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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 50 |. This is test number | 345 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 98.00 (49 )| 2.00 (1)
Mathematica | 98.00 (49 ) | 2.00 (1)
Maple 98.00 (49 )| 2.00(1)
Maxima, 66.00 ( 33 ) | 34.00 ( 17
Fricas 34.00 (17) | 66.00 ( 33

)

)

7)

)

)

)

Mupad | 34.00 (17) | 66.00 ( 33 )
Giac 34.00 (17) | 66.00 ( 33 )
Reduce | 34.00 (17) | 66.00 ( 33 )
Sympy | 30.00 ( 15 )

70.00 ( 35

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 88.000 6.000 0.000 6.000
Maple 66.000 12.000 16.000 6.000

Mathematica 58.000 12.000 24.000 6.000

Maxima, 48.000 10.000 4.000 38.000
Fricas 22.000 8.000 0.000 70.000
Sympy 12.000 18.000 0.000 70.000
Giac 0.000 30.000 0.000 70.000

Mupad 0.000 30.000 0.000 70.000

Reduce 0.000 30.000 0.000 70.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematlca Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB
C
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

>

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 1 100.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00
Maple 1 100.00 0.00 0.00
Maxima 17 94.12 0.00 5.88
Fricas 33 100.00 0.00 0.00
Mupad 33 0.00 100.00 0.00
Giac 33 100.00 0.00 0.00
Reduce 33 100.00 0.00 0.00
Sympy 35 71.43 28.57 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Fricas 0.15
Giac 0.15
Reduce 0.19
Maxima 0.24
Rubi 0.92
Sympy 1.69
Maple 2.15
Mathematica 2.23
Mupad 4.21

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Fricas 158.12 1.76 84.00 1.40
Mupad 167.94 1.78 98.00 1.33
Maxima 216.70 241 139.00 1.39
Rubi 325.31 1.15 148.00 1.02
Mathematica | 522.71 2.05 206.00 1.33
Giac 559.53 5.48 259.00 4.62
Maple 788.04 2.63 259.00 1.20
Sympy 1595.07 10.74 144.00 1.80
Reduce 4846.06 231.67 129.00 1.43

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Number of integrals Number of integrals

Number of integrals

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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Figure 1.4: Solved

integrals histogram based on CPU time used



CHAPTER 1. INTRODUCTION 16

1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

(39 140)

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi
Mathematica {5}[12)[3,[4,25) 51} 52,53, 56,57 4,0}
Maple
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)B)705,5, 7, 8010 1) 2 13,4 15,1677 15) 19, 20} 21, 22,23 20,25 26,
27 25,291 30,1, 52|53, 54 536, 37,38} 13|l 5} 4G, 719 }

B grade {[{1}[42)[50] }
C grade { }

F normal fail {[4§}
F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade { [12,53,76)7)B) 0 1) 5} 16,5} 21, 2 23,2 25, 20) 27 29 B0, T e 3
67,2819 }

B grade {[0[[7[920,2850 }

C grade { (123,14 BT} 52,53, 54 55,58, 57 /64 }
F normal fail {38}

F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {113,505 B) 7 5,0 10,1 (03, 145 16, 7 5 19,20} 23, 27 25 26, 27 0L B2
2 5, 04 4G L 9 )

B grade { PLE308,29,350)
C grade {[12,[31}[33}[34,[36, 37} 41} 50] }
F normal fail {38}

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[L,2}[3[4[6}[7[15,[16,[18[23,24 }
B grade { [21][22/[26,27 }

C grade {}

F normal fail {/5[8}[9}[10}[11}[12}[13} [14}[17}[19} 20} 25} 28} [29} 30} 31} 32} 33| 34 35} 36} 37
[B8I A1} |42} 43} 44} 45, [46} 47, 48, {49}, 5] }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {@,IEHEIQL}
B grade {}

C grade {[42}[45]}

F normal fail { [[2[25]30}31} 32}[33|34, 35}[36[37} 38| [41} {46} A7} {48} 50] }

F(-1) timedout fail { }

F(-2) exception fail {{49}
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Giac

A grade { }

B grade { LBEA6/1500 S LI BEIEE)
C grade { }

F normal fail {F)S)0}0} [11[T2 T3, {7 19} 20, 25,25 29,50, 5 52 53, B 5 86 57
15 12 3, 14, 15, 06 7 15 19,0 )

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade { [25/4 6715108 2123 23212527 )
C grade { }

F normal fail { }

F(-1) timedout fail {[58[9}[10}[11}[12}[L3)[I4[17,[19}}20} 25} [28}[29}[30, 31} 32} 33} 34} 35
[364[37 38} (41} 42} 43} |44} |45 46, |47, 48} 49} 50 }

F(-2) exception fail { }

Sympy

A grade {[[2[3[4[15[24 }

B grade {[6}[7}[16}[18| 21} [22) [23} [26} [27] }
C grade { }

F normal fail { 5}5)B) 0,1} (2,3} 13 7 19} 20, 25) 25,29} 50}, 52 53,5 55,5657
B8/A3 )

F(-1) timedout fail { 3940} 41} 42} [45|[46| (47, 48, |49} 50] }

F(-2) exception fail { }
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Reduce

A grade { }

B grade { LBEA6/1500 S LI BEIEE)
C grade { }

F normal fail {F)S)0}0} [11[T2 T3, {7 19} 20, 25,25 29,50, 5 52 53, B 5 86 57
15 12 3, 14, 15, 06 7 15 19,0 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 101 99 81 106 106 112 153 512 120 134
N.S. 1 098 0.80 1.05 1.05 1.11 1.51 5.07 1.19 1.33
time (sec) N/A 0.358 0.029 0.183 0.028 0.089 0.885 0.140 0.167  4.402

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 82 92 85 79 84 117 360 93 98
N.S. 1 1.05 1.18 1.09 1.01 1.08 1.50 4.62 1.19 1.26
time (sec) N/A 0.332 0.017 0.141 0.029 0.097 0.713 0.130 0.178 4.221

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 71 56 63 61 66 76 259 61 62
N.S. 1 1.09 086 097 0.94 1.02 1.17  3.98 0.94 0.95

time (sec) N/A 0.318 0.016 0.134 0.029 0.100 0.506 0.127  0.159 4.632
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 33 43 30 31 48 41 197 37 42
N.S. 1 094 1.23 0.86 0.89 1.37 1.17  5.63 1.06 1.20
time (sec) N/A 0.217 0.010 0.108 0.025 0.083 0.239 0.119 0.177  4.338
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 92 92 259 68 128 0 0 0 12 0
N.S. 1 1.00 2.82 0.74 1.39 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.475 0.109 0.391 0.031  0.000 0.000 0.000 0.169 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 67 55 61 54 68 144 259 65 62
N.S. 1 1.05  0.86 0.95 0.84 1.06 2.25 4.05 1.02 0.97
time (sec) N/A 0.300 0.039 0.134 0.027  0.093 0.672 0.139 0.161 4.349
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 93 76 78 85 111 410 360 129 247
N.S. 1 1.03 0.84 0.87 0.94 1.23 4.56 4.00 1.43 2.74
time (sec) N/A 0.316 0.075 0.164 0.030  0.097 0932 0.132 0.171 4.893
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 263 244 203 448 320 0 0 0 257 0
N.S. 1 093 0.77 1.70 1.22 0.00 0.00 0.00 0.98 0.00
time (sec) N/A 0.576 1.228 0.436 0.036  0.000 0.000 0.000 0.165 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 204 193 607 350 259 0 0 0 231 0
N.S. 1 095 298 1.72 1.27 0.00 0.00 0.00 1.13 0.00
time (sec) N/A 0.508 2.730 0.405 0.036  0.000 0.000 0.000 0.182 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 136 127 106 244 202 0 0 0 48 0
N.S. 1 093 0.78 1.79 1.49 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 0.472 0.212 0.368 0.036  0.000 0.000 0.000 0.174 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 76 55 133 139 0 0 0 116 0
N.S. 1 094 0.68 1.64 1.72 0.00 0.00 0.00 1.43 0.00
time (sec) N/A 0.488 0.062 0.302 0.032  0.000 0.000 0.000 0.170 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 148 148 7 866 0 0 0 0 14 0
N.S. 1 1.00 5.25 5.85 0.00 0.00 0.00 0.00 0.09 0.00
time (sec) N/A 0.334 2.248 6.325 0.000  0.000 0.000 0.000 0.168 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 251 257 206 299 244 0 0 0 252 0
N.S. 1 1.02  0.82 1.19 0.97 0.00 0.00 0.00 1.00 0.00
time (sec) N/A 1.033 0.712 0.552 0.035  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 370 347 291 386 360 0 0 0 605 0
N.S. 1 094 0.79 1.04 0.97 0.00 0.00 0.00 1.64 0.00
time (sec) N/A 1.125 1.543 0.617 0.041 0.000 0.000 0.000 0.164 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 39 39 66 46 62 44 56 188 52 50
N.S. 1 1.00 1.69 1.18 1.59 1.13 1.44 4.82 1.33 1.28
time (sec) N/A 0.240 0.034 0.171 0.030 0.078 0.410 0.127 0.154 4.647
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 54 41 42 48 81 86 97 255 89 114
N.S. 1 0.76  0.78 0.89 1.50 1.59 1.80 4.72 1.65 2.11
time (sec) N/A 0.277 0.029 0.227 0.024 0.085 0.643 0.131 0.161 4.118
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 33 144 43 112 0 0 0 16 0
N.S. 1 094 411 1.23 3.20 0.00 0.00 0.00 0.46 0.00
time (sec) N/A 0.246 0.029 0.316 0.032  0.000 0.000 0.000 0.165 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 48 45 43 45 53 67 136 198 132 93
N.S. 1 0.94 0.90 0.94 1.10 1.40 2.83 4.12 2.75 1.94
time (sec) N/A 0.253 0.030 0.289 0.029 0.088 0.789 0.125 0.167 4.166
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 29 117 22 58 0 0 0 14 0
N.S. 1 1.16  4.68 0.88 2.32 0.00 0.00 0.00 0.56 0.00
time (sec) N/A 0.232 0.011 0.157 0.024  0.000 0.000 0.000 0.154 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 33 144 43 132 0 0 0 21 0
N.S. 1 094 411 1.23 3.77 0.00 0.00 0.00 0.60 0.00
time (sec) N/A 0.273 0.029 0.270 0.033  0.000 0.000 0.000 0.164 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B B B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 168 167 270 599 333 385 644 2333 519 742
N.S. 1 099 1.61 3.57 1.98 2.29 3.83 13.89 3.09 4.42
time (sec) N/A 0.483 0.135 0.396 0.033  0.137 2.029 0.188 0.163 4.540
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 128 174 351 207 241 369 973 305 386
N.S. 1 1.07  1.45 2.92 1.72 2.01 3.08 8.11 2.54 3.22
time (sec) N/A 0.422 0.084 0.292 0.028 0.115 1335 0.159 0.157 4.290
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 106 138 121 109 133 173 338 139 136
N.S. 1 1.09 1.42 1.25 1.12 1.37 1.78 3.48 1.43 1.40
time (sec) N/A 0.358 0.037 0.252 0.025 0.112 0.875 0.128 0.154 4.793
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 40 48 35 36 60 46 202 46 48
N.S. 1 1.00 1.20 0.88 0.90 1.50 1.15 5.05 1.15 1.20
time (sec) N/A 0.192 0.009 0.148 0.025 0.093 0.262 0.121 0.159 0.693
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 130 148 206 191 0 0 0 0 32 0
N.S. 1 1.14  1.58 1.47 0.00 0.00 0.00 0.00 0.25 0.00
time (sec) N/A 0.579 0.072 1.306 0.000  0.000 0.000 0.000 0.177 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 121 125 137 121 262 1605 472 416 175
N.S. 1 1.06 1.10 1.20 1.06 230 14.08 4.14 3.65 1.54
time (sec) N/A 0.418 0.115 0.586 0.032 0.203 4.631 0.141 0.174 4.452
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B B B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 167 170 174 198 291 833 19859 2562 2159 422
N.S. 1 1.02 1.04 1.19 1.74 499 11892 1534 12.93 2.53
time (sec) N/A 0.498 0.200 0.999 0.039 0.822 10.380 0.198 0.175 5.722
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B B F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 374 374 1078 1411 791 0 0 0 793 0
N.S. 1 1.00 2.88 3.77 2.11 0.00 0.00 0.00 2.12 0.00
time (sec) N/A 0.823 6.910 0.846 0.243  0.000 0.000 0.000 0.174 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 221 231 295 450 400 0 0 0 350 0
N.S. 1 1.06 1.33 2.04 1.81 0.00 0.00 0.00 1.58 0.00
time (sec) N/A 0.659 0.846 0.618 0.243  0.000 0.000 0.000 0.164 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 97 93 111 174 0 0 0 0 106 0
N.S. 1 096 1.14 1.79 0.00 0.00 0.00 0.00 1.09 0.00
time (sec) N/A 0.524 0.136 0.527 0.000  0.000 0.000 0.000 0.173 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 214 241 1767 1603 0 0 0 0 59 0
N.S. 1 1.13  8.26 7.49 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.442 12996 11.076 0.000  0.000 0.000 0.000 0.169 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 401 491 470 590 0 0 0 0 0 0
N.S. 1 1.22 117 1.47 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.903 5.568 2.020 0.000  0.000 0.000 0.000 0.235 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 546 533 2574 8597 0 0 0 0 1397 0
N.S. 1 098 4.71 15.75 0.00 0.00 0.00 0.00 2.56 0.00
time (sec) N/A 1.198 8.787 26.435 0.000 0.000 0.000 0.000 0.377  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 326 324 600 7658 0 0 0 0 584 0
N.S. 1 099 1.84 2349 0.00 0.00 0.00 0.00 1.79 0.00
time (sec) N/A 0911 3.584 6.741 0.000  0.000 0.000 0.000 0.176 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C B F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 132 130 208 372 0 0 0 0 170 0
N.S. 1 0.98  1.58 2.82 0.00 0.00 0.00 0.00 1.29 0.00
time (sec) N/A 0.753 0.233 1.006 0.000  0.000 0.000 0.000 0.168 0.000
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 308 344 3317 3250 0 0 0 0 86 0
N.S. 1 1.12  10.77  10.55 0.00 0.00 0.00 0.00 0.28 0.00
time (sec) N/A 0.513 22972 13.082 0.000 0.000 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C C F F F F F F(-1)
verified N/A Yes No No TBD TBD TBD TBD TBD TBD
size 634 1085 1945 4101 0 0 0 0 0 0
N.S. 1 1.71  3.07 6.47 0.00 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.880 13.127 13.832 0.000 0.000 0.000 0.000 0.654 0.000
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 162 222 0 0 0 0 0 0 1361 0
N.S. 1 1.37  0.00 0.00 0.00 0.00 0.00 0.00 8.40 0.00
time (sec) N/A 0.499 0.000 0.000 0.000  0.000 0.000 0.000 0.209 0.000
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 253 36 0 22 22801 22
N.S. 1 1.00 1.10 1.00 12.65 1.80 0.00 1.10 1140.05 1.10
time (sec) N/A 0.319 2.007 0.250 2.178 0.099 0.000 0.181 0.286 3.656
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 20 20 22 20 418 52 0 22 55220 22
N.S. 1 1.00 1.10 1.00 20.90 2.60 0.00 1.10 2761.00 1.10
time (sec) N/A 0.328 0.292 0.249 3.881 0.088 0.000 0.224 0.415 3.728
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A C F F F(-1) F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 649 1811 931 260 0 0 0 0 18 0
N.S. 1 279 143 0.40 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2977 0.747 1.046 0.000  0.000 0.000 0.000 40.838 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B A A C F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 287 709 529 426 591 0 0 0 18 0
N.S. 1 247 1.84 1.48 2.06 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.465 0.364 0.813 0.239  0.000 0.000 0.000 0.167  0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 120 138 185 164 192 0 0 0 16 0
N.S. 1 1.15 1.54 1.37 1.60 0.00 0.00 0.00 0.13 0.00
time (sec) N/A 0.524 0.045 1.876 0.037  0.000 0.000 0.000 0.175 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A A F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 292 436 502 259 192 0 0 0 17 0
N.S. 1 149 1.72 0.89 0.66 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 1.037 3.507 1.891 0.041 0.000 0.000 0.000 0.167 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A C F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 742 1165 843 554 651 0 0 0 21 0
N.S. 1 1.57 1.14 0.75 0.88 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2.112 0.575 1.806 0.199  0.000 0.000 0.000 0.179 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 619 619 575 646 0 0 0 0 17 0
N.S. 1 1.00 0.93 1.04 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2275 0426 0.423 0.000  0.000 0.000 0.000 0.188 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 725 738 719 752 0 0 0 0 19 0
N.S. 1 1.02  0.99 1.04 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 2.654 0.445 0.417 0.000  0.000 0.000 0.000 0.178 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A F A A F F F(-1) F F F(-1)
verified N/A N/A  Yes Yes TBD TBD TBD TBD TBD TBD
size 652 0 602 673 0 0 0 0 44 0
N.S. 1 0.00 0.92 1.03 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.000 10.343 0.579 0.000  0.000 0.000 0.000 0.197  0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F(-2) F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 366 395 633 820 0 0 0 0 1077 0
N.S. 1 1.08 1.73 2.24 0.00 0.00 0.00 0.00 2.94 0.00
time (sec) N/A 1.152 0.627 1.819 0.000  0.000 0.000 0.000 0.210 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A B B C F F F(-1) F F F(-1)
verified N/A No No No TBD TBD TBD TBD TBD TBD
size 1135 2792 3087 718 0 0 0 0 419 0
N.S. 1 246  2.72 0.63 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 7.812 4.760 2.187  0.000 0.000 0.000 0.000 0.292 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[3] had the largest ratio of [.750000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 7 6 0.98 10 0.600
% A 6 ) 1.05 10 0.500
3| A 7 6 1.09 8 0.750
4 A 4 3 0.94 6 0.500
i A 8 7 1.00 10 0.700
6} A 6 ) 1.05 10 0.500
7] A 5 4 1.03 10 0.400
3] A 6 ) 0.93 12 0.417
9) A ) 4 0.95 12 0.333
10j A 6 ) 0.93 10 0.500
11 A 7 6 0.94 8 0.750
12 A ) 4 1.00 12 0.333
13 A 8 7 1.02 12 0.583
14] A 7 6 0.94 12 0.500
15) A ) 4 1.00 12 0.333
16} A 6 ) 0.76 14 0.357
17] A 3 2 0.94 14 0.143
18 A 7 6 0.94 14 0.429
19 A 4 3 1.16 12 0.250
20 A 4 3 0.94 19 0.158
21] A 6 5 0.99 18 0.278
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade 51::5; ui?eze antlfaefns‘i’::ve leaf size integrand leaf size
22] A 6 ) 1.07 18 0.278
23] A 6 ) 1.09 16 0.312
24 A 1 1 1.00 10 0.100
25 A 7 6 1.14 18 0.333
26} A 4 4 1.06 18 0.222
27 A 4 4 1.02 18 0.222
28] A ) 4 1.00 20 0.200
29) A ) 4 1.05 18 0.222
30) A 7 6 0.96 12 0.500
31 A 4 3 1.13 20 0.150
32 A 7 6 1.22 20 0.300
33] A ) 4 0.98 20 0.200
34 A 5) 4 0.99 18 0.222
35) A 7 6 0.98 12 0.500
36 A 4 3 1.12 20 0.150
37 A 7 6 1.71 20 0.300
38| A 5 4 1.37 18 0.222
N/A 3 0 1.00 20 0.000
N/A 3 0 1.00 20 0.000
41] B 13 12 2.79 16 0.750
42 B 8 7 2.47 16 0.438
43] A 7 6 1.15 14 0.429
44 A 7 7 1.49 16 0.438
45 A 7 7 1.57 16 0.438
46 A ) 4 1.00 18 0.222
47| A ) 4 1.02 18 0.222
F 0 0 N/A 0.000 N/A
49 A 2 2 1.08 23 0.087
50 B 2 2 2.46 25 0.080
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3.1 [ x3coth™(a + bz) dx

Optimal result . . . . . . . . . . . . e 406l
Mathematica [A] (verified) . . . . . . . . . ... o 161
Rubi [A] (verified) . . . .. . . ... .. 47
Maple [A] (verified) . . . . . . ... L 19
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 19
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 50
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 501
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... b1l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 52
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 52

Optimal result

Integrand size = 10, antiderivative size = 101

(1+6a*)z  a(a+bz)®  (a+bz)® 1

3 -1 _ L4 -1
/:c coth™ (a + bzx) dx = T opt + 1951 + i coth™ (a + bx)
(1-a)*log(l—a—bz) (1+a)*log(l+a+bx)
8b* 8b*

| 1/4%(6%a"2+1) *x/b"3-1/2xa* (bxx+a) “2/b"4+1/12% (b*x+a) “3/b 4+1/4xx"4*arccoth
(bxx+a)+1/8*(1-a) "4*1n(-b*x-a+1) /b~4-1/8*(1+a) "4*1n(b*x+a+l) /b~4

N\ J

output

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.80

/z3 coth™(a + bz) dz
6(1 + 3a?) bz — 6ab’z? + 2b°z> + 6b*z* coth™'(a + bx) + 3(—1 + a)*log(1l — a — bx) — 3(1 + a)* log(1

24b*

input LIntegrate [x"3*ArcCoth[a + Db*x],x] J
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t‘ (6%(1 + 3*%a~2)*b*x — 6*a*b”~2%x~2 + 2%b~3%x~3 + 6%b~4xx"4*ArcCoth[a + b*x] \

outpu
L+ 3%(-1 + a)~4*Log[l - a - b*x] - 3%(1 + a)~4*Log[l + a + bxx])/(24%b~4) J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.98,

number of rules _ 0.600, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {6662, 25, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m3 coth™!(a + bx) dz

l 6662
[ z3coth™(a + bz)d(a + bx)
b
l 25
-2 coth™(a + bx)d(a + bx)
b
l 97
[ —b%z3 coth™}(a + bx)d(a + bx)
_ ¥
l 6479
1/ %d(a + bz) — 3b%z* coth™ (a + bz)
_ »
l 477
1 S (% —6a? — (a+ bx)? + 4a(a + bz) + BCa) S 1) d(a + bzx) — 1b*z* coth™!(a + bx)
4 2(—a—bz+1) 2(a+bz+1) 4
_ »
l 2009

3 1(=(6a%+1) (a+bz) — 3(a+ bx)® +2a(a + bx)? — (1 — a)*log(—a — bz + 1) + 3(a + 1)*log(a + bz + 1))
ba
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input‘ Int [x"3*ArcCoth[a + b*x],x] ‘

output‘ —((-1/4*(b~4xx~4*ArcCoth[a + b*x]) + (-((1 + 6%a~2)*(a + b*x)) + 2%ax(a + ‘

b¥x)"2 - (a + b*x)"3/3 - ((1 - a)~4*Logll - a - b*x])/2 + ((1 + a)~4*Log[1
+a+ bax])/2)/4)/674) J
Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int([Fx, x], x] J

N

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 477 ‘ Int[((c_) + (d_)*(x_)) (@ )*((a)) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl ‘
‘ a”p Int[ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) px(1 + Rt[-b/a, 2 ‘
‘ 1*x)°p, x1, x1, x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, O] && IntegerQ[n] & ‘
L& NiceSqrtQ[-b/a] && !FractionalPowerFactorQ[Rt[-b/a, 2]] J

rule 2009“111: [u_, x_Symboll] :> Simp[IntSum[u, x], x] /; SumQ[u] |

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x])/(e*(q + 1))), x] - Simp[b
*(c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 - ¢c™2%x~2), x], x] /; FreeQl{a,
b, ¢, 4, e, q}, x] && NeQ[q, -1]

rule 6479

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol]l :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*x(x/d)) m*x(a + bx
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]

rule 6662
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Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.05

method result
1623 —o2abt302ata (a4—4a3+6a2—4a+1) In(bz+a—1) (—a4—4a3—6a2—4a—1) In(bz+at1)
4 b b4 + 265 + 265
z* arccoth(bz+a)
parts 7 + 1
parallelrisch __ —3 arccoth(bz+a)z*b*—b3234+3a b2z2+3 arccoth(br+a)a®+12In(bz+a—1)a®—9a2bx+12 arccoth(ll)gl;i;a)a3+18 ‘
. . .. 7M°°°th(§$+a)“4 —arccoth(bz+a)ad (br+a)+ 2 arCCOth(bx';a)a2(bm+a)2 —arccoth(bx+a)a(bx+a)3+—arCCOth(mea)(bm+a)
derivativedivides =
arccoth(i)a:+a)a4 —arccoth(bx+a)a3 (bw+a)+3 arccoth(bm-;a)a,Q(bm+a)2 _arccoth(bw+a)a(bw+a)3+arccoth(bml—a)(bm-}—a)
default 5
. z* In(bz+a+1) z* In(bz+a—1) z3 In(bz+a+1)a* In(—bz—a+1)a* az? In(bz+a+1)ad ]
risch 8 - 8 T~ s + 8b* T owr T 26 -

-

input L

int (x~3*arccoth(b*x+a) ,x,method=_RETURNVERBOSE)

-/

output

‘b*x+a+1))

‘ 1/4xx"4*xarccoth (b*x+a)+1/4*b* (1/b"4*(1/3*%b"2%x"3-x"2*a*xb+3*a~2*x+x)+1/2*(a ‘
\ ~4-4x3"3+6%a”"2-4*a+1) /b~ 5*1n(bxx+a-1)+1/2x (-a~4-4*a~3-6*a"2-4*a-1) /b~ 5x1n( \

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.11

/z3 coth™(a + bx) dz

4,.4 br+a+1
_ 30z log (bz+a—1

) +2b6%2% — 6ab’z® + 6 (3a> + 1)bz — 3 (a* + 4a® +6a® +4a+ 1) log (bz + a + 1) +

24 b4

input

tintegrate (x~3%arccoth(b*x+a) ,x, algorithm="fricas") J

outpu

t‘ 1/24%(3*¥b~4*x"4x1log((b*x + a + 1)/(b*x + a - 1)) + 2*b"3*x™3 - 6*a*b”~2*x"2 \
\ + 6%(3*¥a”2 + 1)*bxx — 3*%(a"4 + 4%a”3 + 6%¥a”2 + 4xa + 1)*log(b*x + a + 1) \

L+ 3*(a”4 - 4%a”3 + 6%a”2 - 4*a + 1)*log(bxx + a - 1))/b"4 J
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Sympy [A] (verification not implemented)

Time = 0.89 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.51

/w3 coth™(a + bx) dz

_ a* acoth (a+bx) ad log (a+bx+1) a® acoth (a+bzx) + 3a2x 3a? acoth (a+bzx) ax? alog (a+bx+1) + aacoth (a+bx)

_ 4% B bt + bt 4 T T 2 T b4 bt
") z*acoth (a)
4
inputLintegrate(x**3*acoth(b*x+a),x) J
output Piecewise((-a**4xacoth(a + b*x)/(4*b**4) - a**3*log(a + b*x + 1)/b¥*4 + a*
*x3xacoth(a + bxx)/b*x4 + 3xax*2*x/(4xbx*3) - 3xax*2kacoth(a + b*x)/(2¥b*xx4
) - axxx*2/(4*bx*2) - axlog(a + bxx + 1)/b*x4 + axacoth(a + b*x)/b**x4 + x*
*4*acoth(a + b*x)/4 + x**3/(12%b) + x/(4*xb*x*3) - acoth(a + b*xx)/(4*b**4),
Ne(b, 0)), (x**4*acoth(a)/4, True))
Maxima [A] (verification not implemented)
Time = 0.03 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.05
1
/x3 coth™'(a + bx) dx = 1 x* arcoth (bx + a)
1 (2(b*z® —3abz®+3(3a®+1)z) 3(a*+4a®+6a®>+4a+1)log(bz+a+1) 3(a*—4a
+—0b 1 — +
24 b b°
irlputLintegrate(x"3*arccoth(b*x+a),x, algorithm="maxima") J
p
output‘ 1/4xx"4*arccoth(b*x + a) + 1/24%b*(2%(b"2%x~3 - 3*axbxx™2 + 3x(3%a™2 + 1)*

W
‘x)/b"4 - 3x(a”4 + 4*a”3 + 6*%a"2 + 4*a + 1)*log(b*x + a + 1)/b”5 + 3*(a™4 - ‘
L 4%a”3 + 6%a”2 - 4%a + 1)*log(b*x + a - 1)/b"5) J
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 512 vs. 2(87) = 174.

Time = 0.14 (sec) , antiderivative size = 512, normalized size of antiderivative = 5.07

/x3 coth™(a + bx) dz =

|bz+a+1]| 2 , 3(3a%—2a+
1 3(a3+a)log(|bz+a_1|) 3(a3+a)log<gzi_zﬂ_1‘) 9a +—(bx+c
—5 ((a+ 1= (a—1)p) - - - -

input integrate (x~3*arccoth(b*x+a) ,X, algCIithﬂl:"giaC ")

-1/6%((a + 1)*b - (a - 1)*b)*(3*%(a"3 + a)*log(abs(b*x + a + 1)/abs(b*x + a
- 1))/b"5 - 3x(a~3 + a)*log(abs((b*x + a + 1)/(b*x + a - 1) - 1))/b"5 - (
9%a”2 + 3%(3%a"2 - 2*a + 1)*(b*x + a + 1)72/(b*x + a - 1)72 - 3*%(6*%a"2 - 2
*a + 1)*(bxx + a + 1)/(bxx + a - 1) + 2)/(b"5*((b*x + a + 1)/(bxx + a - 1)
- 1)73) + 3*((b*x + a + 1)73*a"3/(b*xx + a — 1)73 - 3*(b*x + a + 1)"2*xa"3/
(bxx + a -— 1)72 + 3*(b*x + a + 1)*a"3/(b*x + a - 1) - a”3 - 3x(b*x + a + 1
)"3%a~2/(b*x + a - 1)73 + 6%(bxx + a + 1) 2%a"2/(b*x + a - 1)72 - 3*(b*x +
a+ 1)*¥a"2/(bxx + a — 1) + 3*%(b*x + a + 1)"3*a/(b*x + a - 1)73 - 3*(b*x +
a+ 1)"2%xa/(bxx + a — 1)72 + (b*x + a + 1)*a/(b*xx + a - 1) - a - (b*x + a
+ 1)73/(bxx + a - 1)73 - (b*x + a + 1)/(bxx + a - 1))*log(-(1/(a - ((b*x
+a+ 1*(a-1)/(bxx +a - 1) - a - 1)*b/((b*x + a + 1)*b/(b*x + a - 1) -
b)) + 1)/(1/(a - ((b*xx + a + 1)*x(a - 1)/(b*x + a - 1) - a - 1)*b/((b*x +
a+ Dx*b/(bxx + a - 1) - b)) - 1))/(b75*((b*x + a + 1)/(b*x + a - 1) - 1)~

4))

output
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Mupad [B] (verification not implemented)

Time = 4.40 (sec) , antiderivative size = 134, normalized size of antiderivative = 1.33

zln(—1-+1 4a2—4 2 z4In (1 - -1
/a:3 coth_l(a+bx) dr = (a+bx ) —x( a a ) _ ( a+bz)

8 1663 b3 8
N x> a2’ In(a+bz—1) (a*—4a®+6a>—4a+1)
12b 42 8 v
_In(a+bz+1) (a* +4a®+60® +4a+1)
8 b
inputLint(x“B*acoth(a + b*x),x) J
Output‘ (x"4xlog(1/(a + b*x) + 1))/8 - x*((4*a”2 - 4)/(16%b~3) - a~2/b73) - (x74x*1

og(1 - 1/(a + b*x)))/8 + x73/(12%b) - (a*x"2)/(4%b"2) + (log(a + b¥x - 1)*
| (6%a™2 - 4%a - 4xa”3 + a™4 + 1))/(8¥b74) - (log(a + b¥x + 1)x(4%a + 6%a™2 |
+ 4xa™3 + a4 + 1))/ (8¥b"4) |

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 120, normalized size of antiderivative = 1.19

/m3 coth™ (a + bz) dz

_ —3acoth(bx + a) a* — 12acoth(bx + a) a® — 18acoth(bx + a) a® — 12acoth(bx + a) a + 3acoth(bz + a) b
B 12b°

input ‘ int (x~3*acoth (b*x+a),x) ‘

output‘( - 3xacoth(a + b*x)*ax*4 - 12%acoth(a + b*x)*ax*3 - 18%acoth(a + b*x)*xa*x*
|2 - 12%acoth(a + b¥x)*a + 3%acoth(a + b¥x)*b¥*4*x+x4 - 3xacoth(a + b¥x) + |
12¢log(a + b¥x - 1)*a**3 + 12xlog(a + b¥x - 1)%a - Oxak*2¥b*x + 3*axbx*2*x

‘**2 - b**3*xx**3 - 3xb*x)/(12%xb**4)
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3.2 [ x?coth™(a + bz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 10, antiderivative size = 78

ar (a+bx)®> 1 , 1
2T e T3 coth™ " (a + bx)
(1 —a)3log(l — a — bx) N (1+ a)3log(1 + a + bx)

6b3 663

/x2 coth™ (a + bz) dr =

;
output ‘ -a*xx/b"2+1/6% (b*x+a) ~2/b"3+1/3%x"3*arccoth(b*x+a)+1/6%(1-a) ~3*1n(-b*x-a+1)
/673+1/6%(1+a) “3+1n(b*x+a+1) /b3

N

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.18

2
/w2 coth™(a + bz) dz = —23%: + % + %x3 coth™(a + bx)
N (1 —3a+ 3a® — a®)log(1l — a — bzx)
603
N (14 3a + 3a® + a®) log(1 + a + bzx)

6b3

input LIntegrate [x~2*ArcCoth[a + Db*x],x]




CHAPTER 3. LISTING OF INTEGRALS 54

| (-2*a*x)/(3%b"2) + x"2/(6%b) + (x~3*ArcCothla + b*x])/3 + ((1 - 3*a + 3*a”
12 - a™3)#Logll - a - b*x])/(6%b™3) + ((1 + 3%a + 3xa™2 + a"3)*Logll + a +
'bxx])/(6%b"3) |

output

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.05,

number of rules _ 500, Rules

number of steps used = 6, number of rules used = 5, = -
integrand size

used = {6662, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/m2 coth™ (a + bz) dz
| 6662
[ z%coth™(a + bz)d(a + bx)
b
| 27
[ b%22 coth™!(a + bx)d(a + bx)

b3
l 6479

3/ —%d(a + bz) + 36323 coth ™' (a + bz)
B3

l 477

—a 3 a 3 —_
% J (—72(_((11_1736“) —2a + bz + 72(2:21?4&)) d(a + bx) + %b3x3 coth™!(a + bx)
b3

l'2009

16323 coth™ (a + bz) + 5 (3(a + bz)? — 3a(a + bz) + (1 — a)3log(—a — bz + 1) + 3(a + 1)*log(a + bz + 1))

b3

-

LInt [x~2*xArcCoth[a + b*x],x]

-/

input
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‘((b“3*x“3*ArcCoth[a + b*x])/3 + (-3*ax(a + b*x) + (a + b*x)"2/2 + ((1 - a)

output
L"B*Log[l - a-Db*x])/2 + ((1 + a)~3xLogl[l + a + b*x])/2)/3)/b"3

|
J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((c_) + (d_.)*(x_))" (@ )*((a.) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) nx(1 - Rt[-b/a, 2]#*x) p*(1 + Rt[-b/a, 2
1*x)°p, x1, x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, 0] &% IntegerQ[n] &
& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 477

s

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

‘Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
‘] :> Simp[(d + exx)~(q + 1)*((a + b*ArcCoth[c*x])/(ex(q + 1))), x] - Simp[b
#(c/(ex(q + 1)))  Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQl{a,
b, c, d, e, qF, x] && NeQlq, -1]

rule 6479

rule 6662\Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + f*(x/d)) "m*x(a + b*
‘ArcCoth[x])‘p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m}, x] && IG
tQlp, 0]
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Maple [A] (verified)

Time = 0.14 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.09

method result
_—%b z§+2m . (—a®+3a2 —3:;:41) In(bz+a—1) N (a® +3a2+3a;;]2 In(bz+a+1)
x3 arccoth(bz+a)
parts 3 + 3
parallelrisch 2 arccoth(bz+a)x3b3+1+b222+2 arccoth(bz+a)a+6 In(bx+a—1)a? —4b:1:a—(|i-b63 arccoth(bz+a)a?+6 arccoth(bz+a)c
arccoth(bm+a)a3 2 2 arccoth(bx+a)(bm+a)3 (b:z:-f—a)2 (
. . .. —————5———4arccoth(bx+a)a“(br+a)—arccoth(bx+a)a(bx+a)“+ —(bz+a)at—7F———-
derivativedivides 3 (brta)a (bote) (botajobota) 03 Gota)or
3 3 2
— w +arccoth(bz+a)a2 (bz+a)—arccoth(bz+a)a(br+a)+ arccom(bm;a) (bzta)” _ (bz+a)a+ % — £
default =
. 22 In(bz+a+1) 2% In(bz+a—1) In(bz+a—1)a’ In(—bz—a—1)a® z2 In(bz+a—1)a? In(—bz—a
risch 6 - 6 - 66° + 66° Tt T o + 263

-

input L

-/

int (x~2*arccoth (b*x+a) ,x,method=_RETURNVERBOSE)

output 1/3*X 3*arccoth (bxx+a) +1/3xbk (-1/b"3 (~1/2Kb4x"2+24xka) +1/2% (-a"3+3%a"2-3%
‘ a+1) /b~4*1n(bxx+a-1)+1/2% (a~3+3*a~2+3%a+1) /b~4*1n(b*x+a+1)) ‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 84, normalized size of antiderivative = 1.08

/z2 coth™(a + bz) dz

bz log (32tett) + b*2® — dabz + (a® + 30’ + 3a+ 1) log (br + a+ 1) — (¢®* — 3a® + 3a — 1) log (bz -
N 607

input Lintegrate (x~2xarccoth(b*x+a) ,x, algorithm="fricas") J

p
‘1/6*(b‘3*x“3*log((b*x +a+1)/(b*x + a - 1)) + b™2%x"2 - 4xa*b*x + (a”3 +
‘ 3*a”2 + 3*a + 1)*log(b*x + a + 1) - (2”3 - 3*%a”™2 + 3*a - 1)*log(b*x + a -
- 1))/b73

output

\‘
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Sympy [A] (verification not implemented)

Time = 0.71 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.50

/w2 coth™(a + bx) dz

a’ acoth (a+bzx) + a?log (a+bz+1)  a’acoth(a+br)  2az + a acoth (a+bzx) + 3 acoth (a+bzx) + z2 + log (a+bz+1)  ac
3b3 b3 b3 3b2 b3 3 6b 33

z2 acoth (a)
3

inputLintegrate(x**2*acoth(b*x+a),x) J

‘Piecewise((a**B*acoth(a + b*x)/(3*b*x3) + ax*2xlog(a + bxx + 1)/b*x3 - a*x ‘
'2%acoth(a + b*x)/b¥*3 - 2%akx/(3*b**2) + axacoth(a + b¥x)/b**3 + x**3xacot |
‘h(a + b*x)/3 + x**2/(6%b) + log(a + bxx + 1)/(3%b**3) - acoth(a + b¥x)/(3% |
'bxx3), Ne(b, 0)), (x**3*acoth(a)/3, True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.01

1
/m2 coth™ (a + bz) dx = §x3 arcoth (bx + a)
+1b(bx2—4ax N (@®+3a’+3a+1)log(br+a+1) (a3—3a2—|—3a—1)10g(bx+a—1)>

6 b3 bt b4

input Lintegrate (x~2*arccoth(b*x+a) ,x, algorithm="maxima") J

e B

1/3*x"3*%arccoth(b*x + a) + 1/6xbx((b*x~2 - 4*a*x)/b~3 + (a"3 + 3*a~2 + 3x*a
|+ D*log(bkx + a + 1)/b™4 - (278 - 3%a™2 + 3%a - 1)*log(b*x + a - 1)/b™4)

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 360 vs. 2(68) = 136.

Time = 0.13 (sec) , antiderivative size = 360, normalized size of antiderivative = 4.62

/x2 coth™(a + bx) dz

1 Db Db (3 a? —+ 1) log (Izziztﬂ) (3 a2 + 1) log ( gzig_ﬂ _ 1|) 2 ((bw+£z;;lgg’>la—1) .
_6((a+ ) —(CL— ) ) b4 o bt - b4(bx_|_a+1 _1)2
br+a—1
jnputLintegrate(XA2*arccoth(b*x+a),x, algorithm="giac") J

1/6%((a + 1)*b - (a - 1)*b)*((3*xa~2 + 1)*log(abs(b*x + a + 1)/abs(b*x + a
- 1))/b"4 - (3*a”2 + 1)*log(abs((b*x + a + 1)/(b*x + a - 1) - 1))/b™4 - 2%
((b*x + a + 1)*(3*%a - 1)/(b*x + a - 1) - 3%a)/(b~4*((b*x + a + 1)/(b*x + a
- 1) - 1)72) + (3*(b*x + a + 1)72%¥a"2/(b*x + a — 1)72 - 6%(b*x + a + 1)*a
“2/(b*x + a = 1) + 3*xa”2 - 6x(b*x + a + 1)"2+a/(b*x + a - 1)72 + 6*(b*x +
a+ 1)*a/(bxx + a - 1) + 3*(bxx + a + 1)72/(bxx + a - 1)72 + 1)*log(-(1/(a
- ((b*x + a + 1)*x(a - 1)/(b*x + a - 1) - a - 1)xb/((bxx + a + 1)*b/(bxx +
a-1) -b)) +1)/(1/(a - ((b*x + a + 1)*x(a - 1)/(b*x + a - 1) - a - 1)*b
/((b*x + a + 1)*b/(b*x + a - 1) - b)) - 1))/ (b74*x((b*x + a + 1)/(b*x + a -
1) - 1)7°3))

output
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Mupad [B] (verification not implemented)

Time = 4.22 (sec) , antiderivative size = 98, normalized size of antiderivative = 1.26

z2In (2= +1 23 In (1 - 21— 2
/a;2 coth™ (a + bx) dz = (“gbx ) — ( 5 iz + %
_In(a+bz—1) (a®*-3a’+3a-1)
663
+ln(a+bx+1) (6®+3a*°+3a+1) 2az
6 b3 3 b2
inputtint(x’?*acoth(a + b*x),x) J
Output‘((x‘S*log(i/(a + b*x) + 1))/6 - (x"3xlog(1 - 1/(a + b*x)))/6 + x~2/(6%b) - \‘
‘(log(a + bxx - 1)*(3*a - 3*a”2 + a”3 - 1))/(6*%b"3) + (log(a + b*x + 1)*(3% ‘
2+ 3xa"2 + a%3 + 1))/(6+b73) - (2vaxx)/(3+b72) )

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.19

/z2 coth™(a + bx) dz

_ 2acoth(bx + a) a® + 6acoth(bz + a) a® + 6acoth(bx + a) a + 2acoth(bx + a) b>z* + 2acoth(bx + a) — 61
B 6

input Lint (x~2*acoth(b*x+a) ,x) J

output‘ (2*acoth(a + b#*x)*ax*3 + 6xacoth(a + b*x)*a**x2 + 6*acoth(a + b*x)*a + 2*ac ‘
‘oth(a + bxx)*bk3xx**3 + 2%acoth(a + b¥x) - 6xlog(a + bxx - 1)xa**2 - 2%lo |
‘g(a + bxx - 1) + 4¥axb*x - Db¥*2%x*x2)/(6xb**3) \




output

input
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3.3 [z coth™(a + bz) dz

Optimal result . . . ... ... ... ... ......
Mathematica [A] (verified) . . . . . . ... ... ...
Rubi [A] (verified) . . . ... ... ... ......
Maple [A] (verified) . . . . .. ... L
Fricas [A] (verification not implemented) . . . . . . .
Sympy [A] (verification not implemented) . . . . . .
Maxima [A] (verification not implemented) . . . . . .
Giac [B] (verification not implemented) . . . . . . . .
Mupad [B] (verification not implemented) . . . . . .
Reduce [B] (verification not implemented) . . . . . .

Optimal result

Integrand size = 8, antiderivative size = 65

/zcoth_l(a + bx)dzx = zy 1:1:2 coth™(a + bx) +

26 2

_ (1+a)’log(1 +a+bx)

(1—a)?log(l — a — bx)

4b?

4b2

‘1/2*x/b+1/2*x‘2*arccoth(b*x+a)+1/4*(1—a)“2*1n(—b*x—a+1)/b‘2—1/4*(1+a)“2*1n

(bxx+a+1)/b~2

N\

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.86

/x coth™(a + bx) dz

_ 2bz 4 2b%z% coth™ (a + bz) + (=1 + a)?log(1 — a — bz) — (1 + a)?log(1 + a + bx)

4b?

J

LIntegrate[x*ArcCoth[a + b*x],x]
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.| (2xbx + 2+b"2xx"2+ArcCothla + bxx] + (-1 + a)"2+Logll - a - bxx] - (1 +a

outpu
L)“2*Log[1 + a + bxx])/(4%b"2) J

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.09,

number of rules _ 0.750, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {6662, 25, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:1: coth™!(a + bx) dx

| 6662
[z coth™ (a + bz)d(a + bx)
b
l 25
= coth™(a + bx)d(a + bx)
b
l 27
[ —bx coth™(a + bz)d(a + bx)
_ 2
| 6479
3 =5 d(a+ bz) — 3% coth ™ (a + ba)
_ =
| 477
1 (1-a)? (a+1)* 1)d bz) — 10222 coth—1 b
2/ H—a—batD) T HatbatD) (a + bx) — 3b%z* co (a+bz)
_ >
| 2009

2(—3(1 —a)%log(—a — bz + 1) + 3(a + 1)%log(a + bz + 1) — a — bz) — %22 coth™'(a + bx)
b2
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input‘Int[x*ArcCoth[a + b*xx] ,x]

Output‘ ‘((-1/2*(b“2*x“2*ArCCoth[a + b*X]) + (—a - b*x - ((1 - a)A2*LOg[1 - a - bx ‘
‘x])/2 + ((1 + a)~2*Log[1 + a + b*x])/2)/2)/b~2) ‘

Defintions of rubi rules used

)
rule 25 1ot [-(Fx), x _Symboll :> Simp(Identity[-1]  Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((c ) + (d_)*Gx_))"(@)*((al) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl
a”p Int[ExpandIntegrand[(c + d*x) n*x(1 - Rt[-b/a, 2]#*x) p*(1 + Rt[-b/a, 2
1*x)"p, x1, x], x] /; FreeQl{a, b, c, d}, x] && ILtQ[p, 0] && IntegerQ[n] &
& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 477

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 6479 Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[(d + e*x)"(q + 1)*((a + bxArcCoth[c*x])/(e*x(q + 1))), x] - Simp[b
*(c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 - c™2%x"2), x], x] /; FreeQl{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

rule 6662 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.97

method result
. — arccoth(bz+a)b?z?4-arccoth(bz+a)a?+2 In(bx+a—1)a—bx+2 arccoth(bz+a)a+arccoth(bz+a)+2a
parallelrisch — 202
o = (a2—20+1) In(ba+a—1) N (—a%-2a-1) ln(bw+a+1))
t x2 arccoth(bz+a) + b 2° 26°
parts 5 5
(bm+a)2 arccoth(bz+a) —arccoth(bz+a)a(bz+a +bi+2_ (2a—1) In(bz+a—1) + (—2a—1) In(bz+a+1)
derivativedivides 2 (bota)a(bota) R 4 4
(bz+a)2 arccoth(bz+a) —arccoth(bz+a)a(bz+a +b£_|_9_ (2a—1) In(bz+a—1) + (—2a—1)In(bz+a+1)
default 2 (bz+a)a(bz+a) R 1 B
. 22 In(bz+a+1) 22 In(bz+a—1) In(bz+a+1)a? In(—bz—a+1)a? In(bz+a+1)a In(—bz—a+1)a
risch 1 - 1 T + 12 - W 262 +
. int (x*arccoth(b*x+a) ,x,method=_RETURNVERBOSE)
input
s N
output ‘ -1/2*(-arccoth(b*x+a) *b~2*x~2+arccoth(b*x+a) *a~2+2*1n(b*x+a-1) *a-b*x+2*arc ‘

coth(b*x+a) *a+arccoth(b*x+a)+2%a) /b2 ‘

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.02

/x coth™(a + bx) dz

_ b%z? log (—Zﬁiﬁi) +2br— (a®*+2a+1)log(bx+a+1)+ (a®> —2a+1)log (bx +a — 1)
4 b2
input Lintegrate (x*arccoth(b*x+a) ,x, algorithm="fricas") J
output‘ 1/4x(b~2*x"2x1log((b*x + a + 1)/(b*x + a - 1)) + 2%b*x - (a”2 + 2*a + 1)*lo ‘

gbkx + a + 1) + (a"2 - 2%a + *log(b*x + a - 1))/b"2 |
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Sympy [A] (verification not implemented)

Time = 0.51 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.17

/w coth™(a + bx) dz

__a?acoth (a+bz)  alog(a+br+1) + aacotl;ﬁ(a—i—bx) + z2 acot};(a-l—bx) + 2% __ acoth (a+bx) for b 7é 0

- 26 5 27
- 2
x ac;th (a) otherwise
input Llntegrate (x*acoth(b*x+a) ,x) J

Output‘Piecewise((—a**2*acoth(a + b*x)/(2*b*x2) - axlog(a + bxx + 1)/b**2 + axaco ‘
‘th(a + b*x) /b**2 + x**2%acoth(a + b*x)/2 + x/(2%b) - acoth(a + bxx)/(2xbxx* ‘
\2), Ne(b, 0)), (x**2xacoth(a)/2, True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

/:v coth™ (a + bz) dz

1
=3 z? arcoth (bz + a)
Lly(2z_(@+2a+D)loglbetatl) (a®—2a+1)log(br+a—1)
4\ b? b3 b3
input Lintegrate (x*arccoth(b*x+a) ,x, algorithm="maxima") J

output‘ 1/2xx"2*arccoth(b*x + a) + 1/4*b*(2*x/b"2 - (2”2 + 2*a + 1)*log(b*x + a + ‘
1)/b73 + (272 - 2%a + 1)*log(b*x + a - 1)/b"3) |




CHAPTER 3. LISTING OF INTEGRALS 65

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 259 vs. 2(55) = 110.

Time = 0.13 (sec) , antiderivative size = 259, normalized size of antiderivative = 3.98

/z coth™(a + bz) dr =

(bz+a+l)a  baxtatl .
( bx+a—1 a bx+a—1 log

|bz+a+1| sta
olog ({E334]) _ aog (et —1))

1
_5 ((a + 1)b - (a’ - 1)b) b3 b3 b3(bx+a+1 _
br+a—1

inputLintegrate(x*arccoth(b*x+a),x, algorithm="giac") J

e N

-1/2x((a + 1)*b - (a - 1)*b)*(a*log(abs(b*x + a + 1)/abs(b*x + a - 1))/b"3
- a*xlog(abs((b*x + a + 1)/(b*x + a = 1) - 1))/b"3 + ((b*x + a + 1)*a/(b*x
+a-1) —a- (b*x + a + 1)/(b*x + a - 1))*log(-(1/(a - ((b*x + a + 1)*(

a-1)/(b*x +a - 1) - a - D*b/((b*x + a + 1)*b/(b*x + a - 1) - b)) + 1)/
(1/(a - ((b*x + a + 1)*(a - 1)/(b*x + a - 1) - a - 1)*b/((b*x + a + 1)*b/(

bxx + a - 1) - b)) - 1))/(b"3*%((b*x + a + 1)/(b*xx + a - 1) - 1)°2) - 1/(b”

3*((bxx + a + 1)/(b*x + a - 1) - 1)))

output

Mupad [B] (verification not implemented)

Time = 4.63 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.95

2
/xcoth_l(a + bo) da = x acoth2(a +bx)

acoth(a+bz) bz + a? acoth(a+bx) + aln(a®+2abz+b2z2-1)
2 2 2 2
b2

input Lint(x*acoth(a + b*x),x) J
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t‘ (x"2xacoth(a + b*x))/2 - (acoth(a + b*x)/2 - (b*x)/2 + (a"2*acoth(a + b*x) ‘

outpu
)/2 + (a*log(a™2 + b"2%x"2 + 2ka*bxx - 1))/2)/b"2 |

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.94

/m coth™(a + bx) dz

_ —acoth(bx + a) a® — 2acoth(bx + a) a + acoth(bx + a) b*z* — acoth(bz + a) + 2log(br +a — 1)a — bz
B 22

input Lint (x*acoth(b*x+a) ,x) J

‘ ( - acoth(a + b*x)*a*x*x2 - 2xacoth(a + b*x)*a + acoth(a + b*x)*b**2%xx**x2 - ‘

output
‘acoth(a + b*x) + 2xlog(a + b*x - 1)*a - b*x)/(2xb*x2) ‘




output L

input

output
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3.4 [ coth™(a + bx) dx

Optimal result . . . . . . . . . . . . e 671
Mathematica [A] (verified) . . . . . . . . . ... o 67
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 69
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 69
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 70
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 70}
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 70
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... [Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 72

Optimal result

Integrand size = 6, antiderivative size = 35

(a + bx) coth™'(a + b2)

/coth_l(a +bz)dz = 5

N log (1 — (a + bzx)?)

2b

-

(b*x+a) *arccoth (b*x+a) /b+1/2*1n(1-(b*x+a) ~2) /b

-/

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.23

/coth_l(a + bz) dz = z coth™(a + bx)

+

—((-1+a)log(l —a—bz))+ (1 +a)log(l+ a+ bx)

2b

LIntegrate [ArcCoth[a + b*x],x]

e

*x])/ (2%b)

x*xArcCoth[a + b*x] + (-((-1 + a)*Log[l - a - b*x]) + (1 + a)*Log[l + a + b




input

output

rule 240

rule 6437
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.94,

= 3, number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used =
used = {6654, 6437, 240}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(a + bx) dx

l 6654

[ coth™(a + bz)d(a + bx)
b

l 6437

(a+ bz)coth™ (a+bz) — [ — (a+bz)2 a + bx)
b
| 240

+log (1 — (a+bz)?) + (a + bz) coth™ (a + bz)
b

LInt [ArcCoth[a + b*x],x]

{((a + b*x)*ArcCoth[a + b*x] + Log[l - (a + b*x)~2]/2)/b

| —

Defintions of rubi rules used

Int[(x_)/((a_) + (b_.)*(x_)"2), x_Symbol] :> Simp[Log[RemoveContent[a + b*x
"2, x]11/(2%b), x] /; FreeQ[{a, b}, x]

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ bxArcCoth[c*x™n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1/ - c™2%x7(2%n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)
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rule 6654‘ Int[((a_-) + ArCCOth[(C_) + (d_.)*(x_)]*(b__))“(p__) , x_Symbol] > Simp[l/d ‘
‘ Subst[Int[(a + b*ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
\}, x] && IGtQ[p, O] \

Maple [A] (verified)

Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.86

method result size
In( (bz+a)2—1

derivativedivides | =+ arCCOth(bm'Z“)‘"(z) 30
1n((bw+a)2—1)

(bz+a) arccoth(bz+a)+——F5—~
default 5 2 30
(1—a) In(bz+a—1) (14+a) In(bz+a+1)

parts x arccoth (bz + a) + b< 552 + 552 ) 45

parallelrisch = arccoth(bz+a)b2z—arccoth(bz+lc)zgab—ln(bm—i—a—1)b—arccoth(bm+a)b 48

risch z ln(bz2+a+1) _z ln(bx;—a—l) + ln(—lmz;a—l)a _ ln(bm—;—:—l)a + ln(—b;;a—l) + ln(b:c;a—l) 78

input tint (arccoth(b*x+a) ,x,method=_RETURNVERBOSE) J
1/b* ((b*x+a)*arccoth(b*x+a)+1/2*1n((b*x+a) ~2-1))
output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.37

/coth_l(a + bx) dx

B bzlog(zzi—ﬂ}) +(a+1)log(bzx+a+1)—(a—1)log(bx +a—1)
B 2b

input Lintegrate (arccoth(b*x+a) ,x, algorithm="fricas") J

‘1/2*(b*x*log((b*x +a+ 1)/(bxx + a - 1)) + (a + Dx*log(bxx + a + 1) - (a ‘

output
‘— 1)*log(b*x + a - 1))/b ‘
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Sympy [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 41, normalized size of antiderivative = 1.17

/ coth™(a + bz) dzx

aacothb(a—i-bw) + zacoth (CL + bw) + log (a—il;bx+1) __ acoth ga-i-bx) for d ;é 0

z acoth (a) otherwise

integrate(acoth(b*x+a) ,x)

input ‘\

‘Piecewise((a*acoth(a + b*x) /b + x*acoth(a + b*x) + log(a + b*x + 1)/b - ac ‘

output
‘oth(a + b*x)/b, Ne(b, 0)), (x*acoth(a), True)) ‘

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.89

2 (bz + a) arcoth (bz + a) + log (—(bz + a)® + 1)
2b

/ coth™(a + bx) dz =

e A
integrate(arccoth(b*x+a) ,x, algorithm="maxima")

N\ J

input

Output‘ 1/2% (2% (b*x + a)*arccoth(b*x + a) + log(-(b*x + a)~2 + 1))/b ‘

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 197 vs. 2(33) = 66.



CHAPTER 3. LISTING OF INTEGRALS

71

Time = 0.12 (sec) , antiderivative size = 197, normalized size of antiderivative = 5.63

/coth_l(a + bx) dx

1
‘o (ztatDd _,
log bota—1 -
lo (be~|—a+1|) br+a+1 a— (%—“—1)5
=1((a+1)b—(a—1)b) € \ Jpata—1] _log(\m—l\) N Getarm
b 1
2 ” ? Pt 1)

-

i i ="gq n
input\1ntegrate(arccoth(b*x+a),x, algorithm="giac")

output

1/2%((a + 1)*b - (a - 1)*b)*(log(abs(b*x + a + 1)/abs(b*x + a - 1))/b"2 -

log(abs((b*x + a + 1)/(bxx + a - 1) - 1))/p"2 + log(-(1/(a - ((b*x + a + 1
)¥(a - 1)/(b*x + a - 1) - a - 1)*b/((b*xx + a + 1)*b/(b*x + a - 1) - b)) +

1)/(1/(a - ((bxx + a + 1)*x(a - 1)/(b*x + a - 1) - a - D)*b/((bxx + a + 1)*
b/(bxx + a - 1) - b)) - 1))/(72%((b*x + a + 1)/(b*x + a - 1) - 1)))

Mupad [B] (verification not implemented)

Time = 4.34 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.20

In (a2 +2abx+b? :1:2—1)

+ aacoth(a + bz)

/coth_l(a + bz) dz = 2 ;

+ zacoth(a + bx)

p
input Llnt (acoth(a + b*x),x)

-/

output 0

N\

(log(a™2 + b™2%x"2 + 2%axb*x - 1)/2 + a*acoth(a + b*x))/b + x*acoth(a + bx

J
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.06

/ coth™(a + bz) dx

acoth(bz + a) a + acoth(bz + a) bx + acoth(bx + a) — log(bx + a — 1)
B b

input Lint (acoth(b*x+a) ,x)

t‘ (acoth(a + b*x)*a + acoth(a + b*x)*b*x + acoth(a + b*x) - log(a + b*x - 1)

outpu ‘ y/b




output
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35 coth™ ! (a+bx) dx
T

Optimal result . . . . . . . . . . . . . 73]
Mathematica [C] (verified) . . . . . . . . . . ... re!
Rubi [A] (verified) . . . . . . .. . . 75
Maple [A] (verified) . . . . . . . . ... rdrd
Fricas [F] . . . . . . 78
Sympy [F] . . o e 78
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... [78
Giac [F] . . . o o o 79
Mupad [F(-1)] . . .. o 79
Reduce [F] . . . . . . 79

Optimal result

Integrand size = 10, antiderivative size = 92

/

coth™'(a + bz)

dx = — coth™*(a + bz) log (#>

x 1+a+bx
+ coth™!(a + bz)lo 2bz
8 (1-a)(14+a+bx)

1 2

g Polvlog (21— 7 )
1 2bx

— — PolyL 2,1—
9+ oY og(, (1—a)(1+a+bx)>

p
‘ -arccoth (b*x+a)*1n(2/ (b*x+a+1) ) +arccoth (b*x+a) *1n (2*b*x/(1-a) / (b*x+a+1) ) +1
L/Q*polylog (2,1-2/(b*x+a+1))-1/2*polylog(2,1-2xb*x/ (1-a) / (b*xx+a+1))

N

|
J




input

output

CHAPTER 3. LISTING OF INTEGRALS 74

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 259, normalized size of antiderivative = 2.82

(a + bx)

/ coth™!

dz = (coth™(a + bz) — arctanh(a + bz)) log(z)

1
+ arctanh(a + bx) [ — 1o
( )< g( 1—(a+bx)2>

+ log(—i sinh(arctanh(a) — arctanh(a + bx))))

T

+ % (4(arctanh(a) — arctanh(a + bz))?

— (m — 2iarctanh(a + bz))* — 8(arctanh(a)
_ arctanh(a + bm)) log ( 2arctanh(a) 2arctanh(a+bw))

— 44(m — 2iarctanh(a + bz)) log (1 + e?eretanh(atbe

))
+ 4(im + 2arctanh(a + bx)) lo
( ( ) g( 1-— a-l—bz >

+ 8(arctanh(a)
— arctanh(a + bz)) log(—2i sinh(arctanh(a) — arctanh(a +bx)))

—4 POlyLog (2 2arctanh(a)—2arctanh( a+bw))

—4 POlyLOg ( 2arctanh(a+bx))

Integrate[ArcCoth[a + b*x]/x,x]

(ArcCoth[a + b*x] - ArcTanh[a + b#*x])*Log[x] + ArcTanh[a + b*x]*(-Logl[1/Sq
rt[1 - (a + b*x)"2]] + Logl[(-I)*Sinh[ArcTanh[a] - ArcTanh[a + b*x]]]) + (4
*(ArcTanh[a] - ArcTanh[a + b*x])~"2 - (Pi - (2*%I)*ArcTanh[a + b*x])~2 - 8x(
ArcTanh[a] - ArcTanh[a + b*x])*Logl[l - E~(2*ArcTanh[a] - 2*ArcTanh[a + b*x
1)1 - (4*D)*(Pi - (2*I)*ArcTanh[a + b#*x])*Log[l + E~(2*ArcTanh[a + b*x])]
+ 4% (IxPi + 2%ArcTanh[a + b*x])*Log[2/Sqrt[l - (a + b*x)~2]] + 8*(ArcTanh[
al - ArcTanh[a + b*x])*Log[(-2*I)*Sinh[ArcTanh[a] - ArcTanh[a + b*x]]] - 4
*PolyLog[2, E~(2*ArcTanh[a] - 2%ArcTanh[a + b*x])] - 4xPolyLog[2, -E~(2*Ar
cTanh[a + b*x])])/8
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Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.00,

number of rules _ 0.700, Rules

number of steps used = 8, number of rules used = 7, integrand size

used = {6662, 25, 27, 6473, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(a + bx) i

x

l 6662

f coth_lz(a—i—bac) d(a + b.’L')
b

l 25
th~!(a+bx
[ = e w(a )d(a—i-ba:)
b
l 27

-1
_/_coth (a+bw)d(a+bx)
bz

l 6473

2 2bx
/ log (a+bw+1> d(a + bz) — / log ((1—a)(a+bx+1))
1— (a+bx)? 1—(a+bx)?

2 -1 2bx
log (-l—ba:—i—l) (= coth™(a+ bz)) + log ((1 “ et bt D)

l 9849

d(a+bzx) +

> coth™!(a + bx)

a+bz) +

2 2b
/ ].Og (a+bw+1) d 1 _ / log ((1—a)(a-lgibx+1)> d(
1 a+br+1 1— (a+bx)?

2bx

(1-a)(a+bz+1)
| 2752

_ 2
a+bx+1

> —coth™(a + b)) + log <

2
log (| ——— th=! b
Og<a+bw+1 ( >CO (a+ bz)
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log ( 2bz )
(1-a)(a+bz+1) 1 2
/ 1~ (a+ba)? d(a+bm)+2PolyL0g (2,1 a+bx+1>+
2bx

log <2> (= coth™'(a + bz)) + log <(1 T P . 1)> coth™ (a + bx)

a+bxr+1
| 2897
1 2 1 2bx
— PolyL 2,1 — ——— | — - PolyL 2,1—
9 oY 0g<, a—i—bm—}—l) 9+ oY og(, (1—(1)((1—i—b93—|—1)>jL

2 2bx
log( ———— ) (—coth™* b 1
Og<a+bw+1>( coth™ (a + bz)) + 0g<(1—a)(a+bx+1)

> coth™ (a + bx)

input LInt [ArcCoth[a + b*x]/x,x]

‘/-(ArcCoth[a + bxx]*Log[2/(1 + a + b*x)]) + ArcCoth[a + b*x]*Logl[(2*b*x)/ ((
‘1 - a)*x(1 + a + b*x))] + PolylLog[2, 1 - 2/(1 + a + b*x)]/2 - PolyLog[2, 1
= (2%b*x)/((1 - a)*(1 + a + b*x))1/2

output

-

Defintions of rubi rules used

)
rule 25 1ot [-(Fx), x_Symboll :> Simp(Identity[-1]  Int[Fx, x], x]

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2752 Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*xx], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cxd, 0]

rule 2849 IntlLogllc_.)/((d) + (e_.)*(x_))1/((£)) + (g_.)*(x_)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2*g, 0]
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rule 2897

Int[Loglu_l*(Pq_)"(m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x])]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]1]1, Expon[Pq, x]]

rule 6473

Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcCoth[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcCoth
[cxx])*(Log[2*c*x((d + e*x)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[b*(c/e)
Int[Log[2/(1 + c*x)]/(1 - c"2%x72), x], x] - Simp[b*(c/e) Int[Logl[2*c*((d
+ exx)/((c*xd + e)*x(1 + c*x)))1/(1 - c™2%x~2), x], x]1) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2xd~2 - e~2, 0]

rule 6662

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQlp, 0]

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.74

method result
risch dilog(2_zx_1> n ln(bm+a+1;ln<_zz_l) _ dilog(zlbf‘”a> _ ln(bz-l-a—;) ln<%)
i bzta—1 () In ( bzta=1 i betatl n(z) In ( bEtae
parts In (z) arccoth (bz + a) + b(dlog<2b“_1 ) + )] (2b =) - d10g<2b ) ik (2b =
i —br—a—1 n(—bz) In —bx—a—1 i —bx—a+1 n(—b:
derivativedivides | In (—bz) arccoth (bx + a) — diog( R ) _ et <2 ) + il R ) +1 =
i —bz—a—1 n(—bg) In ( =bz=a=1 ; —bz—a+1 n(—b:
default In (—bz) arccoth (bz + a) — dlog( —al ) _ et <2 —a-l ) + dlog( = ) -I—1 S

2

2

inputt

int (arccoth(b*x+a) /x,x,method=_RETURNVERBOSE)

e

output

1/2*dilog(b*x/(-a-1))+1/2*1n(b*x+a+1) *1n(b*x/(-a-1))-1/2*dilog(b/(1-a)*x) -

‘1/2*1n(b*x+a—1)*1n(b/(1—a)*x)
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Fricas [F]
/ coth™(a + bx) dp — / arcoth (bz + a) e
z x
input Lintegrate (arccoth(b*x+a) /x,x, algorithm="fricas") J
OutputLintegral(arccoth(b*x + a)/x, %) J
Sympy [F]
/COth_l(aerx) dz = / acoth (a +bz)
z x
input Lintegrate (acoth (b*x+a) /x,x) J
Outputtlntegral(acoth(a + b*x)/x%, ¥) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.39

h 1, (1 1) 1 —1
/cot (a—l—bx)dx:__b og(br+a+1) log(bz+a—1) log (z)
z b b
lb log (bz + a + 1) log (—2t&H 4 1) + Li (b““*l) log (bz + a — 1) log (—22ta=1 4 1) 4 Liy (%
2 b b
+ arcoth (bx + a) log (z)

input Lintegrate (arccoth(b*x+a)/x,x, algorithm="maxima") J
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|-1/2#b* (log(b*x + a + 1)/b - log(b*x + a - 1)/b)*log(x) + 1/2%bx((Llog(bx

output
+a+ Dxlog(-(bxx + a + 1)/(a + 1) + 1) + dilog((b*x + a + 1)/(a + 1))/b |
‘ - (log(b*x + a - 1)*xlog(-(b*x + a - 1)/(a - 1) + 1) + dilog((b*x + a - 1)
/(a = 1)))/b) + arccoth(b*x + a)*log(x)
Giac [F]
-1
/ coth™ (a + bx) dp — / arcoth (bzx + a) i
z z
inputLintegrate(arccoth(b*x+a)/x,x, algorithm="giac") J
Ou_tputtintegrate(arccoth(b*x + a)/x, x) J
Mupad [F(-1)]
Timed out.
-1
/coth (a+ bx) dx:/acoth(a+bx) s
T z
inputLint(acoth(a + b*x)/x,x) J
Outputtint(acoth(a + b*x)/x, X) J
Reduce [F]

-1
/coth (a+bx) dp — / acoth(bz + a) i

Z Z

inputtint(acoth(b*x+a)/x,x) J




output
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Lint(acoth(a + b*x)/x,x%)




output ‘ -arccoth(b*x+a) /x+b*1n(x) /(-a~2+1)-b*1n(-b*x-a+1)/(2-2%a) -b*1n (b*x+a+1) /(2

input
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3.6 f coth™1 (2a+bx) dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [B] (verification not implemented) . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ...
Giac [B] (verification not implemented) . . . . . ... ... ... .. ...
Mupad [B] (verification not implemented) . . .. . ... ... .. ... .....
Reduce [B] (verification not implemented) . . . . . ... ... ... .......

Optimal result

Integrand size = 10, antiderivative size = 64

blog(z)

.’I;:
x2 T

/ coth™ (a + bx) p _coth_l(a + bx)

_blog(l—a—bz) blog(l+a+bz)

1—a?

2(1—a)

2(1+a)

‘ +2%a)

N

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.86

-1

/ coth (;L + bx) i
T

B coth™!(a + bx)

N b(—2loxg(1') + (1+a)log(l —a—bx) — (—1+a)log(l+ a+ bx))

2(-1+a?

LIntegrate [ArcCoth[a + b*x]/x"2,x]
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‘-(ArcCoth[a + b*x]/x) + (bx(-2+Logl[x] + (1 + a)*Log[l - a - b*x] - (-1 + a ‘

output
p*Logu +a + bxx]))/(2%(-1 + a™2)) J

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.05,

number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6660, 896, 25, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(a + bx) i

72
| 6660
1 coth_l(a + bx)
b/ z(1— (a+bz)2)d$ -
| 896
1 coth™!(a + bz)
b/ br (1 — (a+bx)2)d(a+bx) -om e
| 25
1 coth™ (a + bx)
_b/_ba;(l _ (a+bm)2)d(a+bx) - er
| 477

1 1 .
_b/ (_2(1 —a)(—a—bx +1) + 20a+1)(a+bc+1) (1 —az)b:v) d(a +bx) —
coth™ (a + bz)

x
| 2009
b log(—bz) log(—a—br+1) logla+bz+1)\ coth™ (a + bx)
1—a? 2(1—a) 2(a+1) x

-

inputLInt[ArcCoth[a + bxx]/x"2,x] J
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output ‘

t

-(ArcCoth[a + b*x]/x) + b*(Log[-(b*x)]1/(1 - a~2) - Logl[l - a - b*xx]/(2*x(1
- a)) - Logll + a + b*x]/(2x(1 + a)))

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 477

Int[((c_) + (d_.)*(x_))" (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) n*x(1 - Rt[-b/a, 2]*x) px(1 + Rt[-b/a, 2
1*x)"p, x1, x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, O] && IntegerQ[n] &
& NiceSqrtQ[-b/al] && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 896

Int[((a_) + (b_)*(v )" (n_ )) " (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 1]}, Simp[1/d"(m + 1) Subst [Int [Si
mplifyIntegrand[(x - c)"m*(a + b*x"n)"p, x], x], x, v], x] /; NeQ[c, 0]1] /;
FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]

rule 2009 |

rule 6660

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]*(b_.))~(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + b*ArcCoth[c + d*x]) p/(£*(m
+ 1)), x] - Simp[b*d*(p/(f*(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x]1)~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, 4, e, f}
, x] && IGtQlp, 0] && ILtQ[m, -1]
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Maple [A] (verified)

Time = 0.13 (sec) , antiderivative size = 61, normalized size of antiderivative = 0.95

method result
arccoth(bz+a) In(bz+a—1) In(z) In(bz+a+1)
parts - z - b(“ 22 T Gra)a—D T~ 2424 )
. . - __arccoth(bz+a)  In(bz+a+l)  In(—bx) In(bz+a—1)
derivativedivides b< o 3190 e—D0te) T~ 202 >
arccoth(bz+a) In(bz+a+1) In(—bzx) In(bz+a—1)
default b<_ b T ot2a T et T 202 )
. th(bz+a)a b3 +1 b3 —In(bz+a—1)x b®— th(bz+a)b3+arccoth(bz+a)a?b? —arccoth(bz+a)b?
parallelrlsch __x arccoth(bz+a)a n(z)z n(bz+a—1)z (aa;irl(if;)bQ( z+a)b3+arccoth(bz+a)a arccoth(bz+a)
isch __In(bz+a+1)  —In(—bz—a+1)abz+In(bz+a+1)abz42In(—z)bz—In(—br—a+1)bz—In(br+a+1)bz—In(br+a—]
IS¢ 2 2z(1+a)(a—1)
input Lint (arccoth(b*x+a)/x~2,x,method=_RETURNVERBOSE) J

. -arccoth(bkx+a) /x-bx(-1/(2*a-2)¥In(bkx+a-1)+1/(1+a) / (a-1) ¥In(x)+1/ (2+2¥a) ¥

outpu ‘1n(b*x+a+1)) ‘

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.06

/ coth™(a + bx) i

2
(a — 1)bzlog (br +a+1) — (a+ 1)bzlog (bx +a — 1) + 2bzlog (x) + (a* — 1) log (_giizi)
- 2(a® -1z
input Lintegrate (arccoth(b*x+a)/x"~2,x, algorithm="fricas") J

output‘-l/z*((a - 1)*bxxxlog(b*x + a + 1) - (a + 1)*bxxxlog(b*x + a - 1) + 2xb*x* \
‘log(x) + (272 - 1)*log((b*x + a + 1)/(b*xx + a - 1)))/((a"2 - 1)*x) ‘
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 144 vs. 2(48) = 96.

Time = 0.67 (sec) , antiderivative size = 144, normalized size of antiderivative = 2.25

/ coth™(a + bx) d

$2
bacoth (bx—1)  acoth(bz—1) 1 _
5 . 5o fora= -1
_ bacoth (bz+1) acoth (bz+1) 1 _
=<{ — 5 — . + 5 fora=1
_a2 aco;;h (a+bx) abzacgth (a+bx) bzéog (z) + bmlog§a+bw+1) _ bzacoch (a+bx) acot}21 (a+bx) otherwise
a’z—z a’z—z a’z—z a’z—zx a’z—z a’z—z
irlputLlntegrate(acoth(b*x+a)/x**2,x) J
output Piecewise((b*acoth(b*x - 1)/2 - acoth(b*x - 1)/x - 1/(2*x), Eq(a, -1)), (-

bxacoth(b*x + 1)/2 - acoth(b*x + 1)/x + 1/(2*x), Eq(a, 1)), (-ax*2xacoth(a
+ b*x)/(ax*2xx - x) - a*b*x*acoth(a + bxx)/(a**2*x - x) - bxx*xlog(x)/(ax*
2%x - x) + b*x*log(a + b*x + 1)/(a**2*x - x) - b*x*acoth(a + bxx)/(a**2*x
- x) + acoth(a + b*x)/(ax*2*xx - x), True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.84

/ coth™(a + bx) 1 [log(bx+a+1) log(bz+a—1) 2log(x)
dr =—-b — +
x? 2 a+1 a—1 a?—1
__ arcoth (bz + a)

T

input ‘ integrate(arccoth(b*x+a) /x~2,x, algorithm="maxima") ‘

-1/2*b*(log(b*x + a + 1)/(a + 1) - log(b*x + a - 1)/(a - 1) + 2xlog(x)/(a”

output‘
2 - 1)) - arccoth(b*x + a)/x
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 259 vs. 2(57) = 114.

Time = 0.14 (sec) , antiderivative size = 259, normalized size of antiderivative = 4.05

/ coth™(a + bx) 4

72

.
log | —
L1 Q a r+a T1a (
1 Db Db (a’ - 1) log ( (bbm-:-atll) —a-— Zziat} - 1‘) lOg (IZmiat}I> o
_5(((1—{— ) _(a_ )) a3_a2_a+1 0,2—]. ((bz—i—a—i—l)a_

br+a—1

inputLintegrate(arccoth(b*x+a)/x"2,x, algorithm="giac") J

-1/2x((a + 1)*b - (a - 1)*b)*((a - 1)*log(abs((b*x + a + 1)*a/(b*xx + a - 1
) —a- (bxx +a+ 1)/(bxx +a-1) - 1))/(@”3 - a2 - a + 1) - log(abs(b*
x +a+ 1)/abs(b*x + a - 1))/(a”2 - 1) - log(-(1/(a - ((b*x + a + 1)*(a -
1)/(b*xx + a - 1) - a - 1)*b/((bxx + a + 1)*b/(b*x + a - 1) - b)) + 1)/(1/(
a - ((bxx + a + 1)x(a - 1)/(b*x + a - 1) - a - D)*b/((bxx + a + 1)*b/(b*x
+a-1) -b)) - 1))/(((bxx + a + 1)*xa/(b*x + a - 1) - a - (b*x + a + 1)/(
bxx + a - 1) - 1)*(a - 1)))

output

Mupad [B] (verification not implemented)

Time = 4.35 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.97

2 T

bz In(z) — 2 ln(a2+2a2bz+b2 i) abzacoth(a + bx)

z (a? —1)

/ coth™ (a + bx) dp — _acoth(a +bz)

inputtint(acoth(a + b*x)/x72,%) J
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Output‘ - acoth(a + b*x)/x - (b*x*log(x) - (b*xxlog(a™2 + b™2*x"2 + 2xaxbxx - 1))/ ‘
2 + axb*x*acoth(a + b*x))/(x*(a"2 - 1))

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.02

/ coth™(a + bx) s

72
_ —acoth(bx + a) a® — acoth(bz + a) abz + acoth(bz + a) bx + acoth(bzx + a) — log(bz + a — 1) bz + log(
B z(a®—1)

input Lint (acoth(b*x+a)/x"2,x) J

e N
‘ ( - acoth(a + b*x)*a*x*2 - acoth(a + b*x)*a*b*x + acoth(a + b*x)*b*x + acot ‘

output
‘h(a + b*x) - log(a + b¥x - 1)*b*x + Llog(x)*b*x)/(x*(a%*2 - 1)) |




output
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3.7 f coth_lga+bx) dx
i

Optimal result . . . . . . . . . . . . . 8]
Mathematica [A] (verified) . . . . . . . . . ... ]88
Rubi [A] (verified) . . . . . . . . . . ]9
Maple [A] (verified) . . . . . . . . . .. OT]
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... OT]
Sympy [B] (verification not implemented) . . ... ... ... ... ... ... 92
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 92
Giac [B] (verification not implemented) . . . . . ... ... ... .. ... 93
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 94
Reduce [B] (verification not implemented) . . . . . ... ... ... ....... !

Optimal result

Integrand size = 10, antiderivative size = 90

/ coth™ (a + bx) dp — b _ coth™(a+bx)  ab®log(x)
z3 - 2(1—-a?)x 212 (1—a?)?
b’ log(l—a—bz) b?log(l+ a+ bx)
41 —-a) 4(1 + a)?

‘-1/2*b/(-a“2+1)/x-1/2*arccoth(b*x+a)/x“2+a*b“2*1n(x)/(-a”2+1)“2-1/4*b“2*1n
‘(—b*x—a+1)/(1—a)‘2+1/4*b“2*1n(b*x+a+1)/(1+a)“2

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.84

de =~

/ coth™ (a + br) 1 (_ 2 coth™(a + bz) N b(

3 4 2

2

4ablog(z)

(-1+a?)z " (~1+a?)
_ blog(1 —a—bx)

blog(1 + a + bx)

(-1+ap

(14 a)?

))

-

input |

Integrate[ArcCoth[a + b*x]/x"3,x]
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t‘ ((-2xArcCoth[a + b*x])/x72 + bx(2/((-1 + a"2)*x) + (4*a*bxLoglx])/(-1 + a~ ‘
12)72 - (b¥Logll - a - b¥x])/(-1 + a)~2 + (bxLogl[l + a + b*x]1)/(1 + a)~2))/
2 |

outpu

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.03,

number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 45 Ryjes
integrand size

used = {6660, 896, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(a + bx) i

CL'3
l 6660
-1
16/ 1 dr — coth™ (a + bz)
2" ) 22(1 - (a+bx)?) 212
l 896
1, 1 coth™!(a + bx)
2b/¢%nl—m+mVWW+m”' 212
l 477

1 2/ 2a 4 1 n 1 + L d(a+
2 (1-a2)?bz 2(1—-a)?(—a—br+1) 2(a+1)%2(a+bz+1) (1—a?)ba?
coth™!(a + bx)

bx) — 572
| 2009
1, 1 2alog(—bx) log(—a—bx+1) log(a+bxr+1) coth™!(a + bx)
“p2( = = — _
2 (1—a2)bz (1—a2?) 2(1—a)? 2(a+1)2 212

input LInt [ArcCoth[a + b*x]/x"3,x] J
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\-1/2%ArcCothla + bxx]/x"2 + (b"2x(=(1/((1 - a”2)*b*x)) + (2*arLogl-(b*0)1)

output

/(1 - a™2)"2 - Logll - a - bxx]/(2%(1 - a)~2) + Logll + a + bxx]/(2%(1 + a
272)))/2 |
Defintions of rubi rules used

rule 477 Int[((c_) + (d_)*x_))"(a)*((a)) + (b_.)*(x_)"2)"(p_), x_Symbol]l :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) px(1 + Rt[-b/a, 2
1*x)"p, x]1, x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, 0] &% IntegerQ[n] &
& NiceSqrtQ[-b/al] && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 896 Int[((a_) + (b_)*(v_ )" (@ )" (p_.)*(x_)"(m_.), x_Symbol] :> With[{c = Coeff
icient[v, x, 0], d = Coefficient[v, x, 1]}, Simp[1/d"(m + 1) Subst [Int [Si
mplifyIntegrand[(x - c¢)"m*(a + b*x"n)~p, xI, x], x, vl, x] /; NeQ[c, 011 /;

FreeQ[{a, b, n, p}, x] && LinearQ[v, x] && IntegerQ[m]
ruleQOOQLInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J
rule 6660 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(

m_), x_Symbol] :> Simp[(e + f*x)~“(m + 1)*((a + b*ArcCoth[c + d*x]) p/(£*(m
+ 1))), x] - Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x]1)~(p - 1D/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}
, x] && IGtQlp, 0] && ILtQ[m, -1]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.87

method result

b(b In(bz+a—1) 1 __ 2abln(z) _ bln(bz+a+l) )
__arccoth(bz+a) 2(a—1)2 (I+a)(a—1)z  (a—1)2(14a)2 2(1+a)?
2x2 2

2 arccoth(bz+a) In(bz+a—1) In(bz+a+1) 1 aln(—bz)
b <_ 26222 T 4(a-1)? T 4(1+a)? +2(a—1)(1+a)bw+(a—1)2(1+a)2>

parts

derivativedivides

2 ( arccoth(bzta)  In(bz+a—1) In(bz+a+1) 1 aln(—bx)
default b ( BT 4(a—1)? + 4(1+a)? + 2(a—1)(1+a)bz + (a—1)*(1+a)?
x2 arccoth(bz+a)a?b?+21n(z)a b2z —2 In(bz+a—1)x2a b? —2x2 arccoth(bx+a)a b*>+arccoth(bz+a)b?z? —2a b22% —a
2z2(a*—2a2+1)
In(bz+a+1) In(—bz—a+1)a?b?z2—In(—bz—a—1)a?b?z%+2In(—bz—a+1)a b’>z% —4In(x)a b2z%+2 In(—bz—a-
- 4z2 - 4z2(a

parallelrisch

risch

input Lint (arccoth(b*x+a) /x"3,x,method=_RETURNVERBOSE) J

‘ -1/2*arccoth(b*x+a) /x"2-1/2xb* (1/2xb/ (a-1) “2*1n(b*x+a-1)-1/(1+a)/(a-1) /x-2 ‘

output
‘*a*b/(a—1)“2/(1+a)“2*1n(x)—1/2*b/(1+a)“2*1n(b*x+a+1))

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.23

73
(@ —2a+ 1)b%x?log (b +a+1) — (a®? +2a + 1)b?z%log (bx + a — 1) + 4 ab®z? log (z) + 2 (a? — 1)ba
4(a* —2a%+ 1)x?

/ coth™ (a + br) s

input Lintegrate (arccoth(b*x+a) /x"3,x, algorithm="fricas") J

Output‘ 1/4%((a™2 - 2%a + 1)*b~2kx"2+log(b*x + a + 1) - (a2 + 2%a + 1)¥b"2%x"2¢lo |
(g(bxx + a - 1) + 4xaxb 2#x"2¥log(x) + 2%(a”2 - D)*bxx - (a™4 - 2%a™2 + 1)*
Log((b#x + a + 1)/(bkx + a - 1)))/((a™4 - 2%a™2 + 1)#x"2)
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 410 vs. 2(73) = 146.

Time = 0.93 (sec) , antiderivative size = 410, normalized size of antiderivative = 4.56

/ coth™(a + bx) d

.'L'3
b?acoth(bz—1) b _ acoth(br—1) 1
8 8z 2x2 8z2
b2 acoth (bz+1) __ b __ acoth(bx+1) + 1
8 8z 2x2 8x2
___a*acoth (a+bx) a?b?z? acoth (a+bx) + a2bz + 2a? acoth (a+bx) + 2ab%z?log (z)  2ab?z?log (a+
2a%x2—4a02x2+222 2a%z2—4a%22+222 2a%x2—4a2x2+2x2 2a%z2—4a02x2+222 2a%z2—4a2x2 4272 2a%z2—4a2x2-

fnput integrate(acoth(b*x+a) /x**3,x)

Piecewise ((b**2*acoth(b*x - 1)/8 - b/(8%x) - acoth(b*x - 1)/(2*x**2) - 1/(
8xx*x2) , Eq(a, -1)), (b*x*2xacoth(b*x + 1)/8 - b/(8*x) - acoth(b*x + 1)/(2%
x*¥x2) + 1/(8*x**2), Eq(a, 1)), (-axx4*acoth(a + b*x)/(2*ax*4xx**2 - 4kax*x2
*xkk2 + 2kx*k%2) + akx*k2kbkx*k2kx**x2kacoth(a + bkx)/(2kak*k4*x**x2 — 4dkak*kQkx*k*x2
+ 2%kx*%2) + a*x*kxbkx/(kakk4kx*k*k2 — 4kak*kkx*kkx2 + 2kxx*x*2) + 2kax*x2kxacoth(
a + bkx)/(2kax*4*x**2 — 4kax*k2*¥x*¥*2 + 2xx**2) + 2xaxbx*k2kx*k*x2x1og(x)/(2*a*
*KAKXFKD — LkaxkkxxkkD + 2¥kx*k*2) — kakbr*kkxx*k2xlog(a + bxx + 1)/(2xa**x4xx
**2 = Akakk2xx*k*k2 + kx*kx2) + kakbkx2xx¥x*k2kacoth(a + bkxx)/(2kax*4*x**2 -
Lxax*k2*xx*k*2 + 2*kx**2) + b*x*2kxx*k*2xacoth(a + b*x)/(2ka**4*x**2 — 4kakxkQkx*k*
2 + 2%kx*%2) - bxx/(2¥axkdkxkx2 — Lxak*k2*xxx*k2 + 2xx**2) - acoth(a + b*x)/(2
kakkdkxkk2 — Lkaxkkxk*2 + 2*kx**2), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 85, normalized size of antiderivative = 0.94

/ coth™'(a + bx) d

3
1/ 4ablog(x)  blog(bx+a+1) blog(bxr+a—1) 2

=7 — + b
4 \a*—2a’+1 a’>+2a+1 a?—-2a+1 (a2 — 1)z
__ arcoth (bz + a)

212
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input ‘ integrate(arccoth(b*x+a) /x~3,x, algorithm="maxima") ‘

|1/4%(4xaxbxlog(x)/(a4 - 2%4a™2 + 1) + bxlog(bsx + a + 1)/(a"2 + 2%4a + 1) -
| brlog(bkx + a - 1)/(a™2 - 2%a + 1) + 2/((a”2 - 1)*x))*b - 1/2*arccoth(b*x |
L + a)/x"2 J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 360 vs. 2(76) = 152.

Time = 0.13 (sec) , antiderivative size = 360, normalized size of antiderivative = 4.00

/ coth™(a + bx) d

x3

< (bz+a+1)ab

bx+a—1 a

1 |bz+a—1| br+a—1 bz+a—1
—((a+1)b—(a—1)b -
2((a+ ) (a' )) a4_2a2_|_1 a4_2a2_+_1 + (a2_‘

ablog ('bz""“'l') ablog ( (betatlla _  betatl _ 1‘)

-

input L

- )

integrate(arccoth(b*x+a)/x"3,x, algorithm="giac")

-1/2x((a + 1)*b - (a - 1)*b)*(a*b*log(abs(b*x + a + 1)/abs(b*x + a - 1))/(
a™4 - 2xa”2 + 1) - axbxlog(abs((b*x + a + 1)*a/(bxx + a - 1) - a - (bxx +
a+ 1)/(bxx + a-1) - 1))/(@a™4 - 2%xa”2 + 1) + ((b*x + a + 1)*axb/(b*x + a
- 1) - axb - (b*x + a + 1)*b/(b*x + a - 1))*log(-(1/(a - ((bxx + a + 1)x*(
a-1)/(bxx +a-1) - a - 1)*xb/((b*xx + a + 1)*b/(b*x + a - 1) - b)) + 1)/
(1/(a - ((bxx + a + 1)*(a - 1)/(b*x + a - 1) - a - 1)*b/((b*x + a + 1)*b/(
b*xx + a - 1) - b)) - 1))/((a"2 - 2*xa + 1)*x((b*x + a + 1)*a/(b*x + a - 1) -
a- (bxx +a+ 1)/(bxx + a -1) - 1)72) + (axb + b)/(((b*x + a + 1)*a/(b*
x+a-1) —a- (bxx +a+ 1)/(b*xx + a - 1) - 1)*(a + 1)"2%(a - 1)72))

output
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Mupad [B] (verification not implemented)

Time = 4.89 (sec) , antiderivative size = 247, normalized size of antiderivative = 2.74

/coth‘lig 5 g = n (2) (4(abi 1)’ 4(abj 1)2)

b? b?
—In(a®+2abz+b°2° — 1) ( 5 — 2)
$(a—17° 8(atl)
acoth(a + bz) (%2 — %) — bz et acoth(atbz) 4 = S:;_bj;;bs) + (25’4_”1”;2 +abzacoth(a+bzx)

a?x?2+2abxd + b2zt — 22
atan( 2zb2+2ab )(a2b3+b3)

2./b2 (a2—1)—a? b2

V= (2a* — 402+ 2)

input 1Bt (acoth(a + bxx)/x"3,%) )

log(x)*(b"2/(4x(a - 1)72) - b™2/(4x(a + 1)72)) - log(a™2 + b™2xx"2 + 2%axb
*x - 1)*(b"2/(8%(a - 1)72) - b~2/(8%(a + 1)72)) - (acoth(a + b*x)*(a~2/2 -
1/2) - (b*x)/2 + (b~2*x"2*acoth(a + b*x))/2 + (x"3*(b"3 + 3*a~2%b~3))/(2*
(a”2 - 1)72) + (axb™4*x"4)/(a"2 - 1)72 + axb*x*acoth(a + b*x))/(a"2*x"2 -
X"2 + b"2%x74 + 2xaxbxx~3) - (atan((2*a*b + 2*¥b"2*x)/(2*x(b"2*(a"2 - 1) - a
"2%b72)7(1/2)))* (173 + a”2*%b73))/((-b"2)"(1/2)*(2%a~4 - 4*a”2 + 2))

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.43

/ coth_l(;z + bx) i
T

_ —acoth(bz + a) a* + acoth(bx + a) a®b*z? + 2acoth(bz + a) a® — 2acoth(bx + a) a b?x® + acoth(br + a)

B 222 (a* — 2a%2 + 1)

input Lint (acoth(b*x+a)/x"3,x) J




output

CHAPTER 3. LISTING OF INTEGRALS

95

‘( - acoth(a + b*x)*a*x*4 + acoth(a + bkx)*ak*2xbx*2xx**2 + 24acoth(a + b*x)
‘*a**2 - 2xacoth(a + b*x)*a*xbx*2*x**x2 + acoth(a + b*x)*b**2*x**2 - acoth(a
\+ b*x) + 2*log(a + b*x — 1)*a*bx*2xx**x2 — 2%log(x)*axb**2kx**2 — a*x2*b*xx
‘+ b*x) / (2*%x*x*2% (ax*4 — 2%a*x*x2 + 1))
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3.8 [ x3coth™(a + bz)? dz

Optimal result . . . . . . . . . . . . e 90!
Mathematica [A] (verified) . . . . . . . . . ... o 97l
Rubi [A] (verified) . . . .. . . ... .. 97
Maple [A] (verified) . . . . . . ... L 99
Fricas [F] . . . . . . o 100
Sympy [F] . . o o 100
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 101
Giac [F] . . . . o o 101
Mupad [F(-1)] . . . o o 102
Reduce [F] . . . o . o o 102

Optimal result

Integrand size = 12, antiderivative size = 263

az (a+ bx)? N (1 + 6a?) (a + bx) coth™*(a + bz)
b3 12v% 2b*
_a(a+bx)? coth™(a + bx)
bl
(a+bx)®coth™ (a +bx)  a(l+a?)coth™ (a + bz)®

6b% b*

(1 + 6a® + a*) coth™'(a + bz)?

4p

+ }lx‘l coth™'(a + bz)® + aamtan,};(a o

2a(1 + a”) coth™ (a + bz) log (1=2;)
+ pa

log (1 — (a+b2)) | (1+6a?)log (1 — (a+bz)?)

1204 4b4

l1—a—bx

N a(1 + a?) PolyLog (2, —12+0)

b4
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—a*x/b~3+1/12* (b*x+a) “2/b"4+1/2% (6%a~2+1) * (b*x+a) *arccoth (b*x+a) /b~ 4-a* (b*
x+a) "2*arccoth(b*x+a) /b~4+1/6* (b*x+a) “3*arccoth (b*x+a) /b~4-a*x(a~2+1)*arcco
th(b*x+a) "2/b"4-1/4*(a~4+6*a”2+1) *arccoth (b*x+a) ~2/b~4+1/4*x"4*arccoth (b*x
+a) “2+a*arctanh (b*x+a) /b~ 4+2*a*x (a~2+1) *arccoth (b*x+a)*1n(2/ (-b*x-a+1))/b"4
+1/12*%1n(1- (b*x+a) ~2) /b~4+1/4*(6%a~2+1) *1n(1- (b*x+a) ~2) /b~4+a*(a~2+1) *poly
log(2,-(b*x+a+1)/(-b*x-a+1))/b"4

output

Mathematica [A] (verified)

Time = 1.23 (sec) , antiderivative size = 203, normalized size of antiderivative = 0.77

/x3 coth™'(a + bz)*dz =

1+ 11a? 4 10abr — b%2? + 3(1 — 4a + 6a2 — 4a® + a* — b*2*) coth™'(a + bx)? — 2 coth™*(a + b2) (9

-

LIntegrate [x~3*ArcCoth[a + b*x]~2,x]

~—

input

-1/12x(1 + 11%a”2 + 10*a*b*x - b~2*x"2 + 3*(1 - 4*a + 6%a”2 - 4*a"3 + a4
- b~4*x"4)*ArcCoth[a + b*x]"2 - 2xArcCoth[a + b*x]*(9*a + 13%a~3 + 3*b*x +
9*a~2%b*x - 3*a*b"2*x"2 + b"3*x"3 + 12*%(a + a~3)*Log[l - E~(-2*ArcCoth[a
+ b*x])]) + 8*Logl[1/((a + b*x)*Sqrt[1 - (a + b*x)~(-2)1)] + 36xa~2*Log[1/(
(a + bxx)*Sqrt[1 - (a + b*x)~(-2)]1)] + 12+(a + a~3)*PolyLog[2, E~(-2xArcCo

thla + b*x])])/p~4

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 244, normalized size of antiderivative = 0.93,

number of rules _ () 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6662, 25, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/:c3 coth™ (a + bx)? dz
| 6662
[ z3coth™(a + bz)2d(a + bx)

b
| 25

- coth™ (a + bx)%d(a + bx)
b
| 27

b coth™!(a + bx)%d(a + bx)

b4
l 6481

s/ (— coth™(a + bz)(a + bz)? + 4acoth™'(a + bz)(a + bz) — (6a + 1) coth™'(a + bz) + (a4+6a2_4(a2+11)£(z:
ba

l 2009

%(—Z(z(a2 + 1) PolyLog (2, - _“;_”f;&l) — 1(6a%+1)log (1 — (a +b2)?) — (6a® + 1) (a + bz) coth™*(a + bx)

input ‘ Int [x"3*ArcCoth[a + b*x]~2,x] ‘

-((-1/4% (b~ 4*x"4xArcCoth[a + b*x]"2) + (2*xax(a + b*x) - (a + b*x)"2/6 - (1

+ 6*a”2)*(a + bxx)*ArcCoth[a + b*x] + 2*ax(a + b*x) 2*ArcCoth[a + b*x] -
((a + b*x)"3*ArcCoth[a + b*x])/3 + 2*a*x(1 + a~2)*ArcCoth[a + b*x]~2 + ((1
+ 6%a”2 + a~4)*ArcCoth[a + b*x]~2)/2 - 2%axArcTanh[a + b*x] - 4*a*(1 + a™2
)*xArcCoth[a + b*x]*Log[2/(1 - a - b*x)] - Logl[l - (a + b*x)"2]/6 - ((1 + 6
*a~2)*Log[1 - (a + b*x)~2])/2 - 2*a*(1 + a~2)*PolyLog[2, -((1 + a + b*x)/(
1 - a- b*x))1)/2)/b~4)

N\ J

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule gagy Intl((a_.) + ArcCoth[(c_.)*(x)1*(b_.))~(p_)*((d) + (e_.)*(x_))7(q_.), x_8
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bk*ArcCoth[c*x])~p/(ex(q + 1))), x] -
Simp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcCoth[c*x])~(p - 1
), (d+ exx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q]l && NeQ[q, -1]

rule 6662 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])~p, x]1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQ[p, 0]

Maple [A] (verified)

Time = 0.44 (sec) , antiderivative size = 448, normalized size of antiderivative = 1.70

method result

4 “
z* arccoth(bz+a)? arccmh(bz+a)21n(bw+a_l)a —2 arccoth(bz+a) In(bx+a—1)a3+3 arccoth(bz+a) In(bzr+a—1)a
parts 7 +

arccoth(bz+a) ln(b:):-}-a—l)a4 arccoth(bz+a)(bz+a)3 + 3 arccoth(b:
4 6

—arccoth(bz+a)a(bz+a)?+3 arccoth(bz+a)a?(bz+a)+

derivativedivides

—arccoth(bz+a)a(bz+a)?+3 arccoth(bz+a)a? (bz+a)+

arccoth(bz+a) ln(b:c-‘-a—l)a4 arccoth(bz+a)(bz+a)3 + 3 arccoth(b:
4 6

default

In(bz+a+1) In(bz+a—1) In(bz+a—1)2 In(bz+a—1)2zt

i __1 4 In(ztatl) |, a? | a _ 1lla® 31In(bz-
risch or T st T ter — 1 T am T 16 + p

p-
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input ‘ int (x"3*arccoth(b*x+a) “2,x,method=_RETURNVERBOSE)

output

input

output

input

output

1/4xx"4*arccoth(b*x+a) ~2+1/2/b"4*x(1/2*arccoth (b*x+a) *1n (b*x+a-1)*a~4-2*arc
coth(b*x+a)*1n(b*x+a-1) *a~3+3*arccoth(b*x+a)*1n(b*x+a-1) *a~2-2*arccoth (b*x
+a) *1n (b*x+a-1) *a+1/2*arccoth (b*x+a) *1n (b*x+a-1)+6*arccoth (b*xx+a) *a~2* (b*x
+a) -2*arccoth (b*x+a) *a* (b*x+a) “2+1/3*arccoth (b*x+a) * (b*x+a) ~3+(b*x+a) *arcc
oth(b*x+a)-1/2*arccoth(b*x+a)*1n(b*x+a+1)*a~4-2*xarccoth(b*x+a)*1n(b*x+a+1)
*a~3-3*arccoth (b*x+a) *1n (b*x+a+1) *a~2-2*arccoth (b*x+a) *1n (b*x+a+1) *a-1/2*a
rccoth (b*x+a) *1n (b*x+a+1) -2 (b*x+a) *a+1/6* (bxx+a) ~2+1/6* (18+a~2-6%a+4) *1n(
bxx+a-1)-1/6%(-18%a~2-6%a-4)*1n (b*x+a+1)+1/6* (3%a~4-12*a~3+18*a"~2-12*a+3) *
(-1/2%dilog(1/2%b*x+1/2*%a+1/2)-1/2*1n(b*x+a-1) *1n(1/2*b*x+1/2%a+1/2)+1/4%1
n(bxx+a-1) "2)+1/6%(-3*a~4-12%a"~3-18%a"~2-12*a-3) *(1/2* (1ln(b*x+a+1)-1n(1/2*Db
*xx+1/2%a+1/2))*1n(-1/2xb*x-1/2%a+1/2)-1/2*dilog(1/2*b*x+1/2*a+1/2)-1/4*1n(

b*x+a+1)~2))

Fricas [F]

/x3 coth™'(a + bz)?dz = /z3 arcoth (bz + a)® dz

‘integrate(x*3*arccoth(b*x+a)*2,x, algorithm="fricas")

p
Lintegral(X“B*arccoth(b*x + a)”"2, x)

| —

Sympy [F]

/a:3 coth™'(a + bz)*dz = /x3 acoth’ (a + bx) dx

Lintegrate(x**3*acoth(b*x+a)**2,x)

LIntegral(x**S*acoth(a + b*x)**2, Xx)
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 320, normalized size of antiderivative = 1.22

/w3 coth™(a + bz)? dz = :11 z* arcoth (bz + a)

1 b2(48(a3+a)(log(bx+a— log (3bx+3a+3) +Liz(—3bz—Fa+1)) N 4(13 a3 + 184 4

I -
1 (2(b%® —3aba® +3(3a® +1)z) 3(a*+4a®+6a>+4a+1)log(bz+a+1) 3(a*—4d
+—0 _ "
12 bt 3
+a)
inputLintegrate(x“3*arccoth(b*x+a)“2,x, algorithm="maxima") J

1/4*x~4*arccoth(b*x + a)~2 + 1/48%b~2%(48%(a"3 + a)*(log(b*x + a - 1)*log(
1/2xb*x + 1/2*a + 1/2) + dilog(-1/2*b*x - 1/2*%a + 1/2))/b"6 + 4x(13*a"3 +

18%a~2 + 9*xa + 4)*log(b*x + a + 1)/b"6 + (4*%b"2*%x"2 - 40*a*b*x + 3%(a™4 +
4xa”3 + 6xa”2 + 4xa + 1)*log(b*x + a + 1)72 - 6x(a”4 + 4*%a”3 + 6%a”~2 + 4*a
+ 1)*log(b*x + a + 1)*log(b*x + a - 1) + 3%(a™4 - 4*a”™3 + 6%a”2 - 4%a + 1
)xlog(b*x + a - 1)72 - 4x(13%a~3 - 18*a”2 + 9%a - 4)*log(b*x + a - 1))/b"6
) + 1/12%b* (2% (b~2%x"3 - 3*axb*x~2 + 3*(3%¥a”2 + 1)*x)/b"4 - 3%(a”4 + 4*a”3
+ 6%a”2 + 4xa + 1)*log(b*x + a + 1)/b”5 + 3*x(a"4 - 4%a”3 + 6%a”2 - 4xa +

1)*log(b*x + a - 1)/b~5)*arccoth(b*x + a)

output

Giac [F]

/x?’ coth™'(a + bz)? dx = /:p3 arcoth (bz + a)” dz

jnputLintegrate(X“B*arccoth(b*x+a)*2,x, algorithm="giac") J

-

Lintegrate(x‘3*arccoth(b*x + a)”2, x)

~—

output
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Mupad [F(-1)]
Timed out.

/x3 coth™'(a + bz)*dz = /x3 acoth(a + bz)” dz

e A
int (x"3*acoth(a + b*x)~2,x)

input

N\

‘int(x"B*acoth(a + b*x)~2, x) ‘

output
Reduce [F]
/w3 coth™(a + bx)? dz
3acoth(bz + a)” a* — 6acoth(bx + a)® a® + 3acoth(bx + a)® b'z* + 3acoth(bz + a)® — 14acoth(bz + a) @
input Lint (x~3*acoth(b*x+a)~2,x) J
output (3*acoth(a + b*x)**2xa**4 - 6%acoth(a + b*x)*x2%a**2 + 3%acoth(a + bkx)*x2

*bxk4d*x**x4 + 3*xacoth(a + b*x)**2 - 14*acoth(a + b*x)*a**3 - 6*acoth(a + bx*
X) *ax*x2*xb*x — 24*acoth(a + b*x)*a**2 + 6*acoth(a + b*x)*axb**2xx**2 — 6*ac
oth(a + b*x)*a - 2*acoth(a + b*x)*b**3*x**3 + 6xacoth(a + b*x)*b*x + 4*aco
th(a + b*x) - 12xint((acoth(a + b*x)*x**2)/(a**2 + 2xaxbxx + bkkkx**2 - 1
), x)*a*xk2xbx*x3 - 12*xint((acoth(a + b*x)*x**2)/(a**2 + 2%a*b*x + b**2*x**2
- 1) ,x)*b**3 + 24*xlog(a + b*x - 1)*a**2 - 4xlog(a + b*x - 1) - 10*axbxx +
bx*x2xx**2) / (12%b**4)




output
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3.9 [ % coth™(a + bz)? dz

Optimal result . . . . . . . . . . . . e 103
Mathematica [B| (warning: unable to verify) . . . . . ... ... ... ... ... 104
Rubi [A] (verified) . . . .. . . ... .. 105
Maple [A] (verified) . . . . . . ... L
Fricas [F] . . . . . . o 107
Sympy [F] . . o o 107
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 108}
Giac [F] . . . . o o 108
Mupad [F(-1)] . . . o o 109
Reduce [F] . . . o . o o 109

Optimal result

Integrand size = 12, antiderivative size = 204

) 1 >, _ z 2a(a+bzr)coth ' (a+bz)  (a+bz)?coth™ (a+ bzx)
/x coth™ (a + bx)* dr = 32 7 + 353
N a(3 + a?) coth™*(a + bzx)? N (1 + 3a?) coth™(a + bx)?
363 ( ) 3b3

1 4 1 , arctanh(a + bz

- h _
+37 coth™ (a + bx) 353

2(1 + 3a?) coth™'(a + bz) log (=2+-)
B 363
_alog(1—(a+bz)®) (1+3d%)PolyLog (2, —at)

b3 3b3

1/3%x/b~2-2*ax* (b*x+a) *arccoth (b*x+a) /b~3+1/3* (b*x+a) “2*arccoth (b*x+a) /b~ 3+
1/3*ax(a~2+3)*arccoth(b*x+a) “2/b~3+1/3*(3*a~2+1) *arccoth (b*x+a) "2/b"3+1/3%
x"3*arccoth(b*x+a) ~"2-1/3*arctanh (b*x+a) /b~3-2/3*(3*a~2+1) *arccoth (b*x+a) *1
n(2/(-b*x-a+1))/b~3-a*x1ln(1-(b*x+a)~2)/b~3-1/3*(3*a~2+1) *polylog(2,-(b*x+a+
1)/ (-b*x-a+1))/b"3




input

output
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Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 607 vs. 2(204) = 408.

Time = 2.73 (sec) , antiderivative size = 607, normalized size of antiderivative = 2.98
/x2 coth™'(a + bz)*dz =

4 coth™! (a+bx) 3 coth™! (a+bx)? _ 12a coth™! (a+bx)?

9a2 cotl

b 1——15(1— bx)?
(a + bx) (a+bZ)2( (a + bz)7) (a+bx)\/1—m (a—‘rbx)\/l—m (a+bx)\/1—m

(a+bz) \

‘Integrate[x“Q*ArcCoth[a + b*x]"2,x]

-1/12%((a + b*x)*Sqrt[1 - (a + bxx)~(-2)]1*(1 - (a + b*xx)~2)*((4xArcCoth[a
+ b*x])/((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]) + (3*ArcCoth[a + b*x]~2)/((a
+ b*x)*Sqrt[1 - (a + b*x)~(-2)]) - (12*axArcCoth[a + b*x]~2)/((a + b*x)*Sq
rt[1 - (a + b*x)~(-2)]) + (9*a~2*ArcCoth[a + b*x]~2)/((a + b*x)*Sqrt[1 - (
a + bxx)~(-2)]) + (-1 + 6xa*xArcCoth[a + b*x] - 3*(-1 + a"2)*ArcCoth[a + b*
x]172)/Sqrt[1 - (a + b*x)~(-2)] + Cosh[3*ArcCoth[a + b*x]] - 6*axArcCothl[a
+ bxx]*Cosh[3*ArcCoth[a + b*x]] + ArcCoth[a + b*x] 2xCosh[3*ArcCoth[a + Db*
x]] + 3*a~2*ArcCoth[a + b*x] 2+Cosh[3*ArcCoth[a + b*x]] + (6%ArcCothl[a + b
*x]*Log[1 - E~(-2%ArcCoth[a + b*x])])/((a + bxx)*Sqrt[1 - (a + bxx)~(-2)])
+ (18*a”~2xArcCoth[a + b*x]*Log[l - E~(-2xArcCoth[a + b*x])])/((a + bx*x)*S
grt[1l - (a + b*x)~(-2)]) - (18*axLogl[1/((a + b*x)*Sqrt[1 - (a + b*x)~(-2)]
)1)/((a + bxx)*Sqrt[1 - (a + b*x)~(-2)]) + (4*(1 + 3*a~2)*PolyLog[2, E~(-2
xArcCoth[a + b*x])])/((a + b*x)"3*(1 - (a + b*x)~(-2))"(3/2)) - ArcCothl[a

+ b*x] "2#Sinh[3*ArcCoth[a + b*x]] - 3*a~2*ArcCoth[a + b*x]~2#Sinh[3*ArcCot
h[a + b*x]] - 2xArcCoth[a + b*x]*Log[l - E~(-2xArcCoth[a + b*x])]*Sinh[3*A
rcCoth[a + b*x]] - 6*%a~2xArcCoth[a + b*x]*Log[l - E~(-2xArcCoth[a + b*x])]
*Sinh [3*ArcCoth[a + b*x]] + 6*a*Log[1/((a + b*x)*Sqrt[l - (a + b*xx)~(-2)])
1xSinh[3*ArcCoth[a + b*x]]))/b~3
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Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 193, normalized size of antiderivative = 0.95,

number of rules _ 0.333, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6662, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:c2 coth™!(a + bx)? dx

| 6662

[ x%coth™(a + bz)2d(a + bx)
b
| 27

[ v?z% coth™!(a + bz)2d(a + bz)

b3
l 6481

a(a? —(3a? a+bzx)) coth™ (a+bzx
% i <—3a coth™!(a + bzx) + (a + bzx) coth™ (a + bx) + (a(a®+3)=(3 f_l()éJrIz)z)) th™ (atb )) d(a + bx) + %bg’a:?’ co
b3

l 2009

%(—% (3a% + 1) PolyLog (2, — _“;r_bfjjl) + 2a(a? + 3) coth™ (a + bz)? + 3 (3a% + 1) coth™*(a + bz)% — (3a +

-

LInt [x~2*xArcCoth[a + b*x]"2,x]

| —

input

((b~3*x"3*ArcCoth[a + b*x]"2)/3 + (2*x((a + b*x)/2 - 3*a*(a + b*x)*ArcCoth[
a + b*xx] + ((a + bxx) " 2kArcCoth[a + b*x])/2 + (a*x(3 + a"2)*ArcCoth[a + b*x
172)/2 + ((1 + 3*a~2)*ArcCoth[a + b*x]~2)/2 - ArcTanh[a + b*x]/2 - (1 + 3%
a~2)*ArcCoth[a + b*x]*Logl[2/(1 - a - b*x)] - (3*a*Log[l - (a + b*x)"2])/2
- ((1 + 3*a~2)*PolyLogl[2, -((1 + a + b*x)/(1 - a - b*x))])/2))/3)/b"3

& J

output




rule

rule 2009

rule 6481
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Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] \

tInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul] J

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcCoth[c*x])~(p - 1
), (d+ e*xx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

rule 6662 ItL((a_.) + ArcCothl(c ) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x))"(

input L

‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - cxf)/d + £*(x/d)) m*(a + bx |
‘ArcCoth[x])‘p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, £, m}, x] && IG ‘
tQlp, 0] |

Maple [A] (verified)

Time = 0.40 (sec) , antiderivative size = 350, normalized size of antiderivative = 1.72

method result
2 3
parts 3 arccoth(bz+a)2 + _9 arccoth(bm—{—a)a(bz—}-a)—}- (bz+a) argcoth(sz—a) _arccoth(bz+a)31n(bz+a—l)a +arccoth(bm+
3
_arccoth(bm+a)2a3 2 2 _ 2 2 arccoth(ba:+a)2(bz+a)3 _
derivativedivides === +arccoth(bz+a)“a?(bz+a)—arccoth(br+a)“a(br+a)’+ 3 2 arccoth(bz+a)
arccath(bz+a)2a3 2 2 2 2 arccoth(bz+u)2(bz+a)3
default —=———5—"———+arccoth(bz+a)”a®(bz+a)—arccoth(bz+a)“a(bz+a)”"+ 3 —2 arccoth(bz+a)
bz a1 . bz a1

risch 1 In(wta-)) In(%+3+1) B dilog (42 +5+1 )a? b herae | (Bt 430

sc 363 363 5 362 665 125°

int (x~2*arccoth(b*x+a) ~2,x,method=_RETURNVERBOSE) J
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1/3*x"3*arccoth (b*x+a) ~2+2/3/b"3* (-3*arccoth (b*x+a) *a* (b*x+a)+1/2* (b*x+a)~
2*arccoth(b*x+a)-1/2*arccoth(b*x+a)*1n(b*x+a-1)*a~3+3/2*arccoth (b*x+a) *1n(
bxx+a-1)*a~2-3/2*arccoth(b*x+a)*1n(b*x+a-1) *a+1/2*arccoth(b*x+a) *1n (b*x+a-
1)+1/2*arccoth(b*x+a) *1n (b*x+a+1)*a~3+3/2*arccoth (b*x+a) *1n (b*x+a+1) *a~2+3
/2*arccoth(b*x+a)*1n(b*x+a+1) *a+1/2*arccoth(b*x+a)*1n (b*x+a+1)+1/2* (a~3+3*
a~2+3*a+1)*(1/2*x(1n(b*x+a+1)-1n(1/2xb*x+1/2*a+1/2) ) *1n(-1/2*b*x-1/2*a+1/2)
-1/2*dilog(1/2%b*x+1/2%a+1/2)-1/4*1n(b*x+a+1) "2)+1/2%b*x+1/2%a-1/4% (6*a-1)
*1n (bxx+a-1)+1/4*(-6%a-1) *1n(b*x+a+1)+1/2*(-a~3+3*a~2-3*a+1)*(-1/2*dilog(1l
/2%b*x+1/2%a+1/2)-1/2%1n(b*x+a-1) *1n(1/2%bxx+1/2%a+1/2)+1/4*1n(b*x+a-1)"2)
)

output

Fricas [F]

/x2 coth™'(a + bz)*dz = /z2 arcoth (bz 4 a)® dz

input‘integrate(x‘2*arccoth(b*x+a)”2,x, algorithm="fricas")

p
OutputLintegral(x"2*arccoth(b*x + a)”2, x)

Sympy [F]

/:v2 coth™(a + bx)? dz = /x2 acoth® (a + bz) dz

input‘integrate(x**2*acoth(b*x+a)**2,x)

outputLIntegral(x**2*acoth(a + b*x)**2, x)
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Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 259, normalized size of antiderivative = 1.27

/w2 coth™(a + bz)? dz = %m?’ arcoth (bz + a)?
1 b2<4(3a2+1)(log(bw+a—1)log(%bx+%a-l—%) + Lig(—3bz —3a+3)) N 2(5a*+6a+1)

12 bs b

2 _ 3 2 3_ 9.2 _ _
+%b(bx b34ax+(a +3a +3a+bi)log(ba:+a+1)_(a 3a°+3a bi)log(bsc-f—a 1)>a,rc

+a)

inputLintegrate(x“2*arccoth(b*x+a)*Q,X, algorithm="maxima") J

1/3*x"3*arccoth(b*x + a)~2 - 1/12%b"2%(4*(3*%a"2 + 1)*(log(b*x + a - 1)*log
(1/2%b*x + 1/2%a + 1/2) + dilog(-1/2%b*x - 1/2%a + 1/2))/b"5 + 2*(5xa”~2 +
6*a + 1)*log(b*x + a + 1)/b"5 + ((a”3 + 3*a”2 + 3*a + 1)*log(b*x + a + 1)~
2 - 2%(a”3 + 3*a”2 + 3*a + 1)*xlog(b*x + a + 1)*log(b*x + a - 1) + (a”3 - 3
*a"2 + 3xa - 1)xlog(b*x + a - 1)72 - 4xbxx - 2*%(5%a”2 - 6*a + 1)*log(b*x +
a - 1))/b78) + 1/3*%bx((b*x~2 - 4%a*x)/b~3 + (a3 + 3*a”2 + 3*a + 1)*log(b
*x + a + 1)/b”4 - (2”3 - 3*¥a”2 + 3*a - 1)*log(b*x + a - 1)/b~4)*arccoth(b*

X + a)

output

Giac [F]

/x2 coth™ (a + bz)? dz = /m2 arcoth (bz + a)® dz

jnputLintegrate(X“2*arccoth(b*x+a)“2,x, algorithm="giac") J

outputLintegrate(x"2*arccoth(b*x + a)~2, x) J
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Mupad [F(-1)]
Timed out.
/x2 coth™'(a + bz)*dz = /x2 acoth(a + bz)” dz

input Lint(x‘Q*acoth(a + b*x)~2,x) J

‘int(x“2*acoth(a + b*x)~2, x)

output
Reduce [F|
/z2 coth™(a + bx)? dz
_ —acoth(bz + a)% a* + 2acoth(bz + a)? a? + 2acoth(be + a)2 a b3z — acoth(bz + a) + dacoth(bz + a) @
input Lint (x~2*acoth (b*x+a)~2,x) J
output ( - acoth(a + b*x)**2*a**4 + 2*acoth(a + b¥x)**2*ka**2 + 2¥acoth(a + b*x)**

2*axb**3*x**3 - acoth(a + b*x)**2 + 4*acoth(a + b*x)*a*x*3 + 2*xacoth(a + b*
X) *a*x*x2*b*x + 6*acoth(a + b*x)*a**2 - 2*acoth(a + b*x)*axb**2xx**2 - 2*aco
th(a + b*x)*b*x - 2*xacoth(a + b*x) + 6*int((acoth(a + b*x)*x**2)/(a**2 + 2
*a*xbkx + b**2kxk*k2 — 1),x)*ax*x2xb**3 + 2xint ((acoth(a + b*x)*x**2)/(a*x*x2 +

2k%axbkx + bk*2*x**2 - 1),x)*b**3 - 6+log(a + b*x - 1)*a**2 + 2*log(a + b*
X - 1) + 2xaxb*x)/(6*a*xb*x*3)
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3.10 [ xcoth™'(a + bx)? dx

Optimal result . . . . . . . . . . . . e 110
Mathematica [A] (verified) . . . . . . . . . ... o 111
Rubi [A] (verified) . . . .. . . ... .. 11T
Maple [A] (verified) . . . . . . ... L 113
Fricas [F] . . . . . . o 114
Sympy [F] . . o o 114
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 114
Giac [F] . . . . o o 115
Mupad [F(-1)] . . . o o 115
Reduce [F] . . . . . 116

Optimal result

Integrand size = 10, antiderivative size = 136

-1 -1 2
/x coth"(a + bz)? do = (a+bx) COZ? (a+bz) acoth b(za + bx)
(1+a?) coth ' (a+b2)>? 1, 1 5
572 + 5% coth™ (a + bx)
2a coth™(a + bz) log (—2-)
+ b2
N log (1 — (a + bx)?) n aPolyLog (2, —{*2£2)
2b? b2

output ‘ (b*x+a) *arccoth (b*x+a) /b~2-a*arccoth (b*x+a) “2/b~2-1/2% (a"~2+1) *arccoth (b*x+
‘a)“2/b”2+1/2*x”2*arccoth(b*x+a)“2+2*a*arccoth(b*x+a)*1n(2/(-b*x-a+1))/b”2+

‘1/2*ln(1—(b*x+a)‘2)/b“2+a*polylog(2,—(b*x+a+1)/(-b*x—a+1))/b‘2
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.78

/w coth™(a + bx)? dz

(=14 2a — a® + v?x?) coth™'(a + bz)? + 2 coth™*(a + bx) (a + bz + 2alog <1 — e‘2C°th_1(“+b””)>) — 2]

2b2

input LIntegrate [x*ArcCoth[a + b*x]"2,x] J

( N

((-1 + 2%xa - a2 + b™2*x"2)*ArcCoth[a + b*x]~2 + 2xArcCoth[a + b*x]*(a + b
‘*x + 2xaxLog[1 - E~(-2xArcCoth[a + b*x])]) - 2xLog[1/((a + b*x)*Sqrt[1 - ( ‘
‘a + bxx)~(-2)])] - 2*axPolylLog[2, E~(-2*ArcCoth[a + b*x])])/(2%b"2) ‘

output

Rubi [A] (verified)

Time = 0.47 (sec) , antiderivative size = 127, normalized size of antiderivative = 0.93,

number of rules __
integrand size 0.500, Rules

number of steps used = 6, number of rules used = 5,
used = {6662, 25, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:c coth™(a + bz)? dx

l 6662

[z coth™ (a + bx)2d(a + bx)
b

| 25

[ —z coth™ (a + bz)?d(a + bx)
b

l27

[ —bz coth™(a + bz)%d(a + bx)
_ 2
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l 6481
f ((a2_2(a+b1x1¢1(1—i2);§);h—1(a-i—bx) _ COth_l(a + b.’L')> d(a + bac) _ %b2x2 COth_l(a + b.%')2
_ w
l 2009

2(a® +1) coth™*(a + bz)? — 1?22 coth™*(a + bz)? — a PolyLog (2, —%) — llog (1 - (a +bz)?) +ac
b2

-

input LInt [x*xArcCoth[a + b*x]~2,x]

. ]

output‘ -((-((a + b*x)*ArcCoth[a + b*x]) + a*ArcCothl[a + b*x]~2 + ((1 + a~2)*ArcCo ‘
‘thla + b¥x]"2)/2 - (b~2*x"2*ArcCoth[a + b¥x]"2)/2 - 2%a*ArcCoth[a + b¥x]+L
‘og[2/(1 - a - b*x)] - Logl[l - (a + b*x)"2]/2 - a*PolyLogl[2, -((1 + a + b*x ‘
D/ - a - b*x))1)/b72)

Defintions of rubi rules used

-

rukaz5tint[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

. ]

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] & !'Ma ‘
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

h S

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 6481 TmtLC(a_.) + ArcCoth[(c_.)*(x)1*(b_.))~(p)*((d)) + (e_.)*(x))"(q_.), x_8
ymbol]l :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [bxc*(p/(e*(q + 1)))  Int[ExpandIntegrand[(a + bxArcCoth[c*x])~(p - 1
), (d + e*xx)”(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQlp, 1] && IntegerQ[q]l && NeQ[q, -1]
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ruleﬁ%zllnt[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(

‘ArcCoth[x])“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IG
tQlp, 0]

‘m_.), x_Symbol]l :> Simp[1/d Subst[Int[((d*e - cxf)/d + f*(x/d)) m*(a + b* |

Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 244, normalized size of antiderivative = 1.79

input L

output

method result

derivativedivides aYCCOth(bx-'_za)Q(bm+a)2 —arccoth(bz+a)?a(bz+a)+(bz+a) arccoth(bz+a)—arccoth(br+a) In(bz+a—1)a+

default arccmh(bzga>2<b$+a)2 —arccoth(bz—+a)2a(bz+a)+(br+a) arccoth(bz+a) —arccoth(bz+a) In(bz+a—1)a+

risch _ (=b%2*+a+2a+1) In(bz+a+1)? __ In(bz+a—1)z _ In(bz+a—1)%a? + In(bz+a—1)’a _ In(bz+a—1)a
8b2 2b 82 452

parts z2 arccotél(bz+a)2 + (bz+a) arccoth(bz+a)+ arCCOth(bx+a)21n(bx+a_1>a2 —arccoth(bz+a) ln(bx+a—1)a—|—M

int (x*arccoth(b*x+a) ~2,x,method=_RETURNVERBOSE)

1/b~2%(1/2*arccoth(b*x+a) ~2* (bxx+a) “2-arccoth (b*x+a) ~2xa* (b*x+a) + (b*x+a) *a
rccoth(b*x+a)-arccoth(b*x+a)*1n(b*x+a-1) *a+1/2*xarccoth(b*x+a) *1n (b*x+a-1)-
arccoth(b*x+a) *1n (b*x+a+1)*a-1/2*arccoth(b*x+a) *1n(b*x+a+1)+1/2*1n(b*x+a-1
)+1/2%1n(b*x+a+1)+1/2x (-2xa+1) *(-1/2*xdilog(1/2*b*x+1/2*a+1/2)-1/2*1n(b*x+a
-1)*1n(1/2*b*x+1/2*a+1/2)+1/4%1n(b*x+a-1) "2)+1/2x (-2*a-1) * (1/2* (1n (b*x+a+1
)-1n(1/2*%b*x+1/2*a+1/2))*1n(-1/2*b*x-1/2*a+1/2)-1/2*dilog(1/2*%b*x+1/2*%a+1/
2)-1/4%1n(b*x+a+1)"2))
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Fricas [F]

/:c coth™(a + bz)? dz = /m arcoth (bz + a)* dz

input ‘ integrate(x*arccoth(b*x+a)~2,x, algorithm="fricas") ‘

output tintegral(x*arccoth(b*x + a)~2, x) J
Sympy [F]
/x coth™(a + bx)? dz = /x acoth® (a + bz) dx
input Lintegrate (x*acoth(b*x+a)**2,x) J
output LIntegral(x*acoth(a + b*x)**2, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 202, normalized size of antiderivative = 1.49

1
/x coth™ (a + bx)? dx = 5 z? arcoth (bz + a)®

1 ,(8(log(bz+a—1)log(2br+3a+31)+Lis(—3bz—1a+3))a 4(a+1)log(br+a+1)
+=b + :
8 b* bt
2 2 _ —
+%b(2b_2:c_(a +2a+1)ll)§g(bx+a+1)+(a 2a+1)ll)§g(b:c+a D)arcoth(bz

+a)

input Lintegrate (x*arccoth(b*x+a) ~2,x, algorithm="maxima") J
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1/2xx"2%arccoth(b*x + a)~2 + 1/8%b~2*(8*(log(b*x + a - 1)*log(1/2*b*x + 1/
2xa + 1/2) + dilog(-1/2%b*x - 1/2%a + 1/2))*a/b~4 + 4x(a + 1)*log(b*x + a
+ 1)/b74 + ((a”2 + 2xa + 1)xlog(b*x + a + 1)72 - 2x(a”2 + 2*a + 1)*log(b*x
+ a + 1)*log(b*x + a - 1) + (2”2 - 2*a + 1)*log(b*x + a - 1)72 - 4%(a - 1
)*¥log(b*x + a - 1))/b74) + 1/2%b*(2*x/b"2 - (2”2 + 2*a + 1)*log(b*x + a +
1)/b3 + (2”2 - 2*a + 1)*log(b*x + a - 1)/b~3)*arccoth(b*x + a)

output

Giac [F]

/x coth™ (a + br)? dz = /x arcoth (bz + a)” dz

input Lintegrate (x*arccoth(b*x+a)~2,x, algorithm="giac")

OutputLintegrate(x*arccoth(b*x + a)~2, x)

Mupad [F(-1)]
Timed out.

/x coth™'(a + bz)? dx = /x acoth(a + bz)’ dz

-

inputtint(x*acoth(a + b*x)~2,x)

—

Ou_,DputLint(mkacoth(a + b*x)"2, %)




CHAPTER 3. LISTING OF INTEGRALS 116

Reduce [F]

_ th(bz + a)® 22 acoth(bz + a) z*
h 1 2 = aco — /
/z coth ™ (a + bz)" dw 2 b2x? + 2abx + a? — ldx b

input Lint (x*acoth(b*x+a)~2,x) J

‘ (acoth(a + b*xx)**x2*x**2 - 2*int((acoth(a + b*x)*x**2)/(ax*2 + 2*axb*x + bx* \

output
‘*2*){**2 - 1),x)*b)/2 ‘
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3.11 [ coth™(a + bx)? dzx

Optimal result . . . . . . . . . . . . e 117
Mathematica [A] (verified) . . . . . . . . . ... o 117
Rubi [A] (verified) . . . .. . . ... .. 118
Maple [A] (verified) . . . . . . ... L 120
Fricas [F] . . . . . . o 120
Sympy [F] . . o o 121]
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1211
Giac [F] . . . . o o 122
Mupad [F(-1)] . . . o o 122
Reduce [F] . . . . . 122

Optimal result

Integrand size = 8, antiderivative size = 81

2 -1 9
2coth™'(a+ bz)log (=25-) PolyLog (2, —1iteth)
_ - B :

‘ arccoth(b*x+a) ~2/b+(b*x+a) *arccoth (b*x+a) ~2/b-2*arccoth(b*x+a) *1n (2/ (-b*x- ‘

output
'a+1))/b-polylog(2,~(b*x+a+1)/(-bxx-a+1))/b |

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.68

/coth_l(a + bz)? dx

coth™(a + bz) ((—1 + a + bz) coth™(a + bz) — 2log ( g~ 2coth™ 1(“+bx)>> + PolyLog <2, e—2coth ™ (a-

b

input Integrate[ArcCoth[a + b*x]~2,x]
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t‘ (ArcCoth[a + b*x]*((-1 + a + b*x)*ArcCoth[a + b*x] - 2xLog[1l - E~(-2*ArcCo ‘

outpu
Lth[a + b*x1)1) + PolyLogl[2, E~(-2%ArcCoth[a + b*x]1)1)/b J

Rubi [A] (verified)

Time = 0.49 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.94,

number of rules _ 0.750, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {6654, 6437, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/coth_l(a + bz)? dx

l 6654

[ coth™ (a + bx)%d(a + bx)
b

l 6437

(a -+ bw) coth™(a + ba)? — 2 [ CHDLE 4 (g + ba)
b

l.6547

(a4 bz) coth™!(a + bx)? — 2(f %ﬁgiix)d(a +bz) — § coth™'(a + bx)2>

b
l 6471

log 2 \
(a + bx) coth™!(a + bz)? — 2 (— J Wd(a + bz) — 3 coth™ (a + bz)? + log (%bm—i—l) coth™!(a + bx)

/

b
| 2849
log( —2
(a + bx) coth™!(a + bz)? — 2 (f olg_( :::;;:9 d_a_}mﬂ — L coth™!(a + bz)? + log (_a_%wﬂ) coth™ (a + bx))
b

lz%z
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(a+ bz) coth™!(a + bx)? — 2(% PolyLog (2, 1-— ﬁ) — L coth™(a + bz)? + log (_a%bx“) coth™!(a + bz
b

inputtlnt[ArcCoth[a + b*x]~2,x] J

p
t‘((a + b*x)*ArcCoth[a + b*x]~2 - 2%(-1/2*%ArcCoth[a + b*x]~2 + ArcCoth[a + b

outpu ‘
L*x]*Log[Q/(l - a - b*x)] + PolyLog[2, 1 - 2/(1 - a - b*x)]/2))/b J

Defintions of rubi rules used

Int[Logl(c_.)*(x_)1/((.) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2752

rule 2849 Int[Logl(c_.)/((d)) + (e_)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, d, e, £, g}, x] && EqQlc, 2+d] && EqQle~2*f + d~2*g, 0]

rule 6437 Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a
+ b*ArcCoth[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1)/(1 - c~2*x~(2*n))), x], x] /; FreeQl[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 1] || EqQ[p, 11)

e N

rule 6471 ImtL((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x)), x_Symbol
1 :> Simp[(-(a + b*ArcCoth[c*x]) “p)*(Log[2/(1 + ex(x/d))]/e), x] + Simp[b*c
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x"
2)), x1, x] /; FreeQ[{a, b, c, 4, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 - e~2
, 0]

N J

rule 6547 Int[(((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(c*d) Int[(a + b*ArcCoth[c*x])~p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]




CHAPTER 3. LISTING OF INTEGRALS 120

rule 6654‘ Int[((a_-) + ArCCOth[(C_) + (d_.)*(x_)]*(b__))“(p__) , x_Symbol] > Simp[l/d ‘
‘ Subst[Int[(a + b*ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
\}, x] && IGtQ[p, O] \

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.64

method result
arccoth(bz+a)? (bz+a—1)+2 arccoth(bz+a)?—2 arccoth(bz+a) In <1+ bz-lka—l ) —2polylog (2’_Im-1m—1> _92
derivativedivides bo+atl - botatl
arccoth(bx+a)2(bz+a—1)+2 arccoth(bx+a)2—2 arccoth(bz+a) In <1+bzia—1> —2polylog <2’_b“1_a_1> _9
default batafl . ottt
' buta+1) In(bo-+at1)? In(be+a—1) | —In(bz+a—1)a+ln(be+a—1 In(ba-
risch Goretterery) . (_shietet) 4 SinetostnGores) ) Iy (b + o + 1) + 2205
inputLint(aICCOth(b*X+a)A2sX,meth0d=_RETURNVERBUSE) J
output ‘ 1/b*x(arccoth (b*x+a) ~2* (bxx+a-1)+2*arccoth (b*x+a) ~2-2*arccoth (b*x+a) *1n (1+1 ‘
|/ ((bxx+a-1)/ (bxx+a+1))~(1/2))-2%polylog(2,-1/ ((bxx+a-1)/ (bkx+a+1))~(1/2))- |
' 2%arccoth(b¥x+a) *1n(1-1/((bx+a-1)/ (bxx+a+1))~(1/2))-2%polylog(2,1/((b*x+a |
-1)/ (brxta+1) )~ (1/2))) |
Fricas [F]
/coth_l(a +bz)?dx = /arcoth (bx 4 a)® dz
input Lintegrate (arccoth(b*x+a)~2,x, algorithm="fricas") J
Outputtintegral(arccoth(b*x + a)~2, x) J
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Sympy [F]

/Coth_l(a + bz)?dx = /acoth2 (a + bx) dx

input‘integrate(acoth(b*x+a)**2’x)

outputLIntegral(acoth(a + b*x)**2, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.72

/coth_l(a+bx)2 dx =
1b2<(a+l)log(bx—|—a+1)2—2(a—|—1)log(bm+a—|—1)log(bm+a—1)+(a—1)log(bz+a—1)

- .
+b<(a+ l)logl§2bx+a+ 1) (a— l)log£§x+a— 1)) atcoth (b5 +
+ z arcoth (bz + a)2

inputLintegrate(arccoth(b*x+a)*2,X, algorithm="maxima") J

-1/4%b~2%(((a + 1)*log(b*x + a + 1)72 - 2*(a + 1)*log(b*x + a + 1)*log(b*x
+a-1) + (a - 1)*log(bxx + a - 1)72)/b"3 + 4*x(log(b*x + a - 1)*log(1/2*
b*x + 1/2%a + 1/2) + dilog(-1/2*bxx - 1/2*a + 1/2))/b~3) + b*((a + 1)*1log(
b*x + a + 1)/b72 - (a - 1)*log(b*x + a - 1)/b"2)*arccoth(b*x + a) + x*arcc

oth(b*x + a)~2

output
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Giac [F]
/COth_l(a +bz)* dz = /arcoth (bx + a)2 dz
input Lintegrate (arccoth(b*x+a) ~2,x, algorithm="giac") J
outputLintegrate(arccoth(b*x +a)~2, x) J

Mupad [F(-1)]

Timed out.
/coth_l(a +bz)?dr = /acoth(a +bz)’ do
inputLint(acoth(a + b*x)~2,x) J
output Lint(acoth(a + b*x) "2, x) J
Reduce [F|

/coth_l(a + bz)? dx

acoth(bz + a)® a® + 2acoth(bz + a)” abz — acoth(bz + a)® — 2acoth(bz + a) a — 2acoth(bz + a) bx — 2a
2ab

tint(acoth(b*x+a)‘2,x)

e—

input

output‘ (acoth(a + b*x)**2*ax*x2 + 2xacoth(a + b*x)**2xaxb*x - acoth(a + b*xx)**2 - \
‘2*acoth(a + b*x)*a - 2*acoth(a + b*x)*b*x - 2*acoth(a + b*x) + 2*int((acot ‘
‘h(a + bx)*x**2)/(a**2 + 2kaxbxx + bxxk2*xk*2 - 1),x)*bk*3 + 2¢log(a + b¥x |
= 1))/ (2%axb) |
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coth™ ! (a+bx)?

3.12 [ (atbe) gy

Optimal result . . . . . . . . . . . . . 123]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 124
Rubi [A] (verified) . . . . . . . . . . 125
Maple [C] (warning: unable to verify) . . . . . .. ... ... ..o L. 127l
Fricas [F] . . . . . . 128
Sympy [F] . . o e 128
Maxima [F] . . . . . . 128
Giac [F] . . . o o o 129
Mupad [F(-1)] . . .. o 129
Reduce [F] . . . . . . 129

Optimal result

Integrand size = 12, antiderivative size = 148

dx = — coth™(a + bz)?

/ coth™'(a + bx)?

X

+ coth™(a + bz)?

+ coth™(a + bz) PolyLog (2, 1—

— coth™'(a + bz) PolyLog (2, 1-—

1
+ 2 PolyLog (3, 1

1
—3 PolyLog (3, 1

lo 2
& 1+a+bx

ngl—@é?a+&ﬂ)

2
l1+a+bzx

2bx
(1-a)(1 +a+bx))

2
l1+a+bzx

2bx
- a)(1+a+bx))

p
Output‘—arccoth(b*x+a)‘2*1n(2/(b*x+a+1))+arccoth(b*x+a)‘2*1n(2*b*x/(1—a)/(b*x+a+1
‘))+arccoth(b*x+a)*polylog(2,1—2/(b*x+a+1))—arccoth(b*x+a)*polylog(2,1—2*b*
‘x/(l—a)/(b*x+a+1))+1/2*polylog(3,1—2/(b*x+a+1))—1/2*polylog(3,1—2*b*x/(1—a

)/ (b*x+a+1))

\‘




input

output
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 2.25 (sec) , antiderivative size = 777, normalized size of antiderivative = 5.25

dx = Too large to display

/ coth™ (a + bx)?

X

LIntegrate[ArcCoth[a + b*x]~2/x,x]

(-1/24*I)*Pi~3 - (2*ArcCoth[a + b*x]~3)/3 - (2*a*ArcCoth[a + b*x]~3)/3 + (
2xSqrt[1 - a~(-2)]*a*E"ArcTanh[a~(-1)]*ArcCoth[a + b*x]~3)/3 - I*Pi*ArcCot
h[a + b*x]*Log[(E~(-ArcCoth[a + b*x]) + E"ArcCoth[a + b*x])/2] - ArcCothl[a
+ bxx]"2*Log[1l - Sqrt[(-1 + a)/(1 + a)]l*E"ArcCoth[a + b*x]] - ArcCoth[a +
bxx] “2xLog[1 + Sqrt[(-1 + a)/(1 + a)]*E"ArcCoth[a + b*x]] - ArcCoth[a + b
*x] ~"2xLog[1 - E~(2xArcCoth[a + b*x])] + ArcCoth[a + b*x]~2*Log[l - E~(2*Ar
cCoth[a + b*x] - 2xArcTanh[a~(-1)])] + ArcCoth[a + b*x]~2xLog[1l - E~(ArcCo
th[a + b*x] - ArcTanh[a"(-1)])] + ArcCothl[a + b*x]~2*Log[l + E~(ArcCoth[a
+ b*x] - ArcTanh[a~(-1)])] - 2*ArcCoth[a + b*x]*ArcTanh[a~(-1)]*Log[(I/2)=*
(E~(ArcCoth[a + b*x] - ArcTanh[a"(-1)]) - E~(-ArcCoth[a + b*x] + ArcTanh[a
~(-1)1))] + ArcCoth[a + b*x]~2#Logl[(-1 - E~(2*ArcCoth[a + b*x]) + ax(-1 +
E~(2xArcCoth[a + b*x])))/(2*¥E"ArcCoth[a + b*x])] + I*Pi*ArcCoth[a + b*x]*L
ogl1/Sqrt[1 - (a + b*x)~(-2)]] - ArcCoth[a + bxx]~2*Log[-((b*x)/((a + b*x)
*Sqrt[1 - (a + bxx)~(-2)]))] + 2*ArcCoth[a + b*x]*ArcTanh[a~(-1)]*Log[I*Si
nh[ArcCoth[a + b*x] - ArcTanh[a”(-1)]]] - 2%ArcCoth[a + b*x]*PolyLog[2, -(
Sqrt[(-1 + a)/(1 + a)]*E"ArcCoth[a + b*x])] - 2xArcCoth[a + b*x]*PolyLog[2
» Sqrt[(-1 + a)/(1 + a)]*E"ArcCoth[a + b*x]] - ArcCoth[a + b*x]*PolyLogl[2,
E~(2xArcCoth[a + b*x])] + ArcCoth[a + b*x]*PolyLog[2, E~(2*ArcCoth[a + bx
x] - 2#ArcTanh[a~(-1)])] + 2*ArcCoth[a + b*x]*PolyLog[2, -E~(ArcCoth[a + b

*x] - ArcTanh[a~(-1)])] + 2*ArcCoth[a + b*x]*PolyLog[2, E~(ArcCoth[a + ...
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6662, 25, 27, 6475}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(a + bx)? de

x

l 6662

f co‘ch_lia—i-bz)2 d(a + bw)

b
l25

f _COth_1;(1-’1-(7.’1?)2 d(a + bx)

b
| 27
h—l 2
_/_cot (a + bx) d(a -+ bz)
bz
| 6475
1 2 1 2bx
— PolyL 1—-— | — = PolyL 1-—
9 oY °g<3’ a+bw+1> 9 oY Og(3’ (1—a)(a+bx+1)>+
PolyLog (2,1 — —————— ) coth™" —
oly. og<, a+bx+1>COt (a+ bx)
PolyLog | 2,1 — 2b coth™ (a + bz) — 1o 2 coth™ (a + bx)? +
YRR\ S T A ) (et bz + 1) E\a+br+1
2bx _1 2
log (1—a)(a+ba:+1)>00th (a+bx)

-

LInt [ArcCoth[a + b*x]~2/x,x]

~—

input
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output -(ArcCoth[a + b*x]~2*Log[2/(1 + a + b*x)]) + ArcCoth[a + bxx] ~2xLog[(2*b*x
)/((1 - a)x(1 + a + b*x))] + ArcCoth[a + b*x]*PolyLog[2, 1 - 2/(1 + a + bx
x)] - ArcCoth[a + b*x]*PolyLog[2, 1 - (2xb*x)/((1 - a)*(1 + a + b*x))] + P
olyLogl[3, 1 - 2/(1 + a + b*x)]/2 - PolyLogl[3, 1 - (2*b*x)/((1 - a)*(1 + a
+ bx*x))]/2
Defintions of rubi rules used

rule 25 \Int [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

-

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcCoth[c*x]) 2)*(Logl[2/(1 + c*x)]1/e), x] + (Simp[(a + bxArc
Coth[c*x]) 2% (Log[2*c*((d + e*x)/((c*d + e)*(1 + c*xx)))]/e), x] + Simp[b*(a
+ bxArcCoth[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[b*(a + b*ArcC
oth[c*x])*(PolyLog[2, 1 - 2*cx((d + e*x)/((c*d + e)*(1 + c*x)))]/e), x] + 8
imp [b~2*%(PolyLog[3, 1 - 2/(1 + c*x)]/(2*e)), x] - Simp[b~2*(PolyLog[3, 1 -

2xcx((d + exx)/((c*d + e)*(1 + c*x)))]1/(2%e)), x]) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d"2 - e~2, 0]

rule 6475

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - cxf)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQ[p, 0]

rule 6662
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 6.32 (sec) , antiderivative size = 866, normalized size of antiderivative = 5.85

method result

br+a—1

bx+a—1

parts Expression too large to display

derivativedivides | In (—bz) arccoth (bz + a)® — arccoth (bz + a)®In (—hztetl _ 144

default In (—bx) arccoth (bz + a)® — arccoth (bz + a)*In (=222l —1 4 ¢

(

(

br+a+1l 1
br+a—1
bzta+l 1
bx+a—1

%

) +-

7

)) +-

input int (arccoth(b*x+a) “2/x,x,method=_RETURNVERBOSE)

output

1n(-b*x)*arccoth(b*x+a) “2-arccoth(b*x+a) ~2*1n (- (b*x+a+1)/(b*x+a-1)-1+a*((b
xx+a+1) /(b*x+a-1)-1))+1/2*xI*Pixcsgn (I* (- (b*x+a+1)/(b*x+a-1)-1+a*x ((b*x+a+1)
/ (bxx+a-1)-1))/((b*x+a+1)/(b*x+a-1)-1)) *(csgn(I* (- (b*x+a+l)/(b*x+a-1)-1+a*
((b*x+a+1) /(b*x+a-1)-1)))*csgn(I/ ((b*x+a+1)/(b*x+a-1)-1))-csgn(I* (- (bxx+a+
1)/ (b*x+a-1)-1+a*x ((b*x+a+1) / (b*x+a-1)-1) )/ ((b*x+a+1) / (b*x+a-1)-1) ) *csgn(I/
((b*x+a+1) / (b*x+a-1)-1)) -csgn(I* (- (b*x+a+1) / (b*x+a-1) -1+ax ((bxx+a+1) / (bxx+
a-1)-1)))*csgn(I* (- (b*x+a+1)/(b*x+a-1)-1+a* ((bxx+a+1)/(bxx+a-1)-1))/((b*x+
a+1)/(b*x+a-1)-1))+csgn(I* (- (b*x+a+l) /(b*x+a-1)-1+ax ((b*x+a+1)/(b*x+a-1)-1
))/ ((b*x+a+1)/(b*x+a-1)-1)) ~2) *arccoth(b*x+a) ~2+arccoth (b*x+a) “2*1n((b*x+a
+1) / (b*x+a-1)-1)-arccoth(b*x+a) "2*x1n(1+1/((b*x+a-1) /(b*x+a+1) )~ (1/2))-2*ar
ccoth(b*x+a)*polylog(2,-1/((b*x+a-1)/(b*x+a+1))~(1/2))+2*polylog(3,-1/((b*
x+a-1)/(bxx+a+1))~(1/2))-arccoth(b*x+a) “2*1n(1-1/((b*x+a-1)/ (b*x+a+1))~(1/
2))-2*arccoth(b*x+a) *polylog(2,1/((b*x+a-1)/(b*x+a+1))~(1/2))+2*polylog(3,
1/ ((b*x+a-1)/ (b*x+a+1))~(1/2))+a/(a-1) *arccoth (bxx+a) “2*1n(1-(a-1) / (b*x+a-
1) *(b*x+a+1)/(1+a))+a/(a-1) *arccoth(b*x+a) *polylog(2, (a-1) / (b*x+a-1) * (b*x+
a+1)/(1+a))-1/2*a/(a-1)*polylog(3, (a-1) / (b*x+a-1) *(b*x+a+1) /(1+a))-1/(a-1)
*arccoth (bxx+a) "2x1n(1-(a-1)/(b*x+a-1) *(b*x+a+1)/(1+a))-1/(a-1)*arccoth(b*
x+a)*polylog(2, (a-1)/(b*x+a-1)* (b*x+a+1)/(1+a))+1/2/(a-1) *polylog(3, (a-1)/
(bxx+a-1) * (bxx+a+1)/(1+a))
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Fricas [F]

z T

-1 2 2
/coth (a + bx) dp — / arcoth (bzx + a) s

input Lintegrate (arccoth(b*x+a)“2/x,x, algorithm="fricas")

Outputtintegral(arccoth(b*x + a)~2/x, x)

Sympy [F]

z T

-1 2 2
/coth (a + bx) dp — / acoth” (a + bx) I

inputLintegrate(acoth(b*x+a)**2/x,x)

OutputLIntegral(acoth(a + bxx)**2/x, x)

Maxima [F]

T T

-1 2 2
/ coth™ (a + bx) dp — / arcoth (bz + a) i

inputtintegrate(arCCOth(b*X+a)‘2/X,x, algorithm="maxima")

output Lintegrate(arccoth(b*x + a)~2/x, x)
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Giac [F]
/ coth™(a + bx)? dp — / arcoth (bx + a)2 i
T T
input Lintegrate (arccoth(b*x+a)"2/x,x, algorithm="giac")

OutputLintegrate(arccoth(b*x + a)"2/x, x)

Mupad [F(-1)]

Timed out.

/coth (;L+bx) dxz/acoth(c;+ bx) e

inputtint(acoth(a + b*x)~2/x,x)

Outputtint(acoth(a + b*x)"2/x, x)

Reduce [F]

T
z T

/coth (a + bx) dp — / acoth(bx + a) p

input Lint (acoth(b*x+a) ~2/x,x)

OutputLint(acoth(a + b*x)**2/x,x)




output
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Optimal result . . . . . . . . . . . . . 1301
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 131
Rubi [A] (verified) . . . . . . . . . . 131
Maple [A] (verified) . . . . . . . . . .. 134
Fricas [F] . . . . . . 134
Sympy [F] . . o e 135
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 135
Giac [F] . . . o o o 136
Mupad [F(-1)] . . .. o 136
Reduce [F] . . . . . . 136

Optimal result

Integrand size = 12, antiderivative size = 251

/ coth™(a + bx)? dp — _coth_l(a + bx)? N beoth™ (a + bz)log (=2 )

2 T

N beoth™(a + bz) log (

l1—a

o)

1+a

2b coth™ (a + bz) log (524
B 1—a?

2bcoth™ (a + bz) log <%>
+ 2

l1—a
bPolyLog (2, —22)  bPolyLog (2,1 — —24)
2(1 — a) - 2(1+a)

bPolyLog (2,1 — +2.) bPolyLog (2’ L —<1—a>(2f’-fa+bz>>

n _
1—a? 1—a?

—arccoth(b*x+a) ~2/x+b*arccoth(b*x+a)*1n(2/ (-b*x-a+1) )/ (1-a)+b*arccoth (b*x+
a)*1n(2/ (b*x+a+1))/(1+a)-2*b*arccoth (b*x+a) *1n(2/ (b*x+a+1))/(-a~2+1) +2*b*a
rccoth(b*x+a)*1n(2xb*x/(1-a)/ (b*x+a+1))/(-a~2+1) +b*polylog(2,- (b*x+a+1) /(-
bxx-a+1))/(2-2*a) -b*polylog(2,1-2/ (b*x+a+1))/(2+2*a) +b*polylog(2,1-2/ (bxx+
a+1))/(-a~2+1)-b*polylog(2,1-2*bxx/(1-a)/ (b*x+a+1))/(-a~2+1)
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.71 (sec) , antiderivative size = 206, normalized size of antiderivative = 0.82

h—l 2
/cot (a+bzx) i

xr2

—((—1 +a®+,/1— %abeamta“h(%)x> coth™ (a + bm)2> + bz coth™ (a + bx) (—2'77 + 2arctanh (%) — 2

a

input \Integrate [ArcCoth[a + b*x]~2/x"2,x]

(-((-1 + a2 + Sqrt[1 - a~(-2)]*a*b*E"ArcTanh[a”~(-1)]*x)*ArcCoth[a + b*x]~
2) + bxxxArcCoth[a + b*x]*((-I)*Pi + 2*ArcTanh[a"(-1)] - 2xLog[l - E~(-2*A
rcCoth[a + b*x] + 2%ArcTanh[a~(-1)])]) + b*x*(I*Pi*(Log[l + E~(2*ArcCothl[a
+ b*x])] - Logl[1/Sqrt[1 - (a + b*x)~(-2)]]) + 2%ArcTanh[a~(-1)]*(Logl[1l -
E~(-2*%ArcCoth[a + b*x] + 2%ArcTanh[a”(-1)])] - Log[I*Sinh[ArcCoth[a + b*x]
- ArcTanh[a~(-1)]1]]1)) + b*x*PolyLogl[2, E~(-2*ArcCoth[a + b*x] + 2*ArcTanh
(-1 D /((-1 + a™2)*x)

output

Rubi [A] (verified)

Time = 1.03 (sec) , antiderivative size = 257, normalized size of antiderivative = 1.02,

=7, number of rules _ 583, Rules
integrand size

number of steps used = 8, number of rules used =
used = {6660, 7292, 6672, 25, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l 2
/ coth™ (a + bx) i

72
| 6660
-1 2
2b/ coth™!(a + bx) . coth™ (a + bx)
(1—(a + bz)?) x
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| 7202
-1 2
9% / coth™!(a + bz) d — coth™ (a + bx)
z (—a? — 2baca —b2z2 +1) T
| 6672
coth™!(a + bx) coth™!(a + bx)?
2/w(1—(a+bx)2)d(a+bx)_ -
| 25
coth™!(a + bx) coth™!(a + bx)?
2| - _
/ z(1— (a+bx)2)d(a+bm) x
| 27
coth™!(a + bx) coth™!(a + bx)?
2b/ bxl—a+b))d(a+bm)_ -
| 7276
1 -1 -1
2b/ coth™ (a+bz)  coth™ (a+bz) coth™ (a + bzx) d(a + bz) —
(a2 —1) bz 2(a—1)(a+bzx—1) 2(a+1)(a+bzx+1)
coth™!(a + bx)?
x
| 2009

o ( PolyLog (2, 1-— ﬁ) N PolyLog (2, 1-— %) N log (ﬁ) coth™!(a + bx) - log ((1_6

2(1—a?) 2(1—a?) 1-a?
coth™!(a + bx)?
x

input \rInt [ArcCoth[a + b*x]~2/x"2,x]

-(ArcCoth[a + b*x]~2/x) - 2%bx(-1/2%(ArcCoth[a + b*x]*Log[2/(1 - a - b*x)]
)/(1 - a) - (ArcCoth[a + b*x]*Logl[2/(1 + a + b*x)])/(2*(1 + a)) + (ArcCoth
[a + bxx]*Log[2/(1 + a + b*x)])/(1 - a~2) - (ArcCoth[a + b*x]*Logl[(2*b*x)/
((1 - a)x(1 + a+ b*xx))])/(1 - a~2) - PolylLog[2, -((1 + a + b*x)/(1 - a -

b*x))]1/(4*%(1 - a)) + Polylogl[2, 1 - 2/(1 + a + b*x)]/(4*%(1 + a)) - PolyLog
[2, 1 - 2/(1 + a + b*x)]/(2%(1 - a~2)) + PolyLog[2, 1 - (2*b*x)/((1 - a)*(
1 +a+b*x))]/(2x(1 - a”2)))

output




rule 25

rule

rule 2009

rule 6660

rule 6672

rule 7276

rule 7292
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Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

27‘Int[(a_)*(Fx_), x_Symbol] :> Simpl[a Int[Fx, x], x] /; FreeQ[a, x] && 'Ma

\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

-

LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + bxArcCoth[c + d*x]) p/(f*(m
+ 1))), x] - Simp[bxd*(p/(f*(m + 1))) Int[(e + f*x)"(m + 1)*((a + bxArcCo
thlc + d*x])"(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, 4, e, £f}
,» x] && IGtQ[p, 0] && ILtQ[m, -1]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d  Sub
st[Int[((d*e - c*f)/d + £x(x/d)) m*(-C/d"2 + (C/d"2)*x"2) g*(a + b*ArcCoth[
x])°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, q}, X
1 && EqQ[B*(1 - c~2) + 2%Axc*d, 0] && EqQ[2*c*C - B*d, 0]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
= u]
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Maple [A] (verified)

Time = 0.55 (sec) , antiderivative size = 299, normalized size of antiderivative = 1.19

method result
. arccoth(bz+a)? . __arccoth(bz+a) In(bz+a—1) arccoth(bz+a) In(—bzx) arccoth(bz+a) In(bz+a+
parts z 2b 2a—2 + (a—1)(1+a) + 2+2a
. . oo _ arccoth(bz+a)? 2 arccoth(bz+a) In(bz+a—1) 2 arccoth(bz+a)In(—bz) 2 arccoth(bz+a) In(bz+a
derivativedivides | b - + 5a—5 (a—1)(1ta) 7134

_arccoth(b:z:+a)2 2 arccoth(bz+a) In(bz+a—1) 2 arccoth(bz+a)In(—bz) 2 arccoth(bz+a)In(bz+a
default b bz + 2a—2 (a=1)(1+a) 2+2a
inputLint(arccoth(b*x+a)A2/x“2,x,method=_RETURNVERBOSE) J
output -arccoth(b*x+a) ~2/x-2%b* (-arccoth(b*x+a) / (2¥a-2) *1n(b*x+a-1) +arccoth(b*x+a

)/ (a-1)/(1+a)*1n(-b*x)+arccoth(b*x+a) / (2+2*a) *1n (b*x+a+1)-1/2/(a-1)*(-1/2%
dilog(1/2*b*x+1/2*a+1/2)-1/2*%1n(b*x+a-1)*1n(1/2%b*x+1/2%a+1/2)+1/4*1n (b*x+
a-1)"2)+1/2/(1+a)*(1/2*x (1n(b*x+a+1) -1n(1/2*b*x+1/2*a+1/2) ) *1n(-1/2*b*x-1/2
*a+1/2)-1/2*dilog(1/2¥b*x+1/2*a+1/2)-1/4*1n(bxx+a+1)~2)+1/(a-1)/(1+a)*(1/2
*dilog((-b*x-a+1)/(1-a))+1/2*1n(-b*x)*1n((-b*x-a+1)/(1-a))-1/2*xdilog((-b*x
-a-1)/(-a-1))-1/2*1n(-b*x) *1n((-b*x-a-1)/(-a-1))))

Fricas [F|
coth™ (a + bx)? arcoth (bz + a)?
/ (2+ )dm=/ (2+)d$
z T
inputLintegrate(arccoth(b*x+a)‘2/x‘2,x, algorithm="fricas") J

OutputLintegral(arccoth(b*x + a)~2/x72, x) J
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Sympy [F]

-1 2 2
/coth (a+ bx) dx=/aC0th (a+bx) i

2 2

input‘integrate(acoth(b*x+a)**2/x**2’x)

output LIntegral(acoth(a + bxx) **2/x%*2, X) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 244, normalized size of antiderivative = 0.97

/coth_l(a2+bou)2 i
x
:le (a—l)log(bw+a+1)2—2(a—l)log(bx—i-a—l-l)log(bx-l—a—1)—|—(a—|—1)log(bx-|—a—1)2_
4 a?b—b
b log(bx—l—a—l—l)_log(bx+a—1)+210g(x) arcoth (b + a)
a+1 a—1 a?—1
__ arcoth (bz + a)’
x

input‘integrate(arccoth(b*x+a)"2/x"2,x, algorithm="maxima")

1/4xb"2x(((a - 1)*log(b*x + a + 1)72 - 2x(a - 1)*log(b*x + a + 1)*log(b*x
+a-1) + (a + 1)*log(b*x + a - 1)72)/(a"2*b - b) - 4*(log(b*x + a - 1)*1
og(1/2xbxx + 1/2*a + 1/2) + dilog(-1/2%b*x - 1/2*%a + 1/2))/(a"2*b - b) + 4
*(log(b*x/(a + 1) + 1)*log(x) + dilog(-b*x/(a + 1)))/(a"2*b - b) - 4*(log(
b*x/(a - 1) + 1)*log(x) + dilog(-b*x/(a - 1)))/(a"2%b - b)) - b*(log(b*x +

a+ 1)/(a + 1) - log(bxx + a - 1)/(a - 1) + 2¥log(x)/(a~2 - 1))*arccoth(b
*x + a) - arccoth(b*x + a)~2/x

output

N\




CHAPTER 3. LISTING OF INTEGRALS 136

Giac [F]
coth™ (a + bz)” arcoth (bz + a)”
2 dr = 3 dz
z x
inputLintegrate(arccoth(b*x+a)‘2/x‘2,x, algorithm="giac") J
OutputLintegrate(arccoth(b*x + a)"2/x72, %) J

Mupad [F(-1)]

Timed out.
/ coth (C; + bx) dr — / acoth(a2+ bz) e
z x
inputtint(acoth(a + b*x)"2/x72,x) J
outputtint(a“th(a + b*x)"2/x72, x) J
Reduce [F]

/ coth™ (a + bx) I

x2

—2acoth(bz + a)® a3 — acoth(bz + a)® a2bz + 2acoth(bz + a)® a + acoth(bz + a)? bx — 2acoth(bz + a) a

inputtint(acoth(b*x+a)*Q/XAQ,X) J
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( - 2xacoth(a + b*x)#**x2%a*x3 — acoth(a + b*x)**2*a*x*2*bxx + 2*acoth(a + bx
X)**2%a + acoth(a + b*xx)**2xbkx - 2*acoth(a + b*x)*a*x*x2 - 2*acoth(a + b*x)
*a*b*x + 2*acoth(a + b*x)*b*x + 2*acoth(a + b*x) - 2*int(acoth(a + b*x)/(a
*k2kxkk2 + kakbkxkk3 + bkkkxkk4 - xk*k2),x)*a**kdxx + 4*int(acoth(a + b*x)
[/ (ax*x2*xx**2 + 2kxaxb*x**3 + b**2kxk*kd — x**2),x)*a*x*2*%x - 2xint(acoth(a + b
*xx) / (a**2%x**2 + 2xa*xb*x**3 + bx*k2xx**k4 — x**2) ,x)*x — 2%log(a + b*x - 1)*
b*x + 2x1log(x)*b*x)/(2*a*x*(a*x2 - 1))

output
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coth™ ! (a+bx)?
i
Optimal result . . . . . . . . . . . . . 138}
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 139
Rubi [A] (verified) . . . . . . . . . . 140
Maple [A] (verified) . . . . . . . . . .. 1421
Fricas [F] . . . . . . 143
Sympy [F] . . o e 143
Maxima [A] (verification not implemented) . . . . . . ... .. ... ... ... 143
Giac [F] . . . o o o 144
Mupad [F(-1)] . . . 144
Reduce [F] . . . . . o 145
Optimal result
Integrand size = 12, antiderivative size = 370
/ coth™'(a + bx)? g — _beoth™(a+bx) coth™(a +bz)?
x3 B (1—-a?)z 222
B log(z) b coth™ (a + bz) log (=2+)
(1—a2)? 2(1 — a)?
_ Blog(l—a—bz) b*coth™ (a+ba)log (1727)
2(1—-a)?(1+a) 2(1+a)?
-1
B 2ab? coth™ (a + bx) log (524 )
(1-a?)?
2ab? coth™*(a + bz) log (u_(l)g’%)
+ 2
(1-a?)
_ Plog(l+a+bx) b Polylog (2 —1557)
2(1 —a)(1+a)? 4(1 — a)?
v PolyLog (2,1 — 724;)  ab®PolyLog (2,1 — 2+-)
41+ a)? (1 —a2)?
ab? PolyLog (2,1 — =22 )

(1—a’
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-b*arccoth(b*x+a)/(-a~2+1) /x-1/2*arccoth(b*x+a) ~2/x"2+b"2*1n(x) / (-a~2+1) "2
+1/2xb~2*arccoth (b*x+a)*1n(2/ (-b*x-a+1))/(1-a) "2-1/2*b"2*1n(-b*x-a+1)/(1-a
)~2/(1+a)-1/2%b"2*arccoth(b*x+a)*1n(2/ (b*x+a+1) )/ (1+a) "2-2*axb~2*arccoth (b
*x+a)*1n(2/ (bxx+a+1) )/ (—a~2+1) "2+2*xaxb~2*arccoth (b*x+a) *1n (2*b*x/ (1-a) / (b*
x+a+1))/(-a~2+1) "2-1/2*b~2*1n(b*x+a+1) /(1-a) /(1+a) "2+1/4*b~2*polylog(2,-(b
xx+a+1)/(-b*x-a+1))/(1-a) "2+1/4*b"2*polylog(2,1-2/ (b*x+a+1) )/ (1+a) "2+a*b"2
*polylog(2,1-2/ (bxx+a+1))/(-a~2+1) "2-a*b~2*polylog(2,1-2*b*x/(1-a) / (bxx+a+
1))/(-a"2+1)"2

N J

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.54 (sec) , antiderivative size = 291, normalized size of antiderivative = 0.79

/ coth™'(a + bx)? i

x3

(—1 —a* + b*z? + a? (2 + b? <—1 +2,/1— a%eamanh(%)> x2>> coth™ (a + bx)? + 2bx coth™ (a + bx) (

e

LIntegrate[ArcCoth[a + b*x]~2/x73,x]

~—  /

input

((-1 - a™4 + b™2*x"2 + a"2%(2 + b™2*%(-1 + 2*Sqrt[1 - a~(-2)]*E~ArcTanh[a"(
-1)1)*x72))*ArcCoth[a + b*x]~2 + 2xb*x*ArcCothl[a + b*x]*(-1 + a2 + axb*x

+ Ixaxb*Pi*x - 2%a*b*x*ArcTanh[a”(-1)] + 2*xa*b*x*Log[1l - E~(-2*ArcCoth[a +
b*x] + 2*ArcTanh[a”(-1)]1)]) + 2*b~2%x"2*((-I)*a*Pi*Log[1 + E~(2*ArcCoth[a
+ bxx])] + I*a*PixLog[1/Sqrt[1 - (a + b*x)~(-2)]] + Logl[-((b*x)/((a + b*x
)*#Sqrt[1 - (a + b*x)~(-2)]1))] - 2xaxArcTanh[a~(-1)]*(Log[1 - E~(-2*ArcCoth
[a + b*x] + 2*ArcTanh[a~(-1)])] - Log[I*Sinh[ArcCoth[a + b*x] - ArcTanh[a”
(-1)111)) - 2xa*b~2*x"2*PolyLog[2, E~(-2*ArcCoth[a + b*x] + 2*ArcTanh[a™(-
DD/ (2% (-1 + a~2)"2%x72)

output
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Rubi [A] (verified)

Time = 1.12 (sec) , antiderivative size = 347, normalized size of antiderivative = 0.94,

number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6660, 7292, 6672, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
coth™!(a + bx)?
/ o dz
| 6660
b/ coth™!(a + bx) B coth™!(a + bx)?
z2 (1 — (a+ bx)?) v 212

| 7202

b/ coth™!(a + bx) d — coth™(a + bx)?

x2 (—a? — 2bza — b2x2 + 1) 212
| 6672
coth™!(a + bx) coth™!(a + bx)?
/ z2(1—(a+ bw)z)d(a +bz) - 212

| 27

9 coth™ (a + bx) B coth™ (a + bx)?

’ / b2z2 (1 — (a + bz)?) d(a+bz) 222
| 7276

B2 / 2a coth™!(a + bx) B coth™ (a + bx) coth™!(a + bx) B coth™!(a + bx) d(a+
(a2 —1)* bz 2(a—1)2(a+bx—1) 2(a+1)2(a+bz+1) (a®—1)b%2?
coth™!(a + bx)?
bx) — 52

| 2009

(1—a2)? (1 — a2)? 1-a)? (1-d)bw

coth™!(a + bx)?
22

2 2b
2 (aPolyLog (2, 1- a+bx+1) ~ a PolyLog (2, 1- (1_a)(aibz+1)> log(—bz) coth™(a + bz) ~ 2alog (ﬁ
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input‘Int[ArcCoth[a + b*x]~2/x"3,x]

-1/2*ArcCoth[a + b*x]~2/x"2 + b~2*(-(ArcCoth[a + b*x]/((1 - a"2)*b*x)) + L
og[-(b*x)]1/(1 - a~2)"2 + (ArcCoth[a + b*x]*Logl[2/(1 - a - b*x)])/(2*%(1 - a
)72) - Logl[l - a - bxx]/(2*x(1 - a)”2*x(1 + a)) - (ArcCoth[a + b*x]*Log[2/(1
+ a + b*x)])/(2%x(1 + a)~"2) - (2*a*xArcCoth[a + b*x]*Log[2/(1 + a + b*x)])/
(1 - a”2)"2 + (2xaxArcCoth[a + b*x]*Log[(2*b*x)/((1 - a)*(1 + a + b*x))]1)/
(1 - a"2)"2 - Logll + a + b*x]/(2%(1 - a)*(1 + a)~2) + PolyLog[2, -((1 + a
+ b*x)/(1 - a - b*x))]/(4*(1 - a)~2) + PolyLogl[2, 1 - 2/(1 + a + b*x)]/(4
*(1 + a)~2) + (a*Polylogl[2, 1 - 2/(1 + a + b*x)])/(1 - a~2)"2 - (a*PolyLog
[2, 1 - (2%bxx)/((1 - a)*(1 + a + bxx))])/(1 - a~2)"2)

output

Defintions of rubi rules used

ruk327(1nt[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
‘tChQ[FX, (b_)*(Gx_) /; FreeQ[b, x]1]

-

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

rule 2009

rule 6660 1BtL((a_.) + ArcCothl(c_) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)“(m + 1)*((a + b*ArcCoth[c + d*x]) p/(£*(m
+ 1)), x] - Simp[b*d*(p/(f*(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x]1)~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, 4, e, f}
, x] && IGtQlp, 0] && ILtQ[m, -1]

rule 6672 Intl((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d Sub
st[Int[((d*e - c*f)/d + £f*(x/d)) "m*x(-C/d"2 + (C/d~2)*x"2) g*(a + b*ArcCoth[
x]1)°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, A, B, C, m, p, q}, X
] && EqQ[B*(1 - c~2) + 2%A*c*xd, 0] && EqQ[2xc*C - Bxd, 0]




rule 7276

rule 7292

input

output

-

Lint(arccoth(b*x+a)“2/x“3,x,method=_RETURNVERBOSE)
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Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

~

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
u]

Maple [A] (verified)

Time = 0.62 (sec) , antiderivative size = 386, normalized size of antiderivative = 1.04

method result
arts _arccoth(bz+a)2 _ b2 arccoth(bz+a) In(bz+a—1)  arccoth(bz+a) 2 arccoth(bz+a)aln(—bz)  arcco
b 22 2(a—1)? (a—1)(1+a)bx (a—1)*(1+a)”
. . o . 2 _arccoth(bac—i—a)z __ arccoth(bz+a) In(bz+a—1) arccoth(bz+a) 2 arccoth(bz+a)a In(—bzx) arcco
derivativedivides | b 5257 2(a-1)? + (a=1)(1+a)be + (@D (1+a)? +
2 _arccoth(bx+a)2 __ arccoth(bz+a) In(bz+a—1) arccoth(bz+a) 2 arccoth(bz+a)a In(—bz) arcco
default b 25252 2(a—1)2 + (a—1)(1+a)bz + (a—1)*(1+a)? T

| —

-1/2*arccoth(b*x+a) “2/x"2-b"2*(1/2*arccoth(b*x+a)/(a-1) "2*1n(b*x+a-1)-arcc
oth(b*x+a)/(a-1)/(1+a) /b/x-2*arccoth(b*x+a)*a/(a-1) "2/ (1+a) "2*1n(-b*x)-1/2
*xarccoth(b*x+a)/(1+a) "2*1n(b*x+a+1)+1/2/(a-1) "2*(-1/2*dilog(1/2*b*x+1/2*a+
1/2)-1/2*1n(b*x+a-1)*1n(1/2*b*x+1/2*a+1/2)+1/4*1n(b*x+a-1)"2)-1/2/(1+a) " 2%
(1/2*(1n(b*x+a+1)-1n(1/2%b*x+1/2%a+1/2) ) *1n(-1/2%b*x-1/2*a+1/2)-1/2*dilog(
1/2xb*x+1/2%a+1/2)-1/4*1n(b*x+a+1) "2)+1/(a-1) /(1+a) *(1/(2*a-2) *1n(b*x+a-1)
-1/(a-1)/(1+a) *1n(-b*x) -1/ (2+2*a) *1n(b*x+a+1) ) -2*a/(a-1) "2/ (1+a) "2* (1/2*di
log((-bxx-a+1)/(1-a))+1/2*1n(-b*x)*1n((-b*x-a+1)/(1-a))-1/2*dilog((-b*x-a-
1)/(-a-1))-1/2*1n(-b*x) *1n((-b*x-a-1) /(-a-1))))
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Fricas [F]
/ coth‘l(c;+ bz)2 i / arcoth (Zx n a)2 .
z x
input Lintegrate (arccoth(b*x+a)~2/x"3,x, algorithm="fricas") J
outputLintegral(arccoth(b*x + 2)~2/x"3, %) J
Sympy [F]

-1 2 2
/coth (a + bx) dxz/acoth (a + bx) i

3 3

input‘integrate(acoth(b*x+a)**2/x**3’x)

outputtlntegral(acoth(a + b*x)**2/x%%3, x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 360, normalized size of antiderivative = 0.97

-1 2
/ coth (c; + bx) i
T
1 (8(log(bz+a—1)log (Lbzx+ia+d)+Lias(~ibz—La+1))a 8(log (L4 +1)log(x) + Liy(
8 a*—2a®+1 a*—2a®+1
1/ 4ablog(z)  blog(bzx+a+1) blog(bx+a—1) 2
- - h
2<a4—2a2—|—1 a2 +2a+1 Z—2a+1 T @_1)g)recothbe
0) — arcoth (bz + a)?
212

inputLintegrate(arccoth(b*x+a)“2/x”3,x, algorithm="maxima") J
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output

1/8%(8*(log(b*x + a - 1)*log(1/2*bxx + 1/2xa + 1/2) + dilog(-1/2xbxx - 1/2
xa + 1/2))*a/(a”4 - 2xa”2 + 1) - 8*(log(b*x/(a + 1) + 1)*log(x) + dilog(-b
xx/(a + 1)))*a/(a"4 - 2*xa”2 + 1) + 8*(log(b*x/(a - 1) + 1)xlog(x) + dilog(
-b*x/(a - 1)))*a/(a”4 - 2%a”2 + 1) - ((2"2 - 2*a + 1)*log(b*x + a + 1)72 -
2x(a”2 - 2%a + 1)*log(b*x + a + 1)*log(b*x + a - 1) + (a”2 + 2%a + 1)*log
(bxx + a - 1)72)/(a™4 - 2*xa”2 + 1) + 4xlog(b*x + a + 1)/(a”3 + a™2 - a - 1
) - 4xlog(b*xx + a - 1)/(a”3 - a2 - a + 1) + 8xlog(x)/(a”™4 - 2*a~2 + 1))*b
~2 + 1/2x(4*axbxlog(x)/(a”4 - 2*¥a”2 + 1) + b*xlog(b*x + a + 1)/(a”2 + 2xa +
1) - b*log(b*x + a - 1)/(a”2 - 2%a + 1) + 2/((a”2 - 1)*x))*b*arccoth(b*x
+ a) - 1/2*arccoth(b*x + a)~2/x"2

Giac [F]

-1 2 2
/ coth (c; + bx) dp — / arcoth (l;x +a) i
T T

e

inputt

integrate(arccoth(b*x+a)~2/x"3,x, algorithm="giac")

~—

output

Lintegrate(arccoth(b*x + a)~2/x"3, x)

Mupad [F(-1)]

Timed out.
/ coth (0; +ba)* / acoth(a3—|— ba)
z x
input‘int(acoth(a + b*x)"2/x"3,%)

output‘

int (acoth(a + b*x)~2/x"3, x)
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Reduce [F]

/ coth™'(a + bx)? i

3

—acoth(bz + a)® — 6acoth(bz + a) a?b?x? + acoth(bz + a)? a*b?x?® + acoth(bz + a)® b2z? + 2abz + 4aco

inputLint(acoth(b*x+a)"2/x"3,x) J

e N

( - 3*acoth(a + b*x)**2*a**6 + acoth(a + b*x)**2*a**4*xb**x2xx**x2 + Sxacoth(
a + b*x)*x2ka**x4 — 2¥acoth(a + b*x)**2ka*xx2kb**2xx**2 — acoth(a + b*xx)**2x
a*x2 + acoth(a + b*x)**x2kb**2xx**2 — acoth(a + b*x)**2 - 2+acoth(a + b*x)x*
a*x5 + 2xacoth(a + b*x)*a**4xbkxx + 4*xacoth(a + b*x)*ax*x3*xb**x2xx**2 + 4*aco
th(a + b*x)*a**3 — 6*acoth(a + b*x)*axk2+bx*x2xx**x2 — 4*acoth(a + b*x)*a**2
*b*x - 2*acoth(a + b*x)*a + 2*acoth(a + b#*x)*b**24x*x2 + 2*kacoth(a + b*x)*
b*x - 12*int(acoth(a + b*x)/(3*ax*xd*x*k*3 + Gka*xx3xbkx*xd + Jkarkxbi*xkxkk
5 — 2%ax*2%xx**3 + 2%axbkxkxkx4d + bkkx2kx*x*5 — x**k3),x)*a**x9kx*x*x2 + 32*xint(aco
th(a + b*x)/(3*a**x4*xx**3 + G*a**x3kbkxk*4 + 3Ika**x2kbk*kkx*kk5 — 2kax*kkx**x3

+ 2xaxb*xkkd + b*k*k2kxk*k5 — x**3),x)*ka*k*k7Tkx*k*k2 - 24*int(acoth(a + b*x)/(3*a
*xk4kxk*k3 + 6*ka*kk3kbkx*k*k4d + 3Ikakk2Qkbkk2kxkk5 — 2kg*kkQkx*k*k3 + 2kakbkx*x*4 + b
**x2xx*x5 — x*k*k3) ,x)*ka**k5*kx**2 + 4xint(acoth(a + b*x)/(3*a**4*xx**x3 + Bxa*x*3
*bkxkkd + kakkkbkkQkx*k*k5 — 2kak*2kxk*k3 + 2kaxbkxkkd + bkkkxkk5 - x*k*3),
x)*a*xx**x2 + 6xlog(a + bxx - 1)*a*x2xbx*2*x**2 — 2xlog(a + b*x - 1)*bk*2*x*
*2 - 6%log(x)*ax*2xbx*2xx**2 + 2%1og(x)*b*k*2kx**2 — 2kax*3*bxx + 2kaxbx*x)/
(2xx**x2% (3*xax*6 — Bkaxxd + ax*2 + 1))

output
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3.15 [(a+ bx) coth™(a + bz) dx

Optimal result . . . . . . . . . . . . e 146
Mathematica [A] (verified) . . . . . . . . . ... o 1461
Rubi [A] (verified) . . . .. . . ... .. 147
Maple [A] (verified) . . . . . . ... L 148
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 149
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 150
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1501
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 151
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 151
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 152

Optimal result

Integrand size = 12, antiderivative size = 39

2 41
/(a + ba) coth~(a + bz) dz = g N (a+bzx) co2t;1 (a+bz) arctanl;(ba + bx)

-

1/2*x+1/2* (b*x+a) ~2*arccoth (b*x+a) /b-1/2*arctanh (b*x+a) /b

-/

output L

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 66, normalized size of antiderivative = 1.69

/(a + bz) coth™ ' (a + bx) dz

_ 2bz + 2bz(2a + bz) coth " (a + bz) — (—1 + a?) log(1 — a — bz) — log(1 + a + bz) + a®log(1 + a + bz)
B 4b

‘Integrate[(a + b*x)*ArcCoth[a + b*x],x]

input

‘ (2%b*x + 2%b*x*(2*a + b*x)*ArcCoth[a + b*x] - (-1 + a"2)*Log[l - a - bxx] \

output
‘— Logl[l + a + b*x] + a"2xLog[l + a + b*x])/(4*b) ‘




input

output
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.00,

= 4, number of rules _ 333, Rules
integrand size

number of steps used = 5, number of rules used =
used = {6658, 6453, 262, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a + bz) coth™!(a + bx) dx

| 6658
[(a + bz) coth™*(a + bx)d(a + bx)
b
| 6453
t(a+bz)?coth™ (a+bx) — 3 [ - (a(ZﬁL)Q d(a + bx)
b
| 262
%(— il md(a +br) +a+ bm) + 2(a+ bz)? coth™!(a + bz)

b

| 219

1(—arctanh(a + bz) + a + bz) + 3(a + bz)? coth™*(a + bz)

b

‘Int[(a + b*x)*ArcCoth[a + bx*x],x]

L(((a + b*x) “2*%ArcCoth[a + b*x])/2 + (a + b*x - ArcTanh[a + b*x])/2)/b
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

rule 219

rule 262 Int[((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*((a + b*xx"2)"(p + 1)/(b*(m + 2%xp + 1))), x] - Simpla*c™2x((m - 1)/
(b*(m + 2%p + 1)))  Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pt, x] && GtQ[m, 2 - 1] && NeQ[m + 2*p + 1, 0] &% IntBinomialQ[a, b, c
, 2, m, p, xJ

N J

Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*¥ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x1 /; FreeQ[{a, b, ¢, m, n}, x] && IGtQ[p, 0] & (EqQ[p, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

rule 6453

rule 6658 T0t[((a_.) + ArcCoth[(c)) + (d_)*G)I*(b_. ) (p_)*((e_) + (E_)*(x )"
‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + b*ArcCoth[x])“p, x ‘
‘], X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] && EqQl[d*e - c*f, 0] ‘
‘& IGtQlp, O] |

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.18
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method result
(bac+a)2 arccoth(bz+a) +bj+£+ In(bz+a—1) In(bz+a+1)
derivativedivides 2 22 : 4
(bz+a)2 arccoth(bz+a) , bz , a , In(bz+a—1) In(bz+a+1)
4hryay -
default Z 22 4 4
parallelrisch _ —b3 arccoth(bx+a)z?—2x arccoth(bz+a)a b?—arccoth(bz+a)a?b—b2z+arccoth(br+a)b+2ab
2b2
- (—a2+1) In(bz+a—1) (a2—1> In(bz+a+1)
arccoth(bz+a)b x> oot 262 * 26
parts BEETSHAEE 4+ arccoth (bx + a) za + 5
. 17 ,.2 1 __ balln(bz+a—1)  azln(bz+a—1)  In(bz+a—1)a? In(—bz—a—
risch (4bx + 2xa) In(bz+a+1) . 5 I + T
(bz+a)b
. (26323 +5a b2a? +4a2bz-+a® —2bz—a) arccoth(bz+a) x(bw+a—1)(bx+a+1)(arccoth(bm+a)b—ﬁ)
orering 2(bz+a)b 2b(bx+a)
input Lint ((b*x+a)*arccoth (b*x+a) ,x,method=_RETURNVERBOSE) J

‘ 1/b* (1/2* (b*x+a) ~“2*arccoth(b*x+a)+1/2%b*xx+1/2*a+1/4*1n (b*x+a-1)-1/4%1n(b*x \

output ‘ 2t ) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.13

2bz + (b?z% + 2abz + a® — 1) log (2ztetl)

/(a + bx) coth_l(a +br)dz = n bz+a—1
input Lintegrate ((b*x+a)*arccoth(b*x+a) ,x, algorithm="fricas") J
output 1/4%(24bx + (67242 + 2Haxbix + a2 - Dxlog((bkx + a + 1D/(kx +a - 1)

)/b |
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Sympy [A] (verification not implemented)

Time = 0.41 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.44

/(a + bz) coth™ ! (a + bx) dz

a2 acotélb(a-i-bz) + az acoth (CL + bCE) + Ww + % — %{;ﬂ-bz) for b 7& 0

ax acoth (a) otherwise

integrate ((b*x+a)*acoth(b*x+a) ,x)

input ‘\

‘Piecewise((a**2*acoth(a + bxx)/(2%b) + a*x*acoth(a + b*x) + b*x**2%acoth(a ‘

output
‘ + b*x)/2 + x/2 - acoth(a + b*x)/(2%b), Ne(b, 0)), (a*x*acoth(a), True)) ‘

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 62, normalized size of antiderivative = 1.59

/(a + bz) coth™(a + bx) dz
1,

2_x+ (@ —1log(bxr +a+1) (a®—1)log(br+a—1)
4 b b2 b2

1
+5 (b2® + 2 az) arcoth (bz + a)

integrate ((b*x+a)*arccoth(b*x+a) ,x, algorithm="maxima")

input ‘\

|1/4%bx(2%x/b + (a™2 - 1)*log(bkx + a + 1)/b"2 - (a2 - 1)*log(bkx + a - 1)

output
L/b"2) + 1/2%(b*x~2 + 2*axx)*arccoth(b*x + a) J




inputt

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 188 vs. 2(33) = 66.

Time = 0.13 (sec) , antiderivative size = 188, normalized size of antiderivative = 4.82

/(a + bz) coth™ ' (a + bx) dz

(%ﬁ)}i—l)ﬂfl b+1
a Gotati)h
(br+a+1)log | — —— b -1
1 ) a= (bzta+1)b_,
=@+ b= (a= D) | oo + T
5 b2 (betatl _q) (br +a — 1)b?(3rrety — 1)

integrate((b*x+a)*arccoth(b*x+a) ,x, algorithm="giac")

1/2%((a + 1)*b - (a - 1)*b)*(1/(b"2*%((b*x + a + 1)/(b*x + a - 1) - 1)) + (
b*x + a + 1)xlog(-(1/(a - ((b*x + a + 1)*(a - 1)/(bxx + a - 1) - a - 1)*b/
((b*x + a + 1)*b/(b*x + a - 1) - b)) + 1)/(1/(a - ((bxx + a + 1)*(a - 1)/(
b*x + a - 1) - a - 1)*b/((b*x + a + 1)*b/(b*x + a -= 1) - b)) - 1))/((b*x +
a - 1)*b™2x((b*x + a + 1)/(b*x + a - 1) - 1)72))

Mupad [B] (verification not implemented)

Time = 4.65 (sec) , antiderivative size = 50, normalized size of antiderivative = 1.28

acoth(a+bz)  a?acoth(a+bx)
2

/(a + bz) coth™(a + bz) dx = g _ 2 :

bz?acoth(a + bx)

+ azacoth(a+bz) + 5

input‘ int (acoth(a + b*x)*(a + b*x),x)
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t‘x/2 - (acoth(a + b*x)/2 - (a~2%acoth(a + b*x))/2)/b + a*x*acoth(a + b*x) +

outpu
‘ (b*xx~2*acoth(a + b*x))/2

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.33

/(a + bz) coth™ ! (a + bx) dz

acoth(bz + a) a® + 2acoth(bx + a) abz + acoth(bx + a) b?z* — acoth(bx + a) — bx
2b

input Lint ((b*x+a)*acoth (b*x+a) ,x) J

‘ (acoth(a + b*x)*ax*x2 + 2%xacoth(a + b*x)*a*xb*x + acoth(a + bkx)*b**2%xx**x2 - \

output
‘ acoth(a + b*x) - bx*x)/(2+%b)




output

input L

output
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3.16 [(a+bx)?coth™'(a + bx) dz

Optimal result . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ...
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... .....
Sympy [B] (verification not implemented) . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . . .. ... ... ... ..
Giac [B] (verification not implemented) . . . . . . ... ... ... ... ...
Mupad [B] (verification not implemented) . .. .. ... ... ... ......
Reduce [B] (verification not implemented) . . . ... ... ... ... .....

Optimal result

Integrand size = 14, antiderivative size = 54

(a + bzx)? N (a + bx)® coth™*(a + bx)

2 -1 _
/(a + bx)* coth™ (a + bz) dx = o m

N log (1 — (a + bzx)?)
6b

Li/G* (b*x+a) ~“2/b+1/3*(b*x+a) ~“3*arccoth(b*x+a) /b+1/6*%1n(1-(b*x+a)~2) /b

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.78

/(a + bx)* coth™ (a + bx) dz

(a+ bx)? + 2(a + bz)3 coth ™ (a + bx) + log (1 — (a + bz)?)
B 6b

Integrate[(a + b*x) 2xArcCoth[a + b*x],x]

‘ ((a + bxx)~2 + 2*(a + b*x)"3*ArcCoth[a + bxx] + Log[l - (a + bxx)~2])/(6*b

)

N
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Rubi [A] (warning: unable to verify)

Time = 0.28 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.76,

=5, number of rules _ 357, Rules
integrand size

number of steps used = 6, number of rules used =
used = {6658, 6453, 243, 49, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(a + bz)? coth™Y(a + bx) dz

l 6658

[(a+ bx)?coth™(a + bx)d(a + bz)
b

l 6453

t(a+bz)3coth™H(a+bx) — 1 [ - (a(ZﬁL)Q d(a + bx)
b
l 243

f(a+bz)®coth™H(a+bz) — ¢ [ (a+bo)? d(a + bx)?

—a—bx+1
l 49

$(a+bz)®coth™!(a + bz) — 6f< T — >d(a+bx)2
b
| 2009

t(log(—a — bz + 1) + a+ bz) + i (a + bz)3 coth™' (a + bz)
b

input\ Int[(a + b*x)~2*ArcCoth[a + b¥x],x]

output[“(a + b*x) "3*ArcCoth[a + b*x])/3 + (a + b*x + Log[l - a - b*x])/6)/b

| —



rule 49

rule 243
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Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

Int[(x_ )~ (m_.)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[1/2 Subst[In
t[x"((m - 1)/2)*(a + b*x)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] & I
ntegerQ[(m - 1)/2]

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 6453

rule 6658

Int[((a_.) + ArcCoth[(c_.)*(x_ )" (n_.)1*(b_.))"(p_.)*(x_)"(m_.), x_Symbol] :
> Simp[x~(m + 1)*((a + bxArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + b*ArcCoth[c*x™n])~(p - 1)/(1 - c™2*x~(2*n))), x
1, x]1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[mn, 1
] && IntegerQ[m])) && NeQ[m, -1]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCoth([x]) p, x
1, x, ¢ + dxx], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && EqQ[d*e - cxf, 0]

& I1GtQlp, 0]

Maple [A] (verified)

Time = 0.23 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.89
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method result
arccoth(bw+a)(bw+a)3 + (b:c+a)2 + In(bz+a—1) + In(bz+a+1)
derivativedivides 3 & 6 6
arccoth(bz+a)(bz+a)3 (bz+a)2 In(bz+a—1) | In(bz+a+1)
+ + +
default 3 & 6 6
th(b b2z3 th(b 3 2
parts arccoth®rtalt’s” | arccoth (bx + a) baz? + arccoth (bx + a) a’x + 2ecthlrtale” | ba?
parallelrisch __ —2b* arccoth(bz+a)x3—62 arccoth(bz+a)a b3 —6x arccoth(bac+a)a2b2—b36a;,22—2 arccoth(bz+a)a3b—2za b?+5a2
. (bz+a)® In(bz+a+1) b2x3 In(bx+a—1) bln(bz+a—1)z2a a’z In(bz+a—1) In(bz+a—1)a? b2
risch — — — — + 2=
6b 6 2 2 6b 6
input Lint ((b*x+a) ~2*arccoth (b*x+a) ,x,method=_RETURNVERBOSE) J

‘ 1/b*(1/3*%arccoth(b*x+a)* (b*xx+a) ~3+1/6* (b*x+a) ~2+1/6*1n (b*x+a-1)+1/6*1n (b*x

output ‘ sat1)) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.59

/(a + bz)? coth™(a + bz) dz

b’z® + 2abx 4 (a® + 1) log (bx + a+ 1) — (a® — 1) log (bz + a — 1) + (®z® + 3 ab’x? + 3 a®bx) log (2+
B 6b

input Lintegrate ((b*x+a) “2*arccoth(b*x+a) ,x, algorithm="fricas") J

‘1/6*(b‘2*x‘2 + 2%axbxx + (2”3 + 1)*log(b*x + a + 1) - (2”3 - 1)*log(b*x + \
‘a - 1) + (b™3%x™3 + 3kaxb™2%x"2 + 3xa~2¥bkx)*log((b¥x + a + 1)/(b*x + a -
1)))/b |

output
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 97 vs. 2(39) = 78.

Time = 0.64 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.80

/(a + bz)? coth™'(a + bz) dz

a 1
B a? acoth (a+bz) aCOtgb(aerm) + a’z acoth (a + bz) + abz? acoth (a + bx) + % + ba? acoth (a+b) acogh (atba) | % + —log(b;fﬂ) — X

a’z acoth (a)

-/

§
input Llntegrate ((b*x+a) **2*acoth (b*x+a) ,x)

Output‘Piecewise((a**3*acoth(a + b*x)/(3%b) + a**2xx*acoth(a + b*x) + axbkx**2*ac ‘
‘oth(a + bxx) + axx/3 + bx*2kxxx3*acoth(a + b¥x)/3 + bx**2/6 + log(a/b + x |
‘ + 1/b)/(3%b) - acoth(a + b*x)/(3*b), Ne(b, 0)), (a**2*x*acoth(a), True))

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.50

/(a + bx)* coth™ (a + bx) dx
B lb bz’ + 2az N (@®+1)log(bx +a+1) (a°—1)log(bz+a—1)
6 b b2 b2

+ = (v*z® + 3abz® + 3a’z) arcoth (bz + a)

Wl

integrate ((b*x+a) “2*arccoth(b*x+a),x, algorithm="maxima")

-/

E
input L

N

)
|1/6%bx ((bxx™2 + 2xa*x)/b + (a"3 + 1)*log(b*x + a + 1)/b™2 - (a™3 - 1)*log( |

output
‘b*x +a - 1)/b"2) + 1/3*%(b"2*x"3 + 3*axb*x~2 + 3*a~2*x)*arccoth(b*x + a)




input

output
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 255 vs. 2(48) = 96.

Time = 0.13 (sec) , antiderivative size = 255, normalized size of antiderivative = 4.72

/(a + bz)? coth™'(a + bz) dz

((a+1)b—(a—1)b)

3 (bz+a+1)2
(bx—l—a—l)z

a—

1
((bz-ll;a-kl)(a—l) 7

x+a—1

(bz+a+1)b _

brx+a—1
1

+1> log | —

(bz+a+1)(a—1)

br+a+1| _ brta—1
].0 <| ) b:c—i—_a—i—l — @ bx+a+1)b
g |bz+a_1| _ log ( ‘ br+a—1 1 ‘ ) + ( b:v+a—1) )

| =

b? b?

bx+a—1

Lintegrate((b*x+a)‘2*arccoth(b*x+a),x, algorithm="giac")

/1/6*((a + 1)*b - (a - 1)*b)*(log(abs(b*x + a + 1)/abs(b*x + a - 1))/b"2 -

log(abs((b*x + a + 1)/(b*x +
a-1)"2 +
/((b*x + a
(b*xx + a
(b*x + a +
(bxx + a +

+ 1)*b/(b*x + a -

a-1) - 1))/b"2 + (3*(b*x + a + 1)°2/(b*x +

1)*log(-(1/(a - ((b*x + a + 1)*x(a - 1)/(b*x + a - 1) - a - 1)*b

1) -b)) + 1)/(1/(a - ((bxx + a + 1)x(a - 1)/

1) - a - 1)%b/((b*xx + a + D)*b/(b*x + a - 1) - b)) - 1))/ (b~2%(
1)/(b*x + a - 1) - 1)73) + 2x(b*x + a + 1)/((b*x + a - 1)*b~2x(
1)/(b*x + a - 1) - 1)72))

Mupad [B] (verification not implemented)

Time = 4.12 (sec) , antiderivative size = 114, normalized size of antiderivative = 2.11

/(a + bz)? coth™(a + bx) dz =

41 a2x+abx2+b2x3
2 6

2
+bx2 m (1 1 a2w+abx2+b2x3
6 a+bx 2 2 6
n
+

(a+bz+1) (a®+1)
6b 6b

b2 (b:1:+a+1 _ 1)3
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input‘ int (acoth(a + b*x)*(a + b*x)~2,x) ‘

output (@*X)/3 + Log(1/(a + bxx) + D*((a™2+x)/2 + (b"24x73)/6 + (axbx"2)/2) + (
b*x"2)/6 - log(1 - 1/(a + bxx))*((a"2%x)/2 + (b°2%xx"3)/6 + (a*b*x"2)/2) -
L(log(a + bxx - 1)*(a”3 - 1))/(6%b) + (log(a + b*x + 1)*(a”3 + 1))/(6%Db) J

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 89, normalized size of antiderivative = 1.65

/(a + bz)? coth™'(a + bz) dz

_ 2acoth(bx + a) a® 4 6acoth(bz + a) a®bx + 6acoth(bx + a) a b’z + 2acoth(bz + a) b3z + 2acoth(bx +
B 6b

input Lint ((b*x+a) “2*acoth(b*x+a) ,x) J

e B

(2*acoth(a + b*x)*a**x3 + 6xacoth(a + b*xx)*a*x*2*b*x + 6%acoth(a + b*x)*axbx*
\*2*x**2 + 2%acoth(a + b*x)*b**3*x**3 + 2xacoth(a + b*x) - 2*log(a + b*x - \
‘1) - 2%axb¥x - bx*2kx*%2)/(6%b) ‘

output
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3.17 f coth™ ! (a+bz) dx

a+bx
Optimal result . . . . . . . . . . . . . e 1601
Mathematica [B] (verified) . . . . . . . . . ... 160
Rubi [A] (verified) . . . . . . . . . . 161]
Maple [A] (verified) . . . . . . . . . . 1621
Fricas [F] . . . . . . o 162
Sympy [F] . . o e 163
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 163
Giac [F] . . . o o o 164
Mupad [F(-1)] . . ..o 164
Reduce [F] . . . . o 164

Optimal result

Integrand size = 14, antiderivative size = 35

/ coth™'(a + bz) do — PolyLog (2, — 77) _ PolyLog (2 =)
a+ bx 2b 2b

output L1/2*Polylog (2,-1/(b*x+a)) /b-1/2*polylog(2,1/ (b*x+a)) /b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 144 vs. 2(35) = 70.

Time = 0.03 (sec) , antiderivative size = 144, normalized size of antiderivative = 4.11

-1
/ coth™ (a + bx) g
a+ bac

= 10g2 ( a+b ) 210g(1 —a-— b.’E) lOg (a-:bx) - lOg (a+bz) + 210g (a+bx> IOg (H—a—i_bx) + 210g ( a-l—bx) 1
4b

input LIntegrate [ArcCoth[a + b*x]/(a + b*x),x] J
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t‘ (Log[-(a + b*x)~(-1)]1"2 - 2xLog[l - a - b*x]*Logl[(a + b*x)~(-1)] - Logl[(a

outpu
\+ b*x)~(-1)]1"2 + 2*Logl[(a + b*x)~(-1)]*Log[(-1 + a + b*x)/(a + b*x)] + 2*L
‘og[-(a + b*x) " (-1)I*Logl[l + a + b*x] - 2xLog[-(a + b*x)~(-1)]*Log[(1 + a +
‘ b*x)/(a + b*x)] - 2%PolyLog[2, -a - b*x] + 2*PolyLog[2, a + b*x])/(4*b)
Rubi [A] (verified)
Time = 0.25 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.94,
_ _ o number of rules _
number of steps used = 3, number of rules used = 2, integrand size. 0.143, Rules
used = {6658, 6447}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
-1
/coth (a + bx) i
a+ bx
| 6658
coth~!(a+bx
J BTG (o + ba)
b
| 6447
%PolyLog (2, —ﬁ) - % PolyLog (2, a_’_ﬁ)
b
input Int[ArcCothla + bxx]/(a + b¥x),x]

output‘ (PolyLog[2, -(a + b*x)~(-1)]1/2 - PolyLog[2, (a + b*x)~(-1)1/2)/b
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Defintions of rubi rules used

e 6447 TnEL((a_.) + ArcCoth[(c_.)*(x)1*(b_.))/(x)), x_Symbol]l :> Simp[axLog[x], x
1 + (Simp[(b/2)*PolyLog[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLogl[2, 1/(c*x)
1, x1) /; FreeQ[{a, b, c}, xI]
rule 6658 IntL((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + b*ArcCoth[x])“p, x
1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0]
&& 1GtQLp, O]
Maple [A] (verified)
Time = 0.32 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.23
method result size
. In(bz+a—1) In(bz+a) dilog(bz+a) dilog(bz+a+1)
risch — 5 - 5 — 5 43
n r _ dilog(bz+a+1) _ In(bx+a)ln(bz+a+1) dilog(bz+a)
derivativedivides | 2(zte) arccoth(beta) — 2 2 51
default ln(bx+a) arccoth(bx+a)— dilog(b:;:-}—a-;l) _ In(bz+a) lg(bw+a+1) _ dilog(§z+a) 51
_ dilog(bz+a+1) _ In(bx+a)ln(bz+a+1l) dilog(bz+a)
parts In(bz+a) arlc)coth(bz+a) + P ) 2 2 55
input Lint (arccoth(b*x+a)/ (b*x+a) ,x,method=_RETURNVERBOSE)
output L-1/2/b*1n(b*x+a—1) *1n (b*x+a)-1/2/b*dilog(b*x+a)-1/2/b*dilog(b*x+a+1)

Fricas [F]

-1
/coth (a+ bx) dr — / arcoth (bz + a) s
a+ bz bx +a

inputLintegrate(arccoth(b*x+a)/(b*x+a),x, algorithm="fricas")
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OutputLintegral(arccoth(b*x + a)/(b*x + a), x) J
Sympy [F]
-1
[eulatin) y,  [aohleti),,
a+ bz a+ bz
inputLintegrate(acoth(b*x+a)/(b*x+a),x) J
outputtlntegral(acoth(a + b*x)/(a + b*x), x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 112 vs. 2(29) = 58.

Time = 0.03 (sec) , antiderivative size = 112, normalized size of antiderivative = 3.20

/ coth™ (a + br) d

a+ bz
1 b(log (bz + a)log (bx +a —1) + Lig(~bz —a+1) log(bz +a+1)log(—bz —a) + Lis(bz +a-
2 b2 b?
_% (log (bz 2— at1) log(bx 2— a— 1)) log (bz + ) + arcoth (bzr + Z) log (bx + a)

p
tintegrate(arccoth(b*x+a)/(b*x+a),x, algorithm="maxima")

e—

input

Output‘ -1/2%b*((log(b*x + a)*log(b*x + a - 1) + dilog(-b*x - a + 1))/b"2 - (log(b ‘
‘*x + a + 1)*log(-b*x - a) + dilog(b*x + a + 1))/b72) - 1/2*(log(b*x + a + ‘
Li)/b - log(b*x + a - 1)/b)*log(b*x + a) + arccoth(b*x + a)*log(b*x + a)/b J
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Giac [F]

-1
/ coth™ (a + bx) dp — / arcoth (bz + a) i
a+ bx br +a

inputLintegrate(arccoth(b*x+a)/(b*x+a),x, algorithm="giac")

output Lintegrate(arccoth(b*x + a)/(b*x + a), x)

Mupad [F(-1)]

Timed out.

—1
/coth (a + bx) dxz/acoth(a+bx) i
a+ bz a+bx

inputtint(acoth(a + bxx)/(a + b*x),x)

OutputLint(acoth(a + bxx)/(a + b*xx), x)

Reduce [F|

-1
/ coth™ (a + bx) dp — / acoth(bz + a) i
a + b.'L' bx _|_ a

inputLint(acoth(b*x+a)/(b*x+a),x)

Outputtint(acoth(a + b*x)/(a + b*x),x)




output

input

output
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coth™ ! (a+bz)

3.18 | ez 4

Optimal result . . . . . . . . . . .. . 165]
Mathematica [A] (verified) . . . . . . . . . ... 165
Rubi [A] (warning: unable to verify) . . . ... ... ... ... ... ... 166
Maple [A] (verified) . . . . . . . . ... 168}
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 168
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 169
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 169
Giac [B] (verification not implemented) . . . . . ... ... ... ... 170
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 1701
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... Ival

Optimal result

Integrand size = 14, antiderivative size = 48

log(a +bx) log(l— (a+bx)?)

/ coth™ (a + br) coth™'(a + bx)
dr = —
(a+ bx)? b(a + bx)

b

2b

‘—arccoth(b*x+a)/b/(b*x+a)+1n(b*x+a)/b—1/2*ln(1—(b*x+a)“2)/b

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.90

2 coth™!(a+bx)

/ coth™'(a + bz) P 2log(a + bx) + log (1 — (a + bx)?)

(a + bz)?

2b

LIntegrate[ArcCoth[a + bxx]/(a + b*x)"2,x]

e

\2])/b

-1/2%((2*ArcCoth[a + b*x])/(a + b*x) - 2*Logla + b*x] + Logl[l - (a + b*x)~




input
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Rubi [A] (warning: unable to verify)

Time = 0.25 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.94,

number of rules _ 429, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6658, 6453, 243, 47, 14, 16}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™!(a + bx) i

(a + bz)?
l 6653
| ey d(a+ ba)
b
l 6453
coth~1(a+bz
f (a+bx)(1£(a+bx)2) d(a + bl‘) - #
b
l 943
h~1(a+bx
% f (—a—bz+11)(a+bx)2 d(a’ + b.%')z — COtT(bm—i_)
b
l,47
h~1(a+bx
(I e 107 4 ] e + o) — 0t
b

l 14
L( = 2emrd(a+bo)? + log ((a+ bo)?) ) — H_{etbe)
2 —a—bz+1 g (\a x) ) a+bx

b

l 16

%(log ((a + bz)?) —log(—a — bz + 1)) — w
b

LInt[ArcCoth[a + bxx]/(a + b¥x)"~2,x]
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| (-(ArcCothla + b*x]/(a + b*x)) + (-Logli - a - b*x] + Logl(a + b*x)~21)/2)

e J

Defintions of rubi rules used

output

-

rulel4LInt[(a_.)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQ[a, x]

-/

rule 16 IotlCc_.)/((a_.) + (b_.)*(x)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +
b*x, x]1/b), x] /; FreeQ[{a, b, c}, x]
rule 47 Int[1/(((a_.) + (b_.)*(x_))*((c_.) + (d_.)*(x_))), x_Symbol] :> Simp[b/(bxc
- axd) Int[1/(a + b*x), x], x] - Simp[d/(b*c - a*xd) Int[1/(c + d*x), x
1, x]1 /; FreeQ[{a, b, c, d}, x]
rule 243 It L) ~@_)*((a)) + (b_.)*(x_)"2)"(p_), x_Symboll :> Simp[1/2  Subst[In
tlx~((m - 1)/2)*(a + b*xx)"p, x], x, x~2], x] /; FreeQ[{a, b, m, p}, x] && I
ntegerQ[(m - 1)/2]
rule 6453 Int[((a_.) + AI’CCOth[(C_.)*(X_)“(n_.)]*(b_,))’“(P_.)*(X_)’*(m_.)’ x_Symbol] .
> Simp[x~(m + 1)*((a + b*ArcCoth[c*x™n])"p/(m + 1)), x] - Simp[b*c*n*(p/(m
+ 1)) Int[x"(m + n)*((a + bxArcCoth[c*x™n])~(p - 1)/(1 - c"2*x~(2%n))), x
1, x1 /; FreeQ[{a, b, c, m, n}, x] && IGtQ[p, 0] && (EqQlp, 1] || (EqQ[n, 1
] && IntegerQ[m])) && NeQ[m, -1]

ruk36658‘1nt[((a—‘) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[(£f*(x/d)) “m*(a + b*ArcCoth[x])~p, x
‘], X, ¢ + d*x], x] /; FreeQ[{a, b, ¢, 4, e, f, m}, x] && EqQl[d*e - c*f, 0] ‘
&% 1GtQlp, O] |
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Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.94

method result
arccoth(bz+a) In(bz+a+1) In(bz+a—1)
. . .. — "= +In(bz+a)— —
derivativedivides bota ( )b 2 2
arccoth(bz+a) In(bz+a+1) In(bz+a—1)
— == 4 In(bx+a)— _
default bzta ( )b 2 2
__arccoth(bz+a)  In(bz+a—1)  In(bz+a+1) In(bz+a)
parts b(bata) - + gL
. 2_ _ 2_ 2 2 1\ 2h_ 2
parallelrlsch 31n(bz+a)za b®—31In(bz+a—1)xa b*—3x arccoth(bz+a)ab +3318$_T_:)aa)22b 3In(bz+a—1)a*b—3 arccoth(bz+a)a’l
isch __In(bz+a+1) 2 In(—bz—a)bz—In (b2 +2bza+a?—1)bz+2 In(—br—a)a—In (b2z%+2bza+a®—1)a+ln(bz+a—1)
Tise wlecta) T So(brta)
inputLint(arccoth(b*x+a)/(b*x+a)*2,x,method=_RETURNVERBOSE) J
output Ll/b* (-arccoth(b*x+a) / (b*x+a) +1n(b*x+a) -1/2*1n(b*x+a+1) -1/2*1n(b*x+a-1)) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.40

/ coth™'(a + bz) p

(a + bx)?
bx+a+1
_(be+a)log (%2 +2abe +a® — 1) — 2 (be + a) log (bx + a) + log (pHet])
2 (b%x + ab)
input Lintegrate (arccoth(b*x+a)/(b*x+a)~2,x, algorithm="fricas") J
output ‘ -1/2%((b*x + a)*log(b~2*x~2 + 2%axb*x + a"2 - 1) - 2% (b*x + a)*log(b*x + a ‘

)+ log((bkx + a + 1)/(b*x + a - 1)))/(b™2%x + ab) |
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 136 vs. 2(34) = 68.

Time = 0.79 (sec) , antiderivative size = 136, normalized size of antiderivative = 2.83

-1
/ coth™ (a + bx) d
(a + bz)?

alog (&+x) __alog (%+z+%) + a acoth (a+bzx) + bz log (& +x) _ bzlog (%+$+%) + bz acoth (a+bx)  acoth (a+bx) for b
_ ab+b2z ab+b2zx ab+b2x ab+b2x ab+b2zx ab+b2z ab+b2z

zacoth (a

a—g() othe

input ntegrate (acoth (bxira) / (bxxea) 142, x) |

Output‘{Piecewise((a*log(a/b + x)/(axb + b*x2+x) - ax*log(a/b + x + 1/b)/(a*xb + bxx* |
'2%x) + a*acoth(a + b*x)/(a*b + b¥*2¥x) + bxx+log(a/b + x)/(a*b + b¥¥2xx) -
- bxxxlog(a/b + x + 1/b)/(a*b + bx*2%x) + bxx+acoth(a + bxx)/(axb + b¥x2¥x)
L - acoth(a + b*x)/(a*b + b**2xx), Ne(b, 0)), (x*acoth(a)/a**2, True)) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.10

/ coth™ (a + bx) dp — _log(bz+a+1) + log (bx + a)

@+bz)2 7 2b b
log (bx +a—1) arcoth (bz + a)
2b (bx + a)b
input Lintegrate (arccoth(b*x+a)/(b*x+a)~2,x, algorithm="maxima") J
output‘ -1/2%log(b*x + a + 1)/b + log(b*x + a)/b - 1/2*log(b*x + a - 1)/b - arccot |

‘h(b*x + a)/((b*x + a)*b) ‘
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 198 vs. 2(46) = 92.

Time = 0.13 (sec) , antiderivative size = 198, normalized size of antiderivative = 4.12

/ coth™(a + bx) d

(a+bx)?
I +1
(G
log | — 2 —
|ba+a+1]| (%,a,l b
1 log <|b$+a—1|> log (‘bz—i—_a—l—l + 1‘) a— Griatnp,
2 (et 1)p=(e =10 b? - bf’*;)'; 1 B 2 bx+:::1a -
b (bac—i—a—l + 1)
inputLintegrate(arccoth(b*x+a)/(b*x+a)“2,x, algorithm="giac") J

-1/2%((a + 1)*b - (a - 1)*b)*(log(abs(b*x + a + 1)/abs(b*x + a - 1))/b"2 -
log(abs((b*x + a + 1)/(b*x + a — 1) + 1))/b"2 - log(-(1/(a - ((b*x + a +
D*x(a - 1)/(b*x + a - 1) - a - 1)*b/((b*x + a + 1)*b/(b*x + a - 1) - b)) +
1)/(1/(a - ((b*x + a + 1)*x(a - 1)/(b*x + a - 1) - a - D*b/((bxx + a + 1)

*b/(bxx + a - 1) = b)) - 1))/ (0"2+%((bxx + a + 1)/(b*x + a - 1) + 1)))

output

Mupad [B] (verification not implemented)

Time = 4.17 (sec) , antiderivative size = 93, normalized size of antiderivative = 1.94

@+bz)z FT 7 b 2b

In (<5500) | I (*s)

2 (zb2+ab) 2zb2+2ab

/coth_l(a+bx)d In(a+bz) In(a®+2abz+b*2?—1)

input‘ int (acoth(a + b*x)/(a + b*x)~2,x)
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‘log(a + bxx)/b - log(a™2 + b 24x"2 + 2%axbkx - 1)/(2+b) - log((a + bkx + 1
)/(a + b¥x))/(2%(axb + b"2%x)) + log((a + bxx - 1)/(a + b¥x))/(2%a*b + 2xb |
“2*x) ‘

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 132, normalized size of antiderivative = 2.75

-1

/ coth™ (a + bx) I
(a + bx)?

_ 2acoth(bx + a) bx + log(bx + a — 1) a® + log(bx + a — 1) abx — log(bz + a — 1) a — log(bx +a — 1) bz -

-

Lint(acoth(b*x+a)/(b*x+a)“2,x)

| —

input

output} (2xacoth(a + b*x)*bxx + log(a + bkx - 1)*a**2 + log(a + bxx - 1)kakbsx - 1
‘og(a + bxx - 1)*a - log(a + b*x — 1)*b*x + log(a + b*x + 1)*a**2 + log(a +
| bxx + 1)xasbkx + log(a + b¥x + 1)*a + log(a + b¥x + 1)*b*x - 2xlog(a + bx |
‘x)*a**2 - 2xlog(a + bxx)*a*bxx)/(2*a*bx(a + bxx)) J
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coth~ 1 (1+x)

3.19 | Ty dx

Optimal result . . . . . . . . . . . . . e 172
Mathematica [B] (verified) . . . . . . . . . ... 172
Rubi [A] (verified) . . . . . . . . . . 173l
Maple [A] (verified) . . . . . . . . . . 174
Fricas [F] . . . . . . o 175
Sympy [F] . . o e 175
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 175
Giac [F] . . . o o o 176
Mupad [F(-1)] . . ..o 176
Reduce [F] . . . . o

Optimal result

Integrand size = 12, antiderivative size = 25

/

24+ 2x

coth™ (1 4 z)

1
— - PolyLog

1 1

1
2_
<’1+x)

output

L1/4*polylog(2,—1/(1+x))—1/4*p01y10g(2,1/(1+x))

Mathematica [B]

(verified)

Leaf count is larger than twice the leaf count of optimal. 117 vs. 2(25) = 50.

Time = 0.01 (sec) , antiderivative size = 117, normalized size of antiderivative = 4.68

coth™ (1 + z)

d
2t+2x

/

1, 5 1
glog (_l-l-x)

1 o 2+«
1+=z & 1+=z
PolyLog(2,1 + x)

+ 4

_ PolyLog(2, -1 — z)
4
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t‘ Integrate[ArcCoth[1 + x]/(2 + 2xx),x] ‘

inpu
output ‘ Logl-(1 + x)°(-1)]172/8 - (Logl[-x]*Logl[(1 + x)~(-1)]1)/4 - Logl(1 + x)~(-1)] ‘
"2/8 + (Log[(1 + x)~(-1)]*Loglx/(1 + x)1)/4 + (Log[-(1 + x)~(-1)I*Logl2 +
'x1)/4 - (Log[-(1 + x)~(-1)1*Log[(2 + x)/(1 + x)1)/4 - PolyLogl2, -1 - x1/4
|+ Polylogl2, 1 + x1/4 |
Rubi [A] (verified)
Time = 0.23 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.16,
_ _ o number of rules _
number of steps used = 4, number of rules used = 3, integrand size — 0.250, Rules
used = {6658, 27, 6447}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
coth™(z + 1)
/ 5o+ %®
| 6658
coth™(z + 1)
/2(m+1) d(z+1)
l 27
1 [ coth ™ (z+1)
2 / sr1 de@tl)
| 6447
1/1 1 1 1
input LInt [ArcCoth[1 + x]/(2 + 2%x),x] J

output | (POLYLOgL2, ~(1 + 0)7(-1)1/2 - PolyLog[2, (1 + 1)~ (-1)1/2)/2 J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x
] + (Simp[(b/2)*PolyLogl[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLogl[2, 1/(c*x)
1, x1) /; FreeQ[{a, b, c}, x]

rule 6447

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCoth([x]) p, x
1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0]
&& IGtQlp, 0]

rule 6658

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.88

method result size
risch _dilogix—}—l) _ In(x) 12(x+1) _ diloggx+2) 929
derivativedivides | 2@+D) ar;coth(z+1) _ dilogé(lm+2) _ In(z+1) 41n(z'+2) _ dilogix+1) 34
default In(z+1) ar;coth(ac-i—l) _ dilogflx+2) _ In(z+1) 41n(z+2) _ dilogim-l—l) 34
parts In(z+1) ar;coth(w—i—l) _ dilogix-i—Z) _ In(z+1) 41n(x+2) _ dilogix—kl) 34

input Lint (arccoth(x+1)/(2+2#*x) ,x,method=_RETURNVERBOSE)

output L—1/4*dilog (x+1)-1/4%1n(x) *1n(x+1)-1/4*dilog(x+2)
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Fricas [F]
-1
/ coth (1+2) , _ / arcoth (z +1) ;.
2+ 2z 2(z+1)
inputLintegrate(arccoth(1+x)/(2+2*x),x, algorithm="fricas") J
OutputLintegral(l/Q*arccoth(x +1)/(x + 1), %) J
Sympy [F]
[t , [ de
2+ 2z 2
inputLintegrate(acoth(1+x)/(2+2*x),x) J
output Tntegral(acoth(x + 1)/(x + 1), x)/2 )

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 58 vs. 2(19) = 38.
Time = 0.02 (sec) , antiderivative size = 58, normalized size of antiderivative = 2.32

/ coth™ (1 + z)

1
SF dx = ~2 (log (z 4+ 2) — log (z)) log (z + 1)

+ % arcoth (z 4+ 1)log (z + 1) — le log (z + 1) log ()

1 1 1
+3 log (z +2)log (—z — 1) — 1 Lis(—z) + 1 Lis(z +2)

input Lintegrate (arccoth(1+x)/(2+2%x) ,x, algorithm="maxima") J
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‘-1/4*(log(x + 2) - log(x))*log(x + 1) + 1/2%arccoth(x + 1)*log(x + 1) - 1/ ‘

output
‘4*1og(x + 1)*log(x) + 1/4xlog(x + 2)*log(-x - 1) - 1/4*dilog(-x) + 1/4%dil ‘
‘og(x + 2) ‘
Giac [F]
-1
/ coth (1 +2) ;. _ / arcoth (@ +1) ;.
2+ 2z 2(z+1)
input Lintegrate (arccoth(1+x)/(2+2%x) ,x, algorithm="giac") J
output Lintegrate(1/2*arccoth(x +1)/(x + 1), x) J
Mupad [F(-1)]
Timed out.
coth™ (1 + ) acoth(z + 1)
IRl b el
input tint(acoth(x + 1)/(2%x + 2),x) J
output Lint(acoth(x + 1)/(2*x + 2), x) J
Reduce [F]
acoth(z+1)
[, (/=)
242z o 2
input Lint (acoth(1+x)/(2+2%x) ,x) J

outpudinﬂacoth(x + 1)/ (x + 1),%)/2 J
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3.20 f coth™ ! (a+bz) dx

%i—kdx
Optimal result . . . . . . . . . . . . . e (|
Mathematica [B] (verified) . . . . . . . . ... L Lo 17
Rubi [A] (verified) . . . . . . . . . . 178
Maple [A] (verified) . . . . . . . . . . 179
Fricas [F] . . . . . 1801
Sympy [F] . . o o 180
Maxima [B] (verification not implemented) . . . . . . ... ... ... ... ... 180
Giac [F] . . . o o 181
Mupad [F(-1)] . . . o 181
Reduce [F] . . . . . o 182

Optimal result

Integrand size = 19, antiderivative size = 35

/ coth™(a + bx) dr — PolyLog (2, —ﬁ) _ PolyLog (2, ﬁ)
ad 4 N 2d 2d
, +aT

output‘1/2*P°1Yl°g(2,‘1/(b*x+a))/d—1/2*polylog(2,1/(b*x+a))/d

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 144 vs. 2(35) = 70.

Time = 0.03 (sec) , antiderivative size = 144, normalized size of antiderivative = 4.11

/ coth™(a + bx) da

ad 1 dg
b
_log? (—5t;) — 2log(1 — a — br) log () — log” () + 210 (k) log (Z455822) + 21og (— )
) 4d
input LIntegrate [ArcCoth[a + b*x]/((axd)/b + d*x),x] J
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Output‘ (Log[-(a + b*x)~(-1)172 - 2+Log[1l - a - b*x]*Logl(a + b*x)~(-1)] - Logl(a ‘
‘+ b*x)~(-1)]1"2 + 2*Log[(a + b*x)~(-1)]*Log[(-1 + a + b*x)/(a + b*x)] + 2*L ‘
‘og[-(a + b*x) " (-1)I*Logl[l + a + b*x] - 2xLog[-(a + b*x)~(-1)]*Log[(1 + a + ‘

‘ b*x)/(a + b*x)] - 2%PolyLog[2, -a - b*x] + 2*PolyLog[2, a + b*x])/(4*d)

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.94,

number of rules _ 0.158, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {6658, 27, 6447}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/cotk;d (a+ bx) i
B + dI

l 6658

-1
[ et d(a + bo)

b
l27

f coth;j_(()c;—i—bw) d(a + bm)

d
l 6447

% PO].yLOg (2, - a—&bw) - % POlyLOg (2’ g,-&bz)
d

input LInt [ArcCoth[a + b*x]/((a*xd)/b + d*x),x] J

OutputL(PolyLogD, -(a + b*x)~(-1)]1/2 - PolyLogl[2, (a + b*x)~(-1)]1/2)/d J
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 6447 Int[((a_.) + ArcCothl[(c_.)*(x_)I1*(b_.))/(x_), x_Symbol] :> Simp[a*Loglx], x
] + (Simp[(b/2)*PolyLogl[2, -(c*x)~(-1)], x] - Simp[(b/2)*PolyLogl[2, 1/(c*x)
1, x1) /; FreeQ[{a, b, c}, x]
rule 6658 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(

m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + bxArcCoth([x]) p, x
1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - c*xf, 0]
&& IGtQ[p, O]
Maple [A] (verified)
Time = 0.27 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.23

method result size

risch _dilog(bed+a-|—1) _ ln(bw+a—213 In(bz+a) dilogél;x-l—a) 43

parts In(bz+a) ar;coth(bx+a) + _dilog(bg+a+1)_ln(bm+a; lg(bz+a+l)_dﬂog(§z+a) 55

b (_ dilog(bz+a+1) _In(bz+a)In(bz+a+1) dilog(bz+a) )
. X . bln(bm+a)arccoth(bm+a)+ 2 2 2
derivativedivides 4 > d 61
b (_ dilog(bz+a+1) _In(bz+a)In(bz+a+1) dilog(bz+a) )
bln(bz+a) arccoth(bm+a)+ 2 2 2
default d v 4 61
input Lint (arccoth (b*x+a) / (a*xd/b+d*x) ,x ,method=_RETURNVERBOSE)

output ‘ -1/2/d*dilog(b*x+a+1)-1/2/d*1n(b*x+a-1)*1n(b*x+a)-1/2/d*dilog (b*x+a)
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Fricas [F]
/ cotlt;(a + bx) dp — / arcoth (bxa d—|— a) i
inputtintegrate(arccoth(b*x+a)/(a*d/b+d*x),x, algorithm="fricas") J

B
Lintegral(b*arccoth(b*x + a)/(bxd*x + a*xd), x)

N

output
Sympy [F]
/ coth™(a + bz) P Jacoth(etbn) gy
ad d d
, 0T
input Lintegrate (acoth(b*x+a)/ (a*d/b+d*x) ,x) J
output tb*Integral (acoth(a + b*x)/(a + b*x), x)/d J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 132 vs. 2(29) = 58.

Time = 0.03 (sec) , antiderivative size = 132, normalized size of antiderivative = 3.77

/ coth™(a + bx) 4

d
Y% 4+ dx
b
1 b log (bz +a)log (bxr +a—1) + Liy(—br —a+1) log(bz+a+1)log(—bz—a)+ Liz(br+a-
2 bd bd
log(bz+a log(bz+a— a
b( el 3 ) ol 3 1)) log (dz +%')  arcoth (bz + a) log (dz + %)
- +
2d d
input Lintegrate (arccoth(b*x+a)/(a*d/b+d*x) ,x, algorithm="maxima") J




outpu

inpu

outpu

inpu

outpu
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t‘ -1/2%b*((log(b*x + a)*log(b*x + a - 1) + dilog(-b*x - a + 1))/(b*d) - (log
‘(b*x + a + 1)*log(-b*x - a) + dilog(b*x + a + 1))/(bxd)) - 1/2%b*(log(b*x
‘+ a+ 1)/b - log(b*x + a - 1)/b)*1log(d*x + a*d/b)/d + arccoth(b*x + a)*log
(@*x + axd/b)/d

Giac [F]

ht h
/cot i (a + bzx) dp — / arcot (basd—i— a) ds
& +dz dr + %

tLintegrate(arccoth(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

tLintegrate(arccoth(b*x + a)/(d*x + axd/b), x)

Mupad [F(-1)]

Timed out.

-1
/coth (a + bx) i /acoth(a—|—bx) i

ad = ad
& +dx dzr + %°

t‘int(acoth(a + b*x)/(d*x + (axd)/b),x)

ttint(acoth(a + bxx)/(d*x + (a*d)/b), x)
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182

Reduce [F]

acoth(bx+a

/ coth™'(a + bx) (f #dx) b
ad dr =
3-+-dx d

inputLint(aCOth(b*X+a)/(a*d/b+d*x),x)

outpu‘ct(int(acmm(a + b*x)/(a + b*x),x)*b)/d
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3.21 [(e+ fz)? (a+beoth™'(c + dz)) dz

Optimal result . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... o 184
Rubi [A] (verified) . . . .. . . ... .. 184
Maple [B] (verified) . . . . . . . . . ... 186
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 187
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 188
Maxima [B] (verification not implemented) . . . . . . . .. ... ... ... ... 189
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 189
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 1971
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 192

Optimal result

Integrand size = 18, antiderivative size = 168

bf(6d%e* — 12cdef + (1 + 6¢2) f2) x

/(e + fz)? (a + beoth (¢ + dz)) dz =

443
N bf?(de — cf)(c+dz)?>  bf*(c+ dx)?
2d* 12d4
(e + fz)* (a+ beoth ' (c + dz))
+ if
N b(de + f — cf)*log(l — ¢ — dx)
RdLf
b(de — f — cf)*log(1 + ¢ + dz)
B 8df

Output‘1/4*b*f*(6*d‘2*e*2—12*c*d*e*f+(6*c‘2+1)*f‘2)*x/d‘3+1/2*b*f“2*(—c*f+d*e)*(d
\*x+c)“2/d“4+1/12*b*f”3*(d*x+c)“3/d“4+1/4*(f*x+e)“4*(a+b*arccoth(d*x+c))/f+
\1/8*b*(-c*f+d*e+f)‘4*1n(-d*x-c+1)/d“4/f-1/8*b*(-c*f+d*e-f)“4*1n(d*x+c+1)/d
\*4/f
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.61

/(e + fz)? (a + beoth ' (c + dz)) dz
_ 6d(4ad’® + bf (6d”¢” — 8cdef + (1 +3¢c?) £%)) x + 6d°f (6ade® + bf (2de — cf)) #° + 2d°f*(12ade + b,

e

~—

inputLIntegrate[(e + f*xx)~3*(a + b*ArcCoth[c + d*x]),x]

(6*d* (4*xa*xd"3*xe”3 + bxf*(6xd"2%e”2 — 8*cxdkexf + (1 + 3*c™2)*f"2))*x + 6*d
“2xfx (6*a*d"2%e”2 + b*f*(2xdxe - c*f))*x"2 + 2xd"3*f 2% (12%a*xd*e + b*f)*x~
3 + 6*xa*d"4*f"3%x"4 + 6xb*d"4*x*(4xe”3 + Bke 2kfxx + 4¥exf"2xx"2 + f~3%x"3
Y*ArcCoth[c + d*x] - 3*b*(-1 + c)*(4*d"3*e"3 - 6%(-1 + c)*d"2%e~2*f + 4*x(-
1 + c) " 2kdxexf"2 - (-1 + c)"3*f"3)*Log[1l - ¢ - d*x] - 3*b*(1 + c)*(-4xd"3x
e”3 + 6%(1 + c)*d"2xe"2+f - 4x(1 + c)"2xd*e*xf"2 + (1 + c)"3*%£73)*Logl[l + c
+ dx*x])/(24%4d°4)

output

Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 167, normalized size of antiderivative = 0.99,

number of rules _ 978 Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6662, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + beoth™'(c + dz)) dz

l 6662

f (d (e— %) +f(c+dz)2: (a+bcoth™!(c+dz)) d(c n d:p)

d
| 27

[(de — cf + f(c+dz))3 (a + beoth™ (c + dz)) d(c + dz)
P
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l 6479
—C C T 4
(f(c+dz)—cf+de)* (a+bcoth~1(c+dz)) bf % d(ctdz)
4f - aif
d4
l 477

€—C, 4 e—cCJ—
—(c+dw)? fA—4(de—cf)(c+da) f2— (6d2e> —12cdfe+ (6c2+1) f2) f2+ §1eZ L E DS 4 (Gemel =)
4f

(f(c+dz)—cf+de)* (a+bcoth™1(c+dz)) bf(
4f

d4
l 2009

(f(ct+dz)—cf+de)* (a+bcoth™ (c+dx))  b(—f2(c+dx)((6c2+1) f2—12cdef+6d%e?) —2f3 (c+dx)? (de—cf)— 5 (—cf+de+f)* log(—c—dz+1
4f — 4f

d4

-

LInt[(e + f*x)~3%(a + bxArcCoth[c + d*x]),x]

~—

input

output‘((((d*e - c*f + fx(c + d*x))"4x(a + b*ArcCoth[c + d*x]))/(4*f) - (bx(-(£ 2% \‘
\(6*d*2*e“2 - 12xckd*exf + (1 + 6%c™2)*f"2)*(c + d*x)) - 2%xf~3x(d*e - c*f)x* \
(¢ + d*x)"2 - (£74%(c + d*x)"3)/3 - ((d*e + £ - cxf)"4xLogll - ¢ - dx])/2
L + ((dxe - £ - cxf)74xLogl[l + c + d*x])/2))/(4*f))/d"4 J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 477 Int[((c_) + (d_.)*(x_))" (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) n*x(1 - Rt[-b/a, 2]#*x) p*(1 + Rt[-b/a, 2
1*x)°p, x1, x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, 0] && IntegerQ[n] &
& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

e

LInt [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u]

~—

rule 2009




rule 6479

rule 6662

input
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Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[(d + e*x)~(q + 1)*((a + b*ArcCoth[c*x])/(ex(q + 1))), x] - Simp[b

*(c/(ex(q + 1)))

b, c, d, e, q}, x] && NeQ[q, -1]

Int[(d + exx)"(q + 1)/(1 - c™2*x~2), x], x] /; FreeQ[{a,

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IG

tQ[p, 0]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 598 vs. 2(156) = 312.

Time = 0.40 (sec) ,

antiderivative size = 599, normalized size of antiderivative = 3.57

method result
parallelrisch __15b c3 f3—6be f2d—18ae? f d?49cb f3—42b c2de f2436bc d?e? f436 In(dz+c—1)bc d?e? f —1223 arccoth(dz+c)b d*
( f3 arccoth(d:v+c)c4 2 3 3 3 3f arccoth(dw+c)c2 d2e2
b| ————F————+f* arccoth(dz+c)c’de+f* arccoth(dz+c)c” (dz+c)— > —
a(cffdefg(d:z:+c))4 _
derivativedivides 2
b (_ M‘IM +£2 arccoth(dz+c)03de+f3 arccoth(d:t+c)c3 (dzc)— 3f al‘CCOth(%Z+C)C2d2€2 _
a(cf—de—£(dz+c))4 _
default 2
b f3 arccoth(dm+c)(da:+c)4 _ f3 arccoth(dm+c)(dw+c)3c + f2 arccoth(dw+c)(dz+c)3e + 3f3 arccoth(dz+c) (dzA
. 443 d3 d2 2d3
parts a(f z;fe) +
. (fz+e)*bIn(dz+c+1) flaxt f3bax3 3z f3In(dr+ct1)b f3In(—dz—c+1)b _ be3zIn(dzc-
risch 8F + 7 T 1a i3 847 + 8dA 2

Lint ((f*x+e) “3* (a+b*arccoth(d*x+c)) ,x,method=_RETURNVERBOSE) J




output

inpu

output
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-1/12% (15%bxc~3*f " 3-6*b*e*f ~2xd-18*a*e " 2xf*d"~2+9*kcxb*f ~3-42%bkc~2*d*e*xf "2+

36*b*ckxd~2*xe~2*%f+36*1n (d*x+c—1) *b*cxd"2*e~2*f-12*x"3*arccoth (d*x+c) *b*xd~4*
e*xf~2+36*arccoth(d*x+c) *bkc*d~2*e~2+f-36*arccoth (d*x+c) *bkckd*e*f~2-18%x"2
*arccoth (d*x+c) *bxd~4*e~2*f-12*arccoth (d*x+c) *bkc~3*d*e*f~2-36*arccoth (d*x
+c) *bxc " 2*d*e*f ~2+24*x*xbxckd " 2xe*f ~2+18*arccoth (d*x+c) *bxc~2*xd"2*e " 2xf-36*
1n(d*x+c—1)*b*c~2kd*exf~2+24*xa*c*d~3*e”3+3*arccoth(d*x+c) *b*f~3+12*arccoth
(d*x+c) *b*xc~3*f ~3+12*1n (d*x+c-1) ¥b*c~3*f ~3-12*1n (d*x+c-1) ¥b*xd~3*e~3+12*1n (
dxx+c—1) ¥bkcxf~3+18*a*xc~2*xd"2%e”~2xf+3*x " 2*kbkxcxd~2*f ~3-6xx"2*b*d " 3xexf"2-18
*x "~ 2%akd 4xe 2xf-12*%1n (d*kx+c—1) ¥*b*xd*ke*xf " 2-9*x*kbxc~2*d*f " 3-18*x*b*d " 3*ke~ 2 f
-12xx"3%axd~4*e*f"2-12*arccoth(d*x+c) *b*c*d~3*e~3+18*arccoth (d*x+c) *¥bxd~2*
e~ 2xf-12%arccoth (d*x+c) *bkxd*exf ~2-12*x*arccoth (d*x+c) *bxd~4*e~3-3*x~4*arcc
oth (d*x+c) *bxd~4*f~3-3*%x"4*a*xd~4*f~3-12*x*a*xd~4*xe”~3-3*kx*kb*d*f ~3-x"3*b*d~3*
f~3+3*arccoth(d*x+c) *bkc~4*f~3-12*arccoth (d*x+c) *b*d~3*e~3+18*arccoth (d*x+
c) *bxc~2xf~3+12*arccoth (d*x+c) *b*c*x£~3) /d~4

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 385 vs. 2(156) = 312.

Time = 0.14 (sec) , antiderivative size = 385, normalized size of antiderivative = 2.29

/(e + fz)? (a + beoth ' (c + dz)) dzx
6ad'f3z* + 2 (12 adef? + bd3 f3)z® + 6 (6 ad*e® f + 2bd3ef? — bed? f2)z* + 6 (4 ad*e® + 6 bd3e® f — 8b

t‘integrate((f*x+e)“3*(a+b*arccoth(d*x+c)),x, algorithm="fricas")

1/24x (6*a*xd"~4*f"3*%x"4 + 2x(12*xaxd"4*e*f~2 + b*d"3*£73)*x"3 + 6*x(6*a*xd”~4*e”
2*%f + 2xb*d"3*kexf~2 - bkcxd"2*%f"3)*x"2 + 6*(4*axd"4*xe”3 + 6xbxd"3*ke”"2xf -
8*b*c*d " 2*xexf~2 + (3*b*c”2 + b)*d*f"3)*x + 3*x(4*x(b*c + b)*d"3*e”3 - 6*(b*c
2 + 2%bxc + b)*d"2*e"2*f + 4k (b*c”3 + 3xb*kc”2 + 3*bxc + b)*dke*f”2 - (bxc
"4 + 4xbxc”3 + 6%bxc”2 + 4xbxc + b)*f~3)*log(d*x + c + 1) - 3*(4x(bxc - b)
*d"3*%e”3 - 6*(b*c”™2 - 2*b*c + b)*d"2*e”2xf + 4x(b*c”3 - 3*b*c”2 + 3*b*c -
b) *d*xexf~2 - (b*c™4 - 4xb*c”3 + 6xbkc”2 - 4xbkc + b)*f~3)*log(d*x + ¢ - 1)
+ 3% (b*d"4*f~3%x"4 + 4xbxd"4d*exf " 2%x"3 + 6xbkxd"4*e”2*%f*x"2 + 4xbkd"4*e” 3%
x)*log((d*x + c + 1)/(d*x + ¢ - 1)))/d"4




-

input L
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Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 644 vs. 2(151) = 302.

Time = 2.03 (sec) , antiderivative size = 644, normalized size of antiderivative = 3.83

/(e + fz)* (a + beoth ™' (c + dz)) dx = Too large to display

integrate ((f*x+e)**3* (at+b*acoth(d*x+c)) ,x)

~—

output

Piecewise ((a*e**3*x + 3xakxe*x*2xf*x**2/2 + axexf**x2xx*k*3 + a*rf*x3*xx**4/4 -
bxck*4xf*x*3*xacoth(c + d*x)/(4*d*x*4) + bkc**3xexf**x2xacoth(c + d*xx)/d**3 -
bxcxx3xf**x3xLog(c/d + x + 1/d)/d**4 + bxcx*3*fx*3%acoth(c + d*x)/d**4 - 3x
bxck*k2xexx2xf*racoth(c + dxx)/(2xd**2) + 3xbkcx*2xe*xfx*2xlog(c/d + x + 1/d)
/d*x3 — 3xbxck*2xexf*x2%acoth(c + dkx)/d**3 + 3xbkckx2+f**3%x/(4*d**3) - 3
*bxck*2xfx*k3*acoth(c + d*x)/(2*%d**4) + bxcke**3*xacoth(c + d*x)/d - 3*b*cke
**x2xf*xlog(c/d + x + 1/d)/d**2 + 3xbkcxe**x2*fxacoth(c + d*x)/d**2 - 2%bxc*e
*fxx2xx/d*x*x2 — bkckf**3*x**2/(4*%d**2) + 3xbkckexf**2*acoth(c + d*x)/d**x3 -
bxcxfx*3*%log(c/d + x + 1/d)/d**4 + bkcxf**3*acoth(c + d*x)/d**4 + bke**3%
x*acoth(c + d*x) + 3*b¥ex*x2*xfxx**k2*acoth(c + d*x)/2 + brexf**2xx**3*acoth(
c + dxx) + b*f**3*x*k*4d*acoth(c + d*x)/4 + b*e**3*log(c/d + x + 1/d)/d - bx
exx3*xacoth(c + d*x)/d + 3*bkxex*2*xf*x/(2+d) + brexf**2+x**2/(2xd) + bxf**3*
x*x3/(12*%d) - 3*bxex*2xfxacoth(c + d*x)/(2xd**2) + bxexf*x2xlog(c/d + x +
1/d) /d**3 — bkxexfx*x2xacoth(c + d*x)/d**3 + bkfx*3*x/(4*d**3) - bxf**3*xacot
h(c + d*x)/(4xd**4), Ne(d, 0)), ((a + b*acoth(c))*(ex*3*x + 3ke*x2xfxx**2/
2 + exfx*x2%xx**3 + f*x*3*xx**x4/4), True))
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Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 333 vs. 2(156) = 312.

Time = 0.03 (sec) , antiderivative size = 333, normalized size of antiderivative = 1.98

/(e+fac)3 (a+beoth™ (c+ dz)) dz = }laf3x4 + aef?z? +gaezfx2
2z (+2c+1)log(dr+c+1) N (2 —2c+1)log(dz +c— 1))\

—I—Z (2 x? arcoth (dz + c) + d(

d? d3 d3 /
1 dz? — 4 3 2 1 log (d 1 3 a2 ~
+= ( 223 arcoth (dz +¢) +d il cm+(c +3c®+3c+1)log(dz+c+1) (c°—3c*+3c
2 & d y
203 — 2 2 4 3 2
_|_2_14 (6x4arcoth(dx+c)+d(2(d 3Cd$d4+3(36 +1)z) _3(c +4c¢°+6¢ +4dc5+ 1) log (da

(2 (dz + c) arcoth (dz + ¢) + log (—(dz + ¢)* + 1)) be?
2d

+ ae’x +

inputLintegrate((f*X+e)A3*(a+b*arccoth(d*x+c)),x, algorithm="maxima") J

1/4*%axf~3%x"4 + axe*f~2xx"3 + 3/2xaxe”2xf*x"2 + 3/4x(2*xx"2%arccoth(d*x + c
) + d*x(2*x/d"2 - (c”2 + 2xc + 1)*log(d*x + ¢ + 1)/d"3 + (c™2 - 2xc + 1)*1lo
g(d*x + c - 1)/d73))*bxe”2xf + 1/2%(2+x"3*arccoth(d*x + c) + d*((d*x"2 - 4
*c*x)/d"3 + (c™3 + 3*c™2 + 3%c + 1)*log(d*x + c + 1)/d"4 - (c"3 - 3*c™2 +

3%c - 1)*log(d*x + c - 1)/d74))*b*exf~2 + 1/24*(6*x"4*arccoth(d*x + c) + d
* (2% (d72%x"3 - 3xcxd*x"2 + 3x(3*%c”2 + 1)*x)/d"4 - 3*%(c”4 + 4%c”3 + 6%c”2 +
4xc + 1)*log(d*x + ¢ + 1)/d75 + 3*(c™4 - 4%c™3 + 6%c”2 - 4xc + 1)*log(d*x
+ ¢ - 1)/d”5))*b*xf~3 + axe”3*x + 1/2%(2x(d*x + c)*arccoth(d*x + c) + log(
-(d*x + c)~2 + 1))*b*e~3/d

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2333 vs. 2(156) = 312.

Time = 0.19 (sec) , antiderivative size = 2333, normalized size of antiderivative = 13.89

/(e + fz)® (a + beoth ' (c + dz)) dz = Too large to display

input integrate ((f*x+e) 3% (atb*arccoth(d*x+c)) ,x, algorithm="giac") J
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1/6%((c + 1)*d - (c - 1)*d)*(3*((d*x + ¢ + 1) 3*b*d"3*e~3/(d*x + c - 1)°3
- 3*x(d*x + c + 1)72%b*d"3*%e"3/(d*x + ¢ - 1)72 + 3*%(d*x + c + 1)*b*xd"3*e~3/
(d*x + ¢ = 1) - b*d"3*e"3 - 3*(d*x + c + 1) " 3*bkc*d"2%e"2*f/(d*x + ¢ - 1)~
3 + 9%(d*x + c + 1) 2*%bkckd"2*e"2*f/(d*x + ¢ — 1)72 - 9*%(d*x + c + 1)*Db*cx*
d"2*xe"2%f/(d*x + ¢ - 1) + 3*xbkckd"2%e”2*f + 3*(d*x + c + 1) " 3*bkc~2*d*e*f”
2/(d*x + ¢ - 1)73 - 9x(d*x + c + 1) 2*b*c™2*kd*exf"2/(d*x + ¢ - 1)72 + 9*(d
*X + c + 1)*bxc"2kd*e*f~2/(d*x + ¢ — 1) — 3*bkc ™ 2*d*e*f"2 - (d*x + ¢ + 1)~
3xbxc~3*%f~3/(d*x + ¢ - 1)73 + 3x(d*x + c + 1)~ 2%bxc~3*f~3/(d*x + ¢ - 1)72

- 3%(d*x + c + 1)*b*c™3*f"3/(d*x + ¢ - 1) + b*xc™3*f"3 + 3*(d*x + c + 1) 3%
b*d~2%e"2+f/(d*x + ¢ - 1)73 - 6%(d*x + c + 1) "2xb*d"2%e”~2%f/(d*x + ¢ - 1)~
2 + 3%(d*x + c + 1)*b*xd"2*%e”2+f/(d*x + ¢ - 1) - 6%(d*x + c + 1) " 3*bkckxdxe*
£72/(d*x + ¢ - 1)73 + 12%(d*x + c + 1) "2xbxckd*exf~2/(d*x + ¢ - 1)72 - 6%(
d*x + c + 1)*b*ckxd*xexf~2/(d*x + ¢ - 1) + 3*(d*x + c + 1) " 3*bkc"2*f"3/(d*x

+ c - 1)73 - 6x(d*x + c + 1) 2*%b*c™2*%f"3/(d*x + ¢ - 1)72 + 3*%(d*x + ¢ + 1)
*bxc"2*xf~3/(d*x + ¢ - 1) + 3*(d*x + ¢ + 1) " 3*bkd*e*f"2/(d*x + ¢ - 1)°3 - 3
*(d*x + ¢ + 1) 2%bkd*e*f~"2/(d*x + ¢ - 1)72 + (d*x + c + 1)*b*d*exf~2/(d*x

+ ¢ - 1) - bkxd*exf~2 - 3x(d*x + c + 1) "3*b*xcxf~3/(d*x + ¢ - 1)73 + 3*(d*x

+ c + 1)72xb*c*f73/(d*x + ¢ - 1)72 - (d*x + c + 1)*b*c*xf~3/(d*x + ¢ - 1) +
bxc*xf~3 + (d*x + ¢ + 1)"3*b*xf~3/(d*x + ¢ - 1)73 + (d*x + c + 1)*b*f~3/(d*
x + c - 1))*xlog((d*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + c + 1)74%d"5/(d*x ...

output
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Mupad [B] (verification not implemented)

Time = 4.54 (sec) , antiderivative size = 742, normalized size of antiderivative = 4.42

/(e + fz)? (a + beoth ' (c + dz)) dz

e(6ac® f?+12acdef+2ad*e®>+3bde f —6a f?)

=X

2 d?
2 f2(bf+8acf+12ade)  2acf?
(4¢* —4) ( 1d d
- 4d?
20(f2(bf+8acf+12ade)_2acf3)
2¢ 4d d _ 4ac®f3+24acdef?+12ad?e® f+4bde f?—4a f3 + af®(4c2—4)
d 4d2 442
+

d

1 bedz  3be2fz? befizd bfixt
_1n(1_c+dx)<2 T Tt 8)

f2(bf+8acf+12ade) 2acf3
(C 4d T d
2
— T

d

_4acdfP+24acdef’+12ad’e® f +4bde f —4af’ N af3(4c®—4)
8 d? 8 d?

g f2(bf+8acf+12ade)_2acf3
12d 3d
bedx 3be’fz? bef’lx® bfizt a f3
+1)<2+4+2+8>+4

+1n 1
ct+dzx

+ln(c+dx— 1) (bt f2—4b3cdef2—4b3 f3+6b32d%e? f+12bctdef2+6bc f3—4bed®ed -

8d*

In(c+dz+1) (bt f2—4bBdef?+4b3 f2+6bc’d*e® f —12bc?de f2+6bc? f3 —4bed®e? -

8d*

input Lint((e + fxx)~3%(a + b¥acoth(c + d*x)),x) J




CHAPTER 3. LISTING OF INTEGRALS 192

x*((ex(6*axc™2xf~2 - 6xa*xf~2 + 2%a*d"2%e”2 + 3xbxdxexf + 12kaxckxd*exf))/(2
*d~2) - ((4%c™2 - 4)*x((£72x(b*f + 8*a*cxf + 12xaxd*e))/(4*d) - (2xa*xc*f~3)
/d))/(4%d"2) + (2xcx((2xckx ((£72*(b*f + 8xaxcxf + 12*xakxd*e))/(4*d) - (2*axc
*£73)/d))/d - (4d*xaxc™2+%f73 - 4xaxf~3 + 4dxbkdke*xf~2 + 12%a*xd"2xe"2xf + 24x*a
xckd*kexf~2)/(4*d"2) + (a*xf73%(4*xc”2 - 4))/(4%d"2)))/d) - log(l - 1/(c + d*
x))*((b*f"3%x74)/8 + (b*e"3*x)/2 + (3*b*e"2xf*x72)/4 + (b*exf~2%x"3)/2) -
x"2%x ((cx ((£72%x (b*f + 8*axcxf + 12xaxdxe))/(4*d) - (2kaxc*xf~3)/d))/d - (4*a
*C"2xf "3 — 4dxaxf~3 + 4xb*d*exf"2 + 12xaxd"2xe”2%f + 24*a*ckd*xexf~2)/(8*xd"2
) + (axf~3%(4%c™2 - 4))/(8%d"2)) + x"3x((£f72x(b*f + 8kakxckf + 12%axd*e))/(
12%d) - (2*%a*c*£73)/(3*%d)) + log(1l/(c + dxx) + 1)*((bx£"3*x74)/8 + (b*e”3*
x)/2 + (3xbxe”2%f*x72)/4 + (bxexf~2%x73)/2) + (axf~3%x"4)/4 + (log(c + d*x
- 1)*(b*f~3 + 6xbxc™2*f~3 - 4*b*c"3*%f"3 + 4xbxd~3*%e”3 + bkc 4*xf"3 - 4xbxc
*f~3 + 4xbkd*e*xf~2 - 4xbkckd"3*%e”3 + 6*xbkd"2%e"2%f - 12¥bkckd"2*e”2*%f + 12
*bxc " 2xdxexf"2 — 4xbk*c " 3*d*e*f"2 + 6xbxc”2xd"2ke " 2*f - 12¥b*cxd*exf~2))/(8
*d~4) - (log(c + d*x + 1)*(b*f~3 + 6%b*c™2%f"3 + 4*b*c~3*%f~3 - 4*b*d~3%e”3
+ bxc"4*%f"3 + 4xbxckxf~3 - 4*bkd*exf"2 - 4kxbk*c*d"3*e”3 + 6*b*d"2%xe"2*xf + 1
2xbkxcxd"2xe 2%f — 12%b*c~2*dkexf"2 — 4xbkxc 3*dkexf"2 + 6xb*c”2+d"2%e " 2xf -
12*b*cxd*xe*xf~2)) /(8*xd"4)

& J

output

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 519, normalized size of antiderivative = 3.09

/(e + fz)? (a + beoth ' (c + dz)) dz
_ —36log(dz + ¢ — 1) bcPde f? + 36log(dx + ¢ — 1) bed?e® f + 24be d®e f2x + 12acoth(dz + c) bcide f2 -

-

Lint((f*x+e)“3*(a+b*acoth(d*x+c)),x)

|

input
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( - 3xacoth(c + d*x)*bkcx*4*xf**3 + 12%acoth(c + d*x)*bkc**x3*dkexf**2 - 12%
acoth(c + d*x)*bxc**3*xf**3 - 18*acoth(c + d*x)*bkc**2xd*x*2*ex*x2*f + 36+*aco
th(c + d#*x)*b*c*x*x2xdxexf*x*x2 — 18*acoth(c + d*x)*bxcx*x2xf**3 + 12*acoth(c +

d*x) *¥b*c*d**3*xe*x*x3 — 36*xacoth(c + d*x)*b*ckxd**x2xexx2xf + 36*acoth(c + d*x
)*xbxckxdkexf**2 — 12%¥acoth(c + d*xx)*bkckf**3 + 12%¥acoth(c + d*x)*bkdk*xd*e**
3*x + 18*acoth(c + d*x)x*bkd*x4dke**2xf*x**2 + 12*xacoth(c + d*x)x*b*d*xdke*fx*
*2xx*%*3 + 3*acoth(c + d*x)*bkxd**4xf*x*3*xx*x*k4d + 12%acoth(c + d*x)*bxdk*3*ex*
3 - 18*acoth(c + d*x)*bkxd**2xe*x*2+xf + 12*xacoth(c + d*x)x*b*d*exf**2 — 3*aco
th(c + d*x)*b*f**3 + 12*%log(c + d*x — 1)*b*xcx*3*fx*3 - 36+log(c + d*x - 1)
*bkckk2kdke*xf**2 + 36%log(c + d*x - 1)*bkckd**2ke*xx2xf + 12*log(c + d*x -
1) *b*xcxf**3 - 12xlog(c + dxx - 1)*bkd**3*e**3 - 12*log(c + d*x - 1)*b*dxex
fx%2 + 12kaxd**k4kex*k3%kx + 18%kakd*kx4xex*k2kfkx*k*k2 + 12kakd*k4kexfx*kkx*k*x3 +
3kaxdxk4kfkk3%kx*k*k4d — Oxbkckk2kd*xf*x*k3%kx + 24%bkckd**2ke*xf**x2%xx + 3kbkckd**2
*xTxkk3kxk*k2 — 18kbkd**k3kek*k2kfkx — Bkbkdk*k3kekfkk2kx*k*k2 — bkdk*k3kf*kk3*kx*k*3
— 3*b*xd*f**x3*xx) / (12*d**4)

output
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3.22 [(e+ fz)? (a+ beoth™'(c + dz)) dz

Optimal result . . . . . . . . . . . . e 194
Mathematica [A] (verified) . . . . . . . . . ... o 1951
Rubi [A] (verified) . . . .. . . ... .. 195
Maple [B] (verified) . . . . . . . . . ... 197
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 198
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 198
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1991
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 200
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 20Tl
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 202

Optimal result

Integrand size = 18, antiderivative size = 120

/(6’ + fz)? (a+ beoth (¢ + dz)) dz = bf(de — cf)x + bf*(c+ dz)?

d? 6d3
(e + fz)® (a+ beoth™(c + dz))
+ 37
N b(de + f — cf)3log(1 — c — dx)
643
b(de — (1 +¢)f)3log(1 + c + dx)
B 643 f

output
\x+c))/f+1/6*b*(-c*f+d*e+f)‘3*1n(—d*x—c+1)/d‘3/f—1/6*b*(d*e—(1+c)*f)‘3*1n(d

e DY
\ bxf* (-cxf+d*e)*x/d"2+1/6*b*xf 2% (d*x+c) ~2/d"3+1/3*% (f*x+e) ~3*(a+b*arccoth (d* \
\*x+c+1)/d*3/f \
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.45

/(e + fz)? (a+ beoth ' (c + dz)) dz
_ 2d(3ad?e? + bf(3de — 2cf)) z + d* f(6ade + bf)z? + 2ad® f2x® + 2bd*z(3e? + 3efz + f2a?) coth™ ' (c +

inputLIntegrate[(e + f*xx)~2*(a + b*ArcCoth[c + d*x]),x] J

(2xd* (3*xa*xd"2*xe”2 + bxf*(3*xd*e - 2xc*f))*x + d~2xf*(6*axd*e + b*f)*x"2 + 2
*axd " 3*f"2%x"3 + 2%bkd"3*x*(3*xe”2 + 3ke*xfxx + £ 2%x"2)*ArcCoth[c + d*x] -

bx(-1 + c)*(3*d"2%e”2 - 3*(-1 + c)*dxexf + (-1 + c)"2xf"2)*Log[l - c - d*x
1 + bx(1 + c)*(3*d"2%e”2 - 3*(1 + c)*d*exf + (1 + c) 2xf"2)*xLog[l + c + dx*
x])/(6%d"3)

output

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 128, normalized size of antiderivative = 1.07,

number of rules _ 0.278, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6662, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + beoth™! (c + dz)) dz

l 6662

e_i C T 2 a CO -1 C XL
[ (d< d)+f( +d )22( Fhcoth” (ctd ))d(c+dx)
d
| 27
[(de — cf + f(c+ dz))? (a + beoth™ (c + dz)) d(c + dz)
B
| 6479
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de—c c+dz))3
(f(c+dz)—cf+de)3 (a+bcoth™ (c+dzx)) bf % d(c+dz)
3f

3f
a3
| 477
e—cC, 3 e—(cC 3
(f(ctdz)—cf+de) (atbeoth~ (c+dz))  °J <_((C+dm)f ) —3(de—eh) 4 iy S )d(chdz)
3f — 3f
a3
| 2009
(f(c+dz)—cf+de)(a+bcoth™! (c+dz)) b(—3f2 (c+dz)(de—cf)—%(—cf+de+f)3 log(—c—dz+1)+%(de—(c+1)f)3 log(c+da:+l)—%f3(c+1
3f — 3f
a3
input LInt [(e + f*x)~2*%(a + b*ArcCoth[c + d*x]),x] J

¢ (((dxe - cxf + fx(c + d¥x))"3*(a + bxArcCothlc + d*x]))/(3+f) - (bx(-3%f"2
\*(d*e - cxf)*(c + d*x) - (£73x(c + d*x)"2)/2 - ((d*e + f - c*f) 3xLogl[1l - \
Lc - d*x]1)/2 + ((d*e - (1 + c)*f)"3%Logll + c + d*x])/2))/(3%£))/d"3 J

outpu

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 477 It [(Cc_) + (@_)*(x))"(n)*((a) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
a”p Int[ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) px(1 + Rt[-b/a, 2
1*x)"p, x]1, x], x] /; FreeQ[{a, b, c, d}, x] && ILtQ[p, O] &% IntegerQ[n] &
& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]




rule 6479

rule 6662

input
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Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[(d + e*x)"(q + 1)*((a + bxArcCoth[c*x])/(e*x(q + 1))), x] - Simp[b
*(c/(ex(q + 1))) Int[(d + exx)"(q + 1)/(1 - c"2%x"2), x], x] /; FreeQl{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && IG

tQ[p, 0]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 350 vs. 2(112) = 224.

Time = 0.29 (sec) ,

antiderivative size = 351, normalized size of antiderivative = 2.92

method result
parallelrisch 7bc? f24-6aefd+b f2—12bcdef+622 arccoth(dz+c)bd3ef—12 arccoth(dz+c)bedef—12In(dz+c—1)bedef—6 arccoth
b (f2 arccoth(dz+c)(dw+c)3 _ f2 arccoth(dw+c)(dw+c)2c+ f arccoth(dw+c)(dw+c)2e + f2 arccoth(dz+c)(dz+c
3d2 d2 d d?
3
parts a(f §;{e) +
2 3
b (— M +f arccoth(dz+c)c2 de+f2 arccoth(daﬂ—c)c2 (dz+c)—arccoth(dz+c)c d2e? —2f
_ a(cf—de—g(d:c-i—c))B +
derivativedivides 2t
2 3
b (— M + f arccoth(dz+c) c2 de+f2 arccoth(dz+c)62 (dz+c)—arccoth(dz+c)c d2e2 —2f
_ a(cf—de—g'(d:v+c))3 +
default B
isch fIn(dz+c—1)bc2e fln(—dz—c—1)bc%e fIn(dz+c—1)bce fIn(—dz—c—1)bce f2In(—dz—c—1)bc
T1sC 20 - 20 - &2 - P2 + 28 -

Lint ((f*x+e) “2* (a+b*arccoth(d*x+c)) ,x,method=_RETURNVERBOSE) J
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1/6% (T*bkxc™2%f ~2+6*xaxe*f*d+bxf ~2-12%bkxckxd*e*xf+6%x~2*arccoth (d*x+c) *b*xd~3*e
*f-12*xarccoth (d*x+c) *b*ckd*e*f-12*1n (d*x+c-1) *bkckd*e*f-6*arccoth(d*x+c)*b
*c"2xdxexf-6*xaxc”2*xe*xf*d+6*arccoth (d*x+c) *bkckd~2*e”2-6*arccoth (d*x+c) *xb*d
*e*xf+6xx*xarccoth (d*xx+c) *b*d~3*e 2+6*x ™ 2*a*xd " 3*ke*xf-4xx*b*ckd*f ~2+6*x*b*xd~ 2%
e*xf+2*x"3*arccoth (d*x+c) *b*d~3*f ~2-12*a*c*e”2xd~2+x” 2*b*d "~ 2*f ~2+6*1n (d*x+c
—-1)*b*c™2*f"2+6*1n (d*x+c-1) *b*d"2*e” 2+6*x*a*d "~ 3*xe”2+2*x " 3*a*xd”"3*f ~2+2*arcc
oth (d*x+c) *b*xc~3*f ~2+6*arccoth (d*x+c) ¥b*xc~2*f ~2+6*arccoth (d*x+c) ¥b*d~2*e”~2
+6xarccoth (d*xx+c) *bkxcxf~2+2*xarccoth (d*x+c) ¥bxf ~2+2*1n (d*x+c-1) *b*f~2) /d"3

& J

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 241 vs. 2(112) = 224.

Time = 0.12 (sec) , antiderivative size = 241, normalized size of antiderivative = 2.01

/(e + fz)? (a+ beoth ' (c + dz)) dz
2ad®f2x® + (6 ad®ef + bd? f?)z® + 2 (3 ad’e?® + 3bd?ef — 2bedf?)z + (3 (bc + b)d?e* — 3 (bc® + 2bc + b

-

Lintegrate((f*x+e)‘2*(a+b*arccoth(d*x+c)),x, algorithm="fricas")

~—

input

1/6% (2xa*xd"3*f"2+%x"3 + (6*a*d " 3xe*xf + bkxd"2+f~2)*x~2 + 2*(3*a*d~3*e”2 + 3*
b*d"2xexf - 2xbkckxd*f~2)*x + (3*x(b*c + b)*d"2*xe”2 - 3*(b*c”2 + 2*b*c + b)*
dxexf + (b*c™3 + 3%b*c™2 + 3%b*c + b)*f"2)*log(d*x + ¢ + 1) - (3*(b*c - b)
*d"2%e~2 - 3%(b*c”2 - 2%b*c + b)*dxexf + (b*c™3 - 3%b*c™2 + 3%b*c - b)*f"2
Yxlog(d*x + ¢ - 1) + (b*d"3*f~2xx"3 + 3%bxd~3%exf*x~2 + 3*b*d~3*e”2*x)*log
((d*x + ¢ + 1)/(@*x + c - 1)))/4d73

output

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 369 vs. 2(105) = 210.
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Time = 1.34 (sec) , antiderivative size = 369, normalized size of antiderivative = 3.08

/(e + fz)? (a+ beoth ' (c + dz)) dz

1 |
2 2 | af?s3 bc3 f2 acoth (c+dx)  bclef acoth (c+dx) bc? f2 log (§+x+3) __ bc?f2? acoth (c+dz) bee? acot
ae’z + aefz® + 5= + 38 2 + P PE + G

(a + bacoth (c)) (eQm +efz® + @)

| —

p
input Llntegrate ((£*x+e) **2* (a+b*acoth (d*x+c)) ,x)

Piecewise ((a*e*x*2xx + akxexf*xxk*2 + a*xf**2+x**x3/3 + bxcxx3xf**k2kacoth(c + d
*x) / (3*d**3) - bxcx*2kexfracoth(c + d*x)/d**2 + bxcx*2*f**2xlog(c/d + x +
1/d) /d**3 - bxc**2xf**2*acoth(c + d*x)/d**3 + b*ckxex*2*acoth(c + d*x)/d -
2xbxckxexfxlog(c/d + x + 1/d)/d**2 + 2xb*ckexfxacoth(c + d*x)/d*x2 - 2%bxc*
f4+2xx/ (3*%d**2) + bkckfx*x2*acoth(c + d*x)/d**3 + bke**2xx*kacoth(c + d*xx) +
bxexfxx**2*acoth(c + d*x) + b*f**x2xx**3*acoth(c + d*x)/3 + bxex*2*log(c/d
+ x + 1/d)/d - b*e*x2xacoth(c + d*x)/d + bkexf*x/d + bxf**2*x**2/(6%d) -
bkexfxacoth(c + d*x)/d**2 + bxf*x2xlog(c/d + x + 1/d)/(3%d**3) - b*f**2*ac
oth(c + d*x)/(3%d**x3), Ne(d, 0)), ((a + b*acoth(c))*(e*x*2*xx + exf*xx**x2 + f
**2%x**3/3), True))

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 207, normalized size of antiderivative = 1.72

1
/(e—|—fac)2 (a+becoth™ (c+ dz)) dz = §af23:3 + aefz?
2z (+2c+1)log(dr+c+1) N (2—2c+1)log(dz +c— 1)>\

1 2
+35 (2 z* arcoth (dz + ¢) + d( 7 = B

/

1 dz? — 4 3 2 1) log (d 1 3 -3¢ — 1
+= ( 22%arcoth (dz +¢) +d il C$4_@ +3c®+3c+1)log(dz+c+1) (c°—3c"+3c
6 d3 d4 d
+ s+ (2 (dz + c) arcoth (dz + c) + log (—(dz + ¢)* + 1)) be?
2d
input Lintegrate ((f*x+e) "2 (a+b*arccoth(d*x+c)) ,x, algorithm="maxima") J
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1/3*%axf~2+%x"3 + ake*f*x~2 + 1/2%(2*x"2*arccoth(d*x + c) + d*(2*x/d"2 - (c~
2 + 2%c + 1)*log(d*x + c + 1)/d"3 + (c™2 - 2%c + 1)*log(d*x + ¢ - 1)/d473))
xbkxe*xf + 1/6%(2+x"3*arccoth(d*x + c) + d*((d*x"2 - 4*c*x)/d"3 + (c™3 + 3*c
2 + 3*%c + 1)*log(d*x + c + 1)/d"4 - (c”3 - 3*%c™2 + 3*%c - 1)*log(d*x + c -

1)/d74) ) *b*f~2 + a*e”2*x + 1/2%(2x(d*x + c)*arccoth(d*x + c) + log(-(d*x
+ ¢c)72 + 1))*bxe”2/d

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 973 vs. 2(112) = 224.

Time = 0.16 (sec) , antiderivative size = 973, normalized size of antiderivative = 8.11

/(e + fz)? (a + beoth ™' (c + dz)) dz = Too large to display

input ‘ integrate ((f*x+e) 2% (a+b*arccoth(d*x+c)),x, algorithm="giac")

1/6%((c + 1)*d - (c - 1)*d)*((3*(d*x + c + 1)"2%bxd~2%e”2/(d*x + ¢ - 1)72
- 6x(d*x + c + 1)*b*d"2*e"2/(d*x + ¢ — 1) + 3*b*xd"2*%e”2 - 6*(d*x + c + 1)~
2%b*ckd*exf/(d*x + ¢ — 1)72 + 12*%(d*x + c + 1)*bxckxd*exf/(d*x + ¢ - 1) - 6
*bxckdxexf + 3k(d*x + c + 1)72%bxc™2xf"2/(d*x + ¢ - 1)72 - 6x(d*x + ¢ + 1)
*b*xc”2*xf "2/ (d*x + ¢ — 1) + 3*b*c™2*%f"2 + 6x(d*x + c + 1) " 2%b*d*exf/(d*x +
c - 1)72 - 6%x(d*x + c + 1)*bxd*exf/(d*x + ¢ - 1) - 6x(d*x + c + 1) 2*b*cx*f
~2/(d*x + ¢ - 1)72 + 6%(d*x + c + 1)*b*cxf"2/(d*x + ¢ — 1) + 3*%(d*x + ¢ +
1)"2%b*£72/(d*x + ¢ - 1)72 + bxf"2)*log((d*x + c + 1)/(d*x + ¢ - 1))/((d*x
+ c + 1)73%d"4/(d*x + ¢ - 1)73 - 3*%(d*x + c + 1)72%d"4/(d*x + c - 1)72 +
3x(d*x + ¢ + 1)*¥d"4/(d*x + ¢ - 1) - d74) + 2%(3*%(d*x + c + 1) "2xa*d"2%e”2/
(d*x + ¢ - 1)72 - 6x(d*x + c + 1)*axd™2*e~2/(d*x + ¢ - 1) + 3*axd"2xe”2 -
6% (d*x + c + 1) 2kakckdke*f/(d*x + ¢ - 1)72 + 12x(d*x + c + 1)*a*ckxd*xe*f/(
d*x + ¢ - 1) - 6xaxcxdxexf + 3k(d*x + c + 1) 2xaxc™2xf"2/(d*x + ¢ - 1)72 -
6%(d*x + ¢ + 1)*axc”2*xf"2/(d*x + ¢ - 1) + 3*xaxc™2*xf"2 + 6x(d*x + ¢ + 1)72
*axdxexf/(d*xx + ¢ - 1)72 - 6*%(d*x + ¢ + 1)*axdke*xf/(d*x + ¢ - 1) + 3x(d*x
+ ¢ + 1) 2xbxd*exf/(d*x + ¢ - 1)72 - 6*%(d*x + c + 1)*b*d*e*f/(d*x + ¢ - 1)
+ 3*b*d*e*xf - 6x(d*x + ¢ + 1) 2%a*xc*f"2/(d*x + ¢ - 1)72 + 6x(d*x + ¢c + 1)
xa*xckf~2/(dxx + ¢ - 1) - 3x(d*x + c + 1) 2*xbxc*f"2/(d*x + ¢ - 1)72 + 6x(d*
X + Cc + 1)*b*c*f~2/(d*x + ¢ - 1) - 3*bkckf~2 + 3% (d*x + c + 1) 2*xaxf~2/(d*
X+ c-1)"2 + axf"2 + (d*x + ¢ + 1)72%b*f~2/(d*x + ¢ - 1)72 - (d*x + c...

output




CHAPTER 3. LISTING OF INTEGRALS 201

Mupad [B] (verification not implemented)

Time = 4.29 (sec) , antiderivative size = 386, normalized size of antiderivative = 3.22

/ke4—fxf(a4—bamh‘%c+qmg)dx::xz(f(bf4-6a0f4-6ad€)__a0f2>

6d d
f(bf+6acf+6ade) 2acf?
(1t b¥x+ﬁefx?+bﬁx3 s 2C< 3d T4 >
c+dx 2 2 6 d
__3a§f2+12acdef+4huP62+3bdef—3ajq4_af2®cz—3)
3d? 3d?
1 be?x befz® bf2ad af?x?
+ln(c+d:v+1)< > T2 T )+ 3
In(c+dz— 1) (’Lﬁﬁ+d(~Lb6202 —befc+ ”Tf) + (%— ”C;"’) yREL bl ”gfz)
+ B
+ln(C+dm+1) (%—d(%wefw %) +d (%M’C;"’) + el bl +b°2f2>
B

.
int((e + f*x)~"2x(a + b*acoth(c + d*x)),x)

N J

input

x"2x ((£*(b*f + 6xaxcxf + 6xaxd*e))/(6%d) - (axc*f~2)/d) - log(l - 1/(c + d
*xx) )% ((b*f~2%x~3) /6 + (b*e~2%x)/2 + (b¥exf*x~2)/2) - x*x((2*cx((f*(bxf + 6%
axcxf + 6*axd*xe))/(3*%d) - (2*a*c*f~2)/d))/d - (Bxaxc™2*%f"2 - 3*a*f~2 + 3*a
*d"2xe"2 + 3xbkdkexf + 12*axckdxexf)/(3*d"2) + (a*f~2%(3*%c”2 - 3))/(3*d"2)
) + log(1/(c + d*x) + 1)*((bxf~2*xx"3)/6 + (bxe"2*x)/2 + (b¥exf*x72)/2) + (
a*f~2xx73)/3 + (log(c + d*x - 1)*((b*£72)/6 + dx((b*e*f)/2 + (b*c 2xexf)/2

- bxcxexf) + d"2x((b*e~2)/2 - (bxc*xe~2)/2) + (b*c™2%f~2)/2 - (b*xc~3*f"2)/
6 - (bxcx£~2)/2))/d"3 + (log(c + d*x + 1)*((b*£72)/6 - d*((bxexf)/2 + (b*c
~2xe*xf) /2 + bxcke*xf) + d"2x((b*e”2)/2 + (b*c*e~2)/2) + (b*c™2*£f72)/2 + (bx*
c"3%f72)/6 + (b*c*f~2)/2))/d"3

output
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 305, normalized size of antiderivative = 2.54

/(e + fz)? (a+ beoth ' (c + dz)) dz
_ 2acoth(dz + c) b f> — 6acoth(dx + ¢) bc*def + 6acoth(dx + c) bc® f? + 6acoth(dz + ¢) bed?e® — 12ac

input \int ((f*x+e) 2% (a+b*acoth (d*x+c)) ,x) |

(2xacoth(c + d*x)*b*cx*3*f**x2 — 6xacoth(c + d*x)*b*cx*x2xd*exf + 6xacoth(c

+ d*x) *b*c**2*f**x2 + 6xacoth(c + d*x)*bkckd**2*ex*x2 — 12xacoth(c + d*x)*b*
cxdxexf + 6xacoth(c + d*x)*bxcxf*x*x2 + 6xacoth(c + d*x)*b*xd**3xex*x2xx + 6*a
coth(c + d*xx)x*bkd**3*e*f*x**2 + 2xacoth(c + d*x)*b*d**3*f**x2xx**x3 + 6*acot
h(c + d*x)*bxd**2*ex*2 - 6xacoth(c + d*xx)*bxdxe*f + 2*acoth(c + dkx)*bxf**
2 - 6%log(c + d*x — 1)*bxc*x*2xf*x2 + 12+log(c + d*x - 1)*bxcxd*e*xf - 6*log
(c + d*x - 1)*b*d*x2%e**2 — 2xlog(c + dxx — 1)*b*f**2 + 6xa*d*k*3*ke*x*2*x +

Bkaxdxk3kekfkxkk2 + 2%kakd*kk3kfkkx2kx*k%k3 + 4*xbkckdkxf**%2%x — 6xbkd**2ke*xfxx -—

bxdk*2x £k *x2xx*k*2) / (6*d**3)

output
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3.23 [(e+ fz) (a+bcoth™ (c+dz)) dz

Optimal result . . . . . . . . . . . . e 203
Mathematica [A] (verified) . . . . . . . . . ... o 2031
Rubi [A] (verified) . . . .. . . ... .. 204
Maple [A] (verified) . . . . . . ... L 200
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 200
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 207
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 207l
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 208
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 208
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 209

Optimal result

Integrand size = 16, antiderivative size = 97

bfx N (e+ fz)? (a+bcoth™'(c +dz))

/(e + fz) (a+beoth ' (c + dz)) dz =

2d 2f

b(de + f — cf)?log(l — ¢ — dx)
+ A f

b(de — (1 + ¢)f)*log(1 + c + dx)
B Ad2 f

output ‘ 1/
dxx-c+1)/d"2/f-1/4%b* (d*e- (1+c) *f) ~2*%1n(d*x+c+1)/d"2/f

2%b*f*x/d+1/2*% (fxx+e) “2% (a+b*arccoth(d*x+c) ) /f+1/4*xb* (—cxf+d*xe+f) ~2*1n(-

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.42

/(e + fz) (a+ bcoth ' (c + dz)) dz

1 1
= aer + sz% + iawa + bex coth™ (¢ + dz) + §bfx2 coth™(c + dz)
N b(1 —2c+ ¢?) flog(l — ¢ — dx) N b(—1 —2c— ) flog(1l + c+ dzx)

4d? 4d?
N be(—((—14c)log(l — c—dz)) + (1 + ¢) log(1 + ¢ + dx))
2d
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input‘ Integrate[(e + f*x)*(a + b*ArcCoth[c + d*x]),x] ‘

output‘ axe*xx + (bxfxx)/(2%d) + (a*xf*x72)/2 + bxe*xx*ArcCoth[c + d*x] + (b*fxx"2*Ar ‘
‘cCothlc + d¥x])/2 + (bx(1 - 2xc + c™2)*f*Logll - ¢ - d¥x])/(4%d"2) + (b*x(-
1 - 2%c - c"2)*fxLogll + c + dxx])/(4xd"2) + (bxex(-((-1 + c)*Loglt - ¢ - |

\d*x]) + (1 + c)*Logl[l + c + d*x]))/(2*d)

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 106, normalized size of antiderivative = 1.09,
number of rules _
integrand size 0.312, Rules

number of steps used = 6, number of rules used = 5,
used = {6662, 27, 6479, 477, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a+ beoth™(c + dz)) dz

l 6662

e—<f c+dzx) ) (a+bcoth™ " (c+dx
[ (d(e—F)+1(c+d )C)l( +beoth~! (c+d ))d(c+dw)

d

l 27

[(de — cf + f(c+dz)) (a+ beoth™(c + dz)) d(c + dz)

d2
l 6479
—C, C T 2
(f(c+dz)—cf+de)? (a+bcoth™! (c+dzx)) bf % d(c+dzx)
2f B 2f
d2
l 477

_ g2y (de—cf+f)? | (de—(c+1)f)?
(f(c+da)—cf+de)? (atbeoth—(c+da))  °J ( et n T aerdetD )d(”dw)
2f

- oF

d2
l 2009
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(f(c+dz)—cf+de)?(a+bcoth™!(c+dz)) b(— % (—cf+de+f)? log(—c—da:-l—l)-l—% (de—(c+1) £)? log(c+dz+1)—(f2(c+dz)))
2f

— oF

d2

e

Int[(e + f*x)*(a + b*ArcCothl[c + d*x]),x]

~—

input t

t\((((d*e - cxf + fx(c + d*x))"2%(a + bxArcCoth[c + d*x]))/(2xf) - (bx(-(£f2x
‘(c + d*x)) - ((dxe + £ - cxf) 2*xLog[l - ¢ - d*x])/2 + ((d*e - (1 + c)*f)"2
xLog[1l + c + d*x])/2))/(2%£))/d"2

N J

outpu

— ]

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((c_) + (d_.)*(x_))" (@ )*((a ) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[
a"p Int[ExpandIntegrand[(c + d*x) n*(1 - Rt[-b/a, 2]*x) px(1 + Rt[-b/a, 2
1*x)"p, x]1, x], x] /; FreeQ[{a, b, ¢, d}, x] && ILtQ[p, 0] &% IntegerQ[n] &
& NiceSqrtQ[-b/al && !FractionalPowerFactorQ[Rt[-b/a, 2]]

rule 477

-

2009LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

| —

rule

Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x])/(e*(q + 1))), x] - Simp[b
*(c/(ex(q + 1))) Intl[(d + exx)"(q + 1)/(1 - ¢c™2%x~2), x], x] /; FreeQl{a,
b, ¢, d, e, q}, x] && NeQ[q, -1]

rule 6479

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + £*x(x/d)) m*(a + bx
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]

rule 6662




input

output

input

outpu
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Maple [A] (verified)

Time = 0.25 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.25

method result
b arccoth(dz+c) (dm+c)2f arccoth(dz+c)cf(dz+c) th(d d f(dw+c)+%
. 5d — = +arccoth(dz+-c)e(dz+c)+———
parts a(3f2®+ex)+ y
a (fc(d:v+c)—ed(dw+c) — M) b (arccoth(dw+c)fc(dw+c) —arccoth(dz+c)ed(dz+c)— arccoth(dzgc)f(dz+c)2 — f(dz+c
derivativedivides | — i — < i
a (fc(dz+c)—ed(dz+c) - M) b (arccoth(dz+c)fc(dz+c) —arccoth(dz+c)ed(dz+c)— arccoth(dmtc)f(dx+c)2 — f(dz«l»c
default — d — y d
. _ h 2 2_ 2 2 —9 h 2 —9, 2 h 2 -2 h .
parallelrlsch __ —arccoth(dz+c)bd? f x°—a d” f 2°—2x arccoth(dz+c)bd?e—2a d°ex+arccoth(dz+c)bc? f—2 arccoth(dz+c)bede
. bz(fr+2e)In(dz+c+l)  bfz?In(dz+c—1)  bexln(dz+c—1) af z? In(—dz—c+1)bc?f  In(—dz—c+
risch 1 4 2 +75 -+ 12 2d
Lint ((f*x+e) * (a+b*arccoth(d*x+c)) ,x,method=_RETURNVERBOSE) J

‘ a* (1/2+f*x"2+exx)+b/d*(1/2/d*arccoth(d*x+c) * (d*x+c) “2*f-1/d*arccoth(d*x+c) ‘
 kcxfx (d*x+c) +arccoth(dxx+c) kex (d*x+c) +1/2/dx (£% (dxx+c) +1/2% (~2xckf+2xdxe+rf |

\ )*1n (dxx+c-1)—1/2% (2kc*f-2%dxe+£) *1n (d*x+c+1))) \

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.37

/(e + fz) (a+ beoth™'(c + dz)) dz
_ 2ad’fa? +2(2ad’ + bdf)z + (2 (be + b)de — (bc® + 2bc + b) f) log (dz + ¢ + 1) — (2 (be — b)de — (be?

4d?

-

tintegrate ((f*x+e) *(a+b*arccoth(d*x+c)) ,x, algorithm="fricas")

e—

t‘1/4*(2*a*d“2*f*x‘2 + 2x(2*xa*d"2*%e + b*d*f)*x + (2*%(b*c + b)*d*e - (b*c™2 +

\ 2%bxc + b)*f)*log(d*x + c + 1) - (2%(b*c - b)*d*e - (b*c™2 - 2%b*c + b)*f
Dxlog(dxx + ¢ - 1) + (b*d 2+#f*x"2 + 2%bxd"2%exx)*log((dxx + ¢ + 1)/(d*x +
© - 1)))/d"2
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 173 vs. 2(82) = 164.

Time = 0.87 (sec) , antiderivative size = 173, normalized size of antiderivative = 1.78

/(e + fz) (a+ beoth ™' (c + dz)) dx

c 1
aex + af2x2 _ be? faco;;l}; (c+dz) + bceacotz (c+dz)  becflog (d %+z+d) + bcfacot:il; (c+dx) + bex acoth (c +dz) + bfa

(a + bacoth (c)) <ea: + szz)

e A
integrate ((f*x+e) * (a+b*acoth(d*x+c)) ,x)

N\ J

input

Piecewise((axe*x + a*xf*x**x2/2 — bkc**x2xfracoth(c + d*x)/(2*d**2) + bxckxe*a
coth(c + d*x)/d - bkxcxfxlog(c/d + x + 1/d)/d**2 + b*ckfxacoth(c + d*x)/d*x*
2 + bxe*x*acoth(c + d*x) + bkxfxx**2*acoth(c + d*x)/2 + bxexlog(c/d + x + 1
/d)/d - bkxexacoth(c + d*x)/d + bxf*x/(2%d) - bxfxacoth(c + d*x)/(2%d*x*2),
Ne(d, 0)), ((a + bxacoth(c))*(exx + fxx**2/2), True))

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 109, normalized size of antiderivative = 1.12

/(e + fz) (a+ beoth ™' (c + dz)) dz = % afxz?

! 2 *+2c+1)log(d 1 2 _2¢c+1)log(dz+c—1)\"
+Z <2x2arcoth(da:+c)+d(d_;c_ (€ +2c+ )d03g( x+c+ )+(c c+ )d(;g( z+c ))
(2 (dz + ) arcoth (dz + ¢) + log (—(dz + ¢)* + 1)) be

2d

/

+ aex +

p
input Lintegrate ((f*x+e) * (a+b*arccoth(d*x+c)),x, algorithm="maxima")

-/

|1/2%axf*x"2 + 1/4x(2%x"2+arccoth(d*x + c) + dx(2%x/d°2 - (c"2 + 2%c + 1)x1
log(d¥x + c + 1)/d™3 + (c™2 - 2%c + 1)*log(d*x + c - 1)/d"3))*b*f + akexx + |
| 1/2%(2%(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)"2 + 1))*bxe/d

output
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 338 vs. 2(89) = 178.

Time = 0.13 (sec) , antiderivative size = 338, normalized size of antiderivative = 3.48

/(e + fz) (a+ beoth ™' (c + dz)) dx

(dz+ctl)bde (dz+c+1)bef (dz+c+1)bf dr+ctl 2 (dz+c+1)ad
dz+c—1 bde — dz+c—1 +bCf+ dz+c—1 log(dm+c— ) ﬁ

=%((c+1)d—(c—1)d) (

(de+ct+1)?d3 2 (dz+ct1)dd s
(dz+c—1)2 dz+c—1

inputLintegrate((f*x+e)*(a+b*arccoth(d*x+c)),x, algorithm="giac") J

1/2%((c + 1)*d - (c - 1)*d)*(((d*x + c + 1)*b*d*e/(d*x + c - 1) - b*d*e -

(d*x + c + 1)*bkc*f/(d*x + c — 1) + bkckxf + (d*x + ¢ + 1)*bxf/(d*x + ¢ - 1
))*log((d*x + ¢ + 1)/(d*x + ¢ - 1))/((d*x + ¢ + 1)72%d"3/(d*x + ¢ - 1)72 -
2x(dkx + ¢ + 1)*%d"3/(d*x + ¢ - 1) + d73) + (2x(d*x + c + 1)*akxdxe/(d*x +

c - 1) - 2xaxd*e - 2x(d*x + c + 1)*axcxf/(d*x + c - 1) + 2%axcxf + 2%(d*x

+ c + D*axf/(d*x + ¢ - 1) + (d*x + c + 1)*bxf/(d*x + ¢ — 1) - b*f)/((d*x

+ c + 1)72%d73/(d*x + ¢ - 1)72 - 2%(d*x + ¢ + 1)*d"3/(d*x + ¢ - 1) + 473)

- (b*d*e - b*c*f)*log((d*x + ¢ + 1)/(d*x + ¢ - 1) - 1)/d"3 + (b*d*e - bxc*
f)*log((d*x + ¢ + 1)/(d*x + c - 1))/d"3)

output

Mupad [B] (verification not implemented)

Time = 4.79 (sec) , antiderivative size = 136, normalized size of antiderivative = 1.40

2 2 2.2
/(6+fl') (a+bCOth_l(c+d:E)) dz = aex + a];.’E n beln(c -|-2c2ddx_|_d T 1)
_ bfacoth(c+dzx) + b f x> acoth(c + d )
2d? 2
bfz

+—7§E—+—bexacoﬂmc%—dx)
B bc? facoth(c + dx)
2 d?
_befln(?+2cdz+d*a® 1)
2d?
bceacoth(c+ dx)

d
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inpup 18%((e + Tx0)*(a + bracoth(c + d+x)),x) |

t‘ axe*x + (a*xfxx"2)/2 + (b*exlog(c™2 + d~2*x"2 + 2*ckd*x - 1))/(2xd) - (bxf* \
‘acoth(c + d¥x))/(2%d"2) + (bxfxx~2%acoth(c + d*x))/2 + (b¥f*x)/(2%d) + bxe
(xx*acoth(c + d¥x) - (bxc™2*fracoth(c + d*x))/(2%d"2) - (b¥cxfxlog(c™2 + d~
|2%x72 + 2xckd*x - 1))/(2%d72) + (bkckexacoth(c + d*x))/d |

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 139, normalized size of antiderivative = 1.43

/(e + fz) (a+ beoth ' (c + dz)) dz
_ —acoth(dx + ¢) b f + 2acoth(dz + c) bede — 2acoth(dz + c) bef + 2acoth(dx + ¢) bd’ex + acoth(dx +

inputLint((f*x+e)*(a+b*acoth(d*x+c)),x) J

(( - acoth(c + d*xx)x*bkxckx*2xf + 2%acoth(c + d*x)*bxckdke — 2%acoth(c + d*x)=*
\b*c*f + 2xacoth(c + d*x)*b*d**2*e*xx + acoth(c + d*x)*bxd**2xf*x**2 + 2+*aco
‘th(c + d*x)*b*d*e - acoth(c + d*x)*b*f + 2xlog(c + d*x - 1)*bkxc*f - 2xlog(
Cc + dkx - 1)*b*dke + 2*akxdx*k2¥xe*xx + axd**2kfxx*k*2 — bkd*f*x)/(2xd**2)

N\ J

output

\‘
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3.24 [ (a+bcoth™'(c+dz)) dz

Optimal result . . . . . . . . . . . . e 210
Mathematica [A] (verified) . . . . . . . . . ... o 2101
Rubi [A] (verified) . . . .. . . ... .. 211]
Maple [A] (verified) . . . . . . ... L 212
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 212
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 213l
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 213
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 213
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 214
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 215

Optimal result

Integrand size = 10, antiderivative size = 40

b(c + dz) coth™* (¢ + dz) N blog (1 — (¢ + dz)?)

-1 .
/(a-l—bcoth (c+dz)) do =az + 7 54

-

a*xx+b* (d*x+c) *arccoth(d*x+c) /d+1/2*b*1n(1-(d*x+c) ~2)/d

-/

output L

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

/ (a+bcoth ™ (c+dz)) dz

b(—((—=14c¢)log(l — c—dx)) + (1 + ¢)log(l + c + dx))
2d

= az + bz coth™' (¢ + dx) +

input LIntegrate [a + b*ArcCoth[c + d*x],x] J

e B

a*x + bkxx*kArcCoth[c + d*x] + (b*x(-((-1 + c)*Log[l - c - d*x]) + (1 + c)*Lo
gl1 + c + axx1))/(2+d)

output




input L
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 40, normalized size of antiderivative = 1.00,

number of rules _ 0.100, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a+bcoth™ (¢ + dz)) dz
| 2009
oz + blog (1 —220 + dz)?) N b(c + dz) co;cih_l(c + dx)
/Int [a + b*ArcCoth[c + d*x],x]

| —

ta*x + (b*(c + d*x)*ArcCoth[c + d*x])/d + (bxLogl[l - (c + d*x)~2])/(2*d)

Defintions of rubi rules used

2009 Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]
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Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.88

method result

In((dz+c)2—1
b ((dw—i—c) arccoth(dz+c)+ n((z-;c)))

default xa + i
n T1+C 2 -
b <(da:+c) arccoth(dz+c)+ 1((d+2)1)>
parts ra + p
ln((dz+c)2 - 1)
(dz+c)a+b| (dz+c) arccoth(dz+c)+ ——F—=
derivativedivides =
_ 2_ _ —1)d—
parallelrisch _ b(— arccoth(dz+c)z d arccoth(dz-i(—;)cd In(dz+c—1)d—arccoth(dz+c)d) + za
. bz In(dz+c+1) bz In(dz+c—1) bln(dz+c—1)c bln(—dz—c—1)c bln(dz+c—1) bln(—dz—c
risch za + 5 — 5 - 50 + 5d + 5d + 50
input Lint (at+b*arccoth(d*x+c) ,x,method=_RETURNVERBOSE) J
output Lx*a+b/d* ((d*x+c)*arccoth(d*x+c)+1/2*1n((d*x+c) "2-1)) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.50

/ (a+bcoth™'(c +dz)) dz

bdzlog (24<1) + 2 adz + (be + b) log (dz + ¢+ 1) — (bc — b) log (dz + ¢ — 1)
B 2d

input Lintegrate (atb*arccoth(d*x+c) ,x, algorithm="fricas") J

t‘1/2*(b*d*x*log((d*x + c+ 1)/(d*x + c - 1)) + 2*xaxd*x + (b*c + b)*log(d*x

outpu
+ ¢+ 1) - (bxc - b)xlog(dsx + ¢ - 1))/d |
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Sympy [A] (verification not implemented)

Time = 0.26 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.15

/ (a+bcoth™'(c +dz)) dz

b cacothd(c+dx) + zacoth (C + d.’L') + log (c—l(—idx—i-l) __ acoth ((ic-l—dar:) for d # 0
= ax
x acoth (c) otherwise

integrate(a+b*acoth(d*x+c),x)

inputt

output‘a*x + bxPiecewise((c*acoth(c + d*x)/d + x*acoth(c + d*x) + log(c + dkx + 1
‘)/d - acoth(c + d*x)/d, Ne(d, 0)), (x*acoth(c), True))

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.90

(2 (dz + ) arcoth (dz + ¢) + log (—(dz + o)’ + 1))b
2d

/ (a+bcoth " (c+dz)) dz =az+

e hY
integrate(atb*arccoth(d*x+c),x, algorithm="maxima")

N\ J

input

output‘a*x + 1/2%(2*(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)~2 + 1))*b/d ‘

Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 202 vs. 2(38) = 76.
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Time = 0.12 (sec) , antiderivative size = 202, normalized size of antiderivative = 5.05

/ (a+ beoth™ (c+ dz)) dz

1
+1
dz+c+1)(c—1
(st o)

(dz+c+1)d —d
log _ dm+1c—1
( (dz+c+1)(c—1) —e—1)d

c—

-1

dz+c—1

dz+c+1|
lo (' > dztetl e= dateti)d
g |dz+c—1| _ ]'Og ( dz+c—1 1 ‘) + (d:ct-c—l) —d

((c+1)d—(c—1)d)b

N

z » F (1)

+ ar

jnputLinteGIate(a+b*arccoth(d*x+c),x, algorithm="giac") J

1/2x((c + 1)*d - (c - 1)*d)*b*(log(abs(d*x + c + 1)/abs(d*x + c - 1))/d"2
- log(abs((d*x + ¢ + 1)/(d*x + c - 1) - 1))/d"2 + log(-(1/(c - ((d*x + c +
D*(c - 1)/@*x + c - 1) - c - 1)*d/((d*x + ¢ + 1)*d/(d*x + ¢ - 1) - d))
+1)/(1/(c - ((d*x + ¢ + 1)*(c - 1)/(@*x + c - 1) - c - 1)*d/((d*x + ¢c + 1
)xd/(d*x + ¢ - 1) - d)) - 1))/(@2*x((d*x + ¢ + 1)/(d*x + ¢c - 1) - 1))) + a

*X

output

Mupad [B] (verification not implemented)

Time = 0.69 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.20

bln(c2—}-2cdz—}-d2 :1:2—1)
/(a—l—bcoth_l(c—i—dx)) dr=az+ z

+ bz acoth(c+ dx)

+ bcacoth(c + d )
d

inputLint(a + bxacoth(c + d*x),x) J

t‘ a*x + ((bxlog(c™2 + d™2*x"2 + 2%cxd*x - 1))/2 + bxc*acoth(c + d*x))/d + bx \

outpu
‘x*acoth(c + d*x) ‘
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.15

/ (a+bcoth™'(c+ dz)) dx

acoth(dz + ¢) bc + acoth(dz + ¢) bdx + acoth(dzx + ¢) b — log(dx + ¢ — 1) b+ adx
d

input Lint (at+b*acoth(d*x+c) ,x)

t‘ (acoth(c + d*x)*bxc + acoth(c + d*x)*b*d*x + acoth(c + d*x)*b - log(c + dx

outpu
‘x - 1)*b + axd*x)/d




output
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3.95 f a+bcoth ™! (c+dx) dx
e+fr

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ... 217
Rubi [A] (verified) . . . . . . . . . . 217
Maple [A] (verified) . . . . . . ... L 220
Fricas [F] . . . . . o o e 220
Sympy [F] . . o 221]
Maxima [F] . . . . . . 221]
Giac [F] . . . o o 2271
Mupad [F(-1)] . . .. e
Reduce [F] . . . . . o

Optimal result

Integrand size = 18, antiderivative size = 130

(a+ beoth™ (c + dz)) log (

o)

/ a + beoth™ (¢ + dx)
d
e+ fx

_|_

(a+ beoth™ (c+ dz)) log (

f

2d(e+fx)

(de+f—cf)(1+c+dz)

)

bPolyLog (2,1 — —2
. bPoly g (

f

Trords)

2f

b PolyLog (2, 1- 2d(etfo)

(de+f—cf)(1+ct+dz)

)

2f

‘-(a+b*arccoth(d*x+c))*1n(2/(d*x+c+1))/f+(a+b*arccoth(d*x+c))*ln(2*d*(f*x+e
‘)/(-c*f+d*e+f)/(d*x+c+1))/f+1/2*b*polylog(2,1-2/(d*x+c+1))/f-1/2*b*polylog

‘(2,1-2*d*(f*x+e)/(-c*f+d*e+f)/(d*x+c+1))/f
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Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.58

f(l—c—dzx
/ a-+booth™ (c+do) | _ alog(e+ fz) , V108 (rep) logle + /2)
dr = +
e+ fx f 2f
blog (—1;0_;;””) log(e + fx)
2f
 blog (~ 442 log(e + fx)
2f
blog (L£252) log(e + fz)
2f
bPolyLog (2, d(etf ””)> b PolyLog <2 d(e+fx)>
- -

de—f—cf ) detf—cf

2f 2f

input LIntegrate [(a + b*ArcCoth[c + d*x])/(e + f*x),x] J

e N

(axLogle + f*x])/f + (b*Log[(f*(1 - c - d*x))/(d*e + f - c*xf)]*Logle + f*x
1)/(@2xf) - (bxLog[-((1 - ¢ - d*x)/(c + d*x))]*Logle + fx*x])/(2%f) - (b*Log
[-((£*x(1 + ¢ + d*x))/(d*xe - £ - cxf))]*Logle + f*x])/(2*f) + (bxLogl[(1 + ¢
+ d*x)/(c + d*x)]*Logle + f*x])/(2xf) - (bxPolyLog[2, (d*(e + f*x))/(d*e
- £ - cx£f)])/(2*%f) + (b*PolyLog[2, (d*(e + f*x))/(d*e + f - c*f)])/(2xf)

N\ J

output

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 148, normalized size of antiderivative = 1.14,

number of rules _ 333 Ryules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6662, 27, 6473, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ a+ beoth™!(c + dz)
e+ fz

l 6662
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f d(a+b coth™ c—i—dz
d(e—<f )+f( +dz)
d

l27

a+ beoth™Y(c + dx)
fle+dz) —cf +de

( + dz)

d(c+ dx)

| 6473
oo L 2
~ b[ ((dl_{;{;;;d ) d(c+ d:v) b f - <(cfd;)12) d(c+ dzx)
f(f( dz)—cf+de) !
- 2(f(ctdz)—cf+ _
(a+bcoth™(c + dz)) log ((c+dzj-1)zc—c;+dej-f)> ~ log <ﬁ> (a+ beoth™!(c + dz))
f f

l 9849

2(de—cf+f(ct+dz))

log| (Ge—cr+5) (ctdatD) log(ﬁ> :
_bf ((dl—{c:fc)lfv)_;d +1)>d(c+d.’r) N bf 1_C+d72z+1 dc-l—d:lt+1 +

f
(a+ beoth™ (c + dz)) log ((cﬁﬁiﬁiﬁiﬁﬁb)) - log <ﬁ) (a+ beoth™(c + dz))

f f
l 2752
log ((Gleclislctdn)). - 2 et d) —cf+d
oy I e ) (o beor™ e o) o ()
f
lo (L) (a + bcoth_l(c—l- dm)) bPolyLog (2,1 — —2—~
g c+dz+1 n yLog ’ c+dz+1
f 2f
l 2897

(a+bcoth™ (¢ + dz)) log Qi%ii‘:?f:ﬂ‘;gff)) B log (ﬁ) (a+ beoth™!(c + dz)) ~

2(de—cf+f(c+dx))
bPolyLog (2,1 — (Jeelbfctio) )  DPolyLog (2.1-

2f 2f

_2
ct+dz+1

input LInt [(a + bxArcCoth[c + d*x])/(e + f*x),x]

-/
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outpus ~(((2 + brArcCothlc + dxx])*Logl2/(1 + ¢ + &*0)1)/£) + ((a + brArcCothlc +
| d*x])*Logl[(2%(dxe - c*f + fx(c + d¥x)))/((d*e + £ - cxf)*(1 + c + d*x))]1) |
|/ + (b¥PolyLogl2, 1 - 2/(1 + ¢ + d*x)])/(2%f) - (b¥PolyLogl2, 1 - (2x(d*e

‘ - cxf + fx(c + d*x)))/((d*e + £ - c*f)*(1 + c + d*x))])/(2*f)

Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*x], x] /; FreeQl{c, d, e}, x] && EqQ[e + c*d, 0]

rule 2752

rule 2849 Int[Logl(c_.)/((d)) + (e_)*(x1/((£)) + (g_.)*(x)72), x_Symbol] :> Simp
[-e/g Subst[Int[Log[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

rule 2897 Int[Loglu_1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[Pq m*((1 - uw)/

D[u, x1)1}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + bxArcCoth[c*x]))*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*ArcCoth
[c*x]) *(Log[2*cx((d + exx)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[b*(c/e)
Int[Logl[2/(1 + c*x)]1/(1 - c™2*x~2), x], x] - Simp[b*(c/e) Int[Log[2*c*((d
+ exx)/((c*xd + e)*x(1 + c*x)))]1/(1 - c™2%x~2), x], x]) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2*xd"2 - e~2, 0]

rule 6473

rule 6662 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - cx*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQ[p, O]
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Maple [A] (verified)

Time = 1.31 (sec) , antiderivative size = 191, normalized size of antiderivative = 1.47

method result
. (dz+c—1)f—cf+de+f (dz+c—1)f—cf+de+f .
visch aln((dote—)f—cf+detf) bd110g< Lol ) _ bln(dete-1) 1n( Lol ) N bdil
f 2f 2f
fdz+e)—f : f(dz+c)
arts aln(fz+e) + bln(f(dz+c)—cf+de) arccoth(dz+c) + bIn(f(dz+c)—cf+de) ln( fz d:— ) + bdll(’g( id:—
p f ! 2f 2f
¥ (dilog(%) +in(cf—de—f(dz+c)) ln( :fc(]‘fﬁ
adln(cf—de—f(dz+c)) bd In(cf—de— f(dz+c)) arccoth(dz+c) | — V]
; —bd| - 7 +
derivativedivides 7
¥ (dilog(%) +in(cf—de—f(dz+c)) ln( __fc(?j
adln(cf—de—f(dz+c)) bd In(cf—de— f(dz+c)) arccoth(dz+c) | — ]
7 —ba| = 7 +
default |
input Lint ((a+b*arccoth(d*x+c))/(f*x+e) ,x,method=_RETURNVERBOSE) J

\a*ln((d*x+c 1)*f-cxf+d*e+f) /£-1/2%b*dilog (((d*x+c-1) *f-cxf+dre+f) / (-cxf+d*

output ‘
|e+£))/£-1/2¥b*1n(d*x+c-1)¥1n(((d*x+c-1) *f-ckf+dre+f) / (-chf+dxe+f)) /£+1/2%b |
 *dilog(((d*x+c+1)*xf-cxf+dre-f)/(-cxf+dxe-f))/f+1/2xb¥In(d*x+c+1)¥In(((dxx+ |
‘c+1)*f—c*f+d*e—f)/(-c*f+d*e—f))/f
Fricas [F]
h! h
/a+bcot (c+dx) dx:/barcot (dx-l—c)-i—adx
e+ fz fx+e
fnput Lintegrate ((atbxarccoth(d*x+c))/(f*x+e) ,x, algorithm="fricas") J
output tintegral((b*arccoth(d*x +c) +a)/(fxx + e), x) J
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Sympy [F]

dz

/a+bcoth_1(c+d:v) /a+bacoth (c+dx)
dz =
e+ fz e+ fx

inputLintegrate((a+b*acoth(d*x+c))/(f*x+e),x)

outputtlntegral((a + bxacoth(c + d*x))/(e + f*x), x)

Maxima [F]

/a+bcoth_1(c+dx) dp — / barcoth (dx-l—c)-i-adx

e+ fz fx+e

inputLintegrate((a+b*arccoth(d*x+c))/(f*x+e),x, algorithm="maxima"

output‘1/2*b*integrate((log(l/(d*x +c) +1) - log(-1/(d*x + c) + 1))/(f*x + e),
‘x) + axlog(f*x + e)/f

Giac [F]

dz

/ a + beoth™ (¢ + dz) / barcoth (dz +¢) + a
dz =
e+ fz fx+e

inputtintegrate((a+b*arccoth(d*x+c))/(f*x+e),x, algorithm="giac")

Ou_tputLintegrate((b*arccoth(d*x +c) +a)/(f*x + e), x)
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222

Mupad [F(-1)]

Timed out.

dz

/a—l—bcoth_l(c—i-dx) /a—l—bacoth(c—l—dx)
dx =
e+ fz e+ fz

input Lint((a + b*acoth(c + d*x))/(e + £*x),x)

output Lint((a + b*acoth(c + d*x))/(e + f*x), x)
Reduce [F]
acoth(dz+c)
/ a + bcoth (¢ + dz) (f WCM) bf +log(fr+e)a
dr =
e+ fr f

input Lint ((at+b*acoth(d*x+c) )/ (fxx+e) ,x)

outputL(im:("“‘mth(c + d*x)/(e + £*x),x)*b*f + log(e + f*x)*a)/f
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3.96 f a+bcoth ™! (c+dx) dx
' (+72)?

Optimal result . . . . . . . . . . .. . 223]
Mathematica [A] (verified) . . . . . . . . ... .. L 223
Rubi [A] (verified) . . . . . . .. . . 224
Maple [A] (verified) . . . . . . . . ... 2261
Fricas [B] (verification not implemented) . . . . . . ... ... ... .. ..... 226
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 227
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 228
Giac [B] (verification not implemented) . . . . . ... ... ... ... 228
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 2291
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 230

Optimal result

Integrand size = 18, antiderivative size = 114

_a+ bcoth™'(c + dx) _ bdlog(l — c—dx)

/ a+ beoth™(c + dx) dp —
+fr VT fle+fa)

2f(de+ f —cf)

bdlog(1l+ ¢+ dx) bdlog(e + fz)

2f(de—(1+c¢)f) (de+f—cf)(de—(1+¢)f)

output ‘

s

input L

- (a+bxarccoth(d*x+c) ) /f/ (f*x+e)-1/2xb*d*1n (-d*x-c+1) /f/ (—c*f+d*e+f) +1/2xb*
dx1n(d*x+c+1)/f/(d*e-(1+c)*f)-b*d*x1n(f*x+e) / (—cxf+d*xe+f) /(d*e- (1+c) *f)

Mathematica [A] (verified)

Time = 0.12 (sec) , antiderivative size = 125, normalized size of antiderivative = 1.10

bdlog(1l — ¢ — dz)

/ a+beoth '(c+dzx) , 1 ( 2a 2bcoth™!(c + dz)
=5(- _

(e+ fx)? fle+ fz)

fle+ fx) f(=de+(=1+0)f)

_ bdlog(l+c+dz) 2bdlog(e + fx)

f(=de+ f+cf) d?e—2cdef + (—1+ c2) f2

)

Integrate[(a + bxArcCoth[c + d*x])/(e + f*x)~2,x]

~—




outpu

input
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o ((-2¢a)/(fx(e + £xx)) - (2+brArcCothlc + d¥x])/(fx(e + f*x)) + (bxd*Logl1

- ¢ - d*x])/(fx(-(d*e) + (-1 + c)*f)) - (bkdxLogl[l + c + dxx])/(£*(-(d*e)
+ £ + cxf)) - (2+b*xdxLogle + f*xx])/(d"2%e”2 - 2*ckdxexf + (-1 + c”2)*£"2))
/2

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.06,

number of rules _ 0.222, Rules

number of steps used = 4, number of rules used = 4, = :
integrand size

used = {6660, 2081, 1141, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+bcoth™(c + dz) iz
(e + fz)?
| 6660
bd [ (e+fz)(1£(c+dz)2) dzx _a+ bcoth™(c + dz)
f fle+ fz)
| 2081
bd f (e+fx)(—02—%dxc—d2x2+1) dzx _a + bCOth_l(C + d-’L')
f fle+ fz)
l 1141

2

3 1 1
_bd f (d2(de—Cf+f)(de—(c+1)f)(e+fx) T 2d(de—cf+f)(—c—dz+1) ~ 2d(de—cf—f)(c+dm+1)> dzx _

f
a+ becoth™!(c + dz)

fle+ fz)
l 2009
log(—c—dz+1 log(c+dz+1 flog(e+f
_a+ bcoth™1(c + dz) B bd3<2(§2g((—ccf+;e+ J)f) - 2dg%c52—(:+1))f) + d2(—cf+d;)§-(fe)(d:—)(c+1) f))
fle+ fz) f

-

N

Int[(a + b*ArcCoth[c + d*x])/(e + f*x)~2,x]




output

rule 1141

rule 2009

rule 2081

rule 6660
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‘-((a + b*ArcCoth[c + d*x])/(f*x(e + £*x))) - (bxd"3*x(Logl[l - c - d*x]/(2*d”
‘2*(d*e + f - cxf)) - Logll + ¢ + dxx]/(2xd"2x(d*e - (1 + c)*f)) + (fxLogle
|+ £x])/(d72%(dxe + £ - ckf)*(dre = (1 + c)*£))))/f

Defintions of rubi rules used

Int[((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_
Symbol] :> With[{q = Rt[b"2 - 4*axc, 2]}, Simp[1/c”p Int[ExpandIntegrand[
(d + exx)"m*x(b/2 - q/2 + c*xx)“p*(b/2 + q/2 + cxx)”p, x], x], x] /; EqQlp, -
1] || !FractionalPowerFactorQ[ql]l /; FreeQ[{a, b, c, 4, e}, x] && ILtQlp,
0] &% IntegerQ[m] && NiceSqrtQ[b~2 - 4*axc]

LInt[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

p
‘Int[(u_)"(m_.)*(v_)“(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
‘[v, x]1°p, x] /; FreeQ[{m, p}, x] &% LinearQ[u, x] && QuadraticQ[v, x] && !
L(LinearMatchQ [u, x] && QuadraticMatchQ[v, x])

W
|
J

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~“(m + 1)*((a + b*ArcCoth[c + d*x]) p/(£*(m
+ 1))), x] - Simp[b*d*(p/(fx(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x]1)~(p - 1D/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}
, x] && IGtQlp, 0] && ILtQ[m, -1]




CHAPTER 3. LISTING OF INTEGRALS 226

Maple [A] (verified)

Time = 0.59 (sec) , antiderivative size = 137, normalized size of antiderivative = 1.20

method result
arts ___a __ bd arccoth(dz+c) _ bdIn(f(dz+c)—cf+de) + bdln(dz+c—1)  bdln(dz+c+1)
p (fzt+e)f (dfz+de) f (cf—de+f)(cf—de—f) f(2cf—2de—2f) f(2cf—2de+2f)
_ In(dz4c+1) _ fln(cf—de—f(dz+c)) + In(dz+c—1)
ad? +bd2 arccoth(dz+c) + 2cf—2de+2f  (cf—de—f)(cf—de+f) " 2cf—2de—2f
(cf—de—f(dz+o))f (cf—de—f(dz+c)) f f
derivativedivides i
_ In(dz4c+1) _ fln(cf—de—f(dz+c)) + In(dz+c—1)
ad? +bd2 arccoth(dz+c) + 2cf—2de+2f  (cf—de—f)(cf—de+f) " 2cf—2de—2f
(cf—de—f(dz+c))f (cf—de—f(dz+c)) f f
default y
. _ 202 g2 £2 3 £2_ 4, 3 4,2
parallelrlsch __ —arccoth(dz+c)bd? f?—a d? f*+x arccoth(dz+c)bcd’ f?—x arccoth(dz+c)bd*ef—arccoth(dz+c)bcd’ef+adre
. bln(dz+c+1) In(dz+c+1)bed f2x—In(dz+ct+1)bd?efr—In(—dz—c+1)bed f2x+In(—drz—c+1)bd?efr+2In(—
risch — -
2f(fz+te)
jnputtint((a+b*arCC°th(d*X+c))/(f*X+e)A2,X,meth0d=_RETURNVERBDSE) J
p
output -a/(f*x+e) /£-b*d/ (dxf*x+d¥e) /fxarccoth(d*x+c) -b*d/ (cxf-dxe+f) / (cxf-dke-f)*

‘1n(f*(d*x+c)—c*f+d*e)+b*d/f/(2*c*f—2*d*e—2*f)*1n(d*x+c—1)—b*d/f/(2*c*f—2*d

.
‘*e+2*f)*ln(d*x+c+1) ‘

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 262 vs. 2(110) = 220.

Time = 0.20 (sec) , antiderivative size = 262, normalized size of antiderivative = 2.30

/ a + beoth™' (¢ + dz) dp —
(e + fz)?
2ad?e* — 4acdef + 2 (ac® — a) f? — (bd?e* — (bc — b)def + (bd*ef — (bc — b)df?)z)log (dz + c+ 1)
Bl 2(d?e3f —2c

-/

g
input Lintegrate ((atb*arccoth(d*x+c))/(f*x+e)~2,x, algorithm="fricas")




output

input

output
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-1/2%(2%a*d"2*e"2 - 4*axckd¥exf + 2k(a*c”2 - a)*f"2 - (bxd"2%e”2 - (b*c -

b)*d*exf + (bxd~2xexf - (b*c - b)*d*f~2)*x)*log(d*x + c + 1) + (b*d"2*e"2

- (bxc + b)*d*xexf + (b*d~2xe*f - (b*c + b)*d*f~2)*x)*log(d*x + c - 1) + 2%
(b*d*f~2xx + b*d*exf)*log(f*x + e) + (b*d"2+e”2 - 2#bkcxd*exf + (b*c™2 - b
)*¥£~2)*log((d*x + ¢ + 1)/(d*x + ¢ - 1)))/(d"2%e"3*f - 2kc*kd*e™2*f~2 + (c™2
- 1)*exf~3 + (d"2*%e"2*xf"2 - 2xcxd*e*xf~3 + (c”2 - 1)*£74)*x)

Sympy [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1605 vs. 2(92) = 184.

Time = 4.63 (sec) , antiderivative size = 1605, normalized size of antiderivative = 14.08

-1
/ a+ bcoth™ (c + dx) dx = Too large to display

(e+ fx)?

integrate((atb*acoth(d*x+c))/ (fxx+e)**2,x)

N

Piecewise((-(a + b*acoth(c))/(exf + f**2%x), Eq(d, 0)), ((a*x + bxc*acoth(
c + d*x)/d + b*x*acoth(c + d*x) + b*log(c/d + x + 1/d)/d - bxacoth(c + d*x
)/d) /exx2, Eq(f, 0)), (-2xa*f/(2xe*f**2 + 2xf*x3*x) + bk*d*e*xacoth(d*e/f +
dxx - 1)/(2%exf*x2 + 2xf**3*x) + b*d*f*x*acoth(dxe/f + d*x - 1)/(2%e*xf*x2
+ 2kf**3%x) - 2¥bxfracoth(d*e/f + d*x - 1)/(2%exf**x2 + 2xf**x3*xx) - b*f/ (2%
exf*x2 + 2xfx*3xx), Eq(c, (d*e - £)/f)), (-2%a*xf/(2*exf*x2 + 2*f**3*x) - b
xdxe*acoth(d*e/f + dxx + 1)/(2%exf**2 + 2xf**3*x) - bxd*f*x*acoth(d*e/f +
dxx + 1)/ (2xexfx*2 + 2xf*x3xx) - 2*bkfracoth(dre/f + dkx + 1)/(kexf**2 +
2%fx*3%x) + bxf/(2%exf*x2 + 2xf**x3%x), Eq(c, (d*xe + £)/f)), (—axckx2xf**2/
(c**2*e*f**3 + ckk2%kfxkdxx — 2kckd*kex*k2kxfx*k2 — 2kckdkekxf*x*k3kx + d**k2ke*x*k3J%
f + d¥xk2kex*2*kf*x2xx — exfx*3 — f*xxdxx) + 2kakckdkexf/(ckx*2kexf**x3 + ckx*k2Q*
fxkdkx — 2%kckdkex*k2kf*xx2 — 2kckdkekf*x*k3%kx + d*k*2ke**k3kf + dx*k2ke*x*k2kxf*kkxQxx
- exf**%x3 - fxkdkxx) - axdx*2ke**x2/(ck*2kexf**3 + ck*2kfxkdkx — 2kckdkex*kQk
k%2 — 2%kckdkexf*k*k3%kx + d*k*2%ke*xkx3xf + d*x*k2Qkex*k2kf*x*x2kx — e*xf**x3 - f**4*x)
+ a*f**2/(c**2*e*f**3 + ck%k2kfkk4kx — 2kckdkex*k2kf*xx2 — 2%kckd*ke*xf**x3*xx + d
*x%k2kekk3%f + d*kkQkekk2kfx*k2Q%kx — exf*x*x3 — f**4*x) = b*c**2*f**2*acoth(c + d
*x) / (ck*2kexf*x*3 + ck*kQkf*kdkx — 2kckdkex*kf**x2 — 2kckdkexf*x*k3*kx + d**x2xe
*k3kf + Akk2kek*2kFh*x2kx — exf*x3 — Fr*d*x) + brckd*exfracoth(c + d*x)/(c*
*2kekxf*%k3 + Cck*k2kfkkdkx — 2kckdke*x*k2kf*xx2 — 2kckdkekf**x3xx + d**k2kex*k3%xf +
dxk2kexk2xfx*k2xx — exfx*3 — f*x4xx) - brckdxfx*k2xxxacoth(c + d*x)/(c*x*...
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 121, normalized size of antiderivative = 1.06

/a+bcoth_1(c+dx)
dz

(e+ fx)?

_1 p log(dz+c+1) log(dz+c—1) 2log (fx+e) _ 2 arcoth (dz +¢) b

) def —(c+1)f2 def—(c—1)f2 d?e?—2cdef + (c2—1)f? fx+ef

a
 frtef

inputLintegrate((a+b*arccoth(d*x+c))/(f*x+e)"2,x, algorithm="maxima") J

|1/2%(d*(log(d*x + ¢ + 1)/(dkexf - (c + 1)*£°2) - log(d*x + c - 1)/(d*exf -
(c - 1)*£72) - 2xlog(f*x + e)/(d"2%e”2 - 2%c*d*exf + (c”2 - 1)*£72)) - 2%
‘arccoth(d*x + c)/(£72%x + e*£))*b — a/(£72%x + e*f) J

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 472 vs. 2(110) = 220.

Time = 0.14 (sec) , antiderivative size = 472, normalized size of antiderivative = 4.14

dz =

/ a + beoth™ (¢ + dz)
(e + fz)?

1 dr+c—1 dz+c—1 dz+c—1
_5 ((C + 1)d - (C — ]-)d) d2e2 — 2Cd€f + chQ _ f2 - (dx;_mc_:_cl_)(fez _
inputLintegrate((a+b*arccoth(d*x+c))/(f*x+e)"2,x, algorithm="giac") J
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-1/2%((c + 1)*d - (c - 1)*d)*(b*log(-(d*x + c + 1)*d*e/(d*x + c - 1) + dxe
+ (d*x + ¢ + 1)*cxf/(d*x + ¢ - 1) - cxf - (d*x + ¢ + 1)*f/(d*x + ¢ - 1) -
£)/(d"2*%e"2 - 2%cxd*exf + c”2*f72 - £72) - b*xlog((d*x + c + 1)/(d*x + c -
1))/((d*x + ¢c + 1)*d"2*%e"2/(d*x + ¢ - 1) - d"2%e”2 - 2x(d*x + c + 1)*c*d*

exf/(d*x + ¢ — 1) + 2*kckd*e*xf + (d*x + ¢ + 1)*c™2*xf"2/(d*x + ¢ - 1) - c™2%

72 + 2%(d*x + ¢ + 1)*d*exf/(d*x + ¢ - 1) - 2x(d*x + c + 1)*c*f~2/(d*x + ¢
- 1) + (d*x + ¢ + 1)*£72/(d*x + ¢ - 1) + £72) - bxlog((d*x + c + 1)/(d*x

+ ¢c - 1))/(d"2%e"2 - 2xckd*exf + c 2%xf~2 - £°2) - 2%a/((d*x + c + 1)*d"2%e

~2/(d*x + ¢ - 1) - d"2%e”2 - 2x(d*x + c + 1)*ckd*e*f/(d*x + ¢ - 1) + 2*xc*d

xexf + (d*x + c + 1)*c™2%xf72/(d*x + ¢ - 1) - c™2%f"2 + 2% (d*x + c + 1)*d*e

*f/(d*x + ¢ - 1) - 2k(d*x + ¢ + 1)*c*f"2/(d*x + ¢ - 1) + (d*x + c + 1)*f"2

/(d*x + ¢ - 1) + £72))

output

Mupad [B] (verification not implemented)

Time = 4.45 (sec) , antiderivative size = 175, normalized size of antiderivative = 1.54

a+beoth '(c+dz) , b(c—1) b(c+1)
[ e (saes ey me e rer )
a bIn(ZA-+1) bdln(c+dz—1)

T zf’4ef 2f(e+fx) 2f2—2cf?+2def
bdln(c+dz+1) bln(l— %)
C2c¢f2+2f2—2def ' f(2e+2f2)

e

inputlint((a + b*acoth(c + d*x))/(e + f*x)~2,x%)

~—

log(e + fxx)*((b*(c - 1))/ (2%ex(d*e - fx(c - 1))) - (bx(c + 1))/ (2*xex(d*e
- fx(c + 1)))) - a/(exf + £72*x) - (bxlog(1/(c + dxx) + 1))/(2xf*x(e + f*x)
) - (b*dxlog(c + d*x - 1))/(2+f72 - 2*c*f~2 + 2xd*exf) - (b*dxlog(c + d*x
+ 1))/ (2%c*£72 + 2x£f72 - 2*dxexf) + (bxlog(l - 1/(c + d*x)))/(fx(2xe + 2xf
*x) )

output
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Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 416, normalized size of antiderivative = 3.65

dz

/ a + beoth™' (¢ + dz)
(e+ fz)?
_log(dz + ¢ — 1) bede fo — log(dz + ¢+ 1) bede fo — log(dx + ¢ + 1) bd € — log(dx + ¢ + 1) bef — log(d:

input‘ int ((a+b*acoth(d*x+c) )/ (f*x+e) ~2,x) ‘

(2*acoth(c + d*x)*bkcx*2xfx*2*xx — 4*acoth(c + d*x)*bxckd*exf*x + 2*acoth(c
+ d*x) *b*d**2%e**2%x — 2%acoth(c + d*x)*b*f**2*%x — log(c + d*x — 1)*bkckx
2xexf - log(c + d*x — 1)*b¥xc**x2*f**x2+x + log(c + d*x — 1)*b*ckd*e**2 + log
(c + d*x - 1)*bkckd*exf*x - log(c + d*x - 1)*b*d*e**2 - log(c + d*x - 1)*b
xdxe*xf*x + log(c + d*x - 1)*bxexf + log(c + d*x - 1)*bxf*x2+x + log(c + d*
X + 1)xb*c*kx2%exf + log(c + d*x + 1)*bkcx*2xfx*2xx — log(c + d*x + 1)*bxc*
dxe*x*2 - log(c + d*x + 1)*bxcxdxexf*x - log(c + d*x + 1)*bkxd*e**2 - log(c

+ d*x + 1)*bxd*exf*x - log(c + dxx + 1)*bkxexf - log(c + d*x + 1)*bxf*x2%x

+ 2xlog(e + f*x)*bkd*ex*2 + 2xlog(e + fxx)*bxdxexf*x + 2xakck*x2xf*x2xx - 4
kakckdkexfxx + 2kakdkk2kex*k2kxx — 2kakxfxx2%xx)/(2ke* (ckx*2kexf**x2 + ckx*2kf**3
*x — 2%kckdkex*x2%f — 2kckdkexfk*k2xx + dx*2ke**k3 + dk*x2ke*k*k2kxfkx — ek kf*kx2 -

f**3%x))

output
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3.97 f a+bcoth ™! (c+dx) dx

(e+fz)3
Optimal result . . . . . . . . . . .. . 2311
Mathematica [A] (verified) . . . . . . . . . ... 2311
Rubi [A] (verified) . . . . . . .. . . 232
Maple [A] (verified) . . . . . . . . ... 234
Fricas [B] (verification not implemented) . . . . . .. ... ... ... ...... 234
Sympy [B] (verification not implemented) . . ... ... ... ... ... .... 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 230
Giac [B] (verification not implemented) . . . . . ... ... ... ... 237
Mupad [B] (verification not implemented) . . .. . ... ... .. ... ..... 238
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 239

Optimal result

Integrand size = 18, antiderivative size = 167

/a+bcoth_1(c+dz) . bd
(e+ fx)? 2(de+ f—cf)(de—(1+c)f)(e+ fz)
a+bcoth ' (c+dzx) bd?log(l —c — dz)
(et fo?  Af(de+f—cf)
bd? log(1 + ¢ + dx) bd%(de — cf) log(e + fx)

4f(de—f —cf)?  (de+f—cf)*(de—(1+c)f)

output ‘ 1/2%b*d/ (-c*f+d*xe+f)/(d*e-(1+c) *f) / (f*x+e)-1/2% (a+b*arccoth(d*x+c)) /f/ (f*xx ‘
\ +e) "2-1/4xb*d~2*1n(-d*x-c+1) /£/(-c*f+d*e+f) "2+1/4%b*d~2%1n (d*x+c+1) /£/(-c* \
Lf+d*e-f)“2-b*d"2*(-c*f+d*e)*1n(f*x+e)/(-c*f+d*e+f)"2/(d*e-(1+c)*f)"2 J

Mathematica [A] (verified)

Time = 0.20 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.04

a + beoth™ (¢ + dz) dp = 1 2a 2bd
/ (e+ fx)3 7y <_f(e + fx)? * (d?€? — 2cdef + (—1+ ) f?) (e + fx)
2bcoth™'(c+dz)  bd?log(l — c — dx)
- fletfo?  flde+t f—cf)?
bd?log(1l + ¢ + dx) 4bd?(de — cf) log(e + fx) )

f(—de+ f+cf)? (e — 2cdef + (—1+ ) f2)?
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input‘ Integrate[(a + b*ArcCoth[c + d*x])/(e + f*x)~3,x] ‘

((-2%a)/(f*x(e + f*x)~2) + (2%b*d)/((d"2%e"2 - 2xcxd*exf + (-1 + c”2)*£72)*
(e + £*x)) - (2%b*ArcCoth[c + d*x])/(f*(e + £*x)~2) - (b*d"2*Log[l - c - d
*x])/(f*(d*e + £ - c*£)"2) + (bxd"2*Logl[l + c + d*x])/(f*(-(d*e) + £ + cxf
)72) - (4xb*d"2*(d*e - cxf)*Logle + f*x])/(d"2%e"2 - 2xcxdxexf + (-1 + c~2
)*x£72)72) /4

output

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.02,

number of rules __
integrand size 0.222, Rules

number of steps used = 4, number of rules used = 4,
used = {6660, 2081, 1141, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ a4+ beoth™ (c + dx)
(e+ fz)?

l 6660

bd | (e-l—fx)2(11—(c+dm)2)dm _a+t bcoth™1(c + dz)
2f 2f(e+ fx)?
l 2081

1
bd f (e+fx)2(—c2—2dzc—d2x2+1) dzx _a + bCOth_l(C + d-’L')
2f 2f(e+ fz)?
l 1141

bd3f ( 2(de—cf) f? + 2 1 _ 1
_ d(de—cf+f)*(de—(c+1)f)*(e+fz) ' d*(de—cf+f)(de—(c+1)f)(e+fz)?  2(de—cf+f)*(—c—dz+1)  2(de—(c+1)f)*(c+dw

2f
a+ bcoth™!(c + dz)

2f(e+ fx)?
l 2009
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_a+ beoth™(c + dx) B
2f(e+ fzx)?

2f(de—cf)log(e+fx) + log(—c—dz+1) log(c+dz+1)

3 f
bd (‘d2(e+fx)(—cf+de+f)<de—<c+1>f> t T cftdet 1) (de— (A 1)F)?

2d(—cf+de+f)2 ~ 2d(de—(c+1)f)?

)

2f

-

input LInt[(a + b*ArcCoth[c + d*x])/(e + f*x)~3,x]

-/

‘—1/2*(a + bxArcCothlc + d*x])/(f*x(e + £*x)72) - (b*d"3*(-(£/(d"2*(d*e + £
|- cxf)*(dxe - (1 + c)*f)x(e + £xx))) + Logll - c - d*x]/(2xd*(d*e + f - cx
1£)72) - Logll + ¢ + d*x]/(2xd*(d*e - (1 + c)*£)72) + (2*f*(dxe - c*f)+Logl
‘e + £4x])/(d*(d*e + £ — cxf)"2+(dve - (1 + c)*£)72)))/(2+f)

output

Defintions of rubi rules used

rule 1141 Int[((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_
Symbol] :> With[{q = Rt[b~2 - 4x*a*c, 2]}, Simp[1/c”p Int[ExpandIntegrand[
(d + exx)"m*x(b/2 - q/2 + c*xx)“p*(b/2 + q/2 + c*xx)”p, x], x], x] /; EqQlp, -
1] || !FractionalPowerFactorQ[ql] /; FreeQ[{a, b, c, d, e}, x] && ILtQl[p,
0] && IntegerQ[m] && NiceSqrtQ[b~2 - 4xaxc]

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2081 Int[(u_ )" (m_.)*(v_)~"(p_.), x_Symbol] :> Int[ExpandToSum[u, x] m*ExpandToSum
[v, x]1°p, x] /; FreeQ[{m, p}, x] && LinearQ[u, x] && QuadraticQ[v, x] && !
(LinearMatchQ[u, x] && QuadraticMatchQ[v, x])

rule 6660 Totl((a_.) + ArcCoth[(c_) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + bxArcCoth[c + d*x]) p/(f*(m
+ 1))), x] - Simp[bxd*(p/(f*(m + 1))) Intl[(e + f*x)"(m + 1)*((a + bxArcCo
thlc + d*x])~(p - 1)/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, £}
, x] && IGtQ[p, 0] && ILtQ[m, -1]
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Maple [A] (verified)

Time = 1.00 (sec) , antiderivative size = 198, normalized size of antiderivative = 1.19

method result

43 (_ f _2f(cf—de) In(f(dz+c)—cf+d
bl — a3 arccoth(dz+c) (cf—de—f)(cf—de+f)(f(dz+c)—cf+de) (cf—de—f)2(cf—de+f)2
2(f(dz+c)—cf+de)2 f 2f

+ d

arts — a
P 2(fz+e) f
f _ 2f(cf—de) In(cf—de—f(dz+

add 3 < arccoth(dz+c) (cf—de—F)(cf—de+F)(cf—de—F(dx+c)) (Cf—de—f)2(cf_de+f)2
2f

~ater—de-f(anten?f 0% | 2ef-de—f(dmten?s

derivativedivides

d
f _2f(cf—de)ln(cf—de— f(dx
_ ad3 _bdd3 arccoth(dz+c) + (cf—de—f)(cf—de+f)(cf—de—f(dz+c)) (cf—de—f)2(t:‘f—de-ﬁ-f)2
2(cf—de—f(de+c))2 f 2(cf—de—f(dao+c))2 f 2f
default 3
parallelrisch 41n(dz+c—1)xbdde? f342In(fx+e)bcd*e? f2—2In(dz+c—1)bcd*e? f3—4 arccoth(dz+c)bc d3e f4—2xbe dte f4—22
risch Expression too large to display

input 10t ((a¥bxarccoth(dsx+c))/ (f¥x+e)"3,x,method=_RETURNVERBOSE) |

| -1/2%a/ (fxx+e) ~2/f+b/d*(-1/2%d"3/ (£* (d*x+c) -cxf+dxe) “2/f*arccoth(d*x+c)-1/ |
| 2%d73/£% (-£/ (cxf-d¥e-£)/ (cxf-dxe+f) / (£% (d¥x+c) —cxf+dxe) -2%f* (cxf-d*e) /(cxf |
—dxe-f) "2/ (cxf-dxe+f) “2+1n(f* (d¥x+c)-cxf+dxe) +1/2/ (cxf-dxe—f) "2xIn(d*x+c-1 |
‘)—1/2/(c*f—d*e+f)“2*ln(d*x+c+1)))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 833 vs. 2(159) = 318.

Time = 0.82 (sec) , antiderivative size = 833, normalized size of antiderivative = 4.99

bcoth™* d
/ a+bco (c+ dz) dz = Too large to display

(e+ fz)?

p
Lintegrate ((atb*arccoth(d*x+c))/(f*x+e)~3,x, algorithm="fricas")

-/

input
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-1/4*%(2*axd~4*xe”4 - 24 (4*axc + b)*d"3xe”3*f + 4x(3*xa*c”2 + bxc - a)*d 2xe”
2+%f~2 - 2x(4*a*c”3 + b*c"2 - 4*a*c - b)*dxexf"3 + 2% (axc”4 - 2*a*c”2 + a)*
£f74 - 2% (b*d"3*e"2*xf"2 — 2*b*c*d"2*e*f~3 + (b*c™2 - b)*d*f~4)*x - (b*d 4*e
~4 - 2x(bxc - b)*d"3*e"3*f + (b*c"2 - 2xb*c + b)*d"2%e"2*%f"2 + (bxd~4*xe”2x*
£f72 - 2% (b*c - b)*d"3*e*xf~3 + (b*c™2 - 2*bxc + b)*d"2*f"4)*x"2 + 2% (b*d~4x*
e"3xf - 2x(b*c - b)*d"3%e"2*f72 + (b*c”™2 - 2%b*c + b)*d"2%e*f~3)*x)*log(d*
X+ c+ 1) + (bxd"4*e”4 - 2% (b*c + b)*d"3*e”"3*f + (b*c™2 + 2xbxc + b)*d"2*
e 2xf"2 + (b*d~4*xe"2+f~2 - 2x(b*c + b)*d 3*e*f~3 + (b*xc™2 + 2*b*c + b)*d~2
*f~4)xx"2 + 2x(bxd"4*e”3*f - 2% (b*xc + b)*d"3xe”2*%f"2 + (b*c~2 + 2*b*c + b)
*d"2%e*xf"3) *x) *log(d*x + ¢ — 1) + 4x(bxd"3*e”3*f - bxc*d 2xe”2*f"2 + (b*d”
3*%e*xf"3 - bkc*kd"2xf£74)*x"2 + 2% (b*d"3xe"2*f"2 - bxckd"2%exf~3)*x)*log(f*x
+ e) + (b*d~4*e”4 - 4*bxckd"3*e”3*f + 2% (3*bkc”2 - b)*d"2*e"2*xf~2 - 4x(b*c
~3 - b*c)*d*e*f~3 + (bxc™4 - 2*b*c”2 + b)*f~4)*log((d*x + c + 1)/(d*x + c
- 1)))/(d"4*xe”6xf - 4*ckd"3*xe"5*f"2 + 2% (3*%c”2 - 1)*d"2*%e"4*xf~3 - 4*x(c"3 -
c)*d*e"3xf~4 + (c™4 - 2%c”2 + 1)*e"2*%f"5 + (d"4*e”4*xf~3 - 4*xcxd~3*xe"3*f"4
+ 2% (3*%c™2 - 1)*d"2*%e"2*xf"5 - 4x(c”3 - c)*dxe*xf"6 + (c74 - 2%c”2 + 1)*f77
)*x"2 + 2% (d"4*e"5*%f"2 - 4xcxd"3*e"4*f"3 + 2%(3*%c”2 - 1)*d"2*e"3*f"4 — 4x*(
€”3 - c)*d*e”"2+f"5 + (c™4 - 2%c”2 + 1)*exf~6)*x)

output

N

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 19859 vs. 2(141) = 282.

Time = 10.38 (sec) , antiderivative size = 19859, normalized size of antiderivative =

118.92
h™!(c+d
/ ar b((zzt—i_ f:i;’_'— z) dx = Too large to display
input[integrate((a+b*acoth(d*x+c))/(f*x+e)**3’x)

~—
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Piecewise((-(a + b*acoth(c))/(2xexx2xf + Axexfx*2xx + 2xf**x3*kx**2), Eq(d,

0)), ((a*x + bxcxacoth(c + d*x)/d + bxx*acoth(c + d*x) + bxlog(c/d + x + 1
/d)/d - bxacoth(c + d*x)/d)/e*x3, Eq(f, 0)), (—4xaxf*xx2/(8*xex*2xf**3 + 16%
exf**d*xx + 8xfxx5xx**2) + bkd**2*e**2*acoth(dxe/f + dkx — 1)/(8*e**2*f*%x3

+ 16%e*xf**xd*x + 8xf*x5xx**x2) + 2kbkd**2*e*frx*acoth(dxe/f + d*x - 1)/(8*e*
*2%kf**x3 + 16ke*xf*x*4*x + 8*f*k5kx**2) + bxdx*2*kf*x2xx*x*2kacoth(d*e/f + d*x

- 1)/ (8%e**x2xf*x*3 + 16k%exfx*k4d*x + 8kxf*x5xx**2) — bkd*exf/(8*ke*x*2*xf**x3 + 16
kekfxkd*xx + 8kf*k5kx**2) — bkdkf*x*2kx/(8kex*2*¥f**x3 + 16kexf*xx4d*xx + 8*f**x5%
x**2) — 4xbxf*x2%acoth(dxe/f + dxx — 1)/(8Bxe*x2*f*x3 + 16*exfx*dkx + 8*f**
Bax**2) — bkf#*k2/(8ke**x2xf*x3 + 16kexf*xd*xx + 8xfx*x5xx**2), Eq(c, (d*e - f
)/£)), (—dxaxf**x2/(8ke*x*x2xf**3 + 16ke*xf*kd*x + Sxf*k5kx**2) + bkdk*xke*x*2x
acoth(d*e/f + d*x + 1)/(8*e*x*x2xf**3 + 16%exf*x*4*x + S*fxk5kx**2) + 2xbkd**
2%exf*x*acoth(dxe/f + dxx + 1)/(8*e**2*xf*x3 + 16kexfrkdkx + 8B*xf**5*xx*%2) +
bxdx*x2xfkk2*kx**2*acoth(d*xe/f + d*xx + 1)/(8*e**2*xf*x3 + 16kexfrkdkx + 8*f*
*5%kx*%2) — bkdkexf/(8kex*x2xf**3 + 16kexfx*4*x + 8*f*k5kx*x*2) — bkd*xf*x*2*xx/
(Bxex*x2xfx*x3 + 16kexf**d*x + 8xf*x5xx**x2) — 4dxbkxf**2*acoth(d*xe/f + dxx + 1
)/ (8*e*x*x2%xf**x3 + 16*%exfxkd*x + S*kfh*k5kx**2) + bkfx*2/(8kex*2kf*x*3 + 16xexf
*xk4xx + BkEfx*kbkxx*2), Eq(c, (d*e + £)/f)), (—akckxd*f**x4/(2*ck*d*e*x*2*xf**5
+ 4dxckkdkexfxk6kx + 2kCkkAkFxkTHxx*2 — 8kck*k3kdkex*k3xf*xkx4d — 16*kcH*k3*kd*xe*x*
2xfxkk5kx — 8kckk3kdkekfrkBxxkk2 + 12kckk2kd*k2kexkdxfx*x3 + 24kck*x2kd**2. . .

output

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.74

dz

/ a + beoth™ (¢ + dz)
(e+ fz)?
1 dlog(dx +c+1) dlog(dz +c—1)

=Z(daﬁéf—2@+1Mﬁ3+@9+2c+nff_ﬁﬁf—2@—1mq?+ﬁﬁ—2c+nff_&&—4
a

_-2(f3m24-2ef2x—+62f)

input‘integrate((a+b*arccoth(d*x+c))/(f*x+e)‘3,x, algorithm="maxima")
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1/4*%(d* (d*log(d*x + c + 1)/(d"2xe"2+f - 2x(c + 1)*d*e*f~"2 + (c”2 + 2%c + 1
)*#£7°3) - dxlog(d*x + c - 1)/(d"2%e"2xf - 2%(c - 1)*d*exf~2 + (c™2 - 2%c +
1)*£73) - 4x(d"2%e - cxd*f)*log(f*x + e)/(d"4*e”4 - 4*cxd"3*e”3*f + 2x(3xc
"2 - 1)*d"2%e"2*f72 - 4%(c”3 - c)xdke*f"3 + (c74 - 2xc”2 + 1)*£74) + 2/(d”
2xe”3 - 2xckxdxe”2*xf + (c72 - 1)*exf~2 + (d"2%e”2xf - 2*cxd*exf"2 + (c2 -
1)*£73)*x)) - 2*arccoth(d*x + c)/(£73*x"2 + 2*exf"2xx + e 2*%f))*b - 1/2*a/
(£73%x72 + 2xe*f~2*x + e”2xf)

output

Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 2562 vs. 2(159) = 318.

Time = 0.20 (sec) , antiderivative size = 2562, normalized size of antiderivative = 15.34

beoth ' (c +d
/ a+bco (c + dz) dz = Too large to display

(e + fz)?

-

Lintegrate ((atb*arccoth(d*x+c))/(f*x+e)~3,x, algorithm="giac")

~—

input




output

input |
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-1/2%((c + 1)*d - (c - 1)*d)*((b*d"2*e - bkc*d*f)*log((d*x + c + 1)*d*e/(d
*x + ¢ - 1) - dke - (d*x + c + 1)*c*kf/(d*x + ¢ — 1) + c*f + (d*x + c + 1)*
f/(d*x + ¢ - 1) + £f)/(d"4*e"4 - 4*c*d"3*e"3*f + 6xc”2*d"2%e " 2*%f72 - 4xc” 3%
dxexf~3 + cT4xf~4 - 2%d"2*xe"2*%f"2 + 4xckd*exf~3 - 2%c”2xf"4 + £74) - ((d*x
+ ¢ + 1)*%b*d"2*e/(d*x + ¢ — 1) - b*d"2%e - (d*x + c + 1)*bkc*d*f/(d*x + c
- 1) + bxckd*f + (d*x + c + 1)*bxd*f/(d*x + c - 1))*log((d*x + c + 1)/(dx
x+c-1))/((d*x + c + 1)72%d"4*e"4/(d*x + ¢ - 1)72 - 2x(d*x + c + 1)*d"4
*¥e"4/(d*xx + ¢ - 1) + d”4*%e”4 - 4x(d*x + c + 1) " 2%c*xd"3*%e"3*f/(d*x + ¢ - 1)
2 + 8%(d*x + ¢ + 1)*cxd"3xe”3xf/(d*x + ¢ - 1) - 4*cxd"3*e”3*f + 6x(d*x +
c + 1)72xc™2xd"2*e"2*f72/(d*x + ¢ — 1)72 - 12%(d*x + c + 1)*c 2xd"2*xe"2*f~
2/(d*x + ¢ = 1) + 6*c™2+%d"2*e"2+%f"2 - 4x(d*x + c + 1)72xc"3*d*kexf"3/(d*x +
c - 1)72 + 8+(d*x + c + 1)*c”™3*d*exf~3/(d*x + ¢ — 1) - 4*c”3*xd*e*xf~3 + (d
*Xx + ¢ + 1)72%c"4*f"4/(d*x + ¢ - 1)72 - 2x(d*x + c + 1)*c"4*xf74/(d*x + ¢ -
1) + ¢c”4*xf~4 + 4%(d*x + ¢ + 1)72*%d"3*e"3*f/(d*x + ¢ - 1)72 - 4*x(d*x + c +
1)*d"3*%e”3*f/(d*x + ¢ - 1) — 12x(d*x + c + 1) 2%c*xd™2*e"2*xf~2/(d*x + ¢ -
1)72 + 12%(d*x + ¢ + 1)*cxd"2%e”2*f"2/(d*x + ¢ - 1) + 12+x(d*x + c + 1) 2*c
“2xd*xexf~3/(d*x + ¢ - 1)72 - 12*x(d*x + c + 1)*c"2*d*e*f"3/(d*x + ¢ - 1) -
4x(d*x + c + 1)72%c™3*f"4/(d*x + ¢ - 1)72 + 4x(d*x + ¢ + 1)*c"3*f"4/(d*x +
c - 1) + 6%x(d*x + c + 1)72xd"2xe"2*f"2/(d*x + ¢ — 1)72 - 2%d"2%e"2*xf"2 -
12%x(d*x + c + 1) "2xcxd*e*xf~3/(d*x + c - 1)72 + 4xcxd*exf~3 + 6x(d*x + c...

Mupad [B] (verification not implemented)

Time = 5.72 (sec) , antiderivative size = 422, normalized size of antiderivative = 2.53

a + bcoth™(c + dz) e — bIn(1— ;57)
n/ (e+ fxz)3 x__2f(262+46f1*+2f2x%
In(e+ fz) (bd®e—bcd? f)

_c4f4—4c3def3+602d262f2—202f4—4cd3e3f-|-4cdef3+d4e4—2d262f2—|—f4

—ac? f24+2acdef—ad?e?+bde f+a f? + bd f2x
_ —c2 f242cde f—d? e2+f2 —c2 f242cde f—d? e2+f2
2e2f+4ef?x+2f3x2

bd>In(c+dz—1)
4 f3—8cdef?—8cf3+4d?e®f+8defi+4f3
bd? In(c+dz+1) bIn (i +1)
42 f3—8cdef?+8cf3+4d?e>f—8def2+4f3 Af(2+2efx+ f222)

_|_

int((a + b¥acoth(c + d*x))/(e + £*x)~3,x)
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(b*log(1l - 1/(c + d*x)))/(2%xf*(2*%e™2 + 2x£f72%x"2 + 4*exf*x)) - (log(e + f*
x)*(b*xd"3*e — b*cxd"2+f))/(£74 - 2%c™2%f"4 + c"4*xf"4 + d"4*e”4 - 2+%d"2*e"2
*f72 + 4dxckxd*e*f~3 + 6*c”2xd"2*%e"2*%f"2 - 4xc*d"3*e"3*%f - 4*xc"3*d*e*f”"3) -

((a*xf~2 - axc™2*f"2 - a*d"2%e”2 + bxdxexf + 2kakckd*e*f)/(£f72 - c™2*xf~2 -

d"2%e"2 + 2%cxdxexf) + (bxd*xf~2*x)/(£72 - c™2*%f~2 — d"2*%e”2 + 2*c*d*exf))/
(2%e”2*%f + 2%f~3*%x"2 + 4*xexf~2%x) - (b*d"2*log(c + d*x — 1))/(4*£73 - 8*cx*
£73 + 4%cT2+f73 + 4xd"2*%e"2xf + 8xdxexf~2 - 8xckd*exf~2) + (bxd"2*log(c +

d*x + 1))/ (8*c*f~3 + 4%f~3 + 4xc”2+%f73 + 4xd"2%e”2*xf - 8xd*exf~2 - 8xckd*e
*£72) - (bxlog(1/(c + d*x) + 1))/(4*xf*x(e”2 + £72%x72 + 2%e*f*x))

output

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 2159, normalized size of antiderivative = 12.93

bcoth™* d
/ a+bco (c+ dz) dz = Too large to display

(e+ fx)?

-

input Lint ((a+b*acoth(d*x+c))/ (f*x+e)~3,x)
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(4*acoth(c + d*x)*bkcxkdxexf*x5xx + 2%acoth(c + d*x)*bkck*xd*f**x6*x**2 - 16
*acoth(c + d#*x)*bkc**3kd*rex*x2kf**x4d*xx — 8*acoth(c + d*x)*bkckk3kdkexf**5xx*
*2 + 24xacoth(c + d*x)*bkc**2*xd**x2xex*x3xf**x3*kx + 12*acoth(c + d*x)*xbxckx*x2*
dkk2ke**2xf+*x4*xx**x2 — 8xacoth(c + d*x)*bkc**2*exf*x5xx — 4*xacoth(c + d*x)*
bxcx*x2xfkk6xx**2 — 16*acoth(c + d*xx)*bkckd**3*e*x*x4xf*xx2xx — 8*acoth(c + d*
X) ¥bxckd**3kex*3xLxk3*kx*x*x2 + 16*acoth(c + d*x)*bkckxdre*x*2xf**4xx + 8*acoth
(c + d*x)*b*ckxdxe*f**x5xx**2 + 4*acoth(c + d*x)*bkd**4dxe*x*5xfxx + 2*xacoth(c
+ d*x)*bkdxxdke**x4dxf**x2xx*k*2 — 8kacoth(c + d*x)*bxdk*2*ex*x3*f**x3*x — 4*ac
oth(c + d*x)*bxdx*x2kxexkx2kf*xd*x**2 + 4dxacoth(c + d*x)*bkexf**5+xx + 2*acoth
(c + d*x)*b*f**6*x**2 — log(c + d*x - 1)*bkckxdxexx2xf*x4 - 2xlog(c + d*x
- 1)*bkck*dkexfx*¥5%x - log(c + d*x — 1)*bkck*kd*xf**xG*x**2 + 4xlog(c + d*x -
1) xbxc**3*d*ex*3*f**3 + 8xlog(c + d*x - 1)*bkcx*k3kdxe*x*x2xf*x4d*xx + 4xlog(c
+ dkx — 1)*b*ck*3xd*exf*x5*xx*x*2 — bxlog(c + d*x — 1)*bkck*2kd**k22ke**4*fx*
2 - 10*log(c + d*x — 1)*bkcx*2kd**2kex*3xf**3xx — Bklog(c + d*x — 1)*b*c**
2xdx*k2xkex*2xfxx4xx*x2 + 2%log(c + d*x — 1)*bkck*2ke*x*2*xf**4 + 4xlog(c + d*
X — 1)*b*ck*2kexfx*5xx + 2%log(c + d*kx — 1)*bkck*x2*f**x6*x**2 + 2xlog(c + d
*X — 1)*bkckd**3xex*b5xf + 4*xlog(c + dkx — 1)*bkxckd*k*3kex* 4*xfx*2kx + 2%log(
C + dxx — 1)*bkckxdx*3kex*3xf**3xx**2 + 2*xlog(c + dkx — 1)*bkckdk*2kex*4*fx
*2 + 4xlog(c + d*x - 1)*bxckd**2xe*x3xf*x3xx + 2xlog(c + d*x - 1)*bkckd**2
xexx2xfkxdxxkx2 — 4*log(c + d*x — 1)*bxcxdre*x3xf*x3 - 8+log(c + d*x - ...

output
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3.28 [(e+ fz)? (a+beoth™ (c + d:c))2 dx

Optimal result . . . . . . . . . . . . e 241]
Mathematica [B]| (warning: unable to verify) . . . . . . ... ... ... ... .. 2421
Rubi [A] (verified) . . . .. . . ... .. 243
Maple [B] (verified) . . . . . . . . . ..
Fricas [F] . . . . . o o 246
Sympy [F] . . o 247
Maxima [B] (verification not implemented) . . . . . . . ... ... ... ... 247l
Giac [F] . . . . o o
Mupad [F(-1)] . . . oo 249
Reduce [F] . . . . o o 249

Optimal result

Integrand size = 20, antiderivative size = 374

/(e + fz)? (a+ beoth (¢ + dz))” da

_ v f2z N 2abf(de — cf)x N 2b%f(de — cf)(c + dz) coth™*(c + dz)

3d? d?
bf?(c+ dz)? (a + beoth™ (c + dz))
+ 3d?

(de — cf) (d%€? — 2cdef + (3 + ) f2) (a + beoth ' (c + dﬂv))2

33 f

N (3d%e? — 6cdef + (1 + 3c?) £2) (a + beoth™ (c + dac))2

3d3

N (e+ fz)? (a+bcoth ' (c+ dac))2 _ b’ ffarctanh(c + dz)

3f
2b(3d2e* — 6edef + (1 + 3¢?) f2) (a+ beoth™'(c + dx)) log (
- 343
b’ f(de — cf)log (1 — (c+ dx)?)
+ B

b?(3d%e* — 6cdef + (14 3¢?) f2) PolyLog (2,

3d3
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1/3xb"2xf " 2xx/d"2+2*axb*f* (~cxf+d*xe) *x/d~2+2xb~2*f* (—cxf+d*e) * (d*x+c) *arcc
oth(d*x+c)/d"3+1/3*b*f~2* (d*x+c) ~2* (a+b*arccoth(d*x+c))/d"3-1/3* (—cxf+d*e)
*(d"2xe"2-2xcxd*e*xf+(c"2+3) *£~2) * (a+b*arccoth(d*x+c)) ~2/d"3/£f+1/3* (3*d"2*e
~2-6xcxdxexf+(3*c”2+1) *£72) * (a+tb*arccoth(d*x+c)) ~2/d"3+1/3* (f*x+e) “3* (a+b*
arccoth(d*x+c))~2/f-1/3*b~2xf ~2*arctanh (d*x+c) /d~3-2/3*b* (3*d~2*e~2-6*xc*d*
exf+(3*%c™2+1)*f~2) * (a+b*arccoth(d*x+c) ) *1n(2/ (-d*x—c+1) ) /d"3+b"2*f* (—c*f+d
xe) *1n (1-(d*x+c) ~2)/d"3-1/3*%b"2x(3*xd"2*e~2-6xc*d*exf+(3*xc~2+1) *f~2) *polylo
g(2,-(d*x+c+1)/(-d*x-c+1))/d"3

output

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 1078 vs. 2(374) = 748.

Time = 6.91 (sec) , antiderivative size = 1078, normalized size of antiderivative = 2.88

/(e + fz)? (a + beoth ' (c + dalc))2 dx = Too large to display

7

input‘lntegrate[(e + f*x)"2x(a + b*ArcCoth[c + d*x])~2,x]




CHAPTER 3. LISTING OF INTEGRALS 243

a"2%e"2xx + a”2xexf*x"2 + (a”2%f72*x73)/3 + (axb*(2*x*(3*%e”2 + 3kexf*x + f
~2xx~2)*ArcCoth[c + d*x] + (d*f*x*(6xdxe - 4xcxf + d*xf*x) - (-1 + c)*(3*d~
2xe”2 - 3x(-1 + c)*d*kexf + (-1 + c)"2xf"2)xLog[l - c - d*x] + (1 + c)*(3*d
“2%e”2 - 3x(1 + c)xdxexf + (1 + c) 2+f72)*Logl[l + ¢ + d*x])/d"3))/3 - (2*b
“2%exf*(1 - (c + d*x)"2)*(((c + d*x)*ArcCoth[c + d*x])/d"2 - (cx(c + d*x)=*
ArcCoth[c + d*x]~2)/d"2 + ((c + d*x)~2x(1 - (c + d*x)~(-2))*ArcCoth[c + d*
x]72)/(2%d~2) - Logl[1/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)]1)]1/d"2 + (2*xc*(Ar
cCoth[c + d*x]~2/2 + ArcCoth[c + d*x]*Log[l - E~(-2%ArcCoth[c + d*x])] - P
olyLog[2, E~(-2%ArcCoth[c + d*x])]1/2))/d"2))/((c + d*x)~2*(1 - (c + d*x)~(
-2))) + (b™2xe"2%(1 - (c + d*x)~2)*(ArcCoth[c + d*x]*(ArcCoth[c + d*x] - (
c + d*x)*ArcCoth[c + d*x] + 2*Logl[l - E~(-2*ArcCoth[c + d*x])]) - PolyLogl
2, E7(-2%ArcCoth[c + d*x])]))/(d*(c + d*x)"2%x(1 - (c + d*x)~(-2))) - (b~2%
£f72x(c + d*x)*Sqrt[l - (c + d*x)~(-2)]1*(1 - (c + d*x)~2)*((4*ArcCoth[c + d
*x])/((c + d*x)*Sqrt[l - (c + d*x)~(-2)]) + (3*ArcCoth[c + d*x]~2)/((c + d
*x)*Sqrt[1 - (c + d*x)~(-2)]) - (12%c*ArcCoth[c + d*x]~2)/((c + d*x)*Sqrt[
1 - (c + d*x)~(-2)]1) + (9*c™2*ArcCothlc + d*x]~2)/((c + d*x)*Sqrt[1 - (c +
d*x)~(-2)]) + (-1 + 6*c*ArcCoth[c + d*x] + 3*ArcCoth[c + d*x]~2 - 3*c”2#*A
rcCoth[c + d*x]~2)/Sqrt[1 - (c + d*x)~(-2)] + Cosh[3*ArcCoth[c + d*x]] - 6
xcxArcCoth[c + d*x]*Cosh[3*ArcCoth[c + d*x]] + ArcCoth[c + d*x] 2*Cosh[3*A
rcCoth[c + d*x]] + 3*c™2xArcCoth[c + d*x] 2*Cosh[3*ArcCoth[c + d*x]] + ...

output

Rubi [A] (verified)

Time = 0.82 (sec) , antiderivative size = 374, normalized size of antiderivative = 1.00,

number of rules _ 0.200, Rules

number of steps used = 5, number of rules used = 4, T ro e

used = {6662, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + beoth ! (c + dac))2 dx
| 6662
<d (e— %) +f(c+dx)) : (a+bcoth™! (c+dz)) 2

J e d(c+ dz)
d

l27
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[(de — cf + f(c+dz))? (a+ beoth ™ (c + dx))2 d(c+ dz)
43
| 6481

€e—C, 262— Ci
(f(c+dz)—cf+de)? (a+bcoth~! (c+dx))? 26 [ <‘((C+d”3) (a+bcoth™ (c+dx)) f*) —3(de—cf) (a+b coth‘l(c+dm))f2+w

3f 3f
43

l 2009

f((3c2+1) f2—60d8f+3d262) (a+b coth—1 (c+dw)>2 n (de—cf)((c2+3)f2—2cdef+d2e2) (a+b coth
- 2b 2b

(f(ctdz)—cf+de)3 (a+b coth_l(c+dac))2 2b<
3f -

input LInt[(e + fxx)"2%(a + bxArcCoth[c + d*x])~2,x] J

(((d*e - c*xf + fx(c + d*x))~3*(a + b*ArcCoth[c + d*x])~2)/(3*f) - (2*bx(-1
/2% (bxf~3%(c + d*x)) - 3*a*xf~2x(d*e - cxf)*x(c + d*x) - 3*b*f~2x(d*e - c*f)
*(c + d*x)*ArcCoth[c + d*x] - (£73*(c + d*x)~2*(a + b*ArcCoth[c + d*x]))/2
+ ((d*e - c*xf)*(d"2*e”2 - 2%cxd*e*f + (3 + c”2)*f~2)*(a + b*ArcCoth[c + d
*x])72)/(2xb) - (£*(3*d"2%e"2 - 6xcxdxexf + (1 + 3*c”2)*f72)*(a + bxArcCot
hlc + d*x])~2)/(2%b) + (b*f~3*ArcTanh[c + d*x])/2 + £*x(3*d"2*e”2 — 6*c*d*e
*f + (1 + 3%c”2)*f72)*(a + bxArcCoth[c + d*x])*Log[2/(1 - ¢ - d*x)] - (3*b
*f"2%(d*e - cxf)*Logl[l - (c + d*x)~2])/2 + (b*f*(3*d"2xe"2 - 6xcxd*exf + (
1 + 3*c™2)*f~2)*PolyLogl[2, -((1 + ¢ + d*x)/(1 - ¢ - d*x))]1)/2))/(3%£))/d"3

output

Defintions of rubi rules used

‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule 27
\tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1] \

-

ruka2009tint[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

-/
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rule 6481 Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S

ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [bxcx(p/(ex(q + 1))) Int [ExpandIntegrand[(a + bxArcCoth[c*x])~(p - 1
), (d + e*xx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q]l && NeQ[q, -1]

rule 6662 Totl((a_.) + ArcCoth[(c_) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1410 vs. 2(358) = 716.

Time = 0.85 (sec) , antiderivative size = 1411, normalized size of antiderivative = 3.77

method result size

parts Expression too large to display | 1411
derivativedivides | Expression too large to display | 1412
default Expression too large to display | 1412
risch Expression too large to display | 1685

input Lint ((£*x+e) ~2% (a+b*arccoth (d*x+c))~2,x,method=_ RETURNVERBOSE) J




output

input

output
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1/3%a~2* (fxx+e) ~3/£+b"2/d*(1/3/d"2xf " 2*arccoth (d*x+c) ~2* (d*x+c) ~3-1/d"2*f"
2*arccoth(d*x+c) ~2* (d*x+c) "2*c+1/d*f*arccoth (d*x+c) ~2* (d*x+c) “2*%e+1/d"2*f~
2*arccoth(d*x+c) “2*x (d*x+c) *c~2-2/d*f*arccoth (d*x+c) ~2* (d*x+c) *c*e+arccoth(
dxx+c) "2% (d*x+c)*e"2-1/3/d"2*f"2*arccoth (d*x+c) "2*c~3+1/d*f*arccoth (d*x+c)
~2xc"2xe-arccoth (d*x+c) "2*c*e”2+1/3*d/f*arccoth (d*x+c) "2*e~3+2/3/d"2/f*(1/
2*arccoth(d*x+c) *f~3* (d*x+c) “2+1/2*xarccoth(d*x+c) *1n(d*x+c-1) *f~3+1/2*arcc
oth(d*x+c)*1n(d*x+c+1)*f~3-3*arccoth (d*x+c) *c*f~3* (d*x+c)-1/2*arccoth (d*x+
c)*1n(d*x+c—1) *c~3*f~3+1/2*arccoth(d*x+c) *1n(d*x+c-1) *d~3*e~3+3/2*arccoth(
d*x+c)*1n(d*x+c-1)*c~2%f~3-3/2*arccoth (d*x+c) *1n (d*x+c—-1) *c*f~3+1/2*arccot
h(d*x+c) *1n(d*x+c+1) *c~3*f~3-1/2*arccoth (d*x+c) *1n (d*x+c+1) *d~3%e~3+3/2%ar
ccoth(d*x+c)*1n(d*x+c+1)*c~2*%f~3+3/2*arccoth (d*x+c) *1n (d*x+c+1) xc*f~3+3/2%
arccoth(d*x+c) *1n(d*x+c+1) *c*xd~2*e~2*xf-3*arccoth (d*x+c) *1n (d*x+c+1) *ckxd*e*
£~2+43/2*arccoth(d*x+c) *1n(d*x+c-1) *c~2*d*exf~2-3/2*arccoth (d*x+c) *1n (d*x+c
-1) *c*d"2*e"2xf-3*arccoth (d*x+c) *1n (d*x+c—-1) *cxd*e*xf~2-3/2*arccoth (d*x+c) *
1n(d*x+c+1)*c~2xd*exf~2+3*arccoth (d*x+c) *d*xexf ~2x (d*x+c)+3/2*arccoth (d*x+c
)*1n(d*x+c-1)*d"2*e”~2*f+3/2*arccoth (d*x+c) *1n (d*x+c—1) *d*xe*xf ~2+3/2*arccoth
(d*x+c)*1n(d*x+c+1) *d"2%e~2*xf-3/2*xarccoth (d*x+c) *1n (d*x+c+1) *d*xexf~2+1/2*f
~2x (£* (d*x+c)+1/2% (—6*c*kf+6xd*e+f) *1n(d*xx+c—-1)-1/2* (6*c*f-6*d*e+f) *1n (d*x+
Cc+1))+1/2% (—c™3*£"3+3*c"2*d*kexf ~2-3*kckd"2%e 2k f+d"3*e " 3+3*c"2*f "3-6*ckdkex
f72+3%d"2%e"2*f -3k c*xf " 3+3*d*exf " 2+f~3) * (1/4*1n(d*x+c-1) "2-1/2*dilog(1/2. ..

Fricas [F]

/(e + fz)? (a + beoth ' (c + dﬂc))2 dr = / (fz + €)*(barcoth (dz + ¢) + a)’ dz

integrate ((f*x+e) “2*(atb*arccoth(d*x+c))~2,x, algorithm="fricas")

N

p
‘integral(a“2*f“2*x“2 + 2%a~2kexf*x + a"2%e”2 + (b72*#f72%x72 + 2xb " 2xe*xf*x
\+ b~2*e"2)*xarccoth(d*x + c)~2 + 2x(axbxf~2*xx"2 + 2*a*bkexf*x + axbke~2)*ar
’ccoth(d*x +c), x)

W
|
\




input

output

input
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Sympy [F]

/(e + fz)? (a+beoth ' (c + d:v))2 dx = / (a + bacoth (c + dzx))* (e + fz)* dz

‘integrate((f*x+e)**2*(a+b*acoth(d*x+c))**2,x)

LIntegral((a + b*acoth(c + d#*x))**2*(e + f*x)**2, x) J

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 791 vs. 2(350) = 700.

Time = 0.24 (sec) , antiderivative size = 791, normalized size of antiderivative = 2.11

/(e + fz)? (a +beoth ' (c + clx))2 dz = Too large to display

p
Lintegrate ((f*x+e) “2x (atb*arccoth(d*x+c))~2,x, algorithm="maxima")

-/
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1/3%a~2%f"2%x"3 + a~2%e*xf*x~2 + (2%x"2*arccoth(d*x + c) + d*x(2*x/d"2 - (c~
2 + 2%c + 1)*log(d*x + c + 1)/d"3 + (c™2 - 2%c + 1)*log(d*x + ¢ - 1)/d473))
*axbxexf + 1/3*(2*x"3*arccoth(d*x + c) + d*x((d*x"2 - 4%c*x)/d"3 + (c”3 + 3
*C"2 + 3xc + 1)*log(d*x + ¢ + 1)/d"4 - (c™3 - 3*c™2 + 3*c - 1)*log(d*x + c
- 1)/d74))*a*xb*f~2 + a"2%xe"2*x + (2*(d*x + c)*arccoth(d*x + c) + log(-(dx
X + ¢c)72 + 1))*axbxe”2/d - 1/3*(3*d"2*e"2 - 6kckdxexf + 3*xc"2*%f"2 + £72)*(
log(d*x + c - 1)*1log(1/2*d*x + 1/2xc + 1/2) + dilog(-1/2*d*x - 1/2%c + 1/2
))*¥b~2/d"3 - 1/6%(5*c"2*xf72 - 6xdxexf - 6x(dkexf — £72)*c + £72)*b"2*log(d
*X + ¢ + 1)/d73 + 1/12*%(4*b"2*d*f"2%x + (b"2*A"3*f"2*x"3 + 3*b~2+d"3kexf*x
~2 + 3*%b~2%d"3*%e"2*x + (c"3*f"2 + 3%d"2xe"2 - 3x(dkexf - f~2)*c”2 - 3kd*ex
f + 3x(d"2%e”2 - 2*dxexf + f~2)*c + £72)*b"2)*log(d*x + c + 1)72 + (b~2*d"~
3*f"2%x"3 + 3*b"2xd"3kexf*kx"2 + 3*b"2*%d"3*e"2xx + (c”3*f"2 - 3*d"2%e"2 - 3
*(dxexf + £72)*c”2 - 3*d¥exf + 3*x(d"2xe”2 + 2kdkexf + £72)*c - £72)*b"2)*1
og(d*x + c = 1)72 + 2x(b72%d"2*f"2%x"2 + 2% (3*d"2%e*f - 2*c*d*f~2)*b"2*x -

(b~2*%d"3*xf"2*%x"3 + 3*b~2*%d"3kexf*x"2 + 3*b"2*d"3*e"2*x + (c"3*xf"2 - 3*d"2
*e”2 — 3x(d*exf + £72)*c”2 - 3kdxexf + 3x(d"2%e”2 + 2xdkexf + £f72)xc - £72
)*¥b~2)*log(d*x + ¢ - 1))*log(d*x + c + 1) - 2% (b"2*%d"2*f72+x"2 + 2%(3*d"2x
exf — 2%xcxd*f~2)*xb"2xx — (B%c™2+%f"2 + 6xdxexf — 6k (dkexf + £f72)*xc + £72)*b
~2)*log(d*x + ¢ - 1))/d"3

output

Giac [F]

/(e + fz)? (a + beoth ' (c + dx))2 dr = / (fz + €)*(barcoth (dz + ¢) + a)® dz

-

integrate ((f*x+e) “2*(atb*arccoth(d*x+c))~2,x, algorithm="giac")

\

input

Output‘integrate((f*x + e)~2%(b*arccoth(d*x + c) + a)~2, x)
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Mupad [F(-1)]

Timed out.

/(e + fz)? (a + beoth ™' (c + dac))2 dr = /(e + fz)? (a + bacoth(c + dz))* d

inputtint((e + f*x)~2%(a + bkacoth(c + d*x))~2,x)

Outputtint((e + f*x)~2%(a + b*acoth(c + d*x))~2, x)

Reduce [F]

/(e + fz)? (a +beoth ' (c + d:z:))2 dz = Too large to display

input Lint ((f*x+e) "2 (a+bkacoth(d*x+c))"2,x)
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( - 2%acoth(c + d*x)**x2%b**x2%c**x3*%f**x2 + 3*acoth(c + d*x)**2xb**2xc**x2xd*e
*f + 2xacoth(c + d*x)**2*b**2*xcxf*x*x2 + 3xacoth(c + d*x)**2¥xb**x2kd*k*k3ke**k 2k
x + 3*acoth(c + d*x)**2xbxx2kxd**k3ke*xf*x**2 + acoth(c + d*xx)*k2kbk*2*xd**3*f
**x2xx**3 — 3kacoth(c + d*x)**2xbx*x2xdxexf + 2*acoth(c + d*x)*axbxcx*x3xf*x*2

- 6*acoth(c + d*xx)x*axbkck*2*xd*e*f + 6*acoth(c + d*x)*akbkc**2*xf**2 + 6*ac
oth(c + d*x)*axbxckd**2ke**2 — 12xacoth(c + d#*x)x*a*bxcxd*exf + 6*acoth(c +

d*x)*axb*cxf**2 + 6xacoth(c + dkx)*axbkd**3*xe**2*xx + 6*acoth(c + d*x)*a*b
*dxk3kexfrx**2 + 2%acoth(c + d*x)*axb*d*x*x3*f**x2xx**3 + 6*acoth(c + d*x)*ax
bkd**2xe*x*2 - 6kacoth(c + d*x)*axbk*dxe*xf + 2kacoth(c + d*x)*axb*fx*2 + 5*xa
coth(c + d#*x)*b**2xc**x2+f*x2 — 6kacoth(c + d*x)*b**2xc*d*exf + 4*acoth(c +

d*x) *¥bxk2xckd*f**x2%x + 6xacoth(c + dkx)*b**x2kcxf*x2 - 6acoth(c + d*x)*bx*
*2xd**k2kexf*x — acoth(c + d*x)*b**x2kA**2xf**2*x**2 — Bxacoth(c + d*xx)*b**2
*dxexf + acoth(c + d*x)*b**2*xf*xx2 — 6xint((acoth(c + d*x)*x)/(c*x*2 + 2kc*d
*xX + dkx2kxk*k2 — 1) ,x)*bkk2kck*x2kd*x*2xf**2 + 12xint((acoth(c + d*x)*x)/(c*
*2 + 2kckd*x + dk*x2kxx**2 — 1),x)*b*k*k2kckd**3*kexf - 6xint((acoth(c + d*x)*x
)/ (cx*2 + 2kckd*x + d**2xx*x*2 — 1) ,x)*b**2*¢d**4*xexx2 — 2xint((acoth(c + d*
x)*x)/(c*k*2 + 2kckd*x + dx*2kx**2 — 1) ,x)*b**k2kd**2xfx*2 — 6+log(c + d*x -

1) xaxb*ck*2*xf**2 + 12%log(c + d*x - 1)*axbkckdxexf - 6xlog(c + d*x - 1)*a
*bkd*s*2ke**2 — 2+log(c + d*x - 1)*axbxf*x2 — 6+log(c + d*x — 1)*bx*2xcxf**
2 + 6xlog(c + d¥x — 1)*bx*k2kdxe*xf + 33kax*k2kd**3ke*x*2xx + Jkark2xdx*k3xex. ..

output




output

N
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3.29 [(e+ fz) (a+ beoth™(c+ dac))2 dx

Optimal result . . . . . . . . . . . . e 251]
Mathematica [A] (verified) . . . . . . . . . .. .. L
Rubi [A] (verified) . . . .. . . ... .. 252
Maple [B] (verified) . . . . . . . . . .. 257
Fricas [F] . . . . . o o 255
Sympy [F] . . o 255
Maxima [A] (verification not implemented) . . . . . . ... ... ... L. 2561
Giac [F] . . . . o o 250
Mupad [F(-1)] . . . oo 257
Reduce [F] . . . . . 257

Optimal result

Integrand size = 18, antiderivative size = 221

/(e + fz) (a+ beoth ™ (c+ dx))” d
(de — cf) (a+ beoth™ (c + dm))2

_ abfx N v f(c + dz) coth™* (¢ + dx)

d d? " d?
(d%€* — 2cdef + (1 +c2) f2) (a+ beoth ™' (c + da:))2
B 242 f
(e+ fz)? (a+beoth™(c + d))’
+ 2f
2b(de — cf) (a + beoth™ (c + dz)) log (=2;)
d2
B flog (1 — (c+dz)?) b*(de — cf)PolyLog (2, —ftetdr)
242 - a2

a*b*f*x/d+b~2*f* (d*x+c) *arccoth (d*x+c) /d~2+(-cxf+d*e) * (a+b*arccoth(d*x+c))
~2/d"2-1/2x(d"2*%e"2-2*c*d*e*f+(c™2+1) *f~2) * (a+b*arccoth (d*x+c))~2/d~2/f+1/
2% (f*xx+e) “2* (a+b*arccoth(d*x+c)) ~2/f-2*b* (-c*f+d*e) * (a+b*arccoth (d*x+c) ) 1
n(2/(-d*x-c+1))/d~2+1/2*b~2*f*1n (1-(d*x+c) ~2) /d"2-b~2* (-c*f+d*e) *polylog(2
,—(d*x+c+1)/(-d*x-c+1))/d"2
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Mathematica [A] (verified)

Time = 0.85 (sec) , antiderivative size = 295, normalized size of antiderivative = 1.33

/(e + fz) (a+beoth ™' (c + dz‘))2 dx

2a%cde + 2abcf — a’cf + 2a’d’ex + 2abdfz + a?d?fr? + b?(—1 + ¢+ dz)(2de + f — cf + dfz) coth™

-

LIntegrate[(e + fxx)*(a + b*ArcCoth[c + d*x])~2,x]

| —

input

e N

(2*%a~2*xcxd*e + 2kaxbxckxf — a~2xc”2*f + 2%xa~2*%d"2%e*xx + 2*axbkdxfxx + a~2%d
“2xf*x72 + bT2x (-1 + c + d*x)*(2*d*e + f - c*f + d*fxx)*ArcCoth[c + d*x]~2
+ 2xbxArcCoth[c + d*x]*(-((c + d*x)*(-(b*f) + a*cxf - axd*x(2%e + f*x))) -
2xbx(d*e - c*f)*Log[l - E~(-2xArcCoth[c + d*x])]) + ax*bxfxLog[l - c - d*x
1 - axb*fxLog[l + c + d*x] - 4*axbkxd*exLog[1/((c + d*x)*Sqrt[1 - (c + d*x)
~(-2)1)] - 2*b~2*fxLogl[1/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)])] + 4*axbxcxf
*Log[1/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)]1)] + 2%b~2*(d*e - cx*f)*PolyLog[2
, E(-2%ArcCoth[c + d*xx])])/(2xd~2)

output

Rubi [A] (verified)

Time = 0.66 (sec) , antiderivative size = 231, normalized size of antiderivative = 1.05,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6662, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a+bcoth™(c + dw))2 dz

l 6662

e—<f ctdz) ) (a ~(ct+da))?
[ (a(e—2f)+f(c+a ))d( +bcoth~ (c-+dz)) d(e 1+ do)

d
l27
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[(de — cf + f(c+dz)) (a+bcoth™'(c + alw))2 d(c+ dz)

d2
| 6481
(d2 &2 —2cdfe+ (02+1> f2+2f(de—cf) (c+dw)) (a+b coth—1 (c+dw)) _
(F(etde)—cf-+de)? (atbeoth— (c+dz))® ) < 1= (ctdo)? ~f? (atbeoth™ (c+da)) Jd(e-
2f B f

2
l 2009

((c2+1) f2 —2cdef+d2 52) (a+b coth—1 (c+d:c)) 2 f(de—cf) (a+b coth—1 (c+d:c)) 2

% b +2(de—cf) log

(f(c+dz)—cf+de)? (a+bcoth™(c+dz)) 2 . <
2f

d2

input LInt[(e + fxx)*(a + bxArcCothl[c + d*x])~2,x] J

(((dxe - cxf + fx(c + d*x))~2%(a + b*ArcCoth[c + d*x])~2)/(2%f) - (b*(-(ax
£f72x(c + d*x)) - b*f"2x(c + d*x)*ArcCoth[c + d*x] - (fx(d*e - c*f)*x(a + b*
ArcCoth[c + d*x])~2)/b + ((d"2*e”2 - 2kc*d*e*xf + (1 + c~2)*f"2)*(a + b*Arc
Coth[c + d*x])~2)/(2*b) + 2xf*(d*e - cxf)*(a + bxArcCoth[c + d*x])*Log[2/(
1 - c - d*x)] - (bxf"2xLogl[1l - (c + d*x)~2])/2 + bxf*(d*e - cx*f)*PolyLogl[2
, —((1 + c+d*xx)/(1 - c - d*x))]1))/£f)/d"2

output

Defintions of rubi rules used

27‘In‘c[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, xI]

ruk32009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J




rule 6481

rule 6662
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Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [bxcx(p/(ex(q + 1))) Int [ExpandIntegrand[(a + bxArcCoth[c*x])~(p - 1
), (d + e*xx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q]l && NeQ[q, -1]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]

Maple [B] (verified)

Leaf count of result is larger than twice the leaf count of optimal. 449 vs. 2(215) = 430.

Time = 0.62 (sec) ,

antiderivative size = 450, normalized size of antiderivative = 2.04

input L

method result
b2 arccoth(dz-;;)z(dz+c)2f _ arccoth(d:c+;)2cf(dw+c) +a1‘CCOth(d$+C)ze(dx+c)-|—arCCOth(dz+
parts a’(fz? +ex) +
b2 arccoth(dm+c)2fc(da:-{—c)—arccoth(dm+c)25d(dz+c)— arccoth(dz+2c)2f(dz+c)2 —a
2
a2 (fc(dz+c) —ed(dz+c)— M)
derivativedivides | — 4 —
b2 arccoth(dm+c)2fc(da:+c)—arccoth(dm+c)2ed(dm+c)— arccoth(dz+2c)2f(dz+c)2 —a
2
a? (fc(dz+c) —ed(dz+c)— M)
default — 4 —
isch _ b fIn(dete—1)z b2 (—d2 f 22 —2d%ex+c? f—2cde+2cf—2de+f) In(dz+c+1)2 + bin(dz+ct+1l)ae  baf
L1se 2d 842 d &
int ((f*x+e) * (at+b*arccoth (d*x+c)) ~2,x,method=_RETURNVERBOSE) J
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a~2* (1/2xf*x"2+exx)+b~2/d* (1/2/d*arccoth (d*x+c) ~2* (d*x+c) ~2*f-1/d*arccoth(
d*x+c) ~2*cxf* (d*x+c)+arccoth (d*x+c) “2xe* (d*x+c)+1/d* (arccoth (d*x+c) *f* (d*x
+c)-arccoth (d*x+c)*1n(d*x+c—-1) *c*f+arccoth (d*x+c)*1n(d*x+c-1) *d*e+1/2*arcc
oth (d*x+c)*1n(d*x+c—-1) *f-arccoth (d*x+c)*1n(d*x+c+1) *c*f+arccoth (d*x+c)*1n(
d*xx+c+1) *d*e-1/2*arccoth(d*x+c) *1n(d*x+c+1) *f+1/2*1n (d*x+c—-1) *f+1/2*1n (d*x
+c+1) *x£+1/2% (-2xcxf+2xd*e+f) * (1/4*1n(d*x+c-1) "2-1/2*dilog(1/2*d*x+1/2%c+1/
2)-1/2*1n(d*x+c-1) *1n(1/2*d*x+1/2%c+1/2) ) +1/2* (-2xc*f+2xd*e-f) * (-1/4*1n (d*
x+c+1) "2+1/2*% (In(d*x+c+1) -1n(1/2*%d*x+1/2%c+1/2) ) *1n(-1/2*%d*x-1/2%c+1/2) -1/
2+dilog(1/2*d*x+1/2*c+1/2))))+2*axb/d*(1/2/d*arccoth(d*x+c) * (d*x+c) ~2xf-1/
d*arccoth(d*x+c)*c*f*(d*x+c)+arccoth(d*x+c) *e* (d*x+c)+1/2/d* (f* (d*x+c)+1/2
* (-2%c*xf+2xd*e+f) *1n (d*x+c-1) -1/2% (2*%c*f-2xd*e+f) *1n(d*x+c+1)))

output

Fricas [F]

/(e + fz) (a+beoth ™' (c+ d:v))2 dx = / (fz + €)(barcoth (dz + ¢) + a)* dz

input‘integrate((f*x+e)*(a+b*arccoth(d*x+c))“2,x, algorithm="fricas")

‘integral(a“2*f*x + a"2xe + (b"2*xfxx + b~2*e)*arccoth(d*x + c)~2 + 2k (axb*f

output
‘*x + axbxe)*arccoth(d*x + c), x)

Sympy [F]

/(e + fz) (a+ beoth™ (¢ + dx))” dz = / (a + bacoth (¢ + dz))* (e + fz) da

inputLintegrate((f*x+e)*(a+b*acoth(d*x+c))**2,X)

-

ou_tpmLlntegral((a + bkacoth(c + d*x))**2x(e + f*x), x)

-
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Maxima [A] (verification not implemented)

Time = 0.24 (sec) , antiderivative size = 400, normalized size of antiderivative = 1.81

/(e+fm) (a+bcoth_1(c—|—dz))2 dzr = %a2fm2
2z (+2c+1)log(dr+c+1) N (2—2c+ 1)log(d:c+c—1)>\

-+% (2x2anxmh(dx—kc)+-d(

d? d? d? )
+der + (2 (dz + c) arcoth (da:+c);—log (—(d$+c)2 +1))abe
_ (de—cf)(log(dz +c—1)log (3dz+ jc+3) + Liz(—3da —jc+3))b?
2

N (cf + f)¥*log (dz +c+1)
2d?
+Aﬁfﬁﬁ+2ﬁfm%%¥f—2Me—ﬁc—mk+f%%bgwx+c+1f+%§fﬂﬁ+2?fmw%é

inputLintegrate((f*x+e)*(a+b*arccoth(d*x+c))"2,x, algorithm="maxima") J

1/2%a~2xf*x"2 + 1/2%(2*x"2%arccoth(d*x + c) + d*(2*x/d"2 - (c”2 + 2%c + 1)
*log(d*x + c + 1)/d™3 + (c”2 - 2%c + 1)*log(d*x + c - 1)/d"3))*a*b*xf + a2
xexx + (2%(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)~2 + 1))*a*bxe/d - (d
xe — c*f)*(log(d*x + c - 1)*log(l/2*d*x + 1/2%c + 1/2) + dilog(-1/2*d*x -
1/2xc + 1/2))*b"2/d"2 + 1/2%(c*f + f)*b~2*log(d*x + c + 1)/d"2 + 1/8*((b~2
*Q"2*f*x"2 + 2%b"2xd"2%e*xx — (c"2%f - 2x(d*e - f)*xc - 2*xdxe + f)*b~2)*log(
d*x + ¢ + 1)72 + (b™2+%d"2*f*x"2 + 2%xb"2*%d"2*%exx - (c”"2*f - 2%(dxe + f)*c +
2xdxe + £)*b”2)*log(d*x + c - 1)72 + 2% (2*%b"2xd*f*x - (b"2xd"2*f*x"2 + 2%
b~2xd"2%exx - (c"2*f - 2x(d*e + f)*c + 2xdxe + f)*b~2)*log(d*x + c - 1))*1
og(d*x + c + 1) - 4x(b~2*dxf*x + (cxf - £)*b~2)*log(d*x + c - 1))/d™2

output

Giac [F]

/(e + fz) (a+bcoth™ (c + dx))2 dr = / (fz + €)(barcoth (dz + ¢) + a)’ dx

input‘integrate((f*x+e)*(a+b*arccoth(d*x+c))‘2,x, algorithm="giac")
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Output‘ integrate((f*x + e)*(b*arccoth(d*x + c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(e + fz) (a+beoth™ (¢ + dz))” de = /(e + fz) (a+ bacoth(c + dx))* dz

-

Lint((e + fxx)*(a + b*acoth(c + d¥x))~2,x)

-/

input

output Lint((e + f*x)*(a + b*acoth(c + d*x))~2, x) J

Reduce [F]

/(e + fz) (a+bcoth™ (c + dac))2 dz

acoth(dz + ¢)® A f + 2acoth(dz + )’ b®d®ex + acoth(dz + ¢)* ¥d>f % — acoth(dz + ¢)* b*f — 2acoth

e

Lint((f*x+e)*(a+b*acoth(d*x+c))‘2,x)

~—

input

(acoth(c + d*x)**2+bx*x2kc**x2xf + 2xacoth(c + d*xx)**2xb*x*2*d**2*e*x + acoth
(c + d*x)**2xb**x2*kd**2*xf*x*x*2 — acoth(c + d*x)**2xb*x2*f - 2xacoth(c + d*x
)kaxbkcxk2xf + 4*acoth(c + d*x)*axbxckdxe - 4*acoth(c + d*x)*axbxckf + 4xa
coth(c + d#*x)*axb*dx*2xe*x + 2*xacoth(c + d*x)*axbxd**2*f*x**x2 + 4xacoth(c

+ d*x)*a*bxd*e - 2*acoth(c + d*x)*axbxf - 2*xacoth(c + d*x)*b**x2xc*f - 2*ac
oth(c + d*x)*b**x2xd*f*x - 2*acoth(c + d*x)*b**2xf + 4xint((acoth(c + d*x)=*
x)/ (cx*2 + 2%ckxd*x + dk*x2*x*x*x2 — 1),x)*b**x2kcxd**2xf - 4*int((acoth(c + d*
x)*x)/(c**2 + 2kckd*x + d**2kx**2 — 1) ,x)*b**2xd**3*e + 4*xlog(c + d*x - 1)
xaxbkxckf - 4*log(c + d*x - 1)*axb*d*e + 2xlog(c + d¥x — 1)*b**2*xf + 2ka**2
*dkk2kekx + akkkdk*kkf*x*k*2 — kakxbkdkfixx)/(2xd*x*2)

output
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-1 2

3.30 [ (a+bcoth™ (c+dz))” dz

Optimal result . . . . . . . . . . . . e 258
Mathematica [A] (verified) . . . . . . . . . .. .. L 2591
Rubi [A] (verified) . . . .. . . ... .. 259
Maple [A] (verified) . . . . . . . .. L 261]
Fricas [F] . . . . . o o 262
Sympy [F] . . o 262
Maxima [F] . . . . . . 2631
Giac [F] . . . . o o 263
Mupad [F(-1)] . . . oo 263
Reduce [F] . . . . . 264

Optimal result

Integrand size = 12, antiderivative size = 97

(a + beoth™ (¢ + dm))2
d
(c+dz) (a+beoth™ (c+ dar:))2
+ d
2b(a + beoth™ (c + da)) log (=2

d

B b? PolyLog (2, —1tetde)
d

/ (a+beoth™'(c+ dgv))2 dzr =

output‘(a+b*arCC°th(d*X+c))A2/d+(d*X+C)*(a+b*arccoth(d*x+C))“2/d—2*b*(a+b*arccoth

‘(d*x+c))*1n(2/(—d*x—c+1))/d—b“2*polylog(2,—(d*x+c+1)/(—d*x-c+1))/d
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.14

/ (a+beoth™'(c+ d:c))2 dx

v?(—1 + ¢ + dzx) coth™ (¢ + dz)? + 2bcoth™ (¢ + dx) (ac + adx — blog <1 — e_2°°th_1(°+d"’)>> +a (ac-

d

input LIntegrate [(a + bxArcCoth[c + d*x])~2,x] J

e B

(b™2x(-1 + c + d*x)*ArcCoth[c + d*x]~2 + 2*bxArcCoth[c + d*x]*(a*c + axd*x
‘ - bxLog[1l - E~(-2xArcCoth[c + d*x])]) + a*(a*c + axd*x - 2%bxLogl[1/((c +
‘d*x)*Sqrt [1 - (c + d*x)~(-2)]1)]1) + b~2#PolyLog[2, E~(-2*ArcCoth[c + d*x])]

|
|
L)/d J

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 93, normalized size of antiderivative = 0.96,

number of rules _ 500, Rules
integrand size

output

number of steps used = 7, number of rules used = 6,
used = {6654, 6437, 6547, 6471, 2849, 2752}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bcoth™(c+ dar:))2 dz

| 6654
[ (a+bcoth™ (c+ dalc))2 d(c+ dx)
d
| 6437
(c+dz) (a+beoth™(c+ dx))2 —2b (ctda) (itl(’cci:;; (ctdz)) d(c+ dz)
d

l’6547
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— 2
(c+dz) (a+bcoth™(c+ d:tc))2 —2b <f —a+b°°cthdzf;rdw)d(c +dz) — (a+bC°th2b1 (c+do)) >

d
l 6471

a+bcoth™! T 2
(c+dz) (a+bcoth™(c+ dar;))2 - 2b< bf 1< (CCJF;;;“;) d(c+dz) — (atb thzb (c+de)) + log <_c%dz+1> (a+b

d
l 2849

o dw+1

& — 2
(c+dz) (a+bcoth™ (c+ dac)) —2b <b f ( — d”l) d—c—}ia:+l - (a+bC°th2bl(c+dw)) + log (—c—?zm+1> (a+be

d
lZ%Z

— 2
(c+dz) (a+bcoth™ (c + dac))2 - 2b<— (a+bC°th2b1(c+dx)) + log (_C%W) (a + beoth™(c + dz)) + 16 PolyL

d
input LInt[(a + b*ArcCoth[c + d*x])~2,x] J
( N
Output‘ ((c + d*x)*(a + b*ArcCoth[c + d*x])~2 - 2xb*(-1/2%(a + b*ArcCoth[c + d*x]) ‘
“2/b + (a + b*ArcCoth[c + d*x])#*Logl[2/(1 - c - d*x)] + (b*PolylLogl[2, 1 - 2 ‘
L/<1 - ¢ - d*x)1)/2))/d J

Defintions of rubi rules used

rule 2752 Int [Logl[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol]l :> Simp[(-e~(-1))*PolyLo
gl2, 1 - cxx], x] /; FreeQl{c, d, e}, x] && EqQ[e + cxd, 0]

rule 2849 Intl[Logllc_.)/((d)) + (e_)*(x_))1/((£)) + (g_.)*(x.)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2xd*x), x], x, 1/(d + e*x)], x] /; FreeQl
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2xf + d~2xg, 0]




rule 6437

rule 6471

rule 6547

rule 6654
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Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a
+ b*ArcCoth[c*x"n])"p, x] - Simp[b*c*n*p Int[x"n*((a + b*ArcCoth[c*x"n])
“(p - 1)/(1 - c~2*x~(2*n))), x], x] /; FreeQl[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 || EqQlp, 11)

Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> Simp[(-(a + b*ArcCoth[c*x]) p)*(Logl[2/(1 + ex(x/d))]1/e), x] + Simp[bxc
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl[2/(1 + ex(x/d))]1/(1 - c™2*x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - e~2
, 0]

Int[(((a_.) + ArcCoth[(c_.)*(x_)I*(b_.)) " (p_.)*(x_))/((d_.) + (e_.)*(x_)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCothlc*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] & EqQ[c2*d + e, 0] && IGtQ[p, O]

‘Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Simp[1/d
‘ Subst [Int[(a + b*ArcCoth[x])~p, x], x, ¢ + d*x], x] /; FreeQl[{a, b, c, d
'}, x] & 16tQlp, 0]

Maple [A] (verified)

Time = 0.53 (sec) , antiderivative size = 174, normalized size of antiderivative = 1.79

method result

b2 (arccoth(dx+c)2(dw+c—1)+2 arccoth(dz+c)%—2 arccoth(dz+c) In (1—
2
parts a‘zr +

1
1 _ |—-2pol N
- ) polylog (2, =
\/ dz+c+1 \/ dz

(dz+c)a?+b? (arccoth(dz+c)2(dm+c—1)+2 arccoth(dz+c)2—2 arccoth(dz+c) In (1—

el
derivativedivides et
(dz+c)a?+b? (arccoth(da:+c)2(dac+c—1)+2 arccoth(dz+c)2—2 arccoth(dz+c) In (1_dzic—1> —2 polylog (2,\/
d
default Zretl
2 dx
. 1; —1)2p2 1 1 1 1 b ln(dm+c—l) In( && 4+
risch n(dx—i—:d )b In (dx +e— 1) abz + n(dx+; )ab + ab n(d§+c+ ) < 2

> —2 polylog (
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input Lint ((a+bxarccoth(d*x+c))~2,x,method=_RETURNVERBOSE)

a~2*x+b~2/d* (arccoth (d*x+c) ~2* (d*x+c-1) +2*arccoth (d*x+c) “2-2*arccoth (d*x+c
)*¥1n(1-1/((d*x+c-1)/(d*x+c+1))~(1/2))-2*polylog(2,1/ ((d*x+c-1) /(d*x+c+1) )~
(1/2))-2*arccoth(d*x+c) *1n(1+1/ ((d*x+c-1) / (d*x+c+1)) ~(1/2))-2*polylog(2,-1
/ ((d*x+c-1)/ (d*x+c+1) )~ (1/2)) ) +2*a*b/d* ((d*x+c) *arccoth (d*x+c)+1/2*1n ((d*x
+c)~2-1))

output

Fricas [F|

/ (a+bcoth™ (c+ dac))2 dx = / (barcoth (dz + c) + a)* d

inputLintegrate((a+b*arccoth(d*x+c))‘2,x, algorithm="fricas")

outputLintegral(b‘2*arccoth(d*x + ¢c)"2 + 2*axb*arccoth(d*x + c) + a”2, x)

Sympy [F]

/(a—i—bco’ch_l(c+d:r:))2 dz =/(a+bacoth (c+dx))? dz

inputLintegrate((a+b*aCOth(d*x+c))**2,x)

Output‘Integral((a + bxacoth(c + d*x))**2, x)
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Maxima [F|

/ (a+bcoth ' (c+ dav))2 dx = / (barcoth (dz + ¢) + a)? dz

input‘integrate((a+b*arccoth(d*x+c))"2,x, algorithm="maxima")

‘a“2*x + 1/4%b"2x((d*x*log(d*x + ¢ — 1)72 + (d*x + ¢ + 1)*log(d*x + c + 1)~
‘2 - 2x(d*x + ¢ - 1)*log(d*x + c + 1)*log(d*x + c - 1))/d + integrate(2x(c”
\2 + (cxd - 3*%d)*x - 2%xc + 1)*log(d*x + c — 1)/(d"2%x"2 + 2%c*d*x + c”2 - 1
‘), x)) + (2x(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)~2 + 1))*axb/d

output

Giac [F]

/ (a+bcoth™ (c+ dac))2 dx = / (barcoth (dz + c) + a)* dz

inputLintegrate((a+b*arccoth(d*x+c))"2,x, algorithm="giac")

OutputLintegrate((b*arccoth(d*x +¢c) +a)’2, x)

Mupad [F(-1)]

Timed out.

/(a—l—bcoth_l(c—l-dar:))2 dx=/(a+bacoth(c+dw))2dx

inputtint((a + b*acoth(c + d*x))~2,x)

-

outputtint((a + b*xacoth(c + d*x))~2, x)

-/
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Reduce [F]

/ (a+bcoth™'(c+ d:c))2 dx

acoth(dz + ¢)? b2dz + 2acoth(dz + ) abe + 2acoth(dz + c) abdz + 2acoth(dz + c) ab — 2 ( | i)
- d

input Lint((a+b*acoth(d*x+c))‘2,x) J

‘ (acoth(c + d#*x)**2*b*x*2*xd*x + 2%acoth(c + d#*x)*a*b*c + 2*acoth(c + d*x)=*ax* \
'bxdx + 2%acoth(c + d*x)*axb - 2*int((acoth(c + dxx)*x)/(c¥*2 + 2kckd¥x + |
‘d**2*x**2 - 1),x)*b**2xd**2 - 2+log(c + d¥x - 1)*a*b + a**2*d*x)/d ‘

output




output
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(a+bcoth™ (c+dz)) 2
3.31 | dz
e+fx

Optimal result . . . . . . . . . . . . . . e 2695]
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . . . 267l
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... 268
Fricas [F] . . . . . o o e 269
Sympy [F] . . . 270
Maxima [F] . . . . . . 270
Giac [F] . . . o o 27T
Mupad [F(-1)] . . . oo 271]
Reduce [F] . . . . 0 o e 271]

Optimal result

Integrand size = 20, antiderivative size = 214

/ (a+becoth™ (c+ dw))2

d
e+ fx v
(a+beoth™ (¢ + dz))* log (724)
B f
_ 2 et+fz
(a + bcoth 1(0 + dx)) log ((de+f2—d£f;r({+)c+d$)>
* f
N b(a, + beoth™(c + dx)) PolyLog (2, 1- m)
f
b(a + beoth™'(c + dz)) PolyLog (2, 1— Ger fzi(:;;r({?c +dw)>
B f
2d(e+fx)
N b*PolyLog (3,1 — 25) b? PolyLog (3, 1- (de+f—cf)(1+c+dw))
2f 2f

-(atb*arccoth(d*x+c)) “2#1n(2/ (d*x+c+1)) /f+(a+b*arccoth(d*x+c)) ~2*1n (2*xd* (£
xx+e) / (—ckf+d*e+f) / (d*x+c+1)) /f+b* (at+tb*arccoth(d*x+c) ) *polylog(2,1-2/ (d*x+
c+1))/f-b*(atb*arccoth(d*x+c))*polylog (2, 1-2xd* (f*x+e) / (~c*f+d*e+f) / (d*x+c
+1))/£+1/2%b~2*polylog(3,1-2/(d*x+c+1)) /£-1/2%b~2*polylog (3, 1-2*d* (f*x+e)/
(-cxf+d*e+f) /(d*x+c+1))/f




input |
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 13.00 (sec) , antiderivative size = 1767, normalized size of antiderivative = 8.26

beoth™(c + dz))
/ (a +0co (c+ :c)) dx = Too large to display

e+ fx

Integrate[(a + bxArcCoth[c + d*x])~2/(e + f#*x),x]

output

(a~2xLogle + f*x])/f + 2*axb*(((ArcCoth[c + d*x] - ArcTanh[c + d*x])*Logle
+ £*x])/f - (I*(IxArcTanh[c + d*x]*(-Log[1/Sqrt[1 - (c + d*x)~2]] + Logl[I
*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + ((-I)*(I*ArcTanh[(d*e
- c*f)/f] + IxArcTanh[c + d*x])~"2 - (I/4)*(Pi - (2*I)*ArcTanh[c + d*x])~2
+ 2% (IxArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x])*Logl[l - E~((2*I)*(I*A
rcTanh[(d*xe - c*f)/f] + I*ArcTanh[c + d*x]))] + (Pi - (2*I)#*ArcTanh[c + d*
x])*Log[1l - E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))] - (Pi - (2*I)*ArcTanh[c +
d*x])*Log[2*Sin[(Pi - (2*I)*ArcTanh[c + d*x])/2]] - 2*(I*ArcTanh[(d*e - c
*f)/f] + IxArcTanh[c + d*x])*Log[(2*I)*Sinh[ArcTanh[(d*e - cxf)/f] + ArcTa
nh[c + d*x]]] - I*PolyLog[2, E~((2*I)*(I*ArcTanh[(d*e - c*f)/f] + I*ArcTan
h[c + d*x]))] - I*PolyLogl[2, E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))1)/2))/f)
- (b™2x(d*e - c*f + f*(c + d*x))*(1 - (c + d*x)"2)*(-1/24*(I*£¥Pi~3 - 8*d*
exArcCoth[c + d*x]~3 - 8xfxArcCoth[c + d*x]~3 + 8*c*f*ArcCoth[c + d*x]~3 +
24xfxArcCoth[c + d*x]"2xLog[l - E~(2%ArcCoth[c + d*x])] + 24xf*ArcCothl[c
+ d*x]*PolyLog[2, E~(2*ArcCoth[c + d*x])] - 12*f*PolyLogl[3, E~(2*ArcCothl[c
+ d*x])])/£7°2 + ((-(d*e) - f + c*xf)*(-(d*e) + f + c*f)*(2xd*exArcCoth[c +
d*x]~3 - 6xfxArcCoth[c + d*x]~3 - 2xc*fxArcCoth[c + d*x]~3 - (4*d*exSqrtl[
(d"2%e"2 - 2*xckdkexf + (-1 + c72)*£72)/(d*e - cxf)~2]*ArcCoth[c + d*x]~3)/
E"ArcTanh[f/(d*e - c*f)] + (4xcxf*Sqrt[(d~2*e”2 - 2xckxd*exf + (-1 + c™2)*f
~2)/(d*e - c*f)~2]*ArcCoth[c + d*x]~3)/E~ArcTanh[f/(d*e - c*xf)] + (6%I)...
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Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 241, normalized size of antiderivative = 1.13,

number of rules _ 50, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {6662, 27, 6475}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h~! 2
/ (a+bcoth™ (c+ dz)) .

e+ fx
l 6662

d(a+b <:oth*1(c+d:c))2 d d
f d(e—%)+f(c+dm) (C + :1:)

d
| 27
(a+becoth™(c+ dx))2d
/ fle+dz) —cf +de

l 6475

(c+ dx)

b(a + beoth™!(c + dz)) PolyLog (2, 1-— (ng_e;ccf%{c(iﬁ;ﬂg

f
_ 2 2(f(ctda)—cf+d
(a+ beoth™ (¢ + dz)) " log QJﬂiDQC;ide?f))

bPolyLog (2, 1— c_l_d%_’_l) (a+bcoth ™ (c+dz)) log (H—TZQ:H) (a+bcoth™(c+ du:))2

f
b2 PolyLog (3, 1 — 2lde—cf+/(ctda)) ) b2 PolyLog <3, 1~ criert d2w +1>
+

(de—cf+f)(ct+dz+1)

2f 2f

input Llnt[(a + b*ArcCoth[c + d*x])"2/(e + f*x),x]
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-(((a + b*ArcCoth[c + d*x])~2*Log[2/(1 + c + d*x)])/f) + ((a + b*ArcCothl[c

+ d*x])"2xLog[(2*(d*e - cxf + f*(c + d*x)))/((d*e + £ - c*f)*(1 + c + d*x
N1 /f + (b*(a + bxArcCoth[c + d*x])*PolyLogl[2, 1 - 2/(1 + c + d*x)])/f -
(b*(a + b*ArcCoth[c + d*x])*PolyLogl[2, 1 - (2x(d*e - c*xf + fx(c + d*x)))/(
(d*xe + £ - cxf)*(1 + c + d*x))])/f + (b"2*PolyLogl3, 1 - 2/(1 + c + d*x)])
/(2xf) - (b~2*PolyLogl[3, 1 - (2*(d*e - c*f + fx(c + d*x)))/((d*e + f - cxf
)*(1 + ¢ + d*x))]1)/(2%f)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

-

Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcCoth[c*x])~2)*(Log[2/(1 + c*x)]1/e), x] + (Simp[(a + Db*Arc
Coth[c*x]) "2*(Log[2*c*((d + e*x)/((c*d + e)*(1 + c*xx)))]/e), x] + Simp[b*(a
+ b*ArcCoth[c*x])*(PolyLog[2, 1 - 2/(1 + c*x)]/e), x] - Simp[b*(a + bx*ArcC
oth[c*x])*(PolyLog[2, 1 - 2xcx((d + exx)/((cxd + e)*(1 + c*x)))]/e), x] + S
imp [b~2*%(PolyLog[3, 1 - 2/(1 + c*x)]/(2*e)), x] - Simp[b~2*(PolyLog[3, 1 -
2xc*((d + exx)/((cxd + e)*(1 + c*x)))]1/(2%e)), x1) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d"2 - e~2, 0]

rule 6475

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])"p, x], x, c + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQlp, 0]

rule 6662

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 11.08 (sec) , antiderivative size = 1603, normalized size of antiderivative = 7.49
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method result size

derivativedivides | Expression too large to display | 1603
default Expression too large to display | 1603
parts Expression too large to display | 1681

e

inputLint((a+b*arccoth(d*x+c))"2/(f*x+e),x,method=_RETURNVERBDSE)

~—

1/d*(a~2*d*1n(c*f-d*e-f*(d*x+c))/f-b~2xd* (-1n(c*f-d*e-f*(d*x+c))/f*arccoth
(d*x+c) ~2-2/f*(-1/2xarccoth(d*x+c) “2*1n(f*c* ((d*x+c+1) / (d*x+c-1)-1)+ (- (d*x
+c+1) / (d*x+c-1) +1) *e*xd+ (- (d*x+c+1) / (d*x+c—-1)-1) *f) +1/4*I*xPixcsgn (I* (fxc* ((
d*x+c+1) / (d*x+c-1) 1)+ (- (d*x+c+1) / (d*x+c-1) +1) *e*xd+ (- (d*x+c+1) / (d*x+c-1)-1
Y*£) / ((d*x+c+1)/(d*x+c-1)-1) ) *(csgn (I* (£xc* ((d*x+c+1) / (d*x+c-1)-1) + (- (d*x+
c+1)/(d*x+c-1)+1) *e*xd+ (- (d*x+c+1) / (d*x+c-1)-1) *f) ) kcsgn(I/ ((d*x+c+1) / (d*x+
c-1)-1))-csgn(I*(fxc* ((d*x+c+1)/(d*x+c-1)-1)+ (- (d*x+c+1) / (d*x+c-1)+1) xe*xd+
(- (@*x+c+1)/ (@*x+c-1)-1) *£) / ((d*x+c+1) / (d*x+c-1)-1) ) *csgn (I/ ((d*x+c+1) / (d*
x+c-1)-1) ) -csgn(I* (fxcx ((d*x+c+1)/(d*x+c-1)-1)+(-(d*x+c+1) / (d*x+c-1)+1) *xe*
d+(-(d*x+c+1) / (d*x+c-1)-1) *£f) ) *csgn (I* (£xc* ((d*x+c+1) / (d*x+c-1) -1) + (- (d*x+
c+1)/(d*x+c-1)+1) *e*xd+ (- (d*x+c+1) / (d*x+c-1)-1) *f) / ((d*x+c+1) / (d*x+c-1)-1))
+csgn (I* (fxcx ((d*x+c+1) / (d*x+c-1)-1)+ (= (d*x+c+1) / (d*x+c-1) +1) xe*xd+ (- (d*x+c
+1)/ (d*x+c-1)-1) *£) / ((d*x+c+1) / (d*x+c-1)-1)) "2) *arccoth (d*x+c) "2+1/2*arcco
th(d*x+c) “2*1n((d*x+c+1) / (d*x+c-1)-1)-1/2*arccoth (d*x+c) “2*1n(1+1/ ((d*x+c-
1)/ (d*x+c+1))~(1/2))-arccoth(d*x+c) *polylog(2,-1/ ((d*x+c-1) / (d*x+c+1))~(1/
2))+polylog(3,-1/((d*x+c-1)/(d*x+c+1))~(1/2))-1/2*arccoth(d*x+c) "2*1n(1-1/
((d*x+c-1)/(d*x+c+1))~(1/2) ) -arccoth(d*x+c) *polylog(2,1/ ((d*x+c-1) / (d*x+c+
1))~ (1/2))+polylog(3,1/ ((d*x+c-1) /(d*x+c+1))~(1/2))+1/2*%f*c/(cxf-d*e-f) *ar
ccoth(d*x+c) “2*1n(1-(cxf-d*e-£)/(d*x+c-1)* (d*x+c+1) / (c*f-d*e+f) ) +1/2*f*xc/ (
c*xf-dxe-f)*arccoth(d*x+c) *polylog(2, (cxf-dxe-f)/(d*x+c-1)* (d*x+c+1) /(c*. ..

output

Fricas [F|

dz

/ (a+bcoth™'(c+ dav))2 / (barcoth (dz + ) + a)®
dr =
e+ fx fr+e

-

input integrate((atb*arccoth(d*x+c)) "2/ (f*x+e) ,x, algorithm="fricas")
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‘integral((b“2*arccoth(d*x + ¢)72 + 2xaxb*arccoth(d*x + c) + a~2)/(f*x + e)

output o ‘

Sympy [F]

/(a—i—bco‘ch_l(c—i-alsc))2 dx_/(a+baucoth(c+d:z:))2 i
e+ fx N e+ fz

-

inputtintegrate((a+b*acoth(d*x+c))**2/(f*x+e),X) J

Outputtlntegral((a + bkacoth(c + d*x))**2/(e + f*x), x) J

Maxima [F]

beoth ™ (c + da)) 2
/(a+ coth™ (c + dz)) dxz/(barcoth(dx+c)+a) i

e+ fx fr+e

inputLintegrate((a+b*arccoth(d*x+c))“2/(f*x+e),x, algorithm="maxima") J

‘a‘2*log(f*x + e)/f + integrate(1/4*b~2*(log(1/(d*x + c) + 1) - log(-1/(d*x
L+ 0) + 1))72/(fxx + e) + a¥bx(log(1/(d*x + c) + 1) - log(-1/(d*x + ¢) +1
N/ (Exx + ), x) |

output
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Giac [F]

dx

(a+bcoth_1(c+dac))2d [ (barcoth (dz + c) + a)’
/ e+ fx / fx+e

inputtintegrate((a+b*arccoth(d*x+c))‘2/(f*x+e),x, algorithm="giac")

OutputLintegrate((b*arccoth(d*x +¢c) + a)"2/(f*x + e), x)

Mupad [F(-1)]

Timed out.
(a + bCOth_l(C + d.’l?))z (CL + baCOth(C + dlE))2
dz = dx
e+ fx et fx
input Lint((a + bracoth(c + d*x))~2/(e + £*x),x)

OutputLint((a + bxacoth(c + d*x))~2/(e + f*x), x)

Reduce [F|

dxr

(a+becoth™ (c+ dx))2
/ e+ fx

- 2( [ acoth(drte) dx) abf + < 1l —awth(d”c)de) b2 f + log(fz + e) a?

fzte frt+e

f

inputLint((a+b*aC°th(d*x+C))A2/(f*x+e),x)

output
,X)*b**2xf + log(e + f*x)*ax*2)/f

‘(Q*int(acoth(c + d*x)/(e + f*x),x)*a*b*f + int(acoth(c + d*x)**2/(e + f*x)




CHAPTER 3. LISTING OF INTEGRALS 272

3.392 f (a—l—bcoth_l(c—kdx))2 da

(e+fx)?
Optimal result . . . . . . . . . . . . . e 272
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 273
Rubi [A] (verified) . . . . . . . . . . 274
Maple [A] (verified) . . . . . . . . .. 2761
Fricas [F] . . . . . o o e
Sympy [F] . . .
Maxima [F] . . . . . . 278
Giac [F] . . . o o 278
Mupad [F(-1)] . . . o 2791
Reduce [F] . . . . . o 2791

Optimal result

Integrand size = 20, antiderivative size = 401

a+beoth™ (c + dz))” a+bcoth™ (c+dz))”
/ )
(e + f1)2 fle+ fz)
bd(a + beoth™ (c + dz)) log (=%%)
f(de+ f —cf)
B bd(a +bcoth™(c + dw)) log (m)

f(de = (1+c¢)f)
2bd(a + beoth™ (¢ + dz)) log (-2 )

(de+ f—cf)(de—(1+c¢)f)

btk e+ d) o it

(de+ f—cf)(de—(1+c¢)f)

b?d PolyLog (2, —1tetdr)

2f(de+ f — cf)
b%d PolyLog (2, 1— 2 )

1+c+dx

2f(de — (1+¢)f)
b?d PolyLog (2,1 — 1+-22)
(de+ f—cf)(de— (1 +c)f)

) 2d(e+fx)
b°d PolyLog <2, 1- (de+f—0f)(1+c+dx)>

(de+ f—cf)(de—(1+c¢)f)

+
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-(at+b*arccoth(d*x+c)) ~2/f/ (f*x+e) +b*d* (a+b*arccoth (d*x+c)) *1n(2/ (-d*x-c+1)
)/£/ (—~cxf+d*xe+f) -bxd* (a+b*arccoth (d*x+c) ) *1n(2/ (d*x+c+1)) /£/(d*xe-(1+c) *f) +
2*bxd* (a+b*arccoth(d*x+c)) *1n(2/ (d*x+c+1) )/ (-c*f+d*e+f) / (d*e-(1+c) *f) -2*b*
d* (a+b*arccoth(d*x+c) ) *1n(2*xd* (f*x+e) / (~c*f+d*e+f) / (d*xx+c+1) )/ (-c*f+d*e+f)
/ (dxe-(1+c)*£)+1/2%b~2*d*polylog(2,-(d*x+c+1) /(-d*x-c+1) ) /f/(-cxf+d*e+f)+1
/2%b~2*d*polylog(2,1-2/(d*x+c+1))/£f/(d*e-(1+c) *f) -b~2*d*polylog(2,1-2/ (d*x
+c+1) )/ (~c*f+d*e+f) / (d*xe- (1+c) *f) +b~2*d*polylog (2, 1-2*d* (fxx+e) / (—cxf+d*xe+
£)/(d*x+c+1))/(-cxf+d*e+f) /(d*xe-(1+c)*£f)

N J

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 5.57 (sec) , antiderivative size = 470, normalized size of antiderivative = 1.17

/ (a+bcoth™ (c+ da:))2

dx
(e + fz)?
arctanh(:
bld(e+fz)(1—(ctdx)?) | &———
2ab|( (f—c?f+d%ex+cd(e—fz)) coth™!(c+dx)—d(e+fx) log (—d(e+fw) ) ) (—dete
_ﬁ + ( (ctdz) V 1= (c-}—;x)2 +
f (de+f—cf)(de—(1+c)f)

-

inputLIntegrate[(a + bxArcCoth[c + d*x])~2/(e + f*x)~2,x]

\ >

(-(a”2/f) + (2*%a*xb*x((f - c™2%f + d"2%e*x + c*kd*(e - fx*x))*ArcCoth[c + d*x]
- dx(e + fxx)*Log[-((d*(e + £*x))/((c + d*x)*Sqrt[1l - (c + d*x)~(-2)]1))1)
)/((dxe + £ - cxf)x(d*xe - (1 + c)*f)) + (b7™2xd*(e + f*x)*(1 - (c + d*x)~2)
*((E"ArcTanh[f/(-(d*e) + cxf)]*ArcCoth[c + d*x]~2)/((-(d*e) + c*xf)*Sqrt[1

- £72/(d*e - c*f)~2]) + ArcCothl[c + d*x]~2/(d*e + d*f*x) + (£*((-I)*PixLog
[1 + E"(2%ArcCoth[c + d*x])] - 2xArcTanh[f/(-(d*e) + c*f)]*Logl[l - E~(-2%(
ArcCoth[c + d*x] + ArcTanh[f/(d*e - c*£f)]))] + ArcCoth[c + d*x]*(I*Pi + 2%
ArcTanh[f/(d*e - c*f)] + 2+Logl[l - E~(-2x(ArcCoth[c + d*x] + ArcTanh[f/(d*
e - cxf)]1))]) + IxPixLogl[1/Sqrtl[l - (c + d*x)~(-2)]1] + 2*ArcTanh[f/(-(d*e)
+ cxf)]*Log[I*Sinh[ArcCoth[c + d*x] + ArcTanh[f/(d*e - c*f)]]] - PolyLogl
2, E"(-2x(ArcCoth[c + d*x] + ArcTanh[f/(d*e - c*£)]))]))/(d"2*e”2 - 2*cxd*
exf + (-1 + c72)*x£72)))/((c + d*x)"2x(f - £/(c + d*x)"2)))/(e + f*x)

output
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Rubi [A] (verified)

Time = 1.90 (sec) , antiderivative size = 491, normalized size of antiderivative = 1.22,

number of rules _ 0.300, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6660, 7292, 6672, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h~! 2
/ (a+bcoth™ (c+ dz)) .

(e+ fx)?
l 6660

bcoth™! d.
2d | &g rdnhd®  (a+beoth™ (c+dr))?

f fle+ fx)
l 7292

-1
2bd [ o f;;ii%tfgdéztggizﬂ) dzx B (a+beoth™(c+ dalc))2
f fle+ fz)
| 6672

% f d(a+b cothfl(c+d:c)) )
(d(e=F ) +F(c+da) ) (1—(c+de)?) _(a+ beoth™(c + dz))

f fle+ fz)
l 97
a+bcoth™ 1 (c+dz _
26d [ (et otz G eramy Alc + do) _ (a+beoth™Y(c + dz))”
f fle+ fx)
l 7276

d(c+ dx)

a bcoth™!(c+dzx)
2bd f (_ (ctdz—T1)(c+dz+1)(de—cf+flctdx)) (c+dm—1)(c+d:1:+1)(de—cf+f(c+da:))) d(C + dm)

f
(a+beoth™(c+ dnlc))2

fle+ fz)
l 2009
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2bd __alog(—c—dxz+1) + alog(ctdr+1)  aflog(f(ctdx)—cf+de) + bPolyLog(2,—_°j'_dg;_:1) + bPolyLog(Z,l—ﬁ) _ E
2(—cf+de+f) 2(de—(c+1)f) (—cf+de+f)(de—(c+1)f) 4(—cf+dexf) A(—cf+de—7) 2

(a + bcoth_l(c + dw))2
fle+ fx)

input \Int[(a + bxArcCoth[c + d*x])~2/(e + £*x)"2,x] ]

-((a + b*ArcCothl[c + d*x])"2/(f*(e + f*x))) + (2xbkd*((b*ArcCoth[c + d*x]=*
Log[2/(1 - ¢ - d*x)])/(2*(d*e + £ - c*f)) - (axLogl[l - c - d*x])/(2*(d*e +
f - cxf)) - (bxArcCothl[c + d*x]*Logl[2/(1 + c + d*x)])/(2*%(d*e - £ - c*f))
+ (b*f*ArcCoth[c + d*x]*Log[2/(1 + ¢ + d*x)])/((d*e + £ - c*f)*(d*e - (1
+ c)*f)) + (a*xLogl[l + c + d*x])/(2*%(d*e - (1 + c)*f)) - (axf*Logldxe - cx*f
+ fx(c + d*x)])/((d*e + £ - cxf)*(d*e - (1 + c)*f)) - (bxfxArcCoth[c + dx
x]*Log[(2x(d*e — cxf + f*x(c + d*x)))/((d*e + £ - cxf)*(1 + c + d*x))]1)/((d
xe + f - cxf)x(d*e - (1 + c)*f)) + (b*PolyLogl[2, -((1 + ¢ + d*x)/(1 - ¢ -
d*x))]1)/(4*(d*e + £ - c*f)) + (b*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(4x(dxe
- £ - c*xf)) - (bxf*PolyLog[2, 1 - 2/(1 + c + d*x)])/(2*(d*e + £ - c*f)*(d*
e - (1 + c)*f)) + (bxf*PolyLog[2, 1 - (2%(d*e - c*f + fx(c + d*x)))/((d*e
+ £ - cf)*(1 + c + d*x))])/(2x(d*e + £ - cxf)*(d*e - (1 + c)*£))))/f

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*x(_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~(m + 1)*((a + b*ArcCoth[c + d*x]) p/(f*(m
+ 1)), x] - Simp[b*d*(p/(f*x(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x])~(p - 1)/(1 - (c + d*x)"2)), x], x] /; FreeQ[{a, b, c, 4, e, f}
, x] && IGtQ[p, 0] && ILtQ[m, -1]

rule 6660




rule 6672

rule 7276

rule 7292
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Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]*(b_.)) (p_.)*((e_.) + (£_.)*(x_))"(
m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol]l :> Simp[1/d  Sub
st[Int[((d*e - cxf)/d + £*(x/d)) m*x(-C/d"2 + (C/d"2)*x"2)"q*(a + b*ArcCoth[
x1)7p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, q}, x
] && EqQ[B*(1 - c~2) + 2xA*cxd, 0] && EqQ[2*c*C - B*d, 0]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int[v, x] /; v =!
ul

Maple [A] (verified)

Time = 2.02 (sec) , antiderivative size = 590, normalized size of antiderivative = 1.47

method result

242 arccoth(dz+c) f In(f(dz+c)—cf+de) arccoth(dz+c) In(de+c—1)
f

(cf—de—f)(cf—de+f)
b2 d? arccoth(dz+c)2

2cf—2de—2f

T (f(dztc)—cf+de)f

a2
parts “Gerar T

_ 2 arccoth(dz+c) f In(cf—de— f(dx+c)) 2 arccoth(dz+c) In(dztc+1) + 2 ar

24 arccoth(d:::-&-c)2 (cf—de—f)(cf—de+f)

a 2 +b2d2 +
(cf—de—F(date)f (cf—de—f(date)f

derivativedivides

_ 2 arccoth(dz+c) f In(cf—de—f(dx+c)) 2 arccoth(dz+c) In(dztc+1) + 2 ar

a242 b242 arccoth(dm+c)2 (cf—de—f)(cf—de+f)
(cf—de—f(@ateoNf T (cf—de—f(da+oNT T

default




input

output

input

output

input
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‘int((a+b*arccoth(d*x+c))“2/(f*x+e)”2,x,method=_RETURNVERBOSE)

-a”2/ (f*x+e) /f+b~2/d* (-4~ 2/ (£* (d*x+c) —-c*xf+d*e) /f*xarccoth (d*x+c) "2-2*%d~2/f*
(arccoth(d*x+c) *f/ (cxf-d*e-f) / (c*f-d*e+f) *1n (f* (d*x+c)-c*f+d*e)-arccoth (d*
x+c) / (2*%c*f-2*d*e-2*f) *1n (d*x+c-1)+arccoth (d*x+c) / (2xcxf-2*xd*e+2*f) *1n (d*x
+c+1)+1/ (c*f-d*e-£) / (c*f-d*e+f) * (1/2xf* (dilog ((£* (d*x+c)-f) /(cxf-d*e-£f))+1
n(f*(d*x+c)-cxf+d*e) *1In((£* (d*x+c)-£f)/(c*f-d*e-£)))-1/2*xf*(dilog((£* (d*x+c
)+£) / (c*xf-d*e+f) ) +1n(£* (d*x+c) —cxf+d*e) *1n((£* (d*x+c)+f) / (cxf-d*xe+f)))) -1/
2/ (cxf-d*e-f)*(1/4*1n(d*x+c-1) "2-1/2*%dilog(1/2*d*x+1/2*c+1/2)-1/2*1n(d*x+c
-1)*1n(1/2%d*x+1/2%c+1/2))+1/2/ (cxf-dxe+f) *(-1/4%1n(d*x+c+1) ~2+1/2% (1n(d*x
+c+1)-1n(1/2%d*x+1/2%c+1/2) ) *¥1n(-1/2*%d*x-1/2*%c+1/2)-1/2*dilog (1/2*d*x+1/2*
c+1/2))))-2*a*xb*xd/ (d*f*x+d*e) /f*arccoth (d*x+c)-2*a*bxd/ (c*f-d*xe-f)/ (c*f-dx*
e+f) *1n (f* (d*x+c)—cxf+d*e) +2*a*b*d/f/ (2*xc*xf-2xd*xe—2*f) *1n (d*x+c-1) -2*axb*xd
/£/ (2%c*f-2xd*e+2xf) *1n (d*x+c+1)

Fricas [F]

dz

/ (a+ beoth™(c + da))” _ / (barcoth (dz + ) + a)’
(e + fz)? (fz+e)?

e

kintegrate((a+b*arccoth(d*x+c))‘2/(f*x+e)“2,x, algorithm="fricas")

~—

B
‘integral((b‘2*arccoth(d*x + c)”2 + 2%axb*arccoth(d*x + c) + a~2)/(£72*x"2
L+ 2xexf*x + e72), X)

~

Sympy [F]

dz

/(a+bcoth_1(c+dx))2d =/(a+bacoth(c—l—dac))2
(e+ fz)? (e + fz)?

Lintegrate((a+b*acoth(d*x+c))**2/(f*x+e)**2,x)
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Output‘ Integral((a + bkacoth(c + d*x))#**2/(e + £*x)**2, x)

Maxima [F]

/ (a+becoth™ (c+ dx))2 _ / (barcoth (dz + ) + a)® i

(e + fz)? (fz +e)?

input‘integrate((a+b*arccoth(d*x+c))“2/(f*x+e)*2,x, algorithm="maxima")

(d*(log(d*x + c + 1)/(d*e*f - (c + 1)*f72) - log(d*x + c - 1)/(d*exf - (c
- 1)*£72) - 2xlog(f*x + e)/(d"2%e”2 - 2xc*d*exf + (c”2 - 1)*£f72)) - 2*arcc
oth(d*x + c)/(£f72*%x + e*f))*axb - 1/4xb"2*(log(d*x + c + 1)72/(£72*x + ex*f
) + integrate(-((d*f*x + cxf + f)*log(d*x + c - 1)72 + 2x(d*f*x + d*e - (d
xf*xx + cxf + f)*log(d*x + c - 1))*log(d*x + c + 1))/(d*£"3*x"3 + c*e"2xf +
e"2+f + (2xdxexf”2 + cxf73 + £73)*x72 + (dxe"2*%f + 2xcke*xf"2 + 2xexf”2)*x
), X)) - a”2/(£72*x + exf)

output

Giac [F]

/ (a+beoth™ (c+ da:))2 _ / (barcoth (dz + ¢) + a)’ i

(e+ fx)? (fac+e)2

inputLintegrate((a+b*arccoth(d*x+c))“2/(f*x+e)‘2,x, algorithm="giac")

-

outputLintegrate((b*arccoth(d*x +c) + a)"2/(f*x + e)~2, x)

| —
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Mupad [F(-1)]

Timed out.
/ (a+bcoth‘1(c+dx))2 o / (a+bacoth(c+dx))2 .
(e+ fx)? (e + fz)?
input Lint((a + bxacoth(c + d*x))"2/(e + f*x)~2,x)

output Lint((a + b*acoth(c + d*x))~2/(e + f*x)~2, x)

Reduce [F]

beoth ™ (c + dz))”
/ (a + bco (c+ x)) dz = too large to display

(e + fz)?

input Lint ((at+b*acoth(d*x+c)) "2/ (fxx+e) ~2,x)
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( - acoth(c + d*x)**2xb**2xc**xd*xe*xf**3 + 2xacoth(c + d*x)**2xb**2xc**x3*xd*e
*x2kf**x2 — acoth(c + dkx)**x2kb**2kxck*2*xd*x*x2ke*x*x3*f — acoth(c + d*x)**2*b*x*
2k Ck*2*xd**x2kexx2xfxx2kx + 2kacoth(c + d*x)**2xbxx2kckk2kexf**3 + 2+acoth(c
+ d*x) **2%b*x*2kckd**3ke*x*3*xf*x — 2*%acoth(c + d*x)*x*2kbkx2kckdke*x*2*xf*x*2
acoth(c + d*x)**2xbxkx2kd**4d*e**4*x + acoth(c + d*xx)*kk2kbkx*2*xd**2*e*x*3*f
acoth(c + d*x)**2xbkkx2kd**2ke**2*xf**x2xx — acoth(c + d*x) **2¥b**2kexf**3
2*xacoth(c + d#*x)*axbkcxk4d*xfxxd*kx — 4dracoth(c + d*x)*axbkck*3xdke*f**x3*x
4xacoth(c + d*x)*axbkc**x2xf**4dxx + 4xacoth(c + d*x)*arbkckd**3kex*k3*xfxx +
4xacoth(c + d*x)*axbxckxdxexf**x3*xx — 2%acoth(c + d*x)*axbkxdkkxdkekxkdkx + 2%
acoth(c + dxx)*axb*f**d*x + 2xacoth(c + d*x)*bk*2*kck*2kd*kexf**x3xx — 4*acot
h(c + d*x)*b**2xckxd**x2ke*x*x2*xf**x2%x + 2%acoth(c + d*x)*b**x2%d**3ke*x*3kf*x —
2*xacoth(c + d#*x)x*b**2xdke*f**x3*x + 2*int((acoth(c + d*x)*x)/(ck*d*ex*x2*f*
*¥2 + 2%ckk4xkexfx*k3%kx + Ckk4kfhkk4dkx*k%k2 + 2kxCk*k3kdkex*k2*kf*x*x2kx + 4*kck*xk3kd*xex*
Thkk3kxkk2 + 2%kCkkIkdkf*kk4kxk*k3 — ChkkDkd*kkQkex*k4 — 2kck*k2kd**k2kex*k3kfkx + 2
kCkkQkdkk2kekfhkk3kxk*k3 + CkkQkdkkDkfkk4kxkk4d — 22kck*k2kekkQkf*x%k2 — 4kck*k2ke
xTkk3kx — 2kCkkQkfkk4kxkk2 — 2kckd**k3kexk4kx — 4kckdk*k3kekk3kfkx*k*k2 — 2%C*
A*xk3kexk2kfkkDkxk*k3 — 2kckdkekk2kfx*k2kx — 4kckdkexfxk3kxkk2 — 2kckd*xfkk4kxx
*%3 — dkk4kekkdxxkk2 — 2kdxk4kekk3Ikfhkx*kk3 — dkk4kexk2kfkkDkxkkd + d*xk2kekxx
4 + 2%d*kx2xkex*k3kfkx — 2kd*x*k2kekfkk3kx*kk3 — dkkQkfxkk4kxkk4d + e*k*x2xfx%x2 + 2%
exfxk3%x + frx*kdxx*k*x2),x)*b**x2kck*B6xdke**2xf**6 + 2*%int((acoth(c + d*xx)*...

output
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3.33 [(e+ fz)? (a+beoth™ (c + d:c))3 dx

Optimal result . . . . . . . . . . . . e 287
Mathematica [C] (warning: unable to verify) . . . . .. ... ... ... .. ...
Rubi [A] (verified) . . . .. . . ... .. 234
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L. 236
Fricas [F] . . . . . o o 287
Sympy [F] . . o 287
Maxima [F] . . . . . . 287l
Giac [F] . . . . o o 288
Mupad [F(-1)] . . . oo 289

Reduce [F] . . . . o o 289
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Optimal result

Integrand size = 20, antiderivative size = 546

/(e + fz)? (a + beoth™ (¢ + dx))’ dz

_ab’f'z  Bfc+dr)coth™ (c+dz) bf*(a+ beoth™* (¢ + dz))’

d2? d3 2d3

3bf(de — cf) (a+ beoth™(c + dz))’
+ pB
N 3bf(de — cf)(c+ dz) (a+ beoth ™" (c + dav))2

B

bf2(c + dz)? (a + beoth™ (¢ + dx))’

_|_
2d3
(de — cf) (d%€* — 2cdef + (3 + ¢2) f?) (a+ beoth ™' (c + d:r))3
3Bf

(3d2€2 — 6edef + (14 3¢2) f2) (a + beoth™ (¢ + dz))°

+
3d3

(e + f)3 (a + beoth ™ (c + dz))°

+
3f

65”f (de — cf) (a + beoth™" (¢ + dr)) log (=25)
_ 5

b(3d%€? — 6edef + (1+3¢%) f2) (a + beoth™ (¢ + d)) *log (=2)
_ =

b f2log (1 — (c + dx)?) B 363 f(de — cf) PolyLog (2, —1<tdz)

2d3 a?

b*(3d%e? — 6cdef + (1 + 3c?) £2) (a + beoth™ (c + dz)) PolyLog (2,1 — —2—)

_ =

b3(3d2e* — 6cdef + (1 + 3¢?) f2) PolyLog (3,1
* 2

B 1—02—d:c)
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axb~2xf ~2xx/d~2+b"3*f 2% (d*x+c) *arccoth (d*x+c) /d~3-1/2%b*f ~2* (a+b*arccoth(
d*x+c) ) ~2/d"3+3*bxf* (—c*f+d*e) * (a+b*arccoth (d*x+c) ) ~2/d"3+3*bxf* (—c*f+d*e)
* (d*x+c) * (a+b*arccoth (d*x+c)) ~2/d~3+1/2xbxf~2* (d*x+c) ~2* (a+b*arccoth (d*x+c
))~2/d"3-1/3% (—c*f+d*e) * (d"2xe"2-2*xcxd*e*xf+(c~2+3) *f~2) * (a+b*arccoth (d*x+c
))~3/d"3/£+1/3*%(3*d"2*e " 2-6*kc*d*xexf+(3xc"2+1) *f~2) * (a+b*arccoth (d*x+c)) "3/
d"3+1/3* (f*x+e) “3* (a+b*arccoth(d*x+c) ) “3/f-6*xb~2*f* (-c*f+d*e) * (a+b*arccoth
(d*x+c))*1n(2/ (-d*x—c+1)) /d"3-b* (3*d"2*e~2-6*c*dxe*f+(3*xc~2+1) *f~2) * (a+b*a
rccoth(d*x+c)) ~2%1n(2/ (-d*x-c+1))/d~3+1/2%b~3*f ~2*1n (1- (d*x+c) ~2) /d~3-3*b"
3*f*x (-cxf+d*e) *polylog(2,-(d*x+c+1)/(-d*x-c+1))/d"3-b"2%(3*d"2*e~2-6*c*d*e
*f+(3%c™2+1) *£72) * (at+b*arccoth(d*x+c) ) *polylog(2,1-2/(-d*x-c+1)) /d"3+1/2%b
“3% (3*%d"2%e"2-6*ckd*e*xf+(3*xc”2+1) *f£~2) *polylog(3,1-2/(-d*x-c+1))/d"3

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 8.79 (sec) , antiderivative size = 2574, normalized size of antiderivative = 4.71

/(e + fz)? (a+beoth ' (c+ ala:))3 dx = Result too large to show

input Integrate[(e + f*x)~2+(a + b*ArcCoth[c + d*x])~3,x]
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(a”2*(a*d"2xe”2 + 3xbxd*exf - 2%bkcxf~2)*x)/d"2 + (a~2xfx(2%a*xdxe + b*f)*x
~2)/(2%d) + (a~3%f72%xx"3)/3 + a"2%bxx*(3%xe”2 + 3kexfxx + f~2xx"2)*ArcCoth[
c + dxx] + ((3*a”2%b*d~2%e"2 - 3*a”~2%bkcxd"2xe”2 + 3*a~2kbxd*exf - 6%a~2%Db
*ckd*exf + 3xa”2xbkc 2*dkexf + a"2xb*f"2 - 3%a"2xbkcxf"2 + 3ka"2%bxcT2xf"2
- a~2xbxc~3*f"2)*Log[1l - c - d*x])/(2*xd"3) + ((3*%a~2*b*d~2*e”2 + 3%a~2%bx
cxd"2xe”2 - 3*a”2xbkxdke*f - 6%a"2xbxckxdxexf - 3*a"2%bkc 2*d*exf + a~2xb*xf”
2 + 3%a"2kbkcxf"2 + 3%a"2kbxcT2+#f72 + a~2+bxc"3*xf"2)*Log[l + c + d*x])/(2*
d"3) - (6*xaxb~2xexfx(1 - (c + d*x)~2)*(((c + d*x)*ArcCoth[c + d*x])/d"2 -
(c*(c + d*x)*ArcCoth[c + d*x]~2)/d"2 + ((c + d*x)"2*%(1 - (c + d*x)~(-2))*A
rcCoth[c + d*x]~2)/(2*d"2) - Log[1/((c + d*x)*Sqrt[1l - (c + d*x)~(-2)1)]1/4
"2 + (2%c*(ArcCoth[c + d*x]~2/2 + ArcCoth[c + d*x]*Log[l - E~(-2*ArcCoth[c
+ d*x])] - PolyLog[2, E~(-2*ArcCoth[c + d*x])1/2))/d"2))/((c + d*xx)~2x(1
- (c + d*x)"(-2))) + (3*a*b"2xe"2*(1 - (c + d*x)~2)*(ArcCoth[c + d*x]*(Arc
Coth[c + d*x] - (c + d*x)*ArcCoth[c + d*x] + 2*xLog[l - E~(-2%ArcCoth[c + d
*x])]) - PolyLogl[2, E~(-2*%ArcCoth[c + d*x])]))/(d*(c + d*x)~2*x(1 - (c + d*
x)7(-2))) + (b"3*%e”2%(1 - (c + d*x)~2)*(ArcCoth[c + d*x]~2*(ArcCoth[c + d*
x] - (c + d*x)*ArcCoth[c + d*x] + 3*Log[l - E~(-2xArcCoth[c + d*x])]) - 3%
ArcCoth[c + d*x]*PolyLogl[2, E~(-2*ArcCoth[c + d*x])] - (3*PolyLog[3, E~(-2
*ArcCoth[c + d*x])1)/2))/(d*(c + d*x)~2%(1 - (c + d*x)~(-2))) - (b~3*exfx*(
1 - (c + d*x)~2)*(ArcCoth[c + d*x]*(-3*ArcCoth[c + d*x] + 2*c*ArcCothlc...

output

Rubi [A] (verified)

Time = 1.20 (sec) , antiderivative size = 533, normalized size of antiderivative = 0.98,

number of rules _ 900, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6662, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + beoth ! (c + dac))3 dx
| 6662
<d (e— %) +f(c+dx)) : (a+bcoth™! (c+dz)) 3

J e d(c+ dz)
d

l27
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[(de — cf + f(c+dz))? (a+ beoth ™ (c + dw))3 d(c + dx)
B3
| 6481

e—c 2e2 _2c
(f (ctdz)—cf-+de)? (a+bcoth* (ctdz)) bf<_(“+“0@+bwﬂf4@+¢ﬂffﬂ‘3“&*#NG+MDW‘W0HM»%V+(wnGl2

3f f
43

l 2009

b| bf((3¢2+1) f2—6cdef+3d%e?) PolyL (2 1—#)( beoth™! (c+d ))—M
(f(c+dz)—cf+de)3(a+bcoth_1(c+dm))3 c“+ cdef+3d“e olyLog|(2,1———5.57 | (a+bco ctdx

3f

input \VInt[(e + fxx)~"2%(a + b*ArcCoth[c + d*x])~3,x]

(((d*xe - cxf + fx(c + d*x))~3%(a + b*ArcCoth[c + d*x])~3)/(3%f) - (b*x(-(ax
b*f~3*(c + d*x)) - b~2*%f"3*(c + d*x)*ArcCoth[c + d*x] + (£f73*(a + b*ArcCot
hlc + d*x])~2)/2 - 3*f"2x(d*e - c*f)*(a + bxArcCothl[c + d*x])~2 - 3*f~2*x(d
*e - cxf)*x(c + d*x)*(a + bkArcCoth[c + d*x])"2 - (£73*(c + d*x)"2*(a + b*A
rcCoth[c + d*x])~2)/2 + ((d*e - cxf)*(d"2*%e”2 — 2*ckd*xexf + (3 + c~2)*f"2)
*(a + bxArcCoth[c + d*x])~3)/(3*%b) - (£f*x(3*d"2*%e”2 - 6*ckd*exf + (1 + 3*c~
2)*f~2)*(a + bxArcCoth[c + d*x])~3)/(3%b) + 6*bxf~2%(d*e - cxf)*(a + bxArc
Coth[c + d*x])*Logl[2/(1 - c - d*x)] + £*(3*%d"2*%e"2 - B*cxdxexf + (1 + 3*c~
2)x£72)*(a + b*ArcCoth[c + d*x])~2*Log[2/(1 - c - d*x)] - (b~2xf~3*Log[1 -
(c + d*x)"2])/2 + 3*b~2xf~2x(d*xe - c*f)*PolyLog[2, -((1 + c + d*x)/(1 - ¢
- d*x))] + b*xf*(3*d"2*e"2 - 6xckxdxexf + (1 + 3*c~2)*f~2)*(a + bxArcCoth[c
+ d*x])*PolyLogl[2, 1 - 2/(1 - ¢ - d*x)] - (b"2*fx(3*d"2%e"2 - 6xc*d*xexf +
(1 + 3%xc™2)*£72)*PolyLogl[3, 1 - 2/(1 - ¢ - d*x)])/2))/£)/d"3

output
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Defintions of rubi rules used

rule 27 ‘

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

e

rule 2009 k

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

~—

rule 6481

Int[((a_.) + ArcCoth[(c_.)*(x_)]1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [b*c*(p/(ex(q + 1)))  Int[ExpandIntegrand[(a + b*ArcCoth[c*x])~(p - 1
), (d+ e*xx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

rule 6662 ‘

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*x(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(

‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + f*(x/d)) "m*x(a + b*

Time = 26.44 (sec) , antiderivative size = 8597, normalized size of antiderivative =

-

input

output L

ArcCoth[x])"p, x]1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, £, m}, x] && IG
tQlp, 0]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

15.75
method result size
derivativedivides | Expression too large to display | 8597
default Expression too large to display | 8597
parts Expression too large to display | 8610

Lint ((£*x+e) ~2* (a+b*arccoth (d*x+c))~3,x,method=_ RETURNVERBOSE)

-/

result too large to display
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Fricas [F]

/(e + fz)? (a+beoth ' (c + d:v))3 dx = / (fz + €)?(barcoth (dz + ¢) + a)® dz

input‘integrate((f*x+e)"2*(a+b*arccoth(d*x+c))"3,x, algorithm="fricas")

Output‘integral(a‘3*f‘2*x“2 + 2*xa”3*e*xfxx + a~3*%e”2 + (b "3*f"2xx"2 + 2%b"3kexf*x
‘+ b~ 3*e”"2) *arccoth(d*x + c¢)~3 + 3*x(a*b™2*f 2+%x"2 + 2*axb~2xexf*xx + a*b”~2*e
\‘2)*arccoth(d*x + ¢)72 + 3x(a”2%b*xf"2%x"2 + 2*xa”2¥bxexf*x + a~2xbk*e”2)*arc
‘coth(d*x +c), x)

Sympy [F]

/(e + fz)? (a+ beoth ™ (c + dx))’ dz = / (a + bacoth (¢ + dx))* (e + fx)? dx

p
input Lintegrate ((f*x+e) **2% (a+b*acoth (d*x+c)) **3,x)

- >

output LIntegral((a + b*acoth(c + d*x))**3%(e + f*x)*x2, x)

Maxima [F]

/(e + fz)? (a + beoth ' (c + doc))3 dr = / (fz + €)*(barcoth (dz + ¢) + a)® dz

inputLintegrate((f*x+e)A2*(a+b*arccoth(d*x+c))A3,x, algorithm="maxima")
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output

1/3*%a~3*f"2*%x"3 + a"3kexf*x"2 + 3/2%(2*x"2*arccoth(d*x + c) + d*(2*x/d"2 -
(c7™2 + 2xc + 1)*log(d*x + c + 1)/d"3 + (c”2 - 2xc + 1)*log(d*x + c - 1)/d
~3))*a~2xbxexf + 1/2%(2*x"3*arccoth(d*x + c) + d*((d*x"2 - 4x*c*x)/d"3 + (c
3 + 3*%c”2 + 3%c + 1)*log(d*x + c + 1)/d"4 - (c”3 - 3*%c™2 + 3%c - 1)*log(d
*x + ¢ - 1)/d74))*a"2*%b*f"2 + a~3*e”"2kx + 3/2*%(2*%(d*x + c)*arccoth(d*x + c
) + log(-(d*x + c)~2 + 1))*a"2xbxe”2/d + 1/24*((b~3*d~3*f~2*x"3 + 3*%b~3*d"~
3*xexf*x"2 + 3*b"3*kd"3*e”"2*x + (c"3*f"2 + 3*kd"2xe”2 - 3x(d*exf - £72)*c"2 -
3xdxexf + 3x(d"2%e”2 - 2kd*exf + £72)*c + £72)*b"3)*log(d*x + ¢ + 1)73 +
3x (2%axb~2xd"3*f"2*%x"3 + (6*a*b~2*d"3*e*f + b 3*d"2*f"2)*x"2 + 2% (3*xaxb~2*
d"3*%e”2 + (3*d"2xe*xf — 2xc*kd*f"2)*b"3)*x - (b~3*d"3*f"2*x"3 + 3*¥b"3*d"3xe*
f*xx~2 + 3xb"3*d"3*%e"2*x + (c"3*%f"2 - 3xd"2*e"2 - 3k (dxexf + f~2)*xc"2 - 3*d
xexf + 3x(d"2xe”2 + 2xdxexf + £72)xc - £72)*b"3)*log(d*x + ¢ - 1))*log(d*x
+ c + 1)72)/d"3 + integrate(-1/8*((b~3*xd"3*f"2*x"3 + (2*%d~3*exf + cxd~2*f
"2 + d72xf72)*b"3*%x"2 + (d73%e”2 + 2kxckxd"2kexf + 2%d"2%e*f)*b"3*x + (cxd”"2
*e"2 + d72*%e”2)*b"3)*log(d*x + c - 1)73 - 6*%(a*xb”2%d"3*f"2*x"3 + (2*d"3*ex
f + cxd"2+£72 + d72*f72)*xa*b"2*xx"2 + (d"3*e”2 + 2xckd"2xexf + 2xd"2¥exf)*a
*b~"2%x + (c*xd"2%e”2 + d"2%e”2)*a*b"2)*log(d*x + c - 1)72 + (4*axb~2xd"3*f"
2%x73 + 2x(6*a*xb~2*d"3xe*xf + b"3*d"2*xf"2)*x"2 - 3*(b"3*d"3*f"2*x"3 + (2*d”
3xexf + cxd"2+f"2 + A72+f72)*#b"3*x"2 + (d"3*e”2 + 2kckd"2%e*xf + 24d"2kexf)
*b~3*x + (c*d"2xe”~2 + d"2xe"2)*b~3)*log(d*x + ¢ - 1)72 + 4*(3*a*xb~2xd"3...

Giac [F]

/(e + fz)? (a + beoth ' (c + dx))3 dr = / (fz + €)*(barcoth (dz + ¢) + a)® dz

inputt

integrate ((f*x+e) “2*(atb*arccoth(d*x+c))~3,x, algorithm="giac")

-

outputt

integrate((f*x + e) 2x(b*arccoth(d*x + c) + a)~3, x)

| —
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Mupad [F(-1)]

Timed out.

/(e + fz)? (a + beoth ™' (c + dac))3 dr = /(e + fz)? (a + bacoth(c + dz))* dx

inputtint((e + f*x)~2%(a + bkacoth(c + d*x))~3,x)

Outputtint((e + f*x)~2%(a + b*acoth(c + d*x))~3, x)

Reduce [F]

/(e + fz)? (a +beoth ' (c + da:))3 dz = Too large to display

input Lint ((f*x+e) 2% (a+bkacoth(d*x+c))"3,x)
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( - 4xacoth(c + d*x)*x3*b**x3*c**x3*%f**x2 + 6*acoth(c + d*x)**3xb¥*x3xc**x2xd*e
*f + 4xacoth(c + d*x)**3*b**3*xckxf*x*x2 + 6xacoth(c + d*x)**3xbk*x3kdk*k3ke**kk
X + 6*acoth(c + d*x)**x3xbx*x3kd*k*k3*ke*f*x**2 + 2xacoth(c + d*x)**3*¥b**3*d**3
*fxx2xx*x*3 — Bkacoth(c + d*x)**3xbxx3xdxexf — 12*%acoth(c + d*x)**2kaxbkx*x2x*
cxx3xf*xx2 + 18*%acoth(c + d*x)**2xaxbxx2xcx*x2kdke*xf + 12*acoth(c + d*xx)**x2*
axbx*x2*xckxf**2 + 18*acoth(c + dkx)**x2ka*xbx*x2kd**3xe**2xx + 18*acoth(c + d*x
) k*2ka*b*k2kd*k*k3ke*f*kx*k*x2 + B6*xacoth(c + d*x)*k*2kaxbk*x2kd*k*3*kf**x2kx*x*3 — 18
*acoth(c + d*x)**k2*axbk*2+xdxexf - 3kacoth(c + d*x)**2xb*x*3kckk2kf**x2 + 12%
acoth(c + d*x)**2xbx*x3kckd*f**2%x — 18*acoth(c + d*x)*k2kbk*3kd**2ke*xf*x -
3xacoth(c + d*x)**x2xb*x3*xd**x2*f**x2*x**2 + 3*acoth(c + d*x)**2xb*x*k3xf**2 +
6xacoth(c + d*x)*a*x*2xbkc**x3*%f**2 — 18%acoth(c + d*x)*ax*2kbxckx*2xd*exf +
18*acoth(c + d*x)*ax*kx2*bxckx*2+f**x2 + 18kacoth(c + d*x)*ax*x2kbkckdk*2*xe*x*2
- 36*acoth(c + dxx)*ax*2kbkxckd*e*xf + 18*acoth(c + dkx)*akx*2*bkc*f**2 + 18
*acoth(c + d*x)*akx*2*xb*d**3*e*x*x2xx + 18*acoth(c + d*x)*a**2xbxd*x*x3kexf*xxk*
2 + 6*acoth(c + d*xx)*axk2kbxd**3*f**2*x**x3 + 18*acoth(c + d*x)*a**2*b*xd**2
xex*2 — 18*acoth(c + d*x)*ax*2*xbxdxe*f + 6kacoth(c + d*x)*axx2*xb*xf**2 + 30
*acoth(c + d*x)*a*xb*x2kc**2xf**2 — 36*acoth(c + d*x)*akxb**2xckd*exf + 24x*a
coth(c + d*x)*axb**2xckd*f**x2xx + 36*acoth(c + d*x)*axbkx*2xcxf**2 — 36+*aco
th(c + d*x)*axb**x2xd*x*2*e*xf*x - 6*acoth(c + d*x)*axb**x2kd**2*f**2kx**2 - 3
6xacoth(c + d*x)*axb**x2*d*exf + 6*acoth(c + d*xx)*axbx*k2xf+*2 + 6*acoth(...

output
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3.34 [(e+ fz) (a+ beoth™(c+ dzc))3 dx

Optimal result . . . . . . . . . . . . e 291]
Mathematica [C] (verified) . . . . . . . . .. ... L 2921
Rubi [A] (verified) . . . . . . . . . .
Maple [C] (warning: unable to verify) . . . . . . . .. ... ... L.
Fricas [F] . . . . . o o
Sympy [F] . . . o 2961
Maxima [F] . . . . . . 2961
Giac [F] . . o o 297l
Mupad [F(-1)] . . . oo
Reduce [F] . . . . . 298]

Optimal result

Integrand size = 18, antiderivative size = 326

/(e + fz) (a+ beoth ™ (c+ dx))’ d

_ 3bf(a+bcoth™(c+ dr))” N 3bf(c + dz) (a + beoth ™ (c + da))

2d? 2d?
(de — cf) (a+beoth™ (c + d:l:))3
+ 2
(d%€? — 2cdef + (1 +c2) f?) (a+bceoth™ ' (c + dx))3
20 f
N (e+ fz)* (a+bcoth ' (c+ dx))3 _ 3v2f(a+beoth™'(c + dz)) log (=2)
2f d?
_ 3b(de — cf) (a+bcoth™ (c+ da:))2 log (=27) B 3b? f PolyLog (2, —1tetdr)
d? 242
B 3b?*(de — cf) (a + beoth™"(c + dz)) PolyLog (2,1 — —2—)
2

3b*(de — cf) PolyLog (3,1 — ﬁ)
+ 202
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3/2*bxf* (a+b*xarccoth(d*x+c) ) ~2/d"~2+3/2xb*f* (d*x+c) * (a+tb*arccoth(d*x+c)) "2/
d"2+(-cxf+d*e) * (a+b*arccoth (d*x+c)) ~3/d"2-1/2* (d"2xe"2-2*c*xd*exf+(c™2+1) *f
~2)*(a+b*arccoth(d*x+c)) ~3/d"2/f+1/2x (fxx+e) “2* (a+b*arccoth(d*x+c)) ~3/£f-3*
b~ 2xf* (a+b*arccoth (d*x+c) ) *1n(2/ (-d*x-c+1)) /d"2-3*b* (—cxf+d*e) * (a+b*arccot
h(d*x+c)) "2*1n(2/(-d*x-c+1))/d"2-3/2*b~3*f*polylog(2,-(d*x+c+1) / (-d*x-c+1)
) /d~2-3*b~2* (-cxf+d*e) * (a+b*arccoth (d*x+c) ) *polylog(2,1-2/ (-d*x-c+1))/d~2+
3/2xb~3* (-c*f+d*e) *polylog(3,1-2/(-d*x-c+1))/d"2

output

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 3.58 (sec) , antiderivative size = 600, normalized size of antiderivative = 1.84

/(e + fz) (a+beoth ™' (c + dz))3 dx

2a%(2ade + 3bf — 2acf)(c + dz) + 2a®f(c + dx)? — 6a%b(c + dz)(cf — d(2e + fx)) coth™ (c + dx) + 3

input Integrate[(e + fxx)*(a + b*ArcCoth[c + d*x])~3,x]
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(2%a~2x (2%axd*e + 3xb*xf - 2kaxc*f)*(c + d*x) + 2%a~3*fx(c + d*x)~2 - 6%a”2
*bk(c + d*x)*(cxf - d*(2%e + f*xx))*ArcCoth[c + d*x] + 3*a~2%b*(2*d*e + f -
2xcxf)*xLog[l - ¢ - d*x] + 3*a~2%b*(2+d*e - (1 + 2*c)*f)*Logl[l + c + d*x]
+ 12*axb”2xf*((c + d*x)*ArcCoth[c + d*x] + ((-1 + (c + d=*x)~2)*ArcCoth[c +
d*x]~2)/2 - Logl[1/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)]1)]) + 12%a*xb~2*d*e*(
ArcCoth[c + d*x]*((-1 + c + d*x)*ArcCoth[c + d*x] - 2xLog[l - E~(-2*ArcCot
h[c + d*x])]) + PolyLogl[2, E~(-2%ArcCoth[c + d*x])]) - 12*%axb~2*c*f*(ArcCo
thlc + d*x]*((-1 + c + d*x)*ArcCoth[c + d*x] - 2xLog[l - E~(-2*ArcCoth[c +
d*x])]) + PolyLog[2, E~(-2*ArcCoth[c + d*x])]) + 2*b~3*f*(ArcCoth[c + d*x
1%(3*%(-1 + c + d*x)*ArcCoth[c + d*x] + (-1 + c72 + 2xckd*x + d~2%x"2)*ArcC
oth[c + d*x]~2 - 6%Log[l - E~(-2xArcCoth[c + d*x])]) + 3*PolyLog[2, E~(-2*
ArcCoth[c + d*x])]) + 4*b~3%d*ex((-1/8*%I)*Pi~3 + ArcCoth[c + d*x]~3 + (c +
d*x)*ArcCoth[c + d*x]~3 - 3*ArcCoth[c + d*x] 2xLog[l - E~(2xArcCoth[c + d
*x])] - 3*ArcCoth[c + d*x]*PolyLog[2, E~(2*ArcCoth[c + d*x])] + (3*PolyLog
[3, E"(2%ArcCothl[c + d*x])])/2) - 4xb~3*cxf*((-1/8*I)*Pi~3 + ArcCoth[c + d
*x] "3 + (c + d*x)*ArcCoth[c + d*x]~3 - 3%ArcCoth[c + d*x]~2xLog[l - E~(2xA
rcCoth[c + d*x])] - 3*ArcCoth[c + d*x]*PolyLog[2, E~(2*ArcCoth[c + d*x])]

+ (3*PolyLogl[3, E~(2*ArcCothl[c + d*x])]1)/2))/(4%d"2)

output

\

Rubi [A] (verified)

Time = 0.91 (sec) , antiderivative size = 324, normalized size of antiderivative = 0.99,

number of rules _ 0.222, Rules
integrand size

number of steps used = 5, number of rules used = 4,
used = {6662, 27, 6481, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz) (a+beoth™(c+ da:))3 dz

| 6662
e—¢<f c+dx) ) (a+bcoth™ " (c+dx 3
[ (d< d)+f( +d ))d( theoth™ (etdz)) d(c+ dx)
d

| 27

[(de — cf + f(c+dz)) (a+beoth™'(c + dzz;))3 d(c+ dx)
a2
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| 6481
2e2 _2cdfe+(c2 2 e—cf)(ct+dx a+bcoth™1(c 9:2
(f(c+da) —cf+de)? (a+bcoth™ (c+dw)) 3bf<(d e?—2cdfe+(c?+1) f +2€(j(c+$§2+d )) (a+bcoth ™ (c+dx)) —fz(a+bcoth_1(c+dz))2>¢
C L )—C € a CO C X
d2
| 2009
((c2+1)f2—20def+dze2) (a+b coth_l(c-!—dac))3 2
(f (c+da)—cf+de)? (a+bcoth™* (c+da))® 3b< * +2b (de—cf) PolyLog (21— =iz ) (a+beo
2f -

inputtlnt[(e + f*x)*(a + bxArcCoth[c + d*x])"3,x] J

( Y

(((d*e - c*f + f*x(c + d*x))~2x(a + bxArcCoth[c + d*x])~3)/(2*xf) - (3*b*(-(
£f72x(a + bxArcCoth[c + d*x])~2) - £72*(c + d*x)*(a + b*ArcCothl[c + d*x])~2
- (2xfx(d*e - c*f)*(a + b*ArcCothlc + d*x])~3)/(3%b) + ((d"2%e”2 - 2xc*d*
exf + (1 + c"2)*f"2)*(a + bxArcCothl[c + d*x])~3)/(3*b) + 2xb*xf~2*(a + b*Ar
cCothlc + d*x])*Log[2/(1 - ¢ - d*x)] + 2xf*(d*e - c*f)*(a + b*ArcCoth[c +
d*x])~2xLog[2/(1 - ¢ - d*x)] + b~ 2xf~2*PolyLogl[2, -((1 + ¢ + d*x)/(1 - ¢ -
d*x))] + 2*b*f*(d*e - cxf)*(a + bxArcCoth[c + d*x])*PolyLogl[2, 1 - 2/(1 -
c - d*x)] - b~2xf*(d*e - cxf)*PolyLogl[3, 1 - 2/(1 - ¢ - d*x)]1))/(2*£f)) /4"
2

output

Defintions of rubi rules used

rule 27‘Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘
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rule 6481

Int[((a_.) + ArcCoth[(c_.)*(x_)I1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCoth[c*x]) p/(ex(q + 1))), x] -
Simp [bxcx(p/(ex(q + 1))) Int [ExpandIntegrand[(a + bxArcCoth[c*x])~(p - 1
), (d + e*xx)"(q + 1)/(1 - c™2%x~2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] &% IntegerQ[q]l && NeQ[q, -1]

rule 6662

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)]*(b_.)) (p_.)*((e_.) + (£_.)*(x_))"(

m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + bx

ArcCoth[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IG
tQ[p, 0]

Time = 6.74 (sec) , antiderivative size = 7658, normalized size of antiderivative = 23.49

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

~—  /

method result size
parts Expression too large to display | 7658
derivativedivides | Expression too large to display | 7664
default Expression too large to display | 7664
input Lint ((f*x+e)*(a+b*arccoth(d*x+c)) ~3,x,method=_RETURNVERBOSE)
output Lresult too large to display
Fricas [F]

-

input t

/(e + fz) (a + beoth™ (¢ + dx))’ dz = / (fz + e)(barcoth (dz + ¢) + a)® dx

integrate ((f*x+e)*(atb*arccoth(d*x+c))~3,x, algorithm="fricas")

~—
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‘integral(a“3*f*x + a"3%e + (b™3xf*x + b~3*e)*arccoth(d*x + c)~3 + 3*(a*b™2 ‘
‘*f*x + axb~2xe)*arccoth(d*x + c)~2 + 3*x(a~2xbxf*x + a~2xb*e)*arccoth(d*x +

‘ c), x) ‘

output

Sympy [F]

/(e + fz) (a+beoth ' (c + dx))3 dx = /(a + bacoth (¢ + dz))® (e + fz) dx

input Lintegrate ((£*x+e) * (a+b*acoth (d*x+c) ) **3,x) J

-

tIntegral((a + b*acoth(c + d*x))**3%(e + f*x), x)

e—

output

Maxima [F]

/(e + fz) (a + beoth™ (¢ + dx))’ dz = / (fz + e)(barcoth (dz + ¢) + a)® dx

input tintegrate ((f*x+e)* (atb*arccoth(d*x+c))~3,x, algorithm="maxima") J
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1/2xa”~3*f*x"2 + 3/4%(2*x"2xarccoth(d*x + c) + d*(2*x/d"2 - (c™2 + 2%c + 1)
xlog(d*x + ¢ + 1)/d"3 + (c”2 - 2%c + 1)xlog(d*x + c - 1)/d"3))*a"2*b*xf + a
“3%exx + 3/2%(2x(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)~2 + 1))*a~2*b*
e/d + 1/16%((b"3*xd"2*f*x"2 + 2xb~3*d"2*xe*x - (c™2*f - 2*(d*e - f)*c - 2xd*
e + £)*b~3)*log(d*x + c + 1)73 + 3*(2*axb~2*xd"2xf*x"2 + 2% (2*a*b~2*d"2*e +
b~ 3*d*f)*x — (b~3*%d"2*f*x"2 + 2%b~3*%d"2*exx — (c”2*f - 2x(d*e + f)*c + 2%
dxe + f)*b"3)*log(d*x + c - 1))*log(d*x + c + 1)72)/d"2 + integrate(-1/8*(
(b73*%d"2xf*x"2 + (d"2%e + ckd*f + d*f)*b"3*x + (c*d*e + dxe)*b~3)*log(d*x

+ ¢ - 1)73 - 6x(axb™2xd"2*f*x"2 + (d"2%e + cxd*f + dxf)*axb~2xx + (c*xd*e +
d*e)*axb~2)*log(d*x + c - 1)72 + 3%(2%axb”~2%d"2*f*x"2 - (b~3*d"2*f*x"2 +

(d"2%e + cxd*f + d*f)*b~3xx + (cxd*e + dxe)*b~3)*log(d*x + c - 1)72 + 2*(2
*a*xb~2*d"2%e + b"3xd*f)*x + (4*(c*d*e + dxe)*a*xb”2 + (c™2%f - 2x(d*e + f)x*
c + 2kdxe + f)*b”3 + (4*axb™2xd"2*xf - b~3*d"2*f)*x"2 - 2% (b"3*d"2%e - 2*(d
“2%e + cxd*f + d*xf)*a*b"2)*x)*log(d*x + c - 1))*log(d*x + c + 1))/(d"2*x +
ckd + d), x)

output

Giac [F]

/(e + fz) (a+bcoth™ (c + dx))3 dr = / (fz + €)(barcoth (dz + ¢) + a)® dz

inputLintegrate((f*X+e)*(a+b*arccoth(d*x+c))*3,x, algorithm="giac")

p

Outputlintegrate((f*x + e)x(b*arccoth(d*x + c) + a)~3, x)

~—

Mupad [F(-1)]

Timed out.

/(e + fz) (a+ beoth™ (¢ + dx))’ dz = /(e + fz) (a+ bacoth(c + dx))’ dz

inputLint((e + fxx)*(a + bxacoth(c + d*x))~3,x)

Output\ int((e + f*x)*(a + b¥acoth(c + d*x))"3, x)
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Reduce [F]

/(e + fz) (a+beoth ™' (c + dz‘))3 dx

( | it da) Ba f - 6( [ it do) B + acoth(dz + ©)° e f — acoth(dz + ¢)° b,

input ‘\int((f*x+e)*(a+b*acoth(d*x+c)) 3,x%) /

(acoth(c + d*x)**k3*xbk*3kc**x2*f + 2*kacoth(c + d*x)**3xb**x3*d**2*e*xx + acoth
(c + d*x)**3*bx*k3kd**x2kf*x**2 — acoth(c + d*x)**3*b*x*x3*f + 3*kacoth(c + d*x
) xx2xaxbkk2kck*2+%f + 6*acoth(c + d*xx)**k2kaxb**2+d**2%exx + 3*xacoth(c + d*x
) xx2kaxbkk2kdk*2*¢fxx**%2 — 3xacoth(c + d*x)**2*a*xb*x*x2xf — 3*xacoth(c + d*x)*
*2xbx*x3xd*xfxx — 3kacoth(c + d*x)*ax*x2xbxcx*x2xf + 6*acoth(c + d*x)*ax*x2xb*c
*dxe - 6xacoth(c + d*xx)*a*x*x2xbkcxf + 6*acoth(c + d*x)*a*x*2xbkxd**2xe*xx + 3%
acoth(c + d*x)*ax*x2*xbxd*k*2+f*x*k*2 + 6kacoth(c + d*x)*ax*x2*bxdxe - 3*acoth(
Cc + d*x)*a*x*2xbxf - 6xacoth(c + d*x)*axbx*2*cxf — 6*acoth(c + d*x)*axb**2*
d*f*x - 6*acoth(c + d*x)*a*bx*2xf + 12xint((acoth(c + d*x)*x)/(c*x*2 + 2xc*
d*x + d**2xxk*k2 - 1),x)*axb**2xckd**2xf - 12xint ((acoth(c + d*x)*x)/(c**2
+ 2%cxd*x + dk*2xxk*k2 - 1),x)*axb**x2xd*x*3%e + 6%int((acoth(c + d*x)*x)/(c*
*2 + 2kckd*x + dkx2kxx*x*2 - 1),x)*b**3kd*xx2xf + 6xint((acoth(c + d*x)**2%x)
/(c**2 + 2xckd*xx + d*x*2kx**2 - 1) ,x)*b**3xckd**x2xf - 6xint((acoth(c + d*x)
*x2%x) / (ck*2 + 2kckd*x + dx*k2xx**2 — 1) ,x)*b**3*xd**3*e + 6xlog(c + d*x - 1
) *ax*2xbkcxf - 6xlog(c + d*x - 1)*a**x2xbxdxe + 6xlog(c + d*x - 1)*axb**2x*f
+ 2xakk3kd*kkke*x + akk3kd*¥kkf*x*k*k2 — 3kax*kxbxd*f*x)/(2*xd**2)

output
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3.35 [ (a+bcoth™(c+ d:c))3 dz

Optimal result . . . . . . . . . . . . e 299
Mathematica [C] (verified) . . . . . . . . .. ... L 3001
Rubi [A] (verified) . . . .. . . ... .. 300
Maple [B] (verified) . . . . . . . . . ..
Fricas [F] . . . . . o o
Sympy [F] . . o 304
Maxima [F] . . . . . .
Giac [F] . . . . o o 305
Mupad [F(-1)] . . . oo
Reduce [F] . . . . o o 305

Optimal result

Integrand size = 12, antiderivative size = 132

(a+bcoth™ ' (c+ dgv))3

/ (a+beoth™'(c+ dx))3 dx =

d

(c+da) (a+beoth™ (c + da))”
+ d

3h(a + booth ™ e+ da))log (-2
B d

3b?(a + beoth™'(c + dz)) PolyLog (2,1 — =2)
o d

3b% PolyLog (3, 1- ﬁ)
+ 2d

p

output‘(a+b*arCC°th(d*X+°))A3/d+(d*x+c)*(a+b*arCCOth(d*X+c))‘3/d—3*b*(a+b*arccoth
‘(d*x+c))‘2*1n(2/(—d*x—c+1))/d—3*b‘2*(a+b*arccoth(d*x+c))*polylog(2,1—2/(—d
L*x—c+1))/d+3/2*b‘3*polylog(3,1—2/(-d*x—c+1))/d

~
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.23 (sec) , antiderivative size = 208, normalized size of antiderivative = 1.58

/ (a+becoth™ (c+ dx))3 dz

2a°(c + dzx) 4 6ab(c + dz) coth™ (c + dx) + 3a2blog (1 — (c + dx)?) + 6ab? (coth_l(c + dz) ((—1 +c

r

| —

fnput LIntegrate [(a + bxArcCoth[c + d*x])~3,x]

(2%a~3*%(c + d*x) + 6%a~2*xbx(c + d*x)*ArcCoth[c + d*x] + 3*a~2*bxLog[l - (c
+ d*x)~2] + 6%a*b~2x(ArcCoth[c + d*x]*((-1 + c + d*x)*ArcCoth[c + d*x] -
2xLog[1 - E~(-2%ArcCoth[c + d*x])]) + PolyLogl[2, E~(-2%ArcCoth[c + d*x])])
+ 2xb~3*((-1/8*I)*Pi~3 + ArcCoth[c + d*x]~3 + (c + d*x)*ArcCoth[c + d*x]~
3 - 3xArcCoth[c + d*x]~2xLog[l - E~(2xArcCoth[c + d*x])] - 3*ArcCoth[c + 4
*x]*PolyLog[2, E~(2*%ArcCoth[c + d*x])] + (3*PolyLog[3, E~(2*ArcCoth[c + d*

x1)1)/2))/(2xd)

output

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 130, normalized size of antiderivative = 0.98,

number of rules _ 50, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6654, 6437, 6547, 6471, 6621, 7164}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a+bcoth™ (c+ dx))3 dz

l 6654

[ (a+becoth™ (c+ dac))3 d(c+ dz)
d

l 6437




CHAPTER 3. LISTING OF INTEGRALS 301

— 2
(c+dz) (a+bcoth™(c + da:))3 -3bf (ctda) (altb((;fsz)lz(chdx)) d(c+ dzx)

d
J’6547

aco_lcz2 aco_lcms
(c+dx) (a+bcoth_1(c—i-dm))3 —3b<f (atb _z}ldx(d_d ) d(c+dz) — (ath thgb( +da)) )

d
l.6471

a+bcoth™(c+dz)) log( —2— - 3
(c+dz) (a+bcoth™(c+ d:n))3 —3b <—Zb i (atboot i_-’-(c:;x)f(cm“) d(c+dz) — (a+bwth3b1(c+dm)) + log

d
l 6621

PolyLog(2,1—- —2—
(c+dz) (a+bcoth™(c + dalc))3 —3b <—2b (ébf hd °f£(c+d;)°;d’”+1> d(c + dz) — 1 PolyLog <2, 1-— _c%‘lzﬂ)

d

l 7164

(c+dz) (a+ beoth™t(c + dac))3 - 3b(—2b(}1bPolyLog <3, 1- _C%W) — 1 PolyLog (2, 1- ﬁ) (a+b
d

-

LInt [(a + bxArcCoth[c + d*x])~3,x]

| —

input

e B

((c + d*x)*(a + b*ArcCoth[c + d*x])~3 - 3*b*(-1/3*%(a + b*ArcCoth[c + d*x])
\"3/b + (a + bxArcCoth[c + d*x]) 2*Logl[2/(1 - c - d*x)] - 2*bx(-1/2*((a + b \
‘*ArcCoth[c + d*x])*PolyLogl[2, 1 - 2/(1 - ¢ - d*x)]1) + (b*PolyLog[3, 1 - 2/

L(l - ¢ - d*x)1)/4)))/d J

output
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Defintions of rubi rules used

rule 6437 Int[((a_.) + ArcCoth[(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol]l :> Simp[x*(a

+ b*ArcCoth[c*x"n]) "p, x] - Simp[b*c*n*p Int[x"n*((a + bxArcCoth[c*x"n])
“(p - 1)/(1 - c”2%x~(2*n))), x], x] /; FreeQ[{a, b, c, n}, x] && IGtQ[p, O]
&& (EqQ[n, 11 Il EqQlp, 11)

rule 6471 Int[((a_.) + ArcCoth[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x_)), x_Symbol
1 :> Simp[(-(a + bxArcCoth[c*x]) “p)*(Logl[2/(1 + ex(x/d))]/e), x] + Simpl[bxc
*(p/e) Int[(a + b*ArcCoth[c*x])~(p - 1)*(Logl2/(1 + ex(x/d))]1/(1 - c™2%x~
2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] &% EqQ[c™2xd"2 - e~2
, 0]

rule 6547 IntL(((@_.) + ArcCoth[(c_.)*(x_)1*(b_.))~(p_.)*(x_))/((d)) + (e_.)*(x)"2),
x_Symbol] :> Simp[(a + b*ArcCoth[c*x])~(p + 1)/(b*ex(p + 1)), x] + Simp[1/
(cxd) Int[(a + b*ArcCothlc*x])"p/(1 - c*x), x], x] /; FreeQl[{a, b, c, d,
e}, x] && EqQ[c~2*d + e, 0] && IGtQ[p, O]

rule 6621 Tnt[(Loglu_1*((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))"(p_.))/((d)) + (e_.)*(x))"
2), x_Symbol] :> Simp[(-(a + bxArcCoth[c*x]) p)*(PolyLogl[2, 1 - ul/(2%*c*d))
, x] + Simp[b*(p/2) Int[(a + b*ArcCoth[c*x])~(p - 1)*(PolyLogl[2, 1 - ul/(
d + e*xx"2)), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2xd
+ e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))"2, 0]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)J*(b_.))"(p_.), x_Symbol] :> Simp[1/d
Subst[Int[(a + b*ArcCoth[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
}, x] && 1GtQ[p, O]

rule 6654

rule 7164 Int[(u_)*PolyLogln_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[wl] /; FreeQ[n, x]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 371 vs. 2(130) = 260.

Time = 1.01 (sec) , antiderivative size = 372, normalized size of antiderivative = 2.82

method result
dz+c)a3+b3 | arccoth(dz+c)® (dz+c—1)+2 arccoth(dz+c)® —3 arccoth(dz+c)? In | 1+ 1 —6 arccoth(dz+
dztc—1
T+C—
derivativedivides doter]
(dz+c)a®+b3 (arccoth(da:+c)3(dac+c—1)+2 arccoth(dz+c)3 —3 arccoth(dz+c)? In <1+ y :_ - ) —6 arccoth(dz+
L1+ C—
d
default et
b3 | arccoth(dz+-c)3(dz+c—1)+2 arccoth(dz+c)®—3 arccoth(dz+c)? In | 1+ L —6 arccoth(dz+c
dotc—1
T+C—
d 1
parts adr + ret
. int ((a+b*arccoth(d*x+c)) ~3,x,method=_RETURNVERBOSE)
input -

1/d*((d*x+c) *a~3+b~3* (arccoth(d*x+c) “3* (d*x+c-1)+2*arccoth(d*x+c) “3-3*arcc
oth(d*x+c) "2x1n(1+1/ ((d*x+c-1)/(d*x+c+1))~(1/2))-6*arccoth(d*x+c) *polylog(
2,-1/((d*x+c-1)/ (d*x+c+1) )~ (1/2) ) +6*polylog(3,-1/ ((d*x+c-1) / (d*x+c+1))~(1/
2))-3*arccoth(d*x+c) ~2*1n(1-1/((d*x+c-1)/(d*x+c+1))~(1/2))-6*arccoth(d*x+c
)*polylog(2,1/((d*x+c-1)/(d*x+c+1))~(1/2))+6%polylog(3,1/((d*x+c-1)/(d*x+c
+1))7(1/2)))+3*axb~2* (arccoth (d*x+c) ~2* (d*x+c-1) +2*arccoth (d*x+c) “2-2*arcc
oth(d*x+c)*1n(1-1/((d*x+c-1)/(d*x+c+1))~(1/2))-2*polylog(2,1/((d*x+c-1)/(d
*xx+c+1))~(1/2) ) -2*arccoth(d*x+c) *1n(1+1/ ((d*x+c-1) / (d*x+c+1))~(1/2) ) -2*pol
ylog(2,-1/((d*x+c-1)/(d*x+c+1))~(1/2)))+3*a”~2xb* ((d*x+c)*arccoth(d*x+c)+1/
2x1n ((d*x+c)~2-1)))

output

Fricas [F]

/ (a+bcoth™ (c+ d:v))3 dx = / (barcoth (dz + c) + a)® d

jnputtintegrate((a+b*arccoth(d*x+c))‘3,x, algorithm="fricas") J
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‘integral(b“3*arccoth(d*x + ¢)~3 + 3xaxb~2*arccoth(d*x + c)~2 + 3*a”2x*bxarc

output
Lcoth(d*x + c) + a”3, x) J

Sympy [F]
/ (a+bcoth™'(c+ d:v))3 dx = / (a + bacoth (c + dz))® dz
inputLintegrate((a+b*acoth(d*x+c))**3,x) J
outputtlntegral((a + bracoth(c + d*x))**3, x) J
Maxima [F]
/ (a+bcoth™ (c+ dac))3 dx = / (barcoth (dz + ¢) + a)® dz
input Lintegrate ((atb*arccoth(d*x+c))~3,x, algorithm="maxima") J

a~3xx + 3/2x(2x(d*x + c)*arccoth(d*x + c) + log(-(d*x + c)~2 + 1))*a~2*b/d
+ 1/8%((b~3*d*x + b~3*(c + 1))*log(d*x + c + 1)73 + 3*(2xa*b~2*d*x - (b~3
*d*x + b~3*(c - 1))*log(d*x + c - 1))*log(d*x + c + 1)72)/d + integrate(-1
/8% ((b~3*d*x + b~3*(c + 1))*log(d*x + c - 1)73 - 6*(axb™2*d*x + a*b™2x(c +
1))*log(d*x + c - 1)72 + 3*(4*axb~2xd*x - (b~3*d*x + b~3*(c + 1))*log(d*x
+ ¢ - 1)72 + 2x(2xaxb”2*%(c + 1) - b"3*(c - 1) + (2*%a*b~2xd - b~3xd)*x)*1lo
g(d*x + ¢ - 1))*log(d*x + ¢ + 1))/(d*x + c + 1), x)

output
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Giac [F]

/ (a+bcoth ' (c+ dx))3 dx = / (barcoth (dz + ¢) + a)® dz

input ‘ integrate ((a+b*arccoth(d*x+c))~3,x, algorithm="giac") ‘

outputtintegrate((b*arccoth(d*x +c) +a)°3, x) J

Mupad [F(-1)]

Timed out.
/ (a+becoth™ (c+ dﬂc))3 dr = / (a + bacoth(c + d )’ dz
input Lint((a + b*acoth(c + d*x))~3,x) J
output Lint((a + b*acoth(c + d#*x))~3, x) J
Reduce [F]

/ (a+beoth™'(c+ dx))3 dx

acoth(dz + ¢)® ¥dz + 3acoth(dz + ¢)* ab?dx + 3acoth(dz + c) a®be + 3acoth(dz + c) a®bdx + 3acoth(d
d

input Lint ((atb*acoth(d*x+c))~3,x) J
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(acoth(c + d*xx)**3*b**3xd*x + 3*acoth(c + d*x)**2*xa*xbx*2xd*x + 3*acoth(c +
d*x)*a*x*2*bxc + 3*acoth(c + d*x)*a**2xbkxd*x + 3*acoth(c + d*x)*a**2+%b - 6
*int ((acoth(c + d*x)*x)/(c**2 + 2kc*d*xx + d*x*2kx**2 - 1),x)*axbk*x2*xd**x2 -
3*int ((acoth(c + d*x)**2%x)/(c**2 + 2kckxd*x + d*x*x2*xx**2 — 1) ,x)*b**3kd**2
- 3*log(c + d*x - 1)*a**2*%b + a**3*d*x)/d

output
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3.36 f (a+b coth_l(c+dx))3 da

e+fx
Optimal result . . . . . . . . . . . . . . e
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . . . 3091
Maple [C] (warning: unable to verify) . . . . . . . ... ... ... ... BTl
Fricas [F] . . . . . o o e
Sympy [F] . . .
Maxima [F] . . . . . . 313
Giac [F] . . . o o 313l
Mupad [F(-1)] . . . oo B14
Reduce [F] . . . . . o B14

Optimal result

Integrand size = 20, antiderivative size = 308

/ (a+becoth™ (c+ dx))3

x
e+ fx
(a+beoth™ (c+ dx))3 log (724)
f
. 3 2d(e+fa
. (a + bcoth™ (c+ dx)) log ((de—i— f—t(:f)(l—i-)c—i-dm))
_ 2
N 3b(a + beoth™ (¢ + dz))” PolyLog (2,1 — 24)
2f
1 2 2d(e+fx
- 3b(a + beoth™ (¢ + dz))” PolyLog (2, 1-— (de+f_£f)(1+)c+dw))
2f
N 3b*(a + beoth™ (¢ + dz)) PolyLog (3,1 — —25)
2f
—1 2d(e+fz
~ 3b?(a + beoth™ (¢ + dz)) PolyLog (3, 1- (de+f_£f)(1£c+dx)>
2f
3 2d(e+fx)
. 3b° PolyLog (4,1 — 7 25;) 30" PolyLog (4> 1- (de+f—cf)(1+c+dz)>

4f 4f
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-(at+b*arccoth(d*x+c)) “3*1n(2/ (d*x+c+1)) /f+(a+b*arccoth(d*x+c) ) ~“3*1n (2*d* (£
xx+e) / (~cxf+d*e+f) / (d*x+c+1) ) /£+3/2*b* (a+b*arccoth (d*x+c) ) "2*polylog(2,1-2
/ (d*x+c+1)) /£-3/2*%b* (a+b*arccoth(d*x+c) ) "2*polylog(2,1-2xd* (f*x+e) / (-c*xf+d
xe+f) / (d*x+c+1) ) /£+3/2%b~ 2% (atb*arccoth(d*x+c) ) *polylog(3,1-2/ (d*x+c+1)) /f
-3/2%b~2* (atb*arccoth(d*x+c))*polylog(3,1-2xd* (f*x+e) / (-cxf+d*e+f) / (d*x+c+
1))/£+3/4%b"3*polylog(4,1-2/(d*x+c+1)) /£-3/4*b~3*polylog(4,1-2xd* (f*xx+e) /(
—ckf+dxe+f) / (d*x+c+1))/f

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 22.97 (sec) , antiderivative size = 3317, normalized size of antiderivative =
10.77

beoth™ (¢ + dz))’
/ (@ + beoth™ (c + dz)) dz = Result too large to show

e+ fx

inputtlntegrate[(a + b*ArcCoth[c + d*x])~3/(e + f*x),x]
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(a~3xLogle + f*x])/f + 3%a~2+bx(((ArcCoth[c + d*x] - ArcTanh[c + d*x])*Log
[e + £xx])/f - (I*(I*ArcTanh[c + d*x]*(-Logl[1/Sqrt[1 - (c + d*x)~2]] + Log
[I*Sinh[ArcTanh[(d*e - c*f)/f] + ArcTanh[c + d*x]]]) + ((-I)*(I*ArcTanh[(d
xe - c*f)/f] + IkArcTanh[c + d*x])~2 - (I/4)*(Pi - (2*I)*ArcTanh[c + d*x])
~2 + 2% (I*ArcTanh[(d*e - c*f)/f] + IxArcTanh[c + d*x])*Logl[l - E~((2*I)*(I
xArcTanh[(d*e - c*f)/f] + I*ArcTanh[c + d*x]))] + (Pi - (2*I)*ArcTanh[c +
d*x])*Log[1 - E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))] - (Pi - (2*I)*ArcTanhl[c
+ d*x])*Log[2#Sin[(Pi - (2*I)*ArcTanh[c + d*x])/2]] - 2*(I*ArcTanh[(d*e -
cxf)/f] + IxArcTanh[c + d#*x])*Log[(2*I)*Sinh[ArcTanh[(d*e - c*f)/f] + Arc
Tanh[c + d*x]]] - I*PolyLog[2, E~((2+I)*(I*ArcTanh[(d*e - c*f)/f] + IxArcT
anh[c + d*x]))] - IxPolyLogl[2, E~(I*(Pi - (2*I)*ArcTanh[c + d*x]))]1)/2))/f
) - (3xaxb”~2*(d*e - cxf + f*x(c + d*x))*(1 - (c + d*x)~2)*(-1/24*(I*fxPi~3
- 8xd*e*xArcCoth[c + d*x]~3 - 8*fxArcCoth[c + d*x]~3 + 8xc*f*ArcCoth[c + d*
x] "3 + 24xfxArcCoth[c + d*x]~2*Log[l - E~(2*ArcCoth[c + d*x])] + 24*f*ArcC
oth[c + d*x]*PolyLog[2, E~(2%ArcCoth[c + d*x])] - 12*f*PolyLog[3, E~(2*Arc
Coth[c + d*x]1)])/£f"2 + ((-(d*e) - £ + c*f)*(-(d*e) + £ + cxf)*(2*d*exArcCo
thlc + d*x]~3 - 6*fxArcCoth[c + d*x]~3 - 2*cxfxArcCoth[c + d*x]~3 - (4*d*e
*Sqrt [(d72xe”2 - 2xcxdxexf + (-1 + c~2)*£72)/(d*e - c*xf) 2]*ArcCoth[c + d*
x]"3)/E"ArcTanh[f/(d*e - c*f)] + (4*cxf*Sqrt[(d~2xe”2 - 2xcxd*exf + (-1 +

c~2)*£72)/(d*e - cxf) 2]*ArcCoth[c + d*x]~3)/E"ArcTanh[f/(d*e - c*f)] +...

output

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 344, normalized size of antiderivative = 1.12,

number of rules _ 150, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {6662, 27, 6477}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

(a-+—bcoth_'1(c-+-dx))3
/) e+ fz

l 6662

f d(a+bcoth™! (c+dm))3
d (e— %) +f(ct+dzx)
d

127

d(c+ dx)
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beoth™ (¢ + dz))°
/(a+ coth™'(c + dz)) dc + dz)
fle+dz) —cf +de
| 6477
3b%(a + bcoth™ (c + dz)) PolyLog (3, 1— égﬁ;ﬁ%{éﬁiﬂ))
_ T
3b2 PolyLog (3, 1- ﬁ) (a+ beoth™t(c + dz))
2f

— 2 e—c c+dz
3b(a + beoth™!(c + dz))” PolyLog (2, 1— (ng_cff;'){c(jLZiJr)i))
2f

— 3 2(f(c+dx)—cf+de
(a+beoth™(c+dz))" log ((c_'_(gx(+1)(lcf+de+)f))

3bPolyLog (2, 1- c—i—d++1> (a +beoth~Y(c + dx))Q log (ﬁ) (a +beoth™t(c + da;))3

2f f
33 PolyLog (4, 1 — 2lde—cftS(ctda)) ) 3b3 PolyLog (4, 1- 2 +1)
+

(de—cf+f)(ct+dz+1)

4f Af

input \rInt [(a + bxArcCoth[c + d*x])~3/(e + f*x),x]

-(((a + b*ArcCoth[c + d*x])~3*Log[2/(1 + c + d*x)])/f) + ((a + b*ArcCothl[c

+ d*x])"3xLog[(2*(d*e - cxf + f*(c + d*x)))/((d*e + £ - c*f)*(1 + c + d*x
N1)/f + (3%¥bx(a + bxArcCoth[c + d*x]) 2+PolyLog[2, 1 - 2/(1 + c + d*x)])/
(2%f) - (3*b*(a + b*ArcCoth[c + d*x])~2*PolyLogl[2, 1 - (2x(d*e - c*f + fx(
c + d*x)))/((d*e + £ - cxf)*(1 + c + d*x))])/(2%f) + (3*b~2*(a + b*ArcCoth
[c + d*x])*PolyLogl[3, 1 - 2/(1 + c + d*x)])/(2%f) - (3*b~2x(a + b*ArcCoth[
c + d*x])*PolyLogl[3, 1 - (2+(d*e - cxf + f*x(c + d*x)))/((d*e + £ - cxf)*(1
+ c + d*x))])/(2%f) + (3*b~3*PolyLogl4, 1 - 2/(1 + c + d*x)])/(4*f) - (3«
b~3*PolyLogl[4, 1 - (2x(d*e - c*f + fx(c + d*x)))/((d*e + f - c*xf)*(1 + c +
d*x))1)/(4%£)

output




rule 27

rule 6477

rule 6662

input

CHAPTER 3. LISTING OF INTEGRALS 311

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + ArcCoth[(c_.)*(x_)]*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
Simp[(-(a + b*ArcCoth[c*x])~3)*(Log[2/(1 + c*x)]/e), x] + (Simp[(a + b*Arc
Coth[c*x]) ~3*(Log[2*c*((d + e*x)/((c*d + e)*(1 + c*x)))]/e), x] + Simp[3*bx*
(a + bxArcCoth[c*x]) "2*(PolyLog[2, 1 - 2/(1 + c*x)]1/(2%e)), x] - Simp[3*b*(
a + bxArcCoth[c*x]) 2% (PolyLog[2, 1 - 2*c*((d + e*x)/((c*d + e)*(1 + c*x)))
1/(2%e)), x] + Simp[3*b~2*(a + bxArcCoth[c*x])*(PolyLogl[3, 1 - 2/(1 + c*x)]
/(2xe)), x] - Simp[3*b~2x(a + b*ArcCoth[c*x])*(PolyLogl[3, 1 - 2xc*x((d + exx
)/ ((c*xd + e)*(1 + c*x)))]1/(2xe)), x] + Simp[3*b~3*(PolyLogl4, 1 - 2/(1 + c*
x)]1/(4%e)), x] - Simp[3*b~3*(PolyLogl[4, 1 - 2%c*((d + e*x)/((c*d + e)*x(1 +
c*x)))]/(4*e)), x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[c"2*d"2 - e~2, 0]

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + f*(x/d)) m*(a + b*
ArcCoth[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, m}, x] && IG
tQ[p, 0]

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 13.08 (sec) , antiderivative size = 3250, normalized size of antiderivative =
10.55

method result size

derivativedivides | Expression too large to display | 3250
default Expression too large to display | 3250
parts Expression too large to display | 3419

.
int ((a+b*arccoth(d*x+c)) ~3/(f*x+e) ,x,method=_RETURNVERBOSE)

N\




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 312

1/d* (a~3*d*1n(cxf-d*e-f* (d*x+c))/f-b~3*d* (-1n(c*f-d*e-f* (d*x+c) ) /f*arccoth
(d*x+c) ~3-3/f*(-1/3%arccoth(d*x+c) ~3*1n(f*xc* ((d*xx+c+1)/ (d*x+c-1)-1)+(-(d*x
+c+1) / (d*x+c-1)+1) *exd+ (- (d*x+c+1) / (d*x+c-1)-1) *£)+1/6*I*Pikcsgn (I* (£xc* ((
d*x+c+1) /(d*x+c-1)-1)+(-(d*x+c+1) / (d*x+c-1)+1) xe*d+ (- (d*x+c+1) / (d*x+c-1)-1
)*£) / ((d*x+c+1) / (d*x+c-1)-1) ) * (csgn (I* (f*c*k ((d*x+c+1) / (d*x+c-1)-1)+ (- (d*x+
c+1)/ (d*x+c-1)+1) xe*xd+ (- (d*x+c+1) / (d*x+c-1)-1) *f) ) *csgn (I/ ((d*x+c+1) / (d*x+
c-1)-1))-csgn(I* (£*c* ((d*x+c+1)/ (d*x+c-1)-1)+(-(d*x+c+1) / (d*x+c-1) +1) xe*xd+
(- (d*x+c+1)/(d*x+c-1)-1) *£) / ((d*x+c+1) / (d*x+c-1)-1) ) *csgn(I/ ((d*x+c+1) / (d*
x+c-1)-1) ) -csgn(I*(f*cx ((d*x+c+1)/(d*x+c-1)-1)+ (- (d*x+c+1) / (d*x+c-1) +1) *ex*
d+(-(d*x+c+1)/ (d*x+c-1)-1) *f) ) *csgn (I* (£xc* ((d*x+c+1) / (d*x+c-1)-1) + (- (d*x+
c+1)/ (d*x+c-1)+1) *e*xd+ (- (d*x+c+1) / (d*x+c-1)-1) *f) / ((d*x+c+1) / (d*x+c-1)-1))
+csgn (Ix (f*xc* ((d*x+c+l) / (d*x+c-1) -1) + (- (d*x+c+1) / (d*x+c-1) +1) *e*d+ (- (d*x+c
+1) / (d*x+c-1)-1) *£f) / ((d*x+c+1) / (d*x+c-1)-1) ) "2) *arccoth (d*x+c) “3+1/3*arcco
th (d*x+c) “3*1n((d*x+c+1)/(d*x+c-1)-1)-1/3*arccoth(d*x+c) “3*1n(1+1/ ((d*x+c-
1)/ (d*x+c+1))~(1/2)) -arccoth(d*x+c) “2*polylog(2,-1/ ((d*x+c-1)/(d*x+c+1)) ~(
1/2))+2*arccoth(d*x+c)*polylog(3,-1/((d*x+c-1)/(d*x+c+1))~(1/2))-2*polylog
(4,-1/((d*x+c-1) / (d*x+c+1) )~ (1/2))-1/3%arccoth (d*x+c) “3*1n(1-1/ ((d*x+c-1)/
(d*x+c+1))~(1/2))-arccoth(d*x+c) “2*polylog(2,1/ ((d*x+c-1)/(d*x+c+1))~(1/2)
)+2*arccoth (d*x+c) *polylog(3,1/ ((d*x+c-1)/(d*x+c+1))~(1/2))-2*polylog(4,1/
((d*x+c-1)/(d*x+c+1))~(1/2))+1/3*f*c/ (cxf-d*e-f) *arccoth(d*x+c) “3*1n(1-...

Fricas [F]

dx

(a+bcoth_1(c+da:))3d [ (barcoth (dz + ¢) + a)’
/ e+ fz / fz+e

Lintegrate((a+b*arccoth(d*x+c))‘3/(f*x+e),x, algorithm="fricas")

‘integral((b‘3*arccoth(d*x + ¢)73 + 3%a*b~2*arccoth(d*x + c)~2 + 3*a~2xb*ar
Lccoth(d*x +c) +a"3)/(f*x + e), x)

*\1
J




CHAPTER 3. LISTING OF INTEGRALS

313

Sympy [F]

beoth™ (¢ + dz))’ 3
/(a-l— coth™ (¢ + dz)) dx:/(a+bacoth(c+da;)) i

e+ fr e+ fz

-

input Lintegrate ((a+b*acoth (d*x+c) ) **3/ (£*x+e) ,X)

—

Outputtlntegral((a + bkacoth(c + d*x))**3/(e + f*x), x)

Maxima [F]

/(a+bcoth‘1(c—|—dx))3d /(barcoth(dx+c)—|-a)3 )

inputLintegrate((a+b*arccoth(d*x+c))‘3/(f*x+e),x, algorithm="maxima")

output

+ 1))/ (f*x + e), x)

‘a‘B*log(f*x + e)/f + integrate(1/8xb~3*(log(1/(d*x + c) + 1) - log(-1/(d*x
‘ +c) + 1))73/(f*x + e) + 3/4*axb~2x(log(1/(d*x + c) + 1) - log(-1/(d*x +
‘C) + 1))72/(f*x + e) + 3/2*aA2*b*(log(1/(d*x +¢c) +1) - 10g(‘1/(d*X + ¢)

Giac [F]

/(a+bcoth—1(c—|—dz))3d /(barcoth(dx+c)+a)3 ’

€+f.'L' fx-l_e

inputLintegrate((a+b*arccoth(d*x+c))‘3/(f*x+e),x, algorithm="giac")

output Lintegrate((b*arccoth(d*x +c) + a)~3/(f*xx + e), x)
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Mupad [F(-1)]

Timed out.
/ (a -+ bcoth_l(c—i— dx))?’ / (a + bacoth(c+ dx))?’
dz = dx
e+ fiL' e+ f T
inputtint((a + b*acoth(c + d*x))~3/(e + f*x),x) J
ou‘cputtint((a + bxacoth(c + d*x))~3/(e + f*x), x) J
Reduce [F]

/ (a+becoth™ (c+ da;))3

dx
e+ fx
aco L1C aco L1C 3 aco L+C 2
([ =gt o) @by + ([ =2 da) S +3(] SHE o) obf +log(fo +e)
f
input Lint((a+b*acoth(d*x+c))*3/ (f*x+e) ,x) J

Output‘ (3*int(acoth(c + d*x)/(e + f*x),x)*a**2%bxf + int(acoth(c + d*x)**3/(e + f ‘
‘*x),x)*b**S*f + 3*int(acoth(c + d*x)**2/(e + f*x),x)*a*bxx2*f + log(e + fx
‘X)*a**3)/f ‘
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3.37

(a+b coth™1 (c+dz)) 3
f (e+fx)? d

Optimal result . . . . . . . . . . . . .. . e
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ...
Rubi [A] (verified) . . . . . . . . . .

Maple [C] (
Fricas [F]
Sympy [F]

Giac [F] .

Mupad [F(-

Reduce [F]

warning: unable to verify) . . . . .. ... Lo L

D] oo

324
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Optimal result

Integrand size = 20, antiderivative size = 634

beoth™ (¢ + dz))°
/(a—i— coth™(c + dz)) i

(e+ fz)
(a+beoth™(c + dz))° N 3bd(a + beoth™ (¢ + dz))” log (=2--)
fle+ fx) 2f(de + f —cf)
3bd(a +bcoth™ ' (c + clx))2 log (
B 2f(de— (1+c¢)f)
3bd(a + beoth™ (¢ + dz))” log (1324 )
(de+ f —cf)(de—(1+0)f)

3bd(a + beoth™ (c + dz)) ?log ((de+ folijc;L({?chdx))

(de + f —cf)(de — (1L +¢)f)
N 3b2d(a + beoth ' (c + dz)) PolyLog (2,1 — —2—)

1—c—dz
2f(de+ f — cf)

Trerd)

N 3b%d(a + beoth™ (c+ dz)) PolyLog (2,1 — 24)
2f(de—(1+¢)f)
3b%*d(a + beoth ™! (c+ dz)) PolyLog (2,1 — 22)

(de+ f —cf)(de—(1+c¢)f)

-1 2d(e+fx
36%d(a + booth™ (c + dz)) PolyLog (2,1 — Aot

(de+ f—cf)(de—(14+c¢)f)
3b*d PolyLog (3,1 — —2—)  3b*dPolyLog (3,1 —

+

l—c—dzx + 1+c2+dw )
Af(de+ f —cf) 4f(de — (1 +o)f)
2d(e+fx
3b*d PolyLog (3,1 — 23) 3b°d PolyLog (37 1— (de—i—f—((:f)(l—}-)c-i-dx))

T det f—cf)de—(1+0)f) T 20de+ f—cf)(de—(1+9)f)
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-(at+b*arccoth(d*x+c)) ~3/f/ (f*x+e)+3/2+bxd* (a+b*arccoth(d*x+c)) ~2+¥1n(2/ (-d*
x-c+1)) /f/(-cxf+d*e+f)-3/2%b*d* (a+b*arccoth(d*x+c)) ~2x1n(2/ (d*x+c+1))/£/(d
*e—(1+c) *f) +3*b*d* (at+tb*arccoth(d*x+c)) "2*1n(2/ (d*x+c+1) )/ (-cxf+d*e+f) /(d*e
- (1+c) *£f)-3*b*d* (at+b*arccoth(d*x+c) ) "2*1n (2*d* (f*x+e) / (—~cxf+d*e+f) / (d*x+c+
1))/ (~c*f+d*e+f) / (d*e-(1+c) *f) +3/2xb~2*d* (at+b*arccoth(d*x+c) ) *polylog(2,1-
2/ (-d*x-c+1)) /f/ (-cxf+d*e+f)+3/2xb~2*d* (a+b*arccoth(d*x+c) ) *polylog(2,1-2/
(d*x+c+1)) /£/ (d*e- (1+c) *£) -3*%b~2*xd* (atb*arccoth(d*x+c)) *polylog(2,1-2/ (d*x
+c+1))/ (-c*f+dxe+f) / (d*xe- (1+c) *f) +3*%b~2xd* (a+b*arccoth (d*x+c) ) *polylog(2,1
-2xd* (f*x+e) / (-cxf+dxe+f) / (d*x+c+1)) / (-cxf+dxe+f) / (d*e- (1+c)*f)-3/4%b~3*d*
polylog(3,1-2/(-d*x-c+1))/f/(-c*f+d*e+f)+3/4xb~3xd*polylog(3,1-2/ (d*x+c+1)
)/£/ (d*e-(1+c) *£)-3/2xb~3*d*polylog(3,1-2/ (d*x+c+1) )/ (-cxf+d*re+f) /(d*xe- (1+
c)*£)+3/2*%b~3*d*polylog(3,1-2*d* (fxx+e) / (-cxf+dxe+f) / (d*x+c+1) )/ (-cxf+d*e+
£)/(d*e-(1+c)*f)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 13.13 (sec) , antiderivative size = 1945, normalized size of antiderivative = 3.07

/ (a+bcoth™'(c+ dw))3

(et fo)? dx = Too large to display

-

LIntegrate[(a + bxArcCoth[c + d*x])~3/(e + f*x)~2,x]

~—

input
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-(a~3/(fx(e + £*x))) - (3*a~2+b*ArcCoth[c + d*x])/(fx(e + f*x)) + (3*a~2+b
x*d*Log[1l - c - d*x])/(2xf*(-(d*e) - £ + cxf)) - (3*a"2xb*d*Log[l + c + d*x
1)/ (2*%fx(-(d*e) + £ + c*f)) - (3xa~2*bkdxLogle + f*x])/(d"2*e"2 - 2*ckxdxe*
f - £72 + c™2%xf72) + (3*xa*b”2*%(1 - (c + d*x)"2)*(£/Sqrt[1l - (c + d*x)~(-2)
1 + (d*e - cxf)/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)]1))"2*((E”ArcTanh[f/(-(d
*xe) + c*f)]*ArcCothl[c + d*x]~2)/((-(d*e) + c*f)*Sqrt[1 - £72/(d*e - c*f)~2
1) + ArcCothlc + d*x]~2/((c + d*x)*Sqrtl[l - (c + d*x)~(-2)]1*(£f/Sqrt[1 - (c
+ d*x)~(-2)] + (d*e - c*f)/((c + d*x)*Sqrt[1 - (c + d*x)~(-2)]))) + (£*(I
*PixArcCoth[c + d*x] + 2*ArcCoth[c + d*x]*ArcTanh[f/(d*e - c*f)] - I*Pix*Lo
gll + E~(2*ArcCoth[c + d*x])] + 2*ArcCoth[c + d*x]*Logl[l - E~(-2*(ArcCoth[
c + d*x] + ArcTanh[f/(d*e - c*f)]))] - 2xArcTanh[f/(-(d*e) + c*f)]*Log[l -
E~(-2*%(ArcCoth[c + d*x] + ArcTanh[f/(d*e - c*£)]))] + IxPixLog[1/Sqrt[1 -
(c + d*x)~(-2)]] + 2#ArcTanh[f/(-(d*e) + cxf)]*Log[I*Sinh[ArcCoth[c + d*x
] + ArcTanh[f/(d*e - c*f)]]] - PolylLogl[2, E~(-2%(ArcCoth[c + d*x] + ArcTan
h[f/(d*e - c*x£)]1))]1))/(d"2*%e"2 - 2*c*kd*exf + (-1 + c"2)*£72)))/(d*f*(e + £
*x)72) - (b73%(1 - (c + d*x)"2)*(£/Sqrt[l - (c + d*x)~(-2)] + (d*e - cxf)/
((c + d*x)*Sqrt[1 - (c + d*x)~(-2)1))"2x((d*ArcCoth[c + d*x]~3)/(f*(c + d*
x)*3qrt[1 - (c + d*x)~(-2)1*(-(£/Sqrt[1 - (c + d*x)~(-2)]) - (d*e)/((c + d
*x)*Sqrt[1 - (c + d*x)~(-2)]1) + (cxf)/((c + d*x)*Sqrt[1l - (c + d*x)~(-2)])
)) - (dx(2*dxexArcCoth[c + d*x]~3 - 6xf*ArcCoth[c + d*x]"3 - 2*cxf*ArcC...

output

Rubi [A] (verified)

Time = 2.88 (sec) , antiderivative size = 1085, normalized size of antiderivative = 1.71,

number of rules _ 300, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6660, 7292, 6672, 27, 7276, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ (a+beoth™ (c+ d:v))3
(e+ fz)?

l 6660

(a+b coth_l(c+dz))2 _
3bd | e f) (= (crdn)?) 9T B (a+becoth™(c+ dw))3

f fle+ fx)
l 7292
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beoth™! (ct+dx))>
3bd | (e+§:;_;_(—c2;—2d(mcct;2)m)2+l) dzx (a+beoth™(c+ d-’ﬂ))3

f - fle+ fx)
l 6672

d(a+b coth_l(c—i-d:/v))2
3b d(c+d
J (d(e—%>+f(c+dz)>(1—(c+dz)2) (¢ + dz) (a+ beoth™t(c + dat:))3

f fle+ fx)

l 27
a+bcoth™ ! (c+dx 2
3bd | (de—£f+f(c+dx)()(1—(0)3de)2) d(c+dz)  (a+bcoth'(c+dz))’

f fle+ fz)

| 7276
3bd f - a? . 2bcoth~!(c+dz)a _ b2 coth™ ! (c+dzx)? d(
(ct+dz—1)(c+dz+1)(de—cf+f(ct+dzx)) (c+dz—1)(c+dz+1)(de—cf+f(ct+dz)) (c+dz—1)(c+dz+1)(de—cf+f(ct+dz)) |

f
(a+bcoth™ (c+ d:c))3
fle+ fx)
| 2009

3bd _log(—c—dz+1)a? + log(ct+dz+1)a?  flog(de—cf+f(c+dz))a? + beoth™* (c+dz) 10%(%1114_1)“ _ beoth™ (c+dx) 10g(?dza
2(de—cf+f) 2(de—(c+1)f) (de—cf+f)(de—(c+1)f) de—cf+f de—cf—f

(a+becoth™(c+ dx))3
fle+ fz)

-

LInt[(a + bxArcCoth[c + d*x])~3/(e + £*x)~2,x]

\ 4

input
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-((a + b*ArcCoth[c + d*x])~3/(f*(e + f*x))) + (3*b*d*((a*b*ArcCoth[c + d*x
I*Log[2/(1 - ¢ - d*x)])/(d*e + £ - c*f) + (b~2*ArcCoth[c + d*x]~2+Log[2/(1
- ¢c - d*x)])/(2%(d*e + £ - c*f)) - (a"2xLogl[l - c - d*x])/(2x(d*e + £ - ¢
*f)) - (a*bxArcCoth[c + d*x]*Log[2/(1 + c + d*x)])/(d*e — £ - c*xf) + (2*ax
bxfxArcCoth[c + d*x]*Log[2/(1 + ¢ + d*x)])/((d*e + £ - cxf)*(d*e - (1 + c)
*f)) - (b"2*ArcCoth[c + d*x]~2xLog[2/(1 + c + d*x)])/(2x(d*e - f - c*f)) +
(b~2*f*ArcCoth[c + d*x]~2xLog[2/(1 + c + d*x)])/((d*e + £ - c*f)*(d*e - (
1 + c)*f)) + (a~2xLogl[l + c + d*x])/(2x(d*xe - (1 + c)*f)) - (a~2xf*Logld*e
- cxf + fx(c + d*x)])/((d*e + £ - cxf)*x(d*e - (1 + c)*f)) - (2*axb*f*ArcC
oth[c + d*x]*Log[(2*(d*e - c*f + f*x(c + d*x)))/((d*xe + f - cxf)*x(1 + c + d
*x))]1)/((d*e + £ - cxf)*(d*e - (1 + c)*f)) - (b~2*xf*ArcCoth[c + d*x] 2xLog
[(2%(d*e - cxf + f*x(c + d*x)))/((d*e + £ - cxf)*x(1 + c + d*x))])/((d*e + £
- cxf)x(d*e - (1 + c)*f)) + (a*bxPolyLogl[2, -((1 + c + d*x)/(1 - ¢ - d*x)
)1)/(2%(d*e + £ - c*f)) + (b~2*ArcCoth[c + d*x]*PolyLog[2, 1 - 2/(1 - c -
d*x)])/(2x(d*e + £ - cxf)) + (a*b*PolyLogl[2, 1 - 2/(1 + c + d*x)])/(2x(d*e
- f - cxf)) - (axb*fxPolylog[2, 1 - 2/(1 + c + d*x)])/((d*e + £ - cxf)*(d
xe - (1 + c)*f)) + (b"2*%ArcCoth[c + d*x]*PolyLog[2, 1 - 2/(1 + ¢ + d*x)])/
(2x(d*xe - £ - cxf)) - (b"2*fxArcCoth[c + d*x]*PolyLog[2, 1 - 2/(1 + c + d*
x)1)/((d*e + £ - cxf)*(d*e - (1 + c)*f)) + (axb*fxPolyLogl[2, 1 - (2*%(d*e -
cxf + f*x(c + d*x)))/((d*¥e + £ - c*f)*(1 + c + d*x))])/((d*e + £ - cxf)...

output

Defintions of rubi rules used

e

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
‘tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x1]

rule 27

rule 2009 \\,Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 6660 Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_), x_Symbol] :> Simp[(e + f*x)~“(m + 1)*((a + b*ArcCoth[c + dx*x]) p/(£*(m
+ 1))), x] - Simp[b*d*(p/(f*x(m + 1))) Int[(e + f*x)"(m + 1)*((a + b*ArcCo
thlc + d*x])~(p - 1D/(1 - (c + d*x)~2)), x], x] /; FreeQ[{a, b, c, d, e, f}
, x] && IGtQlp, 0] && ILtQ[m, -1]




rule 6672

rule 7276

rule 7292

input
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Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)"(q_.), x_Symbol] :> Simp[1/d Sub
st[Int[((d*e - cxf)/d + £*(x/d)) m*x(-C/d"2 + (C/d"2)*x"2)"q*(a + b*ArcCoth[
x]1)°p, x1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, £, A, B, C, m, p, g}, X
] && EqQ[B*(1 - c~2) + 2xA*cxd, 0] && EqQ[2*c*C - B*d, 0]

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]1}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Int[u_, x_Symbol] :> With[{v = NormalizeIntegrand[u, x]}, Int([v, x] /; v =!
= 11]

Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 13.83 (sec) , antiderivative size = 4101, normalized size of antiderivative = 6.47

method result size
derivativedivides | Expression too large to display | 4101
default Expression too large to display | 4101
parts Expression too large to display | 4252

e

Lint ((at+b*arccoth(d*x+c)) "3/ (f*x+e) ~2,x,method=_RETURNVERBOSE)

~—  /




output

input

output
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1/d*(a~3*d"2/ (c*f-d*e-f*(d*x+c)) /£+b~3*d"2* (1/ (cxf-d*xe-f* (d*x+c) ) /f*arccot
h(d*x+c) ~3+3/f*(-1/(c*f-dxe-f) "2/ (cxf-d*e+f)*f~2*c*arccoth(d*x+c)*polylog(
2, (cxf-d*e-f)/(d*x+c-1) *(d*x+c+1) / (c*xf-d*e+f))-1/2/ (ckf-d*e-f) "2/ (ckxf-d*e+
f)*f*exd*polylog(3, (cxf-d*xe-£f)/(d*x+c-1)*(d*x+c+1)/(ckf-d*e+f))-1/(cxf-d*e
-£)~2/ (cxf-d*e+f) *f"2xc*karccoth (d*x+c) "2*x1n(1- (cxf-d*e-f) / (d*x+c-1) * (d*x+c
+1) / (c*f-d*e+f) )+1/2%I/ (cxf-dxe-£f) / (cxf-dxe+f) *Pixcsgn(I/ ((d*x+c-1)/(d*x+c
+1))7°(1/2)) *csgn (I* (d*x+c+1)/(d*x+c-1)) "2*kcxfxarccoth(d*x+c) "2-1/4*1/ (cxf-
d*e-f)/(cxf-d*e+f)*Pixcsgn(I/((d*x+c+1)/(d*x+c-1)-1))*csgn(I/ (d*x+c-1)*(d*
x+c+1) / ((d*x+c+1) / (d*x+c-1)-1)) “2*d*e*arccoth (d*x+c) ~2-1/4*I/ (cxf-d*xe-£) /(
cxf-dxe+f) *Pixcsgn (I* (d*x+c+1) / (d*x+c-1) ) *csgn(I/ (d*x+c-1)*(d*x+c+1) / ((d*x
+c+1) / (d*x+c-1)-1) ) "2*d*exarccoth (d*x+c) ~2+1/4%1/ (cxf-dxe-f) / (c*f-d*e+f) *P
i*csgn(I/ ((d*x+c+1)/(d*x+c-1)-1))*csgn(I* (d*x+c+1)/(d*x+c-1))*csgn(I/ (d*x+
c-1)*(d*x+c+1) / ((d*x+c+1)/(d*x+c-1)-1)) *f*arccoth (d*x+c) "2+1/4*I/ (c*f-d*e-
f)/(cxf-dxe+f) *Pi*csgn(I/ ((d*x+c+1)/(d*x+c-1)-1))*csgn(I/(d*x+c-1) * (d*x+c+
1)/ ((d*x+c+1)/ (d*x+c-1)-1)) “2*cxf*arccoth(d*x+c) "2+1/4*I1/ (cxf-d*xe-f) / (cxf—
d*e+f)*Pixcsgn(I/((d*x+c-1)/(d*x+c+1))~(1/2)) ~"2*csgn (I*(d*x+c+1)/(d*x+c-1)
) *d*exarccoth(d*x+c) “2-1/2*I/ (cxf-d*e-£f)/(cxf-d*e+f) *Pi*csgn(I/ ((d*x+c-1)/
(d*x+c+1))~(1/2) ) *csgn(I* (d*x+c+1)/(d*x+c-1)) “2*d*e*arccoth(d*x+c) “2-arcco
th(d*x+c) “2xf/ (cxf-d*e-f) / (cxf-d*e+f) *1n(cxf-d*e-f* (d*x+c))-1/2/ (cxf-dxe-£f
)~2/ (cxf-d*xe+f) *f~2*polylog(3, (cxf-d*e-£f)/(d*x+c-1) * (d*x+c+1)/(cxf-dxe+. ..

Fricas [F]

dx

/ (a+beoth™ (c+ da:))3 _ / (barcoth (dz + ¢) + a)°
(e+ fx)? (fz+e)*

‘integrate((a+b*arccoth(d*x+c))“3/(f*x+e)“2,x, algorithm="fricas")

‘integral((b‘3*arccoth(d*x + ¢)~3 + 3*%axb”2xarccoth(d*x + c)~2 + 3*a”2*bx*ar
’ccoth(d*x + ¢c) + a”3)/(£72*%x"2 + 2xexf*x + e72), x)

N

|
|




inputt
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Sympy [F]

dz

/(a+bcoth_1(c+dx))3d =/(a+bacoth(c+dx))3
(e + fz)? (e + fz)?

integrate((atb*acoth(d*x+c))**3/(f*x+e) **2,x)

-

Outputtlntegral((a + b*acoth(c + d*x))**3/(e + f*x)**2, x)

input

output

Maxima [F]

dz

/ (a+bcoth™ (c+ dw))3 o — / (barcoth (dz + c) + a)®
(e+ fx)? B (fz+e)?

integrate((atb*arccoth(d*x+c))~3/(f*x+e)~2,x, algorithm="maxima")

3/2x(d*(log(d*x + c + 1)/(d*exf - (c + 1)*£f72) - log(d*x + c - 1)/(dxexf -
(c - 1)*£72) - 2%log(f*x + e)/(d"2*e”2 - 2*kcxd*exf + (c™2 - 1)*x£f72)) - 2%
arccoth(d*x + c)/(£72*x + exf))*a"2xb - a~3/(£72xx + exf) + 1/8%(((d"2*exf
- ckd*f~2 + d*f72)*b"3*x + (ckd*exf - c”2xf72 + dxexf + £72)*b”3)*log(d*x
+ c + 1)73 - 3x(2x(d"2%e"2 - 2xcxd*exf + c"2*f72 - £f72)*a*b"2 + ((d"2*exf
- cxd*f"2 - d*f72)*b"3*x + (ckxd*exf - c”2*%f"2 - dxexf + £72)*b~3)*log(d*x
+ ¢ - 1))*log(d*x + c + 1)72)/(d"2%e"3*f - 2kcxd*e 2xf~2 + c " 2xe*f"3 - ex
73 + (d"2%e"2*f~2 - 2xckxd*e*xf~3 + c"2*%f"4 - £74)*x) + integrate(-1/8x(((d
“2kexf — cxd*f"2 + dxf£72)*b"3*x + (ckdxexf - cT2+f72 + dkexf + £72)*b"3)*1
og(d*x + ¢ - 1)73 - 6%((d™2%exf - c*d*f~2 + d*f~2)*a*b~2*x + (cxd*exf - c”
2x£72 + dkexf + £72)*a*b~2)*xlog(d*x + c - 1)72 - 3x(4x(d"2xexf - ckxd*f~2 +
d*f~2) *a*b”"2*x + 4*(d"2%e”2 - cxdkexf + dxexf)*a*b”2 + ((d"2xe*f - cxd*f~
2 + d*f"2)*b"3*x + (cxd*exf - c”2*%f~2 + d¥exf + £72)*b"3)*log(d*x + c - 1)
2 + 2% (b7"3%d"2*xf"2xx"2 - 2k (cxd*exf - cT2*f72 + d¥exf + £72)*axb”2 + (c*d
xexf — dxexf)*b”3 - (2%(d"2%exf - ckd*f~2 + d*f~2)*axb"2 - (d"2%exf + c*d*
£72 - d*£72)*b~3)*x)*Llog(d*x + c - 1))*log(d*x + c + 1))/(c*kd*e”3*f - c~2%
e"2+f72 + d*e”3xf + e72+f72 + (d"2*%e*f"3 - ckxd*f"4 + d*xf74)*x"3 + (2*d"2xe
“2xf72 - cxdxexf"3 - c”2xf"4 + 3xdxexf"3 + £ 4)*x"2 + (d"2%e”3*f + c*d*e”2
*f~2 — 2xc"2xe*f~3 + 3xdke 2*%f~2 + 2%exf"3)*x), x)
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Giac [F]

bcoth™ (¢ + dz))” 3
/(a—i— coth™ (¢ + dz)) dx:/(barcoth(dz+c)+a) i

(e+ fx)? (fz + ¢)?

input Lintegrate ((at+b*arccoth(d*x+c)) ~3/(f*x+e)~2,x, algorithm="giac")

output tintegrate((b*arccoth(d*x +¢c) + a)~3/(f*x + e)~2, x)

Mupad [F(-1)]

Timed out.

dz

/(a+bcoth—1(c+dx))3 _ / (a + bacoth(c + dz))°
(e+ fx)? (e+ fa)

input Lint((a + b*acoth(c + d*x))~3/(e + f*x)"2,x%)

output Lint((a + bxacoth(c + d*x))~3/(e + f*x)72, x)

Reduce [F|

beoth™ (¢ + dz))”
/ (a + bco (c+ x)) dx = too large to display

(e+ fx)?

input Lint ((atb*acoth(d*x+c)) "3/ (fxx+e) ~2,x)
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( - 4xacoth(c + d*x)**x3*b*x3*c**x6*xexf**5 + 16%acoth(c + d*x)**3kbx*k3kcx*k5%
dxex*2xf**x4 - 24xacoth(c + d*x)**3xb**3*kck*4*xd*x*x2xex*x3xf**3 - 4*xacoth(c +
d*x) **3%bk*k3kckkbkdk*k2ke**k2kf*x*k4*x + 8kacoth(c + d*x)**3kbkkx3kckkbdkexf*x*x5
+ 16*acoth(c + d*x)**3xbx*x3kckk3kd*k*k3*ke**4*xf**2 + 16*acoth(c + d*x)**3*b**
3kck*k3kd*kk3kekk3Ikfkk3%kx — 24*acoth(c + d*x)**3*b**3*c**3*d*e**2*f**4 - 4%
coth(c + d*x)**x3kb**3kck*2xd*k*kd*xexx5xf — 24*acoth(c + d*x)**x3kb**3kck*2xd*
*4xexk4xfrk2%x + 28*acoth(c + d*x)**k3*¥bxx3kc*k*x2xd**2xex*k3*xf*x*x3 + 4*xacoth(c

+ d*x) **%3kbk*k3kckk2kdk*kDkekkkfxk*k4d*x — 4d*acoth(c + d*xx)**3kbk*k3kck*kDke*xf*
*5 + 16*acoth(c + d*x)**3*b**3*kckd**xExexx5xfxx — 16%acoth(c + d*x)**3xb*x*3
xckdxk3kex*k4xf*xx2 - 8+acoth(c + d*x)**x3*¥bx*3xckdx*3xe**3*xf*x3*x + 8*acoth(
C + dkxX)**k3xb**3kckdkex*2*xf**4 — 4dxacoth(c + d*x)**3xb**x3xdx*k6*xe**6*x + 4%
acoth(c + d*x)**x3*xb**3xd*k*4*exk5*xf + 4*acoth(c + d*x)**x3kb**3kd**4*ex*kd*f*
*2xx — 4dxacoth(c + d*x)**3*b**3*xd*x*x2xex*x3xf**3 — 12+acoth(c + d*x)**x2xaxbx*
*2xckxkBxexf*x*x5 + 48*acoth(c + d*x)**2xaxbxx2kckk5xd*xe**2*xf**x4 - T72xacoth(c

+ d*x) **k2kaxbkk2kckkbkdk*k2ke**x3kf*x*3 — 12%acoth(c + d*xx)**x2kaxbk*k2kck*k4d*xd
*xk2kekk2xfxk4xx + 24xacoth(c + d*x)**2xaxb**2xck*kd*exf**5 + 48+acoth(c + d
*x) ¥k 2ka*kbkkQkckk3kdk*k3kekkdkf*k*2 + 48kxacoth(c + d*x)**k2kakxbkk2kcCkk3kd**3*
exx3xf**x3xx — T2xacoth(c + d*x)**2*axb**2xck*k3*xdxex*2*xf*x*x4d - 12*kacoth(c +
d*x) **x2ka*xbrk2kckxkd*kdxex*5xf — T2xacoth(c + d*x)**2xaxb**2xck*2+xdx*kd*ex
*4Axf**x2xx + 84xacoth(c + d*x)**2¥axbk*2xckxk2kd*x*x2ke**x3xf**3 + 12*acoth(...

output
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3.38 [(e+ fz)™ (a+beoth ' (c + dz)) dz

Optimal result . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . . . . 327l
Rubi [A] (verified) . . . .. . . ... .. 327
Maple [F] . . . . 329
Fricas [F] . . . . . . o 329
Sympy [F] . . o o 329
Maxima [F] . . . . . . 3301
Giac [F] . . . . o o 330
Mupad [F(-1)] . . . o o 330
Reduce [F] . . . . . B31]

Optimal result

Integrand size = 18, antiderivative size = 162

/(e + fz)™ (a + beoth™ (c + dz)) dz
_ (e+ fx)*™™ (a+bcoth™(c + dx))
fA+m)
bd(e + fr)>™™ Hypergeometric2F1 <1, 24+m,3+m, %)
2f(de— (1+¢)f)(1+m)(2+m)
bd(e + fx)**™ Hypergeometric2F1 (1, 24+m,3+m, %)
2f(de+ f —cf)(1 +m)(2+m)

+

output ‘ (fxx+e) " (1+m) * (at+b*arccoth(d*x+c) ) /£/ (1+m)+1/2xb*d* (f*x+e) ~ (2+m) ¥xhypergeom ‘
| ([1, 2+m], [3+m],d*(fxx+e)/(~cf+d*e=£))/£/ (d¥e-(1+c)*£)/(1+m)/(2+m) -1/2¥b%
\ d* (f*x+e) ~ (2+m) *hypergeom([1, 2+m], [3+m],d* (f*x+e)/(-cxf+d*e+f))/f/(-cxf+d ‘
*e+£)/(1+m)/ (2+m) |
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Mathematica [F]

/(e + fz)™ (a + beoth™ (c + dz)) dz = /(e + fz)™ (@ + beoth™ (c + dz)) dz

input‘ Integrate[(e + f*x) m*(a + b*ArcCoth[c + d*x]),x]

output LIntegrate[(e + f*x) “m*(a + bxArcCoth[c + d*x]), x]

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 222, normalized size of antiderivative = 1.37,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 999 Ryjjeg

integrand size
used = {6662, 6479, 485, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/(e + fz)™ (a+ beoth™ (c + dz)) dz
| 6662
S (e -9+ @)m (a+beoth™!(c+ dz)) d(c + dz)
d
| 6479
m+1 (e_%““if(cgdz) e
d(a+bcoth™! (c+dzx)) (@—%—}—e) B bd [ (et da)? d(c+dzx)
f(m+1) f(m+1)
d
l 485
ecf Fletdn)\ ™ of | fletdn) )™
d d d d
d(a+bcoth™1(c+d ))(f(c+dz) of 4 )m“ bdf(( 2(—c—dw+1)) +( 2<c+dz+1)) d(c+dz)
a CO C XL 4 4 e
f(m+1) B Fm+1)
d

l 2009
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b d(w_%ﬁ-ﬁ-e) mt? Hypergeometric2F1 <l,m+2,m+3, de_;éfjc‘g(j_}—dz) ) d< f(C:l'dl‘) _ Edtﬁ
+1 2(m+2)(—cf+de+ -
d(a-{—bcoth_l(c—i-dx)) <@_%+e)m _ (m+2)(—cf+de+f)
f(m+1) f(m+1)
d
. + * “m* + * + *
input LInt [(e + £*x)"m*(a + b*ArcCothlc + d*x]),x] J

((ax(e - (c*f)/d + (f*(c + d*x))/d)~(1 + m)*(a + bxArcCoth[c + d*x]))/(£x(
1 +m)) - (b*d*x(-1/2%(d*(e - (cxf)/d + (fx(c + d*x))/d)~(2 + m)*Hypergeome
tric2F1[1, 2 + m, 3 + m, (d*e - cxf + fx(c + d*x))/(d*xe - £ - c*xf)])/((d*e
- (1 + c)*f)*(2 + m)) + (d*x(e - (cxf)/d + (£*(c + d*x))/d)~(2 + m)x*Hyperg
eometric2F1[1, 2 + m, 3 + m, (d*e - c*xf + f*x(c + d*x))/(d*e + £ — cxf)])/(
2¢(d*xe + £ - c*xf)*(2 + m))))/(fx(1 + m)))/d

output

Defintions of rubi rules used

ruka485‘lnt[((c-) + (A_)*x))" (@ )/((a)) + (b_.)*(x_)"2), x_Symbol] :> Int[Expand
'Integrand[(c + d*x)°n, 1/(a + b¥x"2), x], x] /; FreeQ[{a, b, c, d, n}, x] &
‘& I IntegerQ[2+n]

ruk32009tlnt[u-’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ([u] J

rule 6479‘Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
‘] :> Simp[(d + e*x)~(q + 1)*((a + bxArcCothl[c*x])/(ex(q + 1))), x] - Simp[b
‘*(c/(e*(q +1))) Int[(d + exx)"(q + 1)/(1 - c™2*x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, q}, x] & NeQ[q, -1]

N J

e 6662 TotL((a_.) + ArcCoth[(c)) + (d_.)*(x)1%(b_.)) (p_)*((e_.) + (£_)*(x))(
‘m_.), x_Symbol] :> Simp[1/d Subst[Int[((d*e - c*f)/d + £*(x/d)) m*(a + bx
‘ArcCoth[x])“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IG
tQlp, 0] |
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Maple [F|

/ (fz + €)™ (a + b arccoth (dz + c)) dx

input Lint ((f*x+e) “m* (a+b*arccoth(d*x+c)) ,x)

output Lint ((f*x+e) “m* (a+b*arccoth(d*x+c)) ,x)

Fricas [F]

/(e + fz)™ (a + beoth™ (c + dz)) dz = / (barcoth (dz +¢) + a)(fz + €)™ dzx

input Lintegrate ((f*x+e) “m* (a+b*arccoth(d*x+c)) ,x, algorithm="fricas")

Output‘ integral ((b*arccoth(d*x + c) + a)*(f*x + e)"m, Xx)

Sympy [F]

/(e + fz)™ (a + beoth ™ (c+dz)) dz = / (a + bacoth (¢ + dz)) (e + fz)™ dx

input Lintegrate ((f*xx+e) **m* (a+b*acoth (d*x+c)) ,x)

output LIntegral((a + bxacoth(c + d*x))*(e + f*x)%*m, x)
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Maxima [F|

/(e + fz)™ (@ + beoth™ (c+ dz)) dz = / (barcoth (dz + ¢) + a)(fz + €)™ dx

input‘

integrate ((f*x+e) “m* (at+b*arccoth(d*x+c)),x, algorithm="maxima")

output‘

1/2xb* ((f*x + e)*(f*x + e) m*log(d*x + c + 1)/(fx(m + 1)) - integrate((d*f
*x + dke + (d*f*x(m + 1)*x + cxfx(m + 1) + f*(m + 1))*log(d*x + c - 1))*(£fx*

‘x + e)"m/(d*fx(m + 1)*x + cxf*x(m + 1) + f*(m + 1)), x)) + (f*x + e)"(m + 1

Yxa/(fx(m + 1))

Giac [F]

/(e + fz)™ (a + beoth™ (c + dz)) dz = / (barcoth (dz + ¢) + a)(fz + €)™ dx

input L

integrate ((f*x+e) “m* (atb*arccoth(d*x+c)) ,x, algorithm="giac")

output L

integrate((b*arccoth(d*x + c) + a)*(f*x + e)”m, x)

Mupad [F(-1)]

Timed out.

/(e + fz)™ (a + beoth™ (c + dz)) dz = / (e+ fz)™ (a+ bacoth(c+ dz)) dz

inputt

int((e + f*x) m*(a + b*acoth(c + d*x)),x)

-

output L

int((e + f*x) m*(a + b*acoth(c + d*x)), x)

-/
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Reduce [F]

/(e + fz)™ (a + beoth™ (c + dz)) dz = Too large to display

p
input‘int((f*x+e)“m*(a+b*acoth(d*x+c)),x)
N\

((e + fxx)**xm*acoth(c + d*x)*bxcxexm + (e + f*x)**m*acoth(c + d*x)*bkxckf*m
*x + (e + f£*x)**m*axcxe*m + (e + f*x)*kmkakxckfxmkxx — (e + f*x)**m*b*e + in
t((e + £*x)**m/(c*x*2*e*m + c**2ke + Ck*2kf*m*kx + c*k*x2xfxx + 2kckd*exm*x +
2xckdkexx + 22kckdxfrmkx*k*2 + kckdkfhx*k*x2 + dk*kkexmix*k*k2 + dk*kkekxkk2 +
Axk2%kfxmkx*k*k3 + d*k*2%f*kx**3 — exm - e — f*xmkx - f*x),x)*b*c**Z*e*f*m**Q +
int((e + fxx)*xm/(c*k*2xexm + cx*2ke + CH*¥2*xf*m*x + Ck*2xf*x + 2kckdrexmx
+ 2kckdke*x + 22kckdxfrm*kx**2 + 2kckdkfrx*k*x2 + d*x*kkexmix*k*2 + dk*kkekxkkD
+ dx*x2*fkmikx*k*x3 + dxk2xfxx**3 - exm - e - fxmkxx - f*x),Xx)*bkck*xkexfxm -
nt((e + f*x)*xm/(c*k*2%e*m + c*k*2%e + ckx*2kxfimkx + ck*2kf*xx + 2kckd*exm*x
2xckdke*x + 22kckdkfrm¥x*k*2 + 2kckd*Lxx*k*2 + dk*kermikx**2 + dkkkekx**2
dxx2*fxmkx*k*k3 + d**k2xf*xkx**3 — exm — e — fimkx — f*x),x)*bkckd*ex*x22km**2
int((e + f*xx)**m/(c**2%e*m + c*x*2%e + c*k*x2kxfxmkxx + ckx*2kxf*xx + 2kckdke*xm*x
+ 2xckdkexx + 22kckdkLrm*kx*k*k2 + 2kckdkfrx*k*k2 + dk*kkexmix*kk2 + dk*kkekx*kk
+ dx*2*fkmikxkx3 + dkk2kfrx**3 — exm - e — Ffrmkx - f£*x),x)*bkckdkex*x2xm —
int((e + f*xx)**m/(c**2%e*xm + Ck*2ke + c*k*x2xfxmkxx + ckx*2kxf*xx + 2kckd*ke*rm*x
+ 2xckdkexx + 22kckdxfrmkxk*k2 + 2kckdkfrx*k*2 + d¥x*kkexmix*k*k2 + dkkkekxkk
+ dx*x2*fkmikx*k*x3 + dxk2xfxx**3 - exm - e - fxmkx - f£*x),x)*b*exf*m*x*x2 - int
((e + f*x)**km/(cx*2ke*xm + Ck*2%e + ck*kfrmkx + Ckx*2*f*x + 2*ckd¥e*m*x + 2
kckdke*xx + 2kckd*fxmix*k*k2 + 2kckdkf*x*k*2 + d¥kkexmkxk*k2 + d¥kkexx*k*2 + d
*x2kfAmrxk*k3 + dk*k2*xfxx*k*3 — ekm - e - fxmkx - f*x),x)*bkexfxm - int(((...

output

+ +




-

output L
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3.39 [(e+ fz)™ (a+bcoth™'(c + da:))2 dx

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . e
Fricas [N/A] . . . o o
Sympy [F(-1)] . . o o o
Maxima [N/A] . . .« .
Giac [N/A] . . .
Mupad [N/A] . . o e
Reduce [N/A] . . . o o e

Optimal result

Integrand size = 20, antiderivative size = 20

/(e + fz)™ (a + beoth™ (¢ + dz))” dz = Int((e + fz)™ (a + beoth™ (¢ + dz) ) ,x)

Defer (Int) ((f*x+e) “m* (a+b*arccoth(d*x+c))~2,x)

~—

Mathematica [N/A]

Not integrable

Time = 2.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+beoth ™ (c+ dz))2 dx = /(e + fz)™ (@ + beoth™ (c+ dgv))2 dz

input ‘\

Integrate[(e + f*x) m*(a + bxArcCoth[c + d*x])~2,x]

r

output L

Integrate[(e + f*x)“ m*(a + bxArcCoth[c + d*x])~2, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.32 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)™ (a + beoth™ (e + dav))2 dx
| 6662

[ (e - % + @)m (a+bcoth™(c+ clac))2 d(c + dx)
d
| 6652

i (e — % + @)m (a+bcoth™(c+ da:))2 d(c+ dx)
d

LInt[(e + f*x)"m*(a + b*ArcCoth[c + d*x])~2,x]

-

L$Aborted

-/

Maple [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (fz + €)™ (a + b arccoth (dz + ¢))* dz

Lint ((f*x+e) “m* (a+b*arccoth(d*x+c))~2,x)

Lint ((f*x+e) “m* (a+b*arccoth (d*x+c)) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.80

/(e + fz)™ (a+ beoth™ (¢ + dz))* dz = / (barcoth (dz + ¢) + a)*(fz + )™ dx

-

input tintegrate ((f*x+e) “m* (atb*arccoth(d*x+c))~2,x, algorithm="fricas")

e—

output‘ integral ((b~2*arccoth(d*x + c)~2 + 2kaxb¥arccoth(d*x + c) + a~2)*(f*x + e)

“m, x)

Sympy [F(-1)]

Timed out.

/(e + fz)™ (a +beoth™ (c + dw))2 dx = Timed out

—

/

input tintegrate ((£*x+e)*x*m* (a+b*acoth(d*x+c) ) **2,x)

~—

output LTimed out

Maxima [N/A]
Not integrable

Time = 2.18 (sec) , antiderivative size = 253, normalized size of antiderivative = 12.65

/(e + fz)™ (a + beoth™ (c+ dﬂc))2 dr = / (barcoth (dz + ¢) + a)*(fz + €)™ dx

input Lintegrate ((f*x+e) “m* (a+b*arccoth(d*x+c))~2,x, algorithm="maxima")
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1/4x(b~2xf*x + b~2xe)*(f*x + e) m*xlog(d*x + c + 1)72/(fx(m + 1)) + (f*x +
e)"(m + 1)*a"2/(f*(m + 1)) - integrate(-1/4*((b~2*d*f*x(m + 1)*x + (cxf*(m
+ 1) + f*(m + 1))*b"2)*log(d*x + c - 1)72 - 2%(b"2xd*e - 2*(cxf*(m + 1) +
fx(m + 1))*axb - (2%axb*d*f*x(m + 1) - b~ 2*d*f)*x + (b~ 2*d*f*(m + 1)*x + (c
*fx(m + 1) + fx(m + 1))*b"2)*log(d*x + ¢ - 1))*log(d*x + c + 1) - 4x(axbxd
xfx(m + 1)*x + (cxf*(m + 1) + £x(m + 1))*axb)*log(d*x + ¢ - 1))*(f*x + e)”
m/(d*f*(m + 1)*x + cxf*(m + 1) + fx(m + 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a + beoth™ (c + dﬂc))2 dr = / (barcoth (dz + ¢) + a)*(fz + €)™ dx

input ‘ integrate ((f*x+e) “m* (atb*arccoth(d*x+c))~2,x, algorithm="giac") ‘

-

| —

output Lintegrate((b*arccoth(d*x +c) + a)~2%(f*x + e)~m, Xx)

Mupad [N/A]
Not integrable

Time = 3.66 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+ beoth™ (¢ + dz))* dz = /(e + f2)™ (a + bacoth(c + dz))* dz

-

kint((e + f*xx) m*(a + b*acoth(c + d*x))~2,x)

L

input

output Lint((e + f*x)“m*(a + b*acoth(c + d*x))~2, x) J
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Reduce [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 22801, normalized size of antiderivative =
1140.05

/(e + fz)™ (@ + beoth™ (c+ dm))2 dx = Too large to display

-

input Lint ((f*x+e) “m* (a+b*acoth (d*x+c) ) ~2,x)

| —

-

((e + fxx)**mrxacoth(c + d*x)**2*bx*2*ckxdkd*rexf*rm**2 + (e + f£*x)**xmkacoth(
C + d*x)**2xb**k2kck*k4kd*f**x2kmk*2*¥x — (e + f£*xx)**xm*xacoth(c + d*x)*k*2xb**2Qx*
cx*k2kd*exfxm*x*2 — (e + f*xx)**kmkacoth(c + dkx)**x2kbk*2kckk2kd*xf*k*kkm*k*k2*xx +
2x (e + fxx)*xm*acoth(c + d*x)*axb*ck*dxd*exf*m**2 + 2x(e + f*xx)**xm*acoth(
C + dkx)*a¥xbkckxdkdxf*x2kmx*k2xx — 2% (e + f*x)** mrxacoth(c + d*x)*a*bkc*x*x2*d
xexf mk*2 - 2x(e + f£xx)x*kmrxacoth(c + d*x)*a*bkck*2kd*xfx*2xm**2xx + 2k (e +
fix)*kmkacoth(c + dkx)*b**2kcr*4*xf*x2xm - 2x(e + f*x)**kmracoth(c + d*x)*b*
*¥2xcx*k3xkdke*xf*xm — 2% (e + f*xx)**m*xacoth(c + d*x)*b**2kck*kd*k*2ke**x2*m — 2%
(e + f*x)**smxacoth(c + d*x)*b*x2*ckx*2xf**x2*m + 2x(e + f£*x)**m*acoth(c + d*
x) *b*x*k2kckdkexf*m + (e + f*x)*k*kmkakxkkckkdkdkexf* m**x2 + (e + f*xx)*kkmkakxk*
cxk4xd*fx*x2xm*x*2%x — (e + f£*x)*k*kmka**kxkck*2kd*e*xf*m**x2 — (e + f*x)*kmkakxkx2
kckk2kd*kf*k2kmk*2*kx — 2% (e + F*x)*kkmkaxbkckkqdkxfxx2xm + 2% (e + f*xx)**kmkakxbxk
cx*k2kxf*x2xm — 2% (e + f*xx)*kmkbk*2kck*k3kf*x*2 + (e + F*x)*kkmkbkk2kck*k2kd*exf
+ (e + £*x)**xm¥b**x2kckd**2ke**x2 + 2% (e + f*x)**km¥b*x2kxckxf*x*x2 — (e + f*x)*
*mxbx*2*%d*e*f + int((e + f*x)*xm/(ck*dxexm + cx*dke + Cr*x4*xf*m*x + Ch*4xfx
X + 2kck*x3kdkexmkx + 2kckk3kdkexx + 2kck*k3IkdkLRmkxk*2 + 2kCkk3IkdkLkxk*k2 +
Ck*k2xkdkkkekm*kXk*2 + Chkkkd*k*kkexxk*k2 + Chkkkd*k*kkfrmix*k*k3 + Ck*kkd*k*k2kf*kx
*%3 — 2%Cck*k2Qkexm — 2%Ck*k2ke — 2kck*k2kfimkx — 2%ck*k2kfxx - 2%ckdkexmkx - 2%
cxd*e*xx — 2kckd*fiRmix**2 — 2kckdxf*xx*k*k2 — d*kk2kekmix**k2 — d**kQkexx*k*k2 — d*
*2kfxmix**k3 — dkx2*kFxx**3 + exm + e + Fxmkx + f£xx),x)*bkk2kckkTkfx*x3km* . . .

output




-

output L
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3.40 [(e+ fz)™ (a+bcoth™'(c + da;))3 dx

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . e
Fricas [N/A] . . . o o
Sympy [F(-1)] . . o o o
Maxima [N/A] . . .« .
Giac [N/A] . . .
Mupad [N/A] . . o e
Reduce [N/A] . . . o o e

Optimal result

Integrand size = 20, antiderivative size = 20

SR{S)
339
339

240

/(e + fz)™ (a + beoth™ (¢ + dz))* dz = Int((e + fz)™ (a + beoth™ (¢ + dz))°, x)

Defer (Int) ((f*x+e) “m* (a+b*arccoth(d*x+c)) ~3,x)

~—

Mathematica [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+beoth ™ (c+ dz))3 dx = /(e + fz)™ (@ + beoth™ (c+ dx))3 dz

input ‘\

Integrate[(e + f*x) m*(a + bxArcCoth[c + d*x])~3,x]

r

output L

Integrate[(e + f*x)“ m*(a + bxArcCoth[c + d*x])~3, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.33 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)™ (a + beoth™ (e + dav))3 dx
| 6662

[ (e - % + @)m (a+bcoth™(c+ dm))gd(c+ dr)
d
| 6652

i (e — % + @)m (a+bcoth™(c+ da:))3d(c+ dzx)
d

LInt[(e + f*x) m*(a + bx*ArcCoth[c + d*x])~3,x]

-

L$Aborted

-/

Maple [N/A]
Not integrable

Time = 0.25 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.00

/ (fz + €)™ (a + b arccoth (dz + ¢))® dz

Lint ((f*x+e) “m* (a+b*arccoth(d*x+c))~3,x)

Lint ((f*x+e) “m* (a+b*arccoth (d*x+c)) ~3,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 52, normalized size of antiderivative = 2.60

/(e + fz)™ (a+ beoth™ (¢ + dz))° dz = / (barcoth (dz + ¢) + a)*(fz + )™ dz

p
tintegrate ((f*x+e) “m* (atb*arccoth(d*x+c))~3,x, algorithm="fricas")

e—

input

output‘ integral ((b~3*arccoth(d*x + c)~3 + 3%a*b~2*arccoth(d*x + c)~2 + 3%a”2*b*ar
Lccoth(d*x + c) + a~3)*(f*x + e€)"m, X)

—

Sympy [F(-1)]

Timed out.

/(e + fz)™ (a +beoth™ (c + dw))3 dx = Timed out

/

tintegrate ((f*xx+e) **m* (a+b*acoth (d*x+c) ) **3,x)

~—

input

output LTimed out J

Maxima [N/A]
Not integrable

Time = 3.88 (sec) , antiderivative size = 418, normalized size of antiderivative = 20.90

/(e + fz)™ (a + beoth™ (c+ dﬂc))3 dr = / (barcoth (dz + ¢) + a)’(fz + €)™ dx

input Lintegrate ((f*x+e) “m* (a+b*arccoth(d*x+c))~3,x, algorithm="maxima") J
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1/8%(b~3*f*x + b~3*e)*(f*x + e) m*xlog(d*x + c + 1)73/(fx(m + 1)) + (f*x +
e)"(m + 1)*a”~3/(f*(m + 1)) - integrate(1/8x((b~3*dxf*x(m + 1)*x + (c*f*(m +
1) + fx(m + 1))*b~3)*log(d*x + c — 1)73 + 3*x(b~3*d*xe - 2*(cxfx(m + 1) + £
*(m + 1))*a*b~2 - (2xa*b ™ 2xd*f*(m + 1) - b~3*d*f)*x + (b"3*xd*kf*(m + 1)*x +
(cxfx(m + 1) + fx(m + 1))*b"3)*1log(d*x + c - 1))*log(d*x + c + 1)72 - 6%(
axb~2*d*fx(m + 1)*x + (cxf*x(m + 1) + f*x(m + 1))*a*xb”2)*log(d*x + ¢ - 1)72
- 3*%(4*a~2*%bxd*fx(m + 1)*x + 4*x(c*fx(m + 1) + f*x(m + 1))*a"2xb + (b~ 3*kd*f*
(m + 1)*x + (cxfx(m + 1) + £x(m + 1))*b~3)*Llog(d*x + c - 1)72 - 4x(axb~2xd
*fx(m + 1)*x + (cxf*x(m + 1) + fx(m + 1))*a*b~2)*xlog(d*x + c - 1))*log(d*x
+ c + 1) + 12x(a”2*b*d*f*(m + 1)*x + (c*xf*x(m + 1) + f*x(m + 1))*a~2xb)*log(
d*x + ¢ - 1))*(fxx + e)"m/(d*f*(m + 1)*x + cxfx(m + 1) + fx(m + 1)), x)

output

Giac [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+ beoth ™ (c+ d:c))3 dr = / (barcoth (dz + c) + a)*(fz + €)™ dz

input‘integrate((f*x+e)‘m*(a+b*arccoth(d*x+c))*3,x, algorithm="giac")

Output‘integrate((b*arccoth(d*x + c) + a)"3*%(f*x + e)°m, x)

Mupad [N/A]
Not integrable

Time = 3.73 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.10

/(e + fz)™ (a+ beoth ™ (c + dx))3 dx = /(e + fx)™ (a + bacoth(c + d z))* dz

inputLint((e + fxx)“m*(a + b*acoth(c + d*x))~3,x)

Output‘ int((e + f*x)“m*(a + b*acoth(c + d*x))~3, x)
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Reduce [N/A]
Not integrable

Time = 0.41 (sec) , antiderivative size = 55220, normalized size of antiderivative =
2761.00

/(e + fz)™ (@ + beoth™ (c+ dm))3 dx = Too large to display

-

input Lint ((f*x+e) “m* (a+b*acoth (d*x+c))~3,x)

| —

(2x(e + fxx)**mkacoth(c + d*x)**3*xb*x*x3kckx*xSkdkexf*m**3 + 2% (e + f*x)**m*ac
oth(c + d*x)**3xbx*x3kckkSkd*f**2km**3*x — 2*x (e + f*xx)**kmkacoth(c + d*x)**3
*b*kx3kck*k3kdkexf*m*x*3 — 2% (e + f*xx)*kmkacoth(c + d*x)*k*k3kbk*k3kckkIkd*f**kQ*
m**3%x + 6%(e + f*x)**m*acoth(c + d*x)**2kaxb*x2kxckx*5kd*e*xf*m*x*3 + 6%(e +
f*x)*km*racoth(c + d*x)**x2kaxbkk2kck*xSkd*f**x2km**x3*x — 6x(e + f*x)**m*acoth
(c + d*x)**2*axbk*2*xck*k3*d*xexf+m*x*x3 — 6x(e + f*xx)**mrxacoth(c + d*x)**2*xa*b
¥k 2k ckk3kd*fx*xkm*x*3*%x + 6k (e + f*x)*k*m*kacoth(c + d*x)*x*22kxb*kkx3kck*k5kxf*k*xQkm
*x2 — 6x(e + fxx)**im*xacoth(c + d*x)**2*bx*k3*kckxdkd*exfrm**2 — 6%(e + f£*x)*
*xm*xacoth(c + d*x)**2xbk*3*xck*k3kd**xke**2xm**2 — 6% (e + f*x)**kmtacoth(c + d
*x) ¥k 2kbkk3kck*k3kFk*k2*km**x2 + 6k (e + f*x)**kmkacoth(c + d*xx)**2xbk*k3kck*k2*kd*
exf m**2 + 6x(e + f*xx)*kkmkacoth(c + d*x)*ax*x2xbxckxk5xdxe*xf*m**3 + 6x(e + f
*x)*xm*xacoth(c + d*x)*a**2¥b*ck*x5xd*f**x2xm*x*k3*x — 6% (e + f*x)**m*acoth(c +
d*x) *a*x*2xbxck*3xdrxe*f*xm*x*k3 — 6k(e + f*x)**xmkacoth(c + d*x)*ax*x2kb*ckx*x3*d
*fxx2xm*x*3%x + 12% (e + f*xx)**mkacoth(c + d*x)*kakxbk*x2kck*k5xfxx2km**2 — 12%(
e + f*x)*xmkacoth(c + d*x)*axbk*2*ckkdkd*exfrm**x2 — 12x(e + f*xx)**m*acoth(
C + d*x)*axb*x2kckx3kdAk*x2ke**x2kmk*2 — 12% (e + f*x)*k*kmkacoth(c + d*x)*axb*x
2xckk3xfx*k2xm*x*2 + 12% (e + f*x)**xm¥acoth(c + d*x)*axbk*2kck*kd*exf*m**x2 —
6% (e + fxx)**im*acoth(c + d*x)*b**3kck*4*xf**x2+m + 18*(e + f#*x)**m*acoth(c
+ d*xx)*b**3kck*3kd*exf*m + 6%(e + f*x)*kmkacoth(c + d*xx)*bkkx3kck*kkd*x*k2ke*
*2xm + 6x(e + f*x)**kmkacoth(c + d*x)*bxx3kckk2kf**k2*m — 6% (e + f*x)*xmx. ..

output
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3.41 f coth™ ! (a+bz) dx

c+dz3
Optimal result . . . . . . . . .. .. 343]
Mathematica [A] (verified) . . . . . . . .. ... L L 344
Rubi [B] (verified) . . . ... ... . .. .. 345
Maple [C] (warning: unable to verify) . . . . . . ... ... .. .. ..
Fricas [F] . . . . . . o 354
Sympy [F(-1)] . . . o
Maxima [F] . . . . . .o
Giac [F] . . . . o o 355
Mupad [F(-1)] . . . o

Reduce [F] . . . . . o 3561
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Optimal result

Integrand size = 16, antiderivative size = 649

/ coth™ (a + bx) dr — — coth™ (a + bz) log (rars)

c+ dx3 = 302/3\3/6_1
v/—1coth™(a + bz) log (ﬁ)
3¢2/3v/d

(—1)%/3 coth™(a + bz) log (725

3¢2/3v/d
coth™ (a + bz) log ( 2b( Ver Wm) )
(b {/cr(1-a) W) (1+a+ba)
3¢2/3v/d

(—1)%3 coth™'(a + bz) log (

+

2b< Ye-¥/—-1 Wa:)
(b %/_— %/—_1(1—11) W) (14+a+bzx)
3¢2/3v/d

2 ( 3/c+(-1)2/3 V_z)
v/—1coth™(a + bz)lo ( .
( )log (b /et (~1)2/3(1-a) \/c_l) (1+a+bz)

+

3¢2/3v/d
PolyLog (2,1 — =2;) B V—1PolyLog (2,1 — 1723)
602/3\3/6_1 602/3\3/3
N (—1)%/3 PolyLog (2, 1-— ﬁ)
6c2/3v/d

2b< Y+ %{z)
b3/C+(1-a) W) (1+a+b)

6c2/3v/d
(—=1)%/3 PolyLog (2, 1— Zb(%_i/__ﬁ/_z) )
(b Y-V —1(1-a) W) (1+a-+bz)
6c2/3v/d
2b( ¥ e+(-1)2/3 Wm) )
(b /et (~1)2/3(1-a) W) (1+a+b)
6¢2/3v/d

PolyLog (2, 1-— (

v/—1PolyLog (2, 1-—
_+_
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-1/3*arccoth(b*x+a)*1n(2/(b*x+a+1))/c~(2/3)/d~(1/3)+1/3*(-1)~(1/3)*arccoth
(b*xx+a)*1n(2/ (b*x+a+1))/c~(2/3)/d~(1/3)-1/3*%(-1) "~ (2/3) *arccoth (b*x+a) *1n(2
/ (b*x+a+1))/c~(2/3)/d"~(1/3)+1/3*arccoth(b*x+a)*1n(2xb*(c~(1/3)+d" (1/3) *x)/
(b*xc~(1/3)+(1-a)*d"(1/3) )/ (b*x+a+1))/c~(2/3) /4~ (1/3)+1/3*(-1) "~ (2/3) *arccot
h(b*x+a)*1n(2%b* (c~(1/3)-(-1)~(1/3)*d~(1/3) *x) / (b*c~(1/3)-(-1)~(1/3) *(1-a)
*d~(1/3))/ (b*x+a+1))/c~(2/3)/d~(1/3)-1/3*%(-1) " (1/3) *arccoth (b*x+a) *1n (2*b*
(c™(1/3)+(-1)"(2/3)*d~ (1/3) *x) / (b*c™ (1/3)+(-1) ~(2/3) *(1-a) *d~ (1/3)) / (b*x+a
+1))/c~(2/3)/d"(1/3)+1/6*polylog(2,1-2/ (b*x+a+1))/c~(2/3)/d~(1/3)-1/6%(-1)
~(1/3)*polylog(2,1-2/(b*x+a+1))/c~(2/3)/d~(1/3)+1/6*(-1) ~(2/3) *polylog(2,1
-2/ (b*x+a+1))/c~(2/3)/d~(1/3)-1/6*polylog(2,1-2xb*(c~(1/3)+d~(1/3)*x) / (b*c
~(1/3)+(1-a)*d~(1/3) )/ (bxx+a+1)) /c~(2/3) /d~(1/3)-1/6%(-1) " (2/3) *polylog(2,
1-2xb*(c~(1/3)-(-1)"(1/3)*d~(1/3) *x) / (b*c~(1/3)-(-1)~(1/3)*(1-a)*d~(1/3) )/
(b*x+a+1))/c~(2/3)/d~(1/3)+1/6%(-1) "~ (1/3) *polylog(2,1-2*b*(c~(1/3)+(-1)~(2
/3)*d~(1/3) *x) / (b*c~(1/3)+(-1)~(2/3) *(1-a)*d~ (1/3) ) / (b*x+a+1)) /c~(2/3) /d~(
1/3)

output

Mathematica [A] (verified)

Time = 0.75 (sec) , antiderivative size = 931, normalized size of antiderivative = 1.43

dx = Too large to display

/ coth™'(a + bz)

c+dz?

inputtlntegrate[ArcCoth[a + b*xx]/(c + d*x~3),x]
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(Log[-((d~(1/3)*(-1 + a + b*x))/(b*c™(1/3) - (-1 + a)*d~(1/3)))]*Logl[-c~ (1
/3) - d~(1/3)*x] - Logl[(-1 + a + b*x)/(a + b*x)]*Log[-c~(1/3) - d~(1/3)*x]
- Log[-((d~(1/3)*(1 + a + b*x))/(bxc™(1/3) - (1 + a)*d~(1/3)))]*Logl-c~(1
/3) - d~(1/3)*x] + Log[(1 + a + b*x)/(a + b*x)]*Log[-c~(1/3) - d~(1/3)*x]
+ (-1)7(2/3)*Log [((-1)~(1/3)*d~(1/3)*(-1 + a + b*x))/(b*c~(1/3) + (-1)~(1/
3)*(-1 + a)*d~(1/3))]1*Log[-c~(1/3) + (-1)"(1/3)*d~(1/3)*x] - (-1)~(2/3)*Lo
gl(-1 + a + b*x)/(a + b*x)]*Logl-c~(1/3) + (-1)"(1/3)*d~(1/3)*x] - (-1)~(2
/3)*%Log [((-1)7(1/3)*d~(1/3)*(1 + a + b*x))/(b*c™(1/3) + (-1)7(1/3)*(1 + a)
*d~(1/3))]1*Log[-c~(1/3) + (-1)~(1/3)*d~(1/3)*x] + (-1)~(2/3)*Log[(1 + a +
bxx)/(a + bxx)]*Logl[-c~(1/3) + (-1)~(1/3)*d~(1/3)*x] - (-1)~(1/3)*Logl[((-1
)7(2/3)*%d~(1/3)*(-1 + a + b*x))/(-(bxc™(1/3)) + (-1)7(2/3)*(-1 + a)*d~(1/3
))1*Log[-c~(1/3) - (-1)7(2/3)*d~(1/3)*x] + (-1)~(1/3)*Logl(-1 + a + bx*x)/(
a + bxx)]*Log[-c~(1/3) - (-1)7(2/3)*d~(1/3)*x] + (-1)~(1/3)*Log[((-1)~(2/3
)*d~(1/3)*%(1 + a + b*x))/(-(b*c™(1/3)) + (-1)7(2/3)*(1 + a)*d~(1/3))]1*Logl
-c7(1/3) - (-1)7(2/3)*d"(1/3)*x] - (-1)7(1/3)*Logl(1 + a + b*x)/(a + b*x)]
*xLog[-c~(1/3) - (-1)7(2/3)*d~(1/3)*x] + PolyLogl[2, (b*(c~(1/3) + d~(1/3)*x
))/(b*c~(1/3) - (-1 + a)*d~(1/3))] - PolyLogl[2, (bx(c~(1/3) + d~(1/3)*x))/
(b*c~(1/3) - (1 + a)*d~(1/3))] + (-1)~(2/3)*PolyLog[2, (b*(c~(1/3) - (-1)~
(1/3)*d~(1/3)*x) )/ (bxc™(1/3) + (-1)~(1/3)*(-1 + a)*d~(1/3))] - (-1)7(2/3)*
PolyLog[2, (b*(c™(1/3) - (-1)~(1/3)*d~(1/3)*x))/(b*c~(1/3) + (-1)~(1/3)...

output

Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 1811 vs. 2(649) = 1298.

Time = 2.98 (sec) , antiderivative size = 1811, normalized size of antiderivative = 2.79,

number of steps used = 13, number of rules used = 12, number of rules _ 0.750, Rules
integrand size

used = {6666, 2993, 750, 16, 1142, 25, 27, 1082, 217, 1103, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/coth (a + bx) i
¢+ dz3

l 6666

l/bg@iﬁl)d 1/1og(_—aa—+bbg+1>d

2 2 dz3 +c v

dx3 + ¢ 73
l 2993
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1 —a—br+1 log(—a — bx + 1) / log(
2<<10g( a—br+1) 10g< “atbs ) 10g(a+b:v)>/d 3+Cda: / i to dx + 7
1 a+bx+1 log(a + bx) / log(a + bx + 1)
— (L bx) —1 b 1) +1 — | ————=d —_—
2<<0g(a+ @) — log(a + bz + )+og< a+ bz ))/dw3+c dz3 +c Sl dz3 +c
| 750
Ve Vdo 1
[ L2 7 vy S S—
1 —a—br+1 d?/3z2— %\/C_lxchz/?’ Vet Ve
2 <log(—a —bx+1)—log <_a+bm) — log(a + b:r)) 3223 + 3023
Ve Vda
= [ R QU R
1 a+bxr+1 d2/3w2—%\/(_iac+c2/3 \/(_ia:—i-% 1c
3 <log(a + bx) —log(a + bz + 1) + log < P >) 3,273 + 30273 — / ©
| 16
2%/_— Wx
dz 3 3
1 log(—a — bz + 1) — log _zazbetly log(a + bx) ! /22— e da et + e <\/E i \/Ezv)
2 a+bx 3c2/3 3c2/3v/d
2%/_— %x
1 1 b ) b+ 1) +1 a+bxr+1 / &2/32— {/c/ dutc2/3 de log <\3/E + \3/c_la:>
2 <og(a+ z) —log(a + bz + 1) + og< ot b >) 3.3/3 + 2 —/
| 1142
g
Y/t
P S T
—n — 2 3 3 3/
1 log(—a — bx + 1) — log _Tazbetly log(a + bx) /322 /e N dayers? 2V
2 a+bz 3c2/3
W(%fz Vd.
_ g ,‘
§\3/Ef 1 dr — d2/342_ \/E\/Ez-kc
1 a+bxr+1 2 d2/3g2— %wz+02/3 2%
5 <10g(a + bx) —log(a + bx + 1) + log < P >) 32273
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l 25

%/C_l(%—z:
J 537
3.3 1 d 2/3:2_3/c N/
L (tog(—a —bo + 1) —log [~ —2=22 1) _105(a + ba) 2V wri Yeldaran™ 2Vd
5 | |log(~a bz og - og(a+ bz 32273
%/E(%—QWE)
i s
33 1 d d2/3m2—\/5\/8x+c2/
E log(a + bx) —log(a + bz + 1) +lo atbotl Qﬁfﬁ/%z—%%ﬂwcm ot 2Vd
2 LG T o Bla T O & a+bx 3c2/3

| 27

33 1 1 Yc—2

3 de+ 1 [ VC2
1 log(—a — bz + 1) — Io _—a- br +1 — log(a + bz) 2\/Ef dz/szz_%Wx+c2/3 Tt f d2/3z2—{/c
2 & & a+ bz & 3c2/3

3 3
3/c | 1 do+1 3/c—2¥/dz

1 a+br+1 2 d2/3w2—%%z+02/3 2 d2/3w2—%ww-‘r
—1 (1 -1 1) +1
5 <og(a+bx) og(a+br+1)+ og< Py >) 3¢2/3

l 1082
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3f 1
3 _ (1_2 i/&x>2_
2 f Ve-2Vda dr + /e
1 —a—br+1 2 p/3ge_ %wx+c2/3 V3
2 <log(_a STl (‘ Tatbr ) ~log(a + bw>) 327

3/ =z d<1—
1 %—23 dz —(1_2%%5) -3
| (gt )t b 1)+ 1og (22201 | 2L e vV Vi
o | (fosla T 0T) = ogla -~ oT 6\ ot bz 302/3
l 217
1_22 dz
v/3arctan \/\5/2
L VeoVlde o
: RN 2 i YeVdsrr Va
2 (log(_a_ AR (‘ Tatbr ) - 10g(a+bw>> 3273
v/3arctan \/\S/E
1 Yeollde
1 a+br+1 20 prage_ %Wz+cz/3 7
2| \! =1 1) +1
5 <oﬂa+m0 oya+mw-)+og< e )) - )

l 1103
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—a—br+1

1 / log(—a — bx + 1)dw + log(a + bx)

a+ bz

. g dx + <log(—a —br+1)—log <—

> —log(a +

2)

V3
1| [ log(a+bx) / log(a + bz + 1) 3 a+bxr+1 o
5 = dx + S re dz + ( log(a + bzx) — log(a + bz + 1) + log iy e

| 2856

1 / _ log(-a—bz+1) = log(-a—bz+1) log(—a — bz + 1) da + / L
2 3c2/3 (—\3/31' - \?/E) 3c2/3 (\?/—_1\3/3 - {’/E) 3c2/3 (—(—1)2/3\%_&6 - \S/E> 3c2/
1| / B log(a + bx) B log(a + bx) B log(a + bx) dz+ / o
2 3¢2/3 (— Vdz — \3/5) 3¢2/3 (\3/—_1\3/3 - \3/E> 3¢2/3 (—(—1)2/3\3/3w - %) 3c2/

l 2009
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| (\/c_ix+ 3 ) b( Vdo+ %) 23 ‘
) og(—a —br+1)log ( Vo a)+b\/_) log(a + bz) log (M) (—=1)*/°log(—a — bz +1)1lo
2| 3¢2/3/d " 3¢2/33/d 3c2/3
log(a + bz) log (W) log(a + bz + 1) log ( ( o \/3_) ) (—=1)?/31log(a + bx) log (b<%/
1 b3/c—a¥d b3/c—(atr1)Vd 4
2| 3c2/3v/d " 3c2/3v/d - 3c2/3v/d

input L

Int[ArcCoth[a + b*x]/(c + d*x~3),x] J
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(-1/3%(Log[1 - a - b*x]*Log[(b*x(c~(1/3) + d~(1/3)*x))/(b*c~(1/3) + (1 - a)
*d~(1/3))1)/(c”(2/3)*d"(1/3)) + (Logla + bxx]*Logl[(bx(c~(1/3) + d~(1/3)*x)
)/ (b*xc™(1/3) - axd~(1/3))1)/(3*c~(2/3)*d~(1/3)) - ((-1)7(2/3)*Logl[1l - a -
b*x]*Log[(b*(c™(1/3) - (-1)7(1/3)*d~(1/3)*x))/(bxc~(1/3) - (-1)~(1/3)*(1 -
a)*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) + ((-1)~(2/3)*Logla + b*x]*Log[(b*(c~(1
/3) = (-1)7(1/3)*d"(1/3)*x) )/ (b*c~(1/3) + (-1)"(1/3)*a*xd"~(1/3))1)/(3xc~(2/
3)*d~(1/3)) + ((-1)~(1/3)*Logll - a - b*x]*Log[(b*(c~(1/3) + (-1)~(2/3)*d"~
(1/3)*x))/ (b*c~(1/3) + (-1)~(2/3)*(1 - a)*d~(1/3))1)/(3%c~(2/3)*d~(1/3)) -

((-1)~(1/3)*Logla + b*x]*Log[(b*(c~(1/3) + (-1)7(2/3)*d~(1/3)*x))/(bxc~(1
/3) = (-1)7(2/3)*a*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) + (Logl[l - a - bxx] - Lo
gl-((1 - a - b*x)/(a + b*x))] - Logla + b*x])*(Loglc~(1/3) + d~(1/3)*x]/(3
*c~(2/3)*%d~(1/3)) + (-((Sqrt[3]1*ArcTan[(1 - (2%d~(1/3)*x)/c~(1/3))/Sqrt[3]
1)/d~(1/3)) - Loglc~(2/3) - c~(1/3)*d~(1/3)*x + d~(2/3)*x~2]1/(2%d"(1/3)))/
(3xc~(2/3))) - PolylLogl2, (d~(1/3)*(1 - a - b*x))/(b*c~(1/3) + (1 - a)*d"(
1/3))1/(3%c”(2/3)*d"(1/3)) - ((-1)"(2/3)*PolyLogl[2, -(((-1)~(1/3)*d"(1/3)*
(1 - a - bxx))/(bxc™(1/3) - (-1)7(1/3)*(1 - a)*d~(1/3)))1)/(3*c~(2/3)*d~ (1
/3)) + ((-1)~(1/3)*PolyLog[2, ((-1)"(2/3)*d~(1/3)*(1 - a - b*x))/(bxc~(1/3
) + (-1)7(2/3)*(1 - a)*d~(1/3))1)/(3*c~(2/3)*d~(1/3)) + PolyLogl[2, -((d~(1
/3)*(a + bxx))/(b*c~(1/3) - axd~(1/3)))1/(3xc~(2/3)*d~(1/3)) + ((-1)~(2/3)
*PolyLog[2, ((-1)~(1/3)*d~(1/3)*(a + b*x))/(bxc~(1/3) + (-1)~(1/3)*a*d"...

output

Defintions of rubi rules used

e

Int[(c_.)/((a_.) + (b_.)*(x_)), x_Symbol] :> Simp[c*(Log[RemoveContent[a +

rule 16
\b*x, x11/b), x1 /; FreeQ[{a, b, c}, x]

rule 25 ‘\VInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 27 Int[(a)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 217 IntLC@) + (b_)*(x_)"2)"(-1), x_Symboll :> Simp[(-(Rt[-a, 2]*Rt[-b, 21)(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQ[a, 01 Il LtQ[b, 01)
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rule 750 IntLC(a) + (b_.)*(x_)73)7(-1), x_Symbol] :> Simp[1/(3*Rt[a, 3]172)  Int[1/
(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Simp[1/(3*Rt[a, 3]"2) Int[(2%xRt[a, 3] -
Rt[b, 3]*x)/(Rt[a, 3]°2 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3]~ 2*xx~2), x], x] /;
FreeQ[{a, b}, x]

rule 1082 Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4x%S
implify[a*(c/b~2)]1}, Simp[-2/b  Subst[Int[1/(q - x72), x], x, 1 + 2*c*x(x/b
)1, x] /; RationalQ[q]l && (EqQ[q~2, 1] || !RationalQ[b~2 - 4xa*c]l)] /; Fre
eQ[{a, b, c}, x]

rule 1103 Int[((d_) + (e_.)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [d* (Log [RemoveContent [a + b*x + c*x~2, x]]1/b), x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

rule 1142 Int[((d_.) + (e_.)*(x))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(2*%c*d - bxe)/(2%c) Int[1/(a + b*x + c*xx"2), x], x] + Simple/(2*c)
Int[(b + 2%c*x)/(a + b*x + c*x~2), x], x] /; FreeQl[{a, b, c, d, e}, xI

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 2856 Int[((a_.) + Logl(c_.)*((d.)) + (e_)*(x_))"(n_.)1*(b_.))"(p_)*x((f_) + (g_.
Y*(x_)~(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])"p, (f + g*xx"r)~q, x], x] /; FreeQ[{a, b, c, d, e, £, g, n, r}, x] & I
GtQlp, 0] && IntegerQlql && (GtQlq, 0] || (IntegerQ[r] && NeQ[r, 1]))

rule 2993 Int[Logl(e_.)*((f_.)*((a_.) + (b_.)*(x_)) " (p_.)*((c_.) + (d_.)*(x_))"(a_.))
“(r_.)]1*(RFx_.), x_Symbol] :> Simp[p*r Int[RFx*Logla + b*x], x], x] + (Si
mp[g*r  Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logl[a + b*x] + g*r*Loglc

+ d*x] - Loglex(f*(a + b*x) px(c + d*x)~q)"r]) Int[RFx, x], x]) /; FreeQ[
{a, b, ¢, d, e, £, p, q, r}, x] & RationalFunctionQ[RFx, x] && NeQ[b*c - a
*d, 0] && !'MatchQ[RFx, (u_.)*(a + b*x)"(m_.)*(c + d*x)"(n_.) /; IntegersQ[

m, n]]
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rule 6666‘Int[ArcCoth[(c_) + (d_.)*(x)1/(Ce) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp ‘
[1/2  Int[Logl(1 + c + d*x)/(c + d*x)1/(e + f*x°n), x], x] - Simp[1/2 In |
‘t[Log[(—l + ¢ + d*x)/(c + d*x)]1/(e + £*x"n), x], x] /; FreeQl{c, 4, e, £}, ‘
‘X] && RationalQ[n] ‘

Maple [C] (warning: unable to verify)
Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 1.05 (sec) , antiderivative size = 260, normalized size of antiderivative = 0.40

method result
In(bz+a—1) In (L%*“
b2 —
__RI=RootOf (d_Z3+(—3ad+3d)_ZQ+ (3d a2 —6ad+3d)_Z—a3 d+b3c+3da? —3ad+d) _RI'» RI
risch - 6d
B3| - arctanh(bz+a)
_k
In (bmf_RJra)
b3 > ———=5 5~ | arccoth(bz+a)
_R:RootOf(d_Z3—3ad_Z2 +3da2_Z—a3d+b3c) - R'y2 Raa2
derivativedivides =
b3 | — arctanh(bz+a)
_R
In (bw—_R+a>
b3 > ————5————*— | arccoth(bz+a)
_R:RootOf(d_Z3—3ad_Z2 +3d az_Z—a3d+b3c) - R'y2 Ra a2
default 3d
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input Lint (arccoth(b*x+a)/(d*x~3+c) ,x ,method=_RETURNVERBOSE)

-1/6%b"2/d*sum(1/(_R1°2-2*%_Ril*a+a”2+2%_R1-2*a+1)*(1ln(b*x+a-1)*1n((-b*x+_R1
-a+1)/_R1)+dilog((-b*x+_R1-a+1)/_R1)),_R1=RootOf (d*_Z~3+(-3%a*d+3%d)*_Z" 2+
(3*xa”2*d-6*a*d+3*d) *_Z-a"3*d+b~3*c+3*d*a~2-3*axd+d) )+1/6*%b"2/d*sum(1/(_R1™
2-2x_Rl*a+a~2-2%_R1+2xa+1)* (ln(b*x+a+1)*1n((-b*x+_R1-a-1)/_R1)+dilog((-b*x
+_R1-a-1)/_R1)),_R1=RootO0f (d*_Z~ 3+ (-3*a*d-3*d) *_Z~2+(3*a”~2*d+6*a*d+3*d) *_Z
-a~3*d+b~3*c-3*d*a~2-3*a*d-d) )

output

Fricas [F|
/ coth™(a + bx) / arcoth (bx + a)
T = dx
c+ dx3 dz® +c
input Lintegrate (arccoth(b*x+a)/(d*x~3+c) ,x, algorithm="fricas")

output Lintegral(arccoth(b*x + a)/(d*x"3 + c), x)

Sympy [F(-1)]

-/

Timed out.
coth™ b
/ la + bo) dz = Timed out
¢+ dx3
p
input Lintegrate (acoth(b*x+a)/ (d*x**3+c) ,x)
output LTimed out




CHAPTER 3. LISTING OF INTEGRALS

355

Maxima [F]

-1
/coth (a+bx)d =/arcoth (bz + a) i

¢+ dz? dzx3 +c

input Lintegrate (arccoth(b*x+a)/(d*x~3+c) ,,x, algorithm="maxima"

output kintegrate(arccoth(b*x + a)/(d*x"3 + c), x)

Giac [F]

/coth_l(a+bx) dp — / arcoth (bzx + a) ”

¢+ dz? dz3 +c

input Lintegrate (arccoth(b*x+a)/(d*x~3+c) ,,x, algorithm="giac")

output LsageO*x

Mupad [F(-1)]

Timed out.
-1
/ coth™ (a + bx) dr — / acoth(a + bz) i
c+dz? dz3 +c
input Lint (acoth(a + b*x)/(c + d*x"3),x)

outputtint(acmzh(a + bxx)/(c + d*x~3), x)
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Reduce [F]

-1
/coth (a+bx)dx=/wdz

c+ dz? dz3 +c

inputLint(acoth(b*x+a)/(d*x~3+c)’X)

outputtim:(a‘mth(a + b*x)/(c + d*x**3),x)




output
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3.42 [l g,

Optimalresult . . ... ... ... .. ... ... ... .....
Mathematica [A] (verified) . . . . . . . ... ... ... ...
Rubi [B] (verified) . .. ... ... ... .. ... ... ...,
Maple [A] (verified) . . . . . . . .. ...
Fricas [F] . . . . . . .
Sympy [F(-1)] . ..«
Maxima [C] (verification not implemented) . . . . . . . .. ..
Giac [F] . . . . . o
Mupad [F(-1)] . . .«
Reduce [F] . . ... .. . ..

Optimal result

Integrand size = 16, antiderivative size = 287

2b (F_\/az>
by/=c—(1-a)Vd) (1+a+bc)

coth™'(a + bz) log < (

/ coth™'(a + bx) p
¢+ dzx?

coth™ (a + bz) log ( (

2b (ﬁ+x/&m)
by/=c+(1-a)Vd) (1+a+bc)

PolyLog <2, 1-—

2b (F— \/;l:c)
(bv=c-(1-a)vd) (1+a+bc)

PolyLog (2, 1-—

+

% <\/jc+\/&z>
(bv=ct+(1-a)Vd) (1+a+ba)

207
358
362!
K{i%
K{i%
204
264
369!

1/2*arccoth (bxx+a)*1n (2xb* ((-c) ~(1/2)-d~(1/2)*x) / (b*(-c) ~(1/2)-(1-a)*d~ (1/
2))/ (bxx+a+1))/(-c)~(1/2)/d~(1/2)-1/2*arccoth (b*x+a) *1n (2xb* ((-c) ~(1/2)+d"
(1/2)*x) / (b*(-c)~(1/2)+(1-a)*d~ (1/2) ) / (bxx+a+1)) /(-c) ~(1/2) /d~(1/2)-1/4*po
lylog(2,1-2%b* ((-c)~(1/2)-d~(1/2)*x) / (b*x(-c)~(1/2)-(1-a)*d~ (1/2)) / (bxx+a+1
))/(=c)~(1/2)/d~(1/2)+1/4*polylog(2,1-2%b* ((-c)~(1/2)+d~(1/2) *x) / (b*(-c) ~(

1/2)+(1-a)*d~(1/2) )/ (b*x+a+1))/(-c)~(1/2)/d"(1/2)
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Mathematica [A] (verified)

Time = 0.36 (sec) , antiderivative size = 529, normalized size of antiderivative = 1.84

-1
/ coth™ (a + bx) s
¢+ dx?

Vd(—1+a+bx —14atbx Vd(1+a+bz
log (7265 ) 108 (V= = Vide) —log (={i522%) log (v=c - Vido) —log (2773 ) og (3

inputLIntegrate[ArcCoth[a + b*xx]/(c + d*x~2),x]

(Log[(Sqrt[dl*(-1 + a + b*x))/(b*Sqrt[-c] + (-1 + a)*Sqrt[d])]*Log[Sqrtl[-c
] - Sqrtldl*x] - Logl(-1 + a + b*x)/(a + b*x)]*Log[Sqrt[-c] - Sqrt[d]*x] -
Log[(Sqrt[dl*(1 + a + b*x))/(b*Sqrt[-c] + (1 + a)*Sqrt[d])]*LoglSqrt[-c]
- Sqrt[dl*x] + Logl[(1 + a + b*x)/(a + b*x)]*Logl[Sqrt[-c] - Sqrt[d]l*x] - Lo
g[-((Sqrt[d]*(-1 + a + b*x))/(b*Sqrt[-c] - (-1 + a)*Sqrt[d]))]*Log[Sqrt[-c
] + Sqrtl[dl*x] + Logl(-1 + a + b*x)/(a + b*x)]*Log[Sqrt[-c] + Sqrt[d]*x] +
Log[-((Sqrt[d]*(1 + a + b*x))/(bxSqrt[-c] - (1 + a)*Sqrt([d]))]*Log[Sqrt[-
c] + Sqrt[dl*x] - Log[(1 + a + b*x)/(a + b*x)]*Log[Sqrt[-c] + Sqrt[d]*x] +
PolyLog[2, (b*(Sqrt[-c] - Sqrt[d]l*x))/(bxSqrt[-c] + (-1 + a)*Sqrt[d])] -
PolyLog[2, (b*(Sqrt[-c] - Sqrt[d]l*x))/(bxSqrt[-c] + (1 + a)*Sqrt[d])] - Po
lyLog[2, (b*(Sqrt[-c] + Sqrtl[dl=*x))/(b*Sqrt[-c] - (-1 + a)*Sqrtl[d])] + Pol
yLog[2, (b*(Sqrt[-c] + Sqrt[dl*x))/(b*Sqrt[-c] - (1 + a)*Sqrt[d])])/(4*Sqr

t [-c]*Sqrt[d])

output

Rubi [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 709 vs. 2(287) = 574.

Time = 1.47 (sec) , antiderivative size = 709, normalized size of antiderivative = 2.47,

number of rules _ 438, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {6666, 2976, 2804, 2009, 2977, 2804, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/ coth™ (a + bx) d

c+ dx?
| 6666
1 plog(#5et) o plog (—=afE)
2/ dz2+c da:—2/ dr2+c de
l 2076
a+bzr+1
1(/ log (#2541 ) a+bs+1
2 d(a + 1)2 + (da2+b(ic_+)_§:;—;-2bx+l)2 + b2 — 2(cb2+a(a:i)b¢i)(a+bx+1) a+bx

L[ e
l 2804

1

+
2 / (b\/—cx/c_l (2da2 + 2da + 2b2%c — 2(da2+b;fr)£g+bx+1) - 2b\/—cx/c_l> byv/—cVd (—2da2 — 2da — 2b2%¢ + °

Yt SN

(da? + b%c) log (%) (da? + b%c) log

2 dz? +c
| 2009
1/h¥(—_§$fﬁd
2 dz? +c v
Polvl, 9 (da?+b2c) (a+bz+1) PolvL, 9 (da?+b?c) (a+bz+1) ] atbo+1) |
1 . < ? (eb2—v=eVdb+a(at1)d) (a+bz) n T (cb2+v=cvdb+a(at1)d) (atbo) o8 ( atbe )
2 2b\/—0\/c_l 2b\/—cx/3
| 2077
lb log (‘ _(fz:rbliva) —a—br+1
2 d(l . a)2 + b2 + 2(b2c—(1—a)idb)(—a—bx+1) + (da2+b2(c)_’(_;a);bm+1)2 a+bx
a T a T
(da?+b2c) (a+bz+1) (da?+b?c) (a+bz+1) a+bz+1
1 PolyLog (2’ (ch—chﬁb+a(a+1)d) (a—i—bx)) PolyLog (2’ (cb2+¢fcﬂb+a(a+l)d> (a~|—bx)> log ( a-+bz ) :
b -
2 2by/—cVd 2by/—cvd

l 2804
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1b/ (da,2 + bzc) log (_—aa—_i_ibbmw-i-l) N (da,2 + b2c) log
2\ bv=evid (~2da? + 2da — 202 — 2by/=ey/d — HEACabe ) ) b /=\/ (2da? - 2da + 2% — 2
(da?+b2c) (a+bz+1) (da?+b?c) (a+bz+1) atbr+1
1 PolyLog (2’ (ch—chﬁb+a(a+1)d> (a—i—bac)) PolyLog (2’ (cb2+¢fcﬂb+a(a+1)d> (a~|—bz)> log ( atbz > :
b —
2 2b/—cv/d 2bv/=cvd
| 2009

PolvL 9 _ (da?4+b%c) (—a—bz+1) PolvL 9 _ (da?4+b%c) (—a—bz+1) 1 _ —a—bg
008 ( ’ (cb2_chx/Eb—(1—a)ad) (a+bz) oyLo8 ’ (cb2+chx/Eb—(1—a)ad) (a+bz) 8 ( a+bs

2’ 2bv/—cv/d B 2bv/—cv/d *

(da?+b2c) (a+bz+1) (da?+b?c) (a+bz+1) atbr+1 ) |
PolyLog <2’ (cb2—\/—7m/ab+a(a+1)d) (a—i—bz)) PolyLog (2’ (ch+¢jcﬂb+a(a+1)d> (a+bx) log ( a+bx )

2’|~ 2bv/—cv/d " 2bv/—cv/d B

-

input |

Int[ArcCoth[a + b*x]/(c + d*x~2),x]
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(b*((Log[-((1 - a - b*x)/(a + b*x))]*Logll + ((b"2%c + a"2*xd)*(1 - a - b*x
))/((b~2%c - b*Sqrt[-cl*Sqrt[d] - (1 - a)*a*d)*(a + b*x))])/(2*%b*Sqrt[-c]*
Sqrt[d]) - (Log[-((1 - a - bxx)/(a + b*x))]*Log[l + ((b™2*%c + a~2+d)*(1 -
a - b*x))/((b~2*%c + b*Sqrt[-cl*Sqrt[d] - (1 - a)*a*d)*(a + b*x))])/(2%bxSq
rt[-c]*Sqrt[d]) + PolyLogl[2, -(((b"2*c + a"2*d)*(1 - a - b*x))/((b"2*c - b
*Sqrt [-c1*Sqrt[d] - (1 - a)*a*xd)*(a + b*x)))]1/(2*b*Sqrt[-c]*Sqrt[d]) - Pol
yLogl[2, -(((b™2%c + a~2%d)*(1 - a - b*x))/((b~2%c + b*Sqrt[-cl*Sqrt[d] - (
1 - a)*a*xd)*(a + b*x)))]/(2%b*Sqrt[-cI*Sqrt[d])))/2 - (bx(-1/2x(Logl[(1 + a
+ bxx)/(a + b*x)]*Log[l - ((b™2*c + a™2xd)*(1 + a + b*x))/((b"2*c - bxSqr
t[-c]*Sqrt[d] + ax(1 + a)*d)*(a + b*x))])/(b*Sqrt[-c]*Sqrt[d]) + (Logl(1 +
a + b*x)/(a + b*x)]*Log[l - ((b"2%c + a”2*d)*(1 + a + b*x))/((b"2%c + b*S
qrt[-cl*Sqrt[d] + ax(1 + a)*d)*(a + b*x))1)/(2*b*Sqrt [-c1*Sqrt[d]) - PolyL
ogl2, ((b™2xc + a"2xd)*(1 + a + b*x))/((b"2*c - b*Sqrt[-cI*Sqrt[d] + a*(1
+ a)*xd)*(a + b*x))]/(2%b*Sqrt [-cl*Sqrt[d]) + PolyLog[2, ((b™2*c + a™2*d)*(
1 + a + b*x))/((b"2%c + bxSqrt[-c]*Sqrt[d] + a*(1 + a)*d)*(a + b*x))]/(2*b
*Sqrt [-c]*Sqrt[d]1)))/2

output

Defintions of rubi rules used

rule 2009" Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[((a_.) + Logl(c_.)*(x_)"(n_.)I*(b_.))"(p_.)*(RFx_), x_Symbol] :> With[{

rule 2804
u = ExpandIntegrand[(a + b*Loglc*x"n]) “p, RFx, x]}, Int[u, x] /; SumQ[ul] /
; FreeQ[{a, b, ¢, n}, x] &% RationalFunctionQ[RFx, x] && IGtQ[p, O]

rule 2976 TotLC(A_.) + Logl(e_.)*(((a_.) + (b_.)*(x_))/((c_.) + (d_.)*(x_)))"(n_.)]*(

B_.)) " (p_.)*(P2x_)"(m_.), x_Symbol] :> With[{f = Coeff[P2x, x, 0], g = Coef
f[P2x, x, 1], h = Coeff[P2x, x, 2]}, Simp[(b*c - a*d) Subst[Int[(b"2*f -
axb*xg + a"2*%h - (2%bxd*f - b¥cxg - akxd*g + 2*xakc*h)*x + (d"2+f - ckxd*g + c”
2%h)*x~2) “m* ((A + B*Log[e*x~n]) p/(b - d*x)~(2x(m + 1))), x], x, (a + b*x)/
(c + d*x)], x1] /; FreeQ[{a, b, c, d, e, A, B, n}, x] & PolyQ[P2x, x, 2] &
& NeQ[b*c - axd, 0] &% IntegerQ[m] && IGtQ[p, O]
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Int[((A_.) + Logl(e_.)*((a_.) + (b_.)*(x_)) " (n_.)*((c_.) + (d_.)*(x_))"(mn_
JI*x(B_.)) " (p_.)*(P2x_)"(m_.), x_Symbol] :> With[{f = Coeff[P2x, x, 0], g =

Coeff [P2x, x, 1], h = Coeff[P2x, x, 2]}, Simp[(bxc - a*d) Subst [Int [(b~2x*
f - axb*g + a"2xh - (2%b*d*f - b*cxg - a*d*g + 2*akxcxh)*x + (d"2*f - cxd*g

+ ¢c"2%h)*x"2) “m* ((A + B*Logl[e*x™n])"p/(b - d*x)~(2*x(m + 1))), x], x, (a + Db
*xx)/(c + d*x)], x]] /; FreeQ[{a, b, ¢, d, e, A, B, n}, x] && PolyQ[P2x, x,

2] &% EqQ[n + mn, 0] && IGtQ[n, O] && NeQ[b*c - a*d, O] && IntegerQ[m] && I
GtQlp, 0]

rule 2977

Int[ArcCoth[(c_) + (d_.)*(x_)1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp

rule 6666
[1/2 Int[Log[(1 + c + d*x)/(c + d*x)]/(e + f*x"n), x], x] - Simp[1/2 In
t[Logl(-1 + ¢ + d*x)/(c + d*x)]/(e + f*x"n), x], x] /; FreeQ[{c, d, e, £},
x] && RationalQ[n]
Maple [A] (verified)
Time = 0.81 (sec) , antiderivative size = 426, normalized size of antiderivative = 1.48
method result
risch _ In(eoto—) In(WESTR) e ) | Infbotal)in(WEeget et ) dilog(MEeg gt
4y/—cd 4y/—cd 4y/—cd
derivativedivides | Expression too large to display
default Expression too large to display
input Lint (arccoth(b*x+a) / (d*x~2+c) ,x,method=_RETURNVERBOSE) J
output -1/4*%1n(b*x+a-1) /(-c*d) ~(1/2) *1n((b* (-c*d) ~(1/2) - (b*x+a-1) *d+a*xd-d) / (b*(-c

*d) ~(1/2)+a*d-d) )+1/4*1n(b*x+a-1)/(-c*d) ~(1/2) *1n((b* (-c*d) ~ (1/2) +(b*x+a-1
)*d-axd+d) / (b*(-c*d) ~(1/2)-a*d+d))-1/4/(-c*d) ~(1/2) *dilog((b*(-c*d)~(1/2)-
(b*x+a-1)*d+a*d-d) / (b*(-c*d) ~(1/2)+a*d-d))+1/4/ (-c*d) ~ (1/2) *dilog ((b* (-c*d
)~ (1/2)+(b*x+a-1) *d-a*d+d) / (b* (-c*d) ~(1/2) —a*d+d) ) +1/4*1n (b*x+a+1) / (-c*d) =
(1/2) *1n((b* (—c*d) =~ (1/2) - (b*x+a+1) *d+a*d+d) / (b* (-c*d) ~ (1/2) +a*d+d) ) -1/4*1n
(b*x+a+1)/(—c*d) " (1/2) *1n((b* (-c*d) ~ (1/2) +(b*x+a+1) *d-a*d-d) / (bx (-cxd) ~(1/
2)-a*d-d))+1/4/(-c*d) ~(1/2)*dilog((b* (-c*d) ~ (1/2) - (bxx+a+1) *d+axd+d) / (b* (-
cxd)~(1/2)+axd+d))-1/4/(-c*d) ~(1/2) *dilog ((b* (-c*d) ~(1/2) +(b*x+a+1) *d-a*d-
d)/ (b*(-c*d) ~(1/2)-a*d-d))
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Fricas [F]

/ coth™ (a + bx) dp — / arcoth (bz + a) i
¢+ dx? B dz? +c

input‘integrate(arccoth(b*x+a)/(d*x“2+c),x, algorithm="fricas")

outputLintegral(arccoth(b*x + a)/(d*x"2 + c), x)

Sympy [F(-1)]

Timed out.
th™? b
/ co (a + bx) e — Timed out
¢+ dz?
inputLintegrate(acoth(b*x+a)/(d*x**2+c)’X)
outputLTimed out

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.24 (sec) , antiderivative size = 591, normalized size of antiderivative = 2.06

T i dx = Too large to display

/ coth™ (a + bx)

inputtintegrate(arccoth(b*x+a)/(d*x‘2+c),x, algorithm="maxima")




output

input

output

input
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arccoth(b*x + a)*arctan(d*x/sqrt(c*d))/sqrt(c*d) + 1/4*((arctan2((b~2*x +

(a + 1)#b)*sqrt(c)*sqrt(d)/(b"2xc + (2”2 + 2xa + 1)*d), ((a + 1)*b*d*x + (
a"2 + 2%a + 1)*d)/(b"2%c + (a”2 + 2*a + 1)*d)) - arctan2((b™2*x + (a - 1)*
b)*sqrt(c)*sqrt(d)/(b~2*c + (2”2 - 2*xa + 1)*d), ((a - 1)*bxd*x + (2”2 - 2%
a + 1)*d)/(b"2%c + (2”2 - 2*a + 1)*d)))*log(d*x~2 + c) - arctan(sqrt(d)*x/
sqrt(c) ) *log((b"2*d*x~2 + 2x(a + 1)*bxd*x + (2”2 + 2*a + 1)*d)/(b"2*c + (a
"2 + 2%a + 1)*d)) + arctan(sqrt(d)*x/sqrt(c))*log((b™2*d*x~2 + 2x(a - 1)*b
xdxx + (2”2 - 2xa + 1)*d)/(b"2xc + (a”2 - 2%a + 1)*d)) - Ixdilog(((a - 1)*
bxd*x + b~2xc + (I*b~2#x + (-I*a + I)*b)*sqrt(c)*sqrt(d))/(b~2*c + 2x(-I*a
+ I)*bxsqrt(c)*sqrt(d) - (a™2 - 2%a + 1)*d)) + I*dilog(((a - 1)*b*d*x + b
“2xc - (I*b™2xx + (-I*a + I)*b)*sqrt(c)*sqrt(d))/(b"2%c - 2*(-I*a + I)*b*s
grt(c)*sqrt(d) - (2”2 - 2xa + 1)*d)) + Ixdilog(((a + 1)*b*d*x + b~2*c + (I
*b"2xx + (-I*a - I)*b)*sqrt(c)*sqrt(d))/(b"2xc + 2% (-I*a - I)*b*sqrt(c)*sq
rt(d) - (a”2 + 2*a + 1)*d)) - Ixdilog(((a + 1)*b*d*x + b™2*c - (I*b"2*xx +

(-I*xa - I)#b)*sqrt(c)*sqrt(d))/(b~2*c - 2x(-I*a - I)*b*sqrt(c)*sqrt(d) - (
a2 + 2%a + 1)*d)))/sqrt(c*d)

Giac [F]

-1
/ coth™ (a + bx) dp — / arcoth (bz + a) s
c+dz? dz? +c

e

Lintegrate(arccoth(b*x+a)/(d*x‘2+c),x, algorithm="giac")

~—

Lintegrate(arccoth(b*x + a)/(d*x"2 + c¢), x)

Mupad [F(-1)]

Timed out.

-1
/coth (a+ bx) dp — / acoth(a + bzx) d
¢+ dx? dz?+c

Lint(acoth(a + bxx)/(c + d*x~2),x)
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outputLint(aWth(a + b*x)/(c + d*x~2), x)

Reduce [F]

-1
/coth (a+bm)dx=/wdz
¢+ dxz? dz2 + ¢

inputLint(aCOth(b*X+a)/(d*X 2+¢c),x)

outputLim’(aco‘:h(a + bxx)/(c + d*x**2),x)




output
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coth™ 1 (a+bz
3.43 | t02) e
ct+dz
Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... 367
Rubi [A] (verified) . . . . . . . . . . 367
Maple [A] (verified) . . . . . . . . . . Bir(0)
Fricas [F] . . . . . . o B7a
Sympy [F] . . o e Ryl
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... B71]
Giac [F] . . . o o o
Mupad [F(-1)] . . ..o
Reduce [F] . . . . o
Optimal result
Integrand size = 14, antiderivative size = 120
/ coth™ (a + br) coth™ (a + bz) log (ﬁ)
dr = —
c+dx d
coth™ (a + bz) log <(bc+d2—b(§§;r((ﬁ-)a+bm)
+
d
2b(c+dzx)
N PolyLog (2, 1—3 +a2+bx) B PolyLog (2’ 1- (bc+d—ad)(1+a+bw)>

2d

2d

‘-arccoth(b*x+a)*1n(2/(b*x+a+1))/d+arccoth(b*x+a)*1n(2*b*(d*x+c)/(-a*d+b*c+
‘d)/(b*x+a+1))/d+1/2*polylog(2,1-2/(b*x+a+1))/d-1/2*polylog(2,1-2*b*(d*x+c)

‘/(—a*d+b*c+d)/(b*x+a+1))/d




input |

output
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Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 185, normalized size of antiderivative = 1.54

d(1—a—bzx
/ coth™ (a + bx) o — log < lgi+d—ad)> log(c + dx) _ log (=tet) Jog(c + d)

c+dx B 2d 2d
log<: é(—1i§i”—j§—))log(c+dfv)+log(”“”’“”)1og(c+d90)
2 2d
PolyLog (2, %) PolyLog (27 bl::(—f-ji_i?d>
2d 2d

Integrate [ArcCoth[a + b*x]/(c + d*x),x]

(Log[(d*(1 - a - b*x))/(bxc + d - a*xd)]*Loglc + d*x])/(2*d) - (Logl[(-1 + a
+ b*x)/(a + b*x)]xLoglc + d*x])/(2*%d) - (Log[-((d*(1 + a + b*x))/(b*c - d
- axd))]*Loglc + d*x])/(2*d) + (Log[(1 + a + b*x)/(a + b*x)]*Loglc + d*x]
)/ (2*d) - PolyLog[2, (b*(c + d*x))/(b*c - d - a*xd)]/(2xd) + PolyLog[2, (b*
(c + d*x))/(b*c + d - a*d)]/(2xd)

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 138, normalized size of antiderivative = 1.15,
_ @ humber of rules
6, integrand size = 0.429, Rules

number of steps used = 7, number of rules used =
used = {6662, 27, 6473, 2849, 2752, 2897}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1
/ coth™ (a + bx) i
c+dx

l'6662

bcoth™ 1 (a+bx)
J b(c—22)+d(a+ba) d(a +bz)

b

l27
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coth™!(a + bx)
d(a + bx) — ad + be d(a +bz)
l 6473

lOg W IOg a+bx
_ f ( 1—(:+bx)_; = ) d(a + b.’L‘) f 1 <(a1b;_)12> ((1 + b.’L‘) +
d

d
-1 2(d(a+bx)—ad+b 2 -1
coth™ (a + bz) log ((a _ﬁbi‘j_l)g(”)_ag +bcj_) d)) log (m) coth™(a + bx)

d d
l 9849

2
log< R 105<m> d—1

_f (bcl—jzi;ﬁ;)(;)-gbz+l)) d(a + b.’L') + f ]__ﬁ atbr+1 N

(a+bz+1)(—ad+bc+d)
d d

l 9752

d
coth™!(a + bz) log ( 2(d(a+be)—adtbe) ) log (ﬁ) coth™!(a + bx)

log ( 2(bc—ad+d(a+bzx))

c—a a+bx -1 2(d(a+bx)—ad+bc
[ ® 1_?;3)(90)21; +1)) d(a+bz) coth™ (a4 bx)log ((a—éb.’(t—i—l)()—ad-l—bc-i-)d))
— +
d d
PolyLog (2, 1—- ﬁ) log (ﬁ) coth™!(a + bz)
2d - d
l 2897
2(bc—ad+d(a+bx —1 2(d(a+bx)—ad-+bc
_ PolylLog (2, 1- (bg—ad—i-d)(cg—i-bw—f-)i)) N coth™ (a + bz) log ((a—igbri—f-l)()—ad—f-bc—i—)d))
2d
PolyLog (2, 1— ﬁ) log (ﬁ) coth™(a + bx)

2d d

input Int[ArcCothla + bxx]l/(c + d*x),x]

output‘ ((ArcCoth[a + b*x]*Logl[2/(1 + a + b*x)])/d) + (ArcCoth[a + bxx]*Log[(2*(b
\*c - a*d + dx(a + b*x)))/((bxc + d - a*d)*(1 + a + b*x))])/d + PolyLogl2,
\1 - 2/(1 + a + bxx)]/(2%d) - PolyLog[2, 1 - (2%(b*xc - axd + d*(a + b*xx)))/
((bkc + d - a*xd)*(1 + a + b*x))]/(2*d)
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Defintions of rubi rules used

rule 97 Int[(a )*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

ruka2752/Int[Log[(c—')*(x—)]/((d—) + (e_.)*(x_)), x_Symbol] :> Simp[(-e~(-1))*PolyLo
gl2, 1 - c*xx], x] /; FreeQl{c, 4, e}, x] && EqQ[e + cxd, 0]

rule 2849 IntlLogllc_.)/((d) + (e_.)*(x_))1/((£)) + (g_.)*(x_)72), x_Symbol] :> Simp
[-e/g Subst[Int[Logl[2*d*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[
{c, 4, e, £, g}, x] && EqQlc, 2*d] && EqQle~2*f + d~2*g, 0]

rule 2897 Int[Loglu 1*(Pq_)~(m_.), x_Symboll :> With[{C = FullSimplify[Pq m*((1 - u)/

D[u, x1)1}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &%
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]1]1, Expon[Pq, x]1]

rule 6473 Int[((a_.) + ArcCoth[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> S
imp[(-(a + b*ArcCoth[c*x]))*(Log[2/(1 + c*x)]1/e), x] + (Simp[(a + b*ArcCoth
[cxx])*(Log[2*c*x((d + e*x)/((c*d + e)*(1 + c*x)))]1/e), x] + Simp[b*(c/e)
Int[Log[2/(1 + c*x)]1/(1 - ¢c"2%x72), x], x] - Simp[b*(c/e) Int[Logl[2*c*((d
+ exx)/((c*d + e)*(1 + c*x)))]1/(1 - c™2%x"2), x], x]) /; FreeQ[{a, b, c, d
, e}, x] && NeQ[c™2xd~2 - e~2, 0]

e

Int[((a_.) + ArcCoth[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(

rule 6662
‘m_.), x_Symbol] :> Simp[1/d  Subst[Int[((d*e - c*f)/d + f*(x/d)) " m*x(a + b*
‘ArcCoth[x])“p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IG
LtQ [p, 0]

~
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Maple [A] (verified)

Time = 1.88 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.37

method result
i dilog(%) In(bz+a—1) ln(%) dilog(%) In(baz-
risch - 2d - 2d + 2d
dilog ( —ad—cfif(ciai-i;c) —d ) In(dz+c) In ( —ad—c:‘-iﬁ-fidba;‘-&(;c) —d ) dilog ( 7(1(1—053—_172}1}
d b + b d - b
b 5 -
In(dz+c) arccoth(bz+a
parts (da-to) d (brta) | 2
. —d(bz+a)+d —d(bz+a)+d . —d(bz-
d( dilog| — 72+ | +In(ad—cb—d(bz+a))In| — d|( dilog| ———
b(— ( ( ad+cb+d ) . ( ad+cb+d )) 4 ( < ad+
bln(ad—cb—d(bz+a)) arccoth(bz+a)
derivativedivides 4 . &
i —d(bz+a)+d n(ad—ch— z4a)) In —d(bz+a)+d i —d(bzA
b(_ d(d log<77ad+cb+d >+1 (ad 2b d(bz+a))l (%adﬂﬂd )) +d<d log<77ad+
bln(ad—cb—d(bxz+a)) arccoth(bz+a)
default 2 . 2

input

Lint (arccoth(b*x+a) / (d*x+c) ,x,method=_RETURNVERBOSE)

output ‘

-1/2*dilog(((b*x+a-1)*d-a*d+c*b+d)/(-a*d+b*c+d))/d-1/2*1n(b*x+a-1)*1n(((b* \

x+a-1)*d-axd+c¥b+d) / (-axd+bkc+d) ) /d+1/2*dilog (((bxx+a+l) xd-ard+ckb-d) /(-a*x |
‘ d+b*c-d) ) /d+1/2%1n (b*x+a+1)*1n( ((b*x+a+1) *d-a*d+c¥b-d) / (~a*d+b*xc-d)) /d ‘

Fricas [F]

coth™(a + bx)
c+dz

arcoth (bx + a)
dr+c

[ |

dz

input

Lintegrate (arccoth(b*x+a)/(d*x+c) ,x, algorithm="fricas")

output

‘integral(arccoth(b*x + a)/(d*x + c), x)
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Sympy [F]

-1
/ coth™ (a + bx) dr — / acoth (a + bz) i
c+dx c+dx

input‘integrate(acoth(b*x+a)/(d*x+c),x)

outputtlntegral(acoth(a + b*x)/(c + d*x), x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 192, normalized size of antiderivative = 1.60

/ coth™(a + bx) P

c+dz
1, log (bx + a — 1) log (ztaid 4 1) 4 Liy (—detadd) _log(bz +a+1)log (bhetadtd 4 1) 4 T
2 bd bd
log(bz+a+1) log(bz+a—1)
b< =5 " > log (dz +¢)  arcoth (bx + a) log (dz + ¢)
- +
2d d
inputLintegrate(arccoth(b*x+a)/(d*x+c),x, algorithm="maxima") J

-1/2%b* ((log(b*x + a - 1)*log((bxd*x + a*xd - d)/(b*c - a*d + d) + 1) + dil
og(-(bxd*x + axd - d)/(bxc - a*d + d)))/(bxd) - (log(b*x + a + 1)*log((b*d
*x + a*d + d)/(b*c - axd - d) + 1) + dilog(-(b*d*x + a*d + d)/(b*c - axd -
d)))/(b*xd)) - 1/2xb*(log(b*x + a + 1)/b - log(b*x + a - 1)/b)*log(d*x + c
)/d + arccoth(b*x + a)*log(d*x + c)/d

output
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Giac [F]

-1
/ coth™ (a + bx) dp — / arcoth (bz + a) i
c+dx dz +c

inputLintegrate(arccoth(b*x+a)/(d*x+c),x, algorithm="giac")

output Lintegrate(arccoth(b*x + a)/(d*x + c), x)

Mupad [F(-1)]

Timed out.

—1
/coth (a + bx) dxz/acoth(a+bx) i
c+dz c+dx

inputtint(acoth(a + bxx)/(c + d*x),x)

OutputLint(acoth(a + bxx)/(c + d*x), x)

Reduce [F|

-1
/ coth™ (a + bx) dp — / acoth(bz + a) i
c+dx dr +c

inputLint(acoth(b*x+a)/(d*x+c),x)

Outputtint(acoth(a + b*x)/(c + d*x),x)




output
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3.44 f coth;:_(cdz+bw) dx

T

Optimalresult . ... ............
Mathematica [C] (warning: unable to verify)
Rubi [A] (verified) . . ... ... ... ...
Maple [A] (verified) . . . . . . ... ... ..
Fricas [F] . . ... ... ... ... ....

Sympy [F] . ... ... ... ... ... .
Maxima [A] (verification not implemented) .

Giac [F] . . ... ..o .o
Mupad [F(-1)] .. ... ... ... ....
Reduce [F] . .. ... ... ... ... .....

Optimal result

Integrand size = 16, antiderivative size = 292

/ coth™(a + bx) d — (1—a—bz)log (—1245%) " log(a + bz)
c+d 2bc 2bc
log(1 +a+bz) | (a+bz)log (Liefte)
2bc 2bc

378
2 ()
2 ()
280
280
B30

dlog (%) log(d+cx)  dlog (—1zo7 1=ab) Jog(d + cx)

2c2

+

+ 2c2

dlog (M) log(d + cx) _ dlog (H2) log(d + cx)

2c2

c+ac—bd

+

2c2

ac+bd

dPolyLog (2,~425))  dPolyLog (2, 42t )

2c2

2c2?

1/2% (-b*x-a+1)*1n(-(-b*x-a+1) /(b*x+a)) /b/c+1/2*1n(b*x+a) /b/c+1/2*1n (b*x+a+
1) /b/c+1/2* (b*x+a) *1n ((b*x+a+1) / (b*x+a)) /b/c-1/2*d*1n(c* (-b*x-a+1) /(-a*c+b
*d+c) ) *1n(c*x+d) /c~2+1/2*%d*1n (- (-b*x-a+1) / (b*x+a) ) *1n (c*x+d) /c~2+1/2*d*1n(
cx (bxx+a+1) / (a*c-b*d+c) ) *1n(c*x+d) /c~2-1/2*%d*1n ((b*x+a+1) / (b*x+a) ) *1n (c*x+
d)/c~2+1/2*d*polylog(2,-b*(c*x+d) /(a*xc-b*d+c))/c~2-1/2*d*polylog(2,b* (cxx+

d) / (~a*c+bxd+c)) /c”2
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 3.51 (sec) , antiderivative size = 502, normalized size of antiderivative = 1.72

th™'(a+b
/co (ad—i- ) i
c+ z

2ac? coth™ ' (a + bx) — ibcdm coth™ (a + bx) + 2bc%z coth™ (a + bx) + bed coth™ (a + bz)? + abed coth™

input Integrate[ArcCoth[a + b*x]/(c + d/x),x]

(2%a*c”2xArcCoth[a + b*x] - Ixbxc*d*Pi*ArcCoth[a + bxx] + 2%b*c”~2xx*ArcCot
h[a + b*x] + bkckd*ArcCoth[a + b*x]~2 + a*b*c*d*ArcCoth[a + b*x]~2 - b~2xd
~2xArcCoth[a + b*x]~2 - a*b*c*d*Sqrt[1 - c~2/(a*c - b*d) 2]*E~ArcTanh[c/(a
*c — b*d)]*ArcCoth[a + b*x]~2 + b~"2*%d"2*Sqrt[1 - c~2/(a*c - b*d) “2]*E~ArcT
anh[c/(a*xc - b*d)]*ArcCoth[a + b*x]~2 + 2%b*c*dxArcCoth[a + b*x]*ArcTanh[c
/(axc - bxd)] + 2*bxcxd*ArcCoth[a + b*x]*Log[l - E~(-2%ArcCoth[a + b*x])]
+ Ixbxc*d*Pi*Log[1 + E~(2*ArcCoth[a + b*x])] - 2x*b*cxd*ArcCoth[a + b*x]*Lo
gll - E~(-2*ArcCoth[a + b*x] + 2xArcTanh[c/(a*c - b*d)])] + 2*b*c*d*ArcTan
hlc/(a*c - bxd)]*Log[l - E~(-2xArcCoth[a + b*x] + 2xArcTanh[c/(a*xc - b*d)]
)] - Ixbxckd*Pi*Log[1/Sqrt[1 - (a + b*x)~(-2)]] - 2*c”2*xLog[1/((a + b*x)*S
grt[1l - (a + b*x)~(-2)])] - 2#b*c*dxArcTanh[c/(a*xc - b*d)]*Log[I*Sinh[ArcC
oth[a + b*x] - ArcTanh[c/(a*c - b*d)]]] - b*cxd*PolyLog[2, E~(-2*ArcCothl[a
+ b*x])] + b*cxd*PolyLog[2, E~(-2*ArcCoth[a + b*x] + 2*ArcTanh[c/(a*c - b
*d)]1)1)/(2¥b*c™3)

output

Rubi [A] (verified)

Time = 1.04 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.49,

number of rules _
integrand size 0.438, Rules

number of steps used = 7, number of rules used = 7,
used = {6666, 2993, 772, 49, 2009, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/cothl(wfm)
c+d

l 6666

L / wmd L /log (—‘Z;bbﬁc*l)d

c+d

X
c+ 4 2

2 i

l 2993

— —a - 1
<<log(—a —bx+1)—log <—a'a_|_b:::_1> — log(a + bx)) / —il_ _ / log(—a — bx + 1)da: N / og(a
c =

z C+g cH

bz +1
<<bga+mﬂ—bﬁa+MH4)+bgCPHm+l>>/ L ¢Vi/bﬁa+mﬂwwi/bﬁa+‘V+)d

N N

l 772

—a—br+1 1 —bz+1 1
((log(—a —br+1)—log (_w> —log(a + bw)) d _fcmdx - / og(~ Z+ :E ) T+ / Ogic

og(a + bz (o) +bx + 1 a+br+1 log(a + bx) / log(a + bx + 1)
<<l g( ) g(a bx )+ og ( )) /

| 49

—a—bxr+1 1 d log(—a — bx + 1)
—a— - - -1 - — g
((log( a—be+1) log( a + bx ) og(a+bw)>/<c c(d+cw)>dw / c+% ¢
atbetl\\ (1 d o+, [ ot

<<log(a+bx) log(a+bac+1)+10g< a+ bx >>/<c c(d—i—c:s))dx / c+% ot

l 2009

log(—a — bz + 1) / log(a + bx) < < —a—br+ 1> >
B d ————dr+ |log(~a—br+1) —log | —————— | =1 b |
< / c+d x+ c+x + Og( a :II-I— ) Og a+bm Og(a+ x)

log(a + bz) | log(a + bz + 1) a+bx+1 r d
( /c-i—d +/C+idm+ log(a + bx) — log(a + bx + 1) + log i ==

NI N

d—i—ca:

NI~ N

N~ N

l 2856
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1 _/ 10g(—a % bz —I—CZ B dloi(c(—da—i_—cl;a;+ 1)2 dx+/b <lo;g(ac+dblx) B dlg(gd(i}—xb)x)
(-] (e - ey e [ (-

> dx + <10g(—a —bx

> dx + <log(a + bx) — lo

N = DN

l 2009

—ac+c+bd —ac+bd+c
2

1 (dPolyLog (2, Cst))  dPolylog (2,4412))  dlog(—a— bz +1) log (2D,
- - +

2 2 2 + <log(—a —bx -

1 (dPolyLog (2, %) d PolyLog (2, Cg‘zizw_jzé)) dlog(a + bzx) log (—%)
2 c? c? c?

5 - + + <log(a + bx) — log(a -

input L

Int[ArcCoth[a + b*x]/(c + d/x),x] J

output

(((1 - a - b*x)*Log[l - a - b*x])/(bxc) + ((a + bxx)*Logla + b*x])/(bxc) +
(Log[l - a - b*x] - Log[-((1 - a - b*x)/(a + b*x))] - Logla + b*x])*(x/c
- (d*Logld + c*x]1)/c”2) - (d*Logla + b*x]*Log[-((b*(d + c*x))/(a*c - bxd))
1)/c2 + (d*Logl[l - a - bxx]*Log[(bx(d + c*x))/(c - a*c + bxd)])/c”2 + (d*
PolyLog[2, (c*(1 - a - b*x))/(c - a*xc + b*d)])/c™2 - (d*PolyLog[2, (c*(a +
bxx))/(a*c - b*d)])/c”2)/2 + (-(((a + b*x)*Logla + bxx])/(b*c)) + ((1 + a
+ b*x)*Log[1l + a + b*x])/(bxc) + (Logla + bxx] - Logl[l + a + b*x] + Logl[(
1 + a + b*x)/(a + b*x)])*(x/c - (d*Logld + c*x])/c”2) + (d*Logla + b*x]#*Lo
gl-((bx(d + c*x))/(a*c - b*d))])/c"2 - (d*Log[l + a + b*x]*Log[-((b*(d + c
*x))/(c + a*xc - b*d))])/c”2 + (d*PolyLog[2, (c*(a + b*x))/(a*xc - b*d)])/c”

2 - (d*PolyLogl[2, (c*x(1 + a + b*x))/(c + axc - b*d)])/c"2)/2

Defintions of rubi rules used

rule 49

Int[((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O] && IGtQ[m + n + 2, O]

rule 772

/Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[x"(n*p)*(b + a/x"n)"p,

x] /; FreeQ[{a, b}, x] && ILtQ[n, 0] && IntegerQ[p]
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rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2856 Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(a_.)]*(b_.))"(p_)*((£f)) + (g_.
Y*(x_)~(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + ex*x)
“n])"p, (f + g*x"r)~q, x], x] /; FreeQ[{a, b, c, d, e, f, g, n, v}, x] & I
GtQlp, O] && IntegerQlql &% (GtQlq, 0] || (IntegerQ[r] && NeQ[r, 1]))

rule 2993 Int [Logl(e_.)*x((f_.)*((a_.) + (b_.)*(x_))"(p_.)*((c_.) + (d_.)*(x_))"(q_.))
“(r_.)I*(RFx_.), x_Symbol] :> Simp[p*r Int[RFxx*Logl[a + b*x], x], x] + (Si
mp[q*r Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logl[a + b*x] + g*rxLoglc
+ d*x] - Loglex(fx(a + bxx) p*(c + d*x)~q)"r]) Int[RFx, x], x]) /; FreeQ[
{a, b, ¢, d, e, £, p, q, r}, x] & RationalFunctionQ[RFx, x] && NeQ[b*c - a
xd, 0] && !'MatchQ[RFx, (u_.)*(a + b*x)~(m_.)*(c + d*x)~(n_.) /; IntegersQ[
m, n]]

Int [ArcCoth[(c_) + (d_.)*(x_)1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp
[1/2  Int[Logl(1 + c + d*x)/(c + d*x)]/(e + f*x™n), x], x] - Simp[1/2 1In
t[Log[(-1 + ¢ + d*x)/(c + d*x)]1/(e + £*x"n), x], x] /; FreeQl{c, 4, e, f},
x] && RationalQ[n]

rule 6666

Maple [A] (verified)

Time = 1.89 (sec) , antiderivative size = 259, normalized size of antiderivative = 0.89



input

output

input

output
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method result
bl — (a—1) ln(ac—bd2+b(cz+d)—c) _ (=a—1)In(ac—bd+b(cz+d)+c) _d
2b
arccoth(bzx+a)x arccoth(bz+a)dIn(cz+d
parts 2 o _ ( 62) (cotd) |
. c(bz+a+1l)—act+bd—c
risch In(bz+a+1)x + In(bz+a+1)a + In(bz+a+l) 1 ddllog(‘ “actbd—c ) dIn(br+a+1) 111(
S 2¢ 2bc 2bc be 2¢2
ln(a202—2abcd+b2d2—2ac(ac—bd—c(ba:+a))+2bd(ac—bd—c(bm-
arccoth(bz+a)(bz+a) _ arccoth(bz+a)dbln(ac—bd—c(bz+a))
derivativedivides ° <
ln(a2c2—2abcd+b2d2—2ac(ac—bd—c(bz+a))+2bd(ac—bd—c(bz-
arccoth(bz+a)(bz+a) arccoth(bz+a)dbln(ac—bd—c(bz+a))
default - =

tint(arccoth(b*x+a)/(c+d/x),x,method=_RETURNVERBDSE)

arccoth(b*x+a)*x/c—arccoth (b*x+a) /c”2*d*1n(c*x+d)+b/c*(-1/2%(a-1) /b~ 2*1n(a
*C—b*d+b* (cxx+d)-c)-1/2*(-a-1) /b~ 2*1n(a*c-b*d+b* (ckx+d)+c)-d*(1/2/c*(dilog
((a*c-b*d+b* (cxx+d)-c) / (a*xc-b*d-c)) /b+1ln(c*x+d) *1n((a*xc-bxd+b* (c*x+d)-c)/ (
a*xc-b*d-c))/b)-1/2/c*(dilog((a*xc-b*d+b* (c*x+d)+c)/(axc-bxd+c)) /b+1n(cxx+d)
*1n ((axc-bxd+b* (c*x+d)+c)/ (a*xc-bxd+c))/b)))

Fricas [F]

/ coth_l(ad+ bx) dp — / arcoth (b:;" +a) i
c+ z c+ z

tintegrate(arccoth(b*x+a)/(c+d/x),x, algorithm="fricas")

Lintegral(x*arccoth(b*x + a)/(cxx + d), x)
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Sympy [F]
/ coth_l(ad—i- bx) dp — / z acoth (a + bx) i
¢ty cx+d
inputLintegrate(acoth(b*x+a)/(c+d/x),x) J
output LIntegral(x*acoth(a + b*x)/(ckx + d), x) J

Maxima [A] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 192, normalized size of antiderivative = 0.66

c+ %
_1, log (cx + d) log (2 4 1) + Lip (— 25524 ) ) d B (log (cz + d) log (2eztbd 4 1) 4 Ly (— Lozt
2 bc? bc?
1 d
+ (E - Mj’_)) arcoth (bz + a)
c c

input‘integrate(arccoth(b*x+a)/(c+d/x),x, algorithm="maxima")

1/2*%b*((log(c*x + d)*1log((b*c*x + b*d)/(a*c — b*d + c) + 1) + dilog(-(b*cx

X + b*xd)/(a*xc - bxd + c)))*d/(b*c”2) - (log(c*x + d)*log((b*c*x + b*xd)/(a*
c - bxd - c) + 1) + dilog(-(b*cxx + b*d)/(a*c - bxd - c)))*d/(b*c~2) + (a

+ Dx*log(b*x + a + 1)/(b"2%c) - (a - 1)*log(b*x + a - 1)/(b"2%c)) + (x/c -
dxlog(c*x + d)/c”2)*arccoth(b*x + a)

output
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Giac [F]
/ COth_l(ad—l- bx) dp — / arcoth (bi +a) e
c+ z c+ 2
inputLintegrate(arccoth(b*x+a)/(c+d/x),x, algorithm="giac")

OutputLintegrate(arccoth(b*x + a)/(c + d/x), x)

Mupad [F(-1)]

Timed out.

-1
[ty [rothletbe) ,,

d d
C+w C+x

inputtint(acoth(a + bxx)/(c + d/x),x)

OutputLint(acoth(a + b*x)/(c + d/x), x)

Reduce [F]

-1
/coth (a+bx) dp — / acoth(bx + a)xdz

c+ 9 cx+d

iIlputLint(acoth(b*x+a)/(c+d/x),X)

OutputLint((acoth(a + b*x)*x)/(c*xx + d),x)
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3.45 f coth_l(g—kba;) dz

C+;2'
Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . ... . L L
Rubi [A] (verified) . . . . . . .. . . 384
Maple [A] (verified) . . . . . . . . ...
Fricas [F] . . . . . . .
Sympy [F(-1)] . . . o o
Maxima [C] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [F] . . . o o 390
Mupad [F(-1)] . . . . . e 3901

Reduce [F] . . . . . o
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Optimal result

Integrand size = 16, antiderivative size = 742

-1
/ coth™ (a d—i— bx) da
c+ =2
(1—a—bx)log(—1+a+bx)
2bc
N z(log(—1+ a + bx) — log (—1=2:2%) —log(a + bx))
2c
v/darctan (‘{f;) (log(—1+ a+ bz) — log (—9522) —log(a + bz))
N 2c3/2
N (1+a+ bzx)log(l+ a+ bx) L z(log(a + bz) — log(1 + a + bz) + log (*£412))
2bc 2c
v/darctan (‘{fg) (log(a + bx) — log(1 + a + bx) 4 log (£42))
2c3/2

(-2
\/Elog(—l +a+ bfL’) log (—m)

4(—c)3/?

b(Vi—v/=cz)
vﬂmg1+a+b@k%(azmtazﬁ>
- 4(—c)3/2

+

b(Vd+v/=co)
Vdlog(1+ a + bz) log (_m)

4(—c)3/2

+

b(Va+y/=cz)
Vdlog(—1+ a + bz)log (m)

4(—cpr

v—c(l—a—bz) v—c(l—a—bz)
N \/EPOIyLOg (2, m) 3 \/C_iPOIyLOg (2, m)
Ko i)

vdPolyLog <2 M) v/d PolyLog <2 V—c(1+a+bz) )

’ (14a)v/—c—bVd ’ (14a)v/—c+bVd
4(—c)P 4(—c)

_|_
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1/2x (-bxx-a+1) *1n(b*x+a-1) /b/c+1/2*x* (1n(b*x+a-1)-1n(- (-b*x-a+1) / (b*x+a) ) -
In(b*x+a))/c-1/2*d" (1/2) *arctan(c~(1/2)*x/d" (1/2)) * (In(b*x+a-1) -1n (- (-b*x-
a+1)/(b*x+a))-1n(b*x+a))/c”(3/2)+1/2* (b*x+a+1) *1n(b*x+a+1) /b/c+1/2*x* (1n(b
*x+a)-1n(b*x+a+1)+1n((b*x+a+1)/(b*x+a)))/c-1/2*d" (1/2) *arctan(c~(1/2) *x/d"
(1/2))*(1n(b*x+a) -1n(b*x+a+1)+1n((b*xx+a+1)/ (b*x+a)))/c~(3/2)+1/4*d~(1/2) *1
n(b*x+a-1)*1n(-b*(d~(1/2)-(-c)~(1/2)*x)/((1-a)*(-c)~(1/2)-b*d~(1/2)))/(-c)
~(3/2)-1/4*d" (1/2) *1n(b*x+a+1) *1n(b* (d~(1/2)-(-c) " (1/2)*x) / ((1+a) *(-c) ~(1/
2)+b*d~(1/2)))/(-c)~(3/2)+1/4%d~ (1/2) *1n (b*x+a+1)*1n(-b*(d~(1/2)+(-c) ~(1/2
Y*x) /((1+a)* (-c)~(1/2)-b*d~(1/2)))/(-c)~(3/2)-1/4*d~ (1/2) *1n(b*x+a-1) *1n (b
*(d~(1/2)+(-c)~(1/2)*x) / ((1-a) *(-c) " (1/2)+b*d~(1/2)) )/ (-c)~(3/2)+1/4*d~ (1/
2)*polylog(2, (-c)~(1/2)*(-b*x-a+1)/((-c)~(1/2)-a*(-c)~(1/2)-b*d~(1/2))) /(-
c)~(3/2)-1/4%d" (1/2) *polylog(2, (-c)~(1/2) * (-b*x-a+1) / ((1-a) *(-c) " (1/2) +b*d
~(1/2)))/(-c)~(3/2)+1/4*d~ (1/2) *polylog(2, (-c) ~(1/2) *(b*x+a+1) /((1+a)*(-c)
~(1/2)-b*d~(1/2)))/(-c)~(3/2)-1/4*d~ (1/2) *polylog(2, (-c) ~(1/2) * (b*x+a+1) / (
(1+a)*(-c)~(1/2)+b*xd~(1/2)))/(-c)~(3/2)

output

Mathematica [A] (verified)

Time = 0.57 (sec) , antiderivative size = 843, normalized size of antiderivative = 1.14

th™'(a+b
/co (ad—i- ) i
c+ =2

2clog (=LE4t2) — 2aclog (=LESE) — 2bexlog (—LE%E2) + 4clog(a + bx) + 2clog (H2E22) + 2aclog |

e

Integrate[ArcCoth[a + b*x]/(c + d/x72),x]

~—  /

inputL
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(2xc*Log[(-1 + a + bxx)/(a + bxx)] - 2%axcxLog[(-1 + a + b*x)/(a + b*x)] -
2xbxc*x*Log[(-1 + a + b*x)/(a + b*x)] + 4*c*Logla + bxx] + 2xc*Log[(l + a
+ b*x)/(a + b*x)] + 2%a*xcxLog[(1 + a + bxx)/(a + b*x)] + 2xb*c*x*Log[(1 +
a + b*x)/(a + b*x)] - b*Sqrt[-c]l*Sqrt[d]*Logl[(Sqrt[-cl*(-1 + a + b*x))/(-
Sqrt[-c] + a*Sqrt[-c] + b*Sqrt[d])]*Logl[Sqrt[d] - Sqrt[-cl*x] + b*Sqrt[-c]
*Sqrt [d]*Log[(-1 + a + b*x)/(a + b*x)]*Log[Sqrt[d] - Sqrt[-cl*x] + b*Sqrt[
-c]*Sqrt [d]*Log[(Sqrt [-cI*(1 + a + b*x))/((1 + a)*Sqrt[-c] + bxSqrt[d])]*L
og[Sqrt[d] - Sqrt[-cl*x] - b*Sqrt[-c]*Sqrt[d]l*Logl(1 + a + b*x)/(a + b*x)]
*Log[Sqrt[d] - Sqrt[-cl*x] + bxSqrt[-c]l*Sqrt[d]*Logl[(Sqrt[-cl*(1 - a - b*x
))/(-((-1 + a)*Sqrt[-c]) + bxSqrt[d])]*Logl[Sqrt[d] + Sqrt[-cl*x] - b*Sqrt[
-c]*Sqrt [d]*Log[(-1 + a + b*x)/(a + bxx)]*Log[Sqrt[d] + Sqrt[-cl*x] - b*Sq
rt[-c]*Sqrt[d]*Log[(Sqrt[-cl*(1 + a + b*x))/((1 + a)*Sqrt[-c] - b*Sqrt[d]l)
I*Log[Sqrt[d] + Sqrt[-cl*x] + b*Sqrt[-c]*Sqrt[d]l*Log[(1 + a + bxx)/(a + b*
x)]*Log[Sqrt[d] + Sqrt[-cl*x] - b*Sqrt[-cl#*Sqrt[d]*PolyLog[2, (b*(Sqrtl[d]
- 8qrt[-cl#*x))/(-Sqrt[-c] + axSqrt[-c] + bxSqrt[d])] + b*Sqrt[-c]*Sqrt[d]=*
PolyLog[2, (b*(Sqrtld] - Sqrt[-cl*x))/(Sqrt[-c] + a*Sqrt[-c] + b*Sqrtl[d])]
- bxSqrt [-c]*Sqrt [d]*PolyLog[2, -((b*(Sqrt[d] + Sqrt[-cl*x))/(Sqrt[-c] +
a*Sqrt[-c] - b*Sqrt[d]))] + bxSqrt[-cl*Sqrt[d]*PolyLog[2, (b*(Sqrt[d] + Sq
rt[-cl*x))/(Sqrt[-c] - a*Sqrt[-c] + bxSqrt[d])])/(4xbxc~2)

output

Rubi [A] (verified)

Time = 2.11 (sec) , antiderivative size = 1165, normalized size of antiderivative = 1.57,

number of rules _ 0.438, Rules
integrand size

number of steps used = 7, number of rules used = 7,
used = {6666, 2993, 772, 262, 218, 2856, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ coth™ (a + bx) i

c+ ;%
l_6666
a+bx+1 —a—bx+1
1 10g< b ) 1 [ log (_ atbe )
- —ddx - = = dz
2 c+ =2 2 c+ s

l 2993
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—a— 1 log(—a — bz +1 1
(<log(—a—bx+1)—log <—(m> —log(a+bx)>/c+ dda:—/ og( ;1+ dx+ )dx+/0gc(0
4 4 ]

log(a + bz) — log(a + bz + 1) + log atbr+l 1 —dz — M T+ M
=ty

a+bx c+ 3 c—|— c+

N = N =

l 772

1 —a—bzr+1 z? log(—a — ba: + 1) / log(
3 <<log(—a —bzr+1)—log <_a+bx> — log(a + bx)) / o dd - / . + T + ;
1 a+br+1 x? log(a + bx) log(a + bz + 1)
- - log (272 T2 de — | 28Ty N
5 <log(a+bw) log(a+bx +1) + 0g< Py >>/cw2+dw / e x+/ s
z2 z2
| 262
1 —a—bxr+1 x dfcx2+d a—ba:—l—l)
1 a+bxr+1 z df szerdw log(a +
2<<log(a+bm)—10g(a+ba:+1)+log (a—i—bx)) (c / % d +/C+
| 218

1

|
(

log(—a — bx + 1) / log(a + bx) < ( —a—bz+ 1) )
- d O80T %) 4 + (log(—a— bo +1) —log [ ——2—2F2) _log(a+ b
/ o+ 2 T+ . + (log(—a — bz + 1) — log . og(a + bx)

:1:2

1 A
_/log(a+bx)dm+/10g(a+bac+1)dx+ log(a + bx) — log(a + bz + 1) + log a+bz+ z
C+(;i2 c+ ¢ a+br c

1
2

2

l 2856

1 (_/ <log(—a ; br+1) dlogc((—CZQ—+b§)+ 1)> d +/ <log(ac+ bz) dcl(zi(; ::: Z?)) da + (log(—a —ba

1(_/ <10g(a+bx) B dlog(a—l—ba:)) dm—i—/ (log(a—l—ba:—i—l) _ dlog(a+bz+1)

1 _
c c(cx? +d) c c(cx? +d) ) de + ( og(a +bz)

l 2009



input

output
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b(vd-v=es) b(v/=ca+va)
1 (—a—hr+1ﬂqﬂ—a—bx+1)+ ¢Ebg<_ﬂ—®¢ﬂkhﬂ>1%ﬂ_a_bm+l)_ ¢Ebg(¢ﬂﬂ—@HNQ I
2 bc 2(—c)3/2 (=)
Vdl b(vi-v=ca) 1 be)  /al b(v=co+vad) | ;
1 (a + bx) log(a + bx) og —catbvd og(a + bx) og T av—obvd og(a + bx)
5 B be + 2(—0)3/2 - 2(—6)3/2 +

Int[ArcCothla + bxx]/(c + d/x°2) ,x] |

(((1 - a - b*x)*Log[l - a - b*x])/(bxc) + (x/c - (Sqrt[d]l*ArcTan[(Sqrt[c]*
x)/Sqrt[dl])/c~(3/2))*(Logll - a - b*x] - Log[-((1 - a - b*x)/(a + b*x))]

- Logl[a + b*x]) + ((a + b*x)*Logla + b*x])/(bxc) + (Sqrt[d]*Log[l - a - b*
x]*Log[-((b*(Sqrt[d] - Sqrt[-cl*x))/((1 - a)*Sqrt[-c] - b*Sqrt[d]))])/(2x*(
-c)~(3/2)) - (Sqrtl[dl*Logla + b*x]*Log[(b*(Sqrt[d] - Sqrt[-cl*x))/(a*Sqrt[
-c] + b*Sqrt[d])]1)/(2*%(-c)~(3/2)) + (Sqrt[d]l*Logla + b*x]*Log[-((bx(Sqrt[d
1 + Sqrt[-cl*x))/(axSqrt[-c] - b*Sqrt[d]l))]1)/(2*(-c)~(3/2)) - (Sqrt([d]*Log
[1 - a - b*x]*Log[(b*(Sqrt[d] + Sqrt[-c]l#*x))/((1 - a)*Sqrt[-c] + bx*Sqrt[d]
)1)/(2%x(-c)~(3/2)) + (Sqrt[d]l*PolyLogl[2, (Sqrt[-cl*(1 - a - b*x))/(Sqrtl-c
1 - axSqrt[-c] - bxSqrt[d])])/(2x(-c)~(3/2)) - (Sqrt[d]*PolyLog[2, (Sqrt[-
cl*(1 - a - b*x))/((1 - a)*Sqrt[-c] + b*Sqrt[d])])/(2*(-c)~(3/2)) + (Sqrtl
d]*PolyLog[2, (Sqrt[-c]l*(a + b#*x))/(a*Sqrt[-c] - b*Sqrt[d])])/(2x(-c)~(3/2
)) - (Sqrt[d]*PolyLogl[2, (Sqrtl-cl*(a + b*x))/(a*Sqrt[-c] + b*Sqrt[d])])/(
2%(-c)~(3/2)))/2 + (-(((a + b*x)*Logla + b*x])/(b*c)) + ((1 + a + b*x)*Log
[1 + a + b*x])/(bxc) + (x/c - (Sqrt[d]*ArcTan[(Sqrt[c]l*x)/Sqrtl[d]l]l)/c~(3/2
))*(Log[a + b*x] - Log[l + a + b*x] + Log[(1 + a + b*x)/(a + b*x)]) + (Sqr
t[d]*Logl[a + bxx]*Log[(bx(Sqrt[d] - Sqrt[-cl*x))/(axSqrt[-c] + b*Sqrt([d])]
)/ (2%(-c)~(3/2)) - (Sqrtl[dl*Logl[l + a + b*x]*Log[(b*(Sqrt[d] - Sqrt[-c]*x)
)/((1 + a)*Sqrt[-c] + b*Sqrt[d])])/(2x(-c)~(3/2)) - (Sqrtl[dl*Logla + b*x]x*

Log[-((b*(Sqrt[d] + Sqrt[-cl*x))/(a*Sqrt[-c] - b*Sqrt[d]))])/(2*(-c)~(3...
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Defintions of rubi rules used

rule 218 Int[((a_) + (b_.)*(x_)"2)7(-1), x_Symbol] :> Simp[(Rt[a/b, 2]/a)*ArcTan[x/R
tla/b, 211, x] /; FreeQl[{a, b}, x] && PosQ[a/b]

rule 262 Int[((c_)*(x)) (@ )*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simpl[c*(c*x)
“(m - D*x((a + b*xx"2)"(p + 1)/(b*(m + 2%p + 1))), x] - Simp[a*c™2*((m - 1)/
(b*x(m + 2%p + 1))) Int[(c*x)"(m - 2)*(a + b*x~2)"p, x], x] /; FreeQ[{a, b
» C, pr, x] && GtQ[m, 2 - 1] && NeQ[m + 2*xp + 1, O] && IntBinomialQ[a, b, c
, 2, m, p, xJ

772‘Int[((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Int[x"(n*p)*(b + a/x"n) p,

le
i Lx] /; FreeQ[{a, b}, x] && ILtQ[n, O] && IntegerQ[p]

rule 2()09{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2856 Tntl((a_.) + Logl(c_.)*((d) + (e_.)*(x_))"(n_.)1*(b_.))"(p_.)*((f)) + (g_.
)*(x_)"(r_))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a + b*Logl[c*(d + e*x)
“n])"p, (f + g*xx"r)~q, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n, r}, x] & I
GtQ[p, 0] && IntegerQ[ql && (GtQ[q, 0] || (IntegerQ[r] && NeQ[r, 11))

rule 2993 IntlLoglle_)*((f_.)*((a_.) + (b_.)*(x))"(p_.)*((c_.) + (d_.)*(x_))7(q_.))
“(r_.)]*(RFx_.), x_Symbol] :> Simp[p*r Int[RFx*Logl[a + b*x], x], x] + (Si
mp[g*r Int[RFx*Loglc + d*x], x], x] - Simp[(p*r*Logla + b*x] + g*r*Loglc

+ d*x] - Loglex(f*x(a + bx*x)“p*(c + d*x)~q)°r]) Int[RFx, x], x]) /; FreeQ[
{a, b, ¢, d, e, £, p, q, r}, x] && RationalFunctionQ[RFx, x] && NeQ[b*c - a
*d, 0] && !MatchQ[RFx, (u_.)*(a + b*x)~(m_.)*(c + d*x)"(n_.) /; IntegersQ[
m, n]]

rule 6666 Int [ArcCoth[(c_) + (d_.)*(x_)1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp
[1/2 Int[Log[(1 + c + d*x)/(c + d*x)]/(e + f*x"n), x], x] - Simp[1/2 In
t[Log[(-1 + c + d*x)/(c + d*x)]/(e + f*x"n), x], x] /; FreeQ[{c, 4, e, £},
x] && RationalQ[n]
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Maple [A] (verified)

Time = 1.81 (sec) , antiderivative size = 554, normalized size of antiderivative = 0.75

method result

bv/—ed—c(ba+at1)+act
In(bz+a+1)z + In(bz+a+1)a + In(bz+a+l) 1 din(bz+a+1) 111( Cb\/c_—(;+‘flc+c ac C) dlIn(bz+

2c 2bc 2bc be 4ev/—cd
derivativedivides | Expression too large to display

risch

default Expression too large to display

input Liﬂt (arccoth(b*x+a)/(c+d/x"2) ,x,method=_RETURNVERBOSE) J

1/2/c*1n(b*x+a+1) *x+1/2/b/c*1ln(bxx+a+1) *a+1/2x1n (b*x+a+1) /b/c-1/b/c-1/4*d/
cx1n(b*x+a+1)/(-c*d) " (1/2) *1n((b* (-c*d) ~ (1/2) —c* (b*x+a+1)+a*xc+c) / (bx (-c*d)
~(1/2)+axc+c))+1/4*d/cx1n(b*x+a+1)/(—c*d) " (1/2) *1n ((b* (-c*d) ~ (1/2) +c* (b*x+
a+1)-axc-c)/(b*(-c*d) ~(1/2)-a*c-c))-1/4*d/c/(-c*d) ~(1/2) *dilog ((b* (-c*d) = (
1/2)-c*(b*x+at+1)+axc+c) / (bx(-c*d) ~(1/2) +axc+c))+1/4*d/c/(-c*d) " (1/2) *dilog
((b*(=c*d) ~(1/2) +cx (b*x+a+1) —axc-c) / (b*(-c*d) " (1/2) -a*c-c))-1/2/c*1n(b*x+a
-1)*x-1/2/b/c*1n(b*x+a-1)*a+1/2/b/c*1n(b*x+a-1)+1/4*d/c*1n(b*x+a-1)/(-c*d)
~(1/2)*1n((b* (-c*d) " (1/2) —c* (b*x+a-1)+axc-c) / (bx (—c*d) ~(1/2) +a*xc-c) ) -1/4%d
/cx1n(b*x+a-1)/(-c*d) " (1/2) *1n((b* (-c*d) ~ (1/2) +c* (b*x+a-1) —axc+c)/ (bx (-c*d
)~ (1/2)-a*c+c))+1/4*d/c/(-c*d) " (1/2)*dilog((b* (-c*d) ~(1/2) —c* (b*x+a-1)+a*c
-c)/ (b*x(-c*d) ~(1/2)+a*c-c))-1/4*d/c/(-c*d) " (1/2) *dilog ((b* (—c*d) ~(1/2) +c*(
bxx+a-1)-a*xc+c) / (b*(-c*d) ~(1/2)—-a*xc+c))

output

Fricas [F|

th™'(a +b th (b
/co (ad-i— ac)dxz/a,rco (:g-l—a)dx
c+ = cC+ 3

e hY
integrate(arccoth(b*x+a)/(c+d/x"2),x, algorithm="fricas")

N J

input

Output‘integral(x“Q*arccoth(b*x + a)/(c*x"2 + d), %)
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Sympy [F(-1)]

Timed out.
coth™(a + bz
/ ( d+ ) dz = Timed out
c+ 2
inputLintegrate(acoth(b*x+a)/(c+d/x**2)’x)
Ou_,GputLTimed out

Maxima [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.20 (sec) , antiderivative size = 651, normalized size of antiderivative = 0.88

/ coth™(a + bz)

dz = Too large to displa;
cﬁ—j% g play

input Lintegrate (arccoth(b*x+a)/(c+d/x"2) ,x, algorithm="maxima"




output

input

output

input
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-(d*arctan(c*x/sqrt(c*d))/(sqrt(c*d)*c) - x/c)*arccoth(b*x + a) + 1/4x(2x(
a + 1)xcxlog(b*x + a + 1) - 2x(a - 1)*cxlog(b*x + a - 1) + (b*arctan(sqrt(
c)*x/sqrt(d) ) *log((b"2xc*x"2 + 2*(a + 1)xb*cxx + (a”2 + 2%a + 1)*c)/(b"2+d
+ (2”2 + 2*a + 1)*c)) - b*arctan(sqrt(c)*x/sqrt(d))*log((b"2xc*x~2 + 2*(a
- 1)*bxcxx + (2”2 - 2%a + 1)*c)/(b72+%d + (a”2 - 2%a + 1)*c)) + I*b*dilog(
((a = 1)*bxcxx + b~2xd + (I*b~2*x + (-I*a + I)*b)*sqrt(c)*sqrt(d))/(2x(-I*
a + I)*b*sqrt(c)*sqrt(d) + b™2+d - (2”2 - 2%a + 1)*c)) - I*bxdilog(-((a -

1)*b*c*x + b~2+%d - (I*b~2*x + (-Ixa + I)*b)*sqrt(c)*sqrt(d))/(2*(-Ixa + I)
*b*sqrt (c)*sqrt(d) - b™2xd + (a”2 - 2xa + 1)*c)) - I*bxdilog(((a + 1)*b*cx
x + b72+d + (I*b~2*%x + (-Ixa - I)*b)*sqrt(c)*sqrt(d))/(2*x(-I*a - I)*bxsqrt
(c)*sqrt(d) + b™2xd - (a”2 + 2xa + 1)*c)) + I*bxdilog(-((a + 1)*b*c*x + b~
2xd - (Ixb"2*x + (-I*a - I)*b)*sqrt(c)*sqrt(d))/(2*x(-I*a - I)*b*sqrt(c)*sq
rt(d) - b™2%d + (a”2 + 2*xa + 1)*c)) - (b*arctan2((b"2*x + (a + 1)*b)*sqrt(
c)*sqrt(d)/(b"2xd + (a”2 + 2%a + 1)*c), ((a + 1)*b*cxx + (a”2 + 2%a + 1)*c
)/ (b"2%d + (2”2 + 2*%a + 1)*c)) - b*arctan2((b"2*x + (a - 1)*b)*sqrt(c)*sqr
t(d)/(b"2xd + (a2 - 2*%a + 1)*c), ((a - 1)*b*c*kx + (a”2 - 2%a + 1)*c)/(b"2
*d + (2”2 - 2*a + 1)*c)))*log(c*x~2 + d))*sqrt(c)*sqrt(d))/(b*c~2)

Giac [F]

/ coth_l(a:- bx) dp — / arcoth (b.'g + a) i
c+ = c+ 3

p

Lintegrate(arccoth(b*x+a)/(c+d/x‘2),x, algorithm="giac")

-

>

Lintegrate(arccoth(b*x +a)/(c + d/x72), x)

~—

Mupad [F(-1)]

Timed out.

h' h
/ cot (ad—i- bx) dp — / acoth(a ;ll— bx) d
c+ 2 c+ 2

!int(acoth(a + b*x)/(c + d/x72),x)
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Outputtint(acoth(a + bxx)/(c + d/x72), %)
Reduce [F|
/ coth_l(a d—|— bx) dp — / acoth(b;c + a) z? i
C+ = cr?+d
input Lint (acoth(b*x+a)/(c+d/x~2) ,x)

outputtint<<acoth(a + bkx)*x#%2) / (ckx#*2 + d),x)
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3.46 f coth™ ! (a+bz) dx

ct+dy/z
Optimal result . . . . . . . . . . .. .
Mathematica [A] (verified) . . . . . . . . . ... 394
Rubi [A] (verified) . . . . . . . . . . 394
Maple [A] (verified) . . . . . . ...
Fricas [F] . . . . . o o e
Sympy [F(-1)] . . . oo
Maxima [F] . . . . . . 398
Giac [F] . . . o o 3991
Mupad [F(-1)] . . .. o 399

Reduce [F] . . . . .
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Optimal result

Integrand size = 18, antiderivative size = 619

B

)

a&

/ coth_l(a + bx) i 24/1 + a arctan <y£> 21 — aarctanh(

c+dyz v Vbd B Vbd
d(V=T=a—bya
clog ( (\/l;chmd )> log (¢ + dy/z)
2
d(Vica—vbyz
ClOg ((\/I;c—i——\/ﬁd)> log (C+ dﬁ)
a2
d(v=T=a+vby/z
clog (— <\/Bc—\/%d >) log (¢ + dy/z)
2

d(vi—a+vby/z
clog (—%ﬁ—H) log (¢ + dv/x)

_|_

+

d2
valog (—1545) | clog (c+dVa) log (- 545.%)
B d " iz
| VElog (Bgi7) _ clog(e+ dvz) log (B5)
d d?
Vb(ct+dy/z) Vb(ct+dy/z)
N CPOIYLOg (2, m) N CPOIYLOg (2, m)
d? d?
Vb(ctdyz Vb(ctdyz
~ cPolyLog <2, bc(——\/fa)d> ~ c PolyLog (2, \/Bc(+—\/1Ta)d>
d? d?

2% (1+a)~(1/2)*arctan(b~(1/2)*x~(1/2)/(1+a)~(1/2)) /b~ (1/2) /d-2*(1-a) ~(1/2) *
arctanh(b~(1/2)*x~(1/2)/(1-a)~(1/2))/b~(1/2) /d+c*1n(d*((-1-a)~(1/2)-b~(1/2
)*x~(1/2))/ (b~ (1/2) *c+(-1-a) " (1/2) *d) ) *1n(c+d*x~(1/2)) /d"2-c*1n(d* ((1-a) ~(
1/2)-b~(1/2)*x~(1/2))/ (b~ (1/2) *c+(1-a) "~ (1/2) *d) ) *1n(c+d*x~(1/2) ) /d~2+c*1n(
-d*((-1-a)~(1/2)+b~(1/2)*x~(1/2))/ (b~ (1/2) *c-(-1-a) " (1/2) *d) ) *1n(c+d*x~(1/
2))/d"2-c*1n(-d*((1-a) ~(1/2)+b~(1/2)*x~(1/2))/ (b~ (1/2) *c-(1-a) ~(1/2) *d) ) *1
n(c+d*x~(1/2))/d"2-x"(1/2) *1n (- (-b*x-a+1) / (b*x+a) ) /d+c*1n(c+d*x~(1/2) ) *1n(
- (-b*x-a+1) /(b*x+a))/d~2+x~ (1/2) *1n((b*x+a+1) / (b*x+a) ) /d-c*x1n(c+d*x~(1/2))
*1n ((bxx+a+1)/(bxx+a))/d~2+c*polylog(2,b~(1/2)*(c+d*x~(1/2))/ (b~ (1/2) *c-(-
1-a)~(1/2)*d))/d"2+c*polylog(2,b~(1/2) * (c+d*x~(1/2))/ (b~ (1/2) *c+(-1-a)~(1/
2)*d))/d~2-c*polylog(2,b~(1/2) *(c+d*x~(1/2))/ (b~ (1/2) *c-(1-a) ~(1/2)*d))/d"
2-c*polylog(2,b~(1/2)*(c+d*x~(1/2))/ (b~ (1/2) *c+(1-a) ~(1/2)*d) ) /d"2

output




input |

output
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Mathematica [A] (verified)

Time = 0.43 (sec) , antiderivative size = 575, normalized size of antiderivative = 0.93

-1
/ coth™ (a + bx) s
c+dyzx

ad arctan Vby/z —a tanh Vo/E —I-a—Vbyz
2V1tad \/tg (A%) _ z‘rdam\;;n (1%) + clog <d<m\p> log (¢ + dy/z) — clog <

d(m—\/&

\/l;c—i—\/l—a

Integrate[ArcCoth[a + b*x]/(c + d*Sqrt[x]),x]

((2*%Sqrt[1 + al*d*ArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[1 + all)/Sqrt[b] - (2xSqrt
[1 - al*d*ArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - all)/Sqrt[b] + cxLogl(d*(Sqrt
[-1 - a] - Sqrt[b]l*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[
x]] - c*Logl[(d*(Sqrt[1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqrt[1 - alxd
)1xLoglc + dxSqrt([x]] + cxLogl[(d*(Sqrt[-1 - al] + Sqrt[b]l*Sqrt([x]))/(-(Sqrt
[b]*c) + Sqrt[-1 - al*d)]*Loglc + d*Sqrt[x]] - cxLogl[(d*(Sqrt[1l - a] + Sqr
t[bI*Sqrt[x]1))/(-(Sqrt[bl*c) + Sqrt[1l - al*d)]*Loglc + d*Sqrt[x]] - d*Sqrt
[x]*Log[(-1 + a + bxx)/(a + b*x)] + cxLoglc + d*Sqrt[x]]*Log[(-1 + a + b#*x
)/(a + b*x)] + d*Sqrt[x]*Log[(1l + a + b*x)/(a + b*x)] - c*Loglc + d*Sqrt[x
J1*Log[(1 + a + b*x)/(a + b*x)] + c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrtl[x]))/(
Sqrt[bl*c - Sqrt[-1 - al*d)] + c*PolyLog[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqr
t[bl*c + Sqrt[-1 - al*d)] - c*PolyLog[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[b
I*c - Sqrt[1 - al*d)] - c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c

+ Sqrt[1 - alxd)])/d"2

Rubi [A] (verified)

Time = 2.28 (sec) , antiderivative size = 619, normalized size of antiderivative = 1.00,
number of rules _ 0.222, Rules

number of steps used = 5, number of rules used = 4,
used = {6666, 7267, 3008, 2009}

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
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/ coth™ (a + bx) d

c+dz

l 6666

a+bx —a—bx

1 / lOg ( jz-—li)—b-xl-l> do — 1 / 10g (_ a+bx+1> dz

2 c+dyz 2 c+dyz

l.7267
/ Valog (az_":f,:l) s / Valog (—=ktl) s

c+dyz v c+dyx

l 3008
[ log (*352") _elos (*252)\ |
d d (c + d\/E)
/ log (=2 )  clog (—=f) Iy
d d (c + d\/E)
l 2009
Vb(ct+dyz
2v/a + 1 arctan (%) 24/1 — aarctanh(%) cPolyLog < ' e (c\/_ai)d)
—~ +
Vbd Vbd d?
Vb(c+dy/z) Vb(c+dy/z) Vb(c+dy/z)
CPOlyLOg <2, m) CPOlyLOg <2, m) CPOlyLOg <2, m N
2 o 42 B d2

d(v=a=1-vb/z d(vI=a—Vby/z
clog (c+ dv/z) log ( (\/ﬁdﬂ/&:)) clog (c+ dy/z) log <<1\/Tad+\/13c>>

d? - a2 +
cbg@r+dV5)bg<_dggij;iif)> ckg(c+dv%)mg<—dQ2;i2fﬁﬁ>
2 - = +
clog (— —tt;bljcz-i-l) log (c+dy/z) clog (%) log (c+ d\/_) Vzlog ( —%er&ﬂ)
d? d2 d
Valog (£t )
d

input LInt [ArcCoth[a + b*x]/(c + d*Sqrt[x]),x]




output

rule

rule 3008

rule 6666

rule 7267

CHAPTER 3. LISTING OF INTEGRALS 396

(2*Sqrt[1 + al*ArcTan[(Sqrt[b]*Sqrt[x])/Sqrt[1 + all)/(Sqrtl[bl*d) - (2xSqr
t[1 - al*ArcTanh[(Sqrt[bl*Sqrt[x])/Sqrt[1 - all)/(Sqrt[bl*d) + (c*Logl[(d*(
Sqrt[-1 - a] - Sqrt[b]l*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - al*d)]*Loglc + d*S
qrt[x]11)/d"2 - (cxLog[(d*(Sqrt[1 - al] - Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c + Sqr
t[1 - al*d)]*Loglc + d*Sqrt[x]])/d"2 + (c*Log[-((d*(Sqrt[-1 - a] + Sqrt[b]
*Sqrt [x]))/(Sqrt[bl*c - Sqrt[-1 - al*d))]*Loglc + d*Sqrt[x]1]1)/d"2 - (cxLog
[-((d*(Sqrt[1 - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[bl*c - Sqrt[1 - alx*d))]I*Loglc
+ d*Sqrt[x]1]1)/d~2 - (Sqrt[x]*Log[-((1 - a - b*x)/(a + b*x))])/d + (c*xLogl
c + d*Sqrt[x]]1*Log[-((1 - a - b*x)/(a + b*x))])/d"2 + (Sqrt[x]*Logl(1l + a
+ bxx)/(a + b*x)])/d - (cxLoglc + d*Sqrt[x]]*Logl[(1 + a + b*x)/(a + b*x)])
/d"2 + (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c - Sqrt[-1 - alxd
)1)/d"2 + (cxPolyLog[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c + Sqrt[-1 - a
1*d)]1)/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c - Sqrt[1 -
al*d)])/d"2 - (c*PolyLogl[2, (Sqrt[bl*(c + d*Sqrt[x]))/(Sqrt[bl*c + Sqrt[1
- alxd)])/d"2

Defintions of rubi rules used

2009 Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[((a_.) + Logl(c_.)*(RFx_)~(p_.)I*(b_.))"(n_.)*(RGx_), x_Symbol] :> With
[{u = ExpandIntegrand[(a + b*Log[c*RFx"p]l) n, RGx, x]1}, Int[u, x] /; SumQ[u
11 /; FreeQ[{a, b, c, p}, x] &% RationalFunctionQ[RFx, x] && RationalFuncti
onQ[RGx, x] && IGtQ[n, O]

Int [ArcCoth[(c_) + (d_.)*(x_)1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp
[1/2 Int[Logl(1 + c + d*x)/(c + d*x)]/(e + f*x"n), x], x] - Simp[1/2 1In
t[Log[(-1 + ¢ + d*x)/(c + d*x)]1/(e + £*x"n), x], x] /; FreeQl{c, 4, e, f},
x] && RationalQ[n]

Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear([u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]




input

output
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Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 646, normalized size of antiderivative = 1.04

method result
—2cb+2b(c+d\/5) _ —2
wl 22 (1+a) arctan(72\/m ) (1—a) arctan( :
2bv/ab d2+b d2
. . .. 2 th(b: 2 arccoth(bx+a)cln(c+d/z
derivativedivides | 22<< éxJ’a)‘/E - ( dg) (c+dva) |
—2cb+2b(c+d/z) _ —3
wl 22 (14a) arctan<72\/m >+(1 a) arctan( :
2bv/ab d2+b d2
2 th(b: 2 arccoth(bz+a)cln(c+dy/x
default Ao gﬁa)ﬁ - ( d2) (etdvz)

-

Lint (arccoth(b*x+a)/(c+d*x~(1/2)) ,x,method=_RETURNVERBOSE)

~—

2xarccoth(b*x+a) /d*x~ (1/2) -2*arccoth (b*x+a)*c/d"2*1n(c+d*x~ (1/2) ) +4xb/d~2*
(d~2* (1/2*(1+a) /b/ (a*xb*d"2+b*d"2) ~(1/2) *arctan (1/2* (-2*c*b+2xb* (c+d*x~ (1/2
))) / (axb*d~2+b*d"2) ~(1/2))+1/2*(1-a) /b/ (a*b*d~2-b*d~2) ~ (1/2) *arctan(1/2* (-
2%cxb+2*b* (c+d*x~(1/2)) )/ (a*xb*xd"2-b*d~2) ~(1/2) ) ) +c*d~2x(1/2/d"2* (1/2*1n(c+
d*x~(1/2)) * (In((c*xb-b* (c+d*x~ (1/2) ) +(—a*b*d~2-b*d~2) ~(1/2) ) / (c*b+(-a*b*d"2
-b*d~2) ~(1/2)))+1n((-c*b+b* (c+d*x~(1/2) )+ (-a*b*xd~2-b*d~2) ~(1/2) )/ (-c*b+(-a
*b*d~2-b*xd~2)~(1/2))) ) /b+1/2*(dilog((c*b-b* (c+d*x~(1/2) )+ (-a*b*d~2-b*d~2) "~
(1/2)) / (c*b+(~a*b*d~2-b*d~2) ~(1/2)) ) +dilog ((-c*b+b* (c+d*x~ (1/2) ) +(-a*b*d"2
-b*d~2)~(1/2)) / (-c*b+(—axbxd~2-b*d~2) ~(1/2)))) /b)+1/2/d"2* (-1/2*1n(c+d*x"(
1/2))*(In((c*b-b* (c+d*x~ (1/2) )+ (—a*b*xd~2+b*d~2) ~ (1/2) ) / (c*b+(—a*b*d~2+b*d"~
2)7(1/2)))+1n((-c*b+b* (c+d*x~(1/2) ) +(-axbxd~2+b*d~2) " (1/2)) / (—~c*b+(-axb*d"~
2+b*d~2)~(1/2)))) /b-1/2%(dilog((c*b-bx (c+d*x~ (1/2) ) +(-a*xbxd~2+b*d~2) ~(1/2)
)/ (c*b+(—a*b*d~2+b*xd~2) ~(1/2)) ) +dilog ((-cxb+b* (c+d*x~(1/2) ) +(-a*b*d~2+b*d"~

2)~(1/2) )/ (~c*b+(—a*xb*d~2+b*xd~2)~(1/2))))/b)))
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Fricas [F]

coth™ (a + bx) arcoth (bz + a)
dz = dx
c+dyz dvz +c

input Lintegrate (arccoth(b*x+a)/(c+d*x~(1/2)) ,x, algorithm="fricas")

output‘ integral ((d*sqrt(x)*arccoth(b*x + a) - c*arccoth(b*x + a))/(d"2*x - c~2),
»

Sympy [F(-1)]

Timed out.

dz = Timed out

/ coth™(a + bx)
c+dyx

input Lintegrate (acoth(b*x+a)/ (c+d*x**(1/2)),x)

output LTlmed out

Maxima [F]

-1
/ coth™ (a + bx) dp — / arcoth (bz + a) i
c+dyx dvz +c

input Lintegrate (arccoth(b*x+a)/(c+d*x~(1/2)) ,x, algorithm="maxima")

output Lintegrate(arccoth(b*x + a)/(d*sqrt(x) + c), x)
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Giac [F]

coth™ (a + bx) arcoth (bz + a)
dz = dx
c+dyz dvz +c

input Lintegrate (arccoth(b*x+a)/(c+d*x~(1/2)) ,x, algorithm="giac")

OutputLintegrate(arccoth(b*x + a)/(d*sqrt(x) + c), x)

Mupad [F(-1)]

Timed out.
-1
[ L e L
c+dyz c+dyz
input Lint (acoth(a + b*x)/(c + d*x~(1/2)),x)
output Lint(acoth(a + b*x)/(c + d*x~(1/2)), x)
Reduce [F]
-1
[ tarbn) y,  [acotilatal),,
c+dyz Vrd+c
input Lint (acoth(b*x+a)/(c+d*x~(1/2)) ,x)

output Lint (acoth(a + b*x)/(sqrt(x)*d + c),x)
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Mathematica [A] (verified) . . . . . . . . . .. .. L
Rubi [A] (verified) . . . .. . . ... ..

Maple [A] (
Fricas [F|
Sympy [F(-
Maxima [F]
Giac [F] .

Mupad [F(-

Reduce [F]

verified) . . . . L L

D] e

D] oo
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402
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406]
407
407
403]
40g]
40g]
409
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Optimal result

Integrand size = 18, antiderivative size = 725

Q

X
c+ \/ii \/l_)c2 \/l_)cQ

V—-1—-a—Vbyz
d210g( (mﬁ_\fd))log(d—i-c\/_)

/ coth™!(a + bz) o _2\/1 + ad arctan (%) . 2v/1— adarctanh( ””)

3
o(VI—a—vbyz
d?log <W> log (d + cy/)
+ &3
o(V=T=a+Vbyz
d?log ( (mj—\/éd )> log (d + cy/z)
3
o(Vi-a+vbya)
d?1 (—) log (d a—ba
s (TG ) 08 (44 05) 1 (-t
c c?
N (1—a—bz)log (—15%452) B d?log (d + cy/x) log (—1=552)
2bc c
, losla+bx) _ dyElog (H212)
be 2
N (1+a+ bx)log (12:12’””) d?log (d + cv/x) log (1£abz)
2bc i c v
b(d+cy/x) b(d+cy/x)
B d2 POIYLOg <2, —m> + d2 POIYLOg (2, —m>
c c3
Vb(d+ey/z) Vb(d+ey/z)
B d2 POIYLOg (2, m) N d2 POIYLOg (2, m)

c3 c3
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-2%(1+a) ~(1/2)*d*arctan(b” (1/2) *x~(1/2) /(1+a)~(1/2)) /b~ (1/2) /c~2+2x (1-a) " (
1/2)*d*arctanh (b~ (1/2)*x~(1/2)/(1-a)~(1/2)) /b~ (1/2) /c~2-d"2*1n(c* ((-1-a) " (
1/2)-b~(1/2)*x~(1/2))/ ((-1-a) ~(1/2) *c+b~ (1/2) *d) ) *1n(d+c*x~ (1/2) ) /c~3+d~ 2%
In(c*x((1-a)~(1/2)-b~(1/2)*x~(1/2))/ ((1-a) ~(1/2) *c+b~(1/2) *d) ) *1n(d+c*x~ (1/
2))/c~3-d"2*1n(cx((-1-a)~(1/2)+b~ (1/2)*x~(1/2) )/ ((-1-a) ~(1/2) *c-b~ (1/2) *d)
Y*1In(d+c*x~(1/2))/c~3+d"2*x1n(c*((1-a)~(1/2)+b~(1/2)*x~(1/2)) /((1-a) ~(1/2) *
c-b~(1/2)*d) ) *1n(d+c*x~(1/2)) /c~3+d*x~(1/2) *1n(- (-b*x-a+1) / (b*x+a) ) /c"2+1/
2% (-b*x-a+1)*1n(-(-b*x-a+1) / (b*x+a)) /b/c-d"2*1n(d+c*x” (1/2) ) *1n (- (-b*x-a+1
)/ (bxx+a))/c~3+1n(b*x+a) /b/c-d*x~(1/2) *1n((b*x+a+1) / (bxx+a)) /c~2+1/2* (bxx+
a+1)*1n((b*x+a+1)/(b*x+a))/b/c+d"~2*1n(d+c*x~ (1/2) ) *1n((b*x+a+1) / (b*x+a) ) /c
~3-d"2*polylog(2,-b~(1/2)*(d+c*x~(1/2))/((-1-a)~(1/2) *c-b~(1/2)*d)) /c~3+d"
2xpolylog(2,-b~(1/2)*(d+c*x~(1/2))/((1-a)~(1/2)*c-b~(1/2)*d) ) /c~3-d"2*poly
log(2,b”(1/2)*(d+c*x~(1/2))/((-1-a)~(1/2) *c+b~(1/2) #d) ) /c~3+d"2*polylog(2,
b~ (1/2)*(d+c*xx~(1/2))/((1-a) ~(1/2) *c+b~(1/2)*d) ) /c~3

output

Mathematica [A] (verified)

Time = 0.44 (sec) , antiderivative size = 719, normalized size of antiderivative = 0.99

/ coth™(a + bx) i

d
c+ 75
c(v—=1—a—Vb\z
—4+/1+ av/bed arctan (%) + 41 — aﬂcdarctanh(@ﬁ) — 2bd? log < ( e s ﬁ\;)) log (d +c

e

tIntegrate[ArcCoth[a + bxx]/(c + d/Sqrt[x]),x]

~—

input
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(-4xSqrt[1 + al*Sqrt[b]l*cxd*ArcTan[(Sqrt[bl*Sqrt[x])/Sqrt[1 + al]l + 4*Sqrt
[1 - al*Sqrt[b]*cxdxArcTanh[(Sqrt[b]l*Sqrt[x])/Sqrt[1 - al]l - 2*b*d~2xLogl[(
cx(Sqrt[-1 - a] - Sqrt[bl*Sqrtl[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)]*Logld +
c*Sqrt[x]] + 2*b*d"2xLog[(c*(Sqrt[1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[1 - al*
c + Sqrt[b]l*d)]*Logl[d + c*Sqrt[x]] - 2*b*d~2*Logl[(c*(Sqrt[-1 - a] + Sqart[b
I*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[b]l*d)]*Logld + c*Sqrt[x]] + 2*¥b*d~2*Log
[(c*x(Sqrt[1 - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[l - al*c - Sqrt[bl*d)]*Logld +
cxSqrt[x]] + c™2xLogl[l - a - b*x] - a*c™2xLogl[l - a - b*x] + 2xb*c*kd*Sqrt[
x]*Log[(-1 + a + b*x)/(a + b*x)] - bxc"2*x*Log[(-1 + a + b*x)/(a + bxx)] -
2%bxd~2xLog[d + c*Sqrt[x]]*Logl[(-1 + a + b*x)/(a + b*x)] + c”2*Logl[l + a
+ bxx] + a*c™2+Logl[l + a + b*x] - 2xbxc*d*Sqrt[x]*Log[(1 + a + bxx)/(a + b
*x)] + bxc™2*x*Log[(1 + a + b*x)/(a + bxx)] + 2xbxd~2*Logl[d + c*Sqrt[x]]*L
ogl(1 + a + b*xx)/(a + b*x)] - 2%b*d~2xPolyLog[2, (Sqrt[b]l*(d + c*Sqrt[x]))
/(-(Sqrt[-1 - al*c) + Sqrt[bl*d)] - 2xbxd~2*PolyLogl[2, (Sqrt[bl*(d + c*Sqr
t[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)] + 2*b*d"2*PolyLog[2, (Sqrt([bl*(d + c*
Sqrt[x]1))/(-(Sqrt[1 - al*c) + Sqrt[bl*d)] + 2%bxd~2*PolyLogl[2, (Sqrt[bl*(d
+ cxSqrt[x]1))/(Sqrt[1 - al*c + Sqrt[bl*d)])/(2*b*xc~3)

output

Rubi [A] (verified)

Time = 2.65 (sec) , antiderivative size = 738, normalized size of antiderivative = 1.02,

number of rules __
integrand size 0.222, Rules

number of steps used = 5, number of rules used = 4,
used = {6666, 7267, 3008, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l
/ cot (ad+ bx) di
c+ %

l_6666

X
d
C+% 2

2 X

1 10%(%% 1 108(—_711b£+1)d
j e
l 7267

/ zlog (7‘1217,;1) e / zlog <—7_ﬂbzﬁc+1) =
Jzc+d v Jac+d v
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l 3008
/ log (=521 ) @ 1og (=i2581) d | Vs (c8h5)) i
¢ (yzc+d) c? c
/ log (_ —zz:_bbagi—l) d2 B log (_ —tz:_béc—i—l) d . \/Elog (_—(z:_bic—i—l) d\/E
2 (yzc+d) c? c
l 2009
Vb(v/zct+d
2v/a + 1d arctan (%) 21— adarctanh(%) d? PolyLog (2’ _\/%c—\/)lsd)
- N + Jic — 3 +
2 _ Vb(v/zet+d) 2 Vb(v/zc+d)
d* PolyLog <2, JT—ac—vad d) d* PolyLog (2, T Teivid
c3 B c3

o(v=a1-veyz) )

b(v/zc+d 2 (
d2 POIYLOg <2, %) d lOg (C\/E + d) lOg ( vV—a—1c+vbd

= +
c3 c3

c(vi—a—vbyz c(vV=a—1+Vb\/x
d*log (ev/z+ d) log ((ﬂfmﬂ)) @ log (cv/z +d) log ( <mc_¢ad )>

3 3
o(VI—atvbyaz)

2
d?log (cy/z + d) log (M> 2 log (_%bbﬂ) log (cy/Z + d)

+

c3 +

d?log (%) log (cy/z + d) d\/_log ( (Z+bl£c+l> d\/_log (“Z_ﬁl‘l) N
2

C3 c 02

—a—bx+1 a+bzr+1
(1 -a)log(-a—bzx+1) zlog (_ atbz ) n (a+1)log(a+bx+1) + zlog ( atbe >

2bc 2c 2bc 2c

input {Int [ArcCoth[a + b*x]/(c + d/Sqrt[x]),x]

\ >
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(-2*Sqrt[1 + al*d*ArcTan[(Sqrt[b]*Sqrt[x])/Sqrt[1 + all)/(Sqrt[bl*c~2) + (
2x3qrt[1 - al*d*ArcTanh[(Sqrt[bl*Sqrt[x])/Sqrt[1 - all)/(Sqrt[bl*c~2) - (d
~2+Log[(c*(Sqrt[-1 - a] - Sqrt[bl*Sqrt[x]))/(Sqrt[-1 - al*c + Sqrt[bl*d)]x*
Logld + c*Sqrt[x]])/c”3 + (d"2*Logl[(c*(Sqrt[1 - a] - Sqrt[bl*Sqrt[x]))/(Sq
rt[1 - al*c + Sqrt[bl*d)]*Logld + c*Sqrt[x]])/c”3 - (d"2*Logl[(c*(Sqrt[-1 -
a] + Sqrt[bl*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[bl*d)]*Logld + c*Sqrt[x]])/
c™3 + (d"2xLogl[(c*(Sqrt[1 - a] + Sqrt[bl*Sqrt[x]))/(Sqrt[1 - al*c - Sqrt[b
I*d)]1*Logld + c*Sqrt[x]1]1)/c”3 + ((1 - a)*Log[l - a - bxx])/(2xb*c) + (d*Sq
rt[x]*Log[-((1 - a - b*x)/(a + b*x))])/c™2 - (x*Log[-((1 - a - b*x)/(a + b
*x))]1)/(2*%c) - (d"2*Logl[d + c*Sqrt[x]]*Log[-((1 - a - bxx)/(a + b*x))])/c”
3 + ((1 + a)*Logl[l + a + bxx])/(2xb*c) - (d*Sqrt[x]*Log[(1 + a + bxx)/(a +
b*x)])/c”2 + (xxLogl[(1 + a + bxx)/(a + b*x)])/(2%c) + (d"2+Logld + c*Sqrt
[x]1*Log[(1 + a + bxx)/(a + b*x)])/c”3 - (d"2xPolyLog[2, -((Sqrt[bl*(d + c
*Sqrt[x]))/(Sqrt[-1 - al*c - Sqrt[bl*d))])/c~3 + (d"2*PolyLogl[2, -((Sqrt[b
Ix(d + c*Sqrt[x]))/(Sqrt[1l - al*c - Sqrt[bl*d))])/c~3 - (d"2*PolyLogl[2, (S
qrt[bl*(d + c*Sqrt[x]))/(Sqrt[-1 - al*c + Sart[bl*d)])/c"3 + (d"2*PolyLogl
2, (Sqrtlbl*(d + c*Sqrt[x]))/(Sqrt[1 - al*c + Sqrt[bl*d)])/c~3

output

Defintions of rubi rules used

r

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

\ /

‘Int[((a_.) + Log[(c_.)*(RFx_)~(p_.)1*(b_.)) " (n_.)*(RGx_), x_Symbol] :> With
‘[{u = ExpandIntegrand[(a + b*Log[c*RFx~p])~n, RGx, x]}, Int[u, x] /; SumQ[u
111 /; FreeQ[{a, b, c, p}, x] & RationalFunctionQ[RFx, x] &% RationalFuncti
‘onQ[RGx, x] && IGtQ[n, 0]

rule 3008

Int [ArcCoth[(c_) + (d_.)*(x_)1/((e ) + (£_.)*(x_)"(n_.)), x_Symbol] :> Simp
[1/2 Int[Logl(1 + c + d*x)/(c + d*x)]/(e + f*x"n), x], x] - Simp[1/2 1In
t[Logl[(-1 + ¢ + d*x)/(c + d*x)]/(e + f*x"n), x], x] /; FreeQl{c, d, e, f},
x] && RationalQ[n]

rule 6666

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]1]




input
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Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 752, normalized size of antiderivative = 1.04

method result
In(ac?+bd%—2
(a—1)| ————
el -
4b| —
. . . . th(b. 2 th(b: d 2 arccoth(bz+a)d? In(d+c/x
derivativedivides | 2% £w+a)w __ 2 arcco gzz—i-a) 'z + ( c3) (d+cy/z) +
ln(a c2+bd? 2|
(a—1)| —-———
4b| —
th(b: 2 th(b: d 2 arccoth(bz+a)d? In(d+c/x
default arcco ((: z+a)r 2 arcco i;v—i—a) T + ( Cg (d+cy/z) 4

Lint (arccoth(b*x+a)/(c+d/x~(1/2)) ,x,method=_RETURNVERBOSE) J
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arccoth (b*x+a) *x/c-2*arccoth(b*x+a)/c~2*d*x~ (1/2)+2*arccoth(b*x+a)*d~2/c~3
*1n(d+c*xx” (1/2) ) +4%b/c” 2% (-1/2%c*x (-1/2*(a-1) /b*x(-1/2/b*1n (a*xc”2+b*xd~2-2*b*
d* (d+c*x~ (1/2) ) +bx (d+c*xx~(1/2)) "2-c~2) +2*d/ (a*xb*xc~2-b*xc~2) ~(1/2) *arctan(1/
2% (—2%b*d+2*b* (d+c*xx~ (1/2))) / (a*b*c™2-b*c~2) ~(1/2) ) )+1/2*(1+a) /b* (-1/2/b*1
n(axc”2+b*d"2-2*b*d* (d+c*x~(1/2) ) +b* (d+c*x~ (1/2) ) "2+c~2) +2*d/ (a*b*c~2+b*c”
2)~(1/2) *arctan(1/2* (-2%b*d+2xb* (d+c*x~ (1/2)) )/ (a*b*c~2+b*c~2) ~(1/2)))) -c*
d~2%(1/2/c”2%(-1/2*1n(d+c*x” (1/2) ) * (In ((b*d-b* (d+c*x~ (1/2) )+ (—a*b*c~2+b*c”
2)~(1/2))/ (b*d+(-a*xb*c~2+b*c~2) ~(1/2) ) ) +1n ((-b*d+b* (d+c*x~ (1/2) )+ (-a*b*c~2
+b*xc~2) 7 (1/2)) / (-b*d+(-a*b*xc™2+b*xc~2) ~(1/2))) ) /b-1/2*(dilog ((b*xd-b* (d+c*x"
(1/2))+(~axb*c™2+b*c~2) ~(1/2) ) / (bxd+ (—a*b*xc~2+bxc~2) ~(1/2)) ) +dilog ((-b*d+b
*(d+cxx~(1/2) ) +(-axb*c™2+bxc~2) ~(1/2)) / (-b*d+(-a*b*c~2+b*c~2)~(1/2)))) /b)+
1/2/c”2x(1/2*1n(d+c*x” (1/2) ) * (In((b*d-b* (d+c*x~ (1/2) ) +(—a*xb*c~2-b*c~2) ~(1/
2)) / (b*d+ (—a*xbxc~2-b*c~2) ~(1/2) ) ) +1n((-b*d+b* (d+c*x~ (1/2) ) +(—a*b*c~2-b*c"2
)~ (1/2) )/ (-b*d+(-axb*xc~2-b*c~2)~(1/2)))) /b+1/2*(dilog( (b*d-b* (d+c*x~(1/2))
+(-axb*xc~2-b*c~2) " (1/2)) / (bxd+(-a*b*xc~2-b*c~2)~(1/2)) ) +dilog((-b*d+b* (d+c*
x~(1/2) )+ (~a*b*c™2-b*c~2) ~(1/2) ) / (-b*d+(-a*b*c~2-b*xc~2) ~(1/2)))) /b)))

output

Fricas [F]

-1
/ coth™ (a + bx) dr — / arcoth (bx + a) i

c—l—\/i5 c+\%

input ‘ integrate(arccoth(b*x+a)/(c+d/x~(1/2)) ,x, algorithm="fricas") ‘

( N
‘integral((c*x*arccoth(b*x + a) - d*sqrt(x)*arccoth(b*x + a))/(c™2*x - 472)

output‘, ) ‘

Sympy [F(-1)]

Timed out.

7 dz = Timed out

/ coth™(a + bx)
c+ \/—5

input integrate(acoth(b*x+a)/(c+d/x**(1/2)),x)
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OutputLTimed out J
Maxima [F]
/coth_l(ad—l— bx) dp — / arcoth (bi +a) i
c+ Wz c+ vz
inputLintegrate(arccoth(b*x+a)/(C+d/x"(1/2)),x, algorithm="maxima") J

t‘1/2*((b*x + a + 1)*xlog(bxx + a + 1) - (b*x + a - 1)*log(b*x + a - 1))/(b*c

t
outpu ‘) - 1/2*integrate((d*log(b*x + a + 1) - d*log(b*x + a - 1))/(c 2*sqrt(x) +
‘ cxd), x) ‘
Giac [F]
/ coth—l(ad+ bx) dp — / arcoth (bﬁ +a) e
c+ \/—5 c+ \/_5
inputtintegrate(arccoth(b*x+a)/(c+d/x*(1/2)),X, algorithm="giac") J
output Lintegrate(arCCOth(b*x + a)/(c + d/sqrt(x)), x) J
Mupad [F(-1)]
Timed out.
th™(a + b th(a + b
/co (ad—i— ac)dx:/aco (a;ll— x)dx
[ + \/—5 C + \/_5
inputtint(acoth(a + bxx)/(c + d/x~(1/2)),%) J
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output 1Rt (acoth(a + bx0)/(c + 4/x™(1/2)), ©

Reduce [F|

-1
/coth (a+b33)d _/\/Eacoth bm—l—a)dx

C+\% zc+d

inputLint(acoth(b*x+a)/(c+d/x*(1/2)),x)

output Lint ((sqrt(x)*acoth(a + b*x))/(sqrt(x)*c + d),x)
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a+bcoth ™! (c+dx)

3.48 | s dw

Optimal result . . . . . . . . . . .. . 411
Mathematica [A] (verified) . . . . . . . . . ... 412
RUDL [F]  © o oo e e e e T3
Maple [A] (verified) . . . . . . ... 414
Fricas [F] . . . . . o o e 415
Sympy [F(-1)] . . . oo 415
Maxima [F] . . . . . . 410
Giac [F] . . . o o 476l
Mupad [F(-1)] . . .. o 416
Reduce [F] . . . . . 417
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Optimal result

Integrand size = 22, antiderivative size = 652

N
B

)

(¢}

/a+ beoth™(c + dz) dp — 2a+/T N 2bv/1 —I—carctan( T
e+ fVz f Vaf
2b\/ 1 —carctanh(g)

vaf

f(vV=1=c—Vd\z
belog( <\/Ee+mf >) log (e + fv/z)

72
be log (%) log (e + fv/z)
_ =
be log (—f<gjﬁf>) log (e + f/x)
72
be log (—M) log (e + f/x)

_|_

_|_

Vde—/1—cf
72
_ bvmlog (-5
f
_elog(e+ fya) (a—blog (—=52))
72
| belog (FRE") _elog(e+ fv/z) (a+ blog (F))
f f?

V(e+fVa) )
be PolyLog (2, S

f2

M)
be PolyLog (2, /A1

f2
be PolyLog (2 Vi(e+] Ve ))

_|_

_|_

' Vde—/1=cf
f2

M)
~ be PolyLog (2, Vdetv/I—cf

f?
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2xaxx~(1/2) /£+2+b* (1+c) ~(1/2) *arctan(d™ (1/2) *x~(1/2) / (1+c)~(1/2)) /d~(1/2)/
f-2xb*(1-c)~(1/2)*arctanh(d~(1/2)*x~(1/2)/(1-c)~(1/2))/d" (1/2) /f+bxex1n(f*
((-1-c)"(1/2)-d"(1/2)*x~(1/2)) / (@~ (1/2) *e+(-1-c) ~(1/2) *£) ) ¥1n(e+f*x~ (1/2))
/£72-bxex1n(£*x((1-c)~(1/2)-d"~(1/2)*x~(1/2))/(d"(1/2) *e+(1-c)~(1/2) *£) ) *1n(
e+fxx~(1/2)) /£ 2+b*ex1ln(-£f*((-1-¢c)~(1/2)+d"(1/2)*x~(1/2))/(d~(1/2) *e-(-1-c
)~ (1/2)*£) ) *1n(e+f*x~(1/2)) /£~2-b*ex1n(-f*((1-c)~(1/2)+d~(1/2)*x~(1/2))/(d
~(1/2)*e-(1-¢c)~(1/2)*f) ) *1n(e+f*x~(1/2)) /£72-b*x~ (1/2) *1n (- (-d*x-c+1) / (d*x
+c))/f-ex1n(e+f*x~(1/2))*(a-b*1ln(-(-d*x-c+1)/(d*x+c))) /£ 2+b*x~(1/2) *1n((d
*x+c+l) / (d*x+c)) /f-exln(e+fxx~ (1/2) ) * (a+b*1n((d*x+c+1) /(d*x+c))) /£72+b*e*p
olylog(2,d~(1/2)*(e+f*x~(1/2))/(d~ (1/2)*e-(-1-c)~(1/2) *f)) /£~ 2+b*e*polylog
(2,d"(1/2)*x(e+fxx~(1/2)) / (d"(1/2) *e+(-1-c) ~(1/2) *£f) ) /£~ 2-b*e*polylog(2,d" (
1/2)*(e+f*x~(1/2))/(d" (1/2)*e-(1-c) " (1/2)*£)) /£~ 2-b*e*polylog(2,d”~ (1/2) *(e
+£*x7(1/2))/(d~(1/2) *e+(1-c)~(1/2)*£) ) /£~2

output

Mathematica [A] (verified)

Time = 10.34 (sec) , antiderivative size = 602, normalized size of antiderivative = 0.92

/a+bcoth_1(c+dx) o
e-+.fxﬂ5
cJ arctan ViV Y t h Vd/x — _C_f -
2a(f\/5—elog (e+f\/a_5)) _,_b(z\/ﬁf \/ta (m) _ 2Ffarc\2n (F> +elog (f(:;d:T\/T_dc\f[>>

input Integrate[(a + bxArcCoth[c + d*x])/(e + f*Sqrt([x]),x]




output
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(2%a* (f*+Sqrt[x] - exLogle + f*Sqrt[x]]) + b*((2xSqrt[1 + c]l*f*ArcTan[(Sqrt
[d]*Sqrt[x])/Sqrt[1 + cl]1)/Sqrtl[d] - (2#Sqrt[1 - c]l*fxArcTanh[(Sqrt[d]*Sqr
t[x]1)/Sqrt[1 - cl])/Sqrtl[d] + e*Log[(£*x(Sqrt[-1 - c] - Sqrt[d]*Sqrt[x]))/(
Sqrt[dl*e + Sqrt[-1 - cl*f)]l*Logle + f*Sqrt[x]] - e*Logl[(f*(Sqrt[1 - c] -

Sqrt[d]*Sqrt[x]))/(Sqrt[dl*e + Sqrt[1 - cl*f)]l*Logle + f*Sqrt[x]] + exLogl
(f*(Sqrt[-1 - c] + Sqrtl[dl*Sqrt[x]))/(-(Sqrt[dl*e) + Sqrt[-1 - c]*f)]*Logl
e + £*Sqrt[x]] - exLogl[(f*(Sqrt[1 - c] + Sqrt[d]l*Sqrt[x]))/(-(Sqrtl[d]l*e) +
Sqrt[1 - cl*f)]xLogle + fxSqrt[x]] - f*Sqrt[x]*Logl[(-1 + c + d*x)/(c + dx
x)] + exLogle + f*Sqrt[x]]l*Logl(-1 + c + d*x)/(c + d*x)] + f*Sqrt[x]*Logl(
1+ c + d*x)/(c + d*x)] - exLogle + f*Sqrt[x]]*Logl(1 + c + d*x)/(c + d*x)
] + exPolyLogl[2, (Sqrt[d]l*(e + f*Sqrt([x]))/(Sqrt[dl*e - Sqrt[-1 - c]*£f)] +
exPolyLog[2, (Sqrt[d]l*(e + f*Sqrt[x]))/(Sqrtl[d]l*e + Sqrt[-1 - c]l*f)] - ex
PolyLog[2, (Sqrt[d]*(e + £*Sqrt[x]))/(Sqrt[d]l*e - Sqrt[1l - c]*f)] - exPoly
Logl[2, (Sqrt[dl*(e + f*Sqrt([x]))/(Sqrtldl*e + Sqrtl[1 - cl*f)]1))/£72

Rubi [F]

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ a4+ beoth™ (c + dx) iz

e+ fyz
l 7267

vz (a+ beoth™ (c + dz))
2/ e+ fvz Ve
l 7293
Vza by/z coth™!(c + dz)
2/<e+f\/5+ et fvz )dﬁ
l 2009

(v}
ﬁ
—

et+fvz

Vdyz
Vi—c

)

2<_wjmmhlwwxd¢_ (wk%(e+fv§)+avz+bVC+1amwn<¢%6>_bv1—cmdmm<

f f? f Vdf

p
input LInt [(a + bxArcCoth[c + d*x])/(e + f£xSqrt[x]),x]

\ g

vaf

_|_



output

input
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L$Aborted

Maple [A] (verified)

Time = 0.58 (sec) , antiderivative size = 673, normalized size of antiderivative = 1.03

method result

(c+1) arctan (l“
2d| f2? ‘
2dy/cd

derivativedivides 2“}/5 - 2aeln(;;_ 1VE) 4 9b arccom(?”c)ﬁ - arcwth(dﬁ?; In(etfva) 4
(c+1) arctan (l‘
2d| f? :
2dy/cd

default 2a}/5 _ 2aeln(}z;—f\/§) + 2 arccoth(}im+c)\/5 _ arccoth(dz+)cc)zeln(e+f\/5) +
parts a(%& . eln(e;;f\/i) + eln(ffxgi—e) . eln(f;:—e2)> b 2 arccoth}(cdx-i-c)\/i 2 arccoth(dx—l}g)el

Lint ((a+b*arccoth(d*x+c))/(e+f*x~(1/2)) ,x,method=_RETURNVERBOSE) J
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2xa*xx”~(1/2) /f-2*a*xe/f~2x1n(e+f*x~ (1/2) )+2xb* (arccoth(d*x+c) /f*x~(1/2) -arcc
oth(d*x+c)*e/f~2x1n(e+f*x~ (1/2))+2*xd/£ 2% (£~2% (1/2* (c+1) /d/ (c*xd*£f~2+d*f~2)
~(1/2)*arctan(1/2* (-2*d*e+2* (e+f*x~(1/2) ) *d) / (ckxd*f~2+d*£72)~(1/2) ) +1/2*x (-
c+1)/d/ (cxd*xf~2-d*f~2) " (1/2) *arctan(1/2x (-2*xd*xe+2* (e+f*x~ (1/2) ) *d) / (cxd*f~
2-d*£~2)~(1/2)) ) +exf 2% (1/2/f~ 2% (1/2*1n(e+f*x~ (1/2) ) *(In((d*e-(e+f*x~(1/2)
Ykd+(—cxd*£~2-d*£~2) ~(1/2)) / (d*e+(—cxd*£~2-d*£~2) " (1/2) ) ) +1n((-d*e+(e+f*x~
(1/2)) *d+(~cxd*£~2-d*£~2) ~(1/2)) / (-d*e+(—c*d*£~2-d*£~2)~(1/2))) ) /d+1/2*(di
log((d*e-(e+f*x~(1/2))*d+(-c*d*f~2-d*£~2)~(1/2) )/ (d*e+(-cxd*f~2-d*£~2)~(1/
2)))+dilog((~d*e+(e+f*x~(1/2) ) *d+(-cxd*f~2-d*£°2) " (1/2)) / (-d*e+(-cxd*f~2-d
*£72)7(1/2))))/d)+1/2/£72+%(-1/2*1n(e+f*x~(1/2) ) * (In((d*e- (e+f*x~ (1/2) ) *d+(
—cxd*f~2+d*£72) ~(1/2)) / (d*e+(—cxd*f~2+d*£72) ~(1/2)) ) +1n((-d*e+(e+f*x~(1/2)
) *d+ (—cxd*f"2+d*£72) " (1/2) ) / (-d*e+(—cxd*£~2+d*£72) " (1/2)))) /d-1/2*(dilog((
dxe-(e+f*x~(1/2) ) *d+(—cxd*xf~2+d*f~2) ~(1/2) )/ (d*e+(—cxd*xf~2+d*f~2) ~(1/2)) )+
dilog((-dxe+(e+f*x~ (1/2))*d+(-cxd*f~2+d*x£72) " (1/2) )/ (-d*e+(-cxd*f~2+d*f~2)
~(1/2))))/d))))

output

Fricas [F]

dz

/a+bcoth_1(c—|—dx) B / barcoth (dz +¢) + a
e+ vz a fvz+e

inputLintegrate((a+b*arccoth(d*x+c))/(e+f*x"(1/2)),x, algorithm="fricas") J

e

integral (-(b*e*arccoth(d*x + c) + a*e - (b*f*arccoth(d*x + c) + axf)*sqrt(
X))/ (£72%x - €72), x)

output

Sympy [F(-1)]

Timed out.
-1
/ a+beoth (¢ + dr) dz = Timed out
e+ 1VE
inputLintegrate((a+b*acoth(d*x+c))/(e+f*x**(1/2))’x) J
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OutputLTlmed out

Maxima [F]

dz

/a+bcoth_1(c—|—dx) dx_/ba,rcoth(dx-i-c)-l—a
e+ fyz a fVz+e

inputLintegrate((a+b*arccoth(d*x+c))/(e+f*x*(1/2)),x, algorithm="maxima")

‘-2*a*(e*log(f*sqrt(x) + e)/f72 - sqrt(x)/f) + bxintegrate(1/2+log(1/(d*x +
‘ c) + 1)/(f*sqrt(x) + e), x) - bxintegrate(1/2*log(-1/(d*x + c) + 1)/(f*sq
‘rt(x) + e), x)

output

Giac [F]

dz

/a—I—bcoth_l(c-I—dx) dx_/barcoth(dm+c)+a
e+ fvz - fVE+e

input Lintegrate ((at+b*arccoth(d*x+c))/(e+f*x~(1/2)) ,x, algorithm="giac")

outputtintegrate((b*arccoth(d*X + ¢c) + a)/(f*sqrt(x) + e), x)

Mupad [F(-1)]

Timed out.
/a+bcoth_1(c+dx) . / a + bacoth(c + d z)
e+ fVz e+ fvz
inputtint((a + bxacoth(c + d*x))/(e + £*x~(1/2)),%)

OutputLint((a + b*acoth(c + d*x))/(e + f*x~(1/2)), x)
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Reduce [F|

/ a+beoth ' (c+ds) 2/zaf + ([ =t dr) b f2 — 2log(Va f +e) ae
e+ fVz - IE

inputLint((a+b*acoth(d*x+c))/(e+f*x*(1/2)),X) J

t‘ (2*sqrt(x)*a*f + int(acoth(c + d*x)/(sqrt(x)*f + e),x)*b*f**2 - 2xlog(sqrt ‘

outpu
‘(x)*f + @) *axe) /f**2 ‘
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3.49 f a+bcoth™1 (c—2|—dx) dx
e+fr+gzx

Optimal result . . . . . . . . . . . .. . e 418
Mathematica [A] (verified) . . . . . . . . . . ... L AT9)
Rubi [A] (verified) . . . .. . . . . . 420
Maple [B] (verified) . . . . . . . . . ... 421
Fricas [F] . . . . . . o 422
Sympy [F(-1)] . . . o o 423]
Maxima [F(-2)] . . . . . . . o 423
Giac [F] . . o o o 473
Mupad [F(-1)] . . . o o 424
Reduce [F] . . . . . 427

Optimal result

Integrand size = 23, antiderivative size = 366

dz

/ a4+ beoth™ (¢ + dx)

e+ fr+ gx?
_1 2<2cg—d(f—\/W) —2g(c+dz)>
(a +beoth™ (e + dx)) log <_ (df+2g—2cg—d\/m>(l+c+dx)
VI ieg

= _ 2(209-d(f+V/F7—leg) —2g(c+dz)) )
(CL+ b coth (C+ d$)> log ( (2(1—c)g+d<f+\/m>>(l+c+dm)

V-1
2(2cg—d(f—/f2—4eg) ~2g(c+dn)) >
(ar+29—2c9—dv/P—deg) (1+c-+da)
2/ f% — 4eg

2 (2cg—d( f+ \/M) —2g(c+d:n))
(20-0)g+d(f+\/F2—deg) ) (1+c+da) )

24/ f? — 4deg

b PolyLog (2, 1+

b PolyLog <2, 1+
+
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(at+bxarccoth(d*x+c) ) *1n((-4*xcxg+2xd* (f- (—4*xexg+f~2) " (1/2) ) +4*g* (d*x+c)) /(d
*f+2xg-2%cxg-dx (-4*xexg+£72) " (1/2) )/ (d*x+c+1) )/ (-4*exg+£~2) "~ (1/2) - (atb*arcc
oth(d*x+c)) *1n ((—4*cxg+2xd* (f+(-4*exg+f~2) " (1/2) ) +4*g*x (d*x+c) ) / (2% (1-c) *xg+
dx (f+(-4%exg+£~2)"(1/2)))/ (d*x+c+1) )/ (~4xexg+f~2)~(1/2)-1/2%b*polylog(2, 1+
2% (2xcxg—d* (f- (-4*exg+f~2) " (1/2) ) -2*xgx (d*x+c) ) / (d*f+2xg-2*c*kg—d* (-4*exg+f~
2)7(1/2))/ (d*x+c+1)) / (-4xexg+£~2) = (1/2) +1/2¥b*polylog (2, 1+2* (2xc*xg-d* (f+ (-
4xexg+f~2) " (1/2))-2xg* (d*x+c)) /(2% (1-c) xg+d* (£+(~4*exg+£~2) ~(1/2))) / (d*x+c
+1))/ (4*xexg+£~2)~(1/2)

output

\

Mathematica [A] (verified)

Time = 0.63 (sec) , antiderivative size = 633, normalized size of antiderivative = 1.73

/ a + beoth™ (¢ + dz)
dz =
e+ fr+ gx?

_fH2gz ) _ 2g9(=1+ctdz) _ 7 —1+4ctdx
4aarctanh<\/m> blog <2(_1+c)g+d(_f+m)) log (f V2 —4deg+ 2gm) + blog (—C_,.dm )

input‘Integrate[(a + bxArcCoth[c + d*x])/(e + f*x + g*x~2),x]

-1/2*(4*axArcTanh [(f + 2xg*x)/Sqrt[£f~2 - 4xe*g]] - b*Logl[(2*gx(-1 + c + d*
x))/(2x(-1 + c)*g + d*x(-f + Sqrt[f~2 - 4*exgl]))]*Logl[f - Sqrt[f~2 - 4x*exg]
+ 2xgxx] + b*Logl[(-1 + ¢ + d*x)/(c + d*x)]*Logl[f - Sqrt[f~2 - 4xexg] + 2%
gxx] + b*Logl[(2*xgx(1 + c + d*x))/(2*%(1 + c)*g + d*(-f + Sqrt[f~2 - 4*exg])
)1*Log[f - Sqrt[f~2 - 4xexg] + 2*g*x] - bxLog[(1 + c + d*x)/(c + d*x)]*Log
[f - Sqrt[f~2 - 4xexg] + 2%g*x] + bxLogl[(2*g*(-1 + c + d*x))/(2x(-1 + c)*g
- dx(f + Sqrt[f~2 - 4xexgl))]*Loglf + Sqrt[f~2 - 4xexg] + 2xg*x] - b*Logl
(-1 + c + d*x)/(c + d*x)]*Logl[f + Sqrt[f~2 - 4xexg] + 2*gxx] - bxLog[(2*g*
(1 + c + d*x))/(2x(1 + c)*g - d*(f + Sqrt[f~2 - 4xexg]))]*Logl[f + Sqrt[f~2
- 4xexg] + 2*gxx] + bxLog[(1 + c + d*x)/(c + d*x)]*Log[f + Sqrt[f~2 - 4x*e
xg] + 2%g*x] + bxPolyLogl[2, (d*(-f + Sqrt[f~2 - 4xe*xg] - 2*gxx))/(2*%(1 + c
)*¥g + dx(-f + Sqrt[f~2 - 4*exgl]))] - b*PolyLogl[2, (d*(f - Sqrt[f~2 - 4xexg
1 + 2xgxx))/(d*f + 2%g - 2%c*kg - d*Sqrt[f~2 - 4*exgl])] + b*PolyLogl[2, (d*(
f + Sqrt[f~2 - 4*exg] + 2xgxx))/(-2%(-1 + c)*g + d*(f + Sqrt[f72 - 4*exg])
)] - b*PolyLogl[2, (d*(f + Sqrt[f~2 - 4xe*xg]l + 2*xgxx))/(-2*x(1 + c)*g + d*(f
+ Sqrt[£72 - 4%exgl))])/Sqrt[£72 - 4x*exg]

output




input L
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Rubi [A] (verified)

Time = 1.15 (sec) , antiderivative size = 395, normalized size of antiderivative = 1.08,

=2, number of rules _ 087, Rules
integrand size

number of steps used = 2, number of rules used =
used = {7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+ bcoth™!(c + dz)
e+ fr+ gz?

l 7279

-1
/ a 4 bcoth™ (c + dx) i
e+ fx + gx? e+ fx + gx?
| 2009

2 (20g—2(c+dm)g—d<f— m> )

bPolyL 2
_2aarctanh( j}ﬁ%) ~ oY og( ’ (fd—\/f2—4egd—26g-|—2g>(c+dw+1) ) N
V 2 — deg 21/ 12 — 4eg
2(2cg—2(ct+dz)g—d(f+/F2—4eg) )
bPolyLog (2’ (20—c)g+d(f+V/F2—deg) ) (c+do+1) +1

+
2/ e
( 2g(c+dz)+2cg—d f—\/W
(c+dx+1)< 2cg—dy/ f2 4e +df+2g
V 2 —deg
. B 2(—2g(ctda)+2c9—d(V/Fi—deg+f))
bcoth (C + d-'L') ]-Og ( (c+dz+1) (2(1—c)g+d< /f2—4eg+f>>

V f? —deg

becoth™!(c + dz) log (

'Int[(a + b¥ArcCothlc + d*x])/(e + f*x + g*x~2),x]

~—
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(—2xa*xArcTanh[(f + 2xg*x)/Sqrt[£72 - 4*exgl])/Sqrt[£72 - 4*exg] + (b*ArcCo
thlc + d*x]*Log[(-2%(2xc*g - dx(f - Sqrt[f~2 - 4xexg]) - 2xg*(c + d*x)))/(
(d*f + 2xg - 2kcxg — d*Sqrt[f72 - 4*exg])*(1 + c + d*x))])/Sqrt[f~2 - 4*ex
gl - (bxArcCoth[c + d*x]*Logl[(-2%(2xcxg - d*(f + Sqrt[f~2 - 4xexgl) - 2x*g*
(c + d*x)))/((2%x(1 - c)*g + d*(f + Sqrt[f~2 - 4xexgl))*(1 + c + d*x))])/Sq
rt[£72 - 4*xexg] - (b*PolyLogl[2, 1 + (2%x(2*cxg — d*(f - Sqrt[f~2 - 4*exgl)

- 2xgx(c + d*x)))/((d*f + 2xg - 2%ckg — d*Sqrt[£f72 - 4*exgl)*(1 + c + d*x)
)1)/(2%Sqrt [£72 - 4*e*xg]l) + (b*PolyLog[2, 1 + (2%(2xc*g - d*(f + Sqrt[f~2

- 4dxexgl) - 2¥gx(c + d*x)))/((2%(1 - c)*g + dx(f + Sqrt[f~2 - 4xexg]))*(1

+ ¢ + d*x))])/(2%Sqrt[£72 - 4xexgl)

output

Defintions of rubi rules used

e

rule 2009{Int [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

7279‘Int[(u_)/((a_.) + (b_.)*(x_)"(n_.) + (c_.)*x(x_)"(n2_.)), x_Symbol] :> Withl[ ‘
‘{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su ‘
mQ[v]] /; FreeQ[{a, b, c}, x] && EqQ[n2, 2*n] && IGtQ[n, O]

N\ J

rule

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 819 vs. 2(336) = 672.

Time = 1.82 (sec) , antiderivative size = 820, normalized size of antiderivative = 2.24

method result
—9(dz4c— ca— _4d2e 2 £2_
2daarctan<2(dm+c—1)g—2cg+df+29) dbln(dz+c—1) ln< 2(dz+c—1)g+2cg—df +\/ —4d%eg+d? f 2g> dbIn(ds
- +

V4d2eg—a2 f2 2cg—df —29+1/—4d2eg+d2 2
V4d2eg—d2 f? 2v/—4d2eg+d2 f2

parts Expression too large to display

risch

derivativedivides | Expression too large to display

default Expression too large to display

input Lint ((at+b*arccoth(d*x+c) )/ (g*x~2+f*x+e) ,x ,method=_RETURNVERBOSE) J




output

input

output
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2xd*a/ (4*%d"2%e*xg-d~2+£"2) " (1/2) *arctan ((2x (d*x+c-1) xg-2xcxg+d*xf+2xg) / (44"
2xexg-d~2*£72) " (1/2))-1/2*d*b*1n(d*x+c-1) / (-4*d"2xexg+d~2x£72) " (1/2) *1n((-
2% (d*x+c-1) *g+2*ckg-d*f+(-4*d~2xe*xg+d~2*£~2) = (1/2) -2xg) / (2%cxg-d*f-2*xg+ (-4
*d"2xe*g+d"2x£72) " (1/2)))+1/2*d*b*1n (d*x+c-1) / (-4*d"2*exg+d~2*£~2) ~(1/2) *1
n( (2% (d*x+c-1) *g-2xcxg+d*f+(-4*d"2kexg+d~2*£72) " (1/2) +2*g) / (-2xcxg+d*f+(-4
*xd"2xexg+d"2x£72) 7 (1/2)+2%g) ) -1/2*d*b/ (-4*d~2*exg+d~2*x£72) ~(1/2) *dilog((-2
* (d*x+c—1) xg+2xckg-d*f+(—4*d"2%exg+d~2*£72) " (1/2) -2%g) / (2*xcxg-d*f-2xg+(-4*
d"2%e*xg+d~2+£72) " (1/2)))+1/2*d*b/ (-4*d"2xe*g+d~2*x£~2) ~(1/2) *dilog ((2* (d*x+
c-1)xg-2%cxg+d*f+(-4*d~2xe*xg+d~2%f~2) = (1/2) +2%g) / (-2*kc*g+d*f+(-4*d~2%exg+d
~2x£72) 7 (1/2) +2%g) ) +1/2%bxd*1n (d*x+c+1) / (-4*d"2*e*xg+d~2x£72) =~ (1/2) *1n ((-2*
(d*x+c+1) *g+2xcxg—d*f+(—4xd"2ke*xg+d~2x£72) 7 (1/2) +2xg) / (2% c*xg-d*£+2*g+(-4*d
“2xexg+d"2x£72) 7 (1/2)))-1/2%b*d*1n(d*x+c+1) / (-4*d"2*%e*xg+d~2*£~2) ~(1/2) *1n(
(2% (d*x+c+1) xg-2kcxg+d*f+ (—4*d~2*exg+d~2x£72) ~ (1/2) -2*g) / (-2*kcxg+d*f+ (-4*d
“2%exg+d~2+£72) ~(1/2) -2%g) ) +1/2%b*d/ (—4*d~2*e*xg+d"2x£72) " (1/2) *dilog ( (-2 (
d*x+c+l) *g+2xckg-d*f+(-4*d"2kexg+d"2*£72) " (1/2) +2%g) / (2*c*g-d*f+2*g+(-4*d~
2xe*xg+d~2*£72) " (1/2)) ) -1/2%b*d/ (-4*d~2*e*g+d~2*f~2) ~(1/2) *dilog ((2* (d*x+c+
1) *g-2*kckg+d*f+(-4*d"2xexg+d~2x£72) " (1/2) -2%g) / (-2*cxg+d*f+(-4*d"2*exg+d "2

*£72) 7 (1/2)-2%g))

\

Fricas [F|

dz

/a—i—bcoth_l(c-l—dx)d _/barcoth(dx+c)+a
e+ fx + gx? N gz?+ fx +e

B
Lintegrate((a+b*arccoth(d*x+c))/(g*x‘2+f*x+e),x, algorithm="fricas")

~—

.
integral ((bxarccoth(d*x + c) + a)/(g*x"2 + f*x + e), x)

N\
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Sympy [F(-1)]

Timed out.

dz = Timed out

/ a4+ beoth™ (¢ + dx)
e+ fx + gx?

Lintegrate((a+b*acoth(d*x+c))/(g*x**2+f*x+e),x)

input
Ou_tputLTimed out
Maxima [F(-2)]
Exception generated.
a+ bcoth™'(c + dz
/ + (c+dz) dx = Exception raised: ValueError
e+ fr+ gx?

inputLintegrate((a+b*arccoth(d*x+c))/(g*x"2+f*x+e),x, algorithm="maxima")

Output‘Exception raised: ValueError >> Computation failed since Maxima requested
‘additional constraints; using the 'assume' command before evaluation *may*
‘ help (example of legal syntax is 'assume(4*exg-£72>0)', see “assume?  for

‘ more deta

Giac [F]

/a+bcoth_1(c+dx)d _/barcoth(dx-i—c)-l—adm

e+ fr+ gx? 9gz2+ fr+e

input Lintegrate ((at+bxarccoth(d*x+c))/(g*x~2+f*x+e) ,x, algorithm="giac")

output Lintegrate((b*arccoth(d*x +c) + a)/(gkx"2 + f*x + e), x)
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Mupad [F(-1)]

Timed out.
a4 beoth™ (¢ + dx) a + bacoth(c + d )
dr = dz
et frtge? gr’+fz+te
input Lint((a + b*acoth(c + d*x))/(e + f*x + g*x~2),x)

output Lint((a + bxacoth(c + d*x))/(e + f*x + g*x~2), x)

Reduce [F]

/ a + beoth™ (¢ + dz)

iy — dx = Too large to display
e+ fxr+ gx

input Lint ((atb*acoth(d*x+c) )/ (gxx~2+f*x+e) ,x)
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(4xacoth(c + d*x)**2xbxckexg — acoth(c + d*x)**2xbxckxf*x2 + 2ksqrt(4*exg -
fx*x2)*xatan((f + 2xgxx)/sqrt(4xexg - fx*2))*a*xf + 4*xint(acoth(c + d*x)/(c*
*2%e + cx*x2*xf*x + CHR¥k2kgkxk*k2 + 2kckdkexx + 2kckdkfxx*k*2 + kckdrgHx*k*3 +

A**2kexx*¥*x2 + dk*x2kLxx**3 + d*k*kgxx*k*4 - e — f*kx — gxx**2) ,x)*bkck*x2kexf*
g - int(acoth(c + d*x)/(c**2%e + c**2xf*x + Ck*kkgxx**2 + 2kckd*e*x + 2xc*
dxf*xxk2 + 2kckd*grx**3 + d*k*k2ke*xx**2 + d¥*x2kfrx*x*3 + dx*k22kgxx**kd - e - fx*
X — gkx**2) ,X)¥bkck*2+f**x3 - 8xint(acoth(c + d*x)/(c**2xe + cx*2kf*x + c**
2%gxx*k*2 + 2kckdkekxx + 2kckd*fkx*k*2 + 2kckdkgEx**3 + d¥R*kkexx*k*2 + dxk2*kf*
x**3 + dkkkgkx*k*kd - e - fhkx - gxx**2),x)*bkckd*ex*2%g + 2*int(acoth(c + d
*¥x) / (Ck*2%e + CHk*2xf*x + CHkkgxx**2 + kckdke*x + 2kckd*f*rx**2 + 2kckdkgk
X¥k3 + dkk2kedxk*2 + drk2xExx*¥*3 + dk*k2kgkxk*kd - e — fkx - gFx*k*2),X)*bkC*
dxexf*x2 - 4xint(acoth(c + dkx)/(c**2%e + cx*2kfxx + Ck*kgkx**2 + 2*ckd*e
*x + 2%kckxdkfix**x2 + 2*c*d*g*x**3 + dkk2ke*kx*k*x2 + dk*2kfkx**3 + d**2*g*x**4
- e - f*x - gkx**x2),x)*b*exf*g + int(acoth(c + d*x)/(c**2*e + c*x*2*f*xx +

CH*¥2kghkx**k2 + 2kckdkekx + kckdkf*x*k*2 + kckdkgrx*k*3 + dk*k2kexxk*k2 + dk*2
*f*xx*¥x3 + dk*k2kgrx*x*k4d — e — f*kx — gkx*k*2) ,x)*b*xf*x3 - 8*xint((acoth(c + d*x
)*¥x*k%2) / (cx*2ke + ck*x2*f*x + CH*2kgHx**x2 + kckdkxe*x + 2kckd*Lxx**k2 + 2kc*
dxg*x**3 + dx*kkexx*k*2 + dkxk2kf*xk*3 + dr*kkgxx*k*x4 — e — £xx — gkx**2) ,x)*
bxckd*e*xgx*2 + 2xint((acoth(c + dxx)*x**2)/(c*k*2ke + CHk*2*kL*X + Ch,k2kgkx**
2 + 2xckdkexx + 2kckdkfxx*¥*2 + kckdkgrx**3 + dFk*kkexx*k*2 + dk*k2kfxx*k*3. ..

output
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3.50 f a+bcoth ™! (c+dx) dx
: e+ fri+gz*

Optimalresult . . . . ... ... . ... .. ... 426
Mathematica [B] (warning: unable to verify) . . . . . .. ... ... ... 427
Rubi [B] (warning: unable to verify) . . . . ... ... ... ... .... A28
Maple [C] (warning: unable to verify) . . . . .. ... ... ... .. .. 431
Fricas [F] . . . . . . 432
Sympy [F(-1)] . . . o o 432
Maxima [F] . . . . . . o 132
Giac [F] . o o oo 433
Mupad [F(-1)] . . . o 433l
Reduce [F] . . . . . 133]

Optimal result

Integrand size = 25, antiderivative size = 1135

bcoth™t d
/ a+bco (c+ dz) dz = Too large to display

e+ fx? + gzt



output

input

CHAPTER 3. LISTING OF INTEGRALS 427

-1/2%g~ (1/2)* (atb*arccoth(d*x+c) ) *1n (-2*d* ((-f- (-4*e*xg+£72)~(1/2))~(1/2)-g
“(1/2)*x%27(1/2)) /(27 (1/2) *(1-c) *g~ (1/2) -d* (-f- (-4*e*xg+£~2) " (1/2))~(1/2))/
(d*x+c+1))*27(1/2) / (4*e*xg+£72) " (1/2) / (-£-(-4*xexg+£~2) ~(1/2) )~ (1/2)+1/2*g™
(1/2) *(at+b*arccoth (d*x+c) ) *1n (-2*d* ((—f+(-4*exg+£~2)~(1/2))~(1/2)-g~ (1/2) *
x*27(1/2))/(27(1/2) *(1-c) *g~ (1/2) -d* (-f+(-4*exg+£72) " (1/2) ) ~(1/2) ) / (d*x+c+
1))%27(1/2) / (m4*e*xg+£72) " (1/2) / (- +(-4*xexg+£72) " (1/2)) ~(1/2)+1/2%g~ (1/2) *(
a+b*arccoth (d*x+c) ) *1n (2*d* ((—f-(-4*exg+£~2) ~(1/2))~(1/2)+g~(1/2) *x*2~(1/2
))/(27(1/2) *(1-c) *g~ (1/2) +d* (£ - (—4*xe*xg+£~2) ~(1/2)) ~(1/2)) / (d*x+c+1) ) ¥2~ (1
/2)/ (—4xexg+£~2) " (1/2) / (-f-(-4xexg+£~2)~(1/2))~(1/2)-1/2*%g~ (1/2) * (a+b*arcc
oth(d*x+c))*1n(2*d* ((—f+(-4xexg+£~2)~(1/2))~(1/2)+g~ (1/2)*x*2~(1/2)) /(2" (1
/2)*(1-c)*g~(1/2) +d* (-f+(-4*exg+£72)~(1/2))~(1/2) )/ (d*x+c+1)) %27 (1/2) / (-4*
exg+£72) " (1/2) / (—f+(-4*exg+£72)~(1/2) )~ (1/2) +1/4xb*g~ (1/2) *polylog(2, 1+2*d
* ((—f-(-4*exg+£72)~(1/2))"(1/2)-g~ (1/2) *x*2~(1/2)) /(27 (1/2) *(1-c) *g~ (1/2) -
dx (—f-(-4xexg+£~2)~(1/2))"(1/2) )/ (d*x+c+1))*27(1/2) / (-4*exg+£~2) ~(1/2) / (-
- (~4xexg+£72) " (1/2)) " (1/2)-1/4%bxg™ (1/2) *polylog (2, 1+2xd* ( (~f+(-4*exg+f~2)
~(1/2))7(1/2)-g~ (1/2)*x*27(1/2)) / (27 (1/2) *(1-c) *g~ (1/2) —d* (-f+ (-4*exg+f~2)
~(1/2))7(1/2)) / (d*x+c+1) ) %27 (1/2) / (4*exg+£~2) ~(1/2) / (-f+(-4*e*xg+£~2) " (1/2
))~(1/2)-1/4xbxg~(1/2) *polylog(2,1-2%d* ((-f-(-4xexg+£~2)~(1/2))~(1/2)+g~ (1
/2)*xx27(1/2)) /(27 (1/2) *(1-c) *g~ (1/2) +d* (-f- (-4*exg+£~2)~(1/2))~(1/2) )/ (dx*

x+c+1))*27(1/2) / (~4*exg+£~2) " (1/2) / (-f- (-4*exg+£~2) " (1/2)) " (1/2) +1/4%b*. ..

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 3087 vs. 2(1135) = 2270.

Time = 4.76 (sec) , antiderivative size = 3087, normalized size of antiderivative = 2.72

dz = Result too large to show

/ a+ beoth™ (¢ + dx)
e+ fx? + gzt

-

LIntegrate[(a + bxArcCoth[c + d*x])/(e + f*x"2 + g*x~4),x]

| —




output
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(Sqrt[g]*(4*a*Sqrt[-f + Sqrt[f~2 - 4xexgll*Sqrt[-(f + Sqrt[f~2 - 4*exgl])~2

I*ArcTan[(Sqrt [2]*Sqrt [g] *x) /Sqrt[f - Sqrt[£f~2 - 4xe*g]]] - 4xaxSqrt[-f -
Sqrt[£72 - 4*exg]]*Sqrt[-(f - Sqrt[f~2 - 4xexg]) 2] *ArcTan[(Sqrt[2]*Sqrt[g
I1*x)/Sqrt[f + Sqrt[f~2 - 4*e*xgl]] - b*Sqrt[-(f - Sqrt[f~2 - 4xexg]) 2] *Sqr
t[f + Sqrt[£f~2 - 4*exgll*Logl[(Sqrt[2]*Sqrt[gl*(-1 + c + d*x))/(Sqrt[2]*(-1
+ c)*Sqrtg] + d*Sqrt[-f - Sqrt[f~2 - 4*exgl])]*Logl[Sqrt[-f - Sqrt[f~2 -
4xexg]] - Sqrt[2]*Sqrt[gl*x] + bxSqrt[-(f - Sqrt[f~2 - 4xexg]) 2]*Sqrt[f +
Sqrt[£f72 - 4xexgll*Logl[(-1 + c + d*x)/(c + d*x)]*Log[Sqrt[-f - Sqrt[f~2 -
4xexg]] - Sqrt[2]*Sqrt[gl*x] + bxSqrt[-(f - Sqrt[f~2 - 4xexg]) 2]*Sqrt[f
+ Sqrt[£f~2 - 4xexg]]l*Log[(Sqrt[2]1*Sqrtlgl*(1 + c + d*x))/(Sqrt[2]1*(1 + c)*
Sqrt[g]l + dxSqrt[-f - Sqrt[f~2 - 4xe*gl]l)]*Logl[Sqrt[-f - Sqrt[f~2 - 4x*exg]
] - Sqrt[2]*Sqrt[gl*x] - b*Sqrt[-(f - Sqrt[f~2 - 4xe*g])~2]*Sqrt[f + Sqrt[
£72 - 4xexg]l*Log[(1 + c + d*x)/(c + d*x)]*Log[Sqrt[-f - Sqrt[f~2 - 4x*exg]
] - Sqrt[2]=*Sqrtlgl*x] + b*Sqrt[f - Sqrt[f~2 - 4xexg]]*Sqrt[-(f + Sqrt[f~2
- 4xexg]) 2] *Log[(Sqrt[2]*Sqrt[gl*(-1 + c + d*x))/(Sqrt[2]*(-1 + c)*Sqrt[
gl + dxSqrt[-f + Sqrt[f~2 - 4xe*xgl])]*Logl[Sqrt[-f + Sqrt[f~2 - 4*exgl]] - S
qrt [2]*Sqrt[gl*x] - b*Sqrt[f - Sqrt[f~2 - 4*xexgll*Sqrt[-(f + Sqrt[f~2 - 4x
exgl)~2]*Log[(-1 + c + d*x)/(c + d*x)]*Log[Sqrt[-f + Sqrt[f~2 - 4xexgl] -
Sqrt [2]*Sqrt [g]*x] - b*Sqrt[f - Sqrt[f~2 - 4*exgll*Sqrt[-(f + Sqrt[f~2 - 4
xexg] ) ~2] *Log [(Sqrt [2]1*Sqrt [g]*(1 + ¢ + d*x))/(Sqrt[2]1*(1 + c)*Sqrtlg]

Rubi [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 2792 vs. 2(1135) = 2270.

Time = 7.81 (sec) , antiderivative size = 2792, normalized size of antiderivative = 2.46,

number of rules _ 0.080, Rules

number of steps used = 2, number of rules used = 2, = -
integrand size

used = {7279, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ a+ beoth™!(c + dz)
e+ fr? + gzt

l 7279

/ a + bcoth™!(c + dz) dz
e+ fr2+ gzt e+ fx?+ gzt

l 2009
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V2a g arctan _ Ve V2a g arctan Ve
v f=V/f2—4eg B Ve f+V/ f2—4eg B

VPG [f- VP deg P deg\f+ /ey
(2902+d2<f—\/W>> —c—dz+1)

b 1 _ —c—dz+1 1 1—
V9 og( ctdz ) og( ( ((f_\/W)(p) —V2,/g\/ /F2—4eg—fd+2(1—c)cg (c+dz)

2V2/f? — deg\[/ f? — deg — f

be/dlog [ —=c=dz+1) 1oe | 1 — (2002 +42 (f—\/F2=4eg) ) (—c—da+1)
V9 0g< cHdx ) 0og ( ( ((f—w)‘p)"“[\f\/ﬁd-ﬂ(l c)cg (c+dz)

2v2\/f2 —deg\/\/f2 —deg— f

- 2g02—|—d2 f+v/ f2—4eg) ) (—c—dz+1)
b\/_log cc—}—(fix_i_l log ( ))
f+\/f2—748>d2) —V2./g\/ —f—/fE—4egd+2( —c)cg (ct+dz)
2\/_\/f2 4e \/ f—/f?—4eg
22d2 V-4 (—e—dz+1
b\/_log cc_’_‘fig?'l log gc+ (f—i— f e)) c—dz+1)
f—i—\/f2 4e )dﬂ—l—fﬁ —f—/f?—4egd+2(1— c)cg (c+dz)
+
2\/_\/f2 deg\/—f — \/T7 — deg
2 d? 2—4, dx+1
by/Glog Cﬁﬁl log (200> +d2(f—/F2=4eg) ) (c+da-+1)
f—\/f2 deg d2 V2/g\//2P—deg fd+2c(c+1)g> (ct+dz)
2v/2 \/f2 4ng V2 —deg—§
c " 2gc 24d?( f—/f2—4eg) ) (c+dx+1)
by/glog Jcrid;rl log ( N ))
f—\/j"2 4eg d2+\f\f Vf2—4eg fd+2c(c+1)g) (ct+dz)
2v2 \/f2 4eg¢ V2 —deg—§
c - 2gc +d?( f++/f2—4eg) ) (c+dx+1)
by/glog (5451 ) log ( L)
f—l-\/f2 4eg d2 V2,/g\/ —f—/f2—4e d+2c(c+1)g>(c+da:)
+

by/glog ctiﬁ;rl log [1-—

2\/_\/f2 4e \/ f—/f?—4eg
2gc +d? (f+\/f2 —4e, ))(c+d:c+1)
f—i—\/f2 4e d2+fﬁ —f—/f?—4e d+2c(c+1)g>(c+dm)

zfmw ~ /[~ leg

(2gc2+d2 (f—\/m» (—c—dz+1)
b,/g PolyLog | 2,
v Poly Og( (—((f—M)«P)—ﬁm/@—fm(l—c)cg)(c+dw)

2V2/f? — deg\[\/ f? — deg — f

(2gc2+d2 (f—\/m» (—c—dz+1)
b./g PolyLog | 2,
Vg Polylog ( (—((f—\/m>d2)+\/§\/§\/\/M—fd+2(l—c)cg)(c-‘rdx)

2v2\/f2 —deg\/\/f2 —deg— f

N\ \

+

+

/




input

output
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‘Int[(a + bxArcCoth[c + d*x])/(e + f*x72 + g*x~4),x]

(Sqrt [2] *a*Sqrt [g] *ArcTan [(Sqrt [2] *Sqrt [g]l *x) /Sqrt [f - Sqrt[f~2 - 4xexgl]]
)/ (Sqrt[f~2 - 4xexgl*Sqrt[f - Sqrt[f~2 - 4*exgl]) - (Sqrt[2]*a*Sqrt[g]*Arc
Tan[(Sqrt [2]*Sqrt [g] *x) /Sqrt [f + Sqrt[£f~2 - 4*exgl]])/(Sqrt[£~2 - 4xexgl*S
qrt[f + Sqrt[f~2 - 4xexgl]) - (bxSqrtlgl*Log[-((1 - ¢ - d*x)/(c + d*x))]*L
ogll - ((2xc™2*g + d~2*(f - Sqrt[f~2 - 4xexgl))*(1 - ¢ - d*x))/((2*x(1 - ¢c)
*xckg — d2x(f - Sqrt[f72 - 4xexg]) - Sqrt[2]*d*Sqrt([gl*Sqrt[-f + Sqrt[f~2
- 4xexgl])*(c + d*x))]1)/(2xSqrt[2]*Sqrt[f~2 - 4xexgl*Sqrt[-f + Sqrt[f~2 -
4xexgl]) + (b*Sqrtlgl*Logl-((1 - ¢ - d*x)/(c + d*x))]*Logl[l - ((2xc™2xg +
d™2x(f - Sqrt[f~2 - 4*exgl))*(1 - ¢ - d*x))/((2%(1 - c)*c*xg - d"2x(f - Sqr
t[£72 - 4xexg]) + Sqrt[2]*d*Sqrt[g]l*Sqrt[-f + Sqrt[f~2 - 4xe*xg]]l)*(c + d*x
))1)/(2xSqrt [2] *Sqrt [£72 - 4xe*xg]*Sqrt[-f + Sqrt[f~2 - 4*exgl]) + (b*Sqrtl
gl*Log[-((1 - ¢ - d*x)/(c + d*x))]*Logl[l - ((2*c~2xg + d~2x(f + Sqrt[f~2 -
4xexgl))*(1 - ¢ - d*x))/((2*%(1 - c)*c*g - Sqrt[2]*d*Sqrt[g]*Sqrt[-f - Sqr
t[£72 - 4xexg]] - d"2*(f + Sqrt[f~2 - 4*exgl))*(c + dx*x))])/(2*Sqrt[2]*Sqr
t[£72 - 4xexg]l*Sqrt[-f - Sqrt[f~2 - 4xexgl]) - (bxSqrtlgl*Log[-((1 - c -4
*x)/(c + d*x))]*Logl[l - ((2xc™2xg + d"2*%(f + Sqrt[f~2 - 4xexgl))*(1 - c -
d*x))/((2x(1 - c)*cxg + Sqrt[2]*d*Sqrt[gl*Sqrt[-f - Sqrt[f~2 - 4*exgl] - d
“2%(f + Sqrtl[f~2 - 4xe*xgl))*(c + d*x))])/(2xSqrt[2]*Sqrt[£72 - 4xexg]*Sqrt
[-f - Sqrt[f~2 - 4xexgl]) + (b*Sqrtlgl*Logl(1 + c + d*x)/(c + d*x)]*Logll
- ((2%c™2xg + d"2x(f - Sqrt[f~2 - 4xexgl))*(1 + c + d*x))/((2%c*x(1 + c)...

Defintions of rubi rules used

-

ruka2009£1nt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule

~—

7279‘Int[(u_)/((a_.) + (b_)*(x_)"(n_.) + (c_.)*(x_)"(n2_.)), x_Symbol] :> With[
‘{v = RationalFunctionExpand[u/(a + b*x"n + c*x~(2*n)), x]}, Int[v, x] /; Su

'mQ[vl] /; FreeQl{a, b, c}, x] & EqQ[n2, 2*n] &% IGtQ[n, 0]

\‘




input

output
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Maple [C] (warning: unable to verify)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 2.19 (sec) , antiderivative size = 718, normalized size of antiderivative = 0.63

method result

d3a
_ R=RootOf (g _Z4+(74cg+4g)_23+ (6c2g+d2f7 12cg+69)_Z2 + (74c3g72c d2 f+12c2g+2d2 f— 12cng4g)_ZJrc4_q+c2

risch
parts Expression too large to display
derivativedivides | Expression too large to display
default Expression too large to display

e

Lint((a+b*arccoth(d*x+c))/(g*x‘4+f*x‘2+e),x,method=_RETURNVERBUSE)

~—  /

1/2*%d"3*a*sum(1/(2%_R™3*g-6%_R™2%c*g+6%_R*xc~2%g+_R*d 2*xf-2%c~3*g-c*d"2*f+6
*_R™2xg-12% Rxckxg+6*c™2xg+d 2*%f+6%_R*g-6xckg+2*g) *1n(d*x—-_R+c-1),, _R=RootOf
(g*_Z~4+(—4*cxg+axg) x_Z~3+(6*c™2xg+d " 2+f-12%cxg+6%g) * _Z~2+(-4*c™3xg-2*c*d”
2%f+12%Cc™2%g+2%d "2+ f-12%cxg+d*g) ¥ _Z+c 4xg+cT2xd"2xf+exd 4-4*c"3*xg-2*c*xd 2%
f+6xc™2%g+d "2+ f-4*kcxg+g) ) -1/4*d"3*bksum(1/ (2%_R17"3*g-6%_R1™2xc*g+6*_R1*xc™2
kg+_R1*d~2xf-2%c~3kg-c*xd 2%f+6%_R1"2kg-12% _R1kckg+Bxc™2xg+d~2%f+6%_R1*g—6%
cxg+2*g) * (ln(d*x+c-1) #*1n((-d*x+_R1-c+1)/_R1)+dilog((-d*x+_R1-c+1)/_R1)), R
1=RootOf (g*_Z 4+ (-4*c*g+d*g) *_Z 3+ (6*c™2xg+d~2xf-12%ckg+6*g) *_Z 2+ (-4*c™3*
g-2xcxd"2xf+12%C™2%g+2%d " 2% f - 12%cxg+4*g) * _Z+c~4*g+cT2%d 2% f+e*xd"4-4*c"3*g-
2xcxd"2*%f+6xCc”2%g+d " 2xf-4*cxg+g) ) +1/4xbxd"3*sum(1/ (2*_R1~3*g-6%_R1~2*cxg+6
*_R1%c™2%g+_R1kd~2%f-2%c~3kg-ckd 2%f-6%_R1"2kg+12%_R1*cxg-Bxc 22kg—d 2% f+6%
_R1xg-6*c*xg-2%g) * (1n(d*x+c+1)*1n((-d*x+_R1-c-1)/_R1)+dilog((-d*x+_R1-c-1)/
_R1)),_R1=RootOf (g*_Z 4+ (-4*c*xg-4*g)*_Z~3+(6*c”2%g+d~2xf+12*ckg+6*g) *_Z"2+
(~4%c™3%g-2xcxd 2% f-12%C~2%g-2%d "2k -12%Cckg-4*g) *_Z+c A*g+c 2xd 2k f+e*xd 4+
4xc"3*g+2xckd 2% f+6xCT2xg+d " 2xf+4*cHgHg) )
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Fricas [F]
/ a + beoth™ (¢ + dz) dp — / barcoth (dz +¢) +a i
e+ fz? + gzt N gri+ fz2 +e
input Lintegrate ((at+b*arccoth(d*x+c))/(g*x~4+f*x"2+e) ,x, algorithm="fricas")

outputLintegral((b*arccoth(d*x +c) +a)/(gxx~4 + £¥x°2 + €), x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ a+ beoth™(c + dx)
e+ fx? + gzt

input Lintegrate ((atb*acoth(d*x+c))/ (gkx**4+f*x**2+e) ,X)

output ‘ Timed out

Maxima [F]

dz

/ a + beoth™ (¢ + dz) / barcoth (dx +¢) +a
dz =
e+ fx? + gzt grt+ fx2 +e

tnput Lintegrate ((at+b*arccoth(d*x+c))/(g*x~4+f*x"2+e) ,x, algorithm="maxima")

outputLintegrate((b*arccoth(d*x +c) +a)/(gxx"4 + £*x"2 + e), x)
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Giac [F]
/ a + beoth™ (¢ + dz) / barcoth (dz +¢) +a
dr = dx
e+ fx? + grt gxt + fr2 +e
inputLintegrate((a+b*arccoth(d*x+c))/(g*x”4+f*x”2+e),x, algorithm="giac") J
outpu’ctsageo*x J
Mupad [F(-1)]
Timed out.
/ a4 beoth™ (¢ + dx) / a + bacoth(c + d )
T = dz
e+ fx? + gzt grt+ fz2+e
inputLint((a + b*xacoth(c + d*x))/(e + £*x™2 + gxx~4),x) J
OutputLint((a + bxacoth(c + d*x))/(e + £*x72 + g*x~4), x) J
Reduce [F]
/ a + beoth™ (¢ + dz)
dz
e+ fx? + gzt
NN =N T \/7 2/gVe—f-2g2\
) 2¢/e 2\/§\/E+fatan< i vers ) af —4./9 2\/_\/_+fatan< NN ) ae — 2¢/e

jnputLint((a+b*aCOth(d*X+C))/(g*XA4+f*XA2+e),X) J
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(2*sqrt(e) *sqrt (2xsqrt(g) *sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - £) -
2xsqrt (g) *x) /sqrt (2xsqrt (g) *sqrt(e) + f))*axf - 4xsqrt(g)*sqrt(2*sqrt(g)*
sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - f) - 2*sqrt(g)*x)/sqrt(2*sqrt(
g)*sqrt(e) + f))xa*xe — 2xsqrt(e)*sqrt(2*sqrt(g)*sqrt(e) + f)*atan((sqrt(2#*
sqrt(g) *sqrt(e) - f) + 2*sqrt(g)*x)/sqrt(2*sqrt(g)*sqrt(e) + f))*a*xf + 4xs
art (g) *sqrt (2*sqrt (g) *sqrt(e) + f)*atan((sqrt(2*sqrt(g)*sqrt(e) - £) + 2xs
qrt (g)*x) /sqrt (2*sqrt(g) *sqrt(e) + f))*a*xe - sqrt(e)*sqrt(2*sqrt(g)*sqrt(e
) - £)xlog( - sqrt(2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + sqrt(g)*x**2)*axf
+ sqrt(e)*sqrt(2xsqrt(g) *sqrt(e) - f)*log(sqrt(2*sqrt(g)*sqrt(e) - f)*x +

sqrt(e) + sqrt(g)*x**2)*a*xf - 2xsqrt(g)*sqrt(2*sqrt(g)*sqrt(e) - f)*log( -
sqrt (2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + sqrt(g)*x**2)*axe + 2xsqrt(g)*s
qrt (2*sqrt(g) *sqrt(e) - f)*log(sqrt(2*sqrt(g)*sqrt(e) - f)*x + sqrt(e) + s
grt (g) *x*x2) *a*e + 16*int(acoth(c + d*x)/(e + f*xx*x*2 + gix*k*4) ,x)*b*e*x*2xg
- 4xint(acoth(c + d*x)/(e + f*x**2 + gxx*x4) ,x)*bxe*f**2)/(4xe* (4d*exg - f
*%2))

output
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4.2 Links to plain text integration problems used in this report for each CAS . HE53]

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

435
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 448

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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