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This report gives the result of running the computer algebra independent integration
test.The download section in on the main webpage contains links to download the
problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 311 ]. This is test number [ 350 ].

1.1 Listing of CAS systems tested

The following are the CAS systems tested:
1. Mathematica 14 (January 9, 2024) on windows 10 pro.
2. Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
3. Maple 2024 (March 1, 2024) on windows 10 pro.

4. Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

5. FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

6. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

7. Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

8. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

9. Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,

then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (311) | 0.00 (0)
Mathematica | 96.46 ( 300 3.54 (11)
Fricas 82.96 ( 258 17.04 ( 53 )
Mupad 65.27 ( 203 34.73 ( 108

36.98
39.55
92.09
54.98
96.27

115
123
162
171
175

Maple 60.45 ( 188
Reduce 47.91 ( 149
Maxima, 45.02 ( 140

Giac 43.73 ( 136

(1300)
(258)
(203) (108)
Sympy | 63.02 (196 ) (115)
(188) (123)
(149) (162)
(140) (171)
(136) (175)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 73.955 0.000 0.000 26.045
Mathematica 69.453 0.000 0.965 29.582
Fricas 56.270 0.643 0.000 43.087
Sympy 32.476 2.894 2.572 62.058
Maple 31.833 0.643 1.929 65.595
Maxima 18.006 0.000 0.965 81.029
Giac 17.363 0.322 0.000 82.315
Mupad 0.000 39.228 0.000 60.772
Reduce 0.000 21.865 0.000 78.135

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
EB

BF

Mupad Reduce

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 11 100.00 0.00 0.00
Fricas 53 100.00 0.00 0.00
Mupad 108 0.00 100.00 0.00
Sympy 115 86.96 13.04 0.00
Maple 123 99.19 0.81 0.00
Reduce 162 100.00 0.00 0.00
Maxima 171 100.00 0.00 0.00
Giac 175 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.07
Fricas 0.09
Giac 0.12
Reduce 0.16
Mathematica 0.18
Maple 0.44
Rubi 0.50
Mupad 3.24
Sympy 9.72

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 28.27 1.08 20.00 1.05
Giac 44.20 1.04 19.00 1.06
Reduce 51.60 2.23 34.00 1.30
Sympy 57.50 1.02 24.00 0.97
Maple 59.65 0.99 26.50 0.95
Mupad 59.75 1.06 24.00 1.05
Mathematica | 60.60 0.94 51.00 1.00
Fricas 71.12 1.09 51.00 1.06
Rubi 80.27 1.06 60.00 1.00

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed

to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much

higher than the number of rules, as the same rule could be used more than once.

Rubi number of steps

Rubi number of steps

Figure 1.2: Solving statistics per number of Rubi
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The above diagram show that the precentage of solved intergals decreases for most CAS

systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on

CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.
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Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width

Rubi Mma % Maple
60 150
A
50 g B 15
i
Q
40 £ 100 g
30 S 5 10
£ 5
20 £ 50 g
z =
10 (’ z
0 TiAJAF’ fs . = 0 = N 0 =
05 1.0 15 0.0 0.2 0.4 0.6 0.8 0.0 05 10 15 20
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
50 60
120 @ » 50
100 g 40 ®
o4 [
2 @ 40
80 £ 30 £
60 B 5 30
3 20 1]
40 € €20
S
20 Z 10 Z 4
0 0 L L 0 e
0.00 0.05 0.10 0.15 0.20 0.10 0.15 0.20 0.25 0.30 0.00 0.05 0.10 0.15 0.20
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
70
20 60
15 2 s
=3 > 50
g 15 g
£ £ a0
10 5 5
g 10 5 30
o
£ €
5 20
Z 5 2
‘ 10
0 0 I 0
0 4 6 8 10 12 0 1 2 3 4 5 010 012 014 016 018 020
CPU time (sec) CPU time (sec) CPU time (sec)

Figure 1.4: Solved

integrals histogram based on CPU time used
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

(22 (123, (124 (128} 35}, (36} (37 [T41} (142, (159, (160} 16T [[62} 163, (167 165} (166, 18T [8%} 153,

(191,192} [T93} [T94},[T95, 1961, 197 [225], [226],[227] [231], 238}, 239} [240} 244}, 245} [26 2} [26 3} 264}, 265,
266}, 267 268, 269}, 286, 287, 233|296, 297} 298| 299} 300} 301 302}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Reduce {}
Mupad {}

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {}
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Mathematica {}

Maple {110}[118}[119]270,271 272,303}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
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These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.

1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
‘ maxima_lib.set('extra_integration_methods', '[]')
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See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
V/ask.sagemath.org/question/o/123/could-we-have-a-leat count-function-1j
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
o
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:

return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS
Rubi . . . . . e
Mma . . . . . . e e e e 33
Maple . . . . . e e e
Fricas . . . . . . . e 34
Maxima . . . . . . . e e e 34
Gilac . . . . e e
Mupad . . . . . . . e e e 35l
Sympy . . . . . e e 36)
Reduce . . . . . . . . . e 87

Rubi

A grade {[12)B)705,6 7 8910 1) 2 13,4 15,167 15 22, 23,20 26,27 25,250,
BT} [35}, 36} 37, 40} (AT, 42} (3} 44}, (45, 46}, 47, 48}, 49} [p0} 5T} 52, [53} 54} [55)}, 64}, [65), 66, [67}, 68,
69, [70, [71} 72, [73} [74, [75} [76, [77], 8T, [82} 83}, [84}, B} (86}, B7} (951, [96}, 971, [98} 99, [100}, 10T}, [102
[103},[104}, [105},[106}, 107], 108}, [T09} 110} [TT1], 112, 113} 114} [TT5} [1T6], 117,118} 119} 120} 121],
(125}, 126, 127}, 129} [130} [13T} [132} [133} (134}, (138}, 139, [140}, 143} [144} [145], 146}, 147}, 148}, [149],
[150, (15T}, 152} 153}, 154, [155} [156}, (157} [158], 167,168, (169} (170} (171}, 172, [T73} [T74} [175}, 176,
[T77,[T78}, 179} [180}, 184} [185} [186}, [187} [188], 189, [190} 198}, [199} (200, [201}, 202} 203}, (204}, [203),
[206],[207,[208}, 209} 210}, 211}, 212} 213} 214}, 215}, 216, 217} 218}, 219, 220, 2T}, 222} 223}, 224,
228,229, [230} 232} 233}, 234, [235), 236}, 237}, 24T}, 242} 243} 246}, 247], 248, 249, 250} 251}, 252,
[253],[254,[255}, 256, 257], 258, [259}, 260} 261}, 270}, [271} 272} 273}, 274, 275, [276), 277} 278}, 279,
280, (281}, [282} 283}, 284}, (285}, [28Y, 290}, [291], 292, [293,[294], 295, 303}, 304}, [305}, 306}, (307}, 308,
509,510,311 )

B grade { }
C grade { }

F normal fail { }
F(-1) timedout fail { }
F(-2) exception fail { }
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Mma

A grade {12,505} B) 7 5,5 10,1 12 13,415, 16) 7 15,22 23, 27 26 27, 25 2L 50

BT}[35} 36} 37, 40} (AT, 42} 43} 44} 45, 6}, 47, 48}, 49} b0} 5T}, 52, [53} 54} [55)}, 64}, [65), 66} (67}, 68,
69, [70, [71}[73, [74} [75, [76}, [77, [T}, 82} 83}, B4} [85}, 86} (87, [95} (96, [97} [L00} [T0T}, 102} 103} 104}
[105}[106}, 107} [108}, 109, 110, [TTT} [TT2}[T13], 114, [TT5, (116}, [TT7} [TT8], 119, 120} [T2T] [125}, 126,
[127,[129, 130} (13T}, 132}, 133} [134} 138}, [139], 140} [143), 144, [145}, [146], 147, [148), [149} [150} [151],
[152,[153} 154} 155}, [156},[157}[158},[167} [168], 169, [170L 17T} [172}[173], 174, 176} 177}, [178] 179,
[180}, (184}, 185}, [186}, 187}, 188} [189} 190} [198], 199, [200} 203}, 204} (205}, 206}, 207, 208}, 209} 210,
211}, 212, 213} 214} 215}, 216}, 217, 218}, 219}, 220, 22T}, 222} 223}, 224}, 228, 229, 230} 232}, [233]
(234,235, [236}, 237} 242}, 243, [246), 247} 248}, [249,[250}, 251}, 252}, 253}, 254} [255], 256}, 257}, [258,

259,260, 26T, 270} 271}, 272, 273} 274, 275}, 276}, 277, 278} 279} 283}, 284}, [285), 289} 290}, [297],
292, 293} [294] 295|303, [308) 309}, 310} B11] }

B grade { }

C grade {[280}[281}[282 }
F normal fail {[72}[98}[99)[L75} 201202} 241} (304} 305} [306,[307] }

F(-1) timedout fail { }

F(-2) exception fail { }

Maple

A grade {12575, 7 5910 1) 2 13,5 16, 715,22 23, 2 2, B0, BT, B, s
(43, [50, 611 53} 54} 55464 [65} (66}, 75, [761, [77} 83}, [87} [95}, [104} [105,, (106}, [108), 109}, 110} [T11}, [T12],
[T13,[114, [T15} 116}, 117,118, [T19}[120} [121], 125}, (126} 127} [132} [133], 134} [140}, [146}, [T51}, 156,
[157,[158][167} (168}, [169, [178}[T79} 180} [186], 198} [210} 212} 214} 215}, 216}, 217, 218} 219} [220,
21,222, 23 224 228,229,250, 249,270, 271, 272,503 }

B grade { [150,[190] }
C grade { [14,207}[208] 209 211} [213] }

F normal fail {[26,2728[35,36| 40} 41} [42} |44} 45| 16} 52} 67} 68} |69} [0} [7L}[72} 3} 74, B
(82184 85} [B6}, [96} [97} [98} [99} (00} 10T} 102} [T03}, 107}, 129, (T30} (131} [1 38} [T39)} 143, [144} [T45)
[T4°7) (148, 149 52} [[53, [T54 [55}, [70} (L71, [[72} 73} [[74, [T 75 76 177, [187% [[85 187 58,
[T89} 199, (200} 20T} [202) (203} 204 [205) (206, 232} 233 [23% 235, 236 [237, (241, 242} [243, 246,
[24°7, [248, 250, [25T) [252, 253, 254 [255) (256, 257 [258) (259, 260 26T [273, (273 275, [276) 277,

278,279, [280}, 28T}, 282}, 283, [284}, 285, 289}, (290}, 291}, 292} 293}, 294, 295}, (304}, [305}, (306}, (307,
308}, [309} 310}, B11] }
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F(-1) timedout fail {[49}
F(-2) exception fail { }

Fricas

A grade { 123,56, 8,0 10) 1,2 13,4156, 17 15,22 23, 226,27 25) 9,0
BT} 351,36} 37, 40} [T, 42} 3| 44} (45, {6}, (47, 48}, 49}, 50} 51}, (52, [53} 54}, [55)}, 64, [65), 66, [75), [76),
[77, 81}, [82, B3}, [84} 85}, 6}, [87}, 95}, 104} [L05}, 106}, [108} [T09}, 110} [[1T} [TT2} [TT3} [[14} 115} [T16}
[117,[T18},[T19}[120} 121}, 125} [126}, 127} [129], 130}, 131} 132} [133},[134}, 138} [139} 143}, [144}, 1435,
[147,[148} 149}, [150} 151}, 152} [T53} 154} (155}, 156}, [157, 158}, [167}, [168], 169, 178}, [179} [180}, 184,
(185}, [186}, (187} [188}, 189,190}, (198}, 207} 208}, 209, 211}, 212} 213} 214}, 215, 216, 217} 218} 219,
(220,221, 222} 223}, 224}, 228,229, 230} 232}, 233}, 234} 235} 236}, (237, 24T}, 242} 243} [246}, 247,

248,249, [250}, 251}, 252}, 253, 254, 255}, 256}, 257, 258, [259} 260}, 261}, 270, 27T, 272} 283}, [284,
285}, 289} 290} 291 292] 293 294, 295}, 303 }

B grade {[L40}[146] }
C grade { }
F normal fail {[467,68}[69}[70}[71}[72}[73}[74}[96}[97, [98,[99} [L00}[101} 102} [103} 107 (L0}

71, [T72} 173} [174} [175], 176} [T77, 199} 200}, 201}, 202, 203} (204} 205}, 206}, 210, 273} 274} [273),
276,277, 278, 279|230 231] 282, 304}, 305} 306,307, [308), 309}, 310}, B11] }

F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade {[L[2[3}[5(61[7} 8 9 (L0} [L1}[12} 13} 14}[I8) 31} 43} |47} 48} |49} 50} 51} 55, 64 [65 66
(77,83} 87, [L04 (105 (106, [L08} 09} [T0, [L1T} (L2, (LT3} 14} [15 [LT6} 117 [L2I} (146} 86 211
[12,p13 14 15| 216} 217 218 219, 220, 224,249 }

B grade { }
C grade { EU7E0820)

F normal fail {[4[15][16 (172223} 24 [26] 27 [28} 29}[30} 35|36} 37} A0} [4T} 42, [44} 45} [
52, 53}54, 67} 68} 6% [70} 71} [72}[73, 7475} 6} BT}, B2 8% [B5, 86,5} 96} 07} 98} 09}, 100} 10T}
[T} 103, (107} [LT8)} [T (120} (125 26, (127, [[29), 30} [[31T} (132} [33} [3% 38} (139} [[40} (143,
(144 (145, 147, 148 149 [T50, [T51),[T52) (153, [[54} (55 (156, [157} [58) 167, (168} 169} 70} (L 71
[T72} 73, (L7375 76, (L7, [T78) 79 (180, (18 85 (187, (188} 189} 190} (198} (199} [200} (207
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[202, 203} [204, 205}, 206} 210 221, 222, 223|228} [229} [230} 232} [233, 234} 235} 2361, 237} [24T],
242,243, [246,, 247, [248} [250, 251}, 252} [253} 254} [255} 256} 257} [258, 259} [260} 26T}, 270} 27T,
(272,273} [274, 275} [276}, 277, [278, [279} 280, [281], 282, 283,284} [285, 289} [290} 29T}, 292} 293,
[294}[295} 803} 304} 305}, (306} (307} [308} [309}, 10}, 3T1] }

F(-1) timedout fail { }

F(-2) exception fail { }

Giac

A grade {[,[2[3,80[10 [L1}[12}[3} 1415} 16} 17 [I8} [40} A1} [42} 43 |47} 48} A9} 50} 61} 52}
[53, 5% (55, 64 65} 66, 83} 86, 87, [04 (105 (106} [ 11} [T T2, [TT3} (14} [T T8, [TT9} [20} 2T} 143,
[144}[145}[146, 151} 152} [153} 154} [155 186] }

B grade {[I50}
C grade { }

F normal fail { 1567 22)23) 27 26,27 28,29} B0} 51 35 55, 57 14 5,76 67 65, 60
[70}[71},[72}[73, [74} [75, [76}, [77, BT}, 82} B4}, 85} 95}, 96}, [97], 98} [99), [100}, (10T}, [102} 103} [T07} 108,
[109, [T10}, 115} 116}, 117,125 [T26} 127} [129], 130}, 131, 132} (133}, [134}, 138}, 139}, [140} [147}, 148,
[149,[156}, 157} (158}, [167], 168, [169} (170} [171], 172, [173, 174, (175} [176], 177, 178, [I79} [180}, 184,
(185}, [187, 188, [189},[190}, 198} [199} 200} 201, 202, [203} 204}, 205}, (206}, 207,208}, 209} 210}, [2T1],
(212,213,214 215} 216}, 217, 218}, 219}, 220}, 221}, 222} 223} 224}, 228}, 229, [230} 232} 233}, 234,
[235],[2361, 237} 241} 242}, 243, [246), 247} 248}, 249, [250}, 25T}, 252}, 253}, 254} [255], 256}, 257}, (258,
259,260, 26T, 270} 271}, 272, 273} 274} 275}, 276}, 277, 278} 279} 280, 281}, 282} 283} 284} [285),
(59,290, 291, 292, 293, 294,295, 503 B0, 305, 306, 307, 05, 509, {10, 811 }

F(-1) timedout fail { }

F(-2) exception fail { }

Mupad
A grade { }

B grade { [12)5)5)6) 7B B 0} 12 5 14 156, 17 15,2 25) 24,29, 50} 51, 55,56
37} 43, 7, 48}, 49} [50} 511, 52} 53} 64, [55}, 64} (65, [66, [75}, 76}, [77), [B1], B2} [83),[86, 87}, (95} [104} [103),
[106}, (108}, 109, [TTT}, 112} [TT3] 114} [TT5], 116}, [T17], [T18} [TT9, [T20} [121], 125} [126}, 127} [146},[150),
[15T} (152}, [153} 154} [155, [167],[168], [169], 184, [185], (186}, (207, 208} (209, 211}, 212, 13} 214, 215,
216, 217}, 218, [219], 220, 221, 222} 223}, 224, 228, 229} 230}, 249}, 253}, 254}, [255], 256}, (257, [258,
{59, 260, 261, 270, 271, 72, 253, 254 55 299, 290, 291 294, 295,503 }




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 36

C grade { }
F normal fail { }

F(-1) imedout fail { f26)27 25) 0, )42, 5 45,6765, 69, 70} 71, 72 73,7
185,96}, [97},[98, [99} [L00} 10T}, [T02} 103} [107, [1 10}, [129, 130}, 131}, [132}, [133}, 134}, [138} [139} 14T},
(143, (144}, 145147} 148}, [149, [156}, 157} [158], 170, 17T, [T72} (173}, [174, 175}, [T76}, [I77}, [178],[179,
[180, (187, 188}, [189},[190}, 198, [199} 200} 201}, 202, 203, 204, 205}, (206}, 210}, 232} 233} 234}, [233),
[236],[237,[241}, 242} 243}, [246],[247, 248, 250}, (251}, 252} 273} 274}, 2735}, 276, [277, 278} 279}, [280},
(ST 297 293 504 305, 306,507, 505, 309} 310,311}

F(-2) exception fail { }

Sympy

A grade {[L[23[[5[61[7} 8} 9} [L0}[L1} [12} 13} 14} 17} 18 22} 23} 24} |47 48} 49} |50, 51} [64) 65}
(66,67} 68, [71} 7273, 81) [32, 83} 04 [L05} (106} (107, (108} [09} [T0} LT} (12} (113} 114} T15
[TT6) (117, (120} [C21} [T25) (126} (127} [50} [[51T} [[52} 53 (154 167} 168} 169, [L70, [[71) [[77] (159
(TS5 (186, 207, 208 [209) (210, 211 [212) (213, 214} 215 [216, 217, 223 [224, 228, 229 [250 253,
[254,[255}[256} 257} 271} 272} 273, 274 275 278, 279} 280} 289}, 290} 291} 303 }

B grade {[15[16][52[118}[119[155] 221} 222,[258] }
C grade { [T4[174)[175][T76} 218,219,220} 281] }

F normal fail { [26,27)28)[29} 30} 51, 55) 56,57 0L 2 3, 5,6, 53,5 5 75,70
(77, B4 85, 87} 95} U5, 97, 98, 99 (LU0} (10T}, 02} [1U3} (125 (T30} [T, (132, (133} (13 [[38} 139
[140}[T43], (144}, [145], (146}, [147], [148],[149, [156, [157], (158} [178], [T'79} [180, [187} [188, [T90} 198, (199,
(200, 201,202, 203}, 204, 205}, 206}, 232}, 233} 234, 235 [236], 237} [241], 242} [243), [246), (247, [248,
249,250}, 251}, 252}, 260}, 261}, 283, 284}, 285, 292}, 293} [295],[304], 305}, (306}, (307, [308}, 309, [310),

511 )

F(-1) timedout fail { [59,[70,56, 00,172 [[73) {59, [[53) 250} 270} 276, 277, 52, 294 298
}

F(-2) exception fail { }
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Reduce
A grade { }

B grade { [12,5,5,8 0 10} T} 12 T3} 14 [ 7 5, 0} 50, 51 52, 6 5,65, B3, 103, 105
[106},[T08], 11T}, [TT2}, 113} [TT4, 115} [TT6], 117} [121], 150} (151}, 152} [153], [154} [155],[167} [168), [169}
(186,207, 208, 209, 21T}, 212} 213} 214, 215} 216}, 217} 224, 253} 254, [255], [256], 257} (258, [270),

271} 272} [289} 290, 291} 303 }
C grade { }

F normal fail {[1}57 15| 7 22 23|24 26,27 252, B0} ) 35,6, 7 T 2 13
(A4} [45, 46} [53, [54} 55, [67} 68, [69} [70} [7T}, [72}[73, [74} [75 [76} 77, [B1}, 82} [B4} 85}, [36, 87} [95} [96),
[97,[98},[99} [100} [10T},[102}, [103},[107} [109}, [T 10}, [T 18}, [TT9}[T20}, 125} [126}, 127, 129, 130}, 131}, 132,
[133,[134, 138}, [139} 140}, 143} [144} 145}, [146], 147, (148,149} (156}, [157], 158, [T70, [I7T}[I72},[173]
[L74,[T75, 176}, [177], 178}, [179} 180} 184} [185], 187, [188], 189} [190} [198], 199, [200}, 201}, 202}, 203,
[204},[205, [206}, 210} 218}, 219, [220}, 22T}, 222}, 223], 228,229} 230}, (232}, 233, [234}, 235} 236}, 237,
[241],[242,[243] 246 [247], 248, [249, 250}, 251}, 252, [259, [260}, 26 T], 273}, 274, 275, 276} 277}, 278,
279,280, [281}, 282} 283}, (284}, [285,, 292} 293}, 294}, [295], [304}, 305}, (306}, 307, 308, [309}, (310} [3T1]
}

F(-1) timedout fail { }

F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 113 72 60 63 63 88 64 84 108
N.S. 1 1.18 0.75  0.62 0.66 0.66 092  0.67 0.88 1.12
time (sec) N/A 0.384 0.019 0.573 0.026 0.087 0.545 0.117 0.149  0.142

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 85 63 92 95 95 65 96 74 88
N.S. 1 1.20  0.89 0.73 0.77 0.77 0.92 0.79 1.04 1.24
time (sec) N/A 0.313 0.017 0.328 0.030 0.083 0308 0.113 0.146 0.098

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 55 42 41 44 42 39 44 64 48
N.S. 1 1.20 091 0.89 0.96 0.91 0.85  0.96 1.39 1.04

time (sec) N/A 0.251 0.025 0.304 0.029 0.077 0.203 0.115 0.149 3.809
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 32 32 32 23 0 0 26 0 10 0
N.S. 1 1.00 1.00 0.72 0.00 0.00 0.81 0.00 0.31 0.00
time (sec) N/A 0.188 0.004 0.315 0.000  0.000 0.373 0.000 0.159 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 42 47 42 41 35 41 36 0 64 67
N.S. 1 1.12  1.00 0.98 0.83 0.98 0.86 0.00 1.52 1.60
time (sec) N/A 0.252 0.027 0.328 0.066  0.087 0.251 0.000 0.157 0.105
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 75 63 62 35 55 60 0 78 88
N.S. 1 1.06  0.89 0.87 0.49 0.77 0.85 0.00 1.10 1.24
time (sec) N/A 0.304 0.015 0.415 0.069 0.088 0.372 0.000 0.164 3.700
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 100 73 70 35 62 87 0 88 113
N.S. 1 1.04 0.76 0.73 0.36 0.65 0.91 0.00 0.92 1.18
time (sec) N/A 0.364 0.017 0.658 0.069 0.083 0.609 0.000 0.184 3.836
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 112 72 63 52 59 99 52 74 52
N.S. 1 1.03  0.66 0.58 0.48 0.54 0.91 0.48 0.68 0.48
time (sec) N/A 0.398 0.014 0.611 0.034 0.080 0.648 0.114 0.176 3.813
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 86 66 55 44 51 75 44 64 44
N.S. 1 1.02  0.79 0.65 0.52 0.61 0.89 0.52 0.76 0.52
time (sec) N/A 0.352 0.013 0.389 0.025 0.081 0.395 0.112 0.167 0.097
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 60 41 47 36 43 51 36 52 36
N.S. 1 1.02  0.69 0.80 0.61 0.73 0.86 0.61 0.88 0.61
time (sec) N/A 0.267 0.018 0.739 0.030 0.080 0.243 0.117 0.158 0.096
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 24 25 29 24 23 39 23
N.S. 1 1.00 1.00 0.92 0.96 1.12 0.92 0.88 1.50 0.88
time (sec) N/A 0.173 0.005 0.411 0.023 0.073 0.172 0.112 0.186 3.731
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 26 24 30 24 24 29 24
N.S. 1 1.00 1.00 1.00 0.92 1.15 0.92 0.92 1.12 0.92
time (sec) N/A 0.217 0.010 0.928 0.066 0.084 0.681 0.118 0.163 4.075
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 47 46 27 48 54 45 70 45
N.S. 1 1.00 0.84 0.82 0.48 0.86 0.96 0.80 1.25 0.80
time (sec) N/A 0.264 0.034 0.491 0.077  0.083 1.272 0.113 0.153 4.139
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 62 63 27 60 76 68 78 65
N.S. 1 1.00 0.77 0.78 0.33 0.74 0.94 0.84 0.96 0.80
time (sec) N/A 0.327 0.024 0.713 0.081 0.095 2146 0.113 0.154 4.108
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 289 291 248 467 0 265 746 390 208 337
N.S. 1 1.01  0.86 1.62 0.00 0.92 2.58 1.35 0.72 1.17
time (sec) N/A 0.676 0.178 1.366 0.000 0.085 2.211 0.143 0.185 4.992
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 192 204 138 272 0 163 398 263 167 204
N.S. 1 1.06  0.72 1.42 0.00 0.85 2.07 1.37 0.87 1.06
time (sec) N/A 0.503 0.137 1.065 0.000 0.091 1.076 0.133 0.153 4.576
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 133 88 112 0 91 178 149 122 126
N.S. 1 1.13  0.75 0.95 0.00 0.77 1.51 1.26 1.03 1.07
time (sec) N/A 0.416 0.077 0.688 0.000 0.095 0.566 0.130 0.154 0.475
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 35 32 31 47 53 59 87 48
N.S. 1 1.00 097 0.89 0.86 1.31 1.47 1.64 2.42 1.33
time (sec) N/A 0.194 0.015 0.367 0.032 0.079 0.254 0.114 0.150 0.222
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 16 12 16 16 16
N.S. 1 1.00 1.14 1.00 1.14 1.14 0.86 1.14 1.14 1.14
time (sec) N/A 0.195 0.398 0.147 0.135 0.082 1.236 0.121  0.155 4.227
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Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 66 27 14 16 27 16
N.S. 1 1.00 1.14 1.00 4.71 1.93 1.00 1.14 1.93 1.14
time (sec) N/A 0.261 0.583 0.211 0.122  0.084 12.943 0.155 0.153 4.363
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 94 38 14 16 38 16
N.S. 1 1.00 1.14 1.00 6.71 2.71 1.00 1.14 2.71 1.14
time (sec) N/A 0.441 1.486 0.184 0.125  0.091 88.112 0.139 0.153 4.946
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 178 270 106 160 0 98 168 0 12 142
N.S. 1 1.52  0.60 0.90 0.00 0.55 0.94 0.00 0.07 0.80
time (sec) N/A 1.316 0.032 0.638 0.000 0.093 0.619 0.000 0.155 4.087
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 164 90 116 0 81 117 0 12 101
N.S. 1 1.30 0.711 0.92 0.00 0.64 0.93 0.00 0.10 0.80
time (sec) N/A 0.780 0.026 0.460 0.000 0.082 0.333 0.000 0.159 4.056
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 85 64 72 0 59 65 0 10 67
N.S. 1 1.20  0.90 1.01 0.00 0.83 0.92 0.00 0.14 0.94
time (sec) N/A 0.418 0.031 0.385 0.000 0.083 0.211 0.000 0.150 0.146
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20 1.20
time (sec) N/A 0.179 0.023 0.020 0.058  0.076 1.142 0.118 0.150 3.950
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 67 74 63 0 0 65 0 0 47 0
N.S. 1 1.10 094 0.00 0.00 0.97 0.00 0.00 0.70 0.00
time (sec) N/A 0.415 0.022 0.000 0.000  0.082 0.000 0.000 0.150 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 125 144 97 0 0 94 0 0 47 0
N.S. 1 1.15  0.78 0.00 0.00 0.75 0.00 0.00 0.38 0.00
time (sec) N/A 0.736  0.056  0.000 0.000  0.081 0.000 0.000 0.159 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 177 241 133 0 0 114 0 0 47 0
N.S. 1 1.36  0.75 0.00 0.00 0.64 0.00 0.00 0.27 0.00
time (sec) N/A 1.233 0.031  0.000 0.000  0.087 0.000 0.000 0.166 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 165 260 106 131 0 111 0 0 12 131
N.S. 1 1.58 0.64 0.79 0.00 0.67 0.00 0.00 0.07 0.79
time (sec) N/A 1.053 0.066 0.661 0.000  0.088 0.000 0.000 0.155 0.218
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 149 88 95 0 90 0 0 12 90
N.S. 1 1.32  0.78 0.84 0.00 0.80 0.00 0.00 0.11 0.80
time (sec) N/A 0.588 0.052 0.878 0.000  0.082 0.000 0.000 0.154 3.974
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 60 56 48 62 63 0 0 8 44
N.S. 1 1.07  1.00 0.86 1.11 1.12 0.00 0.00 0.14 0.79
time (sec) N/A 0.290 0.025 0.351 0.109  0.098 0.000 0.000 0.155 0.133
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 37 12 10 12 44 12
N.S. 1 1.00 1.20 1.00 3.70 1.20 1.00 1.20 4.40 1.20
time (sec) N/A 0.184 0.027 0.023 0.062 0.072 0951 0.116 0.150 3.852
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 37 12 10 12 47 12
N.S. 1 1.00 1.20 1.00 3.70 1.20 1.00 1.20 4.70 1.20
time (sec) N/A 0.186 0.027 0.023 0.057  0.078 1.097 0.122 0.153 3.846
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 37 12 10 12 47 12
N.S. 1 1.00 1.20 1.00 3.70 1.20 1.00 1.20 4.70 1.20
time (sec) N/A 0.184 0.028 0.024 0.057  0.074 1.359 0.117 0.150 4.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 375 343 226 0 0 281 0 0 49 359
N.S. 1 091 0.60 0.00 0.00 0.75 0.00 0.00 0.13 0.96
time (sec) N/A 0.615 0.689  0.000 0.000  0.089 0.000 0.000 0.160 0.441
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 188 171 132 0 0 171 0 0 27 186
N.S. 1 091 0.70 0.00 0.00 0.91 0.00 0.00 0.14 0.99
time (sec) N/A 0.391 0.290 0.000 0.000 0.091 0.000 0.000 0.154 3.906
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 71 66 59 0 91 0 0 10 79
N.S. 1 1.00 0.93 0.83 0.00 1.28 0.00 0.00 0.14 1.11
time (sec) N/A 0.516 0.008 0.405 0.000  0.094 0.000 0.000 0.152 3.879
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 14 18 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.88 1.12 1.12 1.12
time (sec) N/A 0.204 0.041 0.135 0.071 0.080 3.102 0.157 0.153 3.861
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 74 29 15 18 29 18
N.S. 1 1.00 1.12 1.00 4.62 1.81 0.94 1.12 1.81 1.12
time (sec) N/A 0.216 0.077 0.186 0.068  0.079 12.251 0.220 0.152 3.931
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 102 102 88 0 0 125 0 85 20 0
N.S. 1 1.00 0.86 0.00 0.00 1.23 0.00 0.83 0.20 0.00
time (sec) N/A 0.547 0.256  0.000 0.000 0.095 0.000 0.281 0.153 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 94 111 84 0 0 121 0 83 18 0
N.S. 1 1.18  0.89 0.00 0.00 1.29 0.00 0.88 0.19 0.00
time (sec) N/A 0.509 0.189 0.000 0.000  0.095 0.000 0.283 0.157 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 93 93 80 0 0 122 0 79 16 0
N.S. 1 1.00 0.86 0.00 0.00 1.31 0.00 0.85 0.17 0.00
time (sec) N/A 0.446 0.172  0.000 0.000 0.091 0.000 0.194 0.154 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 64 79 62 58 119 0 67 20 121
N.S. 1 098 1.22 0.95 0.89 1.83 0.00 1.03 0.31 1.86
time (sec) N/A 0.294 0.098 0.527 0.032 0.089 0.000 0.120 0.154 4.156
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 92 80 0 0 126 0 0 20 0
N.S. 1 1.00 0.87 0.00 0.00 1.37 0.00 0.00 0.22 0.00
time (sec) N/A 0.508 0.174 0.000 0.000  0.105 0.000 0.000 0.152 0.000
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 95 110 7 0 0 124 0 0 20 0
N.S. 1 1.16  0.81 0.00 0.00 1.31 0.00 0.00 0.21 0.00
time (sec) N/A 0.493 0.169 0.000 0.000  0.106 0.000 0.000 0.157 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 125 141 127 0 0 180 0 0 24 0
N.S. 1 1.13  1.02 0.00 0.00 1.44 0.00 0.00 0.19 0.00
time (sec) N/A 0.574 0.343 0.000 0.000  0.100 0.000 0.000 0.159 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 17 16 16 19 16 16 16
N.S. 1 1.00 1.00 0.81 0.76 0.76 0.90 0.76 0.76 0.76
time (sec) N/A 0.214 0.009 0.453 0.034 0.105 0.425 0.111 0.153 4.069
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 17 16 16 19 16 16 93
N.S. 1 1.00 1.00 0.81 0.76 0.76 0.90 0.76 0.76 4.43
time (sec) N/A 0.202 0.006 0.366 0.032 0.080 0.209 0.112 0.149 4.334
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F(-1) A A A A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 20 20 20 0 15 15 17 16 15 15
N.S. 1 1.00 1.00 0.00 0.75 0.75 0.85 0.80 0.75 0.75
time (sec) N/A 0.206 0.010 0.000 0.033 0.071 0.197 0.124 0.148 3.968
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 17 16 16 17 16 16 16
N.S. 1 1.00 1.00 0.81 0.76 0.76 0.81 0.76 0.76 0.76
time (sec) N/A 0.210 0.007 0.213 0.032 0.081 0.316 0.116 0.146 0.099
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 17 16 16 19 16 16 16
N.S. 1 1.00 1.00 0.81 0.76 0.76 0.90 0.76 0.76 0.76
time (sec) N/A 0.202 0.007 0.225 0.031 0.081 0477 0.112 0.145 3.906
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A B A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 28 28 28 0 0 24 63 23 25 23
N.S. 1 1.00 1.00 0.00 0.00 0.86 2.25 0.82 0.89 0.82
time (sec) N/A 0.210 0.010 0.000 0.000 0.086 1.625 0.111 0.153 4.009
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 285 319 138 312 0 260 0 270 475 244
N.S. 1 1.12 048 1.09 0.00 0.91 0.00 0.95 1.67 0.86
time (sec) N/A 1.340 0.291  5.799 0.000  0.087 0.000 0.127 0.154 0.735
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 165 99 168 0 149 0 141 221 131
N.S. 1 1.06 0.64 1.08 0.00 0.96 0.00 0.91 1.43 0.85
time (sec) N/A 0.612 0.201 1.519 0.000  0.094 0.000 0.121 0.152 0.546
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 51 67 47 62 0 48 19 47
N.S. 1 1.00 0.89 1.18 0.82 1.09 0.00 0.84 0.33 0.82
time (sec) N/A 0.249 0.026 0.695 0.035  0.085 0.000 0.113 0.157 3.927
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Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 17 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.00 1.06 1.24 1.06
time (sec) N/A 0.212 0.105 0.071 0.081 0.080 2990 0.112 0.145 4.277
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.24 1.06
time (sec) N/A 0.548 0.145 0.194 0.081 0.085 6.223 0.113  0.149 4.979
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 204 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06  12.00 1.06
time (sec) N/A 1.135 0.176 0.175 0.085  0.076 33.685 0.115 0.153 4.989
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.24 1.06
time (sec) N/A 0.848 0.196 0.085 0.084  0.080 46.328 0.112 0.150 5.148
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.24 1.06
time (sec) N/A 0.397 0.150 0.135 0.157  0.082 8.667 0.108 0.150 4.941
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 13 15 15 15 15 18 15
N.S. 1 1.00 1.14 0.93 1.07 1.07 1.07 1.07 1.29 1.07
time (sec) N/A 0.189 0.022 0.070 0.088  0.083 2.164 0.118 0.161 4.592
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.24 1.06
time (sec) N/A 0.405 0.148 0.081 0.083 0.080 3.260 0.112 0.149 4.735
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.24 1.06
time (sec) N/A 0.825 0.210 0.178 0.086  0.081 14.471 0.111 0.149 4.705




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 54
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 135 73 88 82 74 119 118 98 91
N.S. 1 1.14  0.62 0.75 0.69 0.63 1.01 1.00 0.83 0.77
time (sec) N/A 0.513 0.035 2.756 0.032  0.095 35422 0.115 0.148 3.963
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 79 86 57 66 59 55 76 71 66 65
N.S. 1 1.09 0.72 0.84 0.75 0.70 0.96 0.90 0.84 0.82
time (sec) N/A 0.340 0.025 1.306 0.031 0.085 6.962 0.118 0.148 0.215
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 34 51 34 35 34 31 33 31
N.S. 1 1.00 0.92 1.38 0.92 0.95 0.92 0.84 0.89 0.84
time (sec) N/A 0.210 0.016 0.300 0.034 0.082 1310 0.114 0.147 0.100
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 32 32 32 0 0 0 26 0 23 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.81 0.00 0.72 0.00
time (sec) N/A 0.217 0.063  0.000 0.000  0.000 5.307 0.000 0.152 0.000
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 71 71 34 0 0 0 29 0 23 0
N.S. 1 1.00 048 0.00 0.00 0.00 0.41 0.00 0.32 0.00
time (sec) N/A 0.343 0.094 0.000 0.000  0.000 28.307 0.000 0.150 0.000
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 115 117 36 0 0 0 0 0 94 0
N.S. 1 1.02 0.31 0.00 0.00 0.00 0.00 0.00 0.82 0.00
time (sec) N/A 0.481 0.103 0.000 0.000  0.000 0.000 0.000 0.156 0.000
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 119 127 100 0 0 0 0 0 23 0
N.S. 1 1.07 0.84 0.00 0.00 0.00 0.00 0.00 0.19 0.00
time (sec) N/A 0.473 0.205 0.000 0.000  0.000 0.000 0.000 0.159 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 76 76 80 0 0 0 24 0 23 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.32 0.00 0.30 0.00
time (sec) N/A 0.334 0.144 0.000 0.000  0.000 27.265 0.000 0.147 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F A F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 29 29 0 0 0 0 22 0 20 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.76 0.00 0.69 0.00
time (sec) N/A 0.197 0.000 0.000 0.000  0.000 4.077 0.000 0.148 0.000
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 66 66 74 0 0 0 46 0 23 0
N.S. 1 1.00 1.12 0.00 0.00 0.00 0.70 0.00 0.35 0.00
time (sec) N/A 0.327 0.133  0.000 0.000  0.000 10.877 0.000 0.150 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 115 112 100 0 0 0 24 0 23 0
N.S. 1 097 0.87 0.00 0.00 0.00 0.21 0.00 0.20 0.00
time (sec) N/A 0.465 0.231 0.000 0.000  0.000 81.041 0.000 0.156 0.000
Problem 75 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 236 86 119 0 97 0 0 21 192
N.S. 1 1.75  0.64 0.88 0.00 0.72 0.00 0.00 0.16 1.42
time (sec) N/A 0.982 0.055 2.448 0.000  0.096 0.000 0.000 0.162 0.457
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Problem 76 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 125 68 83 0 76 0 0 21 106
N.S. 1 1.39 0.76 0.92 0.00 0.84 0.00 0.00 0.23 1.18
time (sec) N/A 0.478 0.036 1.213 0.000 0.084 0.000 0.000 0.157 4.061
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 39 39 34 43 0 0 19 43
N.S. 1 1.00 091 0.91 0.79 1.00 0.00 0.00 0.44 1.00
time (sec) N/A 0.227 0.014 0.474 0.106  0.086 0.000 0.000 0.147 3.863
Problem 78 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 19 15 19 21 19
N.S. 1 1.00 1.11 1.00 1.06 1.06 0.83 1.06 1.17 1.06
time (sec) N/A 0.204 0.062 0.061 0.060 0.073 1.634 0.107 0.148 3.910
Problem 79 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 19 17 19 21 19
N.S. 1 1.00 1.11 1.00 1.06 1.06 0.94 1.06 1.17 1.06
time (sec) N/A 0.492 0.099 0.152 0.065 0.078 3.411 0.110 0.155 4.265
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Problem 80 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 19 17 19 21 19
N.S. 1 1.00 1.11 1.00 1.06 1.06 0.94 1.06 1.17 1.06
time (sec) N/A 0.872 0.113 0.168 0.081 0.096 16.120 0.114 0.150 4.120
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 112 142 85 0 0 74 109 0 21 90
N.S. 1 1.27  0.76 0.00 0.00 0.66 0.97 0.00 0.19 0.80
time (sec) N/A 0.667 0.021  0.000 0.000  0.100 6.227 0.000 0.150 4.200
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 63 63 56 0 0 52 60 0 21 80
N.S. 1 1.00 0.89 0.00 0.00 0.83 0.95 0.00 0.33 1.27
time (sec) N/A 0.355 0.029 0.000 0.000 0.105 1.143 0.000 0.164 3.796
Problem 83 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 18 15 14 14 15 14 13 41
N.S. 1 1.00 1.00 0.83 0.78 0.78 0.83 0.78 0.72 2.28
time (sec) N/A 0.191 0.005 0.312 0.024 0.085 0.299 0.109 0.152 0.187




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 59
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 52 52 52 0 0 53 0 0 21 0
N.S. 1 1.00 1.00 0.00 0.00 1.02 0.00 0.00 0.40 0.00
time (sec) N/A 0.368 0.014 0.000 0.000  0.094 0.000 0.000 0.150 0.000
Problem 85 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 108 123 85 0 0 84 0 0 21 0
N.S. 1 1.14  0.79 0.00 0.00 0.78 0.00 0.00 0.19 0.00
time (sec) N/A 0.644 0.048 0.000 0.000  0.095 0.000 0.000 0.153 0.000
Problem 86 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) A F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 342 379 240 0 0 267 0 288 23 386
N.S. 1 1.11  0.70 0.00 0.00 0.78 0.00 0.84 0.07 1.13
time (sec) N/A 1.822 3.062 0.000 0.000  0.107 0.000 0.133 0.159 4.537
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 86 95 82 139 84 100 0 87 21 89
N.S. 1 1.10 0.95 1.62 0.98 1.16 0.00 1.01 0.24 1.03
time (sec) N/A 0.337 0.079 0.993 0.040 0.094 0.000 0.130 0.159 3.615
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Problem 88 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 19 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.00 1.05 1.21 1.05
time (sec) N/A 0.226 0.147 0.066 0.087  0.075 6.537 0.116 0.152 4.013
Problem 89 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.21 1.05
time (sec) N/A 1.346 0.231  0.200 0.087  0.083 25.501 0.123 0.151 4.201
Problem 90 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 0 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 0.00 1.05 1.21 1.05
time (sec) N/A 3.819 0.292 0.106 0.085  0.084 0.000 0.123 0.148 5.519
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.21 1.05
time (sec) N/A 0.678 0.241 0.161 0.086  0.092 57.754 0.122 0.149 5.238
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 15 17 17 17 17 20 17
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.06 1.06 1.25 1.06
time (sec) N/A 0.195 0.028 0.079 0.086  0.071 5.257 0.122 0.149 4.975
Problem 93 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.21 1.05
time (sec) N/A 0.508 0.251 0.108 0.086  0.098 8590 0.117 0.147 4.502
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 23 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.21 1.05
time (sec) N/A 2.579 0321 0.214 0.088  0.082 76.808 0.132 0.160 4.659
Problem 95 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 62 62 62 67 0 66 0 0 47 52
N.S. 1 1.00 1.00 1.08 0.00 1.06 0.00 0.00 0.76 0.84
time (sec) N/A 0.284 0.081 2.565 0.000  0.079 0.000 0.000 0.161 3.876
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Problem 96 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 66 66 69 0 0 0 0 0 18 0
N.S. 1 1.00 1.05 0.00 0.00 0.00 0.00 0.00 0.27 0.00
time (sec) N/A 0.377 0.051  0.000 0.000  0.000 0.000 0.000 0.149 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 66 66 67 0 0 0 0 0 22 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 0.377 0.047  0.000 0.000  0.000 0.000 0.000 0.154 0.000
Problem 98 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 62 62 0 0 0 0 0 0 18 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.29 0.00
time (sec) N/A 0.374 0.000 0.000 0.000  0.000 0.000 0.000 0.155 0.000
Problem 99 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 62 62 0 0 0 0 0 0 20 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.32 0.00
time (sec) N/A 0.366 0.000 0.000 0.000  0.000 0.000 0.000 0.152 0.000
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Problem 100, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 56 56 57 0 0 0 0 0 17 0
N.S. 1 1.00 1.02 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.369 0.028 0.000 0.000  0.000 0.000 0.000 0.149 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 56 56 61 0 0 0 0 0 21 0
N.S. 1 1.00 1.09 0.00 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 0.356 0.030  0.000 0.000  0.000 0.000 0.000 0.155 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 56 56 73 0 0 0 0 0 17 0
N.S. 1 1.00 1.30 0.00 0.00 0.00 0.00 0.00 0.30 0.00
time (sec) N/A 0.364 0.403 0.000 0.000  0.000 0.000 0.000 0.152 0.000
Problem 103] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 56 56 75 0 0 0 0 0 19 0
N.S. 1 1.00 1.34 0.00 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.363 0.337  0.000 0.000  0.000 0.000 0.000 0.165 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 96 113 62 81 63 71 92 69 102 78
N.S. 1 1.18  0.65 0.84 0.66 0.74 0.96 0.72 1.06 0.81
time (sec) N/A 0.376 0.041 0.293 0.030  0.087 0.447 0.120 0.164 3.946
Problem 105 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 85 54 64 55 63 68 61 92 58
N.S. 1 1.20 0.76 0.90 0.77 0.89 0.96 0.86 1.30 0.82
time (sec) N/A 0.314 0.038 0.162 0.031 0.077 0.261 0.127 0.162 3.880
Problem 106 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 46 54 43 44 44 50 42 49 81 38
N.S. 1 1.17  0.93 0.96 0.96 1.09 0.91 1.07 1.76 0.83
time (sec) N/A 0.263 0.032 0.124 0.030  0.077 0.172 0.123 0.172 0.116
Problem 107| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 35 35 45 0 0 0 36 0 15 0
N.S. 1 1.00 1.29 0.00 0.00 0.00 1.03 0.00 0.43 0.00
time (sec) N/A 0.223 0.008  0.000 0.000  0.000 0.425 0.000 0.155 0.000
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Problem 108 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 48 40 42 35 43 34 0 75 38
N.S. 1 1.20 1.00 1.05 0.88 1.08 0.85 0.00 1.88 0.95
time (sec) N/A 0.254 0.028 0.167 0.074  0.085 0.220 0.000 0.153 0.125
Problem 109, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 75 53 62 35 58 60 0 90 71
N.S. 1 1.06  0.75 0.87 0.49 0.82 0.85 0.00 1.27 1.00
time (sec) N/A 0.305 0.025 0.247 0.072  0.083 0.300 0.000 0.152 3.879
Problem 110, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F F F(-1)
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 96 100 62 81 35 66 87 0 100 0
N.S. 1 1.04 0.65 0.84 0.36 0.69 0.91 0.00 1.04 0.00
time (sec) N/A 0.370 0.034 0.491 0.069 0.079 0.523 0.000 0.153 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 109 112 73 86 52 68 102 57 93 90
N.S. 1 1.03  0.67 0.79 0.48 0.62 0.94 0.52 0.85 0.83
time (sec) N/A 0.387 0.014 0.408 0.031 0.090 0.590 0.124 0.153 4.139
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 84 86 66 69 44 60 78 49 83 70
N.S. 1 1.02  0.79 0.82 0.52 0.71 0.93 0.58 0.99 0.83
time (sec) N/A 0.319 0.013 0.185 0.026 0.082 0.329 0.125 0.150 4.053
Problem 113 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 59 60 42 49 36 52 54 41 73 50
N.S. 1 1.02 0.711 0.83 0.61 0.88 0.92 0.69 1.24 0.85
time (sec) N/A 0.259 0.018 0.608 0.026  0.082 0.196 0.118 0.151 0.140
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 27 25 26 35 24 26 54 24
N.S. 1 1.00 1.00 0.93 0.96 1.30 0.89 0.96 2.00 0.89
time (sec) N/A 0.175 0.002 0.164 0.028 0.078 0.135 0.112 0.150 0.095
Problem 115 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 27 27 27 25 25 32 20 0 32 25
N.S. 1 1.00 1.00 0.93 0.93 1.19 0.74 0.00 1.19 0.93
time (sec) N/A 0.231 0.012 0.771 0.067 0.076 0.711 0.000 0.153 4.072
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Problem 116| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 56 49 46 27 51 48 0 79 46
N.S. 1 1.00 0.88 0.82 0.48 0.91 0.86 0.00 1.41 0.82
time (sec) N/A 0.272 0.028 0.339 0.071 0.084 1.226 0.000 0.156 0.120
Problem 117 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 81 73 66 27 62 70 0 91 66
N.S. 1 1.00 0.90 0.81 0.33 0.77 0.86 0.00 1.12 0.81
time (sec) N/A 0.320 0.018 0.612 0.071 0.099 1985 0.000 0.150 3.930
Problem 118 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 292 291 268 483 0 314 746 435 329 352
N.S. 1 1.00 0.92 1.65 0.00 1.08 2.55 1.49 1.13 1.21
time (sec) N/A 0.593 0.242 0.733 0.000 0.093 1.868 0.273 0.159 3.961
Problem 119 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B A F B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 194 204 159 272 0 197 398 280 256 220
N.S. 1 1.05  0.82 1.40 0.00 1.02 2.05 1.44 1.32 1.13
time (sec) N/A 0.446 0.178 0.511 0.000 0.081 0.891 0.232 0.160 0.237
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Problem 120, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 119 132 104 124 0 110 178 158 179 119
N.S. 1 1.11  0.87 1.04 0.00 0.92 1.50 1.33 1.50 1.00
time (sec) N/A 0.373 0.093 0.300 0.000  0.077 0.461 0.184 0.151 0.157
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 42 33 32 53 53 60 112 49
N.S. 1 1.00 1.14 0.89 0.86 1.43 1.43 1.62 3.03 1.32
time (sec) N/A 0.183 0.016 0.144 0.028 0.075 0.237 0.119 0.154 0.116
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 19 12 16 30 16
N.S. 1 1.00 1.14 1.00 1.14 1.36 0.86 1.14 2.14 1.14
time (sec) N/A 0.187 0.093 0.160 0.121 0.077 0975 0.121 0.156 3.773
Problem 123 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 30 14 16 7 16
N.S. 1 1.00 1.14 1.00 1.14 2.14 1.00 1.14 5.50 1.14
time (sec) N/A 0.249 0.292 0.229 0.117  0.095 10.163 0.155 0.156 3.802
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 41 14 16 160 16
N.S. 1 1.00 1.14 1.00 1.14 2.93 1.00 1.14  11.43 1.14
time (sec) N/A 0.383 0.579 0.211 0.115 0.089 72.855 0.125 0.154 3.953
Problem 125 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 178 272 155 160 0 149 172 0 129 143
N.S. 1 1.53  0.87 0.90 0.00 0.84 0.97 0.00 0.72 0.80
time (sec) N/A 1.295 0.161 0.515 0.000 0.082 0.621 0.000 0.159 4.077
Problem 126| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 126 164 144 116 0 124 121 0 119 102
N.S. 1 1.30 1.14 0.92 0.00 0.98 0.96 0.00 0.94 0.81
time (sec) N/A 0.766 0.171  0.329 0.000 0.078 0.337 0.000 0.158 4.075
Problem 127| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 72 85 99 72 0 91 68 0 105 68
N.S. 1 1.18 1.38 1.00 0.00 1.26 0.94 0.00 1.46 0.94
time (sec) N/A 0.418 0.098 0.270 0.000 0.084 0.209 0.000 0.156 0.137
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Problem 128 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 20 8 12 27 12
N.S. 1 1.00 1.20 1.00 1.20 2.00 0.80 1.20 2.70 1.20
time (sec) N/A 0.177 0.112 0.026 0.062 0.078 1.062 0.113 0.155 3.900
Problem 129, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 67 75 63 0 0 98 0 0 132 0
N.S. 1 1.12 094 0.00 0.00 1.46 0.00 0.00 1.97 0.00
time (sec) N/A 0.421 0.022 0.000 0.000  0.088 0.000 0.000 0.155 0.000
Problem 130, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 125 146 97 0 0 141 0 0 146 0
N.S. 1 1.17  0.78 0.00 0.00 1.13 0.00 0.00 1.17 0.00
time (sec) N/A 0.733 0.057  0.000 0.000  0.095 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 177 242 133 0 0 168 0 0 156 0
N.S. 1 1.37  0.75 0.00 0.00 0.95 0.00 0.00 0.88 0.00
time (sec) N/A 1.245 0.032 0.000 0.000  0.095 0.000 0.000 0.154 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 165 262 108 205 0 154 0 0 110 0
N.S. 1 1.59  0.65 1.24 0.00 0.93 0.00 0.00 0.67 0.00
time (sec) N/A 1.056 0.101 0.514 0.000  0.100 0.000 0.000 0.152 0.000
Problem 133 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 113 150 88 151 0 123 0 0 100 0
N.S. 1 1.33 0.78 1.34 0.00 1.09 0.00 0.00 0.88 0.00
time (sec) N/A 0.597 0.060 0.694 0.000  0.087 0.000 0.000 0.155 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 56 60 56 48 0 85 0 0 75 0
N.S. 1 1.07  1.00 0.86 0.00 1.52 0.00 0.00 1.34 0.00
time (sec) N/A 0.297 0.031 0.209 0.000  0.082 0.000 0.000 0.154 0.000
Problem 135 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 20 10 12 69 12
N.S. 1 1.00 1.20 1.00 1.20 2.00 1.00 1.20 6.90 1.20
time (sec) N/A 0.191 0.095 0.026 0.074 0.081 1.001 0.109 0.153 3.786
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Problem 136/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 20 10 12 138 12
N.S. 1 1.00 1.20 1.00 1.20 2.00 1.00 1.20  13.80 1.20
time (sec) N/A 0.185 0.102 0.032 0.061 0.080 1.122 0.119 0.153 3.761
Problem 137 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 20 10 12 147 12
N.S. 1 1.00 1.20 1.00 1.20 2.00 1.00 1.20  14.70 1.20
time (sec) N/A 0.185 0.107 0.025 0.054 0.099 1377 0.110 0.160 3.619
Problem 138 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 375 343 610 0 0 472 0 0 369 0
N.S. 1 091 1.63 0.00 0.00 1.26 0.00 0.00 0.98 0.00
time (sec) N/A 0.574 3.346  0.000 0.000  0.125 0.000 0.000 0.163 0.000
Problem 139, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 189 172 301 0 0 273 0 0 249 0
N.S. 1 091  1.59 0.00 0.00 1.44 0.00 0.00 1.32 0.00
time (sec) N/A 0.385 2.214  0.000 0.000  0.112 0.000 0.000 0.153 0.000
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Problem 140, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F B F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 71 66 59 0 141 0 0 144 0
N.S. 1 1.00 0.93 0.83 0.00 1.99 0.00 0.00 2.03 0.00
time (sec) N/A 0.459 0.084 0.263 0.000  0.130 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 28 14 18 50 18
N.S. 1 1.00 1.12 1.00 1.12 1.75 0.88 1.12 3.12 1.12
time (sec) N/A 0.202 0.457 0.151 0.050 0.099 2.498 0.123 0.163 3.581
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 39 15 18 143 18
N.S. 1 1.00 1.12 1.00 1.12 2.44 0.94 1.12 8.94 1.12
time (sec) N/A 0.204 0.294 0.184 0.052  0.085 11.590 0.171 0.163 3.762
Problem 143 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 102 102 87 0 0 130 0 90 28 0
N.S. 1 1.00 0.85 0.00 0.00 1.27 0.00 0.88 0.27 0.00
time (sec) N/A 0.482 0.238 0.000 0.000  0.106 0.000 0.198 0.166 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 94 111 80 0 0 126 0 88 26 0
N.S. 1 1.18 0.85 0.00 0.00 1.34 0.00 0.94 0.28 0.00
time (sec) N/A 0.487 0.198  0.000 0.000  0.094 0.000 0.201 0.162 0.000
Problem 145 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 92 92 7 0 0 123 0 82 20 0
N.S. 1 1.00 0.84 0.00 0.00 1.34 0.00 0.89 0.22 0.00
time (sec) N/A 0.451 0.180 0.000 0.000  0.131 0.000 0.196 0.162 0.000
Problem 146/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A B F A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 66 65 93 63 59 128 0 83 25 100
N.S. 1 098 141 0.95 0.89 1.94 0.00 1.26 0.38 1.52
time (sec) N/A 0.303 0.104 0.506 0.038  0.092 0.000 0.116 0.165 3.914
Problem 147 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 93 93 81 0 0 128 0 0 29 0
N.S. 1 1.00 0.87 0.00 0.00 1.38 0.00 0.00 0.31 0.00
time (sec) N/A 0.486 0.201  0.000 0.000  0.102 0.000 0.000 0.163 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 75
Problem 148 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 95 110 79 0 0 125 0 0 32 0
N.S. 1 1.16  0.83 0.00 0.00 1.32 0.00 0.00 0.34 0.00
time (sec) N/A 0.485 0.193  0.000 0.000  0.125 0.000 0.000 0.167 0.000
Problem 149, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 126 142 126 0 0 194 0 0 60 0
N.S. 1 1.13  1.00 0.00 0.00 1.54 0.00 0.00 0.48 0.00
time (sec) N/A 0.567 0.360  0.000 0.000  0.111 0.000 0.000 0.176 0.000
Problem 150, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A A B B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 43 0 31 24 42 28 16
N.S. 1 1.00 1.00 2.05 0.00 1.48 1.14 2.00 1.33 0.76
time (sec) N/A 0.209 0.010 0.452 0.000 0.085 0.389 0.111 0.158 3.726
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 21 21 21 30 0 23 24 29 22 16
N.S. 1 1.00 1.00 1.43 0.00 1.10 1.14 1.38 1.05 0.76
time (sec) N/A 0.202 0.007 0.276 0.000 0.094 0.171 0.108 0.159 0.079
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 20 20 20 0 0 17 24 18 17 15
N.S. 1 1.00 1.00 0.00 0.00 0.85 1.20 0.90 0.85 0.75
time (sec) N/A 0.213 0.012 0.000 0.000 0.093 0.249 0.120 0.160 3.752
Problem 153 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 19 20 18 22 16
N.S. 1 1.00 1.00 0.00 0.00 0.90 0.95 0.86 1.05 0.76
time (sec) N/A 0.201  0.007  0.000 0.000 0.092 0.391 0.113 0.158 0.104
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 26 22 18 26 16
N.S. 1 1.00  1.00 0.00 0.00 1.24 1.05 0.86 1.24 0.76
time (sec) N/A 0.204 0.007 0.000 0.000 0.088 0.721 0.109 0.161 0.090
Problem 155 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A B A B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 28 28 28 0 0 30 60 27 31 23
N.S. 1 1.00  1.00 0.00 0.00 1.07 2.14 0.96 1.11 0.82
time (sec) N/A 0.213 0.010 0.000 0.000  0.107 1.671 0.110 0.159 3.770
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Problem 156| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 283 317 138 376 0 356 0 0 693 0
N.S. 1 1.12  0.49 1.33 0.00 1.26 0.00 0.00 2.45 0.00
time (sec) N/A 1.313 0.291 5.483 0.000  0.107 0.000 0.000 0.166 0.000
Problem 157 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 155 164 99 206 0 190 0 0 309 0
N.S. 1 1.06  0.64 1.33 0.00 1.23 0.00 0.00 1.99 0.00
time (sec) N/A 0.618 0.218 1.382 0.000  0.111 0.000 0.000 0.163 0.000
Problem 158 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 57 50 92 0 70 0 0 34 0
N.S. 1 1.00 0.88 1.61 0.00 1.23 0.00 0.00 0.60 0.00
time (sec) N/A 0.250 0.030 0.543 0.000  0.107 0.000 0.000 0.165 0.000
Problem 159, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 21 17 18 31 18
N.S. 1 1.00 1.12 0.94 1.06 1.24 1.00 1.06 1.82 1.06
time (sec) N/A 0.217 0.359 0.078 0.079  0.099 3.065 0.113 0.163 3.763
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Problem 160, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 21 19 18 51 18
N.S. 1 1.00 1.12 0.94 1.06 1.24 1.12 1.06 3.00 1.06
time (sec) N/A 0.552 0.460 0.213 0.081 0.093 6.127 0.113 0.161 4.019
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 21 19 18 268 18
N.S. 1 1.00 1.12 0.94 1.06 1.24 1.12 1.06  15.76 1.06
time (sec) N/A 1.170 0.536  0.226 0.077  0.098 31.259 0.116 0.164 4.019
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 26 19 18 75 18
N.S. 1 1.00 1.12 0.94 1.06 1.53 1.12 1.06 441 1.06
time (sec) N/A 0.873 0.583 0.073 0.079  0.102 53.034 0.108 0.165 4.015
Problem 163 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 26 19 18 57 18
N.S. 1 1.00 1.12 0.94 1.06 1.53 1.12 1.06 3.35 1.06
time (sec) N/A 0.400 0.447 0.145 0.081 0.105 10.605 0.112 0.174 4.024
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 13 15 18 15 15 39 15
N.S. 1 1.00 1.14 0.93 1.07 1.29 1.07 1.07 2.79 1.07
time (sec) N/A 0.196 0.024 0.069 0.075 0.106 2.659 0.111 0.161 3.902
Problem 165 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 21 19 18 37 18
N.S. 1 1.00 1.12 0.94 1.06 1.24 1.12 1.06 2.18 1.06
time (sec) N/A 0.410 0.481 0.079 0.090 0.100 3.095 0.110 0.171 3.908
Problem 166| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 21 19 18 37 18
N.S. 1 1.00 1.12 0.94 1.06 1.24 1.12 1.06 2.18 1.06
time (sec) N/A 0.846 0.576  0.177 0.086  0.093 14.016 0.111 0.164 4.141
Problem 167 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 118 134 73 135 0 97 126 0 146 9
N.S. 1 1.14  0.62 1.14 0.00 0.82 1.07 0.00 1.24 0.80
time (sec) N/A 0.513 0.033 2.650 0.000  0.092 36.559 0.000 0.156 4.476
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Problem 168 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 80 85 58 99 0 68 83 0 96 63
N.S. 1 1.06  0.72 1.24 0.00 0.85 1.04 0.00 1.20 0.79
time (sec) N/A 0.365 0.025 1.187 0.000 0.098 6.969 0.000 0.152 4.209
Problem 169, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 36 36 51 0 38 41 0 45 30
N.S. 1 1.00 1.00 1.42 0.00 1.06 1.14 0.00 1.25 0.83
time (sec) N/A 0.225 0.018 0.171 0.000 0.089 1.276 0.000 0.159 0.110
Problem 170, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 48 48 45 0 0 0 39 0 35 0
N.S. 1 1.00 094 0.00 0.00 0.00 0.81 0.00 0.73 0.00
time (sec) N/A 0.385 0.108 0.000 0.000  0.000 5.613 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 88 88 65 0 0 0 61 0 59 0
N.S. 1 1.00 0.74 0.00 0.00 0.00 0.69 0.00 0.67 0.00
time (sec) N/A 0.524 0.154  0.000 0.000  0.000 30.795 0.000 0.162 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 134 134 83 0 0 0 0 0 141 0
N.S. 1 1.00 0.62 0.00 0.00 0.00 0.00 0.00 1.05 0.00
time (sec) N/A 0.690 0.168 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 173 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 138 150 147 0 0 0 0 0 73 0
N.S. 1 1.09 1.07 0.00 0.00 0.00 0.00 0.00 0.53 0.00
time (sec) N/A 0.630 0.301 0.000 0.000  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 95 99 104 0 0 0 65 0 55 0
N.S. 1 1.04 1.09 0.00 0.00 0.00 0.68 0.00 0.58 0.00
time (sec) N/A 0.473 0.235 0.000 0.000  0.000 28.461 0.000 0.162 0.000
Problem 175 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F C F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 50 50 0 0 0 0 44 0 38 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.88 0.00 0.76 0.00
time (sec) N/A 0.300 0.000 0.000 0.000  0.000 4.374 0.000 0.159 0.000
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Problem 176| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 80 89 99 0 0 0 80 0 41 0
N.S. 1 111 1.24 0.00 0.00 0.00 1.00 0.00 0.51 0.00
time (sec) N/A 0.442 0.200 0.000 0.000  0.000 10.982 0.000 0.160 0.000
Problem 177 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 134 135 151 0 0 0 22 0 41 0
N.S. 1 1.01 1.13 0.00 0.00 0.00 0.16 0.00 0.31 0.00
time (sec) N/A 0.609 0.320 0.000 0.000  0.000 82.024 0.000 0.160 0.000
Problem 178 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 135 238 87 172 0 121 0 0 69 0
N.S. 1 1.76  0.64 1.27 0.00 0.90 0.00 0.00 0.51 0.00
time (sec) N/A 0.957 0.097 2.236 0.000  0.097 0.000 0.000 0.161 0.000
Problem 179 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 90 126 69 118 0 90 0 0 61 0
N.S. 1 1.40 0.77 1.31 0.00 1.00 0.00 0.00 0.68 0.00
time (sec) N/A 0.475 0.067 1.061 0.000 0.104 0.000 0.000 0.157 0.000
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Problem 180, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 43 43 39 53 0 47 0 0 51 0
N.S. 1 1.00 0.91 1.23 0.00 1.09 0.00 0.00 1.19 0.00
time (sec) N/A 0.232 0.019 0.303 0.000  0.098 0.000 0.000 0.158 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 22 15 19 35 19
N.S. 1 1.00 1.11 1.00 1.06 1.22 0.83 1.06 1.94 1.06
time (sec) N/A 0.203 0.163 0.069 0.060  0.085 1.687 0.112 0.158 4.178
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 22 17 19 79 19
N.S. 1 1.00 1.11 1.00 1.06 1.22 0.94 1.06 4.39 1.06
time (sec) N/A 0.450 0.222 0.194 0.055 0.090 3.294 0.115 0.158 4.174
Problem 183 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 18 18 20 18 19 22 17 19 85 19
N.S. 1 1.00 1.11 1.00 1.06 1.22 0.94 1.06 4.72 1.06
time (sec) N/A 0.840 0.218 0.207 0.060 0.085 12.093 0.108 0.159 4.215
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 112 143 112 0 0 97 112 0 81 90
N.S. 1 1.28  1.00 0.00 0.00 0.87 1.00 0.00 0.72 0.80
time (sec) N/A 0.631 0.104 0.000 0.000 0.104 4.031 0.000 0.157 4.266
Problem 185 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 63 63 79 0 0 66 63 0 72 49
N.S. 1 1.00 1.25 0.00 0.00 1.05 1.00 0.00 1.14 0.78
time (sec) N/A 0.335 0.089 0.000 0.000  0.106 1.003 0.000 0.160 4.355
Problem 186/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 18 18 18 22 14 21 17 25 19 14
N.S. 1 1.00  1.00 1.22 0.78 1.17 0.94 1.39 1.06 0.78
time (sec) N/A 0.186 0.005 0.171 0.028 0.088 0.297 0.108 0.157 0.072
Problem 187 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 53 53 53 0 0 7 0 0 69 0
N.S. 1 1.00 1.00 0.00 0.00 1.45 0.00 0.00 1.30 0.00
time (sec) N/A 0.330 0.013 0.000 0.000  0.088 0.000 0.000 0.158 0.000
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Problem 188 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 108 124 85 0 0 122 0 0 87 0
N.S. 1 1.15  0.79 0.00 0.00 1.13 0.00 0.00 0.81 0.00
time (sec) N/A 0.613 0.047  0.000 0.000  0.101 0.000 0.000 0.165 0.000
Problem 189 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 342 378 256 0 0 328 0 0 54 0
N.S. 1 1.11  0.75 0.00 0.00 0.96 0.00 0.00 0.16 0.00
time (sec) N/A 1.663 3.254  0.000 0.000  0.114 0.000 0.000 0.157 0.000
Problem 190, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 86 95 81 179 0 108 0 0 36 0
N.S. 1 1.10 094 2.08 0.00 1.26 0.00 0.00 0.42 0.00
time (sec) N/A 0.333 0.087 0.828 0.000  0.099 0.000 0.000 0.160 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 23 19 20 33 20
N.S. 1 1.00 1.11 0.95 1.05 1.21 1.00 1.05 1.74 1.05
time (sec) N/A 0.220 0.493 0.112 0.082 0.113 6.48 0.119 0.159 4.275
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 23 20 20 53 20
N.S. 1 1.00 1.11 0.95 1.05 1.21 1.05 1.05 2.79 1.05
time (sec) N/A 1.349 0.642 0.251 0.083 0.092 23.380 0.123 0.158 4.386
Problem 193] | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 28 0 20 7 20
N.S. 1 1.00 1.11 0.95 1.05 1.47 0.00 1.05 4.05 1.05
time (sec) N/A 3.817 0.836 0.062 0.079  0.080 0.000 0.118 0.165 4.266
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 28 20 20 59 20
N.S. 1 1.00 1.11 0.95 1.05 1.47 1.05 1.05 3.11 1.05
time (sec) N/A 0.693 0.589 0.150 0.081 0.102 44.255 0.121 0.160 4.313
Problem 195 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 15 17 20 17 17 41 17
N.S. 1 1.00 1.12 0.94 1.06 1.25 1.06 1.06 2.56 1.06
time (sec) N/A 0.196 0.032 0.075 0.074  0.096 4.321 0.122 0.156 4.170
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Problem 196/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 23 20 20 39 20
N.S. 1 1.00 1.11 0.95 1.05 1.21 1.05 1.05 2.05 1.05
time (sec) N/A 0.509 0.682 0.089 0.079  0.096 7.447 0.118 0.159 4.347
Problem 197 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 23 20 20 39 20
N.S. 1 1.00 1.11 0.95 1.05 1.21 1.05 1.05 2.05 1.05
time (sec) N/A 2.611 0.825 0.198 0.078  0.093 66.321 0.119 0.166 4417
Problem 198 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 60 60 84 0 71 0 0 91 0
N.S. 1 1.00  1.00 1.40 0.00 1.18 0.00 0.00 1.52 0.00
time (sec) N/A 0.275 0.061 1.743 0.000  0.093 0.000 0.000 0.158 0.000
Problem 199, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 92 9 0 0 0 0 0 34 0
N.S. 1 1.01  1.03 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.519 0.305 0.000 0.000  0.000 0.000 0.000 0.164 0.000
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Problem 200, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 92 101 0 0 0 0 0 38 0
N.S. 1 1.01 1.11 0.00 0.00 0.00 0.00 0.00 0.42 0.00
time (sec) N/A 0.501 2.165 0.000 0.000  0.000 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 85 88 0 0 0 0 0 0 34 0
N.S. 1 1.04  0.00 0.00 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.499 0.000 0.000 0.000  0.000 0.000 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 85 88 0 0 0 0 0 0 38 0
N.S. 1 1.04  0.00 0.00 0.00 0.00 0.00 0.00 0.45 0.00
time (sec) N/A 0.495 0.000 0.000 0.000  0.000 0.000 0.000 0.168 0.000
Problem 203 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 75 78 83 0 0 0 0 0 32 0
N.S. 1 1.04 1.11 0.00 0.00 0.00 0.00 0.00 0.43 0.00
time (sec) N/A 0.493 0.109 0.000 0.000  0.000 0.000 0.000 0.173 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 7 79 84 0 0 0 0 0 36 0
N.S. 1 1.03  1.09 0.00 0.00 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.487 0.109 0.000 0.000  0.000 0.000 0.000 0.164 0.000
Problem 205 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 75 78 9 0 0 0 0 0 32 0
N.S. 1 1.04 1.25 0.00 0.00 0.00 0.00 0.00 0.43 0.00
time (sec) N/A 0.491 0.081 0.000 0.000  0.000 0.000 0.000 0.163 0.000
Problem 206| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 7 80 101 0 0 0 0 0 36 0
N.S. 1 1.04 1.31 0.00 0.00 0.00 0.00 0.00 0.47 0.00
time (sec) N/A 0.497 0.081 0.000 0.000  0.000 0.000 0.000 0.159 0.000
Problem 207 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C C A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 110 64 62 63 62 88 0 86 108
N.S. 1 1.18  0.69 0.67 0.68 0.67 0.95 0.00 0.92 1.16
time (sec) N/A 0.377 0.021 0.300 0.033 0.096 0.482 0.000 0.160 0.123
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Problem 208 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C C A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 83 51 54 55 53 65 0 67 89
N.S. 1 1.20 0.74 0.78 0.80 0.77 0.94 0.00 0.97 1.29
time (sec) N/A 0.318 0.023 0.164 0.030 0.109 0.269 0.000 0.156 0.085
Problem 209, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C C A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 54 39 44 44 41 39 0 48 43
N.S. 1 1.20 0.87  0.98 0.98 0.91 0.87  0.00 1.07 0.96
time (sec) N/A 0.256 0.023 0.126 0.031  0.089 0.165 0.000 0.159 4.300
Problem 210, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F A F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 31 31 31 22 0 0 24 0 14 0
N.S. 1 1.00 1.00 0.71 0.00 0.00 0.77  0.00 0.45 0.00
time (sec) N/A 0.185 0.003 0.087  0.000 0.000 0.338 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 40 45 37 43 39 40 34 0 47 69
N.S. 1 1.12 0.92 1.08 0.98 1.00 0.85 0.00 1.18 1.72
time (sec) N/A 0.252 0.019 0.154 0.071  0.082 0.216 0.000 0.159 0.106
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 69 72 51 62 39 52 60 0 67 89
N.S. 1 1.04 0.74 0.90 0.57 0.75 0.87 0.00 0.97 1.29
time (sec) N/A 0.304 0.019 0.243 0.066 0.094 0.329 0.000 0.158 0.077
Problem 213 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 93 96 64 72 39 61 87 0 86 108
N.S. 1 1.03  0.69 0.77 0.42 0.66 0.94 0.00 0.92 1.16
time (sec) N/A 0.363 0.019 0.468 0.068 0.088 0.540 0.000 0.158 3.938
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 108 57 62 51 59 99 0 94 51
N.S. 1 1.03 0.54 0.59 0.49 0.56 0.94 0.00 0.90 0.49
time (sec) N/A 0.375 0.026 0.407 0.026  0.100 0.590 0.000 0.163 0.105
Problem 215 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 81 83 49 54 43 51 75 0 75 43
N.S. 1 1.02  0.60 0.67 0.53 0.63 0.93 0.00 0.93 0.53
time (sec) N/A 0.327 0.024 0.193 0.039 0.085 0.333 0.000 0.158 3.774
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Problem 216/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 57 58 41 46 35 43 49 0 55 35
N.S. 1 1.02  0.72 0.81 0.61 0.75 0.86 0.00 0.96 0.61
time (sec) N/A 0.264 0.022 0.630 0.031 0.097 0.216 0.000 0.162 3.787
Problem 217 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 24 25 29 22 0 32 23
N.S. 1 1.00 1.00 0.92 0.96 1.12 0.85 0.00 1.23 0.88
time (sec) N/A 0.177 0.006 0.195 0.025 0.072 0.072 0.000 0.156 0.050
Problem 218 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 25 25 25 27 23 29 32 0 14 23
N.S. 1 1.00 1.00 1.08 0.92 1.16 1.28 0.00 0.56 0.92
time (sec) N/A 0.224 0.010 0.830 0.076  0.085 0.641 0.000 0.163 4.025
Problem 219, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 54 54 50 46 28 48 63 0 68 43
N.S. 1 1.00 0.93 0.85 0.52 0.89 1.17 0.00 1.26 0.80
time (sec) N/A 0.261 0.017 0.411 0.069 0.089 1.101 0.000 0.158 3.957
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Problem 220, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A C F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 78 78 61 65 28 58 85 0 88 62
N.S. 1 1.00 0.78 0.83 0.36 0.74 1.09 0.00 1.13 0.79
time (sec) N/A 0.306 0.021 0.642 0.069  0.087 2.009 0.000 0.162 3.966
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 279 279 237 457 0 263 746 0 141 357
N.S. 1 1.00 0.85 1.64 0.00 0.94 2.67  0.00 0.51 1.28
time (sec) N/A 0.574 0.178 1.038 0.000 0.085 1.875 0.000 0.162 4.214
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A B F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 186 196 142 258 0 161 398 0 114 190
N.S. 1 1.05 0.76 1.39 0.00 0.87 2.14 0.00 0.61 1.02
time (sec) N/A 0.440 0.118 0.832 0.000 0.098 0.939 0.000 0.159 4.013
Problem 223 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 115 128 78 117 0 89 178 0 83 106
N.S. 1 1.11  0.68 1.02 0.00 0.77 1.55 0.00 0.72 0.92
time (sec) N/A 0.353 0.057 0.345 0.000  0.087 0.466 0.000 0.160 3.912
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 35 35 33 31 30 45 51 0 60 46
N.S. 1 1.00 0.94 0.89 0.86 1.29 1.46 0.00 1.71 1.31
time (sec) N/A 0.184 0.011 0.149 0.031 0.097 0.176 0.000 0.162 0.133
Problem 225 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 16 12 16 22 16
N.S. 1 1.00 1.14 1.00 1.14 1.14 0.86 1.14 1.57 1.14
time (sec) N/A 0.187 0.350 0.143 0.117  0.084 0.878 0.105 0.161 3.936
Problem 226/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 27 14 16 33 16
N.S. 1 1.00 1.14 1.00 1.14 1.93 1.00 1.14 2.36 1.14
time (sec) N/A 0.246 0.541 0.172 0.106  0.087 10.279 0.107 0.163 4.139
Problem 227 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 38 14 16 44 16
N.S. 1 1.00 1.14 1.00 1.14 2.71 1.00 1.14 3.14 1.14
time (sec) N/A 0.381 0.589 0.167 0.106  0.089 75.355 0.105 0.165 5.937
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Problem 228 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 175 270 99 154 0 97 168 0 15 139
N.S. 1 1.54  0.57 0.88 0.00 0.55 0.96 0.00 0.09 0.79
time (sec) N/A 1.275 0.029 0.342 0.000 0.104 0.621 0.000 0.161 3.867
Problem 229, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 163 82 112 0 79 116 0 15 100
N.S. 1 1.31  0.66 0.90 0.00 0.64 0.94 0.00 0.12 0.81
time (sec) N/A 0.802 0.022 0.152 0.000  0.107 0.358 0.000 0.159 3.968
Problem 230, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 71 84 63 69 0 58 63 0 13 66
N.S. 1 1.18  0.89 0.97 0.00 0.82 0.89 0.00 0.18 0.93
time (sec) N/A 0.427 0.013 0.089 0.000 0.089 0.217 0.000 0.159 3.782
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 15 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.50 1.20
time (sec) N/A 0.187 0.023 0.015 0.057 0.096 1.205 0.107 0.159 3.704
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 65 73 60 0 0 64 0 0 15 0
N.S. 1 1.12 0.92 0.00 0.00 0.98 0.00 0.00 0.23 0.00
time (sec) N/A 0.430 0.018 0.000 0.000  0.093 0.000 0.000 0.160 0.000
Problem 233 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 123 141 97 0 0 93 0 0 15 0
N.S. 1 1.15  0.79 0.00 0.00 0.76 0.00 0.00 0.12 0.00
time (sec) N/A 0.745 0.022 0.000 0.000 0.086 0.000 0.000 0.156 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 174 235 114 0 0 113 0 0 15 0
N.S. 1 1.35  0.66 0.00 0.00 0.65 0.00 0.00 0.09 0.00
time (sec) N/A 1.227 0.028 0.000 0.000  0.109 0.000 0.000 0.164 0.000
Problem 235 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 162 260 105 0 0 114 0 0 15 0
N.S. 1 1.60  0.65 0.00 0.00 0.70 0.00 0.00 0.09 0.00
time (sec) N/A 1.074 0.036 0.000 0.000  0.088 0.000 0.000 0.172 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 97
Problem 236/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 111 149 87 0 0 95 0 0 15 0
N.S. 1 1.3 0.78 0.00 0.00 0.86 0.00 0.00 0.14 0.00
time (sec) N/A 0.600 0.023 0.000 0.000 0.104 0.000 0.000 0.157 0.000
Problem 237 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 54 59 54 0 0 66 0 0 11 0
N.S. 1 1.09  1.00 0.00 0.00 1.22 0.00 0.00 0.20 0.00
time (sec) N/A 0.291 0.011  0.000 0.000  0.085 0.000 0.000 0.159 0.000
Problem 238 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 15 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.50 1.20
time (sec) N/A 0.182 0.026 0.017 0.054 0.100 1.101 0.108 0.160 3.822
Problem 239, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 15 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.50 1.20
time (sec) N/A 0.185 0.026 0.017 0.053  0.090 1.283 0.100 0.160 3.796
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Problem 240, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 15 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.50 1.20
time (sec) N/A 0.185 0.028 0.016 0.054 0.111 1560 0.106 0.159 3.815
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F A F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 366 334 0 0 0 282 0 0 60 0
N.S. 1 091  0.00 0.00 0.00 0.77 0.00 0.00 0.16 0.00
time (sec) N/A 0.534 0.000 0.000 0.000  0.095 0.000 0.000 0.172 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 184 167 128 0 0 172 0 0 35 0
N.S. 1 091 0.70 0.00 0.00 0.93 0.00 0.00 0.19 0.00
time (sec) N/A 0.357 0.155  0.000 0.000  0.104 0.000 0.000 0.165 0.000
Problem 243 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 68 69 64 0 0 93 0 0 15 0
N.S. 1 1.01 094 0.00 0.00 1.37 0.00 0.00 0.22 0.00
time (sec) N/A 0.446 0.036  0.000 0.000  0.095 0.000 0.000 0.161 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 14 18 23 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.88 1.12 1.44 1.12
time (sec) N/A 0.202 0.040 0.145 0.053  0.087 2.639 0.104 0.163 3.626
Problem 245 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 29 15 18 34 18
N.S. 1 1.00 1.12 1.00 1.12 1.81 0.94 1.12 2.12 1.12
time (sec) N/A 0.204 0.069 0.139 0.055 0.081 15.562 0.111 0.163 3.937
Problem 246/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 102 102 90 0 0 127 0 0 25 0
N.S. 1 1.00 0.88 0.00 0.00 1.25 0.00 0.00 0.25 0.00
time (sec) N/A 0.489 0.211 0.000 0.000  0.098 0.000 0.000 0.162 0.000
Problem 247 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 93 110 81 0 0 123 0 0 23 0
N.S. 1 1.18  0.87 0.00 0.00 1.32 0.00 0.00 0.25 0.00
time (sec) N/A 0.471 0.193 0.000 0.000  0.114 0.000 0.000 0.166 0.000
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Problem 248 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 91 91 78 0 0 123 0 0 21 0
N.S. 1 1.00 0.86 0.00 0.00 1.35 0.00 0.00 0.23 0.00
time (sec) N/A 0.437 0.164 0.000 0.000  0.093 0.000 0.000 0.164 0.000
Problem 249, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 64 63 83 61 58 117 0 0 25 112
N.S. 1 098 1.30 0.95 0.91 1.83 0.00 0.00 0.39 1.75
time (sec) N/A 0.290 0.056  0.467 0.030  0.104 0.000 0.000 0.162 4.345
Problem 250, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 94 94 82 0 0 127 0 0 25 0
N.S. 1 1.00 0.87 0.00 0.00 1.35 0.00 0.00 0.27 0.00
time (sec) N/A 0.476 0.176  0.000 0.000  0.114 0.000 0.000 0.155 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 95 112 80 0 0 124 0 0 25 0
N.S. 1 1.18 0.84 0.00 0.00 1.31 0.00 0.00 0.26 0.00
time (sec) N/A 0.487 0.186 0.000 0.000  0.115 0.000 0.000 0.158 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 126 142 126 0 0 181 0 0 28 0
N.S. 1 1.13  1.00 0.00 0.00 1.44 0.00 0.00 0.22 0.00
time (sec) N/A 0.559 0.307  0.000 0.000  0.105 0.000 0.000 0.158 0.000
Problem 253 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 16 19 0 18 16
N.S. 1 1.00 1.00 0.00 0.00 0.76 0.90 0.00 0.86 0.76
time (sec) N/A 0.206 0.009  0.000 0.000  0.081 0.417 0.000 0.156 0.103
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 16 19 0 17 91
N.S. 1 1.00 1.00 0.00 0.00 0.76 0.90 0.00 0.81 4.33
time (sec) N/A 0.200 0.005 0.000 0.000 0.092 0.175 0.000 0.158 4.293
Problem 255 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 20 20 20 0 0 15 24 0 16 15
N.S. 1 1.00 1.00 0.00 0.00 0.75 1.20 0.00 0.80 0.75
time (sec) N/A 0.208 0.011  0.000 0.000  0.094 0.209 0.000 0.160 0.111
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Problem 256| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 16 24 0 18 16
N.S. 1 1.00 1.00 0.00 0.00 0.76 1.14 0.00 0.86 0.76
time (sec) N/A 0.207 0.006  0.000 0.000 0.088 0.446 0.000 0.158 0.099
Problem 257 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 16 26 0 17 16
N.S. 1 1.00 1.00 0.00 0.00 0.76 1.24 0.00 0.81 0.76
time (sec) N/A 0.208 0.006  0.000 0.000 0.080 0.794 0.000 0.153 3.851
Problem 258 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A B F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 28 28 28 0 0 24 63 0 34 23
N.S. 1 1.00 1.00 0.00 0.00 0.86 2.25 0.00 1.21 0.82
time (sec) N/A 0.216 0.010 0.000 0.000 0.100 1.719 0.000 0.157 3.964
Problem 259 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 257 290 131 0 0 255 0 0 24 232
N.S. 1 1.13  0.51 0.00 0.00 0.99 0.00 0.00 0.09 0.90
time (sec) N/A 1.267 0.202  0.000 0.000  0.143 0.000 0.000 0.162 4.431
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Problem 260, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 142 152 91 0 0 151 0 0 24 128
N.S. 1 1.07 0.64 0.00 0.00 1.06 0.00 0.00 0.17 0.90
time (sec) N/A 0.609 0.123  0.000 0.000  0.112 0.000 0.000 0.162 0.528
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 53 53 47 0 0 61 0 0 22 51
N.S. 1 1.00 0.89 0.00 0.00 1.15 0.00 0.00 0.42 0.96
time (sec) N/A 0.252 0.015  0.000 0.000  0.098 0.000 0.000 0.161 4.114
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 17 18 24 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.00 1.06 1.41 1.06
time (sec) N/A 0.219 0.098 0.045 0.079  0.093 3.678 0.105 0.159 4.329
Problem 263 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 24 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.41 1.06
time (sec) N/A 0.543 0.128 0.146 0.081 0.091 6.248 0.110 0.158 4.945
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 24 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.41 1.06
time (sec) N/A 1.071 0.163 0.168 0.082  0.092 34.353 0.106 0.159 5.062
Problem 265 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 320 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06  18.82 1.06
time (sec) N/A 0.818 0.193 0.066 0.078  0.094 56.828 0.114 0.163 5.455
Problem 266| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 117 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 6.88 1.06
time (sec) N/A 0.391 0.145 0.121 0.084 0.086 10.807 0.106 0.164 5.136
Problem 267 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 13 15 15 15 15 21 15
N.S. 1 1.00 1.14 0.93 1.07 1.07 1.07 1.07 1.50 1.07
time (sec) N/A 0.193 0.018 0.060 0.076  0.101 2.331 0.107 0.158 4.572
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Problem 268 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 24 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.41 1.06
time (sec) N/A 0.395 0.142 0.062 0.078  0.095 3.073 0.106 0.155 4.380
Problem 269, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 19 18 24 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.12 1.06 1.41 1.06
time (sec) N/A 0.827 0.209 0.157 0.084  0.107 14.346 0.104 0.157 4.865
Problem 270, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F(-1) F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 107 121 68 103 0 79 0 0 112 82
N.S. 1 1.13 0.64 0.96 0.00 0.74 0.00 0.00 1.05 0.77
time (sec) N/A 0.450 0.036 0.352 0.000  0.102 0.000 0.000 0.159 0.246
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 71 76 51 72 0 59 63 0 78 56
N.S. 1 1.07  0.72 1.01 0.00 0.83 0.89 0.00 1.10 0.79
time (sec) N/A 0.343 0.020 0.148 0.000  0.095 22.368 0.000 0.161 0.184
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 32 32 32 41 0 40 27 0 43 27
N.S. 1 1.00  1.00 1.28 0.00 1.25 0.84 0.00 1.34 0.84
time (sec) N/A 0.199 0.011 0.091 0.000 0.082 2996 0.000 0.163 3.680
Problem 273 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 30 30 30 0 0 0 24 0 25 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.80 0.00 0.83 0.00
time (sec) N/A 0.204 0.014 0.000 0.000  0.000 3.926 0.000 0.156 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 65 65 32 0 0 0 27 0 84 0
N.S. 1 1.00 0.49 0.00 0.00 0.00 0.42 0.00 1.29 0.00
time (sec) N/A 0.313 0.013 0.000 0.000  0.000 9.247 0.000 0.160 0.000
Problem 275 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 105 107 34 0 0 0 32 0 119 0
N.S. 1 1.02  0.32 0.00 0.00 0.00 0.30 0.00 1.13 0.00
time (sec) N/A 0.459 0.015 0.000 0.000  0.000 63.445 0.000 0.157 0.000
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Problem 276/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 148 164 52 0 0 0 0 0 147 0
N.S. 1 1.11  0.35 0.00 0.00 0.00 0.00 0.00 0.99 0.00
time (sec) N/A 0.575 0.021  0.000 0.000  0.000 0.000 0.000 0.157 0.000
Problem 277 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 109 117 43 0 0 0 0 0 112 0
N.S. 1 1.07  0.39 0.00 0.00 0.00 0.00 0.00 1.03 0.00
time (sec) N/A 0.446 0.018 0.000 0.000  0.000 0.000 0.000 0.157 0.000
Problem 278 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 70 70 36 0 0 0 22 0 7 0
N.S. 1 1.00 0.51 0.00 0.00 0.00 0.31 0.00 1.10 0.00
time (sec) N/A 0.295 0.014 0.000 0.000  0.000 27.188 0.000 0.172 0.000
Problem 279 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 27 27 27 0 0 0 20 0 22 0
N.S. 1 1.00 1.00 0.00 0.00 0.00 0.74 0.00 0.81 0.00
time (sec) N/A 0.191 0.009 0.000 0.000  0.000 3.923 0.000 0.157 0.000
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Problem 280, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F A F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 60 60 26 0 0 0 41 0 25 0
N.S. 1 1.00 0.43 0.00 0.00 0.00 0.68 0.00 0.42 0.00
time (sec) N/A 0.303 0.025 0.000 0.000  0.000 3.807 0.000 0.163 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F C F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 105 102 29 0 0 0 24 0 25 0
N.S. 1 097 0.28 0.00 0.00 0.00 0.23 0.00 0.24 0.00
time (sec) N/A 0.411 0.016 0.000 0.000  0.000 24.886 0.000 0.158 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A C F F F F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 144 144 29 0 0 0 0 0 25 0
N.S. 1 1.00 0.20 0.00 0.00 0.00 0.00 0.00 0.17 0.00
time (sec) N/A 0.558 0.017  0.000 0.000  0.000 0.000 0.000 0.158 0.000
Problem 283 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 144 257 95 0 0 106 0 0 26 206
N.S. 1 1.78  0.66 0.00 0.00 0.74 0.00 0.00 0.18 1.43
time (sec) N/A 1.086 0.048 0.000 0.000  0.118 0.000 0.000 0.165 3.821
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 97 137 7 0 0 86 0 0 26 117
N.S. 1 141  0.79 0.00 0.00 0.89 0.00 0.00 0.27 1.21
time (sec) N/A 0.559 0.032  0.000 0.000  0.107 0.000 0.000 0.162 0.404
Problem 285 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 47 47 42 0 0 49 0 0 24 50
N.S. 1 1.00 0.89 0.00 0.00 1.04 0.00 0.00 0.51 1.06
time (sec) N/A 0.244 0.010 0.000 0.000  0.097 0.000 0.000 0.159 3.599
Problem 286/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 19 20 26 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.00 1.05 1.37 1.05
time (sec) N/A 0.219 0.072 0.045 0.086 0.086 2.614 0.103 0.155 3.672
Problem 287 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 26 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.37 1.05
time (sec) N/A 0.515 0.109 0.145 0.086 0.113 4.579 0.104 0.158 4.294
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Problem 288 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 26 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.37 1.05
time (sec) N/A 0.985 0.148 0.152 0.080  0.082 20.106 0.111 0.158 4.432
Problem 289, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 121 154 78 0 0 74 124 0 102 126
N.S. 1 1.27  0.64 0.00 0.00 0.61 1.02 0.00 0.84 1.04
time (sec) N/A 0.726  0.027  0.000 0.000 0.092 1.515 0.000 0.159 4.001
Problem 290, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 69 69 58 0 0 53 68 0 57 86
N.S. 1 1.00 0.84 0.00 0.00 0.77 0.99 0.00 0.83 1.25
time (sec) N/A 0.371 0.014 0.000 0.000  0.103 0.517 0.000 0.155 0.299
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A A F B B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 21 21 21 0 0 16 19 0 17 91
N.S. 1 1.00 1.00 0.00 0.00 0.76 0.90 0.00 0.81 4.33
time (sec) N/A 0.194 0.001  0.000 0.000 0.101 0.165 0.000 0.157 3.840
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 59 59 56 0 0 55 0 0 26 0
N.S. 1 1.00 0.95 0.00 0.00 0.93 0.00 0.00 0.44 0.00
time (sec) N/A 0.369 0.017  0.000 0.000  0.094 0.000 0.000 0.158 0.000
Problem 293 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 118 135 91 0 0 85 0 0 26 0
N.S. 1 1.14  0.77 0.00 0.00 0.72 0.00 0.00 0.22 0.00
time (sec) N/A 0.703 0.027  0.000 0.000  0.132 0.000 0.000 0.158 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 304 312 206 0 0 262 0 0 28 336
N.S. 1 1.03  0.68 0.00 0.00 0.86 0.00 0.00 0.09 1.11
time (sec) N/A 1.624 1.445 0.000 0.000  0.118 0.000 0.000 0.161 4.816
Problem 295 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 78 78 73 0 0 100 0 0 26 79
N.S. 1 1.00 094 0.00 0.00 1.28 0.00 0.00 0.33 1.01
time (sec) N/A 0.317 0.055 0.000 0.000  0.097 0.000 0.000 0.165 4.094
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Problem 296/ | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 19 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.00 1.05 1.47 1.05
time (sec) N/A 0.225 0.126 0.052 0.079  0.100 6.769 0.107 0.156 4.475
Problem 297 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.47 1.05
time (sec) N/A 1.280 0.191 0.176 0.078  0.106 27.398 0.105 0.161 4.482
Problem 298 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 0 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 0.00 1.05 1.47 1.05
time (sec) N/A 3.558 0.298 0.071 0.078  0.091 0.000 0.107 0.163 5.466
Problem 299, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.47 1.05
time (sec) N/A 0.660 0.235 0.148 0.081 0.084 46.701 0.110 0.169 5.454
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Problem 300, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 15 17 17 17 17 25 17
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.06 1.06 1.56 1.06
time (sec) N/A 0.208 0.025 0.065 0.074 0.088 4.033 0.105 0.163 5.148
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.47 1.05
time (sec) N/A 0.509 0.218 0.079 0.081 0.092 7336 0.108 0.158 4.500
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 19 19 21 18 20 20 20 20 28 20
N.S. 1 1.00 1.11 0.95 1.05 1.05 1.05 1.05 1.47 1.05
time (sec) N/A 2.518 0.292 0.226 0.080  0.113 62.329 0.108 0.158 4.507
Problem 303 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A F B B
verified N/A Yes Yes No TBD TBD TBD TBD TBD TBD
size 33 33 33 41 0 39 53 0 43 28
N.S. 1 1.00  1.00 1.24 0.00 1.18 1.61 0.00 1.30 0.85
time (sec) N/A 0.257 0.045 0.296 0.000  0.109 12.348 0.000 0.173 0.180
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 67 67 0 0 0 0 0 0 22 0
N.S. 1 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.33 0.00
time (sec) N/A 0.380 0.000 0.000 0.000  0.000 0.000 0.000 0.160 0.000
Problem 305 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 67 67 0 0 0 0 0 0 23 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.34 0.00
time (sec) N/A 0.379 0.000 0.000 0.000  0.000 0.000 0.000 0.161 0.000
Problem 306| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 63 63 0 0 0 0 0 0 22 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.35 0.00
time (sec) N/A 0.367 0.000 0.000 0.000  0.000 0.000 0.000 0.166 0.000
Problem 307| | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F F F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 63 63 0 0 0 0 0 0 24 0
N.S. 1 1.00  0.00 0.00 0.00 0.00 0.00 0.00 0.38 0.00
time (sec) N/A 0.368 0.000 0.000 0.000  0.000 0.000 0.000 0.164 0.000
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Problem 308 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 74 0 0 0 0 0 21 0
N.S. 1 1.00 1.30 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.360 0.671  0.000 0.000  0.000 0.000 0.000 0.157 0.000
Problem 309 | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 72 0 0 0 0 0 22 0
N.S. 1 1.00 1.26 0.00 0.00 0.00 0.00 0.00 0.39 0.00
time (sec) N/A 0.361 0.573  0.000 0.000  0.000 0.000 0.000 0.156 0.000
Problem 310, | Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 74 0 0 0 0 0 21 0
N.S. 1 1.00 1.30 0.00 0.00 0.00 0.00 0.00 0.37 0.00
time (sec) N/A 0.364 0.914 0.000 0.000  0.000 0.000 0.000 0.162 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F F F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 72 0 0 0 0 0 23 0
N.S. 1 1.00 1.26 0.00 0.00 0.00 0.00 0.00 0.40 0.00
time (sec) N/A 0.355 0.812  0.000 0.000  0.000 0.000 0.000 0.162 0.000
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

ni%%é%%r?cfl lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [22]
had the largest ratio of [1.19999999999999996]

leaf size of the integrand. Finally the ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of nc?rms%lize'd integrand umber of rules
i grade S;:epds u;zf;l;e antlléi;r;\;:zlve leaf size integrand leaf size
1] A ) ) 1.18 8 0.625
2] A 4 4 1.20 8 0.500
3| A 3 3 1.20 6 0.500
4 A 1 1 1.00 8 0.125
5 A 3 3 1.12 8 0.375
6} A 4 4 1.06 8 0.500
7] A 5 5 1.04 8 0.625
3] A ) 5) 1.03 8 0.625
9) A 4 4 1.02 8 0.500
10 A 3 3 1.02 8 0.375
11 A 1 1 1.00 4 0.250
12 A 2 2 1.00 8 0.250
13 A 3 3 1.00 8 0.375
14 A 4 4 1.00 8 0.500
15) A 3 3 1.01 14 0.214
16} A 3 3 1.06 14 0.214
17 A 3 3 1.13 12 0.250
118 A 1 1 1.00 6 0.167
N/A 1 0 1.00 14 0.000
N/A 2 0 1.00 14 0.000
N/A 4 0 1.00 14 0.000
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
#ojgade | e | e et | S et
22 A 13 12 1.52 10 1.200
23 A 9 8 1.30 10 0.800
24 | A 6 5 1.20 8 0.625
N/A 1 0 1.00 10 0.000
26 A 6 5 1.10 10 0.500
27 A 9 8 1.15 10 0.800
28 A 13 12 1.36 10 1.200
29 A 10 10 1.58 10 1.000
30 A 6 6 1.32 10 0.600
31 | A 4 4 1.07 6 0.667
N/A 1 0 1.00 10 0.000
N/A 1 0 1.00 10 0.000
N/A 1 0 1.00 10 0.000
35 A 3 2 0.91 16 0.125
36 A 3 2 0.91 14 0.143
37 | A 5 4 1.00 8 0.500
N/A 1 0 1.00 16 0.000
N/A 1 0 1.00 16 0.000
40 A 6 5 1.00 17 0.294
41] A 6 5 1.18 15 0.333
42 A 6 5 1.00 13 0.385
43 A 4 3 0.98 17 0.176
44 A 6 5 1.00 17 0.294
45 A 6 5 1.16 17 0.294
46 A 6 5 1.13 19 0.263
47 A 3 2 1.00 19 0.105
48 A 3 2 1.00 17 0.118
49 A 3 2 1.00 19 0.105
50 A 3 2 1.00 19 0.105
51 A 3 2 1.00 19 0.105
52 A 3 2 1.00 19 0.105
53 A 9 9 1.12 17 0.529

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
#ogade| s | e | e | EOT | GRS,
5g | A 5 5 1.06 17 0.294
B3 | A 2 2 1.00 15 0.133
N/A 1 0 1.00 17 0.000
N/A 4 0 1.00 17 0.000
N/A 8 0 1.00 17 0.000
N/A 6 0 1.00 17 0.000
N/A 3 0 1.00 17 0.000
N/A 1 0 1.00 14 0.000
N/A 3 0 1.00 17 0.000
N/A 6 0 1.00 17 0.000
64 | A 6 6 1.14 19 0.316
65 | A 4 4 1.09 19 0.211
66 | A 2 2 1.00 17 0.118
67 | A 1 1 1.00 19 0.053
68 | A 3 3 1.00 19 0.158
69 | A 5 5 1.02 19 0.263
0 | A 5 5 1.07 19 0.263
| A 3 3 1.00 19 0.158
2| A 1 1 1.00 16 0.062
ERE 3 3 1.00 19 0.158
4] A 5 5 0.97 19 0.263
75 | A 9 9 1.75 18 0.500
6 | A 5 5 1.39 18 0.278
1 A 2 2 1.00 16 0.125
N/A 1 0 1.00 18 0.000
N/A 4 0 1.00 18 0.000
N/A 8 0 1.00 18 0.000
gl | A 8 7 1.27 18 0.389
82 | A 5 4 1.00 18 0.222
Ry | A 3 2 1.00 15 0.133
84 | A 5 4 1.00 18 0.222

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
85 | A 8 7 1.14 18 0.389
86 | A 10 10 1.11 19 0.526
87 [ A 3 3 1.10 17 0.176
N/A 1 0 1.00 19 0.000
N/A 6 0 1.00 19 0.000
N/A 16 0 1.00 19 0.000
N/A 5 0 1.00 19 0.000
N/A 1 0 1.00 16 0.000
N/A 3 0 1.00 19 0.000
N/A 9 0 1.00 19 0.000
o5 | A 1 1 1.00 40 0.025
o6 | A 5 4 1.00 18 0.222
o7 | A 5 4 1.00 18 0.222
og | A 5 4 1.00 18 0.222
o9 | A 5 4 1.00 18 0.222
100 A 5 4 1.00 15 0.267
101]| A 5 4 1.00 16 0.250
102 A 5 4 1.00 15 0.267
03| A 5 4 1.00 16 0.250
104 A 5 5 1.18 8 0.625
105 A 4 4 1.20 8 0.500
106/ A 3 3 1.17 6 0.500
107 A 2 2 1.00 8 0.250
108 A 3 3 1.20 8 0.375
109 A 4 4 1.06 8 0.500
110/ A 5 5 1.04 8 0.625
11| A 5 5 1.03 8 0.625
12| A 4 4 1.02 8 0.500
13| A 3 3 1.02 8 0.375
14| A 1 1 1.00 4 0.250
115 A 2 2 1.00 8 0.250

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
116 A 3 3 1.00 8 0.375
117 A 4 4 1.00 8 0.500
118 A 3 3 1.00 14 0.214
119 A 3 3 1.05 14 0.214
120 A 3 3 1.11 12 0.250
E A 1 1 1.00 6 0.167
122/ | N/A 1 0 1.00 14 0.000
123 N/A 2 0 1.00 14 0.000
124 N/A 4 0 1.00 14 0.000
125 A 13 12 1.53 10 1.200
126 A 9 8 1.30 10 0.800
27| A 6 ) 1.18 8 0.625
128 | N/A 1 0 1.00 10 0.000
129 A 6 ) 1.12 10 0.500
130 A 9 8 1.17 10 0.800
131 A 13 12 1.37 10 1.200
132 A 10 10 1.59 10 1.000
133 A 6 6 1.33 10 0.600
& A 4 4 1.07 6 0.667
135 | N/A 1 0 1.00 10 0.000
136/ | N/A 1 0 1.00 10 0.000
M N/A 1 0 1.00 10 0.000
138 A 3 2 0.91 16 0.125
139 A 3 2 0.91 14 0.143
1140 | A 5 4 1.00 8 0.500
141 | N/A 1 0 1.00 16 0.000
142/ | N/A 1 0 1.00 16 0.000
143 A 6 ) 1.00 17 0.294
144 A 6 5) 1.18 15 0.333
145 A 6 ) 1.00 13 0.385
146 A 4 3 0.98 17 0.176

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
147 A 6 5 1.00 17 0.294
148 | A 6 5 1.16 17 0.294
149 | A 6 5 1.13 19 0.263
150 A 3 2 1.00 19 0.105
151 A 3 2 1.00 17 0.118
152/ A 3 2 1.00 19 0.105
153 | A 3 2 1.00 19 0.105
154 | A 3 2 1.00 19 0.105
155/ A 3 2 1.00 19 0.105
156/ A 9 9 1.12 17 0.529
157 A 5 5 1.06 17 0.294
1158/ | A 2 2 1.00 15 0.133
N/A 1 0 1.00 17 0.000
160 | N/A 4 0 1.00 17 0.000
161 | N/A 8 0 1.00 17 0.000
162/ | N/A 6 0 1.00 17 0.000
1163 | N/A 3 0 1.00 17 0.000
164/ | N/A 1 0 1.00 14 0.000
165/ | N/A 3 0 1.00 17 0.000
1166 | N/A 6 0 1.00 17 0.000
167 A 6 6 1.14 19 0.316
168 | A 4 4 1.06 19 0.211
169 | A 2 2 1.00 17 0.118
170/ A 3 3 1.00 19 0.158
171 A 5 5 1.00 19 0.263
172/ A 7 7 1.00 19 0.368
173 A 7 7 1.09 19 0.368
174 A 5 5 1.04 19 0.263
175 A 3 3 1.00 16 0.188
176/ A 5 5 1.11 19 0.263
177 A 7 7 1.01 19 0.368

Continued on next page
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Table 2.1 — continued from previous page
number of numjber of nc?rma.ulize.d integrand rumber of rules
# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
178/ A 9 9 1.76 18 0.500
179 A 5 5 1.40 18 0.278
180 | A 2 2 1.00 16 0.125
181 | N/A 1 0 1.00 18 0.000
182/ | N/A 4 0 1.00 18 0.000
183/ | N/A 8 0 1.00 18 0.000
184 | A 8 7 1.28 18 0.389
185/ A 5 4 1.00 18 0.222
186/ A 3 2 1.00 15 0.133
187 A 5 4 1.00 18 0.222
188/ A 8 7 1.15 18 0.389
189 | A 10 10 1.11 19 0.526
1190 | A 3 3 1.10 17 0.176
N/A 1 0 1.00 19 0.000
1192/ | N/A 6 0 1.00 19 0.000
193/ | N/A 16 0 1.00 19 0.000
1194 | N/A 5 0 1.00 19 0.000
1195/ | N/A 1 0 1.00 16 0.000
1196 | N/A 3 0 1.00 19 0.000
1197 | N/A 9 0 1.00 19 0.000
198 | A 1 1 1.00 40 0.025
199 A 7 6 1.01 18 0.333
2000 A 7 6 1.01 18 0.333
201 | A 7 6 1.04 18 0.333
202 | A 7 6 1.04 18 0.333
203 | A 7 6 1.04 15 0.400
204 | A 7 6 1.03 16 0.375
205 | A 7 6 1.04 15 0.400
206/ | A 7 6 1.04 16 0.375
207 | A 5 5 1.18 8 0.625
208 | A 4 4 1.20 8 0.500

Continued on next page
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Table 2.1 — continued from previous page
number of number of normalized integrand ber of rul
# o gade| s | i | e | T | RS,
209 A 3 3 1.20 6 0.500
210 A 1 1 1.00 8 0.125
211 A 3 3 1.12 8 0.375
212 A 4 4 1.04 8 0.500
213 A ) ) 1.03 8 0.625
214 A 5 ) 1.03 8 0.625
215 A 4 4 1.02 8 0.500
216 A 3 3 1.02 8 0.375
217] A 1 1 1.00 4 0.250
218 A 2 2 1.00 8 0.250
219 A 3 3 1.00 8 0.375
220 A 4 4 1.00 8 0.500
221 A 3 3 1.00 14 0.214
222 A 3 3 1.05 14 0.214
223 A 3 3 1.11 12 0.250
224{| A 1 1 1.00 6 0.167
225/ | N/A 1 0 1.00 14 0.000
226/ | N/A 2 0 1.00 14 0.000
227 | N/A 4 0 1.00 14 0.000
228 A 13 12 1.54 10 1.200
229 A 9 8 1.31 10 0.800
230[| A 6 ) 1.18 8 0.625
231 | N/A 1 0 1.00 10 0.000
232 A 6 5) 1.12 10 0.500
233 A 9 8 1.15 10 0.800
234 A 13 12 1.35 10 1.200
235 A 10 10 1.60 10 1.000
236 A 6 6 1.34 10 0.600
237 A 4 4 1.09 6 0.667
N/A 1 0 1.00 10 0.000
239 | N/A 1 0 1.00 10 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
240/ | N/A 1 0 1.00 10 0.000
241 | A 3 2 0.91 16 0.125
242 | A 3 2 0.91 14 0.143
243/ | A 5 4 1.01 8 0.500
244/ | N/A 1 0 1.00 16 0.000
245/ | N/A 1 0 1.00 16 0.000
246/ | A 6 5 1.00 17 0.294
247 A 6 5 1.18 15 0.333
248 | A 6 5 1.00 13 0.385
249 | A 4 3 0.98 17 0.176
250/ | A 6 5 1.00 17 0.294
251/ | A 6 5 1.18 17 0.294
252 | A 6 5 1.13 19 0.263
253 | A 3 2 1.00 18 0.111
254 | A 3 2 1.00 16 0.125
255/ | A 3 2 1.00 18 0.111
256/ | A 3 2 1.00 18 0.111
257 | A 3 2 1.00 18 0.111
258 | A 3 2 1.00 18 0.111
259 | A 9 9 1.13 17 0.529
260 A 5 5 1.07 17 0.294
261 | A 2 2 1.00 15 0.133
N/A 1 0 1.00 17 0.000
263 | N/A 4 0 1.00 17 0.000
264 | N/A 8 0 1.00 17 0.000
265/ | N/A 6 0 1.00 17 0.000
266/ | N/A 3 0 1.00 17 0.000
267 | N/A 1 0 1.00 14 0.000
268 | N/A 3 0 1.00 17 0.000
269 | N/A 6 0 1.00 17 0.000
270 A 6 6 1.13 18 0.333

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand rumber of rules
7 grade Slf::: u:li;i:e antlfaefns\'::zwe leaf size integrand leaf size
271 | A 4 4 1.07 18 0.222
272 | A 2 2 1.00 16 0.125
273 | A 1 1 1.00 18 0.056
274 A 3 3 1.00 18 0.167
275 | A 5 5 1.02 18 0.278
276/ | A 7 7 1.11 18 0.389
277 A 5 5 1.07 18 0.278
278 | A 3 3 1.00 18 0.167
279 A 1 1 1.00 15 0.067
280 | A 3 3 1.00 18 0.167
281 | A 5 5 0.97 18 0.278
282 | A 7 7 1.00 18 0.389
283 | A 9 9 1.78 19 0.474
284 A 5 5 1.41 19 0.263
285 | A 2 2 1.00 17 0.118
286 | N/A 1 0 1.00 19 0.000
287 | N/A 4 0 1.00 19 0.000
288 | N/A 8 0 1.00 19 0.000
289 | A 8 7 1.27 19 0.368
290/ A 5 4 1.00 19 0.211
291 | A 3 2 1.00 16 0.125
292 | A 5 4 1.00 19 0.211
293 | A 8 7 1.14 19 0.368
294 | A 10 10 1.03 19 0.526
295/ | A 3 1.00 17 0.176
N/A 0 1.00 19 0.000
297/ | N/A 6 0 1.00 19 0.000
298/ | N/A 16 0 1.00 19 0.000
299 | N/A 5 0 1.00 19 0.000
300/ | N/A 0 1.00 16 0.000
301 | N/A 3 0 1.00 19 0.000

Continued on next page
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Table 2.1 — continued from previous page

number of numjber of nc?rma.ulize.d integrand umber of rules
# | grade Slf::: uz;i:e antlfaefr;:zlve leaf size integrand leaf size
302 | N/A 9 0 1.00 19 0.000
303 A 1 1 1.00 40 0.025
304 A 5 4 1.00 18 0.222
305 A ) 4 1.00 18 0.222
306 A ) 4 1.00 18 0.222
307 A ) 4 1.00 18 0.222
308 A ) 4 1.00 15 0.267
309 A 5) 4 1.00 16 0.250
310 A ) 4 1.00 15 0.267
311 A ) 4 1.00 16 0.250
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3.1 [ z°erf(bz) dx

Optimal result . . . . . . . . . . . . e 137
Mathematica [A] (verified) . . . . . . . . . ... o 137
Rubi [A] (verified) . . . .. . . ... .. 138
Maple [A] (verified) . . . . . . ... L 140
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 1401
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 141
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 1411
Giac [A] (verification not implemented) . . . . . . ... ... ... 141
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... T42
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 142

Optimal result

Integrand size = 8, antiderivative size = 96

SeV7’y e VTyd e ¥e%y5 Berf(br) 1
Serf - — —glerf
/x erf(br) dz N + 1265/ + NG 1666 + g er (bx)

outputl 5/8*x/b"5/exp(b~2%x~2) /Pi~(1/2)+5/12*x~3/b~3/exp (b~2*x~2) /Pi~ (1/2)+1/6%x"5 1
\ /b/exp(b~2%x~2) /Pi~ (1/2)-5/16xerf (b*x) /b~6+1/6%x~6*erf (b*x) \

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.75

et (3062 + 200°2° + 8150 + %" /7(~ 15 + 8862°) exf(ba) )
48b8/m

/ rPerf(bz) do =

e

LIntegrate [x~5*Erf [b*x] ,x]

~—

input

| (30%bkx + 20%b"3%x"3 + 8xb 5kx"5 + E"(b"2%x"2)*Sqrt [Pil*(-15 + 8xb 64x"6)*

output
LErf [b*x])/ (48%b~6+E~ (b~2%x~2) *Sqrt [Pil) J
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Rubi [A] (verified)

Time = 0.38 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.18,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {6915, 2641, 2641, 2641, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zoerf(bx) dz
| 6915

b [ e V%" £bdx
NG
J 2641

écherf(ba:) -

2b2 2b2

3T
l 2641

2.2
5<3fe_b :z: zzdz_x3e_b212>
2b2 2b2 2 2
b z.56—17 T

262 282

2 2
5[ e b=  z4dy m5e—b2z2>

e
Exﬁerf(bx) -

3Vm
l 2641

2 2
3 fe_b x dm_ze—b232
5 2b2 262 z3e—52w2

262 T w2

b zSe—b222
262 T 2p2

3T
l 2634
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—b2¢2

2 2
252 >_m3e—b z
262 2p2

3<vﬁerﬂbz>_ze
4b3

5
5 —b2z2
b 262 T 202

1
6w6erf(bx) —

3V

input LInt [x~5*Erf [b*x] ,x] J

(" 6*Erf [bx])/6 = (bx(-1/2%x"5/(b"2¢E™ (b"2#x°2)) + (5%(-1/2%x°3/(b"2+E"(b

tput
ot "2x72)) + (3%(-1/2%x/ (b 2+E~(b"2%x"2)) + (Sqrt[Pil*Erf [b*x])/(4%b73)))/(2
‘*b“2)))/(2*b“2)))/(3*Sqrt[Pi])
Defintions of rubi rules used
rule 2634 10t [(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt

[Pil*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]11/(2*d*Rt[(-b)*LoglF], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(n_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x)"n)/(bxd*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F (a +
b*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*x((m + 1)/
n)] && LtQ[0, (m + 1)/n, 5] &% IntegerQ[n] && (LtQ[0, n, m + 1] || LtQ[m, n
, 01)

rule 2641

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + D*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt [Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915
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Maple [A] (verified)

Time = 0.57 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.62

method result size
b (281;49544-7017%2+105)eszm2 (—566%26+105) erf(ba) v
17 84 - 168
meijerg e 60
arallelrisch 8 erf(bz)x®b5/7+8 o022 15p5 1 00 60222 13p3 1 30 0022 pp—15 erf(bz) /7 81
p 4865/
erf(bz)bGzG - e_b2z22 z%b° _ Se_bzz2 233 _15 e_b82w2 bz + 15 erfl(gz)ﬁ
derivativedivides 6 ot 83
erf(bx)b828  — e_bQ’”Q2 2585 _ 5e_b2:2 2363 _ 15 e—fﬂﬂ be | 15 erfl(léz)ﬁ
default 6 s 83
2 2
_3ze 0% 37 erf(bzx)
5p3e—b2a? 5( TR T )
GBe—b2a? | TP —+ 552
bl = 242 + b2
8 erf(bx)
parts e — NG 91
2 2
4.4 2.2 4 229727
. (49201080 2500~ 45) exf(bz) (462" +106%"+15) (5”” erf(be)+ ™07 ) 91
orering S AT

input L

int (x"5*erf (b*x) ,x,method=_RETURNVERBOSE)

output

‘1/2/b“6/Pi“(1/2)*(1/84*x*b*(28*b“4*x‘4+70*b‘2*x“2+105)*exp(—b“2*x‘2)—1/168
‘*(—56*b‘6*x‘6+105)*erf(b*x)*Pi‘(1/2))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.66

55 4 106 (-84 _ (157 — § wifas
/$5erf(bx) dp = 2VT(AYT +10b°2° + 15bz)e (157 — 82’ exf (ba)

48 b

input L

integrate(x~5*erf (b*x) ,x, algorithm="fricas")

output

| 1/48% (2%sqrt (pi)* (4%b"5%x"5 + 10%b~3#x"3 + 154bxx)*e”(-b 2#x"2) - (154pi -

8*pi*b~6*x~6) *erf (b*x))/(pi*b~6)
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Sympy [A] (verification not implemented)

Time = 0.55 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.92

a8 erf (bx) + 156_b2$2 + 5x36_1’2"”2 + 5xe_b2m2 5erf (bx) f
— orb#0
/ x5erf(bx) dr = 6 6+/mb 12/mb3 8/mb5 1665 #
0 otherwise
( A
input\1ntegrate(x**5*erf(b*x),x) ]
output ‘ Piecewise ((x**6*erf (b*x) /6 + x**bkexp(-bx*2xx**2)/(6*sqrt(pi)*b) + Exx**3* ‘

| exp(~bxx2%x*%2) / (12%sqrt (pi) *b**3) + Sxxxexp(-brx2xx+*2)/(8*sqrt (pi) ¥b**5) |
| - 5kerf(b*x)/(16%b**6), Ne(b, 0)), (0, True)) |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.66

2.2
2 (46425 4108223 +152)e( ")

o

_ 15/merf(bx) )
b7

b(
1

Serf = —2lerf +
/x erf(bz) dz gT er (bx) W

-

input L

-/

integrate(x~5*erf (b*x) ,x, algorithm="maxima")

‘1/6*x‘6*erf(b*x) + 1/48%b* (2% (4%b~4%*x~5 + 10%b~2%x~3 + 15%x)*e” (-b~2%x"2)/ \
b~6 - 15*sqrt(pi)*erf (b*x)/b~7)/sqrt(pi)

N\ J

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.67

2.2
2 (4b%z5+10 b2z3+15z)e(_b =?) 15 /m erf(—bx)
b6 + b7

48 /7

b (
1
/ rPerf(br) dx = 8 20 erf (bx) +
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input‘integrate(x“S*erf(b*x),x, algorithm="giac")

output‘ 1/6*x"6*erf (bxx) + 1/48*b*(2*%(4*xb~4*xx~5 + 10*b~2*xx~3 + 15*%x)*e~ (-b~2*x"2)/ \
‘b‘G + 16*sqrt (pi)*erf (-b*x)/b~7)/sqrt(pi)

Mupad [B] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 108, normalized size of antiderivative = 1.12

_ aPerf(bx) 5bx" g e V@

5
£ - _
/x erf(bx) dzx 5 16 (82 22) + 667
5pdet?7  ppe-b?z?  Dbalerfc (\/ b? x2>
1263 \/m + 8b> /1 + 16 (b2 22)"/2

inputtint(x“S*erf(b*x),x) J

Output‘((x‘G*erf(b*x))/G - (5xbxx"~7)/(16%(b~2%x~2)~(7/2)) + (x"5*exp(-b~2*x~2))/(6 \‘
‘*b*pi*(1/2)) + (5%x~3*exp(-b~2%x~2))/(12%b~3%pi~(1/2)) + (5*x*exp(-b~2%x"2 ‘
L))/(S*b‘S*piA(l/Q)) + (5xb*x"Txerfc((b~2%x~2)~(1/2)))/(16%(b™2%x"2)"(7/2)) J

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 84, normalized size of antiderivative = 0.88

/ rPerf(bz) do

8e? % erf(bx) bS7 28 — 15" % erf(bx) m + 8+/7 b2® + 204/ b3z® + 30+/7 bz
48eb*=? porr

-

Lint(x‘S*erf(b*x),x)

-/

input

output‘ (8kexk (bk*2xx**2) kerf (bkx) ¥bx*xBrpikx**6 — 15kekk (bk*k2*x**2)*erf (bkx)*pi + \
| 8¥sqrt (pi)*xb**5xx**5 + 20%sqrt (pi) ¥bxx3*xx*3 + 30xsqrt(pi)*bkx)/(48%exx(bx |
‘*2*x**2)*b**6*pi)




output

input

output

CHAPTER 3. LISTING OF INTEGRALS 143
3.2 [ z’erf(bz) dx

Optimal result . . . . . . . . . . . . e 143
Mathematica [A] (verified) . . . . . . . . . ... o 143]
Rubi [A] (verified) . . . .. . . ... .. 144
Maple [A] (verified) . . . . . . ... L 145
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 146
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 146
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 147
Giac [A] (verification not implemented) . . . . . . ... ... ... 147
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 147
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 148

Optimal result

Integrand size = 8, antiderivative size = 71

2.2 2,2
3€—bx$ €_bz$3

3erf(bx)

/ rierf(bz) do =

YT -

16b*

1

+ —zlerf

4

(bz)

‘ 3/8*x/b~3/exp(b~2*x~2) /Pi~ (1/2)+1/4*x~3/b/exp(b~2%x~2) /Pi~(1/2)-3/16*erf (b

\*x)/b*4+1/4*x*4*erf(b*x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.89

T

3

3erf(bx)

/ oerf(br) dz = e 0 ( 5z

8/ | dbyr

>_

16b*

1
Za:“erf

(bz)

‘ Integrate [x"3*Erf [b*x] ,x]

| ((3%x)/(8%b~3+Sqrt [Pi]) + x~3/(4*b*Sqrt[Pil))/E"(b™2#x"2) - (3+Erf [b*x])/(

\ 16%b~4) + (x~4*Erf[b*x])/4




input

output

CHAPTER 3. LISTING OF INTEGRALS 144

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.20,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6915, 2641, 2641, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x3erf(bx) dx
| 6915

b [ eV gld
NG
l 2641

i:c%rf(ba:) -

2b2 2b2
NG
l 2641

2,2
3 S e_b z dz_a:e_b212
b 252 2b2 £3e—b2a?

262 282

2 2
3 [e """ x2dy m3e—b212>

T
Za:‘lerf(bx) -

i:c%rf(ba:) -

2y/m
l 2634

3 Jaerf(bz)  ge—bc?
43 262 p3e—b2a?

) b( 2b2 T2
e -
1% erf(bx) NG

‘ Int [x~3*Erf [b*x] ,x]

‘{ (x~4*Erf [b*x])/4 - (b*(-1/2*x"3/(b"2+E~ (b"2%x"2)) + (3*(-1/2*x/(b"2*E~(b"2
‘ *x72)) + (Sqrt[Pil*Erf [b*x])/(4%¥b~3)))/(2%¥b"2)))/(2*Sqrt [Pi])

N




CHAPTER 3. LISTING OF INTEGRALS 145

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]11/(2*d*Rt[(-b)*LoglF], 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2634

Int [(F_)"((a_.) + (b_)*((c_.) + (d_)*(x_))"(n_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x)"n)/(bxd*n*L
ogl[F1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F~(a +
bx(c + d*x)°n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] & LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01)

rule 2641

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)~2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.73

method result size
zb(10b212+15)e—b2$2 (—20b4m4+15) erf(bz) /T
33 20 — 40
meijerg S 52
2 2 2. 2
. 4 erf(bzx)zt /T b4 +4e "2 2303416 60" 2" br—3 erf(bx)/7
parallelrisch T6ymH 64
—b2 2 3.3 _b2 2
erf(bw4)b4:c4_*e z2 z°b° _3e 4:” bz+3 erf(gm)ﬁ
derivativedivides o 2y7 65
—b222 3.3 —b222 erf(ba)/T
erf(ba2b4x4_—e - b° _3e - bz+3 f(g VT
default 27 65

b4

2.2 —
3.,—bzx
z e +

i e
aterf(bz)
1 PN

2 2
2z 2 2e3e=0777
. (2b4z4—3b2w2—6) erf(bx) (2b z +3) (3w erf(bz)+ NG ) 75
orering . + S

4b2

3g0— 022> 4 3/ erf(bx)
8b3

68

parts
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input‘int(x"3*erf(b*x),x,method=_RETURNVERBOSE)

‘ 1/2/b74/Pi~(1/2) % (1/20*x*b* (10*b~2*x~2+15) *exp (-b~2*x~2) -1/40%* (-20*b~4*x~4 ‘

output
\+15)*erf(b*x)*Pi*(1/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.77

— 2‘,1:2
/x3erf(bx) dr = 2 V7 (26°% + 3bx)eP'=) — (37 — 47b'a?) erf (bx)
16 wb*
input Lintegrate (x~3*erf (b*x) »X, algorithm=llfricasu ) J
Output‘1/16*(2*sqrt(pi)*(2*b‘3*x"3 + 3kbxx)*e” (-b"2%x"2) - (3%pi - 4xpikb~4xx"4)*

erf (b*x))/(pi*b~4)

N\ J

Sympy [A] (verification not implemented)

Time = 0.31 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.92

/ rierf(bz) do = 4 4y/mb 8y/mb3 T 16b%
0 otherwise

z* erf (bx) n z3e—b2a? n 3ze—t%2%  3erf (bz) for b # 0

-

Lintegrate(x**S*erf(b*x),x)

-/

input

‘Piecewise((x**4*erf(b*x)/4 + xx*3kexp (~bx*2xx**2) / (4*sqrt (pi) *b) + 3*x*exp
| (~bxx2%x#%2) / (8*sqrt (pi) ¥b**3) - 3kerf (b*x)/(16%bxx4), Ne(b, 0)), (0, True
» |

output
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.77

2(2 b2x3+3x)e(_b2z2)

b4

__ 3+/merf(bx) )
b5

b(
1

3 f 4 f

/117 er (bx)dx——4x er (bCU)-l— 16\/_

input Lintegrate (x~3%erf (b*x) ,x, algorithm="maxima") J

‘1/4*x‘4*erf(b*x) + 1/16%b* (2% (2¥b~2*x"3 + 3*x)*e” (-b~2%x"2)/b~4 - 3*sqrt(p ‘

output
i) *erf (b%x) /b"5) /sqrt (pi)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.79

. (~6222)
2 (2b%z3+3x)e 3\/7Terf(—bz))
+ b5

bd
16 /7

i
/a:3erf(bx) dx = %x‘i erf (bz) +

input Lintegrate (x~3*erf (b*x),x, algorithm="giac") J

e B

1/4*x"4xerf (b*x) + 1/16%b*(2%(2*¥b~2%x"3 + 3*x)*e”(-b"2*x"2) /b~4 + 3*sqrt(p
i) *erf (-b*x) /b"5)/sqrt (pi)

output

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.24

/ Peri(be) dp = T 0D 3ba’ et dae 3ba® erfe (V6227 )
I G

input Lint (x~3*xerf (b*x) ,x) J
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t‘ (x~4*erf (bxx))/4 - (3%b*x~5)/(16%(b~2*x"2)"(5/2)) + (x"3*exp(-b~2*x~2))/(4 \
‘*b*pi”(1/2)) + (3*xxexp(-b~2*x72))/(8xb~3*pi~(1/2)) + (3*bxx"5*erfc((b~2*x \
72)7(1/2)))/ (16% (b™2%x72) " (5/2))

outpu

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.04

b2 4 4 _ b222 3 3
/w3erf(bz) dr — 4e” " erf(bz) b*m x 3616e§§f2(:f) T+ 4y/mb23 4 64/ bz
ot

input Lint (x~3*erf (b*x) ,x) J

‘ (4xex* (bx*2xx**2) *erf (b*x) ¥b**x4*pixx**4 — 3kex* (b*x*x2xx*x2)*erf (b*x)*pi + 4 ‘

output
 *SQrt (pi) *bk*34xxx3 + G+sqrt (pi)*bkx)/ (16kek* (Drk2kx+%2) *bk*4+pi) |
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3.3 [ zerf(bzx) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 6, antiderivative size = 46

_b2x2x

erf(bz) 1

e
/xerf(bx) dx = TN

4b? 2

+ ~x’erf(bx)

outputt

1/2xx/b/exp(b~2*x~2) /Pi~ (1/2)-1/4*erf (b*x) /b~ 2+1/2*x"2xerf (b*x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.91

1(2e Vg 1 )
/werf(bx) dx = Z( bo/m + (—b—2—|—2x

) erf(bx))

input‘

Integrate [x*Erf [bxx] ,x]

-

outputt

((2xx) / (b*E~ (b™2*x"2) *Sqrt [Pi]) + (-b~(-2) + 2*x"2)+*Erf [b*x])/4

| —
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.20,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 4 5 Ryjes
integrand size

used = {6915, 2641, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the

transformation is given above next to the arrow. The rules definitions used are listed
below.

input L

/ zerf(bzx) dz
l 6915
—b222,.2
L 2erf(py) — 0L " T
2 Ve
l 2641
fe_b2“’2dz me_bzzz
1 b 262 T 202
§m2erf(bx) - N
l 2634
_p252
PR
~z2erf(bx) —
2 v
Int [x*Erf [b*x] ,x] J

output ‘

L

(x"2%Erf [b*x]) /2 - (b*(-1/2*x/(b"2*E~(b"2*x72)) + (Sqrt[Pi]*Erf [b*x])/(4*b \
~3)))/Sqrt [Pi] J
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Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2634

Int [(F_)"((a_.) + (b_)*((c_.) + (d_)*(x_))"(n_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x) n)/(b*d*n*L
ogl[F1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F~(a +
bx(c + d*x)°n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] & LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01)

rule 2641

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)~2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915

Maple [A] (verified)

Time = 0.30 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.89

method result size
e_b2£2 b (—6b2z2+3) erf(bz)\/m
.o - 6
meijerg /m 41
z e_bQ‘v2 V7 _erf(bx)
z2 erf(bz) L T
parts 5 — 45
™
2 2
2 efb T b
. (b2z2—1) erf(bx) erf(bz)+7ﬁ
orering 72 + Y 46
52,2
erf(ba:)b2:c2 _ = e b 5 b + erf(bz:)\/?
derivativedivides 2 T 47
erf(baf,‘)bzz2 - e—522232 b + erf(bjf)ﬁ
default 2 e 47

52,2
parallelrisch 20” erf (ba)v/m bzf/‘;;’z be—erf(ba)ym | 4
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input‘int(x*erf(b*x),X,meth0d=_RETURNVERBOSE)

outputL1/2/b‘2/Pi“(1/2)*(exp(-b‘z*x*z)*b*x—i/s*(-e*b*z*x*2+3)*erf(b*x)*Pi*(1/2)) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.91

/werf(bx) dr = 2 ﬁbxe(_bzw2) —(m—2 7Tb2$2) erf (bx)
4 b2

/

integrate(x*erf (b*x) ,x, algorithm="fricas")

~—

input t

output L1/4* (2*sqrt (pi) *bxx*e~ (-b~2*x~2) - (pi - 2%pi*b~2xx~2)*erf (b*x))/(pi*b~2) J

Sympy [A] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.85

22 erf (bx) pe—b2z? erf (bx)
/ zerf(bz) dx = 7 T avm T a2 forb # 0

0 otherwise

inputtintegrate(x*erf(b*x),x) J

p
‘Piecewise((x**2*erf(b*x)/2 + x*exp (~b**2xx**x2) / (2*sqrt (pi)*b) - erf (b*x)/(

output
\4*b**2), Ne(b, 0)), (0, True))

\‘
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.96

—%?) ﬁerf(b:c))
b3

b2
4.7

b (23}6(
/ zerf(bz) dx = %xQ erf (bz) +

input ‘ integrate (x*erf (b*x) ,x, algorithm="maxima") ‘

output‘ 1/2%x72xerf (b*x) + 1/4xb*(2xx*e” (-b"2%x72)/b"2 - sqrt(pi)*erf (b*x)/b~3)/sq ‘
\rt(pi) \

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.96

b 2me(_b2x2) V7 erf(—bzx)
f(bx) d L f(b " .
/xer(x)x—ﬁxer(x)-l- Ivr

input Lintegrate (x*erf (b*x) ,x, algorithm="giac") J

|1/2%x"2%erf (b*x) + 1/4%bx(2kx*e”(-b"2%x"2)/b"2 + sqrt(pi)*erf (-b*x)/b~3)/s

output ‘ qrt (pi) ‘

Mupad [B] (verification not implemented)

Time = 3.81 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.04

z2erf(bx) berﬁ(x\/__bz) e
/xerf(bx)dx— 2 + L) + NG

input Lint (xxerf (b*x) ,x) J
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t‘(x“2*erf(b*x))/2 + (b¥erfi(x*(-b~2)"(1/2)))/(4x(-b~2)"(3/2)) + (x*exp(-b~2

outpu
‘*x“2))/(2*b*pi”(1/2))

Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.39

bzx2 2 2 _ b2$2
/ serf(bz) dz = 2 erf(bz) b°m z o erf(bz) T + 2/7 bz
4€b T b27T

input Lint (x*erf (b*x) ,x) |

‘(2*e**(b**2*x**2)*erf(b*x)*b**2*pi*x**2 - exk (b*x2+x**2) xerf (b*x)*pi + 2%s

output
‘qrt(pi)*b*x)/(4*e**(b**2*x**2)*b**2*pi)




-

output
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3.4 [erien g,
T

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . . 156
Maple [A] (verified) . . . . . . . . .. 1561
Fricas [F] . . . . . . o o 157
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [F] . . . . . .
Giac [F] . . . o o o 158
Mupad [F(-1)] . . . . . e 58]
Reduce [F] . . . . . . o 158

Optimal result

Integrand size = 8, antiderivative size = 32

/erf(bx) dp — 2bx o F %,%;%,%;—b%ﬁ)
Z \/7_1-

L2*b*x*hypergeom( [1/2, 1/2],[3/2, 3/2],-b"2%x"~2)/Pi~(1/2)

e—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00

/erf(b:c) dp — 2bx o F %,%;%,%;—bzxz)
x \/7_1.

input L

Integrate [Erf [b*x] /x,x]

output L

(2*b*x*HypergeometricPFQ[{1/2, 1/2}, {3/2, 3/2}, -(b"2%x~2)])/Sqrt[Pil




input

output
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6912}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/erf(bzr:)dm

X

l 6912

LInt[Erf[b*x]/x,x]

-

L(2*b*x*HypergeometricPFQ [{1/2, 1/2}, {3/2, 3/2}, -(b"2%x~2)])/Sqrt[Pi]

Defintions of rubi rules used

-/

rule 6912 ‘ Int [EI‘f [(b_ . ) * (X_)] / (X_) ’ X_Symbol] > Simp [2*b* (X/Sqrt [Pi] )*Hypergeometric ‘

input

1PFQ[{1/2, 1/2}, {3/2, 3/2}, (-b"2)*x"2], x] /; FreeQ[b, x]

Maple [A] (verified)

Time = 0.32 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.72

method | result size
un ergeom l l § 3 —_ 21:2
meijerg 2bx hyperg ([\2/;?2}’[2’2]’ b?z?) 23

-

Lint (erf (b*x) /x,x,method=_RETURNVERBOSE)

-/
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output | 2*b*x*hypergeon([1/2,1/2],[3/2,3/2] ,-b™2+x"2) /Pi" (1/2)

Fricas [F]

/ erf(bx) dr — / erf (bx) iz

inputLintegrate(erf(b*x)/x,x, algorithm="fricas")

ou_tputLintegral(erf(b=|<x)/x, x)

Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.81

NI N
S
N
8
\—M/

2b.’132F2
/ erf(bx) dp —

X

N

inputLintegrate(erf(b*x)/x,x)

output L2*b*x*hyper( (1/2, 1/2), (3/2, 3/2), -bx*2xx*x*2)/sqrt(pi)

Maxima [F]

[ gy [,

i x

i i =n : n
inputLlntegrate(erf(b*x)/x,x, algorithm="maxima")

OutputLintegrate(erf(b*x)/x, x)
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Giac [F]

/de=/wdx

Z Z

inputtintegrate(erf(b*x)/x,x, algorithm="giac")

output Lintegrate (erf (b*x)/x, x)

Mupad [F(-1)]

Timed out.

/dez/wdx

T T

inputLint(erf(b*x)/X,x)

output Lint(erf (b*x)/x, x)

Reduce [F]

/de=/wdx

T T

inputLint(erf(b*x)/x,x)

Outputtint(erf(b*x)/x,x)




output
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3.5 | ﬂébx) dz
i

Optimal result . . . . . . . . . . . . . 159
Mathematica [A] (verified) . . . . . . . . . ... . L 159
Rubi [A] (verified) . . . . . . .. . . 160
Maple [A] (verified) . . . . . . . . .. 1611
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ... 162
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 162
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 163
Giac [F] . . . o o o 163l
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 163l
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 164

Optimal result

Integrand size = 8, antiderivative size = 42

—b2w2
/erf(ga:) dr — _be
T NLE

— bPerf(bx) —

erf(bz)
2x2

| ~b/exp(b~2#x"2) /Pi” (1/2) /x-b"2%ert (b*x)~1/2%erf (b*x) /x"2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 42, normalized size of antiderivative = 1.00

—b2$2
/ erf(gx) dp — be
T NLz

— bPerf(bx) —

erf(bx)
222

e

input t

Integrate [Erf [b*x]/x~3,x]

~—

-

output L

-(b/(E"(b"2%x"2)*Sqrt [Pil*x)) - b 2*Erf[b*x] - Erf[b*x]/(2%x"2)

~—
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.12,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6915, 2643, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ erf(gx) i
X
l 6915
242
b ,Zz dz  erf(bx)
N3 212
l 2643
_p2..2 e—b2a?
b(—20% [ e ¥ do — 25 )  erf(be)
Vi 212
l 2634
_p252
b(ﬁ(—b)erf(bx) - T)  erf(be)
N3 212
input LInt [Erf [bxx]/x"3,x]

output ‘

-1/2*Erf [b*x]/x"2 + (b*x(-(1/(E~(b"2*x"2)*x)) - b*Sqrt[Pi]*Erf [b*x]))/Sqrt[
Pi]
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Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2634

rule 2643 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(@_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)~(m + 1)*(F~(a + b*(c + d*x)"n)/(d*(m + 1)))
, x] — Simp[b*n*(Log[F]l/(m + 1)) Int[(c + d*x)~"(m + n)*F~(a + bx(c + d*x)
“n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/n)] && LtQ[
-4, (m + 1)/n, 5] &% IntegerQ[n] && ((GtQ[n, 0] && LtQ[m, -11) || (GtQ[-n,
0] && LeQ[-n, m + 1]))

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)~2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915

Maple [A] (verified)

Time = 0.33 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.98

method result Size
252
b( —&———by/m erf(bx)
erf(bx) ( z )
parts — 4 = 4
242
parallelrisch — 2o erflbe)/rt" ;\2/?? :2 baterf(bx) y'm 46
—b2a2
derivativedivides | b (—e;fg’;? + W) 50
252
2 rf (bz) — & ——erf(bx)v/m
default b <_62b2zw2 + e > 50
b2 <_ ge—b2e? _ (2b2m2+1) erf(b@ﬁ)
zb 2202
meijerg o 59
(227 —22) ext(b) mz(%;ffb_&gw))
orering = _ _ 55
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input| 12t (erf (b*x)/x"3,x, method=_RETURNVERBOSE) |

output L—1/2*erf (b*x) /x~2+1/Pi~ (1/2) *b* (-1/x*exp (-b~2%x~2) -b*Pi~ (1/2) *erf (b*x)) J

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.98

/ erf(br) dp — — 2 /mbze V%) 4 (1 4 2 1b%x?) exf (bx)

3 2?2

e

tintegrate (erf (b*x)/x"3,x, algorithm="fricas")

~—

input

output L—1/2*(2*sqrt(pi)*b*x*e"(—b’“Q*x’?) + (pi + 2*pixb~2%x"2) *xerf (b*x))/(pi*x~2) J

Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.86

—b2£152 f
/ erf(bx) 4z = —b erf (br) — be _erf (bz)
x3 NLz 222

input Lintegrate (erf (b*x) /x**3,x) J

output L—b**z*erf (b*x) - brexp(-b**2*x**2)/(sqrt(pi)*x) - erf (b*x)/(2*x**2) J




CHAPTER 3. LISTING OF INTEGRALS 163

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.83

/erf(bm) i — VAT (=3, 6%5%)  erf (ba)
2 T 2\/rz 2122

input Lintegrate (erf (b*x)/x"3,x, algorithm="maxima") J
output | ~1/2*D72¥sqrt (x"2)xgamma(-1/2, b"2%x"2)/(sqrt (pi)*x) - 1/2+ert (bx)/x"2 J
Giac [F]
/ erf(gm) dr — / erf (fm) i
T T
inputLintegrate(erf(b*x)/x*3,x’ algorithm="giac") J
outputLintegrate(erf(b*x)/x*s, x) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 67, normalized size of antiderivative = 1.60

/erf(bx) i berf0<v b? 902) M R TR ()

z3 x x z /T 2 x?

input tint(erf (b*x) /x73,%) J

N

‘((b*erfc((b“2*x’"2)’"(1/2))*(b“2*x’"2)“(1/2))/x - (bx(b"2*x"2)"(1/2))/x - (b*e ‘

output
‘ xp(-b~2*x~2)) / (x*pi~(1/2)) - erf(b*x)/(2*x~2) ‘
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 64, normalized size of antiderivative = 1.52

/ erf(bx) i — —2e"7 erf (bx) b2m 22 — % erf (bx) ™ — 24/7 bz
s T 2eb*7* 1 12

input 10t (erE (b¥x)/x73,%)

‘( - 2*e**(b**2*x**2)*erf(b*x)*b**2*pi*x**2 - e**(b**2*x**2)*erf(b*x)*pi -

output
‘2*sqrt(pi)*b*x)/(2*e**(b**2*x**2)*pi*x**2)




output

input
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3.6  [&itn g,

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [F] . . . o o o
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [F] . . . . . . o

Optimal result

Integrand size = 8, antiderivative size = 71

dz = —

/ erf(bx) be t’s*  pBebe?

x° 6+/7x3 + 37z

+ %b‘lerf(bx)

_erf(bz)
4z

4

rf (b*xx)-1/4*erf (b*x) /x4

N

‘—1/6*b/exp(b‘2*x‘2)/Pi‘(1/2)/x‘3+1/3*b‘3/exp(b‘2*x‘2)/Pi‘(1/2)/x+1/3*b‘4*e

J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.89

b3

erf(bx) 22 b 1 4
= = _ Z f —
/ - dr =e ( 6\/_3+3\/_ >—|—3ber(bm)

erf(bx)
4

LIntegrate[Erf[b*x]/x“5,x]

output (~1/6%D/ (Sart [Pil*x"3) + b73/(3+Sqrt[Pi1#x))/E"(b"2%x"2) + (b"4xErf [bxx])/

'3 - Erf[bxx]/(4%x"4)




input

output
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.06,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6915, 2643, 2643, 2634}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ erf(gx) e
X
l 6915
_p242
bfe——dx _ erf(bx)
2/T 4zt
l 2643
242 [ eb% et
b<—§b2f 2 dr — 323 ) _ erf(bx)
/7 4zt
l 2643
—b22 —b%a? —b%a?
o3P e 22 )
2\/7_1. 4.’1}4
l 2634
_b242 —b2z2
bC%w(v%@ﬁmﬁw@-ez )‘ems)__MKMO
2\/7 4zt

LInt [Erf [b*x]/x"5,x]

e

-1/4%Erf [b*x] /x~4 + (b*x(-1/3*%1/(E~(b"2%x"2)*x~3) - (2*b"2*%(-(1/(E~ (b"2*x"2
‘ )*x)) - b*Sqrt[Pi]l*Erf [b*x]))/3))/(2+Sqrt[Pil)
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Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F a*Sqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Logl[F], 2]11/(2*d*Rt[(-b)*Log[F], 2])), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

rule 2634

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(@_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)~(m + 1)*(F~(a + b*(c + d*x)"n)/(d*(m + 1)))
, x] — Simp[b*n*(Log[F]l/(m + 1)) Int[(c + d*x)~"(m + n)*F~(a + bx(c + d*x)
“n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/n)] && LtQ[
-4, (m + 1)/n, 5] &% IntegerQ[n] && ((GtQ[n, 0] && LtQ[m, -11) || (GtQ[-n,
0] && LeQ[-n, m + 1]))

rule 2643

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Int[(c + d*x)"(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915

Maple [A] (verified)

Time = 0.42 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.87
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method result size
2.2 2 2
b4< 4<—T” Z +;11>e_b z (—4b4z4+3) erf(bz)ﬁ>
- 32363 - 6z%bd
meijerg NG 62
2.2
2,2 202 <— e—z; A N erf(bm))
bl —* 323 3
erf(bx)
2.2 2.2
. 4 erf(bzx)zt /T b4 4+4e "2 2303 2072 bz —3 erf(bx)/7
parallelrisch o /md 64
—b222 5 —b%2? 9 erf(ba) /A
. . .. 4| _ erf(br) — B33t st 3
derivativedivides | b ( it T+ NG 69
—b202 2e—b2w2 2 erf(bz) /T
4 _ erf(bx) —631,313 + 55t 3
default b ( it T NG 69
2,2
2.2 1\,.2(2e""%7p 5 erf(bz)
. (%b4x5+%b2x3—%x) erf(bx) (2*2%~1)a ( Nl 26 )
orering o + 12 3

input L

int (erf (b*x)/x"5,x,method=_RETURNVERBOSE)

output ‘ 1/2/Pi~(1/2)*b~4*(-4/3/x"3/b~3*(-1/2*b~2*x"2+1/4) *exp(-b~2*x~2)-1/6/x"4/b"
‘4*(—4*b“4*x“4+3)*erf(b*x)*Pi*(1/2))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.77

/ erf(gx) da
T

12zt

_ 2y/7(26%2° — bz)e(P) — (37 — 4 mbtat) erf (ba)

input

Lintegrate (erf (b*x)/x"5,x, algorithm="fricas")

outpu
(£(b*x))/ (pi*x~4)

t‘1/12*(2*sqrt(pi)*(2*b‘3*x“3 - b*xx)*e”(-b"2*x"2) - (3*pi - 4*pi*b~4*x"4)*er
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Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.85

/ erf(bx) = blerf (bz) ble V% be P erf (ba)

T = + _ B

= 3 3Vmr  6y/mzd Azt
input Lintegrate (erf (b*x) /x**5 , x) J
output ‘ bx*x4*xerf (b*xx) /3 + b**3kexp(~b**2xx**2) / (3*sqrt (pi) *x) - bkexp(-b**2*kx**2)/ ‘

| (6*sqrt (pi)*xk*3) - erf (b*x)/(4*xx*d) |

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.49

5

/erf(bx) o BT (=5,6%?)  erf (bo)
x v 4\/mx3 414

input Lintegrate (erf (b*x)/x"5,x, algorithm="maxima") J

o ~1/4¥b™4%(x"2)" (3/2) *gamma (-3/2, b"2+x"2)/(sqrt(pi)*x"3) - 1/4xerf(bxx)/x~

4 |

outpu

Giac [F]
/ erf(gx) dr — / erf (5bac) i
T T
inputLintegrate(erf(b*x)/x‘s,x, algorithm="giac") J

output Lintegrate (erf (b*x)/x75, x) J




input

outpu

input

output
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Mupad [B] (verification not implemented)

Time = 3.70 (sec) , antiderivative size = 88, normalized size of antiderivative = 1.24

) 2.2 3/2
/erf(bx) dp — b (b 3,,2)3/2 _ erf(bz) bVt pe Ve berfc<\/b2 x2> (b 22)

xd 323 4x4-+3mV?__&ﬁV?_ 323

Lint(erf(b*x)/x“S,x)

t‘(b*(b‘2*x‘2)‘(3/2))/(3*x‘3) - erf(b*x)/(4xx~4) + (b~ 3*exp(-b~2*x72))/ (3*x*
\pi‘(1/2)) - (b*exp(-b~2%x72))/(6*%x"3*xpi~(1/2)) - (b*erfc((b~2*x~2)~(1/2))*
| (b72%x72)"(3/2)) / (3%x"3)

Reduce [F]
exf(br) |~ ert(be) m — 4ym e ([ hda) ot — 2/ ba
/ x° dz = 12eb%22 1 74
Lint(erf(b*x)/x“s,x)

‘( = 3xexx (bk*2kx*x*2) xerf (bxx) *pi - 4*sqrt (pi)*kex* (b*xx2xx*x2)*xint (1/ (e** (bx
‘*2*x**2)*x**2),x)*b**S*x**4 - 2%sqrt (pi) *b*x) / (12%ex* (bx*2*x*k*2) *pikx**4)




output

input

output
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3.7 | e—rf»gb—x)dx

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [F] . . . o o o
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [F] . . . . . . o

Optimal result

Integrand size = 8, antiderivative size = 96

4b5e—b2x2

/ erf(bx) p be V7" gpdebe’

P T S ATy e

45./Tx

46
_Eb

erf(bx) —

erf(bx)
626

‘-1/15*b/exp(b“2*x“2)/Pi“(1/2)/x“5+2/45*b“3/exp(b‘2*x“2)/Pi“(1/2)/x“3-4/45*
‘b‘5/exp(b“2*x“2)/Pi“(1/2)/x—4/45*b“6*erf(b*x)—1/6*erf(b*x)/x‘6

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.76

x7

90/mz8

/ erf(bz) o et <—6bm + 4b3z3 — 8bPx® — e’ \/m(15 + 8b%F) erf(b:r))

LIntegrate[Erf[b*x]/x‘?,x]

‘ (-6xbxx + 4*b~3*x"3 - 8%b~5*x"5 - E~(b"2xx72)*Sqrt[Pi]* (15 + 8xb~6%x"6)*Er

 £[b*x])/(90+E™ (b~2#x"2) *Sqrt [Pi]#x76)

N
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Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 100, normalized size of antiderivative = 1.04,

number of steps used = 5, number of rules used = 5,

used = {6915, 2643, 2643, 2643, 2634}

number of rules

- = = (.625, Rules
integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

/ erf(bz) i

7

l 6915

e—bzzz
b

dz  erf(br)

3Vm
l 2643

—b242

74

22
b(—20 [ Cod — <

626

) erf(bx)

3T
l 2643

esza:z

66

—b222

_p252
b(— 282 (-~ 302 [ o da —

> erf(bx)

515

3T
l 2643

~ 6x5

2,2
e—bz

b(—2b2 (—%b2 (—2b2 [ et g — e—b2m2) _

T

6_31;2;2) - ) _ erf(bz)

5z

3Vm
l 2634

66

—b2z2

b(~ 262 (=207 (V(~b)ert(b) — <5 )

e—b2z2 _
3x3 5x5

) _ erf(bz)

3y

66

input \Int [Exf [b*x]/x"7,x]




output

rule 2634

rule 2643

rule 6915
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|-1/6%Erf [b*x]/x"6 + (b*(-1/5%1/(E~(b~2%x~2)#x"5) - (2%b~2*(-1/3#1/(E~ (b 2+
x"2)%x73) - (2%b 2% (-(1/(E~(b"2+x"2)*x)) - bxSqrt [Pil*Erf [bxx1))/3))/5))/(
 3xSqrt [Pi])

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[F~axSqrt
[Pil*(Erf[(c + d*x)*Rt[(-b)*Log[F], 2]11/(2*d*Rt[(-b)*LoglF], 21)), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Int[(F_)~((a_.) + (b_)*((c_.) + (d_)*(x_)) (@ ))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)~(m + 1)*(F~(a + b*(c + d*x)"n)/(d*(m + 1)))
, x] — Simp[b*n*(Log[F]l/(m + 1)) Int[(c + d*x)~"(m + n)*F~(a + b*(c + d*x)
“n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/n)] && LtQ[
-4, (m + 1)/n, 5] && IntegerQ[n] && ((GtQ[n, 0] && LtQ[m, -11) || (GtQ[-n,

0] && LeQ[-n, m + 11))

Int[Erfl(a_.) + (b_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + D*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt [Pi]*d* (m
+ 1))) Intl(c + d*x)~(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.66 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.73
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method result size
b6 < 4(%b4z4—%b212+%)e_b2x2 (8b6z6+15) erf(bz)ﬁ)
- 52565 - 45266
meijerg NG 70
66 —b222 515 _ 4 —b%z? 313 —b2¢2
parallelrisch __ 8 erf(bx)z°b%/m48e z°b ;Oe\/;xe‘» 303 +6e br+15 erf(bx)\/7m 81
—b222
\ e 262 (— e by erf(bz))
2% | -5y - 3
b2 °
bl = 55 - 5
parts —eréi’;””) + W 82
_ —b2a2 + —b2z2 _ _b2 _4 erf(bz)\f
derivativedivides | b° —egiél;? + B 15153 3 ﬁ”’”’ 87
_b2 2 _b2 2 _b2 _ 4 erf(bm)f
6 _ erf(bx) 5525 +2 s
default b ( 55626 + - 1502 I 87
—b252 erf(bx
. (- 0527 Jebdaty T2l 2o arf(hr) (WO -HP0RH3)0" Zeﬁﬂ T )>
orering 7 % 89
input Lint (erf (b*x) /x~7,x,method=_RETURNVERBOSE) J
‘1/2/Pi”(1/2)*b”6*(-4/5/x“5/b”5*(2/9*b”4*x“4-1/9*b”2*x“2+1/6)*ex (-b~2*x"2) |
output P

\ -1/45/x~6/b~6% (8%b~6%x~6+15) *erf (b*x)*Pi~ (1/2)) \

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.65

z7 90 b

/ erf(bx) dp — _2y/m(4b°° —26%2% +3 bz)e(-*2*) 4+ (157 + 8 wb%a0) exf (bz)

input Lintegrate (erf (b*x)/x"7,x, algorithm="fricas") J

output‘ -1/90% (2*sqrt (pi) * (4¥b~5*x"5 — 2xb~3*x~3 + 3*b*x)*e”~ (-b~2%x~2) + (15*pi + \
‘8*p1*b 6%x76) xerf (b*xx) )/ (pi*x~6)
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Sympy [A] (verification not implemented)

Time = 0.61 (sec) , antiderivative size = 87, normalized size of antiderivative = 0.91

/erf(ba:) i — _AbCerf (bx) 4bPe=b*e* N 2b3e~b'7 B be~t*e? _erf (bx)
z7 B 45 45 /mx  45y/mxd  15\/mxs 626

input ‘\integrate (erf (b*x) /x**7,x%)

‘-4*b**6*erf(b*x)/45 - 4xb*xx5*exp (~b**2*x**2) / (45*sqrt (pi) *x) + 2%b**3xexp (
‘-b**2*x**2)/(45*sqrt(pi)*x**S) - bxexp (-b**2xx*%x2) / (15*sqrt (pi) *x**5) - er
£ (b*x) / (6%x%%6)

output

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.36

/erf(bx) o @)D (=5,6%?)  erf (bo)
o7 T 6 /mxd 6 26

i - i =" s "
inputLlntegrate(erf(b*x)/x 7,x, algorithm="maxima")

(—1/6*b‘6*(x‘2)‘(5/2)*gamma(-5/2, b~2*xx~2) /(sqrt (pi) *x~5) - 1/6%erf (b*x)/x~

output
6
Giac [F]
/ erf(?x) dp — / erf (7bx) i
z T
input Lintegrate (erf (b*x)/x"7,x, algorithm="giac")

N

outputLintegrate(erf(b*x)/x*7, x)
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Mupad [B] (verification not implemented)

Time = 3.84 (sec) , antiderivative size = 113, normalized size of antiderivative = 1.18

/erf(bx) dp — _erf(bz)

z’ 6 z6
3he 7" —2p3 2 07 L 45 gte V7T L 40P N (3v2)5/2 —4b° \/rerfc (\/l? \/F) NG (202)5/2
B 45 15 /7
input Lint (erf (b*x) /x~7,%) J
output = STE(PHX)/(6+x76) — (3xbrexp(-b"24x™2) - 2#D"3xx"2#exp(-b24x"2) + 44b7E*

X"4*exp(-b72%x72) + 4*xb~5*pi~(1/2)*(b~2)"(1/2)*(x72)~(5/2) - 4*b~5xpi~(1/2
‘ Y*erfc((072)7(1/2)*(x72) 7 (1/2))*(b~2) " (1/2)*(x72) " (5/2) ) / (45%x~5%pi~ (1/2)) ‘

Reduce [F]

/ exf(bx) o —15e"% erf (bx) m + 81/ V%’ (f @dm) B8 + 4/7 b3® — 64/7 b

7 90eb*=? 11 16

input Lint (erf (b*xx)/x"7,x%) J

p
\( - 15xex* (b**2kx**2) xerf (b*x) *pi + 8*sqrt(pi)*ex* (bk*2xx**2)*int (1/ (ex* (b
‘**2*x**2)*x**2),x)*b**5*x**6 + 4*sqrt(pi) *bx*3*x**3 — 6*sqrt(pi)*b*x) /(90
@k (DHAHTHK2) KPIHXKHE)

output

\‘




outputl6/7/b‘7/eXP(b‘2*x‘2)/Pi*(1/2)+6/7*x*2/b*5/exp(b*z*x~2)/pi~(1/2)+3/7*x~4/b~
‘ 3/exp(b~2*x~2) /Pi~(1/2)+1/7*x"6/b/exp(b~2*x~2) /Pi~ (1/2)+1/7*x"T*erf (b*x)

input

output
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3.8 [ z%erf(bz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 109

6 —b2z? 66—b2af;2 2

3€_b2$2 4

2.2
eba: 6

6
f =
/“r e N NV TV R Y

1
+ ?x7erf(bx)

73]
LL80)
130

1KY
1KY
1KY

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 72, normalized size of antiderivative = 0.66

64%%6+%%?+%%%+Wﬁ+w%“ﬁﬁh%ﬁWﬂ>
/ rlerf(bx) dx =

N

e

LIntegrate [x~6*Erf [b*x] ,x]

~—

(6 + 6%b™2%x"2 + 3¥b"4%x"4 + b 6*x"6 + b TE"(b"2#x"2)*Sqrt [Pil*x"T*Erf[bx

Lx] )/ (T*b~T+E~ (b~ 2*x"~2) *Sqrt [Pi])

J
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.03,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {6915, 2641, 2641, 2641, 2638}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zSerf(bx) dx
l 6915
1 % [ e V7574
?w7erf(bw) - / e7ﬁ T
J 2641
3fe_b2“°2x5dz 26— b2a>
1 2b< b2 282 >
?:L]erf(bm) — NG
l 2641
2 ['e_b2$2z3dz m4e—b2z2
W= T w2 SSo—b2a2
2b b2 22
1:L'7erf(ba:) —
7 v
l 2641
2(] e rda $2e—b2z2>
b2 T 22 A —b2?
3 b2 262
_b252
2b b2 - 9:662(:;
1
§w7erf(bx) - NG
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z25—17212 e—b2z2
2<_ 22 2% ) pho—b2a?
3 b2 262
6,—b2z?
2b b2 - £ 62b2

1 7

—z'erf(bx) —

7 ( ) 7\/7_1'

input LInt [x~6*Erf [b*x] ,x] J

o (-2%b%(-1/2%x76/ (b"24E™ (b"2%x72)) + (3%(-1/2%x°4/(b"24E" (b"2¢x2)) + (2¢(-
|1/2%1/(b™4+E~ (b™2%x72)) - x72/(2¥b"2+E" (b"2%x72))))/b72))/b72))/(7#Sqrt [Pi
1)+ (" TEre [bxx])/7

outpu

Defintions of rubi rules used

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_D)*(x_))"(@_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x) n*(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*Log[F])), x] /; FreeQ[{F, a, b, c, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

N J

rule 2638

Int[(F_)~((a_.) + (b_)*((c_.) + (d_)*(x_)) (@ ))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x)"n)/(bxd*n*L
ogl[F1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F~(a +
b*(c + d*x)"n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] &% LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01)

rule 2641

Int[Erfl(a_.) + (b_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + D*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt [Pi]*d*(m
+ 1))) Intl(c + d*x)~(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

rule 6915
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Maple [A] (verified)

Time = 0.61 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.58

method result size
12 (4b6z6+1zb4z4+24b2z2+24)e*b212 2276 ert(om) v
meijerg BT L 63
. z7b’ erf(bx)ﬁ+e_b2z2z6b6+3 o2 pipt 1 6 o007 522 g = b72”
parallelrisch T 85
2.2 2 2
erf<bz)b7z7 2<_ e_b w2 z6b6 _ Se_b ; m4b4 _3 e—b2z2z2b2_3e—b212)
derivativedivides u e 90
2.2 2 2
erf<bm)b7z7 2<_ e_b w2 z6b6 _ Se_b ; m4b4 _3 e_b2z222b2—3e_b212)
default ’ —_—s 90
3(_ z2e—b2w2 _ e—b2w2 )
6.—b2c2 —3””46_;%2 + b - d
| =gy 2 b2 ’
z7 erf(bx)
parts  — NG 95
6.6 1 3pdpt 1 6h2 22 5 258e=0%2%
. (xsbs—3b6x6—9b4:1:4—18b2352—18) erf(bz) (8027 +3b%2" +6b%2 +6) <6$ erf (bz)+ v
orerin, + 108
g o 146520
input Lint (x~6*erf (b*x) ,x,method=_ RETURNVERBOSE) J
output ‘ 1/2/0"7/Pi~(1/2) % (-12/7+1/14* (4*b~6%x"6+12%b"4*x~4+24%b~2*x~2+24) *exp (-b~2 ‘

*x72) +2/THx"Tb"Terf (b*x) ¥Pi" (1/2)) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.54

input L

/x6erf(bx) dr = 7b’ " erf (bx) + /m(b5z% + 3 bz + 6 b2x? + 6)6(—”2-’”2)
Tmh?
integrate(x~6*xerf (b*x) ,x, algorithm="fricas") J
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‘1/7*(pi*b"7*x"7*erf (b*x) + sqrt(pi)*(b"6%x"6 + 3*b~4*x"4 + 6%b~2%x"2 + 6)* \

output
Le"(-b“2*x“2))/(pi*b"7) J

Sympy [A] (verification not implemented)

Time = 0.65 (sec) , antiderivative size = 99, normalized size of antiderivative = 0.91

z7 erf (bx) 26e—b2a? 3gte—b?e” a2e—ba e bw”
e M ov/- el e 2y Bl M 0w/ Bl il Oy forb # 0

/ rlerf(bz) do =

0 otherwise

s hY
integrate (x**6xerf (bxx) ,x)

N J

input

‘Piecewise((x**?*erf(b*x)/7 + x**6kexp (~b**2%kx**2) / (T*sqrt (pi)*b) + 3kxk*dx*
| exp (~bxx2%x*%2) / (T*sqrt (pi) xb*+3) + Exxxx2kexp(-brx2¥x**2)/(T*sqrt (pi)*bxx |
'5) + 6%exp(~bx*2xxk*2)/(T*sqrt (pi)*b*+7), Ne(b, 0)), (0, True)) |

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.48

(528 + 3 b4zt + 6 b%22 4 6)e(-0°7")
N

/x6erf(bx) dr = %aﬂ erf (bx) +

irlputLintegrate(x“S*erf(b*x),x, algorithm="maxima") J

N

p
‘1/7*x*7*erf(b*x) + 1/7%(b"6%x"6 + 3*%b"4*x"4 + 6%b~2%x"2 + 6)*e”(-b"2*xx"2)/ ‘

output
‘ (sqrt (pi)*b~7) ‘
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.48

(b52° + 3biz* + 6b%2% + 6)e(~H°")
7 \/mb7

/xeerf(ba:) dx = %x7 erf (bx) +

-

Lintegrate (x~6*erf (b*x) ,x, algorithm="giac")

-/

input

1/T*x"Trerf (bkx) + 1/T*(b 64x"6 + 3xb~4*x"4 + 6¥b™24x"2 + 6)*e”(-b"2#x"2)/
(sqrt (pi)*b~7)

N\ J

output

Mupad [B] (verification not implemented)

Time = 3.81 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.48

7 —b%2? (16 .6 4 .4 2 .2
6 _ zlerf(bz) e (6°2° +3b*z* +6b°2° + 6)
/x erf(bz) dr = - + TV

-

Lint (x~6*erf (b*x) ,x)

-/

input

‘ (x"7xerf (bxx))/7 + (exp(~-b~2%x72)*(6*b"2*x"2 + 3%b~4*x"4 + b~6*x"6 + 6))/( ‘
T*b~7xpi~(1/2))

N\ J

output

Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 74, normalized size of antiderivative = 0.68

b2x? 7 7 6.6 4 4 9 9
/xﬁerf(bx) de = € erf(bz) b'm z” + ﬁb;{;ﬂ—t;ﬁb zt 4 64/mb%z? + 64/
*o'm

input Lint (x~6*erf (b*xx) ,x) J

‘ (ex* (D**2xx**2) xerf (D*x) ¥b**T*pikx**7 + sqrt(pi)*bx*6*x**6 + 3*sqrt(pi)*b* \

output
‘*4*}{**4 + 6xsqrt (pi) ¥b**2*x**2 + 6xsqrt (pi))/ (7Txe** (bx*x2kx**2) *b**7*pi) \




output

input

output
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3.9 [ z*erf(bz) dz

Optimal result . . . . . . . . . . . . e 183
Mathematica [A] (verified) . . . . . . . . . ... o 183l
Rubi [A] (verified) . . . .. . . ... .. 184
Maple [A] (verified) . . . . . . ... L 185
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 186
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 187
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 187
Giac [A] (verification not implemented) . . . . . . ... ... ... 187

Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 84

2 —b2z? 26—b291;2 72

2.2
ebw 4

/ rlerf(bz) dz =

5r | Bbm | Bbyn

1
+ gxserf(bx)

18]
133

‘2/5/b“5/exp(b“2*x“2)/Pi‘(1/2)+2/5*x“2/b“3/exp(b“2*x“2)/Pi“(1/2)+1/5*x“4/b/

‘ exp(b~2+x72) /Pi~(1/2)+1/5*x"5*erf (b*x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.79

222

T

4

2.2 2
terf(bx) dr = e™*°®
/a:er(a:)m e 5b5\/7_r+5b3ﬁ+5b\/7_r

) + émjerf(bx)

‘Integrate[x“4*Erf[b*x],x]

‘(2/(5*b“5*Sqrt[Pi]) + (2%x72)/(56%¥b~3*Sqrt [Pi]l) + x~4/(5*b*Sqrt[Pi]))/E~(b"

\ 2%x~2) + (x~5*Erf [b*x])/5
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Rubi [A] (verified)

Time = 0.35 (sec) , antiderivative size = 86, normalized size of antiderivative = 1.02,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6915, 2641, 2641, 2638}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zlerf(br) dz
| 6915

2b [ e V" g5dx
N
l 2641

éw5erf(bw) -

2 2
2 [e "= z3dy m4e—b222>

(ba) 2b< b2 22
xr) — 5ﬁ

l 2641

2,2
2 I/ e_b K zdz_z2e_b212
b2 2b2 phe—b2a?

2b b2 T 2p2

1
—zPerf

1 5
52 erf(bx) — NG

l 2638

z26—1)2:52 e—b2w2
% 2 T TR phe—b2a?
b2 22
1
gazserf(bx)—

5V

input‘ Int [x~4*Erf [bxx] ,x] ‘

N

t ‘{(-2*b*(-1/2*x”4/(b“2*E“ (b™2%x72)) + (2%(-1/2%1/(b"4+E~(b"2*x"2)) - x~2/(2% ‘

outpu
bT2+E” (b72%x72)))) /b72))/ (5%Sqrt [Pi]) + (x"5+Erf [b¥x])/5




rule 2638

rule 2641

rule 6915
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Defintions of rubi rules used

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x) nx(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*Log[F1)), x] /; FreeQ[{F, a, b, ¢, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_)) (@ ))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x) n)/(b*d*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)~(m - n)*F~(a +
bx(c + d*x)~°n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] & LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01D

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+ 1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.39 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.65
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method result size
2.2
4, 2(30%at 46202 46)e ™7 5 5 phn) e
meijer g L s 2 55
Jerg 205/7
. bz erf(bac)\/7>1'+e_b2“”2 2ibi 420070 p2p2 19 o~ b72”
parallelrisch 555/ 68
VP2 phd 1242 90 b242

erf(bx)b5z5 _ 2 <_ e eTbe >

derivativedivides > Y 72
—b2a? 44 2.2 55 2.2
_e T A p2_e— bz

erf(bx)b5z5 _2< ¢ i ¢ >

default > Y 72
22 —b2z2 b222
9% _1482_;;21;2_'__*91)2?_%

z° erf(bx)

parts = — NG 72
4,—b222
. (6625 —2b%a? —4b222 —4) erf(bz) (b2 +2b2%+2) (4z3 erf(ba)+2 eﬁ b)

orering T + 05627 92

input

Lint (x~4*erf (b*x) ,x,method=_ RETURNVERBOSE)

output

‘1/2/b*5/Pi“(1/2)*(—4/5+2/15*(3*b“4*x”4+6*b*2*x“2+6)*exp(—b”2*x“2)+2/5*b”5*
‘x“5*erf(b*x)*Pi“(1/2))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.61

mbPx® erf (bx) + /m(biz* + 20%x2 + 2)e(-0°7%)

4 —
/x erf(bz) dz = P

inputt

integrate(x~4*erf (b*x) ,x, algorithm="fricas")

output \ 1/5% (pi*b~5*x~5*xerf (b*x) + sqrt(pi)*(b~4*x"4 + 2%b~2*x"2 + 2)*e” (-b~2%x"2)

\)/(pi*b*s)
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Sympy [A] (verification not implemented)

Time = 0.40 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.89

z° erf (bz) o 9z2e—b2a? 9e—b2a?
/CL'4erf(b:1:) d,’I,‘ = 5 + 5/7b + 5./7b3 + 5/mb5 fOI' b 7é 0

0 otherwise

s hY
integrate (x**4xerf (bxx) ,x)

N J

input

Output‘Piecewise((x**S*erf(b*x)/5 + x¥*k4*kexp (~b**2*xx**2) / (5*sqrt (pi) *¥b) + 2kx**2* \
| exp(~bxx2%x*%2) / (5xsqrt (pi) xb*+3) + 2xexp(-br*2kx*x2)/(5*sqrt (pi)*b**5), N |
‘e(b, 0)), (0, True)) |

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.52

(biz* + 20222 4 2)e(-¥°2%)
5/mb°

/ rlerf(bz) do = %x5 erf (bz) +

input Lintegrate (x~4xerf (bxx) ,x, algorithm="maxima") J

‘1/5*x“5*erf(b*x) + 1/6%(b"4*x"4 + 2%b"2*x"2 + 2)*e” (-b~2*x"2)/(sqrt(pi)*b~ \

® |

output

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.52

(b*z* + 20%22 4 2)e(-0*%)
5 /b5

/ rlerf(bz) do = %x5 erf (bz) +

inputLintegrate(XA4*erf(b*x),x, algorithm="giac") J
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‘1/5*x“5*erf(b*x) + 1/5%(b"4*x"4 + 2%b™2xx"2 + 2)*e”(-b~2*x72)/(sqrt (pi)*b~ \

® |

output

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.52

5 —bz? (p4 4 2 .2
4 _ xerf(bz) e (b*x* +2b°x* + 2)
/:c erf(bz) dr = z + 55/

input Lint (x~4xerf (b*x) ,x) J

‘ (x"5*erf (b*x))/5 + (exp(-b"2*%x"2)*(2%b~2*x"2 + b~4xx"4 + 2))/(5*b"5*pi~(1/ \

output12)) 1

Reduce [B] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.76

b2z2 5 5 44 9 o
/a:4erf(bx) de = € erf(bx) b°m x +5;{27_rzbb:' + 24/ %2 + 24/
20T

input Lint (x~4xerf (b*x) ,x) J

‘ (ex* (b**2xx**2) xerf (b*x) *b**5*xpikx**x5 + sqrt(pi)*bx*4*x**4 + 2xsqrt (pi)*b* \

output
‘*2*;{**2 + 2%sqrt(pi) )/ (5*e*x (bx*2kx**2) *b*k*5*pi) ‘
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3.10 [ z*erf(bz) dx

Optimal result . . . . . . . . . . . . e 189
Mathematica [A] (verified) . . . . . . . . . ... o 1891
Rubi [A] (verified) . . . .. . . ... .. 190
Maple [A] (verified) . . . . . . ... L 1911
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 192
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 192
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 193]
Giac [A] (verification not implemented) . . . . . . ... ... ... 193l
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 193
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 194

Optimal result

Integrand size = 8, antiderivative size = 59

—b2z?

2.2
eba: 2

2 —
/x erf(bz) dz = TN +

3by/7

1
+ gx?’erf(bx)

output \ 1/3/b73/exp(b~2%x~2) /Pi~(1/2)+1/3*x~2/b/exp (b~2%x~2) /Pi~ (1/2)+1/3*x"3*erf (

input

output

‘b*x)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.69

N

—b2x? 2,.2
/x2erf(ba;) i é(e (1 + b%z2)

+ z?’erf(bx))

‘Integrate[x“Q*Erf[b*x],x]

L((l + b72xx72) /(b"3*E~ (b"2#x"2) *Sqrt [Pi]) + x~3*Erf[b*x])/3
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Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 60, normalized size of antiderivative = 1.02,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 375 Ry
integrand size

used = {6915, 2641, 2638}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z2erf(bx) dx
l 6915
9 —b222 3
%w?’erf(bw) — bfe3ﬁ:c dz
l 2641
—b242 —b242
1 2b(fe b2 wdz - m262(:; >
ga:?’erf(bx) - N
l 2638
_p252 _p242
14 fb 2b( x2e2bl; - € 23;4 )
gzer (bx) — 35r
input LInt [x~2*Erf [b*x] ,x] J

‘(-2*b*(—1/2*1/(b"4*E"(b"2*x“2)) - x72/(2%b"2+E~ (b~2*%x~2))) )/ (3%Sqrt [Pil) + \

output
L (x~3*Erf [b*x])/3 J




rule 2638

rule 2641

rule 6915
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Defintions of rubi rules used

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_)*(x_))"(m_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x) nx(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*Log[F1)), x] /; FreeQ[{F, a, b, ¢, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_)) (@ ))*((c_.) + (d_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x) n)/(b*d*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)~(m - n)*F~(a +
bx(c + d*x)~°n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/
n)] & LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01D

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.74 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.80

method result size
2 2
_2 (2b2$2+2)e_b i 2p323 erf(bz)/7
meijer st 3 + 3 47
.] g 2b3ﬁ
. b3 3 £(b —b2m2 2b2 —b2z2
parallelrisch 2 erf( x)ﬁ;; NG rote 49
9 w2e—b222 e—b2:172
z3 erf(bx) I
parts 5 = NG 49
NG o—b22% 22 —bPa?
erf(ba:)b3z3 _ 2 2
derivativedivides 8 o 54

2.2 2.2
e~ b z2b2_e—b x
2 2

2| —
erf(ba:)b3z3 _ <

default 8 o 54

2.2

2.2 202670727
. (btzt—b222—1) erf(bz) (b2z2+1) (2x erf(bx)+ 7= )
orering o + i 74
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input‘int(x"2*erf(b*x),x,method=_RETURNVERBOSE)

‘ 1/2/b73/Pi~(1/2) *(-2/3+1/3% (2xb~2*x~2+2) *exp (-b~2*x~2) +2/3*b~3*x " 3*erf (b*x ‘

ot )¥Pi™(1/2)) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.73

b*z? erf (b b2z? + 1)e(~¥°2?)
/xzerf(bx)dx:” v erf (ba) + V7(Ba" + Le
3mb?
input Lintegrate (x~2xerf (b*x) ,x, algorithm="fricas") J
OutputL1/3*(pi*b‘3*x‘3*erf (b*x) + sqrt(pi)*(b™2%x"2 + 1)*e~(-b~2%x~2))/(pi*b3) J
Sympy [A] (verification not implemented)
Time = 0.24 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.86
23 erf (bx) p2e—b2z? e—b2a?
/wQerf(bm) dx = 5 T aum s/ forb#0
0 otherwise
input Lintegrate (xx*2xerf (b*x) ,X) J

t‘Piecewise((x**3*erf(b*x)/3 + xx*2xexp (—b**2xx*%x2) / (3ksqrt (pi) *b) + exp(-bx ‘

outpu
*2xx#2) / (3*sqrt (pi) ¥b*#3) , Ne(b, 0)), (0, True)) |
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.61

(%22 + 1)e(-0+*)
W

1
/ rlerf(bz) do = 3 z erf (bx) +

i - i =N s n
inputtlntegrate(x 2xerf (b*x),x, algorithm="maxima") J

e

ti/S*x“3*erf(b*x) + 1/3*%(b"2*x"2 + 1)*e” (-b"2*x72)/(sqrt (pi)*b~3)

~—

output

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.61

b2 + 1)e(-b%2%)

3 /b

/xzerf(bx) dr = %x:" erf (bx) + (

/

~—

inputLintegrate(x“2*erf(b*x),x, algorithm="giac")

output L1/3*X“3*erf(b*x) + 1/3%(b"2%x"2 + 1)*e”(-b~2%x"2)/(sqrt (pi) *b~3) J

Mupad [B] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.61

_ glerf(ba) eV (P2 +1)

2
/x erf(bz) dzr = 3 + 30 o/

inputtint(x?*erf(b*x),x) J

output L(X‘S*erf(b*X))/3 + (exp(-b~2*x~2)*(b~2*x~2 + 1))/ (3*b~3*pi~(1/2)) J
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Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.88

b2z? 3 3 9 o
/x2erf(bx) de = & erf(bz) b Wff 2+ VT bz + /7
et T h3

-

int (x~2*erf (b*x) ,x)

input

N\

‘(e**(b**2*x**2)*erf(b*x)*b**3*pi*x**3 + sqrt(pi) ¥b**2*xx**2 + sqrt(pi))/(3x*

output
‘e**(b**Q*x**Q)*b**s*pi)




output

input

output
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3.11 [ erf(bx) dx

Optimal result . . . . . . . . . . . . e 195
Mathematica [A] (verified) . . . . . . . . . ... o 1951
Rubi [A] (verified) . . . .. . . ... .. 196
Maple [A] (verified) . . . . . . ... L 197
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 197
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 198
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 198}
Giac [A] (verification not implemented) . . . . . . ... ... ... 198
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 199
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 199

Optimal result

Integrand size = 4, antiderivative size = 26

/ erf(bz) dz =

—b2z?

by/m

+ zerf(bz)

Ll/b/exp(b‘2*x“2)/Pi‘(1/2)+x*erf(b*x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

—b2z2

/erf(bx) dz = 6()7

+ zerf(bz)

‘ Integrate [Erf [b*x],x]

‘1/(b*E“(b“2*x”2)*Sqrt[Pi]) + x*Erf [bxx]




input

output

rule 6903
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6903}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

~—

below.
/ erf(bx) dz
l 6903
—b2:112
b + zerf(bx)
[Int [Exrf [b*x] ,x]
Ll/(b*E“(b‘Z*x“2)*Sqrt [Pil) + x*Erf [b*x] J

Defintions of rubi rules used

‘Int [Exf[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(Erfl[a + b*x]/b),
‘x] + Simp[1/(b*Sqrt[Pil*E~(a + b*x)~2), x] /; FreeQ[{a, b}, x]
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Maple [A] (verified)

Time = 0.41 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

method result size
_p252
parts z erf (bx) + % 24
_p242
orering z erf (bx) + % 24
. . L. erf(bm)bm+e_\iZ2
derivativedivides | —————"— 26
erf(bm)b:}:+eib2m2
default —Y 26
22
parallelrisch b erf(bm\)/‘gﬂ ’ 28
_p22
meijerg —242e7? 2;;12:1: erf(bx)\/m 33
input Lint (erf (b*x) ,x,method=_RETURNVERBOSE) J

outputLx*erf(b*x)+1/Pi“(1/2)/b*exp(-b“2*x‘2)

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.12

mba erf (bx) 4 /me(~0*)
b

/ erf(bzr) de =

input Lintegrate (erf (b*x),x, algorithm="fricas") J

output | (PL¥D¥x*ert (bxx) + sqrt(pi)we” (-b"2%x72))/ (pixb) J
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Sympy [A] (verification not implemented)

Time = 0.17 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

— b2 wz
/b
0 otherwise

zerf (bx) + ¢ forb #0

/ erf(bz) dz =

inputtintegrate(erf(b*x),x)

‘Piecewise((x*erf(b*x) + exp(~b**2xx**2) / (sqrt (pi)*b), Ne(b, 0)), (0, True)

)

output

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

(-22%)
bz erf (bx) + &
/erf(bz) dx = ( )b VT

. 3 =N 1 n
inputtlntegrate(erf(b*x),x, algorithm="maxima")

e

output L (b*xxxerf (b*x) + e~ (-b"2*x"2)/sqrt(pi))/b

~—

Giac [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.88

e(_bzzz)

N

/erf(bx) dz = zerf (bz) +

inputtintegrate(erf(b*x),x, algorithm="giac")

outputtx*erf(b*x) + e~ (-b"2*x72) /(sqrt (pi) *b)
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Mupad [B] (verification not implemented)

Time = 3.73 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.88

—b2 22

by/T

/erf(bx) dz = zerf(bz) +

input Lint (erf (b*x),x) J

output Lx*erf (bxx) + exp(-b~2*x~2)/(b*pi~(1/2)) J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 39, normalized size of antiderivative = 1.50

b2x?
/erf(ba:) dp — Ve erf(g)z;) bx + 1
/et z?h
input Lint (erf (b*x) ,x) J
outputt(sqrt (pi) *ex* (bxx2kx**2) *erf (b*x) *bxx + 1)/ (sqrt (pi)*e** (bk*2kx**2)*b) J
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312 [eien g,
Hh

Optimal result . . . . . . . . . . . . . 2001
Mathematica [A] (verified) . . . . . . . . . ... 200
Rubi [A] (verified) . . . . . . .. . . 201]
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... .... 203
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ... 203
Giac [A] (verification not implemented) . . . . . ... ... ... L. 203
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 204
Reduce [B] (verification not implemented) . . . . . ... ... .. ... ..... 204

Optimal result

Integrand size = 8, antiderivative size = 26

/ erf(br) e — _erf(bz) N b ExpIntegralEi (—b%z?)

2 T

/T

e

output t

-erf (b*x) /x+b*Ei (-b~2%x~2) /Pi~(1/2)

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

2 T

/ erf(bx) i — _erf(bx) N b ExpIntegralEi (—b%z?)

/T

input L

Integrate [Erf [b*x]/x"2,x]

output ‘\

-(Erf [b*x]/x) + (b*ExpIntegralEi[-(b~2*x~2)])/Sqrt[Pil]




input

output

rule 2639

rule 6915
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {6915, 2639}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ erf(bz) i

$2
l 6915

_p2,2
2b [ & —dz  erf(bx)
VT x

l'2639

bExplntegralEi (—b%z?)  erf(bx)

N3 x

e

Llnt [Erf [b*x]/x"2,x]

~—

L— (Erf [b*x]/x) + (b*ExpIntegralEi[-(b~2*x~2)])/Sqrt[Pil

Defintions of rubi rules used

Int[(F_)"((a_.) + (b_)*((c_.) + (d_)*(x))"(@))/((e_.) + (£_.)*(x)), x_
Symbol] :> Simp[F~a*(ExpIntegralEi[b*(c + d*x) n*Log[F]l1/(f*n)), x] /; Free
QL{F, a, b, c, d, e, f, n}, x] && EqQ[d*e - c*f, 0]

Int[Exrfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+ 1))) Intl[(c + d*x)~(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

N\
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Maple [A] (verified)

Time = 0.93 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

method result sizo
parts _erfibz) _ beprnt-,e\g/l;?l1 (b222) "
derivativedivides b(—erfb(;’x) — exPIntegf\/?;l (b212)> 30
2.2
default b<_erfb(£z) _ eprntegr\/agl (b%x )) 20
b<2v—4+4 In(z)+4 In(b)— e hype‘ge"m([l’;’%] [2,2,8],-6%?) )
meijerg - i

input

Lint (erf (b*x)/x"2,x,method=_RETURNVERBOSE)

output

L—erf (b*x) /x-1/Pi~ (1/2) *b*Ei (1,b"2%x"2)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.15

/

erf(bx)

i — /mbrEi(—b%z?) — 7 erf (bx)

2 T

-

input L

integrate(erf (b*x) /x"2,x, algorithm="fricas")

output

L(sqrt(pi)*b*x*Ei(—b‘2*x‘2) - pi*erf (b*x))/(pi*x)

-/
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Sympy [A] (verification not implemented)

Time = 0.68 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

erfbx) ,  bE; (0*2?) | erfc(bz) 1
/ p dz NG + o

8 |

inputtintegrate(erf(b*x)/x**2,x)

-

output L—b*expint(l, b**2*xx**x2) /sqrt (pi) + erfc(b*x)/x - 1/x

-/

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/erf(bm) dr — bEi(—b*a?)  erf (bx)
x2 VL3 x

input Lintegrate (erf (b*x)/x"2,x, algorithm="maxima")

output | b*Ei(-b"2%x"2)/sqrt(pi) - erf(bxx)/x

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/erf(ba:) dp — bEi(—b%z?) _erf (b2)
x? VL3 x

input Lintegrate (erf (b*x)/x"2,x, algorithm="giac")

output Lb*Ei (-b72%x72) /sqrt(pi) - erf(b*x)/x
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Mupad [B] (verification not implemented)

Time = 4.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

/erf(bx) dp — bei(=b°2?) erf(bz)
z? VL3 x

inputtint(erf(b*x)/xAQ,X) J

-

(b*ei(-b"2%x72))/pi~(1/2) - erf(b*x)/x

-/

output L

Reduce [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 29, normalized size of antiderivative = 1.12

x2 T

/ erf(bx) dp — V7 ei(—b%z?) bx — erf(bx) w

inputLint(erf(b*X)/xAz’X) J

Outputt(sqrt(Pi)*ei( - bx*2xx**2)*bxx - erf (bxx)*pi)/(pi*x) J




output

input

output

CHAPTER 3. LISTING OF INTEGRALS

205

3.13  [&iea g,

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [A] (verified) . . . . . . . . ..
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 8, antiderivative size = 56

dz = — .
ot 3\/mx? 33

/ erf(br) be " erf(bx) _ b’ ExplntegralEi (—b%z?)

3V

;
| -1/3%b/exp (b~2%x~2) /Pi~ (1/2) /x~2-1/3%erf (b¥x) /x~3-1/3%b"3*Ei (-b~2%x"2) /Pi”

L(1/2)

N

J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 47, normalized size of antiderivative = 0.84

bz (e_b2m2 +b%52 ExpIntegralEi(—b%z?) )

v

/ erf(bx) da erf(bz) +

rd

33

LIntegrate [Erf [b*x] /x"4,x]

N

‘ -1/3*(Erf [b*x] + (bxx*(E~(-(b"2%x72)) + b~2xx"2*ExpIntegralEi[-(b~2*x~2)]) ‘

)/8qrt[Pil)/x"3
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Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6915, 2643, 2639}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

f

/ er (Zm) e
x
l 6915

—bzz2

2b [ “—5—dzx _ erf(bx)

3T 33

l 2643
e—b2112 e_b2z2
%WGfmlw_ﬁ?»ﬁmm

3/ 3z

l 2639
_p252
2b(—%b2 ExplntegralEi (—b%z?) — %) erf(bx)
3y 33
input LInt [Erf [b*x]/x"4,x]

Output‘-l/B*Erf[b*x]/x‘B + (2#bx(-1/2*%1/(E~(b~2*x"2)*x~2) - (b~2*ExpIntegralEi [-(
'b™2%x72)1)/2))/ (3*Sqrt [Pil)




rule 2639

rule 2643

rule 6915

input
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Defintions of rubi rules used

Int[(F_)~((a_.) + (b_)*((c_.) + (d_D)*(x_))"(n ))/((e_.) + (£_.)*(x_)), x_
Symbol] :> Simp[F~a*(ExpIntegralEi[b*(c + d*x) n*Log[F]l]/(f*n)), x] /; Free
Ql{F, a, b, ¢, d, e, f, n}, x] && EqQld*e - cx*f, 0]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(@_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)~(m + 1)*(F~(a + b*(c + d*x)"n)/(d*(m + 1)))
, x] — Simp[b*n*(Log[F]l/(m + 1)) Int[(c + d*x)~"(m + n)*F~(a + bx(c + d*x)
“n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/n)] && LtQ[
-4, (m + 1)/n, 5] &% IntegerQ[n] && ((GtQ[n, 0] && LtQ[m, -11) || (GtQ[-n,
0] && LeQ[-n, m + 1]))

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)~2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.49 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.82

method result size
—b2 2 b2 explntegral b212
£(b) 2b<‘e P Lot ()
€er’ X
parts ——53 t N 46
e—b2;c2 I explntegraly (b2m2)
. . “ . f -
derivativedivides | b3 —<f®2) 4 T 522 3 53
3633 T
e—b2;¢;2 i explntegraly (b23:2)
£(b -
default b3 —e;bgmﬁ) 4 —sa%2 7 3 53
5 <_2 +10_27_41n<z>_41n(b>+b2””2hyPerg‘”m({l’l’%]'[2’35]’—”2’”2)>
b2 42 9 3 3 3 5
meijerg NG 95

e

tint (erf (b*x)/x"4,x,method=_RETURNVERBOSE)

~—
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‘ -1/3*erf (b*x) /x~3+2/3/Pi~(1/2) *bx(-1/2/x"2*exp(-b~2*x"2)+1/2%b"2*Ei (1,b~2* ‘

outputLXAz)) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.86

/ erf(ba;) p _7T€I'f (b.’[;) + \/7_T<b3$3Ei(—b2x2) + bxe(‘b2"’2)>

4 3mxs

e

~—

i - i =" 3 n
inputtlntegrate(erf(b*x)/x 4,x, algorithm="fricas")

p
t‘—1/3*(pi*erf(b*x) + sqrt(pi) * (b~ 3*x"3*Ei(-b"2*x"2) + b*x*xe” (-b"2*x72)))/(p

N
outpu Li*x‘S) J

Sympy [A] (verification not implemented)

Time = 1.27 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.96

/erf(bx) o PEL (7% be~t*e* | erfe (br) 1
r 37 3y/Tx? 3x3 323

inputLintegrate(erf(b*x)/x**4,x) J

N

p
output ‘ b**3*kexpint (1, bk*2+x**2)/(3*sqrt(pi)) - bxexp(-b**2xx**2)/(3*sqrt (pi) *x** ‘
12) + erfc(bkx)/(3xx**3) — 1/(34x**3)
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Maxima [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.48

/erf(bx) i — _PT(=1,0°2%)  erf (bx)

T =

x4 3T 3 73
input Lintegrate (erf (b*x)/x"4,x, algorithm="maxima") J
output L‘1/3*bﬁ3*gammﬂ-1 , b™2xx"2)/sqrt(pi) - 1/3xerf (b*x)/x"3 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80

/ erf(ba) , <bzx2Ei(—b2x2) 4 el-bs )>b ert (bn)
ot T 3 /mz? 3z3

-

input L

-/

integrate(erf (b*x) /x"4,x, algorithm="giac")

outpup ~1/3* (DT24x"24E1 (-b72%x72) + €™ (-b"2%x"2))*b/ (sqrt(pi)*x2) - 1/3kerf(bxx)

/x73
Mupad [B] (verification not implemented)
Time = 4.14 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80
/erf(bx) o _Crf(bz)  Blei(-tP2%) be b*e?
x* 33 3T 3z2\/m
input Lint (erf (bxx)/x"4,x) J
output ‘ - erf(b*x)/(3*x73) - (b~3%ei(-b"2*x72))/(3*pi~(1/2)) - (b*exp(-b~2*x~2))/( ‘

\3*x~2*pi~<1/2>) \
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.25

/ erf(bx) dr — — /T 7 ei(—b2x?) b3a® — e’ erf(bx) m — /7 bz

x4 3et?* e o3

-

int (erf (b*x)/x"4,x)

input

N\

‘( - (sqrt(pi)*ex* (bk*2*xk*2)*ei ( — b¥*k2xx**2)kbr*k3kx**k3 + e*x (bk*k2kx**2)*e

output
‘rf(b*x)*pi + sqrt(pi) *b*x)) / (3xe*x (bk*k2kx**2) *pi*x**3)
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3.14 [0 g,

Optimal result . . . . . . . . . . . . .
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . .. . .
Maple [C] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ... ...
Sympy [A] (verification not implemented) . . . . . ... ... ... ... ....
Maxima [A] (verification not implemented) . . . . . . .. ... ... ... ...
Giac [A] (verification not implemented) . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . . ... ... .. ... .....

Optimal result

Integrand size = 8, antiderivative size = 81

dz =

b® ExplntegralEi (—b%z?)

/erf(ba:) be ¥ eV erf(bx)

x6 T 1047zt + 10722

55

10y/7

‘ -1/10%b/exp(b~2*x~2) /Pi~(1/2) /x~4+1/10%b~3/exp(b~2*x~2) /Pi~(1/2) /x~2-1/5%e

J

output
rf (b*x) /x"5+1/10%b"5*Ei (-b~2*x~2) /Pi~ (1/2)
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.77
/ erf(br) i — be V" p(—1 + b2a?) — 2y/merf(bx) + bPz® ExpIntegralEi (—b*z?)
" a 10/mzb
input LIntegrate [Exf [b*x]/x~6,x]

output ‘ ((b*x*(-1 + b~2%x72))/E~(b~2*x"2) - 2xSqrt[Pi]*Erf[b*x] + b~5*x"5*ExpInteg

ralEi[-(b~2*x~2)])/(10*Sqrt [Pi]*x~5)




input

output
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Rubi [A] (verified)

Time = 0.33 (sec) , antiderivative size = 81, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {6915, 2643, 2643, 2639}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ erf(bz) i

Pl

l 6915

—b2z2
2b [ ¢——dx _ erf(bz)

5/ 55
l 2643

—b242 —b2g2

2b(—%62f Cs—dr — S ) _ erf(bz)
5\/7_1- 55
l 2643
(15 0) ) )
5/ 55
l 2639

_p2,2 —b242
Qb(_%b2 (_%b2 ExplntegralEi (—b%z?) — ¢ 21;.2 ) - e4’;4 ) erf(bx)
5T 5

LInt [Erf [b*x]/x"6,x]

e

-1/5*%Erf [b*x]/x~5 + (2xb*(-1/4*1/(E~(b"2*x"2)*x~4) - (b~2*(-1/2*1/(E~(b"2*
‘ x"2)*x"2) - (b~2*ExpIntegralEi[-(b"2%x~2)])/2))/2))/(5%Sqrt[Pil)




rule 2639

rule 2643

rule 6915
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Defintions of rubi rules used

Int[(F_)~((a_.) + (b_)*((c_.) + (d_D)*(x_))"(n ))/((e_.) + (£_.)*(x_)), x_
Symbol] :> Simp[F~a*(ExpIntegralEi[b*(c + d*x) n*Log[F]l]/(f*n)), x] /; Free
QL{F, a, b, c, d, e, f, n}, x] && EqQ[d*e - c*f, 0]

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_)*(x_))"(@_))*((c_.) + (d_.)*(x_))"(m_
.), x_Symbol] :> Simp[(c + d*x)~(m + 1)*(F~(a + b*(c + d*x)"n)/(d*(m + 1)))
, x] — Simp[b*n*(Log[F]l/(m + 1)) Int[(c + d*x)~"(m + n)*F~(a + bx(c + d*x)
“n), x], x] /; FreeQ[{F, a, b, c, d}, x] && IntegerQ[2*((m + 1)/n)] && LtQ[
-4, (m + 1)/n, 5] &% IntegerQ[n] && ((GtQ[n, 0] && LtQ[m, -11) || (GtQ[-n,
0] && LeQ[-n, m + 1]))

Int[Erfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + 1)*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)~2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4.

Time = 0.71 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.78

method result size
2.2 7 9 2,2
1 2 19 21n(z) , 21n(b) b“x hypergeom([l,l,g},[2,4,2},—22 x )
b° <—b4z4+3b2z2—5o+g+ 5o+t~ 31
meijerg NG 63
52 efb2z2 b2 explntegraly (b222)
o —b2a? T g2 2
T4t T 2
erf(bx)
£0h _ e—b2z2 +e—b2z2 _ explntegraly (bzmz)
derivativedivides | b° | — e;bg x‘? + —10%a% T 10577 = 10 71
£h _ e—b23:2 +e—b2m2 _ explntegraly (bzzz)
default vl — e;ng? 4 —106e® T 102252 - 10 71
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input| 12t (erf (b*x)/x76,x, method=_RETURNVERBOSE) |

output ‘ 1/2/Pi~(1/2)*b~5%(-1/b"4/x"4+2/3/b"2/x"2-19/50+1/5*gamma+2/5%1n (x)+2/5*1n ( ‘
' b)-1/21#b~2#x"2+hypergeom([1,1,7/2], [2,4,9/2] ,~b"2+x"2)) |

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.74

/ erf(bx) dp = _27Terf (bx) — \/7_T<b5$5Ei(—b2x2) + (b3x3 . bx)e(_b2$2)>

z6 10 7wzd

input Lintegrate (erf (b*x)/x"6,x, algorithm="fricas") J

-1/10%(2*pi*erf (bxx) - sqrt(pi)*(b~5*x"5*Ei(-b"2*%x72) + (b"3%x"3 - b*x)*e” ‘

output ‘
(-b"2%x72)))/ (pi*x~5)

Sympy [A] (verification not implemented)

Time = 2.15 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.94

/erf(bz) i — P E, (b°2?) N hBe~v*e? B bet*’ N erfc (br) 1
6 N 104/7 10/7mz2  10y/mat 55 515

-

input Lintegrate (erf (b*x) /x**6,X)

-/

output‘ -b**5%expint (1, b**2*x**2)/(10*sqrt(pi)) + b**3*exp(-b**2*x**2)/(10*sqrt (p ‘
|1)*x**2) - brexp(-bx*2xx**2)/(10%sqrt (pi)*x**4) + erfc(bxx)/(5xx**5) - 1/(
‘5*x**5) ‘
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Maxima [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 0.33

/ erf(bz) VT (—2,°z%)  erf (bx)
dz = — —
x® 54T 55

-

i - i =" : n
inputLlntegrate(erf(b*x)/x 6,x, algorithm="maxima")

-/

output L‘i/ 5*b~5*gamma(-2, b 2+x~2)/sqrt(pi) - 1/5*xerf (b*x)/x"5 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.84

/ erf(bx) dp — _erf (bz) + bLOTAE(—b2a?) + bEx2e(-P%2?) — pbe(-b%a?)
s 52b 10 /mboz*

input Lintegrate (erf (b*x)/x76,x, algorithm="giac") J

‘-1/5*erf(b*x)/x’"5 + 1/10%(b"10*x"4*Ei(-b"2%x"2) + b~8*x"2%e”(-b"2¥x"2) - b ‘

output
“6%e”(-b"2+x72))/ (sqrt (pi) ¥b~5%x"4) J

Mupad [B] (verification not implemented)
Time = 4.11 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.80

be—b2 z2 b3 12 e—b2 z2

erf(bz Wei(—b?z%) erf(bx
— Zdx = — 2

2
6 1047 515 5zt /T

input Lint (erf (b*x)/x"6,x) J

‘(b“5*ei(—b“2*x‘2))/(10*pi‘(1/2)) - erf(b*x)/(5%x~5) - ((b*exp(-b~2%x72))/2 ‘

output
|- (b"3xx"2xexp(-b"2+x"2))/2)/ (5%x"4xpi~(1/2)) |
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Reduce [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.96

x6 10eb*#* 1 25

/ erf(bz) |, _ /T i —b%a?) ba® — 26" eri(be) m + VT b'a? — VT ba

-

int (erf (b*x)/x~6,x)

input

N\

output‘(Sqrt(pi)*e**(b**z*x**2)*ei( - b**x2kx**2) kbkx5xx**5 — 2kexk (b**x2kx**2)xerf
‘(b*x)*pi + sqrt(pi) *b**3*kx**3 - sqrt(pi)*b*x)/ (10xe** (Dk*2kx**2) *pi*x**5)




output
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3.15 [(c+ dz)’erf(a + bz) dx

Optimal result . . . . .. ... ... ... ... .. ..
Mathematica [A] (verified) . . . . . . . ... ... L
Rubi [A] (verified) . . . ... .. .. ...
Maple [A] (verified) . . . . . . ... Lo
Fricas [A] (verification not implemented) . . . . . . .. ... ... ..
Sympy [B] (verification not implemented) . . ... ... ... ....
Maxima [F] . . . . . . . .
Giac [A] (verification not implemented) . . . . . . .. ... ... ...
Mupad [B] (verification not implemented) . . ... ... ... .. ..
Reduce [F] . . . . . o

Optimal result

Integrand size = 14, antiderivative size = 289

/(c + dz)3erf(a + bx) dx = b/

d?(bc — ad)e_(""’b“”)2 + (bc — ad)3e‘(a"'b"”')2

3d3e~ (@) (g 4 bx)  3d(bc — ad)?e~ %) (g + bx)

84/

dBe—(a+bx)? (a+ b:c)3

N d?(be — ad)e~ @+ (g 4 bx)?

i/

_ 3d%erf(a+bx)  3d(bc — ad)®erf(a + bx)

164

(bc — ad)*erf(a + bx)  (c+ dzx)%erf(a + bx)

4b*d

N\

d~2#*(-a*d+b*c) /b~4/exp((b*x+a) ~2) /Pi~ (1/2)+(-a*d+b*c) “3/b~4/exp ((b*x+a) ~2)
/Pi~(1/2)+3/8%d"3* (b*x+a) /b~4/exp ((b*x+a) ~2) /Pi~ (1/2)+3/2*d* (-a*d+b*c) ~2*(
b*x+a) /b~4/exp ((b*x+a) ~2) /Pi~(1/2)+d"~2* (-a*d+b*c) * (b*x+a) “2/b~4/exp ((b*x+a
)~2)/Pi~(1/2)+1/4%d"3*(b*x+a) ~3/b~4/exp ((b*x+a) ~2) /Pi~(1/2)-3/16%d"3*erf (b
*xx+a) /b"4-3/4*d* (~a*d+b*c) “2xerf (bxx+a) /b~4-1/4* (-axd+b*xc) ~4*erf (b*x+a) /b~

4/d+1/4* (d*x+c) “4xerf (bxx+a) /d
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Mathematica [A] (verified)

Time = 0.18 (sec) , antiderivative size = 248, normalized size of antiderivative = 0.86

/(c + dz)3erf(a + bx) dx

e~ (atb)? (—2a(5 + 2a?) d3 + 2bd*(8(1 + a®) ¢ + (3 + 2a?) dz) — 4ab*d(6¢? + 4cdz + d?z?) + 4b3 (4¢3 + ¢

e

L

inpudlntegrate[(c + d*x)~3*Erf[a + b¥x],x]

(-2*%a* (5 + 2%¥a~2)*d"3 + 2*bxd"2*(8*(1 + a"2)*c + (3 + 2*a~2)*d*x) - 4*axb”
2%d* (6*%Cc™2 + 4xcxd*x + d72%x72) + 4*xb"3*(4*c”3 + 6*%cT2xd*kx + 4dkckdT2kx"2 +
d"3*x73) - E~(a + bxx) 2xSqrt[Pi]*(12x¥b~2*c~2*d - 16*a~3*b*c*d~2 + 3*d"3
+ 4*%a~4*d~3 - 8*ax(2*%b~3*c”3 + 3xb*ckd"2) + 12*xa”2x(2*%b"2xc”2xd + 4°3) - 4
*b~4xx* (4%Cc™3 + 6%c™2kdkx + 4kckd"2%x"2 + d~3%x~3))*Erf[a + bxx])/(16xb~4x

E~(a + b#*x)"2*Sqrt[Pi])

output

Rubi [A] (verified)

Time = 0.68 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.01,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6915, 2656, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)3erf(a + bx) dx

l 6915

(c+da)lerfa+bx) bf e~ (@2 (¢ 4 dg)tda
4d 9 /rd

l 2656
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(c + dz)*erf(a + bx) B

4d
e=(a+b2)% (he_qd)4 4de—(atb)? a+bx)(be—ad)? d2e—(atbx)? a+bx)?(bc—ad)? 4d3e—(a+be)? a+bx)3 (bc—ad dte—(at!
bj,( e—ad)? () ead® | (atbe) ead? | (atbn)Geod) |

b4
ov/rd

l 2009

(c + dx)*erf(a + bx)

4d
b 2d3e=(a+52) (he—ad)  2d3e=(@+02)% (a1ba)2(be—ad) , 3v/md?(be—ad)?erf(atbz)  3d2e~(a+9)? (atbz)(be—ad)? | /7 (be—ad
- 5 - b5 + 205 - b5 + :

b
ov/rd

-

input L

-/

Int[(c + d*xx) " 3*Erf[a + b*x],x]

((c + d*x)~4*Erfla + b*x])/(4xd) - (b*x((-2*d"3*(bxc - a*d))/(b~5+E~(a + bx*
x)72) - (2kd*(b*c - a*d)~3)/(b"5+E~(a + b*x)"2) - (3*d"4*(a + b*x))/(4%b"5
*E~(a + b*x)"2) - (3*d"2x(b*c - a*d) "2%(a + b*x))/(b~5+%E~(a + b*x)"2) - (2
*d~3*(b*c - axd)*(a + bxx)"2)/(b"5*+E~(a + b*x)"2) - (d~4*(a + b*x)~3)/(2*b
“5%E~(a + b*x)"2) + (3*d"4xSqrt[Pi]l*Erf[a + b*x])/(8xb~5) + (3*d~2*(b*c -

a*d) "2*Sqrt [Pi]*Erf[a + b*x])/(2%b"5) + ((b*c - a*d) ~4*Sqrt[Pi]*Erf[a + b
x]1)/(2%b~5))) / (2*d*Sqrt [Pil)

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2656‘Int[(F_)'"((a_.) + (b_)*((c_.) + (d_.)*(x_))"(n_))*(Px_), x_Symbol] :> Int[ ‘
‘ExpandLinearProduct [F~(a + bx(c + d*x)"n), Px, c, d, x], x] /; FreeQ[{F, a, ‘
' b, ¢, d, n}, x] & PolynomialQ[Px, x]

N

rule 6915 IREIETEL(a_.) + (b_)*(x)1*((c_.) + (d_)*(x_))"(m_.), x_Symboll :> Simp[(
¢+ dxx)~(m + 1)*(Erfla + b¥x]/(d*(m + 1))), x] - Simp[2+(b/(Sqrt[Pil*d*(m
+1)))  Intl(c + d*x)~(m + 1)/E"(a + b*x)"2, x], x] /; FreeQl{a, b, c, d,

m}, x] && NeQ[m, -1]

N\ J




input
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Maple [A] (verified)

Time = 1.37 (sec) ,

antiderivative size = 467, normalized size of antiderivative = 1.62

method result
a4d4ﬁ erf(bz+a) +b4c4\/7r erf(bz+a) Y . ef(bm+a)2(bz+a)3 _ 3(b$+a)e7(bx+a)2 +3ﬁ
erf(bz+a)(adfcbfd(bz+a))4 2 2 2 4
. . .. 3 -
derivativedivides 2b-d
a4d4ﬁ ;rf(bz+a) + b4c4ﬁ ;rf(bz+a) +d4 <_ e—(bm+a)22 (bz+a)3 _ 3(bz+a)e4_(bz+a)2 +3ﬁ
erf(bm+a)(ad—cb—d(bz+a))4 _
default 403
orering (—4b5 d*z5—20b5c d3 x4 —40b° 2 d?x® —40b° c3d 22 +4ab d*z—16a3b%c d3x+24a2b3c2d?x—16a b B dxr—16b5ctz+6
parallelrisch _16z e~ (bata)? g p2¢ d?+16d>c erf(bz+a)x3+/m b*+24c?d erf(bz+a)x?/7 b*+16+/7 erf(bz+a)adbcd?—24+/7 erf(b:
b
(b 3zt 3 erf(b. dc?z? (b 4
parts tbet e 4 orf (br + a) dPca® + 2HEAAICT 4 orf (b ) B THEAE A

tint ((d*x+c) ~3*erf (b*x+a) ,x,method=_RETURNVERBOSE) J




output

input

output
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1/b*(1/4*erf (bxx+a) * (a*xd-cxb-d* (b*x+a) ) “4/b~3/d-1/2/Pi~(1/2) /b~3/d*(1/2*a"
4xd"4*Pi~ (1/2) *erf (bxx+a)+1/2%b"4*c~4*Pi~(1/2) *erf (b*x+a)+d~4*(-1/2/exp ((b
xx+a) ~2) * (bxx+a) “3-3/4* (b*x+a) /exp ((b*x+a) "2) +3/8*Pi~ (1/2) *erf (b*x+a) ) —4+*a
*d~4*(-1/2/exp((b*x+a) ~2) * (b*x+a) "2-1/2/exp ((b*x+a) ~2) ) +6*a~2*d"4* (-1/2* (b
xx+a) /exp ((b*x+a) "2) +1/4*Pi~ (1/2) *erf (b*x+a) ) +2*xa~3*d"~4/exp ((b*x+a) “2) -2*a
*b~3*c~3*xd*Pi~ (1/2) *erf (b*x+a) +3*a~2%b~2*c~2%d~2*Pi~ (1/2) *erf (b*x+a)-2*a~3
*b*cxd"3*Pi~ (1/2) *erf (bxx+a) +4xb*cxd~3* (-1/2/exp ((b*x+a) ~2) * (b*x+a) ~2-1/2/
exp ((bxx+a) ~2) ) +6%b~2xc~2*d"2* (-1/2* (b*x+a) /exp ((b*x+a) “2)+1/4%Pi~(1/2) *er
f (bxx+a) ) -2%b~3*c~3*d/exp ((b*x+a) “2) -12*a*bxc*d~3* (-1/2* (b*x+a) /exp ((b*x+a
)"2)+1/4xPi~ (1/2) *erf (b*x+a) ) +6xa*b~2xc~2xd~2/exp ((b*x+a) ~2) -6%a~2*b*c*d~3
/exp ((bxx+a)~2)))

B
Lintegrate((d*x+c)‘3*erf(b*x+a),x, algorithm="fricas")

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 265, normalized size of antiderivative = 0.92

/(c + dz)3erf(a + bx) dx
_2m(203dPx? + 8b°c® — 12ab*cPd + 8 (a® + 1)bed? — (2a® + 5a)d® + 2 (4b3cd® — ab?d®)x? + (1263c*d

~—

1/16%(2*sqrt (pi) *(2¥b~3*d"3*x"3 + 8*b~3%c”3 - 12xa*b~2*c~2xd + 8*(a~2 + 1)
*¥bkckd"2 - (2¥a”3 + b*a)*d"3 + 2% (4xb~3*c*d”2 - a*b"2+d"3)*x"2 + (12%b"3*c
“2%d - 8xaxb"2*c*d”2 + (2%a”2 + 3)*b*d"3)*x)*e”(~b"2*x"2 - 2xaxb*x - a~2)
+ (4xpi*b~4*d"3*x"4 + 16%pixb~4*ckd"2%x"3 + 24*pi*b~4xc”2*d*x"2 + 16%pixb~
4%c”3*x + pi*(16*a*b~3%c”3 - 12%x(2*a”2 + 1)*b~2*%c"2*d + 8*(2*xa”3 + 3*a)*xb*
cxd™2 - (4%a”4 + 12xa”2 + 3)*d~3))*erf(b*x + a))/(pixb~4)




7

input |

output

input |
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Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 746 vs. 2(258) = 516.

Time = 2.21 (sec) , antiderivative size = 746, normalized size of antiderivative = 2.58

/ (c + dx)’erf(a + bz) dz = Too large to display

integrate ((d*x+c)**3xerf (bxx+a) ,x)

Piecewise ((-a**4*d**3%erf (a + b*x)/(4xb**x4) + ax*x3xckd**2*erf(a + b*x)/b**
3 - a**3xd**3*exp(—a**2) xexp (—b**2xx**2) xexp (—2*a*b*x) / (4*sqrt (pi) *bx*4) -
3xaxx2xckx2xd*erf (a + b*x)/(2%b**2) + a**2xckd**2%exp (—a**2)*exp (~b**2*x*
*x2) xexp (—2*a*b*x) / (sqrt (pi) *b**3) + ax*2xd**3*kx*exp (—a**2)xexp (~b**2*x**2)
xexp (-2*a*bxx) / (4*sqrt (pi) *b**3) - 3*a*x*2xd*x3*xerf(a + b*xx)/(4*b**4) + a*c
*x*3xerf (a + b*x)/b — 3kakcx*2kdxexp(—a**2)*exp (~b**2xx**2)*exp (-2*axb*x) / (
2%sqrt (pi) *bx*2) - axckxd**x2xxkexp (—a**2)xexp (~bx*2*x**2) *exp (-2*a*bxx) /(sq
rt(pi)*b**2) - axdk*3kx**2xexp(-a**2)*exp (~b**2*x**2)*exp (-2*axb*x)/(4*sqr
t(pi)*b**2) + 3*kakxcxd*x2kerf(a + b*x)/(2%b**3) - Bkaxd**3*exp(-a**2)*exp (-
b**2xx*x2) xexp (—2*a*b*x) / (8*sqrt (pi) *bx*4) + cx*3kxxerf(a + b*x) + 3kck*2x*
dxx**2xerf (a + b*x)/2 + cxd**2xx**3xerf(a + b*x) + d**3*x*xd*erf(a + b*x)/
4 + c*x3%exp(-a**2)*xexp (~b**2*x**2) xexp (-2*a*b*x)/(sqrt (pi)*b) + 3*kc**2xd*
x*exp (—a**2) *exp (—b**2*x**2) xexp (-2*a*b*x) / (2*sqrt (pi)*b) + cxd**2*kx**2*ex
p(—a**2) xexp (~b**2xx**2) xexp (—-2*a*b*x) / (sqrt (pi) *b) + d**3*x**3*kexp(—a**2)
*xexp (~b**2*x**2) kexp (-2*a*xb*x) / (4xsqrt (pi) *b) - 3*cx*2xd*erf(a + b*xx)/(4*Db
*%2) + cxdx*2%exp(—ax*2)xexp (~b**2*x**2) xexp (-2*a*b*x)/(sqrt (pi) *b**3) + 3
*xd*kx3xxkexp (—a**2) xexp (~b**2xx**2) *exp (-2*axb*x) / (8*sqrt (pi) ¥*b**3) - 3xd**
3xerf(a + bxx)/(16%b*x4), Ne(b, 0)), ((cx*3kx + 3kck*2*kdkx**2/2 + ckd*k*2*x
**3 + d¥*x3*x**4/4)xerf(a), True))

Maxima [F]

/(c + dx)erf(a + bx) dz = / (dz + ¢)® erf (bz + a) dx

integrate ((d*x+c) “3*erf (bxx+a) ,x, algorithm="maxima")
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|1/4%(d"3%x74 + 4xckd"24x"3 + 64CT2kdHX"2 + 4kc Bkx)kerf(bkx + a) - 1/2xint
\egrate((b*d‘3*x“4 + 4xb*c*kd"2%x"3 + 6xb*c"2xd*x"2 + 4xb*xc”3*x)*e” (-b"2*x"2
‘ - 2%axb*x - a~2), x)/sqrt(pi)

output

Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 390, normalized size of antiderivative = 1.35

(dz 4 ¢)* exf (bz + a)
4d

/(c + dz)3erf(a + bx) dx =

v (2a2+41) erf(—b(2+¢)) +2 (b(=+

- 2z2—2a :c—a2 12 ( b
4\/7—1_04 orf (—b(.’l?+ %)) _16 (ﬁaerf(;b(w-{—b)) _ e( b : b ))C3d+ ;

_|_

input Lintegrate ((d*x+c) “3xerf (b*x+a) ,x, algorithm="giac") J

1/4x(d*x + c) 4xerf(b*x + a)/d + 1/16%(4xsqrt(pi)*c 4*erf(-bx(x + a/b)) -

16*(sqrt (pi) *axerf (-bx(x + a/b))/b - e~ (-b"2%x"2 - 2*a*bxx - a~2)/b)*c”~3*d
+ 12%(sqrt(pi)*(2*xa~2 + 1)*erf(-bx(x + a/b))/b + 2x(b*x(x + a/b) - 2%a)*e”
(-b~2*x~2 - 2*axb*x - a~2)/b)*c”2xd"2/b - 8*(sqrt(pi)*(2*a~3 + 3*a)*erf(-b
*(x + a/b))/b - 2%(b"2x(x + a/b)"2 - 3*axb*(x + a/b) + 3*¥a”2 + 1)*e”(-b"2x%
X"2 - 2*%axb*x - a”2)/b)*c*d"3/b"2 + (sqrt(pi)*(4*a~4 + 12%a~2 + 3)*erf (-b*
(x + a/b))/b + 2% (2¥b"3*(x + a/b)~3 - 8*xaxb"2x(x + a/b)"2 + 12*%a~2*bx(x +

a/b) - 8%a~3 + 3*b*(x + a/b) - 8*a)*e”(-b"2*x"2 - 2*a*b*x - a~2)/b)*d"4/b"
3)/(sqrt (pi)*d)

output

Mupad [B] (verification not implemented)

Time = 4.99 (sec) , antiderivative size = 337, normalized size of antiderivative = 1.17

32 dz? fedst 4+ d3x4>
4
3,43

3
e—02—2aba:—b2 o? (750'4‘1 +2 2 3 —2b3c3-b (20(12 d2+20d2)~|—3ab2 c? d) xe—02—2abx—b2 z2 (2(12 d3—8abcd2+12b2 2 d+3d3) .

/(c + dz)3erf(a + bx) dx = erf(a + bx) (c?’ z+

& 108
27
+erﬁ(a1i+bx1i) (4a*d® —16a3bcd®> +24a* > Ad+12a*d® — 16ab®> ® —24abed® + 1202 *d +
16 b4
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input‘int(erf(a + b*x)*(c + d*x)~3,x)

erf(a + bxx)*(c™3*x + (d"3*x74)/4 + (3*c™2*d*x"2)/2 + c*d"2*xx"3) - ((exp(-
a”2 - b™2*x"2 - 2*axb*x)*((5*axd~3)/4 + (a"3*%d"3)/2 - 2*¥b"3*c”3 - bx(2xc*

d~2 + 2*%a"2%c*d”"2) + 3*axb”"2*%c"2xd))/b"4 - (x*exp(- a”2 - bT2*x"2 - 2*axbx

x)*(3*d"3 + 2%a~2+d"3 + 12xb~2%c"2*d - 8*axb*cxd~2))/(4*b"3) - (d"3*x"3*ex

p(-= a™2 - b72*x"2 - 2xa*bxx))/(2xb) + (x"2%exp(- a”2 - b™2*xx"2 - 2kaxb*x)x*
(a*d™3 - 4xb*c*d~2))/(2%b~2))/(2%pi~(1/2)) + (erfi(a*li + bxx*1i)*(3*d~3 +
12%a~2%d"3 + 4*a”4*%d"3 - 16*a*xb”3*%c”3 + 12%xb"2%c”2%d + 24*a”2%b"2xc"2*d -
24*axbkc*d™2 - 16%a”~3*bxc*d~2)*1i)/(16%b~4)

output

Reduce [F]

/(c + dz)3erf(a + bx) dx

_Vﬁ&%%%mﬁ%ﬁ®x+aﬁw3+¢%&%“%““%ﬁ@x+®b§x+v?é%”%wmqfaﬂM%wﬁﬁt
- \/7_T€b2m2-

)
int ((d*x+c) ~3*erf (bxx+a) ,x)

N\ J

input

(sqrt(pi)*ex* (a*x2 + 2kaxbxx + bk*2*kx**2)*erf(a + b*x)*akck*3 + sqrt(pi)*e
xk (a*x2 + kaxb*x + bx*2kxx*2)*erf(a + b*x)*bkcx*3*x + sqrt(pi)*ex*(a*xx2 +
2xa*bxx + b**2+x*x*2)*int (erf(a + b*xx)*x**3,x)*b*d**3 + 3*sqrt(pi)*ex* (a**
2 + 2%axb*x + b*x2*x*x2)*xint (erf (a + b*x)*x**2,x)*bkckd**2 + 3*sqrt(pi)*ex
*(a*xx2 + 2%axb*x + b**2*xx*x2)*int (erf(a + b#*x)*x,x)*bkcx*2*xd + c**3)/(sqrt
(pi)*e**(a*x2 + 2%axb*x + bk*2xx**2)*b)

output




output

(1/3*d‘2/b‘3/exp((b*x+a)‘2)/Pi‘(1/2)+(—a*d+b*c)‘2/b‘3/exp((b*x+a)‘2)/Pi“(1/
\2)+d*(—a*d+b*c)*(b*x+a)/b‘3/exp((b*x+a)‘2)/Pi‘(1/2)+1/3*d“2*(b*x+a)‘2/b‘3/
‘exp((b*x+a)“2)/Pi‘(1/2)—1/2*d*(—a*d+b*c)*erf(b*x+a)/b‘3—1/3*(—a*d+b*c)“3*e

N\
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3.16 [(c+ dz)*erf(a + bz) dx

Optimal result . . . . . . . . . . . . e 225
Mathematica [A] (verified) . . . . . . . . . ... o 2261
Rubi [A] (verified) . . . .. . . ... .. 226
Maple [A] (verified) . . . . . . ... L 228
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 229
Sympy [B] (verification not implemented) . . . ... ... ... ... ..... 229
Maxima [F] . . . . . . 2301
Giac [A] (verification not implemented) . . . . . . ... ... ... 230
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 231
Reduce [F] . . . . . 232

Optimal result

Integrand size = 14, antiderivative size = 192

) dZe—(a+ba:)2 (bc _ ad)Qe—(a,+baz;)2
/(c + dz)“erf(a + bx) dz = TN + N
d(bc — ad)e~@+%2) (g + bx)
b3/
d2e= @)’ (4 4 bz)2  d(be — ad)erf(a + bx)
3b3/m B 23
(bc — ad)3erf(a + bx)  (c+ dx)3erf(a + bx)
- 3b3d 3d

rf (bxx+a) /b~3/d+1/3* (d*x+c) “3*erf (b*x+a) /d

\‘

J
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Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative size = 138, normalized size of antiderivative = 0.72

/(C + dz)%erf(a + bx) dx
2e‘(a+bx)2((1+a2)d2_abd(\?;+dx)+b2 (3c2+3cdz+d2x2)) + (—3de _ 6a2bcd + 2a3d2 + 3&(2b202 + d2) + 2b3.'13(3c2 n
) 6b°
input LIntegrate [(c + d*x)~2*Erf[a + bxx],x] J

output‘ ((2%((1 + a72)*d"2 - akbkd*(3kc + d*x) + b 2k(3%c™2 + 3kcxdrx + d™2#x72)))
\/(E*(a + b*x) "2*Sqrt [Pi]) + (-3xbk*c*d - 6xa~2*b*cxd + 2*%a~3%d"2 + 3*ax(2*b \
‘“2*62 + d~2) + 2%b~3*x*(3%c”2 + 3*ckd*x + d"2*x"2))*Erf[a + b*xx])/(6%b"3) ‘

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.06,

number of rules _ 91 4, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {6915, 2656, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dz)%erf(a + bx) dx

l 6915

(c+dx)’erf(a+bx) 2b [ e~ (@+h2) (¢ 4 da)3dx
3d 3y/rd

l 2656

(c + dz)3erf(a + bx) B

3d
e_(a‘H””)2 bc—ad)3 3de_(a“'l””)2 a+bzx)(bc—ad)? 3d26_(‘1+b“”)2 a+bx)? (bc—ad dse_(a‘H’m)2 a+bx)3
2bf( " (pe—ad® | (aba) bead)” (a+ba)(be—ad) | 2 (atbe)’ g

XL
3y/rd
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| 2009
(c + dz)3erf(a + bx) B
3d
2b<3\/7?d2(bc—ad)erf(a+bw) _ 3d2e_(a+bz)2(a-|—ba:)(bc—ad) + ﬁ(bc—ad)3erf(a+bx) B 3de—(a+bz)? (be—ad)® BBe—(atb2)? e
4p% 2b% 2v4 254 T
3y/md
input| IREL(c + dxx)"2#Ert[a + bix],x] J

~

Output ((c + d*x)"3*%Erf[a + b*x])/(3*%d) - (2*%b*(-1/2*%d"3/(b"4*E~(a + b*x)"2) - (3

*xd* (b*c - axd)~2)/(2*b~4*E~(a + b*x)~2) - (3*xd"2*(b*xc - axd)*(a + bxx))/(2
*b~4*%E~ (a + b*x)~2) - (d"3*(a + b*x)~2)/(2%b~4*E~(a + b*x)~2) + (3*kd~2*(b*
c - a*d)*Sqrt [Pil*Erfla + b*x])/(4%b~4) + ((b*c - axd) “3*Sqrt[Pil*Erf([a +
b*x])/(2%b~4)))/ (3*%d*Sqrt [Pi])

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2656 TRtLF)~((a_.) + (b_)*((c_.) + (d_.)*(x_))" (0 ))*(Px_), x_Symbol] :> Int[
ExpandLinearProduct [F~(a + b*(c + d*x)°n), Px, c, d, x], x] /; FreeQ[{F, a,
b, c, d, n}, x] & PolynomialQ[Px, x]

rule 6915 Int[Erfl(a_.) + (b_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]l :> Simpl[(
c + d*x)"(m + D)*(Erfla + bxx]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt[Pi]*d*(m
+ 1)) Intl(c + &=~ + 1/E"(a + b*x)"2, x], x] /; FreeQl{a, b, c, d,
m}, x] && NeQ[m, -1]




input

output
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Maple [A] (verified)

Time = 1.06 (sec) , antiderivative size = 272, normalized size of antiderivative = 1.42

method result
. 2d° erf(bx+a)x°+/m b°>+6¢cd 2 erf (bx+a)\/7 b°+6¢c“x erf(bx+a)+/mb°+2+/7 erf(bx+a)ad®—6+/7 erf(bx+a)a“bed+
parallelnsch d2 erf (b 3 b3 d x2 erf(b b3 2 f(b: b3 (b 3d2 f(b: 2bcd
243 <_ e*(b1+ll)2(bz+a)2 B e—(b:z+a)2 )
a3d3ﬁ erf(bz+a) bscgﬁ erf(bz+a) 2 2 2a.d3
3 3 - 3 - +2ad”| -
_ erf(bz+a)(ad—cb—d(bz+a)) +
. . .. 2
derivativedivides e
203 (—e_<bm+“>2<bz+a>2 _om(zra)? )
a3d3\/77 erf(bz+a) b363ﬁ erf(bz+a) 2 2 +24 43 <
_erf(bz+a)(ad—2cb—d(bz+a))3 + 3 3 3
default 8b-d
. (2b4 d3z2+8b%cd?x3+12b%c2d £2+2a3b d3x—6a2b%c d2x+6a b3 c2dx+6b* 3 z+2a3be d2 —6a2b2c2d+6a b3 c3 —2b2d3 22
orering 66 (dz+)
c3\/; e;;(bz+a) +e*“2d:
£ (b: 28 £ (b: 3
parts tbet ) e 4 orf (bx + a) dea? + erf (bz + a) o + TTHAT

Lint((d*x+c)“2*erf(b*x+a),x,method=_RETURNVERBOSE)

1/6%(2+d"2xerf (b*x+a) *x~3*xPi~(1/2) *b~3+6*c*d*x~2*erf (bxx+a) *Pi~(1/2) *b~3+6
xc”2xx*erf (bxx+a) *Pi~ (1/2) *b~3+2+Pi~ (1/2) *xerf (b*x+a) *a~3*d~2-6*xPi~ (1/2) *er
f (b*x+a) *¥a~2*b*c*d+6*Pi~ (1/2) *xerf (bxx+a) *a*xb~2xc”2+2+d "~ 2*exp (- (b*x+a) ~2) *x
~2xb"2-2xx*exp (- (bxx+a) ~2) *axb*d~2+6*x*exp (- (b*x+a) ~2) *b~2*kc*xd+3+Pi~(1/2) *
erf (bxx+a)*a*xd~2-3%Pi~ (1/2) *erf (b*x+a) *b*c*d+2*exp (- (b*x+a) ~2) *a~2*d~2-6*e
xp (- (b*x+a) ~2) *axbkc*d+6*exp (- (bxx+a) ~2) *b~2%c~2+2*exp (- (bxx+a) "2) *d~2) /Pi
~(1/2)/b"3
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 163, normalized size of antiderivative = 0.85

/(c + dz)%erf(a + bx) dx
_ 24/m(b*d*z® + 3b%c* — 3abed + (a® + 1)d® + (3b%cd — abd?)z)e( P ~2abe—a?) | (9 13 g3 | 6 nbPedu
- 6 b3

input Lintegrate ((d*x+c) ~“2xerf (b*x+a) ,x, algorithm="fricas") J

\b“2*c*d - axbxd"2)*x)*e” (-b"2*x"2 - 2*a*b*x - a~2) + (2*pi*b~3*d"2*x"3 + 6
\*pi*b‘s*c*d*x“z + 6*pixb~3*c”2xx + pi*(6*a*b"2xc”2 - 3*(2*a"2 + 1)xb*ckd +

output 1/6%(2+5art (pi)*(D724d724x72 + 34b"2%c"2 - Brabrord + (a72 + 1)*d2 + (3%
| (2%a”3 + 3*a)*d"2))*erf (b*x + a))/(pi*b3) |

Sympy [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 398 vs. 2(165) = 330.

Time = 1.08 (sec) , antiderivative size = 398, normalized size of antiderivative = 2.07

/(c + dz)?erf(a + bx) dx
a3d? erf (a+bx) _ a’cderf (a+bx) + a2d2e—0% g—b?2% g—2aba ac? erf (a+bx) _ acde—a° e—b2a? g—2abz _ ad2ze—a° e—b2a? o—2aba
3b3 b2 3/mb3 b /b2 3y/mh?

<c2:c + cdz? + @) erf (a)

-/

p
input Llntegrate ((d*x+c) **2*xerf (b*x+a) ,x)
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Piecewise((ax*3*dx*2xerf (a + b*x)/(3*b**3) - axx2xckd*erf(a + b*x)/b**x2 +

ax*2kdx*2kexp (—ax*2) *exp (~bk*2kx**2) *exp (-2*axbxx) / (3ksqrt (pi) *b**3) + a*c
xx2xerf (a + b*x)/b — axckdxexp(-a*x*2)*exp (-bx*2xx**2)*exp (-2*a*xb*x)/(sqrt(
Pi)*b**2) - akxd**2*xx*exp(-a**2)*exp (—b**2xx**2)*exp (-2*a*xb*x) /(3*sqrt (pi)*
b**2) + a*xd**2xerf(a + b*x)/(2*%b**3) + cx*2xx*erf(a + b*x) + ckxd*x**2xerf (
a + bxx) + dx*2xx**3xerf(a + bxx)/3 + ck*2xexp(—ax*2)*exp (~bx*2*x**2)*exp (
—-2xaxb*x)/(sqrt (pi)*b) + c*d*x*exp(-a**2)*exp (~b**2xx**2)*xexp (-2*a*b*x) /(s
qrt(pi)*b) + d¥*2xx**2*exp(—ax*2)*xexp (~b**2xx**2)xexp (-2*a*b*x) /(3*sqrt (pi
)*¥b) - cxdkxerf(a + b*x)/(2xb**2) + dx*2%exp(-ax*2)*exp (-b**2*kx**2)*exp (-2%
axb*x) / (3*sqrt (pi)*b**3), Ne(b, 0)), ((c**2kx + cxd*x**2 + d¥*2xx**3/3)*er
f(a), True))

output

Maxima [F]

/(c + dz)?erf(a + bx) dz = / (dz + ¢)® erf (bz + a) dz

input ‘ integrate ((d*x+c) “2*erf (b*x+a) ,x, algorithm="maxima")

‘1/3*(d”2*x“3 + 3%cxd*x"2 + 3*xc”2*xx)*erf(b*x + a) - 1/3*integrate(2*(bxd~2#

output
LX“3 + 3xb*ckd*x~2 + 3*bxc”2*x)*e” (-b"2%x"2 - 2%a*b*x - a”2), x)/sqrt(pi) J

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 263, normalized size of antiderivative = 1.37

3
/(c + dx)%erf(a + be) dz = (dz+¢) ;zlf (bz + a)
2,2 2 3 (ﬁ(mﬂ) e;f("’(“%)) +2(b(w+%)
2Vﬂpmﬂ—mm+a)_6<ﬁmmj@“»_e@w;a%”>gd+ b
_|_

6/rd

input integrate ((d*x+c) ~“2*erf (b*x+a) ,x, algorithm="giac") J
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1/3x(d*x + c) " 3*erf(bxx + a)/d + 1/6x(2*sqrt(pi)*c”~3*erf (-b*(x + a/b)) - 6
*(sqrt (pi)*a*xerf (-b*(x + a/b))/b - e~ (~b"2*x"2 - 2*axbxx - a~2)/b)*c”2xd +
3*(sqrt(pi)*(2*a~2 + 1)*erf(-b*(x + a/b))/b + 2x(bx(x + a/b) - 2xa)*e”(-b
“2%x72 - 2%a¥b*x - a”2)/b)*c*d"2/b - (sqrt(pi)*(2*a~3 + 3*a)*erf(-bx(x + a
/0))/b - 2% (b"2*(x + a/b) "2 - 3*axb*(x + a/b) + 3*a”2 + 1)*e”(-b"2*x"2 - 2
*a*b*x - a~2)/b)*d~3/b"2)/(sqrt(pi)*d)

output

Mupad [B] (verification not implemented)

Time = 4.58 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.06

/(c + dz)?erf(a + bx) dx
e7a272absz2 z2 (a2 d2—3abcd+3b2 02+d2) d2 z2 e—a2—2abw—b2 22 xe7a272abm7b2 o (ad2—3bcd)
— b3 + b — b2
3T
d? z?

+ erf(a + bzx) (c2m—|—cdx2—|— 3 )
_erfi(ali+ bz li) 2a°d® —6a’bcd +6ab’c® +3ad® —3bcd) i

6 b3

input‘tint(erf(a + bkx)*(c + d*x)"2,%)
output ((exp(- a™2 - b™2*x"2 - 2%a*bxx)*(d"2 + a"2%d"2 + 3%b~2%c”2 - 3*axb*c*d))/

b~3 + (d"2*x"2*%exp(- a”2 - b~2*x"2 - 2*axb*x))/b - (x*exp(- a”2 - b™2*x"2
- 2xa*bxx)*(axd™2 - 3%bxc*d))/b"2)/(3*pi~(1/2)) + erf(a + bxx)*(c™2*x + (d
~2%x73)/3 + cxd*x"2) - (erfi(a*li + bxx*1i)*(3%a*d™2 + 2%a~3*d~2 + 6*a*xb~2
*C™2 - 3xbxckd - 6%a~2kbkc*d)*1i)/(6%b~3)
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Reduce [F]

/(c + dz)?erf(a + bx) dx

Vel 2t erf (b + @) a ¢ + /7 PP 200 erf by + a) b Px + /7 €7 205+ ([ erf (b + a) 2%
= \/7_.[. eb?z?+2abz+a? |

input ‘ int ((d*x+c) ~2*erf (bxx+a) ,x)

(sqrt(pi)*ex*x(ax*2 + 2xa*xbxx + b*x2*kx**2)*erf(a + b*x)*axc**x2 + sqrt(pi)*e
*xk (ax*2 + 2xa*xbxx + b*x2*x*x*2)*erf(a + bxx)*bkcx*2+x + sqrt(pi)*ex*x(ax*2 +
2xa*bxx + b**2+xx*2)*int (erf(a + b*xx)*x**2,x)*xb*d**2 + 2xsqrt(pi)*ex* (ak*
2 + 2xa¥bxx + b**2*x**2)*int(erf(a + b*x)*x,x)*b*ckd + c**2)/(sqrt(pi)*ex**
(a**2 + 2kaxbkx + bkx2kx**2)*b)

output
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3.17 [(c+ dzx)erf(a + bx) dz

Optimal result . . . . . . . . . . . . e 233
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... .. 234
Maple [A] (verified) . . . . . . ... L 235
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 230
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 230
Maxima [F] . . . . . . 237
Giac [A] (verification not implemented) . . . . . . ... ... ... 237
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 238
Reduce [F] . . . o . o o 238

Optimal result

Integrand size = 12, antiderivative size = 118

be — ad)e~ (@) de=(a+bn)? (g 4 p) _ derf(a + bx)

/(c + dz)erf(a + bx) dz = (

e W7 402
_ (bc — ad)?erf(a + bx) N (c + dx)?erf(a + bx)
2b%d 2d

| (-a*d+bkc) /b~2/exp((bxx+a) “2) /Pi~(1/2)+1/2*d* (b*x+a) /b~2/exp((bkx+a)~2) /Pi
‘ ~(1/2)-1/4x*d*erf (bxx+a) /b~2-1/2* (—a*d+b*xc) “2xerf (b*x+a) /b~2/d+1/2* (d*x+c)~ ‘
LQ*erf (bxx+a)/d J

output

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.75

/(c + dx)erf(a + br) dz

e~ (atbe)’ <4bc — 2ad 4 2bdz; — e(@+0)* /w(—4abe + d + 2a2d — 4b*cx — 2b%dz?) erf(a + bx))

2 /x

input LIntegrate [(c + d*x)*Erf[a + b*x],x] J
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‘ (4%b*c - 2xa*d + 2%bxd*x - E~(a + b*x) 2xSqrt[Pi]*(-4*axbxc + d + 2*a”~2*d

output
L- 4xb"2%ckx — 2%b"2xd*x"2)*Erf[a + b*x])/(4*b"2xE~(a + b*x) 2*Sqrt[Pi]) J

Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 133, normalized size of antiderivative = 1.13,

number of steps used = 3, number of rules used = 3, Bumber of rules _ 4 95 Ryjes
integrand size

used = {6915, 2656, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/(c + dx)erf(a + bz) dx

l 6915

(c+dx)’erf(a+bz) bf e~ (@02 (¢ 4 dg)2da
2d Vmd
| 2656

—(a+60)? (po—qd)? | 2de=(a+b0)? (q+ba)(bo—ad) | dZe~(@+92)° (a+ba)?
(C+d$)2el‘f(a,+bx) bf(e b2(c ad) + e g;; z) (bc—ad) + e b2 (a+bz) do

2d Jrd
l 2009

(c + dz)?erf(a + bx)
2d
b < Va(bc—ad)?erf(a+bz) de—(a+b2)? (bc—ad) + yrd2erf(at+br) d2e—(atba)? (a—i—bm))
b3 4b3 3

203 2b
Jrd

-

LInt[(c + d¥x)*Erf[a + b*x],x]

-

input

output‘ ((c + d*x)"2xErf[a + b*x])/(2%¥d) - (bx(-((d*(b*c - a*d))/(b~3*E~(a + b*x)"~ ‘
12)) - (d"2%(a + b*x))/(2+b"3+E~(a + b¥x)"2) + (d"2*Sqrt[Pil*Erfla + b¥x])/
| (4%b™3) + ((b¥c - a*d)"2+Sqrt[Pil+Erf[a + bxx])/(2¥b"3)))/(d*Sqrt [Pil) |




rule 2009

rule 2656

rule 6915

input

CHAPTER 3. LISTING OF INTEGRALS 235

Defintions of rubi rules used

‘Int [u_, x_Symbol] :> Simp[IntSum([u, x], x] /; SumQ[u] ‘

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(n_))*(Px_), x_Symbol] :> Int[
ExpandLinearProduct[F~(a + b*(c + d*x)°n), Px, c, d, x], x] /; FreeQ[{F, a,
b, c, d, n}, x] && PolynomialQ[Px, x]

Int[Exrfl(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Simp[(
c + d*x)"(m + D*(Erfla + b*x]/(d*(m + 1))), x] - Simp[2*(b/(Sqrt [Pi]*d*(m
+1))) Intl(c + d*x)"(m + 1)/E~(a + b*x)"2, x], x] /; FreeQ[{a, b, c, d,
m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.69 (sec) , antiderivative size = 112, normalized size of antiderivative = 0.95

method result

B 2
erf(be+a) <da(bz+a)*cb(bz+a)7 d(bmga)Q > - <_ (mtele 2(bx+a) VT erifbre) ) tom(bata)? o _o—(bata)? g
+

derivativedivides b - /b

erf(bz+a) <da(b:1:+a) —cb(bz+a)— M}ﬁ>

2
_d<_ (bz+a)e;(bf”+“) Vi er§4(bz+a)> o= zta)2y _—(ba+a)? oy
+

default : - -
2
. 2d 22 erf(bx+a)y/7 b2 +4x erf(br+ta)cy/T b2 —24/7 erf(br+a)a?d+4+/7 erf(bz+a)abet2 e~ 0=+ bdp—erf(br+a)d,
parallelrisch 1/n b2
(—zbd+a
. _ (—2b3d%23 —6b3cd 22 +2a2b d2z—4a b2 cdz—4b3 c?z+2a%becd—4a b2 c2+2b d?z—a d?+3bed) erf(bz+a) _
orering 453 (da+o)
<7 e—b2z2—2bma _ a\/Ee"‘Q erf(bz+a)
—b222 _2bza ¢ 262 262
bl emo®a| —eeT T T , L
(b dx?
parts ertbeta)ds” | orf bz + a) cx — -

Lint ((d*x+c) *erf (b*x+a) ,x ,method=_RETURNVERBOSE) J
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o 1/bx(-erf (bxx+a) /bx (d*ax (bxx+a)-crbx (bxx+a) -1/2+d* (bkx+a) "2)+1/Pi~ (1/2) /bx
| (~dx(-1/2% (b*x+a) /exp((b¥x+a) "2)+1/4%Pi~ (1/2) *erf (bxx+a))+c*b/exp((b¥x+a)~ |
2)-dxa/exp((bxx+a)"2))) |

outpu

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.77

/(c + dz)erf(a + br) dz

_ 2+/m(bdz + 2bc — ad)e("¥'**~2ab2=0") 1 (2 7b2dx? + 4 whPcx + m(4abe — (2a% + 1)d)) erf (bz + a)
B 4 b2

e hY
integrate ((d*x+c)*erf (bxx+a) ,x, algorithm="fricas")

N\ J

input

Output} 1/4% (2xsqrt (pi)* (bkdsx + 24bkc - akd)*e”(-b~2%x"2 - 2xakbkx - a"2) + (24pi |
\*b‘2*d*x“2 + 4xpi*b~2%c*x + pix(4*a*xb*c - (2%xa”2 + 1)*d))*erf(b*x + a))/(p \
‘i*b“2) ‘

Sympy [A] (verification not implemented)

Time = 0.57 (sec) , antiderivative size = 178, normalized size of antiderivative = 1.51

/(c + dx)erf(a + bz) dx
a?derf (a+bzx) acerf (a+bx) ade—aze—b%ze—?abz £ b dz? erf (a+bzx) Ce_a2e_b212e_2abz dre—
— + 3 - NG + czerf (a + bx) + 5 + NG +

(cx + d—f) erf (a)

inputLintegrate((d*x+c)*erf(b*x+a),x) J




CHAPTER 3. LISTING OF INTEGRALS 237

Piecewise((-a**2*xd*erf(a + b*x)/(2xb*x2) + axckxerf(a + b*x)/b - a*dxexp(-a
*%2) *exp (~bk*2*kx**2) ¥exp (-2*%a*bxx) / (2*sqrt (pi) *b**2) + c*x*erf(a + b*x) +

d*x*x*2xerf (a + b*x)/2 + ckexp(-a*x*2)*exp(-b**2xx**2)*exp (-2*a*b*x)/(sqrt(p
i)*b) + dkxxexp(-ax*2)*exp(-b**2*x**2)*exp(-2*axb*x)/(2*xsqrt(pi)*b) - d*er
f(a + b*x)/(4*%b**2), Ne(b, 0)), ((c*xx + d*x**2/2)*erf(a), True))

output

Maxima [F]

/(c + dx)erf(a + bx) dz = / (dx + c) erf (bz + a) dx

p

Lintegrate((d*x+c)*erf(b*x+a),x, algorithm="maxima")

~—

input

p
output‘ 1/2x(d*x"2 + 2*cx*x)*erf(b*x + a) - integrate((b*d*x~2 + 2*b*c*x)*e” (-b~2*x
L‘Q - 2xaxb*x - a~2), x)/sqrt(pi)

~

Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 149, normalized size of antiderivative = 1.26

/(c + dz)erf(a + bz) dz = % (dz® + 2 cz) erf (bx + a)

ﬁ<ﬁ<za2+o erf<—b<z+ﬁ>>+2<b<z+z>_2a>e<—b%2—zabz—a2>)d

f(— a —b222 2 abz—a? b b
4\/7_1_<\/7T’aer(bb(ac+b)) _e( ; )>C— :
- 47
input Lintegrate ((d*x+c) *erf (bxx+a) ,x, algorithm="giac") J
ou.tput‘i/2*(d*xﬂ2 + 2kcxx)*erf (bxx + a) - 1/4*(4*sqrt(pi)*(sqrt(pi)*a*erf (-bx(x +

‘ a/b))/b - e~ (-b"2*x"2 - 2*axbxx - a~2)/b)*c - sqrt(pi)*(sqrt(pi)*(2*a~2 +
| 1)xerf(-bx(x + a/b))/b + 2%(bx(x + a/b) - 2%a)*e”(-b"2%x"2 - 2xaxbkx - a~ |
L2)/b)*d/b)/pi J
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Mupad [B] (verification not implemented)

Time = 0.47 (sec) , antiderivative size = 126, normalized size of antiderivative = 1.07

2
/(c + dzx)erf(a + bx) dz = erf(a + bx) (de + cx)

e_“2_2"‘b:‘_b2 o? (%—bc) dxe_a2—2abm—b2 22
b2 — 2b
JT
. . 2 .
Vvrerfi(ali+ bz 1i) <M — 2‘“”) 1i

2vm VT

+ 202

input Lint(erf(a + bxx)*(c + d*xx),x) J

. erf(a + bxx)x(ckx + (d*x72)/2) - ((exp(- a2 - b™2+x"2 - 2+axbxx)*((axd)/2

outpu ‘
‘ - b*c))/b~2 - (d*x*exp(- a2 - b™2%x"2 - 2kaxb*x))/(2%b))/pi~(1/2) + (pi~ ‘
| (1/2)*erfi(a*li + b¥x*1i)*((d + 2*a~2%d)/(2+pi~(1/2)) - (2axbxc)/pi~(1/2) |
)*1i)/(2%b72) |
Reduce [F]
/(c + dx)erf(a + bz) dx
VT V2t erf (b + @) ac + /T €7 T2 erf (by + a) bex + /T eV 200240 ([ erf by + a) wdi)
- ﬁ eb?z?+2abz+a?p)
inputLint((d*x+c)*erf(b*x+a),x) J

output‘ (sqrt(pi)*ex*x(ax*2 + 2xa*bxx + b*x2*x*x*2)*erf(a + bxx)*axc + sqrt(pi)*e**( \
ax*2 + 2xa*xbxx + b*x2*kx*x*2)xerf(a + b*x)*bxc*x + sqrt(pi)*exx(ax*2 + 2xa*b \
kx + bk2xx#x2)kint(erf(a + bxx)*x,x)*bxd + c)/(sqrt(pi)*ex*(axx2 + 2xaxbx |
‘x + b**2*x%**2)*b) ‘




output

input

output
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3.18 [ erf(a + bzx) dz

Optimal result . . . . . . . . . . . . e 239
Mathematica [A] (verified) . . . . . . . . . ... o 2391
Rubi [A] (verified) . . . .. . . ... .. 2400
Maple [A] (verified) . . . . . . ... L 247]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 247]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 242
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 2421
Giac [A] (verification not implemented) . . . . . . ... ... ... 242
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 243
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 243

Optimal result

Integrand size = 6, antiderivative size = 36

e—(a+b:1:)2

(a + bx)erf(a + bx)

/erf(a+bx)dm= b

b

Ll/b/exp((b*x+a)‘2)/Pi“(1/2)+(b*x+a)*erf(b*x+a)/b

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.97

6—(0.—i—baz:)2

by/m

/erf(a + bx)dx =

i

g
- T
b

) erf(a + bx)

‘ Integrate[Erf[a + b*x],x]

‘1/(b*E“(a + bx*x) "2+Sqrt[Pi]) + (a/b + x)*Erfla + b*x]




input

output

rule 6903
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {6903}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/erf(a + bx) dx
l 6903

(a + bx)erf(a + bx) N e (atba)?

b /b

e

tlnt [Erfla + b*x],x]

~—

-

Ll/(b*E"(a + bxx) ~24Sqrt[Pi]) + ((a + b*x)*Erfl[a + b*x])/b

~—

Defintions of rubi rules used

‘Int [Exf[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(Erfl[a + b*x]/b),
‘x] + Simp[1/(b*Sqrt[Pil*E~(a + b*x)~2), x] /; FreeQ[{a, b}, x]
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Maple [A] (verified)

Time = 0.37 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.89

method result size
7(b:t+a)2
. . L. erf(bz+a)(bz+a)+< =
derivativedivides . i 32
7(bz+a)2
erf(bz+a)(bz+a)+< =
default . i 32
. (bz+a) erf(bz+a) e—(bata)?
orering 5 + m 34
2
. z erf(bz+a)\/T b+a erf(bz+a),/m+e~ (bz+a)
parallelrisch VT 42
2b(— e—b2z2—22bza—a2 _ a/m erfébz+a) )
2b: 2b
parts z erf (bz +a) — 7 57

. tint(erf(b*x+a),x,method=_RETURNVERBOSE)
input

-

output Ll/b* (erf (b*x+a) * (b*x+a)+1/Pi~ (1/2)*exp (- (bxx+a)~2))

-/

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.31

/ erf(a + bz) de = (mbz + ma) erf (bz + a) + /me( Yo" ~2abad’)
o b

: : =n : "
inputtlntegrate(erf(b*}ﬁa),x, algorithm="fricas")

Output‘ ((pixb*x + pika)*erf(bxx + a) + sqrt(pi)*e~(-b"2%x"2 - 2%axb*x - a~2))/(pi
*b)
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Sympy [A] (verification not implemented)

Time = 0.25 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.47

2

aerf(1¢)1+bw) + zerf (a—l—bzc) + e~ % e

2.2
—b“x e—2abz

/b
zerf (a) otherwise

forb#0
/erf(a—l—bx)dz: orb#

input ‘ integrate(erf (bxx+a) ,x) ‘

‘Piecewise((a*erf(a + b*x) /b + xkerf(a + bxx) + exp(-a**2)x*exp (~bx*k2kx**2)*

output
‘exp(-2*a*b*x)/(sqrt(pi)*b), Ne(b, 0)), (xxerf(a), True))

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86

(—(ba:+a)2)
bx + a) erf (bx + a) + &—F——
/erf(a+bx)dx=( Jert ( ; ) VT
input‘integrate(erf(b*x+a),x, algorithm="maxima")
outputt((b*x + a)*erf(bxx + a) + e~ (-(b*x + a)~2)/sqrt(pi))/b J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.64

vraerf(—b(z+%)) e(—b212—2abx—a2)

/erf(a + bx) dx = zerf (bx + a) — b —_ b
V43

input Lintegrate (erf (b*x+a),x, algorithm="giac") J
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ut‘x*erf(b*x + a) - (sqrt(pi)*a*erf(-b*(x + a/b))/b - e ~(~-b~2*x"2 - 2*xa*xb*x - ‘

out
‘ a~2)/b)/sqrt(pi) ‘
Mupad [B] (verification not implemented)
Time = 0.22 (sec) , antiderivative size = 48, normalized size of antiderivative = 1.33
f b —b2z2 —a? ,—2abx
/@ﬁ@+ﬁ@dw=xaﬂa+b@+ﬁmr%f_x) ° ZV;
inputtint(erf(a + b*x) ,x) J
Output}x*erf(a + bxx) + (axerf(a + b*x))/b + (exp(-b~2%x"2)*exp(-a~2)*exp(-2%a*rb*
%))/ (b*pi~(1/2)) |
Reduce [B] (verification not implemented)
Time = 0.15 (sec) , antiderivative size = 87, normalized size of antiderivative = 2.42
exf(a + ba) d = /e E e a’ orf (g 4 ) g 42— 2\/7_r eb2””22+2“bx+a2erf (bx +a)br +1
\/7_T6b z?+2abz+a?
input Lint (erf (b*x+a) ,x) J

Output‘(sqrt(pi)*e**(a**2 + 2%axbxx + b**2kx**2)*erf(a + bxx)*a + sqrt(pi)*e**(ax
(%2 + 2%axbxx + bxx2*xkx2)*erf(a + bkx)*bkx + 1)/(sqrt(pi)xex*(axx2 + 2xaxb
(KX + DHRDKXH*2) *b)
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3.19 [t g

ct+dx

Optimal result . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . 247
Rubi [N/A] .« . o 245
Maple [N/A] . . . .
Fricas [N/A] . . . . . o 246
Sympy [N/A] . . o 2461
Maxima [N/A] . . . . 240
Giac [N/A] . . . o 247l
Mupad [N/A] . . . o
Reduce [N/A] . . . o

Optimal result

Integrand size = 14, antiderivative size = 14

/ erf(a + bx) dr — Tnt (erf(a + bx) a:)

c+dx c+dx

output‘Defer(Int)(erf(b*x+a)/(d*x+c),x)

Mathematica [N/A]
Not integrable

Time = 0.40 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/erf(a + bx) dr — / erf(a + bx) s

c+dx c+dx

inputLIntegrate[Erf[a + bxx]/(c + d*x),x] J

-

output LIntegrate [Erfla + bxx]/(c + d*x), x] J




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ erf(a + bx) dx
c+dzx
J,6924
/ erf(a + bx) e
c+dzx
LInt [Erfla + bx]/(c + d*x),x] J
L$Aborted J

Maple [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ erf (bz + a) i

dr +c

-

lint(erf(b*x+a)/(d*x+c),X)

e—

Lint(erf(b*x+a)/(d*x+c),x) j
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ erf(a + bx) dp — / erf (bz + a) d

c+dx dr+c

-/

B
inputLintegrate(erf(b*x+a)/(d*x+c),x, algorithm="fricas")

output Lintegral(erf(b*x + a)/(d*x + c), x) J

Sympy [N/A]
Not integrable

Time = 1.24 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.86

/ erf(a + bz) dp — / erf (a + bx) d

c+dx ¢+ dz
input Lintegrate (erf (b*xx+a)/(d*x+c) ,x) J
output LIntegral(erf (a + bxx)/(c + d*x), x) J

Maxima [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/erf(a+bx) dx:/erf (bx + a) s
c+dz dr +c

input Lintegrate (erf (b*x+a)/ (d*x+c) ,,x, algorithm="maxima") J
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output Lintegrate(erf (bxx + a)/(d*x + c), x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/erf(a + bz) dp — / erf (bx + a) i

c+dx dr+c

-

input Lintegrate (erf (b*x+a)/(d*x+c) ,x, algorithm="giac")

-/

output Lintegrate(erf(b*x + a)/(d*x + c), x)

Mupad [N/A]
Not integrable

Time = 4.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/erf(a + bx) dp — / erf(a + bx) d

c+dx c+dzx

inputtint(erf(a + bxx)/(c + d¥x),x)

output Lint(erf(a + b*x)/(c + d*x), Xx)
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Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/erf(a + bx) dp — / erf(bx + a) i

c+dzx dr+c

input Lint (erf (b*x+a)/(d*x+c) ,x)

Outputtin‘c(erf(a + bxx)/(c + d*x),x)




output

input

output
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erf(a+bz)

3.20 | o)’ dx

Optimal result . . . . . . . . . . . . . 249
Mathematica [N/A] . . . . . . . . 249
Rubi [N/A] .« . o 250
Maple [N/A] . . . 2501
Fricas [N/A] . . . . . o 251]
Sympy [N/A] . . 251]
Maxima [N/A] . . . . 252
Giac [N/A] .« . o e 252
Mupad [N/A] . . . .
Reduce [N/A] . . . . o 253

Optimal result

Integrand size = 14, antiderivative size = 14

_erf(a + bx) 2bInt(

e—(a+b:c)2
ct+dx

)

/ erf(a + bx) 4

(c+dz)2 7 " d(c+dr)

dy/'m

‘—erf(b*x+a)/d/(d*x+c)+2*b*Defer(Int)(1/exp((b*x+a)‘2)/(d*x+c),x)/d/Pi‘(1/2

p

|
J

Mathematica [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

erf(a + bx)

ct+dz2 7 ) (c+da)

erf(a + bx)

dz

LIntegrate[Erf[a + b*x]/(c + d*x)~2,x]

LIntegrate [Erf[a + b*x]/(c + d*x)"2, x]




input

output

input
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Rubi [N/A]
Not integrable
Time = 0.26 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

erf(a + bx)
/ (c+ dz)? de

l 6915

e—(a+bm)2
2 [ g dz _erf(a +b2)
Vrd d(c+ dz)
l 2654

e—(a+bz)2
2b [ g —dz _ erf(a + b2)
Vd d(c+ dz)

LInt[Erf[a + bxx]/(c + d*x)~2,x]

-

L$Aborted

-/

Maple [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ erf (bx + a) i
(dz + c)®

e

Lint(erf(b*x+a)/(d*x+c)‘2,x)

~—
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outputLint(erf(b*X+a)/(d*x+c)“2,x)

Fricas [N/A]
Not integrable
Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.93

erfla +bx) , [ erf(bz + a)

a2 0T = dz
(c+ dz)? (dz + ¢)*

inputLintegrate(erf(b*x+a)/(d*x+c)*2,x, algorithm="fricas")

Ou_tputLintegral(erf(b*x + a)/(d"2*x"2 + 2%ckxd*x + c~2), X)

Sympy [N/A]
Not integrable

Time = 12.94 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

erflatbz) _ [erf(a+bo)
(c+dx)? (c + dz)?

input Lintegrate (erf (b*xx+a)/ (d*x+c) **2,x)

Outputtlntegral(erf(a + bxx)/(c + d*x)**2, x)
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Maxima [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 66, normalized size of antiderivative = 4.71

/ erf(a + bx) erf (br + a)

Cor e = g

(c+dx) (dz + ¢)

input Lintegrate (erf (bxx+a)/(d*x+c)~2,x, algorithm="maxima") J

t‘ 2xbxintegrate(e” (-b~2*x~2 - 2*axb*x)/(sqrt(pi)*d~2*x*e~(a~2) + sqrt(pi)*c* ‘

outpu
‘d*e‘(a‘2)), x) - erf(b*x + a)/(d"2*x + cx*d) ‘

Giac [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

erf(a + bx) erf (bz + a)
e = e
(c+ dx) (dz + c)
input Lintegrate (erf (b*x+a)/ (d*x+c)~2,x, algorithm="giac") J

-

tintegrate(erf(b*x + a)/(d*x + c)~2, x)

e—

output

Mupad [N/A]
Not integrable

Time = 4.36 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

erf(a + bx) / erf(a + bx)
— g dr= [ ———~dz
(c+ dx) (c+dz)
input Lint (erf(a + bxx)/(c + d*x)~2,x) J
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output Lint(erf(a + b*x)/(c + d*x)~2, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.93

erf(a + bz) dr — / erf(bz + a)
(c+dx)2 ) d?’x%+ 2cdx + 2

input tint(erf (b*x+a) / (d*x+c)~2,%)

output Lint(erf(a + b¥x)/(c**2 + 2kckd*x + dx*2¥x**2),X)
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erf(a+bz)

3.21 | o)’ dx

Optimal result . . . . . . . . . . . . . 254
Mathematica [N/A] . . . . . . . . 254
Rubi [N/A] .« . o 255
Maple [N/A] . . . 2561
Fricas [N/A] . . . . . o 250
Sympy [N/A] . . 250
Maxima [N/A] . . . . 257
Giac [N/A] .« . o e 257
Mupad [N/A] . . . . 258
Reduce [N/A] . . . . o 258

Optimal result

Integrand size = 14, antiderivative size = 14

erf(a + bx) bInt(

e~ (a.+baz:)2
(c+dzx)?

o)

/ erf(a + bx) p

(c+dz)® 7 T 2d(c+ du)?

dy/'m

|-1/2%ert (bxx+a)/d/ (d*x+c) “2+b*Defer (Int) (1/exp((bxx+a)~2)/(d*x+c)~2,x) /d/P

J

output
P Li‘(1/2>
Mathematica [N/A]
Not integrable
Time = 1.49 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14
f
erf(a + bx) - erf(a + bx) .
(c+dx)3 (c + dz)?
input LIntegrate [Erf[a + b*x]/(c + d*x)"3,x]
output [ntegrate[Ertla + bex]/(c + a¥0)"3, x]
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Rubi [N/A]
Not integrable
Time = 0.44 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 4, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
erf(a + bx)
[y
l 6915
—(a+b:1:)2
bf e(c+dx)2 dzx _ erf(a+b2)
Vrd 2d(c + dz)?
l 2650
p 2 L@ s | 2bbe—ad) | T e (ot
& @ d(ctdz) B erf(a + bx)
Vrd 2d(c + dx)?
l 2634
—(a+bz)2
y [ 2btbe—ad) J ¢ ot dr —(aetb)®  mberf(atbe)
2 ot d 2
d d(ctdz) ¢ _ erf(a+ ba)
Vrd 2d(c + dx)?
l 2654
—(a T 2
g [ 2otbead) f ¢ i) o _ e~(atbn)®  /mberf(atbr)
2 ot d 2
d d(ctdz) ¢ _ erf(a + ba)
Vmd 2d(c + dx)?

inputtlnt [Erfl[a + b*x]/(c + d*x)"3,x]

output L$Aborted
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Maple [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ erf (bz + a) i
(dz + c)®

input Lint (erf (b*x+a) / (d*x+c) ~3,x)

output Lint (erf (b*x+a)/(d*x+c)~3,x)

Fricas [N/A]
Not integrable
Time = 0.09 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.71

erfla+bz) . [ erf(br +a)

— [T Y,
(c+dx)3 o (da:—l—c)3 v

input Lintegrate (erf (b*x+a)/ (d*x+c)~3,x, algorithm="fricas")

output Lintegral(erf (b*x + a)/(d™3*x73 + 3*cxd™2%x72 + 3*c™2*d*x + c73), x)

Sympy [N/A]
Not integrable

Time = 88.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

erf(a +bx) , [ erf(a+ bx)

T = dx
(c+ dz)3 (c+ dz)’

input Lintegrate (erf (b*x+a) / (d*x+c) **3,x)
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output LIntegral(erf (a + b*x)/(c + d*x)**3, x) J

Maxima [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 94, normalized size of antiderivative = 6.71

erf(a + bx) erf (bz + a)
lordg = 3 de
(c+dzx) (dz + c)
inputLintegrate(erf(b*x+a)/(d*x+c)*3,x, algorithm="maxima") J

t‘b*integrate(e‘(—b"2*x‘2 - 2xaxb*x)/(sqrt(pi)*d~3*x"2%e”(a"2) + 2*sqrt(pi)=*
|cxd"2xxxe”(a"2) + sqrt(pi)*c 2*d*e”(a"2)), x) - 1/2%erf(bkx + a)/(d"3%x™2 |
+ 2kckd"2kx + CT2+d)

outpu

Giac [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ erf(a + bx) erf (br + a)

——dr = 2 dz

(c+dx) (dz + c)
inputLintegrate(erf(b*x+a)/(d*x+c)*3,x, algorithm="giac") J

output Lintegrate (erf (b*x + a)/(d*x + ¢c)~3, x) J
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Mupad [N/A]
Not integrable

Time = 4.95 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

erfla +bzx) , / erf(a + bx) i

(c+ dzx)3 (c+dzx)?

inputtint(erf(a + b*x)/(c + d*x)"3,%)

output Lint(erf(a + b*x)/(c + d*x)"3, x)

Reduce [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 38, normalized size of antiderivative = 2.71

erfa+ba: / erf(bz + a)
(c+dz)? da:)3 d3z3 + 3cd?x? + 3c*dx + ¢

input Lint (erf (b*x+a) /(d*x+c)~3 , x)

output‘ int(erf(a + b*x)/(c*x*3 + 3kck*x2xd*x + 3kckd**2*xx**2 + d*x*3*x**3),x)




CHAPTER 3. LISTING OF INTEGRALS 259

3.22 [ z°erf(bz)? dz

Optimal result . . . . . . . . . . . . e 259
Mathematica [A] (verified) . . . . . . . . . ... o 2591
Rubi [A] (verified) . . . .. . . ... .. 260
Maple [A] (verified) . . . . . . ... L 264
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 264
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 265
Maxima [F] . . . . . . 2651
Giac [F] . . . . o o 260
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 266
Reduce [F] . . . . . 260

Optimal result

Integrand size = 10, antiderivative size = 178

11e—2%22  7-2Pa? 2 ,—2%a 4 5e—b2x2xerf(bx)
5 2
f(bx)* dr =

/x erf(bz)” dz 19567 + 1907 + 6b21 T 4%/

5e~* glerf(br) = e v 2erf(bx) _ Serf(bz)? | 1

16 2
663/ 30/ 1600+ g° ori(bo)

output \ 11/12/076/exp (2¥b~2%x"2) /Pi+7/12%x~2/b~4/exp (2%b~2*x"2) /Pi+1/6%x"~4/b"2/exp ‘
‘(2*b“2*x“2)/Pi+5/4*x*erf(b*x)/b“5/exp(b“2*x“2)/Pi”(1/2)+5/6*x“3*erf(b*x)/b
‘“3/exp(b‘2*x“2)/Pi“(1/2)+1/3*x‘5*erf(b*x)/b/exp(b“2*x“2)/Pi“(1/2)-5/16*erf
| (b*x) "2/b~6+1/64x"6*erf (b*x) "2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 106, normalized size of antiderivative = 0.60

/gv5elrf(bz)2 dx
e~ 2% (44 + 28622 + 8biz?t 4 4be”? \/mx(15 + 106%2 + 4b'z?) erf(bx) 4 2% w(—15 + 8b%20) erf(bxr)
- 48bS
input LIntegrate [x~5*Erf [b*x]~2,x] J
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‘(44 + 28%b72%x72 + 8%b74*x"4 + 4*b*E”(b"2xx72)*Sqrt [Pi]*x*(15 + 10%b~2*x"2
\ + 4xb~4*x"4)*Erf [b*x] + E~(2*%b"2*%x"2)*Pi*(-15 + 8*b~6*x~6)*Erf [b*x] ~2)/(4
‘ 8*xb~6*E~ (2*xb~2*x~2) *P1i)

output

Rubi [A] (verified)

Time = 1.32 (sec) , antiderivative size = 270, normalized size of antiderivative = 1.52,

number of steps used = 13, number of rules used = 12, Bumber of rules _ 1 94 Ryyjeg
integrand size

used = {6918, 6939, 2641, 2641, 2638, 6939, 2641, 2638, 6939, 2638, 6927, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ zPerf(bx)? dx
| 6918

2b [ eV"%* gBerf(bx)da
3/
| 6939

%acﬁerf(bx)2 -

b 22
37
l 2641

2b<5feb212w4erf(bx)dw + fe*2b2m2:c5dx x5e_b2’”261‘f(bx)>
252

1
émserf(bx)2 -

2,2
[e=2027 3, 4,202

2% <5fe_b2z2ac4erf(bw)dz + 52 Ty _ x5e_b2w2erf(bx)>
(ba)® —

202 /b 262

3T
l 2641

1
6w6erf

2 2
=22y 22 —2b%a?
262 5 4b2

2.2
_m4e_2b T

5fe_b2””2x4erf(bx)dx w5e—b2z2erf(bz)

b 4b2 _
2b 262 + b 352

%iEGGI‘f(biL‘)z —

3Vm
l 2638
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2,-26222 20222
—6222 4 5 —b2a2 T B S
% 5 [e " aterf(ba)de 2Pt = erf(ba) n 2 2
262 262 N
1
6 2
—z erf(bx)” —
6 ( ) 3\/7_1'
l 6939
1
émserf(bm)2 -
5<3f e_bzzszerf(bz)dz_'_f e_2b2a:2 z3dz_:c3efb2zzerf(bw) _226_2217212 _e—2bzz2 4 —op242
2 2 e
2b 2b Vb 2b _ x5e_b2"”2€l‘f(bx) + b b2 &y - 162
252 202 /b
3\/7_1'
J 2641
1
ézrzfjerf(bx)2 —
26222 2 —2b242
5 3fefb2z2:v2erf(bz)dx+ 5 252 Tz e41)2 _xSe_b2$2eI'f(bm) 2 _op242 _op2,2
262 /b 22 —Ze & 4_—2b222
5—b%22 opf 4b2 vt _zle
2 - __ z 2b2€1‘ (bx) + 52 - 12
b
3v/r
l 2638
1
6w6erf(bx)2 —
2 —2b2z2 _—2b242
5 3fe_b2z212€rf(bm)dz_z3e_b2x2erf(bz)+_x T T 9 op2a2  _op2s2
252 262 /b 2 9 e =% 4,—2b%22
zSe="="erf(bz) A=y 8b T
2b 262 262 + T n
y
3/r
l_6939
1
éwserf(bx)2 -
2 2 2 2
3<fe_b i e2rf(bz)dz+f e—2b :’; zdz_:ce_bzzzgrf(bz)> 5 5 9226_262:52 e_2b2z2
5 2b \2/; 2b _zse_b B 2€I‘f(bz)+_ 462 fb_ sbd )
2b 2b & e
m5e_bzw2erf(bm)
2b 262 - 2b2 +

3vm
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262

l 2638
1 6 2
6% erf(bx)” —
3<f 2’ erfa)ds _se*2” erfion) 75—2”2”2) o 2 op2a?
5 2 2 A/ _w3e*"2$2€rf(bw>+_z T T 2
262 252 /b »2o—2b
2
2 xse_b2m2erf(bx) 4b
2b2 202 +
NG
l 6027
1
éxﬁerf(bw)2 -
3<ﬁj'erf(bm)derf(ln:)_ze_b2m26rf(bz)_6—262:32) y 2a? a2
5 a3 262 4y/mb3 _:r3e_b2$2erf(bz)+_z e41,2 - 364
262 262 NG 222
w5e*b212 erf(bz 4b
2b 2b2 - 202 ( ) +
3y
l 15
1
gxserf(bx)2 =
9 _ob2z2 _op2z2 3 \/Ferf(bz)27xe_b2w
z3efb2mzerf(bw) - 2 T e 417 8b3 :
L20-20202 26252 - 5] - 252 + R =
%1 4 22z
2 _wse_b2m2erf(bx) + 4b 52 8b -z e4b2 n
22 /b 252

3y

input |

Int [x~5*Erf [b*x] ~2,x]
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(x"6*Erf [b*x]~2)/6 - (2%b*((-1/4*x"4/(b"2+E~ (2%b"2*x"2)) + (-1/8%1/(b"4*E~
(2+%b72*x"2)) - x72/(4*b"24E~ (2¥b"2%x72))) /b"2) / (b*Sqrt [Pi]) - (x"5*Erf [b*x
1)/ (2%b"2xE~ (b~2%x72)) + (5x((-1/8%1/(b"4*E~ (2*b~2%x"2)) - x~2/(4*%b"2*E~(2
*b~2xx72))) /(b*Sqrt [Pi]) - (x~3*Erf [b*x])/(2*xb"2*E~(b"2*x72)) + (3*x(-1/4%1
/(b™3*E~ (2%b~2+x~2) *Sqrt [Pi]) - (x*Erf[b*x])/(2+%b"2+E~ (b"2+#x"2)) + (Sqrt[P
i]*Erf [b*x]~2)/(8%b~3)))/(2%b"2)))/(2%b"2)) )/ (3*%Sqrt [Pi])

output

Defintions of rubi rules used

ruk}15‘Int[(a_.)*(x_)”(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
\{a, m}, x] && NeQ[m, -1]

rule 2638 TatLF)~((a_.) + (b_)*((c_.) + (d_)*(x_))" (@ ))*((e_.) + (£_)*(x))"(m_
.), x_Symbol] :> Simp[(e + f*x) n*x(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*xLog[F])), x] /; FreeQ[{F, a, b, c, d, e, £, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - c*f, 0]

rule 2641 Tt LEFED)"((a_) + (b_)*((c ) + (d_)*(x))7(m))*((e_.) + (A )*(x)) 7 (m_
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + b*(c + d*x) n)/(b*d*n*L
ogl[F1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)~(m - n)*F~(a +
bx(c + d*x)"n), x], x] /; FreeQ[{F, a, b, c, d}, x] & IntegerQ[2*((m + 1)/
n)] && LtQ[O, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
, 01)

Int[Exf[(b_.)*(x_)]1"2*(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)*(Erf [b*x]~2/(
m+ 1)), x] - Simp[4*(b/(Sqrt[Pil*(m + 1))) Int[(x~(m + 1)*Erf[b*x])/E~(b
~2%x~2), x], x] /; FreeQ[b, x] && (IGtQ[m, 0] || ILtQ[(m + 1)/2, 0]1)

rule 6918

rule 6927‘Int[E“((c_.) + (d_.)*(x_)"2)*Erf[(b_.)*(x_)]1"(n_.), x_Symbol] :> Simp[E~cx(
'Sqrt[Pil/(2#b))  Subst[Int[x°n, x], x, Erflb*x]], x] /; FreeQ[{b, c, d, n}
, x] & EqQld, -b~2]
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Int[E"((c_.) + (d_.)*(x_)"2)*Erf[(a_.) + (b_.)*(x_)I1*(x_)"(m_), x_Symboll]

> Simp[x~(m - 1)*E~(c + d*x"2)*(Erf[a + b*x]/(2%d)), x] + (-Simp[(m - 1)/(2
*d) Int[x"(m - 2)*E~(c + d*x"2)*Erf[a + b*x], x], x] - Simp[b/(d*Sqrt[Pi]
) Int[x"(m - 1)*E~(-a"2 + ¢ - 2*%axb*x - (b"2 - dA)*x~2), x], x]) /; FreeQl[
{a, b, ¢, d}, x] && IGtQ[m, 1]

rule 6939

Maple [A] (verified)

Time = 0.64 (sec) , antiderivative size = 160, normalized size of antiderivative = 0.90

method result

3
8erf(bz) 20072 416 e b?e? erf(bz)z5boT+8 e*2b212w4b4\/7?+40 e b?e% 3 erf(bz)b3m+28 e—26%2% ;2p2 V7460 e t?e?

3
486872

T e

parallelrisch

5 —b2e?
(66528 +Tb%z*—9b222 —55) <5z4 erf(bz)2+%erf<bwf1j”) (2
+

. (86328 —306026 —55b%x* —40b%22+165) erf(bz)?
orering 150527 + 48655

input int (x"5*erf (b*x)~2,x,method=_RETURNVERBOSE) |

| 1/48% (8*erf (bx) ~2+x"6xb~6%Pi" (3/2) +16%exp(~b~2#x"2) kerf (b*x) *xx"5*b 5+Pi+8
 *exp (-b"2%x"2) “2%x"4¥b~4¥Pi” (1/2) +40%exp (-b~2%x"2) ¥x"3kerf (b*x) *b"3¥Pi+28%
|exp(-b"2%x72) "2%x"2%b~2+Pi~ (1/2) +60*exp (-b~2%x"2) *x*erf (b*x) ¥b*Pi-15%erf (b |
%) “2+P1~(3/2) +4dxexp (-b2+x"2) “2+Pi" (1/2)) /b™6/Pi~ (3/2) |

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 98, normalized size of antiderivative = 0.55

/ rPerf(bz)? dx

_ 4y/m(46°2° 4+ 10b°2% + 15 bx) exf (bz) e("¥) — (157 — 8 mb%2®) exf (ba)® + 4 (262t + TH%2? + 11)e(-
N 48 wbb

i - - i =n g "
input Llntegrate(x 5xerf (b*x) "2,x, algorithm="fricas") J
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‘1/48*(4*sqrt(pi)*(4*b”5*x“5 + 10*b~3%x"3 + 15%b*x)*erf (b*x)*e” (-b~2%x"2) -
\ (15%pi - 8*pixb~6*x"6)*erf (b*x) "2 + 4*(2¥b"4*x"4 + Txb~2+x"2 + 11)*e” (-2%
'b~2%x72))/(pi*b6)

output

Sympy [A] (verification not implemented)

Time = 0.62 (sec) , antiderivative size = 168, normalized size of antiderivative = 0.94

/ rPerf(bz)? dx

2,2 2.2
z8 erf? (bz) z%e="2 erf ( ghe—2b°a° 523e=b"*" erf (bx)

26—2b21:2 5me_b2z2 erf (bz) 5 erf? (bx)

116—21)21;

_ 6 3/mb 6762 6/7b3 12767 4,/mbd
0

inputLintegrate(x**S*erf(b*x)**2’x)

/

Piecewise ((x**6*erf (b*x)**2/6 + x**b5*xexp(-b**2*kx**2)*erf (b*x)/(3*sqrt (pi)=*
b) + x*x4*exp (—-2¥bx*2xx**2) / (6*pixb**2) + Bxx**3kexp(-b**2xx**2)*erf (b*x)/
(6*sqrt (pi) *b**3) + Txx**2xexp (—2*b**2*x**2) / (12*%pi*b**4) + Sxxkexp (—bx*2*
xx*k2) *erf (b*x) / (4*sqrt (pi) ¥b**5) - bkerf (b*x)**2/(16%b**6) + 1lxexp(-2¥b**
2xx**2) / (12*pi*b**6), Ne(b, 0)), (0, True))

output

N\

Maxima [F]

/ac‘r’erf(bac)2 dx = /z5 erf (bx)® dz

: -~ ~ : =n : "
input‘lntegrate(x 5xerf (b*x) "2,x, algorithm="maxima")

‘-1/6*integrate((4*b”4*x“5 + 10%b~2*x"3 + 15%x)*e” (-2¥b~2%x72), x)/(pi*b~4)
‘ + 1/48%((8*sqrt(pi)*b~6*x"6 - 15xsqrt(pi))*erf(bxx)~2 + 4%(4*b~5*x~5 + 10
‘*b‘3*x“3 + 15%b*x)*erf (b*x)*e~ (-b~2+x72))/(sqrt (pi)*b~6)

output

1666

1276
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Giac [F]
/gv5elrf(bav)2 dx = /z5 erf (bz)? dz
inputLintegrate(x‘S*erf(b*x)"2,x, algorithm="giac") J
output Lintegrate (x~5*erf (b*x)~2, x) J

Mupad [B] (verification not implemented)

Time = 4.09 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.80

6 2
xerf(bzx
/gv5elrf(bac)2 dx = %
11e—262 22 57 erf(bz)? + 702 g2 e—26% 2 + b4 g e—2b% o2 + 553 z3ﬁe_bzw2 erf(bx) + b 25 \/'Tre_b2 z? erf(bx) + 5bx+/
+ 12 — 16 12 6 6 3
6
b8 7
input Llnt (x~5*xerf (b*x)~2,x) J

‘(x“G*erf(b*x)"Q)/G + ((11xexp(-2%b~2*x~2)) /12 - (b*pixerf(b*xx)~2)/16 + (7* ‘
b 2%x"2%exp(-2¥b"2%x72)) /12 + (b~4%x"4*exp(-2¥b"2%x"2))/6 + (5¥b"3*x"3¥pi”~
| (1/2)*exp(-b~2%x"2) xerf (b*x)) /6 + (b~5%x 5*pi~(1/2)*exp(-b~2%x~2)*erf (b*x) |
\)/3 + (5xb*x*pi~(1/2) *xexp (b~ 2*x~2) *erf (b*x))/4)/(b~6%pi) \

output

Reduce [F]

/ac%rf(bav)2 dx = /erf(b:c)2 r°dz

input Lint (x~5*erf (b*x) ~2,x) J

output Lint (erf (b*x) **2*x**5,x) J




output

input
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3.23 [ z’erf(bz)? dz

Optimal result . . . . . . . . . . . . e 267
Mathematica [A] (verified) . . . . . . . . . ... o 267l
Rubi [A] (verified) . . . .. . . ... .. 268
Maple [A] (verified) . . . . . . ... L 271]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 271]
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 272
Maxima [F] . . . . . . 2721
Giac [F] . . . . o o 273
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 273
Reduce [F] . . . . . 273

Optimal result

Integrand size = 10, antiderivative size = 126

_op2,2 _o9p2..2
eQbac e2bxx2

3e Y% gerf(bx)

/:vgerf(b:c)2 dx = +

2t 4b?m
N e~ g3erf(bx) _ 3erf(bz)®

3/

NG

16b*

1

4

r*erf(bx)?

‘ 1/2/b"4/exp(2*b~2%x"2) /Pi+1/4*x"~2/b"2/exp (2¥b~2*x"~2) /Pi+3/4*x*erf (b*x) /b~3
‘/exp(b”2*x“2)/Pi“(1/2)+1/2*x”3*erf(b*x)/b/exp(b“2*x“2)/Pi“(1/2)-3/16*erf(b

‘ *x) "2/b~4+1/4*x"4*erf (b*x) "2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 90, normalized size of antiderivative = 0.71

/ rierf(bz)? dx

e (8 4 4b2a? + 4bel™ /7o (3 + 20%0%) exf(be) + €27 (=3 + 4btat) erf(ba)?

16b%m

LIntegrate [x~3*Erf [b*x] ~2,x]
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‘ (8 + 4*b~2%x72 + 4xb*E~(b"2*x"2)*Sqrt [Pi]*x*(3 + 2*b~2xx"2)*Erf [b*x] + E~( \

output
L2*b‘2*x“2) *Pi* (-3 + 4%b~4xx~4)*Erf [b*xx] ~2)/(16xb~4*E~ (2%xb~2*x~2) *Pi) J

Rubi [A] (verified)

Time = 0.78 (sec) , antiderivative size = 164, normalized size of antiderivative = 1.30,

number of rules _ 0.800, Rules
integrand size

number of steps used = 9, number of rules used = 8,
used = {6918, 6939, 2641, 2638, 6939, 2638, 6927, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ar:?’erf(bac)2 dz
| 6918
32,2
1x4erf(ba:)2 _bJe 2" yderf(br)dx
4 VT
| 6939
b 3fe_b2””2:c2erf(bz)dx fe_2b2x2m3d:c xSe_b2x2eI‘f(bx)
1 262 + /b N 262
—zterf(bx)? —
4 N
l 2641
o op2y2 op2a2
b 3fe_b2’”2x2€l‘f(bx)dz Le 2;,2 Mz_xze;; m3e_b2’”2erf(bm)
. 262 + 77 - 302
Zar:“erf(bav)2 - Tr

l 2638

262 262 /b

22026222 —2b22?
b<3fe‘b2“”2mzerf(bz)dac . x3e_b2“”2el‘f(bz) + T T )
(bz)? —

1
Z:v‘ierf

Jr
l 6939
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1
iaflerf(bx)2 —
3 fe_b21262rf(bm)dz+fe_2b222mdx_ze_b2z2zerf(bz) 5 5 0 _op2,2 _op242
b 2 Vb 2 _zle ¥ erf(ba) + —= e4b2 —€ sbd
252 22 /b
NZ3
| 2638
1
Zac‘lerf(bac)2 -
5252 _p2,2 2.2
3( Le ngrf(bz)dm—xe 2b2erf(bz)_e4 2 b:;. 2 2 2226222 25222
b VT _ aleTt® erf(bz) + T T
T 252 /b
N3
| 6927
1
1x4erf(bx)2 —
. —b2 2 _op2,.2
3 \/Ejerfiblz)derf(bm)_ze zb2erf(bz)_e4 2b bﬂ; " e —2Pa?
b VT _ 2Be " erf(bx) T S—
22 262 /b

ST
J715

1
im4erf(bm)2 -
o w22 m2er [ vzerfee? semt?e’erfies) 2%
b z3e*b212erf(bz) + T spd + 8o’ 2° 4V’
- 202 /7 202

N3

-

input LInt [x~3*Erf [b*x] ~2,x]

-/

\ (x~4*Erf [bxx]~2) /4 - (bx((-1/8%1/(b"4*E~ (2%b~2%x"2)) - x~2/(4*b~2xE~ (2%b"2
‘ *x72)))/(bxSqrt [Pi]) - (x"3*Erf[b*x])/(2¥b"2*xE~(b~2+%x72)) + (3*(-1/4*1/(b"
‘ 3+E~ (2¥b"2xx"2) *Sqrt [Pi]) - (x*Erf[bxx])/(2x¥b~2+E~(b~2%x~2)) + (Sqrt[Pi]*E
\rf[b*x]*2)/(8*b*3)))/(2*b*2)))/3qrt[Pi]

output
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Defintions of rubi rules used

Int[(a_.)*(x_)"(m_.), x_Symbol] :> Simpl[a*(x~(m + 1)/(m + 1)), x] /; FreeQ[
{a, m}, x] && NeQ[m, -1]

rule 15

Int[(F_)~((a_.) + (b_)*((c_.) + (d_.)*(x))"(@_))*((e_.) + (£_.)*(x )" (m_
.), x_Symbol] :> Simp[(e + f*x) n*x(F~(a + bx(c + d*x)"n)/(bxf*n*(c + d*x) n
*xLog[F])), x] /; FreeQ[{F, a, b, c, d, e, f, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - cx*f, 0]

rule 2638

Int[(F_)~((a_.) + (b_)*((c_.) + (d_.)*(x_)) (@ ))*((c_.) + (d_.)*(x_))"(m_

rule 2641
.), x_Symbol] :> Simp[(c + d*x)"(m - n + 1)*(F~(a + bx(c + d*x) n)/(b*xd*n*L
oglF1)), x] - Simp[(m - n + 1)/(b*n*Log[F]) Int[(c + d*x)"(m - n)*F~(a +
bx(c + d*x)"n), x], x] /; FreeQ[{F, a, b, c, d}, x] & IntegerQ[2*((m + 1)/
n)] && LtQ[0, (m + 1)/n, 5] && IntegerQ[n] && (LtQ[O, n, m + 1] || LtQ[m, n
» 01D

rule 6918 Int[Exf[(b_.)*(x_)]1"2*(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)*(Erf [b*x]~2/(
m+ 1)), x] - Simp[4*(b/(Sqrt[Pi]l*(m + 1))) Int[(x"(m + 1)*Erf[b*x])/E~(b
~2xx72), x], x] /; FreeQ[b, x] && (IGtQ[m, 0] || ILtQ[(m + 1)/2, 0])

rule 6927 Int[E"((c_.) + (d_.)*(x_)"2)*Erf[(b_.)*(x_)]1"(n_.), x_Symbol] :> Simp[E~c*(

Sqrt[Pi]/(2%b))  Subst[Int[x"n, x], x, Erf[b*x]], x] /; FreeQ[{b, c, d, n}
, x] & EqQ[d, -b~2]

Int[E"((c_.) + (d_.)*(x_)"2)*Erf[(a_.) + (b_.)*(x_)]*(x_)"(m_), x_Symbol] :
> Simp[x~(m - 1)*E~(c + d*x~2)*(Erfl[a + b*x]/(2%d)), x] + (-Simp[(m - 1)/(2
*d) Int[x"(m - 2)*E~(c + d*x"2)*Erf[a + b*x], x], x] - Simp[b/(d*Sqrt[Pi]
)  Int[x"(m - 1)*E~(-a"2 + c - 2%a*b*x - (b"2 - d)*x~2), x], x]) /; FreeQ[
{a, b, c, d}, x] && IGtQ[m, 1]

rule 6939
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Maple [A] (verified)

Time = 0.46 (sec) , antiderivative size = 116, normalized size of antiderivative = 0.92

method result
3 3
parallelrisch qerf(bx)2cin 2 b4 48 e=b°e% 3 erf(bx)b3n+4 e—20%a’ x2b23\/'7r+12 2%y erf (bx)br—3 erf(bz)?n 2 +8 e—26%a’ VT
1672 b4
2.2
(3624426222 —6) ( 322 erf (b )24 4o ert(be)e=72"p (22242) ( 6z erf(bx)’
. (46526 —9bzt —12b222+12) erf(bx)? * * oo v r Lertivr

orering 65627 + 166527 T

input Lint (x~3%erf (b*x) "2, x,method=_RETURNVERBOSE) J

| 1/16% (4%ert (bkx) “2+x"44Pi" (3/2) *b~4+8%exp (-b"24x"2) #x"3xerf (b*x) xb"3+Pi+dt
‘ exp (-b~2%x72) "2*x"2xb~2+Pi~ (1/2) +12*exp (-b~2*x"2) *x*kerf (b*x) *b*Pi-3*erf (b* ‘
|X)"24P17(3/2) +8%exp(-b2¥x"2) "2+Pi™(1/2))/Pi"(3/2) /b"4 |

output

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 81, normalized size of antiderivative = 0.64

/ rierf(bz)? dx

_ 4/m(20%2° + 3bx) erf (bx) e(=¥*2%) _ (37 — 4 wbz?) erf (bx)® + 4 (b2z? + 2)e(-20%2?)
B 16 70

input Lintegrate (x~3*erf (b*x)~2,x, algorithm="fricas") J

‘1/16*(4*sqrt (pi)*(2%b"3%x"3 + 3*bx*x)*erf (bxx)*e” (-b"2%x72) - (3%pi - 4xpix ‘

output
‘ b 4*xx"4) *erf (b*x) "2 + 4x(b"2*x"2 + 2)*e” (-2%b"2*x~2))/(pi*b~4) ‘
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Sympy [A] (verification not implemented)

Time = 0.33 (sec) , antiderivative size = 117, normalized size of antiderivative = 0.93

/ rierf(bz)? dx

z% erf? (bz x3e*b2m2 erf (bx zze_%zzz 330(3*”2“”2 erf (bx 3erf? (bx 6—25212
+ — + forb #0
_ 1 2/7b 4mb2 4,/ 1664 2mb3

0 otherwise

inputLintegrate(x**B*erf(b*x)**2,x)

ou_tput‘Piecewise((x>'<>|=4=l<erf(b=|=x)>l=>|<2/4 + x**3xexp (—b**2*x**2) xerf (b*x)/(2*sqrt (pi)*
\b) + x**2xexp (—2¥b**2*x**2) / (4*xpixb**2) + 3xx*exp(-b**2*x**2)*erf (b*x)/ (4
‘sqrt(pi)*b**S) - 3%erf (bxx) **2/(16%b**4) + exp(-2xb**2*xx**2) /(2*pi*b**4),
‘Ne(b, 0)), (0, True))

Maxima [F]

/x?’erf(bx)2 dx = /ac3 erf (bz)® da

-

i - - i =" 3 "
inputtlntegrate(x 3xerf (b*x)~2,x, algorithm="maxima")

~—

-1/2+integrate ((2%¥b~2+x"3 + 3*x)*e”(-2*%b~2*x~2), x)/(pi*b~2) - 1/16%((3*pi
‘ - 4xpi*b~4xx"4)xerf (b*x) "2 - 4*(2*sqrt(pi)*b~3*x"3 + 3*sqrt(pi)*b*x)*erf (
' b¥x)*e” (-b"2%x"2))/ (pi*b~4)

‘(

output
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Giac [F]

/av?’erf(bac)2 dx = /z3 erf (bx)® dz

input Lintegrate (x~3*erf (b*x) "2 ,X, algOIithm=“giac")

output Lintegrate (x~3*erf (b*x)~2, x)

Mupad [B] (verification not implemented)

Time = 4.06 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.80

/ rierf(bx)? dz
4 2
z*erf(bx)
4
e—26%2a? _ 37erf(bx)? b2 g2 e—2b% a2 + b3 z3 \/Tre_l72 a? erf(bx) + 3bzx \/'Tre_b2 a? erf(bz)
+ 2 16 4 2 4

bim

input Lint (x~3*erf (b*x)~2,x)

t‘(x“4*erf(b*x)“2)/4 + (exp(-2*b~2%x72)/2 - (3*pikerf(b*x)~2)/16 + (b~2*x"2x
‘ exp(-2*b~2*x72)) /4 + (b~ 3*x"3*pi~ (1/2)*exp(-b~2*x"2) *erf (b*x))/2 + (3*bxx*
‘ pi~(1/2) *exp(-b~2*x~2) *erf (b*xx))/4) / (b~4*pi)

outpu

Reduce [F]

/x?’erf(bm)2 dx = /erf(bx)2 ridx

input Lint (x~3*xerf (b*x)~2,x)
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output Lint (erf (b*x) **2*x**3,x)




output

input

output
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3.24 [ zerf(bx)? dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . .

Optimal result

Integrand size = 8, antiderivative size = 71

e~ o= porf(be) _ erf(bx)?

2 —
/xerf(bx) dx = T + b/

4h?

1
+ §x2erf(bx)2

‘1/2/b“2/exp(2*b“2*x“2)/Pi+x*erf(b*x)/b/exp(b“2*x“2)/Pi“(1/2)—1/4*erf(b*x)“

‘2/b“2+1/2*x“2*erf(b*x)‘2

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.90

26—2b2m2 + 4be—52$2 ﬁxerf(bx) + 7‘('(—1 + 2b2$2) erf(b.’I:)2

/ verf(bz)? dr =

4b27

‘Integrate[x*Erf[b*x]“2,x]

‘(2/E‘(2*b‘2*x‘2) + (4%b*Sqrt [Pi]*x*Erf [b*x]) /E~(b"2%x72) + Pi*(-1 + 2%b~2x

\ x~2) *Erf [b¥x] ~2) / (4%b~2%P1i)
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Rubi [A] (verified)

Time = 0.42 (sec) , antiderivative size = 85, normalized size of antiderivative = 1.20,

number of rules _ 0.625, Rules
integrand size

number of steps used = 6, number of rules used = 5,
used = {6918, 6939, 2638, 6927, 15}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/averf(bav)2 dz
| 6918
leerf(bx)2 B 2b [ eV"%* g2erf(bx)d
2 VT
| 6939
2b<fe_b2“°2erf(bx)dw + fe_2b2’”2:cd:c _ xe_b2z2erf(bx)>
1 2b? Nz 252
—zerf(bx)? —
Vi3
| 2638
% fe*bzzzerf(bz)dz xe—waQerf(bz) e—20%22
1 252 - 2b2 T 4/mb3
~x?erf(bx)? —
2 N3
| 6927
2b<ﬁ [erf(bz)derf(bz)  ze—b’=’erf(bz) e—2b2z2>
1 453 o 252 T 4/mb3
—z?erf(bx)? —
2 N
| 15
20 vrerf(bz)? we—b2z2erf(bz) e—2b%22
1 83 22 ~ Ay
—z?erf(bx)? —
2 N3

input \rInt [x*Erf [b*x] ~2,x]
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| (x"2+Erf [bxx]"2)/2 - (2%b*(-1/4x1/ (b™3+E" (2%b™2%x~2)*Sqrt [Pi]) - (x*Erf [bx

output
Lx])/(2*b“2*E‘(b“2*x‘2)) + (Sqrt[Pi]*Erf [b*x]~2)/(8%b~3)))/Sqrt [Pi] J
Defintions of rubi rules used

rule 15 IntlC@_D*(x_)"(m_.), x_Symbol] :> Simp[a*(x~(m + 1)/(m + 1)), x] /; FreeQl[

{a, m}, x] && NeQ[m, -1]

rule 2638 Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"(m_))*((e_.) + (£_.)*(x_)) " (m_
.), x_Symbol] :> Simp[(e + f*x) n*x(F~(a + bx(c + d*x) "n)/(bxf*n*(c + d*x) n
*Log[F1)), x] /; FreeQ[{F, a, b, c, d, e, £, n}, x] && EqQ[m, n - 1] && EqQ
[dxe - cxf, 0]

/Int [Erf[(b_.)*(x_)]1"2*%(x_)~"(m_.), x_Symbol] :> Simp[x~(m + 1)*(Erf [b*x]~2/(
m+ 1)), x] - Simp[4*(b/(Sqrt[Pil*(m + 1))) Int[(x"(m + 1)*Erf[b*x])/E~(b
~2%x72), x], x] /; FreeQ[b, x] && (IGtQ[m, 0] || ILtQ[(m + 1)/2, 01)

rule 6918

Int[E"((c_.) + (d_.)*(x_)"2)*Erf[(b_.)*(x_)]1"(n_.), x_Symbol] :> Simp[E~c*(
Sqrt[Pil/(2*b))  Subst[Int[x"n, x], x, Erfl[b*x]], x] /; FreeQ[{b, c, 4, n}
, X] && EqQ[d, -b~2]

rule 6927

Int[E"((c_.) + (d_.)*(x_)"2)*Erf[(a_.) + (b_.)*(x_)I*(x_)"(m_), x_Symbol] :
> Simp[x~(m - 1)*E~(c + d*x~2)*(Erfl[a + b*x]/(2%d)), x] + (-Simp[(m - 1)/(2
*d) Int[x"(m - 2)*E"(c + d*x"2)*Erf[a + b*x], x], x] - Simp[b/(d*Sqrt[Pil
) Int[x"(m - 1)*E"(-a"2 + ¢ - 2*xaxb*x - (b™2 - d)*x"2), x], x]) /; FreeQl[
{a, b, c, d}, x] && IGtQ[m, 1]

rule 6939
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Maple [A] (verified)

Time = 0.38 (sec) , antiderivative size = 72, normalized size of antiderivative = 1.01

method result
; 2erf(bx 2$27r%52+4e_b2”2:1: erf(bz)br—erf(bx 27T%+2 e_2b2z2\/77
parallelrisch
4w2b2
—bzx
36222 —1) ( erf(bg)2+ 2z erfn)e 7 7 b ) 2.2 2429 2 |

. (4b4$4—5b2.’1}2+1) erf(ba:)z ( ) < ( ) N3 8 e f(bz\)/e:? b_I_Sme 0 »2_ 8z erf(b"f};

orerin, + +
° st 8bia? 1659z
input Lint (x*erf (b*x)~2,x,method=_RETURNVERBOSE) J

output ‘ 1/4% (2%erf (b*x) ~2*xx~2*xPi~ (3/2) *b~2+4*exp (-b~2%x"2) *x*erf (b*x) *b*Pi-erf (b*x ‘
)"2%Pi"(3/2) +2%exp (-b™2+x"2) "2+Pi~ (1/2)) /Pi~(3/2) /b~2 |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.83

4 /mba erf (bx) ) — (r — 27b%a?) exf (bz)® + 2e(-2¥+)
/ verf(br)? do = —

i - i =" 3 "
input Llntegrate(x*erf(b*x) 2,x, algorithm="fricas") J

‘1/4*(4*sqrt(pi)*b*x*erf(b*x)*e"(-b‘2*x"2) - (pi - 2*pixb~2xx"2)*erf (b*xx) 2 \

output
+ 2%e” (-2%b"2%x"2))/ (pi*b~2)

Sympy [A] (verification not implemented)
Time = 0.21 (sec) , antiderivative size = 65, normalized size of antiderivative = 0.92
z2 erf? (bx) + ze~b7” erf (bz) erf? (bx) e—2b%a? for b # 0

/ :1cerf(b9:)2 dx = 2 /b 4b2 2mb?
0 otherwise
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inputLlntegrate(x*erf(b*x)**2’x)

OUtPUt‘PieCeWise((X**2*erf(b*x)**2/2 + xkexp (~b**2kx*x2) *erf (bxx)/(sqrt (pi)*b) -
‘erf(b*x)**Q/(4*b**2) + exp(-2xb**2%x**2) / (2xpixb**2) , Ne(b, 0)), (0, True)

)
Maxima [F]
/xerf(ba:)2 dz = /xerf (bx)? dx
input{integrate(x*erf(b*x)*2,x, algorithm="maxima")

e—

‘—2*integrate(x*e‘(—2*b‘2*x“2), x)/pi + 1/4%(4xbxx*erf (bxx)*e” (-b"2*xx"2) +

output
‘(2*sqrt(pi)*b‘2*x“2 - sqrt(pi))*erf (b*x)~2)/(sqrt(pi)*b~2)

Giac [F]

/werf(bac)2 dx = /zerf (bz)? dz

i - i ="g3 "
inputLlntegrate(x*erf(b*x) 2,x, algorithm="giac")

outputLintegrate(x*erf(b*X)”2, x)
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Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.94

—20b2 52 ert(ox x“erf(bx
Ebe)? di — € 2; +bz/me " erf(bx) f(Z L _ e 2f(b r
zerf(bx)® dx = T - 72

input Lint (xxerf (b*x)~2,x) J

output ‘ (exp(-2%b~2%x~2) /2 + b*x*pi~(1/2)*exp(-b~2*x~2)*erf (b*x))/(b"2xpi) - (erf( ‘
'b¥x)"2/4 - (b~ 2%x"2%erf (b*x)"2)/2) /b2 |

Reduce [F]

/acerf(bar:)2 dx = /erf(bx)2 zdx

input Lint (x*erf (b*xx)~2,x) J

output Lint (erf (b*x) **2%x ,x) J




output

input

output
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3.25 | erf(s)’ dx

Optimal result . . . . . . . . . . . . .
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o
Maple [N/A] . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] .« . o o
Mupad [N/A] . . . .
Reduce [N/A] . . . . o

Optimal result

Integrand size = 10, antiderivative size = 10

T

erf(br)?

T

)

28 1]
282
282
289
284
284

LDefer(Int)(erf(b*x)”2/x,x)

Mathematica [N/A]

Not integrable

Time = 0.02 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/erf(bx)2 dz = / erf(zﬂ dz

T

LIntegrate [Erf [b*x] ~2/x,x]

‘ Integrate [Erf [bxx]~2/x, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions u