x+1) ) ~(
1/2))+1/4*IxPi*csgn (I*(a*x+1)/(a*x-1)) “3*arccoth(x*a) “2+1/4*I*xPi*csgn(I/(a
*xx-1)* (a*x+1) / ((axx+1) /(a*x-1)-1) ) “3*arccoth (x*a) “2+2*polylog(3,1/ ((a*x-1)
/(axx+1))~(1/2))+2*polylog(3,-1/((a*x-1)/(a*x+1))~(1/2))+1/2*arccoth(x*a) "~
2%1n(a*x-1)+1/2*arccoth(x*a) “2*1n(a*x+1)-1/2*(((a*xx-1)/(a*x+1) )~ (1/2) *x*a+
((axx-1)/(axx+1))~(1/2) -x*a-1)*arccoth(x*a)-2*arccoth(x*a)*polylog(2,1/((a
*x-1)/(a*xx+1)) ~(1/2))-1n(2) *arccoth(x*a) “2+arccoth(x*a) “2*1n((a*x+1)/ (a*x-
1)-1)-1/2+%I*Pi*xcsgn(I/((a*xx-1)/(a*x+1))~(1/2)) *csgn(I*(a*x+1)/(a*xx-1)) "2*a
rccoth(x#*a) "2-1/4*I*Pixcsgn(I*(a*xx+1)/(a*x-1))*csgn(I/(a*x-1)*(a*x+1)/((a*
x+1)/(a*x-1)-1)) "2*arccoth(x*a) "2-1/4*I*Pixcsgn(I/((a*x+1)/(a*x-1)-1))*csg
n(I/(a*x-1)*(a*x+1)/((a*x+1)/(a*x-1)-1)) “2*arccoth(x*a) "2+1/4*I*Pi*csgn(I/
((a*x-1)/(a*x+1) )~ (1/2)) "2*csgn(I* (a*xx+1)/(a*x-1) ) *arccoth(x*a) “2-1/2*arcc
oth(x*a)~2)

output

Fricas [F|

/ z% coth™ (az)® dzx = / z? arcoth (az)® dz

;
integrate(x~2*arccoth(a*x)~3,x, algorithm="fricas")

input

\

output‘integral(X“Q*arccoth(a*x)“3, x)
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Sympy [F]

/ 2% coth™ (az)® dx = / z% acoth® (az) dz

‘integrate(x**2*acoth(a*x)**3,x)

input
OutputtIntegral(x**2*acoth(a*x)**3, x)
Maxima [F]
/ 2% coth™ (ax)® dx = / z? arcoth (az)® dx
inputLintegrate(x“2*arccoth(a*x)*3,x, algorithm="maxima")
output‘1/24*((aA3*xA3 + 1)*log(a*x + 1)73 + 3*(a"2*x"2 - (a™3*x"3 - 1)*log(a*x -
‘1))*1og(a*x + 1)72)/a"3 + 1/8*integrate(-((a~3*x"3 + a~2*x"2)*log(a*x - 1)
“3 + (2%a™2%x72 - 3%(a”3%x"3 + a"2*x"2)*log(axx - 1)72 - 2x(a”3%x"3 - 1)x*1
‘og(a*x - 1))#*log(axx + 1))/(a"3*x + a~2), x)
Giac [F]
/ z% coth™* (az)® dx = / z? arcoth (az)® dx
jnputLintegrate(XA2*arCCOth(a*X)A3,X, algorithm="giac")

OutputLintegrate(x 2xarccoth(a*x)~3, x)
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Mupad [F(-1)]

Timed out.
/x2 coth™(az)3 dz = /x2 acoth(az)’ dz
input Lint (x~2*acoth(a*x)~3,x) J
OutputLint(x"2*acoth(a*x)“3, x) J
Reduce [F]

/ z% coth™ (az)® dz

B 2acoth(az)® a®z® — 2acoth(azx)’ ax — 3acoth(az)® a®x + 3acoth(azx)® + 6acoth(az) azx + 6acoth(az) +

N 6a3

fnput Lint (x~2%acoth(a*x)~3,x) J

‘ (2*acoth (a*xx) **3*xa**3*xx**x3 - 2xacoth(a*xx)**3*a*xx - 3*xacoth(a*xx) k*x2*a*x*x2*xx* \
‘*2 + 3xacoth(a*x)**2 + 6*acoth(a*x)*a*x + 6*acoth(a*x) + 2*int(acoth(a*x)=* ‘
‘*3,x)*a - 6xlog(a**x2*x — a))/(6xa**x3) ‘

output
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3.27 [z coth™'(ax)® dzx

Optimal result . . . . . . . . . . . . e 235
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 230
Maple [C] (warning: unable to verify) . . . . . . ... ... ... .o L. 239
Fricas [F] . . . . . . o 240
Sympy [F] . . o o 247]
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 24T]
Giac [F] . . . . o o 242
Mupad [F(-1)] . . . o o 242
Reduce [F] . . . . . 242

Optimal result

Integrand size = 8, antiderivative size = 95

3coth ™ (azx)? N 3z coth™'(az)® coth™(az)® 1

/ z coth™ (az)3 dz = + 2% coth ™ (az)?

2a2 2a 2a? 2
_ 3 COth_l(a.'E) log (ﬁ) _ 3POlyLOg (27 1- 1—2aw)
a2 2a2

‘ 3/2*xarccoth(a*xx) ~2/a"~2+3/2xx*arccoth(a*x) ~2/a-1/2*arccoth(a*x) ~3/a"2+1/2*x ‘
‘ ~2xarccoth(a*x) ~3-3*arccoth(a*x)*1n(2/(-a*x+1))/a~2-3/2*polylog(2,1-2/(-a* ‘
\x+1))/a*2 \

output

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.72

/ x coth™ (az)? dzx

coth™! (ax) <3(—1 + az) coth™ (az) + (=1 + a%2?) coth ™" (az)? — 6log (1 —e2 C"th_l(”)» + 3 PolyL

- 2a?

input LIntegrate [x*ArcCoth[a*x] ~3,x] J
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‘(ArcCoth[a*x]*(S*(—l + a*x)*ArcCoth[a*x] + (-1 + a~2*x"2)*ArcCoth[a*x]~2 - ‘
| 6%Log[1 - E~(-2%ArcCoth[a*x])]) + 3+PolyLogl2, E~(-2*ArcCoth[a*x])1)/(2*xa |
2 |

output

Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.15,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 4 5 Ryjes
integrand size

used = {6453, 6543, 6437, 6511, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x coth™! (ax)3 da

l 6453
| 6543
%mz coth™ (az)® — ga (f m?l—zz}:g)zdx S coth;(ag;)?dx)
| 6437
%IZ coth™ (az)* — %a (f (mtl}f;%g)?dx _ zcoth™' (az)? _a22af de)

| o511

~o? coth™(az)* — Sa (coml(ax)s _ zeoth™(az)?® —2a Wda:)

2 2 3a3 22
| 6547

3 coth*(az)? z coth™ (az)? — 2a (I CO“{:}‘“)dz - COth;;Q(%)2>

Lo -1, 33
% coth™ (az)® — 5% 353 - >
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l 6471
1
5&02 coth™ (az)® —
tog(1245 ) cothH(az) . log( 125
z coth™'(az)? — 2a . )a = 12212)“ - COth;?(w)z
a Q
3 coth™(az)3
2 3a3 o
l 2849

1
59102 coth™ (az)® —

I 10g(1_27(w>
—amer/

d-—1
P (e
x coth™!(ax)? — 2a a "'a a _ COth2a2(a:z:)
3, coth™(az)?
2 3a? a2
| 2752
1
59102 coth™(az)® —
PolyLog(2,1- 12,2 )  log( 125 ) coth ™! (az) U
z coth™!(az)? — 2a 2a +a a _ COth2a2(aw)
3 | coth~!(az)?
°a _

2 3a3 a?

e

tInt [x*xArcCoth[a*x] ~3,x]

~—

input

output (X"2*ArcCothlaxx]"3)/2 - (3*ax(ArcCothlasx]~3/(3%a™3) - (x*ArcCothla*x]"2
‘ - 2%ax(-1/2*ArcCoth[a*x]~2/a"2 + ((ArcCoth[a*x]*Logl[2/(1 - a*x)])/a + Poly ‘
Log[2, 1 - 2/(1 - a*xx)]/(2%a))/a))/a~2))/2

N\ J
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Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2752

rule 2849 Int[Logl(c_.)/((d)) + (e_)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 6437 Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a

+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/ - c™2xx~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQ[p, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x1 /; FreeQl[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

rule 6471 ItL((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d)) + (e_.)*(x)), x_Symbol
1 :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Log[2/(1 + ex(x/d))]1/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x~
2)), x1, x] /; FreeQl{a, b, c, d, e}, x] && IGtQlp, 0] && EqQlc 2*d"2 - e~2
, 0]

rule 6511 IRtLC(a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCothl[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQl[c™2xd + e, 0] && NeQ[p, -1]

N
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rule 6543

1]

x]1)°p, x], x] - Simp[d*(£~2/e)
(d + exx"2)), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m,

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))~(p_.)*((£_.)*(x_)) " (m_))/((d_) + (

e_.)*(x_)"2), x_Symbol] :> Simp[f~2/e Int[(f*x)~(m - 2)*(a + b*ArcCothl[cx*

Int[(f*x)~(m - 2)*((a + b*ArcCoth[c*x]) ~p/

rule 6547

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCoth[c*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c™2xd + e, 0] && IGtQ[p, O]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.55 (sec) , antiderivative size = 2910, normalized size of antiderivative = 30.63

method result size

parts Expression too large to display | 2910
derivativedivides | Expression too large to display | 2916
default Expression too large to display | 2916

input L

int (x*arccoth(x*a) ~3,x,method=_RETURNVERBOSE)




output

input

output
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1/2xx"2*arccoth(x*a) "3+3/2/a~2* (-2*arccoth(x*a) *1n(1+1/((a*xx-1)/ (a*x+1)) ~(
1/2))-arccoth(x*a)*1n(1-1/((a*x-1)/(a*x+1))~(1/2))-polylog(2,1/((a*x-1)/(a
*x+1))~(1/2))-polylog(2,-1/((a*x-1)/(a*x+1))~(1/2))-1/4*xI*Pi*csgn(I*(a*xx+1
)/ (a*x-1))*csgn(I/ (a*x-1)*(a*xx+1)/((a*x+1) /(a*x-1)-1)) “2*arccoth(x*a)*1n(1
-1/((a*x-1)/(a*x+1))~(1/2))+1/4*I*Pi*csgn(I/ ((a*xx+1)/(a*x-1)-1) ) *csgn(I*(a
*xx+1) / (a*xx-1) ) *csgn(I/(a*x-1)* (a*x+1)/((a*x+1) /(a*x-1)-1) ) *dilog(1/ ((a*x-1
)/(a*x+1))A(1/2))—1/4*I*Pi*csgn(1/((a*x+1)/(a*x—1)—1))*csgn(I* (axx+1)/ (a*xx
-1))*csgn(I/(a*xx-1)*(a*x+1) / ((a*x+1) /(a*x-1)-1) ) *dilog(1+1/ ((a*x-1) / (a*xx+1
))~(1/2))+1/4%IxPixcsgn(I/ ((a*x+1)/(a*x-1)-1))*csgn(I*(a*x+1)/(axx-1))*csg
n(I/(a*x-1)*(a*x+1)/((a*x+1)/(a*x-1)-1))*polylog(2,-1/((a*x-1) /(a*x+1))~ (1
/2))+1/4xIxPi*csgn(I/((a*x+1)/(a*x-1)-1))*csgn(I*(a*xx+1)/(a*xx-1))*csgn(I/(
axx-1)*(axx+1) /((a*x+1)/ (a*x-1)-1) ) *polylog(2,1/((a*x-1)/(a*x+1))~(1/2))-1
/4xIxPi*csgn(I/((a*x+1)/(a*x-1)-1))*csgn(I/(a*xx-1)*(a*xx+1)/((a*x+1) /(a*x-1
)-1)) "2*arccoth(x*a) *1n(1-1/((a*x-1) /(a*x+1))~(1/2))-1/2*I*xPi*csgn(I/ ((a*x
-1)/(a*x+1))~(1/2) ) *csgn(I*(a*xx+1) /(a*xx-1)) "2*arccoth(x*a)*1n(1-1/((a*x-1)
/(axx+1))~(1/2))+1/4xI*Pi*xcsgn(I/ ((a*xx-1)/(a*x+1))~(1/2)) ~2*csgn(I* (axx+1)
/(a*x-1))*arccoth(x*a)*1n(1-1/((a*x-1)/(a*x+1))~(1/2))+1/4*I*Pi*csgn (I*(ax*
x+1)/(a*x-1) ) "3*dilog(1/((a*x-1)/ (a*x+1))~(1/2))-1/4*I*Pi*csgn(I*(a*x+1)/(
a*x-1))"3*dilog(1+1/((a*x-1)/(a*x+1))~(1/2))+1/4*I*Pi*xcsgn (I* (a*x+1)/(a*x-
1)) ~3xpolylog(2,-1/((a*xx-1)/(a*x+1))~(1/2))+1/4*I*Pi*csgn(I*(a*x+1)/(ax*...

Fricas [F]

/x coth™(az)3 dz = /w arcoth (az)® dx

N

integrate(x*arccoth(a*x)~3,x, algorithm="fricas")

|

integral (x*arccoth(a*x) "3, x)

| —
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Sympy [F]

/ z coth™(az)3 dr = / racoth® (az) dx

input ‘ integrate(x*acoth(a*x)**3,x) ‘

outputLIntegral(x*acoth(a*x)**3, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 215 vs. 2(82) = 164.

Time = 0.04 (sec) , antiderivative size = 215, normalized size of antiderivative = 2.26

/ x coth™ (az)? dzx

1 3 (2 1 1 1 -1
=5 z? arcoth (az)® + e (a—f _ 8 (CZE +1) + 8 (C:; )) arcoth (az)?

3 (log(az—1)—2) log(az+1)2—log(az+1)3+log(az—1)3 -3 (log(am—1)2—4 log(az—1)> log(az+1)+6 log(az—1)2

24 (log(az-

+—a <

16 a?

input ‘ integrate(x*arccoth(a*x)~3,x, algorithm="maxima" ‘

1/2*%x~2*arccoth(a*x) "3 + 3/4*ax(2*x/a"2 - log(a*x + 1)/a"3 + log(a*x - 1)/
a~3)*arccoth(a*x) "2 + 1/16*a*(((3*x(log(a*x - 1) - 2)*log(a*x + 1)72 - log(
axx + 1)73 + log(a*x - 1)73 - 3*(log(a*x - 1)72 - 4xlog(a*x - 1))*log(a*x
+ 1) + 6%log(a*xx - 1)72)/a - 24*(log(a*x - 1)xlog(l/2*a*xx + 1/2) + dilog(-
1/2%axx + 1/2))/a)/a"2 - 6x(2*(log(a*x - 1) - 2)*log(a*x + 1) - log(a*x +
1)72 - log(a*x - 1)72 - 4xlog(a*x - 1))*arccoth(a*x)/a~3)

output
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Giac [F]
/xcoth_l(ax)3 dx = /xarcoth (azx)® dz
inputtintegrate(x*arccoth(a*x)"3,x, algorithm="giac") J
Ou_tputLintegrate(x*arccoth(a*x)"3, X) J
Mupad [F(-1)]
Timed out.
/:v coth™(az)3 dz = /x acoth(a z)® dz
inputLint(x*acoth(a*x)“B,x) J
OutputLint(x*acoth(a*x)’%, x) J
Reduce [F]
/ x coth™ (az)? dzx
acoth(az)® a®z? — acoth(az)® — 3acoth(az)? ax — 3acoth(az) a®x® + 3acoth(ax) + 6 (f %dm) a
- 2a?
inputLint(x*acoth(a*x)"S,x) J

Output‘(acoth(a*x)**S*a**Q*x**2 - acoth(a*x)**3 - 3*acoth(a*x)**2*a*x - 3*acoth(a
| ¥x)*ak*2kxx*2 + 3xacoth(a*x) + 6xint((acoth(akx)*xxx3)/(ax*x2*xx*2 - 1),x)*
‘akk4 + 3¥akx)/(2%ark2) |




output
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—1
3.28 [ coth™(az)? dz
Optimal result . . . . . . . . . . . . e 243
Mathematica [A] (verified) . . . . . . . . . ... o 243]
Rubi [A] (verified) . . . .. . . ... .. 247
Maple [B] (verified) . . . . . . . . . ... 246
Fricas [F] . . . . . . o 247
Sympy [F] . . o o 247
Maxima [F] . . . . . . 247l
Giac [F] . . . . o o 248
Mupad [F(-1)] . . . o o 248
Reduce [F] . . . o . o o 248
Optimal result
Integrand size = 6, antiderivative size = 85
h~(az)3 3 coth™(az)? log (2
/coth_l(az)3 dx = coth” (az)” + z coth™(az)® — ( i 8 ()
3coth™'(az) PolyLog (2,1 — 12-) N 3PolyLog (3,1 — )

a

2a

‘arccoth(a*x)‘3/a+x*arccoth(a*x)‘3—3*arccoth(a*x)‘2*1n(2/(—a*x+1))/a—3*arcc
Loth(a*x)*polylog(2,1—2/(—a*x+1))/a+3/2*polylog(3,1—2/(—a*x+1))/a

|
J

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.93

coth™'(ax)3

/coth_l(ax)?’ dx =

3 coth™(az)? log (1 _ ezcoth—1<aw>)

+ z coth™(az)3 —

a

3 coth™!(az) PolyLog <2’ 2 coth—l(aw)>

a

3 PolyLog (3, g2eoth™ (‘“”)>

+ 2a
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input ‘ Integrate[ArcCoth[a*x] ~3,x] ‘

" ‘ ArcCoth[a*x]~3/a + x*ArcCoth[a*x]~3 - (3*ArcCoth[a*x] 2*Log[l - E~(2*ArcCo ‘
‘thla*x])])/a - (3*ArcCoth[a*x]*PolyLog[2, E~(2*ArcCoth[a*x])])/a + (3%Poly
LLog[S, E~ (2*ArcCoth[a*x])])/(2*a) J

outpu

Rubi [A] (verified)

Time = 0.65 (sec) , antiderivative size = 101, normalized size of antiderivative = 1.19,

number of rules _ 0.833, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {6437, 6547, 6471, 6621, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/co‘uh_l(aar:)3 dz
l 6437
gz _ 3q [ TEOth(a2)?
z coth™ (az)° — 3a / T dx
l 6547
coth_l(a:zr:)2 _
z coth™!(az)? — 3a | e —de _ coth !(az)?
a 3a?
l 6471
1082(%”) coth™!(azx)? coth™!(azx) log(%ﬂ) .
wcoth_l(ax)3 — 3a : a — f 1—a?z2 : dz _ coth 1(ax)3
a 3a2
l 6621

z coth™!(az)® —
log(ﬁ) coth™!(ax)? 1 PolyLog (2,1—%) PolyLog (2,1—%) coth~!(azx)
“of1y do —

—alr2
¢ - 2 > coth™!(az)3

a 3a?

3a
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l 7164

x coth™!(ax) —
log(ﬁ) coth™!(azx)? _o (PolyLog (3,1—%) _ PolyLog (2,1—%) cothl(ax))

¢ 4 2 coth™!(az)3

3a

a 3a2

input‘Int[ArcCoth[a*x]‘B,x]

t‘x*ArcCoth[a*x]"S - 3xax(-1/3*ArcCoth[a*x]~3/a"2 + ((ArcCoth[a*x]~2xLog[2/(
‘1 - axx)])/a - 2x(-1/2%(ArcCoth[a*x]*PolyLog[2, 1 - 2/(1 - a*x)])/a + Poly
Logl3, 1 - 2/(1 - axx)]/(4%a)))/a) |

outpu

Defintions of rubi rules used

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a

+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/ - c”2%x~(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, 0]
& (EqQ[n, 11 || EqQlp, 11)

rule 6437

rule 6471 Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(Log[2/(1 + e*x(x/d))]/e), x] + Simp[bx*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2%x~
2)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d~2 - e~2
, 0]

rule 6547 IntL(((a_.) + ArcCothl(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d) + (e_.)*(x.)72),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxex(p + 1)), x] + Simp[1/
(c*d) Int[(a + bk*ArcCoth[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c™2%d + e, 0] && IGtQ[p, 0]




rule 6621

rule 7164

input

output
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Int[(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(-(a + b*ArcCoth[c*x]) p)*(PolyLog[2, 1 - ul/(2*c*d))
, x] + Simp[b*(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(
d + exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d
+ e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))"2, 0]

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 167 vs. 2(83) = 166.

Time = 0.31 (sec) , antiderivative size = 168, normalized size of antiderivative = 1.98

method result

za—1
za+1

arccoth(za)3 (xa—1)+2 arccoth(xa)®—3 arccoth(za)? In (H— 1 ) —6 arccoth(za) polylog (2,—

L >+6po
za—1
xa+1

s

derivativedivides (
arccoth(za)®(za—1)+2 arccoth(za)®—3 arccoth(za)? In (1+ L S ) —6 arccoth(za) polylog (2,— \/171> +6 po
Ta Ta
default - -

[

tint(arccoth(x*a)‘3,x,method=_RETURNVERBOSE)

1/a*(arccoth(x*a) ~3* (a*x-1)+2*arccoth(x*a) “3-3*arccoth(x*a) “2*1n(1+1/((a*x
-1)/(a*x+1))~(1/2))-6*arccoth(x*a) *polylog(2,-1/((a*x-1)/(a*x+1))~(1/2))+6
*polylog(3,-1/((a*x-1)/(a*x+1))~(1/2))-3*arccoth(x*a) "2*1n(1-1/((a*x-1)/(a
*x+1) )~ (1/2))-6*arccoth(x*a) *polylog(2,1/ ((a*xx-1)/(a*x+1))~(1/2))+6*polylo
g(3,1/((axx-1)/(a*x+1))~(1/2)))
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Fricas [F]

/coth_l(ax)3 dx = /arcoth (az)® dzx

input‘integrate(arccoth(a*x)"S,x, algorithm="fricas")

outputtintegral(arccoth(a*x)"3, x)
Sympy [F]
/ coth™(az)®dz = / acoth® (az) dx
inputLintegrate(acoth(a*x)**B,x)
Ou_tputLIntegral(acoth(a*x)**3, x)
Maxima [F]
/ coth™(az)3 dz = / arcoth (ax)® dz
inputkintegrate(arccoth(a*x)"3,x, algorithm="maxima")

output

‘+ 2x(a*x - 1)*log(a*x - 1))*log(a*x + 1))/(a*x + 1), x)

‘1/8*((a*x + 1)*log(a*x + 1)°3 - 3*(a*x - 1)*log(a*x + 1) 2xlog(a*x - 1))/a
‘ + 1/8*integrate(-((a*x + 1)*log(a*x - 1)73 - 3*((a*x + 1)*log(a*x - 1)72
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Giac [F]

/ coth™(az)3 dz = / arcoth (az)® dz

i - i ="q n
inputLlntegrate(arccoth(a*x) 3,x, algorithm="giac")

Outputtintegrate(arccoth(a*x)"3, x)

Mupad [F(-1)]
Timed out.

/ coth™(az)3 dz = / acoth(a z)° dz

input Lint (acoth(a*x)~3,x)

Outputtint(acoth(a*x)‘B, x)

Reduce [F]

/ coth™(az)3 dz = / acoth(az)® dx

inputtint(acoth(a*x)“S,x)

ou_tputtint(acoth(a*x)**S,x)




output
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3.29 f coth™! (ax)3 dx

T
Optimal result . . . . . . . . . . . . . 249
Mathematica [A] (verified) . . . . . . . . . ... 250
Rubi [A] (verified) . . . . . . . . . . 250
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 253
Fricas [F] . . . . . . 257
Sympy [F] . . o e 257
Maxima [F] . . . . . . 257
Giac [F] . . . o o o 255
Mupad [F(-1)] . . .. o 255
Reduce [F] . . . . . . 255

Optimal result

Integrand size = 10, antiderivative size = 150

1 3
/ coth” (az)” dz = 2 coth™!(az)3 coth™ (1 -

X

2

2
1—ax

3 2
= coth™ (az)® PolyLog ( 2,1 —
+ — coth™ (ax)* Poly og< , 1—|—ax>

2
_ gcoth_l(a:v)2 PolyLog (2,  — )

+ g coth™ (az) PolyLog <3a 1

_ gcoth_l(a-’ﬂ) PolyLog (3, 1

+ Z PolyLog (4, 1—

2

1+ azx

)

1+azx

2
1+ ax
2ax
1+ azx
3 2ax
— — PolyLL 4.1 —

B
‘2*arccoth(a*x)‘3*arccoth(1—2/(—a*x+1))+3/2*arccoth(a*x)‘2*polylog(2,1—2/(a
‘*x+1))—3/2*arccoth(a*x)‘2*polylog(2,1—2*a*x/(a*x+1))+3/2*arccoth(a*x)*poly
‘log(3,1—2/(a*x+1))-3/2*arccoth(a*x)*polylog(B,1—2*a*x/(a*x+1))+3/4*polylog

| (4,1-2/(a*x+1))-3/4*polylog (4, 1-2+a*x/ (a*x+1))

\‘




input |

output
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Mathematica [A] (verified)
Time = 0.05 (sec) , antiderivative size = 156, normalized size of antiderivative = 1.04
h™'(az)® 1
/ w dx = o (—7r4 + 32 coth™(az)* + 64 coth™* (az)® log (1 + g 2eoth ™ (a2)
— 64 coth™ (az)®log ( g2eoth™ (az)
— 96 coth™(az)? PolyLog ( ~2coth™ (az)

— 96 coth™* (az) PolyLog (3 —2coth~(az)

)
)
)
— 96 coth™* (az)? PolyLog ( g2 coth™ (‘”)>
)
+ 96 coth ™ (az) PolyLog <3 g2 coth™ 1(aﬂv))

)

— 48 PolyLog (4, —e~2""(@)) _ 48 PolyLog (4, e ()

Integrate[ArcCoth[a*x] ~3/x,x]

(-Pi~4 + 32xArcCoth[a*x]~4 + 64xArcCoth[a*x] ~3*Log[1l + E~(-2xArcCoth[ax*x])
] - 64xArcCoth[a*x]~3%Log[1 - E~(2*ArcCoth[a*x])] - 96*ArcCoth[a*x] ~2xPoly
Log[2, -E~(-2*ArcCoth[a*x])] - 96*ArcCoth[a*x] 2*PolyLog[2, E~(2xArcCoth[a
*x])] - 96xArcCoth[a*x]*PolyLog[3, -E~(-2*ArcCoth[a*x])] + 96%ArcCoth[a*x]
*PolyLog[3, E~(2xArcCoth[a*x])] - 48%PolyLog[4, -E~(-2*ArcCoth[a*x])] - 48
*PolyLog[4, E~(2*ArcCoth[a*x])])/64

Rubi [A] (verified)

Time = 1.05 (sec) , antiderivative size = 182, normalized size of antiderivative = 1.21,

_ = number of rules
5 integrand size = 0.500, Rules

number of steps used = 5, number of rules used =
used = {6449, 6615, 6619, 6623, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(az)3 iz

x
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| 6449
—1(, )2 -1 2
9 coth™ (az)® coth (1— 1_%)
—1(,.3 “1(q_ _
2 coth™ " (az)” coth (1 1—a:v> Ga/ 1?2 dx
| 6615

2
2 coth™!(ax) coth ™! <1 - > -
1—azx

dr

] 1 / coth™!(ax)?log <a2x‘f1) 4 1 / coth™!(azx)? log (am2+1>
al =

2 1 — a2x? T7 3 1 — a222

J,6619

2
2 coth™!(az)? coth ™! (1 - > -
1—azx

6 1 / coth™!(az) PolyLog (2 1-— aa:-l-l) o PolyLog (2 1-— aw+1> coth™!(ax)? N 1 PolyLog (2, 1-
2 1 — a2z2 2a 2
| 6623
-1 3 -1 2
2coth™ (az)’coth™ (1 — ) -
1—ax
1 PolyLog (3 1-— a:z:+1) PolyLog (2 1-— a,a:+1> coth™!(azx)?  PolyLog (3, 1-— (m:-l-l) coth™}(
e d _
bal 3 2L/‘ 1— o222 T 2 o)
| 7164
-1 3 -1 2
2 coth™ " (az)” coth (1 - ) -
1—azx
1 PolyLog <4 1— +1) PolyLog (2, 1-— MZH) coth™!(ax)?  PolyLog (3, 1-— #H) coth™(az)
6a| = - -
2 4a 2a 2a
input LInt [ArcCoth[a*x] ~3/x,x] J

2*ArcCoth[a*x] "3*ArcCoth[1 - 2/(1 - a*x)] - 6*ax((-1/2*x(ArcCoth[a*x]~2*Pol
yLogl[2, 1 - 2/(1 + a*x)])/a - (ArcCoth[a*x]*PolyLog[3, 1 - 2/(1 + a*x)])/(
2*a) - PolyLogl4, 1 - 2/(1 + a*x)]/(4*a))/2 + ((ArcCoth[a*x] 2*PolyLogl[2,

1 - (2xaxx)/(1 + a*x)])/(2xa) + (ArcCoth[a*x]*PolyLogl[3, 1 - (2*xa*x)/(1 +

a*x)])/(2*a) + PolyLogl[4, 1 - (2xa*x)/(1 + a*x)]/(4*a))/2)

output




rule 6449

rule 6615

rule 6619

rule 6623

rule 7164
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Defintions of rubi rules used

Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.))"(p_)/(x_), x_Symbol] :> Simp[2*(a +
b*ArcCoth[c*x]) “p*ArcCoth[1 - 2/(1 - c*x)], x] - Simp[2*b*cxp Int[(a + b
xArcCoth[c*x]) “(p - 1)*(ArcCoth[l - 2/(1 - c*x)]/(1 - c~2*x~2)), x], x] /;
FreeQ[{a, b, c}, x] && IGtQ[p, 1]

Int [(ArcCothlu_]*((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.))/((d.) + (e_.)*(
x_)"2), x_Symbol] :> Simp[1/2 Int[Log[SimplifyIntegrand[l + 1/u, x]]1*((a

+ bxArcCoth[c*x])"p/(d + exx"2)), x], x] - Simp[1/2 Int[Log[SimplifyInteg
rand[1 - 1/u, x]1*((a + b*ArcCoth[c*x])"p/(d + e*x~2)), x], x] /; FreeQl{a,
b, c, d, e}, x] & IGtQ[p, 0] && EqQlc~2*d + e, 0] && EqQ[u~2 - (1 - 2/(1

- c*x))~2, 0]

Int [(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(PolyLogl[2, 1 - ul/(2*%c*d)), x
] - Simp[b*(p/2) Int[(a + bxArcCoth[c*x])~(p - 1)*(PolyLog[2, 1 - ul/(d +
exx~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2*d +
e, 0] && EqQ[(1 - u)"2 - (1 - 2/(1 + c*x))~2, 0]

Int[(((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)*PolyLoglk_, u_1)/((d.) + (e_
)*(x_)"2), x_Symbol] :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(PolyLoglk + 1, ul/
(2%c*d)), x] + Simp[bx(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLoglk +
1, ul/(d + exx"2)), x], x] /; FreeQ[{a, b, c, d, e, k}, x] && IGtQ[p, 0] &
& EqQlc™2*d + e, 0] &% EqQ[u™2 - (1 - 2/(1 + c*x))~2, 0]

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,
x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[wl]] /; FreeQ[n, x]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.96 (sec) , antiderivative size = 536, normalized size of antiderivative = 3.57

method result

ra—

i (14 za+1 X ;
in ngn<l(maff:i) csgn #1—1 csgn(i(l—l— ;Zﬂ))—csgn ﬁl_l csg
za—1 za—1 1

derivativedivides | In (za) arccoth (za)® +

) i(14 wai—l X . ;
i csgn< (waff,lI) csgn | zat - chn(z(1+7ﬁfi))—csgn ﬁtl csg

default In (za) arccoth (za)® + e o el
i za+1 i za+l ) P
im csgn (L) csgn< (;;LF)> csgn< (1;;_”;‘1_0 >—iﬂ' csgn(t) csgn( (1;;
3 ‘ za—1"" a($at1-1) ¢ o( 24
parts In (z) arccoth (za)” + 3a
e B
input Lint (arccoth(x*a) ~3/x,x,method=_RETURNVERBOSE) J

1n(x*a)*arccoth(x*a) "3+1/2*I*Pi*csgn(I/ ((a*x+1)/(a*xx-1)-1)*(1+(a*x+1)/(a*x
-1)))*(csgn(I/((axx+1)/(a*xx-1)-1))*csgn(I* (1+(axx+1)/(a*x-1)))-csgn(I/((ax*
x+1)/(a*x-1)-1) ) *csgn(I/((a*x+1) / (a*x-1)-1) *(1+(a*x+1) / (a*x-1) ) ) -csgn(I/ ((
a*x+1) / (a*x-1)-1) *(1+(a*x+1) /(a*x-1) ) ) *csgn (I* (1+(a*x+1) / (a*x-1)) ) +csgn(I/
((axx+1)/(axx-1)-1)*(1+(a*x+1) /(a*x-1)) ) "2) *arccoth(x*a) "3+arccoth(x*a) ~3*
1n((a*x+1)/(a*x-1)-1)-arccoth(x*a) “3*1n(1-1/((a*x-1)/(a*x+1))~(1/2))-3*arc
coth(x*a) "2*polylog(2,1/((a*x-1)/(a*x+1))~(1/2))+6*arccoth(x*a)*polylog(3,
1/((a*x-1)/(a*x+1))~(1/2))-6*polylog(4,1/((a*xx-1)/(a*x+1))~(1/2))-arccoth(
x*a) ~3*1n(1+1/((a*x-1) / (a*x+1))~(1/2))-3*arccoth(x*a) ~2*polylog(2,-1/((a*x
-1)/(a*x+1))~(1/2))+6*arccoth(x*a) *polylog(3,-1/((a*x-1)/(a*x+1))~(1/2))-6
*polylog(4,-1/((axx-1)/(a*x+1))~(1/2))+3/2*arccoth(x*a) "2*polylog(2, - (a*x+
1)/ (axx-1))-3/2*arccoth(x*a)*polylog(3,-(a*x+1)/(a*x-1))+3/4*polylog(4,-(a
*xx+1) / (a*xx-1))

output
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Fricas [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) i

z x

input Lintegrate (arccoth(a*x)~3/x,x, algorithm="fricas")

OutputLintegral(arccoth(a*x)‘3/x, x)

Sympy [F]

z x

/ coth™ (ax) dp — / acoth® (ax) i

inputLintegrate(acoth(a*x)**3/x,x)

OutputLIntegral(acoth(a*x)**3/x’ x)

Maxima [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) i

z x

inputtintegrate(arCCOth(a*X)A3/X,x, algorithm="maxima")

output Lintegrate (arccoth(a*x)~3/x, x)
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Giac [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) i

z x

input Lintegrate (arccoth(a*x)~3/x,x, algorithm="giac")

OutputLintegrate(arccoth(a*x)*3/x, x)

Mupad [F(-1)]
Timed out.

-1 3 3
/ coth™ (ax) dp — / acoth(a x) i

inputLint(acoth(a*x)”s/x,x)

Outputtint(acoth(a*x)‘?’/x, x)

Reduce [F]

z T

-1 3 3
/ coth™ (ax) dp — / acoth(ax) i

input Lint (acoth(a*x) ~3/x,x)

OutputLint(acoth(a*x)**3/x,x)




output
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3.30 f co’ch_12(cm:)3 dx
T

Optimal result . . . . . . . . . . . . . 256]
Mathematica [A] (verified) . . . . . . . . . ... 250
Rubi [A] (verified) . . . . . . . . . . 257
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 2591
Fricas [F] . . . . . . 260
Sympy [F] . . o e 260
Maxima [F] . . . . . . 261]
Giac [F] . . . o o o 2611
Mupad [F(-1)] . . .. o 262
Reduce [F] . . . . . . 262

Optimal result

Integrand size = 10, antiderivative size = 79

h™'(az)®
/ M dz = acoth™*(azx)® —
x x

— 3a coth™(az) PolyLog (2, -1+

— ga PolyLog (3, -1+

coth™! (ax)3

2

1+ax>

+ 3acoth™*(az)? log <2 -

2
1+ azx

)

2
1+azx

)

p
‘ a*arccoth(a*x) “3-arccoth(a*x) ~3/x+3*a*arccoth(a*x) ~2*1n(2-2/ (a*x+1))-3*ax*a

chcoth(a*x) *polylog(2,-1+2/ (a*x+1))-3/2*a*polylog(3,-1+2/ (a*x+1))

W
J

Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.91

/ coth™(ax)? i — (=1 + az) coth™(az)?

L= + 3a coth_l(aag)2 log (1 + e—2coth*1(az)>

2 T

— 3a coth™' (az) PolyLog <2, _e2 coth_l(agg))

- ga PolyLog (3, —e_2°°th_1(‘“”)>
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input ‘ Integrate[ArcCoth[a*x] ~3/x72,x] ‘

¢ ‘ ((-1 + a*x)*ArcCoth[a*x]~3)/x + 3*a*ArcCoth[a*x] 2*Log[l + E~(-2*ArcCoth[a ‘
‘ *x])] - 3*a*ArcCoth[a*x]*PolyLog[2, -E~(-2*ArcCoth[a*x])] - (3*a*PolyLogl3 ‘
|, ~E"(-2+hrcCothla¥x])1)/2 J

outpu

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.18,

number of rules _ 500, Rules

number of steps used = 5, number of rules used = 5, = -
integrand size

used = {6453, 6551, 6495, 6619, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(az)3 iz

2
l'6453
coth™(azx)? coth™(ax)?
oo\ g, 200 )
3a/ z (1 — a?x?) v x
J,6551
coth™!(ax)? 1 1, 3 coth™!(ax)3
3a</ mdx + g COth (a.’L‘) > — f
l 6495

coth™ (az) log (2 - %H) 1 9

_ - h—l 3 1 _ h—l 2] _

3a( 2a/ 1= a2a? dx + 3 coth™ " (ax)” + log (2 p— 1> coth™ (ax)
coth™!(ax)?

X

l 6619
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2a 2 1 — a222
coth™!(ax)?
x

l 7164

PolyLog (2, -2~ — 1) coth™*(az) PolyLog (2, —2—~ — 1
3a (—2a( ( artl ) 1 / ( art? ) dz | + %co‘sh_l(ax)‘3 + log (2 ~

4a 2a 3 ax + 1)

coth™!(ax)?
x

PolyLog (3, —2— — 1 PolyLog (2, —2— — 1) coth™!(az)
3a (—2a ( ( aztl ) + ( art! ) + ! coth™!(az)® + log (2 -

-

LInt [ArcCoth[a*x] ~3/x"2,x]

| —

input

e B

-(ArcCoth[a*x]~3/x) + 3*a*(ArcCoth[a*x]~3/3 + ArcCoth[a*x] 2*Log[2 - 2/(1

tput
outpu ‘+ a*x)] - 2*ax((ArcCoth[a*x]*PolyLogl[2, -1 + 2/(1 + a*x)])/(2*a) + PolylLog

I3, -1+ 2/(1 + ax0)]/(4xa)))
Defintions of rubi rules used

rule 6453 Int[((a_.) + AI'CCOth[(C_.)*(X_)“(n_.)]*(b_,))’“(P_.)*(X_)"(m_.)’ x_Symbol] .
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*%x~(2%n))), x
1, x] /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EaQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6495 Intl((a_.) + ArcCothl[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) p*(Logl[2 - 2/(1 + ex(x/d))]1/d), x] -
Simp [b*c*(p/d) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2 - 2/(1 + ex(x/d))]
/(1 - c"2*x~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc
~2xd~2 - e~2, 0]
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Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.))"(p_.)/((x_)*((d_ ) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + bxArcCoth[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]

rule 6551

Int[(Loglu_l*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(PolyLog[2, 1 - ul/(2*c*d)), x
] - Simp[b*(p/2) Int[(a + bxArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d +
e*x~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc~2*xd +
e, 0] & EqQ[(1 - uw)"2 - (1 - 2/(1 + c*x))"2, 0]

rule 6619

rule 7164 Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl]] /; FreeQ[n, x]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 5.00 (sec) , antiderivative size = 718, normalized size of antiderivative = 9.09

method result

3 2 2 T
_arccotil(za) —3a arccoth(ma% In(za+1) In (ma) arccoth (ma)2 + arccoth(za; In(za—1) + a_

parts

.. . . th(za)® th(za)?1 1
derivativedivides | g | —2mccoth(za)” _ 3arcco (m(;) n(@atl) 4 31p

2 3arccoth(za)? In(za—1) _
Ta 2

(za) arccoth (za)

default a _a,rcco:tclcll(aca)3 . 3arcCOth(rE(;)21n(za,+1) +3In (za) arccoth (ZE(I)2 _ 3aI‘CCOth(:Ec;)21n(za,—1) B

-

Lint (arccoth(x*a) ~“3/x"2,x,method=_RETURNVERBOSE)

-/

input




output

input

output

input

output
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-arccoth(x*a) ~3/x-3*a*(1/2*arccoth(x*a) “2*1n(a*x+1)-1n(x*a)*arccoth(x*a) "2
+1/2xarccoth(x*a) ~2*1n(a*x-1)+1/2*arccoth(x*a) "2*¥1n((a*x-1)/(a*xx+1))+1/3*a
rccoth(x#*a) ~"3-1/4*(-I*Pixcsgn(I/((a*x-1)/(a*x+1))~(1/2)) "2*csgn(I*(a*xx+1)/
(a*x-1) ) +2*xI*Pi*xcsgn(I/ ((a*x+1)/(a*x-1)-1)*(1+(a*x+1)/(a*x-1))) ~3+I*Pi*csg
n(I*(a*x+1)/(a*x-1))*csgn(I/ (a*xx-1)*(a*xx+1)/((a*x+1)/(a*x-1)-1)) “2-2%I*Pix*
csgn(I/((a*xx+1)/(a*x-1)-1))*csgn(I/((a*x+1)/(a*x-1)-1)*(1+(a*x+1) /(a*x-1))
)"2-I*Pi*csgn(I/(a*x-1)*(a*xx+1)/((a*x+1)/(a*x-1)-1))"3+I*Pi*csgn(I/((a*x+1
)/ (a*xx-1)-1) ) *csgn(I/(axx-1)*(a*x+1)/((a*x+1) /(a*x-1)-1) ) "2-I*Pixcsgn(I*(a
*xx+1) / (a*xx-1)) ~3-2+xI*Pi*xcsgn (I* (1+(a*x+1)/(a*x-1)))*csgn(I/((axx+1)/(axx-1
)-1)*(1+(a*x+1) / (axx-1)) ) ~2+2+%I*Pixcsgn(I/ ((a*xx-1)/(a*x+1))~(1/2))*csgn (I*
(axx+1)/(axx-1)) "2+2xIxPi*csgn(I/((a*x+1)/(a*x-1)-1))*csgn(I*(1+(a*x+1)/(a
*x-1))) *csgn(I/((axx+1) /(axx-1)-1)* (1+(a*x+1) /(a*x-1)) ) -I*Pi*csgn(I/((a*x+
1)/ (a*x-1)-1) ) *csgn(I*(a*x+1)/(a*x-1) ) *csgn(I/ (a*x-1) * (a*x+1) / ((a*xx+1) / (a*
x-1)-1))+4%x1n(2) ) *arccoth(x*a) "2-arccoth(x*a) *polylog(2,-(a*x+1) / (a*x-1) )+
1/2*polylog(3,-(a*x+1)/(a*x-1)))

Fricas [F]

—1(,.3 3
/ coth™ (ax) dp — / arcoth (ax) i

2 x2

Lintegrate(arccoth(a*x)“3/x“2,x, algorithm="fricas")

Lintegral(arccoth(a*x)‘B/x‘Z, x)

Sympy [F]

-1 3 3
/ coth™ (ax) dp — / acoth” (ax) i

2 x2

Lintegrate(acoth(a*x)**S/x**Q,x)

‘Integral(acoth(a*x)**3/x**2, x)
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Maxima [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) i

.’E2 x2

-

inputLintegrate(arccoth(a*x)‘3/x*2,x, algorithm="maxima")

~—

1/8%ax(log(a*x + 1) - log(x))#*log(a)~3 + 3/8*xaxintegrate(x*log(a*x - 1)/(a
*x~3 + x72), x)*log(a)~2 - 3/8*a*integrate(x*log(x)/(a*x~3 + x~2), x)*log(
a)~"2 - 1/8+(axlog(a*x + 1) - a*log(x) - 1/x)*log(a)”3 + 3/4*a"2xintegrate(
x"2%log(axx + 1)*log(axx - 1)/(a*xx"3 + x72), x) - 3/2xa"2*integrate(x~2x1lo
glaxx + 1)*xlog(x)/(a*x"3 + x72), x) + 3/4*axintegrate(x*log(a*x - 1)*log(x
)/ (a*xx~3 + x72), x)*log(a) - 3/8*axintegrate(x*log(x)~2/(a*x”3 + x72), x)*
log(a) + 3/8*integrate(log(a*x - 1)/(a*x”3 + x72), x)*log(a)~2 - 3/8*integ
rate(log(x)/(a*xx"3 + x72), x)*log(a)~2 + 3/8*a*xintegrate(x*xlog(a*x + 1)*1lo
gla*x - 1)72/(a*x"3 + x72), x) - 3/8*axintegrate(x*log(a*x - 1) 2*log(x)/(
a*x~3 + x72), x) + 3/8*axintegrate(x*log(a*x - 1)*log(x)~2/(a*x"3 + x72),
x) - 1/8*axintegrate(x*log(x)~3/(a*xx"3 + x72), x) - 3/4*a*integrate(x*log(
a*x + 1)*log(a*x - 1)/(a*x”3 + x72), x) - 3/8*integrate(a*x*log(a*x - 1)72
/(a*x~3 + x72), x)*log(a) - 3/8*integrate(log(a*x - 1)72/(a*x"3 + x72), x)
xlog(a) + 3/4xintegrate(log(a*x - 1)*log(x)/(a*x"3 + x72), x)*log(a) - 3/8
xintegrate(log(x) ~2/(a*x"3 + x72), x)*log(a) - 3/8*%(a"2xlog(a*x - 1) - a~2
xlog(x) + a/x)*log(-1/(a*x) + 1)~"2/a + 1/8*log(-1/(a*x) + 1)°3/x - 1/8*((a
*x + 1)*log(a*x + 1)73 - 3x(2*ka*x*log(x) - (a*x - 1)*log(a*x - 1))*log(a*x
+ 1)72)/x + 1/8%(3*%(a"3*x*log(a*x - 1)72 + a~3*x*xlog(x) 2 - 2*a~3*x*log(x
) + 2xa”2 - 2x(a”~3*xxlog(x) - a"3x*x)*log(a*x - 1))*log(-1/(a*x) + 1)/(a*x)
- (a"4xxxlog(a*x - 1)73 - a"4*x*xlog(x)~3 + 3*a~4*x*log(x) "2 - 6*a~4*x*...

output

N

Giac [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) iz

.'152 1;2

inputLintegrate(arccoth(a*x)‘3/x‘2,x, algorithm="giac")
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OutputLintegrate(arccoth(a*x)“s/x*g, x)

Mupad [F(-1)]
Timed out.

1,3 3
/ coth™ (ax) dp — / acoth(a x) i

inputtint(acoth(a*x)‘B/x'?,x)

Ou_tputtint(acoth(a*x)"3/){“2, X)

Reduce [F]

acoth(az)? dz

2 T

/ coth™!(az)? i — —acoth(az)® + 3<f e

inputLint(acoth(a*x)‘S/x“Q,x)

outputt(

- acoth(a*x)**3 + 3*xint(acoth(a*x)**2/(a**x2*x**3 — X),X)*a*x)/x




output
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-1 3

3.31 [ (@l gy

Optimal result . . . . . . . . . . . . . 263]
Mathematica [A] (verified) . . . . . . . . . ... 264
Rubi [A] (verified) . . . . . . . . . . 264
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 267l
Fricas [F] . . . . . . 268
Sympy [F] . . o e 268
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 268
Giac [F] . . . o o o 269
Mupad [F(-1)] . . .. o 269
Reduce [F] . . . . . . 270

Optimal result

Integrand size = 10, antiderivative size = 95

coth™*(az)? 3,5 1, o
/de= 20 coth™ (ax)* —

coth™!(az)?
222

— ga2 PolyLog (2,

3a coth™ (az)?

2z

2

-1
+1+am

+ 3a® coth™*(az) log (2 —

)

1

1+ ax

+ §a2 coth™!(az)3

)

‘3/2*a“2*arccoth(a*x)“2—3/2*a*arccoth(a*x)‘2/x+1/2*a‘2*arccoth(a*x)‘3—1/2*a
‘rccoth(a*x)‘3/x‘2+3*a‘2*arccoth(a*x)*ln(2—2/(a*x+1))-3/2*a‘2*polylog(2,—1+

\2/(a*x+1))
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Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.83

/ coth™*(ax)3 i

23
1 [ coth™ (az) <3aa:(—1 + azx) coth™!(az) + (=1 + a?z?) coth™ (az)? + 6a’zx? log (1 +e7? °°th_1(‘”)>>

2 2

— 3a® PolyLog (2, —e_2°°th_l(‘””))

-

LIntegrate [ArcCoth[a*x]~3/x"3,x]

-/

input

‘ 172 + 6%a~2*x"2*xLog[1 + E~(-2xArcCoth[a*x])]))/x"2 - 3*a~2*PolyLog[2, -E~(
‘ -2%ArcCoth[a*x])])/2

( hY
output ‘ ((ArcCoth[a*x]* (3*a*x* (-1 + a*x)*ArcCothl[a*x] + (-1 + a~2%x"2)*ArcCoth[a*x ‘

Rubi [A] (verified)

Time = 0.80 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.95,

number of rules _ 0.700, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {6453, 6545, 6453, 6511, 6551, 6495, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(azx)? iz

3

| 6453
3a/ coth™! (ax)? - coth™!(ax)3
2 z2 (1 — a?x?) 212

| 6545

10,2 —1(,)\2 ~1(,.\3
ga <a2 / coth™ (ax) da + / coth™ (ax) dx) _ coth™ (az)

1 — a222 z2 222
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| 6453
3 ( o [ coth™!(ax)? coth™!(azx) coth™!(az)? coth™(az)?
2° (a / 1 — a2z? do +2 z(1— a2x2)dx B x B 212
| o511
3 coth™ (ax) 1 1, 3 coth™!(az)? coth™!(ax)?
Yal2q [ 222 9% - h — -
2a( a/w(l—a2w2)dx+3a(:0t (az) - 572
| 6551
3 coth™!(az) 1 1, N2 1 1, 3 coth™!(az)?
2a<2a </ md@' + 5 COth (ax) ) + ga COth (CKE) — f —
coth™!(ax)?
212
| 6495

log (2 — -2

3 g( ax+1> 1 2 1 coth
Zal 2al = N v/ Z coth™! 24 92— h! z h=(azx)® — ==
2(1( a( a/ 1= a2a? dx + 2cot (ax)” + og( P 1> cot (az) | + 3ozcot (ax)

coth™ (az)?
222

lg&w

{

) coth_l(aw)) + %a coth™ (az)® —

3 1 2 1
2a<2a< 2 PolyLog (2, P 1) + 3 coth™ (az)® + log (2
coth™!(ax)3
22

ar +1

e

LInt[ArcCoth[a*x]‘3/x‘3,x]

~—

input

|-1/2*ArcCoth[a*x]~3/x"2 + (3*a*(-(ArcCoth[a*x]~2/x) + (axArcCoth[a*x]~3)/3
‘ + 2%ax(ArcCoth[a*x]~2/2 + ArcCoth[a*x]*Log[2 - 2/(1 + a*x)] - PolyLogl2, ‘
-1+ 2/(1 + axx)1/2)))/2

output

N\




CHAPTER 3. LISTING OF INTEGRALS 266

Defintions of rubi rules used

Int[Log[u_l*(Pq_)~(m_.), x_Symbol]l :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]}, Simp[C¥PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]1]1, Expon[Pq, x]]

rule 2897

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x]1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

rule 6495 Intl((a_.) + ArcCothl(c_.)*(x_)1*(b_.))"(p_.)/((x)*((d) + (e_.)*(x))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]/d), x] -

Simp [bxc*(p/d) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2 - 2/(1 + e*x(x/d))]
/(1 - c~2*x72)), x]1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQlc
~2%d"2 - e~2, 0]

rule 6511 Tntl((a_.) + ArcCothl(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)72), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])“(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, €, d, e, p}, x] & EqQ[c™2xd + e, 0] && NeQ[p, -1]

rule 6545 Tt[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))~(p_. ) *((£_.)*(x_))"(m_))/((d) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + bxArcCothl[c*x])“p, x
], x] - Simp[e/(d*£72) Int[(f*x)~(m + 2)*((a + b*ArcCoth[c*x])"p/(d + e*x
~2)), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && LtQ[m, -1]

rule 6551 Tntl((a_.) + ArcCothl(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x.)72)),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxd*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcCoth[c*x])~p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c™2*d + e, 0] && GtQ[p, O]
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 3.79 (sec) , antiderivative size = 3498, normalized size of antiderivative = 36.82

method result size

parts Expression too large to display | 3498
derivativedivides | Expression too large to display | 3502

default Expression too large to display | 3502

e

jnputLint(arCCOth(x*a)A3/XA3’X:meth°d=_RETURNVERBOSE)

-

-1/2*arccoth(x*a) ~3/x"2-3/2*a~2*(1/8*I*Pi*csgn(I/ (a*x—-1)* (a*x+1)/((a*xx+1)/
(a*xx-1)-1))~3*polylog(2,-(a*x+1)/(a*x-1))-1/4*I*Pi*csgn(I/(a*x-1)*(a*x+1)/
((a*x+1) /(a*x-1)-1)) "3*dilog(1+I/((a*x-1)/(a*x+1))~(1/2))-1/4*I*Pi*csgn(I/
(a*x-1)*(axx+1) / ((a*x+1) /(a*x-1)-1)) "3*dilog(1-I/((a*x-1)/(a*xx+1))~(1/2))-
1/4*IxPixcsgn(I*(a*xx+1)/(a*x-1)) "3*dilog(1+I/((a*xx-1)/(a*x+1))~(1/2))-1/4*
IxPixcsgn(I*(axx+1)/(a*x-1)) "3*dilog(1-I/((a*x-1)/(a*x+1))~(1/2))+1/8*I*Pi
xcsgn (I*(a*x+1)/(a*xx-1)) " 3*polylog(2,-(a*xx+1)/(a*x-1))+1/x/a*arccoth(x*a)”
2-1/4xT#Pi*csgn(I/((a*x+1)/(a*x-1)-1))*csgn(I*(a*xx+1)/(a*xx-1))*csgn(I/(a*x
-1)*(a*x+1) /((a*x+1) /(a*x-1)-1) ) *arccoth(x*a) *1n(1+I/((a*x-1) / (a*x+1)) ~(1/
2))-1/4*I*Pi*csgn(I/((a*x+1)/(a*x-1)-1))*csgn(I*(a*xx+1)/(a*x-1))*csgn(I/(a
*x-1) * (a*xx+1) / ((a*x+1)/(a*x-1)-1) ) *arccoth(x*a) *1n(1-I/((a*x-1)/(a*x+1)) ~(
1/2))+1/4%IxPi*csgn(I/((a*x+1)/(axx-1)-1))*csgn(I*(a*x+1)/(a*x-1))*csgn(I/
(a*x-1)*(axx+1) /((a*x+1) / (a*xx-1)-1) ) *arccoth(x*a) *1n(1+(a*x+1) / (a*x-1)) -1/
2%I*xPixcsgn(I/((a*x-1)/(a*x+1))~(1/2))*csgn(I*(a*x+1)/(a*x-1)) "2*arccoth(x
*a)*1n(1+(a*xx+1) /(a*x-1))+1/4*I*Pi*xcsgn(I/((a*x-1)/(a*x+1))~(1/2)) ~2*csgn(
I*(axx+1)/(a*xx-1))*arccoth(x*a)*1ln(1+(a*x+1)/(a*x-1))+1/8*I*Pi*csgn(I/((a*
x+1)/(a*x-1)-1)) *csgn(I*(a*x+1) /(a*x-1) ) *csgn(I/(a*xx-1) *(a*x+1)/ ((a*x+1) /(
axx-1)-1))*polylog(2,-(a*x+1)/(a*x-1))-1/4*xI*Pi*csgn(I/((a*x+1)/(a*x-1)-1)
)*csgn(I*(a*x+1)/(a*x-1))*csgn(I/(a*x-1)*(a*xx+1)/((a*x+1)/(a*x-1)-1))*dilo
g(1+I/((axx-1)/(axx+1))~(1/2))-1/4*xI*Pixcsgn(I/((a*x+1)/(a*x-1)-1))*csg. ..

output

—
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Fricas [F]
[t g, [arcoth ),
z x
inputLintegrate(arccoth(a*x)“3/x*3,x, algorithm="fricas") J
OutputLintegral(arccoth(a*x)*3/x*3, x) J
Sympy [F]
/ M dr = / M dz
z x
input Lintegrate (acoth(a*x)**3/x**3,x) J
output LIntegral (acoth(a*x) **3/x**3, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 252 vs. 2(84) = 168.

Time = 0.04 (sec) , antiderivative size = 252, normalized size of antiderivative = 2.65

~10,.\3
/ coth™ (az)” dr =S (a log (ax + 1) — alog (ax — 1) — g)aal‘COth (az)*

x3 4 T
1 [ ,(3(log(azx —1)—2)log (azx + 1)* — log (az + 1)* + log (az — 1)* — 3 (log (az — 1)> —4 log |
16 | a
__ arcoth (azx)®

2 12

input Lintegrate (arccoth(a*x)~3/x"3,x, algorithm="maxima") J
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3/4x(a*xlog(axx + 1) - a*xlog(a*x - 1) - 2/x)*a*arccoth(a*x)~2 - 1/16%(a~2x(
(3*%(log(a*x - 1) - 2)*log(axx + 1)72 - log(a*x + 1)73 + log(a*x - 1)°3 - 3
*(log(a*x - 1)°2 - 4xlog(a*x - 1))*log(a*x + 1) + 6xlog(axx - 1)~2)/a - 24
*(log(a*x - 1)*xlog(1/2xaxx + 1/2) + dilog(-1/2*axx + 1/2))/a + 24*(log(a*x
+ 1)*log(x) + dilog(-a*x))/a - 24x(log(-a*x + 1)*log(x) + dilog(a*x))/a)
- 6%(2*(log(a*x - 1) - 2)xlog(a*x + 1) - log(a*x + 1)72 - log(a*x - 1)°2 -
4xlog(a*x - 1) + 8*log(x))*a*arccoth(a*x))*a - 1/2*arccoth(a*x)"3/x"2

output

Giac [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) I

.'13'3 1;3

inputLintegrate(arccoth(a*x)“s/x‘s,x, algorithm="giac")

outputtintegrate(arCCOth(a*x)“3/X“3, x)

Mupad [F(-1)]
Timed out.

X

-1 3 3
/ coth™ (ax) dp — / acoth(a x) p

.’173 x3

-

inputLint(aCOth(a*x)A3/XA3’X)

-/

outputLint(acoth(a*x)A3/XA3, x)
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Reduce [F]

/ coth™*(ax)? i

3
acoth(az)® ax? — acoth(az)® + 3acoth(az)® ax — 3acoth(azx) a®x? + 3acoth(az) — 6 <f %@dx) z? -
- 222
inputLint(acoth(a*x)‘B/x‘S,x) J

t‘(acoth(a*x)**B*a**Q*x**2 - acoth(a*x)**3 + 3*acoth(a*x)**2*a*x - 3*acoth(a
‘*x)*a**2*x**2 + 3*acoth(a*x) - 6*int(acoth(a*x)/(a*x*2*xx**x5 — x**3),X)*x**2 ‘
‘ - 3%axx) /(2%x**2) ‘

outpu




output
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3.32 f coth™! (ax)3 dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L.
Fricas [F] . . . . . .
Sympy [F] . . o e
Maxima [F] . . . . . .
Giac [F] . . . o o o

Optimal result
Integrand size = 10, antiderivative size = 154
/ coth™ ' (ax)3 a?coth™'(az) 1
W=
x z

1
+ ga?’ coth™ (az)

2

— a3 coth™(az) PolyLog <2, -1+

1
— §a3 PolyLog <3, -1+

3x3

2
1+azx

+ §a3 coth™*(ax)

5 coth™(ax)?

)

, acoth™'(ar)?

212

+ a®log(z)

2
1+azx

1
— —a®log (1 — a’2?) + a® coth™" (az)? log <2 -

)

2
1+azx

)

p
‘—a‘2*arccoth(a*x)/x+1/2*a‘3*arccoth(a*x)‘2—1/2*a*arccoth(a*x)‘2/x‘2+1/3*a‘
‘3*arccoth(a*x)‘3—1/3*arccoth(a*x)‘3/x‘3+a‘3*1n(x)—1/2*a‘3*ln(—a‘2*x‘2+1)+a
"3*arccoth(a*x)‘2*1n(2—2/(a*x+1))—a‘3*arccoth(a*x)*polylog(2,—1+2/(a*x+1))

N\

-1/2%a”~3%polylog(3,-1+2/ (a*x+1))

\‘

J




input |

output
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Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.92

-1 3 2 -1 -1 2
/ cothx(aw) d 1 [ 6a”coth™ (az) + 30 coth~(az)? — 3a coth™ (ax)

4 6 2
2coth™
+ 2a® coth™ (az)® — © (ax
+ 6a® coth™! (az)? log (1 +e7? C°th71(“x)> + 6a° log
a2:c2

— 6a® coth™ (ax) PolyLog (2 —2coth™ 1(%))

— 3a3 PolyLog (3 —Zcoth™

Integrate [ArcCoth[a*x]~3/x74,x] ‘

((-6*a~2xArcCoth[a*x])/x + 3*a~3*ArcCoth[a*x] "2 - (3*a*ArcCoth[a*x]~2)/x"2

+ 2*a”~3*ArcCoth[a*x] "3 - (2*ArcCoth[a*x]~3)/x"3 + 6*a”~3*ArcCoth[a*x] ~2*Lo
gll + E7(-2*ArcCoth[a*x])] + 6*a~3%Logl[1/Sqrt[1 - 1/(a"2*x"2)]] - 6*a~3*Ar
cCoth[a*x]*PolyLog[2, -E~(-2*ArcCoth[a*x])] - 3*a~3*PolyLogl[3, -E~(-2*ArcC
oth[a*x])])/6

Rubi [A] (verified)

Time = 1.58 (sec) , antiderivative size = 158, normalized size of antiderivative = 1.03,

_ number of rules
number of steps used = 15, number of rules used = 14, integrand size = 1.400, Rules

used = {6453, 6545, 6453, 6545, 6453, 243, 47, 14, 16, 6511, 6551, 6495, 6619, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

—1(,.\3
/ coth 4(aalc) iz
x

below.
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| 6453
/ coth™!(az)? - coth™!(ax)?
z3 (1 — a2z?) 323
| 6545
o [ coth™!(ax)? / coth™!(ax)? coth™!(az)3
Rl e | oML O g ) 2 %)
a(a / z (1 — a?x?) vt z3 v 33
| 6453
o [ coth™!(ax)? / coth™!(ax) coth™!(ax)? coth™!(ax)?
Dl S A | do — _
a(a / z (1 — a2x?) vta z2 (1 — a?x?) v 212 33
| 6545
o [ coth™(azx)? o [ coth™(ax) coth™ (az) coth™(az)?
a(a /w (1= a222) dr+ala 1247 dx + — 2 de | — — o2 )~
coth™!(ax)3
33
| 6453

5 [ coth™!(ax)? / 1 2/ coth™!(azx) B coth™!(azx) B coth™!(ax)? B
a(a /a:(l—a%Q)dx—i_a a4 x(l—a2w2)dw+a 1 — o222 dz x 212

coth™(az)?

33
| 243
o [ coth™!(ax)? 1 / 1 9 9 / coth™!(ax) coth™!(ax) coth™!(ax)?
et tar) Sof o d O %) g — _ _
a(a /x(l—a2x2) Tta 2% z2 (1 — a?z?) v ta 1—a22 7 x 212

coth™!(ax)3

| 47

o [ coth™!(ax)? 1 2/ 1 9 /1 9 2/coth_l(aw) _coth_l(ax) _ cot]
a(a /m(l—a2x2)dx+a 50| @ 71—a2a:2dm + xde +a 1 — o242 dz o
coth™!(ax)3
33

l 14
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2 coth—l(ax)2 1 9 / 1 9 9 2/ coth_l(ax) Coth_l(ax) coth
(1= o222 5 ——da® 41 _ ~
a(a /x(l—a2$2)dx+a 20\ | Tt Hloa (@) | +a [ g rde T f

coth™!(ax)3
3x3

| 16

5 [ coth™!(ax)? 2/coth_1(ax) 1 2 2o\ coth™!(azx) B coth™(az
a(a /m(l—a2x2)dm+a o | T da:+2a(log (z%) —log (1 — a®z?)) . 502

coth™!(ax)?
323

l 6511

h~! 2 1 .
a<a2 / Mdm ta <2a(10g (z?) —log (1 — a®z?)) + Eacoth—l(ax)z
coth ™ (az)*
3x3

l 6551

~ coth_l(ax)> ~ coth—l(a:c)2>

z 212

o [ coth™!(az)? 1 1 3 1 9 9 o 1 4, .o coth™(az
(a3 1) 4@+ 5 coth L (10 (%) — log (1 — 1 oth _ coth™(az
a(a (/ 2(az + 1) dz + 3 coth™ (az)” | +a 2a(og (z°) —log (1 — a’z?)) + 5acoth™ (az) .

coth™(az)?
323

l 6495

1 — a222

coth™!(ax)log (2 — 2 1 2 1
a (a2 (—2a/ ( azﬂ) dzr + 3 coth™ (az)3 + log (2 T an 1> coth™(az)* | + a<2a(10g (

coth™!(ax)3

33
| 6619
PolyLog (2 2 _ 1) coth™!(azx) PolyLog (2 2 _ 1)
2 ' az+1 _ 1 ' ar+1 1 1 3 _
a (a ( 2a( 5a 5 / Ty dr | + 3 coth™ (az)”® + log | 2
coth™!(ax)3
3x3

l 7164
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PolyLog (3, -2~ —1) PolyLog (2, -2~ — 1) coth™(az) 1 9
ala®| —2a ( art? ) + ( azt’ ) + = coth™!(az)® +log (2 — ——
4a 2a 3 ax +

coth™!(ax)?
33

inputLInt[ArcCoth[a*x]‘3/x“4,x] J

¢ ‘ -1/3*ArcCoth[a*x]~3/x"3 + a*(-1/2xArcCoth[a*x]~2/x"2 + a*(-(ArcCoth[a*x]/x ‘
) + (axArcCothlaxx]~2)/2 + (ax(Log[x™2] - Logll - a"2¥x721))/2) + a"2x(Arc |
‘ Coth[a*x]~3/3 + ArcCoth[a*x]~2xLog[2 - 2/(1 + a*x)] - 2¥a*((ArcCoth[axx]*P ‘
‘olyLog[2, -1 + 2/(1 + a*x)])/(2%a) + PolyLog[3, -1 + 2/(1 + a*xx)1/(4*a))))

outpu

Defintions of rubi rules used

-

ruk314tlnt[(a—')/(x—)’ x_Symbol] :> Simp[a*Loglx], x] /; FreeQla, x]

| —

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
bxx, x]]1/b), x] /; FreeQ[{a, b, c}, x]

rule 16

Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - a*d) Int[1/(c + d*x), x
1, x] /; FreeQ[{a, b, c, d}, x]

rule 47

tlx"((m - 1)/2)*(a + b*x)7p, x], x, x"2], x] /; FreeQ[{a, b, m, p}, x] && I

rule 243‘Int[(x_)”(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In ‘
‘ntegerQ[(m - 1)/2] ‘

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCothl[c*x™n]) "p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*%x~(2%n))), x
1, x]1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453




rule 6495

rule 6511

rule 6545

rule 6551

rule 6619

rule 7164

CHAPTER 3. LISTING OF INTEGRALS 276

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d ) + (e_.)*(x.))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(Log[2 - 2/(1 + ex(x/d))]1/d), x] -
Simp [bxc*(p/d) Int[(a + bxArcCoth[c*x])~(p - 1)*(Logl[2 - 2/(1 + e*x(x/d))]
/(1 - c™2xx72)), x], x] /; FreeQ[{a, b, c, 4, e}, x] & IGtQ[p, 0] && EqQlc
~2xd"2 - e72, 0]

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + b*ArcCoth[c*x])“(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

N\

Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))~(p_.)*((£f_.)*(x_))"(m_))/((d ) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d Int[(f*x) m*(a + b*ArcCoth[c*x]) p, x
], x] - Simpl[e/(d*£72) Int[(f*x)~(m + 2)*((a + b*ArcCoth[c*x]) p/(d + e*x
~2)), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_.)/((x_)*((d)) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b¥ArcCoth[c*x])~(p + 1)/(b*d*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcCoth[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,

e}, x] && EqQl[c™2xd + e, 0] && GtQ[p, 0]

Int[(Loglu_]*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d.) + (e_.)*(x_)"
2), x_Symbol] :> Simp[(a + b*ArcCoth[c*x]) “p*(PolyLogl[2, 1 - ul/(2*cxd)), x
] - Simp[b*(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(d +
exx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, O] && EqQlc~2*d +
e, 0] && EqQ[(1 - uw)"2 - (1 - 2/(1 + c*x))~2, 0]

Int[(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,

x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]




e

inputt
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Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 6.37 (sec) , antiderivative size = 836, normalized size of antiderivative = 5.43

method result size

derivativedivides | Expression too large to display | 836
default Expression too large to display | 836

parts Expression too large to display | 839

int (arccoth(x*a) ~“3/x"4,x,method=_RETURNVERBOSE)

-

output

a~3%(-1/3/x"3/a"3*arccoth(x*a) ~3-1/2*arccoth(x*a) “2*1n(a*x+1)-1/2*arccoth(
x*a) "2/x"2/a”2+1n(x*a) *arccoth(x*a) “2-1/2*arccoth(x*a) “2*x1n(a*x-1)-arccoth
(x*a)* (axx+1) /x/a+1/2*arccoth(x*a) ~2+1n(2) *arccoth(x*a) “2+1/2*xI*Pi*csgn(I/
((a*x+1)/(a*xx-1)-1)*(1+(axx+1) / (a*x-1) ) ) “3*arccoth(x*a) “2+1n(1+(a*x+1) / (a*
x-1))+1/2xI*Pixcsgn(I/((a*x+1)/(a*xx-1)-1) ) *csgn(I*(1+(a*x+1)/(a*x-1)))*csg
n(I/((a*x+1)/(axx-1)-1)*(1+(a*x+1) / (a*x-1))) *arccoth(x*a) “2-1/3*arccoth (x*
a)~3+1/4xI*Pixcsgn(I*(a*xx+1)/(a*x-1))*csgn(I/(a*x-1)*(a*x+1)/((a*x+1)/(a*x
-1)-1))~2*arccoth(x*a) "2+1/4*I*Pi*csgn(I/((a*x+1)/(a*x-1)-1) ) *csgn(I/(a*x-
1) x(a*x+1)/((a*x+1)/(a*x-1)-1) ) “2*arccoth(x*a) “2-1/2*polylog(3,-(a*x+1)/(a
*xx-1))-1/2xI*Pixcsgn(I/ ((a*x+1)/(a*x-1)-1))*csgn(I/((a*x+1)/(a*x-1)-1)*(1+
(a*x+1)/(axx-1))) “2*arccoth(x*a) “2-1/4*I*Pi*csgn(I/((a*x+1)/(a*x-1)-1))*cs
gn(Ix(a*xx+1)/(a*x-1))*csgn(I/(a*x—-1)*(a*x+1)/((a*xx+1)/(a*xx-1)-1))*arccoth(
x*a) "2-1/2%I*Pixcsgn (I* (1+(a*x+1)/(a*xx-1)))*csgn(I/((a*x+1)/(axx-1)-1)*(1+
(a*x+1)/(a*x-1))) “2*arccoth(x*a) “2-1/4*I*Pi*csgn(I/((a*x-1)/(a*xx+1))~(1/2)
) "2xcsgn(I* (axx+1)/(axx-1))*arccoth(x*a) “2+arccoth(x*a)*polylog(2,-(a*x+1)
/(axx-1))-1/2*arccoth(x*a) "2*1n((a*x-1) /(a*x+1) ) -1/4*I*Pi*csgn (I* (a*x+1)/(
a*x-1)) "3*arccoth(x*a) "2-1/4*I*xPi*csgn(I/ (a*x-1)*(a*x+1)/((a*x+1)/(a*x-1)-
1)) ~3*arccoth(x*a) ~2+1/2*I*Pi*csgn(I/((a*x-1)/(a*x+1))~(1/2))*csgn(I* (a*x+
1)/ (a*x-1)) "2*arccoth(x*a)~2)

—
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Fricas [F|
coth™(az)3 arcoth (ax)®
[t i,
z T
input Lintegrate (arccoth(a*x)~3/x74,x, algorithm="fricas" )

OutputLintegral(arccoth(a*x)‘3/x*4, x)

Sympy [F]

.'E4 x4

-1 3 3
/ coth™ (ax) dp — / acoth® (ax) i

inputLintegrate(acoth(a*x)**3/x**4,x)

OutputLIntegral(acoth(a*x)**3/x**4, x)

Maxima [F]

-1 3 3
/ coth™ (ax) dp — / arcoth (ax) i

.764 a;4

inputtintegrate(arCCOth(a*X)A3/X*4,x, algorithm="maxima")
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output

1/4*a~4*integrate(x~4*log(a*x + 1)*log(a*x - 1)/(a*x"5 + x74), x) - 1/2%xa”
4xintegrate (x~4*log(a*x + 1)*log(x)/(a*x"5 + x74), x) + 1/16%(2xa"2*log(a*
x + 1) - 2xa”2*xlog(x) - (2*a*x - 1)/x"2)*axlog(a)~3 + 3/8*xa*integrate(x*lo
g(a*x - 1)/(a*x”™5 + x74), x)*log(a)~2 - 3/8*axintegrate(x*log(x)/(a*x"5 +
x"4), x)*log(a)~2 - 1/48%(6*a~3*log(a*x + 1) - 6*%a~3*log(x) - (6*a~2*x"2 -
3xa*xx + 2)/x"3)*log(a)”~3 + 1/4*a"2*integrate(x"2*log(a*x + 1)/(a*x"5 + x~
4), x) + 3/4xaxintegrate(x*log(a*x - 1)*log(x)/(a*x"5 + x74), x)*log(a) -
3/8xaxintegrate(x*log(x) "2/ (a*xx"5 + x~4), x)*log(a) + 3/8+integrate(log(a*
x - 1)/(axx”5 + x74), x)*log(a)~2 - 3/8xintegrate(log(x)/(a*x~5 + x~4), x)
*xlog(a)~2 + 3/8*xaxintegrate(x*log(a*x + 1)*log(axx - 1)72/(a*x"5 + x74), x
) - 3/8*axintegrate(xxlog(a*x - 1) 2xlog(x)/(a*x~5 + x74), x) + 3/8*a*inte
grate(x*log(a*x - 1)*log(x)~2/(a*xx"5 + x~4), x) - 1/8xaxintegrate(x*log(x)
~3/(a*x"5 + x74), x) - 1/4xa*integrate(x*log(a*x + 1)*log(a*x - 1)/(a*xx"5
+ x74), x) - 3/8xintegrate(a*x*log(a*x - 1)~2/(a*x”5 + x~4), x)*log(a) - 3
/8*integrate(log(a*x - 1)72/(a*x”5 + x74), x)*log(a) + 3/4*integrate(log(a
*x — 1)*log(x)/(a*x”5 + x74), x)*log(a) - 3/8*integrate(log(x)~2/(a*xx"5 +
x~4), x)*log(a) - 1/48x(6*a~4xlog(a*xx - 1) - 6%a~4xlog(x) + (6%a"3*x"2 + 3
*a"2%x + 2x%a)/x"3)*log(-1/(a*x) + 1)72/a + 1/864*(6%(18*a~5*+x"3*Llog(a*x -
1)72 + 18%a"5*x"3*log(x) "2 - 66*a~bxx"3*log(x) + 66%a~4*x"2 + 15*%a~3*x + 4
*a”~2 - 6%(6xa~b*x"3*log(x) - 11¥a~5*x~3)*log(a*x - 1))*log(-1/(a*x) + 1...

Giac [F]
coth™(az)? arcoth (az)®
[y [t o),
z T
inputLintegrate(arccoth(a*x)‘3/x‘4,x, algorithm="giac")

~—

outputt

integrate(arccoth(a*x)~3/x"4, x)
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Mupad [F(-1)]

Timed out.

~1( .3 3
/ coth™ (ax) dp — / acoth(a x) i

z? xt

input tint (acoth(a*x)~3/x"4,x) J

-

Lint (acoth(a*x)~3/x~4, x)

N

output

Reduce [F]

th™*(az)?

/co 4(owr:) d
Xz

acoth(aa

a2z —

—2acoth(az)’® — 3acoth(az)® a®z® + 3acoth(ax)’ ax — 6acoth(ax) a®z® — 6acoth(azx) a®z? + 6 (f

623

input Lint (acoth(a*xx)~3/x"4,x) J

p
\ ( - 2*acoth(a*x)**3 - 3*acoth(a*x)**2*a*x*3*xx**3 + 3*xacoth(a*x)**2xa*xx - 6%
\acoth(a*x)*a**s*x**s - 6*xacoth(a*x)*xax*x2*x**2 + 6xint (acoth(a*x)**2/ (a*x*2*
‘x**B - X),x)*ax*3*kx**3 + 6xlog(ax*2kx — a)*a**3xx**3 — 6*log(x)*ax*k3xx**3)

output ‘
L/ (6%x**3) J




output
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3.33 f coth_l(ax)3 dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L.
Fricas [F] . . . . . .

Sympy [F] . . o e
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ...

Giac [F] . . . o o o

Optimal result

Integrand size = 10, antiderivative size = 141

/ coth™!(ax)3 gy — a®  a®coth™'(ax)
x® 4z 42
3acoth ' (az)? 1
e (az) + —a*coth™
4z 4

1
+ Za4arctanh(ax) + 2a* coth™ (az) log (2 -

— a* PolyLog (2, -1+

+ a*coth™!(az)? —

2
1+ ax

)

(az)” —

43

44
2

1+ az

acoth™(ax)?

coth™(ax)3

)

281
2321
282
286l
287
287
231}
288]
28§
289

-

‘—1/4*a‘3/x—1/4*a‘2*arccoth(a*x)/x‘2+a‘4*arccoth(a*x)‘2—1/4*a*arccoth(a*x)‘
‘2/x‘3—3/4*a‘3*arccoth(a*x)‘2/x+1/4*a‘4*arccoth(a*x)‘3—1/4*arccoth(a*x)‘3/x
"4+1/4*a‘4*arctanh(a*x)+2*a‘4*arccoth(a*x)*ln(2—2/(a*x+1))—a‘4*polylog(2,—

N\

1+2/ (a*xx+1))

\‘

J
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Mathematica [A] (verified)

Time = 0.16 (sec) , antiderivative size = 118, normalized size of antiderivative = 0.84

/ coth™*(ax)3 i

5
—a®7® + az(—1 — 3a®2? + 4a3®%) coth™ ' (ax)? + (=1 + a*z*) coth™ (az)® + a?z? coth ™' (az) <—1 + a*

- 44

input ‘\rIntegrate [ArcCoth[a*x]~3/x"5,x] ‘

t‘(—(a’“S*x"3) + axx* (-1 - 3%a”2*x"2 + 4*a~3%x"3)*ArcCoth[a*x]"2 + (-1 + a™4x
‘x“4)*ArcCoth[a*x]“3 + a”2*x"2xArcCoth[a*x]* (-1 + a™2*x"2 + 8*a~2*x"2*Log[1
|+ E~(-2%ArcCoth[a*x])]) - 4*a~4*x~4*PolyLog[2, -E~(-2*ArcCoth[a*x])1)/(4*%
‘X‘4) ‘

outpu

Rubi [A] (verified)

Time = 1.50 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.35,

number of steps used = 11, number of rules used = 11, number of rules _ 1.100, Rules
integrand size

used = {6453, 6545, 6453, 6545, 6453, 264, 219, 6511, 6551, 6495, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

~1(,.\3
/ coth 5(aar;) iz
x

l 6453

3 /co’ch_l(aav)2 _coth_l(ax)3

4] 2 (1 — a2z?) v 4zt

| 6545
-1 2 -1 2 -1 3
ia<a2 / coth™"(ax) dz+ / coth™ " (ax) dac) _ coth™ (az)

z2 (1 — a2z?) z* 4zt

l 6453
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—1(, )2 -1 —1(, )2 1,3
§a az/ coth™ (ax) dz + 2a/ coth™ (ax) d — coth™ (az)®\ coth™ (az)
4 z2 (1 — a?z?) 3 z3 (1 — a?z?) 33 4zt
| 6545
3 [ of o [ coth™(azx)? coth™!(ax)? 2 (5 [ coth™(ax) coth™!(azx) coth™!
4a<a (a /1 — 22 dr + / — 2 dr | + 3009 | a2 - a2w2)dx + / — dr | — 32
coth™!(az)3
4a4
| 6453
§a o2 a2/ coth_l(aa:)zdm + 9% coth™!(azx) . coth™!(ax)? 4 ga 1a/ 1 dz + a2 / co
4 1—a2z? z (1 — a?2?) T 3 \2 z2 (1 — a?z?) (
coth™!(ax)?
4zt
| 264
§a o2 a2/ COth—l(ax)2dx+2a coth™(az) B coth™!(ax)? 4 ga la aQ/ 1 i — 1 e
4 1 — a?2? z (1 — a?z?) z 3°\2 1 — a22? z
coth™!(az)3
4zt
| 219
3 (2 ( 5 [ coth™(ax) 1 1 coth™ (ax) of o / coth™!(ax)? / c
Yal 2 o %) e h Bl Il S oo \8r °
4a<3a<a / 2= a2x2)dm + 50 aarctanh(ax) . 972 +a’la 122 dx + 2a -
coth™(az)?
4a4
| o511
3 (2 [ 5 [ coth™(ax) 1 1 coth™ (az) 9 coth™ (ax) 1
4a<3a<a /Mdz —+ i(l aarctanh(afﬂ) — E — T +a 2a/ mda}' + ga Coth
coth™!(ax)3
4zt
| 6551
2 th™* 1 1 1 th™? th
ia<3a<a2 (/ de t3 coth_l(ax)2> + 2a(aarctanh(ax) - x) - 002.%2((130)) + a? <2a </ %(a;

coth™!(az)3

4zt
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l 6495

log (2 — —2_
3 [2 g 1 2 1
—a (a <a2 (—a/ <ax+1)d:c + = coth™!(az)? + log <2 T omt 1> coth_l(a:c)> + 2a(aarct:—mh(aar:)

413 1 — a222 2
coth™(az)?
4z4
l 2897

3alZala2( -t 2 1)+ L oth(am)? __ 2 -1 1
4a<3a<a ( 5 PolyLog <2, p—— 1) + 5 coth™ (az)® + log (2 pr— 1> coth™ (az) | + 50 aarctanh(
coth™!(azx)?
4zt

e

tlnt [ArcCoth[a*x] ~3/x"5,x]

~—

input

-1/4xArcCoth[a*x]~3/x"4 + (3%a*(-1/3*ArcCoth[a*x]~2/x"3 + a~2x(-(ArcCoth[a
*x]~2/x) + (axArcCoth[axx]~3)/3 + 2*a*(ArcCoth[a*x]~2/2 + ArcCoth[ax*x]*Log
[2 - 2/(1 + a*x)] - PolyLogl[2, -1 + 2/(1 + a*x)]1/2)) + (2*%ax(-1/2xArcCoth[
a*x]/x"2 + (a*(-x~(-1) + a*ArcTanh[a*x]))/2 + a~2*(ArcCoth[a*x]~2/2 + ArcC
oth[a*x]*Log[2 - 2/(1 + a*x)] - PolyLogl[2, -1 + 2/(1 + ax*x)]1/2)))/3))/4

output

Defintions of rubi rules used

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 0]1)

rule 219

rule 264 T0ELCCe_D)*x )@ )*((a) + (b_.)*(x.)"2)"(p_), x_Symbol] :> Simp[(c*x)~(
m+ 1)*((a + bxx™2)"(p + 1)/(a*c*(m + 1))), x] - Simp[b*((m + 2*p + 3)/(a*c
~2%(m + 1))) Int[(c*x)"(m + 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b, c, p
}, x] & LtQ[m, -1] && IntBinomialQ[a, b, ¢, 2, m, p, x]
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Int[Loglu_l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, x]]

rule 2897

Int[((a_.) + ArcCoth[(c_.)*(x_)~(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
1 & IntegerQ[m])) && NeQ[m, -1]

rule 6453

rule 6495 Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)/((x_)*((d_) + (e_.)*x(x))), x
_Symbol] :> Simp[(a + b*ArcCoth[c*x]) p*(Logl[2 - 2/(1 + ex(x/d))1/d), x] -

Simp[b*c*(p/d)  Int[(a + bxArcCoth[c*x])~(p - 1)*(Log[2 - 2/(1 + ex(x/d))]
/(1 - c~2*x~2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQlc
~2%d"2 - e~2, 0]

rule 6511 Totl((a_.) + ArcCothl(c_.)*(x)1*(b_.))"(p_.)/((d)) + (e_.)*(x_)72), x_Symb
0l] :> Simp[(a + bxArcCoth[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] & EqQ[c™2+d + e, 0] && NeQ[p, -1]

rule 6545 Int[(((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((@.) + (
e_.)*(x_)"2), x_Symbol] :> Simp[1/d  Int[(f*x) m*(a + b*ArcCoth[c*x]) p, x
1, x] - Simple/(d*f~2) Int[(f*x)~(m + 2)*((a + b*ArcCoth[c*x]) p/(d + e*x
~2)), x1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

rule 6551 ntL((a_.) + ArcCothl(c_.)*(x_)1*(b_.))"(p_.)/((xD)*((d)) + (e_.)*(x1)72)),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(bxd*(p + 1)), x] + Simp[1/
d Int[(a + b*ArcCoth[c*x])~p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQlc™2%d + e, 0] && GtQ[p, O]
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 4.56 (sec) , antiderivative size = 657, normalized size of antiderivative = 4.66

method result
8
3a4 arccoth(aca%2 In(za—1) + arcv;omtéliga)z + arcco;l;(ma)z _ arccoth(ma;2 In(za+1) + 4arcco§h(ma)2 _
arccoth(za)?
parts B —
. . - 4 _arccoth(wa)S _ 3arccoth(za)? In(za—1) _ arccoth(za)? _ 3arccoth(za)? 3arccoth(za)? In(za+1
derivativedivides | a 1oig] 5 12303 Tra + 5
4 _arccoth(aca)3 _ 3arccoth(za)? In(za—1) _ arccoth(za)? _ 3arccoth(za)? 3arccoth(za)? In(za+1
default a 4z4at 8 4z3a3 4za + 8
inputLint(arccoth(x*a)"3/x"5,x,method=_RETURNVERBOSE)

output

-1/4*arccoth(x*a) ~3/x"4-3/4*a~4*(1/2*arccoth(x*a) "2*1ln(a*x-1)+1/3/x~3/a"3*
arccoth(x*a) "2+1/x/a*arccoth(x*a) "2-1/2*arccoth(x*a) “2*1n(a*x+1)+4/3*arcco
th(x*a) ~2-8/3*dilog(1+I/((a*x-1)/(a*x+1))~(1/2))-8/3*dilog(1-I/((a*x-1)/(a
*x+1))~(1/2))-1/3*%arccoth(x*a) ~3-1/3*(a*x-1) /x/a+2/3*arccoth(x*a) * (a*x+1) /
x/a-1/4xIxPixcsgn(I*(a*xx+1)/(a*x-1)) " 3*arccoth(x*a) ~2-8/3*arccoth(x*a)*1n(
1+I/((a*x-1)/(a*x+1))~(1/2))-8/3*arccoth(x*a) *1n(1-I/((a*x-1)/(a*xx+1))~(1/
2))-1/3*arccoth(x*a)*(a*x+1) "2/x~2/a~2-2/3*arccoth(x*a) * (a*x-1) * (a*x+1) /x~
2/a~2-1/2*arccoth(x*a) "2x1n((a*x-1)/(a*x+1))-1/4*IxPixcsgn(I/(a*xx-1)*(axx+
1)/ ((a*xx+1) /(a*x-1)-1) ) "3*arccoth(x*a) “2-1/4*xIxPi*csgn(I/((a*x-1)/(a*x+1))
~(1/2))~2*csgn(I*(a*xx+1)/(a*x-1))*arccoth(x*a) "2+1/2xI*Pi*csgn(I/((a*x-1)/
(a*x+1))~(1/2) ) *csgn(I*(a*x+1)/(a*x-1)) “2*arccoth(x*a) "2+1/4*I*xPi*csgn (I*(
axx+1)/(a*x-1) ) *csgn(I/(a*x-1)*(a*x+1) /((a*xx+1) /(a*xx-1)-1)) "2*arccoth(x*a)
~2-1/4%IxPi*csgn(I/((a*x+1)/(axx-1)-1))*csgn(I*(a*x+1)/(a*x-1))*csgn(I/(a*
x-1)*(axx+1)/((a*x+1) / (a*x-1)-1) ) *arccoth(x*a) “2+1/4*I*Pi*csgn(I/ ((a*x+1)/
(a*x-1)-1) ) *csgn(I/(a*x-1)*(a*x+1) / ((a*x+1) / (a*x-1)-1)) "2*arccoth(x*a) ~2)
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Fricas [F]
/ M dr = / M dz
z x
input Lintegrate (arccoth(a*x)~3/x75,x, algorithm="fricas") J
output Lintegral (arccoth(a*x)~3/x"5, x) J
Sympy [F]
/ M dr = / M dz
z x
input Lintegrate (acoth(a*x)**3/x**5,x) J
output LIntegral (acoth(a*x)**3/x**5, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 342 vs. 2(126) = 252.
Time = 0.04 (sec) , antiderivative size = 342, normalized size of antiderivative = 2.43
coth™*(ax)?
5

(3a3 log (az +1) — 3a*log (az — 1) —

dz

_1
-8

2,2
2(3(1—31;4—1)) a arcoth (az)”
x
1 1 1 (1 1 .
-I-@ ((32 (log (az —1)log (5 ar + 5) + Liy (—5 ar + 5) ) a — 32 (log (az + 1) log () + Liz(—ax)

_ arcoth (az)”
4 x*
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input‘integrate(arccoth(a*x)“s/x“s,x, algorithm="maxima")

1/8x(3*a"3xlog(a*x + 1) - 3*a~3*log(a*x - 1) - 2%x(3*a"2*x"2 + 1)/x"3)*a*ar
ccoth(a*x) "2 + 1/32%((32*(log(a*x - 1)*log(1l/2*a*x + 1/2) + dilog(-1/2*a*x
+ 1/2))*a - 32*%(log(a*x + 1)*log(x) + dilog(-a*x))*a + 32*(log(-a*x + 1)*
log(x) + dilog(a*x))*a + 4*a*log(a*x + 1) - 4xaxlog(a*x - 1) + (a*x*log(ax
X + 1)73 - axxxlog(a*x - 1)73 - 8xaxx*log(a*x - 1)72 - (3*a*xxlog(a*x - 1)
- 8xa*x)*log(a*x + 1)72 + (3*axx*log(a*x - 1)72 - 16%a*x*xlog(a*x - 1))*lo
glaxx + 1) - 8)/x)*a"2 + 2x(32*a"2*log(x) - (3xa~2*x"2*log(a*x + 1)72 + 3%
a"2*x"2xlog(a*x - 1)72 + 16*a~2*x"2xlog(a*x - 1) - 2x(3%a~2*x"2*log(a*x -
1) - 8xa"2*x"2)*log(a*x + 1) + 4)/x"2)*a*arccoth(a*x))*a - 1/4*arccoth(a*x

output

)"3/x74
Giac [F]
/ coth_ls(az)3 dp — / alrco'ch5(ax)3 i
x x
inputLintegrate(arccoth(a*x)‘3/x‘5,x, algorithm="giac") J

integrate(arccoth(a*x)~3/x75, x)

outputt

Mupad [F(-1)]
Timed out.

-1 3 3
/ coth™ (ax) dp — / acoth(a x) i

z° x°

input‘int(acoth(a*x)"S/x“S,x) ‘

outputLint(acoth(a*x)“B/x“S, X) J
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Reduce [F]

/ coth™*(ax)? i

5
acoth(az)® a*z* — acoth(azx)® + 3acoth(az)® a®z® + acoth(az)’ ax + acoth(az) a*z* — acoth(az) a®x? -

4zt

input Lint (acoth(a*x)~3/x75,x) J

t‘(acoth(a*x)**B*a**4*x**4 - acoth(a*x)**3 + 3*acoth(axx)**2*a**3xx**3 + aco
‘th(a*x)**2*a*x + acoth(a*xx)*a*x*x4*x**4d — acoth(akxx)*a*x*2*xx**x2 — 8*int(acoth ‘
‘ (a*x) / (a*x*2*x**3 — x),X)*akxkdxx**x4 + axx3xx**x3)/(4d*xx*%*4) ‘

outpu




output

input

output
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3.34 [ ™ coth™(azx)? dx

Optimal result . . . . . . . . . . . . e 290
Mathematica [N/A] . . . . . . . . 2901
Rubi [N/A] . . o 291]
Maple [N/A] . . . . 291]
Fricas [N/A] . . . o o 292
Sympy [N/A] . . e 292
Maxima [N/A] . . . . .
Giac [N/A] . . . e 293
Mupad [N/A] . . . o 293
Reduce [N/A] . . . o o 294

Optimal result

Integrand size = 10, antiderivative size = 10

/ 2™ coth™'(az)® dz = Int(z™ coth™" (az)?, 7)

-

LDefer (Int) (x"m*arccoth(a*x)~3,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.72 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/a:m coth™(az)3 dz = /zm coth™ (ax)? dz

‘ Integrate [x"m*ArcCoth[a*x] ~3,x]

‘ Integrate [x"m*ArcCoth[a*x] "3, x]




input ‘

output

input

/

output t
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ™ coth™ (az)3 dx
l 6469
/ ™ coth ™ (az)3dx
Int [x"m*ArcCoth[a*x] ~3,x] ‘

L$Aborted J

Maple [N/A]
Not integrable

Time = 0.28 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ z™ arccoth (za)® dz

Lint (x"m*arccoth(x*a) ~3,x) J

~—

int (x"m*arccoth(x*a) ~3,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/wm coth™(az)3 dz = /zm arcoth (az)® dz

-

input t

integrate(x"m*arccoth(a*x)~3,x, algorithm="fricas")

e—

output

input

Lintegrate (x**m*acoth (a*x) **3,x)

Lintegral (x"m*arccoth(a*x)~3, x) J

Sympy [N/A]
Not integrable

Time = 2.33 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ ™ coth™(az)3 dz = / ™ acoth® (az) dz

output L

input

Integral (x*x*m*acoth(a*x)**3, x) J

Maxima [N/A]
Not integrable

Time = 1.10 (sec) , antiderivative size = 124, normalized size of antiderivative = 12.40

/xm coth™(az)3 dz = /xm arcoth (az)’ dz

Lintegrate (x"m*arccoth(a*x)~3,x, algorithm="maxima") J
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output‘ 1/8*x*x"m*log(a*x + 1)°3/(m + 1) - 1/8xintegrate(-(3*(ax(m + 1)*x + m + 1)
‘*x“m*log(a*x + 1)*log(a*x - 1)72 - (ax(m + 1)*x + m + 1)*x"m¥xlog(a*x - 1)~
‘3 - 3*%(a*x*x™m + (a*(m + 1)*x + m + 1)*x"m*xlog(a*x - 1))*log(a*x + 1)72)/(
‘a*(m + D)*x +m + 1), x)

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/xm coth™(az)3 dz = /xm arcoth (az)® dz

input Lintegrate (x"m*arccoth(a*x) "3 ,X, algorithm="giac ")

outputLintegrate(XAm*arCcoth(a*x)A3, %)

Mupad [N/A]
Not integrable

Time = 3.53 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ™ coth™ (az)3 dz = / 2™ acoth(a z)® dx

inputtlnt(x m*acoth(a*xx)~3,x)

outputtint(x‘m*acoth(a*x)‘S, x)
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Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ™ coth™ (az) dz = / ™ acoth(ax)® dz

-

inputtint(x‘m*acoth(a*x) 3,x%)

e—

output Lint (x**m*acoth (a*x) **3,x)




output

input

output
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3.35 [ ™ coth™ (ax)? dx

Optimal result . . . . . . . . . . . . e 295
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o 296!
Maple [N/A] . . . . 296
Fricas [N/A] . . . o o 297
Sympy [N/A] . . e 297
Maxima [N/A] . . . . . 297l
Giac [N/A] . . . e 298
Mupad [N/A] . . . o 298
Reduce [N/A] . . . o o 299

Optimal result

Integrand size = 10, antiderivative size = 10

/ 2™ coth™'(az)? dz = Int(z™ coth™" (az)?, 7)

-

LDefer(Int)(x‘m*arccoth(a*x)‘2,x)

-/

Mathematica [N/A]
Not integrable

Time = 0.73 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/a:m coth™(az)? dz = /zm coth™ (ax)? dx

‘ Integrate [x"m*ArcCoth[a*x] ~2,x]

‘Integrate[x“m*ArcCoth[a*x]“2, x]
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ™ coth™ (az)? dx
| 6469
/ ™ coth ™ (az)?dx
input ‘ Int [x"m*ArcCoth[a*x] ~2,x] ‘

output L

$Aborted J

input L

Maple [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ z™ arccoth (za)® dz

int (x"m*arccoth(x*a) ~2,x) J

/

output t

~—

int (x"m*arccoth(x*a) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/wm coth™(az)? dz = /zm arcoth (az)® dz

-

input t

integrate(x“m*arccoth(a*x) “2,x, algorithm="fricas")

e—

output

input

Lintegral (x"m*arccoth(a*x)~2, x)

Sympy [N/A]
Not integrable

Time = 1.22 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ ™ coth™(az)? dz = / ™ acoth? (az) dz

Lintegrate (x**m*acoth (a*x) **2,x)

output L

input

Integral (x**m*acoth(a*x)**2, x)

Maxima [N/A]
Not integrable

Time = 0.73 (sec) , antiderivative size = 93, normalized size of antiderivative = 9.30

/xm coth™(az)? dz = /xm arcoth (az)’ dz

Lintegrate (x"m*arccoth(a*x)~2,x, algorithm="maxima")
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‘1/4*x*x“m*log(a*x +1)72/(m + 1) - 1/4*integrate(-((a*(m + 1)*x + m + 1)*x ‘
‘“m*log(a*x - 1)72 - 2+(axx*x™m + (ax(m + 1)*x + m + 1)*x"mxlog(a*x - 1))x*1
‘og(a*x + 1))/(a*x(m + )*x +m + 1), x) ‘

output

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/xm coth™(az)? dz = /xm arcoth (az)® dz

input Lintegrate (x"m*arccoth(a*x)"2,x, algorithm="giac") J
OutputLintegrate(x“m*arccoth(a*x)‘Q, x) J
Mupad [N/A]
Not integrable
Time = 3.66 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20
/ ™ coth™(az)? dz = / 2™ acoth(az)® dz
input Lint (x"m*acoth(a*x)~2,x) J
OutputLint(x“m*acoth(a*x)’?, X) J
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Reduce [N/A]
Not integrable

Time = 0.16 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ™ coth™ (az)? dz = / z™acoth(ax)’ dz

-

input tint(x m*acoth(a*x) ~2,x)

e—

output Lint (x**m*acoth (axx) **2,x)
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3.36 [ ™ coth™ (ax) dx

Optimal result . . . . . . . . . . . . e 300
Mathematica [A] (verified) . . . . . . . . . ... o 3001
Rubi [A] (verified) . . . . . . . . .
Maple [F] . . . . o
Fricas [F] . . . . . . o
Sympy [F] . . . o
Maxima [F] . . . . . . 3031
Giac [F] . . o o
Mupad [F(-1)] . . .« 304
Reduce [F] . . . . .

Optimal result

Integrand size = 8, antiderivative size = 57

/ 2™ coth~ (az) di = 2™ coth™ (ax) B az*™™ Hypergeometric2F1 (1, 2t 44m q242)
14+m 2+ 3m + m?

‘ x~ (1+m) *arccoth(a*x)/ (1+m)-a*x~ (2+m) *hypergeom([1, 1+1/2*m], [2+1/2*m] ,a”~ 2% ‘

output

Lx‘2)/(m“2+3*m+2) J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.91

/a:m coth™(az) dx
%™ ((2 + m) coth™" (az) — az Hypergeometric2F1 (1,1 + 2,2 + 2 4az?))
B (14+m)(2+m)
input LIntegrate [x"m*ArcCoth[a*x] ,x] J

output‘ (x~(1 + m)*((2 + m)*ArcCoth[a*x] - a*x*Hypergeometric2Fi[1, 1 + m/2, 2 + m ‘

/2, a°2%x°2))/((L + m*(2 + m)) |
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6453, 278}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z™ coth™!(az) dz

l 6453
1 -1 xm+1
g™ coth™ (az) a [ {Zoamde
m+1 m+1
l 278

™1 coth™ (az)  az™+?Hypergeometric2F1 (1, 72, mt 4252)
m1 m+ 1) (m+2)

-

LInt [x"m*ArcCoth [a*x] ,x]

-

input

‘ (x~(1 + m)*ArcCoth[a*x])/(1 + m) - (a*x~(2 + m)*Hypergeometric2F1[1, (2 +

output
m)/2, (4 + m)/2, a~2*x~2])/((1 + m)*(2 + m))

N




rule 278

rule 6453

input

output

input L

output
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Defintions of rubi rules used

Int [((c_)*(x_))~(m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[a~p*((
cxx)"(m + 1)/(c*x(m + 1)))+*Hypergeometric2F1[-p, (m + 1)/2, (m + 1)/2 + 1, (
-b)*(x~2/a)], x] /; FreeQ[{a, b, c, m, p}, x] && !'IGtQ[p, 0] && (ILtQ[p, O
1 Il GtQla, 01)

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2%n))), x
1, x]1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [F]

/ x™ arccoth (za) dx

p
Lint (x"m*arccoth(x*a),x)

-/

Lint (x"m*arccoth(x*a) ,x)

Fricas [F|

/ ™ coth™ (az) dx = / z™ arcoth (ax) dx

integrate(x“m*arccoth(a*x) ,x, algorithm="fricas")

Lintegral (x"m*arccoth(a*x), x)
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Sympy [F]

/ z™ coth™ (az) dx = / x™ acoth (az) dx

‘integrate(x**m*acoth(a*x),x)

input
outputtIntegral(x**m*acoth(a*x), x)
Maxima [F]
/ ™ coth™ (az) dz = / z™ arcoth (az) dz
inputtintegrate(x"m*arccoth(a*x),x, algorithm="maxima")
Output‘a*integrate(x*x"m/(a‘2*(m + 1)*x”2 - m - 1), x) + 1/2x(x*x"m*log(a*x + 1)
‘— x*x"m*log(a*x - 1))/(m + 1)
Giac [F]
/ ™ coth™ (az) dz = / z™ arcoth (ax) dz
input Lintegrate (x"m*arccoth(a*x) ,x, algorithm="giac")

OutputLintegrate(xAm*arCCOth(a*x), )
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Mupad [F(-1)]
Timed out.

/ ™ coth™ (az) dx = / xz™ acoth(a z) dz

Lint (x"m*acoth(a*x) ,x)

input
output Lint (x"m*acoth(a*x), x)
Reduce [F]
/ ™ coth™ (az) dz
. sz’COth(az) amz — z"™ — (f a2mx3+;27;3—mx—xdx) m? — (f a2mx3+:2rz3—mx—$dx> m
- am (m + 1)
input Lint (x"m*acoth(a*x) ,x)

t‘ (x**m*acoth(a*x)*a*m*x — x**m — int (xk*m/(a**2km*x*k*3 + a*x*2kxx**3 — m*x —
\x),x)*m**2 - int (x**m/ (a**2*m¥x**3 + ax*x2xx**3 - m*x - x),x)*m)/(a*m*(m +

\1))

outpu




output

input

output
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3.37 f coth_l(ax5) dz

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (verified) . . . . . . . . . ...
Fricas [F] . . . . . . o o

Sympy [F(-1)] . . . o o
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... ..

Giac [F] . . . o o o
Mupad [F(-1)] . . .«
Reduce [F] . . . . . .o

Optimal result

Integrand size = 10, antiderivative size = 28

/ coth™ (az®)

X

1 1
dr = — PolyL 2, ——
T R og(, ax5>

1
10 PolyLog

1
9
(’ax5>

309
309

-

Ll/iO*polylog(2,—1/a/x‘5)—1/10*p01ylog(2,1/a/x‘5)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

-1 5
[ g = L ((Polytog (2, - ) — PoivLog (2,
. 10 P ax®

LIntegrate [ArcCoth[a*x~5]/x,x]

-

L(PolyLog[2, -(1/(a*x~5))] - PolyLogl[2, 1/(a*x"5)])/10

| —




input

output

rule 6447

rule 6451
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.14,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {6451, 6447}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_1 (aw5) i

X
l 6451
1 coth™! (aw5) 5
5/$5 dz
l 6447

1/1 1 1 1
— | = PolyL 2,————= | — = PolyLi 2, —
5<2 oy og( ’ aac5) g oV og( ’am5>>

LInt [ArcCoth[a*x~5]/x,x] J

L(PolyLog[2, -(1/(a*x~5))]1/2 - PolyLogl[2, 1/(a*x~5)1/2)/5 J

Defintions of rubi rules used

Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))/(x_), x_Symbol]l :> Simpl[a*Logl[x], x
1 + (Simp[(b/2)*PolyLog[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLogl[2, 1/(c*x)
1, x1) /; FreeQ[{a, b, c}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_)1*(b_.))"(p_.)/(x_), x_Symbol] :> Simp[
1/n  Subst[Int[(a + b*ArcCoth[c*x]) p/x, x], x, x"n], x] /; FreeQ[{a, b, c
, n}, x] && IGtQ[p, O]
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Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.17 (sec) , antiderivative size = 95, normalized size of antiderivative = 3.39

method | result

> . ) (ln(z) ln(—_R}%TE)-i-dilog (%)) >
+

_ R1=RootOf (a_ + _RI:RootOf(a_

default | In (z)arccoth (az®) + 5a | —

10a
Ri-.\, . Ri .
> In(z)In{ — +dilog | ——5+ >
5 _ R1=RootOf (a_Z5+1) ( ( —RI ) g( —R‘Z )) _RI:RootOf(a_
parts In (z) arccoth (a z°) + 5a | — Toa +

- In(z)In(az®—1) (_RI:R
2 2 - 3 +

In(@)In(aa®+1) (_R1=Roo£(a_zﬁ+1) (ln(w) . (_RRZE w)+dﬂ°g <__R}%E z)))

risch

input ‘ int (arccoth(a*x~5)/x,x,method=_RETURNVERBOSE) ‘

1n(x)*arccoth(a*x"5)+5*a* (~1/10/a*sum(1n(x)*1n((_R1-x)/_R1)+dilog((_R1-x)/
| _R1),_R1=Root0f (_Z"5*a+1))+1/10/a*sumn(In(x)*1n((_R1-x)/_R1)+dilog((_R1-x)/ |
\ _R1),_R1=Root0f(_Z 5*a-1)))

output

Fricas [F|

~1 (5 5
/ coth™ (az®) dp — / arcoth (ax®) i

Z T

p
tintegrate (arccoth(a*x~5)/x,x, algorithm="fricas")

e—

input

output Lintegral (arccoth(a*x~5)/x, x) J
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Sympy [F(-1)]

Timed out.
coth™ (az®
/ # dzxr = Timed out
T
input Lintegrate (acoth(a*x**5) /x,x) J
OutputLTimed out J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(22) = 44.

Time = 0.04 (sec) , antiderivative size = 104, normalized size of antiderivative = 3.71

/ coth™ (az®) s — 1 a(log (az® +1) log(az® — 1)) log (2)
x 2 a
1 a(log (az® — 1)log (az®) + Lig(—az® +1)  log(az® + 1) log (—az®) + Lis(az® + 1))
10 a a

+ arcoth (az®) log ()

integrate(arccoth(a*x~5)/x,x, algorithm="maxima")

input ‘\

‘-1/2*a*(log(a*x"5 + 1)/a - log(axx~5 - 1)/a)*log(x) - 1/10*a*((log(a*x~5 - ‘
‘ 1)*log(a*x~5) + dilog(-a*x~5 + 1))/a - (log(a*x”5 + 1)*log(-a*x~5) + dilo ‘
‘g(a*x"S + 1))/a) + arccoth(a*x~5)*log(x) ‘

output
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Giac [F]

—1 (.5 5
/ coth™ (az®) dr — / arcoth (ax®) i

Z T

inputLintegrate(arccoth(a*x”s)/x,x, algorithm="giac")

Outputtintegrate(arccoth(a*x"S)/x, x)

Mupad [F(-1)]
Timed out.

~1 (.5 5
/coth (az )dx _ / acoth(a )dz

T T

inputLint(acoth(a*x 5)/x,x)

Outputtint(acoth(a*x"S)/x, x)

Reduce [F]

~1 (.5 5
/coth (az )dx _ / acothzgax )dac

X

inputLint(acoth(a*x"s)/x,x)

Outputkint(acoth(a*x**S)/x,x)




output L

input

output
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3.38 [coth™ (1) d=

Optimal result . . . . . . . . . . . . e 310
Mathematica [A] (verified) . . . . . . . . . ... o 3101
Rubi [A] (verified) . . . .. . . ... .. BIT]
Maple [A] (verified) . . . . . . ... L 312
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... B13l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 313l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... B13
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 314
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 314

Optimal result

Integrand size = 4, antiderivative size = 19

/Coth_1 (1) dx = zcoth™ (1) + 1log (1 — z2)
T x 2

e

x*arccoth(1/x)+1/2*x1n(-x"2+1)

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

/coth_1 <1> dx = zcoth™ (1) + 1log (-1+42?)
T x 2

LIntegrate[ArcCoth[x“(-i)],x]

Lx*ArcCoth[x‘(—l)] + Log[-1 + x72]/2




input

output
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.750, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6437, 795, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/coth_1 <1> dz
T

below.

l 6437
1 (1
l 795
T (1
/x2 — lda:—i-a:coth (x)
l 240
1 2 1 (1
2log (1 —2°) + z coth <ac>

LInt [ArcCoth[x~(-1)]1,x]

-

Lx*ArcCoth[x‘(—l)] + Log[1l - x72]/2

Defintions of rubi rules used

-/

rule 240‘ Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x ‘

rule 795

\*2, x]11/(2*%b), x] /; FreeQ[{a, b}, x]

‘Int[(x_)"(m_.)*((a_) + (b_)*(x_ )" (n_))"(p_), x_Symbol] :> Int[x"(m + n*p)=*
‘(b + a/x™n)"p, x] /; FreeQl[{a, b, m, n}, x] && IntegerQ[p] && NegQ[n]
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rule 6437‘Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a ‘
‘ + b*ArcCoth[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/ - c”2%x"(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] & IGtQ[p, 0]
- & (EqQln, 11 |1 Equlp, 11) |

Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.84

method result
parallelrisch z arccoth (1) +1In (z — 1) + arccoth (1)
parts z arccoth (1) 4 2= 4 (il
i n 1
derivativedivides | z arccoth (1) —In (1) + In (m2 D) + 1 (x2+1)
n l— n 1
default z arccoth (1) —In (1) + ! (:v2 D ! (w2+1)
] Hz=1) 2 1 i(z—1) . i(
. In(z+1) In(z—1) zwcsgn<T> z - im csgn (L) csgn(i(z—1)) ngn< ) zwcsgn(—
risch e SR gy - — ey . _ .
input Liﬂt (arccoth(1/x) ,x,method=_RETURNVERBOSE) J

p
tx*arccoth(l/x)+1n(x-1)+arccoth(1/x)

—

output

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 1.21
(1 1 z+1 1
1 — = — — — 2 —
/coth (:1:) dz 2xlog( o 1) +5 log (z° — 1)

Lintegrate (arccoth(1/x) ,x, algorithm="fricas") J

input

outputL1/2*X*l°g('(X +1)/(x - 1)) + 1/2xlog(x"2 - 1) J




313
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Sympy [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

1 1 1
/coth_1 (—) dz = z acoth (—) + log (z + 1) — acoth (—)
T T T

Lintegrate (acoth(1/x),x)

input

x*xacoth(1/x) + log(x + 1) - acoth(1/x)

output L

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.79

1 1 1
/co‘ch_1 (—) dr = x arcoth (5) +3 log (z* — 1)

T

‘ integrate(arccoth(1/x),x, algorithm="maxima")

input

x*arccoth(1/x) + 1/2xlog(x"2 - 1)

output L

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 104 vs. 2(17) = 34.

Time = 0.12 (sec) , antiderivative size = 104, normalized size of antiderivative = 5.47

S
z+1 4 +1
z—1

log | — 51—

/coth—1 1) gz = o +10g (22210 g +1
T B | & |z — 1] & z—1

z—1

Lintegrate (arccoth(1/x),x, algorithm="giac")

input
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‘log(—(((x +1)/(x -1 +1D/(x+D/(x-1)-1) +1D/((x+1)/(x-1)+ \
CD/(x+ 1D/ (x - 1) - 1) - D)/ ((x+ 1)/(x - 1) - 1) + log(abs(-x - 1)/ab |
's(x - 1)) - log(abs(-(x + 1)/(x - 1) + 1)) |

output

Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.37

/coth_1 <%) dr — WT_I) i <1n (x2+ 1) ln(12— x))

input Lint (acoth(1/x) ,x) J

output | 1O8(X™2 = 1)/2 + xx(log(x + 1)/2 - log(1 - x)/2) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.89

/coth_1 <1> dx = acoth(1> z + acoth<1> —log(z — 1)
T T T

input‘ int (acoth(1/x),x) ‘

output Lacoth(l/x)*x + acoth(1/x) - log(x - 1) J




output

input

output
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—1
3.39 [z?coth™ (v/z) dz
Optimal result . . . . . . . . . . .. . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3151
Rubi [A] (verified) . . . .. . . ... .. 316
Maple [A] (verified) . . . . . . ... L 318
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 318
Sympy [F] . . o o 319
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3191
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 319
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 320
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 320
Optimal result
Integrand size = 10, antiderivative size = 51

32 45/2 arctanh (,/z)

/:c2 coth™ (vz) dz = vz +I 4Ty lxg‘ coth™*

3 9 15 3

(Ve)

3

‘1/3*x‘(1/2)+1/9*x‘(3/2)+1/15*x‘(5/2)+1/3*x‘3*arccoth(x‘(1/2))—1/3*arctanh(

x~(1/2))

N

J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.16

/ 7 coth™ (V) do = o (

30v/z + 102%/? + 62/

+30z° coth™ (v/z) + 151og (1 — v/z) — 151og (1 + v/x))

LIntegrate[x‘Q*ArcCoth[Sqrt[X]],x]

;
‘(SO*Sqrt[x] + 10*x~(3/2) + 6*%x~(5/2) + 30*x~3*ArcCoth[Sqrt[x]] + 15%Logl1

- Sqrt[x]] - 15%Loglt + Sqrt[x11)/90
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.02,

— 6, number of rules _ 600, Rules
integrand size

number of steps used = 7, number of rules used =
used = {6453, 60, 60, 60, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:1:2 coth™ (vz) dz

l 6453

1 5 . _1/ .’155/2
3% coth™ (V) 5 1_xd:c
l 60
1 (2252 z3/? 14 1
6( 5 —/ da:>+3:1: coth™ (V)
l 60

5/2 3/2
1( \/_ T+ 2 + 2 ) + L8 coth™! (V)

o™t 5 3 3
| 60
(15(—/(1_;)\/5dx+ 21-;/2 L 2 +2\F> + 228 coth™! (v/z)
| 73
é( 2 [ v 2””5/2 2””3/2 + 2f> 2% coth™1 (v/3)
l 219

215/2  243/2
5 + 3

[N

(—Zarctanh(\/i) + + 2\/§> + %mg’ coth™ (v/z)

input ‘ Int [x~2*ArcCoth[Sqrt[x]],x]
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| (x"3*ArcCoth[Sqrt[x]11)/3 + (2#Sqrtlx] + (2%x~(3/2))/3 + (2%x~(5/2))/5 - 2%

output
LArcTanh [Sqrt[x1]1)/6 J

Defintions of rubi rules used

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Qnl Il (GtQ[m, 0] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 60

Int[((a_.) + (b_)*(x_)) " (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*(c - a*(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 |l LtQ[b, 01)

rule 219

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x"n])~(p - 1)/(1 - c™2*x"(2*n))), x
1, x]1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453




input

output

input

output
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Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.82

method result Size
5 3
derivativedivides M + I 42y % + (f n _ ln(«/§+1) 49
5 3
default arccoth(va) | 2} 4 gk 4 ¥E (f D _ aWE) | g
:1:3 arcco T 5 g T
parts sParccoth(ve) | gf 4 2 4 VE (f D _ () | gy

p
Lint (x~2*arccoth(x~(1/2)) ,x,method=_RETURNVERBOSE)

-/

‘ 1/3*x"3*%arccoth(x”~(1/2))+1/15%x~(5/2)+1/9*x~(3/2)+1/3*x~(1/2)+1/6*1n(x"(1/
L2)—1)-1/6*1n(x‘(1/2)+1)

|
J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.75

/z2 coth™* (\/g_v) dx

%(:ﬁ’—l)log(

z+2/z+1

r—1

) +%(3x2+5x+15)\/5

Lintegrate (x"2*arccoth(x~(1/2)),x, algorithm="fricas")

‘1/6*(}{‘3 - 1)*log((x + 2*sqrt(x) + 1)/(x - 1)) + 1/45%(3*%x"2 + 5xx + 15)*s

‘qrt(x)
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Sympy [F]

/x2 coth™* (\/E) dx = / 2 acoth (\/9_:) dx

input Lintegrate (x**2*acoth (x**(1/2)) ,x) J

output ‘ Integral (x*x*2*acoth(sqrt(x)), x) ‘

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.80

1 1 1 1
/x2 coth™ (vz) dz = 3 z® arcoth (v/z) + G T3+ 5 7 + 3 Nz

—%log(ﬁ-l—l)-l—élog(\/i—l)

input Lintegrate (x~2*arccoth(x~(1/2)),x, algorithm="maxima") J

. 1/3xx"3xarccoth(sqrt(x)) + 1/16%x°(5/2) + 1/9+x"(3/2) + 1/3xsqrt(x) - 1/6%

outpu
‘log(sqrt(x) + 1) + 1/6%log(sqrt(x) - 1) ‘

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 164 vs. 2(31) = 62.

Time = 0.12 (sec) , antiderivative size = 164, normalized size of antiderivative = 3.22

2 4 ) ) /e
/:v2 coth™! (\/5) dr — < (vVa-1) (vVa-1) (vz—1) Va—1

5
x+1
15 (25 1)

3(va+1)° | 10(va+)® | 3(va+l) Va1
2 (e + ey + ) e ()

6
Vz+1
3 (1)

45 (Va+1)* 90 (va+1)® | 140 (va+1)® 70 (va+l) +23>

+
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input‘integrate(X”Q*arccoth(x“(1/2)),x, algorithm="giac")

2/45%(45%(sqrt(x) + 1)74/(sqrt(x) - 1)74 - 90*(sqrt(x) + 1)73/(sqrt(x) - 1
)~3 + 140*(sqrt(x) + 1)72/(sqrt(x) - 1)°2 - 70*(sqrt(x) + 1)/(sqrt(x) - 1)
+ 23)/((sqrt(x) + 1)/(sqrt(x) - 1) - 1)75 + 2/3*(3*(sqrt(x) + 1)75/(sqrt(
x) - 1)75 + 10*(sqrt(x) + 1)73/(sqrt(x) - 1)°3 + 3*(sqrt(x) + 1)/(sqrt(x)
- 1))*log((sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x) + 1)/(sqrt(x) - 1) - 1)76

output

Mupad [B] (verification not implemented)

Time = 3.67 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.61

3 3/2 5/2
/w2 coth™" (V) do = x acogh(\/a_v) B acoth3(\/5) N g N % N 3;1_5

input‘int(x"2*acoth(x“(1/2)),x)

| (x"3%acoth(x~(1/2)))/3 - acoth(x~(1/2))/3 + x~(1/2)/3 + x~(3/2)/9 + x~(5/2

output‘)/15 ‘

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.59

2 coth~! acoth(y/z) *  acoth(vz) za® rz iz
/x oot (V) de = 3 3 15 9 3

imput 156 ("24ac0th (X" (1/2)) %) )

‘(15*acoth(sqrt(x))*x**3 - 15%acoth(sqrt(x)) - 3*sqrt(x)*x**2 - 5Sxsqrt(x)*x

output
| - 15xsqru(x))/45 |
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3.40 [zcoth™ (v/z) dzx

Optimal result . . . . . . . . . . . . e 321
Mathematica [A] (verified) . . . . . . . . . ... o B21]
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 324
Sympy [F] . . o o 324
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 326
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 42

3/2
[ oo™ (v8) do = Y+ 204 Lo (7) - 2tenblvE)

output ‘ 1/2xx~(1/2)+1/6%x~(3/2)+1/2%x~2*arccoth(x~(1/2))-1/2*%arctanh(x~(1/2))

Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.24

1

=0 (67 + 232

+ 622 coth ™" (v/z) + 3log (1 — v/z) — 3log (1 + /7))

/avcoth_1 (\/5) dx

input ‘ Integrate [x*ArcCoth[Sqrt [x]],x]

~N

)
¢ (6*Sqrtlx] + 2#x~(3/2) + 6%x~2#ArcCoth[Sqrt[x]] + 3+Logli - Sqrtlx]] - 3+L |

outpu
‘ogl[1 + Sqrt[x]1)/12 |




input

output
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.02,

=5, number of rules _ 625, Rules
integrand size

number of steps used = 6, number of rules used =
used = {6453, 60, 60, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

1 2:1:3/2 NZ7
4< da:) +2.'L' coth™ (v/z)

| 60

1 1 223/2
<_/(1_w)\/5dac = +2\/‘>+ ~22 coth ™! (v/z)

l73

)-i— ~z?coth™ (v/z)

(25
l219

2:1:3/2 + 2y ) z? coth™ (v/z)

>~ =

(—Qarctanh (V) +

‘ Int [x*ArcCoth[Sqrt[x]],x]

‘(x 2xArcCoth[Sqrt[x]])/2 + (2xSqrt([x] + (2%*x~(3/2))/3 - 2%ArcTanh[Sqrt[x]]
/4
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 60

rule 73 IntLCCa_) + (b_)*(x))" @ )*((c_.) + (d_.)*(x)) (), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

rule 6453 Intl((a_.) + ArcCoth[(c_.)*(x_)~(n_.)I1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x] /; FreeQl{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[mn, 1
] &% IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.88

method result size
T arccoth(f) 4z x2 + f + (f 1) . ln(\/45+1) 37

derivativedivides

default M+x2+f+ (f 1) m(@H) 57

parts M+mf +f—|— (f 1) _ln(€+l) a7
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inputLint(x*arccoth(x“(l/Q)),x,method=_RETURNVERBOSE) J

output ‘ 1/2%x~2*arccoth (x~(1/2))+1/6xx~(3/2)+1/2*x~(1/2)+1/4%1n(x~(1/2)-1)-1/4*1n( ‘
x~(1/2)+1) |

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.74

/a:coth_1 (Vz) dz = i (" — 1) log (%) + é (z +3)Vz
input Lintegrate (x*arccoth(x~(1/2)) ,x, algorithm="fricas") J
Outputp/zx*(x*z - 1)*log((x + 2*sqrt(x) + 1)/(x - 1)) + 1/6x(x + 3)*sqrt(x) J
Sympy [F]
/mcoth_:l (\/E) dx = /racoth (\/a_v) dx
input Lintegrate (x*acoth(x**(1/2)) ,x) J

outputtIntegral(x*acoth(sqrt(X)), x) J
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.86

/:L’COth_l (Vz) dz = %x2arcoth (V) +éx3+%\/__4_1110g (Vz+1) +i log (v
_1)

irlputLintegrate(x*arccoth(x‘(1/2)),x, algorithm="maxima") J

N

§
t‘1/2*x‘2*arccoth(sqrt(x)) + 1/6%x~(3/2) + 1/2xsqrt(x) - 1/4*log(sqrt(x) + 1

outpu
) + 1/4%log(sqrt(x) - 1)

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(26) = 52.

Time = 0.12 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.71

3(va+1)? 3 (Va+l) " 2) 9 ((\/Ej)z n \/5+1> log <ﬁ+1)

2
/accoth_1 (Vz) dz = (ve-1)” Va1 (va—1)° T Va-1 Va—1
3<@—1>3 <ﬁ+1_1)4
inputtintegrate(x*arccoth(x‘(1/2)),x, algorithm="giac") J

(2/3*(3*(sqrt(x) + 1)72/(sqrt(x) - 1)72 - 3*(sqrt(x) + 1)/(sqrt(x) - 1) + 2
)/((sqre(x) + 1)/(sqre(x) - 1) - 1)73 + 2x((sqrt(x) + 1)°3/(sqrt(x) - 1)"3
‘ + (sqrt(x) + 1)/(sqrt(x) - 1))*log((sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x)
+ 1)/(sqrt(x) - 1) - 1)°4

output

\‘

J

N\
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Mupad [B] (verification not implemented)

Time = 3.69 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.62

2 h h 3/2
/ zeoth™ (v/z) do = = aco; (vVa) _ acot 2(\/5) + g + %

input Lint (x*acoth(x~(1/2)) ,x)

OutputL(X‘Z*acoth(x‘(l/Q)))/2 - acoth(x~(1/2))/2 + x~(1/2)/2 + x~(3/2)/6

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.55

acoth(v/z) 2?  acoth(\/z zT z
/mcoth_l(ﬁ) dx = t<2\/_) - t2(\/_)_\/; —%

input Lint (x*acoth(x~(1/2)) ,x)

output L (8*acoth(sqrt (x))*x**2 - 3%acoth(sqrt(x)) - sqrt(x)*x - 3*sqrt(x))/6




-

Lx‘(1/2)+x*arccoth(x“(1/2))-arctanh(x‘(1/2))

output

-

input

output L
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3.41 [ coth™ (v/x) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3271
Rubi [A] (verified) . . . .. . . ... .. 328
Maple [A] (verified) . . . . . . ... L 329
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 330
Sympy [F] . . o o 330
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 3301
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 331
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 331
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... B31]

Optimal result

Integrand size = 6, antiderivative size = 22

/co’ch_1 (vz) dz = vz + zcoth™ (v/z) — arctanh(/z)

-/

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.00

/co’ch_1 (vz) dz = vz + zcoth™ (v/z) — arctanh(/z)

LIntegrate [ArcCoth[Sqrt[x]],x]

-/

Sart[x] + x*ArcCoth[Sqrt([x]] - ArcTanh[Sqrt[x]]
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.32,

number of rules _ 0.667, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6437, 60, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_1 (Vz) dz

l 6437

_ 1 [ Vz
x coth l(ﬁ)—z/l_wdaz

| 60

;(2\/5_ / Wm) +zcoth™! (v/2)
| 73

;(2\/‘ -2 / 1ixd\/5) + zcoth™ (v/z)
| 219

%(2\/_ — 2arctanh(v/z)) + zcoth™ (v/z)

input ‘ Int [ArcCoth[Sqrt [x]],x]

output LX*ArCCOth [Sqrt[x]] + (2xSqrt[x] - 2*ArcTanh[Sqrt[x]]1)/2
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"n/(b*(m + n + 1))), x] + Simp[n*x((b*c - axd)/(
bx(m + n + 1))) Int[(a + b*x)"m*(c + d*x)~(n - 1), x], x] /; FreeQ[{a, b,
c, d}, x] && GtQ[n, 0] &% NeQ[m + n + 1, 0] && !'(IGtQ[m, 0] && ( !Integer
Q[n] |l (GtQ[m, O] && LtQ[m - n, 0]))) && !'ILtQ[m + n + 2, 0] && IntLinear
Qla, b, ¢, d, m, n, x]

rule 60

rule 73 IntLCCa_) + (b_)*(x))" @ )*((c_.) + (d_.)*(x)) (), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p -1/ - c”2%x"(2*n))), x]1, x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQ[p, 11)

rule 6437

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.23

method result size
derivativedivides | z arccoth (v/z) + /z + ! f h_ ln(\/gﬂ) 27
default z arccoth (/) + / + f b _ ln(‘/;ﬂl) 27
parts z arccoth (/) + /z +1 f b _ ln(\/?'l) 27

input Lint (arccoth(x~(1/2)) ,x,method=_RETURNVERBOSE)
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outputt

x*arccoth(x~(1/2))+x~(1/2)+1/2*1n(x~(1/2)-1)-1/2%1n(x~ (1/2)+1)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.09

ot (V) d = Lo 10 (TH2LEH

2 r—1

inputLintegrate(arccoth(x"(1/2)),x, algorithm="fricas")

-

output{m*(x - D*log((x + 2*sqrt(x) + 1)/(x - 1)) + sqrt(x)

e—

Sympy [F]

/co‘ch_:l (\/5) dx = /acoth (\/5) dx

inputLintegrate(acoth(x**(1/2))’x)

outputLIntegral(aCOth(Sqrt(x)), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.18

/co‘ch_1 (Vz) dz = zarcoth (vz) + vz — % log (Vz +1) + % log (vVz —1)

inputLintegrate(arccoth(x‘(1/2)),X, algorithm="maxima")

output

Lx*arccoth(sqrt(x)) + sqrt(x) - 1/2%log(sqrt(x) + 1) + 1/2%log(sqrt(x) - 1) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(16) = 32.

Time = 0.12 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.95

2(vr+1)log ‘/?_Ll
/coth_1 (Vz) dz = \/5+12 + 1(\[ 12
T ()

-

~—

inputtintegrate(arccoth(x‘(1/2)),x, algorithm="giac")

Output‘2/((sqrt(x) + 1)/(sqrt(x) - 1) - 1) + 2x(sqrt(x) + 1)*log((sqrt(x) + 1)/(s ‘
Lqrt(X) - 1))/((sqrt(x) - 1)*((sqrt(x) + 1)/(sqrt(x) - 1) - 1)°2) J

Mupad [B] (verification not implemented)

Time = 3.68 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.73

/coth_1 (vVz) dz = zacoth(v/z) — acoth(v/z) + vz

inputtint(acoth(x“(1/2)),X) J

output tx*acoth(x"(1/2)) - acoth(x~(1/2)) + x~(1/2) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.68

/coth_:l (\/5) dx = a,coth(\/f) T — acoth(\/E) —Vz

inputtint(acoth(x“(1/2)),X) J

Outputtacoth(sqrt(x))*x - acoth(sqrt(x)) - sqrt(x) J




output
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-1

3.42 [ gy

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 333
Maple [B] (verified) . . . . . . . ... 334
Fricas [F] . . . . . . o o 334
Sympy [F] . . o e B34
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... ..
Giac [F] . . . o o o 335
Mupad [F(-1)] . . .« 3361
Reduce [F] . . . . . .o

Optimal result

Integrand size = 10, antiderivative size = 19

/ coth™ (v/z)

1 1
— PolyLog ( 2, ——= ) — PolyLog ( 2, —=
: @ Oyog(’ \/5) Oyog(’ﬁ)

Lpolylog(2,—1/x‘(1/2))-polylog(2,1/x‘(1/2))

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

/ coth™ (/)

T

dx = PolyLog (2, —

NZA

L ) — PolyLog (2, %)

input L

Integrate[ArcCoth[Sqrt[x]]/x,x]

output L

PolyLog[2, -(1/Sqrt[x])] - PolyLogl[2, 1/Sqrt[x]]
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.42,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {6451, 6447}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_1 (V=) i

X

l 6451
coth™ (y/z)
=

l 6447

PolyLog (2, =
2 (; PolyLog (2, —1> - ( \/5) )

Jz 2

dv'z

-

input LInt [ArcCoth[Sqrt[x]]/x,x]

-/

L2*(PolyLog[2, -(1/8qrt[x1)1/2 - PolyLogl2, 1/Sqrt[x11/2)

output

Defintions of rubi rules used

rule 6447‘ Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x ‘
‘1 + (Simp[(b/2)*PolyLogl[2, -(c*x)~(-1)1, x] - Simp[(b/2)*PolyLog[2, 1/(c*x)
L], x]) /; FreeQ[{a, b, c}, x] J

rule 6451‘Int[((a_.) + ArcCoth[(c_.)*(x_)~"(n_)]*(b_.))"(p_.)/(x_), x_Symbol] :> Simp[ ‘
‘1/n Subst[Int[(a + b*ArcCoth[c*x]) p/x, x], x, x"n], x] /; FreeQl[{a, b, c ‘
, n}, x] && IGtQ[p, 0]

N\ J
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 32 vs. 2(15) = 30.

Time = 0.14 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.74

method result size
derivativedivides | In (z) arccoth (v/z) — dilog (v/z) — dilog (v/z + 1) — In(z) ln2(ﬁ+1) 33
default In (z) arccoth (\/5) — dilog (\/E) — dilog (ﬁ + 1) _ In(2) lnéx/aﬂl) 33
parts In (z) arccoth (1/z) — dilog (v/z) — dilog (v/z + 1) — In(x) 1112(\/5-1—1) 33

-

Lint (arccoth(x~(1/2))/x,x,method=_RETURNVERBOSE)

-/

input

‘ 1n(x)*arccoth(x~(1/2))-dilog(x~(1/2))-dilog(x~(1/2)+1)-1/2%1n(x)*1n(x" (1/2 ‘

output
REY |
Fricas [F|
[N g, [ (E)
€ z
input tintegrate (arccoth(x~(1/2))/x,x, algorithm="fricas") J
output Lintegral (arccoth(sqrt(x))/x, x) J
Sympy [F]

/ coth™ (v/2) o — / acoth (1/z) s

T T

input Lintegrate (acoth(x**(1/2))/x,x) J
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output ‘ Integral (acoth(sqrt(x))/x, x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 66 vs. 2(13) = 26.
Time = 0.03 (sec) , antiderivative size = 66, normalized size of antiderivative = 3.47

/ coth™ (v/z)

X

dr = —% (log (vVz +1) —log (vVz — 1)) log (z)
+ arcoth (v/z) log (z) + log (—v/z) log (v + 1)
- % log (z) log (v/z — 1) + Li(vz + 1) — Lis(—v/z + 1)

input Lintegrate (arccoth(x~(1/2))/x,x, algorithm="maxima") J

‘—1/2*(log(sqrt(x) + 1) - log(sqrt(x) - 1))*log(x) + arccoth(sqrt(x))*log(x ‘
‘) + log(-sqrt(x))*log(sqrt(x) + 1) - 1/2xlog(x)*log(sqrt(x) - 1) + dilog(s ‘
‘qrt(x) + 1) - dilog(-sqrt(x) + 1) ‘

output

Giac [F]

/co‘ch_1 (V) o — / arcoth (1/z) e

Z T

input Lintegrate (arccoth(x~(1/2))/x,x, algorithm="giac") J

output Lintegrate (arccoth(sqrt(x))/x, x) J
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Mupad [F(-1)]
Timed out.

T

/ coth™ (y/z) dp — / acoth (y/z) p

T T

inputLint(acoth(x“(1/2))/x,x)

output 12t (acoth(x™(1/2))/x, ®)

Reduce [F]

/ coth™ (v/z) o — / acoth(+/z)

Z T

dz

inputtint(acoth(x“(1/2))/x,x)

outputLint(aCOth(Sqrt(X))/x,x)




output
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-1
3.43  [< VD g,
X
Optimal result . . . . . . . . . . . . . 337
Mathematica [A] (verified) . . . . . . . . . ... B3
Rubi [A] (verified) . . . . . . . . . . 338
Maple [A] (verified) . . . . . . . . ... 3391
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 340)
Sympy [B] (verification not implemented) . . . .. ... ... ... ... .... 3401
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 341]
Giac [B] (verification not implemented) . . . . . .. ... .. ... .. ... 341]
Mupad [B] (verification not implemented) . . ... ... ... ... .. ..... 3411
Reduce [B] (verification not implemented) . . . .. ... ... ... .. .....

Optimal result

Integrand size = 10, antiderivative size = 25

dy = ——— —

z? N

/ coth™ (v/z) 1 coth™ (V=)

X

+ arctanh (/)

L-l/x“(1/2)-arccoth(x“(1/2))/x+arctanh(x“(1/2))

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.80

/ coth™ (v/z) 1 coth™ (V=)
x? NG x

(1—\/5)+%10g(1+\/5)

-

inputt

Integrate[ArcCoth[Sqrt[x]]/x"2,x]

| —

ou_tput‘—(l/Sqrt[x]) - ArcCoth[Sqrt[x]]/x - Logll - Sqrt[x]]/2 + Logll + Sqrtl[x]]1/
2
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28,

number of rules _ 400, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6453, 61, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1
/ coth ™ (va) 4,
x
l 6453
-1
1/ 1 do coth (\/E)
2/ (1-x)x3/2 x
l 61
1(/ 1 p 2) coth™ (v7)
2\) T-a)vz™ " vz z
l 73
1 1 2 coth™ (v/z)
2<2/ 1—xd‘f_\/5> R
l 219
2 coth™ (/)
— <2arctanh(\/5) — ﬁ) - -
input LInt [ArcCoth[Sqrt[x]]/x~2,x]

output ‘

-(ArcCoth[Sqrt[x]]1/x) + (-2/Sqrt[x] + 2*ArcTanh[Sqrt[x]])/2
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Defintions of rubi rules used

rule 61 IrtLC(a.) + (b_)*x))"m)*((c_.) + (d_)*(x_))" (), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((b*c - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && LtQ[m, -1] && !'(LtQ[n, -1] && (EqQla, O
1 Il (NeQ[c, 0] &% LtQ[m - n, 0] &% IntegerQ[n]))) && IntLinearQ[a, b, c, 4
, m, n, xJ

rule 73 IntLCCa_) + (b_)*(x))" @ )*((c_.) + (d_.)*(x)) (), x_Symbol] :> With[

{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x] /; FreeQl{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[mn, 1
] &% IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.28

method result size
derivativedivides —arCCOt;(ﬁ) — ln(‘/f_l) - =+ —ln(‘/§+1) 32
arccoth (/) In(y/z—1) 1 In(y/z+1)
default — p — 5 — 7 + =" 32
parts _arccotmh(\/i) _ ln(\/j—l) _ \/L;: + ln(\/25+1) 39
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t‘int(arccoth(x”(1/2))/x"2,x,method=_RETURNVERBOSE)

inpu
output L‘am“h(f (1/2))/x-1/2%1n(x~(1/2)-1)-1/x~(1/2)+1/2%1n(x" (1/2)+1) J
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.20
COth_l (\/E) (.'E _ 1) IOg <z+2f+1> _ 2\/5
/ 5 dx =
x 2z
inputLintegrate(arccoth(x‘(1/2))/x“2,x, algorithm="fricas") J
Outputp/z*((x - 1)xlog((x + 2*sqrt(x) + 1)/(x - 1)) - 2*sqrt(x))/x J
Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 92 vs. 2(20) = 40.
Time = 0.46 (sec) , antiderivative size = 92, normalized size of antiderivative = 3.68
coth™ (y/7) 3 acoth (V) 222 acoth (V)
/ 2 dr = 5 3 - 5 3
i r2 — 12 xrz —x2
vz acoth (1/x) z? T
+ 5 3 T8 ER 3
r2 —XI2 Tr2 —I2 xr2 — 12
inputLintegrate(acoth(x**(1/2))/x**2,x) J
output ‘x**(5/2)*acoth(sqrt(x))/(x**(5/2) - x*%(3/2)) - 2*x**(3/2)*acoth(sqrt(x))/

‘(x**(5/2) - x*x(3/2)) + sqrt(x)*acoth(sqrt(x))/(x**(5/2) - x**(3/2)) - x**
‘2/(x**(5/2) - x*x(3/2)) + x/(x**%(5/2) - x*x(3/2))

\‘




CHAPTER 3. LISTING OF INTEGRALS 341

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.24

/ —COth_;z(ﬁ) dz = ——amt};(ﬁ) - % -+ % log (Vz +1) — % log (vz — 1)

input‘integrate(arccoth(x”(1/2))/x"2,x, algorithm="maxima")

‘—arccoth(sqrt(x))/x - 1/sqrt(x) + 1/2*log(sqrt(x) + 1) - 1/2*log(sqrt(x) -

v |

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 65 vs. 2(19) = 38.

Time = 0.12 (sec) , antiderivative size = 65, normalized size of antiderivative = 2.60

+
2 Vr+1 - 2
z vt (va-1) (%4 +1)

/ coth™ (y/z) 2 2 (v +1)log (ﬁﬂ)

input ‘ integrate(arccoth(x~(1/2))/x~2,x, algorithm="giac") ‘

output‘2/((sqrt(x) + 1)/(sqrt(x) - 1) + 1) + 2x(sqrt(x) + 1)*log((sqrt(x) + 1)/(s
qrt(x) - 1))/((sqrt(x) - 1*((sqrt(x) + 1)/(sqrt(x) - 1) + 1)72)

Mupad [B] (verification not implemented)

Time = 3.73 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.72

/ coth™ (v/z) do = atanh (V) — acoth(v/z) + vz

2 T

input 10t (acoth (™ (1/2))/x°2,2) J
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output Latanh(x*(i/m - (acoth(x"~(1/2)) + x~(1/2))/x

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.68

xTr =
2 T

/ coth™ (v/z) p acoth(y/z) x — acoth(/z) + /z

inputLint(acoth(x“(1/2))/X”2,X)

outputt(aCOth(sqrt(x))*X - acoth(sqrt(x)) + sqrt(x))/x
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3.44 [N VA gy

3
Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... . L
Rubi [A] (verified) . . . . . . . . . . 344
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 346]
Sympy [B] (verification not implemented) . . . .. ... ... ... ... .... 346
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 347
Giac [B] (verification not implemented) . . . . . .. ... .. ... .. ... 347
Mupad [B] (verification not implemented) . . ... ... ... ... .. .....
Reduce [B] (verification not implemented) . . . .. ... ... ... .. .....

Optimal result

Integrand size = 10, antiderivative size = 42

coth™ (v/z) e — 1 1 coth™ (v/z) N arctanh (/)
/ z3 =T 0T 212 2
output L-l/G/x” (3/2)-1/2/x~(1/2)-1/2*arccoth(x~(1/2)) /x~2+1/2*arctanh(x~(1/2)) J
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.38
coth™ (v/z) 1 1 coth™'(vz) 1 1
/de__6x3/2_2\/g_n_ 572 —A—llog(l—\/i)—ké—llog(l-i—\/f)
input {Integrate [ArcCoth([Sqrt[x]]/x"3,x] }

output‘—l/G*l/x“(S/Q) - 1/(2*Sqrt[x]) - ArcCoth[Sqrt[x]]/(2%x~2) - Logl[l - Sqrt([x ‘
11174 + Loglt + Sqrt[x11/4 |
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.02,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6453, 61, 61, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_1 (V=) i

I3
| 6453
1/ 1 d coth™ (V)
1) Q—z)252™ 2172
| 61
1 / L 2 coth™ (/)
4 (1 — x)x3/2 T 3530 212

input ‘ Int [ArcCoth[Sqrt[x]]/x"3,x] ‘

|-1/2%ArcCoth[Sqrt[x]11/x°2 + (-2/(3%x~(3/2)) - 2/Sqrtlx] + 2*ArcTanh[Sqrtlx

output 1)/a |
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Defintions of rubi rules used

rule 61 IrtLC(a.) + (b_)*x))"m)*((c_.) + (d_)*(x_))" (), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((b*c - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && LtQ[m, -1] && !'(LtQ[n, -1] && (EqQla, O
1 Il (NeQ[c, 0] &% LtQ[m - n, 0] &% IntegerQ[n]))) && IntLinearQ[a, b, c, 4
, m, n, xJ

rule 73 IntLCCa_) + (b_)*(x))" @ )*((c_.) + (d_.)*(x)) (), x_Symbol] :> With[

{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)], x1]1 /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))=*
ArcTanh[Rt [-b, 2]*(x/Rt[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qlfa, 01 Il LtQ[b, 01)

rule 219

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n]) p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Intlx"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x] /; FreeQl{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQ[p, 11 || (EqQ[mn, 1
] &% IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 37, normalized size of antiderivative = 0.88

method result Size
derivativedivides —w _ 6_1% _ ﬁi n ln(\{fﬂ) _ 1n(\<f_1) 37
default _W _ 6% _ #5 + ln(\{f-}—l) B 1n(@_1) 57
parts _% _ 6ng _ ﬁi + ln(\{f-kl) B 1n(€_1) a7
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input‘int(arccoth(x”(1/2))/X“3,x,method=_RETURNVERBOSE)

output
(x(1/2)-1)

‘—1/2*arccoth(x‘(1/2))/x‘2-1/6/x‘(3/2)—1/2/x‘(1/2)+1/4*1n(x‘(1/2)+1)—1/4*1n

Fricas [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.90

z—1

3(z? —1)log (L‘/EH

)—2@x+n¢5

/ coth™ (v/z) o —

z3 12 x2

input

Lintegrate (arccoth(x~(1/2))/x"3,x, algorithm="fricas")

output
‘x“2

(1/12%(3%(x°2 - 1)*log((x + 2*sqrt(x) + 1)/(x - 1)) - 2%(3+x + 1)*sqrt(x))/

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 160 vs. 2(36) = 72.

Time = 0.92 (sec) , antiderivative size = 160, normalized size of antiderivative = 3.81

/ coth™ (v/z) o — 323 acoth (/z) B 323 acoth (1/z) _ 322 acoth (/z)

x3 65(3% By Gx% — Gz% 6:0% — 6x%
3v/z acoth (/) 323 222 T
+ 7 5 - 7 5 7 5 7 5
62z — 622 6xz —6x2 6x2z —6x2 6r2z — 622

e

inputtintegrate(acoth(x**(1/2))/x**3,x)

~—
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3*x**(7/2)*acoth(sqrt (x))/(6*x**(7/2) - 6*x**(5/2)) - 3*x**(5/2)*acoth(sqr
t(x))/ (6%x*k*x(7/2) - 6+x**(5/2)) - 33xx**(3/2)*acoth(sqrt(x))/(6*x**(7/2) -
6*x**(5/2)) + 3xsqrt(x)*acoth(sqrt(x))/(6*x**(7/2) - 6*xx*x(5/2)) - 3*x**3/
(B*xxxx(7/2) — 6xx**x(5/2)) + 2*x**2/(6xx**(7/2) - 6*x*x*(5/2)) + x/(6*x*x(7/
2) - 6*xxx*x(5/2))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.86

coth™ (v/z) 3z+1 arcoth (vz) 1 1

-

Lintegrate(arccoth(x‘(1/2))/x‘3,x, algorithm="maxima")

-/

input

-1/6%(3%x + 1)/x"(3/2) - 1/2*arccoth(sqrt(x))/x"2 + 1/4xlog(sqrt(x) + 1) -
1/4%1log(sqrt(x) - 1)

N\ J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 114 vs. 2(26) = 52.

Time = 0.12 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.71

(RIS 4 (S ) s ()

3 (§+} +1) (ﬁ*} +1)

[ ),

-/

p
inputLintegrate(arccoth(x‘(1/2))/x‘3,x, algorithm="giac")

Output‘2/3*(3*(sqrt(x) + 1)72/(sqrt(x) - 1)72 + 3*(sqrt(x) + 1)/(sqrt(x) - 1) + 2
‘)/((sqrt(x) + 1)/(sqrt(x) - 1) + 1)73 + 2x((sqrt(x) + 1)73/(sqrt(x) - 1)73
\ + (sqrt(x) + 1)/(sqrt(x) - 1))*log((sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x) \

C+ 1) /(sqrt(x) - 1) + 1)74
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Mupad [B] (verification not implemented)

Time = 4.15 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.07

/ coth™ (v/z) o — In <1 - %5) 241l In (%5 + 1) atan(y/z 1i) 1i
B - - - 2

x3 4 z2 x3/2 4 2

input tint (acoth(x~(1/2))/x"3,x) J

Log(1 - 1/x7(1/2))/(4*x"2) - (atan(x"(1/2)*11)*11)/2 - (x/2 + 1/6)/x"(3/2)

output
- Log(1/x7(1/2) + 1/ (4xx"2) )

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.62

"E =
3 62

/ coth™ (y/z) do — 3acoth(y/z) 2* — 3acoth(y/z) + 3Tz + /T

input Lint (acoth(x~(1/2))/x"3,%) J

‘ (3*acoth(sqrt (x) ) *x**2 - 3*acoth(sqrt(x)) + 3*sqrt(x)*x + sqrt(x))/(6xx**2 ‘

) |

output
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3.45 [ 232 coth™ (V/x) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented)
Sympy [B] (verification not implemented)
Maxima [A] (verification not implemented)
Giac [B] (verification not implemented)
Mupad [B] (verification not implemented)
Reduce [B] (verification not implemented)

Optimal result

Integrand size = 12, antiderivative size = 38

/x3/2 coth™* (\/g_v) dxr =

r 2 1
ST 4 252 -1 - -
5 + 10 + 5z coth (\/5) + 5 log(1l — )

output

L1/5*x+1/10*x‘2+2/5*x‘(5/2)*arccoth(x”(1/2))+1/5*1n(1—x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

/:1:3/2 coth™ (\/5) dx

10

! (z(2+ )+ 43°/2 coth™ (/z) + 2log(1 — z))

input

‘ Integrate[x~(3/2)*ArcCoth[Sqrt [x]],x]

-

output L

(x*%(2 + x) + 4*x~(5/2)*ArcCoth[Sqrt[x]] + 2+Logl[1l - x])/10

| —
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92,

number of rules _ 0.250, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/:c3/2 coth™! (\/5) dx
l 6453
2 52 ~1 _1/ z2
5L coth™ (vz) =/ 1 —xdw
l 49
2 52 -1 _1/ B 1
5 coth™ (V) 5 $+1_x 1)dz
| 2009
5/2 -1 1/ z?
—z*?coth™ (Vz) + sl +z +log(l —x)
input LInt [x~(3/2)*ArcCoth [Sqrt [x]],x] J

Output‘(2*x‘(5/2)*ArcCoth[Sqrt[x]])/5 + (x + x°2/2 + Logll - x1)/5

Defintions of rubi rules used

rule 49‘Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int ‘
‘[ExpandIntegrand[(a + b*x) “m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] ‘
& 1GtQ[m, 0] && IGtQm + n + 2, 0] |

rule 2009 Imt[u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]
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Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92

method result Size
5

derivativedivides w + & + + (\f 1) + (f +1) | g5
5

default M +z + + (f—l) " n(\/55+1) 35

input| 10t (x”(3/2)%arccoth(x™(1/2)) ,x, method=_RETURNVERBOSE) |

‘ 2/5%x~ (5/2)*arccoth(x~(1/2))+1/10*x~2+1/5*x+1/5*%1n(x~(1/2)-1)+1/5*1n(x~(1/ ‘

output
P 12)+1) |
Fricas [A] (verification not implemented)
Time = 0.10 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.92
_ L s z+2yr+1 1 1 1
3/2 coth™ dr = —x21 _— — i+ -1 -1
/x co (Vz) dz - @ log 1 tp% Tt og(z—1)
input Lintegrate (x~(3/2)*arccoth(x~(1/2)),x, algorithm="fricas") J

output\ 1/5%x™(5/2)*log((x + 2xsqrt(x) + 1)/(x - 1)) + 1/10%x™2 + 1/5*x + 1/5%log( |
‘x - 1) ‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 121 vs. 2(29) = 58.

Time = 0.83 (sec) , antiderivative size = 121, normalized size of antiderivative = 3.18

4z7 acoth (v/z) 4z acoth (/)

/x3/2 coth™ (Vz) dz =

10z — 10 10z — 10
z3 z2 4zlog (v +1) 4zacoth (1/z)
+10x—10+1093—10+ 10z — 10 10z -10
_ 4log (Vz+1) N 4acoth (/z) 2
10z — 10 10z — 10 10z — 10

e

integrate (x**(3/2)*acoth(x**(1/2)) ,x)

~—

input L

Output‘4*x**(7/2)*acoth(sqrt(x))/(lO*x - 10) - 4xxxx(5/2)*acoth(sqrt(x))/(10*x - ‘
‘10) + x*#*3/(10%x - 10) + x**2/(10*x - 10) + 4*x*log(sqrt(x) + 1)/(10*x - 1
‘O) - 4xx¥acoth(sqrt(x))/(10*x - 10) - 4*xlog(sqrt(x) + 1)/(10xx - 10) + 4x*a ‘
‘coth(sqrt(x))/(10%x - 10) - 2/(10%x - 10) |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.63

2 1 1 1
/z3/2 coth™ (Vz) dz = s % arcoth (V) + M z® + Tt log (z — 1)

input‘integrate(XA(3/2)*arccoth(x”(1/2)),x, algorithm="maxima")

-

output L2/5*X”(5/2)*arcc0th(sqrt(x)) + 1/10%x~2 + 1/5%x + 1/5%log(x - 1)

| —
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 168 vs. 2(26) = 52.

Time = 0.12 (sec) , antiderivative size = 168, normalized size of antiderivative = 4.42

(Va+)’ _ (Vo)) f+1>

X 9 ( ((f+1) 410 (vVa+1)® n 1> log ( ﬁfi)
Va—1

/x3/2coth_1 (\/E) dx=8<(\/5—1)3 (Va-1)
) M

VI +1 2 <f+1 D

+ 2 1o (!\/_—1! 51 NGRS 1

1
z+1
5 (%2t - 1)
(i)
input Lintegrate (x~(3/2)*arccoth(x~(1/2)) ,x, algorithm="giac")

8/5*((sqrt(x) + 1)73/(sqrt(x) - 1)°3 - (sqrt(x) + 1)72/(sqrt(x) - 1)°2 + (

sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x) + 1)/(sqrt(x) - 1) - 1)74 + 2/5%(5x%(

sqrt(x) + 1)74/(sqrt(x) - 1)74 + 10*(sqrt(x) + 1)72/(sqrt(x) - 1)72 + 1)*1

og((sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x) + 1)/(sqrt(x) - 1) - 1)°5 + 2/5%

log((sqrt(x) + 1)/abs(sqrt(x) - 1)) - 2/5%log(abs((sqrt(x) + 1)/(sqrt(x) -
1) - 1))

output

Mupad [B] (verification not implemented)

Time = 3.86 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.63

_ ¢ In(z—1) 2z°2acoth(vz) «?
/x3/2coth 1(\/3_5) dx=g+ 5 + 5 +1_0

input‘int(x"(3/2)*acoth(X”(1/2)),X)

outputtx/s + log(x - 1)/5 + (2*x~(5/2)*acoth(x~(1/2)))/5 + x~2/10
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

2 2 9 21 -1 2
[ (/5 da = WEIBDNE 2b(E)_ 2oslE1) 2

input Lint (x~(3/2)*acoth(x~(1/2)) ,x) J

‘ (4*sqrt(x) *acoth(sqrt(x) ) *x**2 + 4xacoth(sqrt(x)) - 4*log(sqrt(x) - 1) - x

output
**2 - 2%x)/10

J

N



-

output

-

input

output L
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3.46 [ Vxcoth™ (vx) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3551
Rubi [A] (verified) . . . .. . . ... .. 350
Maple [A] (verified) . . . . . . ... L 357
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 357
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 358
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [F(-1)] . . . o o 359
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 359

Optimal result

Integrand size = 12, antiderivative size = 31

/\/Ecoth_1 (Vz) dz = g + §x3/2 coth™ (vz) + élog(l — )

L1/3*x+2/3*x‘(3/2)*arccoth(x‘(1/2))+1/3*1n(1—x)

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.81

/\/agcoth_1 (V) dz = < (z + 2232 coth™ (v/z) + log(1 — 7))

L
3

LIntegrate [Sqrt [x]*ArcCoth[Sqrt [x]],x]

-/

(x + 2%x~(3/2)*ArcCoth[Sqrt[x]] + Logl[l - x1)/3
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.90,

number of rules _ 0.250, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6453, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ Vzcoth™ (V) d
l 6453
2 32 -1 1 / z
3:v coth (\/5) 3/ 1= xdw
l»49
2 32 -1 1 I
5@ coth™ (V) — 3 (1__x 1>dx
l 2009
§x3/2 coth™! (\/E) + %(I + log(l — x))
input LInt [Sqrt [x]*ArcCoth[Sqrt[x]],x] J
Outputi(2*x‘(3/2)*ArcCoth[Sqrt[x]])/3 + (x + Logll - x1)/3 j

Defintions of rubi rules used

ruk349‘Int[((a_-) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
‘[ExpandIntegrand[(a + b*x) "m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] ‘
\&& IGtQ[m, 0] && IGtQ[m + n + 2, 0]

ruka2009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
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Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.97

method result size
3

derivativedivides | 22>2eoth(ve) | o 4 In(vaml) | In(vatl) | g
3

default 2x2 arcc?’oth(\/i) + % + ln(\/?’i—l) + ln(\/35+1) 30

input‘int(x"(1/2)*arccoth(x"(1/2)),x,method=_RETURNVERBOSE)

L2/3*x“(3/2)*arccoth(x“(1/2))+1/3*x+1/3*1n(x“(1/2)—1)+1/3*1n(x“(1/2)+1)

output
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.97
1 2 1 1 1
/\/agcoth_1 (Vz) dz = ~ 2% log z+2ye+l +-z+ < log(z—1)
3 z—1 3 3
input ‘ integrate(x~(1/2)*arccoth(x~(1/2)) ,x, algorithm="fricas")

output‘ 1/3*x~(3/2)*log((x + 2*sqrt(x) + 1)/(x - 1)) + 1/3*x + 1/3xlog(x - 1)
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Sympy [F]
/\/Ecoth_1 (Vz) dz = /\/Eacoth (Vz) dz
input | 1ategrate (xxx (1/2) xacoth (xxx(1/2)),x) )
OutputLIntegral(sqrt(x)*acoth(sqrt(x)), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.61

/\/Ecoth_1 (Vz) dz = gacg arcoth (v/z) + %x + % log (z — 1)

input‘integrate(x“(1/2)*arccoth(x"(1/2)),x, algorithm="maxima")

outputP/?’*XA(3/2)*ar°°°th(sqrt(X)) + 1/3*%x + 1/3xlog(x - 1) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 119 vs. 2(21) = 42.

Time = 0.12 (sec) , antiderivative size = 119, normalized size of antiderivative = 3.84

[ Voo (V) ds = - (Cegr+ s () ava+)
(-1 sE-n(E )

() -3 ()

inputLintegrate(x*(1/2)*arccoth(x”(1/2)),x, algorithm="giac")
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t‘2/3=o<(3=i<(sqr‘c(x) + 1)72/(sqrt(x) - 1)72 + 1)*log((sqrt(x) + 1)/(sqrt(x) - 1 ‘
N/ ((sqre(x) + 1)/(sqre(x) = 1) - 173 + 4/3+(sqrt(x) + 1)/((sqrt(x) - 1%
‘((sqrt(x) + 1)/(sqrt(x) - 1) - 1)72) + 2/3xlog((sqrt(x) + 1)/abs(sqrt(x) - ‘
‘ 1)) - 2/3%log(abs((sqrt(x) + 1)/(sqrt(x) - 1) - 1)) ‘

outpu

Mupad [F(-1)]
Timed out.

/\/Ecoth_l (\/5) dx = /\/g_vacoth(\/i) dx

input‘ int (x~(1/2)*acoth(x~(1/2)),x) ‘

output Lint (x~(1/2)*acoth(x~(1/2)), x) J

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

/\/Ecoth_l (VZ) dz = 2V aco;h(\/i) . 2acot§(\/5) _ 210g(\f— 1) g

input Lint (x~(1/2)*acoth(x~(1/2)) ,x) J

OutputL(2*sqrt(x)*acoth(sqrt(x))*x + 2xacoth(sqrt(x)) - 2*log(sqrt(x) - 1) - x)/3 J




outputt
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coth™! (vx)
3.47 | dx
VI

Optimal result . . . . . . . . . . . . . 3601
Mathematica [A] (verified) . . . . . . . . . ... 360
Rubi [A] (verified) . . . . . . . . . . 3611
Maple [A] (verified) . . . . . . ... L 362
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 362
Sympy [B] (verification not implemented) . . ... ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... .. 363
Giac [B] (verification not implemented) . . . . . . . .. ... ... ... .. ... 363l
Mupad [B] (verification not implemented) . . . .. ... .. ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 12, antiderivative size = 20

coth™ (v/z)
N

dz = 2¢/z coth™ (v/z) + log(1 — z)

2xx~(1/2) *arccoth(x~(1/2))+1n(1-x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

coth™ (v/z)
Nz

dz = 2¢/z coth™ (v/z) + log(1 — z)

inputt

Integrate[ArcCoth[Sqrt [x]]/Sqrt[x],x]

output L

2xSqrt [x] *ArcCoth[Sqrt[x]] + Logl[l - x]




CHAPTER 3. LISTING OF INTEGRALS 361

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of steps used = 2, number of rules used = 2,

number of rules _ 0.167, Rules
integrand size

used = {6453, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1
coth™ (va) .
NZ3
| 6453
2v/zcoth™ (Vz) — / . i mda:
| 16
log(1 — z) + 2v/z coth™! (V=)
input LInt [ArcCoth[Sqrt[x]]/Sqrt[x],x]

-

output L

2xSqrt [x] *ArcCoth[Sqrt[x]] + Logl[l - x]

-/

Defintions of rubi rules used

rule 16

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]11/b), x] /; FreeQ[{a, b, c}, xI]

rule 6453

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c~2*x~(2*n))), x
1, x1 /; FreeQl[{a, b, c, m, n}, x] & IGtQ[p, 0] && (EqQlp, 11 || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 15, normalized size of antiderivative = 0.75

method result size
derivativedivides | 2,/ arccoth (v/z) +1n(z —1) | 15
default 2y/z arccoth (y/z) +In(z —1) | 15

inputLint(arccoth(x‘(1/2))/x‘(1/2),x,method=_RETURNVERBOSE)

OutputLQ*XA(l/Q)*arccoth(x‘(1/2))+1n(x—1)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.20

coth™ (v/z)

z+2/x+1
N

dwz\/Elog( 1

) +log (-1

inputLintegrate(arccoth(x‘(1/2))/x”(1/2),x, algorithm="fricas")

output qurt(x)*log((x + 2xsqrt(x) + 1)/(x - 1)) + log(x - 1)

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 87 vs. 2(17) = 34.

Time = 0.21 (sec) , antiderivative size = 87, normalized size of antiderivative = 4.35

coth™ (v/z) o 222 acoth (/z) _ 2y/zacoth (V) N 2zlog (v/z + 1)

VT v z—1 z—1 z—1
2zacoth (vz) 2log (vz+1) 2acoth (/z)
B z—1 B z—1 + z—1

inputLintegrate(acoth(x**(1/2))/x**(l/g),x)
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‘2*x**(3/2)*acoth(sqrt(x))/(x - 1) - 2*sqrt(x)*acoth(sqrt(x))/(x - 1) + 2*x ‘
‘*log(sqrt(x) + 1)/(x - 1) - 2xx¥acoth(sqrt(x))/(x - 1) - 2xlog(sqrt(x) + 1
)/(x = 1) + 2*acoth(sqrt(x))/(x - 1)

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.80

coth™ (v/z)

T dz = 2+/rarcoth (v/z) + log (—z + 1)

inputLintegrate(arccoth(x‘(1/2))/x*(1/2),x, algorithm="maxima" J

e

ou_tputt2*sqr1:(x)>|=arccoth(sqrt(x)) + log(-x + 1)

~—

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(16) = 32.

Time = 0.12 (sec) , antiderivative size = 70, normalized size of antiderivative = 3.50

coth™ (V) 4 2 1os (741) —|—210g< o ) _ZIOg( e 1‘)

VT == vz —1] Ve-1

input Lintegrate (arccoth(x~(1/2))/x~(1/2) ,x, algorithm="giac") ‘

output 2*Log((sart () + 1)/(sqre(x) - 1)/((sqre(x) + 1)/(sqrt () = 1) - 1) + 241
Log((sqrt(x) + 1)/abs(sqrt(x) - 1)) - 2*log(abs((sqrt(x) + 1)/(sqrt(x) - 1)
-1 |




CHAPTER 3. LISTING OF INTEGRALS 364

Mupad [B] (verification not implemented)

Time = 3.75 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.70

coth™ (v/z)

— dz =1In(z — 1) + 2/zacoth(y/z)

inputLint(acoth(x“(1/2))/x*(1/2),X)

output 1OBGX = 1)+ 25x™(1/2)*acoth(x"(1/2))

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

coth™ (v/z)

— dz = 2v/z acoth(+/z) + 2acoth(v/z) — 2log(v/z — 1)

inputLint(acoth(x"(1/2))/X“(1/2),X)

output LQ* (sqrt(x)*acoth(sqrt(x)) + acoth(sqrt(x)) - log(sqrt(x) - 1))




output
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3.48  [OM(E) g,
* 23/2

Optimalresult . . . . . . . . .. . .. 365
Mathematica [A] (verified) . . . . . . . . ... . L Lo 365
Rubi [A] (verified) . . . . . . . .. .. 360
Maple [A] (verified) . . . . . . . . . . 367
Fricas [A] (verification not implemented) . . . . . . . ... . ... ... ..... 368
Sympy [B] (verification not implemented) . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... .. ... 3691
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 369
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 369
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 370

Optimal result

Integrand size = 12, antiderivative size = 24

Tr =

z3/2 N

/ coth™ (y/x) p _2coth_:l (V)

—log(1 — z) + log(x)

-

N

-2%arccoth(x~(1/2))/x~(1/2)-1n(1-x)+1n(x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

oz Nz

/ coth™ (y/z) p _2coth_:l (V)

—log(1 — z) + log(x)

input ‘ Integrate[ArcCoth[Sqrt [x]]1/x7(3/2),x]

output ‘ (-2%ArcCoth[Sqrt[x]1]1)/Sqrt[x] - Logll - x] + Logl[x]
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6453, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_1 (V=) i

2372
l 6453
/ 1 i — 2coth™ (/z)
(

X

1—1z)x NZ3

| 47

2 coth™!
/ ! dm-{—/ldx—co (va)
l—z x NZ7

input LInt [ArcCoth[Sqrt[x]1/x~(3/2),x]

output L(—2*ArcCoth [Sqrt[x1])/Sqrt[x] - Logll - x] + Logl[x]
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Defintions of rubi rules used

rule 14‘Int[(a_.)/(x_), x_Symbol] :> Simp[axLoglx], x] /; FreeQ[a, x]

rule 16 Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]
rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(b*c
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - axd) Int[1/(c + d*x), x
1, x]1 /; FreeQ[{a, b, c, d}, x]
rule 6453 Int[((a_.) + ArcCoth[(c_.)*(x_)~(n_.)I*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x"n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.21

method result size
derivativedivides —w —In(yz—1)+In(z) - In(vz+1) | 29
default —w —In(yz—1)+In(z) —In(yz+1) | 29

-

input Lint (arccoth(x~(1/2))/x~(3/2) ,x,method=_RETURNVERBOSE)

-/

output L—2*arccoth(XA (1/2))/x~(1/2)-1n(x~(1/2)-1)+1n(x)-1n(x" (1/2) +1)
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Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.50

x prd
x3/2 x

/Eﬂijl@_ wlog(z —1) ~zlog(z) + vz log (357

inputtintegrate(arccoth(x‘(1/2))/x"(3/2),x, algorithm="fricas") J

-

-(xxlog(x - 1) - x*log(x) + sqrt(x)*log((x + 2*sqrt(x) + 1)/(x - 1)))/x

-/

output L

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(20) = 40.

Time = 0.36 (sec) , antiderivative size = 126, normalized size of antiderivative = 5.25

Tr =

/ coth™ (v/z) p _2x% acoth (y/z) N 2/z acoth (/z)

x3/2 2 —x 2 —x
z?log (z) 2z?log (v +1) 2z*acoth (v/z)
+ - +
z2—z 22—z 2 —z
_ zlog (z) N 2zlog (vz+1) 2zacoth (v/z)
z2—z 2 —z 2 —z
input 1ntegrate (acoth (or (1/2)) /xx*(3/2) ,%) J

output‘ -2%x**x (3/2) ¥acoth(sqrt (x))/(x**2 - x) + 2*sqrt(x)*acoth(sqrt(x))/(x**2 - x

\) + xx*#2x1log(x)/(x**2 — x) - 2xx**x2*log(sqrt(x) + 1)/(x**2 — x) + 2kx**2*a
‘coth(sqrt(x))/(x**2 - x) - xxlog(x)/(x*#*2 - x) + 2xx*log(sqrt(x) + 1)/(x*x*

1
Lz - x) - 2%x*acoth(sqrt(x))/(x**2 - x) J
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.75

coth™ VT 2 arcoth (v/z
input Lintegrate (arccoth(x~(1/2))/x~(3/2) ,x, algorithm="maxima") J
output L-2*arccoth(sqr1; (x))/sqrt(x) - log(x - 1) + log(x) J

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 70 vs. 2(20) = 40.

Time = 0.12 (sec) , antiderivative size = 70, normalized size of antiderivative = 2.92

o D (i) o

wr T T Va—1] Va-1

input Lintegrate (arccoth(x~(1/2))/x~(3/2) ,x, algorithm="giac") J

‘2*log((sqrt(x) + 1)/(sqrt(x) - 1))/((sqrt(x) + 1)/(sqrt(x) - 1) + 1) - 2%1 \
‘og((sqrt(x) + 1)/abs(sqrt(x) - 1)) + 2xlog(abs((sqrt(x) + 1)/(sqrt(x) - 1) ‘
1) |

output

Mupad [B] (verification not implemented)

Time = 3.77 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.92

2 acoth (/z)

/ coth™ (v/z) e

p=Tp dz=2In(yz) —In(z—1) -

inputLint(acoth(x*(1/2))/x‘(3/2),X) J
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output | 2¥10BG"(1/2)) - log(x - 1) - (2+acoth(x"(1/2)))/x"(1/2) J

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.42

/ coth™ (v/z) o —2y/z acoth(y/z) — 2acoth(y/z) + 2v/zlog(v/z — 1) — 2/zlog(1/x)
3/2 \/5

input Lint (acoth(x~(1/2))/x~(3/2) ,%) J

t‘ (2% ( - sqrt(x)*acoth(sqrt(x)) - acoth(sqrt(x)) + sqrt(x)*log(sqrt(x) - 1) ‘

outpu
‘ - sqrt(x)*log(sqrt(x))))/sqrt(x) ‘




outputt

input

output
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3.49 f coth_l(axn) dx

T

Optimal result . . ... ... .........
Mathematica [C] (verified) . . . . . ... ...
Rubi [A] (verified) . . ... ... ... ....
Maple [A] (verified) . . . . . . ... ... ...
Fricas [B] (verification not implemented) . . .
Sympy [F] . .. ... .. L
Maxima [B] (verification not implemented) . .
Giac [F] . . ... ..o
Mupad [F(-1)] . ... .. ... ... ... ..

Optimal result

Integrand size = 10, antiderivative size = 38

2n

T SR
z 2n

1/2*polylog(2,-1/a/(x"n))/n-1/2*polylog(2,1/a/(x"n))/n

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.04 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.37

) + (coth™ (az™) —arctanh(az™)) log(z)

1 111.3 3.,2.2
/Coth (az™) d:c—axn3F2(§’§’ 15,907

1
T n

LIntegrate [ArcCoth[a*x"n] /x,x]

‘(a*x‘n*HypergeometricPFQ[{1/2, 1/2, 1}, {3/2, 3/2}, a~2*x~(2*n)])/n + (Arc

‘ Coth[a*x"n] - ArcTanh[a*x"n])*Log[x]




input

output

rule 6447

rule 6451
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Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95,

number of rules _ 0.200, Rules
integrand size

number of steps used = 3, number of rules used = 2,
used = {6451, 6447}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x

/coth_1 (az™) i

l 6451

[z~ coth™ (az™) dz™
n
| 6447

3 PolyLog (2’ —§) — 1 PolyLog (2, %)
n

‘ Int [ArcCoth[a*x~n]/x,x]

L(PolyLog [2, -(1/(a*x"n))]/2 - PolyLog[2, 1/(a*x"n)]1/2)/n J

Defintions of rubi rules used

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))/(x_), x_Symboll :> Simp[a*Logl[x], x
] + (Simp[(b/2)*PolyLogl[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLogl[2, 1/(c*x)
1, x1) /; FreeQ[{a, b, c}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_)I*(b_.))"(p_.)/(x_), x_Symbol] :> Simpl[
1/n Subst[Int[(a + b*ArcCoth[c*x])~p/x, x], x, x"nl, x] /; FreeQl[{a, b, c
, ny, x] && IGtQ[p, O]




CHAPTER 3. LISTING OF INTEGRALS 373

Maple [A] (verified)

Time = 0.27 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.18

method result size
. 1 1)1 i il i il 41
risch __In(az 2) n(az™) _ dilog(az™) _ dilog(az™+1) 45
n 2n 2n
dilog(az™) dilog(az™+1) In(az™)In(az"+1)
. . .. In(a x™) arccoth(a x™)— — —
derivativedivides (a2”) (a2”) 2 2 2 53

n
dilog(a z™) _ dilog(a z™+1) _ In(az™)In(az™+1)

2 2 2 53

n

In(az™) arccoth(a z™)—

default

input‘int(aICCOth(a*X“n)/X,X,meth0d=_RETURNVERBOSE)

outputL—1/2/n*1n(a*x"n—1)*ln(a*x"n)—1/2/n*dilog(a*x"n)-1/2/n*dilog(a*x"n+1) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 128 vs. 2(32) = 64.
Time = 0.10 (sec) , antiderivative size = 128, normalized size of antiderivative = 3.37

/ coth™ (az™) dp —

T

nlog (acosh (nlog (z)) + asinh (nlog (x)) + 1) log () — nlog (—a cosh (nlog (z)) — asinh (nlog (z)

inputLintegrate(arccoth(a*x"n)/x,x, algorithm="fricas") J

-1/2*%(n*log(a*cosh(n*log(x)) + a*sinh(n*log(x)) + 1)*log(x) - nxlog(-a*cos
h(n*log(x)) - a*sinh(n*log(x)) + 1)*log(x) - n*xlog(x)*log((a*cosh(n*log(x)
) + a*sinh(n*log(x)) + 1)/(axcosh(n*log(x)) + a*sinh(n*log(x)) - 1)) - dil
og(a*cosh(n*log(x)) + a*sinh(n*log(x))) + dilog(-a*cosh(n*log(x)) - a*sinh
(n*log(x))))/n

output
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Sympy [F]

-1 n n
/ coth™ (az™) dp — / acoth (az™) i

Z T

input ‘ integrate (acoth(a*x**n)/x,x) ‘

outputLIntegral(acoth(a*x**n)/x, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 147 vs. 2(32) = 64.

Time = 0.10 (sec) , antiderivative size = 147, normalized size of antiderivative = 3.87

-1 n l ax™+1 1 azx”™—1
/—COth (ax)dx=—1an<og( z )— o8 (* >>log(z)
z 2 an an
+1 un log (az" +1)log (z) — log (az" —1)log (z)  nlog(az”™ + 1)log (z) + Liz(—az") 4 nlog (—a
2 an an?
+ arcoth (az™) log ()

p
Lintegrate (arccoth(a*x™n)/x,x, algorithm="maxima")

-/

input

‘—1/2*a*n*(log((a*x‘n + 1)/a)/(a*n) - log((a*x™n - 1)/a)/(a*n))*log(x) + 1/ ‘
‘2*a*n*((log(a*x‘n + 1)*log(x) - log(a*x™n - 1)*log(x))/(a*n) - (n*log(a*xx” ‘
'n + 1)*log(x) + dilog(-a*x™n))/(a*n~2) + (nxlog(-a*x™n + 1)*log(x) + dilog |
‘ (a*x"n))/(a*n~2)) + arccoth(a*x"n)*log(x) ‘

output
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Giac [F]

-1 n n
/ coth™ (azx™) dr — / arcoth (ax™) s

T T

i - i =4 n
inputLlntegrate(arccoth(a*x n)/x,x, algorithm="giac")

Outputtintegrate(arccoth(a*x"n)/x, x)

Mupad [F(-1)]
Timed out.

-1 n n
/coth (az™) . /acoth(am )dz

T T

input Lint (acoth(a*x™n)/x,x)

Outputtint(acoth(a*x"n)/x, x)

Reduce [F]

-1 n n
/ coth™ (az™) dp — / acoth(z"a) s

Z T

inputLint(acoth(a*x"n)/x,x)

Outputkint(acoth(x**n*a)/x,x)
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 370
4.2 Links to plain text integration problems used in this report for each CAS . B394

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

376

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);




CHAPTER 4. APPENDIX 381

# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9




CHAPTER 4. APPENDIX 384

end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x)^3  x^5  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (warning: unable to verify)
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^m ^-1(a x)^3  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^m ^-1(a x)^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^m ^-1(a x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(a x^5)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [C] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(1  x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^2 ^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x ^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^-1(x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [F] 
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ^-1(x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^-1(x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x^3/2 ^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 x ^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [B] (verification not implemented)

	 ^-1(x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^-1(x)  x^3/2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [B] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [B] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ^-1(a x^n)  x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 
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