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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 28 |. This is test number | 348 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (28 ) | 0.00 (0 )
Mathematica | 96.43 ( 27 ) 3.57(1)

Fricas 53.57 (15) | 46.43 (13)
Maple | 50.00 (14) | 50.00 (14 )
Maxima | 35.71 (10) | 64.29 ( 18)
Mupad 17.86 (5) | 82.14 (23)
Reduce 3.57(1) 96.43 (127)
(27)

Sympy 3.57 (1) 96.43
Giac 0.00 (0) | 100.00 ( 28 )

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 71.429 0.000 28.571 0.000
Mathematica 53.571 21.429 21.429 3.571
Maple 42.857 7.143 0.000 50.000
Maxima, 35.714 0.000 0.000 64.286
Fricas 28.571 25.000 0.000 46.429
Sympy 3.571 0.000 0.000 96.429
Giac 0.000 0.000 0.000 100.000
Mupad 0.000 17.857 0.000 82.143
Reduce 0.000 3.5971 0.000 96.429

Table 1.3: Antiderivative Grade distribution of each CAS



CHAPTER 1. INTRODUCTION

The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy Mupad Reduce

C
BF




CHAPTER 1. INTRODUCTION

The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure

Rubi 0 0.00 0.00 0.00
Mathematica | 1 100.00 0.00 0.00

Fricas 13 84.62 0.00 15.38

Maple 14 100.00 0.00 0.00

Maxima, 18 100.00 0.00 0.00

Mupad 23 0.00 100.00 0.00

Reduce 27 100.00 0.00 0.00

Sympy 27 92.59 7.41 0.00

Giac 28 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.03

Sympy 0.07

Fricas 0.11

Reduce 0.15

Maple 0.23

Rubi 0.63
Mathematica 1.89

Mupad 3.00

Giac -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Reduce 13.00 0.81 13.00 0.81
Sympy 14.00 0.88 14.00 0.88
Mupad 29.40 0.75 33.00 0.87
Maxima 56.20 0.87 57.50 1.00
Maple 93.00 1.08 54.50 0.90
Rubi 172.61 1.03 78.00 1.00
Fricas 178.73 2.49 58.00 1.38
Mathematica | 564.44 1.79 95.00 1.17
Giac -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.

Rubi number of steps

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi
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The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals

based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Number of integrals

Histogram showing distribution of solved integrals

based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range
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Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {10)[[5)23,24,25) 26 27,25}

Mathematica {[7]
Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi

A grade { 12,5567 5 B2 3, 14 05,16, 17 19 20,21, 22 2728 )

B grade { }

C grade {30/ EZ3E1E5E0)
F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Mma
A grade {12,864 15 16T7 IS [9.20,21, 22, 24,26 )
B grade { /0,10,25,2723 }

C grade (ARBMIEE)
F normal fail {[11]}

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade { [1)2) B4, 156,17 20,21 2227}

B grade {[3ff}

C grade { }

F normal fail { 75,610, 11} (2,13, 15 23,24 2526,28 )
F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { [T4/15 6/ (S E02LE2 }

B grade {LBBBEEIE)

C grade { }

F normal fail { 788013121315 242 )
F(-1) timedout fail { }

F(-2) exception fail {[23[25}

Maxima

A grade {[14[15},[16,[17}[19}[20} 21, 22} [27, 28] }
B grade { }

C grade { }

F normal fail { HE3EAE60 B0/ E325E3E)
F(-1) timedout fail { }

F(-2) exception fail { }
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Giac

A grade { }
B grade {}
C grade { }

F normal fail { 1)2)BLM 5,6, 60 [0L ) (23} (45} 16,7} (S F0, 20 e P2 ) 2
25262728 }

F(-1) timedout fail { }
F(-2) exception fail { }

Mupad

A grade { }

B grade {[I7,[19 22,2728 }
C grade { }

F normal fail { }

F(-1) timedout fail {[1}2}[3,4}[5}[6}[7,8}[9%} [0} L1} [12}[13}[14}[L5}[16} 18} 20} 21} 23} [24} 25}
[26]}

F(-2) exception fail { }

Sympy

A grade {22}
B grade {}

C grade { }

F normal fail { [1)2)BLM 5,67 60 [0V} (23} (45} 16,7} (50 20,21 23, 25
20}

F(-1) timedout fail { 27,[2§ }
F(-2) exception fail { }
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Reduce
A grade { }

B grade { P2}
C grade { }

F normal fail {1)2)BLM 5,6, 60 [0V} (23} (45} 16,7} (50 20| 21 23 2 25
262728 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size"
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 147 150 149 227 0 325 0 0 12 0

N.S. 1 1.02 1.01 1.54 0.00 2.21 0.00 0.00 0.08 0.00
time (sec) N/A 0.518 0.177 0.323  0.000 0.126 0.000 0.000 0.179  0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 110 110 129 170 0 306 0 0 12 0

N.S. 1 1.00 1.17 1.55 0.00 2.78 0.00 0.00 0.11 0.00
time (sec) N/A 0.381 0.109 0.241 0.000 0.148 0.000 0.000 0.181 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 75 74 110 97 0 285 0 0 10 0

N.S. 1 099 147 1.29 0.00 3.80 0.00 0.00 0.13 0.00

time (sec) N/A 0.425 0.057 0.240 0.000 0.104 0.000 0.000 0.165 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 162 225 427 0 0 0 0 0 12 0
N.S. 1 1.39 2.64 0.00 0.00 0.00 0.00 0.00 0.07 0.00
time (sec) N/A 1.015 0.302 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 72 141 127 0 343 0 0 12 0
N.S. 1 1.14 224 2.02 0.00 5.44 0.00 0.00 0.19 0.00
time (sec) N/A 0.424 0.101 0.466 0.000  0.119 0.000 0.000 0.157 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 143 220 318 0 461 0 0 12 0
N.S. 1 1.25 1.93 2.79 0.00 4.04 0.00 0.00 0.11 0.00
time (sec) N/A 0.745 0.297  0.487 0.000  0.129 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 501 476 1429 0 0 0 0 0 197 0
N.S. 1 095 2.85 0.00 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 1.066 9.980 0.000 0.000  0.000 0.000 0.000 0.357 0.000
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 351 336 864 0 0 0 0 0 136 0
N.S. 1 096 2.46 0.00 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.772 7.865 0.000 0.000  0.000 0.000 0.000 0.303 0.000
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 194 199 427 0 0 0 0 0 76 0
N.S. 1 1.03  2.20 0.00 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.588 2.882  0.000 0.000  0.000 0.000 0.000 0.238 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 85 84 176 0 0 0 0 0 32 0
N.S. 1 099 2.07 0.00 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 0.470 0.199 0.000 0.000  0.000 0.000 0.000 0.195 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 475 568 0 0 0 0 0 0 59 0
N.S. 1 1.20  0.00 0.00 0.00 0.00 0.00 0.00 0.12 0.00
time (sec) N/A 2.599 0.000 0.000 0.000  0.000 0.000 0.000 0.226 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 448 461 1874 0 0 0 0 0 157 0
N.S. 1 1.03  4.18 0.00 0.00 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 1.368 12.514 0.000 0.000  0.000 0.000 0.000 0.226 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F F F F(-1)
verified N/A Yes No N/A TBD TBD TBD TBD TBD TBD
size 1024 1006 8350 0 0 0 0 0 320 0
N.S. 1 098 815 0.00 0.00 0.00 0.00 0.00 0.31 0.00
time (sec) N/A 2.455 13.272 0.000 0.000  0.000 0.000 0.000 0.480 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 114 79 47 40 58 55 0 0 9 0
N.S. 1 069 041 0.35 0.51 0.48 0.00 0.00 0.08 0.00
time (sec) N/A 0.232 0.024 0.207 0.023 0.090 0.000 0.000 0.347 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 89 68 42 35 46 50 0 0 9 0
N.S. 1 0.76 047 0.39 0.52 0.56 0.00 0.00 0.10 0.00
time (sec) N/A 0.215 0.019 0.152 0.028 0.083 0.000 0.000 0.306 0.000
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 55 35 28 34 43 0 0 7 0
N.S. 1 0.86  0.55 0.44 0.53 0.67 0.00 0.00 0.11 0.00
time (sec) N/A 0.205 0.018 0.161 0.030  0.109 0.000 0.000 0.274 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 24 21 18 36 0 0 5 18
N.S. 1 1.00 0.77  0.68 0.58 1.16 0.00 0.00 0.16 0.58
time (sec) N/A 0.171 2.167 0.159 0.031  0.107 0.000 0.000 0.224 3.822
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 46 58 46 0 0 0 0 0 9 0
N.S. 1 1.26  1.00 0.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.463 0.018 0.000 0.000  0.000 0.000 0.000 0.206 0.000
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 54 42 46 65 44 0 0 9 33
N.S. 1 0.86 0.67  0.73 1.03 0.70 0.00 0.00 0.14 0.52
time (sec) N/A 0.206 0.018 0.164 0.030  0.092 0.000 0.000 0.189 3.630
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 7 47 57 92 53 0 0 9 0
N.S. 1 0.86  0.52 0.63 1.02 0.59 0.00 0.00 0.10 0.00
time (sec) N/A 0.215 0.025 0.160 0.024 0.096 0.000 0.000 0.194 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 98 52 67 116 58 0 0 9 0
N.S. 1 0.85  0.45 0.58 1.01 0.50 0.00 0.00 0.08 0.00
time (sec) N/A 0.228 0.030 0.158 0.026  0.095 0.000 0.000 0.189 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 16 16 18 17 16 22 14 0 13 14
N.S. 1 1.00 1.12 1.06 1.00 1.38 0.88 0.00 0.81 0.88
time (sec) N/A 0.191 0.003 0.155 0.027  0.089 0.075 0.000 0.155 0.072
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C C F F F(-2) F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 61 7 64 0 0 0 0 0 12 0
N.S. 1 1.26  1.05 0.00 0.00 0.00 0.00 0.00 0.20 0.00
time (sec) N/A 0.492 0.058  0.000 0.000  0.000 0.000 0.000 0.176 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 54 68 50 0 0 0 0 0 12 0
N.S. 1 1.26  0.93 0.00 0.00 0.00 0.00 0.00 0.22 0.00
time (sec) N/A 0.497 0.020 0.000 0.000  0.000 0.000 0.000 0.150 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C B F F F(-2) F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 7 97 236 0 0 0 0 0 12 0
N.S. 1 1.26  3.06 0.00 0.00 0.00 0.00 0.00 0.16 0.00
time (sec) N/A 0.482 0.682 0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A C A F F F F F F F(-1)
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 61 73 53 0 0 0 0 0 21 0
N.S. 1 1.20 0.87 0.00 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.535 0.048 0.000 0.000  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B A A B F(-1) F F B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 46 38 95 52 57 266 0 0 14 42
N.S. 1 0.83  2.07 1.13 1.24 5.78 0.00 0.00 0.30 0.91
time (sec) N/A 0.302 0.104 0.166 0.034 0.120 0.000 0.000 0.153 3.961
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A B F A B F(-1) F F B
verified N/A No Yes N/A TBD TBD TBD TBD TBD TBD
size 46 40 93 0 60 334 0 0 17 40
N.S. 1 0.87  2.02 0.00 1.30 7.26 0.00 0.00 0.37 0.87
time (sec) N/A 0.323 0.126 0.000 0.023 0.123 0.000 0.000 0.189  3.510
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative.
The rules column is the number of unique rules used. The integrand size column

is the leaf size of the integrand. Finally the ratio I%ﬁg?;&fi glilzlgs is also given. The

larger this ratio is, the harder the integral is to solve. In this test file, problem number
[3] had the largest ratio of [1.62500000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of numper of no.rma‘ulize‘d integrand utmber of rules
# | grade i“:j’; uzi;il;e antll(;i:fns‘i,:zwe leaf size integrand leaf size
| A 9 8 1.02 10 0.800
% A 6 ) 1.00 10 0.500
3| A 14 13 0.99 8 1.625
4 C 17 16 1.39 10 1.600
i A 9 8 1.14 10 0.800
6} A 17 16 1.25 10 1.600
7] A 6 ) 0.95 20 0.250
3] A 6 5 0.96 20 0.250
9 A 6 ) 1.03 18 0.278
10j C 9 8 0.99 12 0.667
11 C 16 15 1.20 20 0.750
12} A 6 ) 1.03 20 0.250
13] A 6 ) 0.98 20 0.250
14] A 4 4 0.69 10 0.400
15 A 4 4 0.76 10 0.400
16} A 4 4 0.86 8 0.500
17] A 2 2 1.00 6 0.333
18] C 11 10 1.26 10 1.000
19 A 6 ) 0.86 10 0.500
20) A 7 6 0.86 10 0.600
21] A 8 7 0.85 10 0.700
Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand b .
# | grade sheps widie | anfideriative |t e tegrand leaf size
22 A 3 3 1.00 4 0.750
23 C 11 10 1.26 10 1.000
24 C 11 10 1.26 10 1.000
25 C 11 10 1.26 10 1.000
26 C 12 11 1.20 19 0.579
27 A 7 6 0.83 12 0.500
28] A 7 6 0.87 14 0.429
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3.1 [ z3csch™'(a + bz) dz

Optimal result . . . . . . . . . . . . e 40]
Mathematica [A] (verified) . . . . . . . . . ... o 41l
Rubi [A] (verified) . . . .. . . ... .. 4Tl
Maple [A] (verified) . . . . . . ... L 44
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 44
Sympy [F] . . o o 45
Maxima [F] . . . . . . 5]
Giac [F] . . . . o o 16
Mupad [F(-1)] . . . o o 16
Reduce [F] . . . . . 40

Optimal result

Integrand size = 10, antiderivative size = 147

(2-17a%) (a+bz),/1+ 1 2%(a+ba),/1+ 1
/w3csch_1(a+bz)dx=_ (a+bx) i (a+bx)

12p*

2 1
a(a+bx)*,/1+ @rn?  alcsch™(a + bx)

3b4

4b*

122

a(1l — 2a?) arctanh(, /1+ m)

1
+ Zx4csch_1(a + bz) +

2b*

‘—1/12*(—17*aA2+2)*(b*x+a)*(1+1/(b*x+a)‘2)‘(1/2)/b“4+1/12*x‘2*(b*x+a)*(1+1/
‘(b*x+a)‘2)*(1/2)/b‘2—1/3*a*(b*x+a)‘2*(1+1/(b*x+a)‘2)‘(1/2)/b‘4—1/4*a‘4*arc
‘csch(b*x+a)/b*4+1/4*x‘4*arccsch(b*x+a)+1/2*a*(—2*a‘2+1)*arctanh((1+1/(b*x+

12)72)7(1/2))/b"4
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.01

/m3csch_1(a + bx) dx

\ /W(—Qa +13a® — 2bz + 9a’bz — 3ab®z? + b*z®) + 3b*zcsch™ (a + bz) — 3a*arcsinh (X
12b4

( hY

Integrate[x~3*ArcCsch[a + b*x],x]

input

outpus (SATLL(L + 272 + 2+axbix + D"2+x72)/(a + Dkx)"2]*(-2%a + 13%a™3 - 24bax +
\9*a‘2*b*x - 3*axb”2*x"2 + b"3*x73) + 3*b~4*x"4*ArcCschla + b*x] - 3*a~4*Ar \
‘cSinh[(a + b¥x)~(-1)] + 6%ax(1 - 2+a~2)*Logl(a + bxx)*(1 + Sqrt[(1 + a™2 +
| 2kaxbix + b"24x72)/(a + bkx)~2]1)1)/(12%b"4) |

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 150, normalized size of antiderivative = 1.02,

number of rules _
integrand size 0.800, Rules

number of steps used = 9, number of rules used = 8,
used = {6876, 25, 5992, 3042, 4269, 3042, 4536, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x3csch™(a + bx) dzx
| 6876

[B3z3(a+bz)?, /1 + Wcsch_l(a + bz)desch™ (a + bx)

b4

| 25

[ —b3z3(a + bx)?, /1 + mcsch_l(a + bz)desch™ (a + bx)
ph
| 5992
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1 [ b*zdesch™! (a + bx) — $b*ztesch™! (a + ba)
_ i
| 3042

—1btztesch™(a +bz) + 1 [ (a — icsc (iesch™ (a + bx)))4 dcsch™(a + bx)
ba
| 4269

i(% [ —bz(3a® + 8(a + bz)%a + (2 — 9a?) (a + b)) desch ™ (a + bz) — 16%z%(a + bz), /m + 1) — btz
ph

l 3042

—1btztcsch™ (a + bz) + i(—%b%z(a + bx) /m +1+ 3% [(a—icsc (icsch™!(a + bz))) <3a3 — 8csc (s
bt

l'4536

%(% (% [ (6a* +12(1 — 2a?) (a + bz)a — 2(2 — 17a?) (a + bx)?) desch ™ (a + bz) + 4a, /m +1(a+ bx)2)
ba

l 2009

L(3(3(6atesch™ (o + bw) — 12(1 — 20%) aarctanh (/o +1) +2(2 = 1762) (a+ ba), [ +1) +4
b4

input LInt [x~3*ArcCsch[a + b*x],x] J

‘(—((-1/4*(b“4*x"4*ArcCsch[a + bxx]) + (-1/3*%(b"2*x"2*(a + b*x)*Sqrt[1l + (a
‘+ b*x)~(-2)]) + (4*a*x(a + bxx)"2xSqrt[l + (a + b*x)~(-2)] + (2%(2 - 17*a"2
\)*(a + b*x)*Sqrt[1 + (a + b*x)~(-2)] + 6*a~4*ArcCschla + bxx] - 12*ax(1 -
2*¥a~2)*ArcTanh [Sqrt[1 + (a + b*x)~(-2)11)/2)/3)/4)/b"4)

N\ J

output

\‘




rule

rule

rule 3042

rule 4269

rule 4536

rule 5992

rule 6876
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Defintions of rubi rules used

25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

2009L1nt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[(ecscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
otl[c + d*x]*((a + b*Csclc + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (b*x(b"2*x(n - 2) + 3%
a~2x(n - 1)))*Csc[c + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - "2, 0] &% GtQ[n, 2] &% IntegerQ[2*n]

/

N\

Int[((A_.) + cscl(e_.) + (£ .)*(x)I*(B_.) + cscl(e_.) + (£_.)*(x_)]1"2%(C_.
))*(cscl(e_.) + (£_.)*(x_)]1*(b_.) + (a_)), x_Symbol] :> Simp[(-b)*C*Cscl[e +
fxx]*(Cot[e + f*x]/(2%f)), x] + Simp[1/2 Int[Simp[2*Axa + (2%B*a + b*(2*
A + C))*Cscle + fxx] + 2%(axC + B*b)*Cscl[e + f*x]~2, x], x], x] /; FreeQ[{a
, b, e, f, A, B, C}, x]

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )Ix(_.) + (@) (a_)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Cschlc + d*x])"(n + 1)/(b*d*(n + 1))), x] + Simp[f*x(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - c*f + f*Csch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 227, normalized size of antiderivative = 1.54

method result

arccsch(bm+a)a4

3 arccsch(b:t+a)a2 (ba:+a)2
4 2

arccsch(bz+a) (ba:+a)4
4

—arccsch(bz+a)ad (bz+a)+ —arccsch(bz+a)a(bz+a)3+

derivativedivides

arccsch(bz+a)a4

3 arccsch(bar:-ﬁ-a)a2 (ba:+a)2
4 2

arccsch(bz+a) (ba:+a)4
4

—arccsch(bz+a)ad(bz+a)+ —arcesch(bz+a)a(bz+a)3+

default
V222 +2bza+a2+1 ( 22vb222+2bza+a2+1b2vVb2—3at arctanh | ————L ) /b2
x* arccsch(bz+a) ( ( \/m)
parts 2 +
inputLint(x‘s*arCCSCh(b*X+a)’X,meth°d=_RETURNVERBOSE) J
output 1/b~4% (1/4*arccsch (bxx+a) *a~4-arccsch (bxx+a) *a~3* (b*xx+a) +3/2*arccsch (b*x+a

)*a”~2x* (b*x+a) “2-arccsch(b*x+a) *a*x (bxx+a) “3+1/4*arccsch (b*x+a) * (b*x+a) “4-1/
12 ((b*x+a) “2+1) " (1/2) *(3*a~4*arctanh (1/ ((b*x+a) “2+1) ~(1/2))+12*a"3*arcsin
h(b*x+a)-18*a~2x ((b*x+a) “2+1) ~(1/2) +6%a* (b*x+a) * ((bxx+a) "2+1) " (1/2) - (b*x+a
) ~2% ((bxx+a) "2+1) ~(1/2) -6*a*arcsinh (b*x+a)+2* ((b*x+a) "2+1) ~(1/2) ) / (((b*x+a
)~2+1) / (b*x+a) ~2) ~(1/2) / (bxx+a))

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 325 vs. 2(127) = 254.

Time = 0.13 (sec) , antiderivative size = 325, normalized size of antiderivative = 2.21
/x3csch_1(a + bz) dz

Gote)) it s a1 rTTyTvEITy
3b*z*log —3at*log (—bz—i—(ba:—l—a) %—a+l>+3a4log (—

bx+a
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input‘integrate(X”3*arccsch(b*x+a),x, algorithm="fricas")

1/12%(3*xb~4*x~4*1log(((b*x + a)*sqrt((b"2*x"2 + 2*axb*x + a~2 + 1)/(b"2*x"2
+ 2xaxbxx + a”2)) + 1)/(b*x + a)) - 3*a"4xlog(-b*x + (b*x + a)*sqrt((b~2*
X"2 + 2*xaxbxx + a”2 + 1)/(b72%x72 + 2%axb*x + a”2)) - a + 1) + 3*a"4xlog(-
b*x + (b*x + a)*sqrt((b™2*x"2 + 2*axb*x + a~2 + 1)/(b"2*x"2 + 2*axb*x + a~
2)) - a - 1) + 6%x(2%a"3 - a)*log(-b*x + (b*x + a)*sqrt((b~2*x~2 + 2*axb*x
+ a2 + 1)/(b™2%x72 + 2*kaxb*x + a”2)) - a) + (b73*x"3 - 3*kaxb"2*x72 + 13%a
"3 + (9%a”2 - 2)*b*x - 2xa)*sqrt((b"2*x"2 + 2%axb*x + a”2 + 1)/(b72*x"2 +

2%a*bxx + a~2)))/b~4

output

Sympy [F]

/x3csch_1(a +bz)dr = /x3 acsch (a + bx) dzx

-

input Lintegra‘te (X**S*acsch (b*x+a) , X)

-/

OutputLIntegral(x**S*acsch(a + b*x), x)

Maxima [F]

/ z*csch™ (a + br) dz = / z® arcsch (bx + a) dz

inputLintegrate(XA3*arCCSCh(b*X+a),x, algorithm="maxima")

-1/2%(-I*a~3 + I*a)*(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + axb)/b +

1))/b"4 + 1/8x(2xb~4*x"4*log(sqrt(b™2*x~2 + 2*a*b*x + a”2 + 1) + 1) + b™2
*x"2 - 6xaxb*x - (a”4 - 6*a”2 + 1)*log(b~2*x"2 + 2xa*b*x + a”2 + 1) - 2%(b
~4xx~4 - a~4)*log(b*x + a))/b~4 + integrate(1/4*(b~2*x~5 + axb*x~4)/(b~2*x
~2 + 2%axb*x + a”2 + (b"2%x"2 + 2*axbxx + a”2 + 1)7(3/2) + 1), x)

output




CHAPTER 3. LISTING OF INTEGRALS 46

Giac [F]

/ z3csch™ (a + bx) dr = / x3 arcsch (bx + a) dz

input Lintegrate (X“3*arcc3ch (b*x+a) ,X, algorithm="giac " )

output Lintegrate(X“S*arccsch(b*x +a), x)

Mupad [F(-1)]

Timed out.

/x3csch_1(a+bx) dx = /x3 asinh( ! > dx
a+bzx

input Lint (x~3*asinh(1/(a + b*x)),x)

OutputLint(x"S*asinh(l/(a + b*x)), x)

Reduce [F]

/m3csch_1(a + bx) dz = / acsch(bz + a) z3dx

inputLint(x"B*acsch(b*}Ha),x)

Outputtint(acsch(a + b*x)*x**3,x)
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3.2 [ z*csch™'(a + bz) dz

Optimal result . . . . . . . . . . . . e 4T
Mathematica [A] (verified) . . . . . . . . . ... o 47
Rubi [A] (verified) . . . .. . . ... .. 43
Maple [A] (verified) . . . . . . ... L 50
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 50
Sympy [F] . . o o b1l
Maxima [F] . . . . . . b1l
Giac [F] . . . . o o 52
Mupad [F(-1)] . . . o o 52
Reduce [F] . . . . . 52

Optimal result

Integrand size = 10, antiderivative size = 110

ba(a+bz) /1 + Lo z(a+br), /14 i
/w2csch_1(a+ bx)dx = — (a+bz) n (a+bx)

603 6b?
adesch M (a+bz) 1 ,
z h!
353 + garesc (a+bx)
(1 — 6a?) aumtamh(1 /1+ m>
- 663

output \ -5/6*a* (bxx+a) * (1+1/ (bxx+a) ~2) ~(1/2) /b~ 3+1/6*x* (b*x+a) * (1+1/ (b*x+a) ~2) ~(1/ \
‘ 2)/b~2+1/3*a~3*arccsch(b*x+a) /b~3+1/3*x~3*arccsch(b*x+a) -1/6% (-6*%a~2+1) *ar ‘
ctanh((1+1/ (b¥x+a)"2)"(1/2)) /b"3 J

Mathematica [A] (verified)

Time = 0.11 (sec) , antiderivative size = 129, normalized size of antiderivative = 1.17

/:172CSCh_1(CL + bx) dx

(—5a% — dabz + b?x?) | /W + 2b%z3csch™ (a + bz) + 2aarcsinh () + (—1 + 64?) log ((a
603
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input‘ Integrate[x"2xArcCsch[a + b*x],x] ‘

output‘ ((-5*a~2 - 4xaxbxx + b~ 2%x"2)*Sqrt[(1 + a~2 + 2*xaxb*x + b~2*x72)/(a + b*x) ‘
'~2] + 2¥b~3%x"3*ArcCschla + bxx] + 2*a~3*ArcSinh[(a + b*x)"(-1)] + (-1 + 6
‘*a"2)*Logl(a + bxx)*(1 + Sqrt[(1 + a™2 + 2xa*b*x + b"2%x"2)/(a + b¥x)"21)]

1)/ (6%b3)

Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.00,

number of rules __
integrand size 0.500, Rules

number of steps used = 6, number of rules used = 5,
used = {6876, 5992, 3042, 4269, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/:vzcsch_l(a + bx) dx
| 6876

[ b*z%(a + bx)?, /1 + mcsch_l(a + bz)desch™ (a + bx)
_ 3
| 5992

B —1 [ —b3z3desch ™ (a + bz) — Lb3z3csch™ (a + bz)
b3
| 3042

—1b3z3csch™!(a +bz) — 3 [ (a — icsc (icsch ™ (a + bx)))3 desch™(a + bx)
b3
| 4269

%(—% [ (2a® + 5(a + bz)%a + (1 — 6a?) (a + bz)) desch ™ (a + bz) — Sbx m +1(a+ bx)) — 3b3z3esch
b3

l 2009
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%(% (—2a3csch_1(a + bz) + (1 — 6a?) arctanh(, /m + 1) + 5a(a + bx) /m + 1) — 1bz(a+ b:c)\[@

b3

-

LInt [x~2*xArcCsch[a + b*x],x]

-/

input

-((-1/3%(b~3*x"3*ArcCschla + b*x]) + (-1/2*(b*x*(a + b*x)*Sqrt[l + (a + bx
x)7(-2)]1) + (b*ax(a + bxx)*Sqrt[1 + (a + b*x)~(-2)] - 2xa~3xArcCsch[a + b*

output
‘x] + (1 - 6*a~2)*ArcTanh[Sqrt[1 + (a + b*x)~(-2)]1)/2)/3)/b"3)

—————

Defintions of rubi rules used

-

rule 2009 LInt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(c_.) + (d_.)*(x_)I1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[(-b~2)*C
ot[c + d*x]*((a + bxCsc[c + d*x])~(n - 2)/(d*(n - 1))), x] + Simp[1/(n - 1)

Int[(a + b*Csclc + d*x])~(n - 3)*Simp[a~3*(n - 1) + (bx(b"2*(n - 2) + 3%
a~2x(n - 1)))*Csclc + d*x] + (a*b”2*(3*n - 4))*Csc[c + d*x]~2, x], x], x] /
; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b2, 0] && GtQ[n, 2] && IntegerQ[2*n]

rule 4269

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )1*x(_.) + (a_))"(@_)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ £*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Simp[f*(m/(b
*dx(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 5992

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - c*f + f*Csch[x]) ™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 6876
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Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 170, normalized size of antiderivative = 1.55

method result

\/ (ba:+a)2+1 (20,3 arcta

_ arccsch(ba:+a)a3

arccsch(bz+a) (bm+a)3 +
3 3

+arcesch(bz+a)a? (br+a)—arcesch(bz+a)a(bz+a) 2+

derivativedivides B3

\/ (bz+a)2+1 (2113 arcta

_ arccsch(b:c+a)a3 arccsch(b:c+a)(bz+a)3 +
3 3

+arccsch(bz+a)a2(br+a)—arcesch(bz+a)a(bz+a)’+

default =

1 b 2 222+ 2 Vb
3 \/— b2 $2 +2b$a+a/2+l 2a3a ctanh S S 2 b“xz+\Vb4x 2bza+a?+1
z° arccsch(bz+a) ret 52221 2h 1 Vb2+61n N

arts
p 3 6b3 / 172739

int (x~2*arccsch(b*x+a) ,x,method=_RETURNVERBOSE) J

inputt

1/b"3*(-1/3*arccsch(b*x+a)*a~3+arccsch(b*x+a)*a”~2* (b*x+a)-arccsch(b*x+a) *a
* (bxx+a) “2+1/3*arccsch (b*x+a) * (b*x+a) ~3+1/6* ((b*x+a) ~2+1) ~(1/2) *(2*xa~3*arc
tanh(1/ ((b*x+a) ~2+1)~(1/2) ) +6*a~2*arcsinh (b*x+a)-6%a* ((b*x+a) ~2+1) ~(1/2)+(
b*x+a) * ((bxx+a) ~2+1) ~(1/2)-arcsinh(b*x+a) )/ (((b*x+a) ~2+1) / (b*x+a) ~2) ~(1/2)
/ (b*xx+a))

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 306 vs. 2(94) = 188.

Time = 0.15 (sec) , antiderivative size = 306, normalized size of antiderivative = 2.78

/zzcsch_l(a + bx) dz

(b:c—i—a) b2ba32+2aba;)+a2+1 41 ) 5
22242 abz+a?
2 b3z log o s +2a%log (—bx + (bz 4 a) /) B pRaetedtl g 4 1) —2a®log (—

inputLintegrate(XA2*arccsch(b*x+a),x, algorithm="fricas") J
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1/6% (2xb~3*x"3*1log (((b*x + a)*sqrt((b"2*x~2 + 2*a*b*x + a~2 + 1)/(b"2*x"2
+ 2%a*xbkxx + a”2)) + 1)/(bxx + a)) + 2+a"3*log(-bxx + (b*x + a)*sqrt((b~2*x
~2 + 2%axb*x + a”2 + 1)/(b72#x”2 + 2xa*bxx + a”2)) - a + 1) - 2*a~3*log(-b
*x + (b*x + a)*sqrt((b~2*x~2 + 2%axb*x + a”2 + 1)/(b"2*%x"2 + 2*a*b*x + a~2
)) —a-1) - (6%xa”2 - 1)*log(-b*x + (b*x + a)*sqrt((b~2*x~2 + 2*axbxx + a
“2 + 1)/(b"2*x"2 + 2*axb*x + a”2)) - a) + (b"2*x"2 - 4*axb*x - b*a~2)*sqrt
((b~2%x"2 + 2xa*b*x + a”2 + 1)/(b"2*x"2 + 2%a*b*x + a~2)))/b"3

output

Sympy [F]

/x2csch‘1(a +bz)dr = /x2 acsch (a + bx) dx

-

inputLintegrate(x**2*acsch(b*x+a),x)

-/

-

output Integral (x**2*acsch(a + b*x), x)

N

Maxima [F]

/ z’csch™ (a + bzx) dz = / z? arcsch (bx + a) dz

input integrate(x~2*arccsch(b*x+a) ,x, algorithm="maxima")

-1/6%(3*xI*a"2 - I)*(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + axb)/b +

1))/b"3 + 1/6%(2¥b"3*x"3*log(sqrt(b™2*x"2 + 2%a*b*x + a™2 + 1) + 1) + 2%bx
x + (273 - 3*a)*log(b”2#x"2 + 2xa*bxx + a”2 + 1) - 2*%(b"3*x"3 + a~3)*log(b
*x + a))/b~3 + integrate(1/3*(b"2*x"4 + a*xb*x~3)/(b"2%x"2 + 2%axb*x + a~2

+ (b™2%x”2 + 2%axb*x + a”2 + 1)7(3/2) + 1), x)

output
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Giac [F]

/ z’csch™(a + bx) dr = / x? arcsch (bx + a) dz

input Lintegrate (XAQ*aI'CCSCh (b*x+a) ,X, algorithm="giac " )

Outputtintegrate(x“2*arccsch(b*x +a), x)

Mupad [F(-1)]

Timed out.

/xzcsch_l(a-l-bx) dx = /x2 asinh( ! > dx
a+bzx

input Lint (x~2*asinh(1/(a + b*x)),x)

OutputLint(x"2*asinh(1/(a + b*x)), x)

Reduce [F]

/m2csch_1(a + bx) dz = / acsch(bz + a) zdz

inputLint(x"2*acsch(b*x+a),x)

Outputtint(acsch(a + b*x)*x**2,x)
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3.3 [ zcsch™'(a + bz) dx

Optimal result . . . . . . . . . . . . e H3l
Mathematica [A] (verified) . . . . . . . . . ... o 53]
Rubi [A] (verified) . . . .. . . ... .. HY!
Maple [A] (verified) . . . . . . ... L BT
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 57
Sympy [F] . . o o bY
Maxima [F] . . . . . . B
Giac [F] . . . . o o 5Y¢)
Mupad [F(-1)] . . . o o bY¢)
Reduce [F] . . . . . bY¢)

Optimal result

Integrand size = 8, antiderivative size = 75

—1 —
/xcsch_l(a +bz)dr = (a+ bz) v G _ a’csch '(a + bz)

2b2 2b2
aarctanh( 1+ m>
b2

1
+ §a:2(:sch_1(a + bx) —

p
‘ 1/2% (b*x+a) *(1+1/ (b*x+a) ~2) ~(1/2) /b~2-1/2*a"2*arccsch(b*x+a) /b~ 2+1/2*x"2*a

output ‘
chcsch (b*x+a)-a*arctanh ((1+1/ (b*x+a)~2)~(1/2))/b"2 J

Mathematica [A] (verified)

Time = 0.06 (sec) , antiderivative size = 110, normalized size of antiderivative = 1.47

/ zesch™!(a + bx) dz

(a+bx),/ W + b*z%csch™ (a + bx) — a’arcsinh () — 2alog ((a + bz) (1 + /—1+“2(J(fﬁr‘2’f)j

2b2

input LIntegrate [x*xArcCschl[a + b*x],x] J
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¢ ((@ + brO)*Sqre[(1 + a™2 + 2+axbsx + b™2%x"2)/(a + b¥x)"2] + b 2xx"2+ArcCs
‘ch[a + bxx] - a"2*ArcSinh[(a + b*x)~(-1)] - 2xaxLogl[(a + bxx)*(1 + Sqrt[(1 ‘
|+ a2 + 2kakbix + b724x72)/(a + bkx)"2]1)1)/(2%b"2) |

outpu

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.99,

number of steps used = 14, number of rules used = 13, Bumber of rules _ 1 go5 Ryjjeq
integrand size

used = {6876, 25, 5992, 3042, 4260, 25, 26, 3042, 25, 26, 4254, 24, 4257}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zcsch™ (a + bx) dz

l 6876

[bz(a+bz)?,/1+ mcsch_l(a + bz)desch™!(a + bx)

b2

| 25

[ —bz(a+bz)?,/1+ mcsch_l(a + bz)desch™! (a + bx)
b2
| 5992

B 1 [ Y?z*desch™(a + bz) — Lb2z%csch™ (a + b)
b2
| 3042

—1b?z%csch™!(a + bz) + 3 [ (a — icsc (icsch ™ (a + bac)))2 desch™(a + bx)
b2
| 4260

—1b%z2csch™(a + bz) + 5 (—2ia [ —i(a + bz)dcsch ™ (a + bz) — [ —(a + bz)2desch™ ' (a + bz) + a’csch™(a -

b2
l 25




input
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—1b?z%csch™!(a + bz) + % (—2ia [ —i(a + bx)desch™(a + bz) + [(a + bx)2desch™ (a + bz) + aZesch ™ (a +

!

2(—2a [(a + bz)desch™ (a + bz) + [(a + bz)2desch™ (a + bz) + a?csch ™ (a + bz)) — 1b2z?

b2

l26

csch™!

(a+ bx)

b2
l 3042

—1b2z%csch™!(a + bz) + %(—Za [icsc (icsch™(a + bz)) desch ™ (a + bz) + [ — esc (icsch™ ! (a + b.’L’))2 dcsch

—1b2z%csch™!(a + bz) + %(—Za [icsc (icsch™'(a + bz)) desch ™ (a + bx) — [ esc (icsch™(a + bzr:))2 desch™!

b2

| 25

b2

| 26

—1b2z%csch™!(a + bz) + %(—Zia [ esc (icsch™(a + bz)) desch™'(a + bz) — [ esc (iesch™(a + bac))2 desch™(

—1b2z%csch™!(a + bz) + %( zfld( i(a+bx),/1+ a+bm)2) 21,afcsc (icsch™!(a + bz)) desch™ (a + bz)

b2
l 4254

l24

—1b%z2%csch™ (a + bz) + %(—Zia [ esc (icsch ™ (a + bz)) desch ™ (a + bz) + acsch ™ (a + bz) — (a + bz), Aee

i <a20sch_1(a +bx) + 2aarctanh<\/mﬁ> — (a +bzx) (a+bw)2 + 1)

b2
l 4257

b xz2csch™

Y(a + bx)

b2

{Int [x*ArcCsch[a + b*x],x]
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‘-((—1/2*(b‘2*x“2*ArcCsch[a + bxx]) + (-((a + bxx)*Sqrt[1l + (a + b*x)~(-2)] ‘

output
\) + a~2*ArcCsch[a + b*x] + 2*a*ArcTanh[Sqrt[1 + (a + b*x)~(-2)11)/2)/b~2) \
Defintions of rubi rules used
rule24LInt[a_, x_Symbol] :> Simp[a*x, x] /; FreeQla, x] J
ruk325LInt[_(Fx-)’ x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J
rule 26 Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]
rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]
rule 4954 Int[cscl(c_.) + (d_.)*(x_)]1"(n_), x_Symbol] :> Simp[-d~(-1) Subst[Int[Exp
andIntegrand[(1 + x"2)"(n/2 - 1), x], x], x, Cotlc + d*x]], x] /; FreeQl{c,
d}, x] && IGtQ[n/2, 0]
rule 4257 Int[cscl(c_.) + (d_.)*(x_)], x_Symbol] :> Simp[-ArcTanh[Cos[c + d*x]]/d, x]
/; FreeQ[{c, d}, x]
rule 4260 Int[(cscl[(c_.) + (d_.)*(x_)1*(b_.) + (a_))~2, x_Symbol] :> Simp[a~2+*x, x] +
(Simp[2*a*b  Int[Csclc + d*x], x], x] + Simp[b~2 Int[Csclc + d*x]"2, x]
» x]) /; FreeQ[{a, b, c, d}, x]
rule 5992 Int[Coth[(c_.) + (d_.)*(x_)I*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)*(
x)1*x(M_.) + (@)~ (n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol]l :> Simp[(-(e
+ fxx)"m)*((a + bxCschlc + d*x])~(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*dx(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Csch[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]
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rule 6876 TL((a_.) + ArcCschl(c)) + (d_.)*(x)I*(b_.))"(p_)*((e ) + (£_.)*(x )"
‘m_.), x_Symbol] :> Simp[-(d~(m + 1))~(-1)  Subst[Int[(a + b*x) p*Csch[x]*C ‘
‘oth[x]*(d*e - cxf + f*Csch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a, ‘
' b, c, d, e, £}, x] & IGtQ[p, 0] && IntegerQ[m] |

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.29

method result

\/ (bz+a)2+1 (20, arcsinh(bz+a)—1/ (bz+a)2+1>

2
amcsc}](bmga)(bwra) —arccsch(bz+a)a(bz+a)—
2(bata) (bz+a)2+1
(lm:+a)2

derivativedivides =
2 \/(bw+a)2+1 2a arcsinh(bz+a)— (bz+a)2+1
arccsch(bz-ga)(bx-f-a) —a,rccsch(bx—i—a)a(ba:—i—a)— ( > )
2(bw+a)\/*2—(bw+a) +1
default (bata)
b2
254 /6222 2712
/b2 2 2 2 1 2 b“z+Vb4x“+2bzrat+a“+1
parts x2 arccsch(bz+a) _ b*z%+2bzata®+1 | a” arctanh /022 1 2baatal il Vb?+2aln <
2 2,2 2
2 b<x44+2bxata<+1 2
2b \/7(”_’_‘1)2 (bz+a)Vh

-

Lint (x*arccsch(b*x+a) ,x,method=_RETURNVERBOSE)

-/

input

‘ 1/b~2*%(1/2*arccsch(b*x+a)* (b*xx+a) “2-arccsch (b*x+a) *a* (b*xx+a)-1/2*((b*x+a) " ‘
‘ 2+1) " (1/2) *(2*a*arcsinh (b*x+a) - ((b*x+a) ~2+1) ~(1/2)) / (b*x+a) / (((b*x+a) ~2+1)
|/ (b¥x+a)"2)"(1/2)) |

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 285 vs. 2(65) = 130.

Time = 0.10 (sec) , antiderivative size = 285, normalized size of antiderivative = 3.80

/ xesch™!(a + bx) dz

52x210g —a210g (-bl‘—i—(bz‘—}—a)\/%_a_i_l) +a210g (—bCL'—I-

bx+a
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input‘integrate(X*arccsch(b*x+a),x, algorithm="fricas")

1/2x(b~2*x"2*%1log(((b*x + a)*sqrt((b~2*x"2 + 2*axb*x + a”2 + 1)/(b"2*x"2 +
2xaxb*x + a”2)) + 1)/(b*x + a)) - a"2xlog(-b*x + (b*x + a)*sqrt((b~2*x"2 +
2xaxb*x + a”2 + 1)/(b"2%x72 + 2%a*b*x + a”"2)) - a + 1) + a"2xlog(-b*x + (
b*x + a)*sqrt((b™2*x"2 + 2*axb*x + a”2 + 1)/(b~2*x"2 + 2%axb*x + a~2)) - a
- 1) + 2xaxlog(-b*x + (b*x + a)*sqrt((b~2*x"2 + 2*axbxx + a”2 + 1)/(b"2*x
T2 + 2kaxbxx + a”2)) - a) + (bxx + a)*sqrt((b”2xx"2 + 2kaxbkx + a”2 + 1)/(
b™2xx"2 + 2*axb*x + a~2)))/b"2

output

N\

Sympy [F]

/wcsch_l(a +bz)dz = /x acsch (a + bx) dz

.
integrate(x*acsch(b*x+a) ,x)

input

N

Output‘Integral(x*acsch(a + b*x), x)

Maxima [F]

/ zesch™(a + bx) dz = / z arcsch (bz + a) dz

input‘integrate(X*arccsch(b*x+a),x, algorithm="maxima")

1/2xI*ax(log(I*(b~2*x + a*xb)/b + 1) - log(-I*(b~2*x + a*b)/b + 1))/b"2 + 1
/4% (2xb~2xx"2*1og(sqrt (b™2*x"2 + 2*a*bxx + a”2 + 1) + 1) - (a”2 - 1)*log(b
T2%x72 + 2%a¥b*x + a2 + 1) - 2x(b"2%x"2 - a~2)*log(b*x + a))/b”"2 + integr
ate(1/2*%(b"2*x"3 + a*b*x~2)/(b"2*x"2 + 2*axb*x + a”2 + (b"2*x"2 + 2¥a*b*x
+a™2 + 1)7(3/2) + 1), x)

output
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Giac [F]

/ zesch™(a + bx) dz = / z arcsch (bz + a) dx

i i =4 n
inputLlntegrate(x*arccsch(b*x+a),x, algorithm="giac")

outputtintegrate(x*arccsch(b*x +a), x)

Mupad [F(-1)]

Timed out.

/xcsch_l(a-l-bx) dx:/xasinh( ! ) dz
a+bzx

inputtint(x*asinh(l/(a + b*x)),x)

output 1Rt (x*asinh(1/(a + b)), x)

Reduce [F]

/zcsch_l(a + bx) dz = / acsch(bz + a) zdx

inputLint(x*acsch(b*x+a),x)

Outputtint(acsch(a + b*x)*x,X)




output
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csch ™ (a+b2)
3.4 | dz
i

Optimal result . . . . . . . . . . . . . 60
Mathematica [C] (verified) . . . . . . . . . .. .. L 611
Rubi [C] (verified) . . . . . . .. . .. 621
Maple [F] . . . . 67
Fricas [F] . . . . o . o o 67
Sympy [F] . . o 63
Maxima [F] . . . . . . 68
Giac [F] . . . o o 68}
Mupad [F(-1)] . . ..o 69
Reduce [F] . . . . . .o e 69

Optimal result

Integrand size = 10, antiderivative size = 162

T

csch™(a + bx) 1 a
dz =csch™ (a+bx)log |1 — ————
/ ( )log 1—-+vV1+a?

csch™!(a+bzx)

1++v1+a?
— csch™(a + br) log (1 — e2°SCh71(“+bx)>

> + PolyLog (

+ csch™'(a + bx) log <1 —

+ PolyLog (2, ae

csch™!(a+bx)

csch™1(a+bzx) csch™!(a+bx)

- 2
1—+vV1+4a? 14++v14+a?

1 :
— 5 PolyLog (2, e (e+12))

)

arccsch(b*xx+a) *1n(1-a* (1/ (bxx+a)+(1+1/(b*x+a)~2)~(1/2))/(1-(a"2+1)~(1/2)))
+arccsch(b*x+a)*1n(1-a*(1/ (b*x+a)+(1+1/ (b*x+a) ~2) ~(1/2))/(1+(a~2+1)~(1/2))
)-arccsch (b*x+a)*1n(1-(1/(b*x+a)+(1+1/(b*x+a) ~2) ~(1/2)) ~2) +polylog(2,a*(1/
(b*x+a)+(1+1/ (b*x+a)~2)~(1/2))/(1-(a~2+1)~(1/2)))+polylog(2,a*(1/ (bxx+a)+(
1+1/ (bxx+a)~2)~(1/2))/(1+(a~2+1)~(1/2)))-1/2*polylog(2, (1/ (b*x+a)+(1+1/ (b*

x+a)~2)7(1/2))72)
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 0.30 (sec) , antiderivative size = 427, normalized size of antiderivative = 2.64

/ csch™(a + bx) i

T

1
=3 7% — 4imesch™ (a + bx) — 8csch™*(a + bz)?

Ve aretan ((1 — ia) cot (% (m + 2icsch™ (a + bz))) >

— 32 arcsin

\/§ V1 + a2
- SCSCh_l(a + bx) log (1 _ e—2csch_1(a+bm))
(=14 VI +a?) et (atbe)

a

(_1 +41+ a2) ecschfl(a—i-bz)

a

N (—1+ VI F a8) e (b
log [ 1—
V2 a

+ 4im log (1 —

+ 8csch™!(a + bz) log <1 -

+ 167 arcsin

(14 VIT @) e ot

+ 4im log <1 +

a
1+ V1T a?) eosch ™ (ote)
+ 8csch™*(a + bz) log <1 + ( )
a
—ita -1
/T 14++vV1+a2 ecsch™ (a+bz) b
— 16¢ arcsin log (1 + ( ) — 44w log ( ad )
V2 a a+ br

_ 2\ ,csch™1(a+bx)
+ 4PolyLog (2’ e—2csch_1(a+ba:)) + 8 PolyLog (2, (-1+vV1i+a?)e >
a

(14 VIT @) eeh(@rte)
8 PolyL 2, —

input LIntegrate [ArcCsch[a + b*x]/x,x]




output
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(Pi~2 - (4xI)*Pi*ArcCsch[a + bxx] - 8*ArcCsch[a + b*x]~2 - 32*ArcSin[Sqrt[

(-I + a)/al/Sqrt[2]]1*ArcTan[((1 - I*a)*Cot[(Pi + (2*I)*ArcCschla + bxx])/4
1)/8qrt[1 + a~2]] - 8%ArcCsch[a + bxx]*Log[l - E~(-2*ArcCsch[a + b*x])] +
(4*I)*PixLog[1 - ((-1 + Sqrt[1l + a~2])*E"ArcCsch[a + b*x])/a] + 8*ArcCschl[
a + b*xx]*Log[1l - ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + b*x])/a] + (16*I)*Arc
Sin[Sqrt[(-I + a)/al/Sqrt[2]]*Logl[l - ((-1 + Sqrt[1 + a~2])*E~ArcCschla +
bxx])/al + (4xI)*PixLogl[l + ((1 + Sqrt[1 + a~2])*EArcCschl[a + b*x])/al +
8*ArcCschl[a + b*x]*Log[1l + ((1 + Sqrt[1 + a~2])*E"ArcCsch[a + b*x])/a]l - (
16*I)*ArcSin[Sqrt [(-I + a)/al/Sqrt[2]]1*Log[1 + ((1 + Sqrt[1 + a~2])*E~ArcC
sch[a + b*x])/a] - (4*I)*PixLog[(b*x)/(a + b*x)] + 4*PolyLog[2, E~(-2*ArcC
schla + b*x])] + 8xPolyLog[2, ((-1 + Sqrt[1 + a~2])*E~ArcCsch[a + bx*x])/al
+ 8%PolyLog[2, -(((1 + Sqrt[1 + a"2])*E"ArcCsch[a + b*x])/a)])/8

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 1.01 (sec) , antiderivative size = 225, normalized size of antiderivative = 1.39,

_ _ number of rules _
number of steps used = 17, number of rules used = 16, integrand size — 1.600, Rules

used = {6876, 25, 6130, 6103, 25, 3042, 26, 4199, 25, 2620, 2715, 2838, 6095, 2620, 2715,
2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l
/csc gca+bac) i

l 6876
(a+bx)?,/1+ —Lcsch™!(a + bx)
— / (a;zx) desch™!
l 25

(a4 bx)?,/ -5 + lesch™(a + bz)
/ - G desch™!(a + bx)

bx

(a+bzx)

l 6130
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(a + bx)

(a+ bzx), /ﬁ + lesch™(a + b2)
/ (tbe) desch™!

a
atbr 1

l 6103

W14+ (a+bm @rrmzosch™ Y(a + ba) 1
a/ desch™ (a + bx) — /(a +bx) 1+ ﬁcsch_l(a +
1- a—i—bz (a + b.’L‘)

bz)desch ™ (a + bx)

l 25

- /(a +bx), 1+ Hlb)zcsch_l(a + bx)desch™ (a + bx) —

/14 —2—csch™! (a + bx)
/ +b ) desch™ (a + bx)

a+bx

l 3042

/14 izcsch™ (a + bz)
—a/ (a+b ) desch™(a + bx) — /—icsch_l(a +

- a—i—bx
bx) tan (zcsch Y(a+ bx) + ) desch™(a + bx)

| 26
1/1+(+b )zcsch (a+ bx)
—a/ desch™(a +bw)+i/csch_1(a+

1- %
bx) tan (zcsch Y(a+ bx) + ) desch™(a + bx)

l 4199

V1t m2csch (a + bx)
—a/ G desch™(a + bx) +

a—i—b:z:

] ) e2csch 1(a+bx)csch 1 a+ bz B 1. B
i (2@ / - - e2csch_1(a+§n:) )dcsch Ya+bx) — Ezcsch '(a + bz)?
l 25

1+ ——csch™(a+ bx)
—a/ (@ +b ) dcsch_l(a +bx) +

o a—l—bx
2csch™! (a+bx) 1
z’(—2i/ ¢ csch (a + bz) desch™ (a + bx) — %icsch_l(a + ba:)2>

1— e2csch_1(a+b9:)
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l 2620

/ W14+ (a+bx)2csch a+ bx)
—a

- a+bac
i<—2z’ (; /log (1 - e2°S°h_1(“+bm)> desch™ (a + bx) — Ecsch_l(a + bzx) log (1 - eZCSCh_l(”b””))) - %z’csch_l(a

dcsch_l(a +bx) +

l 2715
V1t mQCsch (a + bx)
—a/ (atbe) desch™(a + bx) +
- a—i—bx
i<_2i<i /e—chch_l(a—l—bx) log ( 2csch 1(a+bac)) de?csch Yatbx) 2CSCh 1(a + bw) log ( e?csch_l(a—l—bx)))
l 2838
V31t o —L _csch™a+ bx)
—a/ (a+ x) dcsch_l(a + bx) +
a+b:1:

i<—2z’ (—i PolyLog <2, eQCSCh_l(“erz)) — %csch_l(a + bz) log (1 — eQCSCh_l(“J“b“’))) - %icsch_l(a + bw)2>

l 6095

desch™(a + bx) + -

ecsch_l(a+bx)csch—1(a + b.’E) ecsch_l(a-l—bac)csch—l(a + bx)
—a / _ecsch_l(a—i-bz)a —Va2+1+1 _ecsch_l(a+bz)a +vVaZ+1+1

z’<—2z’ (—i PolyLog (2, e2°S°h71(“+bz)> — %csch_l(a + bx) log (1 — e2°S°h1(“+bm))> - %icsch_l(a + ba:)2)

desch™(a + bx) + /

| 2620
-1 -1
[ log <1 — w> desch™l(a+bx) [log (1 - MC\S/%I(ZMQ desch™Y(a + bx)  csch™!(a + bx)

a a

i<—2z’ (—i PolyLog (2, 62°S°h_1(“+bz)) — %csch_l(a + bx) log (1 — e2°S°h_1(“+b“’))> - %icsch_l(a + bw)2>

l 2715



CHAPTER 3. LISTING OF INTEGRALS 65

-1 -1
—csch™ ! (a+bx) _ aeCsch™” (a+ba) csch™! (a+bzx) —csch™1 (a+bx) _ aeCsch™ " (a+ba) csch™!(a
fe log (1 v ) de Je log (1 T ) de
—-a +
a a

i<—2i (—i PolyLog (2, e2°SCh_l(“+b’”)> — %csch_l(a + bx) log (1 - e2°5°h_1(a+bx)>> - %icsch_l(a + b:c)2>

l 2838

csch™1 (a+b2) csch™1 (a+ba)

_ csch™ ! (a+ba)
POlyLOg (2, ael—\/m> POlyLOg (2, ae\/azi—i-l-i-l) CSCh 1((1 + b.'L') ].Og (1 — ae]_—\/azi—{—l)

—al — — — — _

a a a

1 - 1 - 1
i<—2i (—4 PolyLog (2, eZesch 1(“+b’”)> — §csch_1(a + bz) log (1 — g2esch 1(“+bx)>> - iicsch_l(a + bw)2>

s

LInt [ArcCsch[a + b*x]/x,x]

~—

input

—-(a*(ArcCsch[a + b*x]~2/(2%a) - (ArcCsch[a + b*x]*Log[l - (a*E~ArcCsch[a +
b*x])/(1 - Sqrt[1 + a~2])])/a - (ArcCsch[a + b*x]*Logl[l - (a*E~ArcCschla
+ b*x])/(1 + Sqrt[1 + a~2])])/a - PolyLogl[2, (a*E~ArcCschla + b*x])/(1 - S
grt[1 + a~2])]/a - PolyLog[2, (a*E"ArcCschl[a + b*x])/(1 + Sqrt[1 + a~2])]/
a)) + Ix((-1/2*I)*ArcCschla + b*x]~2 - (2%I)*(-1/2%(ArcCsch[a + b*x]*Log[1

- E"(2xArcCschl[a + b*x])]) - PolyLog[2, E~(2*ArcCsch[a + b*x])1/4))

output

Defintions of rubi rules used

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

rule 26‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1] |




rule 2620

rule 2715

rule 2838

rule 3042

rule 4199

rule 6095

rule 6103
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Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symboll]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

Int[Logl(c_.)*((d_ ) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2

» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_))"(m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
O*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Simp
[2¢I Int[((c + d*x) m*x(E~(2*x((-I)*e + fxfz*x))/(1 + E~(2*x((-I)*e + fxfz*x
))/E~ (2xI*k*Pi))))/E~(2*I*xk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && In

tegerQ[4+k] && IGtQ[m, O]

Int[(Cosh[(c_.) + (d_.)*(x_)]1*((e_.) + (£_.)*(x_))"(m_.))/((a_) + (b_.)*Sin
hi(c_.) + (d_.)*(x_)]), x_Symbol] :> Simp[-(e + f*x)"(m + 1)/(b*f*x(m + 1)),
x] + (Int[(e + f*x) m*x(E~(c + d*x)/(a - Rt[a"2 + b72, 2] + b*E~(c + d*x)))
, Xx] + Int[(e + f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x]1) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]

Int[(Coth[(c_.) + (d_.)*(x_)]1 " (n_.)*((e_.) + (£_)*(x_))"(m_.))/((a_) + (b_
J)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[i/a Int[(e + f#*x) m*Coth[
c + d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*x
17(n - 1)/(a + bxSinh[c + d*x])), x], x] /; FreeQ[{a, b, c, d, e, f}, x] &&
IGtQ[m, O] && IGtQ[mn, O]
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rule 6130 TRELCCCe_.) + (£_)*(x_))"@_)*(F)[(c_.) + (@_)*(x)1"(a_)*(G ) [(c_.) +
@_.)*(x_)1"(p_.))/(Cschl(c_.) + (d_.)*(x_)]*(b_.) + (a_)), x_Symbol] :> I
nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*x(G[c + d*x]"p/(b + a*Sinh[c + d#*x
1)), x1 /; FreeQl{a, b, c, d, e, £}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&% IntegersQ[m, n, p]
rule 6876 Intl((a_.) + ArcCschl(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - cxf + f*Csch[x])™m, x], x, ArcCsch[c + d*x]], x] /; FreeQ[{a,
b, c, d, e, £}, x] & IGtQ[p, 0] && IntegerQ[m]
Maple [F]
/ arccsch (bz + a) i
x
inputLint(arccsch(b*x+a)/x,x)
OutputLint(arccsch(b*x+a)/x,x)
Fricas [F]
-1
/ csch™ (a + bx) dp — / arcsch (bz + a) s
x x
input{integrate(arccsch(b*x+a)/x,x, algorithm="fricas")

e—

Ou_,DputLintegral(arccsch(b*x + a)/x, x)
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Sympy [F]

-1
/csch (a+bzx) dp — / acsch (a + bz) i

T T

inputLintegrate(acsch(b*x+a)/x,x)

OutputLIntegral(acsch(a + b*x)/x, X)

Maxima [F]

T Z

-1
/ csch™ (a + bx) dp — / arcsch (bz + a) i

inputLintegrate(arccsch(b*x+a)/x,x, algorithm="maxima")

ou_tputtintegrate(arccsch(b=|<x + a)/x, x)
Giac [F]
csch™(a + bz arcsch (bz + a
/ (atbz) / (bz+a)
T T
inputLintegrate(arccsch(b*x+a)/x,x, algorithm="giac")

OutputLintegrate(arccsch(b*x + a)/x, x)
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Mupad [F(-1)]

Timed out.

X

/ csch™(a + bx) = / asinh (-4-) p

T Z

inputtint(asinh(l/(a + b*x))/x,x)

output Lint(asinh(1/(a + b*x))/x, x)

Reduce [F]

-1
/csch (xa+bx) dp — / acsch(zx—l—a) i

inputLint(acsch(b*x+a)/x,x)

Outputtint(acsch(a + b*x)/x,x%)




output
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35 [ csch™ (atbo) 5.

72
Optimal result . . . . . . . . . . . . . )
Mathematica [B] (verified) . . . . . . . . . ... 70
Rubi [A] (verified) . . . . . . . . . . [r1l
Maple [B] (verified) . . . . . . . . . ... 74
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ...... re!
Sympy [F] . . o 75
Maxima [F] . . . . . . 75
Giac [F] . . . o o 761
Mupad [F(-1)] . . ..o 76
Reduce [F] . . . . . .o e 76

Optimal result

Integrand size = 10, antiderivative size = 63

/ csch™(a + bx) dr — _bcsch_l(a +bz) csch™(a + bx)

xr2

_|_

a

2barctanh <

T
a+tanh (%CSCh_ ! (a—i—bz))

V1+a2

)

av'1+ a?

‘ -b*arccsch(b*x+a)/a-arccsch(b*x+a) /x+2*xb*arctanh ((a+tanh(1/2*arccsch(b*x+a

1))/ (a72+1)7(1/2)) /a/ (a"2+1) " (1/2)

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 141 vs. 2(63) = 126.

Time = 0.10 (sec) , antiderivative size = 141, normalized size of antiderivative = 2.24

csch™(a + bx) csch™(a + bx)
dr = —
x? T

b(\/l + a?arcsinh (-5 ) + log(z) — log (1 + a? + abx + av/1 + a2

1+a24-2abz+b2x2

(a+bx)?

+vV1+ azbz\/lz

av'1+ a?
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input ‘ Integrate[ArcCsch[a + b*x]/x"2,x] ‘

output‘ -(ArcCsch[a + b*x]/x) - (bx(Sqrt[1 + a~2]*ArcSinh[(a + b*x)~(-1)] + Logl[x] ‘
| - Logll + a™2 + a*b*x + axSqrt[1 + a™2]*Sqrt[(1 + a”2 + 2%a¥bxx + b 2%x"2
)/(a + b¥x)"2] + Sqrt[l + a~2]*bxx*Sqrt[(1 + a2 + 2*axbxx + b 2%x"2)/(a + |

\ b*x)~211))/(a*Sqrt[1 + a~2])

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.14,

number of rules __
integrand size 0.800, Rules

number of steps used = 9, number of rules used = 8,
used = {6876, 5992, 3042, 4270, 3042, 3139, 1083, 219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ csch™!(a + bx) da

2
| 6876
(a+bz)?,/1+ —Lcsch™(a+ bx)
—b / (Z;L:;) desch™(a + bx)
| 5992
-1
—b /—1dcsch_1(a + bx) + osch (a1 ba)
bz bz
| 3042
csch™!(a + bz) / 1 1
b ———+ dcsch +b
( bx a —icsc (icsch™'(a + bz)) csch™(a + ba)
| 4270

1 -1
b (_ J %dCSCh (a + bz) + csch™(a + bx) + csch™(a + bx))

a a bx

l 3042
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L desch™(a + bz
ol iasin(iCSCh 1(a+bz)>+1 ( ) N csch™Y(a + bx) + csch™(a + bx)
a a bx
| 3139
2 L dtanh (1csch™! b
b ‘f —tanh2<%CSCh_1(a+bm))—2atanh(%CSCh_l(a+bz)>+1 an (2CSC (a T .’L‘)) N CSCh_l(a—I- b.’L‘) N esch™ 1
a a t
| 1083
4/ 1 »d(—2a — 2tanh (csch™(a + bz)))

~ 4(a2+1)—(—2a—2tanh(%csch_l(a+bx))) N csch™!(a + bz) N csch™(a
a a bx

l 219

—2tanh(csch™ (a+bz))—2
2arctanh : (2 o ia x)) .
b ot + csch™!(a + bz) 4 csch™!(a + bx)
ava?+1 a bx

-

LInt [ArcCsch[a + b*x]/x"2,x]

-/

input

.
‘-(b*(ArcCsch[a + b*x]/a + ArcCschl[a + b*xx]/(b*x) + (2%ArcTanh[(-2*a - 2xTa

output
‘nh[ArcCschla + b¥x]/2])/(2%Sqrt[1 + a~21)1)/(a*Sqrt[1 + a~21))) |




rule 219

rule 1083

rule 3042

rule 3139

rule 4270

rule 5992

rule 6876
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Defintions of rubi rules used

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))*
ArcTanh[Rt[-b, 2]*(x/Rtl[a, 2]1)]1, x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst [I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2*c*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2*b*e*x + a
*e"2xx72), x], x, Tan[(c + d*x)/2]/e]l, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b™2, 0]

Int[(cscl(c_.) + (d_.)*(x_)I*(b_.) + (a_))~(-1), x_Symbol] :> Simp[x/a, x]
- Simp[1/a Int[1/(1 + (a/b)*Sin[c + d*x]), x], x] /; FreeQ[{a, b, c, d},
x] && NeQ[a"2 - b~2, 0]

Int[Coth[(c_.) + (d_.)*(x_)]I*Csch[(c_.) + (d_.)*(x_)]1*(Csch[(c_.) + (d_.)x*(
x )Ix(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(b*d*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - c*xf + f*Csch([x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 126 vs. 2(57) = 114.

Time = 0.47 (sec) , antiderivative size = 127, normalized size of antiderivative = 2.02

method result
2 2
(ba+a)*+1 <arctanh <\/172> VaZ¥i-In < 2vaZ 1 \/Wﬂ(bww)wz) >
i i ivi h(bz+a) (bz+a)2+1
derivativedivides | b| — &= _
” (borta)® 41 (451 4)ay/a241
era?
2 2
(bz+a)?+1 [ arctanh | —2—— |vaZ+1—In 2m\/@+2(bm+a)a+2
2 T
default p| —arcesch(bata) _ V(bota)2+1
bz r1+a 2
L e tagava T
bVb2x242bzata?+1 (arctanh | ————21— ) VaZ+1—-In 20242+ 2bza+2va2+1 V0252
parts __arcesch(bz+a) V6222 42bzata+1 T
’ \/ P2t 2bratol 4 (bota)av/aTHT
inputLint(arCCSCh(b*x+a)/XA2aX’meth°d=_RETURNVERBOSE) J

‘b*(—1/b/x*arccsch(b*x+a)—((b*x+a)*2+1)“(1/2)*(arctanh(1/((b*x+a)‘2+1)‘(1/2
1)) *(272+1)7(1/2)-1n(2%((a~2+1) " (1/2) x ((b*x+a) "2+1) " (1/2) +(b*x+a) ¥a+1) /b/x) |
\ )/ (((bxx+a)~2+1) / (bxx+a) ~2) ~(1/2) / (b*x+a) /a/(a~2+1) ~(1/2)) \

output

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 343 vs. 2(57) = 114.

Time = 0.12 (sec) , antiderivative size = 343, normalized size of antiderivative = 5.44

xr2

/ csch™!(a + bx) d

(a® + 1)bzlog (—bx + (bx + a)4/ % —a+ 1) — (a® 4+ 1)bz log (—bx + (bx + a) biﬁiﬁg

input Lintegrate (arccsch(b*x+a)/x"2,x, algorithm="fricas") J
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-((a"2 + 1)*b*x*log(-b*x + (b*x + a)*sqrt((b~2*x"2 + 2*a*b*x + a”2 + 1)/(b
T2%x72 + 2%a¥b*x + a”2)) - a + 1) - (2”2 + 1)*bxxxlog(-b*x + (b*x + a)*sqr
t((b™2%x"2 + 2%axb*x + a”2 + 1)/(b"2*x"2 + 2%axb*x + a”2)) - a - 1) - sqrt
(2”2 + 1)*b*x*xlog(-(a~2*b*x + a~3 + (a*b*x + a2 + (a*b*x + a~2)*sqrt((b~2
*x72 + 2xa*xbxx + a2 + 1)/(b72*x"2 + 2*axb*x + a”2)) + 1)*sqrt(a”2 + 1) +
(2”3 + (a"2 + 1)*b*x + a)*sqrt((b~2*x~2 + 2%axb*x + a"2 + 1)/(b"2*x"2 + 2%
axb*x + a~2)) + a)/x) + (a~3 + a)*log(((b*x + a)*sqrt((b~2%x~2 + 2kakxbxx +
a”2 + 1)/(b"2%x"2 + 2%axbxx + a~2)) + 1)/(b*x + a)))/((a"3 + a)*x)

output

Sympy [F]
-1
/csch (621+bx) dp — / acsch (a2+bx) i
z x
input{integrate(acsch(b*x+a)/x**2,x)

| —

e

tIntegral(acsch(a + b*x) /x**2, Xx)

~—

output
Maxima [F]
csch™(a + bz arcsch (bx + a
[tertn),  [uedera),
T T
p
input integrate(arccsch(b*x+a)/x~2,x, algorithm="maxima")

-1/2%I*b*(Log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + a*b)/b + 1))/(a"2 +
1) - b*log(x)/(a"3 + a) - 1/2*%(a"2*%bxxxlog(b~2*x"2 + 2*xaxb*x + a~2 + 1) -
2x(a~3 + (a"2*b + b)*x + a)*log(b*x + a) + 2%(a”3 + a)*log(sqrt(b™2*xx"2 +
2*axb*x + a”2 + 1) + 1))/((a"3 + a)*x) - integrate((b~2*x + a*b)/(b~2*x"3
+ 2%a*xb*x"2 + (272 + 1)*x + (b72%x"3 + 2*%axb*x"2 + (a”2 + 1)*x)*sqrt(b~2x*

X~2 + 2*kaxb*x + a”2 + 1)), x)

output




CHAPTER 3. LISTING OF INTEGRALS

Giac [F]
h! b h (b
/csc (62L+ ) dx:/arcsc (2x+a) e
T T
inputLintegrate(arccsch(b*x+a)/x*2,X, algorithm="giac")

OutputLintegrate(arccsch(b*x + a)/x"2, x)

Mupad [F(-1)]

Timed out.

/ csch™(a + bz) do — / asinh (24-) e

1'2 $2

input Lint(asinh(l/(a + b*x))/x72,%)
Outpudint(asinh(u(a + b*x))/x"2, x)
Reduce [F]
/ csch—l((21,—|—bx) dp — / acsch(b2x+a) s
x x
input Lint (acsch(b*x+a) /x"2,%)

OutputLint(acsch(a + b*x) /x*%*2,X%)




output
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3.6 [ csch™ (atbo) 5

x3

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [B] (verified) . . . . . . . . . ...
Fricas [B] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [F] . . o
Maxima [F] . . . . . .
Giac [F] . . . o o
Mupad [F(-1)] . . ..o
Reduce [F] . . . . . .o e

Optimal result

Integrand size = 10, antiderivative size = 114

1
b(a + bl’)\ /1+ (atb2)? + bQCsch_l(a + b.’,(,‘) _ CSCh_l(a + bx)

/ csch™(a + bx)

z3 v 2a(1+a?)z 2a? 212
a+tanh lCSC].’l_1 a+bx
(1+ 2a?) b2arctanh( i <2\/1+a2 e )))

a? (1+ a?)3/2

‘ 1/2%b* (bxx+a) * (1+1/ (b*x+a) ~2) ~(1/2) /a/(a~2+1) /x+1/2*b~2*%arccsch(b*x+a) /a~2
‘ -1/2%arccsch(b*x+a) /x~2-(2%a~2+1) *b~2*arctanh ((a+tanh(1/2*arccsch(b*x+a)))

/(a”2+1)7(1/2))/a~2/ (a~2+1) " (3/2)




input

output
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Mathematica [A] (verified)
Time = 0.30 (sec) , antiderivative size = 220, normalized size of antiderivative = 1.93

1+a?+2abz+b2z2
1 [ bla+bz) \/ B csch™!(a + bx)

csch™(a + bx) d
x3 79 a(l+a?)z x?

b*arcsinh (- ) N (1+ 2a?) b*log(x)
a? a? (1 + a2)*?
(14 2a?) b log <1 + a® + abz + av/1 + a? W +V1+a’bz HaQ(i;ﬁI;a;;rwﬂ)
a2 (14 a?)*?

+

e

tIntegrate [ArcCsch[a + b*x]/x"3,x]

~—

((b*x(a + bxx)*Sqrt[(1 + a2 + 2*kaxbkx + b~2*x"2)/(a + b*x)~2])/(ax(1 + a~2
)*x) - ArcCschl[a + b*x]/x"2 + (b~2*ArcSinh[(a + b*x)~(-1)]1)/a~2 + ((1 + 2%
a”2)*b~2*Log[x])/(a"2*%(1 + a~2)7(3/2)) - ((1 + 2*a~2)*b~2*Log[l + a™2 + ax
bxx + a*Sqrt[1 + a~2]*Sqrt[(1 + a™2 + 2%axb*x + b"2*x"2)/(a + b*x)"2] + Sq
rt[1 + a~2]*b*x*Sqrt[(1 + a~2 + 2*axb*x + b~ 2*x"2)/(a + b*x)"2]1]1)/(a~2*(1

+a”2)7(3/2)))/2

Rubi [A] (verified)

Time = 0.75 (sec) , antiderivative size = 143, normalized size of antiderivative = 1.25,

number of steps used = 17, number of rules used = 16, Bumber of rules _ 4 g5 Ryjeg
integrand size

used = {6876, 25, 5992, 3042, 4272, 25, 3042, 4407, 26, 3042, 26, 4318, 3042, 3139, 1083,

219}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
-1
/ csch (;z+bx) i
X

l 6876
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(a + bx)

(a+bx)? /14 =2 L esch™Y(a + bx)
—v? / \/E desch™!
| 25

(a+bz)? /14 =2 lz scsch™(a + bz)
b? / B m desch™!

33 (a + bx)
| 5992
_p(esh(atba) 1 / L e
b < T 5 | 5242 desch™ (a + bx)

| 3042
h~! 1 1

—b? w - / sdesch™'(a + bx)

2b%x 2 (a —icsc (icsch™!(a + bz)))
| 4272
1
2 1 f Mg%dcsch_l(aﬁ- bz) B (a + bx) (atba)? +1 csch_l(a+ bz)
2 a(a?+1) a(a®+1)bx 2022

l25

_p2 (1 (_ / —%dcsch_l(a + bx) @y +1(a+ bm)) csch™(a + bx))
2

a(a®+1) - a(a®+1)bx 2022

l 3042

a?+icsc (iCSCh7 ! (a+bm)) a+1

— desch™Y(a + b
B2 csch™a+bz) 1 B m+1(a+bx)_f a—icsc(icsch 1(a+bm)> csch™ (a + bx)

2b212 2 a(a?+1)bx a(a®+1)
| 4407
1 2 -1 i(2a2 i(a+bx) -1 atbae
oy csch™(a + bz) +1 Ricod + 1(a + bz) B (a +1)CSCC}1 (atbz) | i(2a241) [ Hepe) - desch™ (a+be)
2b212 2 a(a?+1)bx a(a?+1)

l26
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2 —oths - a? “atba 1
= LR

2 a(a®+1) a(a®+1)bz 20212
l 3042
icsc iCSCh_l(a+bw) _
2 h—l (20’ +1) a—icsE(iCSCh_l(a+b:v))> dCSCh 1
csch~L(a+bz) 1 (a+bm)2 +1(a+ bz) - (a +1)csca (atbz) _
o222 2 a(a®+1)bx a(a®+1)
l 26
csc iCSCh_l(a+bm) _
2 h—l i(2a2+1) f a—ics(c (iCSChl(a+ba>s)> desch
_p2 csch™!(a + bz) + 11y (a+bac)2 +1(a+bz) _ (@ +1)csca (atb) 4 a
2222 T2 a(a®+1)bx a(a®+1)
l 4318
o2 Lgape)  (20°H+1) [ 7dcsch (a+bx)
R _( +1)Cscah (atbz) = : B (a+bx)2 +1(a + bz) csch™(a + be)
2 a(a®2+1) a(a®+1)bx 20222
l 3042
(2a241) [ L. desch™
2 -1 iasin(iCSCR ™" (atbz) ) +1
| s i@r i) 1 G Hlla+bo)  (yosch i) ( ¢ )
B 2b2 12 2| a(a®+1)bx B a(a®+1)
l 3139
2 1 1 h—l
1 (a2+1)CSCh_1(a+bm) 2(20' +1) f — tanh? (%CSCh_l(a-sz)) —2a tanh(%CSCh_l(a-Hn:))-Q—ldtanh(zcsc (a+bz)) \
_b2 = a - a o
2 a(a?+1)

l 1083
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4(2a241) [ 1 - »d(—2a—2tanh(1csch™ (a+bz)
4(a2+1)—<—2a—2 tanh(%csch 1(a+bz)>> ( (2 >) (a2+1)CSCh_1(a+bx) \/i
_b2 1 _ a + a _ 7(
2 a(a®+1)
| 219
—2tann( 2csch ™ (a4b2)) ~2a
2(2a2+1)arctanh< i h(gc:c 2+1( o) 2 ) i -
@ a?+1)csch™ ~ (a+bzx) 1
_p2 1 ava2+1 + ( ) a _V (atb2)? +1(a +bz) + csch™
2 a(a®+1) a(a?+1)bx y

-

inputLInt[ArcCsch[a + bxx]/x"3,x]

-/

Output\—(b*z*(ArcCsch[a + b*x]/(2%¥b~2%x72) + (-(((a + b*x)*Sqrt[1 + (a + b*x)~(-2
1)/ (ax(1 + a”2)*b*x)) - (((1 + a”2)*ArcCschla + bxx])/a + (2%(1 + 2+a"2)*
|ArcTanh[(-2%a - 2xTanh[ArcCschla + bxx]/21)/(2*Sqrt[1 + a~21)1)/(a*Sqrt[1
+a721))/(ax(1 + a™2)))/2))

Defintions of rubi rules used

-

rule 25 LInt [-(Fx_), x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x]

-/

rule 26 ‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al]) I
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

‘Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol]l :> Simp[(1/(Rt[a, 2]*Rt[-b, 2]))* ‘
‘ArcTanh[Rt[-b, 2]*(x/Rtla, 21)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

rule 219




rule 1083

rule 3042

rule 3139

rule 4272

rule 4318

rule 4407

rule 5992
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Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Simp[-2 Subst[I
nt[1/Simp[b~2 - 4*a*xc - x~2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((a_) + (b_.)*sin[(c_.) + (d_.)*(x_)1)"(-1), x_Symbol] :> With[{e = Fre
eFactors[Tan[(c + d*x)/2], x]}, Simp[2*(e/d) Subst[Int[1/(a + 2xbxexx + a
xe~2%x"2), x], x, Tan[(c + d*x)/2]1/el, x]1] /; FreeQ[{a, b, c, d}, x] && NeQ
[a~2 - b~2, 0]

Int[(cscl(c_.) + (d_.)*(x_)1*(b_.) + (a_))"(n_), x_Symbol] :> Simp[b~2*Cot[
c + dxx]*((a + b*Cscl[c + d*x])"(n + 1)/(axd*(n + 1)*(a"2 - b™2))), x] + Sim
pl1/(ax(n + 1)*(a"2 - b72)) Int[(a + b*Csclc + d*x])~"(n + 1)*Simp[(a”~2 -
b"2)*(n + 1) - a*bx(n + 1)*Csc[c + d*x] + b~ 2x(n + 2)*Csc[c + d*x]~2, x], x
1, x] /; FreeQ[{a, b, c, d}, x] && NeQ[a"2 - b~2, 0] && LtQ[n, -1] && Integ
erQ[2*n]

Int[cscl(e_.) + (£_.)*(x_)]1/(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_)), x_Symbo
1] :> Simp[1/b Int[1/(1 + (a/b)*Sinl[e + f*x]), x], x] /; FreeQ[{a, b, e,
£}, x] && NeQ[a"2 - b~2, 0]

Int[(cscl(e_.) + (£_)*(x_)I*(d_.) + (c_))/(cscl(e_.) + (£_.)*(x_)]1*(b_.) +
(a_)), x_Symbol] :> Simp[c*(x/a), x] - Simp[(b*c - a*d)/a Int[Cscl[e + fx*
x]/(a + bxCsc[e + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && NeQ[b*c
- axd, 0]

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )I*(b_.) + (@ ))"(a_.)*(Ce_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]

/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, 0] && NeQ[n, -1]
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rule 6876 TL((a_.) + ArcCschl(c)) + (d_.)*(x)I*(b_.))"(p_)*((e ) + (£_.)*(x )"
‘m_.), x_Symbol] :> Simp[-(d~(m + 1))~(-1)  Subst[Int[(a + b*x) p*Csch[x]*C
‘oth[x]*(d*e - cxf + f*Csch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
' b, c, d, e, £}, x] & IGtQ[p, 0] && IntegerQ[m] |

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 317 vs. 2(100) = 200.

Time = 0.49 (sec) , antiderivative size = 318, normalized size of antiderivative = 2.79

method result
3 2 5
\/ﬁ 2 5 1 27 2a“+42+42bxa+2V a?-
parts _arccsch(ba:+a) 4 bvb2x2+2bza+a’+1 (a +1) arctanh NPT a“br—21n| 24 TET=2TATEV AT
212
3 3,
\/ (bz+a)?+1 | arctanh | ——L—— | (a2+1) 2a3—arctanh | ——L—— | (a2+1) 24
derivativedivides b2 arccsch(bz+a) \/(bz+a)2+1 ( ) \/ (bz+a)2+1 ( )
- 2b222 -
\/ (bz+a)?+1 | arctanh | ——L—— (a2+1)%a3—arctanh -1 (0,24.1)%@5
default b2 _aI'CCSCh(bx-l-a) _ \/ (beta)2+1 \/ (bz+a)2+1
2b2x2

input int (arccsch(b*x+a) /x~3,x,method=_RETURNVERBOSE)

-1/2*arccsch(b*x+a) /x~2+1/2*b* (b~ 2*x~2+2*a*b*x+a~2+1) ~(1/2) *((a~2+1) ~(3/2)
*arctanh (1/ (b~ 2*x~2+2*a*b*x+a~2+1) ~(1/2) ) *a”2*b*x-2*1n (2* (b*x*a+(a~2+1) " (1
/2) % (b™2%x"2+2xaxbxx+a~2+1) ~ (1/2)+a"2+1) /x) *a~4*xb*x+b*arctanh (1/ (b~ 2*x~2+2
*axbkx+a~2+1) " (1/2) ) *x*(a”~2+1) ~(3/2)+(a"2+1) " (3/2) * (b~ 2*x"2+2*a*xb*x+a”~2+1)
~(1/2)*a-3*1n(2* (b*xx*a+(a~2+1) " (1/2) * (b~ 2*x"2+2*a*b*x+a~2+1) ~(1/2)+a~2+1)/
x) *a” 2%b*x-b*1n (2% (b*xx*a+(a~2+1) ~ (1/2) * (b~ 2*x"2+2*a*xbxx+a~2+1) ~(1/2) +a"2+1
)/x) *x) / ((b~2%xx~2+2*xa*xb*x+a~2+1) / (b*x+a) ~2) ~(1/2) / (b*xx+a) /a~2/(a~2+1) ~(5/2
)/x

output
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Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 461 vs. 2(100) = 200.

Time = 0.13 (sec) , antiderivative size = 461, normalized size of antiderivative = 4.04

/ csch™(a + bx) d

x3

242 b 2 242 b
0 > 5 o a?bz+a3— (abm+a2+(abz+a2) %4—1) VaZ+1+(ad+(a?+1)bz+a) / %
(2a® +1)Va? + 1b°z%log | — —

inputLintegrate(arccsch(b*x+a)/x"3,x, algorithm="fricas") J

1/2x((2*%a~2 + 1)*sqrt(a”2 + 1)*b"2+x"2xlog(-(a"2xb*x + a3 - (axbxx + a™2
+ (axbxx + a”2)*sqrt((b"2#x"2 + 2*a*b*x + a2 + 1)/(b"2*x"2 + 2*a*b*x + a”~
2)) + Dxsqrt(a”™2 + 1) + (2”3 + (272 + 1)*b*x + a)*sqrt((b™2*x"2 + 2*xaxb*x
+ a2 + 1)/(b"2*%x"2 + 2*axb*xx + a”2)) + a)/x) + (2”4 + 2*a”2 + 1)*b"2*x"2
xlog(-b*x + (b*x + a)#*sqrt((b~2*x"2 + 2%axb*x + a”2 + 1)/(b"2*x"2 + 2*a*b*
x +a’2)) -a+ 1) - (a74 + 2¥a”2 + 1)*b"2*x"2xLlog(-b*x + (b*x + a)*sqrt((
b~2*x"2 + 2xaxb*x + a”2 + 1)/(b72*x"2 + 2xaxb*x + a”2)) - a - 1) + (a”3 +
a)*¥b"2*x"2 - (2”6 + 2¥a”4 + a~2)*xlog(((b*x + a)*sqrt((b~2*x"2 + 2xa*b*x +
a”2 + 1)/(b"2%x"2 + 2ka*bxx + a~2)) + 1)/(b*x + a)) + ((a”3 + a)*b~2*x"2 +

(a4 + a”2)*bxx)*sqrt ((b™2*x"2 + 2%a*b*x + a”2 + 1)/(b"2*x"2 + 2%a*xb*x +
a~2)))/((a"6 + 2*a~4 + a~2)*x"2)

output

Sympy [F]
-1
/csch (;L-I—bz) dx:/wdx
z z
inputLintegrate(acsch(b*x+a)/x**3,x) J

-

-/

OutputLIntegral(aCSCh(a + b*x)/x**3, X)
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Maxima [F|

-1
/ csch™ (a + bx) dp — / arcsch (bz + a) s

3 3

inputtintegrate(arccsch(b*x+a)/x*3,x, algorithm="maxima")

output 1/2xI*a*b~2x(log(I*(b~2*x + a*b)/b + 1) - log(-I*(b~2*x + a*b)/b + 1))/(a”

4 + 2xa”2 + 1) + 1/2*%(3*¥a”2xb"2 + b~2)*log(x)/(a"6 + 2*xa~4 + a~2) + 1/4*((

a"4%b~2 - a"2%b"2)*x"2x1log(b"2*x"2 + 2*axbxx + a”2 + 1) + 2x(a”3*b + a*b)*

x + 2%(a”6 + 2xa”4 - (a”4%b"2 + 2*%a"2%b"2 + b2)*x"2 + a~2)*log(b*x + a) -

2%(a”6 + 2*xa~4 + a~2)*log(sqrt(b™2*x~2 + 2*a*bxx + a~2 + 1) + 1))/((a"6 +

2%a”4 + a~2)*x”~2) - integrate(1/2*(b~2#x + a*b)/(b"2*x"4 + 2xaxb*x~3 + (a

T2 + 1)#x72 + (b72%x74 + 2*xaxb*x”3 + (2”2 + 1)*x72)*sqrt(b"2*x"2 + 2kaxbxx

+a’2+ 1)), x)
Giac [F]
-1
csch™ (a + bx arcsch (bz + a
/ (3 ) dr = / (3 ) dx
x T

inputLintegrate(arccsch(b*x+a)/x’“3,x, algorithm="giac") J
outputLintegrate(arccsch(b*x + a)/x"3, x) J

Mupad [F(-1)]

Timed out.

/csch_l(a+bx) dm=/a’Sinh(a—i—1bw) dz

3 3

inputtint(asinh(l/(a + b*x))/x"3,%) J
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output 1t (asinh(1/(a + b¥))/x"3, x)

Reduce [F]

-1
/CSCh (Z—i_bw) dx:/ml?'i_a’)dx
z x

input tint (acsch(b*x+a)/x~3,x%)

output Lint (acsch(a + b*x)/x**3,x)
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3.7 [(e+ fz)? (a+besch™'(c + d:z:))2 dx

Optimal result . . . . . . . . . . . . e 88]
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... .. ... 89
Rubi [A] (verified) . . . . . . . ... .. 90
Maple [F] . . . . 92
Fricas [F] . . . . . . o 93
Sympy [F] . . . o 93]
Maxima [F] . . . . . .. 93
Giac [F] . . . . o o 94
Mupad [F(-1)] . . . o o 95
Reduce [F] . . . . . 95
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Optimal result

Integrand size = 20, antiderivative size = 501

/(e + fz)® (a+ besch™ (¢ + dz))” da

B b2f2(de —cf)z N b2f3(c + d:l:)2 bf3(c + d.’E), /14 m(a + bCSCh_l(C + d.’L'))

a3 12d4 3d*
N 3bf(de — cf)?(c+dz),/1+ m(a + besch ™' (c + dx))
p7
.\ bf*(de — cf)(c+dz)?\/1+ m (a + besch™ (c + dz))
d4
bf*(c+dz)’\ /1+ g (a+ besch™ (¢ + dz))
+
6d*
(de — cf)* (a+ besch ™ (c + dx))” N (e + fz)* (a+ besch ™ (c + da))
B 4dAf Af
2bf%(de — cf) (a + besch™' (c + dz)) arctanh (eCSCh_1(°+d’”)>
_ =
4b(de — cf)? (a + besch™ (¢ + dz)) arctanh <e°5°h_1(c+d”’)> B3 log(c + de)
* g BT

3v? f(de — cf)?log(c + dx) b? f*(de — cf) PolyLog (2a —6CSCh_l(c+dm)>
_|._ —_

d* 7
2b%(de — cf)? PolyLog (2, _ ecsch_l(c-‘rdx))
+ 7
v* f*(de — cf) PolyLog (2, ecsch‘l(c+dx))
+ pT

2b%(de — cf)? PolyLog (2, ecsch‘1<c+dz>>
d4




output

input
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b~ 2xf " 2% (—cxf+d*xe) *x/d"3+1/12xb~2*f ~3* (d*x+c) "2/d"4-1/3*b*f ~3* (d*x+c) * (1+1
/ (d*x+c)~2) ~(1/2) * (atb*arccsch(d*x+c) ) /d~4+3*bxf* (—cxf+d*e) ~2* (d*x+c) * (1+1
/ (d*x+c)~2)~(1/2) *(at+b*arccsch(d*x+c) ) /d~4+bxf~2x (—cxf+d*e) * (d*x+c) ~2% (1+1
/ (d*xx+c)~2) " (1/2) * (at+b*arccsch(d*x+c) ) /d~4+1/6xbxf ~3* (d*x+c) ~3* (1+1/ (d*x+c
)~2)"(1/2)*(atb*arccsch(d*x+c))/d~4-1/4* (-cxf+d*e) ~“4* (at+b*arccsch(d*x+c))”
2/d"4/f+1/4% (f*¥x+e) ~4* (a+b*arccsch (d*x+c)) ~2/f-2%b*f ~2% (-c*f+d*e) * (a+b*arc
csch(d*x+c))*arctanh (1/ (d*x+c)+(1+1/(d*x+c)"2) ~(1/2) ) /A" 4+4*b* (—cxf+d*e) "3
* (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c)+(1+1/ (d*x+c)~2)~(1/2))/d"4-1/3%b"2
*f~3%1n(d*x+c) /d74+3*b"2xf* (—cxf+d*e) “2%1n(d*x+c) /d~4-b"2xf 2% (~ckf+d*e) *p
olylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d~4+2*b~2* (-c*f+d*e) ~3*polylog(
2,-1/(d*x+c) - (1+1/(d*x+c) ~2) ~(1/2)) /d~4+b"2xf 2% (~c*f+d*e) *polylog(2,1/ (d*
x+c)+(1+1/(d*x+c)~2)~(1/2)) /d"4-2xb~2* (-cxf+d*e) “3*polylog(2,1/ (d*x+c)+(1+
1/(d*x+c)~2)~(1/2))/d~4

Mathematica [C] (warning: unable to verify)

Result contains complex when optimal does not.

Time = 9.98 (sec) , antiderivative size = 1429, normalized size of antiderivative = 2.85

/(e + fz)* (a + besch ™' (c + clx))2 dz = Too large to display

-

LIntegrate[(e + f*x)~3%(a + b*ArcCschl[c + d*x])~2,x]

-/
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a~2xe " 3*xx + (3*a"2%e”2+f*x72)/2 + a"2xexf"2xx"3 + (a"2*f"3*x74)/4 + (axb*(
3xx* (4*e~3 + 6*e”2+f*xx + 4xexf~2*%x"2 + £~3*x"3)*ArcCschlc + d*x] + (f*(c +
d*x)*Sqrt[(1 + c™2 + 2xc*xd*x + d72%x72)/(c + d*kx)"2]*((-2 + 13*%c"2)*f"2 -
2xcxd*f* (15%e + 2kf*x) + d72x(18%e”2 + 6xexf*x + £72%x72)) - 3kc*(-4*d"3*
€3 + 6xc*kd"2xe"2xf - 4kxc"2xd*e*f"2 + c”3*f"3)*ArcSinh[(c + d*x)~(-1)] + 6
*(2+%d"3%e”3 - 6xc*d"2*e”"2+f + (-1 + 6xc”2)*dxe*xf~2 + c*(1 - 2*c~2)*f"3)*Lo
gl(c + d*x)*(1 + Sqrt[(1 + c™2 + 2*ckxd*x + d~2%x"2)/(c + d*x)~2])1)/d~4))/
6 - (b~2xe"3*%(-(ArcCschlc + d*x]*((c + d*x)*ArcCsch[c + d*x] - 2*Log[l - E
~(-ArcCschlc + d*x])] + 2xLogl[l + E~(-ArcCschl[c + d*x])])) + 2*PolyLogl[2,
-E~(-ArcCsch[c + d*x])] - 2+PolyLog[2, E~(-ArcCsch[c + d*x])]))/d - (3*b~2
xdxe " 2xfxxx (((c + d*x)*Sqrt[1l + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 + ((
c + d#*x)~2*ArcCschlc + d*x]~2)/(2*%d"2) - (c*ArcCsch[c + d#*x] " 2*Coth[ArcCsc
hlc + d*x]1/2]1)/(2%d"2) - Logl(c + d*x)~(-1)1/d"2 - ((2*I)*cx(I*ArcCschlc +
d*x]*(Log[1 - E~(-ArcCsch[c + d*x])] - Logl[l + E~(-ArcCsch[c + d*x])]) +
I*(PolyLog[2, -E~(-ArcCsch[c + d*x])] - PolyLogl[2, E~(-ArcCschlc + d*x])])
))/d"2 + (c*ArcCsch[c + d*x]~2*Tanh[ArcCsch[c + d*x]/2])/(2*xd"2)))/((c + d
*x)*k (-1 + c/(c + d*x))) - (b"2*exf~2*%(2x (-2 + 12*c*ArcCsch[c + d*x] + ArcC
schlc + d*x]~2 - 6*%c”2%ArcCsch[c + d*x]~2)*Coth[ArcCsch[c + d*x]/2] + 2*Ar
cCschlc + d*x]*(-1 + 3%c*ArcCsch[c + d*x])*Csch[ArcCschlc + d*x]/2]"2 - (A
rcCschlc + d*x]~2+Csch[ArcCschlc + d*x]/2]174)/(2*(c + d*x)) - 48xcxLogl...

output

Rubi [A] (verified)

Time = 1.07 (sec) , antiderivative size = 476, normalized size of antiderivative = 0.95,

number of rules _ 950, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6876, 5992, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + besch ™ (c + ol:L'))2 dz
| 6876

[(c+dz)%, /1 + m(de —cf + f(c+dz))3 (a+ besch™ (c + dac))2 desch™ (¢ + dz)
_ P
| 5992
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bj(de—cf+f(o+dz»4(a+bcschfd(o+dz)>dcschfd(o+dz) (f(o+dz)—cf+d@4<a+bcschf4(c+dx))2

2f 4f
d4

l 3042

(f(c+dx)—cf+de)t (a-l-bCSCh_l (c+dz)> ? + bf <a+bCSCh_l (c-l-da:)) (de—c f+if csc (icsch_1 (c-l-dz)) ) *dcsch™ (c+dx)
- 4f 2f
d4

l 4678

_4d3eB 4 6cd? fe2 —ac2df2 et B 43 B 3022 _3cdfetc? f2 B
bf<d4<6f( £ ;:;4 Afeted )+1 (a+bCSCh 1(c+dz)>e4+4d3f 1—Cf( ‘ d3:3fe it ) (c+dz) <a+bCSCh 1(c+d:1:))e

l 2009

b (4 #3(de—cf)arctanh (ecsch_l <c+dw>) (a+bcsch_1 (c-l-dm)) —8f(de—cf)3arctanh (ecsch_l <c+dz>) (a+bcsch‘1 (c+dm)) —2f3(c+dz)

-

inputLInt[(e + fxx)~3x(a + b*ArcCschlc + d*x])~2,x]

-/

-((-1/4%((d*e - c*f + f*(c + d*x))~4*(a + b*ArcCschlc + d*x])~2)/f + (b*x(-
2xb*f~3%(d*xe - c*¥f)*(c + d*x) - (bxf~4x(c + d*x)"2)/6 + (2xf74x(c + d*x)*S
qrtll + (c + d*x)~(-2)]1*(a + b*ArcCschlc + d*x]))/3 - 6*%f~2x(d*e - c*f) 2%
(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCsch[c + d*x]) - 2xf£~3*(dxe -
cxf)*(c + dkx)"2xSqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschlc + d*x]) - (£74
*(c + d*x)"3*Sqrt[1 + (c + d*x)~(-2)]1*(a + bxArcCsch[c + d*x]))/3 + ((d*e
- c*f)~4x(a + bxArcCschlc + d*x])~2)/(2*%b) + 4*f~3*(d*e - cxf)*(a + b*ArcC
sch[c + d*x])*ArcTanh[E"ArcCsch[c + d*x]] - 8*fx(d*e - c*f)~3*(a + b*ArcCs
ch[c + d*x])*ArcTanh[E~ArcCsch[c + d*x]] - (2xbxf~4*Log[(c + d*x)~(-1)1)/3
+ 6%b*f~2x(d*e - c*f) 2*Log[(c + d*x)~(-1)] + 2%b*f~3x(d*e - c*f)*PolyLog
[2, -E"ArcCsch[c + d*x]] - 4*bxfx(d*e - c*f) 3*PolyLog[2, -E~ArcCsch[c + d
*x]] - 2%bxf~3x(d*e - c*xf)*PolyLog[2, E"ArcCsch[c + d*x]] + 4xbxf*(d*e - c
*f) ~3*PolyLog[2, E~ArcCschlc + d*x]1))/(2%f))/d"4)

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )Ix(_.) + (@)~ (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5992

ruk36876‘1nt[((a—‘) + ArcCschl(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C
‘oth[x]*(d*e - c*f + fxCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, f}, x] & I6tQlp, 0] && IntegerQ[m] |

Maple [F]

/ (fz +e)® (a + b arcesch (dz + ¢))* dz

-

inputt

-/

int ((f*x+e) ~3* (at+b*arccsch(d*x+c)) ~2,x)

OutputLint((f*x+e)"3*(a+b*arccsch(d*x+c))AQ,X) J
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Fricas [F]

/(e + fz)* (a + besch ™' (c + dac))2 dx = / (fz + €)®(barcsch (dz + ¢) + a)* dz

‘integrate((f*x+e)“3*(a+b*arccsch(d*x+c))“2,x, algorithm="fricas")

-/

input
output‘integral(a“2*f“3*x”3 + 3*%a"2%exf"2xx"2 + 3ka~2%e"2*fxx + a~2*%e”3 + (b"2xf"~
‘3*x“3 + 3*%b"2*e*xf"2xx"2 + 3*b"2xe"2*f*x + b~2*%e”3)*arccsch(d*x + c)~2 + 2%
\ (a*b*f~3*x~3 + 3*kaxbkxe*xf 2*%x"2 + 3*axbke 2xf*x + axb*e~3)*arccsch(d*x + c)
» X)
Sympy [F]
_ 2
/(e + fz)? (a + besch (¢ + dz))” dz = / (a + bacsch (c + dz))* (e + fz)° dz
p
inputLintegrate((f*x+e)**3*(a+b*acsch(d*x+c))**2,x)
OutputLIntegral((a + b*acsch(c + d*x))**x2*(e + f*x)**3, x)

Maxima [F]

/(e + fz)® (a + besch ™' (c+ d:c))2 dx = / (fz + €)*(barcsch (dz + ¢) + a)® dz

inputLintegrate((f*x+e)‘3*(a+b*arccsch(d*x+c))‘2,x, algorithm="maxima")
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output

1/4%a~2*f"3%x"4 + a~2ke*f~2*x"3 + 3/2*a”"2%e 2xf*x"2 + a"2xe " 3*x + (2*(d*x
+ c)x*arccsch(d*x + c) + log(sqrt(1/(d*x + c)~2 + 1) + 1) - log(sqrt(1/(d*x
+ ¢c)72 + 1) - 1))*axbxe”3/d + 1/4*(b"2*£73*x"4 + 4xb"2xexf~2*x"3 + 6*b~2*
e"2xf*x"2 + 4xb~2%e"3x*x)*1log(sqrt(d™2*x"2 + 2%c*d*x + c™2 + 1) + 1)72 - in
tegrate(-1/2* (2% (b"2*d"2*f~3*%x"5 + b™2*%c"2%e”3 + b~2%e”3 + (3*b~2*d"2*exf”
2 + 2%b"2xcxd*f~3)*x"4 + (6%b"2%ckd*exf"2 + b72xc"2*f"3 + (3*%d"2*e"2xf + f
~3)*b"2)*x"3 + (6*%b"2xckd*e”2*f + 3*kb"2xc"2%exf"2 + (d"2%e”3 + 3kexf”2)*b”
2)*x72 + (2%b"2%c*kd*e”3 + 3*b"2*c”2%e"2xf + 3*b~2xe”2*f)*x)*log(d*x + c)"2
- 4x (axbxd"2*xf"3*x"5 + (3*axb*d~2%exf~2 + 2kaxbkxcxd*f~3)*x"4 + (6*axbkxcxd
xe*xf~2 + axb*c™2xf~3 + (3*%d"2%xe"2+f + f£~3)*axb)*x~3 + 3x(2kaxbxckdke 2xf +
a*b*xc™2xexf"2 + axbke*f"2)*x"2 + 3k (axbxc"2*e”2xf + axbxe”2xf)x*x)*log(d*x
+ c) + (4*axb*d™2*xf~3*x~5 + 4*(3*ka*xbxd"2%exf~2 + 2kaxbkckxd*f~3)*x"4 + 4*(
6*a*b*ckxd*xexf~2 + axbkxc"2xf"3 + (3*%d"2%e"2*f + f~3)*axb)*x"3 + 12*(2*axbxc
*d*xe"2xf + axbkc"2*e*f"2 + axbxexf"2)*x"2 + 12*(a*b*c”2*e"2xf + axbxe”2x*f)
*x — 4x(b72*%d"2*f"3*x"5 + b"2*%c"2*e”3 + b"2*e”3 + (3*b"2*d"2xexf~2 + 2*%b~2
*cxd*f73)*x"4 + (6%b"2kckd*exf"2 + bT2*c"2*f73 + (3*%d"2*e”2xf + £73)*b72)*
X3 + (6%b~2kckd*xe”2*f + 3*b"2xc"2%exf"2 + (d72%e”3 + 3ke*xf"2)*b"2)*xx"2 +
(2%b~2%cxd*e”3 + 3xb~2*kc"2xe”2*f + 3xb"2*%e”"2xf)*x)*Llog(d*x + c) + ((4*axbx
d~2*f"3 - b"2xd"2*f"3)*x~5 + (12*axbkd~2kxexf~2 - 4*xb~2xd"2kexf~2 + (8kaxb*
d*f~3 - b 2xd*f"3)*kc)*x"4 - 2% (3*b"2kd"2ke"2*f - 2xaxbkc 2*xf"3 - 2% (3*d...

Giac [F]

/(e + fz)* (a+ besch ™' (c + d:z:))2 dx = / (fz + €)®(barcsch (dz + ¢) + a)* dz

inputt

-

outputt

integrate ((f*x+e) “3*(atb*arccsch(d*x+c))~2,x, algorithm="giac")

integrate((f*x + e) ~3x(b*arccsch(d*x + c) + a)~2, x)

| —




CHAPTER 3. LISTING OF INTEGRALS 95

Mupad [F(-1)]

Timed out.

/(e+fx)3 (a+ besch™(c + da))? dx=/(e+fx)3 (a+basinh(c+1dx)>2dx

inputtint((e + f*x)~3*(a + b*asinh(1/(c + d*x)))"2,x)

outputtint((e + fxx)"3%(a + b*asinh(1/(c + d*x)))~2, x)

Reduce [F|

/(e + fz)* (a + besch ' (c + da:))2 dr =2 (/ acsch(dz + c) dx) abée’
+ </ acsch(dz + c)? dx) b%e3
+2 (/ acsch(dz + c) x3dx) ab f3
+6 (/ acsch(dz + c) xzdx) abe f?
+6 (/ acsch(dz + c) xdx) abe?f
+ </ acsch(dz + c)? x3dx) b2 f?
+3 (/ acsch(dz + c)® xzdx) b’e f?
+3 (/ acsch(dz + c)® xdw) b’e’f

WL | s, B
2

2 3
+a‘e’xr + 1

input Lint ((£*x+e) ~3#* (at+b*acsch(d*x+c)) ~2,x)




output
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(8*int (acsch(c + d*x),x)*axb*e**3 + 4xint(acsch(c + d*x)**2,x)*b**x2%e*x*3 +
8xint (acsch(c + d#*x)*x**3,x)*axbxf*x*x3 + 24*int(acsch(c + d*x)*x**2,x)*a*b
*exf**x2 + 24xint(acsch(c + d*x)*x,x)*axbkex*x2*f + 4xint(acsch(c + d*x)**2x
x*x*3,x) *¥bkk2xf*x*x3 + 12*%int(acsch(c + d*x)*k2kx**2,x) *¥bk*x2ke*xf**2 + 12*int (
acsch(c + d*x)**x2%x,x) *kbkx*2kex*2kf + 4*xa*x*x2ke*x*x3*x + Gkakx*kkekxkxfrxx*x2 +

Axax*k2kekfxxkx*k*3 + ax*2xf*x*x3kx*x*x4) /4
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3.8 [(e+ fz)? (a+besch™'(c + d:c))z dx

Optimal result . . . . . . . . . . . . e 97l
Mathematica [C]| (warning: unable to verify) . . . . . ... ... ... ... ... 98]
Rubi [A] (verified) . . . . . . . . . . 99
Maple [F] . . . . 107
Fricas [F] . . . . . . o 102
Sympy [F] . . . o 102
Maxima [F] . . . . . o . 1021
Giac [F] . . . o o 103!
Mupad [F(-1)] . . . o o 104
Reduce [F] . . . . o o 104

Optimal result

Integrand size = 20, antiderivative size = 351

/(e + fz)? (a + besch ™' (c+ dar:))2 dz

 Bf 2bf(de — cf)(c + dx) 1+m(a+bcsch_l(c+dz))

3d? + d3

bf*(c+dx)?,/1+ m (a + besch ™ (c + dz))

+
3d3
(de — cf)? (a+besch™ (c + dﬂ?))2 4 (e+ fz)? (a+besch™'(c+ dgn))2
3d* f 3f

2bf2 (a + besch ™ (e + d:c)) arctanh <e°S°h_1(C+dw)>
- 38

4b(de — cf)? (a + besch™ (¢ + dz)) arctanh (eCSCh_l(C+dw)>
_|_

B
| Wf(de—cf)logle-+ d) _ ¥I*Polylos (2, —ese v
d3 3d3

2b2 (de _ Cf)2 POlyLOg (2’ _ecsch—l(c-|-dx)>

+ B

b% f2 PolyLog (2, eCSCh_l(c"'dz)> 2b%(de — cf)? PolyLog (2, eCSCh_l(C+d””)>

+ 33 &
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1/3%b~2%f"2%x/d"2+2*b*f* (—~c*f+d*e) * (d*x+c) * (1+1/ (d*x+c) ~2) ~(1/2) * (a+b*arcc
sch(d#*x+c)) /d~3+1/3*b*xf 2% (d*x+c) ~2* (1+1/ (d*x+c) ~2) ~(1/2) * (a+b*arccsch(d*x
+c))/d"3-1/3*(~cxf+d*e) “3* (atb*arccsch(d*x+c)) ~2/d"3/f+1/3* (fxx+e) ~3*x (a+b*
arccsch(d*x+c) ) ~2/f-2/3*b*f 2% (a+b*arccsch(d*x+c) ) *arctanh(1/(d*x+c)+(1+1/
(d*x+c)~2)~(1/2)) /4" 3+4%b* (—~c*f+d*e) “2* (a+b*arccsch (d*x+c) ) *arctanh (1/ (d*x
+c)+(1+1/(d*x+c) "2) ~(1/2) ) /d"3+2xb"2*f* (—c*f+d*e) *1n (d*x+c) /d"3-1/3*b"2xf"
2*xpolylog(2,-1/(d*x+c)-(1+1/(d*x+c)~2) ~(1/2))/d"3+2*b~ 2% (-cxf+d*e) "2*polyl
0g(2,-1/(d*x+c)-(1+1/(d*x+c)~2)~(1/2))/d~3+1/3*%b~2*f~2*polylog(2,1/ (d*x+c)
+(1+1/(d*x+c)~2)~(1/2) ) /d"3-2*b~2* (-c*f+d*e) "2*polylog(2,1/ (d*x+c)+(1+1/(d
*x+c)~2)~(1/2))/d"3

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 7.87 (sec) , antiderivative size = 864, normalized size of antiderivative = 2.46

/(e + fz)? (@ + besch ' (c + dx))2 dx = Too large to display

inputtlntegrate[(e + f*x)"2%(a + bxArcCschlc + d*x])~2,x]




output
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a"2%e"2xx + a"2xexf*xx"2 + (a"2*%f"2%x"3)/3 + (axbx(2*x*(3*e”2 + 3kexfxx + f

~2%x72) #ArcCschc + d*x] + (-(fx(c + d*x)*Sqrt[(1 + c™2 + 2%c*d*x + d"2%x~
2)/(c + d*x)~2]*(5*c*xf - d*(6%e + f*x))) + 2xc*(3*d"2%e”2 - 3*ckd*exf + c”
2x£72)*xArcSinh[(c + d*x)~(-1)] + (6*d"2%e”2 - 12%cxd*e*f + (-1 + 6%c”2)*f~
2)xLogl[(c + d*x)*(1 + Sqrt[(1 + c™2 + 2xcxd*x + d"2*x"2)/(c + d*x)~2])]1)/d
~3))/3 - (b~2*e"2x(-(ArcCschlc + d*x]*((c + d*x)*ArcCschl[c + d*x] - 2*Logl
1 - E"(-ArcCschlc + d*x])] + 2xLogl[1l + E~(-ArcCsch[c + d*x])])) + 2*PolyLo
gl2, -E~(-ArcCschlc + d*x])] - 2*PolyLog[2, E~(-ArcCschl[c + d*x])]))/d - (
2+b~2*dxexf*x* (((c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x])/d"2 +
((c + d*x)~2xArcCsch[c + d*x]~2)/(2*d"2) - (c*ArcCsch[c + d*x]~2*Coth[Arc
Cschlc + d*x]1/2]1)/(2%d~2) - Logl(c + d*x)~(-1)1/d"2 - ((2*I)*c*(I*ArcCschl[
c + d*x]*(Log[1l - E~(-ArcCsch[c + d*x])] - Log[l + E~(-ArcCsch[c + d*x])])
+ I*(PolyLog[2, -E~(-ArcCschl[c + d*x])] - PolyLog[2, E~(-ArcCschl[c + d*x]
)1)))/d"2 + (cxArcCschlc + d*x]~2*Tanh[ArcCsch[c + d*x]/2])/(2*xd"2)))/((c
+ d*x)*(-1 + c/(c + d*x))) - (b"2*£72% (2% (-2 + 12xc*ArcCsch[c + d*x] + Arc
Cschlc + d*x]~2 - 6xc~2*ArcCsch[c + d*x]~2)*Coth[ArcCschl[c + d*x]/2] + 2*A
rcCschlc + d*x]*(-1 + 3*cxArcCsch[c + d*x])*Csch[ArcCsch[c + d*x]/2]1"2 - (
ArcCsch[c + d*x]~2*Csch[ArcCschlc + d*x]/2]174)/(2*(c + d*x)) - 48*c*Logl(c
+ d*x)~(-1)] + 8x(-1 + 6%c~2)*(ArcCsch[c + d*x]*(Log[l - E~(-ArcCschlc +
d*x])] - Logl[l + E~(-ArcCsch[c + d*x])]) + PolyLogl[2, -E~(-ArcCschl[c + ...

Rubi [A] (verified)

Time = 0.77 (sec) , antiderivative size = 336, normalized size of antiderivative = 0.96,

number of rules _ 0.250, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {6876, 5992, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(e + fz)? (a + besch ™ (c + ol:L'))2 dz

| 6876
[(c+dz)%, /1 + m(de —cf + f(c+dz))? (a+ besch™ (c + dac))2 desch™ (¢ + dz)
_ P

l 5992
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2bj(de—cf+f(o+dz»3(a+bcschf4(c+dz)>dcschfd(o+dz) (f(o+dz)—cf+d@3<a+bcschf1(c+dx))2

3F 3f
43

l 3042

(f(c+dx)—cf+de)? (a-l-bCSCh_l (c+dz)> ? + 2b [ <a,+bCSCh_l (c+d:n)) (de—c f4if csc (z‘csch_1 (c+dm)) ) ®dcsch™ (c+dz)
- 3f 3f
3

l 4678

3d2e2—3cdfe+c? f2 _ _
2 [ (d3<1—°f( ] )>(a+bcsch H(etde) ) e3+3a £ (£=29 41) (c+da) (at+besch ™ (c+da) ) e2+3df2 (1- L ) (c+de)?

_ e

d3
l 2009

2b (—6 f(de—cf)?arctanh (ecsch_l <C+dw>) (a-l—bCSCh_l (c+dz)> +#3arctanh (ecsch_l (c+dz>) (a+bcsch‘1 (c+dm)) —3f2(c+da), [

-

inputLInt[(e + f*xx)~2%(a + bx*ArcCschl[c + d*x])~2,x]

-/

-((-1/3*%((d*e - c*f + f*(c + d*x))~3%(a + bkArcCschlc + d*x])~2)/f + (2xb*
(-1/2%(b*x£~3%(c + d*x)) - 3*f"2x(d*e - c*f)*(c + d*x)*Sqrt[1 + (c + d*x)~(
-2)]*(a + b*ArcCschlc + d*x]) - (£73*(c + d*x)~2*Sqrt[1 + (c + d*x)~(-2)]*
(a + bxArcCschlc + d*x]))/2 + ((d*e - c*f)~3x(a + b*ArcCschlc + d*x])~2)/(
2xb) + f£73%(a + bkArcCschl[c + d*x])*ArcTanh[E~ArcCschlc + d*x]] - 6*f*(d*e
- cxf)"2x(a + b*ArcCsch[c + d*x])*ArcTanh[E"ArcCschlc + d*x]] + 3*b*f~2x(
dxe - c*f)*Log[(c + d*x)~(-1)] + (b*f~3%PolyLog[2, -E~ArcCschl[c + d*x]])/2
- 3*bkxf*x(d*e - c*f) 2*PolyLog[2, -E~ArcCsch[c + d*x]] - (b*f~3*PolyLogl[2,
E~ArcCschl[c + d*x]])/2 + 3*b*fx(d*e - c*f) 2*PolyLog[2, E"ArcCsch[c + d*x
11))/(3%£))/d"3)

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )Ix(_.) + (@)~ (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5992

ruk36876‘1nt[((a—‘) + ArcCschl(c_) + (d_.)*(x_)I1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
‘m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C
‘oth[x]*(d*e - c*f + fxCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, c, d, e, f}, x] & I6tQlp, 0] && IntegerQ[m] |

Maple [F]

/ (fz +e)? (a + b arcesch (dz + ¢))* dz

-

inputt

-/

int ((f*x+e) ~2* (at+b*arccsch(d*x+c)) ~2,x)

OutputLint((f*x+e)“2*(a+b*arccsch(d*x+c))AQ,X) J
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Fricas [F]

/(e + fz)? (a+ besch ™' (c + dac))2 dx = / (fz + €)*(barcsch (dz + ¢) + a)* dz

input‘integrate((f*x+e)"2*(a+b*arccsch(d*x+c))"2,x, algorithm="fricas")

}integral(a*z*f*z*x*z + 2%ka~kekf*x + a~2%e~2 + (b 2%f 2%x"2 + 2%b~2kexfkx \
\+ b~2%e~2)*arccsch(d*x + c)~2 + 2x(axbxf~2%x~2 + 2%axbke*xf*x + akbke"2)*ar \
‘ccsch(d*x + c), X)

output

Sympy [F]

/(e + fz)? (a+ besch™ (¢ + dz))* da = / (a + bacsch (¢ + dz))* (e + fz)* dz

inputLintegrate((f*x+e)**2*(a+b*acsch(d*x+c))**2’x) J
output LIntegra]_((a + bkacsch(c + d*x))**2x(e + f*x)**2, x) J
Maxima [F]

/(e + fz)? (a + besch ™' (c + da:))2 dx = / (fz + e)*(barcsch (dz + ¢) + a)* dz

inputLintegrate((f*x+e)"2*(a+b*arccsch(d*x+c))"2,x, algorithm="maxima") J
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1/3%a~2%xf"2%x"3 + a~2ke*f*x"2 + a~2%e"2xx + (2%x(d*x + c)*arccsch(d*x + c)
+ log(sqrt(1/(d*x + ¢c)~2 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*a*b
xe~2/d + 1/3%(b"2+#£72%x"3 + 3*xb"2xe*f*x"2 + 3*b~2*e”2*x)*log(sqrt(d~2*x"2
+ 2kcxd*x + c”2 + 1) + 1)72 - integrate(-1/3*(3*%(b"2+%d"2*f"2*x"4 + b~2%c”2
*¥e72 + b72xe”2 + 2% (b"2*%d"2%exf + b 2xckxd*f"2)*x"3 + (4*b"2*ckdxexf + bT2*
cT2xf72 + (d"2*%e”2 + £72)*b"2)*x"2 + 2x(b"2kckd*e”2 + b 2*xc 2xexf + b"2kex
f)*x)*log(d*x + c)~2 - 6x(axb*d"2*xf"2xx"4 + 2x(axbxd"2*exf + a¥bkcxd*f~2)=*
x"3 + (4*axbkxckdxexf + axbxc™2*xf"2 + axb*f~2)*x"2 + 2% (axb*c 2xe*xf + axb*e
*f)xx)*log(d*x + c) + 2%(3*axbxd~2*f~2%x"4 + 6*(axb*d"2xexf + axbxcxd*f~2)
*x~3 + 3x(4*xaxbkckdkexf + axbxc™2+f"2 + axb*f~2)*x"2 + 6%(a*xbxc 2xexf + ax
brexf)*x - 3% (b~2%d"2*xf 2%x"4 + b~ 2%c"2%e”2 + b"2*e"2 + 2x(b"2xd"2%exf + b
“2xckd*f"2) #x73 + (4xb”2*ckdke*f + bT2*xcT2*%f72 + (d72*e”2 + £72)*b”72) *x72
+ 2% (b~ 2*c*xd*e”2 + b~ 2*c"2%exf + b 2*kexf)*x)*log(d*x + c) + ((3*xa*bxd~2xf"
2 - b72*%d"2*%f72)*x"4 + (6*axb*d"2%e*xf - 3*¥b"2xd"2xexf + (6kaxb*d*f”2 - b~2
*d*f"2)*c)*x"3 — 3k (b"2*%d"2%e”2 - axbxc”2*xf"2 - axb*f~2 - (4*axbxdxexf - b
“2xdkexf)*kc)*x"2 — 3x(b"2*ckxd*ke”2 — 2¥axbkc”2xexf - 2xakbkexf)*x - 3*k(b"2*
d"2*%f"2%x"4 + bT2*%cT2*%e”2 + b72%e”2 + 2% (b"2*%d"2xexf + b 2kckd*f"2)*x"3 +
(4xb~2xcxdxexf + b™2%c™2+%f"2 + (d™2*%e”2 + f~2)*b"2)*x"2 + 2% (b~2*cxd*e”2 +
b~2%c"2%exf + b~2%exf)*x)*log(d*x + c))*sqrt(d~2*x"2 + 2xcxd*x + c”2 + 1)
)*log(sqrt(d™2%x"2 + 2%c*d*x + c”2 + 1) + 1) + 3*sqrt(d™2*x"2 + 2*c*d*x...

output

Giac [F]

/(e + fz)? (a+ besch ' (c + d:z:))2 dx = / (fz + €)*(barcsch (dz + ¢) + a)* dz

input‘integrate((f*x+e)“2*(a+b*arccsch(d*x+c))“2,x, algorithm="giac")

-

outputtintegrate((f*x + e)~2*(b*arccsch(d*x + c¢) + a)~2, x)

| —
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Mupad [F(-1)]

Timed out.

/(e+fx)2 (a+ besch™(c + da))? dx=/(e+fx)2 (a+basinh(c+1dx)>2dx

input Lint((e + f*X)A2*(a + b*asinh(i/(c + d*X)))A2,x) J
outputtint((e + fxx)"2+(a + b*asinh(1/(c + d*x)))~2, x) J
Reduce [F|
/(e + fz)? (a + besch ' (c + da:))2 dr = 2 (/ acsch(dz + c) dx) ab &2
+ (/ acsch(dx + c)2 dx) b2e?
+ 2 (/ acsch(dx + c) xzdx) ab f?
+4 (/ acsch(dx + c) a:da:> abef
+ (/ acsch(dx + c)2 xzdx> b f?
+2 (/ acsch(dz + ¢)? xdx) blef
22,3
+wf§x+a%fx?+g%%i
jnputLint((f*x+e)AQ*(a+b*aCSCh(d*X+c))‘2,x) J
output‘ (6*%int (acsch(c + d*xx),x)*akxbxexx2 + 3*xint(acsch(c + d*x)**2,x)*b**2%e*x*x2 +

‘ 6*int (acsch(c + d*x)*x**2,x)*axb*f*x2 + 12*int(acsch(c + d*x)*x,x)*a*xb*ex ‘
£ + 3xint(acsch(c + d¥x)**2kx**2,X)*b**2kf**2 + 6xint(acsch(c + d*x)**2%x, |
‘x)*b**z*e*f + 3karkQkekkkx + SkakkdkekFrx kD + arkkfrkxxk*3) /3 ‘
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3.9 [(e+ fz) (a+ besch™ (c + dx))2 dx

Optimal result . . . . . . . . . . . . e 105
Mathematica [B] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . ... ..
Maple [F] . . . . 108
Fricas [F] . . . . . . o 109
Sympy [F] . . . o 109
Maxima [F] . . . . . .. 109
Giac [F] . . . . o o 110
Mupad [F(-1)] . . . o o 110
Reduce [F] . . . . . 111

Optimal result

Integrand size = 18, antiderivative size = 194

/(e + fz) (a + besch™ (c + dﬂlc))2 dz

bf(c+dz),/1+ gy (a+ besch™ (¢ + dz))

a2

(de — cf)? (a+ bosch ™ (c+dx))® (e + fz)2 (a+ besch ™ (c + da))
- 202 f + 2f

4b(de — cf) (a + besch ™' (c + dz)) arctanh <e°SCh_l(c+d””)) B2 f log(c + d)
+ 2 + 2

d d

2b?(de — cf) PolyLog <2, —eCSCh_l(C“de)) 2b?(de — cf) PolyLog <2, eCSCh_l(Cer’))

- Pz B Pz

b*f* (d*x+c)*(1+1/(d*x+c) ~2) ~(1/2) * (a+b*arccsch(d*x+c) ) /d~2-1/2* (—c*f+d*e) ~
2% (a+b*arccsch(d*x+c)) ~2/d"2/f+1/2* (fxx+e) ~2* (a+b*arccsch(d*x+c)) ~2/f+4xb*
(-c*xf+d*e) * (a+b*arccsch(d*x+c) ) xarctanh (1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2))/d
~2+b"2*fx1n (d*x+c) /d"2+2*%b"2* (—cxf+d*e) *polylog(2,-1/ (d*x+c) - (1+1/(d*x+c)~
2)~(1/2))/d"2-2*b"2* (-cxf+d*e) *polylog(2,1/ (d*x+c)+(1+1/(d*x+c)~2)~(1/2))/
da~2

output
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Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 427 vs. 2(194) = 388.

Time = 2.88 (sec) , antiderivative size = 427, normalized size of antiderivative = 2.20

/(e + fz) (a+ besch (¢ + dz))” da

2a%(de — cf)(c + dz) + a®f(c + dz)* + 2abf (c + dx) (, /1+ W + (¢ + dz)csch™ ' (c + d:c)) + 207 f

input \Integrate[(e + f*x)*(a + bkArcCschlc + d*x])"2,x] ]

(2%a~2%(d*e - c*f)*(c + d*x) + a2*f*x(c + d*x)~2 + 2kaxbxf*(c + d*x)*(Sqrt
[1 + (c + d*x)~(-2)] + (c + d*x)*ArcCsch[c + d*x]) + 2*b"2xf*((c + d*x)*Sq
rt[1 + (c + d*x)~(-2)]*ArcCschlc + d*x] + ((c + d*x) 2*ArcCschlc + d*x]~2)
/2 - Logl(c + d*x)~(-1)]) + 4*xaxbxd*ex((c + d*x)*ArcCsch[c + d*x] + Logl[Cs
ch[ArcCsch[c + d*x]/2]/(2*(c + d*x))] - Log[Sinh[ArcCsch[c + d*x]/2]]) - 4
xaxb*xckxf*((c + d*x)*ArcCschl[c + d*x] + Logl[Csch[ArcCschl[c + d*x]/2]/(2*(c

+ d*x))] - Log[Sinh[ArcCsch[c + d*x]/2]]) + 2%b~2*d*ex(ArcCschlc + d*x]*((
c + d*x)*ArcCsch[c + d*x] - 2*Logl[l - E~(-ArcCschlc + d*x])] + 2*Log[l + E
~(-ArcCsch[c + d*x])]) - 2xPolyLogl[2, -E~(-ArcCsch[c + d*x])] + 2%PolyLogl
2, E~(-ArcCschlc + d*x])]) - 2xb~2%cxf*(ArcCschlc + d*x]*((c + d*x)*ArcCsc
hlc + d*x] - 2#Logl[1l - E~(-ArcCschl[c + d*x])] + 2xLog[l + E~(-ArcCsch[c +

d*x])]) - 2%PolyLog[2, -E~(-ArcCsch[c + d*x])] + 2xPolyLog[2, E~(-ArcCsch[
c + d*x])]1))/(2xd"2)

output

Rubi [A] (verified)

Time = 0.59 (sec) , antiderivative size = 199, normalized size of antiderivative = 1.03,

number of rules __
integrand size 0.278, Rules

number of steps used = 6, number of rules used = 5,
used = {6876, 5992, 3042, 4678, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
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/(e + fz) (a + besch™ ! (¢ + d:c))2 dz
| 6876

[(c+dz)?,/1+ m(de —cf + f(c+dz)) (a+ besch™ (c+ da:))2 desch™ (¢ + dz)
_ =
| 5992

b [(de—cf+f(ctdx))? <a+bcsch_1 (c+dz)> desch™ ' (c+dz)  (f(c+dz)—cf+de)? (a+bcsch_1 (c+d:c)) :
f — 2f
2

l 3042

(f (c+dz)—cf+de)? (a+bcsch_1 (c+dz)> 2 N b <a+bcsch_1 (c+d:c)) (de—c f+if csc (icsch_1 (c+da:)) ) ?dcsch™ (c+dx)
- 2f f
d2

l 4678

b[ (d2 (%ﬁ +1) (a+bcsch_ ! (c+dw)) e2+2df ( - %) (c+dz) (a+bcsch_ ! (c+dw)) e+f2(c+dx)? (a+bcsch_ ! (c—i—dx)) ) desch™ (c-
f

d2
l 2009
e—c)2(atvesch ™ (erdn))
b(—4f(de—cf)arctanh(ecsch_1<C+dz)) (a+bCSCh_1(c+dw))+(d i ( i 55 er )) —(f2(c+dz),/mﬂ(wbcsch_l(c
f

input LInt[(e + f*x)*(a + b*AI‘CCSCh[C + d*x])‘2,x] J

-((-1/2%((d*e - c*xf + f*x(c + d*x))"2*(a + bxArcCschlc + d*x])~2)/f + (bx(-
(£72%(c + d*x)*Sqrt[1 + (c + d*x)~(-2)]*(a + bxArcCschlc + d*x])) + ((d*e
- cxf)"2x(a + bxArcCschlc + d*x])~2)/(2%b) - 4xf*x(d*e - c*f)*(a + b*ArcCsc
h[c + d*x])*ArcTanh[E~ArcCschlc + d*x]] + b*f~2xLog[(c + d*x)~(-1)] - 2xbx
f*(d*e - cxf)*PolyLog[2, -E"ArcCschlc + d*x]] + 2xb*fx(d*xe - cxf)*PolyLogl
2, E"ArcCschlc + d*x]]1))/f)/d"2)

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

Int[u_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionO0fTrigOfLinear
Qlu, x]

rule 3042

Int[(cscl(e_.) + (£_.)*(x_)I*(b_.) + (a_))"(n_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, (a + b*Csc[e + f*x])“°n, x],
x] /; FreeQ[{a, b, c, 4, e, f, m}, x] && IGtQ[m, 0] && IGtQ[n, O]

rule 4678

Int[Coth[(c_.) + (d_.)*(x_)]*Cschl[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x )Ix(_.) + (@)~ (a_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschl[c + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5992

rule 6876‘Int[((a—‘) + ArcCschl(c ) + (d_.)*(x)1*(b_.))"(p_)*((e_.) + (£_)*x)"C |
‘m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C ‘
‘oth[x]*(d*e - c*f + fxCsch[x])"m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a, ‘
b, c, d, e, f}, x] & I6tQlp, 0] && IntegerQ[m] |

Maple [F]

/ (fx +e) (a+ b arcesch (dz + c))2 dz

-

input L

-/

int ((f*x+e)* (at+b*arccsch(d*x+c))~2,x)

output Lint ((f£*xx+e)* (atb*arccsch(d*x+c))~2,x) J
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Fricas [F]

/(e + fz) (a+ besch™ (c + dac))2 dx = / (fz + €)(barcsch (dz + ¢) + a)’ dz

input‘integrate((f*x+e)*(a+b*arcc:sch(d*x+c))"2,x, algorithm="fricas")

‘integral(a‘2*f*x + a"2xe + (b"2*xfxx + b"2*xe)*arccsch(d*x + c)~2 + 2k (axb*f

OUtPUt‘ *xx + axbxe)*arccsch(d*x + c), x) ‘
Sympy [F]
/(e + fz) (a+ besch ™' (c + dac))2 dx = / (a + bacsch (¢ + dz))* (e + fz) dx
— Lintegrate ((£*x+e)* (a+bracsch (d*x+c)) **2,x) J
output LIntegral((a + b*acsch(c + d#*x))**x2*(e + f*x), x) J
Maxima [F]

/(e + fz) (a + besch™ (c + cla:))2 dx = / (fz + e)(barcsch (dz + ¢) + a)* dz

-/

p
input Lintegrate ((f*x+e)* (a+b*arccsch(d*x+c))~2,x, algorithm="maxima")
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1/2%a”2*f*x"2 + a"2%exx + (2x(d*x + c)*arccsch(d*x + c) + log(sqrt(1/(d*x

+¢c)”2 + 1) + 1) - log(sqrt(1/(d*x + c)~2 + 1) - 1))*a*bxe/d + 1/2x(b"2xf*
X"2 + 2*b"2*exx)*log(sqrt(d~2*x"2 + 2%cxd*x + c”2 + 1) + 1)72 - integrate(
-((b~2*d"2*f*x"3 + b~2*c"2*e + b"2xe + (b~2*d"2*e + 2xb~2kckd*f)*x"2 + (2%
b~2xc*d*e + b~2%c”2*f + b72*f)*x)*log(d*x + c)72 - 2x(a*b*d~2*f*x"3 + 2*ax
b*ckd*f*x"2 + (a*bxc™2+f + axbxf)*x)*log(d*x + c) + (2%axb*d"2*xf*x"3 + 4*a
xbkxckd*f*x"2 + 2x(axbxc”2+f + axb*f)*x - 2% (b"2xd"2*f*x"3 + b"2%c"2xe + b~
2xe + (b~2%d"2%e + 2%b"2xcxd*f)*x"2 + (2%b"2*ckd*ke + bT2*c"2xf + bT2%f)*x)
xlog(d*x + c) + sqrt(d™2*x"2 + 2kc*d*x + c™2 + 1)*((2%axbxd~2*f - b~2*xd~2#
£)*x73 - (2%b~2*%d"2*e - (4*a*xbxd*f - b ~2xd*f)*c)*x"2 - 2x(b~2*cxd*e - a*bx
c”2xf - a*b*f)*x - 2x(b"2xd"2*f*x"3 + b"2*c"2*e + b"2xe + (b"2*d"2%e + 2*b
“2%ckdkf)*x"2 + (2%¥b"2*ckdxe + bT2xc”2+f + b~2+f)*x)*1log(d*x + c)))*log(sq
rt(d™2*x"2 + 2kckd*x + c”2 + 1) + 1) + sqrt(d™2*x"2 + 2*kckxd*x + c”2 + 1)*(
(b™2xd"2xf*x"3 + b~2*%c"2%e + b~ 2%e + (b"2*xd"2*e + 2xb " 2xckd*f)*x"2 + (2*b~
2xckd*e + bT2xc"2xf + b72*f)*x)*Llog(d*x + c)”2 - 2%(axbxd"2*f*x"3 + 2%axb*
ckxd*xf*xx"2 + (axbxc™2+f + axb*f)*x)*log(d*x + c)))/(d"2%x"2 + 2*c*d*x + c™2
+ (d72#x72 + 2xc*kd*x + c”2 + 1)7(3/2) + 1), x)

output

Giac [F]

/(e + fz) (a + besch™ (c + dac))2 dx = / (fz + e)(barcsch (dz + ¢) + a)’ dz

;
integrate ((f*x+e)*(atb*arccsch(d*x+c))~2,x, algorithm="giac")

input

N\

Output‘integrate((f*x + e)*(b*arccsch(d*x + c) + a)~2, x)

Mupad [F(-1)]

Timed out.

/(e—l—fﬂv) (a—i—bcsch_l(c—l-da[:))2 dr = /(e—i—f:c) <a+basinh<c+1dw>)2da:

inpu‘c!im’((e + fxx)*(a + b*asinh(1/(c + d*x)))"2,x)
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output Lint((e + fxx)*(a + bxasinh(1/(c + d*x)))~2, x) J

Reduce [F|

/ (e + fz) (a+ besch ™ (c + dz))” dz = 2 ( / acsch(dz + c) dx) abe
+ ( / acsch(dz + c)® dx) be

+2 (/ acsch(dz + c) xdx) abf

2 2
+ </ acsch(dz+c)? xdx) b f+a’ex+ %

input Lint((f*x+e)*(a+b*acsch(d*x+c))~2’x) J

output‘ (4xint (acsch(c + d*x),x)*a*b*e + 2*xint(acsch(c + d*x)**2,x)*b**2*e + 4xint ‘
| (acsch(c + d*x)*x,x)*axbkf + 2%int(acsch(c + d¥X)**2¥x,X)¥b*x2+f + 2karx2x |

(eXX + ark2¥frHk2)/2
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3.10 [ (a+besch™(c+ dw))2 dx

Optimal result . . . . . . . . . . . . e 112
Mathematica [B] (verified) . . . . . . . . . ... 113l
Rubi [C] (warning: unable to verify) . . . .. ... ... ... .. ... ... . 113
Maple [F] . . . . 116
Fricas [F] . . . . . . o 116
Sympy [F] . . . o 1716l
Maxima [F] . . . . . .. 117
Giac [F] . . . . o o 117
Mupad [F(-1)] . . . o o 117
Reduce [F] . . . . o o 118

Optimal result

Integrand size = 12, antiderivative size = 85

(c+dz) (a+ besch™ (c + da:))2
d

4b(a + bosch™ (c + d)) arctanh (e ¢+d))

d
2b% PolyLog ( eesch™ 1(C+dﬂc))

d
2b? PolyLog (2, ecsch‘1<c+dw)>

d

/ (a + besch™ (¢ + dav))2 dr =

+

_|_

‘ (d*x+c) * (atb*arccsch(d*x+c)) ~2/d+4*b* (a+b*arccsch(d*x+c) ) *arctanh (1/ (d*x+c ‘

tpu
output \)+(1+1/(d*x+c) 2)~(1/2))/d+2*b~2*polylog(2, 1/(d*x+c) (1+1/(d*x+c)~2)~(1/2 \

J
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Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 176 vs. 2(85) = 170.

Time = 0.20 (sec) , antiderivative size = 176, normalized size of antiderivative = 2.07

/ (a + besch™ (¢ + dac))2 dz

a’c + a2dx + 2ab(c + dzx)csch™ (¢ + dx) + b?cesch™ (¢ + dz)? + b2dzcsch™ (¢ + dz)? — 2b%csch™ (¢ +

r

| —

fnput LIntegrate [(a + bxArcCschl[c + d*x])~2,x]

(a"2%c + a™2*d*x + 2%a*xbx(c + d*x)*ArcCsch[c + d*x] + b~2xc*ArcCschlc + d*
x]72 + b~2*d*x*ArcCschc + d*x]~2 - 2xb~2*ArcCsch[c + d*x]*Logl[l - E~(-Arc
Cschlc + d*x])] + 2xb~2*%ArcCsch[c + d*x]*Log[l + E~(-ArcCsch[c + d*x])] +
2xaxb*Log[Cosh[ArcCsch[c + d*x]/2]] - 2*a*b*Log[Sinh[ArcCsch[c + d*x]/2]]
- 2xb~2%PolyLog[2, -E~(-ArcCsch[c + d*x])] + 2%b~2*PolyLog[2, E~(-ArcCschl[
c + dxx])]1)/d

output

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.
Time = 0.47 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.99,

number of rules _ 0.667, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {6870, 6834, 5975, 3042, 26, 4670, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (a + besch™ (¢ + dac))2 dx

l 6870

[ (a+besch™ (c + d:v))2 d(c+ dz)
d

J,6834
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[(c+dz)%,/1+ m (a + besch™ (c + dac))2 desch™(c + dx)
d

l 5975

2b [(c + dz) (a + besch™! (¢ + dz)) desch™ ! (¢ + dz) — (¢ + dz) (a + besch ™ (c + clac))2
d

l’3042

—(c+dz) (a + besch ™ (c + d:c))2 +2b [ i(a + besch ™ (c + dz)) csc (icsch™ (¢ + dx)) desch™ (¢ + dx)

d
l 26

—(c+dz) (a+ besch ™ (c + ol:L'))2 +2ib [ (a + besch™ (¢ + dz)) csc (icsch™ (¢ + dz)) desch™ (¢ + dz)
d

l 4670

—(c+dz) (a+ besch™ (¢ + d.’L‘))2 + 2ib <zbf log <1 - eCSChil(chdm)) desch™ (c + dz) — ib [ log (1 + eesch ™! (eF
d

l 2715

—(c+dz) (a+ besch ™ (c + d.’L'))2 + 2ib<—ib I e—csch™ (e+da) [o0 <1 + ecschfl(c+dz)> decsch ™ (c+dz) ib [ e=csd
d

l 2838

—(c+dz) (a+ besch ™ (¢ + d.’I}))2 + 2ib <2iarctanh (eCSChfl(chdz)) (a + besch ™ (¢ + dz)) + ib PolyLog(2, —c -
d

-

LInt [(a + b*ArcCsch[c + d*x])~2,x]

-/

input

‘—((—((c + d*x)*(a + bxArcCschlc + d*x])~2) + (2*I)*b*x((2xI)*(a + bxArcCsch ‘
‘ [c + d*x])*ArcTanh[E~ArcCsch[c + d*x]] - Ixb*PolyLog[2, E"ArcCsch[c + d*x] ‘
\] + I¥b*PolyLogl[2, -c - d*x]))/d) \

output




rule 26

rule 2715

rule 2838

rule 3042

rule 4670

rule 5975

rule 6834

rule 6870
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Defintions of rubi rules used

Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1]

Int[Logl(a_) + (b_.)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*x(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] & GtQ[a, O]

~

Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))1/(x_), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

/

Int[csc[(e_.) + (Complex[0, fz_1)*(f_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x
_Symbol] :> Simp[-2*(c + d*x) “m*(ArcTanh[E~((-I)*e + fxfz*x)]/(£*xfz*I)), x]
+ (-Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)"(m - 1)*Log[l - E~((-I)*e + fxfz*x
)1, x]1, x] + Simp[d*(m/(£f*£fz*I)) Int[(c + d*x)~(m - 1)*Logl[l + E~((-I)*e
+ fxfzxx)], x], x]) /; FreeQ[{c, 4, e, f, £z}, x] && IGtQ[m, O]

N\

Int[Coth[(a_.) + (b_.)*(x_)]"(p_.)*Cschl(a_.) + (b_.)*(x_)]1"(a_.)*((c_.) +
(d_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(c + d*x) m)*(Csch[a + b*x] n/(b*n))
, x] + Simp[d*(m/(b*n)) Int[(c + d*x)"(m - 1)*Csch[a + b*x]"n, x], x] /;
FreeQ[{a, b, ¢, d, n}, x] && EqQ[p, 1] && GtQ[m, O]

Int[((a_.) + ArcCsch[(c_.)*(x_)I*(b_.))"(n_), x_Symbol] :> Simp[-c~(-1) S
ubst [Int[(a + b*x) “n*Csch[x]*Coth[x], x], x, ArcCschlc*x]], x] /; FreeQ[{a,
b, ¢, n}, x] && IGtQ[n, O]

N

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)I*(b_.))"(p_.), x_Symbol]l :> Simp[1/d
Subst[Int[(a + b*ArcCsch[x])"p, x], x, ¢ + d*x], x] /; FreeQ[{a, b, c, d
}, x] && IGtQ[p, O]
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Maple [F|

a + b arcesch (dz + ¢))% dz
(

input Lint ((a+b*arccsch(d*x+c))~2,x)

outputLint((a+b*arCCSCh(d*X+C))A2’X)

Fricas [F]

/ (a+ besch ™' (c+ dac))2 dr = / (barcsch (dz + c) + a)® dz

inputLintegrate((a+b*arccsch(d*x+c))“2,x, algorithm="fricas")

OutputLintegral(b"2*arccsch(d*x + ¢c)~2 + 2%a*b*arccsch(d*x + c¢) + a~2, x)

Sympy [F]

/ (a + besch™ (c + dav))2 dzr = / (a + bacsch (¢ + dz))? dz

input Lintegrate ((atb*acsch(d*x+c) ) **2,x)

output tIntegral((a + bxacsch(c + d*x))**2, x)




input

output

input

outpu

input
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Maxima [F|

/ (a+ besch ™' (c+ dar:))2 dz = / (barcsch (dz + c) + a)® dz

integrate((atb*arccsch(d*x+c))~2,x, algorithm="maxima")

(x*log(sqrt (d™2*x"2 + 2xc*kd*x + c”2 + 1) + 1)72 - integrate(-((d™2*x"2 + 2
*xckd*x + ¢c72 + 1)7(3/2)*1log(d*x + c)72 + (d™2%x"2 + 2%cxd*x + c”2 + 1)*log
(d*x + €)72 - 2% ((d"2%x"2 + 2*kc*d*x + c™2 + 1)*log(d*x + c) + sqrt(d~2*x"2
+ 2%ckdkx + c72 + 1)*(d72*x72 + cxdxx + (d72*%x"2 + 2*ckd*x + c¢”2 + 1)xlog
(d*x + c)))*log(sqrt(d™2*x"2 + 2*c*xd*x + c™2 + 1) + 1))/(d72*x"2 + 2kc*xd*x
+ c72 + (d72%x72 + 2xckd*x + c”2 + 1)7(3/2) + 1), x))*b"2 + a"2*x + (2*(d
*x + c)*arccsch(d*x + c) + log(sqrt(1/(d*x + c)"2 + 1) + 1) - log(sqrt(1/(
d¥x + c)72 + 1) - 1))*axb/d

-/

Giac [F]

/ (a + besch™ (c + dav))2 dx = / (barcsch (dz + ¢) + a)® dz

Lintegrate((a+b*arccsch(d*x+c))‘2,x, algorithm="giac")

t‘integrate((b*arccsch(d*x +c) +a)’2, x)

Mupad [F(-1)]

Timed out.

2
/(ou—i—bcsch_l(c—l-dazc))2 dz:/(a—l-basinh( ! )) dz
c+dz

Lint((a + b*asinh(1/(c + d*x)))"2,x)
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output Lint((a + b*asinh(1/(c + d*x)))"2, x)

Reduce [F]

/ (a + besch™ (¢ + dac))2 dr =2 (/ acsch(dz + c) dx) ab

+ (/ acsch(dz + c)? dx) v’ +a’x

inputLint((a+b*acsch(d*x+c))‘2,x)

Output‘2*int(acsch(c + d*x),x)*axb + int(acsch(c + d*x)**2,x)*b**2 + a*x*x2*x
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3.11

-1 2
f (a,—l-bCS(;}—:fx(c—Fdx)) I

Optimal result . . . . . . . . . . . . . e
Mathematica [F] . . . . . . . . .. .
Rubi [C] (verified) . . . . . . .. . ..

Maple [F]
Fricas [F]
Sympy [F]
Maxima [F]
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Optimal result

Integrand size = 20, antiderivative size = 475

dx

/ (a + besch™ (¢ + dx))2
e+ fx
(a + bcsch_l(c + da:))2 log (1 _ eQCSCh_l(c+dx))

f—+/d2e2—2cdef+(1+c2) f2

csch™ (c+da
(a + besch ™ (e + d:v log (1 eeSch™ (e4d2) (de—cf) )
_|_
f

csch™1 (c+da) de—
(a + besch™ (¢ + dz)) log ( f+i/dze2—2cdef:—(el-:fz))f2)

_|_

b(a + besch™ (¢ + dz)) PolyLog (2, e2°S°h_1(c+d’”)>

f

_ eCSCh_l(c+dz) de—c
2b(a + besch ™' (c + dz)) PolyLog (2’ B f—\/d2e2—2cdef:-(1+£’))f2)
f

1 ecsch_1 (c+d2) (de—cf)
2b(a + besch™ (¢ + dx) ) PolyLog (2’ T /@ —2cdef+(142) 2
f
ecsch_1 (c+d2) (de—cf) )

b2 PolyLog <3’ echch_l(c+dx)> 2b2 PolyLog (3, PP —20def+ (1T )

+

_|_

i 2f ) 7
csch™ 1 (ctde
2h2 PolyLog <3, __ esschT (e4da) (de—cf) >

f++/d2e2—2cdef+(1+c2) f2

f




output

input‘lntegrate[(a + bxArcCschlc + d*x])"2/(e + f*x),x]
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-(at+b*arccsch(d*x+c)) ~2%1n (1-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2))~2) /f+(a+b*a
rccsch(d*x+c)) "2*x1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(1/2) ) * (-c*xf+d*e) / (£-(d"2
*e"2-2xcxdxexf+(c"2+1)*£72)~(1/2))) /f+(a+b*arccsch(d*x+c)) "2*1n(1+(1/ (d*x+
c)+(1+1/(d*x+c) ~2) " (1/2)) *(—cxf+d*e) / (f+(d"2*e"2-2xcxd*e*f+(c"2+1)*f~2) " (1
/2)))/f-b*(atb*arccsch(d*x+c) ) *polylog(2, (1/(d*x+c)+(1+1/(d*x+c)~2)~(1/2))
~2) /£+2xb* (at+b*arccsch(d*x+c) ) *polylog(2,-(1/ (d*x+c)+(1+1/ (d*x+c)~2)~(1/2)
Yk (—cxf+d*e) / (f-(d"2*e 2-2xc*kd*exf+(c~2+1)*f~2) ~(1/2))) /f+2*b* (atb*arccsch
(d*x+c))*polylog(2,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2)) *(-cxf+dxe) / (£+(d"2*e
"2-2%c*dxexf+(cT2+1)*£72)~(1/2))) /£+1/2*%b"2*polylog(3, (1/(d*x+c)+(1+1/(d*x
+c)~2)~(1/2))"2) /£-2*b~2*polylog(3,-(1/(d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) *(-c*
f+dxe) / (£-(d"2%e"2-2*c*d*e*xf+(c™2+1)*£72)~(1/2))) /£-2xb~2xpolylog(3,-(1/(d
*x+c)+(1+1/(d*x+c) "2) " (1/2) ) x (—cxf+d*e) / (£+(d"2*e " 2-2xc*kd*exf+(c™2+1) *£~2)
~(1/2)))/f

Mathematica [F]

dz

(a+ besch™ (¢ + da:))2 B (a + besch ™ (c + alac))2
/ e+ fx dr = / e+ fx

outputklntegrate[(a + b*ArcCsch[c + d*x])~2/(e + f*x), x] /

Rubi [C] (verified)

Result contains complex when optimal does not.

Time = 2.60 (sec) , antiderivative size = 568, normalized size of antiderivative = 1.20,

number of rules _
' integrand size 0.750, Rules

used = {6876, 6130, 6103, 3042, 26, 4199, 25, 2620, 3011, 2720, 6095, 2620, 3011, 2720,
7143}

number of steps used = 16, number of rules used = 15

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.



CHAPTER 3. LISTING OF INTEGRALS

122

dz

(a + besch™ (c + dac))2
e

| 6876
_/ (c+dz)?,/1+ m (a + besch™ (c + dm))deSCh_l
de — cf + f(c+dzx)
| 6130

(c+ dzx)

desch™(c + dx)

(c+dx),/1+ m (a + besch™'(c + dav))2
_/ f+ de—cf

ct+dx
| 6103
1+ +besch ™ (c+d
(de —cf) [ +eran® 51 T « x)) desch™(c + dx)
c+dx _
f
J(c+dz),/1+ m (a + besch™ (¢ + dm))2 desch™(c + dx)
f
| 3042
/14 a+besch ™' (c+dx)
(de—cf) [ +eraoy? J<°+ =T ) desch™Y(c + dz)
ct+dx _
f
[ —i(a+besch™(c+ dax))2 tan (icsch ™ (c + dz) + ) desch ™ (c + dz)
f

l 26

vt +*§ atbesch™! (c+dzx)
(de —cf) [ (c+da) J(‘+ = ) desch™(c + dx)
C X +

f

i [ (a+besch™(c+ dnlc))2 tan (icsch ™ (c + dz) + %) desch ™ (c + dz)
f
| 4199
/1 a-l—bCSCh c+dz
(de —cf) [ * i ( )> desch™(c + dx)

de—cf
f + ce+ dcx

+

i(a-i—bCSCh_l (c+dz)) :

desch™ (¢ + dx) — 3

1_e2csch ™! (c+dz)

B _ 2
. eeschT(erdn) (a+bcsch 1(C+dav))
il 2 [ —

f
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l 25

J1+—2 - (atbesch™ (c+da) ?
(de —cf) [ () J(°+ de—cf = ) desch™(c + dx)

c+dx
+
/
2csch ™! (c+d2) (g qbesch ™ (etda) ) i (a+besch™ (c+dx))’
i<—2i ‘ 1_62C<Sc:h_1(c+dz) i ) desch™(c + dz) — l<a = ¢ x)
f
| 2620
fit—1_ (atbesch™ (ctda))”
(de—cf) [ (c+dn)® J(‘i = ctds) desch™(c + dx)
C T +
f
i<—2i (b [ (a+ besch™(c + dz)) log (1 - e2°SCh_1(C+dm)> desch™!(c + dz) — § log (1 — e2CS°h_1(c+d“)) (a + besc
f
| 3011
S+ —1 (atbesch ™ (ctda))
(de —cf) [ — ,Ej‘ To=c] il ) desch™(c + dx)
C X +
f
i(—Zi (b(%b | PolyLog (2, eQCSCh_l(”dz)) desch™ (¢ + dz) — 1 PolyLog (2, eZCS"h_l(c"'dx)) (a + besch™ (¢ + dz)
f
| 2720
[i+— (at+besch ™ (c+da))
(de—cf) [ (c+dn)® ](‘+ =t ) desch™Y(c + dz)
C T +
f
i<—2i (b(%bf e—2csch—1(c+dw) PolyLog (2, e?csch—l(c+dw)> de2csch—1(c+dz) _ %PolyLog (2’ e2csch—1(c+dw)) (a + bes

f
l'6095
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_ _ 2
ecsch™ (c+da) (a+bCSCh ! (c+dw))
Fecsch™ (c+do) (de—cf)—\/d2e2—2cdf et f2+ f2

- _ :
gcsch™ (c+da) (a+bCSCh 1(c+d:c))

h—l
desch™ " (c+dz) + [ 4o (o) (do—cf) 4 /B Tedfete

(de — cf) <f

f
i<—2i (b(%bf e—2csch™! (c+dz) PolyLog <2, e?csch_l(c-l-dz)) de2csch ™ (c+dz) _ %PolyLog (2, 62csch_1(c+dx)> (a + bes
f
| 2620
_1 ecsch_l(c-q—dac)(de_cf) _1 _1 ccsch™
25 [ (at+besch ™ (c+de) ) log (,«_ Ny +1 | desch™ (c+dz) 25 [ (a+besch™ (e+dz)) log =
(de - Cf) - de—cf o de—

7:(—2’1: (b(%b f e—2csch_1(c+dz) PolyLog (2, e2csch_1(c+dz)> de2csch_1(c+dw) _ % PolyLog (2, chsch_l(c+da:)> (a + bes

f

l 3011

csch™! (ctda _ _ csch™ ! (c+dx
2b (b [ PolyLog (2,— e (+92) (de—cf) )dCSCh 1(c+dz)—(a+bCSCh 1(c+dm)) PolyLog (2,_e()<de

(de _ cf) _ f*\/d26272cdfe+(52+1)f2 f’\/m

de—cf

i<—2i (b(%b f e—2csch_1(c+dw) PolyLog (2, e?csch_l(c—i—dw)) de2csch_1(c+d:c) _ % PolyLog (2’ e2csch_1(c+d:c)) (a + bes

f

l_2720

— h_1 ct+dx — —
2b bfe—CSCh Y (e+da) PolyLog | 2,— Dl ) (de—cf) decsch 1(C+dz)—<a+bCSCh 1(c+d:v)> PolyLog | 2,— e
f—\/d2e2—2cdfe+ (c2+1)f2

f_
(de—cf) | — i )

i <—2i (b(ib f e—2csch*1(c+dx) PolyLog <2, e2csch*1(c+dx)> de2csch*1(c+dz) _ % PolyLog (2’ e2csch*1(c+d:c)> (a + bes

f
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l 7143

h~!(ctdz _ h—!(ctda
9 [ bPolyLog [ 3,— — <& 9 (de—cf) — (a+besch™ (c+dz)) PolyLog | 2,- S (oHdD) (de—cf) %
f—\/d252—2cdfe+ (62+1) £2 f—\/d2e2—2cdfe+(c2+1)f2
(de - Cf) - de—cf

i<—2i (b(ib PolyLog (3, e2CSCh_1(C+d””)) — 1 PolyLog (2, eQCSCh_l(C+d’”)) (a+ besch™ (c + dx))) — 1log (1 —é?

f

tnput Int[(a + b*ArcCsch[c + d*x])"2/(e + f*x),x] ‘

(Ix(((-1/3*I)*(a + bxArcCsch[c + d*x])~3)/b - (2*I)*(-1/2*((a + bxArcCsch[
c + d*x])~"2xLog[1 - E~(2*%ArcCsch[c + d*x])]) + bx(-1/2*((a + bxArcCschlc +
d*x] ) *PolyLog[2, E~(2%ArcCsch[c + d*x])]) + (b*PolyLog[3, E~(2*ArcCschlc
+ d*x]1)1)/4))))/f + ((d*e - c*f)*(-1/3*(a + bxArcCsch[c + d*x])~3/(b*(d*e
- cxf)) + ((a + b*ArcCsch[c + d*x])~2xLog[l + (E"ArcCschlc + d*x]*(d*e - c
*f))/(f - Sqrt[d~2%e”2 - 2*cxdxexf + (1 + c~2)*£°2])]1)/(d*e - c*f) + ((a +
b*ArcCsch[c + d*x]) 2*Log[1 + (E"ArcCsch[c + d*x]*(d*e - c*f))/(f + Sqrt[
d~2%e”2 - 2kckdxexf + (1 + c72)*f72])])/(d*e - c*xf) - (2*%bx(-((a + b*ArcCs
chlc + d*x])*PolyLogl[2, -((E"ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2*e
"2 - 2kcxdxe*xf + (1 + c”2)*£72]))]) + bxPolyLogl[3, -((E"ArcCschlc + d*x]*(
dxe - cxf))/(f - Sqrt[d™2xe”2 - 2xcxd*e*xf + (1 + c”2)*£72]))]1))/(d*xe - cxf
) - (2*b*(-((a + bxArcCschl[c + d*x])*PolyLogl[2, -((E"ArcCschlc + d*x]*(dxe
- cxf))/(f + Sqrt[d~2*e”2 - 2xc*xd*exf + (1 + c~2)*£72]))]) + b*PolyLogl3,
-((E"ArcCschlc + d*x]*(d*e — c*f))/(f + Sqrt[d~2*e”2 - 2*ckd*exf + (1 + c

~2)x£72]))1))/(d*e - c*£)))/f

output

Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

26‘Int[(Complex[O, a_1)*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], al) I

rule
‘nt[Fx, x], x] /; FreeQla, x] && EqQ[a~2, 1] \
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponential[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 3011 Int[Logll + (e_)*((F_)"((c_)*((a_.) + (b_.)*(x))))"(a_)I*((£_.) + (g_.)
*(x_))*(m_.), X_Symbol] > Slmp[(—(f + g*X)Am)*(PolyLog[2, (~e)*(F~ (cx(a +
b*x))) "n]/ (bxc*n*Log[F1)), x] + Simp[g(m/(bxc*n*LoglF1))  Int[(f + g*x)~(
m - 1)*PolyLogl[2, (-e)*(F~(c*(a + b*x)))"nl, x], x] /; FreeQ[{F, a, b, c, e
, £, g, n}, x] && GtQ[m, O]

rule 3042 Tntlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (A_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(f_
D*x(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp
[2¢*I Int[((c + d*x)"m*x(E~(2*x((-I)*e + £xfz*x))/(1 + ET(2%((-I)*e + f*xfz*xx
))/E~ (2*xI*k*Pi))))/E~ (2*Ixk*Pi), x], x] /; FreeQl{c, 4, e, £, £z}, x] && In
tegerQ[4+k] && IGtQ[m, O]

rule 4199

rule 6095 IntL(Coshl(c_.) + (d_)*(x_)1*((e_.) + (£_.0*(x_))"(m_.))/((a_) + (b_.)*Sin
hl(c_.) + (d_.)*(x_)]1), x_Symbol]l :> Simp[-(e + f*x)~(m + 1)/(b*fx(m + 1)),
x] + (Int[(e + f*x) m*(E~(c + d*x)/(a - Rt[a"2 + b~2, 2] + b*E~(c + d*x)))
, x] + Int[(e + £f*x)"m*(E~(c + d*x)/(a + Rt[a"2 + b™2, 2] + b*E~(c + d*x)))
, xJ) /; FreeQ[{a, b, c, d, e, f}, x] && IGtQ[m, 0] && NeQ[a"2 + b~2, 0]
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rule 6103 Int[(Coth[(c_.) + (d_)*(x_ )1 "(n_.)*((e_.) + (£_.)*(x_)) " (m_.))/((a_) + (b_
)*Sinh[(c_.) + (d_.)*(x_)]1), x_Symbol] :> Simp[i/a Int[(e + f#*x) m*Coth[
c + d*x]°n, x], x] - Simp[b/a Int[(e + f*x) m*Cosh[c + d*x]*(Coth[c + d*x
17(n - 1)/(a + b*Sinh[c + d*x])), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] &&
IGtQ[m, 0] && IGtQ[n, O]
rule 6130 Int[((Ce_.) + (£_.)*(x_)) " (m_)*(F_)[(c_.) + (d_.)*(x_D]1"(n_.)*(G_) [(c_.) +
(@_)*(x_)1"(p_.))/(Cschl(c_.) + (d_.)*(x_)I*(b_.) + (a_)), x_Symbol] :> I
nt[(e + f*x) m*Sinh[c + d*x]*F[c + d*x] n*(G[c + d*x]“p/(b + a*Sinh[c + d*x
1)), x] /; FreeQ[{a, b, c, d, e, f}, x] && HyperbolicQ[F] && HyperbolicQ[G]
&& IntegersQ[m, n, pl
rule 6876 T0tL((a_.) + ArcCschl(c ) + (d_.)*(x)1*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - c*f + f*Csch[x]) ™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, £}, x] && IGtQ[p, 0] && IntegerQ[m]
rule 7143 Int[PolyLogln_, (c_.)*((a_.) + (b_.)*(x_))"(p_.)1/((d_.) + (e_.)*(x))), x_8
ymbol] :> Simp[PolyLogln + 1, c*(a + b*x)“pl/(exp), x] /; FreeQ[{a, b, c, d
, €, n, p}, x] & EqQ[bxd, axe]
Maple [F]
/(a—l—b arccsch (dx—l—c))2
dz
fr+e
input‘int((a+b*arccsch(d*x+c))"2/(f*x+e),x)

outputLint((a+b*arccsch(d*x+c))*2/(f*x+e)’x)
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Fricas [F]

dz

(a + besch™ (c + d:I:))2 dp — (barcsch (dz + c) + a)®
/ e+t fz T / fo+e

inputLintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e),x, algorithm="fricas")

Output‘integral((b“2*arccsch(d*x + ¢)~2 + 2%axbkarccsch(d*x + c) + a~2)/(f*x + e)

Lo

Sympy [F]

/ (a + besch™ (¢ + dm))2 g — (a + bacsch (¢ + dz))? i

e+ fz e+ fx

input‘integrate((a+b*acsch(d*x+c))**2/(f*x+e),x)

outputtIntegral((a + bxacsch(c + d*x))**2/(e + f*x), x)

Maxima [F]

dz

/ (a + besch™ (¢ + dav))2 / (barcsch (dz + ¢) + a)®
dxr =
e+ fz fr+e

input Lintegrate ((at+b*arccsch(d*x+c)) "2/ (f*x+e) ,x, algorithm="maxima"

‘a‘2*log(f*x + e)/f + integrate(b~2*log(sqrt(1/(d*x + c)~2 + 1) + 1/(d*x +
‘c))“2/(f*x + e) + 2xa¥b*log(sqrt(1/(d*x + c)~2 + 1) + 1/(d*x + c))/(f*x +
e), %)

output
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Giac [F]
/ (a + bCSCh_l(C + dx))2 / (b arCSCh (d_’l} + C) + a)z
dz = dx
e+ fx fr+e
inputtintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e),X, algorithm="giac") J
OutputLintegrate((b*arccsch(d*x +¢c) + a)"2/(f*x + e), x) J

Mupad [F(-1)]

Timed out.
/ (a—|—bcsch_1(c-l-dav))2 / (a+basinh(c+1d$))2
dz = dx
e+ fx e+ fz
inputLint((a + b*asinh(1/(c + d*x)))"2/(e + £*x),x) J
output Linﬂ(a + b¥asinh(1/(c + d*x)))"2/(e + £*x), x) J
Reduce [F]
/ (a+ besch™ (¢ + dz))?
dx
e+ fx
o[ et dr) abf + ( [ < dr ) 1 f + log(fo + ) a?
f
inputLint((a+b*acsch(d*x+c))‘2/(f*x+e),X) J
Output‘ (2*int (acsch(c + d*x)/(e + £*x),x)*a*xb*f + int(acsch(c + d*x)**2/(e + f*x)

,X)*bx*2xf + log(e + f*x)*a**x2)/f
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-1 2
(a+besCh™ (c+da))

312 [ ds

Optimal result . . . . . . . . . . . . . . e 130
Mathematica [C] (warning: unable to verify) . . . . . . ... ... ... ... 131
Rubi [A] (verified) . . . . . . . .. . .. 1321
Maple [F] . . . . 135
Fricas [F] . . . . . . o
Sympy [F] . . . o
Maxima [F] . . . . . . 136

Giac [F] . . o 1361

Mupad [F(-1)] . . . .o 137
Reduce [F] . . . . . o o 137

Optimal result

Integrand size = 20, antiderivative size = 448

/ (a + besch™ (¢ + dx))2 J

+fop
B d(a+ besch™'(c + dﬂv))2 B (a + besch™ (¢ + dx))2
f(de —cf) fle+ fz)

_1 ecsch_l(c+dz)(de_cf)
2bd(a + bCSCh (C + dﬂ?)) log <1 + f—\/d262—20d€f+(1+52)f2

(de — cf)\/d?e2 — 2cdef + (1 + c2) f?

1 esh ™ (0+42) (de—cf)
2bd(a + besch™ (¢ + dx)) log (1 T B2k (1)

+

(de — cf)+/d2e? — 2cdef + (1 + c2) f2

csch ™! (ctde) (ge_
9 e (de—cf)
2b°d PolyLog (2, f_\/d2e2—2cdef+(1+02)f2)

(de — cf)+/d2e? — 2cdef + (1 + 2) f2
2b2d PolyLog <2, eSh (e+2) (de—cf) >

o f+v/d2e2—2cdef+(1+c?) f2

- (de — cf)+/d?e? — 2cdef + (1 + ) f2
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d* (at+b*arccsch(d*x+c)) ~2/f/ (-cxf+d*e) - (a+b*arccsch(d*x+c)) ~2/f/ (fxx+e)-2%b
*d* (a+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/(d*x+c) ~2) ~(1/2) ) * (—cxf+d*e) /
(f-(d~2xe"2-2*xc*kd*e*xf+(c™2+1)*£72)~(1/2))) / (-c*f+d*e) / (d"2*e"2-2xcxd*xe*xf+(
c”2+1)*xf~2) "~ (1/2) +2xb*d* (a+b*arccsch (d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/(d*x+c) "~
2)"(1/2) ) *(—cxf+d*xe) / (f+(d"2%e"2-2*c*d*exf+(c™2+1) *£~2) " (1/2))) / (—~cxf+d*e)
/(d"2%e"2-2xcxd*e*xf+(c"2+1)*£72) " (1/2) -2*b~2*d*polylog(2,-(1/(d*x+c)+(1+1/
(d*x+c)~2) ~(1/2) ) *(-cxf+d*e) / (f-(d"2%e"2-2xc*xd*e*xf+(c™2+1)*£~2)~(1/2))) /(-
cxf+d*e) / (d"2%e"2-2%ckd*e*xf+(c™2+1) *£72) ~(1/2) +2xb~2*d*polylog(2,-(1/ (d*x+
c)+(1+1/(@*x+c)~2) ~(1/2)) * (-cxf+dxe) / (f+(d"2xe"2-2*cxd*exf+(c"2+1) *£~2) " (1
/2)))/ (~cxf+d*e) / (d~2%xe~2-2xcxdxexf+(c~2+1) *£~2) ~(1/2)

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 12.51 (sec) , antiderivative size = 1874, normalized size of antiderivative = 4.18

besch™ (¢ + dz))”
/ (a+ besch ™' (c + dz)) dz = Too large to display

(e + fz)

;
Integrate[(a + b*ArcCschlc + d*x])"2/(e + f*x)~2,x]

N

input
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-(a”2/(f*x(e + £*x))) - (2*axbx(c + d*x)"2*%(f + (d*e - c*xf)/(c + d*x))"2*(A
rcCschlc + d*x]/(f + (d*xe)/(c + d*x) - (c*xf)/(c + d*x)) - (2*ArcTan[(d*e -
cxf - f*Tanh[ArcCsch[c + d*x]/2])/Sqrt[-(d"2*e"2) + 2*cxdxe*xf - (1 + c~2)
*£°2]11) /Sqrt [-(d"2%e”2) + 2xckd¥xexf - (1 + c~2)*£72]))/(dx(-(d*e) + c*f)x*(
e + £*xx)72) - (b™2x(c + d*x)"2*%(f + (d*e - cxf)/(c + d*x)) "2*(ArcCschl[c +
d*x]~2/((-(d*e) + cxf)*(f + (d*e - c*f)/(c + d*x))) + (2%x(((-I)*Pi*ArcTanh
[(-(d*e) + c*f + f*Tanh[ArcCsch[c + d*x]/2])/Sqrt[f~2 + (d*e - cxf)~2]]1)/S
qrt[f72 + (d*e - cx£)"2] - ((2*I)*ArcCos[(I*f)/(-(d*e) + c*f)]l*ArcTan[((d*
e - (I + c)*f)*Cot[(Pi + (2*I)*ArcCschlc + d*x])/4]1)/Sqrt[-(d~2*e~2) + 2xc
xdxexf - (1 + c”2)*£72]] + (Pi - (2xI)*ArcCschlc + d*x])*ArcTanh[(((-I)*d*
e + f + Ikcxf)*Tan[(Pi + (2*I)*ArcCschlc + d*x])/4]1)/Sqrt[-(d"2*e~2) + 2xc
xd*xe*xf - (1 + c”2)*£72]] + (ArcCos[(I*f)/(-(d*e) + cxf)] + 2xArcTan[((d*e
- (I + c)*f)*Cot[(Pi + (2*I)*ArcCschlc + d*x])/4]1)/Sqrt[-(d"2*e~2) + 2%c*d
xexf - (1 + c”2)*£72]] - (2*xI)*ArcTanh[(((-I)*d*e + f + Ixcxf)*Tan[(Pi + (
2*I)*ArcCschlc + d*x])/4]1)/Sqrt[-(d"2xe~2) + 2*ckd*exf - (1 + c~2)*£72]])*
Log[-(((-1)"(3/4)*Sqrt [-(d"2*e~2) + 2%cxdxexf - (1 + c~2)*£72])/(Sqrt[2]*E
~(ArcCschlc + d*x]/2)*Sqrt[I*x(-(d*e) + c*f)]*Sqrt[f + (d*e - c*f)/(c + d*x
)1))] + (ArcCos[(Ix*f)/(-(d*e) + cxf)] - 2kArcTan[((d*e - (I + c)*f)*Cot[(P
i + (2#I)*ArcCschlc + d*x])/4])/Sqrt[-(d"2*e"2) + 2%c*dxexf - (1 + c”2)*f~
2]] + (2*I)*ArcTanh[(((-I)*d*e + f + I*c*f)*Tan[(Pi + (2*I)*ArcCschlc +...

output

Rubi [A] (verified)

Time = 1.37 (sec) , antiderivative size = 461, normalized size of antiderivative = 1.03,

number of rules _ 0.250, Rules

number of steps used = 6, number of rules used = 5, integrand size

used = {6876, 5992, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dz

/ (a + besch™ (c + da:))2
(e+ fz)?

l 6876
(c+dz)?, /1 + (C_I_#)z(a-l—bcsch_l(c-i-da:))2 »
_d/ (de —cf + f(c+ dx))? desch
l 5992

(c+ dx)
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h™ (e
(a+ besch ™ (c + d:z;))2 2b [ ad"':cichr—Mdcsch Y+ dx)
f(flc+dz) —cf +de) f

J’3042

at+besch ™ (c+dz) -1
2b f de—cf+if csc (iCSCh_1 (c-l-dac)) desch (C + dm)

(a + besch™ (¢ + d:L'))2

f(fc+dx)—cf +de) f
l 4679
a+b h_1 ct+dx
20 [ a+bcs¢(1:£l c f(c+dz) ( b él+cf;> desch™(c + dx)
p (a+ besch™ (c + da:))2 (cf—de) <f+ tdz >
f(f(c+dz) —cf +de) f
l 2009
_1 (de_cf)ecsch_l(c+dz) _1
f(a+besch™ (c+da) ) log (f_ N(E e +1> f(a+besch™ (c+dx) ) log(
26 — (de—cf)\/(c2+1) f2—2cdef+d2e? + (de—cf)+/(c2+
4 (a + besch™ (¢ + dac))2

f(fc+dx) —cf +de)

input | Int[(a + b*ArcCschlc + d*x])~2/(e + f*x)~2,x] )




CHAPTER 3. LISTING OF INTEGRALS 134

-(d*((a + b*ArcCsch[c + d*x])~2/(fx(d*xe - c*f + fx(c + d*x))) - (2%b*x((a +
b*ArcCschc + d*x])~2/(2+b*(d*e - c*f)) - (f*(a + bxArcCschl[c + d*x])*Log
[1 + (E"ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2*e”2 - 2*ckdxexf + (1 +
c”2)*£7°2])]1)/((d*e - c*f)*Sqrt[d~2*e”2 - 2kckxd*e*f + (1 + c”2)*£72]) + (£
*(a + b*ArcCsch[c + d*x])*Log[l + (E"ArcCschlc + d*x]*(d*e - c*f))/(f + Sq
rt[d"2%e”2 - 2*ckd*e*xf + (1 + c”2)*£72])])/((d*e - c*f)*Sqrt[d~2*e”2 - 2*c
xdxexf + (1 + c™2)*£72]) - (b*f*PolyLog[2, -((E"ArcCschl[c + d*x]*(d*e - cx*
£))/(f - Sqrtl[d~2xe”2 - 2*cxdxexf + (1 + c~2)*£72]))]1)/((d*e - cxf)*Sqrt([d
"2%e”2 - 2xckdkexf + (1 + c72)*x£72]) + (b*f*PolyLog[2, -((E"ArcCschlc + dx*
x]*(d*e - c*f))/(f + Sqrt[d™2xe”~2 - 2*cxd*exf + (1 + c~2)*£72]1))]1)/((d*e -
cxf)*Sqrt [d"2%e”2 - 2xc*dxexf + (1 + c2)*£72])))/£))

output

Defintions of rubi rules used

-

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

‘Int [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 3042

N\

Int[(cscl(e_.) + (£_)*(x_DI*(b_.) + (a_))"(a_.)*((c_.) + (d_.)*(x_))"(m_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + axSi
nle + f*x])"n), x], x] /; FreeQ[{a, b, c, 4, e, f}, x] && ILtQ[n, 0] && IGt
Qlm, 0]

rule 4679

Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)I*(Csch[(c_.) + (d_.)*(
x )Ix(b_.) + (a_))"(a_.)*((e_.) + (f_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ £*x)"m)*((a + bxCschlc + d*x])~(n + 1)/(bxd*x(n + 1))), x] + Simp[f*(m/(b
*d*x(n + 1))) Int[(e + fxx)"(m - 1)*(a + bxCschlc + d*x])"(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, f, n}, x] && IGtQ[m, O] && NeQ[n, -1]

rule 5992

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)1*(b_.))"(p_.)*((e_.) + (£_.)*x(x_))"(
m_.), x_Symbol] :> Simp[-(d"(m + 1))~(-1) Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - c*f + f*Csch[x]) ™m, x], x, ArcCschlc + d*x]], x] /; FreeQ[{a,
b, ¢, d, e, f}, x] && IGtQ[p, 0] && IntegerQ[m]

rule 6876




CHAPTER 3. LISTING OF INTEGRALS

135

Maple [F|

/ (a + b arccsch (dz + c))2
(fz+ 6)2

input Lint ((atb*arccsch(d*x+c)) ~2/ (f*x+e) ~2,x)

output Lint ((at+b*arccsch(d*x+c)) "2/ (f*x+e) ~2,x)

Fricas [F]

dz

/ (a + besch™ (c + d:I:))2 dp — / (barcsch (dz + c) + a)®
(e+ fz)? (fz+e)”

input Lintegrate ((atb*arccsch(d*x+c)) 2/ (f*x+e)~2,x, algorithm="fricas")

output‘ integral ((b~2%arccsch(d*x + c)~2 + 2%akb*arccsch(d*x + c) + a~2)/(£72*x"2
\+ oxexf*x + e°2), x)

Sympy [F]

2
)dw

/ (a+besch™'(c+ dw))2 (a + bacsch (¢ + dx)
dxr = 5
(e + fz)? (e+ fz)

input Lintegrate ((atb*acsch(d*x+c) ) **2/ (f*x+e) ¥*2,x)

output LIntegral((a + bkacsch(c + d*x))**2/(e + f*x)**2, x)
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Maxima [F|

dz

/ (a + besch™ (c + d:I:))2 dp — / (barcsch (dz + c) + a)®
(e+ fx)? (fz +e)”

inputLintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e)"2,x, algorithm="maxima")

-b~2*log(sqrt (d"2*x"2 + 2xcxd*x + c”2 + 1) + 1)72/(f72*x + exf) - a~2/(f"2
*x + exf) - integrate(-((b~2+d"2*f*x"2 + 2*%b"2kc*dxf*x + (c™2+f + £)*b"2)*
log(d*x + c)~2 - 2*(a*b*d™2xf*x"2 + 2xaxbkckd*fxx + (c™2*f + f)*a*b)*log(d
*x + c) + 2x(axbxd"2+f*x"2 + 2*akbxckxd*f*x + (c”2%f + f)*axb - (b~2%d"2*fx*
X"2 + 2%b"2*cxd*fxx + (c72+f + £)*b"2)*xlog(d*x + c) + (b~2*cxd*e + (c™2%f

+ f)*axb + (axb*d"2+f + b"2xd"2*f)*x"2 + (2kaxbkcxd*f + (d"2xe + c*d*f)*b~
2)*x — (b™2%d"2*f*x"2 + 2%b"2kckdxf*x + (c”2+%f + £)*b"2)*log(d*x + c))*sqr
t(d"2*%x"2 + 2%ckd*x + c”2 + 1))*log(sqrt(d™2*x"2 + 2%ckd*x + c”2 + 1) + 1)
+ sqrt(d™2*x72 + 2%ckd*x + c¢72 + 1)*((b72%d"2*f*x"2 + 2%b~2*c*kd*f*x + (c”
2%f + f)*b~2)*log(d*x + c)72 - 2x(axbxd"2*f*x"2 + 2*axbxcxdxf*x + (c™2xf +
f)*a*b)*log(d*x + c)))/(d"2*%f"3*x"4 + c™2*e"2xf + 2x(d"2%exf~2 + c*d*f~3)
*x"3 + e”2xf + (d"2%e”2+f + 4kckdxexf"2 + c”2xf73 + £73)*x72 + 2k (ckxd*xe”2#
f + c™2%exf72 + exf72)*kx + (d72+f73*%x"4 + c"2xe"2+f + 2x(d"2xe*f"2 + cxd*f
“3)*x73 + e”2*f + (d"2xe”2xf + 4kcxd*e*xf”2 + cT2xf73 + £73)*x”2 + 2x(cxd*e
“2%f + cT2%exf"2 + e*xf72)*x)*sqrt(dT2*xx"2 + 2kcxd*x + ¢c”2 + 1)), x)

output

Giac [F]

dz

/ (a + besch™ (c + dan))2 dp — / (barcsch (dz + ¢) + a)®
(e + fz)? (fz+e)?

-

input integrate((atb*arccsch(d*x+c)) "2/ (f*x+e)~2,x, algorithm="giac")

N\

Output‘integrate((b*arccsch(d*x + ) + a)"2/(f*x + e)~2, x)
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Mupad [F(-1)]

Timed out.
/ (a+ besch™ (¢ + dx))2 . / (a+ baSinh(c+1dz))2 N
(e + fz)? (e+ fa)
input Lint((a + b*asinh(1/(c + d*x)))"2/(e + £*x)72,x) J

-

Lint((a + b*asinh(1/(c + d*x)))"2/(e + f*x)~2, x)

—

output

Reduce [F]

/ (a + besch™ (¢ + dx))2

dx
(e + fx)?
2 2
_2J i de) abe + 2] A ds) abefo + ([ fEads) B + ([ G
B e(fr+e)
input Lint ((atb*acsch(d*x+c)) "2/ (f*x+e)~2,x) J

output‘ (2*int (acsch(c + d*x)/(e**2 + 2*exf*xx + f*x*x2*x*k*x2),x)*a*bxex*x2 + 2*int(acs \
(ch(c + d¥x)/(ek*2 + 2kexf*x + f+x2kx*+2),x)*axbkexf+x + int(acsch(c + d¥x) |
\**2/(e**2 + 2xexf*x + Fxx2*xx**2) ,x)*b**2*e**2 + int(acsch(c + d*x)**x2/(e*x* \
‘2 + 2xexf*x + FrxQ*xx**2),x)*b**2kexfxx + a**2*xx)/(ex(e + f*xx)) ‘
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-1 2
(a+bcsch (c+dx))

3.13 | L dz

Optimal result . . . . . . . . . . . . . . . e 138}
Mathematica [C] (warning: unable to verify) . . . . . ... ... ... ... ... 139
Rubi [A] (verified) . . . . . . . . . . 1401
Maple [F] . . . . 142
Fricas [F] . . . . . o o e 143
Sympy [F] . . o o 143
Maxima [F] . . . . . . 143
Giac [F] . . . o o 144
Mupad [F(-1)] . . . .o 145
Reduce [F] . . . . . o o e 145

Optimal result

Integrand size = 20, antiderivative size = 1024

besch™' (c + dz))’
/ (a+ besch™ (c + dz)) dx = Too large to display

(e+ fx)?
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—b*d~2xf* (1+1/ (d*x+c) ~2) ~(1/2) * (a+b*arccsch(d*x+c) )/ (—c*xf+d*xe) / (d"2%e~2-2%
cxdke*xf+(c™2+1)*x£72) / (f+(—cxf+d*e) / (d*x+c) ) +1/2*xd"2* (a+b*arccsch (d*x+c)) "2
/f/ (—cxf+d*e) "2-1/2* (a+b*arccsch(d*x+c)) ~2/f/ (fxx+e) ~2+b*xd~2*f~2* (a+b*arcc
sch(d*x+c))*1n(1+(1/(d*x+c)+(1+1/(d*x+c) ~2) " (1/2) ) * (—c*xf+d*e) / (f-(d"2*e"2-
2% ckd*exf+(c™2+1)*f~2) " (1/2))) / (—c*f+d*e) "2/ (d"2xe"2-2*kckd*e*xf+(c™2+1) *£~2
)~ (3/2) -2*b*d"2* (a+b*arccsch(d*x+c) ) *1n(1+(1/ (d*x+c)+(1+1/(d*x+c) ~2) " (1/2)
Yk (—cxf+d*e) / (f-(d~2%e~2-2kckdxexf+(c™2+1) *£~2)~(1/2)) )/ (—cxf+dxe) "2/ (d~2x%
e~ 2-2xcxd*exf+(c™2+1) *f~2) ~(1/2) -b*d~2xf ~2* (a+b*arccsch (d*x+c) ) *1n(1+(1/(d
*xx+c)+(1+1/(d*x+c) ~2) ~(1/2) ) * (—cxf+dxe) / (£+(d"2*e~2-2%ckd*exf+(c™2+1) *£72)
~(1/2)))/ (—c*f+d*e) "2/ (d"2xe~2-2kcxd*e*f+(c~2+1) *f~2) ~ (3/2) +2%b*d~2* (a+b*a
rccsch(d*x+c)) *1n(1+(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(1/2) ) * (—c*kf+d*e) / (£+(d"2*e
~2-2%ckdxexf+(c”2+1)*f~2) " (1/2)) )/ (—c*kf+d*xe) "2/ (d"2*e~2-2*ckxd*ke*f+(c™2+1) *
£72) 7 (1/2)+b"2xd"2xf*x1n (f+(-c*f+d*e) / (d*x+c) ) / (—cxf+d*e) "2/ (d"2*e"2-2*c*d*
exf+(c™2+1) *£72) +b"2xd"2*f "2*polylog(2,-(1/ (d*x+c)+(1+1/ (d*x+c) ~2) ~(1/2) ) *
(—cxf+dxe) / (£f-(d"2xe~2-2*ckd*xexf+(c™2+1)*xf~2)~(1/2)) )/ (—c*f+d*xe) "2/ (d"2*e~
2-2xc*xd*xexf+(c"2+1)*£72) " (3/2)-2*b~2*d"2*polylog(2,-(1/ (d*x+c)+(1+1/ (d*x+c
)"2) " (1/2) ) % (—c*f+d*e) / (f- (d"2xe~2-2xcxd*exf+(c™2+1) *£72) ~(1/2)) ) / (-c*xf+dx*
e)~2/(d"2*e"2-2*xcxd*exf+(c2+1)*£72) " (1/2) -b~2*d~2*f ~2*polylog(2,-(1/ (d*x+
c)+(1+1/(@*x+c)~2) ~(1/2) ) * (~cxf+dxe) / (£+(d"2xe"2-2*cxd*exf+(c"2+1) *£~2) " (1
/2)))/ (-cxf+d*e) "2/ (d"2%e"2-2xc*xd*exf+(c™2+1) *£72) 7 (3/2) +2¥xb~2*d " 2*poly. . .

output

Mathematica [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 13.27 (sec) , antiderivative size = 8350, normalized size of antiderivative = 8.15

besch™" (¢ + da))”
/ (@ + besch™ (c + dz)) dx = Result too large to show

(e+ fz)?

.
input!\lntegrate[(a + b*ArcCsch[c + d*x])"2/(e + f*x)~3,x]

Output‘Result too large to show
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Rubi [A] (verified)

Time = 2.45 (sec) , antiderivative size = 1006, normalized size of antiderivative = 0.98,

number of rules _ 0.250, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6876, 5992, 3042, 4679, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ (a + besch™ (c + clav))2 i
(e+ fx)3
l 6876
2
(c+dz)?\ /14 2z (a+ besch™ (c + dz))
—d? / (ctdz) desch™! (¢ + dz)
(de —cf + f(c+dzx))?
l 5992
a h_:l C ¥ —_
o (a+ besch™' (c + dm))2 B bf ((;:gc:fc-"-f(ci(—li-j))% desch™ (¢ + du)
2f(f(c+dzx) — cf + de)? f
l 3042
-1
b atbesch” (c+da) desch™Y(c + dz
&2 (a + besch™! (C + dw))z f (de—cf+if csc (iCSCh_l(c+dx))>2 ( )
2f(f(c+dzx) — cf + de)? f
l 4679
b (a+besch™ (c+da)) 2 N 2(a+besch™ (c+do))f 4 pesch™ (crda) p
R ae(1-5 (de—cf)? ¢
2 (a + besch ™Y (e + dac)) 2 (de—cf)? <f+d(c1+d56)> (de—cf)? <_f_(c+dz>

2f(f(c+dz) —cf +de)? f

l 2009



input

output
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f— \/d2€2 —2cdfe+ (c2+1)

_ h~ ! (c+d _
@%mmlmm0m<em “+W@d3+gﬁ (Hmmhﬂwm»m(
f

b (de—cf)2(d2e2—2cdfe+(c2+1) f2)3/2

(a + besch ™ (c + dac))2

(de—cf)?(d2e2?:

2f(de —cf + f(c+ dzx))? B

;
Int[(a + b¥ArcCschlc + d*x])~2/(e + f*x)~3,x]

N

-(d"2x((a + b*ArcCschlc + d*x])~2/(2xf*(d*e - cxf + f*x(c + d*x))~2) - (bx(
-((£72xSqrt[1 + (c + d*x)~(-2)]*(a + b*ArcCschlc + d*x]))/((d*e - c*f)*(d"
2%xe”2 - 2xcxd¥xe*f + (1 + c”2)*£72)*(f + (d*e - c*f)/(c + d*x)))) + (a + b*
ArcCschlc + d*x])~2/(2*%bx(d*e - c*f)~2) + (£°3x(a + bxArcCschl[c + d*x])*Lo
gll1 + (E"ArcCsch[c + d*x]*(d*e - c*f))/(f - Sqrt[d~2*e”2 - 2*c*d*exf + (1
+ ¢c”2)*£72])]1)/((d*e - c*f)"2x(d"2*%e"2 - 2xckd¥xexf + (1 + c”2)*£72)7(3/2))
- (2xfx(a + bxArcCsch[c + d*x])*Logl[l + (E"ArcCschl[c + d*x]*(dxe - cxf))/
(f - Sqrtl[d~2*e™2 - 2%cxd*exf + (1 + c~2)*£72])]1)/((d*e - c*xf) ~2+Sqrt[d~2*
€2 - 2xckdkxexf + (1 + c”2)*£72]) - (£73%(a + bxArcCschlc + d*x])#*Logl[1l +
(E"ArcCsch[c + d#x]*(d*e - c*f))/(f + Sqrt[d~2*e”2 - 2*c*d*exf + (1 + c~2)
*£72])1)/((d*e - cxf)"2x(d"2%e”2 - 2*cxdxexf + (1 + c”2)*£72)7(3/2)) + (2%
fx(a + bxArcCsch[c + d*x])*Log[l + (E"ArcCschl[c + d*x]*(d*e - cxf))/(f + S
qrt[d™2*e”2 - 2kcxdxe*f + (1 + c~2)*£72])])/((d*e - c*f)~2xSqrt[d~2*e”"2 -
2xcxd*xe*xf + (1 + c”2)*£72]) + (b*f~2+Logl[f + (dxe - c*f)/(c + d*x)])/((d*e
- cxf)"2x(d"2%e”2 - 2xckd*exf + (1 + c"2)*£72)) + (b*f~3*PolyLogl[2, -((E”
ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2*e”2 - 2*cxd*exf + (1 + c~2)*f~
21))1)/((dxe - c*£)"2+(d"2%e”~2 - 2xckd*exf + (1 + c2)*£72)7(3/2)) - (2*bx
f*PolyLog[2, -((E"ArcCschlc + d*x]*(d*e - c*f))/(f - Sqrt[d~2*e”2 - 2*c*d*
exf + (1 + c™2)*£72]))]1)/((d*e - c*xf) 2xSqrt[d~2*e”2 - 2kckd*exf + (1 + ¢~
2)*£f~2]) - (b*xf~3%PolyLog[2, -((E~ArcCschlc + d*x]*(d*xe - c*f))/(f + Sq...
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 3042 Intlu_, x_Symbol] :> Int[DeactivateTriglu, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4679 Imtllescle ) + (F_)*(x)Ix(_.) + (@) " (@_)*((c_.) + (A )*(x))"@_.)
, X_Symbol] :> Int[ExpandIntegrand[(c + d*x)"m, 1/(Sin[e + f*x]"n/(b + a*Si
nle + £f*xx])"n), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && ILtQ[n, 0] && IGt
Qm, 0]

rule 5992 Int[Coth[(c_.) + (d_.)*(x_)]*Csch[(c_.) + (d_.)*(x_)]*(Csch[(c_.) + (d_.)*(
x_)]I*x(b_.) + (a_))"(n_.)*((e_.) + (£_.)*(x_))"(m_.), x_Symbol] :> Simp[(-(e
+ f*x)"m)*((a + b*Csch[c + d*x])~(n + 1)/(bxd*(n + 1))), x] + Simp[f*(m/(b
*d*(n + 1))) Int[(e + f*x)"(m - 1)*(a + b*Cschlc + d*x])~(n + 1), x], x]
/; FreeQ[{a, b, c, d, e, £, n}, x] && IGtQ[m, 0] && NeQ[n, -1]

rule 6876 Int[((a_.) + ArcCschl[(c_) + (d_.)*(x_)I*(b_.))"(p_.)*((e_.) + (f_.)*(x_))"(
m_.), x_Symbol] :> Simp[-(d~(m + 1))7(-1)  Subst[Int[(a + b*x) p*Csch[x]*C
oth[x]*(d*e - cxf + f*Csch[x])"m, x], x, ArcCsch[c + d*x]], x] /; FreeQl{a,
b, c, d, e, £}, x] && IGtQ[p, 0] &% IntegerQ[m]
Maple [F]

/(a+b arcesch (dz 4 ¢))?
(fz+e)’
input‘int((a+b*arccsch(d*x+c))*2/(f*x+e)A3,x)

Output‘int((a+b*arccsch(d*x+c))“2/(f*x+e)‘3,x)




CHAPTER 3. LISTING OF INTEGRALS 143

Fricas [F]

besch™ (¢ + dz))” 2
/(a+ csch™ (¢ + dz)) dxz/(barcsch(dx+c)+a) i

(e + fz)3 (fz+e)®

inputLintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e)"3,x, algorithm="fricas")

t‘integral((b‘2*arccsch(d*x + ¢)~2 + 2xaxb*arccsch(d*x + c) + a”2)/(£73*x"3

outpu
‘+ 3xkexf 2%x"2 + 3xe~2kf*x + e~3), X)
Sympy [F]
/ (a+besch™'(c+ dx))2 dp — (a + bacsch (¢ + dz))? s
(e + fx)3 (e + fz)°
inputLintegrate((a+b*acsch(d*x+c))**2/(f*x+e)**3,x)

OutputLIntegral((a + bxacsch(c + d*x))**2/(e + f*x)**x3, x)

Maxima [F]

dz

(a+ besch™ (¢ + dz)) [ (baresch (dz + ¢) + a)?
s e A

inputtintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e)*3,x, algorithm="maxima")




output

input

output
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-1/2%b"2%1og(sqrt (d™2*x"2 + 2kckd*x + c™2 + 1) + 1)72/(£73*x72 + 2ke*f 2%x
+ e”2%f) - 1/2%a”2/(£73*x"2 + 2*%exf~2%x + e"2xf) - integrate(-((b~2*d~2xf
*x"2 + 2xb"2kxckdkfxx + (c”2*f + f)*b~2)*log(d*x + c)”2 - 2x(a*xb*xd"2*f*xx"2
+ 2kaxbkcxd*fxx + (c”2*f + f)*axb)*log(d*x + c) + (2+axb*d~2*f*x~2 + 4*axb
xckdxf*x + 2x(c™2*f + f)*axb - 2% (b"2xd"2xf*x"2 + 2*b"2xckdxf*x + (c™2xf +
£)*b"2)*log(d*x + c) + (b"2xcxd*e + 2x(c”2xf + f)*a*xb + (2%axb*d™2*f + b~
2xd"2+f)*x"2 + (4*xaxbxckd*f + (d"2%e + cxd*f)*b~2)*x — 2% (b"2*d"2*f*x"2 +
2xb~2*ckdxfxx + (c™2*f + £)*b~2)*Llog(d*x + c))*sqrt(d™2*x"2 + 2xc*d*x + c”
2 + 1))*log(sqrt(d™2+x"2 + 2%c*d*x + c¢2 + 1) + 1) + sqrt(d™2*x"2 + 2xc*xdx*
X + 72 + 1)*x((b™2%d"2+f*x"2 + 2xb~2kckd*f*x + (c™2*f + £)*b~2)*log(d*x +
€)"2 - 2x(a*xb*d"2*f*x"2 + 2kaxbkckdxfxx + (c"2+f + f)*axb)*log(d*x + c)))/
(d72%£74xx75 + c™2xe"3xf + (3*d"2*%e*xf~3 + 2kckd*f"4)*x"4 + e 3*f + (3xd"2x%
e”2xf"2 + Bkckdxexf"3 + cT2*%f74 + £74)*x"3 + (d"2*xe”3*f + 6*ckxdke"2xf"2 +
3xc"2xe*f"3 + 3xe*xf"3)*x72 + (2kckdke”3*kf + 3kcT2xe"2*xf72 + 3*ke"2*f72)xx +
(d"2*%£74*x"5 + c"2%e"3*f + (3*d"2xe*f"3 + 2*cxd*xf"4)*xx"4 + e 3*f + (3*%d"2
*xe " 2%f7"2 + Bkckdxexf”3 + cT2+%f74 + £74)*x"3 + (d"2*%e"3*f + 6xcxd¥e"2xf"2 +
3xc"2%e*xf"3 + 3kexf"3)*x"2 + (2kckdxe 3*f + 3xcT2*e"2xf72 + 3xe”2+f72)*x)
*sqrt (d"2*x"2 + 2%ckd*x + c”2 + 1)), x)

N

Giac [F]

besch ™ (c + da) ) 2
/(a—l— csch™ (¢ + dz)) dx:/(barcsch(dz—i-c)—l-a) e

(e+ fx)3 (fz+e)®

Iintegrate((a+b*arccsch(d*x+c))‘2/(f*x+e)“3,x, algorithm="giac")

p

Lintegrate((b*arccsch(d*x +c) + a)72/(f*x + e)73, x)

—
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Mupad [F(-1)]

Timed out.
/ (a+bcsch_1(c+dx))2d / (a+basinh(c+1dz))2 i
= X
(e + fz)? (e+ fa)°

inputtint((a + b*asinh(1/(c + d*x)))~2/(e + f*x)~3,x) J
output[int((a + b*asinh(1/(c + d*x)))"2/(e + £*x)~3, x) ]

Reduce [F]

/ (a + besch™ (¢ + dx))2

dx
(e + fz)3
acsch(dz+c acsch(dz+c acsch(dzx+c
_4(fﬁﬁ+%ﬁé+%%%wﬂm>am£f+8<fﬁﬁ+%ﬁé+&%wmﬂm>awj%r+4<fﬁﬁ+&ﬁé+%%médl
inputLint((a+b*acsch(d*x+c))“2/(f*x+e)*3,x) J

(4*%int (acsch(c + d*xx)/(e**3 + 3ke*x*2*fkx + 3ke*frkkx**2 + Fhk3kx**3),x)*a
*bxex*x2xf + 8*int(acsch(c + d*x)/(ex*3 + 3kexk2kf*xx + Jke*f**2xx**x2 + f**3
*x**3) ,x) *a*xbkexfxx2xx + 4*xint(acsch(c + d*x)/(e**3 + 3*e*x*2kfxx + 3Jkexfxx
2%x*%2 + FHx3xx*x3) | x)kaxbkf**3*x**2 + 2xint(acsch(c + d*x)**2/(e**3 + 3*e
*x2kfkx + Bkekfrkkx*x*2 + Frk3*kx**3) ,X)*bk*2*ex*k2*+f + 4*int(acsch(c + d*x)
*%2/ (ex*x3 + 3kexk2xfxx + Jkexfx*x2*xx**2 + Fx*x3*kx*k*3),x)*bkkkexf**x2*xx + 2%i
nt(acsch(c + d*x)**2/(ex*3 + ke *x2+f*x + Jke*f**x2kxk*2 + Frk3Ikx**3),x) *b*
*¥2xfxk3kxkk2 — a**2)/(2kf*x(e*x*x2 + kexfkxx + Fx*xkx**x2))

output




e

output
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3.14 [ z3csch™(\/z) dz

Optimal result . . . . . . . . . . . . e 146
Mathematica [A] (verified) . . . . . . . . . ... o 1461
Rubi [A] (verified) . . . .. . . ... .. 147
Maple [A] (verified) . . . . . . ... L 148
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 149
Sympy [F] . . o o 149
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1501
Giac [F] . . . . o o 150
Mupad [F(-1)] . . . o o 150
Reduce [F] . . . . . 1511

Optimal result

Integrand size = 10, antiderivative size = 114

/ zicsch ™ (Vz) dz =

VATSEVE  ((1l-a)VE3(-1-a)f B

4/ —z 4/ —z 20/ —x
—1—2)%/x 1
_ 128\/)—_:2\/_ + ix‘*csch‘ (Vz)

-1/4%(-1-x)"(1/2)*x~(1/2) / (-x)~(1/2)-1/4*(-1-x) " (3/2) *x~(1/2) / (-x) " (1/2) -3
‘ /20%(-1-x)~(5/2)*x~(1/2) / (-x) ~(1/2)-1/28% (-1-x) ~(7/2) *x~(1/2) / (-x) " (1/2)+1 ‘

L/4*x‘4*arccsch(x‘ (1/2))

input L

A\

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.41

/acg‘csch_l(\/i) dr = —

1

140

1+ %\/5(—16 + 8z — 62° + 5z°) + i:«:‘lcsch_1 (V)

Integrate [x~3*ArcCsch[Sqrt [x]],x]
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output‘ (Sqrt[1 + x~(-1)1*Sqrt[x]*(-16 + 8*%x - 6%x~2 + 5%x~3))/140 + (x~4*ArcCsch[ ‘

LSqrt [x]11)/4 J
Rubi [A] (verified)
Time = 0.23 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.69,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 4 45 Ryjes
integrand size
used = {6900, 27, 53, 2009}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ac?’csch_1 (V) dz
| 6900
1.3
L a4 11 vz [ 5tz
hd h —
47 ose (V) pWa
| 27
3
L4 a1 ve | \/% dz
- h B it
1% osc (V) N
| 53
Ol G Mt ek et Gt = K
4 8vV—x
| 2009
lﬁwdtwva__@Gﬁ—iyﬂ+20w—ifm+2bw—lﬁﬂ+2¢fffﬂw&
4 8V —x
input iInt [x~3*ArcCsch[Sqrt[x]],x] j
output‘ -1/8x((2%Sqrt[-1 - x] + 2%(-1 - x)7(3/2) + (6%(-1 - x)7(5/2))/5 + (2%(-1 - \

L x)~(7/2))/7)*Sqrt [x1) /Sqrt [-x] + (x~4*ArcCsch[Sqrt[x1]1)/4 J




rule 27

rule 53
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

rule 6900

input L

Int[((a_.) + ArcCschlu_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[ul])/(d*(m + 1))), x] - Simp[b*(u/(d*(m
+ 1)*Sqrt[-u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sq
rt[-1 - u2])), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Fun
ctionOfExponentialQ[u, x]

Maple [A] (verified)

Time = 0.21 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.35

method result size
parts z* arcczch(ﬁ) + \/ZT?\/E(5$11;6I2+836—16) 40
(L'4 arccsc. xT T Z3— 172 T —
derivativedivides 4h(‘f) 4 (eH1)(52°—62°+82-16) 43
140,/ 2 /z
x% arcesch (v T 23 —612+8x—
default 4h(f) + ( +1)(5 6z°+8 16) 43
140,/ 2 /z

int (x~3*arccsch(x”~(1/2)) ,x,method=_RETURNVERBOSE)
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t‘1/4*x"4*arccsch(x“(1/2))+1/14O*((x+1)/x)"(1/2)*x"(1/2)*(5*x"3—6*x"2+8*x—16

) |

outpu

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.48

x+1
/ riesch™' (vz) dz = - z'log [ ———
4 T
1 1
+ﬁﬂm%ﬁﬁ+M—mW§$:
inputLintegrate(x“S*arccsch(x"(l/Q)),x, algorithm="fricas") J

‘1/4*x‘4*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/140%(5%x"3 - 6%x"2 + 8%x \

output
- 16)*sqrt () *ksqre((x + 1)/x)

Sympy [F]

/:c3csch_1 (\/ﬂ_v) dr = /w3 acsch (\/E) dx

input Lintegrate (x**3*acsch(x**(1/2)) ,x) J

outputLIntegral(X**B*aCSCh(Sqrt(X)), x) J
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.51

7 5
7(1 2 3 s5/1 2

3 . -1 _ (1 _ 3 . s(1
/x csch™ (V) dw—28:c (z+1) 50" (w+1)

input Lintegrate (x"3*arccsch(x(1/2)),x, algorithm="maxima" J

o 1/28%x°(T/2)%(1/x + 1)7(7/2) - 3/20%x"(5/2)x(1/x + 1)7(5/2) + 1/4xx 4xarcc

t
ot 'sch(sqrt(x)) + 1/4%x"(3/2)*(1/x + 1)7(3/2) - 1/4xsqrt(x)*sqrt(1/x + 1) |

Giac [F]
/ z’csch™ (Vz) dz = / z® arcsch (v/z) dz
input Lintegrate (x~3%arccsch(x~(1/2)),x, algorithm="giac") J
output Lintegrate(x“S*arccsch(sqrt(x)), x) J

Mupad [F(-1)]

Timed out.

/:c?’csch_l(ﬁ) dx z/ 3a,sinh<%) dx

int (x~3*asinh(1/x~(1/2)) ,x) J

input L

output | 8 (¢ B*asinh(1/x°(1/2)), %) |
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Reduce [F]

/x?’csch_1 (\/5) dx =/acsch(\/9_v) z3dx

inputLint(x"B*acsch(x“(l/Q)),x)

outputtint(acsch(sqrt(x))*x**3,x)




output

input

output
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3.15 [ z%csch™(\/z) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 10, antiderivative size = 89

/$2080h_1 (\/5) do — \/T—x\/i + 2(—1— a:)3/2\/§

3V—zr
+

15+/—x

9

(-1-2)*?/z 1

T3

=z
z3csch™! (\/g_v)

‘1/3*(—1-x)“(1/2)*x“(1/2)/(—x)“(1/2)+2/9*(—1-x)“(3/2)*x“(1/2)/(—x)”(1/2)+1/
LlS*(-l-x)“(5/2)*x“(1/2)/(-x)“(1/2)+1/3*x“3*arccsch(x“(1/2))

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.47

1

2 -1 _ 1
/x csch™ (Vz) dz = 5

1+ %\/5(8 — 4z + 32%) + %zzcg’csch‘1 (V)

LIntegrate[x“2*ArcCsch[Sqrt[X]],x]

|
J

L(Sqrt[l + x7(-1)1*Sqrt [x]*(8 - 4xx + 3%x72))/45 + (x"3*ArcCsch([Sqrt[x]]1)/3 J




input

output
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.76,

number of rules _ 400, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6900, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z’csch™! (vz) dz

l 6900

vz [ 2\/31—1 dzx
3V —x
l 27
2

1 3 _1 \/Ef _xx_ldx
- h s B
5@ osc (V) 6z

l 53

ﬁf((—m—1)3/2+2m+ L )da:

%ac?’csch_1 (V)

1 — —z—1
g:rg’csch Yz) - N
l 2009
1 1 (=2(-2z-1)%2 - 4(—z-1)32-2y/—2 1) Vx
§x3csch (Vz) — 2 3 62

-

Int [x~2*ArcCsch[Sqrt[x]],x]

N\ J

‘-1/6*((-2*Sqrt [-1 - x] - (4%(-1 - x)7(3/2))/3 - (2*(-1 - x)~(5/2))/5)*Sqrt
L [x]1)/Sqrt[-x] + (x"3*ArcCsch[Sqrt[x]1]1)/3
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 53

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcCschlu_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[ul])/(d*(m + 1))), x] - Simp[b*(u/(d*(m
+ 1)*Sqrt[-u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sq
rt[-1 - u2])), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Fun
ctionOfExponentialQ[u, x]

rule 6900

Maple [A] (verified)

Time = 0.15 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.39

method result size
z3 arcesch (1/z) 4l /z (322 —4z+8)
parts 3 + T3 35
derivativedivides | = arcc?fh(ﬁ) (@D (a’—da+8) 38
45,/ /z
default z3 arcCZCh (V) + (z+1) (322 —42+8) 38
45, /2L /z

input Lint (x~2*arccsch(x~(1/2)) ,x,method=_RETURNVERBOSE)

output ‘ 1/3*x~3*arccsch(x”~(1/2))+1/45% ((x+1)/x) ~(1/2) *x~ (1/2) * (3%x~2-4%x+8)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.56

2\ [T+ VT g

1 1
/xQCsch_l(\/E) dx=§x3log E— +E(3x2—4x+8)\/5 Tt
inputLintegrate(x“2*arccsch(x"(1/2)),x, algorithm="fricas") J

‘1/3*x‘3*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/45%(3*x"2 - 4xx + 8)*sqrt

TP (eyreqrt((x + 1)/2) |
Sympy [F]
/:CQCSCh_l (\/5) dr = /w2 acsch (\/E) dx
input Lintegrate (x**2%acsch (x**(1/2)) ,x) J
output LIntegral(x**2*acsch(sqrt(x)), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.52

5
/z2csch_1 (\/E) dr = — z2 <1 + 1) + %x‘g arcsch (\/a_c)

3
2 5/1 \2 1 1
— (S 41) +LvE/ -+
9 x 3 x

input Lintegrate (x~2*arccsch(x”(1/2)),x, algorithm="maxima") J
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¢ 1/15%x7(5/2)%(1/x + 1)7(5/2) + 1/3+x"3arccsch(sqrt(x)) - 2/9+x"(3/2)*(1/x

outpu
|+ 1)7(3/2) + 1/3%sqrt(x)*sqre(1/x + 1)

Giac [F]
/ r’csch ™ (Vz) dr = / z” arcsch (v/z) dz
inputLintegrate(x‘2*arccsch(x“(1/2)),x, algorithm="giac") J
OutputLintegrate(x‘2*arccsch(sqrt(x)), x) J

Mupad [F(-1)]

Timed out.
/arz2csch_1 (\/9_3) dx = /z‘2 asinh(%) dx
input | 12t (<"2*asink (1/x"(1/2)) %) )
OutputLint(x"2*asinh(1/x"(1/2)), x) J
Reduce [F]
/xQCSCh_l(\/E) dx = / acsch(v/z) 2°dzx
input Lint (x~2*acsch(x~(1/2)),x) J

output Lint (acsch(sqrt (x))*x**2,x) J




output \ -1/2%(-1-x)~(1/2)*x~(1/2) / (-x) ~(1/2)-1/6*(-1-x) ~(3/2) *x~(1/2) / (-x) " (1/2) +1

input
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3.16 [ zesch™(v/z) dz

Optimal result . . . . . . . . . . . . e 157
Mathematica [A] (verified) . . . . . . . . . ... o 157l
Rubi [A] (verified) . . . .. . . ... .. 158
Maple [A] (verified) . . . . . . ... L 159
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 160
Sympy [F] . . o o 160
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1601
Giac [F] . . . . o o 161
Mupad [F(-1)] . . . o o 161
Reduce [F] . . . . . 161

Optimal result

Integrand size = 8, antiderivative size = 64

—z)3%/x 1

/ar:csch_1 (Vz) do = — _21\/___2\/5 _H

6v—z

T3

z’csch™ (v/z)

/2*xx~2*%arccsch(x~(1/2))

N

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.55

/accsch_1 (Vz) dz = %\ [1+ i(—2 + )T + %zzcsch_l(\/:?)

LIntegrate [x*ArcCsch[Sqrt[x]],x]

output L

(Sqrtl[1 + x~(-1)1*(-2 + x)*Sqrt[x])/6 + (x"2xArcCsch[Sqrt[x]])/2




input

output
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.86,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6900, 27, 53, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zesch™ (V) dz

l 6900

vz [ PN L
2V —x
l 27

vz [ \/%da:
4v/—x

%w%sch_l (V)

%alczcsch_1 (V)

=z
l 2009
2 —XT 3/2 V=T — xr
—z2csch! (\/5) - (3( 2 4\7% 1) v

‘ Int [x*ArcCsch[Sqrt[x]],x]

‘—1/4*((2*Sqrt [-1 - x] + (2%(-1 - x)~(3/2))/3)*Sqrt[x])/Sqrt[-x] + (x"2x*Arc
‘ Csch[Sqrt[x]])/2
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && IGtQ[m, 0] && ( !IntegerQ[n] || (EqQ[c, 0] && LeQ[7+*m + 4*n + 4, 0])
[l LtQ[9*m + 5*%(n + 1), 0] || GtQm + n + 2, 0])

rule 53

rule 2009 Intlu_, x_Symboll :> Simp[IntSum[u, xI, x] /; SumQ[u]

Int[((a_.) + ArcCschlu_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m
+ 1)*Sqrt[-u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sq
rt[-1 - u2])), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Fun
ctionOfExponentialQ[u, x]

rule 6900

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.44

method result size
24+l |/ (o—

parts z? a,rccs2ch(\/5) + Vi {( 2) 28
. . .. x2 arccsch (/) (z+1)(z—2)

derivativedivides 5 + 31
6/ =L /z
z2 arccsch (1/z) (z+1)(z—2)

default 5 + 31
6/ =L /z

input Lint (x*arccsch(x~(1/2)) ,x,method=_RETURNVERBOSE)

output ‘ 1/2xx"2%arccsch(x™(1/2) )+1/6x((x+1) /%)~ (1/2) *x~(1/2) * (x-2)
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Fricas [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.67

z+1
1 T\ VI 1
/accsch_1 (\/ﬂ_v) dr = 9 z2log - + 5 (x — 2z z :

input‘integrate(x*arccsch(x”(1/2)),x, algorithm="fricas")

output‘1/2*X“2*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + 1/6x(x - 2)*sqrt(x)*sqrt((x
‘ + 1)/x) ‘

Sympy [F]
/accsch_1 (\/g_v) dr = /a:acsch (\/ﬂ_v) dx
input | integrate (xracsch(xex (1/2)) ) )
OutputLIntegral(x*acsch(sqrt(x)), x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.53

1 N\ 1, 1 1
-+ + - z?arcsch (vz) — - vz /= +1
x 2 2 T

inputLintegrate(x*arccsch(x‘(1/2)),x, algorithm="maxima") J

Nlw

/a:csch_l(\/i) dr = %x

output‘i/s*xA(s/Q)*(l/x + 1)7(3/2) + 1/2*x"2*arccsch(sqrt(x)) - 1/2*sqrt(x)*sqrt(
‘1/x + 1) ‘
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Giac [F]

/:o:csch_1 (\/5) dx = /:carcsch (\/E) dx

inputLintegrate(x*arccsch(x“(1/2)),x, algorithm="giac")

Outputtintegrate(x*arccsch(sqrt(x)), x)

Mupad [F(-1)]

Timed out.

[ zescn () d = | xasinh(%) da

inputLint(x*asinh(l/x“(l/Q)),x)

output 1Bt (xrasinh(1/x"(1/2)), )

Reduce [F]

/accsch_1 (\/5) dx =/acsch(\/9_v) xdx

input Lint (x*acsch(x~(1/2)) ,x)

output tint (acsch(sqrt(x))*x,x)




output

input

output
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-

3.17  [csch™!(y7) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....

Sympy [F] . . o o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...

Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . .

Optimal result

Integrand size = 6, antiderivative size = 31

/csch_l(\/a_:) dz = %;\/E + zesch ™ (V)

L(—i-x) ~(1/2)*x~(1/2)/(-x)~ (1/2)+x*arccsch(x~(1/2))

-

-/

Mathematica [A] (verified)

Time = 2.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.77

/csch_1 (Vz) do =/1+ iﬁ + zesch ™ (V)

LIntegrate [ArcCsch[Sqrt[x]1],x]

~—

-

N\

Sart[1 + x~(-1)]*Sqrt[x] + x*ArcCsch[Sqrt[x]]




input L

output L

rule 17

rule 6898
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 31, normalized size of antiderivative = 1.00,

number of rules _ 0.333, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6898, 17}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/csch_1 (V) dz
l 6898

Ve [ 52t
V=T

l17

_f/_:wl\/i + zesch ™! (V)

zcsch™? (\/5)

Int[ArcCsch([Sqrt[x]1],x]

(Sqrt[-1 - x]*Sqrt([x])/Sqrt[-x] + x*ArcCsch[Sqrt[x]]

Defintions of rubi rules used

Int[(c_.)*((a_.) + (b_.)*(x_))"(m_.), x_Symbol] :> Simp[c*((a + b*x)"(m + 1
)/ (bx(m + 1))), x] /; FreeQ[{a, b, c, m}, x] && NeQ[m, -1]

Int[ArcCschlu_], x_Symbol] :> Simp[x*ArcCsch[ul, x] - Simp[u/Sqrt[-u~2] I
nt [SimplifyIntegrand [x*(D[u, x]/(u*Sqrt[-1 - u~21)), x]1, x], x] /; InverseF
unctionFreeQ[u, x] && !FunctionOfExponentialQ[u, x]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.68

method result size
parts z arcesch (vz) +/z (/2 | 21
derivativedivides | z arccsch (v/z) + %11{ 24
default z arcesch (v/z) + %11{ 24

inputLint(arccsch(x”(1/2)),x,method=_RETURNVERBUSE)

output Lx*arCCSCh(X“ (1/2))+x7(1/2) *((x+1) /x)~(1/2)

Fricas [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.16

T £§1-+-Vﬁf 1
/csch_l(\/i) dr=zlog | ——— | +Vz v

T T

input Lintegrate (arccsch(x~(1/2)),x, algorithm="fricas")

Output‘x*log((x*sqrt((x + 1)/x) + sqrt(x))/x) + sqrt(x)*sqrt((x + 1)/x)
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Sympy [F]

/csch_1 (\/5) dr = /acsch (\/5) dx

input‘integrate(acsch(x**(1/2)),x)

outputtlntegral(aCSCh(Sqrt(x)), x)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.58

/csch_1 (vz) dz = zarcsch (vVz) + vz % +1

inputtintegrate(arCCSCh(X“(1/2)),x, algorithm="maxima")

OutputLX*aICCSCh(SQIt(x)) + sqrt(x)*sqrt(1/x + 1)

Giac [F]

/csch_1 (Vz) dz = /arcsch (Vz) dz

-

input Lintegrate (arccsch(x~(1/2)),x, algorithm="giac")

N )

output Lintegrate (arccsch(sqrt(x)), x)
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Mupad [B] (verification not implemented)

Time = 3.82 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.58

/csch_l(ﬁ) dr = xasinh(%) +Vz % +1

input Lint(asinh(l/x‘(1/2)) ,X)

output Lx*asinh(l/x‘(1/2)) + x~(1/2)*%(1/x + 1)~(1/2)

Reduce [F]

/csch_l(\/i) dz :/acsch(ﬁ) dx

input Lint (acsch(x~(1/2)),x)

output Lint (acsch(sqrt(x)),x)
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1
318 [ VA 4,

Optimalresult . ... ... ... ... ... .........
Mathematica [A] (verified) . . . . . . . ... .. ... ... ..
Rubi [C] (warning: unable to verify) . .. ... ... .....
Maple [F] . . . . ...
Fricas [F] . . . . . .. . .
Sympy [F] . . . o
Maxima [F] . . . .. .. ... .
Giac [F] . . . . o
Mupad [F(-1)] . . ... . o
Reduce [F] . . .. ... .

Optimal result

Integrand size = 10, antiderivative size = 46

-1
/ esch™ (va) dz = csch™ (v/z)” — 2csch ™ (v/7) log (1 — ezCSCh_l(ﬁ))

T

— PolyLog (2, g2esch™! Wi))

output

t

1ylog(2, (1/x~(1/2)+(1+1/x)~(1/2))"2)

‘ arccsch(x”~(1/2))"2-2*arccsch(x~(1/2))*1n(1-(1/x~(1/2)+(1+1/x)~(1/2))~2) -po ‘

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 46, normalized size of antiderivative = 1.00

/ —CSCh_l (\/5) dz = csch™! (\/5) (csch_1 (\/5) — 2log <1 — e2°S°h_l(ﬁ)>>

T

_ PolyLog (2, g2esch™! Wf))

-

input |

Integrate[ArcCsch[Sqrt[x]1]1/x,x]
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‘ ArcCsch[Sqrt [x]]*(ArcCsch[Sqrt[x]] - 2*Logl[l - E~(2*ArcCsch[Sqrt[x]])]) -

output
LPolyLog [2, E"(2%ArcCsch([Sqrt[x]]1)] J

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.46 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.26,

_ _ number of rules _
number of steps used = 11, number of rules used = 10, integrand size 1.000, Rules

used = {7267, 6836, 6190, 3042, 26, 4199, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ csch™ (/) e

x

l 7267
csch™ (/)

x

J’6836

dv'z

arcsinh (%) 1
IR

l 6190

1 . 1 . 1
-2 / 1+ mﬁarcsmh(ﬁ) darcsmh(ﬁ)
l 3042
-2 / —iarcsinh(\/li> tan <iarcsinh<\/13_c> + g) darcsinh(%)
l 2

23 / arcsinh(\/li) tan (iarcsinh(%) + 72T> darcsinh(ji)
l 4199

-2
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inh( L
‘ ‘ e2arcs1nh( ﬁ)arcsinh( % ) . ) .
2t 21 | — : - darcsinh| — | — 5
1— e?arcsmh<ﬁ> \/5
l 25
. 1
' ' e2a'rcsmh(ﬁ>arcsinh(ﬁ) . 1 i
21| —21 - darcsinh| — | — —
1— €2arcsinh<ﬁ> \/5 2
l 2620
1 resinh (== 1 1 1 resinh (== ;
24 —2i( = /log 1— 2 h<\/5) darcsinh| — | — —arcsinh( — | log ( 1 — 2o h(ﬁ) _w
2 NZ7 2 NZ3 2
l 2715
2 [ —92i 1 / e2arcsinh<ﬁ) log 1— e2a,rcsinh<ﬁ) de2arcsinh(ﬁ) . larcsinh i log 1— e2arcsinh(ﬁ) _
4 2 VT
l 2838
. . 1 2arcsinh (i) 1 . 1 2arcsinh (i ) 1T
_ _- vz) | = il _ VT _
2z< 27,< 1 PolyLog <2, e > 2arcsmh<ﬁ> log <1 e 2
input LInt [ArcCsch([Sqrt[x]]1/x,x] J
output‘ (2*%I) % ((-1/2%I)*x - (2*I)*(-1/2%(ArcSinh[1/Sqrt[x]]1*Log[1 - E~(2*ArcSinh[1 ‘

L/Sqrt [x11)1) - PolyLogl[2, E~(2*ArcSinh[1/Sqrt[x11)1/4)) J

Defintions of rubi rules used

rule 25‘ Int[-(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x] J

% ‘ Int[(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

rule
‘nt[Fx, x], x] /; FreeQl[a, x] &% EqQ[a~2, 1] ‘
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D*((F)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) % (X_) - (n_ . ) )] / (x_) , X_Symbol] > Slmp ['POlyLOg [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4199 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pi*(k_.) + (Complex[0, fz_])*(f_
O*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Simp
[2¢I Int[((c + d*x) m*x(E~(2*x((-I)*e + fxfz*x))/(1 + E~(2*x((-I)*e + fxfz*x
))/E~ (2xI*k*Pi))))/E~(2*I*xk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && In
tegerQ[4+k] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a
, b, c}, x] && IGtQ[n, 0]

rule 6190

rule 6836 Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

N\

rule 7267 Itlu_, x_Symbol] :> With[{lst = SubstForFractionalPowerOfLinear[u, x]}, Si
mp[lst[[2]]*1st[[4]] Subst[Int[1st[[1]], x], x, 1st[[3]11°(1/1st[[2]1])], x
] /; FalseQ[lst] && SubstForFractionalPowerQ[u, 1st[[3]], x]]




CHAPTER 3. LISTING OF INTEGRALS

171

Maple [F|

/ arcesch (v3)

T

inputLint(arccsch(x”(1/2))/X,X)

outputtint(arccsch(x‘(l/Q))/X,X)

Fricas [F|

[, [,

T T

inputLintegrate(arccsch(x*(1/2))/x,x, algorithm="fricas")

output 1ntegral (arccsch(sqrt (x))/x, 1)

Sympy [F]

€Tr =
z T

inputLintegrate(acsch(x**(1/2))/X,X)

outputLIntegral(aCSCh(Sqrt(x))/x, x)
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Maxima [F]
/ csch™! (V) o — / arcsch (1/7) s
T T
input Lintegrate (arccsch(x~(1/2))/x,x, algorithm="maxima")
OutputLintegrate(arccsch(sqrt(x))/x, x)
Giac [F]
/ csch™! (V) o — / arcsch (1/z) e
T T
input Lintegrate(arccsch(x“(1/2))/x,x, algorithm="giac")

output Lintegrate (arccsch(sqrt(x))/x, x)

Mupad [F(-1)]

Timed out.

/csch_1 (\/5) I — / asinh(%) .

T T

inputLint(asinh(l/x“(1/2))/X,X)

output Lint (asinh(1/x~(1/2))/x, x)
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Reduce [F]

/csch_1 (vz) o — / acsch(/z) s

T T

inputLint(acsch(x“(1/2))/x,x)

outputLint(aCSCh(Sqrt(x))/x,X)




output

input

output
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1
319  [SsCh () 4,

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...
Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...
Giac [F] . . . o o
Mupad [B] (verification not implemented) . . ... ... .. ... ... .....
Reduce [F] . . . . o e

Optimal result

Integrand size = 10, antiderivative size = 63

V=I—z csch'(vz)

vz arctan (v/—1 — z)

/ csch_a;(ﬁ) dr — e _

T

W

(1/2*(-1-x)“(1/2)/(-x)”(1/2)/x“(1/2)-arccsch(x“(1/2))/x-1/2*x“(1/2)*arctan(

| (-1-0)7(1/2))/ (%) (1/2)

N

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.67

/csch_l(\/i) i \/?Tx csch™! (V)

z? :2\/5_

T

1

— —arcsinh

2

(

1

NG

)

LIntegrate [ArcCsch[Sqrt[x]11/x72,x]

-

LSqrt[(l + x)/x]/(2*%Sqrt[x]) - ArcCsch[Sqrt([x]]/x - ArcSinh[1/Sqrt[x]]1/2

>

J
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.86,
number of rules _ 500, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6900, 27, 52, 73, 217}
Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed

below.

2

/csch_1 (V) .

X
l 6900
Ve [ 57T esch! ()
=z z

| 27

vz [ ﬁdm B csch™ (/)

2v/—zx T

input ‘ Int [ArcCsch[Sqrt[x]]/x"2,x] ‘

‘ -(ArcCsch[Sqrt([x]]/x) + (Sart[x]*(Sqrt[-1 - x]/x - ArcTan[Sqrt[-1 - x]1]1))/ ‘

output L(Q*Sqrt (<] J
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simp[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*xd)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

rule 52

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(px(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + bxx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, xJ

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])], x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQfa, 0] || LtQ[b, 01)

rule 217

Int[((a_.) + ArcCschlu_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[(c + d*x)~(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m
+ 1)*Sqrt[-u”2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSq
rt[-1 - u2])), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !'Fun

ctionOfExponentialQ[u, x]

rule 6900




input

output

input

output
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.73

method result size
11 (arctanh (2 )o—v/aF1
derivativedivides —amsc:(ﬁ) — VE+H (are :n EH@)‘” w+1) 46
1 (arctanh ( L= )o—/zF1
default _arccsc:(ﬁ) _ Vz+1 (arc :n S-;/lmzjé)x T ) 16
arccsch (/) \/ET?\/E (In(vz+I+1)z—In(vo+I1-1)z—2vz+1) o
parts - z - 4/3+ (Vati+l) (Vati-1)

Lint(arccsch(x‘(1/2))/x‘2,x,method=_RETURNVERBOSE)

‘—arccsch(x“(1/2))/x—1/2*(x+1)“(1/2)*(arctanh(l/(x+1)“(1/2))*x—(X+1)“(1/2))

/((x+1) /%) (1/2) /%7 (3/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.70

/ csch™ (V)

x2

dr = —

z zT'H+\/5

@+ 2)1og (W05 - v

z+1
T

2x

Lintegrate(arccsch(x‘(1/2))/x‘2,x, algorithm="fricas")

‘—1/2*((x + 2)*log((x*sqrt((x + 1)/x) + sqrt(x))/x) - sqrt(x)*sqrt((x + 1)/

0)/x
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Sympy [F]
/ M dr = / M dz
z x
input Lintegrate (acsch(x+*(1/2)) /x+%2,x) J
output LIntegral (acsch(sqrt(x))/x**2, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 65, normalized size of antiderivative = 1.03

/ csch ™ (V) p VT3 +1 arcsch (/z)
——— ar = —
x? 2(z(2+1)-1) T
——10g<\/_ i ) log(\/_ ——I—l—l)
input Lintegrate (arccsch(x~(1/2))/x"2,x, algorithm="maxima") J

t‘ 1/2xsqrt(x)*sqrt(1/x + 1)/(x*x(1/x + 1) - 1) - arccsch(sqrt(x))/x - 1/4*log ‘

outpu
L(sqrt(x)*sqrt(i/x + 1) + 1) + 1/4*xlog(sqrt(x)*sqrt(1/x + 1) - 1) J

Giac [F]

/ csch™! (V) o — / arcsch (1/z) "

2 x2

input Lintegrate (arccsch(x~(1/2))/x"2,x, algorithm="giac") J

output Lintegrate (arccsch(sqrt (x))/x~2, x) J
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Mupad [B] (verification not implemented)

Time = 3.63 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.52

/ggixﬁ@dx=\&+4_ 2asinh (&) (547 + )

x? 2 \/5 - \/5
input Lint(asinh(l/x“u /2))/%°2,%) J
output (1% + D7(1/2)/(24x7(1/2)) - (2+asinh(1/x"(1/2))*(1/ (252" (1/2)) + x™(1/2)

\/4))/x*(1/2) \

Reduce [F]

/csch_1 (V) dp — / acsch(y/z) e

2 x2

inputLint(acsch(x“(1/2))/X'"2,X) J

output tint (acsch(sqrt(x))/x**2,x) J
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1
3.20  [S5CR () 4,

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ...

Sympy [F] . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ...

Giac [F] . . . o o
Mupad [F(-1)] . . ..o
Reduce [F] . . . . o e

Optimal result

Integrand size = 10, antiderivative size = 90

csch™ (v/x) N

1301

183
183

L8]
L8]

3y/zarctan (v/—1 — )

csch_l(\/i)d _V-1-z 3/-1-z
/ z3 T8y za?? 16y T

212

16—z

output

‘1/8*(-1-X)“(1/2)/(-x)‘(1/2)/x‘(3/2)-3/16*(-1—X)“(1/2)/(-x)‘(1/2)/X‘(1/2)-1
L/2*arccsch(x‘(1/2))/x‘2+3/16*x‘(1/2)*arctan((—1-x)‘(1/2))/(—x)‘(1/2)

J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.52

dr =

/14 1(2—3z)y/z — 8csch ™ (v/z) + 3w2arcsinh<\/i5>

/ csch™! (V)

3

1622

input LIntegrate [ArcCsch[Sqrt[x]]1/x"3,x]

output ‘ (Sqrt[1 + x~(-1)1*(2 - 3*x)*Sqrt[x] - 8*ArcCsch[Sqrt[x]] + 3*x~2xArcSinh[1

/Sqrt[x11)/(16%x72)
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 77, normalized size of antiderivative = 0.86,

number of rules _ 0.600, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {6900, 27, 52, 52, 73, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

I3
l 6900
Ve [ 57T esch! ()
2v/—x 222

| 27

vz [ ﬁdm csch™ (/)
4/—x 2x2

| 52

ﬁ( ;:2_1 - %f \/Tl_lxz dw) B csch™! (\/E)
4/—z 22

input LInt [ArcCsch[Sqrt[x]1]1/x73,x]
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‘ -1/2%ArcCsch[Sqrt[x]]1/x~2 + (Sqrt[x]*(Sqrt[-1 - x]1/(2*x"~2) - (3*(Sqrt[-1 -

output ‘
L x]/x - ArcTan[Sqrt[-1 - x]1))/4))/(4xSqrt[-x]) J
Defintions of rubi rules used

rule 27 Int[@)*(Fx_), x_Symboll :> Simpla Int[Fx, x], x] /; FreeQla, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 52 Int[((a_.) + (b_.)*(x_))"(m_)*((c_.) + (d_.)*(x_))"(n_), x_Symboll :> Simp[

(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] && LtQ[n, O]

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b Subst[Int[x~(p*(m + 1) - 1)*x(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

N\ J

rule 73

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] &% PosQ[a/b] &
& (LtQ[a, 0] || LtQ[b, 01)

rule 217

Int[((a_.) + ArcCschlu_]l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mpl[(c + d*x)"(m + 1)*((a + b*ArcCsch[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m
+ 1)*Sqrt[-u~2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(u*Sq
rt[-1 - u~21)), x], x], x] /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !Fun

ctionOfExponentialQ[u, x]

rule 6900
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.63

method result size
oativedivi Va+1 (3 arctanh ( 2= )o?~3vz+1z+2vz+]
derivativedivides —arccszci;(ﬁ) + (8 arctan (fgmm)j . wLo+2ve4) 57
Vvz+1 (3 arctanh | —2 23z +1z+2v/zF1
et () | V(g -0/ 12051 _
16 w2
arccsch (/) ZT-H vz (3In(v/z+1-1)22—-31In(vVz+1+1)z2+6+/z+1z—4v/z+1)

input Lint (arccsch(x~(1/2))/x"3,x,method=_RETURNVERBOSE)

‘ -1/2*arccsch(x”(1/2))/x72+1/16%(x+1) ~(1/2) *(3*arctanh (1/(x+1) " (1/2) ) *x~2-3

output
L*(x+1)‘(1/2)*x+2* (x+1)~(1/2))/((x+1) /%)~ (1/2) /x~(6/2)

|
J

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.59

/de:_(?m—z)ﬁ 2+l _ (322 — 8)log (#)

3 16 z2

input Lintegrate (arccsch(x~(1/2))/x73,x, algorithm="fricas")

Output‘-1/16*((3*x - 2)*sqrt(x)*sqrt((x + 1)/x) - (3*x72 - 8)*log((x*sqrt((x + 1)
/%) + sqrt(x))/x))/x"2
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Sympy [F]
/ M dz = / M dz
z T
input Lintegrate (acsch(x**(1/2)) /x**3,x) J
output LIntegral(acsch(sqrt (%)) /x%%3, x) J

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.02

3
/ csch™' (V) p 372(;+1)* —5v@ /5 +1 arcsch (/7)
— z —_— —
z? 16( (L+1)" =221 +1) +1) 2a°
1
+—log<\/_ 5+1+1>——10g<\/_ —+1—1>

inputLintegrate(arccsch(x"(1/2))/x"3,x, algorithm="maxima" J
output‘_1/16*(3*}(“(3/2)*(1/}( +1)7(3/2) - 5*sqrt(x)*sqrt(1/x + 1))/(x"2%(1/x + 1)

“2 - 2xx*x(1/x + 1) + 1) - 1/2*arccsch(sqrt(x))/x"2 + 3/32*log(sqrt(x)*sqrt
\(1/x + 1) + 1) - 3/32xlog(sqrt(x)*sqrt(1/x + 1) - 1) \

Giac [F]

3

/csch_1 (V) dp — / arcsch (/7) e

tnput Lintegrate (arccsch(x~(1/2))/x~3,x, algorithm="giac") J
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OutputLintegrate(arccsch(sqrt(x))/X~3, x)

Mupad [F(-1)]

Timed out.

/de:/%d

3

inputLint(asinh(l/x*(1/2))/X“3,X)

outputLint(aSinh(1/XA(1/2))/x"3, x)

Reduce [F]

/dez/de

3 3

inputLint(acsch(x‘(1/2))/XA3,X)

outputLint(aCSCh(sqrt(x))/X**3,x)
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1
321 [ ) g,

74
Optimal result . . . . . . . . . . . . . e 1861
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . . 187
Maple [A] (verified) . . . . . . . .. 189
Fricas [A] (verification not implemented) . . . . . .. ... ... ... ... ... 189
Sympy [F] . . o 190
Maxima [A] (verification not implemented) . . . . . . . ... ... ... .. ... 190
Giac [F] . . . o o 191l
Mupad [F(-1)] . . ..o 1911
Reduce [F] . . . . o e 191

Optimal result

Integrand size = 10, antiderivative size = 115

/csch_l(\/ﬂ_v) dp — vV-1—-z 5V—1—x 5y/-1—-z

zt 18/—z25/2  72/—z33/2 * 48+/—xz+\/T
csch™'(yz)  By/marctan (v—1—1x)
33 48/ —x
output‘1/18*(-1-X>‘(1/2>/(-x)*(1/2>/x*<5/2)—5/72*(—1—x)*(1/2)/(—x)*<1/2>/x*(3/2>+
‘ 5/48*(-1-x)~(1/2)/(-x)~(1/2) /x~(1/2)-1/3*arccsch(x~(1/2)) /x~3-5/48%x" (1/2) ‘
xarctan((-1-x)~(1/2))/ (-x)~(1/2)
Mathematica [A] (verified)
Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.45
esch™ (v/z) 1+ 1/z(8 — 10z + 152%) — 48csch ™" (v/z) — 15x3arcsinh(\/i5>
[ e
x? 14443
input LIntegrate [ArcCsch[Sqrt[x]]/x74,x] J
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‘(Sqrt [1 + x~(-1)]*Sqrt[x]*(8 - 10*x + 16%x72) - 48xArcCsch[Sqrt[x]] - 15x*x

output
L"B*ArcSinh [1/Sqrt[x]11)/(144%x"3)

Rubi [A] (verified)

Time = 0.23 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.85,
number of steps used = 8, number of rules used = 7, Bumber of rules _ 4 79 Ryjes

integrand size
used = {6900, 27, 52, 52, 52, 73, 217}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

[,

4

l 6900

Ve [ 575 mde  esch! ()
3V—x 33

vz [ ﬁdm csch™ (/)
6v—z 3x3
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6v—z 33
l 217
Va(5 -3 - (T e (VD)) war(vB)
6v—x 3z3

input ‘ Int [ArcCsch[Sqrt[x]]/x"4,x]

‘ -1/3*ArcCsch[Sqrt[x]]1/x~3 + (Sqrt[x]*(Sqrt[-1 - x]1/(3*x~3) - (5x(Sqrt[-1 -
‘ x]/(2%x~2) - (3*(Sqrt[-1 - x]/x - ArcTan[Sqrt[-1 - x11))/4))/6))/(6%Sqrt[
-x1)

output

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int([Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> Simpl[
(a + b*x)"(m + 1)*((c + d*x)"(n + 1)/((b*c - a*d)*(m + 1))), x] - Simp[d*((
m+n+ 2)/((bxc - axd)*(m + 1))) Int[(a + b*x)"(m + 1)*(c + d*x)"n, x],
x] /; FreeQ[{a, b, c, d, n}, x] && ILtQ[m, -1] && FractionQ[n] &% LtQ[n, 0]

rule 52

Int[((a_.) + (b_)*(x_)) " (m_)*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*x(x"p/b))"n, x], x, (a + bxx)~(1/p)]1, x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, 0] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 73

/Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[-b, 2])~(
-1))*ArcTan[Rt [-b, 2]*(x/Rt[-a, 2])]1, x] /; FreeQ[{a, b}, x] && PosQ[a/b] &
& (LtQla, 0] || LtQ[b, 01)

rule 217
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rule 6900 Int[((a_.) + ArcCschlu_l*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Si
mp[(c + d*x)"(m + 1)*((a + bxArcCsch[u])/(d*(m + 1))), x] - Simp[b*(u/(d*(m

+ 1)*Sqrt[-u”2])) Int[SimplifyIntegrand[(c + d*x)~(m + 1)*(D[u, x]/(uxSq
rt[-1 - u~21)), x], x], x] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && In
verseFunctionFreeQ[u, x] && !'FunctionOfQ[(c + d*x)"(m + 1), u, x] && !'Fun
ctionOfExponentialQ[u, x]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.58

method result Size
. . .. h vz+1 (15 arctanh 1 23—15v/z+1 22+10v/z+1 z—8v/z+1
derivativedivides | — arccs;wgfﬁ) — ( (v2) ) 67

7
144,/ 241 g2

_arcesch(yE) _ VAL (15 arctanh Ly )a?~15VaF1 a2 +10VaF 1o -8VaF])

default s ] 67
t arceseh(ya) | /%5t VE (18In(VaFI-1)a’ ~15In(VaFTH1)al +80VEFT ot 20V FTat16vatT) | o
inputLint(arccsch(x”(1/2))/x*4,x,method=_RETURNVERBOSE) J

‘-1/3*arccsch(x”(1/2))/x‘3-1/144*(x+1)“(1/2)*(15*arctanh(1/(x+1)“(1/2))*x”3
‘ -15% (x+1) " (1/2) *x~2+10% (x+1) ~(1/2) *x-8* (x+1) ~(1/2) ) / ((x+1) /x) ~(1/2) /x~(7/2 ‘
) |

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 58, normalized size of antiderivative = 0.50

T Lﬂ_i_\/g
2 z+1 3 z
st (V) _(1533 107+ 8)y/z, /2L — 3 (52 +16)log< 3 )
/ xt T 144 3

input Lintegrate (arccsch(x~(1/2))/x"4,x, algorithm="fricas") J
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‘1/144*((15*x“2 - 10*x + 8)*sqrt(x)*sqrt((x + 1)/x) - 3*(5xx~3 + 16)*log((x

output
xsqrt((x + 1)/x) + sqrt(x))/x))/x™3 |
Sympy [F]
£ T
inputLintegrate(acsch(x**(1/2))/X**4,x) J
output Llntegral(aCSCh(Sqrt(x))/x**4, x) J

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.01

5
2

] — 4072 (L+ 1)% +33vZ\/2+1  aresch (V)
T = o
zt 144(353@+1)3—3x2(§+1)2+3x(§+1)—1) 3z’

1 1
—ilog VT =+ 1+1 +Elog Vzy = +1-1
96 T 96 T

/ csch ™! (V) 1523 (z+1)

inputtintegrate(arccsch(x‘(1/2))/x"4,x, algorithm="maxima") J

Output‘1/144*(15*XA(5/2)*(1/X + 1)7(5/2) - 40*x~(3/2)*(1/x + 1)7(3/2) + 33*sqrt(x
‘)*sqrt(l/x + 1))/(x"3%(1/x + 1)73 - 3%x~2%(1/x + 1)72 + 3*kxx(1/x + 1) - 1) ‘
‘ - 1/3*arccsch(sqrt(x))/x~3 - 5/96*log(sqrt(x)*sqrt(1/x + 1) + 1) + 5/96%1 ‘
‘Og(sqrt(x)*sqrt(i/x +1) - 1)
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Giac [F]
/ csch—14(\/5) dr — / arcsch4(\/:?) i
T T
inputLintegrate(arCCSCh(XA(l/Q))/X‘4,x, algorithm="giac")

outputLintegrate(arCCSCh(Sqrt(x))/x‘4, x)

Mupad [F(-1)]

Timed out.

/wmw%¢adx=/a@m(ﬁ)d

s

inputLint(asinh(l/x‘(1/2))/x“4,x)

outputLint(aSinh(l/X*(l/Q))/x‘4, x)

Reduce [F|

/csch_1 (vx) o — / acsch(/z) i

.’L'4 x4

inputLint(acsch(x‘(1/2))/XA4,X)

OutputLint(acsch(sqrt(x))/x**4,x)




output

input

output L

e

L
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—-1/1

3.22 [csch™ (1) dz

Optimal result . . . . . . . . . . . . e 192
Mathematica [A] (verified) . . . . . . . . . ... o 1921
Rubi [A] (verified) . . . .. . . ... .. 193
Maple [A] (verified) . . . . . . ... L 194
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 194
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 195
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1951
Giac [F] . . . . o o 195
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 196
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 196

Optimal result

Integrand size = 4, antiderivative size = 16

/csch_1 (%) dx = —V'1 + 22 + zarcsinh(x)

-(x"2+1)~(1/2) +x*arcsinh(x)

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/csch_1 (1) dz = —V/1+ 22 + zesch™ (é)

T

t

Integrate[ArcCsch[x~(-1)],x]

-Sqrt[1 + x™2] + x*ArcCsch[x"(-1)]




input

output

rule 241

rule 6187
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _ 0.750, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6882, 6187, 241}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

/csch_1 <1> dx
T

l 6882

below.

/ arcsinh(z)dz
| 6187

dz

zarcsinh(z) — / S
vz +1
l 241

zarcsinh(z) — V22 + 1

LInt [ArcCsch[x~(-1)],x]

L—Sqrt [1 + x~2] + x*ArcSinh[x]

Defintions of rubi rules used

Int[(x_)*((a_) + (b_.)*(x_)"2)"(p_), x_Symbol] :> Simp[(a + b*x"2)"(p + 1)/
(2%b*(p + 1)), x] /; FreeQ[{a, b, p}, x] && NeQ[p, -1]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.), x_Symbol] :> Simp[x*(a + b*A
rcSinh[c*x])"n, x] - Simp[b*c*n Int[x*((a + b*ArcSinh[c*x])~(n - 1)/Sqrt[
1 + ¢c™2%x72]), x], x] /; FreeQ[{a, b, c}, x] && GtQ[n, 0]
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rule 6882‘ Int[ArcCschl(c_.)/((a_.) + (b_)*(x_)"(@m_.))]1 " (m_.)*C(u_.), x_Symbol] :> Int ‘

‘[u*ArcSinh[a/c + b*x(x"n/c)]"m, x] /; FreeQ[{a, b, c, n, m}, x]

Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.06

method result size
parts z arcesch (1) —va2+1 | 17
. . .. 1 ? (%"‘1)
derivativedivides | x arccsch (;) — £ 29
z%+1)x2
default z arcesch (1) — (1) 29
2 )

inputt

int (arccsch(1/x),x,method=_RETURNVERBOSE)

output

Lx*arccsch(l/x)—(x“2+1)“(1/2)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.38

/csch_1 ( 1

T

)dx:wlog<x+\/:c2+l>—\/cc2+l

input

Lintegrate(arccsch(l/x),x, algorithm="fricas")

outputt

x*log(x + sqrt(x™2 + 1)) - sqrt(x"2 + 1)
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Sympy [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

/csch_1 (%) dx = x acsch (%) — V2 +1

input Lintegrate (acsch(1/x),x)

output LX*aCSCh(l/x) - sqrt(x**2 + 1)

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

1 1
/csch_1 <—) dx = x arcsch (;) —VzZz+1

T

1 3 =N 3 n
input Llntegrate(arccsch(l/x),x, algorithm="maxima")

output Lx*arccsch(l/x) - sqrt(x”2 + 1)
Giac [F]
/csch_1 (1) dr = /arcsch (1) dz
x x
input ‘ integrate(arccsch(1/x),x, algorithm="giac")

output Lintegrate (arccsch(1/x), x)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.88

1
/cs.ch_1 (5) dz = zasinh(z) — V2 + 1

input Lint (asinh(x),x)

output Lx*asinh(x) - (x™2 + 1)°(1/2)

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 13, normalized size of antiderivative = 0.81

/csch_1 (1> dx = asinh(z)z — Va2 +1

T

input Lint (acsch(1/x) ,x)

output Lasinh(x)*x - sqrt(x*x*2 + 1)




output
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csch™ (aa”)

3.23 | — dz

Optimal result . . . . . . . . . . . . . 197
Mathematica [C] (verified) . . . . . . . . . .. .. L 197
Rubi [C] (warning: unable to verify) . . . .. ... ... ... ... ... .. .. 198}
Maple [F] . . . . 201]
Fricas [F(-2)] . . . . . o e 201]
Sympy [F] . . o 202
Maxima [F] . . . . . . 202
Giac [F] . . . o o 2021
Mupad [F(-1)] . . ..o 203
Reduce [F] . . . . . .o e 203

Optimal result

Integrand size = 10, antiderivative size = 61

(1 _ e2csch_1 (ax"))

/csch_l(am") dp — csch™ (az™)” B csch™" (az™) log

T 2n

PolyLog (2, ex=eh ™' (o))

2n

n

‘1/2*arccsch(a*x‘n)‘2/n-arccsch(a*x“n)*1n(1—(1/a/(x‘n)+(1+1/a‘2/(x‘n)‘2)“(1
1/2))72)/n-1/2%polylog(2, (1/a/ (x™n)+(1+1/a"2/ (x™n)~2)~(1/2))"2)/n

Mathematica [C] (verified)

Result contains higher order function than in optimal. Order 5 vs. order 4 in optimal.

Time = 0.06 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.05

—n 11 1. .
/csch_l(ax")d L 3F2(2’2’2’2’2’
—_— aQxr = —

T

+ (csch_l(ax”) - arcsinh(

an

—-n

xa )) log()



CHAPTER 3. LISTING OF INTEGRALS 198

input ‘ Integrate[ArcCsch[a*x"n]/x,x]

output‘ - (HypergeometricPFQ[{1/2, 1/2, 1/2}, {3/2, 3/2}, -(1/(a"2*x~(2*n)))]/(a*n*
‘x"n)) + (ArcCsch[a*x™n] - ArcSinh[1/(a*x"n)])=*Log[x]

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.49 (sec) , antiderivative size = 77, normalized size of antiderivative = 1.26,
number of rules _

integrand size 1.000, Rules
used = {7282, 6836, 6190, 3042, 26, 4199, 25, 2620, 2715, 2838}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

-1 n
/ csch™ (az™) i
T
| 7282
[ z~"csch™ (az™) dz™
n
| 6836

J x_"arcsinh(%) dz™™

n
l 6190
[ az™\/ x;22n + larcsinh(ﬁ) darcsinh(%)
n
l 3042

J —iarcsinh(%) tan (iarcsinh(%) + %) darcsinh(%)

n
| 26
i [ arcsinh (7" ) tan (iarcsinh (%G") + ) darcsinh (25" )

n
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l 4199

n aarcsinh ( 2 ) arcsinh < s ) } -n 1,
Z 2Z f ) daI'CSlnh<zT> - §Z$2n

2arcsinh ( % )
—e

n
l 25

2arcsinh ( #) . =T
. (_% I e arcs1n}3< a >darcsinh<’”;") _ ;,L':EQn)

2arcsinh ( =T

1—e e
n
| 2620
i<—2i<% [ log <1 - eZarcsinh(T)) darcsinh(%) - %arcsinh(%) log (1 - eQarCSinh(x;n>>> — éia}Qn)
n
| 2715

i (_22 (i f eZarcsinh(%) log (1 . 62arcsinh(x;n)) deQarcsinh<§> _ %arcsinh (§) log (1 . e2arcsinh<§) ) )

n
| 2838

z’<—2z’ (—}1 PolyLog (2, e2arcsmh<z_“n>> - %arcsinh(%) log <1 - e2arCSinh<w;n>>> - %ix2">
n

e

LInt [ArcCsch[a*x"n] /x,x]

~—

input

(I*((-1/2%I)*x"(2%n) - (2+I)*(-1/2(ArcSinh[1/(a*x n)]*Logll - E"(2*ArcSin

output
Lh[i/(a*x‘n)])]) - PolyLog[2, E~(2*ArcSinh[1/(a*x"n)1)1/4)))/n

J
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 26

rule 2620 Int[(((F)~((g_)*(Ce_.) + (F_)*x NN~ (a_)*((c_.) + (d_)*(xx_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715‘Int[Log[(a_) + (b_)*((F)~(Ce_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*(c + d*x)
L))‘n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

rule 2838 Int[Logllc_.)*((d_) + (e_.)*(x.)"(n_.))]1/(x), x_Symbol] :> Simp[-PolyLog[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlc*d, 1]

rule 3042 Dt [u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pix(k_.) + (Complex[0, fz_])*(£f_
D*x(x_)], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp
[2¢*I Int[((c + d*x)"m*x(E~(2*x((-I)*e + fxfz*x))/(1 + ET(2%((-I)*e + f*fz*x
))/E~ (2*xI*k*Pi)))) /E~ (2*Ixk*Pi), x], x] /; FreeQl{c, 4, e, f, £z}, x] && In
tegerQ[4+k] && IGtQ[m, O]

rule 4199

Int[((a_.) + ArcSinh[(c_.)*(x_)I*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Coth[-a/b + x/b]l, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a
, b, c}, x] && IGtQ[n, O]

rule 6190




rule 6836

rule 7282

input

output

input

output
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Int[((a_.) + ArcCsch[(c_.)*(x_)I1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh([x/cl)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Int[(u_)/(x_), x_Symbol]l :> With[{1lst = PowerVariableExpn[u, 0, x]}, Simp[1
/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]]1/x], x], x], x, (
1st[[3]11*x)~"1st[[2]11], x] /; !FalseQ[lst] && NeQ[1lst[[2]], 0]] /; NonsumQ[
u] && !'RationalFunctionQ[u, x]

Maple [F]

X

/ arccsch (a z™) da

Lint (arccsch(a*x"n)/x,x)

Lint (arccsch(a*x™n)/x,x)

Fricas [F(-2)]

Exception generated.

dxr = Exception raised: TypeError
x

/ csch™ (az™)

tintegrate (arccsch(a*x™n) /x,x, algorithm="fricas")

p
‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (constant residues)
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Sympy [F]

/ csch™ (az™) dp — / acsch (az™) i

z x

-

inputLintegrate(acsch(a*x**n)/x,x)

-/

OutputLIntegral(acsch(a*x**n)/x’ x)

Maxima [F]

-1 n n
/ csch™" (az™) dp — / arcsch (az™) i

z T

inputLintegrate(arccsch(a*x‘n)/x,x, algorithm="maxima")

‘a‘2*n*integrate(x‘(2*n)*log(x)/(a‘2*x*x‘(2*n) + (a”2*x*x”(2#n) + x)*sqrt(a
“2*x*(2*n) + 1) + x), x) + nxintegrate(log(x)/(a"2*x*x~(2*n) + x), x) - lo
‘g(a)*log(x) - log(x)*log(x"n) + log(x)*log(sqrt(a”2*x~(2*n) + 1) + 1)

output

Giac [F]

/ csch™ (az™) dp — / arcsch (az™) i

z T

input‘integrate(arccsch(a*x”n)/x,x, algorithm="giac")

outputtintegrate(arCCSCh(a*XAn)/X, x)
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Mupad [F(-1)]
Timed out.

/ csch™ (az™) e — / asinh (-17) s

Z Z

input Lint (asinh(1/(a*x~n))/x,x)

output tint (asinh(1/(a*x"n))/x, x)

Reduce [F]

-1 n n
/ csch™ (az™) dp — / acsch(z"a) i

T T

input Lint (acsch(a*x™n)/x,x)

output Lint (acsch(x**n*a) /x,x)




e

output
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csch™ (az)
3.24 | dx
T

Optimal result . . . . . . . . . . . . . e 204
Mathematica [A] (verified) . . . . . . . . . ... 204
Rubi [C] (warning: unable to verify) . . . ... ... ... . ... ... ..., 205
Maple [F] . . . . . 208
Fricas [F] . . . . . o e 208
Sympy [F] . . o 208
Maxima [F] . . . . . . 209
Giac [F] . . . o o 2091
Mupad [F(-1)] . . ..o 209
Reduce [F] . . . . o e 210

Optimal result

Integrand size = 10, antiderivative size = 54

~1/ 5
/ osch™ (az”) dr = icsch—l(a:cf’)2 — %csch_1 (az®) log (1 — eQCSCh_l(“m5)>

T 10

10

1 _
= PolyLog (2, chsch 1(0,:1:5))

1/10*arccsch(a*x~5) "2-1/5*%arccsch(a*x~5)*1n(1-(1/a/x"5+(1+1/a~2/x~10) " (1/2

‘))‘2)—1/10*poly10g(2,(1/a/x‘5+(1+1/a‘2/x‘10)A(1/2))‘2)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.93

1/, .5
/ osch” (az”) dr = 1 (csch_1 (aw5)2 — 2csch™! (axs) log (1 — e2CSCh_1(“”5)>

T 10

— PolyLog (2, eZCSCh’l(amf’)))

inputt

Integrate[ArcCsch[a*x~5]/x,x]
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‘ (ArcCsch[a*x"5]"2 - 2xArcCsch[a*x~5]*Log[1l - E~(2*ArcCsch[a*x~5])] - PolyL

output
Log [2, E~(2*ArcCsch[a*x"51)1)/10 J

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.50 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.26,

number of rules _
integrand size 1.000, Rules

used = {7282, 6836, 6190, 3042, 26, 4199, 25, 2620, 2715, 2838}

number of steps used = 11, number of rules used = 10,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ csch™! (axE‘) d
——dz

x
| 7282
% / csch_;5(ax5) 45
| 6836
= aresinh (g5) , 1
5 xd xd
| 6190
—% /a\ 1+ ajléan‘r’arcsinh(aiS) darcsinh(culc5>
| 3042

1 L 1 . 1 7 ) 1
—z / —tarcsinh (axf’) tan <zarcs1nh <am5> + 2) darcsinh <ax5>
| 26
1 1 1 1
gi / arcsinh <aa:5) tan <iarcsinh <aw = > + g) darcsinh <aa:5)

J'4199
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2arcsmh< ) . 10
li o / K arcsmh( )darcsmh < 15> _ax?
5 1— eZarcsmh( ) axr 2
l 25
2arcsmh( ) .
1 e az® ) arcsinh (-15) 1 iz 10
FU _2i/ darcsmh( 5> - =
5 1— e2arcsinh<m5) axr 2
l 2620
. . . .10
%i <—2z<; /log < zarcsmh(aif’)) darcsinh((li5> ;arcsmh( L > log ( 2arcsmh(a;5>>> — “;)
| 2715
%’L’ <—2i <Ll1 /eZarcsinh(ﬁg) log <1 . eZarcsinh(ég)) deQarcsinh(ég) _ ;arCSIDh( 1 > log < 2arcsinh(é5)>>
| 2838

. 1 . 1 - .10
1i -2 1 PolyLog | 2, e2amsmh(ﬁg> — 1arcsmh 1 log(1— e2arcsmh(aT5> v
) 4 2 az® 2

input LInt [ArcCsch[a*x~5]/x,x] J

output \(1/5)*(( 1/2%I)*x~10 - (2%xI)*(-1/2*%(ArcSinh[1/(a*x"5)]1*Log[1 - E~(2*ArcSin \\

‘h[1/(a*x"5)1)]) - PolyLog[2, E"(2*ArcSinh[1/(a*x"5)1)1/4)) |
Defintions of rubi rules used

- 25LInt [-(Fx_), x_Symboll :> Simp[Identity[-1] Int[Fx, x1, x] J

rule 26‘ Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘
Lnt [Fx, x]1, x] /; FreeQl[a, x] && EqQ[a~2, 1] J
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rule 2620 Int [(C(F)~((g_.)*x((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_D*((F)~((g_.)*x((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x) "m/(b*xf*g*nxLog[F]))*Log[1l + b*((F~(gx(e + f*x))) n/a)]l, x] - Si
mp [d* (m/ (b*f*g*n*Log[F])) Int[(c + d*x)"(m - 1)*Logl[l + bx((F~(gx(e + f*x
)))"n/a)], x], x] /; FreeQ[{F, a, b, ¢, d, e, f, g, n}, x] && IGtQ[m, O]

rule 2715 Int[Log[(a_) + (b_.)*((F_)~((e_.)*x((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d*x)
))°nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, O]

rule 2838 Int [LOg[(C_ o ) * ( (d_) + (e_ . ) % (X_) - (n_ . ) )] / (x_) , X_Symbol] > Slmp ['POlyLOg [2
» (-c)*e*xx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

-

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]

rule 4199 Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pi*(k_.) + (Complex[0, fz_])*(f_
O*(x_)], x_Symbol]l :> Simp[(-I)*((c + d*x)~(m + 1)/(d*(m + 1))), x] + Simp
[2¢I Int[((c + d*x) m*x(E~(2*x((-I)*e + fxfz*x))/(1 + E~(2*x((-I)*e + fxfz*x
))/E~ (2xI*k*Pi))))/E~(2*I*xk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && In
tegerQ[4+k] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)]*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a
, b, c}, x] && IGtQ[n, 0]

rule 6190

rule 6836 Int[((a_.) + ArcCsch[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh([x/c])/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

N\
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ruk37282‘1nt[(u—)/(x—)’ x_Symbol] :> With[{lst = PowerVariableExpn[u, 0, x]}, Simp[1
‘/1st[[2]] Subst [Int [NormalizeIntegrand [Simplify[1st[[1]1]1/x], %], x], x, (
‘13t[[3]]*x)“1st[[2]]], x] /; FalseQ[lst] && NeQ[lst[[2]], 0]] /; NonsumQ[
‘u] &% 'RationalFunctionQ[u, x]

Maple [F|
5
/ arcosch (a2’) o
x
inputLint(arccsch(a*x*s)/x,x) J
outputLint(arCCSCh(a*XAS)/XsX) J
Fricas [F|
-1 5 5
/ esch(az) 4 _ / aresch (az’)
z T
inputLintegrate(arccsch(a*x“S)/x,x, algorithm="fricas") J
outputLintegral(arCCSCh(a*X”5)/X, x) J
Sympy [F]
-1 5 5
/ osch™ (az) 4. _ / acsch (az”)
z T
inputLintegrate(acsch(a*x**s)/x’x) J

OutputLIntegral(acsch(a*x**S)/x, x) J
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Maxima [F]
csch™!(ax® arcsch (az®
[eer), [ wshar),
z x
input Lintegrate (arccsch(a*x™5) /x,x, algorithm="maxima")

 Bxa~2*integrate(x~9*log(x)/(a2+x~10 + (a~2+#x"10 + 1)7(3/2) + 1), x) - 1/2
‘*log(a“2*x“10 + 1)*log(x) - log(a)*log(x) - 5/2*log(x)~2 + log(x)*log(sqrt
(@"2%x710 + 1) + 1) - 1/20+dilog(-a"2%x10)

output

Giac [F]

z x

-1 5 5
/ csch™ (az®) dp — / arcsch (az®) i

inputtintegrate(arccsch(a*x‘5)/x,x, algorithm="giac")

Ou_tputLintegrate(arccsch(a=|=x“5)/x, x)

Mupad [F(-1)]
Timed out.

/csch_l(az5) G — / asinh (-1) i

x x

inputLint(asinh(l/(a*x‘S))/X,X)

outputLint(aSinh(l/(a*X“5))/x, x)
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Reduce [F]

T T

~1(, 5 5
/csch (az®) dp — / acsch(a )dx

input Lint (acsch(a*x~5)/x,x)

output Lint (acsch(axx**5) /x,x)
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3.25 [ esch™ (ce®™?) dzx

Optimal result . . . . . . . . . . . . e 211
Mathematica [B] (verified) . . . . . . . . .. ... o oL 2111
Rubi [C] (warning: unable to verify) . . . . ... ... ... ... .. ... .
Maple [F] . . . . 215
Fricas [F(-2)] . . . .« . o 215
Sympy [F] . . o o 216
Maxima [F] . . . . . . 276l
Giac [F] . . . . o o 216
Mupad [F(-1)] . . . o o 217
Reduce [F] . . . . . 217

Optimal result

Integrand size = 10, antiderivative size = 77

_ atbr) 2 h—l (Cea-i-bx) log <1 _ e2csch*1(cea+bz))
1/ atbe __csch 1(06 or) B CsC
/ csch™ (ce™***) dz = 5 ;
POIYLOg <2, e?csch_1 (ce“'*’bm))
a 2b

Output(1/2*arccsch(c*exp(b*x+a))‘2/b—arccsch(c*exp(b*x+a))*ln(l-(l/c/(eXp(l)“(b*X
\+a))+(1+1/c“2/(exp(l)‘(b*x+a))‘2)“(1/2))‘2)/b-1/2*polylog(2,(1/c/(exp(1)“(
‘b*x+a))+(1+1/c‘2/(exp(1)‘(b*x+a))‘2)‘(1/2))‘2)/b

\‘

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 236 vs. 2(77) = 154.

Time = 0.68 (sec) , antiderivative size = 236, normalized size of antiderivative = 3.06

/ csch™! (ce“"'b”’) dx = xesch™ (ce“"'bz)

e~ \/1 + c2e2(atba) (log2 (—cPelatte)) 4 arctanh< 1+ 0262(““’”)) (—8bz + 4log (—c?e@tt2))) —

+



input

output
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Integrate[ArcCsch[c*E~(a + b*x)],x]

x*ArcCsch[c*E~(a + b*x)] + (E"(-a - b*x)*Sqrt[1 + c™2*xE~(2*(a + b*x))]*(Lo
gl-(c™2*xE~(2*%(a + b*x)))]~2 + ArcTanh[Sqrt[1 + c™2*E~(2*(a + b*x))]1]*(-8*b
*x + 4*xLog[-(c™2*E~(2*(a + b*x)))]) - 4xLogl[-(c"2*E~(2*(a + b*x)))]*Logl[(1
+ Sqrt[1 + c”2xE~(2x(a + b*x))])/2] + 2%Log[(1 + Sqrt[1l + c"2*xE~(2x(a + b
*x))]) /2172 - 4%PolyLog[2, (1 - Sqrt[1 + c”2+E~(2*(a + b*x))1)/2]1))/(8%b*c
*Sqrt[1 + 1/(c™2+E~(2x(a + b*x)))])

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.48 (sec) , antiderivative size = 97, normalized size of antiderivative = 1.26,

number of steps used = 11, number of rules used = 10, Bumber of rules _ 4 55 Ryes
integrand size

used = {2720, 6836, 6190, 3042, 26, 4199, 25, 2620, 2715, 2838}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ csch™! (ce“"'bx) dx

l 92720

f e—a—bwcsch—l (Cea—i-bw) dea+bz
b

l 6836

il e‘“‘bxarcsinh<e_ac_bw> de—a~b=
b
| 6190

—2a—2b . —a—bx . —a—bzx
/ ce“"’bz\/l—l—ezigwarc&nh(e - >darcs1nh<e c )

b
l 3042

J —iarcsinh (#) tan (iarcsinh ( e_ac_bw ) + g) darcsinh ( e—ac—bw )
b
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l 26

if arcsinh(@) tan (iarcsinh(e_“c_bw) . > darcsinh ( e_ac_bz)
b
| 4199

: —a—bx
a+bz+2arcsmh(ef I .
i 2i[—* darcsinh<67> — ize2a+2bac
1—

2arcsinh ( ﬂ ) ¢

b
l 25

. —a—bzx .
darcsmh(e C )— 5162‘”21’”)

e

e—a—b

a+bz+2arcsinh (
i| -2 [ ¢

. —a—b
2arcsinh ( #)
—e

b
l 2620

i E:g:kf —a—bz —a—bzx i g:ﬁ:ki
i<—2i(; [ log <1 — eQarCSlnh( e )) darcsinh(%) — %arcsinh(e - ’ ) log (1 — e2arcsmh< c )>) — %

b
J'2715
: e—a—bz . e—a—bz . e—a—bzx .
i<—2i (}1 f ezarcsmh( c ) log <1 — ezarcsmh<0>> de2amsmh<f> — %arcsinh(e_ac_bz) log <1 — e2arcsmh
b
l 2838
o eZoTb .| [e—a—bz
i<—2@'(—i PolyLog (2, greresinn (% >> - %arcsinh(eiagbz) log (1 - ezamsmh(c)» _ ;ie%“bw)
b

-

LInt [ArcCsch[c*E~(a + b*x)],x]

~—

input

output
‘— E~(2*ArcSinh[E~(-a - b*x)/c])]) - PolyLogl[2, E~(2*ArcSinh[E~(-a - b*x)/c

\((I*((—1/2*I)*E‘(2*a + 2%bxx) - (2%I)*(-1/2*%(ArcSinh[E~(-a - b*x)/c]*Logl[1 \\
11/2)) /v |
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Defintions of rubi rules used

rule%‘lnt[—(Fx_), x_Symbol] :> Simp[Identity[-1] Int[Fx, x], x]

rule 26 Int [(Complex [0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I
nt[Fx, x], x] /; FreeQl[a, x] && EqQ[2"2, 1]

rule 2620 Int[(((F)~((g_)*(Ce_.) + (F_)*x NN~ (a_)*((c_.) + (d_)*(xx_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Log[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))"n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

rule 2715‘Int[Log[(a_) + (b_)*((F)~(Ce_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol]
‘:> Simp[1/(d*e*n*Logl[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(e*(c + d*x)
L))‘n], x] /; FreeQ[{F, a, b, ¢, d, e, n}, x] & GtQ[a, 0]

rule 2720 Int[u_, x_Symbol] :> With[{v = FunctionOfExponentiall[u, %]}, Simp[v/D[v, x]

Subst [Int [FunctionOfExponentialFunction[u, x]/x, x], x, v], x]] /; Funct
ionOfExponentialQ[u, x] && !'MatchQ[u, (w_)*((a_.)*(v_)"(n_))"(m_) /; FreeQ
[{a, m, n}, x] && IntegerQ[m*nl]] && !'MatchQ[u, E~((c_.)*((a_.) + (b_.)*x))
*(F_)[v_] /; FreeQ[{a, b, c}, x] && InverseFunctionQ[F[x]]]

rule 2838 Int[Logl(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
» (-c)*exx"n]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQlcxd, 1]

p
rule3042‘Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear

LQ [u, x] J




rule 4199

rule 6190

rule 6836

input

output

input

output
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Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pi*(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp
[2xI Int[((c + d*x) " m*x(E~(2%((-I)*e + f*fz*x))/(1 + E~(2*x((-I)*e + f*xfz*x
))/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && In
tegerQ[4*k] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a
, b, c}, x] & IGtQ[n, 0]

N\

Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh([x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Maple [F]

/ arcesch (e""*¢) dz

Lint(arccsch(exp(b*x+a)*c),X)

Lint(arccsch(exp(b*x+a)*c),x)

Fricas [F(-2)]

Exception generated.

/ csch™ (ce“"'bx) dxr = Exception raised: TypeError

Lintegrate (arccsch(cxexp(b*x+a)),x, algorithm="fricas")

‘Exception raised: TypeError >> Error detected within library code: inte
‘grate: implementation incomplete (constant residues)
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Sympy [F]

/ csch™! (ce“"'b”") dx = / acsch (ce“"'b“”) dzx

input‘integrate(acsch(c*exp(b*x+a)),x)

outputtIntegral(acsch(c*exp(a + b*x)), %)

Maxima [F]

/ csch_l(ce“+b””) dz = / arcsch (ce(b””+“)) dz

inputLintegrate(arccsch(c*exp(b*x+a)),x, algorithm="maxima")

‘b*c“2*integrate(x*e‘(2*b*x + 2xa)/(c"2xe” (2xb*x + 2%a) + (c"2%e” (2%b*x + 2
‘*a) + 1)7(3/2) + 1), x) - 1/2%b*x"2 - (a + log(c))*x + xxlog(sqrt(c~2xe”(2
‘*b*x + 2xa) + 1) + 1) - 1/4x(2*bxxxlog(c™2*e”(2xb*x + 2*a) + 1) + dilog(-c
“2*e‘(2*b*x + 2xa))) /b

output

Giac [F]

/ csch™ (ce®*??) dz = / arcsch (ce(b“”+“)) dx

inputLintegrate(arccsch(c*exp(b*x+a)),x, algorithm="giac")

OutputLintegrate(arccsch(c*e"(b*x + a)), x)
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Mupad [F(-1)]

—a—bzx
/ csch™! (ce“*b”) dx = / asinh(e - ) dz

Timed out.

input tint(asinh(exp(— a - b*x)/c),x)

output Lint(aSinh(eXP(‘ a - bxx)/c), x)

Reduce [F]

/ csch™! (cet®) dz = / acsch(e**%c) dz

input tint (acsch(c*exp(bxx+a)) ,x)

output Lint(acsch(e**(a + b*x)*c),x)
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3 96 I CSCE:Z_l(a—I—ba:) Jn

T‘f‘da?
Optimal result . . . . . . . . .. . . . 218}
Mathematica [A] (verified) . . . . . . . . . ... . L 218
Rubi [C] (warning: unable to verify) . . . ... ... . ... ... ... ..., 219
Maple [F] . . . . o 222
Fricas [F] . . . . . . .
Sympy [F] . . o o 223
Maxima [F] . . . . . . e 223
Giac [F] . . . o o 224
Mupad [F(-1)] . . . . 224]
Reduce [F] . . . . . . 224

Optimal result

Integrand size = 19, antiderivative size = 61

csch™(a + bx) csch™'(a + br)? csch™ (a + bz) log (1 - 62CSCh_1(a+bm)>
/ ad dl’ = -
PolyLog (2, e (¢4
- 2d

N

output ‘(1/2*arccsch (b*x+a) “2/d-arccsch(b*x+a) *1n(1-(1/ (b*x+a)+(1+1/ (b*x+a) ~2)~(1/2 ‘
1))72)/d-1/2%polylog(2, (1/ (bxx+a)+(1+1/ (bkx+a) "2)~(1/2))"2)/d |

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.87

-1
/ cscl;d (a+bx) s
b +dx

csch™!(a + bx)? — 2csch™! (a + bx) log (1 — eZCSCh_l(“erm)) — PolyLog <2, eQCS"h_l(“bw))

- 2d
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input ‘ Integrate[ArcCsch[a + b*x]/((a*d)/b + d*x),x]

‘ (ArcCschl[a + b*x]~2 - 2xArcCschl[a + b*x]*Log[l - E~(2*ArcCsch[a + b*x])] -

output
‘ PolyLog[2, E~(2*ArcCsch[a + b*x])])/(2*d)

Rubi [C] (warning: unable to verify)
Result contains complex when optimal does not.

Time = 0.53 (sec) , antiderivative size = 73, normalized size of antiderivative = 1.20,
number of rules _

integrand size 0.579, Rules
used = {6874, 27, 6836, 6190, 3042, 26, 4199, 25, 2620, 2715, 2838}

number of steps used = 12, number of rules used = 11,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

h—l
/ csc . (a + bx) i
B + dx

l 6874

-1
[ 7”“‘5}3&“5;)“’@ d(a + bx)

b
l 27
i csch™ ' (a+bz) d

= (a + bx)
d

J,6836

[(a+ bw)arcsinh(ﬁ) dte
d

l 6190

_f(a +bx),/1+ marcsinh<ﬁlbx> darcsinh(ﬁ)

d
l,3042




CHAPTER 3. LISTING OF INTEGRALS 220

| —iarcsinh (ﬁ) tan (zarcsmh ( - +bz) %) darcsinh < - +bm>
d
| 26
if arcsmh< a +bx> tan (iarcsinh <a+%> ) darcsmh( a +bx>
d

l 4199

2arcsinh (335 ) aresinh
| <2i [ (

2arcsinh (

a+bw> darCSinh<a_:bx) - 2((143”)2)

d

l 25

a+bm> darcsinh<a+1bz> — 2(a—:bx)2)

l1—e a+bm)

2arcsinh( atbz ) arcsinh
-<_2z‘fe (

1 2aresinh (L)
d
l 2620
i<—2i(% [log <1 _ ezarcsinh(wlbz>> darc51nh(a+b ) %arcsmh( +bz) log <1 _ e2arcsinh<a+1bz)>> B W)
d
l 2715

i(—% (}1 [ (a+ bz)log(—a — bz + 1)de2arcsmh(ﬁ> éarcsmh(a_l_bx) log ( 2arcsmh<a+1bz>>> - 2(aJ:bx)’~’)

d
| 2838
; <—2i (_}1 PolyLog (2, e2arcsmh(a+b$)> %arcsmh( +bm> log (1 _ e2arCSIHh(a+bx) ) > - 2(a—£bz)2>
d

input ‘ Int[ArcCsch[a + b*x]/((a*d)/b + d*x),x]




CHAPTER 3. LISTING OF INTEGRALS 221

output‘ (I*x((-1/2*%I)/(a + b*x)~"2 - (2*I)*(-1/2*(ArcSinh[(a + b*x)~(-1)]*Log[l - E~ \

‘ (2xArcSinh[(a + b*x)~(-1)]1)]) - PolyLogl[2, E~(2*ArcSinh[(a + b*x)~(-1)1)1/ ‘
9))/4 |
Defintions of rubi rules used

ruk325LInt[‘(FX->’ x_Symbol] :> Simp[Identity[-1]  Int[Fx, x], x] J

% ‘ Int[(Complex[0, a_])*(Fx_), x_Symbol] :> Simp[(Complex[Identity[0], a]) I ‘

rule
‘nt[Fx, x], x] /; FreeQ[a, x] &% EqQ[a~2, 1] ‘

rule 27 Intl(@)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQ[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2620 TRELCCEED ~((g_ ) *((e_) + (£_)*(x))))"(a_)*((c_.) + (d_.)*(x_))"(m_.))/
(@) + (b_)*((F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)), x_Symbol] :> Simp
[((c + d*x)~m/(b*f*g*n*Log[F]))*Logl[1l + b*x((F~(g*(e + f*x)))"n/a)], x] - Si
mp [d* (m/ (bxf*g*n*Log[F]1)) Int[(c + d*x)~(m - 1)*Logl[l + b*x((F~(gx(e + f*x
)))°n/a)], x1, x] /; FreeQ[{F, a, b, c, d, e, £, g, n}, x] && IGtQ[m, O]

2715‘Int[Log[(a_) + (b_)*((F_)~((e_.)*((c_.) + (d_.)*(x_))))"(n_.)], x_Symbol] ‘
:> Simp[1/(d*e*n*Log[F])  Subst[Int[Logla + b*x]/x, x], x, (F~(ex(c + d¥x)
)"nl, x] /; FreeQ[{F, a, b, c, d, e, n}, x] && GtQ[a, 0]

rule

rule 2838 Int[Logl[(c_.)*((d_) + (e_.)*(x_)"(n_.))]1/(x_), x_Symbol] :> Simp[-PolyLogl[2
, (-c)*exx"nl/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[cxd, 1]

rule 3042 Int[u_, x_Symbol] :> Int[DeactivateTrigl[u, x], x] /; FunctionOfTrigOfLinear
Qlu, x]




rule 4199

rule 6190

rule 6836

rule 6874

input

output
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Int[((c_.) + (d_.)*(x_)) " (m_.)*tan[(e_.) + Pi*(k_.) + (Complex[0, fz_])*(f_
O*x(x_ )], x_Symbol] :> Simp[(-I)*((c + d*x)"(m + 1)/(d*(m + 1))), x] + Simp
[2xI Int[((c + d*x) " m*x(E~(2%((-I)*e + f*fz*x))/(1 + E~(2*x((-I)*e + f*xfz*x
))/E~(2%I%k*Pi))))/E~(2xIxk*Pi), x], x] /; FreeQ[{c, d, e, f, fz}, x] && In
tegerQ[4*k] && IGtQ[m, O]

Int[((a_.) + ArcSinh[(c_.)*(x_)]1*(b_.))"(n_.)/(x_), x_Symbol] :> Simp[1/b
Subst [Int [x"n*Coth[-a/b + x/bl, x], x, a + b*ArcSinh[c*x]], x] /; FreeQ[{a
, b, c}, x] & IGtQ[n, 0]

N\ J

Int[((a_.) + ArcCsch[(c_.)*(x_)]1*(b_.))/(x_), x_Symbol] :> -Subst[Int[(a +
b*ArcSinh([x/c]l)/x, x], x, 1/x] /; FreeQ[{a, b, c}, x]

Int[((a_.) + ArcCsch[(c_) + (d_.)*(x_)]*(b_.))"(p_.)*((e_.) + (£_.)*(x_))"(
m_.), x_Symbol] :> Simp[1/d  Subst[Int[(f*(x/d)) “m*(a + b*ArcCsch[x])“p, x
1, x, ¢ + d*x], x] /; FreeQ[{a, b, c, d, e, f, m}, x] && EqQ[d*e - cxf, 0]
&& 1GtQLp, O]

Maple [F]

dx

/ arccsch (bz + a)
“ 4 dy

Lint (arccsch(b*x+a)/(a*xd/b+d*x) ,x) J

Lint (arccsch(b*x+a) / (a*d/b+d*x) ,x) J
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Fricas [F]

-1
/ csch™ (a + bx) dp — / arcsch (bz + a) i

%d-l-dx da:-l—%d

inputLintegrate(arccsch(b*x+a)/(a*d/b+d*x),x, algorithm="fricas")

Lintegral(b*arccsch(b*x + a)/(bxd*x + a*xd), x)

output
Sympy [F]
/ csch(atbo) b e do
, T aT
inputLintegrate(acsch(b*x+a)/(a*d/b+d*x),X)

OutputLb*Integral(acsch(a + b*x)/(a + b*x), x)/d

Maxima [F]

-1
/ cschd (a+ bx) dr — / arcsch (b:cd-l— a) i
& +dz dr + %

inputtintegrate(arccsch(b*x+a)/(a*d/b+d*x),X, algorithm="maxima")

-1/4%(2*1log(b~2*x~2 + 2*a*b*x + a~2 + 1)*log(b*x + a) + dilog(-b"2*x"2 - 2
*axbxx - a~2))/d - 1/2x(log(b*x + a)~2 - 2xlog(b*x + a)*log(sqrt(b™2*x"2 +
2%axb*x + a2 + 1) + 1))/d + integrate((b"2*x + a*b)*log(b*x + a)/(b~2xdx*

X"2 + 2xaxbxd*x + a”2xd + (b72*d*x"2 + 2%axbxd*x + a”2xd + d)*sqrt(b"2*x"2
+ 2%axbxx + a”2 + 1) + d), x)

output
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Giac [F]

-1
/ csch™ (a + bx) dp — / arcsch (bz + a) i

a?d+d$ d;];-|—‘%d

input Lintegrate (arccsch(b*x+a)/(a*d/b+d*x) ,x, algorithm="giac")

output kintegrate(arccsch(b*x + a)/(d*x + axd/b), x)

Mupad [F(-1)]

Timed out.

/ csch(a + bz) do — / asinh () s

“ 4 dy dz + ¢

input Lint (asinh(1/(a + bxx))/(d*x + (a*d)/b),x)

tint(asinh(l/(a + b*x))/(d*x + (a*xd)/b), x)

output
Reduce [F]
acsch(bx+a
/csch_l(a—i-bx) dp — (f ﬁ@:) b
%i +dz B d

input Lint (acsch(b*x+a)/(a*d/b+d*x) ,x)

outputt(int (acsch(a + bxx)/(a + b*x),x)*b)/d




output L

input
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3.27 [ z3csch™(a + bz?) dx

Optimal result . . . . . . . . . . . . e
Mathematica [B] (verified) . . . . . . . . .. ... o oL
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... ..
Maple [A] (verified) . . . . . . ... L

Fricas [B] (verification not implemented)

Sympy [F(-1)] . . o oo
Maxima [A] (verification not implemented)

Giac [F] . . . . o o
Mupad [B] (verification not implemented)
Reduce [F] . . . . .

Optimal result

Integrand size = 12, antiderivative size = 46

arctanh< 14+

1

(a+bz4)* )

/ac?’csch_1 (a+bz*) dz =

a + bx*) csch™(a + bzt
+

4b

4b

1/4% (b*x~4+a)*arccsch(b*x~4+a) /b+1/4*arctanh ((1+1/ (b*xx~4+a)~2)~(1/2))/b

J

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 95 vs. 2(46) = 92.

Time = 0.10 (sec) , antiderivative size = 95, normalized size of antiderivative = 2.07

(a + bz*) csch™(a + bz?)

/av‘o’csch_1 (a + bx4) dx =

4b

1+ (a+ bz*)*log <—a —bxt+1/14+ (a+ bx4)2)

4b(a + bzt) /1 +

1
(a+bz*)?

Integrate[x~3*ArcCsch[a + b*x~4],x]
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t‘ ((a + bxx~4)*ArcCsch[a + b*x~4])/(4*%b) - (Sqrt[1l + (a + b*x~4) 2]*Logl[-a -
\ b*x"4 + Sqrt[1 + (a + b*x~4)"2]])/(4*bx(a + b*x"4)*Sqrt[1 + (a + bxx"4)"(
21

outpu

Rubi [A] (warning: unable to verify)

Time = 0.30 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.83,

number of rules _ 500, Rules
integrand size

number of steps used = 7, number of rules used = 6,
used = {7266, 6868, 895, 798, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/9103csch_1 (a + bx4) dx
l 7266
i / csch™! (bz4 + a) dx*

l'6868

/ 1 dzt + (a + bx4) csch™! (a + bx4)
(bz*+a) /14 —F— b

1
(bzt+a)?

AN

J,895
[ ——d(bz* +a)

L[ Vi

(a + bx"‘) csch™! (a + b:c4)

4 b + b
l 798
[———d%
1 (a + bac4) csch™1 (a + bx4) N 8
4 b %

l 73
1 ((a + bzt) csch™! (a + bz?) / $871_1d\/ 1+ 118>

4 b b
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l 220

1| (a+bz*)csch™!(a + bz?) N arctanh( =+ 1)

4 b b

input LInt [x~3*xArcCsch[a + b*x"4],x]

-

(((a + b*x~4)*ArcCschla + b*x~4])/b + ArcTanh[Sqrt[1 + x~(-8)]1]1/b)/4

output |
Defintions of rubi rules used

rule 73 InELCCa_) + (b_)*(x))~ @ )*x((c_.) + (d_.)*(x_))"(n)), x_Symboll :> With[
{p = Denominator[m]}, Simp[p/b  Subst[Int[x~(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x~p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]

rule 220 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2])~(-

1))*ArcTanh[Rt [b, 2]*(x/Rt[-a, 21)], x] /; FreeQl[{a, b}, x] && NegQ[a/b]l &&
(LtQla, 0] || GtQ[b, 01)

rule 798| Tt L(x_ D~ (m_.)*((a) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[i/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQl{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]

Int[(u_)~"(m_.)*((a_) + (b_.)*(v_)"(n_))"(p_.), x_Symbol] :> Simp[u~m/(Coeff
icient[v, x, 1]*v"m) Subst[Int[x"m*(a + b*x"n)"p, x], x, v], x] /; FreeQ[
{a, b, m, n, p}, x] && LinearPairQ[u, v, x]

rule 895

Int[ArcCsch[(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d#*x)*(ArcCsch[c + d*
x]/d), x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQ[{c, d},
x]

rule 6868
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rule 7266 IRtL@*(x )~ (m_.), x_Symboll :> Simp[1/(m + 1)

Subst [Int [SubstFor [x~ (m ‘

‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘

0fQ[x~(m + 1), u, xJ

Maple [A] (verified)

Time = 0.17 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.13

method result size
(b m4+a) a,rccsch(bx4+a) +In <b z44a+ (b x4+a) 1+ﬁg>
. . . . bxz*+a
derivativedivides o3 52
(b .’v4+a) arccsch(bz4+a) +In (b zt+a+ (b z4+a) 1+ 41 2)
defalﬂt (b z +a) 52
4b

input L

int (x"3*arccsch(b*x~4+a) ,x,method=_RETURNVERBOSE)

output

1/2)))

| 1/4/bx ((b*x~4+a) *arccsch(bkx~4+a) +1n(bxx"d+a+ (bkx~4+a)* (1+1/ (b*x"4+a)"2)~(

Fricas [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 266 vs. 2(40) = 80.

Time = 0.12 (sec) , antiderivative size = 266, normalized size of antiderivative = 5.78

/ z’csch™ (a + bz') dz

4 b2w8+2 abw4+a2+1
(bx +a) b228 42 abzd4a?

bx* log

+1

bri+a

b2x8+2 abrt+a?

+ alog (—bx4 + (b_fl:4 + a)\/b2m8+2 abrt+a2+1

—a+ 1) —alog (—bz‘

4b

input L

integrate(x~3*arccsch(b*x~4+a) ,x, algorithm="fricas")




CHAPTER 3. LISTING OF INTEGRALS 229

1/4* (bxx~4*1log(((b*x~4 + a)*sqrt((b~2*x"8 + 2*a*b*x~4 + a~2 + 1)/(b"2*x"8
+ 2%a*xb*x~4 + a"2)) + 1)/(b*x"4 + a)) + axlog(-b*x"4 + (b*x"4 + a)*sqrt((b
“2%x78 + 2%a¥b*x"4 + a”2 + 1)/(b72*x"8 + 2*%axb*x"4 + a”2)) - a + 1) - axlo
g(-b*x"4 + (b*x"4 + a)*sqrt((b™2*x"8 + 2*axb*x~4 + a2 + 1)/(b"2*x"8 + 2*a
*b*xx"4 + a”2)) - a - 1) - log(-b*x~4 + (b*x"4 + a)*sqrt((b~2*x"8 + 2*axb*x
"4 + a2 + 1)/(b”"2%x"8 + 2*xa*b*xx"4 + a~2)) - a))/b

output

Sympy [F(-1)]

Timed out.

/ z3csch™? (a + b$4) dz = Timed out

input Lintegrate (x**x3*acsch(b*x**x4+a) ,x)

output LTimed out

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.24

/ x3csch_1(a + bx4) dx

2 (bz* + a) arcsch (bz* + a) + log (,/W—I—qul) — log (MW%—I—l)

- 8b

input Lintegrate (XAS*arCCSCh (b*x‘4+a) ,X, algorithm="maxima“)

‘1/8*(2*(b*x"4 + a)x*arccsch(b*x™4 + a) + log(sqrt(1/(b*x"4 + a)~2 + 1) + 1)

output
‘ - log(sqrt(1/(b*x~4 + a)~2 + 1) - 1))/b
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Giac [F]

/ z3csch™? (a + bm4) dr = / x> arcsch (bac4 + a) dz

jnput‘integrate(X“3*arccsch(b*x“4+a),x, algorithm="giac")

outputtintegrate(x"3*arccsch(b*x"4 + a), x) J

Mupad [B] (verification not implemented)

Time = 3.96 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.91

atanh( (bw“+a)2 + 1) asinh(m) (bz* + a)
4b 4b

/av‘gcsch_1 (a + bx4) dx =

input Lint (x"3*asinh(1/(a + b*x"4)),x) J

. atanh((1/(a + b¥x™4)"2 + 1)7(1/2))/(4%b) + (asinh(1/(a + bxx"4))*(a + bxx~

P )/ axy |
Reduce [F]
/alc‘rs(:sch‘1 (a+bz?) dz = / acsch(bz* + a) zdz
— Lint (x"3*acsch(b*x"4+a) ,x) J

OutputLint(acsch(a + bxxkkd)*x**3,X) J
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outputt

input

3.28 [z~ "csch™(a + bz") dz

Optimal result . . . . . . . . . . . . e 2311
Mathematica [B] (verified) . . . . . . . . .. ... o oL 2311
Rubi [A] (warning: unable to verify) . . . .. ... ... ... . ... ... ..
Maple [F] . . . . 234
Fricas [B] (verification not implemented) . . . . . ... ... ... ... ..... 234
Sympy [F(-1)] . . o oo 235
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2351
Giac [F] . . . . o o 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 236
Reduce [F] . . . . . 230

Optimal result

Integrand size = 14, antiderivative size = 46

arctanh< 1+ —L

(a4 bz™) csch™(a + bz™) n (a+bm”)2>

bn bn

/x_1+ncsch_1(a +bz™) dx =

(a+b*x"n)*arccsch(a+b*x"n) /b/n+arctanh ((1+1/(a+b*x"n)~2)~(1/2))/b/n

Mathematica [B] (verified)

Leaf count is larger than twice the leaf count of optimal. 93 vs. 2(46) = 92.

Time = 0.13 (sec) , antiderivative size = 93, normalized size of antiderivative = 2.02

/x_1+”csch‘1(a + bz™) dx

\/14+(a+bz™)? log (—a—bm”—i—y/ 1+(a+bm")2)

VI e

(a + bz™)? csch ™ (a + bz™) —

bn (a + bz™)

Integrate[x~ (-1 + n)*ArcCsch[a + b*x"n],x]
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‘ ((a + b*x"n) "2*ArcCsch[a + b*x™n] - (Sqrt[1 + (a + b*x"n) 2]*Log[-a - b*x~
‘n + Sqrt[1 + (a + b*xx"n)~2]]1)/Sqrt[1 + (a + b*x"n)~(-2)])/(b*n*(a + b*x"n)
)

output

Rubi [A] (warning: unable to verify)

Time = 0.32 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.87,

number of rules _ 0.429, Rules

number of steps used = 7, number of rules used = 6, = -
integrand size

used = {7266, 6368, 895, 798, 73, 220}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/w"‘lcsch_l(a + b2™) dx

l 7266

[ esch™ (b2™ + a) dz™
n

l 6368

f 1 dz™ + (G_HMJ")CSC[?_l (a+bz™)
(bx" +a) \/1+ m

n

l 895

z”"™ n
J \/md(bz ~+a)
b

(a+bz™)csch™ " (atbz™)
_+_ a X b a u

n

l 798

z—‘n
(a-l—bx")CSCh_l(a—i-bx") _ J =211
b 2b

dm72n

n

| 73

_ 1 —
(a,+bac”)CSCh 1(a+b$") . f mdm
b b

n

l 920
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(a+bz™)csch ™" (a+ba™) + arctanh(m)
b b

n
input{lnt[x‘(—l + n)*ArcCsch[a + b*x"n],x] ]
outputt(((a + b*x"n)*ArcCsch[a + b*x"n])/b + ArcTanh[Sqrt[1 + x~(-2*n)]]1/b)/n J
Defintions of rubi rules used
rule 73 Int[((a_.) + (b_)*(x_)) (@ )*((c_.) + (d_.)*(x_))"(n_), x_Symbol] :> With[
{p = Denominator([m]}, Simp[p/b  Subst[Int[x"(p*x(m + 1) - 1)*(c - ax(d/b) +
d*(x"p/b))"n, x], x, (a + b*xx)~(1/p)], x1] /; FreeQ[{a, b, c, d}, x] && Lt
Q[-1, m, 0] && LeQ[-1, n, O] && LeQ[Denominator[n], Denominator[m]] && IntL
inearQ[a, b, ¢, d, m, n, x]
rule 220 Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(-(Rt[-a, 2]*Rt[b, 2]1)~(-
1)) *ArcTanh[Rt [b, 2]*(x/Rt[-a, 2]1)], x] /; FreeQ[{a, b}, x] && NegQ[a/b] &&
(LtQla, 0] |l GtQlb, 01)
rule 798 Int[(x_ )" (m_.)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[1/n  Subst
[Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a,
b, m, n, p}, x] && IntegerQ[Simplify[(m + 1)/n]]
rule 895 Int[(u )" (m_.)*((a_) + (b_)*(v_)"(n_))"(p_.), x_Symbol] :> Simp[u~m/(Coeff
icient[v, x, 1]*v™m) Subst [Int [x"m*(a + b*x"n) p, x], x, v], x] /; FreeQ[
{a, b, m, n, p}, x] & LinearPairQ[u, v, x]
rule 6368 Int[ArcCschl(c_) + (d_.)*(x_)], x_Symbol] :> Simp[(c + d*x)*(ArcCschlc + dx*
x1/d), x] + Int[1/((c + d*x)*Sqrt[1 + 1/(c + d*x)~2]), x] /; FreeQ[{c, d},
x]
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ruk37266‘Int[(u—)*(x—)h(m—°)’ x_Symbol] :> Simp[1/(m + 1)  Subst[Int[SubstFor[x~(m ‘
‘+ 1), u, xJ, x], x, x“(m + 1)), x] /; FreeQ[m, x] && NeQ[m, -1] && Function ‘
‘qu[x‘(m +1), u, x] ‘

Maple [F]
/ ™ arcesch (a + ba™) dz
input Lint (x~ (-1+n) *arccsch(a+b*x™n) ,x) J
output Lint (x~ (-1+n) *arccsch(atb*x™n) ,x) J

Fricas [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 334 vs. 2(44) = 88.

Time = 0.12 (sec) , antiderivative size = 334, normalized size of antiderivative = 7.26

/x_1+ncsch_1(a + b2™) dx

alog (—bcosh (nlog (z)) — bsinh (nlog (z)) — a+ | /22 comhlnlog(o)) '+ snh(nlog(z)) 1)

input Lintegrate (x~(-1+n)*arccsch(a+b*x"n) ,x, algorithm="fricas") J
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(a*log(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sqrt((2*a*b + (a~2 + b2
+ 1)*cosh(n*log(x)) - (a2 - b"2 + 1)*sinh(n*log(x)))/(cosh(n*log(x)) - s
inh(n*log(x)))) + 1) - a*log(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a + sq
rt((2*xa*b + (a”2 + b2 + 1)*cosh(n*log(x)) - (a"2 - b2 + 1)*sinh(n*log(x)
))/(cosh(n*log(x)) - sinh(n*log(x)))) - 1) + (b*cosh(n*log(x)) + b*sinh(nx
log(x)))*log((sqrt((2*a*b + (a”2 + b~2 + 1)*cosh(n*log(x)) - (a”2 - b™2 +

1)*sinh(n*log(x)))/(cosh(n*log(x)) - sinh(n*log(x)))) + 1)/(b*cosh(n*log(x
)) + b*sinh(n*log(x)) + a)) - log(-b*cosh(n*log(x)) - b*sinh(n*log(x)) - a
+ sqrt((2xa*b + (a”2 + b"2 + 1)*cosh(n*log(x)) - (a”2 - b"2 + 1)*sinh(n*l
0g(x)))/(cosh(n*log(x)) - sinh(n*log(x))))))/(b*n)

output

Sympy [F(-1)]

Timed out.

/ " "csch™ (a + bz™) dx = Timed out

lnput Lintegrate (X** (—1+I].) *acsch (a+b*x**n) s X) J

Output‘\Tlmed out

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.30

/ " "csch™'(a + bz") dx

2 (bz™ + a) arcsch (bz™ + a) + log (,/W+1+1> —log (,/m+1—1>

- 2bn

input‘integrate(X”(‘1+n)*arccsch(a+b*x“n),x, algorithm="maxima")

‘1/2*(2*(b*x“n + a)*arccsch(b*x™n + a) + log(sqrt(1/(b*x™n + a)~2 + 1) + 1)

output
‘ - log(sqrt(1/(b*x™n + a)~2 + 1) - 1))/(b*n)
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Giac [F]

/:c"l"'”csch_l(a + bx™) dx = /:c”_l arcsch (bz" + a) dx

input‘integrate(X“(-1+n)*arccsch(a+b*x‘n),x, algorithm="giac")

outputtintegrate(x"(n - 1)*arccsch(b*x™n + a), x) J
Mupad [B] (verification not implemented)
Time = 3.51 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.87
atanh(,/—— + 1) +asinh(—3—) (a+bz")
/x_l"'”csch_l(a +bz") dx = < (e+bam) > i
bn
input Lint (x~(n - 1)*asinh(1/(a + b*x"n)),x) J

output‘ (atanh((1/(a + b*x™n)"2 + 1)7(1/2)) + asinh(1/(a + b*x™n))*(a + b*x"n))/(b ‘
= |

Reduce [F]

/ z~*"csch™! (a + bz™) dx = / 7 GCSChix b+a) dz

inputLint(x‘(-1+n)*acsch(a+b*x’"n),x) J

outputLint((x**n*aCSCh(x**n*b + a))/x,x) J
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4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 237
4.2 Links to plain text integration problems used in this report for each CAS . [253]

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

237

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);




CHAPTER 4. APPENDIX 242

# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 250

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)
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leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Mupad [F(-1)] 
	Reduce [F] 

	 x csch^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 csch^-1(x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 csch^-1(x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(x)  x^4  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(1  x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 csch^-1(a x^n)  x  dx
	Optimal result
	Mathematica [C] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(a x^5)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(c e^a+b x)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F(-2)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 csch^-1(a+b x)  a d  b+d x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [C] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [F] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 x^3 csch^-1(a+b x^4)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 x^-1+n csch^-1(a+b x^n)  dx
	Optimal result
	Mathematica [B] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [B] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 
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