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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 34 |. This is test number | 346 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (34) | 0.00 (0)
Mathematica | 94.12 ( 32) 5.88 (2)
Maple 76.47 (26) | 2353 (8)
Fricas 50.00 (17) | 50.00 ( 17 )
Maxima | 32.35 (11) | 67.65 (23)
Mupad 1471 (5) | 85.29 (29)
Giac 0.00 (0) | 100.00 ( 34)
Reduce 0.00 (0) | 100.00 ( 34)
Sympy 0.00 (0) | 100.00 ( 34)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description
A Integral was solved and antiderivative is optimal in quality and leaf size.
B Integral was solved and antiderivative is optimal in quality but leaf size

is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 76.471 0.000 23.529 0.000
Maple 64.706 2.941 8.824 23.529

Mathematica 52.941 23.529 17.647 5.882

Maxima, 32.353 0.000 0.000 67.647
Fricas 26.471 23.529 0.000 50.000
Giac 0.000 0.000 0.000 100.000

Mupad 0.000 14.706 0.000 85.294

Reduce 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematlca Maple FriCAS Giac Maxima Sympy Mupad Reduce

mA
EB
C
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 2 50.00 50.00 0.00

Maple 8 100.00 0.00 0.00

Fricas 17 88.24 0.00 11.76

Maxima, 23 100.00 0.00 0.00

Mupad 29 0.00 100.00 0.00

Giac 34 100.00 0.00 0.00

Reduce 34 100.00 0.00 0.00

Sympy 34 97.06 2.94 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.




Table 1.6: Leaf size performance for each CAS
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System Mean time (sec)

Maxima 0.03

Fricas 0.12

Mathematica 0.43

Maple 0.49

Rubi 0.60

Mupad 4.09

Sympy -nan(ind)

Reduce -nan(ind)

Giac -nan(ind)

Table 1.5: Time performance for each CAS
System Mean size | Normalized Median Normalized
mean size median

Mupad 42.00 0.92 43.00 1.08
Maxima 50.45 0.65 40.00 0.73
Rubi 175.03 1.05 104.50 1.01
Mathematica | 227.62 1.65 162.50 1.19
Maple 230.96 1.60 111.00 1.32
Fricas 281.06 3.09 253.00 1.70
Sympy -nan(ind) | -nan(ind) nan nan
Reduce -nan(ind) | -nan(ind) nan nan
Giac -nan(ind) | -nan(ind) nan nan
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to

solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @0.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {2429,60,5152)

Mathematica
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

CHAPTER 1. INTRODUCTION 20

For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e 24]
Mma . . . . . e e e e
Maple . . . . . . e
Fricas . . . . . . e
Maxima . . . . . . . e e e
Gilac . . . . e e 26]
Mupad . . . . . . . 261
Sympy . . . . . e e 201
Reduce . . . . . . . . . . e e 27

Rubi

A grade { [123,,6, 7 8,0 10) 3,13, 14, [5) 16} 8 19} 20,21 22,23, 25,26, 27 25,53
5)

B grade { }

C grade { BB ITE3E9E0E1E}
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma

A grade { [)B)[I0, 11} [3, 15} 16,7 20} 21,2 24,25, 26,27 25,52 )
B grade { ABAE32BLEET )

C grade {[IEBE3E )

F normal fail {[19}

F(-1) timedout fail {[1§}

F(-2) exception fail { }
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Maple
A grade { 1351011 13[4 20,21, 23,25, 28,25 5 20 E5, 29,312 68 )
B grade {[g] }

C grade { m, }

F normal fail {[12][15][16}[17[18[19,[30,34] }
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade {[J20Z1E3E3E5 0,208 )

B grade {BBABNBEEL}

C grade { }

F normal fail { [5}[9} [T} [T} [T2}[13}[14}[15}[16} 17} [18} 19} 24, 30},[32] }
F(-1) timedout fail { }

F(-2) exception fail {[29,31]}

Maxima

A grade { [420,21}22[23) 25 [26}[27}28}[33,[34 }
B grade { }

C grade { }

P normal fail { [35,6)51 5 610, 2 I3 14 15 16 7 1S 19 28 29, 30,31,62
F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade { }
B grade { }
C grade { }

F normal fail {1))B,0,5,6,7 60 10L[TT) (23} (45} 16,7} (S F0, 20| 2T 22 ) 2
526,27 23,29, 80} 31,52 53,54 )

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade {[4[25][28,33,[34 }
C grade { }

F normal fail { }

F(-1) timedout fail {[}2,[3}[5[6}[7,8}[0} (L0} [L1}[12} [13}[14}[15} 16, [17, [18} 19} 20} 21} ]22} 23}
[2426,27,29,30,81,32| }

F(-2) exception fail { }

Sympy
A grade {}
B grade { }

C grade { }

F normal fail {1))B,M5,/6,7 80 10\ (23} (45} 16,7} (50, 20| 2 P2 ) 2
526,27 25,29, 80,31, 82 59 }

F(-1) timedout fail {34}
F(-2) exception fail { }
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Reduce

A grade {}
B grade {}
C grade { }

F normal fail {1))B,0,5,6,7 60 10L[TT) (23} (45} 16,7} (S F0, 20| 2T 22 ) 2
526,27 23,29, 80} 31,52 53,54 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 203 206 225 250 0 345 0 0 12 0

N.S. 1 1.01 111 1.23 0.00 1.70 0.00  0.00 0.06 0.00
time (sec) N/A 0.536 0.314 1.023 0.000 0.136 0.000 0.000 0.310 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 153 153 200 189 0 327 0 0 12 0

N.S. 1 1.00 1.31 1.24 0.00 2.14 0.00 0.00 0.08 0.00
time (sec) N/A 0.401 0.146 0.914 0.000 0.121  0.000 0.000 0.249 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A C A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 107 106 176 111 0 308 0 0 10 0

N.S. 1 099 1.64 1.04 0.00 2.88 0.00  0.00 0.09 0.00

time (sec) N/A 0.435 0.106 0.819 0.000 0.162 0.000 0.000 0.214 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 44 97 44 31 253 0 0 8 43
N.S. 1 1.16  2.55 1.16 0.82 6.66 0.00 0.00 0.21 1.13
time (sec) N/A 0.235 0.162 0.575 0.028  0.155 0.000 0.000 0.205 4.334
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C C F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 170 233 332 886 0 0 0 0 12 0
N.S. 1 1.37 1.95 5.21 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 1.059 0.188 0.515 0.000 0.000 0.000 0.000 0.204 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 70 72 244 171 0 651 0 0 12 0
N.S. 1 1.03  3.49 2.44 0.00 9.30 0.00 0.00 0.17 0.00
time (sec) N/A 0.425 0.167 0.921 0.000 0.144 0.000 0.000 0.207  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B C F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 133 159 315 370 0 865 0 0 12 0
N.S. 1 1.20  2.37 2.78 0.00 6.50 0.00 0.00 0.09 0.00
time (sec) N/A 0.757 0.552  0.956 0.000  0.142 0.000 0.000 0.195 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 197 239 368 608 0 987 0 0 12 0
N.S. 1 1.21  1.87 3.09 0.00 5.01 0.00 0.00 0.06 0.00
time (sec) N/A 1.066 0.224 0.971 0.000 0.164 0.000 0.000 0.209 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 279 266 305 599 0 0 0 0 14 0
N.S. 1 095 1.09 2.15 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.550 1.358 0.513 0.000  0.000 0.000 0.000 0.348 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 149 140 172 331 0 0 0 0 12 0
N.S. 1 094 1.15 2.22 0.00 0.00 0.00 0.00 0.08 0.00
time (sec) N/A 0.443 0.309 0.422 0.000  0.000 0.000 0.000 0.253 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 7 105 192 0 0 0 0 10 0
N.S. 1 096 1.31 2.40 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 0.447 0.152 0.292 0.000  0.000 0.000 0.000 0.209 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 274 337 280 0 0 0 0 0 14 0
N.S. 1 1.23  1.02 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 1.583 0.208  0.000 0.000  0.000 0.000 0.000 0.194 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 224 227 678 362 0 0 0 0 14 0
N.S. 1 1.01  3.03 1.62 0.00 0.00 0.00 0.00 0.06 0.00
time (sec) N/A 0.739 1.717  0.490 0.000  0.000 0.000 0.000 0.199 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C A F F F F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD TBD
size 537 517 1439 982 0 0 0 0 14 0
N.S. 1 096  2.68 1.83 0.00 0.00 0.00 0.00 0.03 0.00
time (sec) N/A 1.176  4.843  0.685 0.000  0.000 0.000 0.000 0.198 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 260 234 254 0 0 0 0 0 12 0
N.S. 1 0.90 0.98 0.00 0.00 0.00 0.00 0.00 0.05 0.00
time (sec) N/A 0.565 0.398  0.000 0.000  0.000 0.000 0.000 0.264 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 136 125 153 0 0 0 0 0 10 0
N.S. 1 092 1.12 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 0.582 0.086  0.000 0.000  0.000 0.000 0.000 0.197  0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 378 452 384 0 0 0 0 0 14 0
N.S. 1 1.20 1.02 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 1.830 0.225 0.000 0.000  0.000 0.000 0.000 0.189 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F(-1) F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 330 332 0 0 0 0 0 0 14 0
N.S. 1 1.01  0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00
time (sec) N/A 0.917 0.000 0.000 0.000  0.000 0.000 0.000 0.204 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 965 911 0 0 0 0 0 0 14 0
N.S. 1 094 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00
time (sec) N/A 1.777 0.000 0.000 0.000  0.000 0.000 0.000 0.204 0.000
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 138 103 84 54 58 57 0 0 9 0
N.S. 1 0.75  0.61 0.39 0.42 0.41 0.00 0.00 0.07 0.00
time (sec) N/A 0.251 0.031 0.237  0.025 0.103 0.000 0.000 0.285 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 107 92 72 49 46 52 0 0 9 0
N.S. 1 0.86 0.67  0.46 0.43 0.49 0.00 0.00 0.08 0.00
time (sec) N/A 0.243 0.022 0.192 0.026  0.098 0.000 0.000 0.286 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 76 79 56 42 34 45 0 0 7 0
N.S. 1 1.04 0.74 0.55 0.45 0.59 0.00 0.00 0.09 0.00
time (sec) N/A 0.228 0.019 0.178 0.025 0.091 0.000 0.000 0.240 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 38 43 118 36 19 39 0 0 5 0
N.S. 1 1.13 3.11 0.95 0.50 1.03 0.00 0.00 0.13 0.00
time (sec) N/A 0.187 0.083 0.168 0.030  0.105 0.000 0.000 0.210 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 46 58 45 65 0 0 0 0 9 0
N.S. 1 1.26  0.98 1.41 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.474 0.031 0.305 0.000  0.000 0.000 0.000 0.194 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 79 111 64 65 45 0 0 9 40
N.S. 1 0.85 1.19 0.69 0.70 0.48 0.00 0.00 0.10 0.43
time (sec) N/A 0.219 0.057 0.187 0.025 0.096 0.000 0.000 0.197 4.239
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 102 125 79 92 54 0 0 9 0
N.S. 1 0.81  0.99 0.63 0.73 0.43 0.00 0.00 0.07 0.00
time (sec) N/A 0.242 0.078 0.192 0.030  0.109 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 157 123 140 91 116 60 0 0 9 0
N.S. 1 0.78  0.89 0.58 0.74 0.38 0.00 0.00 0.06 0.00
time (sec) N/A 0.250 0.083 0.197 0.025 0.106 0.000 0.000 0.200 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 25 20 16 22 0 0 6 17
N.S. 1 1.00 1.19 0.95 0.76 1.05 0.00 0.00 0.29 0.81
time (sec) N/A 0.212 0.010 0.181 0.026  0.109 0.000 0.000 0.180 3.493
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B A F F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 61 7 219 111 0 0 0 0 12 0
N.S. 1 1.26  3.59 1.82 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.526 0.644 0.655 0.000  0.000 0.000 0.000 0.188 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 54 68 49 0 0 0 0 0 12 0
N.S. 1 1.26 091 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.493 0.037  0.000 0.000  0.000 0.000 0.000 0.178 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B A F F(-2) F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 7 97 249 135 0 0 0 0 12 0
N.S. 1 1.26  3.23 1.75 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.497 1.125 0.635 0.000  0.000 0.000 0.000 0.208 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A A F F F F F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 61 67 52 111 0 0 0 0 21 0
N.S. 1 1.10 0.85 1.82 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.526 0.061 0.359 0.000  0.000 0.000 0.000 0.207  0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A B F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 56 106 53 38 283 0 0 14 56
N.S. 1 1.14  2.16 1.08 0.78 5.78 0.00 0.00 0.29 1.14
time (sec) N/A 0.327 0.109 0.198 0.025 0.116 0.000 0.000 0.267  4.481
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F A B F(-1) F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 50 56 106 0 40 385 0 0 17 54
N.S. 1 .12 212 0.00 0.80 7.70 0.00 0.00 0.34 1.08
time (sec) N/A 0.351 0.139  0.000 0.030  0.141 0.000 0.000 0.180 3.918




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 37

2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[5] had the largest ratio of [1.50000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized integrand ber of rul
# | grade Slf:f; uziize antlti;ris‘l_f:zive loaf sige | Ttegrand leaf size
1] A 9 8 1.01 10 0.800
% A 6 ) 1.00 10 0.500
3| A 10 9 0.99 8 1.125
4 A 5 4 1.16 6 0.667
i C 16 15 1.37 10 1.500
6} A 8 7 1.03 10 0.700
7] A 13 12 1.20 10 1.200
3] A 14 13 1.21 10 1.300
9 A 6 ) 0.95 12 0.417
10j A 7 6 0.94 10 0.600
11 A 8 7 0.96 8 0.875
12} C 17 16 1.23 12 1.333
13] A 6 ) 1.01 12 0.417
14] A 7 6 0.96 12 0.500
15 A 7 6 0.90 10 0.600
16} A 9 8 0.92 8 1.000
17] C 17 16 1.20 12 1.333
18 A 6 ) 1.01 12 0.417
19 A 7 6 0.94 12 0.500
20 A 4 4 0.75 10 0.400
21 A 4 4 0.86 10 0.400
Continued on next page
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Table 2.1 — continued from previous page
number of numjber of no‘rma?lize‘d integrand umber of rules
# | grade S;:S; ui?el;e antlf;rlszzzlve leaf size integrand leaf size
22 A 4 4 1.04 8 0.500
23] A 2 2 1.13 6 0.333
24] C 10 9 1.26 10 0.900
25) A 6 ) 0.85 10 0.500
26} A 7 6 0.81 10 0.600
27] A 8 7 0.78 10 0.700
28] A 3 3 1.00 4 0.750
29) C 10 9 1.26 10 0.900
30) C 10 9 1.26 10 0.900
31 C 10 9 1.26 10 0.900
32] C 11 10 1.10 19 0.526
33] A 6 5 1.14 12 0.417
34 A 6 5 1.12 14 0.357
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-1

395 [ OB gy 76
21

396 [ OB gp 732
~1

327 [ OB gp 738

328  [sech™(L)dw ... ...
1 n

329 s Mg 250
=1

330 [ ) gp

331 [sech™(ce®™®)dz . ... ...
-1

332 [ %de ............................... 271
b X

3.33  [alsech ™ (a+bzt)dr. ... ... ... A

334  [xMmsechMa+bz)dr. . ...
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3.1 [ z3sech™(a + bx) dz

Optimal result . . . . . . . . . . . . e [41]
Mathematica [C] (verified) . . . . . . . . .. ... L 42
Rubi [A] (verified) . . . .. . . ... .. 42
Maple [A] (verified) . . . . . . ... L 45
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 45
Sympy [F] . . o o 46
Maxima [F] . . . . . . 161
Giac [F] . . . . o o 47
Mupad [F(-1)] . . . o o 47
Reduce [F] . . . . . 47

Optimal result

Integrand size = 10, antiderivative size = 203

2+17a%) /122 (14 a+bz) 2%\ /1752 (1+a+ bx)

/z?’sech_l(a +br)dr = —

12b4 N 1252
a(a+bz),/ 7o (1 +a + ba) a*sech™'(a + bz)
+ 3pt B 4b*

l—a—bzx (1+a+bm)
a+bx

a(1 + 2a?) arctan ( Ltatbe

1
+ Zx“sech_l(a + bx) +

2b*

output "1/ 12%(17%2"2+2) % ((-brx-a*1)/ (bxx+ar1)) " (1/2) (brx+arl) /b74-1/124x 24 ((-bk
\ x-a+1)/(bxx+a+1)) ~(1/2) * (b*x+a+1) /b~2+1/3*a* (b*xx+a) * ((-b*x-a+1) / (bxx+a+1)) \
‘ ~(1/2)*(b*x+a+1) /b~4-1/4*a~4*arcsech(b*x+a) /b~ 4+1/4*x"4*arcsech (b*x+a)+1/2 ‘
‘ *xax (2*a~2+1) *arctan (((-b*x-a+1)/(b*x+a+1))~(1/2) *(b*x+a+1)/(b*x+a)) /b~4 \
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.31 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.11

/x3sech_1(a +bz)dz =

— et (9 4 20+ 13a% + 136 4 (2 — 4a + 9a?) bz + (1 — 3a)b*a® + b°z®) — 3b*z*sech™ (a + bz

input‘ Integrate[x~3*ArcSech[a + b*x],x]

-1/12%(Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(2 + 2*a + 13*a~2 + 13%a"3 +
(2 - 4*%a + 9%a~2)*b*x + (1 - 3%a)*b~2*x"2 + b~3*x"3) - 3%b~4*x"4*ArcSech[a
+ b*x] - 3*%a"4xLogla + b*x] + 3*%a~4xLog[l + Sqrt[-((-1 + a + b*x)/(1 + a
+ b*x))] + axSqrt[-((-1 + a + b*x)/(1 + a + b*x))] + b*x*Sqrt[-((-1 + a +
b*x)/(1 + a + b*x))]] + (6xI)*a*x(1 + 2*xa~2)*Log[(-2*I)*(a + b*x) + 2*Sqrt[
-((-1 + a +bxx)/(1 + a + b*x))]*(1 + a + b*x)])/b"4

output

Rubi [A] (verified)

Time = 0.54 (sec) , antiderivative size = 206, normalized size of antiderivative = 1.01,

number of rules _ 0.800, Rules

number of steps used = 9, number of rules used = 8, integrand size

used = {6875, 25, 5991, 3042, 4269, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:v3sech_1(a + bx) dx

l 6875

[ 6323(a + bx) ;i;’;“ﬂ:l (a4 bz + 1)sech~!(a + bx)dsech ™! (a + bx)

b4
l 25
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[ —b3z3(a + bz) ;ﬂ)’;’fﬁl (a+ bz + 1)sech~!(a + bx)dsech ™! (a + bx)
b4

l 5991

B 1 [ biztdsech ™ (a + bz) — 1biztsech™(a + bz)
b
| 3042

—btztsech™!(a + bz) + 3 [ (a — csc (isech ™ (a + bz) + %))4 dsech™!(a + bx)
ph
| 4269

: <% J —bz(3a® + 8(a + bx)%a — (9a® + 2) (a + bx)) dsech™'(a + bz) + 1b%z? |/ 2252241 (a + b + 1)) — btz
ba

l 3042

—1btztsech ™ (a + bz) + %(%b%z ;i;’;ﬂ*‘ll (@+bx+1)+ 31 [ (a—csc(isech™(a+bz) + %)) (3a3 + 8csc |
bt

l 4536

i (% (% J (6a* —12(2a2 + 1) (a + bz)a + 2(17a* + 2) (a + bx)?) dsech™ (a + bx) — 4a(a + bx) |/ 2224 (a +
ba

l 2009

1{1(1]prdenmn—1 2 e (atbr+1) 9 o boil
il 3| 3| 6a*sech™"(a + bx) — 12(2a® + 1) a arctan prw o +2(17a® + 2) ,/ o= (a+ bz +
ba

input LInt [x~3*ArcSech[a + b*x],x] J

s ™

-((-1/4%(b~4xx"4xArcSech[a + b*x]) + ((b"2*x"2*Sqrt[(1 - a - b*x)/(1 + a +
b*x)]1*(1 + a + b*x))/3 + (-4*xa*x(a + b*x)*Sqrt[(1 - a - b*x)/(1 + a + b*x)
Ix(1 + a + bxx) + (2%(2 + 17*a"2)*Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a
+ b*x) + 6%a”4xArcSech[a + b*x] - 12*a*(1 + 2+a~2)*ArcTan[(Sqrt[(1 - a -

b*x)/(1 + a + b*xx)]*(1 + a + b*x))/(a + b*x)1)/2)/3)/4)/b"4)

output




rule

rule

rule 3042

rule 4269

rule 4536

rule 5991

rule 6875
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
otl[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*x(n - 2) + 3%
a~2x(n - 1)))*Csc[c + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - "2, 0] &% GtQ[n, 2] &% IntegerQ[2*n]

/

N\

Int[((A_.) + cscl(e_.) + (£ .)*(x)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.
))*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f*x]/(2%f)), x] + Simp[1/2 Int[Simp[2*Axa + (2%B*a + b*(2*
A + C))*Cscle + fxx] + 2%(axC + B*b)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, f, A, B, C}, x]

Int[(Ce_.) + (£_.)*(x_)) " (m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Sech[c + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*x(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [A] (verified)

Time = 1.02 (sec) , antiderivative size = 250, normalized size of antiderivative = 1.23

method result

arcsech(2m+a)a4 —arcsech(bw+a)a3 (b:c+a)+3 arcsech(b:t-ga)a2(ba:+a)2 —arcsech(bx+a)a(bz+a)3+arcseCh(mea)(bx+a)4
derivativedivides

arcsech(ﬁz-ﬁ-a)a‘l —arcsech(bx+a)a3 (bx+a)+3 arcsech(ba:-ga)az(b:v-}—a,)2 _arcsech(bx_}_a)a(b:z:_i_a)S_I_arcsech(bx-ﬁfl-a)(ba:-ﬁ-a)4
default

bzrx+a—1 bzr+a+1 1 4 2 2

o4 arcsech(ba-+a) — 2t (bz+ta) Hte (3 csgn(b) arctanh( _b2w2_2b$a_a2+1)a +csgn(b)b?z?/ —t

parts 1 —
input Lint (x~3*arcsech(b*x+a) ,x,method=_RETURNVERBOSE) J

1/b~4*(1/4*arcsech(b*x+a)*a~4-arcsech(b*x+a) *a~3* (b*x+a)+3/2*arcsech (b*x+a
)*a”~2x* (b*x+a) “2-arcsech (b*x+a) *a*x (b*x+a) “3+1/4*arcsech (b*x+a) * (bxx+a) “4-1/
12* (- (b*x+a-1) / (b*x+a) ) ~(1/2) * (bxx+a) * ((b*x+a+1) / (b*x+a) ) ~(1/2) * (3*a~4*arc
tanh (1/(1-(b*x+a)~2)~(1/2))+12*a"3*arcsin(b*x+a)+18*a~2* (1-(b*x+a) ~2)~(1/2
)—6xax (bkxx+a) * (1-(b*x+a) ~2) ~(1/2)+(1-(b*x+a) ~2) ~ (1/2) * (b*x+a) “2+6*a*arcsin
(bxx+a)+2% (1-(b*x+a) “2) ~(1/2)) / (1-(b*x+a) ~2) ~(1/2))

output

Fricas [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 345, normalized size of antiderivative = 1.70

/z3sech_1(a + bz) dz

_b22242abata?-1 _b232+42abata?—1 _b2a2424
b log (o)~ Bt 3atlog (b PRt s satiog [ N

br+a z z

input Lintegrate (x~3*arcsech(b*x+a) ,x, algorithm="fricas") J




output

inputt

output

input |

output
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1/24* (6%b~4*xx"4xLlog(((b*x + a)*sqrt(-(b"2*x"2 + 2*axb*x + a2 - 1)/(b"2*x"~
2 + 2¥a¥bkxx + a”2)) + 1)/(b*x + a)) - 3*xa"4*xlog(((b*x + a)*sqrt(-(b~2*x"2
+ 2kaxb*x + a2 - 1)/(b"2*x"2 + 2*axb*x + a~2)) + 1)/x) + 3*a~4*log(((b*x
+ a)*sqrt(-(b"2*%x"2 + 2*a*b*xx + a”2 - 1)/(b72*%x"2 + 2xa*bxx + a”2)) - 1)/x
) + 12%(2%a”3 + a)*arctan((b~2*x"2 + 2¥a*b*x + a~2)*sqrt(-(b"2*x"2 + 2*axb
*x + a”2 - 1)/(b72%x"2 + 2*xaxb*x + a”2))/(b"2*%x"2 + 2*axbxx + a”2 - 1)) -
2% (b"3*x"3 - 3*axb”2*x"2 + 13*%a”3 + (9*%a”"2 + 2)*b*x + 2%a)*sqrt(-(b"2*x"2
+ 2%axb*x + a”2 - 1)/(b72*x"2 + 2*axb*x + a~2)))/b"4

Sympy [F]

/x?’sech_l(a +bz)dz = /x3 asech (a + bx) dzx

integrate (x**3*asech(b*x+a) ,x)

‘Integral(x**B*asech(a + b*x), x)

Maxima [F]

/ z’sech™ (a + bx) dz = / z® arsech (bx + a) dz

integrate(x~3*arcsech(b*x+a) ,x, algorithm="maxima")

1/8% (2%b~4*xx"4*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a
+ 1)*sqrt(-b*x - a + 1)*a + b*x + a) - 2*b~4*x"4*log(b*x + a) - b™2*x"2 +
6*axb*xx - (a”4 + 4%a”3 + 6%a”2 + 4xa + 1)*log(b*x + a + 1) - 2% (b"4*x"4 -
a~4)*log(b*x + a) - (a4 - 4%a”3 + 6%a”2 - 4%a + 1)*xlog(-b*x - a + 1))/b~

4 + integrate(1/4*(b"2*x"5 + axb*xx"4)/(b~2%x"2 + 2xa*b*x + a2 + (b"2*x"2

+ 2%a*xb*x + a”2 - 1)*e~(1/2xlog(b*x + a + 1) + 1/2%log(-b*x - a + 1)) - 1)

» X)
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Giac [F]

/ r3sech™ (a + bz) dr = / x3 arsech (bx + a) dz

input Lintegrate (X“3*arcsech (b*x+a) ,X, algorithm="giac " )

output Lintegrate(X“S*arcsech(b*x +a), x)

Mupad [F(-1)]

Timed out.

/x3sech_1(a +bz)dz = /x3 acosh( 1 ) dx
a+bzx

input Lint (x"3*acosh(1/(a + b*x)),x)

output Lint (x"3%acosh(1/(a + b*x)), x)
Reduce [F|
/:c3sech_1(a + bx) dx = / asech(bx + a) dx
input Lint (x~3*asech(b*x+a) ,x)

output tint(asech(a + b*x)*x**3,x)




output

CHAPTER 3. LISTING OF INTEGRALS

48

3.2 [ z’sech™(a + bx) dz

Optimal result . . . . . . . . . . . . e
Mathematica [C] (verified) . . . . . . . . .. ... L
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [B] (verification not implemented) . . . . . ... ... ... ... .....
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 10, antiderivative size = 153

1+a+bx

bay /2= (1 +a+br) zy/%2(1+a+ bx)

1+a+bx

2 b1 _
/x sech™"(a+bx)dzx = e

a’sech™'(a + bz)
3b3

1
+ —xz3sech™!

3

e (1+a+ba)

(1 + 6a?) arctan (

a+bx

6b2

(a+bx)

)

663

(s/e*a*((—b*x—a+1)/(b*x+a+1))‘(1/2)*(b*x+a+1)/b‘3—1/6*x*((—b*x—a+1)/(b*x+a+
‘1))“(1/2)*(b*x+a+1)/b‘2+1/3*a“3*arcsech(b*x+a)/b*3+1/3*x‘3*arcsech(b*x+a)—
\1/6*(6*a“2+1)*arctan(((-b*x—a+1)/(b*x+a+1))”(1/2)*(b*x+a+1)/(b*x+a))/b”3

\‘
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.15 (sec) , antiderivative size = 200, normalized size of antiderivative = 1.31

/xzsech_l(a + bz) dx

—5tadbe (542 — br(1 + bx) + a(5 + 4bz)) + 2b°z%sech ™ (a + bz) — 2a® log(a + bx) + 2a% log <1 +y/

input‘ Integrate[x~2*ArcSech[a + b*x],x] ‘

(Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]1*(5%a"2 - b*x*(1 + b*x) + ax(5 + 4+%b
*x)) + 2xb~3*x"3*%ArcSech[a + b*x] - 2*a~3*Logl[a + b*x] + 2*xa~3*Logl[l + Sqr
t[-((-1 + a + b*x)/(1 + a + b*x))] + a*Sqrt[-((-1 + a + b*x)/(1 + a + bx*x)
)] + bxx*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]] + I*(1 + 6*a~2)*Log[(-2*I)
*(a + bkx) + 2%Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)])/(6%b™
3)

output

Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.500, Rules

number of steps used = 6, number of rules used = 5,
used = {6875, 5991, 3042, 4269, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/mzsech_l(a + bx) dx

l 6875

[ b%z%(a + bx) ;‘fﬁ;ﬁ"}l (a4 bz + 1)sech~!(a + bx)dsech ™! (a + bx)
_ 3

l 5991
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B —% [ —b3z3dsech™'(a + bx) — %b%BSeCh_l(a + bz)
b3
l 3042

—1b3z3sech™!(a + bz) — % [ (a — csc (isech™'(a + bz) + g))3 dsech™(a + bx)
b3

l 4269

%(%bx —azbetl (g + by +1) — 3 [ (2a% + 5(a + bz)%a — (64 + 1) (a + bz)) dsech ™ (a + bx)) — 1b3z3sech™

a+bxr+1

b3
l’2009

11 3neh—1 2 ey (atbr+1) a—batl 1
3| 3| —2a%sech™'(a + bz) + (6a® + 1) arctan p —5a\/ gaar (@+ bz +1) | + 5bz

—a
a-

b3

input LInt [x~2*xArcSech[a + b*x],x]

‘/—((-1/3*(b‘3*x‘3*ArcSech[a + b*x]) + ((b*x*xSqrt[(1 - a - b*x)/(1 + a + b*x
D1%(1 + a + b*x))/2 + (-5¥axSqrt[(1 - a - b*xx)/(1 + a + bxx)I*(1 + a + b¥x
‘) - 2%a~3*xArcSech[a + b*x] + (1 + 6%a”2)*ArcTan[(Sqrt[(1 - a - b*xx)/(1 + a
+ bxx)]*(1 + a + b*x))/(a + b*x)]1)/2)/3)/b~3)

output

N\

/|

Defintions of rubi rules used

rule 2009{111t fu_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

p
rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4269

rule 5991

rule 6875

input
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Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])"(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + bxCsclc + d*x])"(n - 3)*Simp[a~3*(n - 1) + (bx(b~2*(n - 2) + 3%
a~2x(n - 1)))*Csclc + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[(-(e
+ £*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*dx(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])~(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.)) " (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x])"m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,

b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

Maple [A] (verified)

Time = 0.91 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.24

method result
/_ b:z—;aal (bm+a)\/7
arcsech(bw+a)a3 2 2 arcsech(b:c+a)(b:v+a)3
—=———g———+arcsech(bz+a)a?(bz+a)—arcsech(bz+a)a(br+a)“+ 3
derivativedivides =
=l CADNE
arcsech(bz+a)a3 2 2 arcsech(bz+a)(bz+a)3
— == tarcsech (bx+-a)a? (bz+a) —arcsech (bz+a)a(br+a) + 3 +
default =
_ bzta-—1 bzt+a+l 1 B_W
3 a,rcsech(ba:—i—a) bota (bzta)y/FEd (2 csgn(b) arctanh( _b212_2bm_a2+1)a b2z2—2bza
parts 3

p
Lint (x~2*arcsech (b*x+a) ,x,method=_RETURNVERBOSE)

-/




output

inpu

output
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1/b"3*(-1/3*arcsech(b*x+a)*a~3+arcsech (b*x+a) *a~2* (b*x+a) —arcsech (b*xx+a) *a
* (b*x+a) ~2+1/3*arcsech (bxx+a) * (b*xx+a) “3+1/6% (- (b*x+a-1) / (b*x+a) ) ~(1/2) * (b*
x+a) * ((b*x+a+1) / (bxx+a)) ~(1/2) *(2*a~3*arctanh (1/ (1-(b*x+a) "2)~(1/2) ) +6%a~2
*arcsin(b*x+a)+6*a*x (1-(b*x+a) ~2) ~(1/2) - (b*x+a) * (1-(b*x+a) ~2) ~(1/2)+arcsin(
b*x+a) )/ (1-(b*x+a)~2)~(1/2))

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 327 vs. 2(131) = 262.

Time = 0.12 (sec) , antiderivative size = 327, normalized size of antiderivative = 2.14

/z2sech_1(a + bz) dz

_b2:v2+2 ab:v+a2—1 _b2w2+2 abw+a2—1
2 b3 3 1 (bx—i—a) b2w2+2 aba:-ﬁ-a2 +1 3 1 (bx—}—a) b212+2 abm+a2 +1 1
z° log bota + a” log = —a’ log

[_ b2x2+2 abx+c
(bx+a) b2z2+2 abx-

T

t‘integrate(x"2*arcsech(b*x+a),x, algorithm="fricas")

1/6%(2xb~3*x"3*1og (((b*x + a)*sqrt(-(b"2*x"2 + 2*axb*x + a~2 - 1)/(b"2*x"2

+ 2xaxbxx + a”2)) + 1)/(b*x + a)) + a"3xlog(((b*x + a)*sqrt(-(b~2*x~2 + 2
*xaxb*x + a”2 - 1)/(b"2*x"2 + 2%a*b*x + a~2)) + 1)/x) - a~3*log(((b*x + a)*
sqrt (- (b"2#x"2 + 2xa*bxx + a2 - 1)/(b"2%x"2 + 2*xa*b*x + a~2)) - 1)/x) - (
6*xa”2 + 1)*arctan((b”"2*x"2 + 2*axbxx + a~2)*sqrt(-(b~2*x"2 + 2¥a*b*x + a~2
- 1)/(0"2*x"2 + 2%axb*x + a”2))/(b"2%x"2 + 2xa*bxx + a”2 - 1)) - (b™2*x"2
- 4xa*xbxx - 5*xa”2)*sqrt(-(b"2*x"2 + 2%axb*x + a”2 - 1)/(b"2*x"2 + 2¥axb*x
+a”2)))/v"3
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Sympy [F]

/x2sech_1(a +bz)dz = /a:z asech (a + bx) dzx

inputLintegrate(x**2*asech(b*x+a),x)

outputLIntegral(x**2*asech(a + b*x), x)

Maxima [F]

/ z’sech™ (a + bzr) dx = / x? arsech (bx + a) dz

inputLintegrate(XA2*arcseCh(b*X+a),x, algorithm="maxima")

1/6%(2*b~3*x"3*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a
+ 1)*sqrt(-b*x — a + 1)*a + b*x + a) - 2xb~3*x"3xlog(b*x + a) - 2¥b*x + (
a"3 + 3*%a”2 + 3*%a + 1)*log(b*x + a + 1) - 2x(b”3*x"3 + a~3)*log(b*x + a) +
(a”3 - 3*%a”2 + 3*a - 1)*log(-b*x - a + 1))/b"3 + integrate(1/3*(b~2*x~4 +
a*xbxx~3)/(b72%x"2 + 2¥axbkx + a”2 + (b72%x”2 + 2kaxbkx + a”2 - 1)*e”(1/2%
log(bxx + a + 1) + 1/2%log(-b*x - a + 1)) - 1), x)

output

Giac [F]

/ r’sech™ (a + bx) dr = /x2 arsech (bx + a) dx

input Lintegrate (x~2*arcsech (b*x+a) ,X, algorithm="giac ")

Outputtintegrate(x 2xarcsech(b*x + a), x)
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Mupad [F(-1)]

Timed out.

1
/x2sech_1(a +bx)dr = /x2 acosh( ) dx
a+bzx

input Lint(x"2*acosh(1/(a + b*x)),x)

output Lint(x‘2*acosh(1/(a + b*x)), x)

Reduce [F]

/x2sech_1(a + bx)dx = / asech(bx + a) ’dx

input Lint (x~2*asech (b*x+a) ,x)

output Lint (asech(a + b*x)*x**2,x)
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3.3 [ zsech™(a + bx) dz

Optimal result . . . . . . . . . . . . e Hol
Mathematica [C] (verified) . . . . . . . . .. ... L k%)
Rubi [A] (verified) . . . .. . . ... .. 50
Maple [A] (verified) . . . . . . ... L bY¢)
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 59
Sympy [F] . . o o 60
Maxima [F] . . . . . . 601
Giac [F] . . . . o o 611
Mupad [F(-1)] . . . o o 611
Reduce [F] . . . . . 611

Optimal result

Integrand size = 8, antiderivative size = 107

Ton(l+a+tbr) a’sech™'(a + bx)

2b2 202
a arctan ( iJ_’ZJ_’i’);(Haerm))

/ zsech™ (a + bz) dz = —

a+bx

1
+ §x2sech_1(a +bx) + =

output ~1/2*((-bxx-a+1)/(bxx+a+1))~ (1/2)* (bxx+a+1) /b"2-1/2%a 2#arcsech (bxx+a) /b2
‘ +1/2xx"2*arcsech(b*x+a)+a*arctan(((-b*x-a+1)/(b*x+a+1))~(1/2)* (b*x+a+1) /(b ‘
*xta)) /672 J

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.11 (sec) , antiderivative size = 176, normalized size of antiderivative = 1.64

/ zsech™'(a + bz) dzx

—/— (1 + a + bz) + b*z%sech™ (a + bz) + a® log(a + bz) — a®log (1 + /- g, [ SE

2b?
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input‘ Integrate[x*ArcSech[a + b*x],x]

(-(8qrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)) + b~2*x"2*ArcSech[
a + b*x] + a"2*Logla + b*x] - a"2*Log[l + Sqrt[-((-1 + a + b*x)/(1 + a + b
*x))] + a*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + b*x*Sqrt[-((-1 + a + b*x
)/ (1 + a + b*x))]] - (2*I)*axLog[(-2*I)*(a + b*x) + 2*Sqrt[-((-1 + a + b*x
)/(1 + a + bxx))]I*(1 + a + b*x)])/(2¥b72)

output

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.99,

_ _ q humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 1.125, Rules

used = {6875, 25, 5991, 3042, 4260, 3042, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zsech™(a + bz) dz

| 6875
[ bx(a + bx),/ ;‘ﬂgﬂ*‘ll (a+ bz + 1)sech~!(a + bx)dsech~!(a + bx)
_ =
| 25
[ —bz(a+bx),/ _Cl‘f;,)g”fll (a + bz + 1)sech~!(a + bz)dsech ™! (a + bx)
b2
| 5991
1 [ b?z%dsech™(a + bz) — Lb2z?sech™!(a + bz)
_ 2
| 3042

—1b?z%sech™!(a + bz) + 3 [ (a — csc (isech™(a + bz) + %))2 dsech™!(a + bx)
b2

l 4260
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1(—2a [(a + bz)dsech ™ (a + bz) + [(a + bz)2dsech ™ (a + bz) + a®sech ™ (a + bz)) — 1b2z%sech™!(a + bz)
_ =
| 3042

—1b%z2%sech™!(a + bz) + %(—Za [ esc (isech ™ (a + bz) + Z) dsech™'(a + bz) + [ csc (isech™'(a + bz) + %)24
b2

l 4254

—1b2z%sech™!(a + bz) + %(z J 1d<—i _a‘f:bgﬁ"ll (a+ bz + 1)) —2a [ csc (isech™(a + bz) + T ) dsech ™ (a + 1
b2

| 24

—1b%z?%sech™!(a + bz) + %(—Za [ esc (isech ™ (a + bz) + Z) dsech™'(a + bz) + a?sech™'(a + bz) + _a‘f’__bl;ﬁ
b2

l 4257

1 26ech! b et (atbe+) —a—brt1 b 12,2c00h 1 b
5| a®sech™ (a + bx) — 2a arctan s + /et (@+ bz + 1) | — 3b°z*sech™ (a + bx)

b2

input LInt [x*xArcSech[a + b*x],x] J

e N

-((-1/2*%(b"2*x"2xArcSech[a + b*x]) + (Sqrt[(1 - a - b*x)/(1 + a + b*xx)]*(1
‘ + a + b*x) + a"2xArcSech[a + b*x] - 2%a*ArcTan[(Sqrt[(1 - a - b*x)/(1 + a ‘
DOl + 2+ bx)/(a + b0 /2)/672) )

output
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Defintions of rubi rules used

ruk324‘1nt[a—’ x_Symbol] :> Simp[a*x, x] /; FreeQ[a, x]

rule

rule 3042

rule 4254

rule 4257

rule 4260

rule 5991

rule 6875

925 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[cscl(c_.) + (d_.)*(x_)1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, O]

Int[lcscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, xI]

Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))~2, x_Symbol] :> Simp[a~2+*x, x] +
(Simp[2*a*b  Int[Csc[c + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]~2, x]
» x1) /; FreeQl[{a, b, c, d}, x]

Int[(Ce_.) + (f_.)*(x_)) " (m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_.)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.)) " (p_.)*x((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - cxf + f*Sech[x]) ™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] & IGtQ[p, 0] && IntegerQ[m]




CHAPTER 3. LISTING OF INTEGRALS 59

Maple [A] (verified)

Time = 0.82 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.04

method result
_bzta—1 x+a bztatl a arcsin(bz+a —(bz+a)2
arcsech(bz;a)(bx-ﬁ-a)z —arcsech(b:l:-{—a)a(bl‘-i-a)— \/ bz+a (bz+ )\/ bz7 (2 a c2s (bz+a)+4/1—(bz+a) )
. . .. 24/1—(bz+
derivativedivides = tote)
bx+a—1 [bz+a+t1 i 7/ 2
arcsech(bz-+a) (bo+a)? —arcsech(bz+a)a(bz+a)— ~ beta CTHOY Theta (2a arcsin(bata)ty1-(bota) )
2 2
21/1—(bz+
default 5 Vit
_ bzta-—1 brta+tl 1 2 \/ﬁ
arts 22 arcsech(ba-+a) B Ve 7w (bz+a) B oo (csgn(b) arctanh(\/_bzmz_%m_az_'_l)a +v—b2x2—-2bxa—a
p 2 2b2+/—b222—2bra—a2+1

-

kint(x*arcsech(b*x+a),x,method=_RETURNVERBDSE)

e—

input

" ‘ 1/b"2%(1/2*arcsech(b*x+a) * (b*x+a) ~2-arcsech (b*x+a) *a*x (b*xx+a) -1/2% (- (b*x+a- ‘
‘ 1)/ (b*x+a)) ~(1/2) * (b*x+a) * ((b*x+a+1) / (b*x+a) ) ~(1/2) * (2*a*arcsin(b*x+a)+(1- ‘
L(b*x+a)“2)“(1/2))/(1—(b*x+a)‘2)‘(1/2)) J

outpu

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 308 vs. 2(93) = 186.

Time = 0.16 (sec) , antiderivative size = 308, normalized size of antiderivative = 2.88

/ rsech™'(a + bz) dz

[_ b212+2 abm+a2—l
2 b2;1;2 log (b:c+a) b212+2 abz+a2 +1

bzx+a

/ b2m2+2 abm+a2—l
(ba:+a) - b2z2+2 abz+a2 +1

x

[_ b22 +2 abz+
(bz+a) b2z2+2 abz-

T

—a?log +a*log

4 b2

input Lintegrate (x*arcsech(b*x+a) ,x, algorithm="fricas") J
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1/4x (2xb~2*x"2%1og (((b*x + a)*sqrt(-(b~2*x~2 + 2*xa*b*x + a~2 - 1)/(b"2*x"2

+ 2%a*bkx + a”2)) + 1)/(bxx + a)) - a~2+log(((b*x + a)*sqrt(-(b~2*x"2 + 2
xa*xbxx + a”2 - 1)/(b72%x"2 + 2*xa*b*x + a”2)) + 1)/x) + a"2xlog(((b*xx + a)*
sqrt (- (b"2#x"2 + 2xa*bxx + a”2 - 1)/(b72*xx"2 + 2*xa*b*x + a~2)) - 1)/x) + 4
xa*arctan((b"2*x"2 + 2*xa*bxx + a~2)*sqrt(-(b~2*x"2 + 2*a*bxx + a”2 - 1)/(b
“2*%x72 + 2%axb*x + a”2))/(b72*x72 + 2*xa*bxx + a2 - 1)) - 2x(b*x + a)*sqrt
(-(b"2*x"2 + 2*%axbxx + a”2 - 1)/(b"2%x"2 + 2*xa*b*x + a~2)))/b"2

output

Sympy [F]

/xsech‘l(a +bz)dz = /x asech (a + bx) dzx

-

inputLintegrate(x*aSeCh(b*x+a),x)

-/

-

Integral (x*asech(a + b*x), x)

N

output

Maxima [F]

/ zsech™'(a + bz) dz = / z arsech (bx + a) dx

input integrate(x*arcsech(b*x+a) ,x, algorithm="maxima")

1/4*%(2xb~2*x"2%1log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a

+ 1)*sqrt(-b*x - a + 1)*a + b*x + a) - 2xb~2*x"2xlog(b*x + a) - (a”2 + 2%
a + 1)*log(b*xx + a + 1) - 2x(b"2*x"2 - a"2)*log(b*x + a) - (a”2 - 2*a + 1)
*log(-b*x - a + 1))/b"2 + integrate(1/2*(b"2*x"3 + a*b*x"2)/(b~2%x"2 + 2xa
*b*x + a”2 + (b72*x"2 + 2%a*xb*x + a”2 - 1)*e~(1/2xlog(b*x + a + 1) + 1/2%1
og(-b*x - a + 1)) - 1), x)

output
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Giac [F]

/ rsech™'(a + bz) dz = / x arsech (bz + a) dx

i i =4 n
inputLlntegrate(x*arcsech(b*x+a),x, algorithm="giac")

outputtintegrate(x*arcsech(b*x +a), x)

Mupad [F(-1)]

Timed out.

/xsech_l(a+bx) dx = /xacosh( ! > dx
a+bzx

input Lint (x*acosh(1/(a + b*x)),x)

OutputLint(x*acosh(i/(a + b*x)), x)

Reduce [F]

/ rsech™'(a + bz) dz = / asech(bx + a) zdz

inputLint(x*asech(b*x+a),x)

Outputtint(asech(a + b*x)*x,X)
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3.4 [ sech™(a + bx) dz

Optimal result . . . . . . . . . . . . e 62]
Mathematica [B] (verified) . . . . . . . . .. ... o oL 62
Rubi [A] (verified) . . . .. . . ... .. 63
Maple [A] (verified) . . . . . . ... L 64
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 65
Sympy [F] . . o o 65
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 661
Giac [F] . . . . o o 66
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 66
Reduce [F] . . . . . 67

Optimal result

Integrand size = 6, antiderivative size = 38

(a + bz)sech™(a + bz) 2arctan (

2
-1+ 1+a+bm>

/ sech™'(a + bz) dz = 3

b

outputt

input L

(b*x+a) *arcsech (b*x+a) /b-2*arctan ((-1+2/ (b*x+a+1))~(1/2)) /b

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 97 vs. 2(38) = 76.

Time = 0.16 (sec) , antiderivative size = 97, normalized size of antiderivative = 2.55

/sech_l(a + bx) dx

b
= xsech™'(a + bz) — ot

2, /—=ltatbz <—a arctan ( _1+“+b’”> + arctanh<

14+a+bx

—14a+bx
1+a+bx

)

b —14+a+bx
1+a+bx

Integrate[ArcSech[a + b*x],x]
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t‘x*ArcSech[a + bxx] - (2#Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(-(a*ArcTan[ ‘

outpu
'Sqrt[(-1 + a + b*x)/(1 + a + b*x)]11) + ArcTanh[Sqrt[(-1 + a + b¥x)/(1 +a |
+ 5x)11))/(b*Sqrt[(-1 + a + b*x)/(1 + a + b*x)]) |
Rubi [A] (verified)
Time = 0.24 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16,
number of steps used = 5, number of rules used = 4, Bumber of rules _ 4 gg7 Ryjeg
integrand size
used = {6867, 2055, 27, 216}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ sech™!(a + bzx) dzx
| 6867
—a—bz+1 -1
/ atbotl oo (a + bx)sech™ (a + bx)
—a—bxr+1 b
| 2085
(a + bz)sech™ (a + bx) B 4b/ 1 p [—a—bx +1
b 202 <_alz’|—_bl;::€|——'i1 + 1) at+bxr+1
| 27
1 —a—bz+1
(a + bz)sech ™ (a + bx) B 2/ ;‘j@iﬁ;%ldv atbz+1
b b
| 216
-1 2arctan —a—bril
(a +bzx)sech™ (a +bz) atbz+1
b b
input LInt [ArcSech[a + b*x],x] J
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t‘ ((a + bxx)*ArcSech[a + b*x])/b - (2*ArcTan[Sqrt[(1 - a - b*x)/(1 + a + b*x ‘
DID/b J

outpu

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 216

rule 2055 Tt L )~ (@_)*(((e_.)*((a_.) + (b_.)*(x_)"(0_.)))/((c) + (d_)*(z_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator([p]}, Simp[g*ex((b*c - axd)/n)
Subst [Int [SimplifyIntegrand[x~(q*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(bxe -— d*x"q)"(1/n + 1))*(u /. x => ((-a)*e + c*x"q)~(1/n)/(b*e - d*x~q)~ (1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x1] /; FreeQ[{a, b
, ¢, d, e}, x] && PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]

Int[ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d#*x)*(ArcSech[c + d*
x]/d), x] + Int[Sqrt[(1 - c - d*x)/(1 + c + d*x)]/(1 - c - d*x), x] /; Free
Ql{c, d}, x]

rule 6867

Maple [A] (verified)

Time = 0.58 (sec) , antiderivative size = 44, normalized size of antiderivative = 1.16

method result

. . L. (bz+a) arcsech(bz+a)—arctan (/72— —1 /72— +1

derivativedivides . (Verm—1yert)
(bz+a) arcsech(bzx+a)—arctan| 4/ ﬁ—l . bzl ~+1

default . (Vs watl)

/— % (bz+a) % (csgn(b) arctanh ( \/—b2m2—;bza—a2+1 ) a—l—arctan(ﬁ
bV —b222—2bza—a2+1

parts x arcsech (bx + a) +
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jnput‘int(arcseCh(b*X+a),X,meth0d=_RETURNVERBUSE)

| 1/b* ((b*x+a) *arcsech(bxx+a)-arctan((1/ (bxx+a)-1)~(1/2)*(1/ (bxx+a)+1)~(1/2)

» |

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 253 vs. 2(36) = 72.

Time = 0.15 (sec) , antiderivative size = 253, normalized size of antiderivative = 6.66

/ sech™!(a + bz) dzx

/_62:52-9—2 abw+a2—1 _b2z2+2 abw+a2—1 _b2w2+2 abz+a2—1_
(bx+a) b2:v2+2 a.b:v+a,2 +1 (bx+a) b2:1:2+2 ab:c+a2 +1 ]_ (bx+a) b2z2+2 a,b:L'+a2

2bx log oTa + alog — —alog —

2b

input ‘ integrate(arcsech(b*x+a),x, algorithm="fricas")

1/2x (2xb*x*x1og (((b*x + a)*sqrt(-(b"2*x"2 + 2*a*b*x + a2 - 1)/(b"2*x"2 + 2
xa*xbxx + a”2)) + 1)/(bxx + a)) + a*log(((b*x + a)*sqrt(-(b~2*x~2 + 2*axb*x
+ a2 - 1)/(b"2*%x"2 + 2*a*b*x + a~2)) + 1)/x) - a*log(((b*x + a)*sqrt(-(b
T2%x72 + 2xa¥b*x + a2 - 1)/(b"2*%x"2 + 2*axbxx + a~2)) - 1)/x) - 2%arctan(
(b™2%x"2 + 2%a*bxx + a~2)*sqrt(-(b~2*x"2 + 2xa*b*x + a”2 - 1)/(b"2*x"2 + 2
*xaxbxx + a”2))/(b"2%x"2 + 2%a*b*x + a”2 - 1)))/b

output

Sympy [F]

/sech_l(a +bz)dz = / asech (a + bx) dz

inputLintegrate(asech(b*xﬂa),x) J
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OutputLIntegral(asech(a + b*x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.82

1
(bx + a) arsech (bx + a) — arctan ( Tora? 1>
b

/sech‘l(a +bz)dz =

inputLintegrate(arcsech(b*x+a),x, algorithm="maxima")

outputt((b*x + a)*arcsech(b*x + a) - arctan(sqrt(1/(b*x + a)~2 - 1)))/b

Giac [F]

/ sech™'(a + bz) dz = / arsech (bz + a) dz

input‘integrate(arcsech(b*x+a),x, algorithm="giac")

output Lintegrate(arcsech(b*x +a), x)

Mupad [B] (verification not implemented)

Time = 4.33 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.13

atan(\/ ! ) +acosh( %) (a+bx)

1 1
a+t+bzx -1 \/a+bw+1

b

/sech_l(a + bz)dz =

inputLint(acosh(l/(a + b*x)),x)
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output ‘

(atan(1/((1/(a + b*x) - 1)~(1/2)*(1/(a + b*x) + 1)~(1/2))) + acosh(1/(a +
bxx))*(a + b*x))/b

Reduce [F]

/Sech_l(a + bx) dx = / asech(bx + a) dz

input L

int (asech(b*x+a) ,x)

output k

int (asech(a + b*x),x)




output
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-1
3.5 [ sech™ (a+bx) dr
T
Optimal result . . . . . . . . . . . . . 68
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 69
Rubi [C] (verified) . . . . . . .. . .. 70}
Maple [C] (verified) . . . . . . . .. ... 75
Fricas [F] . . . . o . o o 76
Sympy [F] . . o 76
Maxima [F] . . . . . . 76
Giac [F] . . . o o rdrd
Mupad [F(-1)] . . ..o (|
Reduce [F] . . . . . .o e e

Optimal result

Integrand size = 10, antiderivative size = 170

T

1—+v1—a?

h™ 1 b sech™!(a+bx)
/ sech(a + be) dzx = sech™'(a + bx) log (1 R

+ sech™'(a + bx) log <1 —

aesech_l(a+bz)
14++v1—a?

—sech™ (a + br) log (1 + 6239‘*‘71(“%””))

sech™!(a+bzx) sech ™! (a+bx)
+ PolyLog (2, ae_) + PolyLog (2, ae

1-+v1-a? 1++/1—a?

1 ;
— 5 PolyLog (2, —ee ' (e+i))

)

arcsech(b*x+a)*1n(1-a*x(1/ (b*xx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/
(1-(-a~2+1)~(1/2)) ) +arcsech(b*x+a) *1n(1-a* (1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2) *(
1/ (b*x+a)+1)~(1/2))/(1+(-a~2+1)~(1/2)) ) -arcsech(b*x+a) *1n(1+(1/ (b*x+a)+(1/
(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2)) "2) +polylog(2,a* (1/ (b*x+a)+(1/ (b*x+a)
-1)7(1/2)*(1/ (b*x+a)+1)~(1/2) )/ (1-(-a~2+1) " (1/2) ) ) +polylog(2,a* (1/ (b*x+a) +
(1/ (bxx+a)-1)~(1/2)*(1/ (bxx+a)+1) ~(1/2) )/ (1+(-a~2+1)~(1/2)))-1/2*polylog(2

»—(1/ (b*x+a)+(1/(b*xx+a)-1)~(1/2) *(1/ (b*x+a)+1) " (1/2))"2)
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Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 0.19 (sec) , antiderivative size = 332, normalized size of antiderivative = 1.95

/

sech™!(a + bx)

dx
T
s aresin |V =2 _— (1+ a) tanh (isech™(a + bz))
= —4j arcsin arctan
V2 V1—a?

— sech™!(a + bz) log (1 + e_QSGCh_l(aer”))

(14T ) <>>

+sech™(a + bx)log | 1+ -

a

R

+sech ™ (a + bz)log [ 1 —

—1+4a
+ 2i arcsin : log

(]_ +41— CI,2) e—sechl(a—i—bx))

a

— 27 arcsin

V2

N (1+ VI aF) emseeh " (avbe)
log|1—
a

(_1 +41— CL2) e—sech_l(a+bx))

1 _
+ 2 PolyLog (2, —e~Zsech 1(““’””)) — PolyLog (2, —
a

(1 +4/1— a2) e—sech_l(a+ba:)>

a

— PolyLog (2,

input L

Integrate[ArcSech[a + b*x]/x,x]
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(-4%I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]1*ArcTanh[((1 + a)*Tanh[ArcSech[a +

b*x]/2])/Sqrt[1 - a~2]] - ArcSech[a + b*x]*Log[l + E~(-2*ArcSech[a + b*x])
] + ArcSech[a + bxx]*Log[l + (-1 + Sqrt[1 - a~2])/(a*E"ArcSech[a + b*x])]

+ (2%I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Log[1l + (-1 + Sqgrt[1 - a~2])/(a*E
“ArcSech[a + b*x])] + ArcSech[a + b*x]*Log[l - (1 + Sqrt[1 - a~2])/(a*E"Ar
cSech[a + b*x])] - (2*I)*ArcSin[Sqrt[(-1 + a)/al/Sqrt[2]]*Logl[l - (1 + Sqr
t[1 - a~2])/(a*E"ArcSech[a + b*x])] + PolyLog[2, -E~(-2*ArcSech[a + b*x])]
/2 - PolyLogl[2, -((-1 + Sqrt[1 - a~2])/(a*E~ArcSech[a + b*x]))] - PolyLogl
2, (1 + 8qrt[1 - a~2])/(a*E~ArcSech[a + b*x])]

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.06 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.37,

number of steps used = 16, number of rules used = 15, Bumber of rules _ 4 54 Ry
integrand size

used = {6875, 25, 6129, 6104, 25, 3042, 26, 4201, 2620, 2715, 2838, 6096, 2620, 2715,
2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech~!(a + bx) i

X

l 6875

(a + bz), /2522 (a + bz + 1)sech™!(a + bz)
- / oot dsech™!(a + bx)

bx
l 25

/ (a + bx) Zﬁr_bilﬁ(a + bz + 1)sech~(a + bx)

h—l
- dsech™ (a + bx)

l 6129

/ \/ 25t (a + bz + 1)sech ™' (a + ba)
—a_

1

dsech™!(a + bx)
atbr —

l 6104
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a+bac
1)sech™(a + bx)dsech ™ (a + bz)

l 25

— / m(a + bz 4 1)sech ™ (a + bx)dsech ™! (a + bz) —
—a-betl (4 4 b + 1)sech ™ (a + bx)
/ m dsech™!(a + bx)

a + bz) ( a+bw>

l 3042

\/ =252t (g 4 b + 1)sech ™! (a + bx) o _
/ ettt ( dsech™! +b:c)—/wabw+1(a+ba:+
a+bw)< ) a+bx+1

/ ;ﬁ;’;ﬁ'ﬁl (a+ bz + 1)sech~!(a + bz)
—a

(a+b2) (1- o5 )
bz) tan (isech ™ (a + bz)) dsech ™ (a + bz)

| 26

\/=85024l (g 4 b + 1)sech ™! (a + bz)
/ atbol dsech™(a + bx) + i / sech™(a +

(a + bx) <1 — a-l—bx)
bz) tan (isech ' (a + bz)) dsech ™ (a + bz)

dsech™!(a + bx) — / —isech™!(a +

| 4201
\/ f_’__bilﬁ(a + bz + 1)sech ™ (a + bx)
_a/ (a+ba) (1- )
Z<2Z/ e2sech ™! (atb2)gech 1 (g + br) dsech™(a + bz) — %isech_l(a " ba:)2>

dsech™ (a + bx) +

1+ erech_l(a-l—bz)
| 2620
\/ ;‘fg;”ﬁl (a4 bz + 1)sech~!(a + bz) ~
—a dsech

(a+b2) (1- 5
i<2i <;sech_1(a + bx) log (eQSeChil(”bz) + 1) - % /log (1 + ezseChil(“er”)) dsech™!(a + bx)> - %isech_l(a .

Ya+bz) +

l 2715
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\/=252El (g 4 b + 1)sech ™! (a + bx)
—a / atbrtl dsech™ (a + bx) +
(a+b2) (1- 325

i<2i <1sech_1(a + bac) log (eQSech_l(a+bx) + 1) _ i /e—2sech_1(a+bx) log (1 + erech_l(a—i-bx)) deZsech_l(a—i-bx)) _

2
l 2838

\/=2=2El (g 4 b + 1)sech ™! (a + bx)
—a / atbrtl dsech™ (a + bx) +
(a+b2) (1- 385

i<2i <i PolyLog (2, —ezseChil(“erx)) + %sech_l(a + bz) log (eZSeChil(“er””) + 1)) — %isech_l(a + bw)2>

l 6096

dsech™(a + bx) + 5

sech™! (a+bzx) h—! b sech™!(a+bx) h! b
a e _ sech™ (a + bx) dsech™(a + bz) + e _ sech™ (a + bx)
—esech ™ (a+bz) g — /1 — g2 +1 —esech™ (a+bz) g +vV1—a2+1

i<2i <i PolyLog (2, —ezseCh_l(aerx)) + %sech_l(a + bx) log (ezse‘:h_l(a"'bx) + 1)) - %isech_l(a + ba:)2)

l 2620

-1 ch—(atba
[ log <1 — ‘w> dsech !(a+bx) [log <1 - w> dsech™(a +bx) sech™(a + bx)
a a

i<2i <i PolyLog (2, —ezseCh_l(aer‘”)) + %sech_l(a + bx) log (ezse‘:h_l(a+bx) + 1)) - %isech_l(a + bx)2>
| 2715

esech_1 (a+bzx)

f e—sech_l(a+bz) 10g <1 _ aesfih_lli“a‘;bz)> desech_l(a+bz) f 6—sech_1(a+b9:) IOg (1 _a — ) desech_l(a
+

—a
a a

i<2i <i PolyLog (2, —ezseCh_l(aer‘”)) + %sech_l(a + bx) log (ezseCh_l(“erw) + 1)) - %isech_l(a + ba:)2>

l 2838
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sech™1 (a+be) sech™1 (a+be)

_ sech—1! (a+bx)
PolyLog (2’a61—v€—a2> PolyLog <2,“6¢T_a2+1> sech 1(a—%bx)log (1——“61_Vq_a2> S

—al — — — — _

a a a

i<2i <i PolyLog (2, —ezseCh_l(aer‘”)) + %sech_l(a + bx) log (ezseCh_l(a+bw) + 1)) - %isech_l(a + ba:)2>

e

Int[ArcSech[a + b*x]/x,x]

~—

inputt

-(ax(ArcSech[a + b*x]~2/(2*a) - (ArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a +
bxx])/(1 - Sqrt[l - a~2])])/a - (ArcSech[a + bxx]*Logl[l - (a*E~ArcSechl[a
+ b*x])/(1 + Sqrt[1l - a~2]1)])/a - PolyLogl[2, (a*E~ArcSech[a + b*x])/(1 - S
grt[1 - a~2])]/a - PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])]/
a)) + Ix((-1/2+I)*ArcSech[a + b*x]~2 + (2*I)*((ArcSech[a + b*x]*Log[l + E~

(2*ArcSech[a + b*x])])/2 + PolyLog[2, -E~(2*ArcSech[a + b*x])]1/4))

output

Defintions of rubi rules used

-

ruka25LInt[_(Fx—)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

rule 26 Int [(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int[(((F_)“((g_.)*((e_.) + (F_)*DN))"(_)*x((c_.) + (@_)H)*xx)D))"(m_.))/
(@) + (b_)*((F_)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*x(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, 4, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Logl(a) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
) nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]




rule 2838

rule 3042

rule 4201

rule 6096

rule 6104

rule 6129

rule 6875
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Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_]1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*(E~ (2% ((-I)*e + f*xfz*xx))/(1 + E~(2%((-I)*e + f*fz*x)))), x], x]
/; FreeQ[{c, d, e, f, £z}, x] && IGtQ[m, O]

Int[((Ce_.) + (£_.)*(x_))"(m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Cosh[(c_.) + (d_
Dx(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[(e + f*x)  m*x(E~(c + d*x)/(a - Rt[a"2 - b2, 2] + b*E~(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E"~(c + d*x)/(a + Rt[a"2 - b~2, 2] + b*E~(c + d*x)))

, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 - b~2, 0]

Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Tanh[(c_.) + (d_.)*(x_)]1"(n_.))/(Cosh[(c_.)
+ (@_)*(x_)1*(M_.) + (a_)), x_Symbol]l :> Simp[i1/a Int[(e + f*x) m*Tanhl[
c + d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sinh[c + d*x]*(Tanh[c + d*x
]J°(n - 1)/(a + b*Cosh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
IGtQ[m, O] && IGtQ[n, O]

Int[((Ce_.) + (£_)*(x_))"(m_.)*(F_)[(c_.) + (d_)*(x_)I1"(n_.)*(G_)[(c_.) +

(@_)*(x_)1"(_.))/((a_) + (b_.)*Sech[(c_.) + (d_.)*(x_)]1), x_Symbol] :> I
nt[(e + f*x) m*Cosh[c + d*x]*F[c + d*x] n*(G[c + d*x]"p/(b + a*xCosh[c + d*x
1)), x] /; FreeQ[{a, b, ¢, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, p]

N\

‘Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
‘anh[x]*(d*e - cxf + fxSech[x])™m, x], x, ArcSechl[c + d*x]], x] /; FreeQ[{a,
‘ b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [C] (verified)

Result contains complex when optimal does not.

Time = 0.52 (sec) , antiderivative size = 886, normalized size of antiderivative = 5.21

method result

derivativedivides | — arcsech (bz + a) In (1 +1 (ﬁ + \/ e — 1 \/ e T 1)) — arcsech (bz + a) In (

default — arcsech (bz + a) In (1 + z(ﬁ + \/ﬁ -1 \/ﬁ + 1)) — arcsech (bz + a) In (

input‘int(arcseCh(b*X+a)/X,X,meth0d=_RETURNVERBUSE)

output

—arcsech(b*x+a)*1n(1+I*(1/(b*x+a)+(1/(b*xx+a)-1)~(1/2) *(1/(b*x+a)+1)~(1/2))
)-arcsech(b*x+a) *1n(1-I*(1/ (b*x+a)+(1/(b*x+a)-1) " (1/2)*(1/ (b*x+a)+1)~(1/2)
))-dilog(1+I*(1/(b*x+a)+(1/(b*x+a)-1)"(1/2)*(1/(b*x+a)+1)~(1/2)))-dilog(1-
Ix(1/(b*x+a)+(1/(b*x+a)-1)"(1/2)*(1/(b*x+a)+1)~(1/2)))+1/2*arcsech(b*x+a)*
In((-a*(1/(b*x+a)+(1/(b*x+a)-1)~(1/2) *(1/(b*x+a)+1) ~(1/2))+(-a~2+1)~(1/2)+
1)/ (1+(-a"2+1) "~ (1/2)))+1/2*arcsech (b*x+a) *1n((a* (1/ (b*x+a)+(1/ (b*x+a)-1) " (
1/2)*(1/ (bxx+a)+1)~(1/2))+(-a~2+1)~(1/2)-1) / (-1+(-a~2+1)~(1/2)))-1/2*(-a~2
+1)~(1/2) /(a~2-1) *arcsech(b*x+a) *1n((-a* (1/ (bxx+a) +(1/ (b*x+a)-1)~(1/2) *(1/
(bxx+a)+1)~(1/2))+(-a"2+1)~(1/2)+1) / (1+(-a~2+1) " (1/2) ) ) +1/2x(-a~2+1) ~(1/2)
/(a~2-1)*arcsech(b*x+a)*1n((ax(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)
~(1/2))+(-a"2+1)~(1/2)-1) / (-1+(-a~2+1) ~(1/2) ) ) +dilog((a* (1/ (b*x+a) +(1/ (b*x
+a)-1)"(1/2)*(1/ (bxx+a)+1) " (1/2))+(-a~2+1)~(1/2)-1) / (-1+(-a"2+1)~(1/2)))+d
ilog((-a*(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))+(-a"2+1)~(1/2
Y+1) /(1+(~a~2+1) " (1/2)))+1/2%(a~2-1-(-a~2+1)~(1/2)) /a~2/(a~2-1) *arcsech (b*
x+a)*(In((ax(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2) )+(-a~2+1) ~(
1/2)-1)/(-1+(-a~2+1)~(1/2) ) )*a~2+1n((-a* (1/ (b*x+a) +(1/ (b*xx+a)-1) ~(1/2) *(1/
(bxx+a)+1)~(1/2))+(-a"2+1)~(1/2)+1) / (1+(-a~2+1)~(1/2) ) ) *a~2-2*x1n((-a*(1/(b
*xx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1) " (1/2) )+(-a~2+1) " (1/2)+1) / (1+(-a"2+
1)7(1/2)))+2*1n((~a*x(1/ (bxx+a)+(1/ (b*x+a)-1) ~(1/2)*(1/ (b*x+a)+1) ~(1/2) )+ (-
a~2+1)"(1/2)+1)/(1+(-a~2+1)~(1/2)))*(-a~2+1)~(1/2))
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Fricas [F]
/ sech™!(a + bz) dp — / arsech (bz + a) e
T T
input Lintegrate (arcsech(b*x+a)/x,x, algorithm="fricas")

OutputLintegral(arcsech(b*x + a)/x, x)

Sympy [F]

z T

-1
/ sech™ " (a + bx) dp — / asech (a + bx) i

inputLintegrate(asech(b*x+a)/x,x)

outputtlntegral(asech(a + b*x)/x, X)
Maxima [F]
sech™Y(a + bz arsech (bz + a
/ (atbz) / (bz+a)
r T
inputLintegrate(arCSGCh(b*X+a)/X,X, algorithm="maxima")

OutputLintegrate(arcsech(b*x + a)/x, x)
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Giac [F]
—1
/ sech™ (a + bx) dp — / arsech (bz + a) e
T T
input Lintegrate (arcsech(b*x+a) /x,x, algorithm="giac“)

output Lintegrate(arcsech(b*x + a)/x, x)

Mupad [F(-1)]

Timed out.

/sech_l(a+bx) s /a‘COSh(a—f-lbm) dr

Z Z

inputtint(acosh(l/(a + b*x)) /X, %)
OutputLint(acosh(l/(a + b*x))/x, x)
Reduce [F]
/sech_l(a+bx) g — /de
T T
input Lint (asech (b*x+a) /x,x)

output Lint(asech(a + b*x)/x,x%)
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3.6 [ sech(atbs) 5

2
Optimal result . . . . . . . . . . . . . 78
Mathematica [B] (verified) . . . . . . . . . ... 78
Rubi [A] (verified) . . . . . . . . . . 79
Maple [B] (verified) . . . . . . . . . ... 811
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ...... R2
Sympy [F] . . o 83
Maxima [F] . . . . . . 83
Giac [F] . . . o o !
Mupad [F(-1)] . . ..o Rl
Reduce [F] . . . . . .o e 85

Optimal result

Integrand size = 10, antiderivative size = 70

/ sech™(a + bx) dp — _bsech_l(a +bz) sech™(a + bx)
z? B a x

v/1+atanh ( % sech™ (a—l—bm))
2barctanh ( NiE
+

av1 — a?

¢ ‘ -b*arcsech(b*x+a)/a-arcsech(b*x+a) /x+2*b*arctanh((1+a) " (1/2) *tanh(1/2*arcs ‘

outpu
\ech(b*x+a))/(1-a)*(1/2))/a/(—a*2+1)*(1/2)

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 244 vs. 2(70) = 140.

Time = 0.17 (sec) , antiderivative size = 244, normalized size of antiderivative = 3.49

sech™(a + bx) sech™(a + bx)
dr = —
x? T

b(—log(x) + 41 —a?log(a + bz) — /1 — a?log (1 + \/—_11:&—‘3:;]’:” +a\/—_11:a—‘f:;)’;”” +bx,/—_11:a—‘fﬁl;“”\
/

av'1 -

_|_



input

output
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‘ Integrate[ArcSech[a + b*x]/x"2,x]

-(ArcSech[a + b*x]/x) + (b*(-Loglx] + Sqrtl[1 - a~2]*Logla + b*x] - Sqrt[1

- a”2]*Logl[l + Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + a*Sqrt[-((-1 + a +

b*x)/(1 + a + b*x))] + b*x*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]] + Logl1l

- a”2 - axbxx + Sqrt[1l - a"2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + axSq
rt[1 - a"2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + Sqrt[l - a~2]*b*x*Sqrt
[-((-1 + a + b*x)/(1 + a + b*x))]]1))/(axSqrt[1 - a~2])

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.03,

number of rules _ 0.700, Rules
integrand size

number of steps used = 8, number of rules used = 7,
used = {6875, 5991, 3042, 4270, 3042, 3138, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech~!(a + bx) i

72
l 6875
(a + bx) ;‘Z};ﬁ_ﬁl (a+ bz + 1)sech~!(a + bz)
_b/ dsech_l(a + bx)
b2z2
l 5991
-1
—b /—1dsech_1(a + bx) + w
b.’l? b.'l:
l 3042
sech~!(a + bx) 1 »
b + / dsech b

< bz a — csc (isech‘l(a +br)+7) sech™" (a + bz)

l 4270

1 -1
J R dsech™ (a + bz) sech™!(a+bx) sech™(a+ bx)
bl = - + a + bz
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l 3042

L dsech™!(a + bz
/ l—asin<iSGCh 1(a+bw)+%) ( ) n sech™(a + bx) + sech™!(a + bx)

ad a a bx

J’3138

1 1 -1
2 f —((a-i—l) ta,nh2(%Sech_l(aﬂzw)))—a—i—ldtanh (2seCh (a t bx)) N sech_l(a + b.%') N sech_l(a + b:E)

a a bx

l 221

va+1tanh (%sech_l (a—i—bx))
Vi-a + sech™!(a + bx) + sech~!(a + bx)
av'1l—a? a bx

2arctanh (
bl =

‘ Int[ArcSech[a + b*x]/x"2,x]

input

‘-(b* (ArcSech[a + bxx]/a + ArcSech[a + b*x]/(b*x) - (2*%ArcTanh[(Sqrt[1 + a] ‘

output
L*Tanh [ArcSech[a + b*x]/2])/Sqrt[1 - all)/(axSqrt[1 - a~2]))) J

Defintions of rubi rules used

rule 221 Int[((a)) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3138 Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e~2%x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]
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Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

rule 4270

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSechlc + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*x(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5991

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

rule 6875

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 170 vs. 2(62) = 124.

Time = 0.92 (sec) , antiderivative size = 171, normalized size of antiderivative = 2.44

method result
a2 _
W(bz+a) b“g:_‘:_:l arctanh [ ——2—— |a24+v—a?+1 In @
derivativedivides | b| —2csechlbeta) V1-(a+a)?
” \/1-(b+0)? a(a—1)(1-+a)
a2 _
T () BT (arctan (L Va2 a7 [ 2
default b __arcsech(bz+a) \/m
” V/1-(b+0)* a(a—1)(1+0)
—betasl batatl 1 2,2 —24242-2b
arts _ arcsech(bzta) _ b\/T'm(bx-i_a) bota (arctanh( —b2q:2—2bma—a2+1)a Ve ln<
P v V—=b222—-2bza—a2+1 (1-

input int (arcsech(b*x+a) /x~2,x,method=_RETURNVERBOSE)
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output ‘ bx(-1/b/x*arcsech (b*x+a)- (- (b*xx+a-1)/(b*x+a)) ~(1/2) * (bxx+a) * ( (b*x+a+1) / (b* ‘
'x+a))~(1/2)* (arctanh(1/ (1-(b*x+a)~2)~(1/2))*a2+(-a"2+1)~(1/2)¥1n(2*((-a™2 |
+1)7(1/2) * (1- (b*x+a) "2) " (1/2) - (b*x+a) ¥a+1) /b/x) -arctanh(1/ (1-(b*x+a)"2)~(1 |

1/2)))/(1-(bxx+a)~2) " (1/2) /a/ (a-1)/ (1+2))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 320 vs. 2(62) = 124.

Time = 0.14 (sec) , antiderivative size = 651, normalized size of antiderivative = 9.30

/ sech™(a + bx) s

xr2

[ _ b2z2+2 abz+a2 —1
2 (bz—‘ra) b2m2+2 abm+a2 +1 2
(a* — 1)bx log ” —(a* —1)

T

2,2 2ab.7;+a2—1
(bota) [~ g2t2atetal o1y
b4x44+2abx+a
+vV—a% +

x

bz log

2.2 br+a2—1 b22242abz+a2—1
(b$+a)\/_wa72+l (bm"‘a)\/_ﬁ_l
z4+2abx+a b4zx4+2abz+a
(a® — 1)bx log — (a® — 1)bzlog +2+/a? — 1

x T

2 (a3

input Lintegrate (arcsech(b*x+a)/x"2,x, algorithm="fricas") J




output

input

output

input
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[-1/2%((a"2 - 1)*b*x*log(((b*x + a)*sqrt(-(b~2*x"2 + 2*a*bxx + a~2 - 1)/(b
T2%x72 + 2%a¥b*x + a”2)) + 1)/x) - (2”2 - 1)*b*x*log(((b*x + a)*sqrt(-(b~2
*X"2 + 2*%axb*x + a”2 - 1)/(b"2%x72 + 2%a*b*x + a~2)) - 1)/x) + sqrt(-a"2 +
1) *b*xx*log(((2%a~2 - 1)*b~2%x"2 + 2¥a"4 + 4x(a”3 - a)*b*x - 4%a”2 - 2x(a*
b~"2*%x"2 + a3 + (2%a”2 - 1)*b*x - a)*sqrt(-a~2 + 1)*sqrt(-(b"2*x"2 + 2*axb
*x + a”2 - 1)/(b"2%x"2 + 2*kaxbxx + a~2)) + 2)/x72) + 2x(a”3 - a)*log(((b*x
+ a)*sqrt(-(b"2*x"2 + 2*axbxx + a”2 - 1)/(b"2*x"2 + 2*%axb*x + a~2)) + 1)/
(b*x + a)))/((a™3 - a)*x), -1/2%((a”2 - 1)*b*x*log(((b*x + a)*sqrt(-(b~2*x
T2 + 2%axbxx + a”2 - 1)/(b"2%x"2 + 2%axbxx + a”2)) + 1)/x) - (2”2 - 1)*bx*x
*Log (((b*x + a)*sqrt(-(b~2*x"2 + 2%a*b*x + a”2 - 1)/(b"2*x"2 + 2%a*b*x + a
~2)) - 1)/x) + 2xsqrt(a”2 - 1)#*b*x*arctan((axb™2*x"2 + a”3 + (2*a”2 - 1)*b
*x — a)*sqrt(a”™2 - 1)*sqrt(-(b"2*x"2 + 2*a*bxx + a”2 - 1)/(b"2*x"2 + 2*axb
*x + a”2))/((a”2 - 1)*b7"2%x"2 + a”4 + 2%(a”3 - a)*bxx - 2*%a”2 + 1)) + 2*(a
~3 - a)*xlog(((b*x + a)*sqrt(-(b"2*x"2 + 2*a*b*x + a~2 - 1)/(b"2*x"2 + 2*ax
bxx + a”2)) + 1)/(b*x + a)))/((a"3 - a)*x)]

Sympy [F]

-1
/sech (a + bx) dp — / asech (a + bx) i

T2 2

integrate(asech(b*x+a) /x**2,x)

N

LIntegral(asech(a + b*x) /x**2, Xx)

Maxima [F]

x2 2

-1
/ sech™ (a + bx) dp — / arsech (bz + a) i

p
Lintegrate(arcsech(b*x+a)/x*2,x, algorithm="maxima")

-/
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b*log(x)/(a"3 - a) - 1/2*%((a"2%b - axb)*xxlog(b*x + a + 1) + (a"2*b + a*b)
*x*¥log(-b*x - a + 1) + 2*(a"3 - a)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1
)*bxx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*xx + a) - 2x(a”3 + (a™2x%
b - b)*x - a)*log(b*x + a) - 2x(a”3 - a)*log(b*x + a))/((a"3 - a)*x) - int
egrate((b~2*x + a*b)/(b~2*x"3 + 2*axb*x"2 + (a”2 - 1)*x + (b™2*x"3 + 2*ax*b
*x"2 + (2”2 - 1)*x)*e”(1/2xlog(b*x + a + 1) + 1/2x1log(-b*x - a + 1))), x)

output

Giac [F]

/ sech™!(a + bx) dp — / arsech (bz + a) i

1'2 mQ

inputLintegrate(arcsech(b*x+a)/x*2,x, algorithm="giac")

outputLintegrate(arcsech(b*x + a)/x"°2, x)

Mupad [F(-1)]

Timed out.
- 1
/sech 1(Z+bx) dx:/%dx
z T
inputtint(acosh(l/(a + b*x))/x"2,%) J
outputtint(aCOSh(l/(a + b*x))/x72, x) J




input

output
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Reduce [F]

-1
/sech (c;—i—bx) d:c:/
T

asech(bx + a)

xr2

dzx

Lint (asech(b*xx+a)/x"2,x)

Lint (asech(a + b*x)/x*%2,x)
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a7 [ sech (atbo) 5

3
Optimal result . . . . . . . . . . . . . 86
Mathematica [B] (verified) . . . . . . . . . ... R0
Rubi [A] (verified) . . . . . . . . . . 87
Maple [C] (verified) . . . . . . . .. ... 9Tl
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ...... 92
Sympy [F] . . o 93
Maxima [F] . . . . . . 94
Giac [F] . . . o o 94
Mupad [F(-1)] . . ..o 95
Reduce [F] . . . . . .o e 95

Optimal result

Integrand size = 10, antiderivative size = 133

/ sech™*(a + bx) i — b\/ 15 (1+a+bz) 4 b®sech”'(a +bx)  sech™ (a + bx)
z3 B 2a(1—a?)z 2a? 212

(1 — 2a?) b?arctanh (mtanh(%seCh_l(“bx)) )

V1—a

a?(1— (12)3/2

output ‘ 1/2xb* ((-b*x-a+1)/ (b*x+a+1)) ~(1/2) *(b*x+a+1) /a/(-a~2+1) /x+1/2%b~2*arcsech ( ‘
‘ bxx+a)/a~2-1/2*arcsech(b*x+a) /x~2-(-2%a~2+1) *b~2*arctanh ((1+a) ~ (1/2) *tanh( ‘
|1/2%arcsech(b¥x+a))/(1-a)~(1/2)) /a"2/ (-a~2+1)~(3/2) |

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 315 vs. 2(133) = 266.



input L

output
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Time = 0.55 (sec) , antiderivative size = 315, normalized size of antiderivative = 2.37

-1
/ sech (z-l—bx) i
T

1 by/-TEEE(+a+tba) sech!(a+bx) (=14 2a?)b?log(x)

2 (—=14+a)a(l+a)zx x? a? (1 — a2)3/2
2 —14atbx —14a+tbzx —14a+tbx
b%log(a + bx) b*log (1 + \/_ 1+J;+J2x + a\/_ 1+4;+sz + bz V 1-|—4¢_1+4l—)x >
a a? + a?
+(—1 + 2a?) b? log (1 —a® —abz + V1 —a?\ /-8 4 0 /1 - a? | /—FE8 /1 — @bz /-5
a? (1 —a2)*?
Integrate[ArcSech[a + b*x]/x"3,x] J

(-((b*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x))/((-1 + a)*ax(1
+ a)*x)) - ArcSech[a + b*x]/x72 - ((-1 + 2xa”2)*b"2*Log[x])/(a"2%(1 - a~2)
~(3/2)) - (b~2*Logla + b*x])/a"2 + (b~2*Log[1l + Sqrt[-((-1 + a + b*x)/(1 +
a + b*x))] + a*Sqrt[-((-1 + a + bxx)/(1 + a + b*x))] + bxx*Sqrt[-((-1 + a
+ b*x)/(1 + a + b*x))]])/a"2 + ((-1 + 2xa”2)*b"2xLog[l - a”2 - axb*x + Sq
rt[1 - a”2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + axSqrt[1 - a~2]*Sqrt[-
((-1 + a +b*x)/(1 + a + bxx))] + Sqrt[l - a~2]*b*x*Sqrt[-((-1 + a + bx*x)/
(1 +a+bxx))]1)/(a"2%(1 - a=2)7(3/2)))/2

Rubi [A] (verified)

Time = 0.76 (sec) , antiderivative size = 159, normalized size of antiderivative = 1.20,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 4 90 Ryyjeg
integrand size

used = {6875, 25, 5991, 3042, 4272, 3042, 4407, 3042, 4318, 3042, 3138, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

3

/ sech™!(a + bx) d

l 6875
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dsech™!(a + bx)

2 / (a + bx) _a‘fl__bgﬁﬁl (a+ bz + 1)sech~!(a + bz)

b33
l 25

2 / (a + bx) ;i;’:f:il (a+ bz + 1)sech~!(a + bz)

dsech™!(a + bx)

b33
| 5991
9 sech™(a + bx) B 1/ 1 1
b <2b2x2 5 | 2a2 dsech™ (a + bx)
| 3042
h~! 1 1
—v? w - / sdsech™'(a + bz)
2b%x 2 (a — csc (isech ™ (a + bz) + 5))
| 4272

2 (1 (_ / —%dsech_l(a + bx) it @t b+ 1)) sech™*(a + b:v))

2 a(l—a?) B a(l—a?)bz 2b272
l 3042
—a?—csc (iSGCh_l(a-l—bw)-l—g)aA—l 1
b2 sech'(a+bz) 1 e (a+bx +1) J a—cse(isech ™ (a+ba)+7 ) deech™ (a4 be)
_ W+§ - a(l—a2)b:c - a(1—a2)
l 4407
—92q2 _atbz -1 2 -1 “a—b
2 1 (1-242) [ bzadsech (a+bx) n (1-a )secjl (atbx) ) azrbwgf:il (a+bz+1) soch"(a + b)
2 a(l—a?) a(l—a?) bz 2b272
l 3042
csc iSGChil a+bz)+ T
1 (1-24%) J (( sech_(l MG )) dsec
—a—bzx+1 —a? - a—csc| i (a+bz)+ %
| seeh N abe) 1|/ EEET (@t be 1) (olseth (k) —

2b222 2 a(l—a?)bx Bl a(1—a?)
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| 4318
B -1 (1-2a?) [ —La— dseCh_l(a—i-bx) —
i 1 B (1 a2)Sele (a+bx) 1 a+b; B aiblf_/‘:-ll (a+bx+1) sech_l(a + bz)
2 a(l-a?) a(l—a?)bx 20222
| 3042
(1-24%) [ L dse
—a—bzx+1 —a2 -1 1—asin(iSech (a+bz)+ %
2 sech_l(a + bw) 1 ~ a+bm+—+i (a + bz + 1) B (1-a )Secil (atbz) ( _ 2)
2b222 2 a(l—a?)bx a(l—a?)
| 3138
2(1-2a2) [ C— dtanh (1sech™ (a-+b2))
_ -1 —( (a+1) tanh2 lSe(}h (a+bz) ) ) —a —a—bx
o[ ot M e N
2 a(1—a?) a(l—a?
| 221
2(1—242)arctanh Ve h(zs?F ()
(l—aQ)SeCh_l(a+bx) Vize —a—bz+1 b 1
—p? 1 _ @ B av1—a? _ a+br+1 (a‘ +0x + ) sech
2 a(l—a?) a(l—a?)bx

input‘ Int[ArcSech[a + b*x]/x"3,x] ‘

§
output‘ -(b™2%(ArcSech[a + b*x]/(2%¥b"2*x"2) + (-((Sqrt[(1 - a - b*x)/(1 + a + b*x)

‘]*(1 + a + bxx))/(ax(1 - a~2)*b*x)) - (((1 - a~2)*ArcSech[a + b*x])/a - (2
‘*(1 - 2xa~2)*ArcTanh[(Sqrt[1 + al*Tanh[ArcSech[a + b*x]/2])/Sqrt[1 - all)/

W
L(a*Sqrt[l - a~21))/(ax(1 - a~2)))/2)) J




rule 25

rule 221

rule 3042

rule 3138

rule 4272

rule 4318

rule 4407
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Defintions of rubi rules used

‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 2]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bl

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol]l :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a - b)*e”2%x72), x], x, Tan[(c + d*x)/2]/el, x]1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a~2 - b~2, 0]

/

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Csclc + d*x])~(n + 1)/(a*xd*(n + 1)*(a”2 - b72))), x] + Sim
pli/(ax(n + 1)*(a”2 - b72)) Int[(a + b*Cscl[c + d*x])~"(n + 1)*Simp[(a”~2 -
b 2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2%(n + 2)*Csc[c + d*x]~2, x], x
1, x1 /; FreeQl[{a, b, c, d}, x] && NeQ[a"2 - b"2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)]/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinle + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

‘Int[(CSC[(e_-) + (£_)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]*(b_.) +
‘ (a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
‘x]/(a + b*Cscle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
‘— axd, 0]

\‘




rule 5991

rule 6875

input
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Int[(Ce_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_ ) + (d_.)*(x_)1*(b_.)) " (p_.)*x((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] & IGtQ[p, 0] && IntegerQ[m]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.96 (sec) , antiderivative size = 370, normalized size of antiderivative = 2.78

method result
_bzta-1 bm+a+1 1 4 —
parts arcsech(bz-+a) b\/T(bz+a) csgn(b)? ( arctanh( 7b21272bza7a2+1)a br—2v/—aZ+11
- 2x2 -
_bzt+a—1 (bx-{—a) b:v+a+1 arctanh R a5 —arctanh 1 a4(b
derivativedivides | p? [ —arcsechbata) _ VR V1-(ba+a)? Ji—(bata)®
2b2z2
—beta=1 (hg+a) bz+a+1 arctanh a®—arctanh | ——1——
default p2 [ _aresechbata) _ VP T or? -
2b2z2

Lint (arcsech(b*x+a) /x"3,x,method=_RETURNVERBOSE)

~—
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-1/2*arcsech(b*x+a) /x~2-1/2*b* (- (b*x+a-1) / (b*x+a) )~ (1/2) * (b*x+a) * ( (bxx+a+1
)/ (b*x+a))~(1/2) *csgn(b) "2* (—arctanh (1/(-b"2*x~2-2*ax*bxx-a~2+1) " (1/2))*a~4
*bxx-2*% (—a~2+1) 7 (1/2) *1n (2% (-b*x*a+(-a~2+1) ~ (1/2) * (-b"2*x"2-2*axbxx-a~2+1)
~(1/2)-a~2+1) /x) *a~2xb*x+2*arctanh (1/ (-b~2*x"2-2*%a*xb*x-a~2+1) ~(1/2) ) *a~2*b
*x+a" 3% (-b"2*x"2-2*%a*xb*x-a"2+1) ~(1/2)+(-a~2+1) ~(1/2) *1n (2* (-b*x*a+(-a~2+1)
~(1/2) % (-b~2*x"2-2*a*xb*x-a"~2+1) ~(1/2) -a~2+1) /x) *b*x—-arctanh (1/ (-b~2*x~2-2x%
a*b*x-a~2+1) " (1/2) ) *b*xx— (b~ 2*x"2-2*a*xb*x-a~2+1) ~(1/2) *a) / (-b"2*x"2-2*a*bx*
x-a"2+1)~(1/2)/(1+a)/(a-1)/a~2/(a"2-1) /x

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 427 vs. 2(112) = 224.

Time = 0.14 (sec) , antiderivative size = 865, normalized size of antiderivative = 6.50

/ sech™*(a + bx)

3 dx = Too large to display
x

p

‘integrate(arcsech(b*x+a)/x‘3,x, algorithm="fricas")

input




output

input

output
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[-1/4%((2*xa"2 - 1)*sqrt(-a”2 + 1)*b"2*x"2xlog(((2¥a”2 - 1)*b"2*x"2 + 2*a"4
+ 4%(a”3 - a)*bkx - 4%a”2 + 2*(axb”2*x"2 + a”3 + (2*a”2 - 1)*b*x - a)*sqr
t(-a"2 + 1)*sqrt(-(b"2*x"2 + 2%axb*x + a”2 - 1)/(b"2+%x"2 + 2*a*b*x + a~2))
+ 2)/x72) - (a™4 - 2*xa”2 + 1)*b"2*x"2+log(((b*x + a)*sqrt(-(b"2*x"2 + 2*a
*bxx + a”2 - 1)/(b72%x"2 + 2*a*b*x + a”2)) + 1)/x) + (2”4 - 2*a”2 + 1)*b~2
*x"2%1log (((b*x + a)*sqrt(-(b~2*x"2 + 2%a*b*x + a”2 - 1)/(b"2*x"2 + 2*axbxx
+a”2)) - 1)/x) + 2x(a”6 - 2¥a"4 + a"2)*xlog(((bxx + a)*sqrt(-(b~2*x~2 + 2
*axb*x + a”2 - 1)/(b™2%x"2 + 2%axbxx + a~2)) + 1)/(b*x + a)) + 2*x((a"3 - a
)*¥b72xx"2 + (a”4 - a”2)*b*x)*sqrt(-(b~2*x"2 + 2*xa*bxx + a”2 - 1)/(b"2*x"2

+ 2%axb*x + a”2)))/((a”6 - 2*xa”4 + a”2)*x"2), 1/4%(2x(2xa”~2 - 1)*sqrt(a”2

- 1)*b~2*x"2*arctan((axb”2*x"2 + a”3 + (2*%a”2 - 1)*bxx - a)*sqrt(a”2 - 1)*
sqrt (-(b~2%x72 + 2xa*b*x + a”2 - 1)/(b"2*x"2 + 2*a*bxx + a~2))/((a"2 - 1)x*
b~2*%x"2 + a”4 + 2x(a”3 - a)*b*x - 2¥a”2 + 1)) + (a”4 - 2%a"2 + 1)*b"2%x"2%
log(((b*x + a)*sqrt(-(b~2*x~2 + 2%a*b*x + a”2 - 1)/(b"2#x"2 + 2xa*bxx + a”
2)) + 1)/x) - (2”4 - 2*a”2 + 1)*b"2*x"2%log(((b*x + a)*sqrt(-(b~2*x"2 + 2%
axb*x + a”2 - 1)/(b"2*x"2 + 2*xaxbxx + a”2)) - 1)/x) - 2x(a”"6 - 2¥a”"4 + a"2
)*¥log(((b*x + a)*sqrt(-(b~2*x"2 + 2%a*b*x + a"2 - 1)/(b"2*x"2 + 2*axb*x +

a”2)) + 1)/(b*x + a)) - 2x((a"3 - a)*b"2*x"2 + (a"4 - a”~2)*b*x)*sqrt(-(b~2
*x"2 + 2%axb*x + a”2 - 1)/(b"2*x"2 + 2%axb*x + a~2)))/((a”6 - 2*xa”4 + a~2)
*x72)]

Sympy [F]

-1
/sech (a+ bx) dp — / asech (a + bx) d

3 3

p

Lintegrate(asech(b*x+a)/x**3,x)

~—

-

LIntegral(asech(a + bxx)/x**3, x)

~—
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Maxima [F]
sech™! b arsech (b
/ (Z+ x)dm:/ r (3x+a)d:c
T T
( R
inputLintegrate(arCSGCh(b*X+a)/x“3,x, algorithm="maxima") J

-1/2%(3*a"2*%b"2 - b~2)*log(x)/(a"6 - 2*a~4 + a”~2) + 1/4%((a"4*b~2 - 2%a”3x
b~2 + a”2xb"2)*x"2*log(b*x + a + 1) + (a"4*b~2 + 2*%a~3%b"2 + a~2%b~2)*x"2%
log(-b*x - a + 1) - 2*%(a"3*b - axb)*x - 2*(a”6 - 2¥a"4 + a"2)*log(sqrt(b*x
+ a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a

+ b*x + a) + 2x(a”6 - 2*a"4 - (a74%b"2 - 2%a"2*b"2 + b"2)*x"2 + a~2)*log(b
*x + a) + 2x(a”6 - 2¥a”"4 + a"2)xlog(b*x + a))/((a"6 - 2*xa~4 + a~2)*x"2) -

integrate(1/2*(b~2*x + a*b)/(b~2*%x"4 + 2*a*b*x"3 + (a”2 - 1)*x"2 + (b~2*x~
4 + 2xaxbxx"3 + (a”2 - 1)*x72)*e”(1/2%1log(b*x + a + 1) + 1/2xlog(-b*x - a

+ 1)), x)

output

Giac [F]

/ sech™!(a + bx) dp — / arsech (bz + a) i

3 3

input‘integrate(arcsech(b*x+a)/x“3,x, algorithm="giac")

outputLintegrate(arcsech(b*x + a)/x"3, x) J
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Mupad [F(-1)]

Timed out.
! acosh (—1—
/sech (g-i—bx)d :/#lm)dx
z x
input tint(acosh(l/(a + b*x))/x"3,x)
output Lint(aCOSh(l/(a + b*x))/x"3, x)
Reduce [F]
~1
/sech (Z+bx)d =/%f+a)dm
x z

input L

int (asech(b*x+a) /x"3,x)

output k

int (asech(a + b*x)/x**3,x)
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3.8 [ sech(atbo) 5

4
Optimal result . . . . . . . . . . . . . 96!
Mathematica [A] (verified) . . . . . . . . . ... 9T
Rubi [A] (verified) . . . . . . . . . . 98]
Maple [C] (verified) . . . . . . . .. ... 102
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ...... 103
Sympy [F] . . o 104
Maxima [F] . . . . . . 105
Giac [F] . . . o o 1051
Mupad [F(-1)] . . ..o
Reduce [F] . . . . . .o e

Optimal result

Integrand size = 10, antiderivative size = 197

sechl(a+br) O\irgn(+a+be) (2-50%)0% /{7e32(1+ a + ba)
/ z - 6a (1 — a?) 22 B 6a2 (1 —a2)’z
b3sech™(a + bz) sech™*(a + bz)
B 3a3 B 313

VIFatanh(lsech ™ (a+bo
(2 — 5a® + 6a*) b3arctanh( ot <\2/ﬁ ot )>)

_|_

3a3 (1 — a2)/?

‘*b‘2*((—b*x-a+1)/(b*x+a+1))“(1/2)*(b*x+a+1)/a‘2/(—a‘2+1)A2/x—1/3*b‘3*arcse
‘ ch(b*x+a)/a~3-1/3*arcsech(b*x+a)/x~3+1/3%(6%a~4-5%a~2+2) *b~3*arctanh((1+a)

output ‘{1/6*'0* ((-b*x-a+1) / (bxx+a+1)) ~(1/2) * (b*x+a+1) /a/ (-a~2+1) /x~2-1/6% (-5%a"~2+2) \‘
| ~(1/2)¥tanh(1/2*arcsech(b¥x+a))/(1-a)~(1/2))/a"3/ (-a~2+1) "~ (5/2) |
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 368, normalized size of antiderivative = 1.87

/ sech™'(a + bx) d

o
1 [ by~ (0 — a* — abz — 2bx(1 + bz) 4 a®(—1 + 4bz) + a®(1 + 5bz + 5b°z?))
G (=14 a)2a?(1 + a)2z?
_ 2sech™'(a+bz) (2—5d®+6a) b log(z) & 2b°log(a + bx)
3 a3 (1 _ 2)5/2 as

3 _ —l4atbz __ —l+tatbx _ —l4a+bx
2b° log (1 + \/ Ttatbe T a\/ Ttarbe 0%\ " Trathe >

(2 — 5a? + 6a*) b log <1 —a? —abx + V1 — a? 11";‘1",;’;“ +av/1—a?, /-5 4 /1 — a2bm\/

a?® (1 — a2)?/?

+

inputLIntegrate[ArcSech[a + bx*x]/x74,x] J

/

((bxSqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(a - a”4 - axb*x - 2xb*x*(1 + bx*
x) + a"3%(-1 + 4*b*x) + a”2%(1 + bxbxx + 5¥b"2*x72)))/((-1 + a)~2*%a"2x(1 +
a)~"2*x"2) - (2xArcSech[a + b*x])/x"3 - ((2 - 5*%a"2 + 6%a~4)*b~3*Log[x])/(
a”3%(1 - a”2)7(5/2)) + (2xb~3*Logla + b*x])/a~3 - (2xb~3*Log[1l + Sqrt[-((-
1 +a+b*xx)/(1 +a+ bxx))] + a*Sart[-((-1 + a + b*x)/(1 + a + bxx))] + b
*x*¥Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]])/a"3 + ((2 - 5*xa”2 + 6%a~4)*b" 3%
Log[l - a”2 - a*b*x + Sqrt[l - a~2]#Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]
+ a*Sqrt[1 - a~2]*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))] + Sqrt[l - a~2]*b*
x*#Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]11)/(a"3*(1 - a~2)~(5/2)))/6

output
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Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 239, normalized size of antiderivative = 1.21,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 4 354 Ryjeg
integrand size

used = {6875, 5991, 3042, 4272, 3042, 4548, 3042, 4407, 3042, 4318, 3042, 3138, 221}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech™!(a + bx) i

4
| 6875
(a + bzx),/ =222+ (g + b + 1)sech ™ (a + bx)
-3 / atbotl - dsech™ (a + bx)
| 5991
1 1 _ sech~!(a + bx)
_p3 ) = 1 ittt Sl e
b (3 / B3 dsech™ (a + bz) + 333

| 3042

h~! 1 1

- w + - / 3dsech_l(a + bx)
3b°x 3J (a—csc(isech™!(a+ bx) + )
| 4272
—(a X 2_ ala T —012 — —a—0ox
b3 1(/J (atbe)” 2 b(%-;b 1T202) sech Y(a + bz) 3 a+bla)c++11 (a+bz+1) sech™(a + bz)
3 2a (1 — a?) 2a (1 — a?) b2x? 36323
| 3042
f —csc (isechil(a+bm)+%)2—2a csc (isechil(a,+bm)+g)+2(l—af
s sech™(a + bz) i —acbotl (@ + bz + 1) . (a—csc<isech71(a+bm)+g))2
3b323 3 2a (1 — a?) b222 2a (1 — a?)

l 4548
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2(17a2)27a(174a2)(a+bz) 1 2-5q2), /=a=bztl i po iy
[ - dsech™" (a+bx) + (2-50%) |/ L5 HL (atbot1) JZ2betl (. + b + 1) N sech”

8 1 a(1—a?) a(l—a?)bx _
3 2a (1 —a?) 2a (1 — a?) b2x? :
| 302
f 2(1—a2)2—a(1—4a2) csc(isech_l
=)
—a—bz+1 (2—5a2)1/?_719?'~'1(a+bx+1) a—csc isech (a+bz)+-
_p sech_l(a + b.’L‘) i 1 _ a?i-bxa—cl-l (a + bz + 1) i a(ltl;;;ll)x + ( a(l—a?
3b3z3 3 2a (1 — a?) b2x2 2a (1 —a?)
l 4407
(6(14—5(124-2) I —%dsech_l((ki-bz) 2(1—&2)2sech_1(a+bz) k.2 —a—bz+1
2 + B (2—5a2)/ =252241 (a+bz+1) —a—bztl
-3 1 a(l-a?) + a(ltaz-;b:c _ atl:i-bmx-l-l (a’ + bz +
3 2a (1 —a?) 2a (1 — a?) b2x?
| 3042
( 2)2 h-l 6at—5a°
—a—bx —a S€ecC. (a+bx)
/—a—boii (2-50%) /o (atbery) | 2UZ) B +
b3 sech™!(a + bx) 4 11 atborl (@ bz +1) n a(ltaz_gllm +
3b3z3 3 2a (1 — a?) b2x2 2a (1 —a?)
| 4318
-1 a4 542 1 asech™ ' (a+be
2(1=0)"sech™ (art) _ (et o2 T ost) S (et —abetl(, o p,
-3 1 a(l-a?) + a(l—a?)bx _ a+br+1 (a’+ T
3 2a (1 —a?) 2a (1 — a?) b2a?

l 3042
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6:14—5112

(1-a2)’sech™ (a+ba) ~

(2—5a2) —a—batl (g4 pri1) 2

—a—bz+1 a+bx 2
—b3 SeCh_l(Cl + bl’) T 1 _ a(fi-bxm-l-l (a + bz + 1) n a(lil;i;llnc
3b3g3 3 2a (1 — a?) b2z2 2a (1 — a2)

l 3138

dtanh(%sech_l (a+bz))

1
- ((a+1) tanh2 (%SeCh_:(aerm))) —at1 N (2—5a2) \/ﬁ

2(6a%—5a2+42) |

2 (1—a2) zsech_l (a+bzx)

a

- 1 a(1—a?) e
’ 2a (1 — a2)
| 221
a anh( 1 h—l atbas
2\2gech ! 2(6a*—502+2)arctanh Vert h(é\/sg (a+b )))
2(1-a sec (a+bx)
(2-50%) St (atbot) (1-7) 5o ) - .
v ) S a(1—a?) Vet
’ 2a (1 — a?) "

input \VInt [ArcSech[a + b*x]/x"4,x] )

-(b"3x(ArcSech[a + b*x]/(3*b"3%x73) + (-1/2%(Sqrt[(1 - a - b*x)/(1 + a + b
*x)]*(1 + a + bxx))/(a*(1 - a~2)*b~2*x"2) + (((2 - 5*a~2)*Sqrt[(1 - a - bx
x)/(1 + a+ b*x)]*(1 + a + b*x))/(a*(1 - a~2)*b*x) + ((2%x(1 - a”~2) " 2*ArcSe
chla + b*x])/a - (2%(2 - 5%¥a”2 + 6*a~4)*ArcTanh[(Sqrt[1 + al*Tanh[ArcSechl[
a + bxx]/2])/Sqrt[1 - all)/(axSqrt[1 - a~2]))/(ax(1 - a~2)))/(2*xa*(1 - a~2
)))/3))

output




rule 221

rule 3042

rule 3138

rule 4272

rule 4318

rule 4407
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-a/b, 2]/a)*ArcTanh[x
/Rt[-a/b, 211, x] /; FreeQ[{a, b}, x] && NegQ[a/bl]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[Pi/2 + (c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{
e = FreeFactors([Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + b +
(a2 - b)*e~2%x~2), x], x, Tan[(c + d*x)/2]/el, x1] /; FreeQ[{a, b, c, d}, x]
&& NeQ[a"2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)I1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Cscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b™2))), x] + Sim
pli/(a*(n + 1)*(a”2 - b72)) Int[(a + b*Csclc + d*x])~(n + 1)*Simp[(a~2 -
b~2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

‘Int[csc[(e_.) + (f_.)*(x_)1/(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sin[e + f£xx1), x], x] /; FreeQ[{a, b, e,
\f}, x] && NeQ[a~2 - b~2, 0]

e

Int[(cscl(e_.) + (£_.)*(x_)1*(d_.) + (c_))/(cscl(e_.) + (£_D*(x_)I*(b_.) +
‘ (a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
'x]1/(a + bxCscle + £*x1), x1, x] /; FreeQl{a, b, c, d, e, £}, x] && NeQ[bxc
L— axd, 0]

~

|
J
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Int[((A_.) + cscl[(e_.) + (£_.)*(x_)]1*(B_.) + cscl(e_.) + (f_.)*x(x_)]"2x(C_.
Nx(csclle_.) + (£_)*(x_)]1*(b_.) + (a_))"(m_), x_Symbol] :> Simp[(A*b~2 -
axb*B + a~2+C)*Cot[e + f*xx]*((a + b*Cscl[e + f*x])"(m + 1)/(axf*(m + 1)*(a"2
- b72))), x] + Simp[1/(a*x(m + 1)*(a”2 - b™2)) Int[(a + b*Cscle + £*x])~(
m + 1)*Simp[A*(a”2 - b™2)*(m + 1) - a*x(A*b - a*B + b*C)*(m + 1)*Csc[e + f*x
1 + (A*%b"2 - a*xb*B + a~2*xC)*(m + 2)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a,
b, e, f, A, B, C}, x] && NeQ[a"2 - b"2, 0] && LtQ[m, -1]

rule 4548

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sechl[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol]l :> Simp[(-(e
+ fxx)"m)*((a + bxSech[c + d*x])~(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*dx(n + 1))) Int[(e + f*x)"(m - 1)*(a + bxSech[c + d*x])"(n + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 5991

rule 6875\Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_)*((e_.) + (£_.)*(x_))"( ‘
‘m_.), x_Symbol]l :> Simp[-(d~(m + 1))~(-1) Subst[Int[(a + b¥x) p*Sech[x]*T |
‘a.nh[x]*(d*e - cxf + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a, ‘
Lb, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 9 vs. order 3.

Time = 0.97 (sec) , antiderivative size = 608, normalized size of antiderivative = 3.09

method result

__bxta-1 br+a+1 2 1
b (bz+a),/ 229 csgn(b) (2 aurcta,nh(\/_1)29102_2bm_a2+1

__arcsech(bzta) bz+a br+a
3x3

) abb2224+6v/—a2+1

parts

derivativedivides | Expression too large to display

default Expression too large to display

input Lint (arcsech(b*x+a)/x"4,x,method=_RETURNVERBOSE) J




output

input
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-1/3*arcsech(b*x+a) /x~3-1/6%b* (- (b*x+a-1) / (b*x+a) )~ (1/2) * (b*x+a) * ((bxx+a+1
)/ (bxx+a)) " (1/2) *csgn(b) 2% (2*arctanh (1/ (-b~2+x"2-2*a*b*x-a~2+1) ~(1/2) ) *a"
6*b"2%x"2+6* (—a~2+1) " (1/2) *1n (2% (~b*x*a+(-a~2+1) " (1/2) * (-b~2*x"2-2*a*xb*x-a
~2+1)7(1/2)-a"2+1) /x) *a~4*b~2xx"2-6*arctanh (1/ (-b~2*xx~2-2*a*xb*x-a~2+1) ~(1/
2))*a~4xb"2*%x"2-5x (-a~2+1) ~(1/2) *1n(2* (-b*x*a+(-a~2+1) ~(1/2) * (-b"2*x~2-2*a
*bxx-a~2+1) " (1/2) -a"2+1) /x) *¥a~2*xb"2*x~2-5*%a " 5*xb*x* (-b"2*x"2-2*axbxx-a~2+1)
~(1/2)+6xarctanh(1/(-b"2*x~2-2*a*b*x-a~2+1) ~(1/2) ) *a~2*%b~2*x"2+a~6* (-b~2*x
~2-2xaxbxx-a~2+1) " (1/2)+2* (-a~2+1) ~(1/2) *1n (2* (-b*x*a+(-a~2+1) ~(1/2) *(-b"2
*x"2-2*axbxx-a~2+1) " (1/2)-a”~2+1) /x) *b"2*x"2+7* (-b~2*x~2-2*a*b*x-a~2+1) ~(1/
2)*a~3*%b*x-2*arctanh (1/(-b~2%x~2-2*%a*bxx-a~2+1) ~(1/2) ) *b~2*x~2-2% (b~ 2*x "2
—2%axbxx-a~2+1) " (1/2) *a~4-2* (-b~2*x"2-2*a*b*x-a~2+1) ~(1/2) *axb*x+(-b~24x"2
-2%axb*x-a~2+1) "~ (1/2)*a~2) /x"2/(a"2-1)"2/(a-1)/(1+a) /a"3/ (-b"2*x"2-2*a*xb*x
-a~2+1)"(1/2)

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 487 vs. 2(167) = 334.

Time = 0.16 (sec) , antiderivative size = 987, normalized size of antiderivative = 5.01

dx = Too large to display

/ sech™*(a + bx)

xd

integrate(arcsech(b*x+a)/x"4,x, algorithm="fricas")




output

input

output
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[-1/12%((6%a~4 - 5*a”2 + 2)*sqrt(-a~2 + 1)*b~3xx"3*log(((2*a™2 - 1)*b~2*x"
2 + 2%a"4 + 4*x(a”3 - a)*bxx - 4*xa”2 - 2x(a*b”2*%x"2 + a3 + (2%a”2 - 1)*b*x
- a)xsqrt(-a”2 + 1)*sqrt(-(b"2*x"2 + 2*axb*x + a”2 - 1)/(b"2*x"2 + 2*axb*
X +a”2)) + 2)/x72) + 2x(a”6 - 3*a”4 + 3*%a"2 - 1)*b"3*xx"3*xLog(((b*x + a)x*s
qrt (- (b"2*x"2 + 2*xa*b*x + a~2 - 1)/(b"2*x"2 + 2*axb*x + a~2)) + 1)/x) - 2%
(2”6 - 3*xa”4 + 3*a”2 - 1)*b~3*x"3*log(((b*x + a)*sqrt(-(b~2*x"2 + 2*a*b*x
+ a”2 - 1)/(b72%x"2 + 2xaxbxx + a~2)) - 1)/x) + 4x(a”9 - 3*a”7 + 3*a”5 - a
~3)*Llog(((b*x + a)*sqrt(-(b"2*x"2 + 2*kaxbxx + a”2 - 1)/(b"2*x"2 + 2*xa*b*x
+a”2)) + 1)/(b*x + a)) - 2x((5%a”5 - 7*a"3 + 2xa)*b~3*x"3 + (4*a”6 - 5*xa”
4 + a”2)*%b"2%x"2 - (a7 - 2¥a”5 + a”3)*b*x)*sqrt(-(b"2*x"2 + 2%axbxx + a”2
- 1)/(b"2%x"2 + 2*axb*x + a~2)))/((a”9 - 3*a~7 + 3*a~5 - a~3)*x~3), -1/6%
((6xa~4 - 5xa~2 + 2)*sqrt(a™2 - 1)*b~3*x"3*arctan((axb™2*x"2 + a~3 + (2*a”
2 - 1)*bxx - a)*sqrt(a”2 - 1)*sqrt(-(b"2*x"2 + 2xa*bxx + a”2 - 1)/(b"2*x"2
+ 2%a¥xb*x + a”2))/((a”2 - 1)*b"2*x"2 + a”4 + 2*(a”3 - a)*bxx - 2*a”2 + 1)
) + (276 - 3*a"4 + 3*a”2 - 1)*b~3*x"3*log(((b*x + a)*sqrt(-(b~2*x"2 + 2*ax
b*x + a”2 - 1)/(b™2%x™2 + 2%axbxx + a~2)) + 1)/x) - (a”6 - 3*%a~4 + 3*%a~2 -
1) *b~3*x"3*Log (((b*x + a)*sqrt(-(b"2*x"2 + 2*axb*x + a”2 - 1)/(b"2%x"2 +
2%axb*x + a”2)) - 1)/x) + 2+(a”9 - 3*a”7 + 3*a”5 - a~3)*log(((b*x + a)*sqr
t(-(b"2%x72 + 2*xa*bxx + a”2 - 1)/(b"2*%x72 + 2*xa*b*x + a~2)) + 1)/(b*x + a)

) - ((5%a”5 - 7*a~3 + 2#a)*b"3*x"3 + (4*a”6 - 5*a”4 + a~2)*b"2*x"2 - (a...

Sympy [F]
-1
/sech (Z-l—bz) s — / asech (oi-i- bx) i
z z
[integrate(asech(b*x+a)/x**4,x)

~—

-

LIntegral(asech(a + bxx)/x**4, x)

~—
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Maxima [F]
sech™ b arsech (b
/ (Z+ x)d:v:/ r (4x+a)d:c
z T
p
inputLintegrate(arcsech(b*x+a)/x*4,x, algorithm="maxima")

-/

output

1/3*(6%a~4*b~3 - 3*a~2*b~3 + b~3)*log(x)/(a”9 - 3*%a~7 + 3*%a5 - a”3) - 1/6
*((a"6%b~3 - 3*a"5xb~3 + 3*a"4*b~3 - a"3*b~3)*x"3*log(b*x + a + 1) + (a”6%
b~3 + 3%a~5xb~3 + 3%a"4*b~3 + a~3*b~3)*x"3*log(-b*x - a + 1) - 2%(3*%a"5xb~
2 - 4*%a”3*%b"2 + a*b"2)*x"2 + (a"6%b - 2*a~4xb + a"2xb)*x + 2*(a”9 - 3%a”7
+ 3%a”5 - a"3)xlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a
+ 1)*sqrt(-b*x — a + 1)*a + b*x + a) - 2x(a”9 - 3*%a”7 + 3*%a”5 + (a~6%b~3
- 3%a”4%b”3 + 3*%a"2*b"3 - b~3)*x"3 - a~3)*log(b*x + a) - 2*x(a”9 - 3*a”7 +
3*a”5 - a~3)*log(b*x + a))/((a”9 - 3*%a”7 + 3*%a”5 - a"3)*x"3) - integrate(l
/3%(b~2%x + axb)/(b"2*x"5 + 2%a*xb*x”"4 + (a”2 - 1)*x73 + (b"2*x"5 + 2*axb*x
"4 + (a”2 - 1)*x73)*e”(1/2%1log(b*x + a + 1) + 1/2*%log(-b*x - a + 1))), x)

Giac [F]

/ sech™!(a + bx) dp — / arsech (bz + a) i

1'4 x4

r

inputLintegrate(arcsech(b*x+a)/x‘4,x, algorithm="giac")

outputtintegrate(arcsech(b*x + a)/x"4, x)
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Mupad [F(-1)]

Timed out.

/ sech—l(a + bx) dp — / % "

zt 74

input tint (acosh(1/(a + b*x))/x"4,x)

output Lint(aCOSh(l/(a + b*x))/x74, x)

Reduce [F]

-1
/sech (a+bx)dx=/wdx

Tt 74

input Lint (asech(b*xx+a)/x"4,x)

outputtint(ase‘:h(a + bxx) /R4, x)
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3.9 [ z?sech™'(a + bx)? dx

Optimal result . . . . . . . . . . .. . . . e 107
Mathematica [A] (verified) . . . . . . . . . ... o 108}
Rubi [A] (verified) . . . .. . . ... .. 109
Maple [A] (verified) . . . . . . ... L 111
Fricas [F] . . . . . . o 111
Sympy [F] . . o o 112
Maxima [F] . . . . . . 112
Giac [F] . . . . o o 113
Mupad [F(-1)] . . . o o 113
Reduce [F] . . . o . o o 113

Optimal result

Integrand size = 12, antiderivative size = 279

2a,/1=9202(1 + g + bz)sech ™ (a + bz)
2 -1 T 1+a+bx
/:v sech™*(a + bx)? dx——ﬁ—i- =
(a+bz)\ /1752 (1 + a + bz)sech™ (a + bx)
3b3

adsech Y(a +b2)2 1
3153 ) + §x3sech_1(a + b;,;)2
2sech_1(a + bzx) arctan (esechfl(aerx))
3b3
4a’sech™ (a + bz) arctan (eseCh_l(aerw))
b3
2alog(a + bx) N i PolyLog (2
b3 3p3
2ia? PolyLog (2 esech™ (a+bz)>
b3
i PolyLog (2’ Z'esech—l(a-i-ba:))
- 368
2ia? PolyLog <27 iesech_l(a+bz)>
b3

sech (a,+bm)>

+
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-1/3*x/b~2+2*a* ((-b*x-a+1) / (b*x+a+1)) ~(1/2) * (b*x+a+1) *arcsech (b*x+a) /b~3-1
/3% (bxx+a) * ((-b*x-a+1) / (b*x+a+1)) ~(1/2) * (bxx+a+1) *arcsech(b*x+a) /b~3+1/3*a
~3*arcsech(b*x+a) “2/b~3+1/3*x"3*arcsech (b*x+a) “2-2/3*arcsech(b*x+a)*arctan
(1/ (b*x+a)+(1/ (b*x+a)-1) ~(1/2) *(1/ (b*x+a)+1) ~(1/2)) /b~ 3-4*a~2*arcsech (b*x+
a)*arctan(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2)) /b~ 3+2*a*x1n (b*
x+a) /b~3+1/3*I*polylog(2,-I*(1/(b*x+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(
1/2))) /b~ 3+2*xI*a"2*polylog(2,-I*(1/ (b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/ (b*x+a)+
1)°(1/2)))/b"3-1/3*I*polylog(2,I*(1/ (bxx+a)+(1/(b*x+a)-1)"(1/2)*(1/ (b*x+a)
+1)7(1/2))) /b~3-2%I*a~2*polylog(2,I*(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x
+a)+1)~(1/2))) /b3

output

Mathematica [A] (verified)

Time = 1.36 (sec) , antiderivative size = 305, normalized size of antiderivative = 1.09

/z2sech_1(a +bz)?dx =

2(a 4 bz)\/ -T2 (1 + a + bz)sech™ (a + bz) + 6a(a + bz)sech ™ (a + bx)® — 2(a + bz )®sech ™ (c

e

LIntegrate[x“2*ArcSech[a + b*x]~2,x]

~—

input

-1/6%(2%(a + b*x)*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]I*(1 + a + bx*x)*ArcS
ech[a + b*x] + 6*xa*x(a + b*x) 2xArcSech[a + b*x]~2 - 2x(a + bx*x) 3*ArcSech[
a + bxx]72 + 2%(a + b*x - 6xaxSqrt[-((-1 + a + b*x)/(1 + a + b*x))]1*(1 + a
+ bxx)*ArcSech[a + b*x] - 3*a"2*(a + b*x)*ArcSech[a + b*x]~2) + 12%axLogl[
(a + b*xx)~(-1)] - (1 + 6%a~2)*(Pi*Log[1 - I*E~ArcSech[a + b*x]] - (2*I)*Ar
cSech[a + b*x]*Log[1l - I*E"ArcSech[a + b*x]] - PixLog[l1 + I*E~ArcSech[a +
b*x]] + (2xI)=*ArcSech[a + b*x]*Log[l + I*E~ArcSech[a + b*x]] - Pix*Logl[Cot[
(Pi + (2xI)*ArcSech[a + b*x])/4]] + (2%I)*PolyLog[2, (-I)*E~ArcSech[a + bx*
x]] - (2*%I)*PolyLog[2, I*E~ArcSech[a + b*x]]))/b~3

output
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Rubi [A] (verified)

Time = 0.55 (sec) , antiderivative size = 266, normalized size of antiderivative = 0.95,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6875, 5991, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/wQSech_l(a + bz)? dx

| 6875
[ b%z%(a + bx)/ 7-4-_1;7%(“ + bz + 1)sech™*(a + bzx)2dsech ! (a + bz)
_ 3
| 5991
—2 [ —b3z3sech™!(a + bx)dsech™'(a + bz) — $b3z3sech ™ (a + bz)?
— 3
| 3042

—1b3z3sech ' (a + bx)% — 2 [sech™'(a + bz) (a — csc (isech™'(a + bz) + T) )3 dsech™!(a + bx)
b3

l 4678

—2 [ (sech™(a + bz)a® — 3(a + bx)sech*(a + bz)a® + 3(a + bz)?sech ' (a + bz)a — (a + bz)3sech ™' (a + bz,
b3

l 2009

—ib3z3sech ™! (a + bx)? — 2 (%a:”sech_l(a + bz)? — 6a®sech™!(a + bx) arctan <ese°h_1(“+b”’)> + 3ia® PolyLog |

input! Int [x"2*ArcSech[a + b*x]~2,x]




output
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-((-1/3*%(b"3*x"3*ArcSech[a + b*x]~2) - (2*((-a - b*x)/2 + 3*axSqrt[(1 - a

- bxx)/(1 + a + b*x)]*(1 + a + bxx)*ArcSech[a + b*x] - ((a + b*x)*Sqrt[(1

- a-Db*x)/(1 + a + b*¥x)]*(1 + a + b*x)*ArcSech[a + b*x])/2 + (a"3*ArcSech
[a + b*x]~2)/2 - ArcSech[a + b*x]*ArcTan[E~ArcSech[a + b*x]] - 6*a”2xArcSe
ch[a + b*x]*ArcTan[E~ArcSech[a + b*x]] - 3*axLogl[(a + b*x)~(-1)] + (I/2)*P
olyLog[2, (-I)*E~ArcSech[a + b*x]] + (3*I)*a~2*PolyLogl[2, (-I)*E~ArcSech[a
+ b*x]] - (I/2)*PolyLogl[2, I*E"ArcSechl[a + b*x]] - (3xI)*a~2*PolyLogl[2, I
*E~ArcSech[a + b*x]]))/3)/b~3)

Defintions of rubi rules used

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042

rule 4678

rule 5991

rule 6875

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (@) " (n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

Int[((e_.) + (f_.)*(x_)) " (m_.)*Sech[(c_.) + (d_.)*(x_)]*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)]1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Sech[c + d*x])~(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*xf + f*Sech[x])"m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [A] (verified)

Time = 0.51 (sec) , antiderivative size = 599, normalized size of antiderivative = 2.15

method result

2 3
arcsech(bz+a)?a?(bz+a)—arcsech(bz+a)a(bz+a)’+ arcseCh(bzt,’a) (bzta)” 4o arcsech(bz+a),/ b’l”):iij:l \/ = b?;ig

derivativedivides

2 3
arcsech(bz+a)?a2 (bx+a)—arcsech(bx+a)2a(bx+a)2+arcsec}l(bz‘ga) (bzta)” 4o arcsech(bz+a),/ l”gi'i_‘::l A /—%

default

-

input Lint (x~2*arcsech(b*x+a) ~2,x,method=_RETURNVERBOSE)

-/

1/b"3* (arcsech (b*x+a) “2*a~2* (b*x+a) —arcsech (b*x+a) “2*a*x (bxx+a) “2+1/3*arcse
ch (b*x+a) ~2* (b*x+a) ~3+2*arcsech (b*x+a) * ((b*x+a+1) / (b*xx+a) )~ (1/2) * (- (b*x+a-
1)/ (b*x+a)) ~(1/2) *a* (bxx+a)-1/3*arcsech (b*x+a) * (bxx+a) ~2* (- (bxx+a-1) / (bxx+
a)) "~ (1/2)*((b*x+a+1)/ (b*x+a)) ~(1/2)-2*a*arcsech (bxx+a)-1/3%b*x-1/3*a+1/3*1
*dilog (1+I*(1/ (bxx+a)+(1/(b*x+a)-1)"(1/2)*(1/(bxx+a)+1)~(1/2)))-1/3*I*arcs
ech(b*x+a)*1n(1-I*(1/ (b*x+a)+(1/(b*xx+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2)))+2*I
*a~2xdilog (1+I*(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)))-1/3*I*
dilog(1-I*(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)))-2*1n(1+(1/(
b*x+a)+(1/ (b*x+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2)) ~2) *a+4*a*x1n(1/ (bxx+a)+(1/(
b*x+a)-1) ~(1/2)*(1/ (b*x+a)+1) ~(1/2)) -2*I*a~2*dilog(1-I*(1/ (b*x+a)+(1/ (b*x+
a)-1)"(1/2)*(1/ (b*xx+a)+1)~(1/2)) )+2*xI*a~2*arcsech (b*x+a) *1n(1+I* (1/ (b*x+a)
+(1/ (bxx+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2) ) ) +1/3*I*arcsech (b*x+a) *1n (1+I*(1/
(b*xx+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2)) ) -2*I*a~2*arcsech (bxx+a) *1
n(1-I*(1/(bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))))

output

Fricas [F|

/1:2SGCh_1(a + bz)? dx = /x2 arsech (bz + a)° dz

inputLintegrate(x“2*arcsech(b*x+a)‘2,x, algorithm="fricas") J

OutputLintegral(x"2*arcsech(b*x + a)”~2, x) J
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Sympy [F]

/xQSech_l(a + bz)?dx = /x2 asech? (a + bz) dz

input‘integrate(x**2*asech(b*x+a)**2,x)

outputLIntegral(x**2*asech(a + b*x)**2, x)

Maxima [F]

/ z’sech™ (a + bx)? dr = / z? arsech (bz + a)° dz

input Lintegrate (x~2*arcsech(b*x+a) "2 ,X, algorithm="maxima" )

output

+ a + 1)*sqrt(-b*x - a + 1) + (3*a™2%b - b)*x - a), x)

1/3*%x"3*1log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*s
qrt(-b*xx - a + 1)*a + b*x + a)”~2 - integrate(-2/3%(6*(b~3*x"5 + 3*a*b~2xx"
4 + (3%a"2%b - b)*x"3 + (a”3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1
)*xlog(b*x + a)~2 + 6*%(b~3*x"5 + 3*a*b~2%x"4 + (3*a”2*b - b)*x~3 + (2”3 - a
)*x~2)*log(b*x + a)~2 - (b™3*x"5 + 2xaxb~2*x"4 + (a”2*b - b)*x~3 + 6x(b"3*
X765 + 3*axb"2*x"4 + (3*%a”2*%b - b)*x"3 + (2”3 - a)*x"2)*log(b*x + a) + (3*(
b~3*x"5 + 3*a*b~2%x"4 + (3*a"2%b - b)*x"3 + (2”3 - a)*x"2)*sqrt(b*x + a +
1)*log(b*x + a) + (2%b73*x"5 + 4*xa*b~2+x"4 + (2*%a”2*b - b)*x"3 + 3*(b~3*x~
5 + 3%a*xb"2*xx"4 + (3*%a"2xb - b)*x”3 + (a”3 - a)*x"2)*log(b*x + a))*sqrt(b*
X + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b
*x + sqrt(b*x + a + 1)*xsqrt(-b*x - a + 1)*a + b*x + a))/(b"3*x"3 + 3*axb™2
*x"2 + a”3 + (b73*x"3 + 3*a*b”2*x"2 + a3 + (3*%a"2%b - b)*x - a)*sqrt(b*x
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Giac [F]

/ r’sech™ (a + bx)? dx = / z? arsech (bx + a)° dz

input Lintegrate (XAQ*arCSech (b*x+a) ~2,x, algorithm=“giac n )

outputtintegrate(x"2*arcsech(b*x + a)~2, x)

Mupad [F(-1)]

Timed out.

2
/azc2sech_1(a—i-bac)2 dxz/x2 acosh( ! ) dz
a+bzx

inputLint(x’?*acosh(l/(a + b*x))"2,x)

outputtint(x’?*acosh(i/(a + b*x))"2, x)

Reduce [F]

/xQSech_l(a +bz)?dx = / asech(bz + a)’ z’dz

inputtint(x 2*xasech (b*x+a) ~2,x)

output Lint (asech(a + b*x)*k2%x**2,x)




output
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3.10 [ zsech™(a + bz)*dz

Optimal result . . . . . . . . . . . . e 114
Mathematica [A] (verified) . . . . . . . . . ... o 1151
Rubi [A] (verified) . . . .. . . ... .. 115
Maple [A] (verified) . . . . . . ... L 117
Fricas [F] . . . . . . o 118
Sympy [F] . . o o 118
Maxima [F] . . . . . . 1191
Giac [F] . . . . o o 119
Mupad [F(-1)] . . . o o 120
Reduce [F] . . . o . o o 120

Optimal result

Integrand size = 10, antiderivative size = 149

4= (1 + a + bx)sech ™ (a + bz)
b2

— a2sech_21l§g + bz)? N %xQSeCh—l(a + bz)’
4asech™ (a + bx) arctan (eSech_l(a-i-bac))
B2
log(a + bx) 2ia PolyLog <2, _iesechfl(aerm))
b2 B
2ta PolyLog (27 iesech_l(a+bx)>

b2

/zsech_l(a +bz)?dr = —

_|_

+

-((-b*x-a+1) / (b*x+a+1))~(1/2) * (b*x+a+1) *arcsech (b*x+a) /b~2-1/2*a~2*arcsech
(b*x+a) ~2/b”~2+1/2*x"2*arcsech (b*x+a) ~2+4*a*arcsech (b*x+a) *arctan (1/ (b*x+a)
+(1/ (bxx+a)-1)~(1/2) *(1/ (b*x+a)+1) ~(1/2)) /b~ 2-1n(b*x+a) /b~ 2-2*I*a*polylog(
2,-Ix(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))) /b~2+2xI*a*polylo
g(2,Ix(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)))/b~2
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Mathematica [A] (verified)

Time = 0.31 (sec) , antiderivative size = 172, normalized size of antiderivative = 1.15

/msech_l(a + bz)? dx

—2,/ -5t (1 4 o + bx)sech™ (a + bx) — 2a(a + bz)sech™" (a + bx)® + (a + bz)?sech ™" (a + bz)* — -

-

input L

~—

Integrate[x*ArcSech[a + b*x]~2,x]

(-2xSqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + b*x)*ArcSech[a + b*xx] -
2xa*(a + bxx)*ArcSech[a + b*x]~2 + (a + b*x)~2%ArcSech[a + b*x]~2 - (4%I)
xaxArcSech[a + bxx]*(Log[l - I/E"ArcSech[a + b*x]] - Logl[l + I/E"ArcSech[a
+ b*x]]) + 2xLogl[(a + b*x)~(-1)] - (4x*I)*a*(PolyLogl[2, (-I)/E"ArcSech[a +
b*x]] - PolyLog[2, I/E"ArcSech[a + b*x]]))/(2%b"2)

output

Rubi [A] (verified)

Time = 0.44 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.94,

number of rules _ 600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6875, 25, 5991, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ xsech™!(a + bx)? dzx

| 6875
[ bz(a + bz) _a‘f;bl;”f:rll (a + bz + 1)sech™!(a + bx)%dsech ™ (a + bx)
— ®
| 25
| —bz(a + bzx) ;‘f;l)g“_ﬁl (a+ bz + 1)sech™!(a + bx)2dsech ™! (a + bx)

b2
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| 5991
[ b®z?sech™ (a + bz)dsech ™ (a + bz) — Jb?z%sech™'(a + bx)?
_ 2
| 3042

—1b?z%sech™!(a + bz)? + [ sech™(a + bz) (a — csc (isech ™ (a + bz) + %))2 dsech™(a + bx)
b2
| 4678

[ (sech™*(a + bz)a? — 2(a + bz)sech*(a + bz)a + (a + bz)%sech ™ (a + bz)) dsech™(a + bz) — b%22sech ™
— 3

l 2009

ta’sech™(a + bz)? — 4asech ™' (a + bz) arctan (ese"h_l(”bz)) — 1b%z2sech™(a + bz)? + 2ia PolyLog (2, —ie
b2

input LInt [x*xArcSech[a + b*x]~2,x] J

output‘ -((Sqrt[(1 - a - b*xx)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a + b*x] + (a~2 ‘

‘*ArcSech[a + b*x]72)/2 - (b~2*%x"2*%ArcSech[a + b*x]~2)/2 - 4*axArcSech[a + ‘

‘b*x] *ArcTan[E~ArcSech[a + b*x]] - Logl[(a + b*x)~(-1)] + (2xI)*axPolyLogl2, ‘

‘ (-I)*E~ArcSech[a + b*x]] - (2*I)*a*PolyLog[2, I*E~ArcSech[a + b*x]])/b"2) ‘
Defintions of rubi rules used

rule 25 Llnt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 3042‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear ‘
\Q[u, x] ‘
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Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCscl[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

rule 4678

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSechlc + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*x(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5991

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

rule 6875

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 331, normalized size of antiderivative = 2.22

method result

3 arcsech(bz+a) (2\/% \/%(bwﬁ-a)-&ﬂ arcsech(b:v+a)a(b:v+a)—arcsech(bw+a)(bw+a)2_2> o 1 + 1
5 n bz+a bx+a

derivativedivides

1 1
bz+a + bz+a

arcsech(bz+a) (2, [— bﬂ'fb‘zfii:l 1/ %:711'1 (bz+a)+2 arcsech(b:v—!—a)a(bm—l—a)—arcsech(bz+a)(bw+a)2 —2) ) 1n(
_ 3 _

default

-

input Lint (x*arcsech(b*x+a) ~2,x,method=_RETURNVERBOSE)

-/




output

input

output

inputt

output
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1/b~2%(-1/2%arcsech (b*x+a) * (2% (- (bxx+a-1)/ (bxx+a)) ~(1/2) * ((bxx+a+1) / (bxx+a
)) =~ (1/2) * (b*x+a) +2*xarcsech (b*x+a) *a* (bxx+a) —arcsech (b*x+a) * (b*x+a) ~2-2) -2%
1n(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2))+1In(1+(1/ (b*x+a)+(1/(
bxx+a)-1) " (1/2) *(1/ (b*x+a)+1) ~(1/2)) ~2) -2*I*a*arcsech (b*x+a)*1n(1+I* (1/ (b*
x+a)+(1/ (b*x+a)-1)"(1/2)*(1/ (b*x+a)+1) ~(1/2)) ) +2*xI*a*xarcsech(b*x+a) *1n(1-I
*(1/ (bxx+a)+(1/ (b*x+a)-1) " (1/2) *(1/ (b*x+a)+1) ~(1/2)))-2*I*a*dilog(1+I*(1/(
bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2)))+2xI*a*xdilog(1-I*(1/ (b*x+a
)+(1/ (b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))))

Fricas [F|

/ zsech™'(a + bz)* dz = /x arsech (bz + a)? dz

Lintegrate(x*arcsech(b*x+a)‘2,x, algorithm="fricas")

Lintegral(x*arcsech(b*x + a)”~2, x)

Sympy [F]

/zsech_l(a +bz)?dr = /x asech’® (a + bz) dz

integrate(x*asech(b*x+a)**2,x)

LIntegral(x*asech(a + b*x)**2, x)
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Maxima [F|

/ rsech™(a + bx)* dr = /x arsech (bx + a)°® dz

input‘integrate(X*arcsech(b*x+a)“2,x, algorithm="maxima")

1/2xx"2x1og(sqrt(b*x + a + 1)*sqrt(-b*x — a + 1)*b*x + sqrt(b*x + a + 1)*s
grt(-b*x - a + 1)*a + b*x + a)”2 - integrate(-(4*(b~3%x~4 + 3%a*xb~2*x"3 +

(3*¥a”2xb - b)*x"2 + (2”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(
bxx + a)"2 + 4*%(b"3%x"4 + 3*axb"2*x"3 + (3%¥a"2%b - b)*x"2 + (a”3 - a)*x)*1
og(b*x + a)~2 - (b73*x"4 + 2%a*b”2xx"3 + (a"2%b — b)*x"2 + 4*(b~3*%x"4 + 3%
a*b”2xx"3 + (3*a"2%b - b)*x"2 + (a”3 - a)*x)*log(b*x + a) + (2% (b"3*x"4 +
3*%axb~2*x"3 + (3*%a"2xb - b)*x"2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*log(b*x +
a) + (2%b"3%x74 + 4*axb"2xx"3 + (2%a”2%b - b)*x"2 + 2%(b"3*x"4 + 3*kaxb”2x%
x73 + (3%a"2*b - b)*x"2 + (a”3 - a)*x)*log(b*x + a))*sqrt(b*x + a + 1))*sq
rt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x
+ a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(b"3*x"3 + 3*axb™2*x"2 + a~3 + (
b~3%x"3 + 3*a*b”2*x"2 + a”3 + (3*%a"2*%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(
-b*x - a + 1) + (3*a”2*b - b)*x - a), x)

output

Giac [F]

/ zsech™'(a + bz)* dz = /x arsech (bz 4 a)® dz

p

inputLintegrate(x*arcsech(b*x+a)*2,x, algorithm="giac")

-

output Lintegrate (x*arcsech(b*x + a)~2, x)
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Mupad [F(-1)]

Timed out.

2
/xsech_l(a+bx)2dx=/xacosh( ! ) dx
a+bzx

input Lint (x*acosh(1/(a + b*x))"2,x)

output Lint(x*acosh(l/(a + b*x))"2, x)

Reduce [F]

/:vsech_l(a + bz)? dx = / asech(bz + a)” zdzx

fnput Lint (x*asech(b*x+a) ~2,x)

output tint(asech(a + b*x)**2%x,x)
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3.11 [ sech™'(a + bx)?dx

Optimal result . . . . . . . . . . . . e 1211
Mathematica [A] (verified) . . . . . . . . . ... o 1211
Rubi [A] (verified) . . . .. . . ... .. 122
Maple [A] (verified) . . . . . . ... L 124
Fricas [F] . . . . . . o 125
Sympy [F] . . o o 125
Maxima [F] . . . . . . 1261
Giac [F] . . . . o o 126
Mupad [F(-1)] . . . o o 127
Reduce [F] . . . . . 127

Optimal result

Integrand size = 8, antiderivative size = 80

— -1 sech™!(a+bzx)
+b h—1 br)2 4sech (a + bx) arctan (e )
/sech_l(a +bx)? de = (a ac)secb (a+b2)” ;

2% POIYLOg (27 _iesech_l(a-l-ba:)) % POIYI og (2’ 7:esech_l(a-i-bnc)>

+ b B b

‘( (b*x+a) *arcsech(b*x+a) “2/b-4*arcsech (b*x+a) *arctan(1/ (b*x+a)+(1/ (b*x+a)-1)
‘~(1/2)*(1/(b*x+a)+1)*(1/2))/b+2*1*polylog(2,—I*(1/(b*x+a)+(1/(b*x+a)—1)“(1
‘/2)*(1/(b*x+a)+1)‘(1/2)))/b—2*I*polylog(2,I*(1/(b*x+a)+(1/(b*x+a)—1)‘(1/2)
*(1/ (b*x+a)+1)~(1/2))) /b

N J

output

\‘

Mathematica [A] (verified)

Time = 0.15 (sec) , antiderivative size = 105, normalized size of antiderivative = 1.31

/sech_l(a + bz)? dx

i(sech_l(a + bx) (—i(a + bx)sech™!(a + bx) + 21log <1 — ie‘seCh_l(“+bz)> —2log (1 + ie‘seCh_l(‘”b“")))

b
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input‘ Integrate[ArcSech[a + b*x]~2,x] ‘

‘ (I*(ArcSech[a + b*x]*((-I)*(a + b*x)*ArcSech[a + b*x] + 2*Log[l - I/E"ArcS ‘
‘ech[a + bxx]] - 2xLogl[l + I/E"ArcSech[a + b¥x]]) + 2%Polylogl[2, (-I)/E"Arc |
LSech[a + b*x]] - 2%PolyLog[2, I/E~ArcSech[a + b*x]]))/b J

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.96,
number of steps used = 8, number of rules used = 7, Lumber of rules _ () g75 Ryjeq

integrand size
used = {6869, 6833, 5941, 3042, 4668, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sech_l(a + bz)? dx

| 6869
[ sech™(a + bz)%d(a + bx)
b
| 6833
J(a+ bz) ;‘fi;”f;l (a + bz + 1)sech™!(a + bx)2dsech ™! (a + bx)
b
| 5941
2 [(a + bx)sech™!(a + bx)dsech ! (a + bx) — (a + bx)sech ™ (a + bx)?

b

| 3042

B —(a + bz)sech™'(a + bx)? + 2 [ sech™'(a + bz) csc (isech ™' (a + bz) + Ly dsech™!(a + bx)

b

| 4668

—(a + bx)sech™(a + bx)? + 2(—i [ log (1 - ieseChfl(“er”)) dsech™(a + bx) + i [ log (1 + iese°h71(“+bw)> dsex
b
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l 2715

_(a + bw)sech_l(a + b.’L')2 + 2<_,[: f e—sech_l(a+ba:) log <1 _ Z'esech_l(a+ba:)> desech_l(a+bw) i f e—sech_l(a+bx) lo
b

l 2838

—(a + bx)sech™(a + bx)? + 2 <2sech_1(a + bz) arctan (eseCh_l(“"‘b"’)) — 1 PolyLog (2, —ieseCh_l(“"‘bx)) +iPo
b

input ‘ Int[ArcSech[a + b*x]~2,x] ‘

‘—((-((a + b*x)*ArcSech[a + b*x]~2) + 2*(2*%ArcSech[a + b*x]*ArcTan[E~ArcSec ‘
‘hla + b¥x]] - I*PolyLog[2, (-I)*EArcSech[a + b*x]] + I*PolyLog[2, I*E~Arc
‘Sech[a + b*x]1))/b) ‘

output

Defintions of rubi rules used

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 It [Logllc_)*((d)) + (e_.)*(x_)"(n_.))1/(x.), x_Symbol] :> Simp[-PolyLog[2
» (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
QLu, x]




rule 4668

rule 5941

rule 6833

CHAPTER 3. LISTING OF INTEGRALS 124

Int[csc[(e_.) + Pix(k_.) + (Complex[0, fz_1)*(£f_.)*(x_)]1*((c_.) + (d_.)*(x_
)" (m_.), x_Symbol] :> Simp[-2%(c + d*x) m*(ArcTanh[E~((-I)*e + fxfz*x)/E~(
Ixk*Pi)]/(£x£z*I)), x] + (-Simp[d*(m/(£x£z*I)) Int[(c + d*x)"(m - 1)*Logl
1 - E"((-I)*e + f*fzxx)/E~(I*k*Pi)], x], x] + Simp[d*(m/(f*fz*I)) Int[(c
+ d*x)"(m - 1)*Logl[l + E~((-I)*e + fxfzxx)/E~(I*kxPi)], x], x]) /; FreeQ[{c
, d, e, £, £z}, x] && IntegerQ[2xk] && IGtQ[m, O]

Int[(x_)~(m_.)*Sech[(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)*Tanh([(a_.) + (b_.)*(x_)
“(n_.)1"(q_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Sech[a + b*x"n] p/(b*n*p
)), x] + Simp[(m - n + 1)/(b*n*p) Int[x"(m - n)*Sech[a + b*x"n] p, x], x]
/; FreeQ[{a, b, p}, x] && RationalQ[m] && IntegerQ[n] && GeQ[m - n, 0] &&
EqQlq, 1]

Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))"(n_), x_Symbol] :> Simp[-c~(-1) S
ubst [Int[(a + b*x) “n*Sech[x]*Tanh([x], x], x, ArcSech[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

rule 6869

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol]l :> Simp[1/d
Subst[Int[(a + b*ArcSech[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
}, x] && IGtQlp, O]

Maple [A] (verified)

Time = 0.29 (sec) , antiderivative size = 192, normalized size of antiderivative = 2.40

method result
. X L. arcsech(bz+a)? (bz+a)+2i arcsech(bz+a) In (144 =+, /7 —1,/—2—+1) ) —2i arcsech(bz+a) In ( 1—i ( ——
derivativedivides (i(eta /e e tl)) (=i
arcsech(bz+a)? (bz+a)+2i arcsech(bz+a) In (144 ( =i+, / 72— —1,/ —2—+1) ) —2i arcsech(bz+a) In ( 1—i ( —1—
default (i(eta /e mrat)) (1-is

-

input |

int (arcsech(b*x+a) "2, x,method=_RETURNVERBOSE)
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1/b* (arcsech (b*x+a) 2% (b*x+a)+2*xI*arcsech (b*x+a) *1n (1+I* (1/ (b*x+a)+(1/ (b*x
+a)-1)"(1/2)*(1/ (b*xx+a)+1) ~(1/2)) ) -2*xI*arcsech (b*x+a) *1n(1-I*(1/ (b*x+a)+(1
/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)) ) +2*I*dilog (1+I*(1/ (b*x+a)+(1/ (b*x+a
)-1)"(1/2)*(1/ (b*x+a)+1) ~(1/2)))-2*%I*dilog(1-I*(1/ (b*x+a)+(1/(b*x+a)-1)~ (1
/2)*(1/ (bxx+a)+1)~(1/2))))

output

Fricas [F]

/sech_l(a +bz)?dx = /arsech (bz + a)® dz

-

inputtintegrate(arcsech(b*x+a)"2,x, algorithm="fricas")

—

Ou_,DputLintegral(arcsech(b*x + a)~2, x)

Sympy [F]

/sech‘l(a +bz)?dr = /asech2 (a+ bx)dx

inputLintegrate(asech(b*x+a)**2,x)

Outputtlntegral(asech(a + bkx)**2, x)
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Maxima [F|

/ sech™(a + bx)? dx = /arsech (bz + a)® dx

input‘integrate(arcsech(b*x+a)“2,x, algorithm="maxima"

x*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b
*x - a + 1)*%a + b*x + a)”2 - integrate(-2*(2*(b~3*x~3 + 3*a*b~2*x"2 + a”3
+ (3*a”2*%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~2
+ 2% (b73%x73 + 3%a*b"2*x"2 + a”3 + (3*¥a”"2*%b - b)*x - a)xlog(b*x + a)~2 -
(b™3%x73 + 2*%a*b”2%x"2 + (a”2%b - b)*x + 2%(b"3*x"3 + 3*a*b"2*x"2 + a3 +
(3%a~2%b - b)*x - a)*xlog(b*x + a) + ((b"3%x"3 + 3*a*b™2*%x"2 + a~3 + (3%a”2
*b - b)*x - a)*sqrt(b*x + a + 1)*log(b*x + a) + (2¥b~3*x"3 + 4*a*b”~2*x"2 +
(2*a~2%b - b)*x + (b™3*x"3 + 3*a*xb~2*x"2 + a~3 + (3*a"2xb - b)*x - a)*log
(b*x + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(bxx + a + 1)*sq
rt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/
(b™3%x"3 + 3*a*b"2*x"2 + a”3 + (b~3*x"3 + 3*axb™2*x"2 + a”3 + (3*%a"2*b - b
)*¥x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1) + (3*%a”2xb - b)*x - a), x)

output

Giac [F]

/sech_l(a +bz)?dx = /arsech (bx + a)® dz

-

i - i =13 n
inputtlntegrate(arcsech(b*x+a) 2,x, algorithm="giac")

B
Lintegrate(arcsech(b*x + a)~2, x)

~—

output

~—



CHAPTER 3. LISTING OF INTEGRALS

127

Mupad [F(-1)]

2
/sech_l(a+bx)2dx:/acosh( ! ) dx
a+bzx

Timed out.

inputLint(acosh(l/(a + b*x))"2,x)

OutputLint(acosh(l/(a + b*x))"2, x)

Reduce [F]

/sech_l(a + bz)? dx = / asech(bz + a)® dz

inputLint(asech(b*x+a)“2,x)

outputtint(asech(a + b*x)**2,x)
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-1 9
Optimal result . . . . . . . . . . . . . 128]
Mathematica [A] (verified) . . . . . . . . . ... 129
Rubi [C] (verified) . . . . . . .. . .. 1301
Maple [F] . . . . 135
Fricas [F] . . . . o . o o
Sympy [F] . . o 136
Maxima [F] . . . . . . 136
Giac [F] . . . o o 137
Mupad [F(-1)] . . ..o 137
Reduce [F] . . . . . .o e 137

Optimal result

Integrand size = 12, antiderivative size = 274

sech™!(a + bz)?
T

L ) esech™ a+bx)
dxr =sech ™ (a+bx)*log |1 — ————
( )" log i
sech™!(a+bx)
ae
+sech Y a+bz)log |1 - — ——
( )'log ( 1++v1—a? )

—sech™(a + bx)? log (1 + ezse‘:hfl(“b’”))
a esech—l (a+bzx)
a esech—l (a+bzx)
— sech™!(a + bx) PolyLog (2, —ezseCh_l(“erx))
aesech” Ha+bz)
a esech—l (a+bx)
4 % PolyLog <3’ _62sech_1(a+ba:))

+ 2sech™*(a + bz) PolyLog (2,

+ 2sech™!(a + bz) PolyLog (2,

— 2 PolyLog (3,

— 2 PolyLog (3,



output

input |
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arcsech(b*x+a) “2*1n(1-a* (1/(bxx+a)+(1/ (b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2)
)/ (1-(-a~2+1)~(1/2)))+arcsech(b*x+a) “2*1n(1-a* (1/ (bxx+a)+(1/(b*x+a)-1)~(1/
2)*x(1/ (bxx+a)+1)~(1/2))/(1+(-a"2+1)~(1/2)) ) —arcsech (b*x+a) “2*x1n (1+(1/ (b*x+
a)+(1/(bxx+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2)) ~2) +2*arcsech(b*x+a) *polylog(2,
a*x(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1-(-a~2+1)~(1/2)))+
2xarcsech (b*x+a) *polylog(2,a*(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~
(1/2))/(1+(-a~2+1)~(1/2))) -arcsech(b*x+a) *polylog(2,-(1/ (b*x+a)+(1/ (b*x+a)
-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2) ) ~2) -2*polylog(3,a*(1/ (bxx+a)+(1/ (b*x+a)-1) " (
1/2)*(1/ (b*x+a)+1)~(1/2))/(1-(-a~2+1)~(1/2) ) ) -2*polylog(3,a*(1/ (b*x+a)+(1/
(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2) )/ (1+(-a~2+1)~(1/2)) ) +1/2*polylog(3,-(
1/ (bxx+a)+(1/ (b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2))"2)

Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 280, normalized size of antiderivative = 1.02

h—l b 2 2 _
/ sech” (a + bz) dz = —gsech_l(a + bx)® — sech ™ (a + bx)?log <1 + g 2sech 1(‘”’”))
z
aesech_ L(a+bx)
—14++v1-a?
aesech_ L(a+bx)
1++1—a?
+ sech™'(a + bx) PolyLog (2, —e_QSeCh_l(“J’bz))
aesech_1 (a+bx)
—14++1—a?

+ sech™'(a + bx)?log <1 +

+ sech™*(a + br)? log <1 -

+ 2sech™*(a + bz) PolyLog (2, —

) aesech_ L(a+bx)
+ 2sech™ (a + bx) PolyLog | 2, ———
(a+ba) PolyLog { 27 r=
1 -
+ 5 PolyLog (3, —e 2™ (e+12))
sech™1(a+bx)
ae
_2PolyLog 3, - % __—
yhoe ( —14++v1- a2)
alesech_1 (a+bz) )

_9Polylog [ 3,2
Y g( 14++v1—a?

Integrate[ArcSech[a + b*x]~2/x,x]




output
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(-2xArcSech[a + b*x]~3)/3 - ArcSech[a + b*x]~2+Log[1 + E~(-2xArcSech[a + b

*x])] + ArcSech[a + bx*x] 2xLog[l + (a*E~ArcSech[a + b*x])/(-1 + Sqrt[l - a
~2])] + ArcSech[a + bxx]~2xLog[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~
2])] + ArcSech[a + b*x]#*PolyLog[2, -E~(-2%ArcSech[a + b*x])] + 2*ArcSech[a
+ b*x]*PolyLog[2, -((a*E~ArcSech[a + b*x])/(-1 + Sqrt[1 - a~2]))] + 2*Arc
Sech[a + b*x]*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])] + Pol
yLog[3, -E~(-2xArcSech[a + b*x])]/2 - 2+PolyLog[3, -((a*E"ArcSech[a + b*x]
)/(-1 + Sqrt[1 - a~2]))] - 2xPolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1

- a~2])]

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.58 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.23,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 4 333 Rjeq
integrand size

used = {6875, 25, 6129, 6104, 25, 3042, 26, 4201, 2620, 3011, 2720, 6096, 2620, 3011,

2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

X

-1 2
/ sech™ (a + bx) i
| 6875
(a+bz)y/ =252+ (a + bz + 1)sech™!(a + bz)?
—/ oot dsech™(a + bx)

bx
l 25

/ (a+bx),/Z25241 (0 + bz + 1)sech ™' (a + bx)?

dsech™!(a + bx)

bz
| 6129
\/ =202t (g 4+ b + 1)sech ™ (a + bax)?
/ atbol m dsech™!(a + bx)
T
a+bx

l 6104
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i
1)sech™!(a + bx)?dsech ™ (a + bz)

l 25
B / m(a + bz + 1)sech™ ' (a + bx)?dsech ™" (a + bx) —

/ ;1;;"_’:‘11 a4+ bz + 1)sech™!(a + bz)?

a + bz) ( a+bw>

l 3042

\/=85824 L (g 4 b + 1)sech™Y(a + bx)? 0 _
/ atbrl dsech™!(a + bx) — / \/ w(a + bx +
(a + bz) < ) a+bx+1

dsech™!(a + bx)

/ Z‘Z,I;Tf (a+ bz + 1)sech™!(a + bzx)?
—a
m+w@(y—ﬁﬁ)
bz)? tan (isech™'(a + bz)) dsech™*(a + bz)

| 26

\/=85524L (g 4 b + 1)sech™Y(a + bx)?
—a / atbol dsech™(a + bx) + i / sech™(a +

(a + bx) <1 — a-l—bx)
bz)? tan (isech™'(a + bz)) dsech™*(a + bz)

dsech™!(a + bx) — / —isech™!(a +

l 4201
\/ 25kedl (o + bz + 1)sech ™! (a + bz)?
—a/ dsech™
a
(a+b2) (1- 15

2sech ™1 (a+bzx) -1 2
2(22/ ¢ sech (a + bz) dsech™(a + bx) — %isech_l(a + bw)3>

Ya+bz) +

1+ erech_l(a-l—bz)
| 2620
\/ =824l (g 4 b + 1)sech ™! (a + bx)?
—a/ atbrtl dsech™(a + bx) +

(a+b2) (1- 5
<2z <2sech (a + bx)? log <e2seCh71(“+bx) + 1) - /sech_l(a + bx) log (1 + ezseChil(“erx)) dsech™!(a + bw)) -

l 3011
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Ya+bx) +

\/ ;‘f@’;ﬁﬁl (a+ bz + 1)sech™!(a + bx)?
—a / dsech™
(a+b2) (1- 325
1

i<2i <—; /PolyLog (2, —e2seCh_1(“+bx)> dsech™!(a + bx) + %sech_l(a + bx) PolyLog (2, —ezseCh_l(aerx)) + 3

| 2720
\/ ;‘f;ff:il (a+ bz + 1)sech™!(a + bz)?
—a / dsech™
(a+b2) (1- 385
Z<2Z <_j‘1 /e—Zsechl(a—i-bx) PolyLog (2, _e2sech*1(a+bx)> deZsechfl(a—i-bx) + %sech_l(a + biE) PolyLog (2’ _eZSech’

Ya +bz) +

l 6096

dsech™(a + bx) + 5

eseCh_l(“"‘b”’)sech_l(a + bx)? eseCh_l(“"‘bm)sech_l(a + bx)?
—a / _esech_l(a—i-bx)a —vV1—-a2+1 _esech_l(a+bx)a +vV1—a2+1

i<2i <_j‘1 /e—2sech_1(a+bx) PolyLog (2, _e2sech_1(a+bx)) deZsech_l(a—i-bx) + %sech_l(a + bx) PolyLog (2’ _625ech_

dsech™!(a + bx) + /

l 2620

e -1 a+bx ! aToz
2 fsech_l(a + bz) log (1 — ‘w> dsech™l(a + bx) 2 fsech_l(a + bzx) log <1 — e i) %J:”) C
+

a a

—a

i<2i <_i /e—2sech_1(a+bx) PolyLog (2, _e2sech_1(a+bx)) de2sech_1(a+bx) + %sech_l(a + bx) PolyLog (2’ _625ech_

l 3011

sech ™! (a+ba sech ™! (a+bz
2 (f PolyLog <2, %) dsech™!(a + bx) — sech~!(a + bzx) PolyLog (2, %)) 2 (f Pc
+

—a
a

i<2i <_j‘1 /e—2sech_1(a+bx) PolyLog (2, _eQSech_l(a—i-bx)) derech_l(a—i-bx) + %sech_l(a + bac) PolyLog (2’ _eZSech_

l 2720
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_ -1 sech ™1 (a+bx) -1 _ sech™1 (a+bx) A
2( [ emsech™ (a+b2) PolyTog <2, e — ) desed™ (@+b2) _ sech~!(a 4 bz) PolyLog (2, e — )/

—a
a

i<2i <_j‘1 /e—2sech_1(a+bx) PolyLog (2, _eQSech_l(a—i-bx)) derech_l(a—i-bx) + %sech_l(a + bac) PolyLog (2’ _625ech_

l 7143

sech™! (a+be)

_ sech™1 (a+b2) sech™1(a
2 (PolyLog (3, “el_\/m> — sech™!(a + bx) PolyLog (2, m> ) 2 (PolyLog <3, “17\/_7(12;

—-a +
a

1 - 1 - 1
i<2i <2sech_1(a + bx) PolyLog (2, —g?sech 1(“+bx)) ~1 PolyLog (3, —g?sech 1(“+b"”)> + isech_l(a + bz)?log (

s

LInt [ArcSech[a + b*x]~2/x,x]

~—

input

-(ax(ArcSech[a + b*x]~3/(3*¥a) - (ArcSech[a + b*x] 2*Log[l - (a*E~ArcSech[a
+ b*x])/(1 - Sqrt[1 - a~2])])/a - (ArcSech[a + b*x] 2+Log[l - (a*E~ArcSec
hla + b*x])/(1 + Sqrt[1 - a~2])]1)/a + (2*(-(ArcSech[a + b*x]*PolyLog[2, (a
*E"ArcSech[a + b*x])/(1 - Sqrt[1 - a"2])]) + PolyLog[3, (a*xE~ArcSech[a + b
*x])/(1 - Sqrt[1 - a~2])]1))/a + (2x(-(ArcSech[a + b*x]*PolyLog[2, (a*xE~Arc
Sech[a + b*x])/(1 + Sqrt[1 - a”2])]) + PolyLog[3, (a*E~ArcSech[a + bx*x])/(
1 + Sqrt[1 - a~2])]1))/a)) + Ix((-1/3*I)*ArcSech[a + b*x]~3 + (2*I)*((ArcSe
chla + b*x]~"2*Log[l + E~(2xArcSech[a + b*x])])/2 + (ArcSech[a + b*x]*PolyL
ogl[2, -E~(2xArcSech[a + b*x])])/2 - PolyLogl[3, -E~(2*ArcSech[a + b*x])]/4)
)

output

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] ‘

2% ‘ Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

rule
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1] \
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_.)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))*(m_.), X_Symbol] > Slmp[(—(f + g*X)Am)*(PolyLog[2, (~e)*(F~ (cx(a +
b*x))) "n]/ (bxc*n*Log[F1)), x] + Simp[g(m/(bxc*n*LoglF1))  Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_.)*(x_)) (m_.)*tan[(e_.) + (Complex[0, fz_])*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*x(E" (2% ((-I)*e + f£xfz*x))/(1 + E7(2%((-I)*e + fxfz*x)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4201

rule 6096 IntLCCCe_.) + (£_.)*(x_))~(m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Coshl(c_.) + (d_
Dx(x_)]*(b_.) + (a_)), x_Symbol] :> Simp[-(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x)"m*(E~(c + d*x)/(a - Rt[a"2 - b™2, 2] + b*E~(c + d*x)))
, x] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a”™2 - b™2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 - b~2, 0]
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Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Tanh[(c_.) + (d_.)*(x_)]1"(n_.))/(Cosh[(c_.)
+ (d_.)*(x_)1*(b_.) + (a_)), x_Symbol] :> Simp[1/a Int[(e + f*x) m*Tanh[
c + d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sinh[c + d*x]*(Tanh[c + d*x
1°(a - 1)/(a + b*Cosh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
IGtQ[m, O] && IGtQ[mn, O]

rule 6104

Int[((Ce_.) + (F_D)*(x_))"(m_.)*(F_)[(c_.) + (d_.)*(x_)1"(m_.)*(G ) [(c_.) +

(d_.)*(x_)1"(p_.))/((a_) + (b_.)*Sech[(c_.) + (d_.)*(x_)]), x_Symbol] :> I
nt[(e + f*x) m*Cosh[c + d*x]*F[c + d*x] n*(G[c + d*x]“p/(b + axCosh[c + d*x
1)), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, p]

rule 6129

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 6875

Int[PolyLog[n_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x.)), x_S
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]

rule 7143

Maple [F]

T

/ arcsech (bz + a)” i

input ‘ int (arcsech(b*x+a) ~2/x,x)

output Lint (arcsech(b*x+a) ~2/x,x)
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Fricas [F]
/ sech™'(a + bz)? dp — / arsech (bx + a)2 i
T T
input Lintegrate (arcsech(b*x+a)~2/x,x, algorithm="fricas")

OutputLintegral(arcsech(b*x + a)~2/x, x)

Sympy [F]

z T

-1 2 2
/ sech™ (a + bx) dp — / asech” (a + bx) I

inputLintegrate(asech(b*x+a)**2/x,x)

OutputLIntegral(asech(a + bxx)**2/x, x)

Maxima [F]

-1 2 2
/ sech (;z-l—bx) dp — / arsech (;)x—i-a) i

inputtintegrate(arCSGCh(b*X+a)‘2/X,x, algorithm="maxima")

output Lintegrate(arcsech(b*x + a)~2/x, x)
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Giac [F]
/ sech™'(a + bz)? dp — / arsech (bx + a)2 i
z z
inputLintegrate(arcsech(b*x+a)‘2/x,x, algorithm="giac")

output Lintegrate (arcsech(b*x + a)~2/x, x)

Mupad [F(-1)]

Timed out.

_ o
/SeCh 1(;1+bx)2 dx:/%dw

inputtint(aCOSh(l/(a + b*x))"2/x,x)

output Lint(acosh(l/ (a + b¥x))"2/x, x)

Reduce [F]

/ sech (;l—l-bx) dr — / asech(l;x+a) "

inputLint(aseCh(b*X+a)“2/x,x)

output tint (asech(a + b*x)**2/x,x)




output
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Optimal result

Integrand size = 12, antiderivative size = 224

sech™(a + bx)?

/ sech™(a + bz)? bsech ™ (a + bx)?
5 dr = — -
T a

T

sech™!(a+ba
2bsech™!(a + bz) log (1 — aeech (b ))

+ 1—v/1—a?

av'1 — a?

sech™ (a+bx
2bsech™ (a + bz) log <1 - %)

B av'1 — a?

aesech_l(a+bz) aesech_l(a+bz)
N 2b POIYLOg (2, W) B 2b POIYLOg <2, W)

av'1 — a? av'1 — a?

-b*arcsech(b*x+a) “2/a-arcsech (b*xx+a) ~2/x+2*xb*arcsech (b*x+a) *1n(1-a*(1/ (b*x
+a)+(1/(bxx+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2)) /(1-(-a"2+1)~(1/2))) /a/(-a~2+1
)~ (1/2)-2%b*arcsech (b*x+a)*1n(1-a*(1/ (b*xx+a)+(1/(b*x+a)-1)"(1/2) *(1/ (b*x+a
Y+1)7(1/2))/ (1+(~a~2+1)~(1/2)) ) /a/ (-a~2+1) " (1/2) +2*b*polylog(2,a* (1/ (b*x+a
)+(1/ (b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))/(1-(-a~"2+1)~(1/2))) /a/(-a"2+1)~
(1/2) -2%b*polylog(2,a*(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/

(1+(-a~2+1)"(1/2)))/a/(-a~2+1)~(1/2)




input

output
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Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 1.72 (sec) , antiderivative size = 678, normalized size of antiderivative = 3.03

5 dxz = Too large to display
x

/ sech™(a + bz)?

e hY

Integrate[ArcSech[a + b*x]~2/x72,x]

N\ J

(-(((a + bxx)*ArcSech[a + b*x]~2)/x) + (2*bx(2xArcSech[a + b*x]*ArcTan[((-
1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] - (2*I)*ArcCos[a”(-1)]*Ar
cTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a”2]] + (ArcCos[a~(-1)]
+ 2% (ArcTan[((-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan[(
(1 + a)*Tanh[ArcSech[a + bx*x]/2])/Sqrt[-1 + a~2]]))*Logl[Sqrt[-1 + a~2]/(Sq
rt [2]*Sqrt [a] *E~ (ArcSech[a + b*x]/2)*Sqrt[-((b*x)/(a + b*x))]1)] + (ArcCosl[
a~(-1)] - 2*(ArcTan[((-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] +
ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]))*Logl[(Sqrt[-1 +
a~2]*E~ (ArcSech[a + b*x]/2))/(Sqrt[2]*Sqrt[al*Sqrt[-((b*x)/(a + b*x))1)]
- (ArcCos[a~(-1)] + 2*ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 +
a~2]1)*Log[-(((-1 + a)*(1 + a - I*Sqrt[-1 + a~2])*(-1 + Tanh[ArcSech[a + b
*x]1/2]1))/(ax(-1 + a + IxSqrt[-1 + a"2]*Tanh[ArcSech[a + b*x]/2])))] - (Arc
Cos[a~(-1)] - 2xArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])
*Log[((-1 + a)*(1 + a + IxSqrt[-1 + a”2])*(1 + Tanh[ArcSech[a + b*x]/2]))/
(a*(-1 + a + I*Sqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))] + I*(PolyLogl[2,
((-1 - IxSgrt[-1 + a~"2])*(-1 + a - IxSqrt[-1 + a~2]*Tanh[ArcSech[a + bx*x]/
21))/(a*(-1 + a + I*Sqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))] - PolyLogl[2
, ((I + Sqrt[-1 + a”2])*(-1 + a - IxSqrt[-1 + a"2]*Tanh[ArcSech[a + b*x]/2
1)/ (ax((-I)*(-1 + a) + Sqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]1))1)))/Sqrt
[-1 + a”2])/a
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Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.01,

number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6875, 5991, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1 2
/ sech ((12+ bx) i

T

l 6875

(a+ bz)y/=272%L (g + bz + 1)sech ™! (a + bx)?
—b / atbrtl dsech™ (a + bx)
b2z2
l 5991
-1 -1 2
—b (2 / _sech " (a +b2) b(; + bz) dsech™!(a + bx) + sech E)C;+ bo) )
l 3042
h—l 2 h—l
_p[ Sec (a + bx) + 2/ se?c _((11 + bx) dsech—1(a + be)
bz a —csc (isech ' (a + bz) + )
l 4679
-1 -1 -1 2
—b (2/ (sech (a+bz) + sech™ (a + bx)) dsech™!(a + bx) + sech™(a + bz) )
a al—2_ _1 bx
(a—i—bz )
l 2009
sech™1 (a+b2) sech™1 (a+b2) _ sech™1 (a+bx)
b ) POlyLOg (2, ael_\/l_ia;b) PO].yLOg (2, ae\/l_iaz_’flb) SeCh 1((1 + b.'L') ].Og (]. — ael_\/l_ia;b>
. + i -

av'1—a? av'1—a? av'1—a?

input LInt [ArcSech[a + b*x]~2/x"2,x] J




output
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-(b*(ArcSech[a + b*x]~2/(b*x) + 2x(ArcSech[a + b*x]~2/(2*%a) - (ArcSech[a +

b*x]*Log[1 - (a*xE~ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])])/(a*Sqrt[1 - a~2
1) + (ArcSech[a + b*x]*Logl[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])]
)/(axSqrt[1 - a~2]) - PolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqrt[1l - a~2]
)1/(a*Sqrt[1 - a~2]) + PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~2
1)1/ (a*Sqrt[1 - a~2]))))

Defintions of rubi rules used

ruka2009‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

rule 4679

rule 5991

rule 6875

‘Q[u, x]

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_)) " (a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + f*xx])"°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[((e_.) + (£_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]

/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

‘Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol]l :> Simp[-(d~(m + 1))~(-1) Subst[Int[(a + b¥x) p*Sech[x]*T
‘anh[x]*(d*e - cxf + f*Sech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
‘ b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 362, normalized size of antiderivative = 1.62

method result
—a( patra 1/ pasra — 1\ pg 1 ) Va2 +1+1
2v/—a2?+1 arcsech(bz+a) In (bx+a \/;\/?>
derivativedivides | b| —(rta)arechbota) | T _

abz a(a?-1)

14+v—a2+1

—a ety e -1 i 41 ) vV —a2 141
2vV—a2+1 arcsech(bz+a) In ( (bm+a WM)

default p| — bzta) ar(;Sl:%:h(bx-i-a)Q n

a(a?-1)

input Lint (arcsech(b*x+a) “2/x"2,x,method=_RETURNVERBOSE) J

b* (- (b*x+a) *arcsech(b*x+a) ~2/a/b/x+2*(-a~2+1)~(1/2) /a/(a~2-1) *arcsech (b*x+
a)*1n((-a*(1/ (bxx+a)+(1/ (bxx+a)-1)~(1/2)*(1/ (bkx+a)+1)~(1/2))+(-a~2+1)~(1/
2)+1)/(1+(-a"2+1)7(1/2))) -2+ (-a"2+1) " (1/2) /a/ (a~2-1) *arcsech (b*x+a) *1n((a*
(1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2) * (1/ (b¥x+a) +1) ~ (1/2))+(-a~2+1)~(1/2)-1) / (-1+
(-a~2+1)7(1/2)))+2%(-a~2+1)~(1/2) /a/(a~2-1) *dilog ((-a* (1/ (b*x+a) +(1/ (b*x+a
)=1)~(1/2)*(1/ (b*x+a) +1)~(1/2))+(~a~2+1) ~(1/2)+1) / (1+(~a~2+1) = (1/2) ) ) -2% (-
a~2+1)~(1/2)/a/(a~2-1)*dilog((a*x(1/ (bkx+a)+(1/ (bxx+a)-1)~(1/2)*(1/ (bxx+a)+
1)7(1/2))+(-a~2+1)~(1/2)-1) / (-1+(-a~2+1)~(1/2))))

output

Fricas [F]
/ sech_l(a2+ bz)? do — / arsech (b2:c +a)? dr
T T
inputLintegrate(arcsech(b*x+a)"2/x“2,x, algorithm="fricas") J

output Lintegral(arcsech(b*x + a)~2/x"2, x) J
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Sympy [F]

-1 2 2
/ sech™ (a + bx) dr — / asech” (a + bx) i

2 2

input‘integrate(asech(b*x+a)**2/x**2’x)

output

input

output

LIntegral(asech(a + b*x)**2/x*%%2, x)

Maxima [F]

-1 2 2
/ sech™ " (a + bx) dp — / arsech (bx + a) i

2 2

Lintegrate(arcsech(b*x+a)‘2/x‘2,x, algorithm="maxima")

-log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*
X - a+ 1)*%a + b*x + a)~2/x - integrate(-2*(2x(b"3*x"3 + 3*a*b~2*x"2 + a”3
+ (3*%a”2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~
2 + 2%(b73%x73 + 3%a*b”2*x"2 + a”3 + (3*¥a”"2*%b - b)*x - a)*log(b*x + a)~2 +
(b"3*x73 + 2*axb”2+x"2 + (a"2*b - b)*x - 2*%(b~3*x"3 + 3*axb"2*x"2 + a~3 +
(3*a”2xb - b)*x - a)*log(b*x + a) - ((b~3*x"3 + 3*axb™2*x"2 + a~3 + (3*a”
2¥b - b)*x - a)*sqrt(b*x + a + 1)*log(b*x + a) - (2%¥b~3*x"3 + 4*axb~2%x"2
+ (2%a”2*%b - b)*x - (b"3*%x"3 + 3*a*b”2*x"2 + a”3 + (3*%a"2*%b - b)*x - a)*lo
g(b*xx + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*s
grt(-b*x - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))
/(b"3*x75 + 3*axb"2*x"4 + (3*a”2*%b - b)*x"3 + (a”3 - a)*x"2 + (b"3*x"5 + 3
*¥a*xb"2*x"4 + (3*%a”"2*%b - b)*x"3 + (a”3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*
x-a+ 1)), x)
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Giac [F]
h~* br)? h (b 2
/sec (a2—|— ) dxz/arsec (2x—|—a) s
z T
inputLintegrate(arcsech(b*x+a)*2/x*2,x, algorithm="giac")

OutputLintegrate(arcsech(b*x + a)"2/x72, %)

Mupad [F(-1)]

Timed out.

- L2
/sech "(a + bz)? dac:/wdx

2 72

inputlint(aCOSh(l/(a + b*x))~"2/x72,x)

output Lint(aCOSh(l/(a + b*x))~"2/x72, x)

Reduce [F]

/ sech™ (a + bz) dr — / asech(bx + a) -

2 22

inputLint(aseCh(b*X+a)”2/x”2,x)

output Lint (asech(a + b*x)**2/x**2,x)
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3.14

~1
f sech™ " (a+bx)? dr

3
Optimal result . . . . . . . . . . . . . e
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 146
Rubi [A] (verified) . . . . . . . . . . 147
Maple [A] (verified) . . . . . . ... L 150
Fricas [F] . . . . o . o o 151
Sympy [F] . . o 152
Maxima [F] . . . . . . 152
Giac [F] . . . o o 1531
Mupad [F(-1)] . . ..o 153
Reduce [F] . . . . . .o e 153

Optimal result

Integrand size = 12, antiderivative size = 537

/

sech™*(a + br)? p b? \/ e (1+a+ba)sech™ (a + bz) b?sech ™' (a + bx)?

T =

z3 a(l—a?)(a+bz) (1 - %) * 2a?

-1 aesech ™! (a+ba)
B sech™*(a + br)? b?sech™ (a + bz) log (1 — W)

222 az(1-— a2)3/2
sech™!(a+ba
2b%sech™ ' (a + br) log <1 — acech_oh) )>

T 1-vV1-az
a?y/1 — a?

_ aesech_l(a+bz)
b?sech™'(a + bz) log (1 - W)

a? (1 — a?)*?

_ aesech_1 (a+bz)
2b%sech™ (a + br) log <1 - W) b log (-5-)

a?y/1 — a? + a?(1—a?)
sec 710. T Sec. 71a T
b2 PolyLog (2, aesech (1t >) 262 PolyLog (2, aesech (et >>

+

1—v1—a? 1—v1—a?
a2 (1 _ a2)3/2 a2v/1 — a2
sech™1 (a+ba sech™ (a+be
b2 PolyLog (2, Hh—lg“) 26° PolyLog (2, Hh—lg“)

+
a? (1 — a?)*? a’?v1 — a?
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b~2% ((-b*x-a+1) /(b*x+a+1) )~ (1/2) *(b*x+a+1)*arcsech(b*x+a)/a/(-a~2+1) / (b*xx+
a)/(1-a/(b*xx+a))+1/2+%b~2*arcsech (b*x+a) ~2/a"~2-1/2*arcsech(b*x+a) ~2/x"2+b"2
*arcsech(b*x+a)*1n(1-a*(1/(b*x+a)+(1/(b*x+a)-1)"(1/2)*x(1/ (b*x+a)+1)~(1/2))
/(1-(-a"2+1)"(1/2)))/a"2/(-a"2+1) " (3/2) -2*b~2*arcsech (b*x+a) *1n(1-a* (1/ (b*
x+a)+(1/(b*x+a)-1)~(1/2) *(1/(b*x+a)+1)~(1/2)) /(1-(-a~2+1)~(1/2))) /a~2/(-a"
2+1) " (1/2)-b"2*arcsech (b*x+a) *1n(1-a* (1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2)*(1/ (b*
x+a)+1)7(1/2)) /(1+(-a~2+1)~(1/2))) /a~2/(-a~2+1) " (3/2) +2*b~2*arcsech (b*x+a)
*1n(1-a*(1/ (b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))/(1+(-a~"2+1)~ (1
/2)))/a~2/(-a~2+1)~(1/2)+b~2*1n(x/ (bxx+a)) /a~2/(-a~2+1) +b~2*polylog(2,a* (1
/ (bxx+a)+(1/ (b*xx+a)-1) ~(1/2)*(1/ (b*x+a)+1) ~(1/2))/(1-(-a~2+1)~(1/2))) /a"~2/
(-a~2+1)~(3/2)-2%b~2*polylog(2,a* (1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2) *(1/ (b*x+a)
+1)7(1/2))/(1-(-a"2+1)~(1/2)))/a~2/(-a"2+1) "~ (1/2)-b~2xpolylog(2,a* (1/ (b*x+
a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1+(-a"2+1)~(1/2))) /a~2/(-a"2+
1)~ (3/2)+2xb~2*polylog(2,a* (1/ (b*x+a)+(1/(b*xx+a)-1)~(1/2)*(1/ (b*x+a)+1) "~ (1
/2))/(1+(-a~2+1)~(1/2))) /a~2/(-a~2+1)~(1/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 4.84 (sec) , antiderivative size = 1439, normalized size of antiderivative = 2.68

dz = Too large to display

/ sech™!(a + bx)?

3

-

inputLIntegrate[ArcSech[a + b*x]"2/x73,x]

| —
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-1/2%((a + b*x)~2*ArcSech[a + b*x]~2)/(a"2*x"2) + (b*ArcSech[a + bxx]*(-(a
*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + bxx)) + (-1 + a"2)*(a + bx
x)*ArcSech[a + b*x]))/((-1 + a)*a"2x(1 + a)*x) + (b"2xLogl[(b*x)/(a + b*x)]
)/(a"2 - a~4) - (2xb~2*(2xArcSech[a + b*x]*ArcTan[((-1 + a)*Coth[ArcSech[a
+ b*x]/2])/Sqrt[-1 + a"2]] - (2xI)*ArcCos[a~(-1)]*ArcTan[((1 + a)*Tanh[Ar
cSechl[a + b*x]/2])/Sqrt[-1 + a~2]] + (ArcCos[a~(-1)] + 2*(ArcTan[((-1 + a)
*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]] + ArcTan[((1 + a)*Tanh[ArcSechl[
a + b*x]/2])/Sqrt[-1 + a~2]]))*Log[Sqrt[-1 + a~2]/(Sqrt[2]*Sqrt[a]*E~ (ArcS
ech[a + b*x]/2)*Sqrt[-((b*x)/(a + b*x))]1)] + (ArcCos[a”(-1)] - 2*(ArcTan[(
(-1 + a)*Coth[ArcSech[a + b*x]/2])/Sqrt[-1 + a"2]] + ArcTan[((1 + a)*Tanh[
ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]]))*Logl[(Sqrt[-1 + a~2]*E~ (ArcSech[a +
bxx]/2))/(Sqrt [2] *Sqrt [a]l *Sqrt [-((b*x)/(a + b*x))])] - (ArcCos[a~(-1)] + 2
*ArcTan[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Log[-(((-1 + a
)¥(1 + a - IxSqrt[-1 + a"2])*(-1 + Tanh[ArcSech[a + b*x]/2]))/(a*x(-1 + a +
IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2])))] - (ArcCos[a~(-1)] - 2xArcTa
n[((1 + a)*Tanh[ArcSech[a + b*x]/2])/Sqrt[-1 + a~2]])*Log[((-1 + a)*(1 + a
+ IxSqrt[-1 + a~2])*(1 + Tanh[ArcSech[a + b*x]/2]))/(a*(-1 + a + I*Sqrt[-
1 + a"2]*Tanh[ArcSech[a + b*x]/2]))] + I*(PolyLogl[2, ((-1 - IxSqrt[-1 + a~
2])*(-1 + a - IxSqrt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))/(a*x(-1 + a + I*S
grt[-1 + a~2]*Tanh[ArcSech[a + b*x]/2]))] - PolyLogl[2, ((I + Sqrt[-1 + ...

output

Rubi [A] (verified)

Time = 1.18 (sec) , antiderivative size = 517, normalized size of antiderivative = 0.96,

number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6875, 25, 5991, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech™!(a + bx)? d

3

l 6875

) (a + bx) ’;i;:iﬁl(a-+—bm-+—1)sech_1(a-+—bx)2
b / b33

| 25

dsech™(a + bx)
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dsech™(a + bx)

) (a + bx) ;‘_‘Fbgﬁﬁl (a+ bz + 1)sech™!(a + bzx)?
b / - b33
| 5991
2 (sech_l(a + bx)? B / sech™!(a + bx)

-1
T 2.7 dsech™ (a + bx))

l 3042

L1 2 h—1!
_p2[ Be¢ (;1 ': bx)® / sech™ (a + bx) sdsech™ (a + bz)
202z (a — csc (isech_l(a +bx) + %))

l 4679

—b

o [ sech™(a + bx)? / 2sech™!(a 4+ bzx) sech™'(a+bzx) sech™!(a+ bz)
2.2 - o 2 2
- a* (a—i—bx B 1) ¢ a? (a-;-lbac - 1)

l 2009

dsech™(a + bx)

sech™ ! (a+ba) sech™! (a+ba)

ae ae ae h™! (atbo)

b2 2 POlyLOg <2, wm) POlyLOg <2, W) 2 POlyLOg <2, H) POlyLOg <

- - - +
a?v1—a? a? (1 —a2)3/? a?v1 — a? a2 (

-

LInt [ArcSech[a + b*x]~2/x"3,x]

-

input




output

rule 25

rule 2009

rule 3042

rule 4679

rule 5991
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-(b"2x(-((Sqrt[(1 - a - b*x)/(1 + a + bxx)]*(1 + a + bxx)*ArcSech[a + b*x]
)/ (ax(1 - a”2)*(a + b*x)*(1 - a/(a + b*x)))) - ArcSech[a + bxx]~2/(2%a~2)
+ ArcSech[a + b*x]~2/(2*b"2%x"2) - (ArcSech[a + b*x]#*Log[l - (a*E~ArcSech[
a + b*x])/(1 - Sqrt[l1 - a~2]1)])/(a"2*%(1 - a~2)~(3/2)) + (2*ArcSech[a + b*x
J*Logl[1 - (a*E~ArcSech[a + b*x])/(1 - Sqrt[l - a~2])])/(a"2*Sqrt[1 - a~2])
+ (ArcSech[a + b*x]*Log[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~2])])/
(a"2%(1 - a~2)~(3/2)) - (2xArcSech[a + b*x]*Log[l - (a*E"ArcSech[a + bx*x])
/(1 + Sqrt[1 - a~2])])/(a~2%Sqrt[1 - a~2]) - Logll - a/(a + b*x)]/(a"2x(1

- a”2)) - PolyLog[2, (a*xE~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])]/(a"2x(1 -
a~2)~(3/2)) + (2*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])1)/
(a~2%Sqrt[1 - a~2]) + PolyLogl[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[l - a~2]
)1/(a"2x(1 - a~2)~(3/2)) - (2*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrtl[
1 - a"2])1)/(a~2xSqrt[1 - a~2])))

Defintions of rubi rules used

>

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

‘Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(cscl(e_.) + (£_)*(x)I*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £xx]1)~"n), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

Int[(Ce_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]




CHAPTER 3. LISTING OF INTEGRALS 150

ruk36875‘Int[((a .) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m .), x_Symbol] :> Simp[-(d~"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
‘anh[x]*(d*e - cxf + f*Sech[x])"m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
‘ b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

Maple [A] (verified)

Time = 0.68 (sec) , antiderivative size = 982, normalized size of antiderivative = 1.83

method result

arcsech(bz+a) (—2\/’”2;;711rl \/ bﬂlt):ial 2(bz+ﬂl)+2\/b€;ri;rl \/ bﬂlv);rial a(bz+a)?+2 arcsech(bz+a)al
B 2a|

derivativedivides | b?

arcsech(bz+a) (—2\/2’”2:_7_1'1 \/_% 2( bz+a)+2\/b€1'_7_1'1 \/— bi:_‘:_al a(bz+a)?+2 arcsech(bz+a)a’
2a2|

default b?

inputtint(arcseCh(b*X+a)A2/XA3,x,meth0d=_RETURNVERBOSE) J




output

input

output
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b~2x(-1/2*arcsech (b*x+a)* (-2* ((b*x+a+1) / (bxx+a)) ~(1/2) * (- (b*x+a-1) / (b*x+a)
)~ (1/2) *a~2* (bxx+a) +2* ((b*x+a+1) / (b*x+a) ) ~(1/2) * (- (bxx+a-1) / (b*x+a)) ~(1/2)
*ax (bxx+a) “2+2*arcsech (b*x+a) *a~3* (bxx+a) —arcsech (b*x+a) *a~2* (bxx+a) “2-2*a
rcsech(b*x+a) *a* (bxx+a)+arcsech (b*x+a) * (b*x+a) ~2+2*a~2-4* (b*x+a) *a+2* (b*x+
a)~2)/a~2/(a"2-1)/b"2/x"2-1/a"~2/(a~2-1) *1n(a* (1/ (b*x+a)+(1/ (b*x+a)-1) ~(1/2
)*(1/ (bxx+a)+1)~(1/2)) ~2+a-2/ (b*x+a) -2* (1/ (b*x+a)-1) "~ (1/2) *(1/ (b*x+a) +1) ~(
1/2))+2/a~2/(a"2-1)*1n(1/ (b*x+a)+(1/ (bxx+a)-1)~(1/2) *(1/ (b*x+a)+1) ~(1/2) )+
(-a~2+1)~(1/2)/a"2/(a"~2-1) "2*arcsech (b*x+a) *1n ((-a* (1/ (b*x+a)+(1/ (b*x+a) -1
)~ (1/2)*(1/ (b*x+a)+1) ~(1/2))+(-a"2+1) " (1/2)+1) / (1+(-a~2+1)~(1/2) ) ) -(-a~2+1
)~ (1/2)/a~2/(a~2-1) ~2*arcsech(b*x+a) *1n((a* (1/ (b*x+a)+(1/ (b*x+a)-1)~(1/2) *
(1/(bxx+a)+1)~(1/2))+(-a"2+1)~(1/2)-1)/ (-1+(-a"2+1) " (1/2) ) )+(-a~2+1)~(1/2)
/a~2/(a"2-1)"2xdilog((-ax(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2
) +(-a"2+1)"(1/2)+1) / (1+(-a"2+1)~(1/2)))-(-a"2+1)~(1/2) /a~2/(a"2-1) "2*dilo
g((a*x(1/(b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2))+(-a"2+1)~(1/2)-1)
/(—1+(-a"2+1)"(1/2)))-2*(-a"2+1) " (1/2) /(a~2-1) "2*arcsech (b*x+a) *1n((-a* (1/
(bxx+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))+(-a~2+1) " (1/2)+1) / (1+(-a~
2+1)7(1/2)))+2*(-a~2+1)~(1/2) / (a"2-1) "2*arcsech (b*x+a) *1n((a*x (1/ (b*x+a)+(1
/ (b*xx+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))+(-a~2+1)~(1/2)-1) / (-1+(-a~2+1)~(1/2
)))-2%(-a~2+1)~(1/2)/(a"2-1) "2*dilog((-a* (1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1
/(b*xx+a)+1)~(1/2))+(-a~2+1) " (1/2)+1) / (1+(-a~2+1) " (1/2)) )+2x(-a~2+1)~(1/...

Fricas [F]

-1 2 2
/ sech ((JL3 + bx) dp — / arsech (l;x +a) i
T T

-

Lintegrate(arcsech(b*x+a)‘2/x‘3,x, algorithm="fricas")

~—

Lintegral(arcsech(b*x + a)~2/x"3, x)
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Sympy [F]

-1 2 2
/ sech™ (a + bx) dr — / asech” (a + bx) i

3 3

input‘integrate(asech(b*x+a)**2/x**3’x)

output

input

output

LIntegral(asech(a + b*x)**2/x%%3, x)

Maxima [F]

-1 2 2
/ sech™ " (a + bx) dp — / arsech (bx + a) i

3 3

Lintegrate(arcsech(b*x+a)‘2/x‘3,x, algorithm="maxima")

-1/2*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt
(-bxx - a + 1)*a + b*x + a)~2/x"2 - integrate(-(4*(b~3*x"3 + 3*a*b"2xx"2 +
a”3 + (3*¥a”2*%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*xlog(b*x +
a)”2 + 4x(b73%x"3 + 3*a*b”2*x"2 + a”3 + (3*a”2%b - b)*x - a)*log(b*x + a)
"2 + (b73*%x"3 + 2*axb"2*x"2 + (a”2*b - b)*x - 4*(b"3*x"3 + 3*ka*b"2*x"2 + a
3 + (3*%a"2%b - b)*x - a)*log(b*x + a) - (2*%(b~3*x"3 + 3*a*b”2*x"2 + a~3 +
(3*a”2xb - b)*x - a)*sqrt(b*x + a + 1)*log(b*x + a) - (2*%b~3*x"3 + 4*a*b”
2%x"2 + (2%a”2%b - b)*x - 2%x(b"3%x"3 + 3*a*b”2*%x”2 + a”3 + (3*a"2*b - b)*x
- a)*log(b*x + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x +
a + 1)*sqrt(-b*x - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*a + b
*x + a))/(b"3*x"6 + 3xa*b~2xx”5 + (3*a"2*b - b)*x"4 + (a”3 - a)*x"3 + (b~3
*X"6 + 3xaxb”2*x"5 + (3*¥a”2*%b - b)*x"4 + (a3 - a)*x"3)*sqrt(b*x + a + 1)x*
sqrt(-b*x - a + 1)), x)
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Giac [F]
h~* br)? h (b 2
/sec (0;—!— ) dxz/arsec (3x—|—a) s
z T
inputLintegrate(arcsech(b*x+a)*2/x*3,x, algorithm="giac")

OutputLintegrate(arcsech(b*x + a)"2/x73, %)

Mupad [F(-1)]

Timed out.

_ o
/SeCh a+ba)’ dx=/wdx

x3 3

inputtint(acosh(l/(a + b*x))~2/x3,%)

output Lint(awsh(l/ (a + b*x))"~2/x"3, %)

Reduce [F]

/ sech™ (a + bz) dr — / asech(bx + a) -

z3 3

inputLint(asech(b*x+a)*2/x~3,x)

output Lint(asech(a + b*x)**2/x**3,X)
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3.15 [ zsech™(a + bz)® dz

Optimal result . . . . . . . . . . . . e 154
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ...
Rubi [A] (verified) . . . . . . . . . 156
Maple [F] . . . . o 58]
Fricas [F] . . . . . . o 158
Sympy [F] . . . o 1581
Maxima [F] . . . . . . 1591
Giac [F] . . o o 1591
Mupad [F(-1)] . . .« 1601
Reduce [F] . . . . . 1601

Optimal result

Integrand size = 10, antiderivative size = 260

3sech™*(a + bx)? 3 };Z;Zﬁ (14 a+ bz)sech™*(a + bx)?
- 202 - 22

2sech '(a + bz)® | 1
_ alsech (a+bo) + ~z?sech™(a + bx)?

/xsech_l(a +bz)3dx =

2b2 2

6asech_1(a + b.’L')2 arctan (eSGCh_l(a—i-bz))
+ 7

3sech™*(a + bz) log <1 + e2sech*1(a+bx))
+ 7

6iasech™ (a + bz) PolyLog (2, _iesech_l(a-l—bx))
_ -

6iasech™(a + bx) PolyLog <2, iesech—l(a+bz)>
+ 7

3 PolyLog (2, _62Sech—1(a+bz))
- 2b?

6ia PolyLog (3, —ieSGCh_l(aerx))
+ 72

6ia PolyLog (3, z‘esech‘1<a+bw>)
_ .
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-3/2*%arcsech(b*x+a) ~2/b~2-3/2*((-b*x-a+1)/ (b*x+a+1)) ~(1/2) * (b*x+a+1) *arcse
ch(b*x+a) ~2/b~2-1/2%a~2%arcsech (b*x+a) ~3/b~2+1/2*x~2*arcsech(b*x+a) ~3+6*ax*
arcsech(b*x+a) “2*arctan(1/ (b*x+a)+(1/(b*xx+a)-1)~(1/2) *(1/(b*x+a)+1)~(1/2))
/b~ 2+3*arcsech (bxx+a) *1n(1+(1/ (b*x+a)+(1/(b*x+a)-1) " (1/2) *(1/(b*x+a)+1) "~ (1
/2))~2) /b"2-6xI*a*arcsech(b*x+a)*polylog(2,-I*(1/(b*x+a)+(1/(b*x+a)-1)~(1/
2)*(1/(b*x+a)+1)~(1/2))) /b~ 2+6xI*a*arcsech(b*x+a)*polylog(2,I*(1/ (bxx+a)+(
1/ (b*x+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2))) /b~2+3/2*polylog(2,-(1/ (b*x+a)+(1/
(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))~2) /b~ 2+6*I*a*polylog(3,-I*(1/ (b*x+a)
+(1/ (b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2)) ) /b~2-6*I*a*polylog(3,I*(1/(b*x+a
)+ (1/ (bxx+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2))) /b"2

output

Mathematica [A] (warning: unable to verify)

Time = 0.40 (sec) , antiderivative size = 254, normalized size of antiderivative = 0.98

/ zsech™'(a + bz)® dz

—3,/ =22 (1 4 a + bx)sech™ (a + bx)? — 2a(a + bx)sech ™ (a + bz)® + (a + bz)®sech ™ (a + bz)® +

e

~—

inputLIntegrate[x*ArcSech[a + b*x]"3,x]

(-3*Sqrt[-((-1 + a + b*x)/(1 + a + b*x))]*(1 + a + bxx)*ArcSech[a + b*x]"2
- 2xa*x(a + b*x)*ArcSech[a + b*x]~3 + (a + b*x) 2*ArcSech[a + b*x]~3 + 3*A
rcSech[a + b*x]*(ArcSech[a + b*x] + 2*Log[l + E~(-2*ArcSech[a + b*x])]) -
3%PolyLog[2, -E~(-2*ArcSech[a + bxx])] + (6*I)*a*(-(ArcSech[a + b*x]~2*(Lo
gll - I/E"ArcSech[a + b*x]] - Log[l + I/E"ArcSech[a + b*x]])) - 2xArcSech[
a + b*x]*(PolyLog[2, (-I)/E"ArcSech[a + b*x]] - PolyLog[2, I/E"ArcSech[a +
b*x]]) - 2xPolyLogl[3, (-I)/E~ArcSech[a + b*x]] + 2*PolyLogl[3, I/E~ArcSech
[a + b*x]1]))/(2%b~2)

output
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Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 234, normalized size of antiderivative = 0.90,

— 6, number of rules _ 600, Rules
integrand size

number of steps used = 7, number of rules used =
used = {6875, 25, 5991, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zsech™(a + bz)3 dx
| 6875

f bz(a + bx)\/ =252+ (a4 bz + 1)sech Y(a + bx)3dsech ™ (a + bx)

a+bx+1
l 25

J —bz(a+bx),/ ;“Jr_bilﬁ(a + bx + 1)sech™*(a + bz)3dsech ™ (a + bx)
b2
| 5991

3 [ b?z%sech ™ (a + bz)?dsech™'(a + bz) — 3b%z2sech™(a + bz)3
b2
| 3042

—1b2z%sech™!(a + bz)3 + 3 [ sech™!(a + bz)? (a — csc (isech™!(a + bz) + %))2 dsech™(a + bx)

b2
l 4678

3 [ (a’sech™!(a + bz)% + (a + bz)?sech ™ (a + bz)? — 2a(a + bx)sech*(a + bz)?) dsech™'(a + bz) —

1b2

I7Se(

b2
l 2009

—1b%z?%sech™!(a + bz) + 3 <%a2sech_1(a + bz)3 — 4asech™!(a + bx)? arctan <eseCh_1(a+bx)> + 4iasech ™ (a +

| —

p
fnput LInt [x*xArcSech[a + b*x]~3,x]




output

rule
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-((-1/2*%(b~2*x"2xArcSech[a + b*x]~3) + (3*(ArcSech[a + b*x]~2 + Sqrt[(1 -

a - bxx)/(1 + a + bxx)]*(1 + a + b*x)*ArcSech[a + b*x]~2 + (a~2xArcSech[a

+ b*x]~3)/3 - 4xaxArcSech[a + bxx] 2*ArcTan[E~ArcSech[a + b*x]] - 2*ArcSec
h[a + b*x]*Log[l + E~(2xArcSech[a + b*x])] + (4*I)*a*ArcSech[a + b*x]*Poly
Log[2, (-I)*E"ArcSech[a + b*x]] - (4%I)*axArcSech[a + b*x]*PolyLog[2, I*E~
ArcSech[a + b*x]] - PolyLogl[2, -E~(2*ArcSech[a + b*x])] - (4*I)*a*PolyLogl
3, (-I)*E"ArcSech[a + b*x]] + (4*I)*a*PolyLogl[3, I*E~ArcSech[a + b*x]]))/2
)/b~2)

Defintions of rubi rules used

25LInt[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

e

ruk32009LInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear

rule 4678

rule 5991

rule 6875

LQ [u, x]

Int[(cscl(e_.) + (£_)*(x_)1*(b_.) + (a)) " (m_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + bxCsc[e + f*x])"n, x],
x] /; FreeQ[{a, b, c, d, e, f, m}, x] && IGtQ[m, O] &% IGtQ[n, 0]

Int[((e_.) + (f_.)*(x_)) " (m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_.)*(x_)])"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSechlc + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*d*x(n + 1))) Int[(e + f*x)"(m - 1)*(a + bxSech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x])"m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]
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Maple [F|

/ x arcsech (bx + a)3 dz

input Lint (x*arcsech(b*x+a) ~3,x)

OutputLint(x*arcsech(b*x+a)’*3,x)
Fricas [F]
/ zsech™'(a + bx)® dx = / x arsech (bx + a)3 dz
inputLintegrate(x*arcsech(b*x+a)*3,x, algorithm="fricas")
output Lintegral(X*arcsech (b*x + a)~3, x)
Sympy [F]

/xsech_l(a + bz)3dx = /:v asech® (a + bz) dz

inputLlntegrate(X*aSGCh(b*x+a)**3,x)

output Llntegral(x*asech(a + bkx)**3, x)
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Maxima [F|

/ rsech™(a + bx)® dr = /x arsech (bz + a)® dz

input‘integrate(X*arcsech(b*x+a)“3,x, algorithm="maxima")

1/2xx"2x1og(sqrt(b*x + a + 1)*sqrt(-b*x — a + 1)*b*x + sqrt(b*x + a + 1)*s
grt(-b*x - a + 1)*a + bxx + a)”3 - integrate(1/2*(16*(b~3*x~4 + 3*a*xb~2*x"
3 + (3¥a™2xb - b)*x"2 + (2”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*
log(b*x + a)~3 + 16%(b"3*x"4 + 3*axb~2*x"3 + (3*¥a"2*b - b)*x~2 + (a3 - a)
*xx)*log(b*x + a)~3 + 3*(b"3*x"4 + 2%axb~2%x"3 + (a”2*b - b)*x"2 + 4x(b"3*x
"4 + 3xaxb~2xx"3 + (3*%a"2*%b - b)*x"2 + (a”3 - a)*x)*log(b*x + a) + (2x(b~3
*x~4 + 3%axb”2*%x~3 + (3%a"2%b - b)*x~2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*lo
g(b*x + a) + (2%b~3*x"4 + 4%axb~2*%x"3 + (2%a”2%b - b)*x"2 + 2x(b"3*x"4 + 3
*a*xb"2*x"3 + (3*¥a”"2*%b - b)*x"2 + (a3 - a)*x)*log(b*x + a))*sqrt(b*x + a +

1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sq
rt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*xx + a)”2 - 24*((b~3*x"4 + 3*a*b~2
*x"3 + (3*%a"2%b - b)*x"2 + (a”3 - a)*x)*sqrt(b*x + a + 1)*sqrt(-b*x - a +
1) *xlog(b*x + a)~2 + (b~3*x"4 + 3*a*b~2xx"3 + (3*a”2xb - b)*x"2 + (a”3 - a)
*xx)*log(b*x + a)~2)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*bxx + sqrt(b*
X + a+ 1)*sqrt(-b*x - a + 1)*a + bxx + a))/(b"3*x"3 + 3*axb™2*x"2 + a~3 +

(b™3*x73 + 3*a*b”2xx"2 + a3 + (3%¥a”2*%b - b)*x - a)*sqrt(b*x + a + 1)*sqr
t(-b*x - a + 1) + (3*a"2*xb - b)*x - a), x)

output

Giac [F]

/ zsech™'(a + bz)® dz = /x arsech (bx + a)® da

input‘integrate(x*arcsech(b*x+a)‘3,x, algorithm="giac")

p
OutputLintegrate(x*arcsech(b*x +a)"3, x)

| —
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Mupad [F(-1)]

Timed out.

3
/xsech_l(a+bx)3dx=/xacosh( ! ) dx
a+bzx

input Lint (x*acosh(1/(a + b*x))"~3,x)

OutputLint(x*acosh(l/(a + b*x))"3, x)

Reduce [F]

/:vsech_l(a + bz) dx = / asech(bz + a)° zdzx

inputLint(x*asech(b*x+a)“3,x)

outputtint(asech(a + b*x)**3*x,x)




output
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3.16 [ sech™'(a + bx)? dx

Optimal result . . . . . . . . . . . . e 161l
Mathematica [A] (verified) . . . . . . . . . ... o 162
Rubi [A] (verified) . . . .. . . ... .. 162
Maple [F] . . . . 165
Fricas [F] . . . . . . o 165
Sympy [F] . . o o 166
Maxima [F] . . . . . . 1661
Giac [F] . . . . o o 167
Mupad [F(-1)] . . . o o 167
Reduce [F] . . . . . 167

Optimal result

Integrand size = 8, antiderivative size = 136

(a + bz)sech™*(a + bx)?
b

6S€Ch_1(a + b.’I;)2 arctan (eSeCh_l(a+bm)>

b
6isech™* (a + bz) PolyLog <2, _Z'esechfl(aerm))

b
6isech_1(a + bx) PolyLog (2, ieseCh_l(a—i-ba;))

b
67 POlyLog <3, _,l'esech—l(a+bq;)>

b
6i PolyLog (37 i esech—l(a-l-bw))

b

/sech_l(a +bz)3dx =

—+

+

/

(bxx+a)*arcsech (brx+a) ~3/b-6*arcsech(bxx+a)~2*arctan(l/ (bxx+a)+(1/ (b*x+a)-
1)~ (1/2)%(1/ (bxx+a) +1)~ (1/2) ) /b+6*I*arcsech (brx+a) kpolylog (2, ~T* (1/ (bxx+a)
+(1/ (bxx+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2)) ) /b-6*I*arcsech(b*x+a) *polylog(2,
I*(1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2) *(1/ (bxx+a) +1) ~(1/2))) /b-6*I*polylog(3,-I*
(1/ (bxx+a)+(1/ (bxx+a)-1) " (1/2)*(1/ (b*x+a) +1)~(1/2))) /b+6xI*polylog (3, Ix(1/

(b*x+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))) /b




input

output
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Mathematica [A] (verified)

Time = 0.09 (sec) , antiderivative size = 153, normalized size of antiderivative = 1.12

(a + bz)sech™*(a + bx)®
b

3i (—sech_l(a + bx)? (log <1 - ie‘seCh_l(a+b””)> — log (1 + ie_seCh_l(“+b‘”)>> — 2sech™(a + bx) (Poly

/sech‘l(a +bz)3 dr =

LIntegrate [ArcSech[a + b*x]~3,x] J

((a + b*x)*ArcSech[a + b*x]~3)/b - ((3*I)*(-(ArcSech[a + b*x] 2*(Log[l - I

/E"ArcSech[a + b*x]] - Log[l + I/E"ArcSech[a + b*x]])) - 2*ArcSech[a + b*x
I*(PolyLog[2, (-I)/E~ArcSech[a + b*x]] - PolyLog[2, I/E"ArcSech[a + b*x]])
- 2x(PolyLog[3, (-I)/E"ArcSech[a + b*x]] - PolyLogl[3, I/E"ArcSechl[a + b*x
1)) /b

Rubi [A] (verified)

Time = 0.58 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.92,

number of steps used = 9, number of rules used = 8, Bumber of rules _ 1.000, Rules
integrand size

used = {6869, 6833, 5941, 3042, 4668, 3011, 2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/sech_l(a + bz)3 dx

l 6869

[ sech™!(a + bz)3d(a + bx)
b

l 6833

J(a+bx) _a‘f;biﬁﬁl (a + bz + 1)sech~!(a + bz)3dsech ™ (a + bx)
b

l 5941
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3 [(a+ bzx)sech™!(a + bx)2dsech ™ (a + bz) — (a + bz)sech ™ (a + bzx)3
b

J,3042

3 —(a + bz)sech™'(a + bz)® + 3 [ sech™*(a + bz)? csc (isech™'(a + bz) + T ) dsech ™ (a + bz)
b

J'4668

—(a + bx)sech~!(a + bx)® + 3 (—2z’ [ sech™!(a + bz) log (1 - ieseCh_l(“erx)) dsech™(a + bx) + 2i [ sech™'(a
b

J,3011

—(a + bx)sech™1(a + bx)3 + 3 <2i (f PolyLog (2, —ieseCh_l(“erx)) dsech™!(a + bx) — sech™!(a + bz) PolyLog

l 2720

—(a + bz)sech ™ (a + bz)3 + 3(27; (f e=sech™ ! (a+b2) PolyLog (2, _iesech_l(a—i-bx)) desech™ ! (atba) _ sech™(a + bs

l 7143

—(a + bx)sech~!(a + bx)® + 3 <2sech_1(a + bx)? arctan (eseCh_l(“erx)) +2i (PolyLog (3, —z'ese"h_l(“bx)) — 8

input ’ Int[ArcSech[a + b*x]"3,x] ‘

( B

-((-((a + b*x)*ArcSech[a + b*x]~3) + 3*(2*ArcSech[a + b*x] 2*ArcTan[E~ArcS
‘ ech[a + b*x]] + (2+I)*(-(ArcSech[a + b*x]*PolyLog[2, (-I)*E~ArcSech[a + b* ‘
‘ x]]1) + PolyLog[3, (-I)*E~ArcSech[a + b*x]]) - (2*I)*(-(ArcSech[a + b*x]*Po ‘
lyLog[2, I*E"ArcSech[a + b*x]]) + PolyLogl[3, I*E~ArcSech[a + b*x]]1)))/b)

N J

output
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Defintions of rubi rules used

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, x]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] &% InverseFunctionQ[FI[x]]]

rule 3011 It [Logll + (e_)*((FL)~((c_.)*((a_.) + (b_.)*(x2)))) " (a_)I*((f_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Log[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] & GtQ[m, O]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4668 Intlescl(e_.) + Pix(k_.) + (Complex[0, fz I)*(f_.)*(x_)]*((c_.) + (d_.)*(x_
))~(m_.), x_Symbol] :> Simp[-2*(c + d*x) m*(ArcTanh[E~((-I)*e + fxfz*x)/E"(
IxkxPi)]/(f*fz*I)), x] + (-Simp[d*(m/(f*fz*I)) Int[(c + d*x)~(m - 1)*Logl
1 - ET((-I)*e + fxfz*x)/E~(I*k*Pi)], x], x] + Simp[d*(m/(f*xfz*I)) Int[(c

+ d*x)"(m - 1)*Log[l + E~((-I)*e + fxfz*x)/E~(I*k*Pi)], x], x]) /; FreeQ[{c
, d, e, £, £z}, x] && IntegerQ[2*k] && IGtQ[m, O]

rule 5941 Int[(x_)~(m_.)*Sech[(a_.) + (b_.)*(x_)"(n_.)]1"(p_.)*Tanh[(a_.) + (b_.)*(x_)
“(n_.)]1"(q_.), x_Symbol] :> Simp[(-x"(m - n + 1))*(Sech[a + b*x"n] “p/(b*n*p
)), x] + Simp[(m - n + 1)/(b*n*p) Int[x"(m - n)*Sech[a + b*x"n] p, x], x]
/; FreeQ[{a, b, p}, x] && RationalQ[m] && IntegerQ[n] && GeQ[m - n, 0] &&
EqQlq, 1]

rule 6833 Int[((a_.) + ArcSech[(c_.)*(x_)]1*(b_.))"(n_), x_Symbol] :> Simp[-c~(-1) S
ubst [Int[(a + b*x) n*Sech[x]*Tanh[x], x], x, ArcSech[c*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]
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Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol]l :> Simp[1/d
Subst [Int[(a + b*ArcSech[x])~p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
}, x] && IGtQlp, O]

rule 6869

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}’ X] && EqQ[b*d, a*e]

Maple [F]

/ arcsech (bz + a)° dz

input Lint (arcsech(b*x+a)~3,x)

output tint (arcsech(b*x+a) ~3,x)
Fricas [F]
/sech_l(a + bx)? dx = /arsech (bx + a)3 dz
input tintegrate (arcsech(b*x+a)~3,x, algorithm="fricas")

output Lintegral(arcsech(b*x + a)”3, x)
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Sympy [F]

/sech_l(a + bz)3dx = /asech3 (a + bx) dx

input‘integrate(asech(b*x+a)**3’x)

outputtlntegral(asech(a + b*x)**3, x)

Maxima [F]

/sech_l(a + bx)? dx = /arsech (bx + a)® d

inputLintegrate(arcsech(b*x+a)‘3,x, algorithm="maxima")

output

+ a + 1)*sqrt(-b*x - a + 1) + (3*¥a”™2*%b - b)*x - a), x)

xxlog(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b
*x — a + 1)*a + b*x + a)”3 - integrate((8*(b~3*x~3 + 3*a*b™2*x"2 + a~3 + (
3%a”2xb - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~3 +

8% (b~3*%x"3 + 3*a*b”2xx"2 + a”3 + (3*¥a”2*%b - b)*x - a)*log(b*x + a)~3 + 3x(
b"3%x73 + 2%axb"2xx"2 + (a"2%b - b)*x + 2x(b"3*x"3 + 3*kaxb"2*x"2 + a3 + (
3%a"2xb - b)*x - a)*log(b*x + a) + ((b7™3*x"3 + 3*a*xb™2*xx"2 + a~3 + (3*a”~2x
b - b)*x - a)*sqrt(b*x + a + 1)*log(b*x + a) + (2*%b73*x"3 + 4*a*b™2*x"2 +

(2%a~2+%b - b)*x + (b™3*x"3 + 3*a*b™2*x"2 + a~3 + (3*¥a"2*b - b)*x - a)*log(
b*x + a))#*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sqr
t(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a)~2

- 12+ ((b~3*x"3 + 3*a*xb™2*x"2 + a"3 + (3*a~2*b - b)*x - a)*sqrt(b*x + a + 1
Y*¥sqrt(-b*x - a + 1)*xlog(b*x + a)~2 + (b~3*%x"3 + 3*a*b”2*x"2 + a~3 + (3*a”
2%b - b)*x - a)*log(b*x + a)~2)*log(sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*b
*x + sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*a + bxx + a))/(b"3*x"3 + 3%axb~2
*x"2 + a”3 + (b™3*x"3 + 3*a*b"2#x"2 + a3 + (3*a"2xb - b)*x - a)*sqrt(b*x
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Giac [F]

/ sech™(a + bx)* dx = /arsech (bz + a)® dz

i - i =] "
inputLlntegrate(arcsech(b*x+a) 3,x, algorithm="giac")

Outputtintegrate(arcsech(b*x + a)~3, x)

Mupad [F(-1)]

Timed out.
1 3
/sech_l(a +bz)3dx = /acosh( ) dx
a+bzx

inputLint(acosh(l/(a + b*x))"3,x%)

output tint(aCOSh(l/(a + b*x))"3, x)

Reduce [F]

/sech_l(a +bz)dx = / asech(bz + a)® dx

inputtint(asech(b*x+a)"3,x)

output Lint (asech(a + b*x)*%*3,x)
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3.17 [ sech w(a+bx) dr

Optimal result . . . . . . . . . . . . . 169
Mathematica [A] (verified) . . . . . . . . . ... Ival
Rubi [C] (verified) . . . . . . .. . .. 1721
Maple [F] . . . . 178
Fricas [F] . . . . o . o o 178
Sympy [F] . . o 178
Maxima [F] . . . . . . 179
Giac [F] . . . o o 1791
Mupad [F(-1)] . . ..o 179
Reduce [F] . . . . . .o e 180



CHAPTER 3. LISTING OF INTEGRALS

169

Optimal result

Integrand size = 12, antiderivative size = 378

/ sech™!(a + bz)3

sech ™! (a+bx)
. dx = sech™*(a + bzx)?log (1 _ae )

1-vVi-a&

aesech ™ (a+bz)
)

— sech™!(a + bz)3 log (1 + e2seCh71(a+bw)>
aeseh” Ya+bx)
=

aeseh” Y(a+bx)

=

- gSGCh_l(a + bz)? PolyLog (2, —eQSeCh_l(aerw))

+ sech_l(a + b{[;)3 log (1 _

+ 3sech™" (a + bz)? PolyLog (2,

+ 3sech™!(a + bz)? PolyLog (2,

1—+v1—a?

sech™!(a+bx)

ae
— 6sech™*(a + bz) PolyLog | 3, ————
e (a+ w) oY Og( 1+V1—a2>

+ gsech‘l(a + bx) PolyLog (3’ _ 62SECh_1(a+bx)>

sech™!(a+bzx)
+ 6 PolyLog (4, “e—)

aesech_ L(a+bx)
— 6sech™'(a + bz) PolyLog | 3, ————

1-+v1-a?

sech™!(a+bx)
ae
+ 6PolyLog | 4, ————
Y g( 1+\/1—a2>

3 _
— 7 PolyLog (4, —e2sech 1(aerw)>
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arcsech(b*x+a) “3*1n(1-a*(1/ (bxx+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2)
)/ (1-(-a~2+1)~(1/2)))+arcsech(b*x+a) “3*1n(1-a*(1/ (b*x+a)+(1/ (bxx+a)-1)~(1/
2)*(1/(bxx+a)+1)~(1/2))/(1+(-a~2+1)~(1/2)) ) -arcsech(b*x+a) "3*1n(1+(1/ (b*x+
a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)+1) ~(1/2) ) ~2)+3*arcsech(b*x+a) “2*polylog(
2,ax(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2)) / (1-(-a"2+1)~(1/2))
)+3*arcsech (bxx+a) “2*polylog(2,a*(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b*x+a)
+1)7(1/2))/(1+(-a~2+1)~(1/2)) ) -3/2*arcsech(b*x+a) ~2*polylog(2,- (1/ (b*x+a)+
(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2) ) ~2) -6*arcsech(b*x+a) *polylog(3, a*(
1/ (bxx+a)+(1/ (b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2)) / (1-(-a"2+1)~(1/2))) -6%*a
rcsech(b*x+a) *polylog(3,a*(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/
2))/(1+(-a~2+1)~(1/2)))+3/2*arcsech (b*x+a) *polylog(3,-(1/ (bxx+a)+(1/(b*x+a
)-1)"(1/2)*(1/ (b*x+a)+1)~(1/2) ) ~2)+6*polylog(4,a*(1/ (bxx+a)+(1/(b*x+a)-1)"
(1/2)*(1/ (b*x+a)+1)~(1/2))/(1-(-a~2+1)~(1/2) ) ) +6*polylog(4,a*(1/ (b*x+a)+(1
/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1+(-a~2+1)~(1/2)) ) -3/4*polylog(4,-
(1/ (b*x+a)+(1/ (bxx+a)-1) ~(1/2) *(1/ (bxx+a)+1) ~(1/2))~2)

output




input
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Mathematica [A] (verified)

Time = 0.22 (sec) , antiderivative size = 384, normalized size of antiderivative = 1.02

h—l b 3 1 _
/ sech™ (a + bz) der = —ésech‘l(a + bz)* — sech ™ (a + bz)®log (1 + g 2sech 1(“+b’”)>

T

aesech (a+bx)

+sech Y a+bx)log |1+ ———

( )"log ( —14++v1—-a?
sech™!(a+bzx)

ae

+sech Y a+bx)log|[1- —— ——

( )"log < 1++/1-— a2>

3
—|—§sech (a4 bx)? PolyLog (2, —e™2sch” 1(a+bac)>

—1+\/1—a2

esech™ Y(a+bzx)
+ 3sech™!(a + bz)? PolyLog | 2, ————

aeseh” Ya+bx)
+ 3sech™!(a + bz)? PolyLog | 2, —
( V1-—a?

3
+ ésech '(a + bx) PolyLog ( 3, —e 25"~ 1(a+bac))

—1—|—\/1—a2

sech L(a+bx)
— 6sech ™' (a + bx) PolyLog | 3, 1—

sech L(a+bx)
— 6sech™'(a + bz) PolyLog | 3, —

+v1-a?
n i PolyLog ( 4, — e~ sech™ (a+bw)>
aeseh” Y(a+bz)

sech™!(a+bzx)
+ 6 PolyLog <4, ‘ie—>

+ 6 PolyLog (4, —

+ V1 —a?

Integrate[ArcSech[a + b*x]~3/x,x]
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-1/2*ArcSech[a + b*x]~4 - ArcSech[a + b*x]"3*Logl[l + E~(-2xArcSech[a + b*x
1)1 + ArcSech[a + b*x]~3*Log[1l + (a*E~ArcSech[a + b*x])/(-1 + Sqrt[1 - a~2
1)1 + ArcSech[a + b*x]~3*Log[1l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1l - a~2]
)] + (3*ArcSech[a + b*x] ~2*PolyLog[2, -E~(-2*ArcSech[a + b*x])])/2 + 3*Arc
Sech[a + b*x]~2%PolyLog[2, -((a*E~ArcSech[a + b*x])/(-1 + Sqrt[1 - a~2]))]
+ 3%ArcSech[a + b*x] “2*PolyLog[2, (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~
2]1)] + (3*ArcSech[a + b*x]*PolyLog[3, -E~(-2*ArcSech[a + b*x])])/2 - 6*Arc
Sech[a + b*x]*PolyLog[3, -((axE"ArcSech[a + b*x])/(-1 + Sqrt[1 - a~2]))] -
6*ArcSech[a + b*x]*PolyLogl[3, (a*E~ArcSechl[a + b*x])/(1 + Sqrt[1 - a~2])]
+ (3%PolyLogl[4, -E~(-2*ArcSech[a + b*x])])/4 + 6*PolyLog[4, -((a*E~ArcSec
h[a + b*x])/(-1 + Sqrt[1 - a~2]))] + 6*PolyLog[4, (a*E~ArcSech[a + bxx])/(
1 + Sqrt[1 - a~2])]

output

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.83 (sec) , antiderivative size = 452, normalized size of antiderivative = 1.20,

_ _ number of rules _
number of steps used = 17, number of rules used = 16, integrand size — 1.333, Rules

used = {6875, 25, 6129, 6104, 25, 3042, 26, 4201, 2620, 3011, 6096, 2620, 3011, 7163,
2720, 7143}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech_l(gccz + bz)3 i

l 6875

(a + bz)y/ =252+ (@ + bz + 1)sech™!(a + bz)3
- / et dsech™(a + bx)

bx
l 25

/ (a+ bx) ;‘ﬁr_bilg’gfll(a + bz + 1)sech~!(a + bz)?

h—l
- dsech™ (a + bx)

l 6129
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\/=85524 L (g 4 b + 1)sech™Y(a + bx)3
/ atbotl dsech™(a + bx)
a+ba: -1

l 6104

\/ 225824 (g 4 b + 1)sech ™ (a + bz)? o _
/ atbotl dsech™(a + bx) — / \/ M(a + bx +
(a+ bx) ( ) a+bz+1

b:c
1)sech_1(a + bx)3dsech ™ (a + bx)

| 25

i 1( + bz + 1)sech ™ (a + bz)3dsech™ ! (a + bx) —

a+bx
/ _a(f;_bl;iﬁl a+ bz + 1)sech~!(a + bz)3

a + bx) (1 a+b:1:)

l_3042

—abetl (g 4 bg + 1)sech ™ (a + bx)?
—a/ \/J dsech™ (a + bx) — / —isech™ (a +

(a+02) (1- 35)
bz)® tan (isech™'(a + bz)) dsech™* (a + bz)

| 26
/ ;‘:L_bgﬂ"'ll (a+ bz + 1)sech~!(a + bzx)?
—a

(a + bzx) (1 — afbx)
bz)3 tan (isech ™' (a + bz)) dsech™*(a + bx)

dsech™(a + bx)

dsech™(a + bx) + 1 / sech™(a +

l 4201

;‘fd;’f:ﬁl (a4 bz + 1)sech ! (a + bx)?
(a + bz) (1 . W)

2sech ™! (a+bzx) h—1 3 1
z<2z/ ¢ sech” (a + bz) dsech™ (a + bzx) — 1isech_1(a + bx)*

dsech™!(a + bx) +

1+ erechfl(a—i-b:c)
l 2620
\/ 222t (a + bz 4 1)sech™ (a + bz)?
—a / dsech™!

m+¢@(r—ﬁﬁ>
i<2i (;sech_l(a + bz)3log (eQSeCh_l(“erz) + 1) - g /sech_l(a + bz)%log (1 + eQSeCh_l(“+bz)) dsech™!(a + bx)

(a+bx) +



CHAPTER 3. LISTING OF INTEGRALS 174

l 3011

\/ 2202t (g 4 b + 1)sech ™ (a + bx)®
—a/ atbetl dsech™ (a + bx) +
(a+b) (1- 5
1 - _
i<2i <2sech_1(a + bz)3 log <e2se°h Hatbo) 4 1) - g < / sech™!(a + bzx) PolyLog (2, —g?sech 1(“+b"")> dsech™(a

l 6096

dsech™!(a + bx) + 5

sech™!(a+bx) L1 3 sech ™! (a+bx) L1 3
a e _ sech™ (a + bx) dsech=1(a + bz) + e _ sech™ (a + bz)
—esech™ (a+bz) g _ /1 — g2 +1 —esech™ (a+bz) g ++4/1—-a2+1

1 - 3 _
i(2i <23ech_l(a + bz)3log <e2seCh Hatbz) 4 1) —5 < / sech™!(a 4 bz) PolyLog (2, —g2sech 1(‘”"”)) dsech™!(a
| 2620

_ }171 (a+bx) _ _ hil(a+bx) \
3 [sech™!(a + bz)?log <1 - %) dsech™'(a+bx) 3 [sech™'(a+ bx)?log <1 — %/
+

—a
a a

1 - 3 _
i<2i <2sech_l(a + bz)3log <e2se°h Hatbo) 4 1) —5 < / sech™!(a 4 bz) PolyLog (2, —g2sech 1(“"""”)) dsech™!(a

| 3011
-1 -1
3 (2 J sech™!(a + bz) PolyLog (2, w> dsech™!(a + bz) — sech™!(a + bx)? PolyLog (27 %
—a
a

1 - 3 _
i<2i <2sech_1(a + bz)3log <e2se°h Hatbo) 4 1) —5 < / sech~!(a 4 bz) PolyLog (2, —g?sech 1(a+b"")> dsech™!(a

l 7163

sech™1 (a+bx)

-1
3 (2 (sech_l(a + bx) PolyLog (3, ‘w> — [ PolyLog (3, “el_\/w) dsech™(a + bw)) — sech’

—a
a

1 . 1 . 1
i<2i <2sech_1(a + bx)3log <e2se°h Hatba) 4 1) — g <—2 /PolyLog (3, —g?2sech 1(““””)) dsech™!(a + bx) — 35

l 92720
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_ sech_l(aerx) _sech—(a+br SeCh_l(aerm) sech~1(a
3(2 (sech (@ + bx) PolyLog (3, “el_\/m> — [ esech™ (a+b2) PolyLog <3, ae1—\/@> desech™ (a+

—a
a

i<2i <;sech_1(a + b$)3 log <e2sech_1(a+bx) + 1) _ g <_j‘1 /e—2sech_1(a+bx) PolyLog (3, _eQSech_l(a—i-bx)) deZsech'
| 7143
sech™1 (a4bx) sech™1 (a4bx)

3 (2 (sech_l(a + bx) PolyLog (3, w> — PolyLog (4, ael—J@)) — sech™!(a + bx)? PolyLc

a

—a

1 - 1 - 1
i<%<2%df%a+b@3bg@%m’%Hm0+1)—;(—2%df%a+hﬂh%Wh¥<Z—¥”mlm%@>+2%di

-

LInt[ArcSech[a + b*x]~3/x%,x]

~—

input

-(ax(ArcSech[a + b*x]~4/(4*a) - (ArcSech[a + b*x] 3*Log[l - (a*E~ArcSech[a
+ bxx])/(1 - Sqrt[1 - a~2])])/a - (ArcSech[a + b*x] 3*Log[l - (a*E~ArcSec
hla + b*x])/(1 + Sqrt[1l - a~2])])/a + (3*(-(ArcSech[a + b*x]~2xPolyLogl[2,
(a*E"ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])]) + 2*(ArcSech[a + b*x]*PolyLog
[3, (axE"ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])] - PolyLog[4, (a*E~ArcSech[
a + b*x])/(1 - Sqrt[1 - a~2]1)])))/a + (3*(-(ArcSech[a + b*x] 2+PolyLog[2,
(a*E"ArcSech[a + b*x])/(1 + Sqrt[1l - a”2])]) + 2*(ArcSech[a + b*x]*PolyLog
[3, (a*xE~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])] - PolyLogl[4, (a*E~ArcSechl[
a + bxx])/(1 + Sqrt[1 - a"2]1)]1)))/a)) + Ix((-1/4*I)*ArcSech[a + b*x]~4 + (
2xI)* ((ArcSech[a + b*x]“3*Log[1 + E~(2*ArcSech[a + b*x])])/2 - (3*(-1/2*%(A
rcSech[a + b*x] “2*PolyLog[2, -E~(2*ArcSech[a + b*x])]) + (ArcSech[a + b*x]
*PolyLog[3, -E~(2xArcSech[a + b*x])])/2 - PolyLog[4, -E~(2*ArcSech[a + b*x
11/4))/2))

output
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26 Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 2620 Int[(((F)~((g_)*(Ce_.) + (F_)*x NN~ (a_)*((c_.) + (d_)*(xx_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [Function0fExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ion0fExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((FL)~((c_)*((a_.) + (b_)*(x))))"(a_I)I*((E_.) + (g_.)
*(x_))"(m_.), x_Symbol]l :> Simp[(-(f + g*x) m)*(PolyLog[2, (-e)*(F~(c*x(a +
b*x))) “n]/(b*c*n*Log[F])), x] + Simp[g*(m/(b*c*n*Logl[F])) Int[(f + g*x)~(
m - 1)*PolyLog[2, (-e)*(F~(cx(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz_])*(£f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*x(E" (2% ((-I)*e + f*xfz*xx))/(1 + E~(2*%((-I)*e + f*xfz*x)))), x], x]
/; FreeQl{c, d, e, £, fz}, x] && IGtQ[m, 0]
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rule 6096 Int[((Ce_.) + (£f_.)*(x_)) " (m_.)*Sinh[(c_.) + (d_.)*(x_)1)/(Cosh[(c_.) + (d_
Ox(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*f*(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 - b2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £f*x)"m*x(E~(c + d*x)/(a + Rt[a"2 - b"2, 2] + b*E~(c + d*x)))
, x]) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 - b~2, 0]

rule 6104 Int[((Ce_.) + (£_.)*(x_)) " (m_.)*Tanh[(c_.) + (d_.)*(x_)]1"(n_.))/(Cosh[(c_.)
+ (@_)*(x_)1*(M_.) + (a_)), x_Symbol]l :> Simp[i1/a Int[(e + f*x) m*Tanhl[
c + d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Sinh[c + d*x]*(Tanh[c + d*x

17(a - 1)/(a + b*Cosh[c + d*x]1)), x], x] /; FreeQ[{a, b, c, 4, e, £}, x] &&
IGtQ[m, O] && IGtQ[mn, O]

rule 6129 TntLCCCe_.) + (£_)*(x_))"(m_)*(F) [(c_.) + (d_I)*(xD17(@_.)*(G ) [(c_.) +
d_D)*x)1"(p_))/((a.) + (b_.)*Sech[(c_.) + (d_.)*(x_)1), x_Symbol]l :> I

nt[(e + f*x) “m*Cosh[c + d*x]*F[c + d*x] n*(G[c + d*x]"p/(b + a*Cosh[c + d#*x

1)), x] /; FreeQ[{a, b, c, d, e, £}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&& IntegersQ[m, n, pl]

rule 6875 Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(

m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) “p*Sech[x]*T
anh([x]*(d*e - cxf + f*Sech[x])"m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

p

rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x_)), x_S
ymbol] :> Simp[PolyLog[n + 1, cx(a + b*x)“pl/(e*p), x] /; FreeQ[{a, b, c, d
» €, I, P}: X] && EqQ[b*d, a*e]

e 7163 ToBL(Ce ) + (F_)*(x1))~(m_.)*PolyLogn_, (d_.)*((F)~((c_.)*((a_.) + (b_.
)*x(x_)))) " (p_.)], x_Symbol] :> Simp[(e + f*x) m*(PolyLog[n + 1, d*(F~(cx(a
+ b¥x)))"pl/ (bc*p*Log[F1)), x] - Simp[f*(m/(b*c*p*Log[F1)) Int[(e + £*x)
“(m - 1)*PolyLog[n + 1, d*x(F~(cx(a + b*x)))"pl, x], x] /; FreeQ[{F, a, b, ¢
, d, e, £, n, p}, x] && GtQ[m, O]
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Maple [F|

dz

/ arcsech (bx + a)3
x

input Lint (arcsech(b*x+a) ~3/x,x)

output tint (arcsech(b*x+a) ~3/x,x)

Fricas [F]

-1 3 3
/ sech™ (a + bx) dr — / arsech (bz + a) i

x x

inputLintegrate(arcsech(b*x+a)“3/x,x, algorithm="fricas")

OutputLintegral(arcsech(b*x + a)~3/x, x)

Sympy [F]

-1 3 3
/ sech™ (a + bz) dr — / asech” (a + bx) "

z x

inputLintegrate(asech(b*x+a)**3/x,x)

outputtlntegral(asech(a + b*x)**3/x, X)
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Maxima [F|

T T

-1 3 3
/ sech™ (a + bx) dp — / arsech (bz + a) i

input Lintegrate (arcsech(b*x+a)~3/x,x, algorithm="maxima")

output Lintegrate (arcsech(b*x + a)~3/x, x)

Giac [F]

-1 3 3
/ sech (;1+bac) dp — / arsech (;)x—i-a) i

inputtintegrate(arcsech(b*x+a)‘3/x,x, algorithm="giac")

output Lintegrate(arcsech(b*x + a)~3/x, x)

Mupad [F(-1)]

Timed out.

/ sech™'(a + bz)® p
T

/ acosh(ﬁlbm)3 i

X

inputLint(acosh(l/(a + b*x))~3/x%,%)

outputtint(aCOSh(l/(a + b*x))~3/x, x)
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Reduce [F]

-1 3 3
/sech (a+bzx) dp — / asech(bx + a) i

T T

input Lint (asech(b*x+a)~3/x,x)

output Lint(asech(a + b*x)**3/x,x)
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318 I sech ' (a+bz)3 gx

Optimal result . .. ... ...........
Mathematica [F(-1)] . . ... ... ... ...
Rubi [A] (verified) . ... .. ... ... ...
Maple [F] . . ... ... ... ... ... ..
Fricas [F] . . ... ... ... . ... ... ..
Sympy [F] . .. ... .. L
Maxima [F] . . ... ... ... .. ... ...
Giac [F] . . ... ..o o
Mupad [F(-1)] . . ... ... .. ...
Reduce [F] . ... ... ... . ... ... ..

Optimal result

Integrand size = 12, antiderivative size = 330

................... 182
................... 132

...................
...................
...................
................... 1156
................... 156

/ sech™(a + bz)3 dp — _bsech™'(a+bx)®  sech™(a + bx)?

2 a

_|_

T

3bsech™'(a + bx)? log (1 . aesech—l(aerw))

1—v/1—a?

av1—a?
3bsech™(a + bx)?log <1 -2

esech_l(a+bz)
1+v/1—a?

av'1—a?

_|_

6bsech ™ (a + bx) PolyLog <2, ar

sech™1 (a4bz)
1—/1—a?

av'1—a?
6bsech ™' (a + bz) PolyLog (2, ge

sech™! (a+ba)
14++v1—a?

a
6b PolyLog (3,

1—a?

-1 -1
st 29) GbPolyLog (3, 255 2 )

14+v1—a?

av'1 — a?

+
av'1 — a?



output

input

output
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-b*arcsech(b*x+a) “3/a-arcsech(b*x+a) ~3/x+3*b*arcsech(b*x+a) ~2*x1n(1-a*(1/(b
*xx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1-(-a~2+1)~(1/2))) /a/(-a"2
+1) " (1/2) -3*b*arcsech(bxx+a) “2*1n(1-a* (1/ (b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/ (b
*xx+a)+1)~(1/2))/(1+(-a~2+1)~(1/2))) /a/(-a~2+1) " (1/2) +6*b*arcsech (b*x+a) *po
lylog(2,a*(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1-(-a"2+1)"
(1/2)))/a/(-a~2+1)~(1/2) -6*b*arcsech (b*x+a) *polylog(2,a*(1/ (b*x+a)+(1/ (b*x
+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))/ (1+(-a~2+1)~(1/2))) /a/(-a~2+1) " (1/2) -6%b
*polylog(3,a*(1/ (b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/(bxx+a)+1)~(1/2))/(1-(-a"2+
1)°(1/2)))/a/(-a~2+1)~ (1/2)+6*b*polylog(3,a*(1/ (bxx+a)+(1/(b*x+a)-1)~(1/2)
*(1/ (b*x+a)+1)~(1/2))/(1+(-a~2+1)~(1/2)))/a/(-a~2+1)~(1/2)

Mathematica [F(-1)]

Timed out.

-1 3
/wm (a+02)° 1 $Aborted

xr2

r

LIntegrate [ArcSech[a + b*x]~3/x72,x]

| —

L$Aborted J

Rubi [A] (verified)

Time = 0.92 (sec) , antiderivative size = 332, normalized size of antiderivative = 1.01,

number of rules _
integrand size 0.417, Rules

number of steps used = 6, number of rules used = 5,
used = {6875, 5991, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

T2

-1 3
/ sech™ (a + bx) i

l 6875

dsech™(a + bx)

(a+ bx)\/ 2252241 (a + bx + 1)sech ™' (a + bx)®
_b/ b2x2
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lsmn

-1 2 -1 3
—b<3 / __sech™ (a + bz) dsech~(a + bz) + sech™ (a + bx) )

bx bx
J’3042

b sech~!(a + bx)3 n 3/ sech™!(a + bx)?
bx a — csc (isech™'(a + bz) + F)

dsech™(a + bx))

l 4679

-b (3/ (SeCh_l(Z + bo)* + SeCh—la(a + bx)2> dsech™'(a + bx) + SeCh—lgi_'_ bw)3)
a <a+bz - 1)

l'2009

sech™! (a+ba) sech™ ! (a+bx)

2sech™!(a + bz) PolyLog <2, ae1—\/ﬁ> 2sech™(a + bx) PolyLog <2, “\/17_(1%1) 2 Polyl

-b| 3 + n
av'1—a? av1 — a2
input LInt [ArcSech[a + b*x]~3/x"2,x] J
output —(b*(ArcSech[a + b*x]~3/(b*x) + 3*(ArcSech[a + b*x]~3/(3*a) - (ArcSech[a +

b*x] “2*Log[1 - (a*E~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])]1)/(axSqrt[1 - a
~2]) + (ArcSech[a + bxx]~2xLog[l - (a*E~ArcSech[a + b*x])/(1 + Sqrt[1l - a~
21)]1)/(axSqrt[1 - a~2]) - (2*ArcSech[a + bxx]*PolyLog[2, (a*E"ArcSech[a +
b*x])/(1 - Sqrt[1 - a~2])])/(a*Sqrt[1l - a~2]) + (2*ArcSech[a + b*x]*PolyLo
g[2, (axE"ArcSech[a + b*x])/(1 + Sqrt[1 - a”2])])/(a*Sqrt[1 - a~2]) + (2*P
olyLogl[3, (a*E~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])])/(a*Sqrt[1 - a~2]) -

(2#PolyLog[3, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])])/(a*Sqrt[1 - a~
21))))
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Defintions of rubi rules used

rule 2009 ‘

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul

rule 3042

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 4679

Int[(cscl(e_.) + (£_.)*(x_)1*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + fxx])~°n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Q[m, 0]

rule 5991

rule 6875

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxSech[c + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*x(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - cxf + fxSech[x])™m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

Maple [F]

/ arcsech (bz + a)® i

x2

input L

int (arcsech(b*x+a) ~3/x"2,x%)

output k

int (arcsech(b*x+a) ~3/x"2,x%)




CHAPTER 3. LISTING OF INTEGRALS

185

Fricas [F]
h~! bx)3 h (b 3
/sec (a2—|- ) dxz/arsec (2x—|—a) s
z T
input Lintegrate (arcsech(b*x+a)~3/x"2,x, algorithm="fricas")

OutputLintegral(arcsech(b*x + a)~3/x"2, x)

Sympy [F]

2 22

-1 3 3
/sech (a + bx) dx:/asech (a + bx) i

inputLintegrate(asech(b*x+a)**3/x**2,x)

OutputLIntegral(asech(a + b*x)**3/x*%2, x)

Maxima [F]

-1 3 3
/ sech™ (a + bx) dp — / arsech (bz + a) i

$2 xz

inputtintegrate(arcsech(b*x+a)‘3/x‘2,x, algorithm="maxima")
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-log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*
X - a+ 1)*a + b*x + a)~3/x - integrate((8*(b~3*x"3 + 3*a*b"2*x"2 + a~3 +
(3*a”2+%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b*x + a)~3 +
8% (b~3%x"3 + 3*axb”2*%x"2 + a”3 + (3*a”2%b - b)*x - a)*log(b*x + a)~3 - 3%
(b73%x73 + 2*a*b”"2*x"2 + (a"2*b - b)*x - 2*%(b"3*x"3 + 3*a*b"2*%x"2 + a~3 +
(3*a”™2%b - b)*x - a)*log(b*x + a) - ((b™3*x"3 + 3*a*b™2*x"2 + a~3 + (3%a”2
*b - b)*x - a)*sqrt(b*x + a + 1)*log(b*x + a) - (2%b73*x"3 + 4*a*b™2*x"2 +
(2xa~2xb - b)*x - (b~3*x"3 + 3*axb™2%x"2 + a”3 + (3*a”2*b - b)*x - a)*log
(b*x + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt(b*x + a + 1)*sq
rt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a)"2
- 12%((b"3*x"3 + 3%axb"2#x"2 + a”3 + (3*a"2xb - b)*x - a)*sqrt(b*x + a +
D xsqrt(-bxx - a + 1)*log(b*x + a)~2 + (b"3*x"3 + 3*a*xb”™2*x"2 + a3 + (3*a
~“2%b - b)*x - a)*log(b*x + a)~2)*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*
b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(b"3*x"5 + 3*a*b”
2xx"4 + (3*%a”2*%b - b)*x"3 + (2”3 - a)*x"2 + (b"3*x"5 + 3xa*b"2*x"4 + (3*a”
2xb - b)*x"3 + (a"3 - a)*x"2)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)), x)

output

Giac [F]

-1 3 3
/ sech™ (a + bx) dp — / arsech (bz + a) s

2 2

input‘integrate(arcsech(b*x+a)“3/x”2,x, algorithm="giac")

outputLintegrate(arcsech(b*x + a)"3/x"2, x)

Mupad [F(-1)]

Timed out.

_ 1 \3
/sech Y(a + bz)? dw:/acosh(a+bx) i

2 2

.
input int (acosh(1/(a + b*x))~3/x"2,x)
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OutputLint(acosh(l/(a + b*x))"3/x72, x)

Reduce [F]

X

2 2

-1 3 3
/sech (a+ bzx) dp — / asech(bx + a) p

inputLint(asech(b*x+a)"3/x“2,x)

OutputLint(asech(a + bxx)**x3/x*%*2,x)
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319 I sech ' (a+bz)3 gx

x3

Optimalresult . ... ... ... ... ... .........
Mathematica [F] . . . . ... ... ... .. ... .....
Rubi [A] (verified) . . . ... .. ... .. . ... ...
Maple [F] . . . .. ...
Fricas [F] . . . . . ... .
Sympy [F] . . . o
Maxima [F] . . .. ... . ...
Giac [F] . . . . . o
Mupad [F(-1)] . . ... oo
Reduce [F] . . .. ... .

Optimal result

Integrand size = 12, antiderivative size = 965

/ sech™(a + bz)3

3

dxz = Too large to display

138}
1891
190
192
192
19
19

199)



output

input

output
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-3/2%b~2*arcsech(b*x+a) ~2/a~2/(-a~2+1)+3/2*b~2* ((-b*x-a+1) / (b*x+a+1)) ~(1/2
)* (b*x+a+1)*arcsech(b*x+a)~2/a/(-a"~2+1) / (b*x+a) / (1-a/ (b*x+a) ) +1/2*xb"~2*arcs
ech(b*x+a) ~3/a"2-1/2*arcsech(b*x+a) ~3/x"2+3*%b~2*%arcsech (b*x+a)*1n(1-a*x(1/(
bxx+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1-(-a"2+1)~(1/2)))/a~2/ (-
a~2+1)+3/2xb"2*arcsech (b*x+a) "2*1n(1-a* (1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(
b*x+a)+1)~(1/2))/(1-(-a~2+1)~(1/2)))/a~2/(-a~2+1) ~(3/2)-3*b~2*arcsech (b*x+
a)~2x1n(1-a*x(1/(b*x+a)+(1/(b*x+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1-(-a~2+1
)"(1/2)))/a~2/(-a~2+1) " (1/2) +3*b~2*arcsech (b*x+a) *1n(1-a* (1/ (b*x+a)+(1/ (b*
x+a)-1)"(1/2)*x(1/ (b*x+a)+1)~(1/2)) / (1+(-a~2+1)~(1/2))) /a~2/(-a~2+1) -3/2*b"
2*xarcsech(b*x+a) “2*1n(1-a* (1/(b*x+a)+(1/(b*x+a)-1)~(1/2) *(1/(b*x+a)+1) ~(1/
2))/(1+(-a~2+1)"(1/2)))/a"2/(-a"2+1) " (3/2) +3*%b~2*arcsech (b*x+a) “2*1n(1-a*(
1/ (b*x+a)+(1/ (b*x+a)-1)~(1/2) *(1/ (b*x+a)+1)~(1/2)) / (1+(-a"2+1)~(1/2)))/a"2
/(-a~2+1)~(1/2)+3*b~2*polylog(2,a*(1/ (b*x+a)+(1/ (b*x+a)-1) " (1/2)*(1/ (b*x+a
Y+1)7(1/2))/(1-(-a"2+1)~(1/2)))/a~2/(-a~2+1)+3*b~2*arcsech(b*x+a) *polylog(
2,a*x(1/(b*xx+a)+(1/ (b*x+a)-1)~(1/2)*(1/(b*x+a)+1) ~(1/2))/(1-(-a~2+1)~(1/2))
)/a~2/(-a~2+1)~(3/2)-6*b~2xarcsech (b*x+a) *polylog(2,a* (1/(b*x+a)+(1/ (b*x+a
)-1)"(1/2)*(1/ (b*x+a)+1) ~(1/2))/ (1-(-a~2+1)~(1/2)))/a~2/(~a"2+1) " (1/2) +3%*Db
~2xpolylog(2,a*(1/(b*x+a)+(1/(bxx+a)-1)~(1/2)*(1/(b*x+a)+1)~(1/2))/(1+(-a"
2+1)7(1/2)))/a~2/(-a~2+1)-3*b~2*arcsech (b*x+a) *polylog(2,a*(1/ (bxx+a)+(1/(
bxx+a)-1)~(1/2)*(1/ (b*x+a)+1)~(1/2))/(1+(-a~2+1)~(1/2))) /a~2/(-a~2+1) " (...

Mathematica [F]

3

h—! 3 h—l 3
/sec S;—i— bx) dxz/sec (a+bzx) i

e

LIntegrate[ArcSech[a + b*x]~3/x73,x]

~—

-

LIntegrate[ArcSech[a + bxx]~3/x"3, x]

~—
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Rubi [A] (verified)

Time = 1.78 (sec) , antiderivative size = 911, normalized size of antiderivative = 0.94,

number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6875, 25, 5991, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
-1 3
/sech (C;+ bx) i
x
| 6875
(a + bz),/=22%L (g + bz + 1)sech ™! (a + bz)?
—b? / atbotl B3 dsech™ (a + bx)
| 25
(a + bz),/=2=2%L (g + bz + 1)sech ™! (a + bz)?
b2/_ a+bz+1 b3w3 dsech_l(a+ba:)
| 5991
-1 3 -1 2
o sech ™ (a+bx)® 3 [sech™(a+ bx) 1
—b ( b2 —5 1252 dsech™ (a + bx)
| 3042
sech (a +bx)® 3 sech™!(a + bx)? _
—b? 215%2 ) _ 3 / : _(1 ) —dsech Y(a + b2)
(a — csc (isech™ (a + bz) + §))
| 4679
sech'(a +bz)® 3 2sech™!(a + bzx)? sech !(a+bzx)? sechl(a+ bx)? _
—b? 2152332 ) _ 2/ Z a( ) 22 ) 5 ( )2 dsech™!(a + bx)
. a
@ (a+bz 1) a <a+bz - 1)
| 2009
_ aesechfl(a+bx) ~1 2 _ aesechfl(a
_p2 sech™!(a + bx)3 3 sech™(a + bx)3 B 2log <1 1-v1-a? ) sech™(a + bz) N log (1 1—vV1—

26222 2 3a? a2v/1 — a?

a? (1



input

output

rule 25

rule 2009
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‘Int[ArcSech[a + b*x]~3/x"3,x]

-(b~2*(ArcSech[a + b*x]~3/(2%b"2*x~2) - (3*(-(ArcSech[a + b*x]~2/(a"2*(1 -
a~2))) + (Sqrt[(1 - a - b*x)/(1 + a + b*x)]*(1 + a + b*x)*ArcSech[a + b*x
172)/(a*(1 - a~2)*(a + b*x)*(1 - a/(a + b*x))) + ArcSech[a + b*x]~3/(3*a"2
) + (2*ArcSech[a + b*x]*Logl[l - (a*E~ArcSech[a + b*x])/(1 - Sqrt[1 - a~2])
1)/(@2%x(1 - a~2)) + (ArcSech[a + b*x] 2+Log[1l - (a*E~ArcSech[a + b*x])/(1
- Sqrt[1 - a”2])1)/(a"2x(1 - a~2)~(3/2)) - (2*ArcSech[a + b*x] 2+Log[l -
(a*E~ArcSech[a + b*x])/(1 - Sqrtl[l - a"2])])/(a"2*Sqrt[1 - a~2]) + (2*ArcS
ech[a + b*x]*Log[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])])/(a"2x(1
- a”2)) - (ArcSech[a + bxx]~2xLogl[l - (a*E"ArcSech[a + b*x])/(1 + Sqrt[1l -
a~2])1)/(a"2%(1 - a~2)~(3/2)) + (2xArcSech[a + b*x]"2*Log[1 - (a*E~ArcSec
hla + b*xx])/(1 + Sqrt[1l - a~2])])/(a"2*Sqrt[1 - a~2]) + (2xPolyLogl[2, (ax*E
“ArcSech[a + b*x])/(1 - Sqrt[1l - a~2])])/(a"2*(1 - a~2)) + (2%ArcSech[a +
b*x]*PolyLog[2, (a*E~ArcSechl[a + b*x])/(1 - Sqrt[1l - a”2])])/(a"2*%(1 - a~2
)=(3/2)) - (4xArcSech[a + b*x]*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 - Sqgrt
[1 - a~2])]1)/(a~2%Sqrt[1 - a~2]) + (2+PolyLog[2, (a*E~ArcSech[a + b*x])/(1
+ Sgrt[1 - a”2])]1)/(a"2*(1 - a~2)) - (2xArcSech[a + b*x]*PolyLog[2, (a*E~
ArcSech[a + b*x])/(1 + Sqrt[1 - a~2]1)])/(a"2%(1 - a~2)~(3/2)) + (4*ArcSech
[a + b*x]*PolyLog[2, (a*E~ArcSech[a + b*x])/(1 + Sqrt[1 - a~2])])/(a~2*Sqr
t[1 - a”2]) - (2#PolyLog[3, (a*xE~ArcSech[a + b*x])/(1 - Sqrt[l - a~2])]1)/(
a”2x(1 - a~2)"(3/2)) + (4*PolyLog[3, (a*xE~ArcSech[a + b*x])/(1 - Sqrt[1...

Defintions of rubi rules used

-

LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

~—

-

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

N\

ruk33042‘1nt[u—’ x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

\Q[u, x]
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rule 4679

Int[(cscl(e_.) + (£_)*(x_)I*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 5991

Int[((e_.) + (f_.)*(x_))"(m_.)*Sech[(c_.) + (d_.)*(x_)I*((a_) + (b_.)*Sech[
(c_.) + (@_)*(x_)1)"(n_.)*Tanh[(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[(-(e
+ £*x)"m)*((a + bxSech[c + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*x(n + 1))) Int[(e + fxx)"(m - 1)*(a + b*Sech[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 6875

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)Ix(_.))"(p_.)*x((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Sech[x]*T
anh[x]*(d*e - c*f + f*Sech[x]) m, x], x, ArcSech[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]

input

output

input L

Maple [F]

dx

/ arcsech (bz + a)®

3

p
Lint (arcsech(b*x+a) ~3/x"3,x)

-/

Lint (arcsech(b*x+a) ~3/x"3,x)

Fricas [F|

-1 3 3
/ sech™ (a + bx) dp — / arsech (bz + a) i

z3 z3

integrate(arcsech(b*x+a) ~3/x"3,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS

193

OutputLintegral(arcsech(b*x + a)~3/x"3, x)

Sympy [F]

/ sech™*(a + bx)? / asech® (a + bx)
3 dr = 3
z T

inputLlntegrate(asech(b*x+a)**3/x**3,x)

output LIntegral(asech(a + bxx)**3/x**3, x)

Maxima [F]

-1 3 3
/ sech™ (a + bx) dp — / arsech (bz + a) i

x3 3

input Lintegrate (arcsech(b*x+a) “3/x"3,x, algorithm="maxima")
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output

-1/2*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*bxx + sqrt(b*x + a + 1)*sqrt
(-bxx - a + 1)*a + b*x + a)~3/x"2 - integrate(1/2*(16*(b~3*x~3 + 3*axb~2+*x
"2 + a3 + (3*%a"2%b - b)*x - a)*sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*log(b
*x + a)”3 + 16*%(b"3*%x"3 + 3*a*b”2%x"2 + a~3 + (3*%a"2*b - b)*x - a)*log(b*x
+ a)”3 - 3%(b"3*x"3 + 2*xaxb"2%x"2 + (a"2%b - b)*x - 4*(b"3*x"3 + 3*axb~2%
X"2 + a”3 + (3*a”2*%b - b)*x - a)*log(b*x + a) - (2%(b"3*x"3 + 3*a*b”~2*x"2

+ a3 + (3*%a”2xb - b)*x - a)*sqrt(b*x + a + 1)*xlog(b*x + a) - (2%b~3*x"3 +
4*xa*xb~2%x"2 + (2%a”2%b - b)*x - 2%(b"3*x"3 + 3*a*b”2%x"2 + a~3 + (3%a"2*b
- b)*x - a)*log(b*x + a))*sqrt(b*x + a + 1))*sqrt(-b*x - a + 1))*log(sqrt
(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1
)¥a + b*x + a)”2 - 24x((b73*x"3 + 3*a*b"2*x"2 + a”3 + (3*xa”2%b - b)*x - a)
*sqrt(b*x + a + 1)*sqrt(-bxx - a + 1)*log(b*x + a)”~2 + (b~3%x"3 + 3*a*b~2x%
X"2 + a”3 + (3*a”2*b - b)*x - a)*log(b*x + a) 2)*log(sqrt(b*x + a + 1)*sqr
t(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*a + b*x + a))/(
b~"3*x"6 + 3*axb"2xx”5 + (3*a”2*b - b)*x"4 + (2”3 - a)*x"3 + (b"3*x"6 + 3*a
*b~2xx"5 + (3*%a"2*%b - b)*x"4 + (a”3 - a)*x"3)*sqrt(b*x + a + 1)*sqrt(-b*xx

-a+ 1)), x)

Giac [F]
sech™! bx)3 h (b 3
/ (a3+ ) dx=/arsec (3x+a) "
z x
inputLintegrate(arcsech(b*x+a)‘3/x*3,x, algorithm="giac")

| —

outputt

integrate(arcsech(b*x + a)~3/x73, x)

Mupad [F(-1)]

Timed out.

_ 1 )3
/sech Y(a + bx)? da;:/aCOSh('H—bm) dr

3 3

input |

int(acosh(1/(a + b*x))~3/x"3,x)
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OutputLint(acosh(l/(a + b*x))"3/x"3, x)

Reduce [F]

X

3 3

-1 3 3
/sech (a+ bzx) dp — / asech(bx + a) p

inputLint(asech(b*x+a)"3/x“3,x)

OutputLint(asech(a + bxx)**3/x**3,x)
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3.20 [ z3sech™ (\/z) dz

Optimal result . . . . . . . . . . . . e 196
Mathematica [A] (verified) . . . . . . . . . ... o 197
Rubi [A] (verified) . . . .. . . ... .. 197
Maple [A] (verified) . . . . . . ... L 199
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 199
Sympy [F] . . o o 200
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2001
Giac [F] . . . . o o 200
Mupad [F(-1)] . . . o o 201]
Reduce [F] . . . o . o o 201]

Optimal result

Integrand size = 10, antiderivative size = 138

1 1 1 1 1\*? 1\*?
SR B . § . 14— 1+ —— 3/2
4\/ . \/ Ara(rE) ()

+
3 1 5/2 1 5/2 1 1 7/2 1 7/2 1
1+ 14— 5/24 ~ [ 14— 14— 7/2 1 = pdgech~!
() () e () (b ) o

outp ut‘ -1/4%(-1+1/x~(1/2))~(1/2)*(1/x~(1/2)+1) ~(1/2) *x~ (1/2)+1/4* (-1+1/x~(1/2) ) ~( ‘
13/2)*(1/x7(1/2)+1)~(3/2) %x~ (3/2)=3/20% (-1+1/x" (1/2))~ (5/2) * (1/x" (1/2)+1)~(
|5/2)*x”(5/2)+1/28% (-1+1/x~(1/2)) " (7/2)* (1/x7 (1/2) +1) = (7/2) %x~ (7/2) +1/4*x"4

‘ *arcsech(x~(1/2))
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.61

1 1-—
/x3sech_1(\/§) de = -5/ 7 n g(lﬁ + 16/ + 8z + 82%% + 622 + 62°/2 4 52

+537/%) + iac‘*sech_1 (V)

-

input LIntegrate [x~3*ArcSech[Sqrt[x]],x] J

‘—1/140*(Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])]1*(16 + 16xSqrt[x] + 8*x + 8%x~(3/
2) + 6xx72 + 6%x7(5/2) + 5xx”3 + 5*x~(7/2))) + (x"4*ArcSech[Sqrt[x]1]1)/4

N\ J

output

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.75,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6899, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/a:3sech_1 (\/5) dx
| 6899

V-2 al
/ WVie + lar:‘Lsech_1 (V)

4\/ﬁ—1\/ﬁ+1\/5 4
l27

Vi—z 2 dr
/ Vi-z —|—1:E4sech_1 (\/5)

8\/ﬁ—1\/ﬁ+1\/5 4

| 53
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VI=z [ (~(1=2)? 4301 —2)*? —3/T— 3+ i) da

+ w 4sech ! (v/z
8\/%—1\/ﬁ+1\/5 4 Vo)
l 2009
21—x)/2 -8 52 191 — )32 —2/1—2)vV1—
ix‘lsech_l(\/i) + (7( ?) ( —a) 42 2) a:) z
8\/ﬁ—1\/ﬁ+1\/_
inputLInt[x‘3*ArcSech[Sqrt[x]],x] J
output (C2*SartlL = x] + 2+(1 - 07(3/2) - (6+(1 - V(5/2))/5 + (21 - VO (7/2

‘))/7)*Sqrt[1 - x])/(8*Sqrt[-1 + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) +
‘(x“4*ArcSech[Sqrt[x]])/4

Defintions of rubi rules used

rule 27 Int[(a)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 53 IntlCa ) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, c, d, n},

x] && IGtQ[m, 0] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])

|| LtQ[9*m + 5%(n + 1), 0] || GtQm + n + 2, 0])

rule 2009(Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 6899 Int[((a_.) + ArcSech[u_]l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si

mp[(c + d*x)~"(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrt[1

- u™2]/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul)) Int[SimplifyIntegrand[
(c + d*x)"(m + 1)*(D[u, x]/(u*Sqrt[1 - u~2])), x1, x], x] /; FreeQ[{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionO0fQ[(c
+ d*x)"(m + 1), u, x] & !'FunctionOfExponentialQ[u, x]
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.39

method result size
Vz-1 Vz+l 3 2
P P 4 h \/— = */5\/7 (52°+62>+82+16)
derivativedivides | Z ams'ff vz) _ ve ‘q - 54
_at g [V (508 4602 4 801 16)
z* arcsech (,/z) \/ Nz ‘/5\/ Nz (52
default . — - 54
t z4 arcsech (y/z) \/_ ‘/\5/51 \/5\/\/\5/;51 (523 +622+82+16) 54
parts 4 — 140
input Lint (x"3*arcsech(x~(1/2)),x,method=_RETURNVERBOSE) J

output ‘ 1/4xx"~4*arcsech (x~(1/2))-1/140*x(-(x~(1/2)-1)/x~(1/2))~(1/2)*x~(1/2) * ((x~ (1 ‘
L/2)+1)/x‘(1/2))‘(1/2)*(5*x‘3+6*x‘2+8*x+16)

J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.41

z—1
1 T — =z + \/E
/:c3sech_1 (\/5) dr = 1 zlog -

z—1
- 3 2 1 —
1 0(51: +62°+8x+ 6)\/5

p

tintegrate (x"3*arcsech(x”(1/2)),x, algorithm="fricas")

e—

input

‘1/4*x"4*1og((x*sqrt(—(x - 1)/x) + sqrt(x))/x) - 1/140%(5%x~3 + 6%x~2 + 8%*x ‘

output
L + 16)*sqrt (x)*sqrt(-(x - 1)/x) J
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Sympy [F]

/:1:3sech_1 (\/5) dr = / 3 asech (\/5) dx

input Lintegrate (x**3*asech (x**(1/2)) ,x) J

output LIntegral (x**3*asech(sqrt(x)), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.42

7 5
1 /1 2 3 s5/1 2

3. -1 _ L (1 3 (1
/x sech™ (v/z) dz—28x <x 1) 50" (x 1)

input Lintegrate (x~3%arcsech(x~(1/2)),x, algorithm="maxima") J

1/28%x”(7/2)%(1/x - 1)7(7/2) - 3/20%x"(5/2)x(1/x - 1)°(5/2) + 1/4xx"4xarcs

output
‘ech(sqrt(x)) + 1/4%x~(3/2)*(1/x - 1)7(3/2) - 1/4*sqrt(x)*sqrt(1/x - 1) ‘

Giac [F]

/ z’sech™ (v/z) dz = / z® arsech (v/z) dz

input Lintegrate (x~3*arcsech(x~(1/2)),x, algorithm="giac") J

output Lintegrate (x"3*arcsech(sqrt(x)), x) J
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Mupad [F(-1)]

Timed out.

[@seanivz) o= [ acosh(%) dx

inputLint(x“S*acosh(l/x“(l/Z)),x)

output | 18 (¢ 3*acosh(1/x°(1/2)), %)

Reduce [F]

/gv?’sech_1 (\/E) dx =/asech(\/5) z3dz

input Lint (x"3*asech(x~(1/2)) ,x)

outputLint(aseCh(sqrt(X))*X**S,x)




output
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3.21 [ z’sech™ (\/z) dz

Optimal result . . . . . . . . . . . . e 202
Mathematica [A] (verified) . . . . . . . . . ... o 2021
Rubi [A] (verified) . . . .. . . ... .. 203
Maple [A] (verified) . . . . . . ... L 204
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 205
Sympy [F] . . o o 205
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2061
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o 200
Reduce [F] . . . o . o o 207

Optimal result

Integrand size = 10, antiderivative size = 107

/x2sech dx———\/ 1+\/_\/1+\/_

Sargm) () e

)

5/2 1
> %% + gx‘q’sech_1 (V)

‘3/2)*(1/x“(1/2)+1)“(3/2)*x*(3/2)—1/15*(—1+1/x“(1/2))“(5/2)*(1/x‘(1/2)+1)‘(

(—1/3*(-1+1/x‘(1/2))*(1/2)*(1/x‘(1/2)+1)“(1/2)*x‘(1/2)+2/9*(-1+1/x“(1/2))“( \

|5/2)*x”(5/2)+1/3%x"3*arcsech(x"(1/2))

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.67

1 /1-
/mQSeCh_l (Vz) do=—— Ve (8 + 8v/z + 4z + 47°/? + 32?

45\ 1+

+ 3x5/2) + %masech_1 (\/E)
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input ‘ Integrate [x~2%ArcSech[Sqrt [x]],x]

output‘ -1/45%(Sqrt[(1 - Sqrt[x])/(1 + Sqrtlx])]1*(8 + 8*Sqrt[x] + 4*x + 4*x~(3/2)
\+ 3*x"2 + 3*x~(5/2))) + (x"3xArcSech[Sqrt[x]]1)/3

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.86,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6899, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/a:2sech_1 (\/5) dx
l 6899
vi—z 22y
/ 21z + larzzJ’sech_1 (V)
3\/ﬁ - 1\/ﬁ +1yz 3
l 27
Vi—=x Ll
/ Vi-z + lfv?’sech_1 (\/5)
6\/ﬁ — 1\/ﬁ +1/z 3
| 53
VI—o[ (-2 —2/T=3+ A=)ds ¢
+ Za’sech™ (V)
6\/ﬁ — 1\/ T +1ve 3
l 2009
201 — \5/2 4 A1 N3/2 - —
1x3sech—1(\/5) N (-2(1—=2)2+3(1—2) 2Vl-z)V/1-%z
3 6\/% — 1\/ﬁ +1yz
input LInt [x~2*ArcSech[Sqrt[x]],x] J
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output\ ((-2%Sqrt[1 - x] + (4%(1 - x)"(3/2))/3 - (2%x(1 - )~(5/2))/5)*Sqrt[1 - x1)
‘/(G*Sqrt[-l + 1/Sqrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) + (x"3*ArcSech[Sqrtl[
‘x]])/B ‘

Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]1]

rule 53 Intl(Ga_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])
[l LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

-/

rule 6899 Int[((a_.) + ArcSech[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si

mp[(c + d*x)~(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrt[1
- u™2]/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1l + 1/ul)) Int[SimplifyIntegrand[
(c + d*x)"(m + 1)*(D[u, x]/(u*Sqrt[1 - u~2])), x1, x], x] /; FreeQ[{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.46

method result size
Vz—1 Vzr+1 2
L 3 h \/— N ﬁ\/ 7 (32°+4x+8)
derivativedivides | = e) _ = 49

_Vz-1 Vz+1l 2
a® arcsech(vz) \/ vz \/E\/ VT (32° +42+8)

default 3 =

49

_Vz-1 Vz+1 2
z3 arcsech (,/z) _ \/ Va ‘/5\/ NEd (32%+42+8)

3 45 49

parts
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input Lint (x~2*arcsech(x~(1/2)) ,x,method=_RETURNVERBOSE) J

output \ 1/3*x"3*%arcsech(x~(1/2))-1/45x(-(x~(1/2)-1)/x~(1/2))~(1/2)*x~(1/2) *((x~(1/ ‘
12)+1)/x7(1/2)) 7 (1/2) % (3%x"2+4%x+8)

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.49

z—1
1 T\~ + VT 1 —1
/xzsech_l(\/i) dx = gx?’log( - ) - (32 +4z+8)Vx _wx

inputLintegrate(x*2*arcsech(x“(1/2)),x, algorithm="fricas") J

output‘ 1/3*x"3*log((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - 1/45%(3*x"2 + 4*x + 8)*sqr \
‘t(x)*sqrt(-(x - 1)/%)

Sympy [F]

/ r*sech ™" (v/z) dr = / z” asech (v/z) dz

inputLintegrate(x**2*asech(x**(1/2)),x) J

-

e—

OutputLIntegral(x**2*asech(sqrt(x)), x)
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.43

5
/ac2sech_1 (Vz) dz = _1 3 (1 — 1) + lx?’ arsech (v/z)

15 T 3
2 1 2 1 1
-+—ﬁ<——1) N |
9 z
input Liﬂtegrate (x~2*arcsech(x~(1/2)),x, algorithm="maxima" J

¢ ~1/15%x"(5/2)%(1/x - 1)7(5/2) + 1/3xx"3*arcsech(sqrt(x)) + 2/9xx™(3/2)*(1/

outpu
x - 1)7(3/2) - 1/3*sqrt(x)*sqrt(1/x - 1)

Giac [F]
/ z’sech™ (v/z) dz = / z* arsech (v/z) dz
input Lintegrate(x“2*arcsech(x’"(1/2)) ,x, algorithm="giac") J
output Lintegrate(x"2*arcsech(sqrt(x)), x) J

Mupad [F(-1)]

Timed out.

/x2sech_1(\/5) dr = /a:z acosh(%) dz

input Lint (x"2*acosh(1/x~(1/2)) ,x) J

output | 8 (< 2¥acosh(1/x°(1/2)), %) |
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Reduce [F]

/mQSech_1 (\/E) dx = /asech(\/:;) z2dz

inputLint(x"2*asech(x"(1/2)),x)

outputtint(asech(sqrt(x))*x**2,x)




output

input

CHAPTER 3. LISTING OF INTEGRALS 208
3.22 [ zsech™(/z) dz
Optimal result . . . . .. ... ... ... ... .. .. 208

Mathematica [A] (verified) . . . . . . . ... ... L
Rubi [A] (verified) . . . ... .. .. ...
Maple [A] (verified) . . . . . . ... Lo
Fricas [A] (verification not implemented) . . . . . . .. ... ... ..

Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . .. ... ...

Giac [F] . . . . . o
Mupad [F(-1)] . . . . o
Reduce [F] . . . . . o

Optimal result

Integrand size = 8, antiderivative size = 76

/xsech_l(\/i) dr = —%\/—1 + %\/1 + %\/5
1 1 1

6 &

3/2 3/2 1
+ - (—1 + —) (1 + %) 3?4 §xzsech_1(\/5)

‘ -1/2%(-1+1/x7(1/2)) 7 (1/2) % (1/x7(1/2)+1) = (1/2) *x~ (1/2) +1/6% (-1+1/x7(1/2) ) ~(

\3/2)*(1/x“(1/2)+1)“(3/2)*x*(3/2)+1/2*x*2*arcsech(x*(1/2))

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.74

/xsech_l(\/i) dx = —é 1;%

2+2vz+z+3°7) + %xQSech_l (V=)

‘ Integrate[x*ArcSech[Sqrt[x]],x]
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~1/6%(Sqre[(1 - Sqrtlx])/(1 + Sqre[x])1+(2 + 2#8qrtlx] + x + x~(3/2))) + (

output
Lx“2*ArcSech [Sqrt[x]1]1)/2 J

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.04,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6899, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zsech™ (v/z) dz
| 6899
\/l—xf2\/”1”_7dw 1, .
+ —z’sech™" (1/x)
2\/ﬁ—1\/ﬁ+1\/5 2
l27
Vi—zf il 1, .4
+ -z’sech™ (v/x)
45/ mErive 2
| 53
Vi-z (A= —-Vi—z)dz
/ (m ) + }xzsech_l(\/i)
4\/ﬁ—1\/ﬁ+1\/5 2
l2009
(21-2)®2-2y/1—2)VI—-2=
1 1
4/ 1/ T IVE

%:ﬁsech_1 (\/E) +

-

LInt [x*ArcSech[Sqrt[x]],x]

| —

input
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t‘ ((-2*Sqrt[1 - x] + (2*(1 - x)7(3/2))/3)*Sqrt[1 - x])/(4*Sqrt[-1 + 1/Sqrt[x ‘

outpu
L]]*Sqrt[l + 1/Sqrt [x11#Sqrt[x]) + (x~2%ArcSech[Sqrt[x]1)/2 J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && IGtQ[m, O] &% ( !'IntegerQ[n] || (EqQlc, 0] && LeQ[7*m + 4*n + 4, 0])
|| LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

rule 53

s

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

Int[((a_.) + ArcSech[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrt[1
- u™2]/(d@*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1l + 1/ul)) Int[SimplifyIntegrandl[
(c + d*x)"(m + 1)*(D[u, x]/(u*Sqrt[1 - u~2])), x1, x], x] /; FreeQ[{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

rule 6899

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.55

method result size
derivativedivides | % amse;h(ﬁ) — \/_\/\5/;1 ﬁ6\/ Ve ) 42
default o arcsech () _ \/ e VE 6\/ Ve @+D) 49
parts z? a“‘?S*;Ch(w/ﬂ?) _ \/_@51‘/”?6\/@;1 (@+2) 49
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inputLint(x*arcseCh(xh(l/Q)),X,meth0d=_RETURNVERBOSE) J

‘1/2*x“2*arcsech(x“(1/2))-1/6*(—(x“(1/2)-1)/x‘(1/2))“(1/2)*x‘(1/2)*((x“(1/2

output
D+1)/x7(1/2)) 7 (1/2) * (x+2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.59

T\~ +VE z—1
/xsech_l(\/i) da:z%aﬁlog( x )—é(x+2)\/5 — xl

integrate(x*arcsech(x~(1/2)),x, algorithm="fricas") J

inputt

‘1/2*x“2*10g((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - 1/6*%(x + 2)*sqrt(x)*sqrt(-

OUtput\(x - 1)/x) |
Sympy [F]
[ asees” (v5) dz = [ wasech (v2) do
input | integrate (xrasech (xex (1/2)) ) J

-

e—

ou_tputtIntegral(x*asech(sqrt(x)), x)
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.45

/xsech_l(ﬁ) dzzéxg(l— >2+%x2arsech(\/3_v)—§\/5 ——1

T

p
Lintegrate(x*arcsech(x‘(1/2)),x, algorithm="maxima")

e—

input

‘1/6*x‘(3/2)*(1/x - 1)7(3/2) + 1/2*x"2%arcsech(sqrt(x)) - 1/2*sqrt(x)*sqrt(

output
’ 1/x - 1) |
Giac [F]
/ gsech™ (Vz) dz = / z arsech (v/z) dz
input Lintegrate (x*arcsech(x~(1/2)),x, algorithm="giac") J
output Lintegrate (x*arcsech(sqrt(x)), x) J
Mupad [F(-1)]
Timed out.
/:vsech_l (V) dz = /w acosh (%) dz
input Lint (x*acosh(1/x7(1/2)) ,x) J
output Lint (x*acosh(1/x7(1/2)), x) J
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Reduce [F]

/CL’SGCh_l (\/E) dx = /asech(\/:;) zdx

inputtint(x*asech(x“(1/2)),X)

outputLint(asech(sqrt(x))*x,x)




output

input
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3.23 [sech™(/z) dz

Optimal result . . . . . . . . . . . . e 214
Mathematica [B] (verified) . . . . . . . . .. ... o oL 214
Rubi [A] (verified) . . . .. . . ... .. 215
Maple [A] (verified) . . . . . . ... L 216
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 210
Sympy [F] . . o o 217
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 217
Giac [F] . . . . o o 217
Mupad [F(-1)] . . . o o 218
Reduce [F] . . . . . 218

Optimal result

Integrand size = 6, antiderivative size = 38

-1 =—4/— i L T + zsech™ (v
/sech (Vz) dz = \/1+\/5\/1+\/5\/_+ h™' (/)

L—(-1+1/XA(1/2))A(1/2)*(1/XA(1/2)+1)A(1/2) *x~ (1/2)+x*arcsech(x~(1/2))

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 118 vs. 2(38) = 76.

Time = 0.08 (sec) , antiderivative size = 118, normalized size of antiderivative = 3.11

2(-14Vi=VB) (-1 Vit VE) (JREVIT VR

/Sech_1 (\/g_n) dr =

+ zsech™ (v/z)

<—2+¢1—\/a‘:+\/1+\/5)2m

LIntegrate[ArcSech[Sqrt[X]],x]
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‘(—2*(—1 + Sqrt[1 - Sqrt[x]])~2x(-1 + Sqrt[1 + Sqrt[x]])~2*Sqrt[(1 - Sqrtlx ‘
‘])/(1 + Sqrt[x])I*Sqrt[1 + Sqrt[x]]1)/((-2 + Sqrt[1 - Sqrt[x]] + Sqrt[1 + S ‘
‘qrt [x]1)~2xSqrt[1 - Sqrt[x]]) + x*ArcSech[Sqrt[x]] ‘

output

Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.13,

number of rules _ 0.333, Rules

number of steps used = 2, number of rules used = 2, = :
integrand size

used = {6897, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/sech_1 (V) dz
| 6897
Vi—z [ —A—dz
- f Q{E + zsech™? (\/E)
\/ - 1\/ L +1ve
l 17
zsech ™! (\/5) - - 1- ai
VE-WEtIE
input LInt [ArcSech[Sqrt[x]],x] J

‘(—( (1 - x)/(Sqrt[-1 + 1/8qrt[x]1*Sqrt[1 + 1/Sqrt[x]]1*Sqrt[x])) + x*ArcSechl[ \‘

output ‘ Sqrt [x]] ‘
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Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol]l :> Simp[c*((a + b*x)"(m + 1
)/(o*x(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

rule 17

Int [ArcSech[u_], x_Symbol] :> Simpl[x*ArcSech[u], x] + Simp[Sqrt[1 - u~2]/(u
*Sqrt[-1 + 1/ul*Sqrt[l + 1/u]) Int[SimplifyIntegrand[x*(D[u, x]/(u*Sqrt[1

- u"2])), x1, %], x] /; InverseFunctionFreeQ[u, x] && !FunctionOfExponent
ialQ[u, x]

rule 6897

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.95

method result size
derivativedivides | x arcsech (\/5) —\Vz \/ _\/\%1 \/ \/\5/45-1 36
default z arcsech (vz) — /T \/ _% \/ \/\Egl 36
parts x arcsech (\/E) —Vz \/_% \/\/\5/;51 36
input Liﬂt (arcsech(x~(1/2)) ,x,method=_RETURNVERBOSE) J

t‘x*arcsech(x‘(l/2))-x‘(1/2)*(—(x‘(1/2)—1)/x‘(1/2))‘(1/2)*((x‘(1/2)+1)/x‘(1/ \
\2))*(1/2) \

outpu

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.03

z—1
T\ =% T VT -1
/sech_1 (Vz) dz = zlog Y/
T T
input Lintegrate (arcsech(x~(1/2)) ,x, algorithm="fricas") J
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OutputLx*log((x*sqrt(-(x - 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt(-(x - 1)/x)

Sympy [F]

/sech_l(\/i) dr = /asech (Vz) dz

inputtintegrate(asech(x**(1/2)),x)

output LIntegral (asech(sqrt(x)), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.50

/sech_l(\/i) dz = zarsech (vz) — % -1

inputLintegrate(arcsech(x"(1/2)),x, algorithm="maxima")

output Lx*arCSGCh(Sqrt(X)) - sqrt(x)*sqrt(1/x - 1)

Giac [F]

/sech_1 (\/E) dx = /arsech (\/E) dx

inputLintegrate(arcsech(xA(1/2)),X, algorithm="giac")

output Lintegrate (arcsech(sqrt(x)), x)
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Mupad [F(-1)]

Timed out.

[ e (V) @z = [ acosh<im) dz

input Lint (acosh(1/x~(1/2)) ,x)

output Lint (acosh(1/x7(1/2)), x)

Reduce [F]

/sech_1 (Vz) dz =/asech(\/5) dx

input Lint (asech(x~(1/2)),x)

output Lint (asech(sqrt(x)),x)




output

input
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—1
3.24  [Sech (V3 4,

Optimalresult . ... ... ... ... ... .........
Mathematica [A] (verified) . . . . . . . ... .. ... ... ..
Rubi [C] (warning: unable to verify) . .. ... ... .....
Maple [A] (verified) . . . . . . ... Lo
Fricas [F] . . . . . .. . .
Sympy [F] . . . o
Maxima [F] . . . .. .. ... .
Giac [F] . . . . o
Mupad [F(-1)] . . ... . o
Reduce [F] . . .. ... .

Optimal result

Integrand size = 10, antiderivative size = 46

-1
/ M dz = sech™! (\/5)2 — 2sech™! (\/:E) log (1 + 6256‘"‘}‘_1(‘/@)

T

— PolyLog (2, —e2sech™! WE))

‘arcsech(x“(1/2))“2—2*arcsech(x“(1/2))*1n(1+(1/x“(1/2)+(—1+1/x“(1/2))”(1/2)
‘*(1/x”(1/2)+1)”(1/2))”2)-polylog(2,‘(1/x“(1/2)+(-1+1/X“(1/2))“(1/2)*(1/X”(

\1/2)+1)*(1/2))*2)

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.98

T

/ —SeCh_l (v2) dz = —sech™" (v/z) (sech_1 (vVz) +2log (1 + e‘zSECh_l(ﬁ)))

+ PolyLog <2, —e_2seCh_1(‘/5)>

LIntegrate [ArcSech[Sqrt[x]]1/x,x]
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‘ -(ArcSech[Sqrt [x]]*(ArcSech[Sqrt[x]] + 2*Log[l + E~(-2*ArcSech([Sqrt[x]]1)])

output
L) + PolyLog[2, -E~(-2*ArcSech[Sqrt[x]])]

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.47 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.26,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.900, Rules

used = {7267, 6835, 6297, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

i

/ sech™ (/) p

l 7267

sech™ (/)
NG

l,6835

———dVz

arccosh ( ﬁ) 4 1

VT VT
l6%ﬁ

—2/, Ve 1+— \/_arccosh(\/_> darccosh<

l 3042

1 1
-2 / —tarccosh (ﬁ) tan (iarccosh (ﬁ) > darccosh (
l 26

2 / arccosh<\/15> tan (iarccosh(ﬁ)) darccosh(\/l§>

l 4201

-2

2l

)

Si-
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2arccosh( )
vz ) arccosh

<\}E> darccosh<\/15> — w

21 2i/

1+ e?arccosh(%)

l 2620

2 <2z<1arccosh< f> (ammh(ﬁ) + 1> = % / log <1 groreeoeh (2 >) darccosh(\}:?)) — Z;”)

| 2715

2% <2i<1arccosh<1> log <62arccosh(\/15) + 1) . 1 /62arccosh(\}5> IOg (1 + eZarccosh(ﬁ)) de2arccosh<\}5>> .
2 N7 4
| 2838

1 1 ;
24 <2i <i PolyLog (2, —e2arCCOSh<W) > + 1 —arccosh <\/_> (e%rCCOSh(ﬁ) + 1> ) — Z;)

input LInt [ArcSech[Sqrt[x]]1/x,x]

~—

‘ (2*%ID)*((-1/2*%I)*x + (2*I)*((ArcCosh[1/Sqrt[x]]*Log[1 + E~(2*ArcCosh[1/Sqrt ‘

output
L[x]])])/2 + PolyLogl[2, -E~(2%ArcCosh[1/Sqrt[x11)1/4)) J

Defintions of rubi rules used

rule 26 Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 2620 TRELCCED " ((g_ ) *((e_) + (£_)*(x))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

ruka2838/Int[L°g[(C-')*((d-) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

N\

rule 4201 Int[((c_.) + (A_.)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz_])*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*(E"(2%((-I)*e + f*fzxx))/(1 + E"(2*x((-I)*e + £xfz*x)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 6297 Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Tanh[-a/b + x/b], x], x, a + b*ArcCosh[c*x]], x] /; FreeQ[{a
, b, ¢}, x] & IGtQ[n, 0]

N\

rule 6835 Int[((a_.) + ArcSech[(c_.)*(x_)I*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh([x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

rule 7267 Int[u_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[1st[[2]]1*1st[[4]] Subst[Int[lst[[1]], x], x, 1st[[3]11°(1/1st[[2]11)], x
1 /; !'FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]
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Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.41

method result

derivativedivides | arcsech (\/5)2 — 2 arcsech (\/g_v) In (1 + (\/%E + \/ -1+ \/LE \/ 1+ \%)2> — polylog

default arcsech (\/5)2 — 2 arcsech (1/z) In (1 + (\/ii + \/—1 + % \/1 + \%)2> — polylog

input Lint (arcsech(x~(1/2))/x,x,method=_RETURNVERBOSE) J

" \ arcsech (x7(1/2))"2-2*arcsech(x~(1/2))*1n(1+(1/x~(1/2)+(-1+1/x"(1/2))~(1/2) \
*(1+1/x7(1/2))7(1/2))~2)-polylog(2,-(1/x~ (1/2)+(-1+1/x~(1/2))~(1/2)*(1+1/x |
~(1/2))7(1/2))72) |

outpu

Fricas [F|
/ M dr = / M dx
z x
input | iBtegrate(arcsech(x(1/2))/x,%, algorithn="fricas") J
output Lintegral (arcsech(sqrt(x))/x, x) J
Sympy [F]

sech™' (v/z) asech (y/7) i
[ [

dr =
z T

input Lintegrate (asech(x**(1/2))/x,x) J
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outputLIntegral(aseCh(Sqrt(x))/x, x)

Maxima [F]

/sech_l(\/i) dr — / arsech (/7) i

z x

inputtintegrate(arcsech(x*(1/2))/x,x, algorithm="maxima")

‘—1/4*1og(x)‘2 + log(x)*log(sqrt(sqrt(x) + 1)*sqrt(-sqrt(x) + 1) + 1) - log

tput
outpu ‘(sqrt(x) + 1)*log(sqrt(x)) - log(sqrt(x))*log(-sqrt(x) + 1) - dilog(-sqrt(
‘x)) - dilog(sqrt(x)) + integrate(1/2xlog(x)/((x - 1)*e~(1/2*log(sqrt(x) +
‘1) + 1/2*%log(-sqrt(x) + 1)) + x - 1), x)
Giac [F]
/sech_1 (V) dr — / arsech (/7) i
T T
inputLintegrate(arcsech(x‘(1/2))/x,x, algorithm="giac")

Ou_tputLintegrate(arcsech(sqrt(x))/x, x)

Mupad [F(-1)]

Timed out.

T

/sech_1 (V) i / acosh(ﬁ) ]

z x

input Lint (acosh(1/x~(1/2))/x,x)
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output Lint (acosh(1/x~(1/2))/x, x)
Reduce [F]
/de: /de
z T
input Lint (asech(x~(1/2))/x,x)

output Lint (asech(sqrt(x))/x,x)




output\1/2*('1+1/X“(1/2)>‘<1/2)*<1/x‘(1/2)+1)‘(1/2)/x*(1/2)—arcsech(x*(1/2))/x+1/
| 2%(1-x) " (1/2) *arctanh ((1-x)~(1/2))/ (-1+1/x~(1/2))~(1/2)/ (1/x~ (1/2)+1)~ (1/2

input
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-1
sech  (vz
3.25  [5€CR (D)4,
T
Optimal result . . . . . . . . . . . . . e 226
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 227
Maple [A] (verified) . . . . . . . .. 229
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 220
Sympy [F] . . o 230
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 230
Giac [F] . . . o o 2301
Mupad [B] (verification not implemented) . . ... ... .. ... ... ..... 231
Reduce [F] . . . . o e 231
Optimal result
Integrand size = 10, antiderivative size = 93
-1 -1+ /1+L -1
/ sech™ (y/z) o — vz vz sech™'(/z) N /1 — zarctanh (/1 — z)
x? v 2\/x x

2\/—1+¢L5\/1+¢%\/5

L)/x“(1/2)

~

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.19

/ sech™' (v/z) "

xr2

122z - alog(a)

T

\/ };ﬁ (14 /z) — 2sech™ (/) + zlog (1 + ,/};ﬁ +
2

LIntegrate [ArcSech[Sqrt[x]11/x72,x]
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t‘ (Sqrt[(1 - Sqrtlx])/(1 + Sqrt[x])I*(1 + Sqrt[x]) - 2xArcSech[Sqrt[x]] + xx*
‘Log[l + Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])] + Sqrt[(1 - Sqrt[x])/(1 + Sqrtlx
‘])]*Sqrt[x]] - (x*xLogl[x])/2)/(2*x)

outpu

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.85,

number of rules _ 500, Rules

number of steps used = 6, number of rules used = 5, = -
integrand size

used = {6899, 27, 52, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

2
l6899
B Vl_xfmdw B sech™ (\/z)
\/ﬁ—l\/ﬁ-l—l\/i z
l27
3 vl—xfﬁdw _sech‘l(\/E)
2\/ﬁ—1\/ﬁ+1\/5 z
152
v1 _IGI \/ﬁxdw_ \/11_7) B sech™! (y/z)
2\/ﬁ—1\/ﬁ+1\/§ z
| 73
m(‘f%dm_ \/195_7) sech™ (/)
2\/%—1\/ﬁ+1\/5 - z

_m<—arctanh(M) - \/1:?;) _ sech™! (V&)
2\/ﬁ — 1\/ﬁ +1Vz z
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input ‘ Int [ArcSech[Sqrt[x]]/x"2,x] ‘

output ‘ -(ArcSech[Sqrt[x]]/x) - (Sqrt[1l - x]*(-(Sqrt[l - x]/x) - ArcTanh[Sqrt[1 -
‘ x]11))/(2*Sqrt[-1 + 1/Sqrt[x]]*Sqrt[1 + 1/Sqrt([x]]*Sqrt[x])

Defintions of rubi rules used

rule o7 Intl[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a +Db*x)"(m + D*((c + d*x)"(n + 1)/((bxc - a*xd)*(m + 1))), x] - Simp[d*((
m+n + 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 52

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qfa, 0] || LtQ[b, 0])

rule 219

Int[((a_.) + ArcSech[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrt[1
- u™2]/(d@*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul)) Int[SimplifyIntegrandl[
(c + d*x)"(m + 1)*(D[u, x]/(u*Sqrt[1 - u~2])), x1, x], x] /; FreeQ[{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] & !FunctionOfExponentialQ[u, x]

rule 6899




input
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Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.69

method result size
A= 1/ +1 arctanh m+m
derivativedivides | — arcsecf(f ﬁ ) 64
W= +1 arctanh x+\/ 1—x
default — msec:(f ) 64
+1 arctanh z+m
parts . arcsecil(f V- \/ \/7 ) 64

Lint (arcsech(x~(1/2))/x~2,x,method=_RETURNVERBOSE)

outp ut\ —arcsech(x~(1/2)) /x+1/2%(-(x~(1/2)-1)/x~(1/2))~(1/2) /x~ (1/2)*((x~(1/2)+1)/
x7(1/2))7(1/2)* (arctanh (1/ (1-x) " (1/2))*x+ (1-%) " (1/2))/ (1-x) " (1/2)

input

output

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.48

dz =

(x—mbgcﬁi§35>+v%¢t%?

/ sech_12( VZ)

2z

Lintegrate (arcsech(x~(1/2))/x"2,x, algorithm="fricas")

‘1/2*((){ - 2)*xlog((x*sqrt(-(x - 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt(-(x - 1)

/3 /x
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Sympy [F]
/ M dr = / M dz
z x
input Lintegrate (asech (x+*(1/2)) /x+*2,x) J
output LIntegral (asech(sqrt(x))/x**2, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.70

/ sech™ (v/z) p VI /3 -1 arsech (/7)
—_—  dxr = — —
2 2(:6(1—1)—1) T
log(\/_ ——1+1>——log(\/_ ——1—1)
input Lintegrate (arcsech(x~(1/2))/x"2,x, algorithm="maxima") J

t‘—1/2*sqr1:(x)*sqrt(1/x - 1)/(x*x(1/x - 1) - 1) - arcsech(sqrt(x))/x + 1/4xlo ‘

outpu
Lg(sqrt(x)*sqrt(l/x - 1) + 1) - 1/4xlog(sqrt(x)*sqrt(1/x - 1) - 1) J

Giac [F]

/ sech™! (v/z) o — / arsech (/) "

2 x2

input Lintegrate (arcsech(x~(1/2))/x"2,x, algorithm="giac") J

output Lintegrate (arcsech(sqrt (x))/x~2, x) J




CHAPTER 3. LISTING OF INTEGRALS 231

Mupad [B] (verification not implemented)

Time = 4.24 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.43

/sech_l(\/i) e \/\/% — 1\/\/%+1 B 2acosh(\/%> (ﬁi - \/T5>

x? QNAE V&E
inputLint(aCOSh(l/xA(1/2))/XA2,X) J
Output‘ ((1/x°(1/2) - D (1/D*(1/x°(1/2) + 1)°(1/2))/(2*x°(1/2)) - (2racosh(1/x°(

1/2))%(1/(2%x7(1/2)) - x°(1/2)/)) /%" (1/2)

Reduce [F]

/sech_l(\/i) g — / asech(/z) i

2 x2

inputLint(asech(x“(1/2))/X'"2,X) J

output tint (asech(sqrt (x))/x**2,x) J
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1
3.26  [SeB (Vo)

Optimal result . . . . . . . . . . . . . e 232
Mathematica [A] (verified) . . . . . . . . . ... 232
Rubi [A] (verified) . . . . . . . . . . 233
Maple [A] (verified) . . . . . . . .. 235
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 230]
Sympy [F] . . o 230
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [F] . . . o o 237
Mupad [F(-1)] . . ..o 237
Reduce [F] . . . . o e 237

Optimal result

Integrand size = 10, antiderivative size = 126

/Sech ), \/—1+f\/1+ 3\/—1+f\/1+

813/2 16y/z
_ sech” '(Vx) N 3v/1 — zarctanh(y/1 — z)
227 16,/~1+ J\/1+ Jzv/a

‘1/8*(-1+1/x“(1/2))“(1/2)*(1/x“(1/2)+1)“(1/2)/X“(3/2)+3/16*(-1+1/x“(1/2))”(
‘1/2)*(1/x“(1/2)+1)“(1/2)/x“(1/2)-1/2*arcsech(x“(1/2))/x“2+3/16*(1-x)“(1/2)
‘*arctanh((l-x)“(1/2))/(-1+1/x“(1/2))“(1/2)/(1/X“(1/2)+1)“(1/2)/X“(1/2)

output

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 125, normalized size of antiderivative = 0.99

dr =
22 2

/ sech™! (\/5) 1 ( l_ﬁ (2 +2Vz 43z + 3373/2) B 8sech™! (\/E)
x3 16

x 11—z 3log(x)

+310g<1+\/1+\/_ 1_‘_\/_\/_) 5 )
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input ‘ Integrate[ArcSech[Sqrt[x]]/x"3,x] ‘

output‘ ((Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])]*(2 + 2xSqrt[x] + 3*x + 3*xx7(3/2)))/x"2 \
| - (8*ArcSech[Sqrt[x]1)/x"2 + 3%Logl[l + Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])] |
L+ Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])]1*Sqrt[x]] - (3*Loglx]1)/2)/16 J

Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 102, normalized size of antiderivative = 0.81,

number of rules _ 0.600, Rules

number of steps used = 7, number of rules used = 6, integrand size

used = {6899, 27, 52, 52, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech™ (/) e

3
| 6899
Vv 1 —wfﬁdm B sech™ (/)
2%~ 1/ T 1VE 227
| 27
_V 1 —xfﬁdw 3 sech™ (y/z)
4L/t IvE 22
| 52
_m(% / \/ﬁaﬂdw - \/2195_?) 3 sech™*(v/z)
4\/ﬁ—1\/ﬁ+1\/5 222
| 52
1- I@(% J x/ll—imdw B J?) - é?) 3 sech™ (/)
4\/ﬁ—1\/ﬁ+1\/§ 222

| 73
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V(3 (S 2VTE - ) S et ()
4\/ﬁ—1\/ﬁ+lx/ﬂ_ﬂ 2

m<%<—arctanh(M) - @) — ‘/21;?) sech~1(y/z)
B 4/ -1/H+ e - 222

input ‘ Int [ArcSech[Sqrt[x]]/x"3,x] ‘

Output‘—1/2>'<ArcSech[Sqr1:[x]]/x’"2 - (Sqrtl[1l - x]*(-1/2*Sqrt[1 - x]1/x"2 + (3*%(-(Sqr ‘
‘t[1 - x]/x) - ArcTanh[Sqrt[1 - x]11))/4))/(4xSqrt[-1 + 1/Sqrt[x]1*Sqrt[1 +
‘ 1/8qrt [x]]1*Sqrt [x])

Defintions of rubi rules used

27‘In‘c[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
tchQ[Fx, (b_)*(Gx_) /; FreeQlb, xI]

Int[((a_.) + (b_)*(x_)) " (@m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, ¢, d, n}, x] && ILtQ[m, -1] && FractionQ[n] &% LtQ[n, 0]

rule 52

Int[((a_.) + (b_)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + bxx)"(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt [-b, 2]*(x/Rtl[a, 2])]1, x] /; FreeQ[{a, b}, x] && NegQ[a/bp] && (Gt
Qla, 0] |l LtQ[b, 01)

rule 219
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Int[((a_.) + ArcSech[u_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrt[1
- u™2]/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/u])) Int[SimplifyIntegrand[
(c + d*x)"(m + 1)*(D[u, x]/(uxSqrt[1 - u~21)), x]1, x1, x] /; FreeQl{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] && !FunctionOfExponentialQ[u, x]

rule 6899

Maple [A] (verified)

Time = 0.19 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.63

method result size
\/7 F 3 arctanh z 2-1-3\/ﬁ z+2v/1—z
derivativedivides | — arcse;:Q(‘f iz ) 79
16z ? Vi—zx
\/7 F 3 arctanh w 2+3m z+2v/1—=z
default _ arcse;:2(f i ) -,
16z ? V1i—x
arcsech (/) \/7 F 2+3m x+2ﬂ)
parts — 79
1603 \/ﬁ
input Lint (arcsech(x~(1/2))/x"3,x,method=_RETURNVERBOSE) J

output ‘ -1/2%arcsech(x~(1/2))/x~2+1/16% (- (x~(1/2)-1) /x~(1/2))~(1/2) /x~ (3/2) * ((x~ (1 ‘
‘ /2)+1) /x~(1/2)) " (1/2)*(3*xarctanh(1/(1-x) ~(1/2) ) *x~2+3*% (1-x) ~(1/2) *x+2* (1-x ‘
)7(1/2))/(1-x)~(1/2) |

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.43

-1 2 z,/—mT_l-i-\/i
sech™ (v/2) b Bz +2)/x — 4+ (32 —8)log <—m )
/ x3 = 16 z2

input ‘ integrate(arcsech(x~(1/2))/x"3,x, algorithm="fricas")
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‘1/16*((3*}{ + 2)*xsqrt(x)*sqrt(-(x - 1)/x) + (3*x"2 - 8)*log((x*sqrt(-(x - 1 ‘

output
/%) + sqre(x))/x)/x°2
Sympy [F]
/ sech—13(\/5) do — / asech 3ﬁ\/i) s
x T
input Lintegrate (asech(x**(1/2)) /x**3,x) J
output Llntegral (asech(sqrt(x))/x**3, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 92, normalized size of antiderivative = 0.73

3
/ seeh” (V%) d 3t (G-1)"-5vmy/z -1 arsech (/7)
WV e — — B
i (-1 ~2a(i-1)+1) 2
+ 3t (Vayt—141) = 2 log (Va2 —1-1
3 B V? 35 108 | Vz
input tintegrate (arcsech(x~(1/2))/x"3,x, algorithm="maxima") J

-1/16%(3%x~(3/2)*(1/x - 1)7(3/2) - B*sqrt(x)*sqrt(1/x - 1))/(x"2x(1/x - 1)
“2 - 2xx*x(1/x - 1) + 1) - 1/2xarcsech(sqrt(x))/x"2 + 3/32*log(sqrt(x)*sqrt ‘
((1/x = 1) + 1) - 3/32%log(sqrt(x)*sqrt(1/x - 1) - 1)

output
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Giac [F]
/ sech—13(\/5) dr — / arsechg(\/:?) i
T T
inputLintegrate(arcsech(x‘(1/2))/x*s,x, algorithm="giac")

outputLintegrate(arcseCh(Sqrt(x))/X‘B, x)

Mupad [F(-1)]

Timed out.

T

/sech_1 (V) i / acosh(\%) .

.’L’3 3';3

input Lint (acosh(1/x~(1/2))/x~3,%)

outputLint(aC°Sh(1/X*(1/2))/x‘3, x)

Reduce [F|

/sech_1 (V) o — / asech(/z) i

.’1}'3 x3

inputLint(asech(x‘(1/2))/XA3,X)

OutputLint(asech(sqrt(x))/x**3,x)
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~1
3.27 i sech (v5) 4,

74
Optimal result . . . . . . . . . . . . . e 238}
Mathematica [A] (verified) . . . . . . . . . ... 239
Rubi [A] (verified) . . . . . . . . . . 239
Maple [A] (verified) . . . . . . . .. 242
Fricas [A] (verification not implemented) . . . . . . . . ... ... ... ..... 242
Sympy [F] . . o 243
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 243
Giac [F] . . . o o 244
Mupad [F(-1)] . . ..o 247
Reduce [F] . . . . o e 247

Optimal result

Integrand size = 10, antiderivative size = 157

/sech dx_\/—l‘i‘f\/l 7 5\/—1+ \/1+7

1825/2 T223/2
5\/ L+ /14  sech™!(v/2)
18z 32
N 5v/1 — zarctanh(y/1 — z)

48\/—1—|-\/%\/1+\/%\/5

(1/18*(-1+1/x‘(1/2))“(1/2)*(1/x‘(1/2)+1)“(1/2)/x‘(5/2)+5/72*(—1+1/x‘(1/2))‘
‘(1/2)*(1/x“(1/2)+1)‘(1/2)/x“(3/2)+5/48*(—1+1/x‘(1/2))‘(1/2)*(1/x“(1/2)+1)‘
‘(1/2)/x‘(1/2)—1/3*arcsech(x‘(1/2))/x‘3+5/48*(1—x)‘(1/2)*arctanh((1—x)“(1/2

output

\‘

J




input

output
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Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 140, normalized size of antiderivative = 0.89

/ sech™ (v/z) .

xrd

V2 (8 + 8y/T + 10z + 102%/2 + 1522 + 152%/2) — 48sech™" (/z) + 152° log (1 + \/ T \/ =

vz

N

14443

LIntegrate[ArcSech[Sqrt[x]]/x“4,x]

‘(Sqrt[(i - Sqrt[x])/(1 + Sqrt[x])1*(8 + 8*Sqrt[x] + 10*x + 10*x~(3/2) + 15
‘*x“2 + 15%x~(5/2)) - 48%ArcSech([Sqrt[x]] + 15*x~3%Logl[1l + Sqrt[(1 - Sqrt[x
‘])/(1 + Sqrt[x])] + Sqrt[(1 - Sqrt[x])/(1 + Sqrt[x])]1*Sqrt[x]] - (15*x~3%L

(0gl[x])/2)/(144%x3)

Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 123, normalized size of antiderivative = 0.78,
number of rules

number of steps used = 8, number of rules used = 7, = -
integrand size

used = {6899, 27, 52, 52, 52, 73, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

[,

1-4
l 6899

\Y4 1 —_ l‘f Wﬁdx Sech_l(ﬁ)

_3\/ﬁ — 1\/ﬁ 1z 3P

l27

vV 1-— wf ﬁdx SeCh_l(\/E)

_6\/ﬁ — 1\/% t1yz 3

= (0.700, Rules
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| 52
Vi —w(% J \/ﬁxsdx - \/31:5_?) B sech™ (/)
67z —1\/ 7z +1VE 3z
| 52
V1 —x(%(%f \/ﬁﬁdx_ Vz?) - T) B sech™ (y/z)
6\/ﬁ—1\/ﬁ+1\/5 3z
| 52
_m@(% (%f \/11_7md$ - \/135_7) - \/21:;?) - \/31:;?) 3 sech™ (v/z)
6\/ﬁ—1\/ﬁ+1\/§ 33

6\/\}—1\/ﬁ+1ﬁ 33
l 219
_M(%(%(—arctanh(M) - \/195_7) - \/21;?) - \/31;?) B sech™ (/)
6\/ﬁ—1\/ﬁ+1\/z 3z?

-

\ >

input Llnt [ArcSech[Sqrt[x]]1/x74,x]

( A\

-1/3*ArcSech[Sqrt[x]]1/x"3 - (Sqrt[l - x]*(-1/3*Sqrt[1 - x]1/x"3 + (&6x(-1/2%
‘Sqrt [1 - x1/x"2 + (3%(-(Sqrt[1 - x]/x) - ArcTanh[Sqrt[1 - x]11))/4))/6))/(6 ‘
‘*Sqrt [-1 + 1/8qrt[x]]1*Sqrt[1 + 1/Sqrt[x]]*Sqrt[x]) ‘

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 52

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2])], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Q[a, 0] || LtQ[b, 01)

rule 219

Int[((a_.) + ArcSech[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si

mp[(c + d*x)"(m + 1)*((a + bxArcSech[u])/(d*(m + 1))), x] + Simp[b*(Sqrtl[1
- u™2]/(d*(m + 1)*uxSqrt[-1 + 1/ul*Sqrt[1 + 1/ul])) Int[SimplifyIntegrand[
(c + d*x)"(m + 1)*(D[u, x]1/(u*Sqrt[1 - u~2])), x]1, x], x] /; FreeQl[{a, b, c
, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x] && !FunctionOfQ[(c
+ d*x)"(m + 1), u, x] && !FunctionOfExponentialQ[u, x]

rule 6899




input

output

input

output
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.58

method result size
 arcsech(y 1/ 1/ ) 23415y 1—7 22410/ 1—7 z+8y/1— a:)
derivativedivides 3 3 91
z 144¢3 Vi—z
h(vE 1/ 1/ ) 23415y 1=7 22410/ 1—7 z+8y/1= ac)
arcsec
default 3 3 91
z 144:0?\/1 z
h(vE 1/ 1/ ) 23415y 1=7 22410/ 1—7 2+8y/1= z)
arcsec
parts 3 3 91
z 144:1:7\/1 z

p
Lint (arcsech(x~(1/2))/x"4,x,method=_RETURNVERBOSE)

-/

-1/3*arcsech(x~(1/2))/x"3+1/144% (- (x~ (1/2)-1) /x~(1/2))~(1/2) /x~ (5/2)* ((x"(
11/2)+1) /%~ (1/2)) " (1/2) * (16%arctanh (1/(1-x) " (1/2)) *x"3+16% (1-x) " (1/2) %x"2+1
0% (1-3) " (1/2) %8+ (1-1) ™ (1/2)) / (1-3) " (1/2)

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.38

z\/—2=14/x
(1522 + 10z + 8)y/z(/— =1 + 3 (52% — 16) log <J)

sech™! T
/ —(\/E) dx =
xt 144 23
Lintegrate (arcsech(x~(1/2))/x"4,x, algorithm="fricas") J

‘1/144*((15*x‘2 + 10*x + 8)*sqrt(x)*sqrt(-(x - 1)/x) + 3*(5%x~3 - 16)*log(( ‘
‘x*sqrt(-(x - 1)/x) + sqrt(x))/x))/x"3
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Sympy [F]
/ M dxr = / M dz
£ T
input Lintegrate (asech (x**(1/2)) /x**4,x) J
output LIntegral(asech(sqrt (%)) /x**4, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.74

/Sech‘l(ﬁ)d 1523 (1 1) — 4023 (1~ 1) +33 vz /1 — 1
WV e — —
” 144 (23(2 = 1)" = 322(L - 1)" +32(1 = 1) — 1)
arsech (y/z) 5 1 5 \/17
_Tﬁ-%log(ﬁ 5—1+1>—%log<\/§ E_1
_1>
inputLintegrate(arcsech(x“(1/2))/x‘4,x, algorithm="maxima") J

Output‘—1/144*(15:.:;:‘(5/2)=|=(1/x - 1)7(5/2) - 40*%x~(3/2)*(1/x - 1)~(3/2) + 33*sqrt( \
X)*sqre(1/x - 1))/ (x"3*(1/x - 1)73 - 3xx"2%(1/x - 1)72 + 3+xx(1/x - 1) - 1 |
‘) - 1/3*arcsech(sqrt(x))/x"3 + 5/96%log(sqrt(x)*sqrt(1/x - 1) + 1) - 5/96% ‘
‘log(sqrt(x)*sqrt(l/x -1 -1 ‘
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Giac [F]
/ sech—14(\/5) dr — / arsech4(\/:?) i
T T
inputLintegrate(arcsech(x‘(1/2))/x*4,x, algorithm="giac")

outputLintegrate(arcseCh(Sqrt(x))/x‘4, x)

Mupad [F(-1)]

Timed out.

T

/sech_1 (V) i / acosh(\%) .

.’L’4 3';4

input Lint (acosh(1/x~(1/2))/x"4,%)

outputLint(aC°Sh(1/X*(1/2))/x‘4, x)

Reduce [F|

/sech_1 (V) o — / asech(/z) i

.’1}'4 x4

inputLint(asech(x‘(1/2))/XA4,X)

OutputLint(asech(sqrt(x))/x**4,x)




e

output L
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—-1/1

3.28 [sech™ (1) dz

Optimal result . . . . . . . . . . . . e 245
Mathematica [A] (verified) . . . . . . . . . ... o 2451
Rubi [A] (verified) . . . .. . . ... .. 246
Maple [A] (verified) . . . . . . ... L 247
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 247
Sympy [F] . . o o 248
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 248]
Giac [F] . . . . o o 248
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 249
Reduce [F] . . . . . 249

Optimal result

Integrand size = 4, antiderivative size = 21

/sec:h_1 (%) dr = —/—1+ z/1 + x + xarccosh(z)

-(-1+x)"(1/2)*(1+x) ~(1/2) +x*arccosh(x)

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.19

/sech_1 (1) dr = — 1+
T 1+2x

1
(14 z) + zsech™" (5)

input‘

Integrate[ArcSech[x~(-1)],x]

outputt

-(8qrt[(-1 + x)/(1 + x)I*(1 + x)) + x*xArcSech[x~(-1)]
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.00,

number of rules _ 0.750, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6881, 6294, 83}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/sech_1 <1> dz
x
| 6881
/ arccosh(z)dz
| 6204
zarccosh(z) — / S
v —1yz+1
| 83
zarccosh(z) — v — vz + 1
input LInt [ArcSech[x~(-1)]1,x] J

output ‘

rule 83

rule 6294

-(Sqrt[-1 + x]*Sqrt[1 + x]) + x*ArcCoshl[x]

Defintions of rubi rules used

Int[((a_.) + (b_.)*(x_)*((c_.) + (d_)*(x 1))~ (a_)*((e_.) + (£_)*(x))"(p
), x] 2> Simplb(c + dx0)~(m + D*((e + £x0)7(p + 1)/(d*tx(n + p + 2))),
x] /; FreeQl{a, b, c, d, e, £, n, p}, x] & NeQ[n + p + 2, 0] & EqQlaxdxf
*(n + p + 2) - bx(d*ex(n + 1) + cxf*(p + 1)), 0]

Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcCosh[c*x])"n, x] - Simp[b*c*n Int[x*((a + b*ArcCosh[c*x])~(n - 1)/(Sqrt
[1 + cxx]*Sqrt[-1 + c*x])), x], x] /; FreeQ[{a, b, c}, x] & GtQ[n, O]
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rule 6881‘Int[Arcsech[(c_.)/((a_.) + (b_.)*(x_)“(n_,))]“(m__)*(u_.), x_Symbol] -> Int ‘
‘[u*ArcCosh[a/c + b*x(x"n/c)]"m, x] /; FreeQ[{a, b, c, n, m}, x]

Maple [A] (verified)

Time = 0.18 (sec) , antiderivative size = 20, normalized size of antiderivative = 0.95

method result size
parts z arcsech (2) — vz —1vz +1 20
derivativedivides | x arcsech (%) — \/ — (—1 + %) T \/ (% + 1) z | 29
default  arcsech (1) — \/— (-1+ )z \/(% +1)z | 29
input Lint (arcsech(1/x) ,x,method= RETURNVERBOSE) J
ou_tput{x*arcsech(l/x)—(x-l)"(1/2)*(x+1)"(1/2) }

Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.05

/sech_1 (i) dz = zlog (z—i—x/xz — 1) — V2 -1

q q =N q n
inputLlntegrate(arcsech(l/x),x, algorithm="fricas") J

output F¥LOE(x + sqrt(x™2 - 1)) - sqrt(x"2 - 1) J
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Sympy [F]

/sech_1<1) dr = /asech <1> dz
T T

input Lintegrate (asech(1/x),x)

OutputLIntegral(asech(l/x), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.76

/sech_1 (1> dx = x arsech (1) —Vzz -1

T T

1 3 =N 3 n
inputLlntegrate(arcsech(l/x),x, algorithm="maxima")

Outputtx*arcsech(l/x) - sqrt(x”2 - 1)

Giac [F]

/sech_1 (1) dr = /arsech (1) dz
z z

i i =14 n
inputLlntegrate(arcsech(l/x),x, algorithm="giac")

OutputLintegrate(arcsech(l/x), x)
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Mupad [B] (verification not implemented)

Time = 3.49 (sec) , antiderivative size = 17, normalized size of antiderivative = 0.81

/sech_1 (%) dr = zacosh(z) — vz —1vzr +1

input Lint (acosh(x),x)

output LX*acosh(x) - (x - D7A/2)*(x + 1)7(1/2)

Reduce [F]

/sech_1 (1) dr = /asech(1> dz
T z

input Lint (asech(1/x) ,x)

output Lint (asech(1/x) ,x)
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-1 n
3.99 [ sech "(aa") ;..

T
Optimal result . . . . . . . . . . . . . 2501
Mathematica [B] (verified) . . . . . . . . . ... 250
Rubi [C] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 2511
Maple [A] (verified) . . . . . . ... L 254
Fricas [F(-2)] . . . . . o e 257
Sympy [F] . . o 255
Maxima [F] . . . . . . 255
Giac [F] . . . o o 2551
Mupad [F(-1)] . . ..o 250
Reduce [F] . . . . . .o e 250

Optimal result

Integrand size = 10, antiderivative size = 61

SeCh_1 (ax”) sech_1 (axn)z sech_l (a,;z;n) lOg (1 + 62sech_1(ax")>
/ dxr =
z 2n n
POIYLOg (2, _ eQSech— 1 (az™) )
2n

output ‘ 1/2*arcsech(a*x™n) ~2/n-arcsech(a*xx"n)*1n(1+(1/a/(x"n)+(1/a/(x"n)-1) " (1/2) * ‘
‘ (1/a/(x"n)+1)~(1/2))~2) /n-1/2*polylog(2,-(1/a/(x"n)+(1/a/(x"n)-1)~(1/2)*(1 ‘
/a/(x"n)+1)7(1/2))"2)/n |

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 219 vs. 2(61) = 122.

Time = 0.64 (sec) , antiderivative size = 219, normalized size of antiderivative = 3.59

dz = sech™'(az™) log(x)

/ sech™*(az")

T
};Zﬁ: (4\/ —1 + a2z?" arctan (\/ -1+ a2x2”) (2n log(x) —log (a2x2n)) + 1 — a2z2n (10g2 (anzn) ~
8 (n
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input Integrate[ArcSech[a*x"n]/x,x]

ArcSech[a*x"n]*Log[x] + (Sqrt[(1 - a*x™n)/(1 + a*x"n)]*(4*Sqrt[-1 + a~2*x~
(2#n) ] *ArcTan[Sqrt[-1 + a~2*x~(2*n)]]*(2*n*Log[x] - Logla~2*x~(2%n)]) + Sq
rt[1 - a”2*x~(2*n)]*(Log[a~2*x~(2*n)]~2 - 4*Log[a~2*x~(2*n)]*Log[(1 + Sqrt
[1 - a”2*%x"~(2%n)])/2] + 2*Log[(1 + Sqrt[l - a~2*x~(2%n)])/2]"2 - 4*PolyLog
[2, 1/2 - Sqgrt[1 - a~2*x~(2*n)]1/2]1)))/(8*%(n - a*n*x"n))

output

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.53 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.26,

number of steps used = 10, number of rules used = 9, Bumber of rules _ 0.900, Rules
integrand size

used = {7282, 6835, 6297, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

x

/ sech™!(az™) dz

l 7982

[z~ "sech™!(az™) dz™

n

l 6835

i w‘”arccosh(%) dz™™"
a n

l 6297

— (% + 1) arccosh(%) darccosh(%)

n
l 3042

f —sjarccosh (%) tan <iarccosh (%) > darccosh ( %)

n
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| 26

if arccosh( > tan (zarccosh( )) darccosh( )

n
l 4201
2arccosh( 2—2
e ( @ )arccosh z_ - 1. 9
if2if _ darccosh(—) — iz
2arccosh(’3 ) a
1+e

2620

n
+ 1) %flog ( 2arccosh<z;n)> darCCOSh<x;n>> _ éi.’LG)

<2z< arccosh( )1og<

| 2115
<21< arccosh( ) 10 < 2arccosh< ) + 1) e2arccosh< ) log < + 2arccosh<z_an>> de2arccosh(m;n)) )
n
| 2838

i(2i (}1 PolyLog (2, —eQarccos}l(E_“Tb)) + arccosh( > log ( QarCCOSh( ") + 1)) 22':52”)

n

input LInt [ArcSech[a*x"n]/x,x] J

‘(I*(( 1/2%I)*x~(2%n) + (2*I)*((ArcCosh[1/(a*x"n)]*Log[1l + E~(2xArcCosh[1/( ‘

tpu
output ‘a*x n)1)1)/2 + PolyLogl[2, -E~(2*ArcCosh[1/(a*x"n)1)1/4)))/n ‘
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Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 26

rule 2620 Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntLogl(a) + (b_.)*((F)~(Ce_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

/Int[Log[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

rule 2838

rule 3042 DT [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (@_.)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " m*x(E-(2*x((-I)*e + fxfz*x))/(1 + ET(2*x((-I)*e + f*xfz*xx)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4201

Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Tanh[-a/b + x/b], x], x, a + b*ArcCosh[c*x]], x] /; FreeQ[{a
, b, c}, x] & IGtQ[n, 0]

rule 6297

N

Int[((a_.) + ArcSech[(c_.)*(x_)I1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh([x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

rule 6835
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ruk37282‘1nt[(u—)/(x—)’ x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
‘/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]1]1/x], %], x], x, (
‘15t[[3]]*x)“1st[[2]]], x] /; FalseQ[lst] && NeQ[lst[[2]], 0]] /; NonsumQ[
‘u] &% 'RationalFunctionQ[u, x]

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.82

method result

2
-n [z—m [z—m
ma + aca 1 a:a +1>>
2

ny2 - —-n -n 2 polylos <2)_ (
%—arcsech(a z™)In <1+ ( z an +m \/ﬁ) > -
n

derivativedivides

2
o )’)
2

) Y _ — 2 polylog (2,7 ( a
M—arcsech(a z™)In <1+(wa +\/¢ \/W) >—
n

default

input‘int(arcseCh(a*X“n)/X,X,meth0d=_RETURNVERBUSE)

output‘1/n*(1/2*arcsech(a*x"n)"2-arcsech(a*x"n)*ln(1+(1/a/(X”n)+(1/a/(X“n)-l)'"(1/
‘ 2)*(1/a/(x"n)+1)~(1/2))"2)-1/2*polylog(2,-(1/a/(x"n)+(1/a/(x"n)-1)~(1/2) *( ‘
1/a/(x"n)+1)"(1/2))"2)) |

Fricas [F(-2)]

Exception generated.

dxr = Exception raised: TypeError

/ sech™*(az™)

X

inputLintegrate(arcsech(a*x"n)/x,x, algorithm="fricas") J

ou_tput‘Exception raised: TypeError >> Error detected within library code: inte

‘grate: implementation incomplete (constant residues)
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Sympy [F]

/ sech™ (az™) dp — / asech (az™) i

z x

-

inputLintegrate(asech(a*x**n)/x,x)

-/

OutputLIntegral(asech(a*x**n)/x’ x)

Maxima [F]

-1 n n
/ sech™" (az™) dp — / arsech (az™) i

z T

inputLintegrate(arcsech(a*x‘n)/x,x, algorithm="maxima")

output(aﬁ2*n*integrate(x“(2*n)*log(X)/(a‘2*x*x‘(2*n) + (a~2*x*x~(2*n) - x)*sqrt(a

‘*XAI]. + 1)*sqrt(-a*x“n + 1) - X), x) + n*integrate(1/2*10g(x)/(a*x*x"n + x)
, X) - nxintegrate(1/2+log(x)/(a*x*x™n - x), x) + log(sqrt(a*x™n + 1)*sqrt
‘(-a*x‘n + 1) + 1)*log(x) - log(a)*log(x) - log(x)*log(x~n)

Giac [F]

/ sech™ (az™) dp — / arsech (az™) I

z T

i - i ="sq n
inputLlntegrate(arcsech(a*x n)/x’x’ algorlthm giac )

ou_tputtintegrate(arcsech(a*x"n)/x, x)
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Mupad [F(-1)]
Timed out.

/ sech™ (az™) s — / acosh (-17) e

T Z

inputLint(acosh(l/(a*x‘n))/x,x)

output tint (acosh(1/(a*x"n))/x, x)

Reduce [F]

-1 n n
/ sech™ (az™) dr = / aseci;(m a) s

T

input Lint (asech(a*x™n)/x,x)

output Lint (asech(x**n*a) /x,x)
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-1

sech™ " (az?)

330 | dz

T
Optimal result . . . . . . . . . . . . . e 257
Mathematica [A] (verified) . . . . . . . . . ... 257
Rubi [C] (warning: unable to verify) . . . ... ... ... . ... ... ..., 258
Maple [F] . . . . . 261]
Fricas [F] . . . . . o e 261]
Sympy [F] . . o 261]
Maxima [F] . . . . . . 262
Giac [F] . . . o o 2621
Mupad [F(-1)] . . ..o 262
Reduce [F] . . . . o e 263

Optimal result

Integrand size = 10, antiderivative size = 54

~1/ 5
/ sech” (az”) dr = isech_1 (ax5)2 - %sech_1 (az”) log (1 + e2se°h_1(“z5)>

T 10

10

1 _
o PolyLog (2’ _e2sech 1(ax5)>

Output‘(1/10*arcsech(a*x‘5)‘2—1/5*arcsech(a*x‘5)*1n(1+(1/a/x‘5+(1/a/x“5—1)‘(1/2)*(
‘1/a/x‘5+1)“(1/2))“2)—1/10*polylog(2,-(1/a/x“5+(1/a/x“5—1)‘(1/2)*(1/a/x‘5+1

input

)7(1/2))72)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.91

T 10

—1(,.5
/ sech " (az”) dr = 1 (—sech_1 (az®) (Sech‘1 (az®) + 2log (1 + e_zseChfl(azs)»

+ PolyLog (2, — e 2ech™ Ws)))

LIntegrate [ArcSech[a*x~5]/x,x]

\‘
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" ‘ (-(ArcSech[a*x~5] * (ArcSech[a*x~5] + 2xLog[l + E~(-2*ArcSech[a*x"5])])) + P ‘

outpu
LolyLog [2, -E~(-2%ArcSech[a*x~51)1)/10 J

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.49 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.26,

_ _ o humber of rules _
number of steps used = 10, number of rules used = 9, integrand size 0.900, Rules

used = {7282, 6835, 6297, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ sech™! (axE‘) d
——dz

T
l 7282
1 h—l 5
1 / sec (ax ) P
5 z°
l 6835
1 / arccosh(#) d 1
5 x° zd
l 6297
—1 /a "T}”s —1 1+ i xarccosh L darccosh i
5 + ﬁ z5a ax® ax®
l 3042

—1 / —iarccosh L tan ( sarccosh i darccosh i
5 axd axd axd
l 26
li / arccosh i tan | Zarccosh 1 darccosh i
5 ax® ax’® ax®

l 4201
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1 . e2arccosh( ) arccosh( L ) 1 i .’L‘lO
5! 2 darccosh( — | — 5
1+ e2a,rccosh(az5) ar
| 2620
1 1 1 r L r 1 1 . 10
—i| 2¢( zarccosh| —= | log e CCOSh 5 +1)—= / log e CCOSh(aw5> darccosh | — | | =
5 2 azd azxd 2
| 2715
li 2 larccosh i log e?arccosh(ﬁ) +1) - 1 / e?arccosh(ﬁ) log 1+ e?arccosh(ﬁ) ngarccosh(ﬁ)
5 2 azx® 4
| 2838

1 1 I 1 1 1 . 1 . .10
—i( 2¢| = PolyLog [ 2, —e™ CCOSh(“E’) + —arccosh| — | log e CCOSh(W5) +1)) =¥
5 4 2 ard 2

LInt [ArcSech[a*x~5]/x,x] J

input

‘(I/S)*(( 1/2*%I)*x~10 + (2*I)*((ArcCosh[1/(a*x"5)]*Log[1 + E~(2*ArcCosh[1/( ‘

output
‘ a*x~5)1)])/2 + PolyLog[2, -E~(2%ArcCosh[1/(a*x~5)]1)]1/4)) ‘
Defintions of rubi rules used
rule 26 ‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

, x] /; FreeQla, x] && EqQ[a~2, 1]

J

e 2620 TRELCCED " ((gL)*((e_ ) + (F_)*GIN)"(@_)*((c_) + (d_)*&x))"@_))/
(@) + (b_)*((F_)"((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(bxf*gxn*Log[F]))*Log[l + b*x((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (b*xf*g*n*Log[F])) Int[(c + d*x)~"(m - 1)*Logl[l + b*x((F~(g*(e + f*x
)))~n/a)], x]1, x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]
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rule 2715 Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (A_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))°n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, O]

ruka2838/Int[L°g[(C-')*((d-) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQl{c, d, e, n}, x] && EqQlcx*d, 1]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

N\

Int[((c_.) + (A_.)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz_])*(f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*(E"(2%((-I)*e + f*fzxx))/(1 + E"(2*x((-I)*e + £xfz*x)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 4201

rule 6297 Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Tanh[-a/b + x/b], x], x, a + b*ArcCosh[c*x]], x] /; FreeQ[{a
, b, ¢}, x] & IGtQ[n, 0]

N\

rule 6835 Int[((a_.) + ArcSech[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh([x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

rule 7282 Int[(u_)/(x_), x_Symbol]l :> With[{1lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]1*x)~1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]
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Maple [F|
5
/ arcsech (a z°) i

T

inputLint(arcsech(a*x“S)/x,x)

OutputLint(arcsech(a*x"S)/x,x)

Fricas [F]

/ sech™ (az®) dp — / arsech (az®) s

z x

inputLintegrate(arcsech(a*x*s)/x,x, algorithm="fricas")

OutputLintegral(arcsech(a*x‘s)/x, x)

Sympy [F]

X

1 5 5
/ sech™" (az®) dp — / asech (az®) p

z x

inputtintegrate(asech(a*x**5)/x,x)

output LIntegral(asech(a*x**s)/x, x)
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Maxima [F]

z x

-1 5 5
/ sech™" (az®) dp — / arsech (az®) s

input Lintegrate (arcsech(a*x~5)/x,x, algorithm="maxima")

OutputLintegrate(arcsech(a*x‘s)/x, x)

Giac [F]

X

-1 5 5
/ sech™" (az®) dp — / arsecl;(ax ) iz

inputLintegrate(arcsech(a*x‘s)/x,x, algorithm="giac")

ou_tputtintegrate(arcsech(a*x"s)/x, x)

Mupad [F(-1)]

Timed out.

x x

/sech (az®) . :/acos (-%5) s

input Lint (acosh(1/(a*x"5))/x,x)

outputLint(aC°Sh(1/(a*xA5))/X, x)
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Reduce [F]

T T

/Sech_l(ax5) i — / asech(az‘r’)dx

input Lint (asech(a*x~5)/x,x)

output Lint (asech(a*x**5) /x,x)




CHAPTER 3. LISTING OF INTEGRALS 264

3.31 [ sech™(ce®*?) dz

Optimal result . . . . . . . . . . . . e 264
Mathematica [B] (verified) . . . . . . . . .. ... o oL 2641
Rubi [C] (warning: unable to verify) . . . . ... ... ... ... .. ... . 265
Maple [A] (verified) . . . . . . ... L 268
Fricas [F(-2)] . . . .« . o 268
Sympy [F] . . o o 269
Maxima [F] . . . . . . 2691
Giac [F] . . . . o o 270
Mupad [F(-1)] . . . o o 270
Reduce [F] . . . o . o o 270

Optimal result

Integrand size = 10, antiderivative size = 77

h_l a+bz) 2 SeCh_l cea+bm lOg (1 + e?sech_l (ce“+bz)>
/ Sech_l (cea+bx) de — sec (;be ) _ ( ) b
POlyLOg (2’ _e2sech—1 (cea+bz)>

2b

output ‘ 1/2*arcsech(c*xexp (b*x+a)) ~2/b-arcsech(cxexp (b*x+a))*1n(1+(1/c/ (exp(1) ~ (b*x ‘
‘ +a))+(1/c/(exp (1)~ (b*x+a))-1)~(1/2)*(1/c/ (exp(1) "~ (b*x+a))+1)~(1/2))~2) /b-1 ‘
\ /2%polylog(2,-(1/c/(exp(1) ~(b*x+a))+(1/c/(exp(1)~ (b*x+a))-1)~(1/2)*(1/c/(e \

xp(1)~ (b*x+a))+1)~(1/2))72) /b

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 249 vs. 2(77) = 154.

Time = 1.12 (sec) , antiderivative size = 249, normalized size of antiderivative = 3.23

/ sech™! (ce“"'b”’) dx = xsech™ (ce“"'bz)

Lo T+ cent e arctanh (v — Pe%@F9) ) (8ba — dlog (ce@H9)) ) — log? (c2ee+) + 41o

1+ceo+ba
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input Integrate[ArcSech[c*E~(a + b*x)],x]

x*ArcSech[c*E~(a + b*x)] - (Sqrt[(1 - c*E~(a + b*x))/(1 + c*E~(a + b*x))]*
Sqrt[1 + c*E~(a + b*x)]*(ArcTanh[Sqrt[1 - c™2*E~(2*(a + b*x))]]*(8*bxx - 4
xLog[c™2*¥E~(2x(a + b*x))]) - Loglc™2*E~(2*(a + b*x))]~2 + 4xLogl[c~2*E~ (2x(
a + b*x))]*Log[(1 + Sqrt[1 - c™2*xE~(2x(a + b*x))]1)/2] - 2+Logl[(1 + Sqrt[1
- c”24E7(2%(a + b*x))]1)/2]"2 + 4xPolyLogl[2, (1 - Sqrt[1 - c"2*E~(2x(a + b*
x))1)/21))/(8xbxSqrt[1 - c*E~(a + b*x)])

output

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.26,

number of steps used = 10, number of rules used = 9, Bumber of rules _ ¢ g5 Ryyles
integrand size

used = {2720, 6835, 6297, 3042, 26, 4201, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ sech™! (ce“"'bx) dx

l 92720

f e—a—bwsech—l (Cea—i-bw) dea+bz
b

l 6835

J e_a_b’”arccosh<e_“c‘”) de—a—bz
b
l 6297

e—a—bx

e g —a—b —a—b —a—b
[ ceatte — (1 + z) arccosh(g) darccosh(g)
e ¢ ¢ ¢

b
l 3042
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[ —iarccosh ( el b ) tan (iarccosh ( el b ) ) darccosh ( el b )

b
| 26
i | arccosh ( € o ) tan (iarccosh ( eﬂ:bz > > darccosh ( € b )
b
| 4201

e—a—bzx

a+bz+2arccosh (
il 2 [ e

2arccosh ( @ )

—a—bx .
darccosh(e c )_ 5Ze2a+2bz>

1+e
b
l 2620
efasz efasz a—bu
’L<2'L <§aI‘CCOSh(e_ac_bz) log <e2al‘ccosh<C ) + 1) _ % flog <1 i e2arccosh<7C >> darccosh(e . b )) _ %’L
b

l 2715
. (1 e—a—bx 2arcc0sh<7e_a_bz ) 1 2arccosh<7e_a_bz ) 2arccosh<e_a_bz ) 2arccos
il 2¢ iarccosh( - )log e c +1)—3]Je c log(1+e c de

b
l 2838
e—a—b:c a—bx e—a—bw

i(2i <411 PolyLog <2, —eQarCCOSh< c )> + %arccosh(%) log (eQarCCOSh<c ) + 1)) _ % ,l:e2a+2bx>

b

‘ Int[ArcSech[c*E~(a + b*x)],x]

input

output‘ (I*((-1/2*%I)*E~(2*a + 2¥b*x) + (2*I)*((ArcCosh[E~(-a - b*x)/cl*Logl[l + E~( ‘
‘2*ArcCosh[E"(—a - b*x)/c1)1)/2 + PolyLog[2, -E~(2*ArcCosh[E~(-a - b*x)/cl) ‘
1/4)))/b |
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Defintions of rubi rules used

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

rule 2620 Int [(C(FL)~((g_)*x((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)"m/(b*f*g*n*Log[F]))*Log[1l + bx((F~(gx(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(g*(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntLogl(a) + (b_.)*((F)~(Ce_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))7nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, x]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v]l, x]] /; Funct
ionOfExponentialQ[u, x] && !MatchQ[u, (w_)*((a_.)*(v_)"(n_)) " (m_ ) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*n]] && !MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

- J

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) * (X_) - (n_ . ) )] / (x_) , x_Symbol] > Slmp [‘POlyLOg [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4901 TotLCCc ) + (d_)*(x_))"(m_.)*tan[(e_.) + (Complex[0, fz 1)*(f_.)*(x))], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x) " mx(E~ (2% ((-I)*e + f£xfz*x))/(1 + E~(2*((-ID)*e + f*xfz*x)))), x], x]
/; FreeQ[{c, d, e, £, fz}, x] & IGtQ[m, 0]
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rule 6297 Int[((a_.) + ArcCosh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol]l :> Simp[1/b
Subst [Int [x"n*Tanh[-a/b + x/b]l, x], x, a + b*ArcCosh[c*x]], x] /; FreeQ[{a
, b, c}, x] && IGtQ[n, 0]

rule 6835 Int[((a_.) + ArcSech[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh([x/cl)/x, x]1, x, 1/x] /; FreeQ[{a, b, c}, x]

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 135, normalized size of antiderivative = 1.75

method result
—bzr—a

arcsech (e?Z 1, 2 bz—a 2 polylog (2,— <e =
#—amsech(eb”%) In <1+ ( My feee g ferteme +1) > _

derivativedivides .
arcsech (ebz+ac)2 ba— 2 polylog (2,— (eibfia
f—arcsech(ebz‘“’c) In <1+ (e : il +\/e_b:_a -1 \/e_b:_a +1) > —

default .

input Lint (arcsech (exp(b*x+a)*c) ,x,method=_RETURNVERBOSE) J

" ‘ 1/b*(1/2*arcsech(exp (b*x+a) *c) “2-arcsech (exp (b*x+a)*c) *1n (1+(1/exp(b*x+a)/ ‘
‘ c+(1/exp(bxx+a) /c-1)~(1/2) *(1/exp (b*x+a) /c+1)~(1/2))~2)-1/2*polylog(2,-(1/ ‘
‘ exp (b*x+a) /c+(1/exp(b*x+a) /c-1)~(1/2) *(1/exp(b*x+a) /c+1)~(1/2))~2)) ‘

outpu

Fricas [F(-2)]

Exception generated.

/ sech™! (ce‘”bm) dxr = Exception raised: TypeError

inputLintegrate(arcsech(c*exp(b*x+a)),x, algorithm="fricas") J
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Output‘Exception raised: TypeError >> Error detected within library code:

‘grate: implementation incomplete (constant residues)

inte

Sympy [F]

/ sech™! (ce“"'b”") dr = / asech (ce“"'b“”) dzx

inputLintegrate(asech(c*exp(b*x+a)),x)

OutputLIntegral(asech(c*exp(a + b*x)), %)

Maxima [F]

/ sech_l(cea+b””) dx = / arsech (ce(b””+“)) dz

inputLintegrate(arcsech(c*exp(b*x+a)),x, algorithm="maxima")

output

bxc~2*integrate (x*e~ (2*b*x + 2*a)/(c"2xe” (2*b*x + 2%a) + (c™2%e”(2%b*x + 2
*¥a) - 1)xe~(1/2xlog(cxe”(b*x + a) + 1) + 1/2xlog(-c*e”(b*x + a) + 1)) - 1)
, X) — 1/2xb*xx"2 - (a + log(c))*x + x*log(sqrt(cxe”(b*x + a) + 1)*sqrt(-c*
e~ (bxx + a) + 1) + 1) - 1/2x(b*xxlog(c*e”(b*x + a) + 1) + dilog(-c*xe” (b*x
+ a)))/b - 1/2*(b*x*log(-cxe~(b*x + a) + 1) + dilog(c*e~(b*x + a)))/b
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Giac [F]

/ sech™! (ce“"'b””) dr = / arsech (ce(b””"'“)) dz

inputLintegrate(arcsech(c*exp(b*x+a)),x, algorithm="giac")

Outputtintegrate(arcsech(c*e"(b*x +a)), x)

Mupad [F(-1)]

Timed out.
—a—bzx
/ sech™? (ce“"'b””) dz = / eaucosh(e . > dz

input tint(acosh(exp(— a - b*x)/c),x)

output Lint (acosh(exp(- a - b*x)/c), x)

Reduce [F]

/ sech™ (ce‘”bz) dx = / asech(eb"”“c) dx

input Lint (asech(c*exp(b*x+a)) ,x)

output Lint(asech(e**(a + b*x)*c),x)
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3 39 I sech ' (a+b2) Ix

%d—l-dx
Optimal result . . . . . . . . .. . . . 2]
Mathematica [A] (verified) . . . . . . . . . ... . L 271]
Rubi [C] (warning: unable to verify) . . . ... ... . ... ... ... ..., 272
Maple [A] (verified) . . . . . . . . . .. 275
Fricas [F] . . . . . . . 275
Sympy [F] . . o o 276
Maxima [F] . . . . . . e 270
Giac [F] . . . o o 270
Mupad [F(-1)] . . . . 27Tl
Reduce [F] . . . . . .

Optimal result

Integrand size = 19, antiderivative size = 61

sech™!(a + bx) sech™!(a + bx)? sech™ (a + bz) log (1 + 62S€Ch_1(a+bz)>
/ — dr = —

PolyLog (2, —eh ' (x4))
B 2d

‘(1/2*arcsech (b*x+a) “2/d-arcsech (b*x+a) *1n(1+(1/ (b*x+a)+(1/(b*x+a)-1)~(1/2) *
‘ (1/(bxx+a)+1)~(1/2))~2) /d-1/2*polylog(2,-(1/ (b*x+a)+(1/ (b*x+a)-1)~(1/2)*(1

output
L/(b*x+a)+1)‘(1/2))“2)/d J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.85

-1
/ sec}:d (a+bx) I
B +dx

—sech™!(a + bx) (sech_l(a + bz) + 2log (1 + e_QSeCh_l(“erz))) + PolyLog (2, —e‘zSECh_l(”b””))
2d




CHAPTER 3. LISTING OF INTEGRALS 272

input ‘ Integrate[ArcSech[a + b*x]/((a*d)/b + d*x),x]

output ‘ (-(ArcSech[a + b*x]*(ArcSech[a + b*x] + 2xLog[l + E~(-2xArcSech[a + b*x])]
‘ )) + PolyLog[2, -E~(-2%ArcSech[a + b*x])])/(2%d)

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.53 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.10,
number of rules _

integrand size 0.526, Rules
used = {6873, 27, 6835, 6297, 3042, 26, 4201, 2620, 2715, 2838}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l
/ sec . (a + bx) i
B + dx

l 6873

-1
[ 7bse‘ji}(1a+,§;)+bw) d(a + bx)

b
l 27
i sech ' (a+bz) d

= (a + bx)
d

l 6835

[(a+ bm)arccosh(ﬁ) dte
d

l 6297

[(a+bzx) fﬁ (1 + aJrlbz) arccosh(ﬁ) darccosh(ﬁ)
_ atbz
d
| 302
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f —jarccosh ( 2 +bz> tan (zarccosh ( P ) ) darccosh ( " +bm)
d
l 26
7 f arccosh( a +bx> tan (iarccosh(ﬁ)) darccosh( a +bx>
d

l 4201

2arccosh( L )
e atbz a,rccosh( 1 ) ) .
(2Zf 2arccosh( aTbe ) - darccos}l(a-l—bw) - 2((1,-f’-Lbz)2

d
l 2620

1 r 1 .
<2z< arccosh(aerx) log <62arccosh<a+bw) + 1) _ % [log <1 " 2 ccosh<a+bw)> darccosh(ajbx>> _ 2(a4:bz)2)

d
l 2715

1+e

<2z< arccosh(a +b$) log < e2arccosh<a+lbz) n 1> (a+ bz) log ( 2arccosh(a+1bx)) deQa,rccosh((H_lbz)) .

d
| 2838
2arccosh ( —1— i
<22<arccosh(a+bx> log < arecos (a+bw> + 1) + 1 PolyLog(2, —a — ba:)) - 2(a+bz)2>
d

input ‘ Int[ArcSech[a + b*x]/((a*d)/b + d*x),x] ‘

t}(I*((—1/2*1)/(a + b*x)"2 + (2%I)*((ArcCosh[(a + b¥x)~(-1)1*Log[l + E~(2*Ar

outpu
LcCosh[(a + b*x)~(-1)1)1)/2 + PolyLogl2, -a - b*x1/4)))/d J
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Defintions of rubi rules used

rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

ruk327/1nt[(a_)*(FX_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 TRELCCEED ~((g_)*((e_) + (£_)*(x))))"(a_)*((c_.) + (d_)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*xLog[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x) " (m - 1)*Logl[l + b*x((F (gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715 IntlLogl(a ) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F]) Subst [Int [Log[a + b*x]/x, x], x, (F~(ex(c + d*x)
))"nl, x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] && GtQ[a, 0]

rule 2838 Int[Logllc_.)*((d) + (e_.)*(x))"(n_.))1/(x_), x_Symbol]l :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

N\ J

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4201 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + (Complex[0, fz_])*(£f_.)*(x_)], x
_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp[2*I Int[
(c + d*x)"m*x(E" (2% ((-I)*e + f*xfzxx))/(1 + ET(2%x((-I)*e + f*xfz*x)))), x], x]
/; FreeQ[{c, d, e, f, fz}, x] && IGtQ[m, O]

rule 6297 Int[((a_.) + ArcCosh[(c_.)*(x_)]1*(b_.))"(n_.)/(x), x_Symbol] > Simp[l/b
Subst [Int [x"n*Tanh[-a/b + x/b], x], x, a + b¥ArcCosh[c*x]], x] /; FreeQ[{a
, b, c}, x] && IGtQ[n, O]
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Int[((a_.) + ArcSech[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcCosh([x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

rule 6835

Int[((a_.) + ArcSech[(c_) + (d_.)*(x_)]1*(b_.)) (p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) m*(a + b*ArcSech[x])~p, x
1, x, ¢ + d*x], x] /; FreeQ[{a, b, ¢, d, e, f, m}, x] && EqQ[d*e - cxf, 0]
&& I1GtQ[p, 0]

rule 6873

Maple [A] (verified)

Time = 0.36 (sec) , antiderivative size = 111, normalized size of antiderivative = 1.82

method result
2 2
b arcsech(bw+a)2 _ b arcsoch(bz+a) ln <1+ (ﬁ-,— v ﬁ -1 %) ) _ bpolylog (2’_ ( b:c]-Q—a +\/$ \ b:c]-.Q—a +1>
derivativedivides 2d d 2d

b
1 1 1 2 1 1 1 2
b arcsech(bz+a)2 _ b arceach(ba+a) In <1+ ( br+a + \/ bz+a -1 \/ bz+a +1) ) _ bpolylog (2’_ ( bz+a + \/ bz+a -1 \/ bzFa +1>
2d d 2d
b

default
input tint (arcsech (b*x+a)/(a*d/b+d*x) ,x,method=_RETURNVERBOSE) J
output ‘ 1/b*(1/2/d*b*arcsech (b*x+a) “2-1/d*b*arcsech (b*x+a)*1n(1+(1/ (bxx+a)+(1/ (b*x ‘

+a)-1)7(1/2)*(1/ (b¥x+a) +1)~ (1/2)) "2)-1/2/d¥bxpolylog(2,-(1/ (b¥x+a)+(1/ (b*x
+2)=1)"(1/2)*(1/ (b*x+a) +1)~(1/2))2))

Fricas [F|
/ secha:l1 (a + bx) dp — / arsech (b:ri d—|— a) i
G +dz dr + %
input Lintegrate (arcsech(b*x+a)/ (a*xd/b+d*x) ,x, algorithm="fricas") J

output Lintegral(b*arcsech(b*x + a)/(b*d*x + a*xd), x) J
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Sympy [F]
/ sech(atbo) b =G do
ad | dg d
b
inputLintegrate(aseCh(b*X+a)/(a*d/b+d*x),x)
OutputLb*Integral(asech(a + b*x)/(a + b*x), x)/d
Maxima [F]
/ secha;l(a + bzx) do — / arsech (ba; :— a) e
inputLintegrate(arcsech(b*x+a)/(a*d/b+d*x),x, algorithm="maxima")

output

X +a+ 1)*sqrt(-b*x - a + 1) - d), x)

1/2*%(2*log(sqrt(b*x + a + 1)*sqrt(-b*x - a + 1)*b*x + sqrt(b*x + a + 1)*sq
rt(-b*x - a + 1)*a + b*x + a)*log(b*x + a) - 3*log(b*x + a)~2)/d - 1/2%(lo
g(b*x + a + 1)*log(b*x + a) + dilog(-b*x - a))/d - 1/2*(log(b*x + a)*log(-
b*x - a + 1) + dilog(b*x + a))/d + integrate((b~2*x + a*b)*log(b*x + a)/(b
“2xd*x"2 + 2xaxbxdxx + a”2xd + (b"2xd*kx"2 + 2kaxbkdkx + a~2*d - d)*sqrt(b*

Giac [F]
/ secha;l(a + bz) do — / arsech (bai d—i— a) "
B + dx dx + 5
inputLintegrate(arcsech(b*x+a)/(a*d/b+d*x),x, algorithm="giac")

OutputLintegrate(arcsech(b*x + a)/(d*x + a*xd/b), x)
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Mupad [F(-1)]

Timed out.
/ sech ™ (a + bz) o = / acosh (1) s
ad - ad
input Lint (acosh(1/(a + bxx))/(d*x + (a*d)/Db),x)
output, 1Bt (acosh(1/(a + bxx))/(@x + (axd)/b), ©)
Reduce [F|
asech(bz+a
/ sech"l(a + bx) (f #dw) b
ad d.’L' -
5 T dz d
input Lint (asech(b*x+a)/(a*d/b+d*x) ,x)

outpu‘ct(int (asech(a + b*x)/(a + b*x),x)*b)/d
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3.33 [ z3sech™(a + bz*) dz

Optimal result . . . . . . . . . . . . e 278
Mathematica [B] (verified) . . . . . . . . .. ... o oL 278
Rubi [A] (verified) . . . .. . . ... .. 279
Maple [A] (verified) . . . . . . ... L 28]
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 28]
Sympy [F] . . o o 282
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o 282
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 283
Reduce [F] . . . o . o o 283

Optimal result

Integrand size = 12, antiderivative size = 49

4b 2b

/ 2’sech™ (a + bz?) do = (a + bz?)sech ™ (a + bzt) 2arctan (%)

Output‘1/4*(b*XA4+a)*arCSGCh(b*XA4+a)/b—1/2*arctan((—1+2/(b*x‘4+a+1))*(1/2))/b

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 106 vs. 2(49) = 98.

Time = 0.11 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.16

/ z3sech™ (a + bx4) dx

/ 2
4
_ —1+a+bz4 _ 4\2 1—(a+bz )
24/ Trarset 1—(a+bz?) arctan( "

—1+4a+bxt

(a + bx*)sech™(a + bz*) +

4b

irlputLIntegrate[x“S*ArcSech[a + b*x~4],x] J
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\ ((a + bxx~4)xArcSech[a + b*x~4] + (2*Sqrt[-((-1 + a + b*x~4)/(1 + a + b*x"
‘4))]*Sqrt[1 - (a + b*x"4)"2]*ArcTan[Sqrt[1 - (a + b*x"4)"2]/(-1 + a + b*x~
DD/(-1 + a + bxx"4))/(4%b)

output

Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.14,

— 5, number of rules _ 417, Rules
integrand size

number of steps used = 6, number of rules used =
used = {7266, 6867, 2055, 27, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/91038ech_1 (a + bx4) dx
l 7266
i / sech™! (bz4 + a) dx*

l 6867

1 ( % 4 . (a+bz*)sech™(a+ bz?)
1 / dz” +

—brt—a+1 b

l 2055

Lo bsedt Ot b) [ ok et
4 b 262 (28 + 1) bt Fat 1
l 27

4 b b

| 216
1[ (a+bz*)sech ™ (a+bzt) 2arctan (\/%)

4 b b
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input‘ Int [x"3*ArcSech[a + b*x"4],x] ‘

output}(((a + b*x~4)*ArcSech[a + b*x~4]1)/b - (2%ArcTan[Sqrt[(1 - a - b*x~4)/(1 +
‘a + bxx"4)11)/b) /4

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQl[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 0] Il GtQ[b, 01)

rule 216

rule 2055 Int[(u )~ (r_.)*(((e_.)*((a_.) + (b_)*(x_)"(_.)))/((c) + (d_.)*(x_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator([pl}, Simp[g*ex((b*c - axd)/n)
Subst [Int [SimplifyIntegrand[x~(q*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(bxe - d*x~q@)~(1/n + D)*(u /. x -> ((-a)*e + cxx~q)~(1/n)/(b*e - d*x~q)~(1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)], x1] /; FreeQ[{a, b
, €, d, e}, x] &% PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]

/Int [ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcSech[c + d*
x]/d), x] + Int[Sqrt[(1 - ¢ - d*x)/(1 + ¢ + d*x)]1/(1 - ¢ - d*x), x] /; Free
Ql{c, d}, x]

rule 6867

Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, x], x], x, x“(m + 1)], x] /; FreeQ[m, x] &% NeQ[m, -1] && Function
0fQ[x~(m + 1), u, x]

rule 7266
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Maple [A] (verified)

Time = 0.20 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.08

method result size
. . L. (b x4+a) arcsech(b x4+a) —arctan(\/bj}——l \/bj}T—H)
derivativedivides n 2 ta v ta 53
(b z4+a) arcsech (b z4+a) —arctan -1 1./ 41
default - (\/ vetteWisdatl) 53
input Liﬂt (x~3*arcsech(b*x~4+a) ,x,method=_RETURNVERBOSE) J
output | 1/4/b* ((b*x~4+a) *arcsech (b*x~4+a)-arctan((1/(b*x~4+a)-1)"~(1/2)* (1/ (b*x"4+a |

D+1)7(1/2))) |

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 283 vs. 2(43) = 86.

Time = 0.12 (sec) , antiderivative size = 283, normalized size of antiderivative = 5.78

/ac?’sech_1 (a+bz?) dz

4 _b2x8+2 abw4+a2—1 4 _b2x8+2 abx4+a2—1 4 _b2x8+2 ab:
2 b 4 1 (bx +a)\/ b22842 abzd4a2 +1 1 (bx +a)\/ b228 42 abzd4a2 +1 1 (bx +a) b2z842a
L l08 baita +alog = —alog .
8b

p
Lintegrate(x“3*arcsech(b*x“4+a),x, algorithm="fricas")

| —

input

1/8%(2*b*x~4*1log(((b*x~4 + a)*sqrt(-(b~2*x"8 + 2*axb*xx~4 + a~2 - 1)/(b"2x*x
~8 + 2xaxbxx"4 + a”2)) + 1)/(b*x"4 + a)) + axlog(((b*x~4 + a)*sqrt(-(b~2*x
~8 + 2*%axb*x"4 + a”2 - 1)/(b"2%x"8 + 2%a*b*x~4 + a~2)) + 1)/x74) - axlog((
(b*x~4 + a)*sqrt(-(b"2*x"8 + 2*a*b*x~4 + a~2 - 1)/(b"2*x"8 + 2xa*b*x"4 + a
"2)) - 1)/x74) - 2+arctan((b"2*x"8 + 2%axb*x"4 + a~2)*sqrt(-(b"2%x"8 + 2*a
*b*x~4 + a”2 - 1)/(b™2#x"8 + 2*a*xb*x"4 + a~2))/(b"2%x"8 + 2*a*xb*x"4 + a~2

- 1))/b

output
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Sympy [F]

/1}3SBCh_1 (a + bw4) dr = /w3 asech (a + bx4) dx

‘integrate(x**3*asech(b*x**4+a),x)

input
outputtIntegral(x**S*asech(a + b*x*x4), x) J
Maxima [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.78
4 4 1
. \ (bz* + a) arsech (bz* + a) — arctan <1 | Gaiga? ~ 1)
z’sech™ (a + bz*) dz =
4b

inputtintegrate(x‘3*arcsech(b*x"4+a),x, algorithm="maxima") J

-

N
output L1/4*((b*x 4 + a)*arcsech(b*x~4 + a) - arctan(sqrt(1/(b*x~4 + a)"2 - 1)))/b J

Giac [F]

/ z’sech™ (a + bz') dz = / z® arsech (bz* + a) dz

input Lintegrate (x~3*arcsech(b*x"4+a) ,x, algorithm="giac") J

output Lintegrate(x‘S*arcsech(b*x‘4 + a), x) J
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Mupad [B] (verification not implemented)

Time = 4.48 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.14

1

atan(\/bwiﬂ_l \/bw41+a+1> N acosh (57i55) (bz* +a)
4b 4b

/903sech_1 (a+bz?) dz =

input Lint (x"3*acosh(1/(a + b*x~4)),x) J

‘atan(1/((1/(a + b*x"4) - 1)7(1/2)*(1/(a + bkx™4) + 1)°(1/2)))/(4*b) + (aco

output
}sh(1/(a + bxx~4))*(a + bxx~4))/(4%b)

Reduce [F]

/gv?’sech_1 (a + bx4) dr = / asech (b z* + a) z3dz

input ‘ int (x~3*asech(b*x~4+a) ,x) ‘

output Lint(asech(a + bxx**4)*x**3,x) J
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3.34 [z~ '*"sech™!(a + bz") dx

Optimal result . . . . . . . . . . . . e 284
Mathematica [B] (verified) . . . . . . . . .. ... o oL 2841
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 287
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 287
Sympy [F(-1)] . . o oo 288
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o 288
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 289
Reduce [F] . . . o . o o 289

Optimal result
Integrand size = 14, antiderivative size = 50
2
(a + bz")sech™(a + bgn) ~ 2arctan < -1+ 1+a+bm”)

—14n -1 n — —_
/ z~ "sech™ (a +bz") dz = - -

output ‘ (a+b*x~n) *arcsech (a+b*x"n) /b/n-2*arctan((-1+2/ (1+a+b*x~n)) ~(1/2))/b/n

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 106 vs. 2(50) = 100.

Time = 0.14 (sec) , antiderivative size = 106, normalized size of antiderivative = 2.12

/m_l"'"sech_l(a + bz™) dz

— \/1—(a+bz™ 2
2,/— 13_*;‘?;2%"w1—(a+bx”)2 arctan(M)

(a + bz™)sech*(a + bz™) + “Tratban

bn

input Integrate[x~ (-1 + n)*ArcSech[a + b*x"n],x]
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‘ ((a + bxx"n)*ArcSech[a + b*x"n] + (2*Sqrt[-((-1 + a + b*x"n)/(1 + a + b*x~ ‘
‘n))]*Sqrt [1 - (a + b*x™n) 2] *ArcTan[Sqrt[1 - (a + b*x™n)"2]/(-1 + a + b*x~ ‘
'm)1)/(-1 + a + bxx"n))/(b*n) |

output

Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.12,

number of rules _ 0.357, Rules

number of steps used = 6, number of rules used = 5, = -
integrand size

used = {7266, 6867, 2055, 27, 216}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/xn_lsech_l(a + bz") dz

l 7266
[ sech™ (bz™ + a) dz™
n
l'6867
—bzx" —a+1 -1
" Fatl g.n a+bz™)sech™  (a+bz™
_b’;nfafl dz" + ) b ( )
n
l 2055
+bz™)sech ™" (a+bz™) 1 —bz"—atl
— b T 4bf 2b2(x2"+1)d\/m
n

l27

_ 1 [—ba™ —at1
(a+bz™)sech 1(a,+b:1:") . 2/ m2n+1d bmgfl-mil
b b

n
l 216
—a—bx”+1)

(at+be™)sech ™" (a+bzn) 2ar°tan( atba 1
b b

n

input Int[x~ (-1 + n)*ArcSech[a + b*x"n],x] J
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‘ (((a + b*x"n)*ArcSech[a + b*x™n])/b - (2*ArcTan[Sqrt[(1 - a - b*x™n)/(1 +

output
La + b*x~n)11)/b)/n

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[b, 2]))*A
rcTan[Rt[b, 2]*(x/Rtl[a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (GtQ[a
, 01 |l GtQlb, 01)

rule 216

rule 2055 Tt L )~ (@_)*(((e_.)*((a_.) + (b_.)*(x_)"(0_.)))/((c) + (d_)*(z_)"(n_.)
))~(p_), x_Symbol] :> With[{q = Denominator([p]}, Simp[g*ex((b*c - axd)/n)
Subst [Int [SimplifyIntegrand[x~(q*(p + 1) - 1)*(((-a)*e + c*x"q)~(1/n - 1)/
(bxe -— d*x"q)"(1/n + 1))*(u /. x => ((-a)*e + c*x"q)~(1/n)/(b*e - d*x~q)~ (1
/n))°r, x], x], x, (ex((a + bxx"n)/(c + d*x"n)))~(1/9)]1, x1] /; FreeQ[{a, b
, ¢, d, e}, x] && PolynomialQ[u, x] && FractionQ[p] && IntegerQ[1/n] && Int
egerQ[r]

Int[ArcSech[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d#*x)*(ArcSech[c + d*
x]/d), x] + Int[Sqrt[(1 - c - d*x)/(1 + c + d*x)]/(1 - c - d*x), x] /; Free
Ql{c, d}, x]

rule 6867

Int[(u_)*(x_)"(m_.), x_Symbol] :> Simp[1/(m + 1) Subst [Int [SubstFor [x~ (m
+ 1), u, xJ, x], x, x“(m + 1)1, x] /; FreeQ[m, x] && NeQ[m, -1] && Function
0fQx~(m + 1), u, x]

rule 7266




input

outputt

input

output

B
Lintegrate(x‘(—1+n)*arcsech(a+b*x‘n),x, algorithm="fricas")
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Maple [F]

/ z "™ arcsech (a + ba™) dz

Lint(x“(—1+n)*arcsech(a+b*x“n),x) J

int (x~ (-1+n)*arcsech(a+b*x"n) ,x)

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 385 vs. 2(48) = 96.

Time = 0.14 (sec) , antiderivative size = 385, normalized size of antiderivative = 7.70

/m_l"'”sech_l(a +bz") dx

2ab+(a2+b2-1 h(nlog(z))— (a2 —b2—1) sinh(n log(z))
_ al (a )COS n log(x (a )sm n log(x +

. 1
2 (beosh (nlog (x)) + bsinh (nlog ())) log \/ beomh (o lon(o P b (o g ()T +alog | )

-/

1/2% (2% (b*cosh(n*log(x)) + b*sinh(n*log(x)))*log((sqrt(-(2*a*b + (a”2 + b~
2 - 1)*cosh(n*log(x)) - (2”2 - b™2 - 1)*sinh(n*log(x)))/(cosh(n*log(x)) -
sinh(n*log(x)))) + 1)/(b*cosh(n*log(x)) + b*sinh(n*log(x)) + a)) + axlog((
sqrt(-(2xaxb + (a”2 + b~2 - 1)*cosh(n*log(x)) - (2”2 - b"2 - 1)*sinh(n*log
(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(cosh(n*log(x)) + sinh(n*log
(x)))) - a*log((sqrt(-(2*a*xb + (a”2 + b™2 - 1)*cosh(n*log(x)) - (a”2 - b~2
- 1)*sinh(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) - 1)/(cosh(n*log(
x)) + sinh(n*log(x)))) - 2*arctan((b*cosh(n*log(x)) + b*sinh(n*log(x)) + a
)*sqrt(-(2*a*b + (a2 + b2 - 1)*cosh(n*log(x)) - (2”2 - b~2 - 1)*sinh(n*1
og(x)))/(cosh(n*log(x)) - sinh(n*log(x))))/(b~2xcosh(n*log(x))~2 + b~2*sin
h(n*log(x))~2 + 2*a*b*cosh(n*log(x)) + a~2 + 2*(b~2*cosh(n*log(x)) + a*b)x*

sinh(n*log(x)) - 1)))/(b*n)
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Sympy [F(-1)]

Timed out.
/ " "sech™!(a + bz™) dz = Timed out
jnputLintegrate(X**(‘1+n)*aSeCh(a+b*x**n),x) J
Timed out
output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.80

/x—1+nsech—1(a + b do (bz™ + a) arsech (bz™ + a) — arctan < m - 1>
bn
input Lintegrate (x~(-1+n)*arcsech(a+b*x"n) ,x, algorithm="maxima") J
OutputL((b*x”n + a)*arcsech(b*x™n + a) - arctan(sqrt(1/(b*x"n + a)~2 - 1)))/(b*n) J
Giac [F]
/ z " "sech™!(a + bz™) dz = / 2" ! arsech (bz" + a) dx
input Lintegrate (x~(-1+n)*arcsech(a+b*x"n) ,x, algorithm="giac") J

Outputtintegrate(x“(n - 1)*arcsech(b*x™n + a), x) J
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Mupad [B] (verification not implemented)

Time = 3.92 (sec) , antiderivative size = 54, normalized size of antiderivative = 1.08

atan(\/a+;$n_1l\/a+;wn+1) +acosh(3==) (a+ba")

bn

/x_1+"sech_1(a + bz™) dz =

input Lint(x‘ (n - 1)*acosh(1/(a + b*x"n)),x) J

(atan(1/((1/(a + bxx"n) - 1)°(1/2)%(1/(a + bx™n) + 1)7(1/2))) + acosh(1/(

output
'a + bxx™n))*(a + bxx"n))/(b*n) |

Reduce [F|
/x_1+"sech_1(a +bz") doz = / x”asech;x"b +a) dx
input Lint (x~ (-1+n) *asech(a+b*x"n) ,x) J
output Lint ((x**n*asech(x**n*b + a))/x,x) J
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4.1 Listing of Grading functions . . . . . . . .. ... ... ... ........ 290
4.2 Links to plain text integration problems used in this report for each CAS .

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

290

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy

return max(7,ml)
elif str(expn).find("Integral") 1= —1:

ml = max(map(expnType, 1list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType
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from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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