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This report gives the result of running the computer algebra independent integration

test.The download section in on the main webpage contains links to download the

problems in plain text format used for all CAS systems. The number of integrals in
this report is [ 74 |. This is test number [ 352 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1

2.
3.

9.

Mathematica 14 (January 9, 2024) on windows 10 pro.
Rubi 4.17.3 (Sept 25, 2023) on Mathematica 14 on windows 10m pro.
Maple 2024 (March 1, 2024) on windows 10 pro.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.4.0 on Linux Manjaro 23.1.2 KDE
via sagemath 10.3.

FriCAS 1.3.10 built with sbcl 2.3.11 (January 10, 2024) on Linux Manjaro 23.1.2
KDE via sagemath 10.3.

. Giac/Xcas 1.9.0-99 on Linux via sagemath 10.3.

Sympy 1.12 using Python 3.11.6 (Nov 14 2023, 09:36:21) [GCC 13.2.1 20230801]
on Linux Manjaro 23.1.2 KDE.

Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows
10.

Reduce CSL rev 6687 (January 9, 2024) on Linux Manjaro 23.1.2 KDE.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath

integrate command by changing the name of the algorithm to use the different CAS

systems.

Sympy was run directly in Python not via sagemath.

Reduce was called directly.
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1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of

elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf
are not allowed. If a CAS returns the above integral unevaluated within the time limit,
then the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable
in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade auto-
matically and this special result is listed in the introduction section of each individual
test report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (74) | 0.00 (0)
Fricas 98.65 (73) | 1.35(1)

Mathematica | 97.30 (72 ) | 2.70 (2)

Maple | 86.49 (64) | 13.51 (10 )
Giac 72.97 (54) | 27.03 (20)

Mupad | 63.51 (47) |36.49 (27)

Maxima | 56.76 (42) | 43.24 (32)

Reduce 51.35 (38 ) | 48.65 ( 36 )
Sympy | 44.50 (33) | 55.41 (41)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following
table describes the meaning of these grades.
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grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 66.216 0.000 0.000 33.784
Fricas 64.865 0.000 1.351 33.784

Mathematica 63.514 0.000 0.000 36.486

Maple 45.946 5.405 1.351 47.297
Giac 36.486 2.703 0.000 60.811

Maxima, 21.622 1.351 0.000 77.027
Sympy 17.568 0.000 2.703 79.730

Mupad 0.000 33.784 0.000 66.216

Reduce 0.000 17.568 0.000 82.432

Table 1.3: Antiderivative Grade distribution of each CAS
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The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS

mA
EB

BF

Mupad Reduce

Rubi Mathematica  Maple FriCAS Giac Maxima Sympy
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each
CAS. There are 3 types failures. The first is when CAS returns the input within the
time limit, which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3
minutes time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely
indicates an interface problem between sagemath and the CAS (applicable only to
FriCAS, Maxima and Giac) or it could be an indication of an internal error in the CAS
itself. This type of error requires more investigation to determine the cause.
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System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Fricas 1 100.00 0.00 0.00
Mathematica | 2 100.00 0.00 0.00
Maple 10 100.00 0.00 0.00
Giac 20 100.00 0.00 0.00
Mupad 27 0.00 100.00 0.00
Maxima 32 100.00 0.00 0.00
Sympy 41 63.41 36.59 0.00
Reduce 36 100.00 0.00 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance
The table below summarizes the performance of each CAS system in terms of time
used and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization).
The Normalized mean is relative to the mean size of the optimal anti-derivative given
in the input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is
3 times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as
the median leaf size of the optimal.
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System Mean time (sec)
Maxima 0.05
Maple 0.06
Mupad 0.07
Fricas 0.08
Giac 0.12
Mathematica 0.16
Reduce 0.20
Rubi 0.38
Sympy 6.57

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Maxima 18.69 1.04 18.00 1.12
Mupad 21.62 0.96 14.00 1.12
Reduce 23.55 1.33 18.00 1.17
Mathematica | 39.58 0.94 27.00 1.00
Fricas 48.23 1.02 30.00 1.06
Rubi 60.07 1.05 32.50 1.00
Maple 60.48 1.03 23.00 1.00
Giac 67.37 1.08 20.50 1.08
Sympy 213.94 4.46 12.00 1.00

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules
Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed
to solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules
given the x axis. These plots show that as more rules are needed then most CAS
system percentage of solving decreases which indicates the integral is becoming more
complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps
Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed
to solve the same integral. Note that the number of steps Rubi needed can be much
higher than the number of rules, as the same rule could be used more than once.

Rubi Mma Maple
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less
steps by Rubi, CAS systems had more success which indicates the integral was not as
hard to solve. As Rubi needed more steps to solve the integral, the solved percentage
decreased for most CAS systems which indicates the integral is becoming harder to
solve.
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1.6 Solved integrals histogram based on
leaf size of result

The following shows the distribution of solved integrals for each CAS system based
on leaf size of the antiderivatives produced by each CAS. It shows that most integrals
solved produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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Figure 1.3: Solved integrals based on leaf size distribution
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1.7 Solved integrals histogram based on
CPU time used

The following shows the distribution of solved integrals for each CAS system based on
CPU time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with @.1 second bin width
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Figure 1.4: Solved integrals histogram based on CPU time used



CHAPTER 1. INTRODUCTION 16

1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and
the leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in
the timing to start the integration due to overhead of starting a new process each time.
This should also be taken into account when looking at the timing of these three CAS
systems. Direct calls not using sagemath would result in faster timings, but current
implementation uses sagemath as this makes testing much easier to do.

Leaf size vs. CPU time
Using full range

Rubi Mma Maple
7 1000
400 200
800
g %00 g ™0 2 600
@ ® @
T 200 T 1 K]
g g 100 3 400
100 5:“' . - 50 iif - v 1 200
i 3 o Y et
ob¥ i off ] oL#TE "
0.5 1.0 15 2.0 25 0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 00 01 02 03 04 05 06 07
CPU time (sec) CPU time (sec) CPU time (sec)
Fricas Giac Maxima
500 ; T 1200 - 50
- 1000
400 ! 40
H 800
(] (o] [}
N 300 N N 39
1z [ »
- % 600 5 i
S 200 S 400 3 20f ¢
100 . ¥ S 200 . 10
. Bay T ! i P { -
ob T B ¢ : b 0
0.065 0.070 0.075 0.080 0.085 0.090 0.095 0.110 0.1150.120 0.125 0.130 0.135 0.140 0.02 0.03 0.04 0.05 006 0.07 0.08
CPU time (sec) CPU time (sec) CPU time (sec)
Sympy Mupad Reduce
6000 . 70 .
5000 80 60
H 50
g 4000 : 960 9
2 3000 B 2 40
2000 : ) 20
3 20 A 1
1000 : ATV N\ 10
Ot =0 i o0
0 5 10 15 20 25 0.05 0.10 0.15 0.20 018 019 020 021 022 023
CPU time (sec) CPU time (sec) CPU time (sec)

Figure 1.5: Leaf size vs. CPU time. Full range
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1.9 list of integrals with no known antideriva-
tive

{1213, [14}[15}[17}[18} [23} [29} 30} BT} 32} 33} 34} [35}, [36;[37} [38} 39} 40} [59} 60} 6T} [72} 73} [74}

1.10 List of integrals solved by CAS but
has no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas
Sympy {}

Giac {}

Reduce {}

Mupad

1.11 list of integrals solved by CAS but
failed verification

The following are integrals solved by CAS but the verification phase failed to verify
the anti-derivative produced is correct. This does not necessarily mean that the anti-
derivative is wrong as additional methods of verification might be needed, or more time
is needed (3 minutes time limit was used). These integrals are listed here to make it
possible to do further investigation to determine why the result could not be verified.

Rubi {44]}
Mathematica {}

Maple {}
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Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.
Reduce Verification phase not currently implemented.

Mupad Verification phase not currently implemented.

1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time
for each integrate call. In Maple, the command Usage was used as in the following
example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by
taking the difference between the time after the call completed from the time before
the call was made. This was done using Python’s time.time() call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for
each integral. If the integrate command did not complete within this time limit, the
integral was aborted and considered to have failed and assigned an F grade. The time
used by failed integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not
verified could still be correct, but further investigation is needed on those integrals.
These integrals were marked in the summary table below and also in each integral
separate section so they are easy to identify and locate.
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1.14 Important notes about some of the
results

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what
would result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about

2 percent. This percentage can be higher or lower depending on the specific input test
file.

Such integrals can be identified by looking at the output of the integration in each
section for Maxima. The exception message will indicate the cause of error.

Maxima integrate was run using SageMath with the following settings set by default

e N

'besselexpand : true'
'display2d : false'
'domain : complex'
'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'

'load(abs_integrate)' 'load(diag)'

SageMath automatic loading of Maxima abs_integrate was found to cause some
problems. So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib
‘ maxima_lib.set('extra_definite_integration_methods', '[]')
L maxima_lib.set('extra_integration_methods', '[]') J

See https://ask.sagemath.org/question/43088/integrate-results-that-are|
Jdifferent-from—using-maxima/| for reference.



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to
find the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative
was determined using the following function, thanks to user slelievre at
{/ask.sagemath.org/question/sr123/could-we-have-a-leaf count-function-i
n-base-sagemath/|

def tree_size(expr):
1y
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)



https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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For Sympy, which was called directly from Python, the following code was used to
obtain the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count__ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future,
when grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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1.15 Current tree layout of integration tests

CAS integration tree
Rubi tests extra tests
;ndtependent Algebraic Exponentials Trig functions | |Inverse Trig
ests
— Linear . .
—— Apostol —— Misc. Inverse sine
— Quadratic
+—— Bondarenko t Binomial —| Q — Sine Inverse cosine
. — General .
+—— Bronstein —— Cosine Inverse tangent
— linear quadratic
—— Calculus_ textbook 4 +— Tangent Inverse cotangent
— Nested general
t—— Charlwood 8 t—— Cotangent Inverse secant
— Improper linear
+—— Hearn —— Secant Inverse cosecant
— Improper general
—— Hebisch proper & +— Cosecant
— drati
—— Jeffrey t— Trinomial —| Quadratic L— Trig exponential
— General
+—— Moses
— Stewart [ Quartic
. — N i
Timofeey ested quadratic
Welz — Improper quadratic
— Improper general
L— West
ester MIT problems
i~ Cubic Waldek Hebisch (Fricas) Problems
Sam Blake problems
— Quartic Goursat
Table of integrals
— Polynomial
— Miscellaneous
. Inverse Special
Hyperbolic Hyperbolic functions
—— Misc. t— Error
— Sine +—— Inverse Sine —— Formal derivatives
t—— Cosine —— Inverse cosine t—— Fresnel integral
— Tangent —— Inverse tangent —— Exponential integral
t— Cotangent — Inverse cotangent |— Trig integral
—— Secant —— Inverse secant +—— Hyperbolic integral
+— Cosecant — Inverse cosecant — Gamma
L Exponential — Zeta
+— Polylogarithmic
— Product logarithm
cas__integration__tests.ipe
Nasser M. Abbasi
January 13, 2024

Figure 1.6: CAS integration tests tree
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1.16 Design of the test system

The following diagram gives a high level view of the current test build system.

[ Mathematica script + grading +verification |
| Rubi script + grading + verification H@——_’

fromAlbert  ["Maple script + grading+ verification ’_’@—’
| Python script to run sympy + grading |——"' ::i—>
Generate

| Matlab script for Mupad/Symbolic toolbox}—’@—’ sQL

Sam Blake test file

Test files

Rich Rubi web site

Waldek Hebisch

test file

database

Math/Pyth
script to test
Maxima, Fricas +
grading

| | SageMath

High level overview of the CAS
independent integration test

build system

Reduce CAS test script —b@—b

One record (line) per one integral result. The line is CSV comma separated. This is description of each record

. integer, the problem number.

. integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. string. The integral in Latex format
. string. The input used in CAS own syntax.

1
2
3
4
5. number. CPU time used to solve this integral. 0 if failed.
6.
7
8.

. string. The result (antiderivative) produced by CAS in Latex format
9. string. The optimal antiderivative in Latex format.
10. integer. O or 1. Indicates if problem has known antiderivative or not
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
. String. Small string description of why the grade was given.
. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

The following fields are present only in Rubi Table file

. integer. Number of steps used.

. integer. Number of rules used.

. integer. Integrand leaf size.

. real number. Ratio. Field 16 over field 17

. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M. Abbasi

January 13,2024

. String. The optimal antiderivative in Mathematica syntx Designvdx

POST
PROCESSOR
PROGRAM

Program that
generates the
Latex reports
and analysis
using input
from the SQL
database

HTML
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2.1 List of integrals sorted by grade for

each CAS

Rubi . . . . . e 251
Mma . . . . . e e e e
Maple . . . . . e e e 206)
Fricas . . . . . . . e e e e e 20
Maxima . . . . . . . . e e e e e e e e 20
Gilac . . . . e e 271
Mupad . . . . . . . e e e
Sympy . . . . e e e e e
Reduce . . . . . . . . . . e e 28]
Rubi

A grade {[12)5)705,6 7 8910 1) 6, 19,20} 21 22 24,25 26, 27 2 1 ) 3, 5,
6) 7,5, 49,50} 52, 52 53 4,551 56,57, 532,63} 64,651 66,67} 68 B9, 0} 71 )

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {[1)2)B)7815,5 7 910 1) 6, 10,20} 2122 24,25 26, 27 2T 3, 5,
[6) 7,50, 51, 2 53,4 55 6,57, 53,62 6364165 66,67, 63 69 0} 71 )

B grade { }
C grade { }
F normal fail {4849}
F(-1) timedout fail { }

F(-2) exception fail { }
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Maple

A grade {135,056 5,0 10,115, 20,21 22,2425 27,25 0, G0 5 P2 B3 FA 62
364,65 56,67 69, PO, 71}

B grade { [55,56l[57,5) }
C grade {[16]}
F normal fail { 26} 41} {42 {43, [45| |46} [47} 48} [49} 68 }

F(-1) timedout fail { }
F(-2) exception fail { }

Fricas

A grade {[1,2,[3,4[6,[7} 8} 9} 10, [L1} 16, [19} [20} 21} 22} 24} 25} 26} 27} 28| AT} 42} |43} 14} |45}
146} 47, 48} 149} 50} 51} 52} 53} 64, 55, 56} 57} 58} 62463} 64,65}, 66} 67} 68} 69} 70} [71] }

B grade {}

C grade {[13}

F normal fail {[5|}
F(-1) timedout fail { }
F(-2) exception fail { }

Maxima

A grade { (125067 B2 4 50,62 63,6468 6771 )
B grade {[65}

C grade { }

F normal fail {[5,0[10}C1 16} 19,20} 21, 27 25, 26) 27 25) 2 3 ) 1, 7 I )
52535455, 56, 57, 58,68 B9,70

F(-1) timedout fail { }
F(-2) exception fail { }
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Giac

A grade { [1,[23,[4[6} [7,[8,[9} [L0} [L1} 19} 20} [21} [22} 24, 25} (41} 42} |43} 44, [50} 51} 52} 53} 54
768 }

B grade { 55,[56 }

C grade { }

F normal fail {510} 20,2725 5 46,7 /59,67 63665 60 67, 68,69 0,71 }
F(-1) timedout fail { }

F(-2) exception fail { }

Mupad
A grade { }

B grade {[1}[23,/4[6,[7}8} 20} 21} [22} 4450, /62, 63} 6465 66}[67} (68} [69} [70} [71} 72} 73} [74
}

C grade { }
F normal fail { }

F(-1) timedout fail {[5}[%[I0},[I1}[16}[19} 24} [25}[26}[27) [28) {41} |42} 43} 45 46} AT} 48} |49}, 1
[62}[63,/54, 55,56, 57,58 }

F(-2) exception fail { }

Sympy
A grade {[12,3,[4[6}[7}8}[19}[20} 21} 22} 50} 66 }
B grade { }

C grade {[5[16]}

F normal fail { [9}[10},[L1} 24} [25}[26}[27 [28) |43} [44} 48} 49} 51} 52} 53, [54; 58} 62} 63} 64} 65}
[67,68,69, 0,71 }

P(-1) timedout fail { 363735300} 1} 2285 86,47, 5,59, T, 60,61
F(-2) exception fail { }
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Reduce

A grade { }

B grade { [JEEA60EMLELEE3E6)
C grade { }

F normal fail {[5,0}[10} 116} [0, 20) 21,22 24 25) 26 27 2 ) 2 ) 5, ) 7 )
51,5253, 54 55, 56, 57,58, 62,63, 67, 68, 69} 0 )

F(-1) timedout fail { }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each in-
tegral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed

time is in seconds. For failed result it is given as F(-1) if the failure was due to timeout.

It is given as F(-2) if the failure was due to an exception being raised, which could

indicate a bug in the system. If the failure was due to integral not being evaluated

within the time limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 67 74 44 54 40 44 68 40 59 53
N.S. 1 1.10 066  0.81 0.60 0.66 1.01 0.60 0.88 0.79

time (sec) N/A 0.450 0.023 0.161 0.026 0.079 0370 0.113 0.230 0.217

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 56 36 42 32 36 53 32 46 42
N.S. 1 1.08  0.69 0.81 0.62 0.69 1.02 0.62 0.88 0.81
time (sec) N/A 0.247 0.012 0.042 0.023 0.074 0.273 0.108 0.201 0.065

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad

grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 37 37 28 30 24 28 36 24 31 29
N.S. 1 1.00 076  0.81 0.65 0.76 097  0.65 0.84 0.78

time (sec) N/A 0.203 0.010 0.035 0.023 0.076 0.191 0.109 0.180 0.063
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 17 18 18 17 16 19 16
N.S. 1 1.00 1.00 1.00 1.06 1.06 1.00 0.94 1.12 0.94
time (sec) N/A 0.147 0.005 0.012 0.022  0.065 0.091 0.108 0.208 0.052
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 45 45 51 58 0 0 180 0 10 0
N.S. 1 1.00 1.13 1.29 0.00 0.00 4.00 0.00 0.22 0.00
time (sec) N/A 0.223 0.020 0.036 0.000  0.000 0.654 0.000 0.223 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 22 25 18 21 19 28 25 21
N.S. 1 1.00 0.85 0.96 0.69 0.81 0.73 1.08 0.96 0.81
time (sec) N/A 0.214 0.007  0.020 0.062 0.075 0.107 0.109 0.194 0.054
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 48 51 34 38 21 31 39 41 39 36
N.S. 1 1.06 0.71 0.79 0.44 0.65 0.81 0.85 0.81 0.75
time (sec) N/A 0.254 0.009 0.048 0.066 0.075 0.210 0.114 0.226 0.059
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Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 63 69 41 50 21 38 53 53 52 48
N.S. 1 1.10 0.65 0.79 0.33 0.60 0.84 0.84 0.83 0.76
time (sec) N/A 0.303 0.010 0.069 0.061 0.077 0.271 0.107 0.209 0.061
Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 105 130 66 79 0 62 0 67 12 0
N.S. 1 1.24  0.63 0.75 0.00 0.59 0.00 0.64 0.11 0.00
time (sec) N/A 0.598 0.019 0.050 0.000  0.075 0.000 0.115 0.187 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 65 70 50 55 0 46 0 50 10 0
N.S. 1 1.08  0.77 0.85 0.00 0.71 0.00 0.77 0.15 0.00
time (sec) N/A 0.364 0.012 0.022 0.000  0.075 0.000 0.117 0.185 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 33 35 33 33 0 31 0 32 8 0
N.S. 1 1.06  1.00 1.00 0.00 0.94 0.00 0.97 0.24 0.00
time (sec) N/A 0.242 0.009 0.013 0.000  0.073 0.000 0.111 0.241 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20 1.20
time (sec) N/A 0.166 0.068 0.011 0.049 0.076 0.341 0.110 0.217 0.041
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A C N/A  N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 43 10 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 4.30 1.00 1.20 1.20 1.20
time (sec) N/A 0.172 0.064 0.007 0.049 0.087 0.293 0.105 0.184 0.046
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 16 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.33 1.17
time (sec) N/A 0.170 0.034 0.013 0.055 0.080 2.863 0.121  0.200 0.051
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 16 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.33 1.17
time (sec) N/A 0.176 0.127  0.006 0.048 0.077 1.056 0.110 0.209 0.038
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Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A C F A C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 52 52 40 95 0 41 5938 0 60 0
N.S. 1 1.00 0.77 1.83 0.00 0.79 114.19 0.00 1.15 0.00
time (sec) N/A 0.214 0.025 0.048 0.000  0.082 28.993 0.000 0.193 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 10 14 16 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 0.83 1.17 1.33 1.17
time (sec) N/A 0.177 0.021 0.004 0.050 0.070 0.349 0.110 0.190 0.030
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 16 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.33 1.17
time (sec) N/A 0.173 0.378 0.003 0.051 0.070 0.624 0.105 0.233 0.036
Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 194 175 86 144 0 78 204 142 12 0
N.S. 1 090 0.44 0.74 0.00 0.40 1.05 0.73 0.06 0.00
time (sec) N/A 0.453 0.029 0.069 0.000  0.082 12.390 0.116 0.195 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 34
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 124 113 57 103 0 52 131 89 12 94
N.S. 1 091 0.46 0.83 0.00 0.42 1.06 0.72 0.10 0.76
time (sec) N/A 0.368 0.021 0.039 0.000  0.077 5.620 0.115 0.173 0.155
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 74 70 43 55 0 42 76 54 10 55
N.S. 1 0.95 0.58 0.74 0.00 0.57 1.03 0.73 0.14 0.74
time (sec) N/A 0.301 0.017 0.027  0.000  0.067 2.386 0.116 0.176 0.115
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 28 28 26 26 25 25 32 30 8 64
N.S. 1 1.00 0.93 0.93 0.89 0.89 1.14 1.07 0.29 2.29
time (sec) N/A 0.163 0.010 0.016 0.023 0.072 0.779 0.111 0.221 0.075
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 1.20 1.20
time (sec) N/A 0.156 0.050 0.012 0.093 0.072 1.053 0.107 0.209 0.043
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 36 37 31 43 0 30 0 33 12 0
N.S. 1 1.03  0.86 1.19 0.00 0.83 0.00 0.92 0.33 0.00
time (sec) N/A 0.371 0.014 0.038 0.000  0.087 0.000 0.115 0.174 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 82 71 60 75 0 56 0 60 12 0
N.S. 1 0.87 0.73 0.91 0.00 0.68 0.00 0.73 0.15 0.00
time (sec) N/A 0.413 0.023 0.053 0.000  0.077 0.000 0.113 0.190 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 286 404 105 0 0 101 0 0 14 0
N.S. 1 1.41  0.37 0.00 0.00 0.35 0.00 0.00 0.05 0.00
time (sec) N/A 2.295 0.209 0.000 0.000  0.078 0.000 0.000 0.211 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 152 177 76 105 0 75 0 0 12 0
N.S. 1 1.16  0.50 0.69 0.00 0.49 0.00 0.00 0.08 0.00
time (sec) N/A 0.896 0.054 0.059 0.000  0.080 0.000 0.000 0.196 0.000
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Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 49 51 44 46 0 44 0 0 10 0
N.S. 1 1.04  0.90 0.94 0.00 0.90 0.00 0.00 0.20 0.00
time (sec) N/A 0.271 0.007  0.030 0.000  0.076 0.000 0.000 0.199 0.000
Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.172 0.096 0.006 0.051 0.074 1765 0.119 0.187 0.046
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.17 1.17
time (sec) N/A 0.171 0.123 0.012 0.056 0.073 9.171 0.124 0.214 0.065
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.17 1.17
time (sec) N/A 0.172 0.029 0.006 0.052  0.079 37.275 0.134 0.192 0.099
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 12 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 1.20 1.20
time (sec) N/A 0.164 0.027 0.010 0.050  0.073 20.943 0.134 0.189 0.088
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 8 8 10 8 10 10 8 10 10 10
N.S. 1 1.00 1.25 1.00 1.25 1.25 1.00 1.25 1.25 1.25
time (sec) N/A 0.195 0.012 0.004 0.047  0.098 10.363 0.118 0.202 0.106
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 10 14 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 0.83 1.17 1.17 1.17
time (sec) N/A 0.168 0.020 0.006 0.054 0.075 2.701 0.124 0.198 0.052
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 14 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.17 1.17
time (sec) N/A 0.169 0.026 0.006 0.052  0.073 22.577 0.135 0.201 0.076
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Problem 36 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 0 18 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.00 1.12 1.12 1.12
time (sec) N/A 0.185 0.078 0.039 0.051 0.086 0.000 0.146 0.182 0.066
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 0 18 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.00 1.12 1.12 1.12
time (sec) N/A 0.181 0.723 0.018 0.055  0.080 0.000 0.128 0.226 0.057
Problem 38 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 14 14 16 14 16 16 0 16 16 16
N.S. 1 1.00 1.14 1.00 1.14 1.14 0.00 1.14 1.14 1.14
time (sec) N/A 0.421 0.520 0.017 0.052  0.081 0.000 0.114 0.187 0.055
Problem 39 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 0 18 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.00 1.12 1.12 1.12
time (sec) N/A 0.185 0.028 0.019 0.054 0.074 0.000 0.113 0.200 0.037
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Problem 40 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 16 16 18 16 18 18 0 18 18 18
N.S. 1 1.00 1.12 1.00 1.12 1.12 0.00 1.12 1.12 1.12
time (sec) N/A 0.187 4.695 0.017 0.055  0.076 0.000 0.115 0.220 0.062
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 74 92 69 0 0 83 0 79 20 0
N.S. 1 1.24  0.93 0.00 0.00 1.12 0.00 1.07 0.27 0.00
time (sec) N/A 0.320 0.119 0.000 0.000 0.086 0.000 0.142 0.211 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 74 92 69 0 0 83 0 79 18 0
N.S. 1 1.24 0.93 0.00 0.00 1.12 0.00 1.07 0.24 0.00
time (sec) N/A 0.309 0.101 0.000 0.000  0.092 0.000 0.143 0.182 0.000
Problem 43 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F A F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 65 82 64 0 0 75 0 70 16 0
N.S. 1 1.26  0.98 0.00 0.00 1.15 0.00 1.08 0.25 0.00
time (sec) N/A 0.302 0.085 0.000 0.000 0.085 0.000 0.126 0.184 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F A B B
verified N/A No Yes Yes TBD TBD TBD TBD TBD TBD
size 56 45 52 56 51 59 0 61 69 71
N.S. 1 0.80  0.93 1.00 0.91 1.05 0.00 1.09 1.23 1.27
time (sec) N/A 0.243 0.033 0.244 0.030  0.081 0.000 0.113 0.201 0.152
Problem 45 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 68 68 64 0 0 83 0 0 20 0
N.S. 1 1.00 094 0.00 0.00 1.22 0.00 0.00 0.29 0.00
time (sec) N/A 0.310 0.096 0.000 0.000  0.086 0.000 0.000 0.198 0.000
Problem 46 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 76 76 69 0 0 87 0 0 20 0
N.S. 1 1.00 091 0.00 0.00 1.14 0.00 0.00 0.26 0.00
time (sec) N/A 0.318 0.105 0.000 0.000  0.098 0.000 0.000 0.193 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F(-1) F F F(-1)
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 100 116 88 0 0 117 0 0 24 0
N.S. 1 1.16  0.88 0.00 0.00 1.17 0.00 0.00 0.24 0.00
time (sec) N/A 0.349 0.172  0.000 0.000  0.092 0.000 0.000 0.214 0.000
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Problem 48 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F A F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 82 107 0 0 0 60 0 0 15 0
N.S. 1 1.30  0.00 0.00 0.00 0.73 0.00 0.00 0.18 0.00
time (sec) N/A 0.629 0.000 0.000 0.000 0.082 0.000 0.000 0.214 0.000
Problem 49 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A F F F A F F F F(-1)
verified N/A Yes N/A N/A TBD TBD TBD TBD TBD TBD
size 45 45 0 0 0 41 0 0 15 0
N.S. 1 1.00  0.00 0.00 0.00 0.91 0.00 0.00 0.33 0.00
time (sec) N/A 0.341 0.000 0.000 0.000  0.082 0.000 0.000 0.178 0.000
Problem 50 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A A B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 10 10 10 9 8 8 7 8 8 8
N.S. 1 1.00 1.00 0.90 0.80 0.80 0.70 0.80 0.80 0.80
time (sec) N/A 0.169 0.003 0.020 0.031 0.070 0.124 0.112 0.203 0.042
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 24 24 24 21 0 21 0 23 12 0
N.S. 1 1.00 1.00 0.88 0.00 0.88 0.00 0.96 0.50 0.00
time (sec) N/A 0.187 0.008 0.032 0.000  0.072 0.000 0.113 0.230 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 51 57 41 41 0 35 0 38 13 0
N.S. 1 1.12  0.80 0.80 0.00 0.69 0.00 0.75 0.25 0.00
time (sec) N/A 0.297 0.011 0.052 0.000  0.068 0.000 0.112 0.192 0.000
Problem 53 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 83 112 52 63 0 49 0 55 15 0
N.S. 1 1.35  0.63 0.76 0.00 0.59 0.00 0.66 0.18 0.00
time (sec) N/A 0.512 0.016 0.063 0.000  0.079 0.000 0.112 0.189 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 112 189 68 89 0 64 0 75 15 0
N.S. 1 1.69  0.61 0.79 0.00 0.57 0.00 0.67 0.13 0.00
time (sec) N/A 0.875 0.020 0.099 0.000 0.076 0.000 0.113 0.180 0.000
Problem 55 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 433 444 224 965 0 505 0 1154 21 0
N.S. 1 1.03  0.52 2.23 0.00 1.17 0.00 2.67 0.05 0.00
time (sec) N/A 2534 0.379 0.723 0.000 0.086 0.000 0.133 0.213 0.000




CHAPTER 2. DETAILED SUMMARY TABLES OF RESULTS 43

Problem 56 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F(-1) B F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 238 252 133 523 0 269 0 565 21 0
N.S. 1 1.06  0.56 2.20 0.00 1.13 0.00 2.37 0.09 0.00
time (sec) N/A 1.383 0.186 0.342 0.000 0.091 0.000 0.126 0.180 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F(-1) A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 117 127 91 233 0 118 0 217 19 0
N.S. 1 1.09 0.78 1.99 0.00 1.01 0.00 1.85 0.16 0.00
time (sec) N/A 0.698 0.095 0.217 0.000  0.075 0.000 0.122 0.215 0.000
Problem 58 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A B F A F A F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 47 47 45 99 0 55 0 59 18 0
N.S. 1 1.00 0.96 2.11 0.00 1.17 0.00 1.26 0.38 0.00
time (sec) N/A 0.280 0.032 0.144 0.000  0.078 0.000 0.114 0.211 0.000
Problem 59 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A° N/A N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 17 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 1.00 1.06 1.24 1.06
time (sec) N/A 0.224 0.291 0.031 0.080  0.075 25.302 0.116 0.191 0.074
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Problem 60 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 0 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 0.00 1.06 1.24 1.06
time (sec) N/A 0.883 0.436 0.035 0.079  0.075 0.000 0.108 0.174 0.118
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A F(-1) N/A N/A N/A
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 17 17 19 16 18 18 0 18 21 18
N.S. 1 1.00 1.12 0.94 1.06 1.06 0.00 1.06 1.24 1.06
time (sec) N/A 1.773 0.578 0.039 0.074  0.078 0.000 0.113 0.198 0.124
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 24 22 27 0 0 11 10
N.S. 1 1.00 1.00 0.92 0.85 1.04 0.00 0.00 0.42 0.38
time (sec) N/A 0.217 0.036 0.069 0.067  0.077 0.000 0.000 0.186 0.072
Problem 63 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 24 22 27 0 0 9 8
N.S. 1 1.00 1.00 0.92 0.85 1.04 0.00 0.00 0.35 0.31
time (sec) N/A 0.210 0.015 0.032 0.066  0.075 0.000 0.000 0.216 0.060
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 19 19 19 20 21 22 0 0 22 6
N.S. 1 1.00 1.00 1.05 1.11 1.16 0.00 0.00 1.16 0.32
time (sec) N/A 0.152 0.014 0.012 0.023 0.076 0.000 0.000 0.221 0.072
Problem 65 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A B A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 14 14 14 16 31 14 0 0 15 14
N.S. 1 1.00 1.00 1.14 2.21 1.00 0.00 0.00 1.07 1.00
time (sec) N/A 0.162 0.004 0.066 0.079  0.068 0.000 0.000 0.208 0.062
Problem 66 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A A F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 17 17 17 18 17 19 14 0 20 25
N.S. 1 1.00 1.00 1.06 1.00 1.12 0.82 0.00 1.18 1.47
time (sec) N/A 0.183 0.005 0.027 0.022 0.075 0.154 0.000 0.205 0.094
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 26 26 26 22 22 27 0 0 30 10
N.S. 1 1.00 1.00 0.85 0.85 1.04 0.00 0.00 1.15 0.38
time (sec) N/A 0.214 0.016 0.047 0.068  0.072 0.000 0.000 0.195 0.055
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Problem 68 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A F F A F F F B
verified N/A Yes Yes N/A TBD TBD TBD TBD TBD TBD
size 57 57 45 0 0 50 0 0 15 12
N.S. 1 1.00 0.79 0.00 0.00 0.88 0.00 0.00 0.26 0.21
time (sec) N/A 0.259 0.136  0.000 0.000  0.077 0.000 0.000 0.204 0.044
Problem 69 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 7 79 69 73 0 117 0 0 13 12
N.S. 1 1.03  0.90 0.95 0.00 1.52 0.00 0.00 0.17 0.16
time (sec) N/A 0.344 0.064 0.115 0.000  0.073 0.000 0.000 0.197  0.079
Problem 70 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A F A F F F B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 60 61 54 59 0 76 0 0 11 10
N.S. 1 1.02  0.90 0.98 0.00 1.27 0.00 0.00 0.18 0.17
time (sec) N/A 0.283 0.065 0.059 0.000 0.071 0.000 0.000 0.297  0.062
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A A A A A A F F B B
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD TBD
size 30 30 34 29 28 36 0 0 35 8
N.S. 1 1.00 1.13 0.97 0.93 1.20 0.00 0.00 1.17 0.27
time (sec) N/A 0.160 0.031 0.027  0.023 0.072 0.000 0.000 0.228 0.112
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A B
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 8 12 42 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 0.80 1.20 4.20 1.20
time (sec) N/A 0.156 0.009 0.071 0.055  0.067 0.448 0.104 0.192 0.051
Problem 73 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A B
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 10 10 12 10 12 12 10 12 53 12
N.S. 1 1.00 1.20 1.00 1.20 1.20 1.00 1.20 5.30 1.20
time (sec) N/A 0.195 0.142 0.135 0.072  0.072 0.774 0.106 0.223 0.105
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Reduce Mupad
grade N/A N/A N/A N/A N/A N/A N/A N/A N/A B
verified N/A N/A N/A N/A TBD TBD TBD TBD TBD TBD
size 12 12 14 12 14 14 12 14 17 14
N.S. 1 1.00 1.17 1.00 1.17 1.17 1.00 1.17 1.42 1.17
time (sec) N/A 0.217 0.494 0.030 0.046  0.077 26.235 0.111 0.235 0.052
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2.3 Detailed conclusion table specific for
Rubi results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the

leaf size of the integrand. Finally the ratio 1111111{332?;55 lgilzlgs is also given. The larger

this ratio is, the harder the integral is to solve. In this test file, problem number [26]
had the largest ratio of [1.25000000000000000]

Table 2.1: Rubi specific breakdown of results for each integral

number of num?ber of no.rma‘ulize‘d integrand utmber of rules
# | grade i::j’; uzi;z:e antlf;r;\;:zlve leaf size integrand leaf size
1 | A 6 6 1.10 8 0.750
2 | A 5 5 1.08 8 0.625
3l | A 4 4 1.00 6 0.667
4 | A 1 1 1.00 4 0.250
5 | A 2 2 1.00 8 0.250
6 | A 4 4 1.00 8 0.500
7] A 5 5 1.06 8 0.625
s | A 6 6 1.10 8 0.750
9 | A 11 11 1.24 10 1.100
10| A 7 7 1.08 8 0.875
| A 4 4 1.06 6 0.667
N/A 1 0 1.00 10 0.000
N/A 1 0 1.00 10 0.000
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 12 0.000
A 4 4 1.00 10 0.400
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 12 0.000
19| A 3 3 0.90 10 0.300
20/ A 3 3 0.91 10 0.300
Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rdl.
# | grade sheps widie | anfideriative |t e tegrand leaf size
21| A 0.95 8 0.375
22| A 1 1 1.00 6 0.167
N/A 1 0 1.00 10 0.000
24| A 3 3 1.03 10 0.300
25| A 3 3 0.87 10 0.300
26/ | A 15 15 1.41 12 1.250
27| A 9 9 1.16 10 0.900
28| A 3 3 1.04 8 0.375
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 10 0.000
N/A 3 0 1.00 8 0.000
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 12 0.000
N/A 1 0 1.00 16 0.000
N/A 1 0 1.00 16 0.000
N/A 2 0 1.00 14 0.000
N/A 1 0 1.00 16 0.000
N/A 1 0 1.00 16 0.000
41| A 4 3 1.24 17 0.176
42| A 4 3 1.24 15 0.200
43| A 5 4 1.26 13 0.308
44| A 4 3 0.80 17 0.176
45| A 4 3 1.00 17 0.176
46/ | A 4 3 1.00 17 0.176
47 A 4 3 1.16 19 0.158
48 | A 10 10 1.30 13 0.769
49| A 5 1.00 13 0.385
50 A 1 1 1.00 13 0.077
51| A 1.00 10 0.300

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized integrand ber of rul
# gade | e e st | SO0 et
52| A 6 6 1.12 11 0.545
53 | A 10 10 1.35 13 0.769
54| A 15 15 1.69 13 1.154
55| A 11 11 1.03 17 0.647
56/ | A 8 8 1.06 17 0.471
57| A 5 5 1.09 15 0.333
58| A 2 2 1.00 14 0.143
N/A 1 0 1.00 17 0.000
N/A 4 0 1.00 17 0.000
N/A 5 0 1.00 17 0.000
62| A 4 3 1.00 8 0.375
63| A 4 3 1.00 6 0.500
64| A 1 1 1.00 4 0.250
65| A 1 1 1.00 8 0.125
66| A 4 3 1.00 8 0.375
67| A 4 3 1.00 8 0.375
68| A 4 3 1.00 10 0.300
69| A 3 3 1.03 10 0.300
70| A 3 3 1.02 8 0.375
7| A 1 1 1.00 6 0.167
N/A 1 0 1.00 10 0.000
N/A 2 0 1.00 10 0.000
N/A 2 0 1.00 12 0.000
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[ ExplIntegralEi(a + bz)?dz . . . . .
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€®® ExplntegralEi(b
f XP. n;agra i(bx) dz
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[ e+vz ExplntegralEi(c + dz) dz . .

[ e*t** ExplntegralEi(c + dz) dz . .
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z
a+b2 ExplntegralEi(c+d.
e xpln ezgra i(c+dz) dz

et ExpIntegralEi(c+dzx)
f x3 dzx

[ z? LogIntegral(bz)dz . . . . . . . .
[ z LogIntegral(bz)dz . . . ... ..
[ LogIntegral(bz)dz . . .. ... ..
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3.1 [ z° ExplntegralEi(bz) dz

Optimal result . . . ... ... ... ... .. ........
Mathematica [A] (verified) . . . . . . . ... ... ... ...
Rubi [A] (verified) . . ... ... ... .. ... . ... ...
Maple [A] (verified) . . . . . . ... Lo Lo
Fricas [A] (verification not implemented) . . . . . . ... ..
Sympy [A] (verification not implemented) . . ... ... ..
Maxima [A] (verification not implemented) . . . . . . . . ..
Giac [A] (verification not implemented) . . . . . . ... ...
Mupad [B] (verification not implemented) . . ... ... ..
Reduce [B] (verification not implemented) . . ... ... ..

Optimal result

Integrand size = 8, antiderivative size = 67

3ebT  3ebry  3ebrx?2  ebryd

. : _
/ z° ExpIntegralEi(bz) dz = obt 93 + 42 4b

1
+ ZZA ExplntegralEi(bz)

B
‘3/2*exp(b*x)/b‘4—3/2*exp(b*x)*x/b“3+3/4*exp(b*x)*x‘2/b“2—1/4*exp(b*x)*x‘S/

L

b+1/4*x~4*Ei (b*x)

W
J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.66

1
/ 23 ExpIntegralEi(bz) dr = -

4

(eb’”(ﬁ — 6bz + 3b?z* — b3x3)
bl

+ z* EXpIntegralEi(bx))

-

t

Integrate [x"3*ExpIntegralEi [b*x] ,x]

| —

e

((E~(b*x)*(6 - 6%b*xx + 3*b~2%x"2 - b~3%x73)) /b4 + x"4*ExpIntegralEi[b*x])
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Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 74, normalized size of antiderivative = 1.10,

number of rules _ 0.750, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {7039, 27, 2607, 2607, 2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z3 ExplntegralEi(bz) dz

l 7039

ebzm3 J
X
b

1 1
1.1'4 ExplIntegralEi(bz) — 1b /

l 27

1 1
—z* ExplntegralEi(bx) — 1 / e adda

4
l2&w
1/3 bz .2 d 3, bx 1
4< Je b"I" r_z Z ) + ZlA ExpIntegralEi(bx)
l2&w
22ebT 2 [ e’ zdx
1 3 — 3, bx 1
7 ( ( b ; b > _* Z ) + i:c‘1 ExplntegralEi(bx)
lzmw
a:ebz [ebzdz
z2ebz 2 b - b )
1 3( L | b ) Sef | 1
1 A _2 z + 11;4 ExplntegralEi(bx)

J 2624
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1
el — + Zm4 ExpIntegralEi(bz)

input‘Int[x"3*Eprntegra1Ei[b*x],x]

atput| (TCE (*0)*#x73)/D) + (3x((E™(bxx)*x"2)/b = (2% (~(E™(b¥x)/b72) + (E"(bwx)*

? ‘x)/b))/b))/b)/4 + (x"4xExpIntegralEi[b*x])/4

Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]
rule 2607 Int[((b_.)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d#*x) "m*x((b*xF~(g*(e + f*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)"(m - 1)*(b*F~(g*(e + f*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] & GtQ[m, 0] && IntegerQ[2*
m] && !TrueQ[$UseGamma]
rule 2624 It [CF )~ (v))"(n_.), x_Symboll :> Simp[(F~v) n/(n*LoglF1*D[v, x1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]
rule 7039 Int [ExpIntegralEi[(a_.) + (b_.)*(x_)1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEil[a + b*x]/(d*(m + 1))), x] - Simp[
b/(d¥(m + 1)) Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, c, d, m}, x] && NeQ[m, -1]
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Maple [A] (verified)

Time = 0.16 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.81

method result
parts z* expIntegral (bz) __ b33 —3b%x2eP” 4+ 6bx e —6 &5
4bt
. . . eprntegral(bw)b4w4 _ &PZp3 53 + 3624202 _ 3bz &bz + 3eb%
derivativedivides 4 S 2 2
eprntegral(bw)b4w4 _ PZp3 43 + 3p252eb% _ 3bz R Y
4 4 4 2 2
default 7 i
. Int 1(b b4 4 __ ba:b?: 3 3b2 2 bx_6b bx 6 bx
parallelrisch explntegral(bz)b’a” —e e
_ (—%+'y+1n(z)+ln(—b))z4b4 pd 4 3 (—5173234-1517212—3(:'175‘”4"30)917m _m4b4(—'y—ln(—bm)—explntegrall(—bm))
meijerg _ 1 16 12 b420 7l
input Lint (x~3*Ei (b*x) ,x,method=_RETURNVERBOSE) J
output \ 1/4*x"4xEi (b*x)-1/4/b~4* (exp (b*x) *b~3*x~3-3*b~2*x~2*exp (b*x) +6*xb*x*exp (b*x \

‘)—G*exp(b*x)) ‘

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.66

_ b*z'Ei(bz) — (b3 — 3b%2% + 6 bz — 6)e®™)
B 4

/ z® ExplntegralEi(bz) dz

input Lintegrate (x~3+Ei(b*x) ,x, algorithm="fricas") J

OutputL1/4*(b‘4*x‘4*Ei(b*x) - (b"3%x"3 - 3%b"2%x"2 + 6xbxx - 6)*e"(b*x))/b 4 J
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Sympy [A] (verification not implemented)

Time = 0.37 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.01

z* Ei (bx) z3eb 3x2ebe 3webT 3ebT
: - + — + forb#0
/ 2% ExpIntegralEi(bz) dz = 4 b 4b? 263 26* 7
—oox? otherwise
input Lintegrate (x**+3+Ei (b*x) ,x) J

e B

Piecewise ((x**4*Ei(b*x)/4 - x**3xexp(b*x)/(4%b) + 3*x**2xexp (b*x)/(4*b**2)
| - 3xxxexp(b¥x)/(2¥b**3) + 3kexp(bkx)/(2¥b*x4), Ne(b, 0)), (-ooxx**4, True
» |

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.60

(B32% — 30222 + 6 bz — 6)e®®
4 b

1
/ z* ExplntegralEi(bz) dz = 1 T*Ei(bx) —

input ‘ integrate (x~3*Ei(b*x) ,x, algorithm="maxima") ‘

outputti/‘l*xﬁ‘l*Ei(b*X) - 1/4%(b~3%x"3 - 3%b~2%x"2 + 6%b*x - 6)*e” (b*x)/b"4 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.60

(b3z® — 3b%22 + 6 bx — 6)et®)
4 b*

1
/ 2% ExpIntegralEi(bz) dr = 1 z*Ei(bz) —

input Lintegrate (x~3%Ei(b*x),x, algorithm="giac") J

output L1/4*x 4xEi (b*x) - 1/4%(b~3%x"3 - 3%b~2%x~2 + 6%b*x - 6)*e”(b*x)/b~4 J
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Mupad [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.79

3eb® 3b2z2ebc b3 23 eb® 3bzeb® 4
+ - - x*ei(bx
/ 1% ExpIntegralEi(bz) dr = —2 4 = 4 2 4( )
inputtint(x‘B*ei(b*x),x) J
Output‘((3*exp(b*x))/2 + (3*b~2*x"2xexp(b*x)) /4 - (b~3*x"3*exp(b*x))/4 - (3xbkxx*e

xp(b*x))/2) /b~4 + (x"4*ei(bx*x))/4

N\ J

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.88

ei(bz) bzt — b3z + 3ePb%r? — 6ebx + 6™
4b*

/ 2% ExpIntegralEi(bz) dz =

int (x~3*Ei (b*x) ,x)

inputt

output‘(ei(b*X)*b**4*X**4 — exx (b*x) ¥b**3%kx*k*3 + 3kekk (bkx)*kbk*kx**x2 — Bxex* (bkx
‘)*b*x + B6xex* (b*x) )/ (4*xb*x4)




-

output L
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3.2 [ z* ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e 60]
Mathematica [A] (verified) . . . . . . . . . ... o 601
Rubi [A] (verified) . . . .. . . ... .. 611
Maple [A] (verified) . . . . . . ... L 62
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 63
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 63
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 64
Giac [A] (verification not implemented) . . . . . . ... ... ... 64
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 64
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 65

Optimal result

Integrand size = 8, antiderivative size = 52

2 bx ) bx bz 1.2 1
/ z? ExplntegralEi(bz) dz = — S ga:?’ ExplntegralEi(bx)

363 3b? 3b

-2/3*exp (b*x) /b~3+2/3*exp (b*x) *x/b~2-1/3*exp (b*x) *x~2/b+1/3*x~3*Ei (b*x)

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

1 (_ (2 — 2bz + bx?)

/ z? ExplntegralEi(bz) dz = 3 B + z? EprntegralEi(bx))

input‘

Integrate [x"2*ExpIntegralEi [b*x] ,x]

outputt

(-((E"(bxx)*(2 - 2xbxx + b~2%x72))/b~3) + x"3*ExpIntegralEi[b*x])/3
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.08,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {7039, 27, 2607, 2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x? ExplntegralEi(bz) dz

l 7039

ebzm2 p
X
b

1 1
gm?’ ExplIntegralEi(bz) — §b /

l27

1 1
gm?’ ExplntegralEi(bx) — 3 / e aldx

| 2607
1/2[e®zdr z2e® 14 :
3( ; -3 ) + 3% ExplntegralEi(bx)
| 2607
bz febxdx
oz _ 2 bo
1 1
3( ( b ; b ) — mz ) + §w3 ExplntegralEi(bx)
| 2624
2(‘““ — £> 2 bx
1 b b2 e 14 .
3( ; -3 + 3% ExplntegralEi(bx)

input ‘ Int [x~2+ExpIntegralEi [b*x] ,x]

output‘ (-((E™(bxx)*x°2) /b) + (2 (~(E"(b*x)/b™2) + (E”(b*x)*x)/b))/b)/3 + (x"3+Exp |
‘ IntegralEi [b*x])/3
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x]

tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

, x]1 /; FreeQ[a, x] && !'Ma

rule 2607

x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)~(
n, x], x] /; FreeQ[{F, b, c, 4, e, £, g, n}, x]
m] && !TrueQ[$UseGamma]

Int[((b_.)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),

m - 1)*(b*F~(gx(e + £*x)))~
&& GtQ[m, 0] &% IntegerQ[2x

rule 2624
FreeQ[{F, n}, x] && LinearQ[v, x]

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F"v) n/(n*Log[F1*D[v, x]1), x] /;

rule 7039

b/(dx(m + 1))
eeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1]

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symboll
:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEil[a + b*x]/(d*(m + 1))), x] - Simp[
Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81

method result size
x2 expIntegral (bz) b2z2eb —2bz P% 42 eb®

parts 3 - T 42
b33 explntegral(bx) b2 20T + 2ba BT 2 &bz

derivativedivides e o % 44
b33 explntegral(bx) b2 20T + 26z bT _2 &b

default 3 b33 3 3 44

. b3 3 Int 1(b _b2 2.bx 2b ba:_2 bx

parallelrisch 2” explntegral(be) S thre” —2e 44
(—%+7+ln(m)+ln(—b))m3b3 323 2 (4b2m2—8bz+8)ebz b3:c3(—'y—ln(—b:c)—eprntegra.ll(—b:v))

meijerg 2 R -2 ha g 79

b3

. Lint (x~2*Ei (b*x) ,x,method=_RETURNVERBOSE)
input




output

input

output

input

output
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‘1/3*x“3*Ei(b*x)-1/3/b”3*(b“2*x“2*exp(b*x)—2*b*x*exp(b*x)+2*exp(b*x))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.69

b23Ei(bz) — (b?z? — 2bx + 2)e®?)
363

/ 2? ExpIntegralEi(bz) dr =

Lintegrate(x‘Q*Ei(b*x),x, algorithm="fricas")

L1/3*(b‘3*x‘3*Ei(b*x) - (b~2%x"2 - 2%bxx + 2)*e~(b*x))/b~3

Sympy [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 53, normalized size of antiderivative = 1.02

a3 Ei (bz) _ z%eb? 2zeb® _ 2¢b® for b 0
/ x? ExpIntegralEi(bz) dz = 3 3 T T e 7
—ooz3 otherwise

Lintegrate(x**Q*Ei(b*x),x)

' Piecewise ((x#*3+Ei(b*x)/3 - x#*2xexp(b*x)/(3%b) + 2kx*exp(b*x)/(3+b**2) -
| 2%exp(b*x)/(3¥b**3), Ne(b, 0)), (-oo*x**3, True))
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.62

(b?2? — 2bz + 2)e®)
363

/ 2? ExpIntegralEi(bz) dx = % 23Ei(bz) —

-

tintegrate (x~2#Ei(b*x) ,x, algorithm="maxima")

~—

input

output Ll/S*X‘S*Ei(b*x) - 1/3*%(b"2%x"2 - 2*b*x + 2)*e”(b*x)/b"3 J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.62

(b?2? — 2bz + 2)e®?)
33

1
/ 22 ExpIntegralEi(bz) dz = 3 23Ei(bz) —

input Lintegrate (x~2*Ei(b*x) ,x, algorithm="giac") J

Outputtl/3*x 3*Ei(b*x) - 1/3%(b"2%x"2 - 2¥bxx + 2)*e” (b*x)/b~3 J

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.81

.CL’3 el(bx) 2eb® + b2 z2eb® _ 2bzeb®

/ z? ExpIntegralEi(bz) do = 3 -3 3b3 3

input Lint (x~2*ei (b*x) ,x) J

o (x"3xei(b*x))/3 - ((2%exp(b*x))/3 + (b"2kx"2kexp(bkx))/3 - (kbrurexp(bxx)
1)/3)/b°3 |

outpu
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.88

ei(bz) b3x3 — e*b?x? + 2e%bx — 2eb®
3b3

/ 22 ExpIntegralEi(bz) dz =

fnput Lint (x~2%Ei (b*x) ,x)

‘ (ei (b*x) *¥b**x3*xx**3 — e*x* (bkx)*b**2%xx**2 + 2ke**(b*x)*b*x — 2%ex*x*(b*x))/(3*

output
Lb**S)

|
J




-

output L

input‘

outputt
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3.3 [ = ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e 606!
Mathematica [A] (verified) . . . . . . . . . ... o 661
Rubi [A] (verified) . . . .. . . ... .. 67
Maple [A] (verified) . . . . . . ... L 68
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 69
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 69
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 70}
Giac [A] (verification not implemented) . . . . . . ... ... ... 70
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... (V)
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... [71]

Optimal result

Integrand size = 6, antiderivative size = 37

ebx ebz T

/ z ExpIntegralEi(bz) dz = o o T %wQ ExplntegralEi(bx)

1/2xexp (b*x) /b~2-1/2%exp (b*x) *x/b+1/2*x~2*Ei (b*x)

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.76

1/e=(1—b
/ z ExpIntegralEi(bz) dz = 3 (% + z° EXpIntegralEi(b:c))

Integrate [x*ExpIntegralEi [b*x] ,x]

((E~(b*x)*(1 - b*x))/b~2 + x"2xExpIntegralEi[b*x])/2
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Rubi [A] (verified)

Time = 0.20 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.00,

number of rules _ 0.667, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7039, 27, 2607, 2624}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z ExplIntegralEi(bz) dx

l 7039

ebw

bwdx

1 1
5332 ExplntegralEi(bz) — ib /

| 27

1 1
ifcz ExplntegralEi(bx) — 2 / P xdr

| 2607
% (f e:’”dw _ xsz) + %wz ExplntegralEi(bz)
| 2624
% <ebb: - xibx) + %:cz ExplntegralEi(bx)

‘ Int [x*ExpIntegralEi [b*x],x]

-

L (E"(b*x) /b~2 - (E~(b*x)*x)/b)/2 + (x"2+ExpIntegralEi[b*x])/2

| —




rule 27

rule 2607

rule 2624

rule 7039

input
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [((b_)*(F_)"((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*F~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, c, 4, e, £, g, n}, x] && GtQ[m, 0] && IntegerQ[2*
m] && !'TrueQ[$UseGammal

Int[((F_)"(v_))"(n_.), x_Symbol]l :> Simp[(F"v) n/(n*Log[F1*D[v, x]1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symboll

:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simpl[
b/(d*(m + 1)) Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.81

method result size
. b2 2 Int 1(bx)—b bx bx

parallelrisch L egrazézz) wete 30
z2 expIntegral (bz) b €T —eb®

parts 3 — 5 30
b2:1:2 explntegral(bz) _ bz eba: _’_ﬁ

derivativedivides P 2 2 32
b2x2 explntegral(bx) _ bz ebw +£

default 0 2 2 32

(—%+'y+1n(m)+1n(—b))z2b2 b222 | 1 (—317:1:-‘,—3)917z b2w2(—'y—ln(—bw)—explntegra,ll(—b:v))
13 — 2 4 o 6 — 2
meijerg — = 72

Lint (x*Ei (b*x) ,x,method=_RETURNVERBOSE)




output

input

output

input

output
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| 1/2% (b~ 2%x~2%E1 (bxx) -bxx*exp (bxx) +exp (b*x) ) /b™2

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.76

b?2?Ei(bz) — (bx — 1)e®®
2 b2

/ z ExplntegralEi(bx) dz =

Lintegrate (x*Ei(b*x) ,x, algorithm="fricas")

L1/2*(b“2*x“2*Ei(b*x) - (b*x - 1)*e~(b*x))/b~2

Sympy [A] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.97

@Bi(br) _ zet 4 & o h £
/ z ExpIntegralEi(bz) dz = 2 2% T o #
—ooz? otherwise

Lintegrate(x*Ei(b*x),x)

‘Piecewise((x**2*Ei(b*x)/2 - x*xexp(b*x)/(2%b) + exp(b*x)/(2*%b**2), Ne(b, 0)
‘), (-oo*x**2, True))
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Maxima [A] (verification not implemented)
Time = 0.02 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.65

(bz — 1)e®

1
/ z ExplntegralEi(bx) dz = 2 2’Ei(bx) — 5p

i i i =N s "
inputLlntegrate(x*El(b*x),x, algorithm="maxima")

Outputp/z*x‘z*Ei(b*x) - 1/2%(b*x - 1)*e”~(b*x)/b"2

Giac [A] (verification not implemented)
Time = 0.11 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.65

(bz — 1)e®®

: 1 o
/ z ExplIntegralEi(bz) dx = 5% Ei(bz) — T

input‘integrate(x*Ei(b*x),x, algorithm="giac")

outputti/2*x‘2*Ei(b*x) - 1/2*%(b*x - 1)*e” (b*x)/b~2

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.78

bz

e _ bzeb® 2 6i(h
/ x ExplntegralEi(bx) dz = -2 7 242 612( ?)

inputLint(x*ei(b*x),x)

outputt(exp(b*X)/2 - (b*x*exp(b*x))/2)/b~2 + (x"2*ei(b*x))/2
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Reduce [B] (verification not implemented)

Time = 0.18 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.84

ei(bz) b2x? — e’®bx + e
2b2

/ z ExplIntegralEi(bz) dx =

fnput Lint (x*Ei (b*x) ,x)

outputt(ei(b>'<x)"’b**2*x**2 - exx(b*x)*b*xx + ex*(b*x))/(2%b**2)




output

input

output

-
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3.4 | ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e 2]
Mathematica [A] (verified) . . . . . . . . . ... o 72
Rubi [A] (verified) . . . .. . . ... .. 73
Maple [A] (verified) . . . . . . ... L (74
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 74
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 75
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 751
Giac [A] (verification not implemented) . . . . . . ... ... ... 75
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 76
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 76

Optimal result

Integrand size = 4, antiderivative size = 17

bx

/ ExplntegralEi(bz) dz = —% + z ExplntegralEi(bx)

L—exp(b*x)/b+x*Ei(b*x)

-

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

bx

/ ExplntegralEi(bz) dx = —% + z ExplntegralEi(bz)

LIntegrate [ExpIntegralEi [b*x] ,x]

~—

-

N\

-(E~ (b*x) /b) + x*ExpIntegralEi [b*x]
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {7036}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ExplntegralEi(bx) dz
| 7036
ebz
z ExpIntegralEi(bz) — e
inputLInt[EprntegralEi[b*x],x] J

e

t— (E~(b*x)/b) + x*ExpIntegralEi [b*x]

~—

output

Defintions of rubi rules used

rule 7036‘ Int [ExpIntegralEi[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(ExpInte ‘
‘gralEi [a + b*x]/b), x] - Simp[E~(a + b*x)/b, x] /; FreeQ[{a, b}, x] ‘




input L

output

input
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Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

method result size
parts - esz + z explntegral (bx) 17
derivativedivides | %= exPIntegbr al(be) —e’* 19
bz explntegral(bx)—eb®
default = 19
parallelrisch be eXpIntegbr al(be) —e” 19
. (y—1+In(z)+In(—b))xb+bx+1—eP® +-ba(—y—In(—bx) —explntegral, (—bzx))
meijerg 5 L 50

int (Ei (b*x) ,x,method=_RETURNVERBOSE)

L—exp (b*x) /b+x*Ei (b*x)

Fricas [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

/ ExplIntegralEi(bz) dz =

bzEi(bz) — e

b

Lintegrate (Ei(b*x) ,x, algorithm="fricas")

output L

(bxx*Ei(b*x) - e~ (b*x))/b
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Sympy [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

Ei(bz) — & forb #0
/ ExpIntegralEi(bz) dx = TEi(bz) — & forb#

—00oT otherwise

inputtintegrate(Ei(b*x),x)

output LPieCewise((x*Ei(b*x) - exp(b*x)/b, Ne(b, 0)), (-oo*x, True))

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

bzEi(bz) — e®?)
b

/ ExplIntegralEi(bz) dz =

i i i =" 3 "
input Llntegrate(El(b*X),x, algorithm="maxima")

output (PHHFEL(DRD) = e (bxx)) /b

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

e(b2)

b

/ ExpIntegralEi(bz) dz = zEi(bx) —

. . e
inputtlntegrate(El(b*x),x, algorithm="giac")

output Lx*Ei(b*x) - e~ (b*x) /b
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Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

ebz

/ ExplntegralEi(bz) dz = zei(bz) — 5

input Lint (ei(b*x),x) J

Outputtx*ei(b*x) - exp(b*x)/b J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

ei(br) bx —

b

/ ExpIntegralEi(bz) dz =

inputtint(Ei(b*x),x) J

-

L(ei(b*x)*b*x - ex*(b*x))/b

-/

output




output

input
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35 f ExplntegralEi(bx) dr
X

Optimal result . . . . . . . . . . . . . (77
Mathematica [A] (verified) . . . . . . . . . ... e
Rubi [A] (verified) . . . . . . . . . . 78
Maple [A] (verified) . . . . . . . . ... 79
Fricas [F] . . . . . . . o 79
Sympy [C] (verification not implemented) . . ... ... ... ... ....... R0
Maxima [F] . . . . . . 1]
Giac [F] . . . o oo 1]
Mupad [F(-1)] . . . . . 8Tl
Reduce [F] . . . . . . ’2

Optimal result

Integrand size = 8, antiderivative size = 45

/ ExpIntegralEi(bz) p
T

= bxr3F3(1,1,1;2,2,2;bx) + v log(z)

+ (ExplntegralE(1, —bz) + ExplntegralEi(bz)) log(x)

+ %log2(—bz’)

‘b*x*hypergeom([l, 1, 11,[2, 2, 2],b*x)+gamma*1ln(x)+(Ei(1,-b*x)+Ei(b*x))*1n

L(x)+1/2*ln(-b*x)“2

|
J

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.13

/ ExplntegralEi(bx)
z

1
dz =bx 3F3(1,1,1;2,2,2;bx) + 3 log(z)(2v + 2 ExplntegralEi(bx)

+ 2T'(0, —bz) — log(z) + 2log(—bx))

‘ Integrate [ExpIntegralEi [b*x]/x,x]
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‘b*x*HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, b*x] + (Loglx]*(2*EulerGamma + ‘

output
L 2xExpIntegralEi [b*x] + 2xGamma[0, -(b*x)] - Log[x] + 2*Log[-(b*x)]1))/2 J

Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7037, 7029}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplntegralEi(bzx) i

x

| 7037
ExplntegralE(1, —b
log(z)(ExpIntegralE(1, —bx) + ExplIntegralEi(bz)) — / xpln egri (1, —bz) i
| 7029
1
br 3F3(1,1,1;2,2,2; bx) + log(x)(ExpIntegralE(1, —bx) + ExpIntegralEi(bz)) + 5 log?(—bz) +
v log(x)
input LInt [ExpIntegralEi [b*x]/x,x] J

t‘b*x*HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, b*x] + EulerGamma*Log[x] + (Ex ‘

outpu
‘ pIntegralE[1, -(b*x)] + ExpIntegralEi[b*x])*Log[x] + Log[-(b*x)]~2/2 ‘
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Defintions of rubi rules used

Int [ExpIntegralE[1, (b_.)*(x_)]1/(x_), x_Symbol] :> Simp[b*x*HypergeometricP
FQL{1, 1, 1}, {2, 2, 2}, (-b)*x], x] + (-Simp[EulerGamma*Log[x], x] - Simpl[
(1/2)*Log[b*x]~2, x]) /; FreeQlb, x]

rule 7029

Int [ExpIntegralEi[(b_.)*(x_)]1/(x_), x_Symbol] :> Simp[Logl[x]*(ExpIntegralEi
[bxx] + ExpIntegralE[1, (-b)*x]), x] - Int[ExpIntegralE[1, (-b)*x]/x, x] /;
FreeQ[b, x]

rule 7037

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 58, normalized size of antiderivative = 1.29

method | result

meijerg | In (z)In (—b) + 723 +In(-b)y+yIn(z) + ’1’—; + @ + @ + bz hypergeom ([1,1,1],[2,2,

( B
inputLlnt(El(b*X)/X,X,method=_RETURNVERBDSE) J

Output‘ln(x)*ln(—b)+1/2*gamma‘2+1n(—b)*gamma+gamma*1n(x)+1/12*Pi“2+1/2*1n(x)‘2+1/
‘ 2x1n(-b) ~2+b*x*hypergeom([1,1,1],[2,2,2] ,b*x) ‘

Fricas [F|
/ ExplIntegralEi(bz) dp — / Ei(bx) dx
X xr
inpat Lintegrate (Ei(b*x)/x,x, algorithm="fricas") J
output 1Rtegral (Bi(bsx)/x, x) J
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Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 0.65 (sec) , antiderivative size = 180, normalized size of antiderivative = 4.00

dz

/ ExplntegralEi(bx)

inputt

(
11,1 : : og (b .
br3F3 (2 bx) + imlog (1) — imlog (z) + w + 7ylog (bz) + imlog (bx)
1,11 . log (bx)? .
brsF3 099 br | —imlog (x) + =27~ + vlog (bx) + i log (bx)
1> 1,1 . 1 log (bz)? .
bxsF; 099 bz | +irlog (2) + <257~ + ylog (bz) + imlog (bz)
1,1,1 1,1 1,1
besFs| (b | 4 inGyY o | —inGY| z |+ w + 7y log (bz) + imlog (bx)
\ 2,2,2 ~\0,0 ’ 0,0
integrate(Ei(b*x)/x,x) J

~

output

Piecewise ((b*x*hyper((1, 1, 1), (2, 2, 2), b*x) + Ixpixlog(l/x) - I*pix*log
(x) + log(b*x)**2/2 + EulerGamma*log(b*x) + Ixpixlog(b*x), (Abs(x) < 1) &

(1/Abs(x) < 1)), (b*xxhyper((1, 1, 1), (2, 2, 2), b*x) - I*pi*log(x) + log
(b*x)**2/2 + EulerGammax*log(b*x) + I*pixlog(b*x), Abs(x) < 1), (b*xxhyper (
(1, 1, 1), (2, 2, 2), b*x) + Ixpixlog(1l/x) + log(b*x)**2/2 + EulerGammaxlo
g(b*x) + I*pi*log(b*x), 1/Abs(x) < 1), (b*x*hyper((1, 1, 1), (2, 2, 2), b*
x) + Ixpixmeijerg(((), (1, 1)), (0, 0), ), x) - I*pi*meijerg(((1, 1), (
)), (O, (0, 0)), x) + log(b*x)**2/2 + EulerGamma*log(b*x) + I*pi*log(b*x)
, True))
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Maxima [F|

/ EprntegxralE1(ba:) dp — / El(xbx) i

inputtintegrate(Ei(b*x)/x,x, algorithm="maxima")

output Lintegrate (Ei(b*x)/x, x)

Giac [F]

/ ExplntegralEi(bz) dr — / Ei(bx) i

T T

input Lintegrate (Ei(b*x)/x,x, algorithm="giac")

output Lintegrate (Ei(b*x)/x, x)

Mupad [F(-1)]

Timed out.

/ ExpIntegralEi(bz) dp — / ei(bx) i

T T

input Lint (ei(b*x)/x,%)

output Lint (ei(b*x)/x, x)
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Reduce [F]

/ ExplIntegralEi(bz)
T

dx

/

ei(bx)

dx

input k

int (Ei(b*x) /x,x%)

output L

int (ei (b*x) /x,x)




outputt
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3.6 f EprnteigalEl(bx) dr

Optimal result . . . . . . . . . . . . . 83
Mathematica [A] (verified) . . . . . . . . ... . L 83
Rubi [A] (verified) . . . . . . . . . . kX!
Maple [A] (verified) . . . . . . . . ... 85I
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 36
Sympy [A] (verification not implemented) . . . . . ... ... ... .. ..... 36
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... . ... 36
Giac [A] (verification not implemented) . . . . . ... ... .. L. 87
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 87
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 87

Optimal result

Integrand size = 8, antiderivative size = 26

/ ExplIntegralEi(bz) eb®
72

dx = - + b ExplntegralEi(bx) —

ExpIntegralEi(bz)

X

-exp (bxx) /x+b*Ei (b*x) -Ei (b*x) /x

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

dz =

—e’ + (=1 + bz) ExplntegralEi(bx)

ExplIntegralEi(bz)
72

X

inputt

Integrate [ExpIntegralEi [b*x]/x"2,x]

e

output t

(-E~(b*x) + (-1 + b*x)*ExpIntegralEi[b*x])/x

~—
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7039, 27, 2608, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dr

ExplntegralEi(bx)
2

l 7039

2 z

l 27

/ P . ExplntegralEi(bx)
z? x

b / e’ ExpIntegralEi(bz)

l 2608

b / eb® . ExplntegralEi(bz) eb®
x x x
| 2609

ExplntegralEi(bz) ﬁ
z z

b ExplIntegralEi(bz) —

e

input tInt [ExpIntegralEi [b*x]/x"2,x]

output L— (E~(b*x)/x) + b*ExpIntegralEi[b*x] - ExpIntegralEi[b*x]/x

~—



CHAPTER 3. LISTING OF INTEGRALS 85

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int [((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(gx(e + £*x)))"n/(d*(m + 1)))
,» x] — Simp[f*gxn*(Log[F]l/(d*(m + 1))) Int[(c + d*x)"(m + 1)*(b*F~(gx(e +
fxx)))"n, x], x] /; FreeQ[{F, b, c, d, e, £, g, n}, x] && LtQ[m, -1] && In
tegerQ[2*m] && !TrueQ[$UseGammal

rule 2608

Int[(F_)"((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(g*x(e - c*(£/d)))/d)*ExpIntegralEi [f*g*(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

rule 2609

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simpl[
b/(d*(m + 1)) Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, c, d, m}, x] && NeQ[m, -1]

rule 7039

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

method result

parallelrisch bx explntegral(bx)—explIntegral (bz)—eb®

parts —explnt+gral(bz) + b(—% — explntegral (—bx))

derivativedivides b<—w - % — explntegral, (—bx))

default b(‘% — % — explntegral, (—bzc))

meijerg b(——lﬂﬂn(:gﬂn(_b) +v—2+1In(z) +In(—b) + Bzt % — (_4bz+4)(_7_ln(_gl_exm
input Lint (Ei (b*x)/x~2,%,method=_RETURNVERBOSE) J
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output Ll/x* (b*x*Ei (b*x) -Ei (b*x) -exp (b*x) )

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.81

/ ExplIntegralEi(bz) dp — (bz — 1)Ei(bz) — e®®)
x? B x

i i - i =N : n
input Llntegrate (Ei(b*x)/x"2,x, algorithm="fricas")

Outpud«b*x - 1)*Ei(b*x) - e~ (b*x))/x

Sympy [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 19, normalized size of antiderivative = 0.73

Expl 1Ei b= FEi
/ Xp ntegza i(bx) 4z = bEi (bz) — e Ei(bz)
T T T

-

input Lintegrate (Ei (b*x) /x**2,x)

-/

output P*EL(D*X) — exp(bxx)/x - Ei(bxx)/x

Maxima [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 0.69

/ EXpInteigalEl(bz) iz = BT(—1, —bz) — Elg)z)

i i - i =" ] n
input Llntegrate(El(b*x)/x 2,x, algorithm="maxima")

output Lb*gamma(—l, -bxx) - Ei(b*x)/x




CHAPTER 3. LISTING OF INTEGRALS 87

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.08

/ ExplIntegralEi(bx) d — baEi(bz) — e Ei(bz)

z2 T T

input Lintegrate (Ei(b*x)/x"2,x, algorithm="giac") J

outputt(b*X*Ei(b*x) - e~ (b*x))/x - Ei(b*x)/x J

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.81

. : bx
/ EprntegzalEl(bx) iz = bei(bz) — ei(bz) +e
T
input Lint (ei(b*x)/x"2,%) J
output [b*ei (b*x) - (ei(b*x) + exp(b*x))/x \J

Reduce [B] (verification not implemented)

Time = 0.19 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.96

/ ExpIntegralEi(bz) dp — ei(bx) bx — ei(bx) — €
x? B x

-

Lint(Ei(b*x)/x‘2,x)

e—

input

Outputt(ei(b*x)*b*x - ei(b*x) - ex*(b*x))/x J
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ExplntegralEi(bz
Wi
Optimal result . . . . . . . . . . . . . 8]
Mathematica [A] (verified) . . . . . . . . . ... 88
Rubi [A] (verified) . . . . . . . . . . ]9
Maple [A] (verified) . . . . . . . . ... 90)
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... OT]
Sympy [A] (verification not implemented) . . . . . ... ... ... .. ..... OTl
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... . ... OT]
Giac [A] (verification not implemented) . . . . . ... ... .. L. 92
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 92i
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... 92

Optimal result

Integrand size = 8, antiderivative size = 48

ExpIntegralEi(bz)
222

1
3 dx = 12 iz + sz ExplntegralEi(bx) —

/ ExplntegralEi(bz) e be”

output L‘l/ 4xexp (b*x) /x"2-1/4%bxexp (b*x) /x+1/4%b"2%Ei (bkx)-1/2+Ei (b*x) /x~2 J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 34, normalized size of antiderivative = 0.71

/ ExplIntegralEi(bz) dp — —e"(1 + bx) + (—2 + b?z?) ExplntegralEi(bz)
x3 B 4z2

input LIntegrate [ExpIntegralEi [b*x]/x"3,x] J

e

(-(E"(b*x)*(1 + b*x)) + (-2 + b~2*x"2)*ExpIntegralEi[b*x])/(4*x~2)

~—

output t
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Rubi [A] (verified)

Time = 0.25 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.06,

number of rules _ 0.625, Rules
integrand size

number of steps used = 5, number of rules used = 5,
used = {7039, 27, 2608, 2608, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
E .
/ prnteggalEl(bx) i

x
| 7039

1 e ExplIntegralEi(bz)

2 fate T g
| 27

1 / ﬁ d — ExplntegralEi(bx)

2) 28 212
| 2608

1/t / e’ . €7 _ ExplntegralEi(bz)
2\ 2 x2 212 2x2
| 2608
1/1 eb® eb® eb® ExplntegralEi(bx)
2 <2b<b / P .T) - 2a:2> - 22
| 2609
1/1 ) eb” e ExplntegralEi(bx)
3 <2b<b ExplntegralEi(bx) — :v> — 29:2> — 92
e B
input LInt [ExpIntegralEi [b*x]/x~3,x] J

|-1/2+ExpIntegralEi[b*x]/x~2 + (-1/2+E"(bxx)/x"2 + (b*(-(E~(b*x)/x) + b*Exp
IntegralEi[b*x]))/2)/2

N J

output
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int [((b_)*(F_)"((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(gx(e + £*x)))"n/(d*(m + 1)))
,» x] — Simp[f*gxn*(Log[F]l/(d*(m + 1))) Int[(c + d*x)"(m + 1)*(b*F~(gx(e +
fxx)))"n, x], x] /; FreeQ[{F, b, c, d, e, £, g, n}, x] && LtQ[m, -1] && In
tegerQ[2*m] && !TrueQ[$UseGammal

rule 2608

Int[(F_)"((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(g*x(e - c*(£/d)))/d)*ExpIntegralEi [f*g*(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

rule 2609

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simpl[
b/(d*(m + 1)) Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, c, d, m}, x] && NeQ[m, -1]

rule 7039

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.79

method result

parallelrisch b2z? explntegral(bz) —bz 49:; —2 explIntegral(bx)—eb®

parts _eXPInthxg;al(bz) + b2 (—%3;_;;“;_2 explntogealy (b))

derivativedivides | b? <_ expll;tbezg;g.l(bg;) _ 452,;2 B Z’% B w)

default b2 (_explr;t;g;al(bx) _ 4;3;”;2 _ ZbT:c _ w>

meijerg —b2<%+’7+1;1:;2’;|-1n(—b) + m_lb + % _ % . lniw) . ln(4—b) . 181,2?2;3;6;“9 n (ggzz;gg;bz N (—082.

input Lint (Ei (b*x)/x"3,%,method=_RETURNVERBOSE) J
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Output‘1/4/x"2*(b"2*x"2*Ei(b*x)—b*x*exp(b*x)-2*Ei(b*x)—exp(b*x))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.65

/ ExplntegralEi(bx) (b?2? — 2)Ei(bx) — (bx + 1)e®?)
dz
x3 4 12

input Lintegrate (Ei(b*x)/x"3,x, algorithm="fricas")

output L1/4* ((b~2*xx72 - 2)*Ei(b*x) - (b*x + 1)*e~(b*x))/x"2

Sympy [A] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.81

3 4 dr  4x? 22

/ ExplntegralEi(bx) dp — b’Ei(bz) be"™ &  Ei(bx)

-

input Lintegrate (Ei (b*x) /x**3,x)

-/

output Lb**z*Ei (b*x) /4 - b¥exp(bxx)/(4*x) - exp(b*x)/(4xx**x2) - Ei(bxx)/(2kx*%2)

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.44

ExpIntegralEi(bz)
3

Ei(bx)
2 x2

dx = —% b’T(—2, —bz) —

inputLintegrate(Ei(b*x)/xAS,x, algorithm="maxima")

output L_1/2*b Q*gamma(_2: -b*x) - 1/2%Ei(b*x)/x"2
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.85

/ ExplntegralEi(bx) b222Ei(br) — bze® — e®®)  Ei(bx)
dr = —
x3 4 12 212

inputLintegrate(Ei(b*x)/x‘s,x, algorithm="giac")

outputtl/ 4% (b~2%x"2%Ei (b*x) - bkx¥e”(b*x) - e”(b¥x))/x"2 - 1/2+Ei(b*x)/x"2

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 36, normalized size of antiderivative = 0.75

x = —

/ ExplIntegralEi(bx) p b’ ei(bx) # + esz + —MZM
23 4 x?

input Lint (ei(b*x)/x~3,%)

Outputt(bAQ*ei(b*X))/4 - (ei(b*x)/2 + exp(b*x)/4 + (b*x*exp(b*x))/4)/x"2

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 39, normalized size of antiderivative = 0.81

/ ExplntegralEi(bx) ei(bx) b?x® — 2ei(bx) — "%bx — e
dr =
x3 42

input | 10t (B2 (¥ /x73,)

Output‘ (ei(b*x)¥bx*2xx**2 — 2%ei(b*x) - ex*(b*x)*bkx - exx(bxx))/(4*x**2)




output

input

output
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3.8 f EprnteizalEl(bx) dr

Optimal result . . . . . . . . . . . . . 93]
Mathematica [A] (verified) . . . . . . . . ... . L 93
Rubi [A] (verified) . . . . . . . . . . 94
Maple [A] (verified) . . . . . . . . ... 96l
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 96
Sympy [A] (verification not implemented) . . . . . ... ... ... .. ..... 97
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... . ... 97
Giac [A] (verification not implemented) . . . . . ... ... .. L. 9T

Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 63

/ ExplIntegralEi(bx) e’ be’
x4 923  18z2

18

dy = ——— —

b2 ebz

18z
1
+ —b® ExplntegralEi

(bz) —

ExplntegralEi(bx)

3z3

‘—1/9*exp(b*x)/x“3—1/18*b*exp(b*x)/x“2—1/18*b‘2*exp(b*x)/x+1/18*b“3*Ei(b*x)

‘—1/3*Ei(b*x)/x‘3

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.65

dz =

—e%(2 + bz + b22?) + (—6 + b3z3) ExplntegralEi(bz)

ExpIntegralEi(bz)
4

1823

LIntegrate [ExpIntegralEi [b*x]/x"4,x]

\3)

‘ (-(E"(b*x)*(2 + bxx + b™2%x"2)) + (-6 + b~3*x"3)*ExpIntegralEi[b*x])/(18*x

N
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.10,

number of rules _ 0.750, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {7039, 27, 2608, 2608, 2608, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
E .
/ prntegzalEl(bx) i
x
| 7039
1 e ExplIntegralEi(bz)
[ Gt s

l 27

1 / eb® ExplntegralEi(bx)
- Fdx —

3 323
| 2608
i/t / e’ . €7 _ ExplntegralEi(bz)
3\3 23 7T 343 3x3
| 2608
1 lb 1b/eb””dx_ ﬁ B ﬁ _ ExplntegralEi(bz)
3\3 \2 x2 222 3x3 33
| 2608
1/1 /1 e b o eb” ExplntegralEi(bx)
3(3”<zb<”/x‘“‘x> ‘w) ‘3ms> B 325
| 2609
1/1 /1 ) b P e ExplntegralEi(bx)

-

input LInt [ExpIntegralEi [b*x]/x"4,x]

~—
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‘-1/3*Eprntegra1Ei[b*x]/x“3 + (-1/3*E~(b*x) /x"3 + (b*(-1/2*E~(b*x)/x~2 + (

output
Lb* (-(E~ (b*x) /x) + b*ExpIntegralEi[bx*x]))/2))/3)/3

|
J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

Int [((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(g*(e + f*x))) n/(d*(m + 1)))
, x] - Simp[fxgxn*(Log[F]l/(d*(m + 1))) Int[(c + d*x)"(m + 1)*x(b*F~(gx(e +
f*x)))"n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && LtQ[m, -1] && In
tegerQ[2*m] && !TrueQ[$UseGamma]

rule 2608

rule 2600 TRELF)"((g_)*((e_.) + (£_.)*(x)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
‘mp[(F"(g*(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Logl[Fl/d)], x] /; F
LreeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

~

7039\Int[EXPIntegralEiKa_-) + (b_)*(x_)I1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]

:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEil[a + b*x]/(d*(m + 1))), x] - Simp[

b/(dx(m + 1)) Intl(c + d*x)"(m + 1)*(E"(a + b*x)/(a + b*x)), xI, x] /; Fr
‘eeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1]

rule
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Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.79

method result
. b323 explntegral (bx) —b?x2eP” —bx e¥® —6 expIntegral(bx)—2 eb®
parallelrisch 1843
b3 b bz bz explntegraly (—bzx)
arts . explntegral (bx) + (_ 36323 6b222 6bz 6 )
p 323 3
. . s . 3 ( _explntegral(bz)  eb» b= b explntegral, (—bx)
derivativedivides | b < 30343 96323 ~ 180222  18bw 18
3 ( explntegral(bz)  ebr bz bz explntegral (—bx)
default b ( 36343 96323 T 18222 186z 18
1
s 3( _sztytl(@)+in(=b) 1 1 13 | 4  In(@) | In(=b) | 104b3z3+21662z>+432bz+9¢
meljerg b < 3236 527 L 108 Tis T is T 18 T 8645303
input Lint (Ei (b*x) /x"4,x,method=_RETURNVERBOSE) J

output \ 1/18/x73% (b~ 3*x"3*Ei (b*x) -b~2%x~2*exp (b*x) —-b*x*exp (b*x) -6*Ei (b*x) —2*exp (b*
X)) |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.60

/ ExplntegralEi(bx) (6323 — 6)Ei(bx) — (b*x% + bz + 2)e®®
dr =
x? 18 23
input tintegrate (Ei(b*x)/x"4,x, algorithm="fricas") J

-

L1/18*((b‘3*x‘3 - B)*Ei(b*x) - (b™2*x"2 + b*x + 2)*e”(b*x))/x"3

-/

output
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Sympy [A] (verification not implemented)

Time = 0.27 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.84

/ ExplntegralEi(bx) i — B’ Ei(bz) b’  be” €  Ei(bx)
t 18 18z 1822 9z 343

input Lintegrate (Ei(b*x)/x**4,x)

‘b**3*Ei(b*x)/18 - bx*2xexp (b*x)/(18*x) - bxexp(b*x)/(18*x**2) - exp(b*x)/(

output
\9*x**3) - Ei(b*x)/(3*x**3)

Maxima [A] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.33

Ei(bz)
33

/ EprnteizalEl(bx) dz = %b31“(—3, —bz) —

input‘integrate(Ei(b*x)/x”4,x, algorithm="maxima")

outputti/3*b“3*gamma(-3, -b*x) - 1/3*Ei(b*x)/x"3

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 53, normalized size of antiderivative = 0.84

/ ExplntegralEi(bx) b3 23Ei(bz) — b?x2e®® — bge®® — 207 Ei(b)
dz = —
x 18 23 33

input Lintegrate (Ei(b*x)/x"4,x, algorithm="giac")

‘1/18*(b‘3*x‘3*Ei(b*x) - b™2*x"2*e” (b*x) - b*x*e” (b*x) - 2*e”(b*x))/x"3 - 1

output
/3%Ei (b*x) /x73
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 48, normalized size of antiderivative = 0.76

/ ExplIntegralEi(bz) dp — b3 ei(bx) B @ + esz + 2 zf;bz + ’””fs’””
4 18 x3

-

inputtint(ei(b*x)/x‘4,x)

-/

output ‘ (b~3xei(b*x))/18 - (ei(b*x)/3 + exp(b*x)/9 + (b~ 2*x"2xexp(b*x))/18 + (b*x* ‘

exp(b*x))/18)/x~3 J
Reduce [B] (verification not implemented)
Time = 0.21 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.83
/ ExplntegralEi(bx) g — ei(bz) b®z® — 6ei(bx) — eb2x? — eP®br — 2eb*
x? v 1823
input | 10t (B1 (0¥ /x74,) ]

t‘ (el (b*x)*b**3*x**3 — 6%ei(b*x) — e*x*(bkx)*b**2%xx**2 — ex*(b*x)*b*x - 2kexx* \

outpu
| (b*x))/ (184x#%3) |
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3.9 [ z* ExplntegralEi(bz)? dz

Optimal result . . . . . . . . . . . . e 99
Mathematica [A] (verified) . . . . . . . . . ... o 99
Rubi [A] (verified) . . . .. . . ... .. 100
Maple [A] (verified) . . . . . . ... L 103
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 104
Sympy [F] . . o o 104
Maxima [F] . . . . . . 104
Giac [A] (verification not implemented) . . . . . . ... ... ... 105
Mupad [F(-1)] . . . o o 105
Reduce [F] . . . o . o o 105

Optimal result

Integrand size = 10, antiderivative size = 105

5er  e%ey 4¢P ExplntegralEi(br)
2 o2 g
/ z* ExpIntegralEi(bz)* dr = — e TR 353
4e"x ExplntegralEi(bz)  2e**z? ExplntegralEi(bz)
+ —
3b? 3b
4 ExplntegralEi(2bx)

363

1
+ §x3 ExplntegralEi(bx)? +

output ‘ -5/6%exp (2xb*x) /b~3+1/3%exp (2¥b*x) *x/b~2-4/3*exp (b*x) *Ei (b*x) /b~3+4/3*exp ( ‘
\ b*x) *x*Ei (b*x) /b~2-2/3*exp (b*x) *x~2+Ei (b*x) /b+1/3*x~3+Ei (b*x) ~2+4/3*Ei (2*b \
*x)/b"3 |

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 66, normalized size of antiderivative = 0.63

/ x? ExpIntegralEi(bz)? dx

e?%(—5 + 2bx) — 4€°(2 — 2bx + b?x?) ExplntegralEi(bz) + 2bz® ExplntegralEi(bz)? + 8 ExpIntegrall
B 6%

input LIntegrate [x 2xExpIntegralEi [bxx]~2,x] J




output
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‘(E“(Q*b*x)*(—s + 2%b*x) - 4*E~(bxx)*(2 - 2xb*x + b~2%x"2)*ExpIntegralEi [b*
Lx] + 2xb~3*x"3*ExpIntegralEi[bxx] "2 + 8*ExpIntegralEi[2*b*x])/(6*b~3)

|
J

Rubi [A] (verified)

Time = 0.60 (sec) , antiderivative size = 130, normalized size of antiderivative = 1.24,

number of steps used = 11, number of rules used = 11,
used = {7041, 7044, 27, 2607, 2624, 7044, 27, 2624, 7043, 27, 2609}

number of rules _ 1.100, Rules

integrand size

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.

2
3

/ x? ExplntegralEi(bz)? dz

l 7041

1 2
§I3 ExplIntegralEi(bx)? — 3 / " 2?2 ExplntegralEi(bz)dz

l 7044

1
ga:?’ ExplIntegralEi(bxz)? —

dx +

2( 2 [ ez ExplntegralEi(bx)dx e?ry
3 b b

l27

x2eb* ExplntegralEi(bz) >
b

1
§w3 ExplIntegralEi(bz)? —

2( 2 [ €%*x ExplntegralEi(bz)dz [ e*Tzdx
3 b b
| 2607

12e% ExplntegralEi(bz) )
b

%x3 ExplIntegralEi(bz)? —

22 ExplIntegralEi(bx)

( 2 [ €%z ExplntegralEi(bz)dz ze;; = e";l:”dx
b b

l 2624

b

)
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1
§w3 ExplIntegralEi(bz)? —

2( 2 Pz ExpIntegralEi(bz)dx 3 “;bbz - % + x2eb” ExplntegralEi(bx)
3 b b b
| 7044

1
g:c?’ ExplIntegralEi(bx)? —

| e’ ExplntegralEi(bz)dz e2bx xeb® ExplntegralEi(bz) 2bz 2bz
2(_ b — [ Sgdz+ b o — = . 72e" ExplntegralEi(bz)

2
3 b b b

l 27

1 .
§w3 ExplIntegralEi(bz)? —
9 (_ J €¥® ExpIntegralEi(bz)dz [ e**dx + zeb® EprntegralEi(bw)) ze2bT  g2bz
b b b

2 e 22 ExplntegralEi(bx)
3 b b b
| 2624
]. 3 . 2
3% ExplntegralEi(bx)* —
| e’ ExplIntegralEi(bz)dz 2bz bz ExplIntegralEi(bx) z =
2 2(_ b T ) me;; - % N z2eP® ExplntegralEi(bz)
3 b b b
| 7043
]. 3 . 2
3% ExplIntegralEi(bz)* —
af — w—f %dﬂ: _ e2be + zeb® ExplntegralEi(bz) b b
2 b 262 b e — S N z2e"® ExplntegralEi(bz)
3 b b b
| 27
]. 3 . 2
3% ExplntegralEi(bx)* —
e2bx
9| — e EXpInt:gralEi(bz)—fdez _ e%; zeb® ExplntegralEi(bx)
2bxz 2bx
2 b 2b b e + x2e%* ExplntegralEi(bx)

l 2609
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1
§w3 ExplIntegralEi(bz)? —

2b b2 ExpIntegralEi(bx)
2 —¢ + ze — 2bx 2bx .
5 25 b b o — G5z 22 ExplntegralEi(|

3 b b b

&b ExplntegralEi(bz)  ExplntegralEi(2bx) )
b b

-

| —

input LInt [x~2*ExpIntegralEi [b*x] ~2,x]

‘(X‘S*EprntegralEi[b*x]‘2)/3 - (2% (-((-1/4#E~ (2%b*x) /b2 + (E~(2*b*x)*x)/(
\2*b))/b) + (E~ (b*x)*x~2xExpIntegralEi[b*x])/b - (2%(-1/2+E~ (2%b*x) /b2 + (
‘ E~ (b*x)*x*xExpIntegralEi[b*x])/b - ((E~(b*x)*ExpIntegralEi[b*x])/b - ExpInt

output
|
LegralEi [2%b*x]/b) /b)) /b)) /3 J

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 27

rule 2607 Int[((b_)*(F_)~((g_.)*((e_.) + (£_.)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*F~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && GtQ[m, 0] &% IntegerQ[2*
m] && !TrueQ[$UseGammal

N\ J

rule 2609 TRELEF )" ((g_)*((e_.) + (£_.)*(x)))/((c_.) + (d_.)*(x.)), x_Symboll :> Si
mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Log[Fl/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol] :> Simp[(F~v) n/(n*Log[Fl*D[v, x1), x] /;
FreeQ[{F, n}, x] &% LinearQ[v, x]

rule 2624




rule 7041

rule 7043

rule 7044

input

output
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Int [ExpIntegralEi[(b_.)*(x_)]1"2*(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)*(Ex
pIntegralEi[b*x]~2/(m + 1)), x] - Simp[2/(m + 1) Int[x"m*E~(b*x)*ExpInteg
ralEi[b*x], x], x] /; FreeQ[b, x] && IGtQ[m, O]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)]1*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*(E"(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEil[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, 0]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 79, normalized size of antiderivative = 0.75

b3

method result size
) ] o eprntegra;(bz)2 p323 _9 eprntegral(bac) ( b2z§ebz _ 2bz3ebm + 2 e?)ba" > + e2b3m bz _ 5 eibm 4 explnteg;all (—2bz)
derivativedivides = 79
eprntegra;(bw)2b3:v3 ) eprntegral(bz) ( b2x§ebz _ 2bm3ebz + 2 %bz ) + e2b; bxr _ 5 ezbz _4 eprnteg;all (=2bz)
default 79

Lint (x~2*Ei (b*x) ~2,x,method=_RETURNVERBOSE)

‘ 1/b73% (1/3*Ei (b*x) “2+b~3*x"3-2*Ei (b*x) * (1/3*b~2*x~2*exp (b*x) -2/3*b*x*exp (b
‘ *x)+2/3*exp (b*x) ) +1/3*exp (b*x) “2*¥b*x-5/6*exp (b*x) “2-4/3*Ei (1, -2xb*x))
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 62, normalized size of antiderivative = 0.59

/ z? ExpIntegralEi(bz)? d

_ 20%3°Ei(bz)? — 4 (0%2 — 2bx + 2)Ei(bz) e®®) + (2bz — 5)e?%) + 8 Ei(2bz)
B 6 b3

i - i - i =" : 1]
inputtlntegrate(x 2+Ei (b*x)~2,x, algorithm="fricas")

‘1/6*(2*b‘3*x‘3*Ei(b*x)‘2 - 4x(b"2*%x"2 - 2xb*x + 2)*Ei(b*x)*e” (b*x) + (2*b*

output
\x - B)%e~(2%b*x) + 8*Ei (2%b%x))/b~3

Sympy [F]

/ x? ExpIntegralEi(bz)? dz = / 2? Ei® (bz) dz

inputtintegrate(x**2*Ei(b*x)**2,x)

-

OutputLIntegral(x**2*Ei(b*x)**2, x)

-/

Maxima [F]

/ x? ExpIntegralEi(bz)? dz = / 2°Ei(bz)® da

i - i - i =" : 1]
input Llntegrate(x 2%Ei(b*x)~2,x, algorithm="maxima")

OutputLintegrate(x“2*Ei(b*x)‘2, x)
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 67, normalized size of antiderivative = 0.64

202 : (bx)
/IL‘2 EXpIntegralEi(ba:)2 dr = %fl'?)El(bfL‘)z i 2 (b 2 b$'3-|b-32)E1(b33) e

N 2bze®) 4 8Ei(2bx) — 5e(2%2)
6 b3

input Lintegrate (x~2*Ei(b*x)~2,x, algorithm="giac") J

|1/3%x"3%Ei (b*x) "2 - 2/3%(b"2#x"2 - 2#bxx + 2)*Ei(b*x)*e”(b*x)/b™3 + 1/6%x(2

output
‘*b*x*e"(2*b*x) + 8%Ei(2%b*x) - 5xe~(2%b*x))/b~3 \

Mupad [F(-1)]

Timed out.
/ z? ExpIntegralEi(bz)? dz = / z?ei(bz)’ dzx
input Lint (x~2xei(b*x)~2,x%) J
output Lint (x~2%ei (b*x) "2, x) J
Reduce [F]
/ x? ExpIntegralEi(bz)? dz = / ei(bx)? z?d
input Lint (x~2*Ei (b*x)~2,%) J

output Lint(ei (b*x) **2%x**2, X) J
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3.10 [ z ExplntegralEi(bz)? dz

Optimal result . . . . . . . . . . . . e 106
Mathematica [A] (verified) . . . . . . . . . ... o 106!
Rubi [A] (verified) . . . .. . . ... .. 107
Maple [A] (verified) . . . . . . ... L 109
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 109
Sympy [F] . . o o 110
Maxima [F] . . . . . . 1101
Giac [A] (verification not implemented) . . . . . . ... ... ... 110
Mupad [F(-1)] . . . o o 111
Reduce [F] . . . . . 111

Optimal result

Integrand size = 8, antiderivative size = 65

2bx bx . b .
/ x ExpIntegralEi(bzx)? dr = 62b2 48 EXpIntbngralE1(bx) € zEprn’;)egralE1(bx)
L Expl 1Ei(2
+ 5932 ExplIntegralEi(bz)* — Xp nteg;j i(2bz)

| 1/2%exp(2+bxx) /b~ 2+exp (b*x) *Ei (b*x) /b~2-exp (b*x) #x+Ei (b*x) /b+1/2+x 2+Ei (bx

output
%) "2-Ei (2%b*x) /b2

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.77

/ x ExplntegralEi(bzr)? dx

e?® — 2¢%(—1 + bx) ExplntegralEi(bzr) + b%z? ExplntegralEi(bz)? — 2 ExpIntegralEi(2bx)
262

;
Integrate [x*ExpIntegralEi [bxx]~2,x]

N J

input
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‘(E“(Q*b*x) - 2xE~(b*x)* (-1 + b*x)*ExpIntegralEi[b*x] + b~2xx~2*Explntegral

output
LEi [b*x]~2 - 2%ExpIntegralEi[2+b*x])/(2%b"2) J

Rubi [A] (verified)

Time = 0.36 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.08,

number of rules _ 0.875, Rules

number of steps used = 7, number of rules used = 7, integrand size

used = {7041, 7044, 27, 2624, 7043, 27, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ x ExpIntegralEi(bz)? dz
| 7041
%xz ExplIntegralEi(bx)? — / "% ¢ ExplntegralEi(bz)dx
| 7044
[ e’ EprntzgralEi(bm)dx N 62:” dz+ %xQ ExplntegralFi(bz)? — zeb® Eprntl:)egralEi(b:r)

| 27

1 bz ExplInt 1Ei(b
+ ~z? ExpIntegralEi(bx)? — ze” ExplntegralBi(br)

[ €% ExplntegralEi(bx)dx N [ e®edz

b b 2 b
| 2624
[ €% ExplntegralEi(bx)dx N e2be + 19:2 ExplntegralRi(bz)? — zeb” ExpIntegralEi(bz)
b 202 2 b
| 7043
% ExplntegralEi(bz) f e2bz dz 2%z b .
5 o e 1, ., 2 ze’” ExplntegralEi(bz)
5 + o T 5% ExplntegralEi(bx) 5
| 27
& BxplutegralBi(oe) _ [ o de oy be ExpIntegralEi(b
b B b 4 e2b2 + 51'2 ExplIntegralEi(bz)? — R nbegra i(bz)

l'2609
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e2b:1:

zeb® ExpIntegralEi(bz)
20 *

1
+ 59:2 ExplntegralEi(bx)? —
€’ ExplntegralEi(br) _ ExplntegralEi(2bz)
b b

b

inputLInt[x*EprntegralEi[b*x]‘Q,X] J

N

;
" ‘ E~(2+b*x)/(2*¥b~2) - (E~(b*x)*x*ExpIntegralEi[b*x])/b + (x~2*ExpIntegralFEil[ ‘

outpu
‘ bxx]~2)/2 + ((E”(b*x)*ExpIntegralEi[b*x])/b - ExpIntegralEi[2xb*x]/b)/b ‘

Defintions of rubi rules used

rule 27/Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2609 IBELF)~((g_)*((e_.) + (£_.)*(x)))/((c_.) + (d_.)*(x))), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)]1, x] /; F
reeQ[{F, c, 4, e, f, g}, x] && !TrueQ[$UseGamma]

rule 2624 Int[((F_)~(v_))"(n_.), x_Symbol]l :> Simp[(F~v) n/(n*Log[Fl1*D[v, x]), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

rule 7041 Int [ExpIntegralEi[(b_.)*(x_)]1"2*(x_)~(m_.), x_Symbol] :> Simp[x~(m + 1)*(Ex
pIntegralEi[b*x]~2/(m + 1)), x] - Simp[2/(m + 1) Int[x"m*E~(b*x)*ExpInteg
ralEi[b*x], x], x] /; FreeQ[b, x] && IGtQ[m, O]

rule 7043 Int[E"((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQl{a, b, c, d}, x]
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rule 7044 Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)]1*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEil[c + d*x]/b), x] + (-Simp[d/b
Int[x"m*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEi[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, 0]
Maple [A] (verified)
Time = 0.02 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.85
method result size
b2z2 explntegral(bz)2 _9 Int l(b ) bacebgc_ebiz +e2bm+ Int 1 (—2b )
derivativedivides 2 i gﬂ 22 ) 2 TORPRRRATTY | 55
242 explntegral(bz)?2 z % bZ e2bz
default 72" explntegral(bz)” ; gral(bz)” o explntegral(bz) g;’ s —T)+T+explntegrall(—2bx) 55
. Lint (x*Ei (b*x) ~2,x,method=_RETURNVERBOSE)
input

output

input

‘1/b“2*(1/2*b‘2*x‘2*Ei(b*x)“2—2*Ei(b*x)*(1/2*b*x*exp(b*x)—1/2*exp(b*x))+1/2

| *exp (b*x) “2+Ei (1,-2+b*x))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.71

V2?Ei(bx)? — 2 (bx — 1)Ei(bz) e®®) — 2Ei(2bz) + e?t2)

/ x ExpIntegralEi(bxr)? dz =

202

Lintegrate(x*Ei(b*x)“2,x, algorithm="fricas")

output‘ 1/2*% (b~ 2xx"2*Ei (b*x) "2 - 2x(b*x - 1)*Ei(b*x)*e”(b*x) - 2*Ei(2*b*x) + e~ (2%

\b*x))/b‘z

~—
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Sympy [F]

/ x ExpIntegralEi(bx)? do = / z Ei? (bz) dz

input‘integrate(X*Ei(b*x)**2,x)

outputtIntegral(x*Ei(b*x)**Z x) J
Maxima [F]
/ x ExplntegralEi(bz)? dz = / zEi(bz)® dx
inputLintegrate(x*Ei(b*x)"2,x, algorithm="maxima") J
output Lintegrate (x*Ei (b*x) "2, x) J

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.77

bz — 1)Ei(bz) e®  2Ei(2bx) — e(2%)
b? 2 b?

1
/ z ExplntegralEi(bz)? dz = 5 2°Fi(bz)* — (

inputtintegrate(x*Ei(b*x)"2,x, algorithm="giac") J

|1/2%x"2+Ei (b*x)~2 - (b*x - 1)*Ei(b*x)*e”(b*x)/b™2 - 1/2x(2+Ei(2%b*x) - e~ (

output \ 2*%b*x)) /b™2 \
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Mupad [F(-1)]
Timed out.

/ z ExplntegralEi(bz)? dr = / zei(bz)’ dz

input Lint (x*ei(b*x)"2,x)

OutputLint(x*ei(b*x)’?, x)

Reduce [F]

/ x ExpIntegralEi(bx)? do = / ei(bz)® zdzx

input Lint (x*Ei(b*x)~2,x)

output tint (ei(b*x) **2%x,x)




output

input

output
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3.11 [ ExplntegralEi(bz)* dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 6, antiderivative size = 33

B 2¢" ExplntegralEi(bx)

/ ExplntegralEi(bz)? dz = 7

+ z ExpIntegralEi(bz)? +

2 ExpIntegralEi(2bz)

b

-

L—2*exp(b*x)*Ei(b*x)/b+x*Ei(b*x)“2+2*Ei(2*b*x)/b

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

2¢" ExplntegralEi(bx)

/ ExplntegralEi(bz)* dz = — 5

+ z ExpIntegralEi(bz)? +

2 ExplntegralFi(2bx)

b

LIntegrate [ExpIntegralEi [b*x]~2,x]

N

‘ (-2*E~ (b*x) *ExpIntegralEi [b*x]) /b + x*ExpIntegralEi[b*x]~2 + (2*ExpIntegra ‘

\ 1Ei [2%b*x]) /b
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Rubi [A] (verified)

Time = 0.24 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.06,

number of rules _ 0.667, Rules
integrand size

number of steps used = 4, number of rules used = 4,
used = {7040, 7043, 27, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ EprntegralEi(bar:)2 dx
| 7040
T EprntegralEi(b:v)2 -2 / eb® ExplntegralEi(bx)dx
| 7043
2 ExplIntegralEi(bz)? — 2 (ebx EprntzgralEi(bm) B / eZ:C d;v)
| 27
z ExplntegralEi(bz)? — 2 (ebx EprntzgralEi(bx) _ [ e%’;z dw)
| 2609
« ExplntegralEi(bz)? — 2 <ebx EXpIntzgralEi(bx) _ EXpIntegll;alEi(2bx) )
input LInt [ExpIntegralEi [b*x]~2,x] J
output ‘ x*ExpIntegralEi[b*x] 2 - 2%((E~(b*x)*ExpIntegralEi[b*x])/b - ExpIntegralEi ‘

' [2%b*x] /D) |
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Defintions of rubi rules used

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2609

Int [(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol]l :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl1/d)]1, x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

rule 7040

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1"2, x_Symbol] :> Simp[(a + bxx)*(ExpIn
tegralEi[a + b*x]~2/b), x] - Simp[2 Int[E"(a + b*x)*ExpIntegralEi[a + b*x
1, x], x] /; FreeQ[{a, b}, x]

rule 7043 ‘

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEil[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQl{a, b, c, d}, xl

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 33, normalized size of antiderivative = 1.00

method result size

derivativedivides

bz expIntegral(bz)?—2 e?® explIntegral(bz)—2 explntegral, (—2bz) 33
b

default bz expIntegral (bz)?—2 eb® eprntl;)egral(bx)—Q explntegral, (—2bx) 33

input L

int (Ei(b*x)~2,x,method=_RETURNVERBOSE)

-

output t

1/b* (b*x*Ei (b*x) “2-2%exp (b*x) *Ei (b*x) -2*Ei (1, -2*b%*x) )

e—
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.94

bzEi(bz)? — 2 Ei(bx) e®®) + 2 Ei(2bx)
b

/ ExplntegralEi(bx)? dz =

input Lintegrate (Ei(b*x)"2,x, algorithm="fricas")
Outputt(b*x*Ei(b*x)‘Q - 2%Ei(b*x)*e” (b*x) + 2*Ei(2xb*x))/b
Sympy [F]
/ ExplntegralEi(bz)? dr = / Ei? (bx) dz
input Lintegrate (Ei (b*x) **2,x)

output LIntegral (Ei(b*x)**2, x)

Maxima [F]

/ ExplntegralEi(bz)? dr = / Ei(bz)® dz

i i - i =" s "
inputtlntegrate(El(b*x) 2,x, algorithm="maxima")

OutputLintegrate(Ei(b*x)’?, x)
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 32, normalized size of antiderivative = 0.97

2 Ei(bx) e N 2Ei(2bx)

/ ExplntegralEi(bz)? dz = zEi(bz)® — 7 5

input Lintegrate (Ei(b*x)~2,x, algorithm="giac")

output LX*Ei(b*X)? - 2+Ei(b*x)*e” (b*x)/b + 2+Ei(2%b*x)/b

Mupad [F(-1)]
Timed out.

/ ExplntegralEi(bz)? dz = / ei(bz)’ dx

input Lint (ei(b*x)~2,x)

output Lint (ei(b*x)"2, x)

Reduce [F]

/ ExplntegralEi(bz)* dz = / ei(bz)® dx

input Lint (Ei (b*x)~2,%)

output tint (ei (b*x)**2,x)
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3.12 f Eprnteg;alEi(bx)2 dx

Optimal result . . . . . . . . . . . . . . e 117
Mathematica [N/A] . . . . . . . . . 117
Rubi [N/A] . . . 118
Maple [N/A] . . . . . 118
Fricas [N/A] . . . . o o 119
Sympy [N/A] . . o 119
Maxima [N/A] . . . . . 119
Giac [N/A] . . o o 1201
Mupad [N/A] . . .o 120
Reduce [N/A] . . . o 121

Optimal result

Integrand size = 10, antiderivative size = 10

/ ExplntegralEi(bx)?
T

(12
dz — Tnt (EXpIntegralEl(bx) ,z)

T

output Defer (Int) (B (b*1)"2/x, %)

Mathematica [N/A]

Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

(o2 (12
/ Eprnteg;alEl(bx) dr — / EXpIntegarcalEl(bx) i

input LIntegrate [ExpIntegralEi [b*x] ~2/x,x]

output ‘ Integrate [ExpIntegralEi [b*x] ~2/x, x]




input

output

input

output

-
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

ExplntegralEi(bz)?
/ xpneg;a i(bx) dx

l 7299

dz

/ ExplIntegralEi(bx)?
z

-/

LInt [ExpIntegralEi [b*x]~2/x,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ explntegral (bz)? i
T

Lint(Ei(b*x)“2/x,x)

Lint(Ei(b*x)“2/x,x) J
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

. 2 . 2
/ Eprnteg;alEl(ba;) dp — / El(Zx) d

i i - i =n 1 n
inputtlntegrate(El(b*X) 2/x,x, algorithm="fricas")

OutputLintegral(Ei(b*x)*z/x’ x)

Sympy [N/A]
Not integrable

Time = 0.34 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

. 2 2
/ ExplIntegralEi(bz) dp — / Ei“ (bx) i

T T

input integrate (Ei (b¥x)*+2/x,%)

outputLIntegral(Ei(b*x)**2/x, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

. 2 . 2
/ ExplIntegralEi(bz) dp — / Ei(bx) d

T T

i i - i =n : n
inputtlntegrate(El(b*x) 2/x,x, algorithm="maxima")
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OutputLintegrate(Ei(b*x)*Q/x, x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

T

. 2 . 2
/ ExplntegralEi(bx) i /El(zm) d

input Lintegrate (Ei(b*x)~2/x,x, algorithm="giac")

OutputLintegrate(Ei(b*x)*Q/x, x)

Mupad [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

. 2 . 2
/ ExplntegralEi(bz) dp — / ei(bx) i

T T

input Lint (ei(b*x)~2/x,x%)

output Lint (ei(b*x)~2/x, x)
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Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

. 2 . 2
/EprntegralEl(bx) dp — / ei(bx) d

T T

input Lint (Ei(b*x)~2/%,%)

output Lint (ei(b*x)**2/x,x)




output

inpu

outpu
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3.13 f ExplIntegralEi(bz)?

x2

Optimal result . . . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . . .
Rubi [N/A] .« . o
Maple [N/A] . . . . .
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ......
Sympy [N/A] . . o
Maxima [N/A] . . . . .
Giac [N/A] . . o o
Mupad [N/A] . . .o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 10, antiderivative size = 10

/ ExplntegralEi(bx)?
72

dx

dr = Int(

ExplntegralEi(bx)?

x2

)

LDefer(Int)(Ei(b*x)“2/x”2,x)

Mathematica [N/A]

Not integrable

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

x2

ExplntegralEi(bx)?
/ xpIntegralEi(bx) dr —

/

ExplntegralEi(bx)?

x2

dz

-

Integrate [ExpIntegralEi[bxx] ~2/x"2,x]

t

N\

t‘Integrate[EprntegralEi[b*x]"2/x"2, x]




input

output L

input

output

-

LInt [ExpIntegralEi [b*x]~2/x72,x]
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

ExplntegralEi(bz)?
/ xpneirQa i(bx) dx

l 7299

dz

/ ExplIntegralEi(bx)?
2

-/

$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

explntegral (bz)? p
x? v

Lint(Ei(b*x)‘2/x‘2,x)

Lint(Ei(b*x)“2/x‘2,x) J
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Fricas [C] (verification not implemented)
Result contains higher order function than in optimal. Order 4 vs. order 1.

Time = 0.09 (sec) , antiderivative size = 43, normalized size of antiderivative = 4.30

X

/ ExplntegralEi(bx)? dp — 4brEi(2bz) 4 (bx — 1)Ei(bx)® — 2 Ei(bz) e®®) — 2 (202)
z? B x

input‘integrate(Ei(b*X)“Q/X”2,X, algorithm="fricas")

t} (4xb*x#Ei (24bxx) + (bkx - 1)*Ei(b*x)"2 - 2+Ei(b*x)*e”(b*x) - 2%e™(2%b*x))/

outpu
= |

Sympy [N/A]
Not integrable

Time = 0.29 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

. 2 2
/ EXpIntegrQalEl(bx) dp — / Ei (2bz) i
x x

inputLintegrate(Ei(b*x)**2/x**2,x) J

OutputLIntegral(Ei(b*x)**2/x**2, x) J

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

2 2

. 2 . 2
/EprntegralEl(bx) dp — / Ei(bx) d

inputLintegrate(Ei(b*X)AQ/X‘Q,X, algorithm="maxima") J
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OutputLintegrate(Ei(b*x)“Q/X~2’ x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

2 2

. 2 . 2
/ ExplntegralEi(bx) i /El(bm) d

inputLintegrate(Ei(b*x)‘z/x*g,x, algorithm="giac")

OutputLintegrate(Ei(b*x)"2/x"2, x)

Mupad [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

. 2 . 2
/ ExplntegralEi(bz) dp — / ei(bx) i

2 2

input 18t (e1(¥x)"2/x72,%)

output Lint (ei(b*x)~2/x~2, x)
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Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

T2 2

. 2 . 2
/EprntegralEl(bx) dp — / ei(bx) d

input Lint (Ei(b*x)"2/x"2,%)

output Lint (el (b*x) **2/x**2,x)
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3.14 [ (dz)™ ExpIntegralEi(bz)° dz

Optimal result . . . . . . . . . . . . e 127
Mathematica [N/A] . . . . . . . . 127l
Rubi [N/A] . . . o oo 28
Maple [N/A] . . . . 128
Fricas [N/A] . . . o o 129
Sympy [N/A] . . e 129
Maxima [N/A] . . . . . 1291
Giac [N/A] . . . e 130
Mupad [N/A] . . . o 130
Reduce [N/A] . . . o o 131

Optimal result

Integrand size = 12, antiderivative size = 12

/ (dz)™ ExplntegralEi(bz)® dz = ™ (dz)™Int (z™ ExplntegralEi(bz)*, )

-

output L(d*X) “m*Defer (Int) (x"m*Ei (b*x) ~3,x)/(x"m)

-/

Mathematica [N/A]

Not integrable

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)® dz = / (dz)™ ExplIntegralEi(bz)? dz

input ‘\Integl‘ate [(d*x) “m*ExpIntegralEi [b*x]~3,x]

output Integrate[(dx) mExpIntegralki[b¥x]"3, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplIntegralEi(bz)3(dz)™ dx
| 7299

/ ExplIntegralEi(bz)?(dz)™dx

‘ Int [(d*x) “m*ExpIntegralEi [b*x] ~3,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (dz)™ explIntegral (bz)® dz

Lint ((d*x) "m*Ei (b*x) ~3,x)

e

tint((d*x)‘m*Ei(b*x)‘3,x)

~—
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Fricas [N/A]

Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)® dz = / (dz)™ Ei(bz)® dx

-

input t

integrate ((d*x) “m*Ei(b*x)~3,x, algorithm="fricas")

e—

output L

integral ((d*x) "m*Ei (b*x)~3, x)

Sympy [N/A]
Not integrable

Time = 2.86 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

input L

/ (dz)™ ExplntegralEi(bz)® dz = / (dz)™ Ei® (bx) dz

integrate ((d*x) **m*Ei (b*x) **3,x)

output L

Integral ((d*x)**m*Ei (b*x) **3, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)> dx = / (dz)™ Ei(bz)® dx

input L

integrate ((d*x) “m*Ei(b*x)~3,x, algorithm="maxima")
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OutputLintegrate((d*X)“m*Ei(b*x)~3, )

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)> dx = / (dz)™ Ei(bz)® dx

inputtintegrate((d*x)‘m*Ei(b*X)*3,x, algorithm="giac")

output Lintegrate ((d*x) “m*Ei (b*x) "3, x)

Mupad [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)> dz = / ei(bz)® (dz)™ dx

input Lint (ei(b*x)~3*(d*x) "m,x)

output Lint (ei(b*x) 3% (d*x) m, x)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/ (dz)™ ExplntegralEi(bz)? dz = d™ ( / z™ei(bx)® dx)

input Lint ((d*x) “m*Ei (b*x) ~3,x)

Output Ld**m*int (X**m*ei (b*X) *%3 s X)
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3.15 [ (dz)™ ExpIntegralEi(bz)? dz

Optimal result . . . . . . . . . . . . e 132
Mathematica [N/A] . . . . . . . . 1321
Rubi [N/A] . . . o oo 33
Maple [N/A] . . . . 133
Fricas [N/A] . . . o o 134
Sympy [N/A] . . e 134
Maxima [N/A] . . . . . 134
Giac [N/A] . . . e 135
Mupad [N/A] . . . o 135
Reduce [N/A] . . . o o 136

Optimal result

Integrand size = 12, antiderivative size = 12

/ (dz)™ ExplntegralEi(bz)* dz = ™ (dz)™Int (z™ ExplntegralEi(bz)?, z)

-

output L(d*X) “m*Defer (Int) (x"m*Ei (b*x) ~2,x)/(x"m)

-/

Mathematica [N/A]

Not integrable

Time = 0.13 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)? dz = / (dz)™ ExplIntegralEi(bz)? dz

input ‘\Integl‘ate [(d*x) “m*ExpIntegralEi [b*x]~2,x]

output Integrate[(dx) mExpIntegralki[b¥x]"2, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplIntegralEi(bx)?(dz)™ dx
| 7299

/ ExplIntegralEi(bz)?(dz)™dx

‘ Int [(d*x) “m*ExpIntegralEi [b*x] ~2,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (dz)™ explIntegral (bz)® dz

Lint ((d*x) "m*Ei (b*x) ~2,x)

e

tint((d*x)‘m*Ei(b*x)‘Q,x)

~—
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Fricas [N/A]

Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)? dz = / (dz)™ Ei(bz)® dx

-

input t

integrate ((d*x) “m*Ei(b*x) "2,x, algorithm="fricas")

e—

output L

integral ((d*x) "m*Ei (b*x)~2, x)

Sympy [N/A]
Not integrable

Time = 1.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

input L

/ (dz)™ ExplntegralEi(bz)* dz = / (dz)™ Ei? (bx) dz

integrate ((d*x) **m*Ei (b*x) **2,x)

output L

Integral ((d*x)**m*Ei (b*x) **2, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)? dx = / (dz)™ Ei(bz)? dx

input L

integrate ((d*x) “m*Ei(b*x)~2,x, algorithm="maxima")
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OutputLintegrate((d*X)“m*Ei(b*x)~2, )

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)? dz = / (dz)™ Ei(bz)? dx

inputtintegrate((d*x)‘m*Ei(b*X)*g,x, algorithm="giac")

output Lintegrate ((d*x) “m*Ei (b*x) "2, x)

Mupad [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ ExplntegralEi(bz)? dz = / ei(bz)’ (dz)" dzx

input Lint (ei (b*x)~2%(d*x) "m,x)

output Lint (ei(b*x) 2% (d*x) m, x)
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

/ (dz)™ ExplntegralEi(bz)? dz = d™ ( / z™ei(bx)’ dx)

input Lint ((d*x) “m*Ei (b*x) ~2,x)

Olltput Ld**m*lnt (X**m*el (b*X) *%Q , X)




output

input
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3.16 [ (dz)™ ExplIntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [C] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [C] (verification not implemented) . . . ... ... ... . ... .....
Maxima [F] . . . . . .
Giac [F] . . . . o o
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 10, antiderivative size = 52

(dz)*™ ExplntegralEi(bx)
d(1+m)
(—=bz)"™(dz)™T'(1 + m, —bx)
b(1+m)

/ (dz)™ ExplntegralEi(bz) dz =

133]
139

1401

142

142
142

-

L(d*x) ~(1+m) *Ei (b*x) /d/ (1+m) - (d*x) "m*GAMMA (1+m, -b*x) /b/ (1+m) / ((-b*x) “m)

-/

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 40, normalized size of antiderivative = 0.77

/ (dz)™ ExplntegralEi(bx) dz

(dz)™ (bx ExplntegralEi(bx) — (—bz) ™I'(1 + m, —bx))
b(1+m)

LIntegrate [ (d*x) “m*ExpIntegralkEi [b*x] ,x]
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¢ ‘ ((d*x) “m* (b*x*ExpIntegralEi [b*x] - Gammal[l + m, -(b*x)]/(-(b*x)) m))/(b*x(1 ‘

outpu
e |
Rubi [A] (verified)
Time = 0.21 (sec) , antiderivative size = 52, normalized size of antiderivative = 1.00,
number of steps used = 4, number of rules used = 4, Bumber of rules _ 4 45 Ryjes
integrand size
used = {7039, 8, 27, 2612}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ ExplntegralEi(bx)(dz)™ dx
| 7039
ExplIntegralEi(bz) (dx)™ b i ebz%#dm
d(m+1) d(m+1)
| 8
ExplIntegralEi(bx)(dz)™ ! b S ebz(#daz
dim+1) m+1
| 27
ExplntegralEi(bz) (dz)™ " | e’ (dz)™dx
d(m+1) m+1
| 2612
ExplIntegralEi(bx)(dx)™*! _ (=bz)"™(dz)™T'(m + 1, —bx)
d(m+1) b(m+1)
input LInt [(d*x) “m*ExpIntegralEi [b*x] ,x] J
Output‘ ((d%x)~(1 + m)*ExpIntegralEi[b*x])/(d*(1 + m)) - ((d*x) m*Gamma[l + m, -(b |

401/ (b (L + m)* (- (bxx)) "m) |




rule 8
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Defintions of rubi rules used

Int[(u_.)*(x_)"(m_.)*((a_.)*(x_))"(p_), x_Symbol]l :> Simp[1/a”m  Int[ux(a*
x)"(m + p), x], x] /; FreeQ[{a, m, p}, x] && IntegerQ[m]

rule 27

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2612

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))*((c_.) + (d_.)*(x_)) " (m_), x_Symbol]
:> Simp[(-F~(g*(e - c*(£/d))))*((c + d*x) FracPart [m]/(d*((-£)*g*(Log[F]l/d)
)~ (IntPart[m] + 1)*((-f)*g*Logl[Fl*((c + d*x)/d)) FracPart[m]))*Gamma[m + 1,
((-£)*g*(Log[F1/d))*(c + d*x)], x] /; FreeQ[{F, c, 4, e, £, g, m}, x] &&

! IntegerQ[m]

rule 7039

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_))"(m_.), x_Symboll

:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simpl[
b/(d*(m + 1)) Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1]

Maple [C] (verified)
Result contains higher order function than in optimal. Order 5 vs. order 4.

Time = 0.05 (sec) , antiderivative size = 95, normalized size of antiderivative = 1.83

method | result

1+m 24+m

(dx)m$_m(—b)_m (_ (\Il(1+m)+'y—\Il(2+m)+1n(z)+1n(—b))ml+m(—b)1+m + m2+mb2(—b)m hypergeom(([1,1,24+m],[2,2,m+3],bz)

)

meijerg 5

e

input t

int ((d*x) "m*Ei (b*x) ,x,method=_RETURNVERBOSE)

~—

output ‘

N

(d*x) “m*x~ (-m) * (-b) ~ (-m) /b* (- (Psi (1+m) +gamma-Psi (2+m) +1n(x) +1n(-b) ) *x~ (1+m
)*(=b)~ (1+m) / (1+m) +1/ (2+m) *x~ (2+m) *b~2* (-b) “m*hypergeom([1,1,2+m], [2,2,m+3
1,bxx))
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.79

(dz)™ bzEi(bz) — W
—d

bm+b

/ (dz)™ ExplntegralEi(bz) dz =

p
integrate ((d*x) “m*Ei (b*x) ,x, algorithm="fricas")

| —

input L

output | ((4*0) “mxbHrEL (b4x) - gamma(nm + 1, ~b¥x)/(-b/d)"m)/(b*m + b) J

Sympy [C] (verification not implemented)
Result contains complex when optimal does not.

Time = 28.99 (sec) , antiderivative size = 5938, normalized size of antiderivative =
114.19

/ (dz)™ ExplntegralEi(bx) dxz = Too large to display

-/

p
input Llntegrate ((d*x) **m*Ei (b*x) ,x)




output

input

output
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Piecewise (((—1)**m*b**2¥bkxmkb¥* (-m - 1)*d**mrm*x**2xx**m*log(b*x)*gamma (m

+ 2)xgamma(m + 3)/((-1)**m¥bkm**2xx*xgamma(m + 2)*gamma(m + 3) + 2%(-1)**m
xb*m*x*gamma(m + 2)*gamma(m + 3) + (-1)**m*b*x*gamma(m + 2)*gamma(m + 3))
+ (-1)**m*EulerGamma*b**2*b**m*b** (-m — 1)*d**m*m*kx**2*kx**mkgamma(m + 2)*g
amma(m + 3)/((-1)**m*b*m**2*x*gamma(m + 2)*gamma(m + 3) + 2% (-1)**m*b*m*x*
gamma(m + 2)*gamma(m + 3) + (-1)**m*b*x*gamma(m + 2)*gamma(m + 3)) + (-1)=*
*m* T¥pi*b**2%bk*m¥bk* (-m — 1)*kd**km*m*x**2*x**m*gamma(m + 2)*gamma(m + 3)/(
(1) **m¥b*m**2*x*gamma (m + 2)*gamma(m + 3) + 2%(-1)**m*b*m*x*gamma(m + 2)*
gamma(m + 3) + (-1)**m¥xb*x*gamma(m + 2)*gamma(m + 3)) + (—1)%*kmkb**2¥kb**m*
bxx(-m - 1)*ds*km*x**2xx**m*log(b*x)*gamma(m + 2)*gamma(m + 3)/((-1)**m*b*m
xk2xxxgamma(m + 2)*gamma(m + 3) + 2% (-1)**m¥bkmrx*gamma(m + 2)*gamma(m + 3
) + (-1)**m¥b*x*gamma(m + 2)*gamma(m + 3)) - (-1)**mxb**2*b**m¥xb**(-m - 1)
*dkkmkx*x 2k xkkmrgamma (m + 2)*gamma(m + 3)/((-1)**m¥b*m**2*x*gamma(m + 2)*g
amma(m + 3) + 2%(-1)**m¥b*m*x*gamma(m + 2)*gamma(m + 3) + (-1)**m*b*x*gamm
a(m + 2)*gamma(m + 3)) + (-1)**m*EulerGammaxb**2*b**m¥b**(-m — 1)*d**kmkx**
2xxxxm*xgamma (m + 2)*gamma(m + 3)/((-1)**m¥b*m**2*x*gamma(m + 2)*gamma(m +
3) + 2x(-1)**m¥b*m*x*gamma(m + 2)*gamma(m + 3) + (-1)**m¥b*x*gamma(m + 2)*
gamma(m + 3)) + (-1)**mkxI*pikb**2xbk*kmkb**(—m — 1)*d*k*m*x*k*2*x**m*gamma (m
+ 2)*gamma(m + 3)/((-1)**m*bkm**2*x*gamma(m + 2)*gamma(m + 3) + 2% (-1)%*km*

bxm*x*gamma(m + 2)*gamma(m + 3) + (-1)**mxb*x*gamma(m + 2)*gamma(m + 3)...

Maxima [F]

/ (dz)™ ExplntegralEi(bz) dz = / (dz)™ Ei(bx) dz

integrate ((d*x) “m*Ei (b*x) ,x, algorithm="maxima")

N

-

Lintegrate((d*x)“m*Ei(b*x), x)

| —
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Giac [F]

/ (dz)™ ExplntegralEi(bz) dz = / (dz)™ Ei(bz) dx

input‘integrate((d*x)“m*Ei(b*X),x, algorithm="giac")

outputtintegrate((d*x)"m*Ei(b*x), x)

Mupad [F(-1)]
Timed out.

/ (dz)™ ExplntegralEi(bz) dz = / ei(br) (dz)™ dz

input Lint (ei(b*x)*(d*x) "m,x)

output Lint (ei(b*x)*(d*x) "m, x)

Reduce [F]

/ (dz)™ ExplntegralEi(bx) dz

B dm (wmei(bw) br + z™ei(bx) m — z™e™® — (f WeTi(bx)dx> m2>

b(m+1)

input tint ((d*x) “m*Ei (b*x) ,x)

output ‘ (d**m* (x**m*ei (b*x) *b*x + x**m*ei(b*x)*m — xkkmkex*(b*x) - int ((x**m*ei(b*

\x))/x,x)*m**zn/(b*(m + 1))




output

input

output
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(dz)™
3.17 ExplntegralEi(bz) dx

Optimal result . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . e
Fricas [N/A] . . . . o o e
Sympy [N/A] . . e
Maxima [N/A] . . . . .
Giac [N/A] . . .
Mupad [N/A] . . . o
Reduce [N/A] . . . o

Optimal result

Integrand size = 12, antiderivative size = 12

/ (dz)™
ExplntegralEi(bz)

dx = x_m(dx)mlnt(

m

x

ExplntegralEi(bz)’ v

)

143

149
149
145
146
146

L(d*x) ~m*Defer (Int) (x"m/Ei (b*x) ,x)/(x"m)

Mathematica [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)™

(dz)™ _ /
/ ExplntegralEi(bx) de =

ExplntegralEi(bz)

dz

LIntegrate [(d*x) “m/ExpIntegralEi [b*x] ,x]

‘ Integrate[(d*x) “m/ExpIntegralEi[b*x], x]




input

output L

input

output
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (dz)™
. x
ExplntegralEi(bx)
| 7299

/ (dz)™ e
ExplntegralEi(bx)

LInt [(d*x) “m/ExpIntegralEi [b*x] ,x]

$Aborted

Maple [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

J —
explntegral (bz)

int ((d*x) “m/Ei (b*x) ,x)

Lint((d*x)‘m/Ei(b*x),x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)™ [ (d=)™
/ ExplntegralEi(bz) do = / Ei (bx) d

inputLintegrate((d*x)‘m/Ei(b*x),x, algorithm="fricas")

output Lintegral( (d*x) “m/Ei(b*x), x)

Sympy [N/A]
Not integrable

Time = 0.35 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

/ ExplntegralEi(bx) do = / Ei (bz) &

input Lintegrate ((d*x)**m/Ei (b*x) ,x)

output LIntegral( (d*x) **m/Ei (b*x) , x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ ExplntegralEi(bx) do = / Ei (bx) &

input Lintegrate ((d*x) “m/Ei (b*x) ,x, algorithm="maxima")
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OutputLintegrate((d*x)*m/Ei(b*x)’ %)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ ExplntegralEi(bx) do = / Ei (bx) &

inputtintegrate((d*x)‘m/Ei(b*x),x, algorithm="giac")

output Lintegrate ((d*x) “m/Ei(b*x), x)

Mupad [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)™ _ [ @z)”
/ ExpIntegralEi(bz) dz ei(bzx) dz

input | 10t ((@¥3) "m/ei (bxx) , %)

output tint ((d*x)“m/ei (b*x), x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33
(dz)™ / x™
de =d™| [ ——d
/ ExplntegralEi(bz) v et (br) v

int ((d*x) “m/Ei (b*x) ,x)

input L

output Ld**m*int (x**m/ei (b¥x) ,x)
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3.18 @2)" i

ExplntegralEi(bz)
Optimal result . . . . . . . . .. . .. 148}
Mathematica [N/A] . . . . . . .. 148
Rubi [N/A] © o o oo e 129
Maple [N/A] . . . 149
Fricas [N/A] . . . . . o 150
Sympy [N/A] . . 150
Maxima [N/A] . . . . o 150
Giac [N/A] .« . o 1511
Mupad [N/A] . . . . 1511
Reduce [N/A] . . . . o 152

Optimal result

Integrand size = 12, antiderivative size = 12

(dzx)™ _ x™
— m mI
/ ExplIntegralEi(bx)? dz = 27" (dz)" Int ExplntegralEi(bz)?’ v

output L (d*x) “m*Defer (Int) (x"m/Ei (b*x) ~2,x) /(x"m) J
Mathematica [N/A]
Not integrable
Time = 0.38 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (da)" / G
ExplIntegralEi(bx)? ExplntegralEi(bx)?
input LIntegrate [(d*x) “m/ExpIntegralEi [bxx]~2,x] J
output [Integrate [(d*x) “m/ExpIntegralEi [b*x] "2, x] \J




input

output
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (dz)™
z
ExpIntegralEi(bz)?
| 7299

/ (dz)™ e
ExpIntegralEi(bz)?

LInt [(d*x) “m/ExpIntegralEi [b*x]~2,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (dz)™
sdx
explntegral (bz)

nput | 106 ((@%3) "0/Ei (b¥x) "2, %)

output L

int ((d*x) "m/Ei (b*x) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(da)" [
/ ExplIntegralEi(bz)? do = Ei (bz)? dz

inputLintegrate((d*x)“m/Ei(b*x)“Q,x, algorithm="fricas")

OutputLintegral((d*x)"m/Ei(b*x)"2, x)

Sympy [N/A]
Not integrable

Time = 0.62 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

(dz)™ _ [ (dx)"
/ ExplIntegralEi(bz)? do = Ei® (bx) de

inputLintegrate((d*x)**m/Ei(b*x)**2’X)

output tIntegral( (d*x) **m/Ei (b*x) **2, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)™ (dz)™
dx = d
/ ExplIntegralEi(bz)? v Ei (bz)? !

inputLintegrate((d*x)“m/Ei(b*x)“2,x, algorithm="maxima")
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output Lintegrate ((d*x) “m/Ei (b*x) "2, x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)™ _ [ ()"
/ ExplntegralEi(bzx)? do = Ei (bz)? d

inputtintegrate((d*x)‘m/Ei(b*X)*g,x’ algorithm="giac")

Ou_tputLin’cegrate((d*x)"m/Ei(b*x)"Q, x)

Mupad [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

(dz)" [ o
/ ExplntegralEi(bz)? do = ei (bx)? d

input Lint ((d*x) “m/ei (b*x)~2,x)

output Lint ((d*x) “m/ei(b*x) "2, x)
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Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.33

(dz)™ _ / z"
/ ExplIntegralEi(bz)? do = d" el (bz)2d$

input Lint ((d*x) "m/Ei (b*x)~2,x)

output Ld**m*lnt (x**m/ei (bxx) **2,x)
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3.19 [ z° ExplntegralEi(a + bx) dz

Optimal result . . . . . . . . . . . . e 153
Mathematica [A] (verified) . . . . . . . . . ... o 154
Rubi [A] (verified) . . . .. . . ... .. 154
Maple [A] (verified) . . . . . . ... L 155
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 156
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 157
Maxima [F] . . . . . . 157l
Giac [A] (verification not implemented) . . . . . . ... ... ... 158
Mupad [F(-1)] . . . o o 158
Reduce [F] . . . o . o o 158

Optimal result

Integrand size = 10, antiderivative size = 194

a+bx a+bx 2 ,a+bx 3 ,a+bx a+bx
/x?’ ExplntegralEi(a + bz) dz = 3621)4 + ae2b4 +2 Zb4 +2 Zb4 — 36%3 ?
aea-i—bxx a2 ea—i—bacw 3ea+bxx2 aea-i—bmmZ
T BT BT
e?th233 gt ExplntegralEi(a + bz)
T 4b
+ ix‘i ExplIntegralEi(a + bx)

output ‘ 3/2*exp (b*x+a) /b~4+1/2%axexp (b*x+a) /b~4+1/4*a~2%exp (b*x+a) /b~4+1/4%a~3*exp ‘
(b*x+a) /b~4-3/2%exp (bkx+a) ¥x/b~3-1/2xa*exp (b¥x+a) xx/b~3-1/4*a~2xexp(b*x+a) |
 *¥x/b"3+3/4xexp (bxx+a) ¥x~2/b"2+1/4*axexp (b¥x+a) ¥x~2/b"2-1/4%exp (b¥x+a) ¥x~3/ |
| b-1/4%a~4+Ei (b¥x+a) /b~4+1/4*x"4Ei (b*x+a) |
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Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 86, normalized size of antiderivative = 0.44

/ 23 ExpIntegralEi(a + bz) dz

e (6 + a® — 6bx + 3b%x? — b3z% + a®(1 — bx) + a(2 — 2bz + b%z?)) + (—a* + b*z?) ExplntegralEi(a -
4p

-

LIntegrate [x~3*ExpIntegralEi[a + b*x],x]

-/

input

‘ (E~(a + b*x)*(6 + a~3 - 6%b*x + 3*%b~2%x"2 - b~3*x~3 + a~2%(1 - b*x) + ax(2 \
- 2xb*x + b"2*x72)) + (-a”4 + b"4xx"4)*ExpIntegralEil[a + b*x])/(4*b~4)

N\ J

output

Rubi [A] (verified)

Time = 0.45 (sec) , antiderivative size = 175, normalized size of antiderivative = 0.90,

number of rules _ 300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {7039, 2629, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 3 ExplntegralEi(a + bx) dz

l 7039

1 1 eatbz 4
1:34 ExplntegralEi(a + bx) — 4b/ - dz

l 2629

1
Zx‘l ExplIntegralEi(a + bx) —

1 / < ea+bxa4 ea+bxa3 ea—‘,—bxxaQ ea-l—bxmza N ea+bx$3 > p
XL

~b — —
4 ¥4 (a + bx) b b b2 b

l 2009
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1
1w4 ExpIntegralEi(a + bx) —

1 b<a4 ExplntegralEi(a + bxr) a%e®™®®  a2eat0  g2peath  2gettbr  geaths + 2azxettb® N 6xette

b5 b5 bd bt bd b5 bt bt

inputLInt[x"S*EprntegralEi[a + b*x],x] J

e N

(x~4xExpIntegralEi[a + b*x])/4 - (b*((-6*E~(a + b*x))/b"5 - (2*a*E~(a + b*
x))/b”5 - (a”2+E~(a + b*x))/b"5 - (a"3*E~(a + b*x))/b75 + (6*%E~(a + b*x)*x
)/b"4 + (2xaxE~(a + b*x)*x)/b"4 + (a"2*E~(a + b*x)*x)/b"4 - (3*E~(a + b*x)
*x~2) /b3 - (a*E~(a + b*x)*x72) /b3 + (E"(a + b*x)*x~3)/b"2 + (a"4*ExplInte
gralEi[a + b*x])/b~5))/4

output

Defintions of rubi rules used

rule 2009(Int [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

e N

Int[(F_)~(v_)*(Px_)*((d_.) + (e_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandInte
‘grand[F"v, Pxx(d + exx)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[ ‘
LPx, x] && LinearQ[v, x] && !'TrueQ[$UseGamma] J

rule 2629

rule 7039‘Int[EprntegralEi[(a_.) + (b_)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] ‘
‘ :> Simp[(c + d*x)~(m + 1)*(ExpIntegralEil[a + b*x]/(d*(m + 1))), x] - Simpl[ ‘
b/(d*(m + 1))  Intl(c + d*x)~(m + 1)*(E™(a + b*xx)/(a + b*x)), x], x] /; Fr
‘eeQ[{a, b, c, d, m}, x] && NeQ[m, -1] ‘

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 144, normalized size of antiderivative = 0.74
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method result
parallelrisch explntegral(br+a)b*z? —eb®+2x3p3 4-eP2 5202043 P2t o022b2 —2 eb““'“a%—ele)iltegra,l(bw—f-a) a*—2z eb*tegbte?
ex ntegra. T1+a 4E4 ebz+a T a 3 T+a 2ebz+a 1T a ebm+a b + 4 X T - - 3
tesivativedivid plntegral(be ta)rat (vzta)® | 3(oz+a) /G acbete | ol expintegraly (~bo—a) | botag3_]
erivativedivides o
eprntegralibx+a)b4m4 _ cbeta (fz-ﬁ-a)3 + 3(bz+afebw+a _ 3(bz+a2)ebz+a + 36b2w+a + at eprnteg;all(—bz—a) +ebz+‘1a3—§
default 5
o4 expIntegral(bz+a) eb?+a(br4a)3 —3(br+a)2eP® T4 46(bz+a)eb®+a—6 b2 +a gt explntegral; (—bz—a)—4 e?®
parts 1 — pTES
inputLint(x‘B*Ei(b*x+a),x,method=_RETURNVERBOSE) J

‘ 1/4* (Ei (b*x+a) *b~4*x"4-exp (bxx+a) *x~3*b~3+exp (b*x+a) ¥x~2xb~2*a+3*exp (b*x+a \

output
‘)*x“2*b”2-x*exp(b*x+a)*a“2*b-Ei(b*x+a)*a“4-2*x*exp(b*x+a)*a*b+exp(b*x+a)*a
"3-6*x*b*exp(b*x+a)+exp(b*x+a)*a“2+2*a*exp(b*x+a)+6*exp(b*x+a))/b‘4
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 78, normalized size of antiderivative = 0.40
/ 23 ExplntegralEi(a + bx) dz
_ (b*z* — a")Ei(bz + a) — (b*z® — (a + 3)b%z% — a® + (a® + 2a + 6)bz — a® — 2a — 6)eb= )
B 4t
input Lintegrate (x~3%Ei(b*x+a) ,x, algorithm="fricas") J
output 1/4*((D™44x74 = 2 )*Ei(bkx + a) - (673#x73 = (a + 3)*D"24x"2 - 273 + (a2

L + 2%a + 6)*b*x - a~2 - 2%a - 6)*e~(b*x + a))/b~4 J
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Sympy [A] (verification not implemented)

Time = 12.39 (sec) , antiderivative size = 204, normalized size of antiderivative = 1.05

/ 23 ExpIntegralEi(a + bz) dz

_a4 Ei (a-l—bw) + a36aeba: _ aeraebz + a2eaebm + ax2eaebx _ azeaeba: + aeaebz + z4 Ei (a—l—bx) _ x3eaebz 3x2eaebm i
_ 4b* 4bt 4b3 4pt 4b2 2b3 2b4 4 4b 4b2
z* Ei(a)
4
. i *%k3xE ] *kx+
1nputtlntegrate(x 3*Ei (b*x+a) ,x) J

Piecewise((-a**4*Ei(a + bxx)/(4xbx*4) + ax*3*exp(a)*exp(b*x)/(4xb**4) - ax
*x2+x*exp (a) xexp (bxx) / (4*b**3) + axx2kexp(a)*exp(b*x)/(4*bx*4) + a*x**2xexp
(a)*xexp (b*x)/ (4%b*x2) - a*x*exp(a)*exp(b*x)/(2%b*x3) + a*exp(a)*exp(b*x)/(
2xbx*4) + x*x*4*xEi(a + b*x)/4 - x**3*exp(a)*exp(b*x)/(4%b) + 3*x**2xexp(a)*
exp(b*x) / (4xb**2) - 3xx*exp(a)*exp(b*x)/(2*b**3) + 3*exp(a)*exp(b*x)/(2xb*
x4), Ne(b, 0)), (x**4xEi(a)/4, True))

output

Maxima [F]

/ z° ExpIntegralEi(a + br) dz = / 2°Ei(bz + a) dz

/

Lintegrate(x“S*Ei(b*x+a),x, algorithm="maxima")

~—

input

Ou_,GputLin’cegrate(x"S*Ei(b*x + a), x) J
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Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 142, normalized size of antiderivative = 0.73

1
/ z° ExpIntegralEi(a + br) dz = 1 T*Ei(br + a)

b3x3e(bx+a) _ ab2$26(bx+a) 4 a,4Ei(bx + a) 4 a2b$€(bz+a) _ 3b2$26(bx+a) _ a36(bw+a) + 2abxe(bx+a) —
4 b4

input ‘ integrate (x~3*Ei(b*x+a) ,x, algorithm="giac") ‘

output} 1/4%x~4%Ei(bkx + a) - 1/4%(b~3%x"3ke”(b*x + a) - a*b 2xx"2%e~(b*x + a) + a |
\*4*Ei(b*x + a) + a~2%bkxke~(b¥x + a) - 3%b~2xx~2%e~(b*x + a) - a~3%e” (b*x \
'+ a) + 2xaxbxxke”(bxx + a) - a”2%e~(b¥x + a) + B¥bxxxe”(b¥x + a) - 2xaxe (

‘b*x + a) - 6%xe~(b*x + a))/b™4

Mupad [F(-1)]

Timed out.
/ 2% ExpIntegralEi(a + br) dz = / iei(a+bx) do
input 126 ("3*ei(a + bx),x) )
output Lint(x‘s*ei(a + b*x), x) J
Reduce [F|
/ z° ExpIntegralEi(a + bz) dr = / ei(br + a) rdx
input Lint (x~3*Ei (b*x+a) ,x) J

output Lint(ei(a + b*x)*x**3,X%) J
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3.20 [ z* ExplntegralEi(a + bx) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ...
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [F] . . . . .

Optimal result

Integrand size = 10, antiderivative size = 124

2€a+ba: aea+bz a2 ea+bz 2ea+bmx
? ExplntegralEi(a + bz) dz = — - —
/:c xpIntegralEi(a + bx) dz e e T e
ae”trx ety N a® ExpIntegralEi(a + bx)
3b? 3b 363

1
+ 3 2% ExpIntegralEi(a + br)

output ‘ -2/3%exp (b*x+a) /b~3-1/3*a*exp (b*x+a) /b~3-1/3*a~2*exp (b*x+a) /b~3+2/3*exp (b*
‘ x+a) *x/b"2+1/3*a*exp (bxx+a) *x/b"2-1/3*exp (bxx+a) *x~2/b+1/3*a"3*Ei (b*x+a) /b

input

‘“3+1/3*x‘3*Ei(b*x+a)

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 57, normalized size of antiderivative = 0.46

/ z? ExpIntegralEi(a + br) dz

—e%t92(2 4 a + a? — 2bx — abz + b*x?) + (a® + b®2®) ExplntegralEi(a + bx)

363

Integrate [x"2*ExpIntegralEil[a + b*x],x]
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‘ (-(E~(a + b*x)*(2 + a + a~2 - 2%bxx - axb*x + b™2*%x"2)) + (a~3 + b~3*x"3)x* \

output
LEprntegralEi [a + bxx])/(3%b"3) J

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 113, normalized size of antiderivative = 0.91,

number of rules _ 0.300, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {7039, 2629, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x2 ExpIntegralEi(a + bz) dz

l 7039

a+bx .3

e X da:
a—+ bx

1 1
§m3 ExplIntegralEi(a + bx) — §b /

l 2629

“Patbe) | B B b
l 2009

a+bzx ,3 a+bx 2 a+bx a+bx .2
%aﬁ ExplntegralEi(a + bz) — %b / ( e a e a” e za T ) i

1
§w3 ExplntegralEi(a + bx) —

1 a® ExpIntegralEi(a + bz) = a2e®tP  qedtbe  2e0tbr gpeatbs  gpeatbr  g2eatbz
b( - + + + +

3 bt b4 bt R T b2

input LInt [x~2xExpIntegralEi[a + b#*x],x] J

| (x"3*ExpIntegralEila + bxx])/3 - (b*((2+E™(a + b*x))/b"4 + (a*E™(a + bxx))
/b4 + (a2+E"(a + b¥x))/b74 - (2#E"(a + b¥x)*x)/b73 - (a*E~(a + b*x)*x)/b |
“3 + (E”(a + b*x)*x"2)/b"2 - (a”~3*ExpIntegralEil[a + b*x])/b~4))/3 ‘

output
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2629 IRt LEF D" ) *(Px )*((d_.) + (e_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandInte
grand[F~v, Px*(d + e*x)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

rule 7039 Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[(c + d*x)~(m + 1)*(ExpIntegralEil[a + b*x]/(d*(m + 1))), x] - Simpl
Int[(c + d*x)"(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, c, d, m}, x] && NeQ[m, -1]

b/(d*(m + 1))

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 103, normalized size of antiderivative = 0.83

method result
parallelrisch x3 expIntegral(bz+a)a b® —eb®+ex2b2 42 P®+2q? b+exp§zlgzgral(bx+a)a4+2x ebrtagph_ebrtagd_ebrtag2 9g ebz-
parts z3 expIntegral (bz+a) (bz+a)2eb®e —2(ba+a)eb® e 42 eb%1e 1 3 6b7122 13 expIntegral, (—bz—a)—3a((bz+a)
3 - 313

. . L b33 eprnt;gral(bz+a) _ a3 eprntegI;all(—b:c—a) _ (bm+a)§ebw+a + 2(bm+a,3)ebw+a 2 eb;+d _ebwtag? +a((bx+a)eb””+a—¢

derivativedivides =
b33 explntegral(bz+a) a3 explIntegral (—bz—a) (bm+a)2eb‘”+a 2(bx+a)ebw+a 20bzta 9 b

default 3 — g — 3 b;_ 3 — 25— —e"" %2 4a((bz+a)eb e —

input int (x"2*Ei (b*x+a) ,x,method=_RETURNVERBOSE) |

outpu

a

¢ \ 1/3% (x~3*Ei (b*x+a) *a*xb~3-exp (b*x+a) *x~2*%b~2*a+x*exp (b*x+a) ¥a~2*b+Ei (b*x+a) \
‘*a‘4+2*x*exp(b*x+a)*a*b—exp(b*x+a)*a‘3—exp(b*x+a)*a‘2-2*a*exp(b*x+a))/b‘3/
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.42

/ z? ExpIntegralEi(a + bz) dz

(6323 + a®)Ei(bz + a) — (b2 — (a + 2)bz + a® + a + 2)e®=+d
363

-

tintegrate(x“2*Ei(b*x+a),x, algorithm="fricas")

~—

input

)
11/3%((b"3%x™3 + a”3)*Ei(b*x + a) - (b™2%x™2 - (a + 2)¥b¥x + a™2 + a + 2)*e

output
L‘(b*x + a))/b"3

~

Sympy [A] (verification not implemented)

Time = 5.62 (sec) , antiderivative size = 131, normalized size of antiderivative = 1.06

/ x? ExpIntegralEi(a + bz) dx

3 Ei b: 2,a,bx a bz a bz 3 Ei b 2,a bz a br a bz
a’ Ei(a+bz)  a2e% 4 aze’e ae’e” 4 @ 1E3a+$)_wee _|_29:ee — Z2ete forb#o

363 363 3b2 363 3b 362 363
3 i .
%1(“) otherwise
. i *x*%2*%Ei (b*x+
lnputtlntegrate(x 2xEi (b*x+a) ,x) J

(Piecewise((a**B*Ei(a + b*x)/(3*xb**3) - a*x2*exp(a)*exp(b*x)/(3*b**3) + a*x
‘*exp(a)*exp(b*x)/(3*b**2) - axexp(a)*exp(b*x)/(3*b**3) + x**3*Ei(a + bx*x)/
‘3 - x*x2xexp(a)*exp (b*x)/(3*b) + 2*x*exp(a)*exp(b*x)/(3*xb**2) - 2xexp(a)*e
xp(b*xx)/(3%b**3), Ne(b, 0)), (x*x3xEi(a)/3, True))

N J

output

\‘
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Maxima [F|

/ 2% ExpIntegralEi(a + br) dz = / 2’Ei(bz + a) dz

input‘integrate(x“Q*Ei(b*x+a)’x, algorithm="maxima"

outputtintegrate(x’?*Ei(b*x + a), x) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.72

1
/ z? ExpIntegralEi(a + br) dx = 3 T*Ei(br + a)

b2x2e(bz+a) _ CL3Ei(b.’17 + a) _ Cbee(bw+a) + a26(ba:+a,) —9 bxe(bw+a) + ae(bw+a) +2 e(bw+a)

303
input Lintegrate (x~2#Ei(b*x+a) ,x, algorithm="giac") J
output 1/3FX3HEL(bxx + 2) - 1/3+(b"24x"2%e”(b*x + a) - a"BEi(bkx + a) - axbrxre

\“(b*x + a) + a"2xe” (b*x + a) - 2*b*x*e”(b*x + a) + a*e”(b*x + a) + 2xe” (b* \
‘x + a))/b"3 ‘

Mupad [B] (verification not implemented)

Time = 0.16 (sec) , antiderivative size = 94, normalized size of antiderivative = 0.76

/ z? ExpIntegralEi(a + bz) dz

z3ei(a+ bz)
3
2 ea+b x a ea+b x (13 ei(a+b .’L') a2 ea+b x 2z ea+b x azx ea+b x b2 :1:2 ea+b x
3 + 3 3 + 3 b 3 + 3 + 3

b3
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inputLint(x"2*ei(a + b*x),x) J

‘ (x"3xei(a + b*x))/3 - ((2xexp(a + b*x))/3 + (a*exp(a + b*x))/3 - (a"3*ei(a ‘
|+ b*x))/3 + (a~2xexp(a + b*x))/3 - bx((2*x*exp(a + b*x))/3 + (axx*exp(a +
‘ b*x))/3) + (b~2*x"2xexp(a + b*x))/3)/b"3 ‘

output

Reduce [F]

/ z? ExpIntegralEi(a + bz) dr = / ei(br + a) rdx

inputtint(x‘2*Ei(b*x+a),x) J

output Lint(ei(a + bx)*x*%2, %) J




output

input

output
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3.21 [ = ExplntegralEi(a + bz) dz

Optimal result . . . . . . . . . . . . e 165
Mathematica [A] (verified) . . . . . . . . . ... o 1651
Rubi [A] (verified) . . . .. . . ... .. 166
Maple [A] (verified) . . . . . . ... L 167
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 167
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 168
Maxima [F] . . . . . . 168
Giac [A] (verification not implemented) . . . . . . ... ... ... 168
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 169
Reduce [F] . . . . . 169

Optimal result

Integrand size = 8, antiderivative size = 74

a+bx

e ae®tb®  estbey o2 ExplntegralEi(a + bx)

/ z ExplntegralEi(a + bz) dz = + —

2b2 2b2 2b 2b?
1
+ 5.@2 ExplntegralEi(a + bx)

e

‘a)/b“2+1/2*x‘2*Ei(b*x+a)

1/2xexp (b*x+a) /b~2+1/2*a*exp (b*x+a) /b~ 2-1/2*exp (b*x+a) *x/b-1/2*xa"2*Ei (b*x+

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 43, normalized size of antiderivative = 0.58

/ z ExplntegralEi(a+bx) dx =

et (1 + a — bx) + (—a? + b%2?) ExplntegralEi(a + bx)

2b2

LIntegrate[x*EprntegralEi[a

+ b*x],x] J

\2)

‘(E“(a + bxx)*(1 + a - b*x) + (-a”2 + b~2*x"2)*ExpIntegralEil[a + b*x])/(2*b

N



input t

Int [x*ExpIntegralEi[a + b*x],x]
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Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 70, normalized size of antiderivative = 0.95,

= 3, number of rules _ 375, Rules
integrand size

number of steps used = 3, number of rules used =
used = {7039, 2629, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z ExplIntegralEi(a + bx) dx

l 7039
a—i—bz 2
fm 2 ExplntegralEi(a + bz) — fb / Py
l 2629
1 a—f-bm 2 ea+ba:a ea-l—ba:x
51’ EprntegralEl a+bz) — b/ <b2(a—|— ba) - + ; > dx

l 2009

1 .
—z? ExplntegralEi(a + bz) — ~b b3 b3 b3 b2

1 <a2 ExplntegralEi(a + bz) aettbz  eatbr + :ce“"'bz)
2 2

~—

output ‘

Lb‘B + (E~(a + b*x)*x)/b~2 + (a~2*ExpIntegralEil[a + b*x])/b~3))/2

rule 2009 L

((x"2*Eprntegra1Ei [a + b*x])/2 - (b*x(-(E~(a + b*x)/b"3) - (a*E~(a + b*x))/

~

Defintions of rubi rules used

Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[ul J

rule 2629

_)*(x_))"(m_.), x_Symbol] :> Int[ExpandInte
grand[F"v, Px*(d + e*x)™m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[ ‘
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma] \
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rule 7039‘Int[EprntegralEi[(a_.) + (b_)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] ‘
‘ :> Simp[(c + d*x)"(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simp[ ‘
b/(@@*(m + 1))  Intl(c + d*x)~(m + 1)*(E~(a + b*x)/(a + b*x)), x], x] /; Fr |
‘eeQl{a, b, c, d, m}, x] & NeQ[m, -1] |

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.74

method result size
parallelrisch z2 expIntegral (bz+a)b% —xb eb””+“—zebxzplntegra,l(bx—i-a)a2+a ebzta gbzta 55
2 ba+
explntegral(bz+a) (%—a(bx—i—a)) — (b“”“)ze ey ebw;'a +aebrta
derivativedivides = 60
2 ba+
explntegral(bz+a) (%_a(bz_m)) _ (bz+a)2e wte eb$2+a Lqebrta
default = 60
parts x2 eprntngral(bw-i—a) __ (bzta)ebsta_gbzta_g2 elezlzntegral1 (—bz—a)—2a ebxta 63
input Lint (x*Ei (b*x+a) ,x,method=_RETURNVERBOSE) J

‘ 1/2% (x~2*Ei (b*x+a) *b~2-x*b*exp (b*x+a) -Ei (b*x+a) *a~2+a*exp (bxx+a) +exp (b*x+a ‘

output ‘ )y /b2 ‘

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 42, normalized size of antiderivative = 0.57

(b2;1;2 — a2)Ei(bx + a) _ (ba: —a— 1)e(bz+a)
2 b?

/ x ExpIntegralEi(a + bz) dx =

i i i =" i n
input Llntegrate(x*El(b*;ﬁa),x, algorithm="fricas") J

outputti/Q*((bAQ*XAQ - a”2)*Ei(b*x + a) - (b*x - a - 1)*e”(b*x + a))/b"2 J




CHAPTER 3. LISTING OF INTEGRALS 168

Sympy [A] (verification not implemented)

Time = 2.39 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.03

/ z ExplntegralEi(a + bx) dz

a? Ei (a+bx) ae®eb® z2? Ei (a+bx) zeteb? eveb
= M TR H — %t fordb#0
22 Ei(a)

5 otherwise

input Lintegrate (x*Ei (bxx+a) ,x)

Output‘PieceWise((_a**z*Ei(a + bkx)/(2%b**2) + axexp(a)*exp(b*x)/(2¥b**2) + Xr*2x
'Ei(a + b*x)/2 - xxexp(a)*exp(b*x)/(2+b) + exp(a)*exp(bxx)/(2%b**2), Ne(b,
‘0)), (x**2%Ei(a) /2, True))

Maxima [F]

/ z ExplntegralEi(a + bz) dz = / zEi(bx + a) dz

i i i =" s n
inputLlntegrate(x*El(b*x+a),X, algorithm="maxima")

OutputLintegrate(x*Ei(b*x + a), x)

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.73

1
/ z ExpIntegralEi(a + bz) dz = 3 2’Ei(bz + a)

a’Ei(bz + a) + bxe®®t) — gelbz+a) _ gbata)
22

. . . o
input Llntegrate(x*El(b*}Ha),x, algorithm="giac")




outpu

inpu

outpu

inpu

outpu
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t‘ 1/2xx~2*%Ei(b*x + a) - 1/2*(a"2*Ei(b*x + a) + b*x*e~(b*x + a) - axe” (b*x +
\a) - e~(b*x + a))/b~2

Mupad [B] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.74

ea+bz aea+bz . a2 61(a+b£l)) _ bmea+bz

2 .
/ z ExplntegralEi(a + bz) dz = —2 2 b2 2 2 x el(a2+ bzx)

-

ttint(x*ei(a + b*x),x)

e—

t‘(exp(a + b*x)/2 + (axexp(a + b*x))/2 - (a~2*ei(a + b*x))/2 - (b*x*exp(a +
b*x))/2)/b"2 + (x"2%ei(a + b*x))/2

Reduce [F]

/ z ExpIntegralEi(a + bx) dx = / ei(bx + a) zdx

tLint(x*Ei(b*x+a),x)

tLint(ei(a + b*x)*x,X)
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3.22 [ ExplntegralEi(a + bz) dx

Optimal result . . . . . . . . . . . . e 170
Mathematica [A] (verified) . . . . . . . . . ... o 1701
Rubi [A] (verified) . . . .. . . ... .. Ival
Maple [A] (verified) . . . . . . ... L Ival
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 172
Sympy [A] (verification not implemented) . . . ... ... ... ... ... ... 172
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 173l
Giac [A] (verification not implemented) . . . . . . ... ... ... 173
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 173
Reduce [F] . . . . . 174

Optimal result

Integrand size = 6, antiderivative size = 28

g tbe N (a + bx) ExpIntegralEi(a + bx)
b b

/ ExplntegralEi(a + bz) dz = —

-

-exp (b*x+a) /b+(b*x+a) *Ei (b*x+a) /b

~—

output L

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

—ea*% 4 (a + bx) ExpIntegralEi(a + bx)
b

/ ExplIntegralEi(a + bx) dz =

input LIntegrate [EprntegralEi [a + b*x],x] J

e hY
(-E~(a + bxx) + (a + b*x)*ExpIntegralEil[a + b*x])/b

N\ J

output
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 28, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {7036}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ExplntegralEi(a + bz) dz
| 7036
(a + bz) ExpIntegralEi(a + br)  e+b”
b b
input LInt [ExpIntegralEi[a + b*x],x] J
output L‘(EA (a + b*x)/b) + ((a + b*x)*ExpIntegralEil[a + b*x])/b J

rule 7036 ‘

Defintions of rubi rules used

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(ExpInte ‘

‘gralEi [a + b*x]/b), x] - Simp[E~(a + b*x)/b, x] /; FreeQ[{a, b}, x] ‘

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 0.93

method result size
derivativedivides eprntegral(bx-{—;:,) (bz+a)—ebz+a o6
default eprntegral(bw+;:,) (bz+a) _ebzta o6
parts z explntegral (bx + a) — % explntegral; (b—bw—a)+e”w+a 34
parallelrisch z eXPIntegral(bm+a)ab+e);};)lntegral(bm+a)a2 _aebrta 38
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. Lint (Ei (b*x+a) ,x,method=_ RETURNVERBOSE)
input

output Ll/b* (Ei (b*x+a) * (b*x+a) —exp (b*x+a))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.89

(bx + a)Ei(bz + a) — eb=+e)
b

/ ExplntegralEi(a + bz) dz =

i i i =N s n
input Llntegrate(El(b*x+a),x, algorithm="fricas")

outputt((b*x + a)*Ei(b*x + a) - e~(b*x + a))/b

Sympy [A] (verification not implemented)

Time = 0.78 (sec) , antiderivative size = 32, normalized size of antiderivative = 1.14

bx

a Ei (Z+b:l7) + .'L'Ei (a + bx) _ e“L

i— forb#0

/ ExplIntegralEi(a + bx) dz =
z Ei (a) otherwise

input Lintegrate (Ei (b*x+a) ,x)

‘Piecewise((a*Ei(a + b*x) /b + x*Ei(a + b*x) - exp(a)*exp(b*x)/b, Ne(b, 0)),

output
‘ (x*Ei(a), True))




CHAPTER 3. LISTING OF INTEGRALS 173

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 25, normalized size of antiderivative = 0.89

(bz + a)Ei(bx + a) — e®=+a)
b

/ ExplIntegralEi(a + bx) dx =

i i i =" : "
input Llntegrate (Ei (b*x+a) ,x, algorithm="maxima") J

outpud((b*x + a)*Ei(b*x + a) - e~(b*x + a))/b J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.07

aEi(bz + a) — e+
b

/ ExplIntegralEi(a + bx) dz = zEi(bz + a) +

. . . vt
input Llntegrate(El(b*x+a),x, algorithm="giac") J

output LX*Ei(b*x + a) + (a*Ei(b*x + a) - e”(b*x + a))/b J

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 2.29

/ ExplntegralEi(a + bz) dz

a? ei(a+bzx)
b

aea+bx

—z e+ 2azei(a+bz) +balei(a+bzx) — 2

a+bzx

input Lint(ei(a + b*x) ,x) J

t‘ ((a"2%ei(a + b*x))/b - xxexp(a + b*x) + 2%axx*ei(a + b*x) + b*x"2*ei(a + b \

outpu
‘*x) - (axexp(a + b*x))/b)/(a + bxx) ‘
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Reduce [F]

/ ExplntegralEi(a + bz) dx = / ei(bx + a) dx

input Lint (Ei(b*x+a) ,x)

output Lint(ei(a + b*x),x)




outputt

input

output
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3.93 f ExplIntegralEi(a+bx) dx
X

Optimal result . . . . . . . . . . . . .
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o e 176
Maple [N/A] . . . 176l
Fricas [N/A] . . . . . o I
Sympy [N/A] . . I
Maxima [N/A] . . . . 177
Giac [N/A] .« . o 178
Mupad [N/A] . . . . 178
Reduce [N/A] . . . . o 179

Optimal result

Integrand size = 10, antiderivative size = 10

ExplntegralEi(a + bz)

/ ExplntegralEi(a + bz)
T

dr = Int(

T

)

Defer (Int) (Ei (b*x+a)/x,x)

Mathematica [N/A]

Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ExplntegralEi(a + bz) dp — / ExplntegralEi(a + bx)

T

T

dz

-

LIntegrate [ExpIntegralEi[a + b*x]/x,x]

-/

LIntegrate [ExpIntegralEi[a + b*x]/x, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
B .
/ xplntegralEi(a + bz) i
x
| 7038
Expl i
/ xpIntegralEi(a + bx) e
z
LInt [ExpIntegralEil[a + b*x]/x,x] J
L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ explntegral (bz + a)
T

dz

-

Lint(Ei(b*x+a)/x,x)

e—

Lint (Ei (b*x+a) /x,x) J
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ExplntegralEi(a + bz) dp — / Ei(bz + a) i

T T

B
. . . s "
input Llntegrate (Ei(b*x+a)/x,x, algorithm="fricas")

-/

output Lintegral(Ei(b*x + a)/x, x)

Sympy [N/A]
Not integrable

Time = 1.05 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ ExplntegralEi(a + bzx) dp — / Ei(a ;_ bx) d
x

input Lintegrate (Ei (b*x+a) /x,x)

output LIntegral(Ei (a + b*x)/x, x)

Maxima [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ExplIntegralEi(a + bx) dp — / El(bz +a) i
T

i i i =n : n
input Llntegrate (Ei(b*x+a)/x,x, algorithm="maxima")
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output Lintegrate (Ei(b*x + a)/x, x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ EXpIntegrz;lE1(a + bx) dp — / El(ba; +a) i

-

input Lintegrate (Ei(b*x+a) /x,x, algorithm="giac")

-/

output Lintegrate (Ei(b*x + a)/x, x)

Mupad [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ Eprntegra;lEl(a + bx) dp — / ei(a : bz) ds

inputtint(ei(a + b*x)/x,%)

Outputtint(ei(a + b*x)/x, X)
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ ExplIntegralEi(a + bx) dp — / ei(bz + a) i

T T

input Lint (Ei (b*x+a) /x,x)

output Lint(ei(a + b*x)/x,x)
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3.24 f Eprntegza;Ei(a—l—bx) dx

Optimal result . . . . . . . . . . . . . T80]
Mathematica [A] (verified) . . . . . . . . . ... TR0
Rubi [A] (verified) . . . . . . . . . . 181
Maple [A] (verified) . . . . . . . . ... 182
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 182
Sympy [F] . . . o 183
Maxima [F] . . . . . . 183
Giac [A] (verification not implemented) . . . . . ... ... .. L. 183
Mupad [F(-1)] . . . . . 184
Reduce [F] . . . . . o 184

Optimal result

Integrand size = 10, antiderivative size = 36

/ ExplntegralEi(a + bx) dp — be® ExplntegralEi(bz)  bExplntegralEi(a + bz)

x? a a
_ ExplntegralEi(a + bz)
x
output Lb*exp(a) *Ei (b*x) /a-b*Ei (bxx+a) /a-Ei (b*x+a) /x J
Mathematica [A] (verified)
Time = 0.01 (sec) , antiderivative size = 31, normalized size of antiderivative = 0.86
ExplIntegralEi(a + bx)
2 dz
_ be®z ExplntegralEi(bx) — (a + bz) ExpIntegralEi(a + bz)
B ax
input LIntegrate [ExpIntegralEi[a + b*x]/x~2,x] J
output L(b*E’“a*x*EprntegralEi [bxx] - (a + b*x)*ExpIntegralEil[a + b*x])/(a*x) J
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Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 37, normalized size of antiderivative = 1.03,

number of rules _ 0.300, Rules
integrand size

number of steps used = 3, number of rules used = 3,
used = {7039, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ExpIntegralEi(a + bx)
5 dx
T
| 7039
/ eatbe dp — ExpIntegralEi(a + bx)
z(a + bz) z
| 7298
; / eatbz B beatbe _ ExplntegralEi(a + bz)
ar  a(a+bx) z
| 2009

b (e“ ExplntegralEi(bz)  ExplntegralEi(a + bw)) _ ExplntegralEi(a + bz)

a a Z

e hY

Int [ExpIntegralEil[a + b*x]/x72,x]

N\ J

input

output ‘ -(ExpIntegralEil[a + b*x]/x) + b*((E"a*ExpIntegralEi[b*x])/a - ExpIntegralE ‘
‘ila + bxxl/a) |

Defintions of rubi rules used

e

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

~—

7039 It [ExpIntegralEil(a_.) + (b_.)*(x)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]
| :> Simp[(c + d*x)"(m + 1)*(ExpIntegralEila + bxx]/(dx(m + 1))), x] - Simp[
b/(@x(m + 1))  Intl(c + d*x)~(m + 1)*(E~(a + b*x)/(a + b*x)), xI, x] /; Fr |
‘eeQl{a, b, c, d, m}, x] & NeQ[m, -1]

rule
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rule 7293‘ Int[u_, x_Symbol] :> With[{v =

1

ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.04 (sec) , antiderivative size = 43, normalized size of antiderivative = 1.19

input

output

input

output

method result size
parts _ eprnteg;al(bz+a) +b (_ e@ eprntesra,ll (—bx) + eprntegr&;ll (—bz—a) ) 43
derivativedivides | b (_ eprntegbr;l(bx—i-a) e eprntefrall (—bx) + eprntegra;lll (=bz—a) ) 45
default b (_ eprntegbr;ll(ba:+a) e eprntesra,ll (—bx) + eprntegr:le (—bz—a) ) 45

‘ int (Ei (b*x+a)/x"2,x,method=_RETURNVERBOSE)

L—Ei (b*x+a) /x+b*(-1/a*exp(a) *Ei(1,-b*x)+1/a*Ei(1,-b*x-a))

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 30, normalized size of antiderivative = 0.83

xr2

axr

/ ExplntegralEi(a + bx) dp — bzEi(bx) e — (bzx + a)Ei(bz + a)

Lintegrate (Ei(b*x+a) /x"2,x, algorithm="fricas")

L(b*x*Ei (bxx)*e~a - (b*x + a)*Ei(b*x + a))/(a*x)
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Sympy [F]

/ ExplIntegralEi(a + bx) dp — / Ei (a + bx) d

2 2

inputkintegrate(Ei(b*x+a)/x**2,x)

output LIntegral(Ei (a + b*x)/x**2, x)
Maxima [F]
/ EXpIntegraIQEl(a + bx) Gy — / El(b$2_|_ a) s
z T
input Lintegrate (Ei(b*x+a)/x"2,x, algorithm="maxima")

output Lintegrate(Ei(b*x + a)/x"2, %)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 33, normalized size of antiderivative = 0.92

(Ei(bz) e* — Ei(bz + a))b  Ei(bz +a)

/ ExplIntegralEi(a + bx)
5 dr =
T a

input Lintegrate (Ei (b*x+a)/x"2,x, algorithm="giac")

outputt(Ei(b*X)*e“a - Ei(b*x + a))*b/a - Ei(b*x + a)/x
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Mupad [F(-1)]

Timed out.

/ ExplntegralEi(a + bz) i

xr2

_/ei(a+bx) i

xr2

input Lint(ei(a + b*x)/x"2,x%)

Outputtint(ei(a + b*x)/x"2, x)

Reduce [F]

/ ExplntegralEi(a + bz) dp — /

xr2

x2

ei(bx + a) d

inputLint(Ei(b*x+a)/x‘2,x)

output Lint(ei(a + b*x) /x**2,%)
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3.95 f ExplIntegralEi(a+bx) d

Optimal result . . . . . . . . . . . . . 185]
Mathematica [A] (verified) . . . . . . . . ... . L 185
Rubi [A] (verified) . . . . . . . . . . 186
Maple [A] (verified) . . . . . . . . ... 187
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 188
Sympy [F] . . . o 188
Maxima [F] . . . . . . 188
Giac [A] (verification not implemented) . . . . . ... ... .. L. 189
Mupad [F(-1)] . . . . . 189
Reduce [F] . . . . . . 189

Optimal result

Integrand size = 10, antiderivative size = 82

/ ExplIntegralEi(a + bx) dr = _be“”’“” _ b%e* ExplIntegralEi(bx)
x3 2ax 2a?
b%e® ExplntegralEi(bz)
+ 2a
b? ExpIntegralEi(a + bxr)  ExplntegralEi(a + bx)
* 2a? B 222

output \ -1/2*bxexp (b*x+a) /a/x-1/2*b~2*xexp (a) *Ei (b*x) /a~2+1/2*b"2xexp (a) *Ei (b*x) /a+ ‘

| 1/2%b™2%Ei (b¥x+a) /a”2-1/2+Ei (bxx+a) /x"2
Mathematica [A] (verified)
Time = 0.02 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.73
/ ExplIntegralEi(a + bx)
3 dz
x
_ —abe"tz + (—1 + a)b?e"a? ExplntegralEi(bz) + (—a? + b*z?) ExplntegralEi(a + bz)
B 2a%2?
input LIntegrate [ExpIntegralEi[a + b*x]/x"3,x] J
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‘ (-(a*b*E~(a + bxx)*x) + (-1 + a)*b"2+E"axx"2*ExpIntegralEi[bxx] + (-a"2 + ‘

output
Lb"2*x"2) *ExpIntegralEi[a + b*x])/(2*a"2xx"2) J

Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 71, normalized size of antiderivative = 0.87,

number of rules _ 0.300, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {7039, 7293, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExpIntegralEi(a + bx) dx

3
| 7039
1 / e tbe . ExplntegralEi(a + bx)
2" ) z2(a+bx) 212
| 7293
1 / A e i — ExplntegralEi(a + bx)
2 a?(a + bx) a’z ax? 212
| 2009
1 b _ e“bExplntegralEi(bz) + b ExplIntegralEi(a + bz) + e®b ExplntegralEi(bz) eatte B
2 a? a? a azx
ExpIntegralEi(a + bx)
222

input‘ Int [ExpIntegralEi[a + b*x]/x"3,x] ‘

output
‘ egralEi[b*x])/a~2 + (b*E"a*ExpIntegralEi[b*x])/a + (b*ExpIntegralEil[a + b*

‘/-1/2*Eprntegra1Ei [a + b*x]/x"2 + (b*(-(E"(a + b*x)/(a*x)) - (b*E~a*ExpInt \‘
x1)/a°2)/2 |
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

rule 7039 Int [ExpIntegralEi[(a_.) + (b_.)*(x_)1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]

:> Simp[(c + d*x)"(m + 1)*(ExpIntegralEi[a + b*x]/(d*(m + 1))), x] - Simpl[
b/(d¥(m + 1)) Int[(c + d*x)"(m + 1)*(E"(a + b*x)/(a + b*x)), x], x] /; Fr
eeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1]

rule 7293 ;nt[“—’ x_Symbol]l :> With[{v = ExpandIntegrand[u, x1}, Int[v, x] /; SumQ[v]

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.91

method result
b:
b2 e eprntengall (—bx) + _€ Z’:a —e@ expIntegraly (—bx) _ eprntegral21 (—bz—a)
explntegral(bz+a) ¢ ¢ ¢
parts — 502 + 2
br+a \
. . o 2 [ _ explntegral(bz+a) e® explntegral, (—bzx) — &3 —¢* explntegral, (—bz) __ explntegral, (—bz—a)
derivativedivides | b ( TR + 22 + 2a 242 )
br+a
2 [ __ explntegral(bz+a) e® explntegral, (—bz) — %45 —¢® explntegral, (—bz) __ explntegral, (—bz—a)
default b ( 20252 + 242 + 2a 2a2 y
input 10t (E1 (b¥x+) /x"3,x, method=_RETURNVERBOSE) J

output |-1/2+Ei (bxx+a) /x"2+1/2%b"2% (1/a 2%exp(a) *Ei (1,-b*x) +1/a* (-exp (b*x+a) /b/x-e
 xp(a)*Ei(1,-b*x))~1/a"2+Ei (1,-b*x-a)) |




input
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 56, normalized size of antiderivative = 0.68

/ ExplIntegralEi(a + bx)
3 dz
z
_ (a—1)b*z?Ei(bz) e* — abze®™™ ™) + (b?z% — a?)Ei(bz + a)
B 2a2z?

Lintegrate(Ei(b*x+a)/x“3,x, algorithm="fricas")

output‘

1/2%((a - 1)*b"2%xx"2*xEi(b*x)*e~a - a*b*x*e~(b*x + a) + (b™2*x"2 - a~2)*Ei(
b*x + a))/(a"2*x"2)

Sympy [F]

/ EprntegraiEl(a + bx) dp — / Ei(a —3|— bz) d
T z

inputt

integrate (Ei (b*x+a) /x**3,x)

output t

Integral (Ei(a + b*x)/x**3, x)

e—

input

Maxima [F]

dz

/ ExplIntegralEi(a + bx) / Ei(bz + a)
3 dz = [ ——3—
z z

Lintegrate (Ei(b*x+a) /x"3,x, algorithm="maxima")

outputt

integrate(Ei(b*x + a)/x"3, x)
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Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.73

dz

/ ExplntegralEi(a + bz)
3

(abzEi(bz) e — brEi(bz) e* + bzEi(br + a) — ae®™+)b

_ Ei(bz +a)
222

2a2x

input L

integrate (Ei(b*x+a)/x"3,x, algorithm="giac")

output
\)*b/(a*2*x) - 1/2%Ei(b*x + a)/x"2

‘1/2*(a*b*x*Ei(b*x)*e”a - b*x*Ei(b*x)*e~a + b*x*Ei(b*x + a) - axe”(b*x + a)

Mupad [F(-1)]

Timed out.
/ EprntegraLEl(a + bx) dp — / ei(a —|; bx) i
x T
input Lint(ei(a + b*x)/x"3,x%)
Outputtint(ei(a + b¥x)/x"3, x)
Reduce [F]
/ EXpIntegraiEl(a—l— bx) dp — / ez(bx3—|— a) s
x z
input Lint (Ei(b*x+a)/x"3,x)

Outputtint(ei(a + bxx) /x**3,%)
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3.26 [ z* ExplntegralEi(a + bz)* dz

Optimal result . . . . . . . . . . . . e 191l
Mathematica [A] (verified) . . . . . . . . . ... o 1921
Rubi [A] (verified) . . . .. . . ... .. 192
Maple [F] . . . . 198
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 198
Sympy [F] . . o o 199
Maxima [F] . . . . . . 1991
Giac [F] . . . . o o 199
Mupad [F(-1)] . . . o o 200
Reduce [F] . . . o . o o 200
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Optimal result

Integrand size = 12, antiderivative size = 286

5 2a+2bx 2 2a+2bx 2a+2bx
/ z? ExplntegralEi(a + bz)* dz = — € R a63b3 + 32 a

_ 4e*™™ ExplntegralEi(a + bx)
3b3
_ 2ae**** ExplntegralEi(a + bx)
3b3
_ 2a°e**"® ExplntegralEi(a + bx)
3b3
+ 4e°+%% x ExplntegralEi(a + bx)
32
N 2ae*T%%z ExplntegralEi(a + bx)
3b?
_ 2e*tz ExplntegralEi(a + bx)
b
2 b 2
_ a’z ExplntegralEi(a + bz)
3b?

1
4 §x3 ExplntegralEi(a + bz)?

a’(a + br) ExplntegralEi(a + bz)?
+ 3b3

4 ExplntegralEi(2(a + bz))
+

3b3

2a ExplntegralEi(2(a + bz))
+ b

2a? ExplIntegralEi(2(a + bx))
+ b

-5/6*exp (2¥b*x+2*a) /b~ 3-2/3*a*exp (2*b*x+2*a) /b~ 3+1/3*exp (2*¥b*x+2%a) *x/b~2-
4/3*exp (bxx+a) *Ei (b*x+a) /b~3-2/3*a*exp (b*x+a) *Ei (b*x+a) /b~3-2/3*a"2*exp (b*
x+a) *Ei (bxx+a) /b~3+4/3*exp (b*x+a) *x*Ei (b*x+a) /b~2+2/3*a*exp (bxx+a) *x*Ei (b*
x+a) /b~2-2/3*exp (bkx+a) *x~2+Ei (b*x+a) /b-1/3%a”~2*x*Ei (b*x+a) “2/b~2+1/3%x"3*
Ei (b*x+a) "2+1/3*a”2x (bxx+a) *Ei (bxx+a) "2/b~3+4/3*Ei (2%b*x+2*a) /b~ 3+2*a*Ei (2
*b*x+2%a) /b~ 3+2%a”2*Ei (2*bxx+2+%a) /b~3

output
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Mathematica [A] (verified)

Time = 0.21 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.37

/ x? ExpIntegralEi(a + bx)? dz

eXath2)(_5 — 4q + 2bz) — 4€**(2 + a + a? — 2bx — abx + b*x?) ExplntegralEi(a + bx) + 2(a® + b3z®
603

e

Integrate[x~2*ExpIntegralEila + b*x]~2,x]

~—

input t

p
¢ (E7(2%(a + bHx))*(-5 ~ 4%a + 2%bkx) - 4%E"(a + b*x)*(2 + a + a™2 - 2b*x -

‘ a*b*x + b~2*x"2)*ExpIntegralEi[a + b*x] + 2*x(a”3 + b~3%x"3)*ExpIntegralEi
[a + bxx]~2 + 4*(2 + 3*a + 3*a~2)*ExpIntegralEi[2x(a + b*x)])/(6%b"3)

N
outpu

N\ J

Rubi [A] (verified)

Time = 2.29 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.41,

number of steps used = 15, number of rules used = 15, number of rules _ 1.250, Rules
integrand size

used = {7042, 7042, 7040, 7043, 2609, 7044, 2629, 2009, 7043, 2609, 7044, 2629, 2009,
7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x? ExpIntegralEi(a + bz)? dz

| 7042
2 Explnt 1Ei bx)%d
—g /ea"'b””nlc2 ExpIntegralEi(a + bx)dz — a ] 2 Expln eg;: i(a + bo)"dw +
ax? ExplntegralEi(a + bx)?

1
§w3 ExplntegralEi(a + bx)? + 3

l 7042
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2
~3 / e®t92 3.2 ExplntegralEi(a + bz )dz —

: 2
2a<— [ e2+% 3 ExplIntegralEi(a + bx)dx — af EXPIntegga;El(a+bx) @ 4 122 ExplntegralEi(a + bz)? + %meg;bal

3b
ax? ExplntegralEi(a + bx)?

1
g.r?’ ExplIntegralEi(a + bz)? +

3b
| 7040
a( (atbz) EprntzgralEi(a+bw)2 -2 f eotbe EprntegralEi(a+bx)dw)
2a| — 5% — [ ev*%%z ExplntegralEi(a + bz )dz + %mz Expln
a ) . 3b
3 / et 2 ExplntegralEi(a + bx)dz + gac?’ ExplIntegralEi(a + bz)? +
az? ExplntegralEi(a + bz)?
3b
| 7043
a (a+bx) EprntegralEi(a+bac)2 _9 eatbz ExplIntegralEi(a+bz) _f e2a+2bx dx
20| — ( ’ ( 55 ’ i )> — [ e****z ExplntegralEi(a + bz)dz + 1

3b
2

1
3 / T3 ExplntegralEi(a + bx)dx + §x3 ExplntegralEi(a + bz)? +

ax? ExpIntegralEi(a + bz)?

3b
l 2609
) 5 a( (a+bzx) Explr
2a | — [ e***®z ExplntegralEi(a + bz)dz + ;2% ExplntegralEi(a + bz)? + % EXpIntegzrf Bi(atbe)” _

3b
2 1
3 / et 32 ExplntegralEi(a + bz )dz + gw?’ ExplIntegralEi(a + bx)? +

az? ExplntegralEi(a + bz)?
3b

l 7044
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a+bz ExpIntegralEi(a+bx)d 2a+2b . : 2 atbr @
2a| L€ it (;’)gra i(atbz)de | /¢ T g+ %m2 ExplntegralEi(a + bz)? + % EXpInteg;f Bi(atbe)” _ ze"T7E

a-+bx
: 3b
2 ( 2 [e¥*%®g ExplntegralEi(a + bz)dz / 2a-+2b 1,2 22645 ExplntegralFi(a + ba)
3\ - | ————dz+ n
2 . 9
£ 4® ExplntogralEi(a + ba)? + © D Pgalbi{at b2)

l 2629

~3 + b b

2 / e2ot2beg2  Qat2brg g2a+2bzy p 2 [ e%+%% 3 ExplntegralEi(a + bz)dz N x2e*+b Explnteg:
— — w —
b%(a + bx) b2 b

%2, Jeatte Eprnte;gralEi(a—i—bx)dx + f <e2‘”b'2bz _ %?Zfbj;> dz + %xQ EXpIntegralEi(a + bx)2 + axEprntegzr:lEi(a+bx)2
1 4 o  az’ExplntegralEi(a + bx)? %
—z° ExpIntegralEi(a + bx)* +
3 3b
| 2009
2 2 [e***zExplntegralEi(a + bz)dz  o® ExplntegralEi(2(a + bz)) N ae?at2be N elatbr g2t N
3 b b3 2b3 43 2b2
9g [ eatbe Eprnt(Ie)gralEi(a—i-bx)dx . aEprntegrzéEi(Q(a-l—bx)) + 62a2-«l;22bz n % 72 ExplntegralEi (a + bx)2 + 9 EprntegQr;lEi(‘
1 4 o  az?ExplntegralEi(a + bx)? %
—z° ExpIntegralEi(a + bx)* +
3 3b
| 7043
2( 2 [e**"z ExplntegralEi(a + bx)de  a® ExplntegralEi(2(a + bz)) N ae?at2be N g2atbr  ge2atlbz N
3 b b3 2b3 43 2b2
eatbz ExplntegralEi(a+bz) e2a+2bx d . o "
2. b . S atbz %% aEXpIntegrzéEl@(a—l—bx)) + 622;:2217 + %.’EQ EXpIntegralEi(a + biE)2 + az Explnt

3
ax? ExplntegralEi(a + bx)?

3b

1
§m3 ExplIntegralEi(a + bz)? +

l 2609
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3 - -

2 ( 2 [ev*%®g ExplntegralEi(a + bz)dz  a? ExplntegralEi(2(a + bz)) ae?et?z otz po2at2be
T3\ b - b T T 202

i 2a+2b . 3 2 a+bx i
2. _aEprntegrzéEl(Z(a+bx)) + € ‘; e * 4 % 22 EXpIntegralE1(a + b.’I})2 + % Eprnteg;:lEl(a+bx) _ e Eprnt;)egralEl(

ax? ExplntegralEi(a + bx)?
3b

1
§w3 ExplntegralEi(a + bx)? +

l 7044

| e**b% ExplntegralEi(a+bz)dz e2a+2bz ze? 1 ExpIntegralEi(a+bz)
2 (‘ b - | Sz dw b a’ ExpIntegralEi(2(a + bz))

b b3

2
3

az ExpIntegralEi(a+bzx)? _ 2e21b? Explntegral Ei(
2b b

2a —aEXpIntegrzéEi(Q(a-"bm)) + 62;22 o 122 ExplIntegralEi(a + bz)? +

az? ExpIntegralEi(a + bx)?

1
ga:?’ ExplntegralEi(a + bx)? +

3b
| 2629
J €3+ ExplntegralEi(a+bz)dz 2a+2bx 2a+2bz 5@ ExplntegralEi(a+bx)
2 2<_ b -/ (6 b %(Ea—i—bz) ) dz + = . nbe B ) a? ExpIntegrall
3\ b B b3

i 2a+2b . 3 2 a-+bx i
2. _aEprntegr2£E1(2(a+bx)) + € ‘; e * 4 % 22 EXpIntegralE1(a + b.’L‘)2 + o= Eprntegzr:lEl(a+bx) _ e Eprnt;)egralEl(

ax? ExplntegralEi(a + bx)?

1
§w3 ExplIntegralEi(a + bz)? +

3b
| 2009
of — | e**b% ExplntegralEi(a+bz)dz + a ExplntegralEi(2(a+bx))  e2at+2bz + ze? 15 ExpIntegralEi(a+bz) 9
2 b b2 252 b a® ExplInt
3 b

Explnt 1Ei(2 b 2a+2bz
9q | — aExpln egr%;2 i(2(a+bzx)) + €

1.2 . 2 az ExpIntegralEi(a+bz)? 2e21b? Explntegral Ei(
spz— T 52° ExplntegralEi(a + bx)* + % - b

ax? ExplntegralEi(a + bx)?
3b

1
§x3 ExplIntegralEi(a + bz)? +
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l 7043

a+bx
3 +

a+bx : 2a+2bx
2 e Eprnt:gralEl(a+bx) _f e dx
- 252
2

a ExplIntegralEi(2(a+bz)) e2a+2bz xe®+b% ExplIntegralEi(a+bx) )
b2 - b

(12

3 b

Explnt 1Ei(2 b 2a+2bz
92q | — aExpln egr;;2 i(2(a+bx)) 4+ €

57— + 32> ExpIntegralEi(a + bz)? +

az ExpIntegralEi(a+bz)? _ 2e21b? Explntegral Ei(
2b b

az? ExpIntegralEi(a + bx)?
3b

1
gx?’ ExplntegralEi(a + bx)? +

l 2609

ze? b ExpInteg

2 a ExplntegralEi(2(a+bx))  e2a+2bx
b2 252

_ 2| _a®ExplntegralEi(2(a + bx)) 4 ae?at2bz N eat2br

b

3 b3 263 453

ExplntegralEi(2(a+b 2a+2b : ExplIntegralEi(a+bz)? a+b2 ExplntegralEi
92q | — aExpln egr;;2 i(2(a+bx)) + e t;b2 x + %.’152 EprntegralEl(a + bSL‘)z + oz Expln eg2rlz)1 i(at+bz)?  ze xplntegralFi(

b

az? ExpIntegralEi(a + bx)?
3b

1
gx?’ ExplntegralEi(a + bx)? +

>

input LInt [x~2*ExpIntegralEi[a + b*x]~2,x]

~—




output
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(axx~2+ExpIntegralEi[a + b*x]~2)/(3%b) + (x"3*ExpIntegralEil[a + b*x]~2)/3

- (2xax(E~(2*a + 2%b*x)/(2%¥b"2) - (E~(a + b*x)*x*ExpIntegralEi[a + b*x])/b
+ (axxxExpIntegralEil[a + b*x]~2)/(2xb) + (x"2xExpIntegralEila + b*x]"2)/2
- (axExpIntegralEi[2*(a + b*x)])/b"2 + ((E"(a + b*x)*ExpIntegralEi[a + b*
x])/b - ExpIntegralEi[2*(a + b*x)]/b)/b - (a*(((a + b*x)*ExpIntegralEi[a +
bxx]~2) /b - 2*x((E~(a + b*x)*ExpIntegralEi[a + b*x])/b - ExpIntegralEi [2x*(
a + b*x)1/b)))/(2%b)))/(3%b) - (2*(E~(2*a + 2xb*x)/(4*%b~3) + (axE~(2*%a + 2
*b*x))/(2%b"3) - (E~(2*a + 2xb*x)*x)/(2%¥b~2) + (E~(a + b*x)*x"2*ExpIntegra
1Eila + b*x])/b - (a~2*ExpIntegralEi[2*(a + b*x)])/b~3 - (2x(-1/2*E~(2*a +
2%b*x) /b2 + (E~(a + b*x)*x*ExpIntegralEi[a + b*x])/b + (a*ExpIntegralEil[
2+(a + b*x)]1)/b"2 - ((E~(a + bx*x)*ExpIntegralEi[a + b*x])/b - ExpIntegralE
i[2x(a + b*x)]1/b)/b))/b))/3

-

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2609

rule 2629

rule 7040

rule 7042

~—

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)]1, x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

Int[(F_)~(v_)*(Px_)*((d_.) + (e_.)*(x_))"(m_.), x_Symbol] :> Int[ExpandInte
grand[F~"v, Pxx(d + exx)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

N\

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1"2, x_Symbol] :> Simp[(a + b*x)*(ExpIn
tegralEi[a + b*x]~2/b), x] - Simp[2 Int[E"(a + b*x)*ExpIntegralEi[a + b*x
1, x1, x] /; FreeQ[{a, b}, x]

Int [ExpIntegralEi[(a_) + (b_.)*(x_)]1"2*%(x_)"(m_.), x_Symbol] :> Simp[x~(m +
1)*(ExpIntegralEi[a + b*x]~"2/(m + 1)), x] + (Simp[a*x"m*(ExpIntegralEila +
b*x]~2/(b*(m + 1))), x] - Simp[2/(m + 1) Int[x"m*E”(a + b*x)*ExpIntegral

Eila + b*x], x], x] - Simp[a*(m/(b*(m + 1))) Int[x"(m - 1)*ExpIntegralEil

a + bxx]~2, x], x]) /; FreeQ[{a, b}, x] && IGtQ[m, O]
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rule 7043 Int[E"((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQl{a, b, c, d}, x]

rule 7044 Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)1*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*x(E"(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEi[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O]

Maple [F]

/ 2% expIntegral (bz + a)® dz

e

tint(x“2*Ei(b*x+a)‘2,x)

~—

input

Ou_,GputLin’c(}{’"2*Ei(b*x+z:1)"2,x) J

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 101, normalized size of antiderivative = 0.35

/ x? ExpIntegralEi(a + bx)? dz

_ 2(0°2® + a®)Ei(ba + a)? — 4 (b%2? — (a + 2)bz + a® + a + 2)Ei(bz + a) e®*+9) + 4 (3a? + 3a + 2)Ei(2!
B 663

-

Lintegrate(x“2*Ei(b*x+a)‘2,x, algorithm="fricas")

-/

input

output‘ 1/6%x (2% (b~3*%x~3 + a~3)*Ei(b*x + a)~2 - 4x(b™2*x"2 - (a + 2)*b*x + a~2 + a \
+ 2)*Ei(bxx + a)xe”(bkx + a) + 4%(3%a™2 + 3xa + 2)*Ei(2%b¥x + 2xa) + (b
\x - 4%a - 5)xe~(2%b*x + 2%a))/b~3 \




input

output

input

output

input

output
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Sympy [F]

/ 22 ExpIntegralEi(a + bx)? dx = / 2 Ei® (a + br) dz

‘ integrate (x**2*Ei (bkx+a)**2,x)

LIntegral(x**%Ei(a + bxx)*%2, x)

Maxima [F]

/ z? ExplntegralEi(a + bz)? dz = / 2°Ei(bz + a)® da

tintegrate (x~2*Ei (b*x+a) "2,x, algorithm="maxima")

Lintegrate (x"2#Ei(b*x + a)~2, x)

Giac [F]

/ x? ExpIntegralEi(a + br)? dz = / 2°Ei(bz + a)® da

tintegrate (x~2#Ei(b*x+a) ~2,x, algorithm="giac")

Lintegrate (x"2%Ei(b*x + a)~2, x)
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Mupad [F(-1)]
Timed out.

/ z? ExplntegralEi(a + bx)? dr = / 2?ei(a+bz)’ do

input Lint(x‘2*ei(a + b*x)~2,x%)

output Lint(x"2*ei(a + b*x)~2, x)

Reduce [F]

/ x? ExpIntegralEi(a + bx)? dx = / ei(bz + a)’ 2?dzx

input Llnt (x~2*Ei (b*x+a) ~2,x)

output Lint (ei(a + bkx)**x2xx**2,x)
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3.27 [ = ExplntegralEi(a + bz)? dzx

Optimal result . . . . . . . . . . . . e 201]
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 205
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 200
Sympy [F] . . o o
Maxima [F] . . . . . . 207l
Giac [F] . . . . o o 207
Mupad [F(-1)] . . . o o 207
Reduce [F] . . . o . o o 208

Optimal result

Integrand size = 10, antiderivative size = 152

g2at2be  gatbe FypIntegralEi(a + br)
T b2
ae?*%® ExplntegralEi(a + bx)

+ B2
e®*b*g ExplntegralEi(a + bz)

b
Lo ExplIntegralEi(a + bz)?

2b
1
+ Eazz ExplntegralEi(a + bx)?

/ x ExpIntegralEi(a + bz)? dx =

_a(a + br) ExplntegralEi(a + bz)®

202
_ ExplntegralEi(2(a + bz))
b2
_ 2a ExplntegralEi(2(a + bz))
b2

output ‘ 1/2*exp (2*¥b*x+2*a) /b~ 2+exp (b*x+a) *Ei (b*x+a) /b~ 2+a*exp (b*x+a) *Ei (b*x+a) /b~2 ‘
 —exp(b¥x+a) ¥x*Ei (b¥x+a) /b+1/2%a*x*Ei (b¥x+a) “2/b+1/2%x"~2+Ei (bx+a) "2-1/2%a* |
| (bxx+a)#Ei (b*x+a) “2/b"2-Ei (24b*x+2*a) /b~2-2*a*Ei (24b*x+2*a) /b2 |
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Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 76, normalized size of antiderivative = 0.50

/ x ExplntegralEi(a + bz)* dz

_e2lathn) 4 9eatte(] 4 g — br) ExplntegralEi(a + bz) 4+ (—a? + b*z?) ExplntegralEi(a + bz)? — 2(1 + 2a
B 2b?

e

tIntegrate [x*ExpIntegralEi[a + b*x]~2,x]

~—

input

p
output| (E7(2%(a + b¥x)) + 24E"(a + bxx)*(1 + a - bxx)+ExpIntegralEila + bxx] + (-

‘a’"2 + b~2#x"2)*ExpIntegralEi[a + b*x]~2 - 2%(1 + 2*a)*ExpIntegralEi[2x(a +
b*x)])/(2%b~2)

N\ J

—

Rubi [A] (verified)

Time = 0.90 (sec) , antiderivative size = 177, normalized size of antiderivative = 1.16,

number of rules _ 0.900, Rules
integrand size

used = {7042, 7040, 7043, 2609, 7044, 2629, 2009, 7043, 2609}

number of steps used = 9, number of rules used = 9,

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x ExpIntegralEi(a + bz)? dz

l 7042

a [ ExplntegralEi(a + bz)?dz
B 2b *
az ExplIntegralEi(a + bx)?
2b

- / e?+0%y ExpIntegralEi(a + bz)dz

1
ia;Q ExplIntegralEi(a + bz)? +

l 7040

a ( (a+bz) ExPIntggralEi(a+bm)2 -2/ €22 ExplntegralEi(a + bw)dm)

2b
1
/ et ExplntegralEi(a + bx)dz + 59:2 ExplntegralEi(a + bx)? +

az ExplntegralEi(a + bx)?
2b
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l 7043

(a+bz) ExplntegralEi(a+bzr)? 9 e9*b% ExplntegralEi(a+bz) f 520+25wd
a b b atbz

2b
az ExplntegralEi(a + bz)?

1
/ et ExplntegralEi(a + bx)dz + §m2 ExplntegralEi(a + bz)? + %

l 2609

1
- / ety ExpIntegralEi(a + bx)dz + 5:62 ExplIntegralEi(a + bz)2 +
az ExplntegralEi(a + bz)? B

2b
a ( (a-+bz) ExplntegralEi(a+bz)? 2 (ea"'bw ExplntegralEi(a+bz)  ExplntegralEi(2(a+bx)) ) )
b b b

2
l 7044

a+bx ExpInt 1Ei bx)d 2a+2bx 1
Je *p7n eira i(a +bz)da + / ea n bxx dx + 5:172 ExplIntegralEi(a + bz)? +

ax ExplntegralEi(a + bx)? B re? T ExpIntegralEi(a + bx) B

2
a ( (a-+bz) ExplntegralEi(a+bz)? 9 (e“"'b“c ExplIntegralEi(a+bz)  ExplntegralEi(2(a+bx)) ) )
b b b

2b
l 2629
[ €2+%* ExplntegralEi(a + bx)dz / glatbz  ge2at2be 14 ,
- d —z* Explnt IE
b + 5 ba T b2) a:+2x xpIntegralEi(a +
,  az ExpIntegralEi(a + bz)?  ze®t%® ExplntegralEi(a + bx)
bx)“ + % — b —
a+bz) ExpIntegralEi(a+bx)? €915z ExpIntegralEi(a+bz ExplntegralEi(2(a+bx
a(( ) Exp bg ( )_2< p bg ( ) _ Exp gb(( ))))
2b
l 2009

[ e2+%® ExpIntegralEi(a + br)dr  aExplntegralEi(2(a + bx)) = e2a+2b=
b - b2 T
%xz ExplntegralFi(a + bz)? + az ExplntegralEi(a + bz)? B ze?t% ExpIntegralEi(a + bx) B

b
a ( (a-+bz) ExplntegralEi(a+bz)? 9 (e“"'b“c ExplIntegralEi(a+bz)  ExplntegralEi(2(a+bx)) ) )
b b b

2%
l 7043
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a+wa I 1Ei b 2a+2bx
e Xp ntzgra i(at+br) f ea+bx dr ~ aEprntegralEi(Z(a + b.’L‘)) e2a+2bx

b b2 T
%mz ExplntegralEi(a + bx)? + az ExplntegralEi(a + bz)? B ze2% ExpIntegralEi(a + bx) B

b
a ( (a-+bz) ExplntegralEi(a+bz)? D) (e"‘"’bz ExplntegralEi(a+bz)  ExplntegralEi(2(a+bx)) ) )
b b b

%
l 2609

Exol 1Ei(2 2a+2bx 1
_aExp n‘segrab2 i(2(a + bx)) + e S + 5332 ExplntegralFi(a + bx)2 n

ax ExplIntegralEi(a + bz)? B ze? % ExplIntegralEi(a + bx) +

2b b
€952 ExplntegralEi(a+bz) _ ExplntegralEi(2(a+bx))
b b

b
a ( (a-+bx) ExplntegralEi(a+bz)? 2 (e""’bz ExplntegralEi(a+br)  ExplntegralEi(2(a+bx)) ) )
b b b

2b

input LInt [x*ExpIntegralEi[a + b*x]~2,x] J

E"(2%a + 2%b*xx)/(2%b"2) - (E~(a + b*x)*x*ExpIntegralEil[a + b*x])/b + (a*x*
ExpIntegralEi[a + b*x]~2)/(2*b) + (x"2*ExpIntegralEi[a + b*x]~2)/2 - (a*Ex
pIntegralEi[2*(a + b*x)]) /b2 + ((E~(a + b*x)*ExpIntegralEil[a + b*x])/b -
ExpIntegralEi[2*%(a + b*x)]1/b)/b - (a*x(((a + b*x)*ExpIntegralEila + b*x]~2)
/b - 2x((E"(a + b*x)*ExpIntegralEi[a + b*x])/b - ExpIntegralEi[2*(a + b*x)
1/b)))/(2%b)

output

Defintions of rubi rules used

rule 2009\Int [u_, x_Symboll :> Simp[IntSum[u, x], x] /; SumQ[u] ‘

2609\Int[(F_)“((g_.)*((e_.) + (£_)*xx_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
‘mp[(F"(g*(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)]1, x] /; F
‘reeQ[{F, c, d, e, £, g}, x] & !'TrueQ[$UseGamma]

N
rule




rule 2629

rule 7040

rule 7042

rule 7043

rule 7044
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Int[(F_)~(v_)*(Px_)*((d_.) + (e_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandInte
grand[F"v, Px*(d + e*x)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1"2, x_Symbol] :> Simp[(a + b*x)*(ExpIn
tegralEi[a + b*x]~2/b), x] - Simp[2 Int[E~(a + b*x)*ExpIntegralEila + b#*x
1, x1, x] /; FreeQ[{a, b}, x]

~

Int [ExpIntegralEi[(a_) + (b_.)*(x_)]1"2*(x_)"(m_.), x_Symbol] :> Simp[x~(m +
1)*(ExpIntegralEifa + b*x]~"2/(m + 1)), x] + (Simp[a*x"m*(ExpIntegralEila +
b*x]~2/(b*(m + 1))), x] - Simp[2/(m + 1) Int[x"m*E~(a + b*x)*ExpIntegral

Eila + b*x], x], x] - Simpla*(m/(b*(m + 1))) Int[x"(m - 1)*ExpIntegralEil

a + b*x]"2, x], x]) /; FreeQ[{a, b}, x] && IGtQ[m, O]

Int[E"((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)]1*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEil[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, 0]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 105, normalized size of antiderivative = 0.69

method result

2 bz+ b
explntegral (bz+a)? (% —a(bz-l—a)) —2 explntegral(bz+a) ( (bz+a%e cta z2+a —aeb“H'“) n

e2bx+2a
2

+explnt

derivativedivides 2

default

2 bx+ b
explntegral (bz+a)? (w —a(bm+a)> —2 explntegral(bz+a) ( (b1‘+a)23 ata 2+a —aeb”H'a) n

e2bz+2a
2

+explnt

b2
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. Lint(x*Ei(b*x+a)“2,x,method=_RETURNVERBOSE) J
input

" \ 1/b72% (Ei (b*x+a) "2x (1/2* (b*x+a) ~"2-a* (b*x+a) ) -2+Ei (b*x+a) * (1/2* (b*x+a) *exp ( \
| b¥x+a)-1/2xexp (bxx+a) -axexp (b*x+a) ) +1/2%exp (b¥x+a) “2+Ei (1, -2%bkx-2%a) +2xax
‘Ei(l,-2*b*x-2*a))

outpu

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.49

/ x ExplntegralEi(a + bx)* dx
(0*2? — a®)Ei(bz + a)® — 2 (bz — a — 1)Ei(bz + a) e®*+9) — 2(2a 4 1)Ei(2bz + 2a) + e¥+29)

202

i i - i =" s n
input tlntegrate(x*El(b*)Ha) 2,x, algorithm="fricas") J

‘1/2*((b‘2*x“2 - a”2)*Ei(b*x + a)~2 - 2x(b*x - a - 1)*Ei(b*x + a)*e” (b*x + \

output
‘a) - 2%(2%a + 1)*Ei(2%b¥x + 2%a) + e~ (2%b%x + 2%a))/b~2

Sympy [F]

/ x ExplntegralEi(a + bx)? dr = / rEi? (a + bz) dz

input Lintegrate (x*Ei (bxx+a) **2,x) J

output LIntegral(x*Ei (a + b*x)**2, x) J
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Maxima [F|

/ x ExplntegralEi(a + bz)* dr = / zEi(bz + a)® dz

i i - i =" : 1]
input Llntegrate(X*El(b*Ha) 2,x, algorithm="maxima

outputtintegrate(x*Ei(b*x + a)~2, x)

Giac [F]

/ z ExplntegralEi(a + bz)? dr = / zEi(bz + a)® dz

input tintegrate (x*Ei(b*x+a)~2,x, algorithm="giac")

output Lintegrate (x*Ei(b*x + a)~2, x)

Mupad [F(-1)]
Timed out.

/ x ExplntegralEi(a + bz)? do = / zei(a+bz)’de

input Lint (xxei(a + b*x)"2,x)

Outputtint(x*ei(a + b*x)"2, x)
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Reduce [F]

/ x ExplntegralEi(a + bx)* dr = / ei(bz + a)’ zdx

input Lint (x*Ei (b*x+a)~2,x)

output tint (ei(a + b*x)**2%x,x)
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3.28 [ ExplntegralEi(a + bz)? dzx

Optimal result . . . . . . . . . . . . e 209
Mathematica [A] (verified) . . . . . . . . . ... o 2091
Rubi [A] (verified) . . . .. . . ... .. 210
Maple [A] (verified) . . . . . . ... L 211
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 212
Sympy [F] . . o o 212
Maxima [F] . . . . . .
Giac [F] . . . . o o 213
Mupad [F(-1)] . . . o o 213
Reduce [F] . . . . . 213

Optimal result

Integrand size = 8, antiderivative size = 49

2eT%% ExplntegralEi(a + bz)
b
N (a + bz) ExplntegralEi(a + bx)?

b
N 2 ExplIntegralEi(2(a + bx))

b

/ ExplntegralEi(a + br)? dz = —

output L-z*exp (bkx+a) *Ei (b*x+a) /b+ (bkx+a) *Ei (bkx+a) ~2/b+2*Ei (2%b*x+2%a) /b J

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

/ ExplntegralEi(a + bz)* dz

_ —2e*t*" ExplntegralEi(a + bz) + (a + bz) ExpIntegralEi(a + bz)? 4+ 2 ExpIntegralEi(2(a + bz))
B b

-

input LIntegrate [ExpIntegralEi[a + b*x]~2,x]

-/
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‘ (-2xE~(a + b*x)*ExpIntegralEi[a + b*x] + (a + b*x)*ExpIntegralEi[a + b*x]~

output ‘
P + 2*ExpIntegralEi[2*(a + b*x)])/b J

Rubi [A] (verified)

Time = 0.27 (sec) , antiderivative size = 51, normalized size of antiderivative = 1.04,

number of rules _ 0.375, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {7040, 7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplntegralEi(a + bx)? dz

| 7040
bz) ExplntegralEi bx)?
(a + bz) Expln l()egra i +ba)” 2 / et ExplntegralEi(a + bx)dx
| 7043
a + bx) Explntegralti(a 4 bx e xplntegralli(a + bx e
bx) Expl 1Ei bx)? 9 a+b Expl 1Ei b _ 2a+2bx iz
b b a+bx
| 2609
a + bx) Explntegralki(a + 0z
(a + bz) ExplntegralEi(a + bz)*
b
9 €2t ExplntegralEi(a + bx) _ ExplntegralEi(2(a + bz))
b b
input LInt [ExpIntegralEil[a + b*x]"2,x] J

‘ ((a + bxx)*ExpIntegralEi[a + b*x]~2)/b - 2*((E~(a + b*x)*ExpIntegralEil[a + ‘

output
‘ b*x])/b - ExpIntegralEi[2*(a + b*x)]/b) ‘
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Defintions of rubi rules used

rule 2609

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 7040

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)]1"2, x_Symbol] :> Simp[(a + b*x)*(ExpIn

tegralEi[a + b*x]~2/b), x] - Simp[2

1, x], x] /; FreeQ[{a, b}, x]

Int[E~(a + b*x)*ExpIntegralEil[a + b#*x

rule 7043

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol]

Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b

(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

>
Int[E"(a + ¢ +

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 46, normalized size of antiderivative = 0.94

method result size
. . . explntegral(bz+a)? (bz+a)—2 explntegral(bz+a)eb®+a—2 explntegral, (—2bz—2a)
derivativedivides 5 46
explntegral (bz+a)? (bz+a)—2 explntegral(br+a)e?®+e —2 explntegral, (—2bz—2a)
default 3 46

input L

int (Ei (b*x+a) ~2,x,method=_RETURNVERBOSE)

output

\1/b*(Ei(b*x+a)“2*(b*x+a)-2*Ei(b*x+a)*exp(b*x+a)-2*Ei(1,-2*b*x-2*a))
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 44, normalized size of antiderivative = 0.90

_ (br + a)Ei(bz + a)® — 2Ei(bz + a) e®*+%) 4+ 2Ei(2bz + 2a)
B b

/ ExplntegralEi(a+bz)? dx

i i - i =" 3 n
inputLlntegrate(El(b*x+a) 2,x, algorithm="fricas") J

Output‘ ((b*x + a)*Ei(b*x + a)~2 - 2*xEi(b*x + a)*e”(b*x + a) + 2+Ei(2%b*x + 2%a))/ ‘
b

Sympy [F]
/ ExplntegralEi(a + bx)? dz = / Ei® (a + bz) dz
input Lintegrate (Ei (b*x+a) **2,x) J
output LIntegral(Ei (a + b*x)*%2, x) J
Maxima [F|

/ ExplntegralEi(a + bz)? dz = / Ei(bz + a)® dz

input ‘ integrate(Ei(b*x+a)~2,x, algorithm="maxima")

output tintegrate (Ei(b*x + a)~2, x) J
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Giac [F]

/ ExplntegralEi(a + bz)? dz = / Ei(bz + a)® dz

inputLintegrate(Ei(b*x+a)‘2,x, algorithm="giac")

Outputtintegrate(Ei(b*x + a)”2, x)

Mupad [F(-1)]
Timed out.

/ ExplntegralEi(a + bz)? dz = / ei(a + bx)’ dz

input Lint(ei(a + b*x)~2,x)

outputtint(ei(a + b*x)~2, x)

Reduce [F]

/ ExplntegralEi(a + bz)? dz = / ei(bz + a)’ dz

inputLint(Ei(b*x+a)“2,x)

Outputtint(ei(a + b*x)*%2,x)




output

input

output
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ExplIntegralEi(a+bz)?
3.29 [ DeltegnlBilatlo)] g,
Optimal result . . . . . . . . . . . . . . e 214
Mathematica [N/A] . . . . . . . . . 214
Rubi [N/A] . . o 215
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o 216
Sympy [N/A] . . o 210
Maxima [N/A] . . . . . 216
Giac [N/A] . . o o 217
Mupad [N/A] . . .o 217
Reduce [N/A] . . . o 218
Optimal result
Integrand size = 12, antiderivative size = 12

ExplntegralEi(a + bx)?

/ ExplntegralEi(a + bx)?
T

dr = Int(

T

)

LDefer(Int)(Ei(b*x+a)‘2/x,x)

Mathematica [N/A]

Not integrable

Time = 0.10 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ ExplntegralEi(a + bx)? dp — / ExplntegralEi(a + bx)? p

T

T

X

LIntegrate [ExpIntegralEi[a + b*x]~2/x,x]

‘Integrate[EprntegralEi[a + b*x]"2/x, x]




output L

input L
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplntegralEi(a + bx)? e
x

l 7299

/ ExplntegralEi(a + bz)? iz
z

-

LInt [ExpIntegralEi[a + b*x]~2/x,x]

-/

$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ explntegral (b + a)’ s
T

int (Ei (b*x+a)~2/x,x)

Lint(Ei(b*x+a)‘2/x,x) J
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ Eprntegra,:lCEl(a+ba:) dp — / El(bxx+ a) i

. . - b s "
input Llntegrate(El(b*x+a) 2/x,x, algorithm="fricas")

output Lintegral(Ei (bxx + a)~2/x, x)

Sympy [N/A]
Not integrable

Time = 1.76 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

. 2 2
/ ExplntegralEi(a + bz) dp — / Ei (ax—f- bz) i
T

input integrate (Ei (b¥x+a) *%2/x,x)

output LIntegral(Ei(a + b*x)**2/x, Xx)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ ExplntegralEi(a + bz) dp — / El(b:vz—l- a) i
z

i i - i =" : 1]
input Llntegrate(El(b*x+a) 2/x,x, algorithm="maxima")
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output Lintegrate (Ei(b*x + a)~2/x, x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplntegralEi(a + bx)? i — / Ei(bz + a)®
T T

inputLintegrate(Ei(b*x+a)‘2/x,x, algorithm="giac")

OutputLintegrate(Ei(b*x + a)~2/x, x)

Mupad [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ EXpIntegraglvEl(a + bx) dp — / ei(a Z bx) d

input Lint(ei(a + b*x)~2/x,x)

output Lint(ei(a + b*x)"2/x, x)




CHAPTER 3. LISTING OF INTEGRALS 218

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ ExplntegralEi(a + bz) dp — / ei(br + a) s

T T

input Lint (Ei (b*x+a) ~2/x,x%)

output Lint(ei(a + b*x)**2/x,x)




output

input L

outpu
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3.30 f EXpIIltegr;ul2Ei(a,—l—bﬂc)2 dx

Optimal result . . . . . . . . . . . . . . e 219
Mathematica [N/A] . . . . . . . . . 219
Rubi [N/A] . . . oo 220
Maple [N/A] . . . . . 220
Fricas [N/A] . . . . o o
Sympy [N/A] . . o 221]
Maxima [N/A] . . . . . 221]
Giac [N/A] . . o o 2221

Mupad [N/A] . . .o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 12, antiderivative size = 12

/ ExplntegralEi(a + bx)?
72

dr = Int(

ExplntegralEi(a + bx)?

xr2

)

LDefer(Int)(Ei(b*x+a)‘2/x“2,x)

Mathematica [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ ExplntegralEi(a + bx)? /
o dr =

ExplntegralEi(a + bx)? p

x2

X

Integrate [ExpIntegralEi[a + b*x]~2/x72,x]

t‘Integrate[EprntegralEi[a + b*x]"2/x72, x]




output L

input L
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

ExplntegralEi(a + bx)?
22 dz

l 7299

/ ExplntegralEi(a + bz)?
2 dx

-

LInt [ExpIntegralEi[a + b*x]~2/x72,x]

-/

$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

explntegral (b + a)’ p
x? v

int (Ei (b*x+a)~2/x"2,x%)

Lint(Ei(b*x+a)‘2/x“2,x) J
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplIntegralEi(a + bz)? / Ei(bz + a)?
; dz = [ ——5——
T T

jnputLintegrate(Ei(b*x+a)‘2/x‘2,x, algorithm="fricas")

output Lintegral(Ei (bxx + a)~2/x72, x)

Sympy [N/A]
Not integrable

Time = 9.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

. 2 2
/ EXpIntegral2E1(a + bx) dp — / Ei* (a 2—{- bz) i
z T

input‘integrate(Ei(b*x+a)**2/x**2,x)

outputtlntegral(Ei(a + b*x)*%2/x%%2, x)

Maxima [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ EprntegrziEl(a + bx) dp — / El(b:vx ;l— a) i

. . — N -
inputLlntegrate(El(b*x+a) 2/x72,x, algorithm="maxima")
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Outputtintegrate(Ei(b*x + a)"2/x°2, x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplntegralEi(a + bx)? / Ei(bz + a)®
2 do= [ —— 53—
T T

inputLintegrate(Ei(b*x+a)‘2/x*2,x, algorithm="giac")

Outputtintegrate(Ei(b*x + a)"2/x°2, x)

Mupad [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 2 . 2
/ EXpIntegra12E1(a + bx) dp — / ei(a +2b x) d
x x

input Lint(ei(a + b*x)"2/x72,x)

OutputLint(ei(a + b*x)"2/x72, x)
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Reduce [N/A]
Not integrable

Time = 0.21 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 T2

. 2 . 2
/ ExplntegralEi(a + bz) dp — / ei(br + a) s

input Lint (Ei(b*x+a)~2/x"2,%x)

output Lint(ei(a + bxx)**2/x*%*2,x)




output L

input

output
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3.31 [ z* ExplntegralEi(a + bz)? dz

Optimal result . . . . . . . . . . . . e 224
Mathematica [N/A] . . . . . . . . 224
Rubi [N/A] . . o
Maple [N/A] . . . . 225
Fricas [N/A] . . . o o 220
Sympy [N/A] . . e 226
Maxima [N/A] . . . . . 2261
Giac [N/A] . . . e 227
Mupad [N/A] . . . o 227
Reduce [N/A] . . . o o 228

Optimal result

Integrand size = 12, antiderivative size = 12

/ z” ExplntegralEi(a + bz)® dz = Int(z” ExplntegralEi(a + bz)°, z)

-

Defer (Int) (x~2*Ei (b*x+a) ~3,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ 7% ExpIntegralEi(a + bz)® dr = / z? ExplntegralEi(a + bz)® dz

‘ Integrate [x"2*ExpIntegralEil[a + b*x]~3,x]

‘Integrate[x“2*Eprntegra1Ei[a + b*x]"3, x]




output t
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x? ExplntegralEi(a + bx)? dz
| 7299

/ z? ExpIntegralEi(a + bx)3dx

input ‘ Int [x"2+ExpIntegralEi[a + b*x]~3,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ z? expIntegral (bz + a)® dz

Lint (x~2*Ei (b*x+a) ~3,x)

e

int (x"2*Ei (b*x+a) ~3,x)

~—




input

output

input

output

input
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ 7% ExpIntegralEi(a + bz)® dr = / 2’Ei(bz + a)® dx

-

tintegrate(x‘2*Ei(b*x+a)‘3,x, algorithm="fricas")

e—

Lintegral(x‘2*Ei(b*x + a)”3, x)

Sympy [N/A]
Not integrable

Time = 37.27 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ z? ExplntegralEi(a + bz)* dz = / 2 Ei® (a + br) dz

Lintegrate(x**2*Ei(b*x+a)**3,x)

LIntegral(x**Q*Ei(a + b*x)**3, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ x? ExpIntegralEi(a + bx)® dz = / 2°Ei(bz + a)® da

Lintegrate (x~2*Ei (b*x+a) "3,x, algorithm="maxima")
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OutputLintegrate(x“Q*Ei(b*x + a)~3, x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ z? ExplntegralEi(a + bz)® dz = / 2°Ei(bz + a)® da

input Lintegrate (XA2*Ei (b*x+a) -3,x, algorithm="giac")

Ou_tputLint.egrate()("2*Ei(b*x + a)”3, x)

Mupad [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ z? ExplntegralEi(a + bz)? dr = / 2?ei(a+bz)’ do

input Lint(x‘Q*ei(a + b*x)~3,x)

output Lint(x"2*ei(a + b*x)~3, x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ x? ExpIntegralEi(a + bz)* dz = / ei(bx + a)® z?dx

-

inputtint (x~2%Ei (b*x+a) ~3,x)

e—

output Lint(ei(a + bxx)**3*kx*k*2,x%)




output

input

output
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: 3

3.32 [ = ExplntegralEi(a + bz)° dx

Optimal result . . . . . . . . . . . . . 229
Mathematica [N/A] . . . . . . . . 2291
Rubi [N/A] . . o 230
Maple [N/A] . . . . o 230
Fricas [N/A] . . . o o o 231
Sympy [N/A] . . 231]
Maxima [N/A] . . . . . 2311
Giac [N/A] . . . 232
Mupad [N/A] . . . 232
Reduce [N/A] . . . o o 233

Optimal result

Integrand size = 10, antiderivative size = 10

/ z ExplIntegralEi(a + bz)® dz = Int(z ExplntegralEi(a + bz)*, z)

-

LDefer(Int) (x*Ei (b*x+a)~3,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ x ExpIntegralEi(a + bz)3 dx = / x ExpIntegralEi(a + bz)> dx

‘ Integrate [x*ExpIntegralEi[a + b*x]~3,x]

‘ Integrate [x*ExpIntegralEi[a + b*x]~3, x]
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x ExpIntegralEi(a + bx)? dz
| 7299

/ = ExpIntegralEi(a + bx)3dz

input‘Int[x*EprntegralEi[a + b*x]"3,x]

output t

L$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ z explntegral (bz + a)° dz

Lint(x*Ei(b*x+a)‘3,x)

e

~—

int (x*Ei (b*x+a) ~3,x)




input

output

input

output

input
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ x ExpIntegralEi(a + bz)3 dx = / zEi(bz + a)® dz

p
tintegrate(x*Ei(b*x+a)‘3,x, algorithm="fricas")

e—

Lintegral(x*Ei(b*x + a)”3, x)

Sympy [N/A]
Not integrable

Time = 20.94 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ x ExplntegralEi(a + bz)® dr = / rEi® (a4 bz) dz

Lintegrate(x*Ei(b*x+a)**3,x)

LIntegral(x*Ei(a + b*x)**3, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ x ExplntegralEi(a + bx)® dr = / zEi(bz + a)® dz

Lintegrate(x*Ei(b*x+a)‘3,x, algorithm="maxima")
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output Lintegrate (x*Ei(b*x + a)~3, x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ z ExplntegralEi(a + bz)® dr = / zEi(bz + a)® dz

input tintegrate (x*Ei(b*x+a)~3,x, algorithm="giac")

output Lintegrate (x*Ei(b*x + a)~3, x)

Mupad [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ z ExpIntegralEi(a + bz)3 dzx = / zei(a +bx)’ do

input Lint(x*ei(a + b*x)~3,x)

output Lint(x*ei(a + b*x)~3, x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ r ExpIntegralEi(a + bx)® dr = / ei(bx + a)’ zdz

-

input tint (x*Ei (b*x+a) ~3,x)

e—

output Lint(ei(a + b*xx)**3%x,X)
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3.33 ExplntegralEi bx)3d

. Xplntegralbi(a + 0x)° dx
Optimal result . . . .. ... ... .. ... . ... . ... .. ..... 234

Mathematica [N/A] . . . . . . . ...
Rubi [N/A] . . .
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o
Sympy [N/A] . . o o
Maxima [N/A] . . . . . .
Giac [N/A] . . . o
Mupad [N/A] . . ..o
Reduce [N/A] . . . . o

Optimal result

Integrand size = 8, antiderivative size = 8

/ ExplntegralEi(a + bz)® dz = Int(ExplntegralEi(a + bz)?, z)

-

output LDefer (Int) (Ei(b*x+a)~3,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.01 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + br)® dz = / ExplntegralEi(a + br)® dz

inputLIntegrate[EprntegralEi[a + b*x]~3,x]

output‘ Integrate[ExpIntegralEi[a + b*x]~3, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 3, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplIntegralEi(a + bz)3 dz

l 7981

| ExplntegralEi(a + bz)3d(a + bz)
b

l 7299

[ ExplntegralEi(a + bz)3d(a + bz)
b

‘ Int [ExpIntegralEi[a + b*x]~3,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.00 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ explntegral (bz + a)® d

Lint (Ei(b*x+a)~3,x)

e

tint(Ei(b*x+a)‘3,x)

A J
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Fricas [N/A]

Not integrable

Time = 0.10 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + bz)® dz = / Ei(bz + a)’ dz

-

input t

integrate (Ei(b*x+a)~3,x, algorithm="fricas")

e—

output L

input L

integral (Ei(b*x + a)~3, x)

Sympy [N/A]
Not integrable

Time = 10.36 (sec) , antiderivative size = 8, normalized size of antiderivative = 1.00

/ ExplntegralEi(a + bz)® dr = / Ei® (a + bz) dz

integrate (Ei (b*x+a)**3,x)

outputt

Integral(Ei(a + b*x)**3, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + br)® dz = / Ei(bz + a)® dz

inputt

integrate(Ei(b*x+a)~3,x, algorithm="maxima")
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output Lintegrate (Ei(b*x + a)~3, x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + bz)* dx = / Ei(bz + a)® dz

input tintegrate (Ei(b*x+a)~3,x, algorithm="giac")

output Lintegrate (Ei(b*x + a)~3, x)

Mupad [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + bx)® dz = / ei(a + bz)’dzx

input Lint(ei(a + b*x)~3,x)

output Lint(ei(a + b*x)~3, x)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.25

/ ExplntegralEi(a + bz)® dz = / ei(bx + a)® dz

-

input tint (Ei (b*x+a)~3,x)

e—

output Lint(ei(a + b*xx)**3,x)




output

input L

outpu
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3.34 f EprntegrzlEi(a—l—bx)?’ dx

Optimal result . . . . . . . . . . . . . . e 239
Mathematica [N/A] . . . . . . . . . 239
Rubi [N/A] . . . oo D40
Maple [N/A] . . . . . 2400
Fricas [N/A] . . . . o o
Sympy [N/A] . . o 247]
Maxima [N/A] . . . . . 247]
Giac [N/A] . . o o 2421

Mupad [N/A] . . .o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 12, antiderivative size = 12

/ ExplntegralEi(a + bz)?
T

dr = Int(

ExplntegralEi(a + bx)3

T

)

LDefer(Int)(Ei(b*x+a)‘3/x,x)

Mathematica [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ ExplntegralEi(a + bx)3 dp — /
T

ExplntegralEi(a + bx)3 p

T

X

Integrate [ExpIntegralEil[a + b*x]~3/x,x]

t‘Integrate[EprntegralEi[a + b*x]"3/x, x]




output L

input L
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplntegralEi(a + bx)3 e
x

l 7299

/ ExplntegralEi(a + bz)3 iz
z

-

LInt [ExpIntegralEil[a + b*x]~3/x,x]

-/

$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ explntegral (b + a)® s
T

int (Ei (b*x+a)~3/x,x)

Lint (Ei(b*x+a)~3/x,x) J
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ Eprntegra,:lCEl(a+ba:) dp — / El(bxx+ a) i

. . - b s "
input Llntegrate(El(b*x+a) 3/x,x, algorithm="fricas")

output Lintegral(Ei (b*x + a)~3/x, x)

Sympy [N/A]
Not integrable

Time = 2.70 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.83

. 3 :3
/ ExplntegralEi(a + bz) dp — / Ei (ax—f- bz) i
T

input integrate (Ei (b¥x+a)**3/x,x)

output LIntegral(Ei(a + b*x)**3/x, x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ ExplntegralEi(a + bz) dp — / El(b:vz—l- a) i
z

i i - i =" : 1]
input Llntegrate(El(b*x+a) 3/x,x, algorithm="maxima")
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output Lintegrate (Ei(b*x + a)~3/x, x)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplntegralEi(a + bx)3 i — / Ei(bz + a)®
T T

inputLintegrate(Ei(b*x+a)‘3/x,x, algorithm="giac")

OutputLintegrate(Ei(b*x + a)~3/x, x)

Mupad [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ EXpIntegraglvEl(a + bx) dp — / ei(a Z bx) d

input Lint(ei(a + b*x)~3/x,x)

output Lint(ei(a + b*x)~3/x, %)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ ExplntegralEi(a + bz) dp — / ei(br + a) s

T T

input Lint (Ei (b*x+a) ~3/x,x%)

output Lint(ei(a + b*x)**3/x,x)




output

input L

outpu

CHAPTER 3. LISTING OF INTEGRALS 244
3.35 f Eprntegrzl2Ei(a—|—bx)3 dx

Optimal result . . . . . . . . . . . . . . e 244
Mathematica [N/A] . . . . . . . . . 247
Rubi [N/A] . . o 245)
Maple [N/A] . . . . .
Fricas [N/A] . . . . o o 246
Sympy [N/A] . . o 240
Maxima [N/A] . . . . . 246
Giac [N/A] . . o o 247l
Mupad [N/A] . . .o
Reduce [N/A] . . . o o

Optimal result

Integrand size = 12, antiderivative size = 12

xr2

/ ExplntegralEi(a + bz)?

dr = Int(

ExplntegralEi(a + bx)3

xr2

)

LDefer(Int)(Ei(b*x+a)‘3/x“2,x)

Mathematica [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

: 3
/ ExplntegralEi(a + bx) dr — /

2

ExplntegralEi(a + bx)3 p

x2

X

Integrate [ExpIntegralEi[a + b*x]~3/x72,x]

t‘Integrate[EprntegralEi[a + b*x]"3/x72, x]




output L

input L
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Rubi [N/A]
Not integrable
Time = 0.17 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

ExplntegralEi(a + bx)3
22 dz

l 7299

/ ExplntegralEi(a + bz)3
2 dx

-

LInt [ExpIntegralEi[a + b*x]~3/x72,x]

-/

$Aborted

Maple [N/A]
Not integrable

Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

explntegral (b + a)® p
x? v

int (Ei (b*x+a)~3/x"2,x%)

Lint(Ei(b*x+a)‘3/x“2,x) J
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplIntegralEi(a + bz)3 / Ei(bz + a)®
; dz = [ ——5——
T T

jnputLintegrate(Ei(b*x+a)‘3/x‘2,x, algorithm="fricas")

output Lintegral(Ei (b*x + a)~3/x72, x)

Sympy [N/A]
Not integrable

Time = 22.58 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

. 3 :3
/ EXpIntegral2E1(a + bx) dp — / Ei° (a 2—{- bz) i
z T

input‘integrate(Ei(b*x+a)**3/x**2,x)

outputtlntegral(Ei(a + b*x)**3/x**2, X)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ EprntegrziEl(a + bx) dp — / El(b:vx ;l— a) i

. . — N -
inputLlntegrate(El(b*x+a) 3/x72,x, algorithm="maxima")
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Outputtintegrate(Ei(b*x + a)"3/x°2, x)

Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

dz

/ ExplntegralEi(a + bx)3 / Ei(bz + a)®
2 do= [ —— 53—
T T

inputLintegrate(Ei(b*x+a)‘3/x*2,x, algorithm="giac")

Outputtintegrate(Ei(b*x + a)~3/x°2, x)

Mupad [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

. 3 . 3
/ EXpIntegra12E1(a + bx) dp — / ei(a +2b x) d
x x

input Lint(ei(a + b*x)~3/x72,x)

OutputLint(ei(a + b*x)~3/x72, x)
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Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

2 T2

. 3 . 3
/ ExplntegralEi(a + bz) dp — / ei(br + a) s

input Lint (Ei(b*x+a) ~3/x"2,%)

output Lint(ei(a + bxx)**3/x*%*2,x)
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3.36 [(c+ dz)™ ExplntegralEi(a + bz)? dz

Optimal result . . . . . . . . . . . . e 249
Mathematica [N/A] . . . . . . . . 249
Rubi [N/A] . . o 250
Maple [N/A] . . . . 2500
Fricas [N/A] . . . o o 251]
Sympy [F(-1)] . . o oo 251]
Maxima [N/A] . . . . . 2511
Giac [N/A] . . . e 252
Mupad [N/A] . . . o 252
Reduce [N/A] . . . o o 252

Optimal result

Integrand size = 16, antiderivative size = 16

/ (c + dz)™ ExplntegralEi(a + bz)® dz = Int((c + dz)™ ExplntegralEi(a + bz)?,

z)

-

output LDefer (Int) ((d*x+c) “m*Ei (b*x+a)~3,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c + dr)™ ExplntegralEi(a + bx)® dx = / (c + dz)™ ExplntegralEi(a + bx)? dzx

tnput ‘ Integrate[(c + d*x) “m*ExpIntegralEi[a + b*x]~3,x]

Output‘ Integrate[(c + d*x) “m*ExpIntegralEi[a + b*x]~3, x]
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplIntegralEi(a + bz)3(c + dz)™ dx
| 7299

/ ExplIntegralEi(a + bz)3(c + dz)™dx

input‘ Int[(c + d*x) “m*ExpIntegralEil[a + b*x]~3,x] ‘

p

L$Aborted J

Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ (dz + ¢)™ expIntegral (bz + a)° dz

Lint ((d*x+c) “m*Ei (b*x+a) ~3,x) J

A >

int ((d*x+c) “m*Ei (b*x+a) ~3,x)
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Fricas [N/A]
Not integrable

Time = 0.09 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)® dz = / (dz + ¢)"Ei(bz + a)® dz

input Lintegrate ((d*x+c) “m*Ei (b*x+a) "3 ,X, algorith.m=":fricas ")

output Lintegral( (d*x + c) "m*Ei(b*x + a)~3, x)

Sympy [F(-1)]

Timed out.

/ (c + dz)™ ExplIntegralEi(a + bx)® dz = Timed out

input Lintegrate ((d*x+c) **m*Ei (bxx+a) #*3, x)

output LTlmed out

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)® dz = / (dz + ¢)"Ei(bz + a)® dz

input Lintegrate ((d*x+c) “m*Ei (b*x+a)~3,x, algorithm="maxima")

output Lintegl”ate ((d*x + c) "m*Ei(b*x + a)~3, x)
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Giac [N/A]
Not integrable

Time = 0.15 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)® dz = / (dz + ¢)™Ei(bz + a)® dz

-

input t

integrate ((d*x+c) “m*Ei (b*x+a) ~3,x, algorithm="giac")

e—

output L

input L

integrate((d*x + c) m*Ei(b*x + a)~3, x)

Mupad [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bz)* do = /ei(a +bz)’ (c+dz)"dx

int(ei(a + b*x)“3*%(c + d*x)"m,x)

outputt

int(ei(a + b*x)~"3*(c + d*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.18 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bz)* dz = / (dz + &)™ ei(bz + a)® dz

inputt

int ((d*x+c) “m*Ei (b*x+a) ~3,x)
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output Lint((c + d*x)**m*ei(a + b*x)**3,x)
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3.37 [(c+ dz)™ ExplntegralEi(a + bz)* dz

Optimal result . . . . . . . . . . . . e 254
Mathematica [N/A] . . . . . . . . 2541
Rubi [N/A] . . o 255
Maple [N/A] . . . . 255
Fricas [N/A] . . . o o 250
Sympy [F(-1)] . . o oo 250
Maxima [N/A] . . . . . 2561
Giac [N/A] . . . e 257
Mupad [N/A] . . . o 257
Reduce [N/A] . . . o o 257

Optimal result

Integrand size = 16, antiderivative size = 16

/ (¢ + dz)™ ExplntegralEi(a + bz)? dz = Int((c + dz)™ ExplntegralEi(a + bz)?, z)

-

output LDefer (Int) ((d*x+c) “m*Ei (bxx+a) ~2,x)

-/

Mathematica [N/A]

Not integrable

Time = 0.72 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c + dr)™ ExplntegralEi(a + bx)? dx = / (c + dz)™ ExpIntegralEi(a + bx)* dzx

tnput ‘ Integrate[(c + d*x) “m*ExpIntegralEila + b*x]~2,x]

Output‘ Integrate[(c + d*x) “m*ExpIntegralEi[a + b*x]~2, x]




output t
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ExplIntegralEi(a + bz)?(c + dz)™ dz
| 7299

/ ExplIntegralEi(a + bz)2(c + dz)™dx

input‘ Int[(c + d*x) “m*ExpIntegralEil[a + b*x]~2,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ (dz + ¢)™ expIntegral (bz + a)” dz

Lint ((d*x+c) “m*Ei (b*x+a) ~2,x)

p

int ((d*x+c) “m*Ei (b*x+a) ~2,x)

~—
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)? dz = / (dz + ¢)"Ei(bz + a)® dz

input Lintegrate ((d*x+c) “m*Ei (b*x+a) "2 ,X, algorith.m=":fricas ")

output Lintegral( (d*x + c)"m*Ei(b*x + a)~2, x)

Sympy [F(-1)]

Timed out.

/ (c + dz)™ ExplntegralEi(a + bx)? dz = Timed out

input Lintegrate ((d*x+c) **m*Ei (bxx+a) ¥%2, x)

output LTlmed out

Maxima [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)? dz = / (dz + ¢)"Ei(bz + a)® dz

input Lintegrate ((d*x+c) “m*Ei (b*x+a)~2,x, algorithm="maxima")

output Lintegl”ate ((d*x + c) "m*Ei(b*x + a)~2, x)
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Giac [N/A]
Not integrable

Time = 0.13 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bx)? dz = / (dz + ¢)™Ei(bz + a)® dz

-

input t

integrate((d*x+c) "m*Ei(b*x+a)~2,x, algorithm="giac")

e—

output L

input L

integrate((d*x + c) m*Ei(b*x + a)~2, x)

Mupad [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bz)? do = /ei(a +bz)’ (c+dz)"dx

int(ei(a + b*x)“2%(c + d*x)"m,x)

outputt

int(ei(a + b*x)"2*(c + d*x)”"m, x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/(c + dz)™ ExplntegralEi(a + bz)? dz = / (dz + )™ ei(bz + a)® dz

inputt

int ((d*x+c) “m*Ei (b*x+a) ~2,x)
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output Lint((c + d*x)**km*ei(a + bxx)**2,x)
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3.38 [ (¢ + dz)™ ExplntegralEi(a + bz) dz

Optimal result . . . . . . . . . . . . e 259
Mathematica [N/A] . . . . . . . . 2591
Rubi [N/A] . . o 260
Maple [N/A] . . . . 261]
Fricas [N/A] . . . o o 261]
Sympy [F(-1)] . . o oo 2611
Maxima [N/A] . . . . . 2621
Giac [N/A] . . . e 262
Mupad [N/A] . . . o 262
Reduce [N/A] . . . o o 263

Optimal result
Integrand size = 14, antiderivative size = 14
(¢ + dz)'*™ ExplntegralEi(a + bz)

d(1+m)
bInt(w,x)

/ (¢ + dz)™ ExplntegralEi(a + bx) dz =

a+bx
d(1+m)

outpu

t‘((d*x+c)‘(1+m)*Ei(b*x+a)/d/(1+m)—b*Defer(Int)(exp(b*x+a)*(d*x+c)‘(1+m)/(b*x

+a) ,x)/d/(1+m)

Mathematica [N/A]

Not integrable

Time = 0.52 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ (¢ + dz)™ ExplntegralEi(a + bz) dx = / (c + dz)™ ExplntegralEi(a + bz) dx

inputt

Integrate[(c + d*x) m*ExpIntegralEi[a + b*x],x]

N
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output‘ Integrate[(c + d*x) m*ExpIntegralEil[a + b*x], x]

Rubi [N/A]
Not integrable
Time = 0.42 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ ExplIntegralEi(a + bx)(c + dz)™ dz
| 7039
ea+bz c T m—+1
ExplntegralEi(a 4 bz)(c + da)™+! b / %dw
d(m +1) d(m +1)
| 7299
a+bx m+1
ExplntegralEi(a + bz)(c + dz)™*! B b %dfv
d(m +1) d(m + 1)
input LInt [(c + d*x) m*ExpIntegralEi[a + b*x],x] J

output t$Aborted J
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Maple [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ (dz + ¢)™ explntegral (bz + a) dz

input ‘ int ((d*x+c) “m*Ei (b*x+a) ,x)

output tint ((d*x+c) “m*Ei (b*x+a) ,x)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ (¢ + dz)™ ExplntegralEi(a + bx) dz = / (dz + ¢)"Ei(bz + a) dz

input Lintegrate ((d*x+c) “m*Ei (b*x+a) ,X, alg0rithm="fricas ")

output Lintegral((d*x + c)"m*Ei(b*x + a), x)

Sympy [F(-1)]

Timed out.

/ (¢ + dz)™ ExplIntegralEi(a + bx) dr = Timed out

input Lintegrate ((d*x+c) **m*Ei (b*x+a) ,x)

output LTimed out
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Maxima [N/A]

Not integrable

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ (c + dz)™ ExplntegralEi(a + bx) dz = / (dz + ¢)"Ei(bz + a) dz

-

input t

integrate((d*x+c) "m*Ei(b*x+a) ,x, algorithm="maxima")

e—

output L

input L

integrate((d*x + c) m*Ei(b*x + a), x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ (c + dz)™ ExplntegralEi(a + bz) dx = / (dz + ¢)"Ei(bx + a) dz

integrate ((d*x+c) “m*Ei (b*x+a) ,x, algorithm="giac")

outputt

integrate((d*x + c) m*Ei(b*x + a), x)

Mupad [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/(c + dz)™ ExplntegralEi(a + bx) dz = /ei(a +bzx) (c+dz)"dz

inputt

int(ei(a + b*x)*(c + d*x) m,x)
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output Lint(ei(a + b*x)*(c + d*x)"m, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

/ (¢ + dz)™ ExplntegralEi(a + bx) dz = / (dz + ¢)™ ei(bz + a) dx

input tint ((d*x+c) “m*Ei (bxx+a) ,x)

output Lint((c + dxx)*km¥ei(a + b*x),x)




output

input

output
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(c+dz)™

3.39 ExplntegralEi(a+bz) dx

Optimal result . . . . . . . . . . e 264
Mathematica [N/A] . . . . . . . . 2641
Rubi [N/A] . . o 265)
Maple [N/A] . . . . e 265
Fricas [N/A] . . . . o 266!
Sympy [F(-1)] . . . o 260
Maxima [N/A] . . . . . 2661
Giac [N/A] . . . 267
Mupad [N/A] . . . o 267
Reduce [N/A] . . . o 267

Optimal result

Integrand size = 16, antiderivative size = 16

(c+dzx)™

/ (c+ dz)™ dx = Int
ExplntegralEi(a + bz) ExplntegralEi(a + bz)’

)

LDefer(Int)((d*x+c)“m/Ei(b*x+a),x)

Mathematica [N/A]

Not integrable

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

(c+dx)™

/ (c+dx)™ .- / .
ExplntegralEi(a + bz) ~ /| ExplntegralEi(a + bx)

LIntegrate[(c + d*x) “m/ExpIntegralEi[a + b*x],x]

‘Integrate[(c + d*x) “m/ExpIntegralEila + b*x], x]




input

output L

input

output
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Rubi [N/A]
Not integrable
Time = 0.18 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (c+dx)™

ExpIntegralEi(a + bx) v
| 7299

/ (c+dx)™

ExplntegralEi(a + bx)

LInt[(c + d*x) “m/ExpIntegralEil[a + b*x],x]

$Aborted

Maple [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ (dz+c)™
x
explntegral (bz + a)

‘ int ((d*x+c) “m/Ei (b*x+a) ,x)

Lint((d*x+c)“m/Ei(b*x+a),x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dz)™ dp — / (dz + )™ i
ExplntegralEi(a + bx) =~/ Ei(br +a)

inputLintegrate((d*X+C)Am/Ei(b*X+a),x, algorithm="fricas")

output Lintegral((d*x + ¢)"m/Ei(b*x + a), x)

Sympy [F(-1)]

Timed out.

(c+ dx)™ '
/ ExplntegralEi(a + bz) z imed ou

input Lintegrate ((d*x+c) **m/Ei (b*x+a) ,x)

output tTimed out

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dzx)™ dp — / (dz +c)™ I
ExplntegralEi(a + bx) =~/ Ei(bz +a)

input Lintegrate ((d*x+c) “m/Ei (b*x+a) ,x, algorithm="maxima")

output Lintegrate((d*x + ¢)"m/Ei(b*x + a), x)
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Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dz)™ dp — / (dz +c)™ d
ExplntegralEi(a + bzx) =~/ Ei(bz + a)

input Lintegrate ((d*x+c) “m/Ei (b*x+a) ,X, algorith.m="giac ")

output Lintegrate((d*x + c)"m/Ei(b*x + a), x)

Mupad [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+dz)™ dxz/ (c+dz)™ i

ExplntegralEi(a + bz) ei(a+bzx)

input Lint((c + d*x) "m/ei(a + b*x),x)

output Lint((c + d*x)"m/ei(a + b*x), x)

Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dx)™ dp — / (dz +c)™ i

ExplntegralEi(a + bx) /) ei(bx +a)

input Lint ((d*x+c) “m/Ei (b*x+a) ,x)
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output Lint((c + dxx)**km/ei(a + b*x),x)




output
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(c4dx)™

3.40 ExplntegralEi(a+bz)? dx

Optimal result . . . . . . . . .. . .. 269]
Mathematica [N/A] . . . . . . .. 269
Rubi [N/A] .« . o 270
Maple [N/A] . . . 2701
Fricas [N/A] . . . . . o
Sympy [F(-1)] . . . o o
Maxima [N/A] . . . . 27Tl
Giac [N/A] .« . o 272
Mupad [N/A] . . . . 2721

Reduce [N/A] . . . . o

Optimal result

Integrand size = 16, antiderivative size = 16

(c+ dz)™

/‘ (c+ do)™ dx::hm(

ExplntegralEi(a + bx)?

ExplntegralEi(a + bz)?’

!

LDefer(Int)((d*x+c)“m/Ei(b*x+a)“2,x)

Mathematica [N/A]
Not integrable

Time = 4.69 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

(c+ dz)™

/ (c+dz)™ . /
ExplntegralEi(a + bz)2 ~ | ExplntegralEi(a + br)?

dx

input

LIntegrate [(c + d*x) m/ExpIntegralEi[a + b*x]~2,x]

-

output L

Integrate[(c + d*x) m/ExpIntegralEila + b*x]~2, x]

—
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Rubi [N/A]
Not integrable
Time = 0.19 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dx

/ (c+dx)™

ExpIntegralEi(a + bx)?
| 7299

/ (c+dx)™

d
ExpIntegralEi(a + bx)? v

input LInt [(c + d*x) m/ExpIntegralEil[a + b*x]~2,x]

output L$Aborted

Maple [N/A]
Not integrable

Time = 0.02 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.00

/ (dz+c)™
explntegral (bz + a)’

input ‘ int ((d*x+c) "m/Ei (b*x+a) ~2,x)

output Lint ((d*x+c) “m/Ei (b*x+a) ~2,x)
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dzx)™ dp — / (dz+c)™ i
ExpIntegralEi(a + bx)2 ~  J Ei (bz + a)®

input Lintegrate ((d*x+c) “m/Ei(b*x+a)~2,x, algorithm="fricas")

output Lintegl‘al( (d*x + c)"m/Ei(b*x + a)~2, x)

Sympy [F(-1)]

Timed out.

(c+dz)™ .
/ ExplIntegralEi(a + bx)? z imed ou

input ‘ integrate ((d*x+c)**m/Ei (b*x+a) **2,x)

output LTimed out

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dx)™ dp — / (dz+c)™ i
ExplntegralEi(a + bz)2 ~  J Ei(bz + a)?

inputLintegrate((d*X+C)Am/Ei(b*X+a)A2’x’ algorithm="maxima")

output Lintegrate ((d*x + c)"m/Ei(b*x + a)~2, x)
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Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dz)™ g — / (dz + )™ i
ExplntegralEi(a + bz)2 ~  J Ei (bz + a)®

input ‘ integrate ((d*x+c) “m/Ei (b*x+a) "2 ,X, algorithm="giac ")

outputtintegrate((d*X + ¢)"m/Ei(b*x + a)~2, x)

Mupad [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dz)™ s _/ (c+dx)™ i
ExplntegralEi(a + bx)2 ~  J ei (a+bz)?

input Lint((c + d*x)"m/ei(a + b*x)~2,x)

output Lint((c + d*x) "m/ei(a + b*x)"2, x)

Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.12

/ (c+ dx)™ i — / (dz+c)™ d
ExplntegralEi(a + bz)2 ~  J ei(bz + a)?

input Lint ((d*x+c) “m/Ei (b*x+a) ~2,x)
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output Lint((c + dxx)**km/ei(a + bxx)**2,x)
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3.41 [ z* ExplntegralEi (d(a + blog (cz™))) dx

Optimal result . . . . . . . . . . . . e 271
Mathematica [A] (verified) . . . . . . . . . ... o 2741
Rubi [A] (verified) . . . .. . . ... .. 275
Maple [F] . . . . 276
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 270
Sympy [F(-1)] . . o oo 27T
Maxima [F] . . . . . . 27Tl
Giac [A] (verification not implemented) . . . . . . ... ... ... 278
Mupad [F(-1)] . . . o o 278
Reduce [F] . . . o . o o 278

Optimal result

Integrand size = 17, antiderivative size = 74

/ x? ExpIntegralEi (d(a + blog (cz™))) dx

= %x3 ExplntegralEi (d(a + blog (cz™)))

- %e_gzx?’(cz")_?’/ " ExplntegralEi ((3 + bdn) (ab_f/t blog (cz )))

| 1/3%x"3*Ei (d* (a+bxln(c*x"n))) -1/3+x"3+Ei ((b*d*n+3) * (a+b*ln(c*x"n)) /b/n) /ex

output
'p(3*a/b/n)/((c*x"n)"(3/n))

Mathematica [A] (verified)
Time = 0.12 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.93
/ z? ExpIntegralEi (d(a + blog (cz™))) dx

= %w?’ <EprntegralEi (d(a + blog (cz™)))

e (cz")_3/ " ExplntegralEi ((3 + bdn) (ab: blog (cz)) ))
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input ‘ Integrate [x"2*ExpIntegralEi[d*(a + b*Logl[c*x"n])],x]

" ‘ (x~3*(ExpIntegralEi[d*(a + b*Loglc*x™n])] - ExpIntegralEi[((3 + b*d*n)*(a

outpu
\ + bxLog[c*x™n]))/(b*n)]/(E~((3*a)/(b*n))*(c*x"n)~(3/n))))/3

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.24,

number of rules _ 0.176, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {7048, 2747, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z? ExplIntegralEi (d(a + blog (cz™))) dz

l 7048

‘,Ebdn+2

1 1
~ 2 ExplntegralEi (d(a + blog (cz™))) — gbneadm_bdn(cacn)bd

3 a + blog (cz™) dz

l 2747

(Cwn) bd1711+3

a + blog (cz™)

%x?’ ExplntegralEi (d(a + blog (cz™))) — %bx?’ead(cx")bd_ R / dlog (cz™)

l 2609

1
— 23 ExpIntegralEi (d(a + blog (cz™))) —

3
;&%M—ﬂ&+@@mﬁw—wﬁwEmmnmgamn(®m“+$(“+bbg@x))>

bn

e

input tInt [x~2+ExpIntegralEi[d*(a + bxLoglc*x"n])],x]

~—

((x"S*EprntegralEi [d*(a + bxLoglc*x™n])]1)/3 - (E~(axd - a*(d + 3/(b*n)))*x
‘ ~3*(c*x"n) “(bxd - (3 + b*d*n)/n)*ExpIntegralEi[((3 + bxd#n)*(a + b*Logl[c*x
“n]))/(b*n)1)/3

N J

output

\‘
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Defintions of rubi rules used

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2609

rule 2747 IntL((a_.) + Logl(c_.)*(x_)"(n_.)I1*(b_.))~(p_)*((d_.)*(x_))"(m_.), x_Symbol
] > Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n))  Subst[Int[E"(((m + 1)/n
)*x)*(a + b*x)“p, x], x, Loglc*x™nl]], x] /; FreeQ[{a, b, c, 4, m, n, p}, x]

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*(d_.)I*((e_.)*(x_))

rule 7048

“(m_.), x_Symbol] :> Simp[(e*x)~(m + 1)*(ExpIntegralEi[d*(a + b*Log[c*x"n])
1/(ex(m + 1))), x] - Simp[b*n*E~ (a*d)*((c*x"n) " (b*d)/((m + 1)*(exx)” (b*d*n)
)) Int[(exx)~(m + bxd*n)/(a + b*Loglc*x~nl]), x], x] /; FreeQl[{a, b, c, d,
e, m, n}, x] && NeQ[m, -1]

Maple [F]

/ z? explntegral (d(a + b1n (cz"))) dz
input ‘ int (x~2*Ei (d* (a+b*1n(c*x"n))) ,x)

output ‘ int (x~2*Ei (d* (a+b*1n(c*x™n))) ,x)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.12

/ x? ExpIntegralEi (d(a + blog (cz™))) dx

= % 2°Ei(bd log (cz™) + ad)

(abd’n + (b?dn + 3b) log (c) + (b*dn? + 3bn)log (z) + 3 a) (-2

1
— _Fi
! bn

3
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input Lintegrate (x"2+Ei(d* (a+b*log(c*x"n))),x, algorithm="fricas") J

‘1/3*XA3*E1(b*d*log(c*xﬁn) + axd) - 1/3%Ei((a*b*d*n + (b~2%d*n + 3*b)*log(c ‘

output
‘) + (b™2#d*n"2 + 3%b*n)*log(x) + 3%a)/(b*n))*e” (-3*(bxlog(c) + a)/(b*n)) ‘

Sympy [F(-1)]

Timed out.
/ z® ExplntegralEi (d(a + blog (cz™))) dz = Timed out
input Lintegrate (x**2xEi (d* (a+b*1n(c*x**n))) ,x) J
output LTimed out J
Maxima [F]
/x2 ExplIntegralEi (d(a + blog (cz™))) dz = /m2Ei((b log (cz™) + a)d) dx
fnput Lintegrate (x"2+Ei(d* (a+b*log(c*x"n))) ,x, algorithm="maxima") J

output Lintegrate (x~2*Ei((b*log(c*x~n) + a)*d), x) J
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.07
/ x? ExpIntegralEi (d(a + blog (cz™))) dx

= % z°Ei(bdn log (z) + bdlog (c) + ad)
Ei (bdn log () + bdlog (c) + ad + 2180 4 3a 4 310g (x)) et

3
3cn

inputLintegrate(X“Q*Ei(d*(a+b*log(c*x“n))),x, algorithm="giac")

‘1/3*x“3*Ei(b*d*n*log(x) + b*d*log(c) + axd) - 1/3*Ei(b*d*n*log(x) + b*d*lo

output
‘g(c) + axd + 3*log(c)/n + 3*a/(b*n) + 3xlog(x))*e~(-3*a/(b*n))/c”(3/n)

Mupad [F(-1)]

Timed out.

/x2 ExplntegralEi (d(a + blog (cz™))) dz = /x2 ei(d(a+bln(cz"))) dz

input Lint(x“2*ei(d*(a + bxlog(c*x™n))),x)

output Lint(x’"Q*ei(d*(a + bxlog(c*x™n))), x)

Reduce [F]

/ x? ExpIntegralEi (d(a + blog (cz™))) dz = / ei(log(z™c) bd + ad) zdz

inputLint(x‘2*Ei(d*(a+b*1og(c*xAn)))’x)

output Lint (ei(log(x**n*c)*bkd + axd)*x**2,x)
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3.42 | = ExplntegralEi (d(a + blog (cz™))) dx

Optimal result . . . . . . . . . . . . e 279
Mathematica [A] (verified) . . . . . . . . . ... o 2791
Rubi [A] (verified) . . . .. . . ... .. 230
Maple [F] . . . . 28]
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 28]
Sympy [F(-1)] . . o oo 282
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ... 283
Mupad [F(-1)] . . . o o 283
Reduce [F] . . . o . o o 283

Optimal result

Integrand size = 15, antiderivative size = 74

/ z ExplntegralEi (d(a + blog (cz™))) dx

= %x2 ExplntegralEi (d(a + blog (cz™)))

1 2
—5¢ i 22(cz™) 2/ ExplntegralEi ( (

2+ bdn) (a + blog (cz™))
bn )

| 1/2#x~2+Ei (d* (a+bxln(c*x™n))) -1/2+x"2+Ei ((b*d*n+2) * (a+b*ln(c*x"n)) /b/n) /ex

output
'p(2*a/b/n)/((c*x"n)"(2/n)) |

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.93

/ z ExplntegralEi (d(a + blog (cz™))) dx

= %wQ <EprntegralEi (d(a + blog (cz™)))

— e b (cz™) /™ ExpIntegralEi ((2 + bdn) (a + blog (cz")) ))

bn
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input ‘ Integrate [x*ExpIntegralEi[d*(a + b*Logl[c*x~n])],x]

" ‘ (x~2*(ExpIntegralEi[d*(a + b*Loglc*x™n])] - ExpIntegralEi[((2 + b*d*n)*(a

outpu
\ + bxLog[c*x™n]))/(b*n)]/(E~((2*a)/ (b*n) ) *(c*x"n)~(2/n)))) /2

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 92, normalized size of antiderivative = 1.24,

number of rules _ 0.200, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {7048, 2747, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z ExplntegralEi (d(a + blog (cz™))) dx

l 7048

‘,Ebdn+1

1 1
—z? ExplntegralEi (d(a + blog (cz™))) — ibneadm_bdn(cacn)bd

2 a + blog (cz™) dz

l 2747

(Cwn) bd1711+2

a + blog (cz™)

%a:2 ExplntegralEi (d(a + blog (cz™))) — %bxzead(cx")bd_ e / dlog (cz™)

l 2609

1
5302 ExplntegralEi (d(a + blog (cz™))) —

;m%mkdﬁﬁdkmﬁfwﬁ%”Ekwhmgamﬁ(@mr+m(a+bbg@x)))

bn

e

input tInt [x*ExpIntegralEi[d*(a + b*Loglc*x™n])],x]

~—

‘((x"2*EprntegralEi [d*(a + bxLoglc*x™n])]1)/2 - (E~(axd - a*(d + 2/(b*n)))*x
‘ ~2%(c*x"n) “(bxd - (2 + b*d*n)/n)*ExpIntegralEi[((2 + bxd#n)*(a + b*Logl[c*x
“n]))/(b*n)]1)/2

N J

output

\‘
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Defintions of rubi rules used

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2609

rule 2747 IntL((a_.) + Logl(c_.)*(x_)"(n_.)I1*(b_.))~(p_)*((d_.)*(x_))"(m_.), x_Symbol
] > Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n))  Subst[Int[E"(((m + 1)/n
)*x)*(a + b*x)“p, x], x, Loglc*x™nl]], x] /; FreeQ[{a, b, c, 4, m, n, p}, x]

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.))*(d_.)I*((e_.)*(x_))

rule 7048

“(m_.), x_Symbol] :> Simp[(e*x)~(m + 1)*(ExpIntegralEi[d*(a + b*Log[c*x"n])
1/(ex(m + 1))), x] - Simp[b*n*E~ (a*d)*((c*x"n) " (b*d)/((m + 1)*(exx)” (b*d*n)
)) Int[(exx)~(m + bxd*n)/(a + b*Loglc*x~nl]), x], x] /; FreeQl[{a, b, c, d,
e, m, n}, x] && NeQ[m, -1]

Maple [F]

/.7: explntegral (d(a + bln (cz™))) dz
input ‘ int (x*Ei (d*(a+b*1n(c*x"n))),x)

output ‘ int (x*Ei (d*(a+b*1n(c*x"n))),x)

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.12

/ z ExplIntegralEi (d(a + blog (cz™))) dx

= % 2’Ei(bd log (cz™) + ad)

(abd’n + (b?dn + 2b) log (c) + (b*dn® + 2bn) log () + 2 a) (-20era)

1
— _Fi
! bn

2
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input Lintegrate (x*Ei (d* (a+b*log(c*x"n))),x, algorithm="fricas") J

‘1/2*x‘2*Ei(b*d*log(c*x"n) + a*d) - 1/2%Ei((axb*d*n + (b~2%d*n + 2%b)*log(c ‘

output
‘) + (b™2*d*n"2 + 2¥b*n)*log(x) + 2*a)/(b*n))*e”(-2*(bxlog(c) + a)/(b*n)) ‘

Sympy [F(-1)]

Timed out.
/ x ExplntegralEi (d(a + blog (cz™))) dz = Timed out
input Lintegrate (x*Ei (d* (at+b*1n(c*x**n))) ,x) J
output LTimed out J
Maxima [F]
/ x ExplntegralEi (d(a + blog (cz™))) dz = / zEi((blog (cz") + a)d) dz
input Lintegrate (x*Ei (d* (a+b*log(c*x"n))) ,x, algorithm="maxima") J
output Lintegrate (x*Ei((b*xlog(c*x™n) + a)*d), x) J
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Giac [A] (verification not implemented)

Time = 0.14 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.07

/ x ExplntegralEi (d(a + blog (cz™))) dx

= % z°Ei(bdn log (z) + bdlog (c) + ad)

Ei (bdn log (z) + bdlog (c) + ad + 2% 4 22 4 2 Jog (x)> e(=32)

2
2c¢n

inputLintegrate(x*Ei(d*(a+b*1og(c*x*n))),x, algorithm="giac")

‘1/2*x“2*Ei(b*d*n*log(x) + b*d*log(c) + axd) - 1/2*Ei(b*d*n*log(x) + b*d*lo

output
‘g(c) + axd + 2xlog(c)/n + 2*a/(b*n) + 2xlog(x))*e”(-2*a/(b*n))/c”(2/n)

Mupad [F(-1)]

Timed out.

/3: ExplIntegralEi (d(a + blog (cz™))) dx = /x ei(d(a+bln(cz"))) dx

inputtint(x*ei(d*(a + b*log(c*x™n))),x)

outputtint@*ei(d*(a + bxlog(c*x™n))), x)

Reduce [F]

/ x ExplntegralEi (d(a + blog (cz™))) dx = / ei(log(z"c) bd + ad) zdx

inputLint(X*Ei(d*(a+b*1°8(C*XAn))),x)

Output Lint (ei (log (x**n*c) *b*xd + a*d) *X, x)




output
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3.43 | ExplntegralEi (d(a + blog (cz™))) dx

Optimal result . . . . . . . . . . . . e 284
Mathematica [A] (verified) . . . . . . . . . ... o 2841
Rubi [A] (verified) . . . .. . . ... .. 280
Maple [F] . . . . 280
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 287
Sympy [F] . . o o 287
Maxima [F] . . . . . . 287l
Giac [A] (verification not implemented) . . . . . . ... ... ... 28Y
Mupad [F(-1)] . . . o o 288
Reduce [F] . . . o . o o 288

Optimal result

Integrand size = 13, antiderivative size = 65

/ ExplIntegralEi (d(a + blog (cz™))) dz
= z ExplntegralEi (d(a + blog (cz™)))

— e tng(cz™) /™ ExplntegralEi

bn

((1 + bdn) (a + blog

(cx"))>

‘/x*Ei (d*(a+b*1n(c*x"n)) ) -x*Ei ((b*d*n+1) * (a+b*1n(c*x"n)) /b/n) /exp(a/b/n) / ((c

*x"n)~(1/n))

Mathematica [A] (verified)

Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.98

/ ExplntegralEi (d(a + blog (cz™))) dz
=z (EprntegralEi (d(a + blog (cx™)))

— et (ca™) /" ExplntegralEi

a + blog (cz™))

((1 + bdn) (

bn

))

N
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input ‘ Integrate [ExpIntegralEi[d*(a + b*Logl[c*x~n])],x] ‘

" ‘ x* (ExpIntegralEi[d*(a + b*Loglc*x™n])] - ExpIntegralEi[((1 + b*d*n)*(a + b ‘

outpu
#Log[c*x"n]))/ (b*n)]/(E™(a/ (b*n))*(c*x™n) “n" (1)) |
Rubi [A] (verified)
Time = 0.30 (sec) , antiderivative size = 82, normalized size of antiderivative = 1.26,
_ _ 4 nhumber of rules _
number of steps used = 5, number of rules used = 4, integrand size. 0.308, Rules
used = {7046, 34, 2747, 2609}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ ExplntegralEi (d(a + blog (cz™))) dx
| 7046
ExplntegralEi (d(a + b1 bre® (),
t : n _ a I S
x ExpIntegralFi (d(a + blog (cz™))) — bne /a+blog(cx") x
| 34
d, —bd bd ghdn
ExplntegralEi log (cz™))) — bne®da 44" (ca”
z ExpIntegralEi (d(a + blog (cz™))) — bne®x ™" (cz™) /a+blog (cxn)dm
| 2747
( n) bdn+1
: n _ ad( .1 bd—% cx " n
z ExplntegralEi (d(a + blog (cz™))) — bxe®®(cx™) /a+blog (cxn)dlog (cz™)
| 2609
z ExplIntegralEi (d(a + blog (cz™))) —
pesd=a(i+d) (gm0 By fnpeoralpi 09T L) (ab+ blog (cw"))>
n

e B
input LInt [ExpIntegralEi[d*(a + b*Loglc*x"n])],x] J
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output ‘

x*ExpIntegralEi[d*(a + b*Loglc*x~n])] - E~(axd - a*(d + 1/(b*n)))*x*(c*x"n

‘ )" (b*xd - (1 + bxd*n)/n)*ExpIntegralEi[((1 + b*d*n)*(a + b*Log[c*x™n]))/ (b*
‘ n)]

Defintions of rubi rules used

rule 34

Int[(u_.)*((a_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[a~IntPart[p]*((a*x"m)"F
racPart [p]/x~ (m*FracPart[p]))  Int[u*x~(m*p), x], x] /; FreeQ[{a, m, p}, x
] & !'IntegerQ[p]

rule 2609

Int[(F_)~((g_.)*((e_.) + (£_.0%(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si

mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Log[Fl/d)], x] /; F

reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

p
rule 2747 ‘

|
L

Int[((a_.) + Logl(c_.)*(x_)"(n_.)1*(b_.)) " (p_)*((d_.)*(x_))"(m_.), x_Symbol
1] :> Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n)) Subst[Int[E"(((m + 1)/n
)*x)*(a + b*x)“p, x], x, Loglc*x™nl]], x] /; FreeQ[{a, b, c, 4, m, n, p}, x]

W
|
J

rule 7046 ‘

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))*(d_.)], x_Symbol] :

‘ > Simp [x*ExpIntegralEi[d*(a + b*Loglc*x™n])], x] - Simp[b*n*E~(a*d) Int[(

cxx"n) " (b*d)/(a + b*Loglc*x~n]), x], x] /; FreeQ[{a, b, ¢, d, n}, x]

input L

Maple [F]

/ explntegral (d(a + bln (c2™))) dz

int (Ei(d*(a+b*1n(c*x"n))) ,x)

output L

int (Ei(d*(at+b*1n(c*x™n))),x)
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 75, normalized size of antiderivative = 1.15

/ ExpIntegralEi (d(a + blog (cz™))) dz

= zEi(bd log (cz™) + ad)
B Ei(abdn + (b%dn + b) log (c) + (b?dn® + bn) log (z) + a) (-
bn

input Lintegrate (Ei(d*(at+b*log(c*x™n))),x, algorithm="fricas") J

p
‘X*Ei(b*d*log(c*x’“n) + axd) - Ei((a*bxd*n + (b"2*d*n + b)*log(c) + (b~2*d*n

output
"2 + bHn)*log(x) + a)/(b*n))*e”(~(b*log(c) + a)/(b*n))

\‘

Sympy [F]

/EprntegralEi (d(a + blog (cx™))) dz = /Ei (d(a + blog (cx™))) dx

‘ integrate (Ei (d* (a+b*1n(c*x**n))),x) ‘

input
output LIntegral(Ei(d*(a + bk*log(c*x**n))), x) J
Maxima [F]
/ ExplntegralEi (d(a + blog (cz™))) dz = / Ei((blog (cz™) + a)d) dx
input Lintegrate (Ei (d* (a+b*log(c*x™n))),x, algorithm="maxima") J

outputLintegrate(Ei((b*log(c*x*m + a)*d), x) J
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Giac [A] (verification not implemented)

Time = 0.13 (sec) , antiderivative size = 70, normalized size of antiderivative = 1.08

/ ExplntegralEi (d(a + blog (cz™))) dz
= zEi(bdn log (z) + bdlog (c) + ad)
Ei (bdn log (z) + bdlog (c) + ad + % + 4= +log (x)> e~ o)

()

inputLintegrate(Ei(d*(a+b*1og(c*x‘n))),x, algorithm="giac") J

‘X*Ei(b*d*n*log(x) + bxd*log(c) + axd) - Ei(b*d*n*log(x) + b*d*log(c) + a*d \

output
-+ log(c)/n + a/(b*n) + log(x))*e”(-a/(b*n))/c”(1/n) |

Mupad [F(-1)]

Timed out.

/ ExplntegralEi (d(a + blog (cz™))) dz = /ei(d (a+bln(cz"))) dx

input Lint(ei (d*(a + b*log(c*x™n))),x) J

Output‘ int(ei(d*(a + bxlog(c*x™n))), x) |

Reduce [F]

/ ExplntegralEi (d(a + blog (cz™))) dz = / ei(log(z"c) bd + ad) dz

inputLint(Ei(d*(a+b*1og(c*x~n))),X) J

output Lint (ei(log(x**n*xc)*b*d + a*d),x) J




output

input

CHAPTER 3. LISTING OF INTEGRALS 289
ExplntegralEi(d(a+blog(cx™

3.44 f xpinteg (x( +blog(cz™))) dr

Optimalresult . . .. ... ... ... .. ... ... .. .. ..., 289]

Mathematica [A] (verified) . . . . . . . ... ... oL
Rubi [A] (warning: unable to verify) . . . ... ... ... . ... ...
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . ... ... ... ...
Sympy [F] . . . o
Maxima [A] (verification not implemented) . . . . . . . ... ... ...
Giac [A] (verification not implemented) . . . . . ... . ... ... ...
Mupad [B] (verification not implemented) . . . ... ... .. .. ...
Reduce [B] (verification not implemented) . . ... ... ... .....

Optimal result

Integrand size = 17, antiderivative size = 56

/ ExplntegralEi (d(a + blog (cz™))) i
T

B e (cgm) N ExplntegralEi (d(a + blog (cz™))) (a + blog (cz™))

bdn bn

2891
290
2911
292
292
29
293
2941

‘ -exp (a*d) *(c*x"n) ~ (bxd) /b/d/n+Ei (d* (a+b*1n(c*x"n) ) ) *(a+b*1n(c*x"n) ) /b/n

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.93

dz

/ ExplntegralEi (d(a + blog (cz™)))
T

—e%(cz™)* + d ExpIntegralEi (d(a + blog (cz™))) (a + blog (cz™))

bdn

.
Integrate [ExpIntegralEi[d*(a + b*Loglc*x™n])]/x,x]

N
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output ‘ (-(E~(a*d)*(c*x"n) ~(b*d)) + d*ExpIntegralEil[d*(a + b*Logl[c*x~n])]*(a + b*L ‘

Log [cxx™n]))/ (b*d*n) J
Rubi [A] (warning: unable to verify)
Time = 0.24 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.80,
number of steps used = 4, number of rules used = 3, Bumber of rules _ 4 175 Ryjes
integrand size
used = {3039, 7281, 7036}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ ExplntegralEi (d(a + blog (cz™))) i
x
| 3039
| ExplntegralEi (d(a + blog (cz™))) dlog (cz™)
n
| 7281
[ ExplIntegralEi (ad + blog (cz™) d) d(ad + blog (cz™) d)
bdn
| 7036
(ad + bdlog (cz™)) ExplntegralEi (ad + blog (cz™) d) — cx™
bdn
input ‘\Int [ExpIntegralEi[d*(a + b*Loglc*x™n]l)]/x,x] |
output ‘ (-(c*x"n) + ExplIntegralEil[a*d + b*d*Logl[c*x"n]]*(a*d + b*d*Log[c*x"n]))/(b ‘

L*d*n) J
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Defintions of rubi rules used

Int[u_, x_Symbol] :> With[{lst = FunctionOfLog[Cancel[x*u], x]}, Simp[1/1lst
[[3]1] Subst[Int[1lst[[1]1], x], x, Logllst[[2]1]11]1, x] /; !FalseQ[lstl] /;
NonsumQ [u]

rule 3039

Int [ExpIntegralEi[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(ExpInte
gralEi[a + b*x]/b), x] - Simp[E~(a + b*x)/b, x] /; FreeQ[{a, b}, x]

rule 7036

Int[u_, x_Symbol] :> With[{lst = FunctionOfLinear[u, x]}, Simp[1/1st[[3]]
Subst [Int[1st[[1]1], x], x, 1st[[2]] + 1st[[3]]1*x], x] /; !FalseQ[lst]]

rule 7281

Maple [A] (verified)

Time = 0.24 (sec) , antiderivative size = 56, normalized size of antiderivative = 1.00

method result

derivativedivides explntegral(ad+1In(cz™)bd) S;z:j]n(c 2™)bd)—ead+1n(e z™)bd

default explntegral(ad+In(cz™)bd) %jln(c &™)bd)—ead+In(cz™)bd

parallelrisch _ —In(c2™) explntegral(d(a+bln(c w")))bzd—e;ﬁltegral(d(a% In(cz™)))abd-ed(@+bIn(ea"))p

parts In (z) expIntegral (d(a + bln (cz™))) — bn < (In(cz™)—nln(z)) exPIntegra'll(_blzgx)bdn—d(b(ln(cx")
input Lint (Ei (d* (a+b*1n(c*x™n)))/x,x,method=_ RETURNVERBOSE) J

output Li/n/b/d* (Ei(a*d+1n(c*x"n) *b*d) * (a*xd+1n(c*x"n) *b*d) —exp (a*d+1n(c*x"n) *bxd)) J
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.05

/ ExplntegralEi (d(a + blog (cz™))) d
T
_ (bdnlog (z) + bdlog (c) + ad)Ei(bd log (cz™) + ad) — e(bdnlog(z)+bdlog(c)+ad)
= bdn
input Lintegrate (Ei(d*(a+b*log(c*x™n)))/x,x, algorithm="fricas") J
output | ((b*d#n*log(x) + brd*log(c) + a*d)*Ei(bxd*log(ckx™n) + a*d) - e~ (bd*n*log

‘(x) + bxd*log(c) + axd))/(b*d*n)

Sympy [F]

dx

/ ExplIntegralEi (d(a + blog (cz™))) dr — / Ei (ad + bdlog (cz™))
T T

inputLintegrate(Ei(d*(a+b*1n(c*x**n)))/x,x) J

e

tIntegral(Ei(a*d + b*d*log(c*x**n))/x, x)

~—

output

Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 51, normalized size of antiderivative = 0.91

/ ExplIntegralEi (d(a + blog (cz™))) dx
x

(blog (cz™) + a)dEi((blog (cz™) + a)d) — el(blog(cz")+a)d)
bdn

input Lintegrate (Ei(d*(atb*log(c*x~n)))/x,x, algorithm="maxima") J
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‘ ((bxlog(c*x™n) + a)*d*Ei((b*log(c*x~n) + a)*d) - e~ ((b*log(c*x"n) + a)*d)) ‘

output ‘ / (brdrm) ‘

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.09

/ ExplntegralEi (d(a + blog (cz™))) d
T

_ (bdnlog (z) + bdlog (c) + ad)Ei(bdn log (z) + bdlog (c) + ad) — ebdnlos(@)bdlog(c)+ad)
B bdn

input Lintegrate (El (d* (a+b*log(c*x"n) ) ) /X ,X, algOIithm="giac ||) J

‘((b*d*n*log(x) + bxd*log(c) + axd)=*Ei(bxd*n*log(x) + bxdxlog(c) + a*d) - e ‘

output
~(bxdsnxlog(x) + bxdxlog(c) + axd))/(bxdsn)

Mupad [B] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 71, normalized size of antiderivative = 1.27

/ ExplIntegralEi (d(a + blog (cz™))) dp — eilad+bd In(cz™)) In(cz™)
z B n
aei(ad +bd In(cz™)) e*d(ca™)’?

bn bdn

input Lint(ei (d*(a + b*log(c*x~n)))/x,x) J

‘ (ei(a*d + bxd*log(c*x~n))*log(c*x™n))/n + (axei(a*d + b*dxlog(c*x™n)))/(bx ‘

output
'n) - (exp(a*d)*(c*x"n)"(b*d))/(b*d*n)
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 69, normalized size of antiderivative = 1.23

/ ExplntegralEi (d(a + blog (cz™))) d
T

_ ei(log(z"c) bd + ad) log(z"c) bd + ei(log(z™c) bd + ad) ad — x>
N bdn

input Lint (Ei(d*(atb*log(c*x™n)))/x,x)

‘(ei(log(x**n*c)*b*d + axd)*log(x**n*c)*bxd + ei(log(x**nxc)*b*d + axd)*ax*d

output
‘ - x*x* (b*d*n) xe*x* (a*d) *cx* (b*d) ) / (b*xd*n)




output

N
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3.45 f EXpIntegralEi(;lQ(a—i—b log(cz™))) dx

Optimal result . . . . . . . . . . . . . 295
Mathematica [A] (verified) . . . . . . . . ... . L 295
Rubi [A] (verified) . . . . . . . . . . 296
Maple [F] . . . . . 2971
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 297
Sympy [F(-1)] . . . o o 298
Maxima [F] . . . . . . 298
Giac [F] . . . o oo 298
Mupad [F(-1)] . . . . . 2991
Reduce [F] . . . . . . 299

Optimal result

Integrand size = 17, antiderivative size = 68

/ ExplntegralEi (d(a + blog (cz™))) i
72

__ ExplntegralEi (d(a + blog (cz")))

T

bn

+

ebn (cx")% ExplntegralEi (— (1—bdn)(a-tblog(ca™)) >

T

*x"n))/b/n) /x

‘ -Ei (d* (a+b*1n(c*x"n)))/x+exp(a/b/n)*(c*x"n) ~ (1/n) *Ei (- (-bxd*n+1) * (a+b*1n(c ‘

J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.94

dz

/ ExplntegralEi (d(a + blog (cz™)))
72

— ExplntegralEi (d(a + blog (cz™))) + ebn (cz")% ExplntegralEi <

(—14bdn)(a+blog(cz™)) >

bn

T
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input ‘ Integrate [ExpIntegralEi[d*(a + b*Logl[c*x~n])]/x"2,x] ‘

" ‘ (-ExpIntegralEi[d*(a + b*Loglc*x™n])] + E~(a/(b*n))*(c*x"n) n~(-1)*ExpInte ‘

outpu
‘gralEl[(( 1 + b*d*n)*(a + bxLogl[c*x~n]))/(b*n)])/x ‘

Rubi [A] (verified)

Time = 0.31 (sec) , antiderivative size = 68, normalized size of antiderivative = 1.00,

number of rules _ 176, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {7048, 2747, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
ExplIntegralEi (d(a + blog (cz™)))
72 dz
| 7048
bt —bdn (cgm)bd ghdn—2 - ExplntegralEi (d(a + blog (cz™)))
a + blog (cz™) x
| 2747

—bdn
f ((;:_T_biog(cmn) dlog (cz™) _ ExplntegralEi (d(a + blog (cz™)))
T x

l 2609

o 1 . [ (1—bdn)(a+blog(cz™))
ebn (cz™)» ExplntegralEi <—( : (abn B ) ExplIntegralEi (d(a + blog (cz™)))
x z

input ‘ Int [ExpIntegralEi[d*(a + b*Loglc*x~n])]1/x"2,x] ‘

output ‘ (ExpIntegralEi[d*(a + b*Loglc*x™n])]/x) + (E~(a/(b*n))*(c*x"n) n~(-1)*Exp ‘
‘ IntegralEi[-(((1 - b*d*n)*(a + b*Loglc*x™nl]))/(b*n))])/x ‘
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Defintions of rubi rules used

Int [(F_)"((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2609

rule 2747 Int[((a_.) + Logl(c_.)*(x_)~(n_.)I*(b_.))"(p_)*((d_.)*(x_))"(m_.), x_Symbol
] > Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n))  Subst[Int[E"(((m + 1)/n
)*x)*(a + bxx)"p, x], x, Loglc*x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, xl]

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)"(n_.)I*(b_.))*(d_.)I*((e_.)*(x_))
“(m_.), x_Symbol] :> Simp[(e*x)~(m + 1)*(ExpIntegralEi[d*(a + bx*Log[c*x"n])
1/Cex(m + 1))), x] - Simp[b*n*E~(axd)*((c*xx"n)~ (b*d)/((m + 1)*(e*x) "~ (b*d*n)
)) Int[(e*x)~(m + b*d*n)/(a + b*Loglc*x~n]), x], x] /; FreeQ[{a, b, c, d,
e, m, n}, x] && NeQ[m, -1]

rule 7048

Maple [F]

/ explntegral (d(a + bln (cz™)))

dz
2

input Lint (Ei(d*(a+b*1n(c*x™n)))/x"2,x)

-

output Lint (Ei(d*(a+b*1n(c*x"n)))/x"2,x)

| —

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 83, normalized size of antiderivative = 1.22

dz

/ ExplntegralEi (d(a + blog (cx™)))
2

—b) log(c n2—bn) log(x)—a blog(c)ta .
o i 0 o) e o)) o) _ i Log (e0) + ad)

X

input Lintegrate (Ei(d*(a+bxlog(c*x~n)))/x"2,x, algorithm="fricas")
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Output‘ (X*Ei((a*b*d*n + (bh2*d*n - b)*log(c) + (b"2*d*n“2 - b*n)*log(x) _ a)/(b*n ‘

‘ ))*e” ((b*log(c) + a)/(b*n)) - Ei(b*d*log(c*x™n) + a*d))/x ‘
Sympy [F(-1)]
Timed out.
/ Explntegrall] ((i(;l + blog (ca”))) dz = Timed out
inputLintegrate(Ei(d*(a+b*1n(c*x**n)))/x**Q,X) J
Ou_tpudTimed out J
Maxima [F]
ExplntegralEi (d(a + blog (cx™))) Ei((blog (cz") + a)d)
2 dz = 3 dx
x x
inputLintegrate(Ei(d*(a+b*log(c*x”n)))/x”2,x, algorithm="maxima") J
outputLintegrate(Ei((b*log(c*xﬁn) + a)*d)/x"2, x) J
Giac [F]
ExplntegralEi (d(a + blog (cz™))) Ei((blog (cz™) + a)d)
2 dx = 3 dz
x x
jnputLintegrate(Ei(d*(a+b*log(c*x‘n)))/X‘Q,x, algorithm="giac") J

output Lintegrate (Ei((b*log(c*x™n) + a)*d)/x~2, x) J
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299

Mupad [F(-1)]

Timed out.

/ ExplIntegralEi (d(a + blog (cz™))) dp — / ei(d (a+ b 1n(cz™)))

1172 CB2

dz

inputtint(ei(d‘*(a + bxlog(c*x™n)))/x"2,x)

ou‘cpu‘cLint(ei(d*(a + bxlog(c*x"n)))/x"2, x)

Reduce [F]

ExplIntegralEi (d(a + blog (cz™))) ei(log(z™c) bd + ad)
= dx = = dz

inputtint(Ei(d*(a+b*1°g(C*XAn)))/x‘2,x)

output Lint (ei(log(x**nkc)*bkd + a*d)/x**2,x)




output
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ExplntegralEi(d(a+blog(cz™
3.46 f pinteg (x?S g(cz™))) dz
Optimal result . . . . . . . . . . . . . 3001
Mathematica [A] (verified) . . . . . . . . . ... 300
Rubi [A] (verified) . . . . . . . . . . 3011
Maple [F] . . . . .
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ...
Sympy [F(-1)] . . . o o
Maxima [F] . . . . . .
Giac [F] . . . o oo 303
Mupad [F(-1)] . . . . . 304
Reduce [F] . . . . . .
Optimal result
Integrand size = 17, antiderivative size = 76
/ ExplntegralEi (d(a + blog (cz™))) s
3
_ ExplntegralEi (d(a + blog (cz")))
N 222
e (ca;”)Q/ " ExplntegralEi (— (Q_bdn)(a;; b log(c:c"))>
+
222

‘ -1/2%Ei (d* (at+b*1ln(c*x"n)))/x"2+1/2*exp(2*a/b/n) * (c*x~n) ~(2/n) *Ei (- (-b*d*n+ \
2) *(a+b*1n(c*x"n))/b/n) /x"2

N

J

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.91

/

ExplIntegralEi (d(a + blog (cz™)))

dr =

xr3

ExplntegralEi (d(a + blog (cz™))) — ebn (cz™)*™ ExplntegralEi ((_2+bdn)(“+bl°g(cmn))>

bn

212
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input ‘ Integrate [ExpIntegralEi[d*(a + b*Logl[c*x~n])]/x"3,x] ‘

output ‘ -1/2*(ExpIntegralEi[d*(a + b*Loglc*x™n])] - E~((2*a)/(b*n))*(c*x"n) ~(2/n)* ‘
‘ ExpIntegralEi[((-2 + bxd*n)*(a + b*Logl[c*x™n]))/(b*n)])/x"2 ‘

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.00,

number of rules _ 0.176, Rules

number of steps used = 4, number of rules used = 3, = -
integrand size

used = {7048, 2747, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
ExplIntegralEi (d(a + blog (cz™)))

o dz
| 7048

1 bread—bdn (o)t / apbdn—3 i — ExplntegralEi (d(a + blog (cz™)))

2 a + blog (cz™) 212
| 2747

o/n [ (eam) 2
be*d(cz™)*™ [ “atblog(cam) 4108 (cz™) _ ExplntegralEi (d(a + blog (cz™)))
212 212

| 2609

2a 2 . (_ (2—bdn)(a+blog(cz™)
etn (cz™) /™ ExpIntegralEi (— . (abn oslee )> ExplIntegralEi (d(a + blog (cz™)))
212 222

input ‘ Int [ExpIntegralEi[d*(a + b*Loglc*x~n])]1/x"3,x] ‘

-1/2*ExpIntegralEi[d*(a + b*Loglc*x"n])]/x"2 + (E~((2*a)/(b*n))*(c*x"n) (2 ‘

output ‘
/n) *ExpIntegralEi[-(((2 - b*d*n)*(a + b*xLogl[c*x~n]))/(b*n))])/(2*x~2) ‘




CHAPTER 3. LISTING OF INTEGRALS 302

Defintions of rubi rules used

Int [(F_)"((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2609

rule 2747 Int[((a_.) + Logl(c_.)*(x_)~(n_.)I*(b_.))"(p_)*((d_.)*(x_))"(m_.), x_Symbol
] > Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n))  Subst[Int[E"(((m + 1)/n
)*x)*(a + bxx)"p, x], x, Loglc*x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, xl]

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)"(n_.)I*(b_.))*(d_.)I*((e_.)*(x_))
“(m_.), x_Symbol] :> Simp[(e*x)~(m + 1)*(ExpIntegralEi[d*(a + bx*Log[c*x"n])
1/Cex(m + 1))), x] - Simp[b*n*E~(axd)*((c*xx"n)~ (b*d)/((m + 1)*(e*x) "~ (b*d*n)
)) Int[(e*x)~(m + b*d*n)/(a + b*Loglc*x~n]), x], x] /; FreeQ[{a, b, c, d,
e, m, n}, x] && NeQ[m, -1]

rule 7048

Maple [F]

/ explntegral (d(a + bln (cz™)))

dz
3

input Lint (Ei(d*(a+b*1n(c*x™n)))/x"3,x)

-

output Lint (Ei(d*(a+b*1n(c*x"n)))/x"3,x)

| —

Fricas [A] (verification not implemented)

Time = 0.10 (sec) , antiderivative size = 87, normalized size of antiderivative = 1.14

/ ExplntegralEi (d(a + blog (cz™))) dz
73

- og(c n-— m) log(xr)—<za M .
72 (20 os(0)(ORin”2n) ogle) 2 )e( 5) _ Ei(bdlog (cz™) + ad)

bn
2 12

input Lintegrate (Ei(d*(a+bxlog(c*x"n)))/x"3,x, algorithm="fricas")
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‘1/2*(x”2*Ei((a*b*d*n + (b~2xd*n - 2*%b)*log(c) + (b 2%d*n~2 - 2%b*n)*log(x) ‘

output
‘ - 2xa)/(b*n))*e~ (2% (b*log(c) + a)/(b*n)) - Ei(bxd*xlog(c*x™n) + a*d))/x"2 ‘
Sympy [F(-1)]
Timed out.
/ Explntegraltl (iga - blog (ca™))) dz = Timed out
inputLintegrate(Ei(d*(a+b*1n(c*x**n)))/x**3,x) J
Ou_tpudTimed out J
Maxima [F]
ExplntegralEi (d(a + blog (cx™))) Ei((blog (cz") + a)d)
3 dz = 3 dx
x x
input Lintegrate (Ei(d*(a+bxlog(c*x"n)))/x"3,x, algorithm="maxima") J
output Lintegrate (Ei((b*log(c*x™n) + a)*d)/x"3, x) J
Giac [F]
ExplntegralEi (d(a + blog (cz™))) Ei((blog (cz™) + a)d)
3 dz = 3 dx
x x
input Lintegrate (Ei (d*(a+b*log(c*x~n)))/x"3,x, algorithm="giac") J

output Lintegrate (Ei((b*log(c*x™n) + a)*d)/x~3, x) J
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304

Mupad [F(-1)]

Timed out.

/ ExplIntegralEi (d(a + blog (cz™))) dp — / ei(d (a+ b 1n(cz™)))

1173 $3

dz

inputtint(ei(d‘*(a + bxlog(c*x™n)))/x"3,x)

ou‘cpu‘cLint(ei(d*(a + bxlog(c*x"n)))/x"3, x)

Reduce [F]

ExplIntegralEi (d(a + blog (cz™))) ei(log(z™c) bd + ad)
o dx = o dz

inputtint(Ei(d*(a+b*1°g(C*XAn)))/X‘B,x)

output Lint (ei(log(x**n*c)*bxd + axd)/x**3,x)
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3.47 [ (ex)™ ExplntegralEi (d(a + blog (cz™))) dzx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3051
Rubi [A] (verified) . . . .. . . ... ..
Maple [F] . . . . 307
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F(-1)] . . o oo 308
Maxima [F] . . . . . .
Giac [F] . . . . o o 309
Mupad [F(-1)] . . . o o 309
Reduce [F] . . . . .

Optimal result

Integrand size = 19, antiderivative size = 100

/ (ex)™ ExplIntegralEi (d(a + blog (cz™))) dz

(ex)*™ ExplntegralEi (d(a + blog (cz™)))
a e(1+ m)
_a(l+m)

e o (ex)t™ (cav")_prTm ExplIntegralEi <(1+m+bd")(a+b1°g(czn))>

bn
e(l+m)

| (e%x) ™ (1+m) *Ei (d* (a+bx1n(c*x™n))) /e/ (1+m) - (e%x) " (1+m) *Ei ((bxdn+m+1) * (a+bx

output
‘ 1In(c*x"n))/b/n)/e/exp(ax(1+m) /b/n)/(1+m)/ ((c*x"n) ~ ((1+m) /n)) ‘

Mathematica [A] (verified)

Time = 0.17 (sec) , antiderivative size = 88, normalized size of antiderivative = 0.88

/ (ex)™ ExplntegralEi (d(a + blog (cz™))) dz

_ (1+m) (a—bnlog(z)+blog(cz™)

(ex)™ (a: ExplntegralEi (d(a + blog (cz™))) — e o Lp—m ExplIntegralEi ((1+m+bdn)I(J¢:L+
1+m
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input ‘ Integrate[(e*x) “m*ExpIntegralEi[d*(a + b*Log[c*x"n])],x] ‘

" ‘ ((e*x) “m* (x*xExpIntegralEi[d*(a + b*Logl[c*x"n])] - ExpIntegralEi[((1 + m + ‘

outpu
P ‘bxd*n)*(a + bxLoglc*x™n]))/(b*n)1/(E~(((1 + m)*(a - b¥n*Loglx] + b*Loglc*x
"nD))/(bxn))*x"m))) /(L + m) J
Rubi [A] (verified)
Time = 0.35 (sec) , antiderivative size = 116, normalized size of antiderivative = 1.16,
_ _ o number of rules _
number of steps used = 4, number of rules used = 3, integrand size — 0.158, Rules
used = {7048, 2747, 2609}
Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.
/ (ex)™ ExplntegralEi (d(a + blog (cz™))) dz
| 7048
1 . bre®(cgn)bd (o) —bdn [ _(ex)™ " 4
(ex)™*! ExplntegralEi (d(a + blog (cz™))) _ ome (cz")™ (ex) J a+blog(ca™) 4%
e(m+1) m+1
| 2747
(ex)™*! ExplntegralEi (d(a + blog (cz™))) B
e(m+1)
__bdn+m+41 n m+bgn+1
bed(ex)™ ! (ca™)™= n [ %Wd log (cz™)
e(m+1)
| 2609
(ex)™*! ExplntegralEi (d(a + blog (cz™)))
e(m+1)
(ex)m-i-lead—% (Cmn)bd_ bd"tbm'*'l ExplntegralEi ((m—f-bdn—f-l)é(:b-i-b log(cz"))>
e(m+1)
input LInt [(e*x) “m*ExpIntegralEi[d*(a + b*Log[c*x"n])],x] J
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‘ ((e*x)~(1 + m)*ExpIntegralEi[d*(a + b*Loglc*x~n])])/(ex(1 + m)) - (E~(a*d ‘
- (ax(1 + m + b*d*n))/(b*n))*(exx) (1 + m)*(c*x"n)~(bxd - (1 + m + bkd*n)/ |
‘n)*EprntegralEi[((l + m + bxd*n)*(a + bxLogl[c*x~n]))/(b*n)])/(ex(1 + m)) ‘

output

Defintions of rubi rules used

Int[(F_)~((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)]1, x] /; F
reeQ[{F, c, 4, e, f, g}, x] && !TrueQ[$UseGamma]

rule 2609

rule 2747 TELC(a_.) + Logl(e_.)*(x )~ (n_.)1*(b_.)) " (p_)*((d_.)*(x_))"(m_.), x_Symbol
] :> Simp[(d*x)~(m + 1)/(d*n*(c*x™n)"((m + 1)/n)) Subst[Int[E"(((m + 1)/n
)*¥x)*(a + b*x)7p, x], x, Loglc*x"nll, x] /; FreeQl{a, b, ¢, d, m, n, p}, xI]

Int [ExpIntegralEi[((a_.) + Logl(c_.)*(x_)~(n_.)1*(b_.))*(d_.)I*((e_.)*(x_))
“(m_.), x_Symbol] :> Simp[(e*x)~(m + 1)*(ExpIntegralEi[d*(a + b*Log[c*x"n])
1/(ex(m + 1))), x] - Simp[b*n*E~(a*d)*((c*x"n) " (b*d)/((m + 1)*(e*x)” (b*d*n)
))  Int[(e*x)”"(m + b*d*n)/(a + bxLoglc*x~nl), x], x] /; FreeQ[{a, b, c, 4,
e, m, n}, x] && NeQ[m, -1]

rule 7048

Maple [F]

/ (ex)™ expIntegral (d(a + bln (cz™))) dz

[int ((e*x) “m*Ei (d* (a+b*1n(c*x"n))) ,x)

-

input

output Lint ((e*x) "m*Ei (d* (a+b*1n(c*x™n))) ,x) J
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Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.17

/ (ex)™ ExplntegralEi (d(a + blog (cz™))) dz

fL‘El(bd log (CCL‘n) + ad) e(mlog(e)+mlog(z)) _ | (abdn-l—am-i— (b%dn+bm+b) log(bcT)l-i- (b2dn2+(bm-+b)n) log(x)-i—a) B(M

m+1

inputtintegrate((e*x)‘m*Ei(d*(a+b*log(c*xAn))),X, algorithm="fricas") J

g
‘(x*Ei(b*d*log(c*x‘n) + a*d)*e” (m*log(e) + m*xlog(x)) - Ei((a*bxd*n + a*m +

output ‘
| (b™2xd*n + b¥m + b)*log(c) + (b™2*d*n"2 + (b*m + b)*n)*log(x) + a)/(b*n))*
‘e‘((b*m*n*log(e) - axm - (b*m + b)*log(c) - a)/(b*n)))/(m + 1) ‘
Sympy [F(-1)]
Timed out.
/ (ez)™ ExplntegralEi (d(a + blog (cz™))) dz = Timed out
input Lintegrate ((e*x) **m*Ei (d* (a+b*1n(c*x**n))) ,x) J
OutputLTimed out J
Maxima [F]
/ (ex)™ ExplntegralEi (d(a + blog (cx™))) dz = / (ex)™ Ei((blog (cz™) + a)d) dz
input Lintegrate ((e*x) “m*Ei (d* (a+b*log(c*x™n))),x, algorithm="maxima") J

output Lintegrate ((exx) “m*Ei ((b*log(c*x™n) + a)*d), x) J
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Giac [F]

/(ex)m ExplntegralEi (d(a + blog (cz™))) dx = / (ex)™ Ei((blog (cx™) + a)d) dz

input‘integrate((e*x)“m*Ei(d*(a+b*1og(c*x*n))),x’ algorithm="giac")

output tintegrate ((exx) "m*Ei((b*log(c*x"n) + a)*d), x)

Mupad [F(-1)]

Timed out.

/(ex)m ExplntegralEi (d(a + blog (cz™))) dz = /ei(d (a+bln(cz™))) (ex)™ dx

inputtint(ei(d*(a + b*log(c*x™n)))*(e*x) “m,x)

output Lint(ei (d*(a + bxlog(c*x™n)))*(e*x)"m, x)

Reduce [F|

/ (ez)™ ExplntegralEi (d(a + blog (cz™))) dz = e™ ( / z™ ei(log(z"c) bd + ad) dx)

input Lint ((e*x) “m*Ei (d* (a+b*log(c*x™n))) ,x)

output Le**m*int(x**m*ei(log(x**n*c)*b*d + a*d),x)
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3.48 f ebr Eprnt%gralEi(bx) dx
T

Optimal result . . . . . . . . . . . . e 310
Mathematica [F] . . . . . . . . . .. 3101
Rubi [A] (verified) . . . .. . . ... .. B11]
Maple [F] . . . . 313
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 314
Sympy [F] . . o o 314
Maxima [F] . . . . . 314
Giac [F] . . . . o o 315
Mupad [F(-1)] . . . o o
Reduce [F] . . . . o o

Optimal result

Integrand size = 13, antiderivative size = 82

der = — —
z3 v 422 T 212

B be’® ExplntegralEi(bz)

2z
+ 2b* Explntegral Ei(2bx)

/ e’ ExplntegralEi(bx) e be*™ & ExplntegralEi(bx)

1
+ Zb2 ExplntegralEi(bx)?

¢ ‘ -1/4%exp (2%b*x) /x~2-b*exp (2*b*x) /x-1/2%exp (b*x) *Ei (b*x) /x~2-1/2*b*exp (b*x) ‘

outpu
‘ *Ei (b*x) /x+1/4%b~2+Ei (b*x) ~2+2%b~2%Ei (2*%b*x) ‘
Mathematica [F]
/ ebr EXpInte;gralEi(bJ;) dp — / eb® Eprnte?’gralEi(bx) i
z x
input LIntegrate [(E~ (b*x)*ExpIntegralEi [bxx])/x"3,x] J
output LIntegrate [(E~ (bxx) *ExpIntegralEi [b*x])/x~3, x] J
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Rubi [A] (verified)

Time = 0.63 (sec) , antiderivative size = 107, normalized size of antiderivative = 1.30,

number of steps used = 10, number of rules used = 10, Bumber of rules _ 4 769 Ryjes
integrand size

used = {7045, 27, 2608, 2608, 2609, 7045, 27, 2608, 2609, 7237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
bx :
/ e Eprnte;gralEl(bw) iz
x
| 7045
1, / eb® EXpIntegralEl bx) 7b / 2’”‘ e ExpIntegralEi(bz)
ba:3 212
bx : 2bx bx :
1 b / e’ ExplIntegralFEi(bzx) dz+ 1 / R ExplntegralEi(bx)
2 x? 2) o8 212
| 2608
1, / e EprntegralEl(ba:) dz+ b / e2r dr — e2r B e’ ExplntegralEi(bz)
2 x2 212 212
| 2608
lb / e ExplIntegralEi(bz) dz-l-} o 9 / e2bz dr — e2bz B e2bz B % ExplIntegralEi(bx)
2 x2 2 x x 212 2x2
| 2609
lb e EXpIntegralEl(ba:) e’ ExplIntegralEi(bz) +
2 z2 212
1 ) esz e2bz
3 <b <2bEprntegralE1(2bm) - ) - 2m2>
| 7045
1b<b / eb” EprntegralEi(b:c b / 2b”” eb” EprntegralEi(bm)) B
x x

e’ ExplntegralEi(bz) 1 ) ez e2be
572 + 3 <b <2b ExplIntegralEi(2bz) — - ) ~ o2 )
| 27
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bx . %z b .
;b(b / % ExplntegralEi(bz) dz + / e g e ExpIntegralEi(bz)

x x x
bx : 2bx 2bx
e’ ExplntegralEi(bz) 1 . e e
572 + 3 b( 2b ExplntegralEi(2bz) — el Rl v
| 2608
bz : 2bx bz ; 2bx
1 b(b / e’ ExplntegralEi(bx) dz + 2 / e € ExplntegralEi(bz) e > B
2 T T T T
bx : 2bx 2bx
e’ ExplntegralEi(bz) 1 ) e e
502 + 2 b( 2b ExpIntegralEi(2bx) - 972
| 2609
1 bz Explnt 1Ei(b. b= Explnt 1Ei(b. 2bx
ib b/ L zgra i(bz) dg — 2P zgra i(bz) + 2b ExplntegralEi(2bz) — ¢ )—
bx : 2bx 2bx
e’ ExplntegralEi(bz) 1 ) e e
572 + 5 b 2b ExplntegralEi(2bx) - 972
| 7237
bz : 2bx 2bx
e’ ExplntegralFi(bz) 1 ) e e
- 572 + 3 b| 2b ExplntegralEi(2bz) — el e +
1./1 bz Expl 1Ei 2bz
2b<2b ExplntegralEi(bz)? — ¢ =xp nt;gra i(bz) + 2b ExplntegralEi(2bz) — ¢ >

input ‘ Int [(E~ (b*x)*ExpIntegralEi [b*x])/x"~3,x] ‘

output ‘ -1/2*%(E~ (b*x) *ExpIntegralEi[b*x])/x~2 + (b*x(-(E~(2*b*x)/x) - (E~(b*x)=*ExpI
‘ ntegralEi[b*x])/x + (b*ExpIntegralEi[b*x]~2)/2 + 2*b*ExpIntegralEi[2*b*x])
\ )/2 + (-1/2%E~ (2*%b*x)/x"2 + b*(-(E~ (2*%b*x)/x) + 2*bxExpIntegralEi[2*b*x]))
/2

Defintions of rubi rules used

27‘Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma ‘

rule
LtchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]] J




rule 2608

rule 2609

rule 7045

rule 7237

input

output
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Int[((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(gx(e + £*x)))"n/(d*(m + 1)))
, x] - Simp[fxgxn*(Log[F]1/(d*(m + 1))) Int[(c + d*x)"(m + 1)*x(b*F~(gx(e +
f*x)))"n, x], x] /; FreeQ[{F, b, c, d, e, £, g, n}, x] && LtQ[m, -1] && In
tegerQ[2*m] && !TrueQ[$UseGammal

Int[(F_)~((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)]1, x] /; F
reeQ[{F, c, 4, e, f, g}, x] && !TrueQ[$UseGamma]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)I*(x_)"(m_), x_S
ymbol] :> Simp[x~(m + 1)*E~(a + bx*x)*(ExpIntegralEi[c + d*x]/(m + 1)), x] +

(-Simp[b/(m + 1) Int[x"(m + 1)*E~(a + b*x)*ExpIntegralEil[c + d*x], x], x
] - Simp[d/(m + 1) Int[x"(m + 1)*(E~(a + c + (b + d)*x)/(c + d*x)), x], x

1) /; FreeQ[{a, b, c, d}, x] && ILtQ[m, -1]

‘Int[(u_)*(y_)“(m_.), x_Symbol] :> With[{q = DerivativeDivides[y, u, x]}, Si
‘mp[q*(y‘(m +1)/(m + 1)), x] /; !'FalseQ[ql]l /; FreeQ[m, x] &% NeQ[m, -1]

Maple [F]

bz I 1
/ e’” exp n;(;gra (bx) i

e

tint(exp(b*x)*Ei(b*x)/x‘3,x)

~—

-

Lint (exp(b*x)*Ei (b*x) /x~3,x)

~—
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 60, normalized size of antiderivative = 0.73

bz :
/ e EprntefralEl(bx) i
T
_ b22?Ei(br)’ + 85%2%Ei(2bx) — 2 (br + 1)Ei(bz) e®®) — (4bz + 1)e?%?
B 412

inputLintegrate(exp(b*x)*Ei(b*x)/x‘S,x, algorithm="fricas")

‘1/4*(b‘2*x“2*Ei(b*x)‘2 + 8%b~2%x"2*Ei (2*b*x) - 2% (b*x + 1)*Ei(b*x)*e” (b*x)

output
\ - (4¥b*x + 1)*e”(2%b*x))/x~2

Sympy [F]

bz : br 1
/ e Eprnte?)gralEl(bx) dp — / e E13(b:c) i
x x

inputkintegrate(exp(b*x)*Ei(b*x)/x**3,x)

-

output LIntegral (exp (b*x) *Ei (b*x) /x**3, x)

N

Maxima [F]

bz : : (bz)
/ e EXpInte?IgralEl(bx) dr = / El(bxie s
z x

input Lintegrate (eX_p (b*x) *Ei (b*x) /x"3,x, algorithm="maxima")

OutputLintegrate(Ei(b*x)*e~(b*x)/x-s’ )
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Giac [F]

bz : : (bz)
/ e’ ExplntegralEi(bz) dr — / Ei(bz) e i

3 23

input Lintegrate (exp (b*x)*Ei (b*x) /x~3,x, algorithm="giac")

outputLintegrate(Ei(b*x)*e~(b*x)/x-s, )

Mupad [F(-1)]

Timed out.

bx : bx L3
/ e EprntefralEl(bx) dr — / e elgbm) d
x x

input 10t ((exp (bxx) vei (b¥x)) /%73, %)

output Lint ((exp(b*x)*ei(b*x))/x"3, x)

Reduce [F]

bz : br .+
/ e Eprntef;ralEl(bx) dp — / e engx) s
x x

input Lint (exp (b*x) *Ei (b*x) /x"3,%)

output tint ((e*xx (bxx)*ei (b*x))/x**3,x)




output L

input

output
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3.49 f eb® Eprn‘;ggralEi(bx) dx

Optimal result . . . . . .. . . . . . . . . e
Mathematica [F] . . . . . . . . . .. 316l
Rubi [A] (verified) . . . . . . . . . B17
Maple [F] . . . . 318
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ...... 319
Sympy [F] . . o o 319
Maxima [F] . . . . . 3191
Giac [F] . . . . o o 320
Mupad [F(-1)] . . . o o 320
Reduce [F] . . . . o o 320

Optimal result

Integrand size = 13, antiderivative size = 45

/ " ExplntegralEi(bz)
72

e?*  eb ExplntegralEi(bx)

T =— -

T T

1
+ §b ExplntegralEi(bz)? + 2b ExpIntegralEi(2bz)

-exp (2*b*x) /x—exp (b*x) *Ei (b*x) /x+1/2%b*Ei (b*x) ~2+2*b*Ei (2*b*x)

Mathematica [F]

/

2

e’ ExplntegralEi(bz) d — / e’ ExplntegralEi(bz) d

xr2

tIntegrate [(E™ (b*x) *ExpIntegralEi [b*x])/x~2,x]

-

LIntegrate [(E" (b*x) *ExpIntegralEi [bxx]) /x~2, x]

-/
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Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 45, normalized size of antiderivative = 1.00,

=5, number of rules _ 385, Rules
integrand size

number of steps used = 5, number of rules used =
used = {7045, 27, 2608, 2609, 7237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ % ExplIntegralEi(bz)
2 dx
z
| 7045
b / e ExpIntegralEi bm) +h / 21”” % ExplIntegralEi(bz)
x b:v2 z

L=

b / e’ ExplIntegralEi(bx) dz+ / e2be i % ExplIntegralEi(bz)

z x2 x

l 2608

bz ; 2bx bx : 2bx
b / e’ ExplntegralEi(bx) da + 2 / eaC de ¢ ExplntegralEi(bz) e

T T T

l 2609

b Expl 1Ei bz Expl 1Ei 2bz
b / e’ ExpIntegralEi(bz) gy & Exp ntegralEi(bz) + 2 ExplntegralFi(2bz) — e

T Z

l'7237

. _ B 2bx
e”® ExplntegralEi(bx) + 2b ExplntegralEi(2bz) — °

1
2 b ExplntegralEi(bz)? — .

tnput ‘ Int [(E~ (b*x)*ExpIntegralEi [b*x])/x~2,x]

output ‘

(E™(2%b*x) /x) - (E~(b*x)*ExpIntegralEi[b*x])/x + (b*ExpIntegralEi[b*x]"2)
‘ /2 + 2*bxExpIntegralEi [2*¥b*x]
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Defintions of rubi rules used

rule 27 Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2608 Int[((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(a_.)*((c_.) + (d_.)*(x_))"(m

_), x_Symbol] :> Simp[(c + d*x)~(m + 1)*((b*F~(gx(e + £*x)))"n/(d*(m + 1)))

,» x] — Simp[f*gxn*(Log[F]l/(d*(m + 1))) Int[(c + d*x)"(m + 1)*(b*F~(gx(e +

£*x)))"n, x], x] /; FreeQ[{F, b, ¢, d, e, f, g, n}, x] && LtQ[m, -1] & In

tegerQ[2*m] && !TrueQ[$UseGammal
e 2600 TRELED (L)% ((e_) + (F_.)*(x1)))/((c_.) + (d_.)*(x.)), x_Symbol]l :> Si

mp[(F~(g*x(e - c*(£/d)))/d)*ExpIntegralEi [f*g*(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)I*(x_)"(m_), x_S
ymbol] :> Simp[x~(m + 1)*E~(a + b*x)*(ExpIntegralEil[c + d*x]/(m + 1)), x] +
(-Simp[b/(m + 1) Int[x"(m + 1)*E~(a + b*x)*ExpIntegralEil[c + d*x], x], x
] - Simp[d/(m + 1) Int[x"(m + 1)*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x
1) /; FreeQ[{a, b, c, d}, x] && ILtQ[m, -1]

rule 7045

rule 7237 Int[(u_)*(y_)~"(m_.), x_Symbol] :> With[{q = DerivativeDivides[y, u, x]}, Si
mp[g*(y~“(m + 1)/(m + 1)), x] /; !FalseQ[ql] /; FreeQ[m, x] && NeQ[m, -1]

Maple [F]

b= expIntegral (b
/ e’” exp nxsgra (bx) i

inputLint(exp(b*x)*Ei(b*X)/x‘2,x)

outputLint(eXP(b*X)*Ei(b*X)/x“2,x)
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.91

/ e’ ExpIntegralEi(bz) dp — bzEi(bz)® + 4bzEi(2bx) — 2 Ei(bx) e®®) — 2¢(262)
x? B 2z

input Lintegrate (exp (b*x)*Ei(b*x)/x"2,x, algorithm="fricas") J
OutputL1/2*(b*x*Ei(b*x)‘2 + 4xbrx*Ei(2%b*x) - 2*Ei(bkx)*e”(b*x) - 2xe~(2%b*x))/x J
Sympy [F]
/ eb® Eprnte2gralEi(bx) dp — / eb® Ei2(bx) d
X X
input | iRteETate (exp (bxx) ¥Ei (bxx) /242, ) )

output ‘ Integral (exp (b*x)*Ei (b*x) /x*%2, x) ‘

Maxima [F]
/ e EXpIntezgralEi(bx) dr — / Ei(bxle(b"”) s
X X
input Lintegrate (exp (b*x) *Ei (b*x) /x~2,%, algorithm="maxima") J
OutputLintegrate(Ei(b*x)*e“(b*x)/x“2, x) J
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Giac [F]

bz : : (bz)
/ e’ ExplntegralEi(bz) dr — / Ei(bz) e i

z2 72

input Lintegrate (exp (b*x)*Ei (b*x) /x~2,x, algorithm="giac")

outputLintegrate(Ei(b*x)*e~(b*x)/x-Q, )

Mupad [F(-1)]

Timed out.

bx : bx L3
/ e’ ExplntegralFi(bx) dr — / e’”ei(bzx) d

T2 72

input 10t ((exp (bxx) ¥ei (bx)) /%72, %)

output Lint ((exp(b*x)*ei(b*x))/x"2, x)

Reduce [F]

bz : br .+
/ e Eprnte2gra,1E1(bx) dp — / e ezZ(bx) s
x x

input Lint (exp (b*x) *Ei (b*x) /x"2,%)

output tint ((ex* (b*x)*ei(b*x)) /x**2,x)




output

input L
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3.50 f e’® ExplntegralEi(bz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... ... ... ......
Sympy [A] (verification not implemented) . . . ... ... ... . ... .....
Maxima [A] (verification not implemented) . . . . . . . . . ... ... ... ...
Giac [A] (verification not implemented) . . . . . . ... ... ... L.
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [B] (verification not implemented) . . . ... ... ... ... ......

Optimal result

Integrand size = 13, antiderivative size = 10

/ e’ ExpIntegralEi(bz) dp — ExplntegralEi(bz)?

T

2

L1/2*Ei(b*x)“2

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

dz

_ ExplntegralEi(bz)?

/ e’ ExplntegralEi(bz)
x

2

Integrate [(E~ (b*x)*ExpIntegralEi [b*x]) /x,x]

output ‘\EprntegralEi [bxx]~2/2
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Rubi [A] (verified)

Time = 0.17 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _ 0.077, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {7237}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

b2 ExplntegralEi(b
/ €"® ExpIntegralEi(br) .
T
| 7237
ExplIntegralEi(bx)?
2
input LInt [(E~ (b*x) *ExpIntegralEi [b*x]) /x,x] J
output LEprntegralEi [b*x]~2/2 J

rule

Defintions of rubi rules used

7937 It )*(y)~(m_.), x_Symbol]l :> With[{q = DerivativeDivides[y, u, x]}, Si
me[q*(y‘(m +1)/(m + 1)), x] /; !'FalseQ[ql] /; FreeQ[m, x] && NeQ[m, -1] J

Maple [A] (verified)

Time = 0.02 (sec) , antiderivative size = 9, normalized size of antiderivative = 0.90

method result size
2

derivativedivides M 9

default expIntegral(bz)? 9

2

explntegral(bz)? 9

parallelrisch 5




input

output

input

output

input

output
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Lint (exp (b*x) *Ei (b*x) /x,x ,method=_RETURNVERBOSE)

L1/2*Ei(b*x)“2

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

1
do = Ei(bz)®

/ e’ ExpIntegralEi(bz)
T

Lintegrate (exp(b#*x)*Ei(b*x) /x,x, algorithm="fricas")

L1/2*Ei(b*x)“2

Sympy [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 7, normalized size of antiderivative = 0.70

T 2

/ €% ExplntegralEi(bz) i Ei® (bx)

-

tintegrate (exp (b*x) *Ei (b*x) /x,x)

e—

LEi (bxx) *%2/2
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Maxima [A] (verification not implemented)

Time = 0.03 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ e’ ExpIntegralEi(bz)

1_. 9
= dx = 3 Ei(bz)

inputLintegrate(exp(b*x)*Ei(b*x)/x,x, algorithm="maxima")

output L1/2*Ei (b*x) ~2

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ e’ ExplntegralEi(bz)

1_. 9
- dx = 5 Ei(bz)

input tintegrate (exp (b*x)*Ei(b*x)/x,x, algorithm="giac")

-

output L1/2*Ei (bxx) "2

-/

Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ e’ ExplntegralEi(bx) e — ei(bz)’

T 2

input ‘ int ((exp (b*x) *ei (b*x))/x,x)

output Lei (b*x)~2/2
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Reduce [B] (verification not implemented)

Time = 0.20 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ " ExplntegralEi(bz) ei(bz)?
z do = 2

input Lint (exp (b*x) *Ei (b*x) /x, %)

output Lei(b*x)**2/2
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3.51 [ € ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ... o 3261
Rubi [A] (verified) . . . .. . . ... .. 327
Maple [A] (verified) . . . . . . ... L
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o 329
Maxima [F] . . . . . . 3291
Giac [A] (verification not implemented) . . . . . . ... ... ... 329
Mupad [F(-1)] . . . o o 330
Reduce [F] . . . o . o o 330

Optimal result

Integrand size = 10, antiderivative size = 24

e’ ExpIntegralEi(bz) _ ExplntegralEi(2bz)
b b

/ e’ ExplntegralEi(bz) dz =

-

exp (bxx) *Ei (b*x) /b-Ei (2xb*x) /b

~—

output L

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00

e’ ExplntegralEi(bz) _ ExplntegralEi(2bz)
b b

/ e’” ExpIntegralEi(bz) dz =

input LIntegrate [E” (bxx) *ExpIntegralEi [b*x] ,x] J

-

(E™ (bxx) *ExpIntegralEi [b*x]) /b - ExpIntegralEi[2xb*x]/b

N\ J

output




input

output

rule 27

rule 2609
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Rubi [A] (verified)

Time = 0.19 (sec) , antiderivative size = 24, normalized size of antiderivative = 1.00,

number of rules _ 0.300, Rules

number of steps used = 3, number of rules used = 3, integrand size

used = {7043, 27, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ e’ ExplntegralEi(bz) dx

l 7043
% ExplntegralEi(bx) B e
b bx
l 27

e ExplutegralEi(bz) [ 62:” dz
b b
| 2609

dxr

e®® ExplntegralEi(bx) _ ExplntegralEi(2bz)
b b

e

tlnt [E~ (b*x) *ExpIntegralEi [bxx] ,x]

~—

-

L(E" (b*x) *ExpIntegralEi [b*x])/b - ExpIntegralEi[2*b*x]/b

~—

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Logl[Fl/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]
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rule 7043‘Int[E“((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>

‘ Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b

\ (b + d)*x)/(c + d*x), x1, x] /; FreeQ[{a, b, c, d}, x]

Int[E"(a + ¢ +

input L

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.88

method result size
. . - . bx Int 1(b Int. 1. (—2b,

derivativedivides | & cxpntegral( x)*l;eXp ntegral; (=2bz) | o

default & explntegral(bx)j;eXPIntegrall (=2b2) | 9

int (exp (b*x)*Ei (b*x) ,x ,method=_RETURNVERBOSE)

output

input

Li/b*(exp(b*x)*Ei(b*x)+Ei(1,—2*b*x))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 21, normalized size of antiderivative = 0.88

/ " ExplntegralEi(bz) do =

Ei(bz) e®) — Ei(2bx)

b

Lintegrate (exp(b*x) *Ei (b*x) ,x, algorithm="fricas")

output L

(Ei(b*x)*e” (b*x) - Ei(2*b*x))/b
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Sympy [F]

/ e’ ExplntegralEi(bz) dz = / e’ Ei (bz) dz

input ‘ integrate (exp (b*x) *Ei (b*x) ,x)

output Llntegral (exp (b*x) *Ei (b*x), x)

Maxima [F]

/ e’ ExplntegralEi(bz) dz = / Ei(bz) e®® dz

input Lintegrate (exp(b*x)*Ei(b*x) ,x, algorithm="maxima")

output Lintegrate (Ei(b*x) *e~ (b*x), x)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 23, normalized size of antiderivative = 0.96

Ei(bz) e®® _ Ei(2bz)

/ " ExplntegralEi(bz) dx = b 2

input tintegrate (exp (b*x) *Ei(b*x) ,x, algorithm="giac")

output LEi (b*x) *e” (b*x) /b - Ei(2%b*x)/b
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Mupad [F(-1)]
Timed out.

/ " ExplntegralEi(bz) do = / e’@ei(bz) dzx

input Lint (exp (b*x) *ei (b*x) ,x)

output Lint (exp(b*x)*ei (b*x), x)

Reduce [F]

/ e’ ExplntegralEi(bz) do = / e ei(bx) d

input Lint(exp(b*x) *Ei (b*x) , %)

output Lint (e*x*x (b*x)*ei(b*x) ,x)
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3.52 [ €z ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e 3311
Mathematica [A] (verified) . . . . . . . . . ... o 3311
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 334
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 334
Sympy [F] . . o o 334
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .

Optimal result

Integrand size = 11, antiderivative size = 51

_e® & ExplntegralEi(bz)
2b? b?
ez ExplntegralEi(bz) N ExplntegralEi(2bx)
b b?

/ "z ExplntegralEi(bz) dz =

output ‘ -1/2*exp (2¥b*x) /b~2-exp (b*x) *Ei (b*x) /b~ 2+exp (b*x) *x*Ei (b*x) /b+Ei (2*b*x) /b~ ‘

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.80

e N e’?(—1 + bz) ExplntegralEi(bx)
2b2 b2
ExpIntegralEi(2bz)

+ B

/ " ExplntegralEi(bzr) dr =

input \Integrate [E” (b*x) *x*ExpIntegralEi [b*x] ,x] ]
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‘ -1/2*%E~ (2*%b*x) /b2 + (E~(b*x)*(-1 + b*x)*ExpIntegralEi[b*x])/b~2 + Explnte

output
LgralEi [2%b*x]/b"2 J

Rubi [A] (verified)

Time = 0.30 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.12,

number of rules _ 5 45, Rules
integrand size

number of steps used = 6, number of rules used = 6,
used = {7044, 27, 2624, 7043, 27, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ ze®® ExplntegralEi(bz) dx

| 7044
_ | " ExpIntegralEi(br)dz [ €® o + zeb” ExpIntegralEi(bx)
b b b

l 27

3 [ €% ExplntegralEi(bz)dz 3 [ e®rdy 4 zeb ExplIntegralEi(bx)

b b b
| 2624
[ €% ExplIntegralEi(bz)dz e  zeb ExplntegralEi(bz)
b 2b b
| 7043
B e EXpIntggralEi(bm) - %dm B e?  zeb® ExplntegralEi(bx)
b 202 b
| 27
X 2bx
B ¢ EXpIntZgralEl(bx) _ z d B e2be + zeb” ExpIntegralEi(bx)
b 202 b
| 2609

e?®  zeb® ExplntegralEi(bz)

eb* ExplntegralEi(bx) __ ExplIntegralEi(2bx)
_ + b b
2b2 b b
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input‘Int[E"(b*x)*x*EprntegralEl[b*x],x]

‘—1/2*E“(2*b*x)/b‘2 + (E™(b*x)*x*ExpIntegralEi[b*x])/b - ((E”(b*x)*ExpInteg

output
'TalEi[b*x])/b - ExpIntegralEi[2+b*x]/b)/b

Defintions of rubi rules used

rule o7 Intl[(a)*(Fx_), x_Symbol] :> Simp[a  Int[Fx, x], x] /; FreeQla, x] && !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

rule 2609 TRELEF )" ((g_)*((e_.) + (£_.)*(x)))/((c_.) + (d_.)*(x.)), x_Symboll :> Si
mp[(F~(gx(e - cx(£/d)))/d)*ExpIntegralEi[f*g*(c + d*x)*(Log[Fl/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol] :> Simp[(F~v) n/(n*Logl[F]*D[v, x]), x] /;
FreeQ[{F, n}, x] &% LinearQ[v, x]

rule 2624

rule 7043 Int[E"((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQl{a, b, c, d}, x]

rule 7044 Int[E"((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)]1*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*x(E"(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + bxx)*ExpIntegralEil[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O]
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Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 41, normalized size of antiderivative = 0.80

method result size
2bx
. . .. explntegral(bz) (bz eP* —eb*) — & _explntegral, (—2b.
derivativedivides | SPmtesral(be)(be 32 z_—oxplntegral, (72b7) | 49
2bx
explntegral(bz) (bx eP* —eb®) — € _— _explntegral, (—2bx
default xplutegral(bo) 32 z_—explntegral, (72br) |

input Lint (exp (b*x) *x*Ei (b*x) ,x,method=_RETURNVERBOSE)

output Li/b‘2* (Ei(b*x)* (bxx*exp (b*x) —exp (b*x) ) -1/2*exp (b*x) “2-Ei (1, -2*b*x))

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 35, normalized size of antiderivative = 0.69

2 (bx — 1)Ei(bz) e®) 4 2 Ei(2bx) — e2)
2 b2

/ e’z ExpIntegralEi(bz) do =

inputLintegrate(exp(b*x)*x*Ei(b*x),x, algorithm="fricas")

output ‘ 1/2% (2% (b*x - 1)*Ei(b*x)*e” (b*x) + 2*Ei(2%b*x) - e~ (2*b*x))/b"2

Sympy [F]

/ "z ExpIntegralEi(bz) do = / ze® Ei (br) dz

inputLintegrate(eXP(b*X)*X*Ei(b*x),x)

output, TREegral (rkexp (b+x) ¥Ei (b+x) , 1)
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Maxima [F|

/ e’z ExpIntegralEi(bz) dx = / zEi(bz) e®® dz

input‘integrate(exp(b*x)*x*Ei(b*x),x, algorithm="maxima")

outputtintegrate(x*Ei(b*x)*e"(b*x), x)

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 38, normalized size of antiderivative = 0.75

(bz — 1)Ei(bz) e®® N 2Ei(2bz) — et

bx . _
/ e’z ExpIntegralEi(bz) dx = 7 55

inputLintegrate(exp(b*x)*x*Ei(b*x),x, algorithm="giac")

output t (b*x - 1)*Ei(b*x)*e”(b*x)/b~2 + 1/2%(2+Ei(2¥b*x) - e~ (2%b*x))/b"2

Mupad [F(-1)]
Timed out.

/ e’z ExpIntegralEi(bz) do = / zeb®ei(bz) do

inputLint(x*exp(b*x)*ei(b*x),x)

output tint (x*exp (b*x) *ei (b*x), x)
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Reduce [F]

/ e’z ExpIntegralEi(bz) do = / e*ei(bx) rdx

input ‘ int (exp (b*x) *x*Ei (b*x) ,x)

output tint (ex* (b*x) *ei (b*x) *x,x)
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3.53

[ €**x? ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . .. . . . e 337
Mathematica [A] (verified) . . . . . . . . . ... o 337
Rubi [A] (verified) . . . .. . . ... ..
Maple [A] (verified) . . . . . . ... L 341
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 341
Sympy [F] . . o o 342
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . . .
Optimal result
Integrand size = 13, antiderivative size = 83
2bx 2bx 2 bz Expl 1Ei
/ e’ z? ExplntegralEi(bz) dz = 5:1)3 - e2b2x 2 X n;:gra i(bo)
B 2eP*z ExplntegralEi(bx)
b2
e**z? ExplntegralEi(bz) _ 2ExplntegralEi(2bz)
b b

output ‘ 5/4xexp (2¥b*x) /b~3-1/2*exp (2*¥b*x) *x/b~2+2*exp (b*x) *Ei (b*x) /b~ 3-2*exp (b*x) *
\x*Ei(b*x)/b“2+exp(b*x)*x‘2*Ei(b*x)/b-2*Ei(2*b*x)/b“3

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 52, normalized size of antiderivative = 0.63

/ e’ z? ExplntegralEi(bz) dz

_e®7(5 — 2bz) 4 4e**(2 — 2bz + b?z?) ExplntegralEi(bz) — 8 ExpIntegralEi(2bx)

453

input L

Integrate [E™ (b*x)*x~2*ExpIntegralEi [b*x],x]
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(B~ (24b*x)*(5 - 2%bkx) + 4*E”(bxx)*(2 - 2kbkx + b 2#x~2)*ExpIntegralEi [b*x

output
L] - 8*ExpIntegralEi[2+b*x])/(4*b~3) J

Rubi [A] (verified)

Time = 0.51 (sec) , antiderivative size = 112, normalized size of antiderivative = 1.35,

number of steps used = 10, number of rules used = 10, Bumber of rules _ 4 769 Ryjes
integrand size

used = {7044, 27, 2607, 2624, 7044, 27, 2624, 7043, 27, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 22" ExpIntegralEi(bx) dx

l 7044

2 [ €%z ExplntegralEi(bz)dx e? g 22 ExplIntegralEi(bx)
- A - 5 dz + b

l 27

2 [ ez ExplntegralEi(bz)dz [ e**zdx + z%e" ExplntegralEi(bz)

b b b

| 2607
2 [ €®z ExplntegralEi(bz)dx B me;bb = ezl;zdw + z2eb” ExplIntegralEi(bz)
b b b
| 2624
2 [ €**x ExplIntegralEi(bz)dz B ze;; = - % + z2eP® ExplntegralEi(bz)

b b b

| 7044

9 (_ | e’ ExplIntegralEi(bz)dz . f e2bx dz + zeb® EprntegralEi(ba:)) ze2be o2ba
b b b 20 4b%
b +

b
12" ExplntegralEi(bx)

b
l 27
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26 42
b +

9 (_ J €*® ExplntegralEi(bz)dz [ **®dx + zeb® EprntegralEi(bac)) re2be o2bz
b b b

b
12 ExplntegralEi(bx)
b

l 2624

Ab2
2b 4b +

9 (_ J eb= EprntzgralEi(bz)dz _ 622;; + zeb® Eprnil:)egralEi(bz)) ze2br  2bx

b b
12 ExplntegralEi(bx)
b
l 7043
%% ExplntegralEi(bz) _ I e 2z | zeb® ExplntegralEi(bz)
2( — — = -t = zer 2
~ % &
b b
12 ExplntegralEi(bx)
b
l 27
bz ExplntegralEi(bz) [ 2 dz
of — . i _ ebe + ze?® ExplntegralEi(bx)
5 2b2 b z,e2bz _ e2bz
2b 4b2
_ +
b b
12 ExplntegralEi(bx)
b
l 2609
bx i i
2 eQba: mebw EprntegralEi(bm) € Eprnt;gralEl(bw) — ExplntegzalEl@bz)
— 2b2 + 3 — B me2bz _ g
B % &

b b
x%e% ExplntegralEi(bz)

b

-

input LInt [E” (b*x) *x~2*xExpIntegralEi [b*x] ,x]

e

-((-1/4%E~ (2*%b*x) /b~2 + (E~(2*b*x)*x)/(2*%b))/b) + (E~(b*x)*x~2*ExpIntegral
\Ei[b*x])/b - (2% (-1/2+E" (2%b*x) /b2 + (E~ (b*x)*x*ExpIntegralEi[b*x])/b - (
‘ (E” (b*x) *ExpIntegralEi [b*x]) /b - ExpIntegralEi[2*b*x]/b)/b))/b

output

| —




rule 27

rule 2607

rule 2609

rule 2624

rule 7043

rule 7044
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Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simpla Int[Fx, x], x] /; FreeQl[a, x] & !Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int [((b_)*(F_)"((g_.)*((e_.) + (£_.)*(x_)))) " (n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d*x) m*((b*F~(g*(e + £*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Logl[F])) Int[(c + d*x)~(m - 1)*(b*F~(gx(e + £*x)))~
n, x], x] /; FreeQ[{F, b, c, 4, e, £, g, n}, x] && GtQ[m, 0] && IntegerQ[2*
m] && !'TrueQ[$UseGammal

Int[(F_)"((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(g*x(e - c*(£/d)))/d)*ExpIntegralEi [f*g*(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

/Int [((F)~(v)) " (n_.), x_Symbol] :> Simp[(F~v) n/(n*Log[Fl1*D[v, x1), x] /;
FreeQ[{F, n}, x] &% LinearQ[v, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol]l :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E~(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)I*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*x(E"(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEilc + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O]
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Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 63, normalized size of antiderivative = 0.76

method result size
bx 2bx
. . .. explntegral(bx) (b2x2eb® —2bx e +2 eb* —827b“”+5e7+2 explntegral, (—2bx
derivativedivides | ZPXtesrall I b)3 2 4 plntegraly (Z2bz) | g
b
default explIntegral(bz) (b2 2eb® —2bx €47 +2 %) — ezb# + # +2 explntegral, (—2bx) 63

b3

input Lint (exp (b*x) *x~2*Ei (b*x) ,x ,method=_RETURNVERBOSE)

‘ 1/573* (Ei (b*x) * (b~ 2*x~2*exp (b*x) -2*¥b*x*exp (b*x) +2*exp (b*x) ) -1/2%exp (b*x) ~2

output
 *bkx+5/4xexp (b4x) “2+2+Ei (1,-24b*x))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 49, normalized size of antiderivative = 0.59

/ e’”z® ExplntegralEi(bz) dz

4 (b*x? — 2bz + 2)Ei(br) e®® — (2bz — 5)e(?%2) — 8 Ei(2bx)
463

input Lintegrate (exp (b*x) *x~2*Ei (b*x) ,x, algorithm="fricas")

¢ 1/4%(4x(b"2%x72 - 2xbxx + 2)*Ei(bxx)*e” (bkx) - (2¥bxx - 5)*e” (2+bkx) - BE

outpu
‘i(2*b*x))/b“3
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Sympy [F]

/ e*”z? ExplntegralEi(bz) dz = / z%e" Ei (bz) d

input ‘ integrate (exp (b*x) *x**2*Ei (b*x) ,x) ‘

output Llntegral(x**%e:cp(b*x) *Ei (b*x), X) J
Maxima [F]
/ e’ 22 ExpIntegralEi(bx) dz = / 2*Ei(bz) e dx
input Lintegrate (exp (b*x)*x~2*Ei (b*x) ,x, algorithm="maxima") J
output Lintegrate (x~2*Ei (b*x)*e” (b*x), x) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 55, normalized size of antiderivative = 0.66

(b?x? — 2bx + 2)Ei(bz) et
b3
_ 2bxel®™) 4 8Ei(2bz) — 525
43

/ e’”2? ExpIntegralEi(bx) dr =

input Lintegrate (exp (b*x)*x~2*Ei(b*x) ,x, algorithm="giac") J

t‘ (b™2xx"2 - 2xb*x + 2)*Ei(b*x)*e” (b*x) /b3 - 1/4%(2*bxx*e” (2xb*x) + 8*Ei (2% \

outpu
‘b*x) - B*e~(2*%b*x))/b"3




CHAPTER 3. LISTING OF INTEGRALS 343

Mupad [F(-1)]
Timed out.

/ e’”z? ExplntegralEi(bz) dz = / 2% e’ ei(bx) dx

input Lint (x~2*exp (b*x) *ei (b*x) ,x)

output Lim" (x~2%exp (b*x) *ei (b*x), x)

Reduce [F]

/ e"”z? ExplntegralEi(bz) dz = / e ei(bx) ’dx

input Lint (exp (b*x) *x~2*Ei (b*x) ,x)

output Lint (ex* (b*x) *ei (b*x) *x**2,Xx)
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3.54 [ € x3 ExplntegralEi(bz) dz

Optimal result . . . . . . . . . . . . e [344]
Mathematica [A] (verified) . . . . . . . . . ... o 344
Rubi [A] (verified) . . . .. . . ... .. 345
Maple [A] (verified) . . . . . . ... L 349
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 349
Sympy [F] . . o o 350
Maxima [F] . . . . . . 3501
Giac [A] (verification not implemented) . . . . . . ... ... ... 350
Mupad [F(-1)] . . . o o B51]
Reduce [F] . . . . . B51]

Optimal result

Integrand size = 13, antiderivative size = 112

4 2bx 2 2bx 2bx 1.2 sz Int 1Ei(b
/ebzx3 Eprntegra,lEi(bx) dr = — (;)4 + 6b3 x _ 62b.2'13 _ 6e Xp nbfgra 1( CU)
6e*”z ExplntegralEi(br) 3e*®z? ExplntegralEi(bz)
" b’ - b2
e’ z3 ExplntegralEi(bz) 6 ExplntegralEi(2bz)
+ b + bt

¢ ‘ -4xexp (2¥b*x) /b~4+2*exp (2¥b*x) *x/b~3-1/2%exp (2¥b*x) *x~2/b~2-6*exp (b*x) *Ei ( ‘
| b¥x) /b~ 4+6xexp (bxx) *x+Ei (b*x) /b~3-3xexp (b*x) ¥x"2+Ei (b*x) /b~ 2+exp (b*x) *xx"3% |
LEi (b*x) /b+6*Ei (2%b*x) /b~4 J

outpu

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 68, normalized size of antiderivative = 0.61

/ e’z ExplntegralEi(bz) dz

—e?2(8 — 4bx + b?x?) + 2eP*(—6 + 6bz — 3b%z? + b3x3) ExplntegralEi(bz) + 12 ExplntegralEi(2bz)
B 2b*

input LIntegrate [E” (b*x) *x~3*xExpIntegralEi [b*x] ,x] J
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(~(E"(2%b*x)*(8 - 4¥bxx + b 2#x"2)) + 2+E"(b*x)*(-6 + Exbkx - 3#b"2%x"2 +

output
Lb“B*x”S)*EprntegralEi[b*x] + 12%ExpIntegralEi [2%b*x])/(2+b~4) J

Rubi [A] (verified)

Time = 0.88 (sec) , antiderivative size = 189, normalized size of antiderivative = 1.69,

number of steps used = 15, number of rules used = 15, Bumber of rules _ 4 154 Ry
integrand size

used = {7044, 27, 2607, 2607, 2624, 7044, 27, 2607, 2624, 7044, 27, 2624, 7043, 27,

2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 23e"® ExplntegralEi(bz) do

l 7044

2 5 dx + b

| 27

3 [ €22 ExplntegralEi(bz)dz [ e?**22dx n 23" ExplntegralEi(bx)

3 [ €22 ExplntegralEi(bz)dz B / 207 12 23 ExpIntegralEi(bx)

b b b
| 2607
z €20 gy
_ 3 [ e"z? ExpIntegralEi(bz)dz et _ L e N z3e% ExplIntegralEi(bz)
b b b
| 2607
. ze2bT | 26T g,
3 e’ z? ExplntegralEi(bz)dx 3 ‘”2§zb - + z3e" ExplntegralEi(bz)
b b b
| 2624
220 _ﬂ
_ 3 [ e"z? ExpIntegralEi(bz)dz i R N z3e% ExplntegralEi(bz)
b b b

l 7044
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. . 2b 2b
3 (_ 2 [ ¥ ExplntegralEi(bz)dz f 621;90;,; dz + z2ebe Eprr})tegralEl(bx)) #2623 me%”” _%

_ b _ % b
b +
13 ExplntegralEi(bx)
b

| 27

3 (_ 2 [ e’z ExpIntegralEi(bz)dx _ [ e zdx + z2eb® EprntegralEi(bw)) 22e2b %—%
B b b b _ 2 — b +
b b
x3e% ExpIntegralEi(bz)
b
| 2607
2bx 25T g
3 _2feb‘”a: ExplntegralEi(bz)dz ST -1 55 ¢ + z2eb® Explntegral Ei(bx)
b b b
b
2 2bx ﬂ—&’;
re % 4% z3eb” ExpIntegralEi(bx)
2b b +
b b
| 2624
2bx 2bx
3 _2febmx ExplntegralEi(bz)dz s —e4b2 + 22e?® ExplIntegralEi(bx) re2bT  2bz
b b b z2e2b Y
2b b
- - +
b b
13 ExplntegralEi(bx)
b
| 7044
o — I bz ExplntegralEi(bz)dx _f £2bz da+ zeb® ExplntegralEi(bz) pe2br 20
3 _ b b b I T + x2eb® ExplIntegralEi(bx)
b b b
b
ze2br  2bz
2,2bz - .
e N 13e%* ExplntegralEi(bz)
b b
| 27
of — I bz ExplntegralEi(bz)dz _ [ e2b$dz+zebm ExplntegralEi(bz) ze2br  2bx
3 _ b b b _Tm wr z2eb® ExplIntegralEi(bx)
b b b
b
2 2 ze2bT _ e2b2:c
zcesd” 2b 4b 3.b i
5 5 i * ExpIntegralEi(bz)

b b
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l 2624
of — J &b ExplntegralEi(bz)dz £2bz + zeb® ExplntegralEi(bz) ze2br  2bx
3 _ b 262 b - — - 22eb* ExplIntegralEi(bx)
b b b
b
z2e2be mejbbw — 6%250 b
5 — 5 + x3e"® ExplntegralEi(bz)
b b

| 7043

bx i 2b
e’? ExplIntegralEi(bz i
2 <_ #_I evdz &2bz zeb® Eprn;egralEi(bz))

b T 22 2bz  2bx
me - 54? x2eb* ExpIntegralEi(bx)
31 - - +
b b b
b
5 xe2bz e2bz
z2e20 26 a2 3 _bx .
5 — 5 z°e’® ExplIntegralEi(bz)
+

b b

l 27
ebm ExplntegralEi(bz) S 202 dx
2| — b - al:, _e2bz+zebm ExplntegralEi(bz)
b 2b2 b 2bx  _2bx
25— 5z, x2e"® ExplntegralEi(bz)
3 - - +
b b b
b
2 ba weQb:z: _ e2ln:
e .
T — — b 13e%® ExplntegralEi(bz)
+
b b
l 2609

252 b b weZba: e2bar;

o~ n x2eb® ExplIntegral Ei(bx)
b

bx : .
e’ ExplntegralEi(bx ExplntegralEi(2bx
2 (_ e2bz + zeb® ExplntegralEi(bz) P bg (br) _ Exp gb (2bz) )

3| - b - b

b
x2§sz e b_ 4b2 N x3eb® ExplntegralEi(bx)
b b

ze2bz  2bz

input ‘ Int [E~ (b*x)*x"3*ExpIntegralEi [b*x] ,x]




output

rule 27

rule 2607

rule 2609

rule 2624

rule 7043

rule 7044
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-(((E~ (2%b*x) *x~2) / (2%b) - (-1/4*E~(2%b*x)/b~2 + (E~(2xb*x)*x)/(2%b))/b) /b
) + (E™(b*x)*x~3*ExpIntegralEi[b*x])/b - (3*(-((-1/4*E~(2*b*x)/b~2 + (E~(2
*bxx) *x) /(2%b) ) /b) + (E~ (b*x)*x~2*ExpIntegralEi[b*x])/b - (2%(-1/2+E~(2*xb*
x)/b"2 + (E” (b*x)*x*ExpIntegralEi[b*x])/b - ((E” (b*x)*ExpIntegralEi [b*x])/
b - ExpIntegralEi[2*b*x]/b)/b))/b))/b

Defintions of rubi rules used

Int[(a_)*(Fx_), x_Symbol] :> Simp[a Int[Fx, x], x] /; FreeQ[a, x] && !'Ma
tchQ[Fx, (b_)*(Gx_) /; FreeQ[b, x]]

Int[((b_)*(F_)~((g_.)*((e_.) + (£_)*(x_))))"(n_.)*((c_.) + (d_.)*(x_))"(m
_.), x_Symbol] :> Simp[(c + d#*x) m*x((b*xF~(g*(e + f*x))) n/(f*g*n*Logl[F])),
x] - Simp[d*(m/(f*g*n*Log[F]1)) Int[(c + d*x)~(m - 1) *(b*F~(gx(e + f*x)))~
n, x], x] /; FreeQ[{F, b, c, d, e, f, g, n}, x] & GtQ[m, O] && IntegerQ[2*
m] && !TrueQ[$UseGamma]

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(g*x(e - c*(£/d)))/d)*ExpIntegralEi[f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, f, g}, x] && !'TrueQ[$UseGamma]

Int[((F_)"(v_))"(n_.), x_Symbol] :> Simp[(F~v) n/(n*Log[Fl*D[v, x1), x] /;
FreeQ[{F, n}, x] && LinearQ[v, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)I*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x"m*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + b*x)*ExpIntegralEi[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, 0]
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Maple [A] (verified)

Time = 0.10 (sec) , antiderivative size = 89, normalized size of antiderivative = 0.79

method result size
2bx,2 2
. . .. explntegral(bx) (e?®b3z3 —3b222eb% 4-6bx 0T —6 €57 ) — 072" | 9 62b g4 207§ explntegral, (—2bz
derivativedivides gral(ba)( 3)4 2 gral (7202) | gg
br,2 2
explntegral(bz) (eP*b3 23 —3b222eb% 4 6bx €P% —6 b —&—}-2 e2bZhg—4 6257 @ explntegral, (—2bz
default plntegral (b) ( 2)4 2 plntegraly (~2bz) | g

Lint (exp (b*x) *x~3*Ei (b*x) ,x ,method=_RETURNVERBOSE)

input
output \ 1/b"4% (Ei (b*x) * (exp (b*x) *b~3%x~3-3%b~2%x"~2%exp (b*x) +6*b*x*exp (b*x) -6*exp (b \
#x))~1/2%exp (b*x) ~2kb"2+x"2+2%exp (b*x) “2¥bkx-4+exp (b*x) “2-6*Ei (1, -2+b*x)) |
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 64, normalized size of antiderivative = 0.57
/ "z ExplntegralEi(bz) dz
2 (b%z® — 3b%22 + 6 br — 6)Ei(bx) e®®) — (b2z? — 4bx + 8)e®®) + 12 Ei(2 bx)
B 2
input Lintegrate (exp (b*x)*x~3*Ei(b*x) ,x, algorithm="fricas")

output‘ 1/2% (2% (b"3*%x"3 - 3*%b~2*x"2 + 6xb*x — 6)*Ei(b*x)*e”(b*x) - (b™2*x"2 - 4x*b* \

\x + 8)%e”~ (2xb*x) + 12xEi(2*b*x))/b~4
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Sympy [F]

/ e’z ExplntegralEi(bz) dz = / z3e? Ei (bz) da

‘integrate(exp(b*x)*x**B*Ei(b*x),x)

input
outputtlntegral(x**3*eXP(b*X)*Ei(b*x), x) J
Maxima [F]
/ e"”z® ExpIntegralEi(bx) dr = / 2°Ei(bz) e dz
input Lintegrate (exp (b*x)*x~3+Ei (b*x) ,x, algorithm="maxima") J
output Lintegrate(x*S*Ei(b*x)*e*(b*X)’ x) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 75, normalized size of antiderivative = 0.67

(B32% — 3b2x% + 6 bx — 6)Ei(bz) e

/ e’z ExpIntegralEi(bx) dr =

bt
b?x2e(2b) — 4bxeb®) — 12Ei(2bz) + 8 e(252)
2b*
input Lintegrate (exp (b*x) *x~3*Ei(b*x) ,x, algorithm="giac") J

‘ (b~3*%x~3 - 3*b~2*%x"2 + 6%b*x - 6)*Ei(b*x)*e” (b*x) /b4 - 1/2%(b~2xx"2xe” (2% \

output
‘b*x) - 4xb*x*e” (2%b*x) - 12+Ei(2%b*x) + 8%e”(2%b*x))/b™4 ‘
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Mupad [F(-1)]
Timed out.

/ e*”z® ExplntegralEi(bz) dz = / 22 e’%ei(bx) dx

input Lint (x~3*exp (b*x) *ei (b*x) ,x)

output Lim" (x~3%exp (b*x) *ei(b*x), x)

Reduce [F]

/ e"”z® ExplntegralEi(bz) dz = / e ei(bx) 2idx

input Lint (exp (b*x) *x~3*Ei (b*x) ,x)

output Lint (e** (b*x) *ei (b*x) *x**3,Xx)
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3.55 [ ea*%%z3 ExplntegralEi(c + dz) dx

Optimal result . . . . . . . . . . . . e 353
Mathematica [A] (verified) . . . . . . . . . ... o 3541
Rubi [A] (verified) . . . .. . . ... .. 354
Maple [B] (verified) . . . . . . . . . ... 359
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 360
Sympy [F(-1)] . . o oo 3611
Maxima [F] . . . . . .
Giac [B] (verification not implemented) . . . . . . .. .. ... ... ... . ... 362
Mupad [F(-1)] . . . o o 363

Reduce [F] . . . . .
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Optimal result

Integrand size = 17, antiderivative size = 433

2ea+c+(b+d)z 3ea+c+(b+d)z Cea+c+(b+d)z

b(b+d)?  b2(b+d)?  bd(b+ d)?
Geatct(b+d)z 2eatet(b+d)z 3ceatet(b+d)x

Bb+d  b2(b+d)  b2d(b+d)
2eatet(+d)z,  geatet(btd)zy  poatet(btd)zg,
bo+d? | B(btd | bdb+d)
ertetdizg?  Gert® ExplntegralEi(c + da)
b(b + d) b
6e*+2x ExplntegralEi(c + dx)
+ e
_ 3e*t™z” ExplntegralEi(c + dx)
b2
N e? 0223 ExplntegralEi(c + dx)
b
Beo & ExplntegralEi (W)
ba
3¢ i ExplntegralEi (W)
bd?
32 ExplntegralEi (%jﬂiz))
b2d?
Beea™d ExplntegralEi (W)
b3d

/ e 23 ExpIntegralEi(c + dr) dr = —

_I_

+

+

_|_

/

-2%exp (a+c+(b+d) *x) /b/ (b+d) “3-3*exp (atc+(b+d) *x) /b~2/ (b+d) “2-c*exp(atc+(b+
d) *x) /b/d/ (b+d) “2-6*exp (a+c+(b+d) *x) /b~3/ (b+d) —-c~2*exp (a+c+(b+d) *x) /b/d~2/
(b+d) -3*c*exp (at+c+(b+d) *x) /b~2/d/ (b+d) +2*exp (a+c+ (b+d) *x) *x/b/ (b+d) ~2+3*ex
p(atc+(b+d) *x) *x/b~2/ (b+d) +cxexp (a+c+(b+d) *x) *x/b/d/ (b+d) —exp (a+c+(b+d) *x)
*x~2/b/ (b+d) -6*exp (bxx+a) *Ei (d*x+c) /b~4+6*exp (b*x+a) *x*Ei (d*x+c) /b~ 3-3*exp
(b*x+a)*x~2*Ei (d*x+c) /b~ 2+exp (b*x+a) *x~3*Ei (d*x+c) /b+6*exp (a-b*c/d) *Ei ((b+
d) *(d*x+c)/d) /b~4+c”~3*exp (a-b*c/d) *Ei ((b+d) * (d*x+c) /d) /b/d"3+3*c”~2*exp(a-b
*c/d) *Ei ((b+d) * (d*x+c) /d) /b~2/d"2+6*c*xexp (a-b*c/d) *Ei ((b+d) * (d*x+c) /d) /b~3
/d

output
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Mathematica [A] (verified)

Time = 0.38 (sec) , antiderivative size = 224, normalized size of antiderivative = 0.52

/ e y3 ExpIntegralEi(c + dz) dz

b (b+d)(c+dz)
e~ d <_bde Td (6d*+3bd3(5+c—dx)+b* (c2—cda+

e® | €"*(—6 + 6bx — 3b%z? + b3z®) ExplntegralEi(c + dr) +

input LIntegrate [E~(a + b*x)*x"3*ExpIntegralEil[c + d*x],x] J

(E"a*(E"(b*x)* (-6 + 6*b*x - 3*b~2%x"2 + b~ 3*x"3)*ExpIntegralEi[c + d*x] +

(-(b*xd*E~(((b + d)*(c + d*x))/d)*(6*%d"4 + 3*xb*d~3*(5 + c - d*x) + b 4x(c"2
- c*xd*x + d72%x72) + b72*d"2*(11 + c”2 - 8xd*x + d72xx"2 + c*x(7 - dxx)) +
b~3%d* (2%xc”2 + c*(4 - 2%d*x) + d*x*(-5 + 2%d*x)))) + (b + d)~3*(b"3*c"3 +
3x¥b~2%c"2xd + 6*bxc*xd"2 + 6%d"3)*ExpIntegralEi[((b + d)*(c + d*x))/d])/(d
~3%(b + d)"3*E~((b*c)/d))))/b"4

output

Rubi [A] (verified)

Time = 2.53 (sec) , antiderivative size = 444, normalized size of antiderivative = 1.03,

number of steps used = 11, number of rules used = 11, Bumber of rules _ 4 g47 Ryjjeg
integrand size

used = {7044, 2629, 2009, 7044, 2629, 2009, 7044, 2629, 2009, 7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 232+ ExpIntegralEi(c + dz) dz

l 7044

ea+c+(b+d)zx3

3 [ ett32 ExplntegralEi(c + dx)dx d [ g da " 23" ExplntegralEi(c + dz)
b b b

l 2629
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a+c+(b+d)x .3 a+c+(b+d)x .2 a+c+(b+d)xz a+c+(b+d)x .2
df<_e d3(c+dac)c e e Tt — )dw

b
3 [ e2+% 32 ExplntegralEi(c + dz)dz 4 23e37% ExpIntegralEi(c + dz)
b b
| 2009
3 [ e*+%% 32 ExplntegralEi(c + dz)dz
b

_be .
d Cgea d EprntegralEl(W) c26114-ac(lz-ﬁ-d)-4—c cea+$(b+d)+c cmea+w(b+d)+c m2ea-&-w(b+d)+c 26a+w(b+d)+c
- 7 R ] () ] () i 21 () d(b+d) d(btd)?

b
23e27% ExpIntegralEi(c + dz)

b
l 7044

a+c+(b+d)xz 2
2 [ eatboy ExplntegralEi(c+dr)de 4 ——1gz 4T | z2e9+%% ExpIntegralEi(c+dx
3 : _ -g + p . g

b
_be .
d c3e? " d EXpIntegI‘&lEl(W) c2eata(b+d)+e ceatz(b+d)+c credtTb+d)+c 22eat@(b+d)+c 9ea+z(b+d)+c
- 7 R ] () ] () i 21 () d(brd) d(brd)3
b
23e215% ExpIntegralEi(c + dz)
b
| 2629
ea.-Q—c-k(b-kd):::c2 ea+c+(b+d)a:c Ea-ﬁ-c-}—(b-&-d)xz
df — + dz
3 d2 (c+dax) d? d 2 [ e?*+b2 g ExplntegralEi(c+dz)dz + x2e21b% ExplntegralEi(c+dzx)
- b - b b
B b
30— ;[ (b+d)(ctdz)
d c’e EXpIntegralEl<T) " 2eatebtdite | geatz(btdite  ggeatz(dtdte | g2eataz(btd)te | geata(btd)te
- a B(o+d) E(b1d)? E(b+d) d(b+d) d(b+d)3
b
23et* ExplIntegralEi(c + dx)

b
l 2009
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be
2 a—=F . (b+d)(c+dz
d c“e d EprntegralEl(g( )Ei )) Cea+z(b+d)+c Ea+z(b+d)+c zea+z(b+d)+c

a3 d2 (b+d) d(b+d)? d(b+d)
3 2 [ etb2y ExpIntegralEi(c+dz)dz 4+
- b - b
a b
—be . [ (b+d)(c+d
d _c3e“ d EprntegralEl(W) n c2eata(b+d)+c ceatz(b+d)+c _ cxestz(b+d)+c r2eatz(bt+d)+e 92eatz(b+d)+c
dt d3(b+d) d2(b+d)? d2(b+d) d(b+d) d(b+d)3
b
13245 ExplntegralEi(c + dz)
b
| 7044
be
+c+(b+d) c2¢%7 'd ExplntegralEi (b+d)(ctdz)
9 fea+bm ExplntegralEi(c+dz)dz df %dz zeatbz ExplntegralEi(c+dz) d © i € ( d ) _c
- b - b + b 3
3| - - -
- b
_be . [ (b+d)(c+dzx
d _c3e“ d EprntegralE1<%) n c2eatz(btd)te ceatz(dtdte  cpeata(btd)te z2eata(btd)+c 9eata(b+d)+c
d4 d3(b+d) d?(b+d)? d2(b+d) d(b+d) d(b+d)3
b
13e215% ExpIntegralEi(c + dz)
b
l 2629
be
d ea+c+(b+d)m Caa+c+(b+d)z c2¢*7'd ExplntegralEi
2 [ eatbz ExplntegralEi(c+dz)dz aJ ( d B d(ct+dz) )dz zedTbT ExplntegralEi(c+dz) d pmtests (
— : - 5 + 3 3
3| - - -
3 a—ﬂ - (b+d)(c+dzx) b
d c’e” d EXpIntegralEl<f) 2eatz(btd)te  geata(brd)te  ggeata(brd)te  g2oata(brd)te | geata(btd)+e
- d4 + d3(b+d) d2(b+d)2 d2(b+d) d(b+d) d(b+d)3

b
13e215% ExplIntegralEi(c + dz)
b

l 2009
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—be [ (b+d)(c+d
Jata(b+d)+e ce® d EprntegralEl(W)
d aerd) 2
of| J eatbe ExplntegralEi(ct+dz)dz + zeatbe ExplntegralEi(c+dx)
b b b 62 e?
d
3| - . -
, b
_bc . (b4d)(c+dx
d e d EprntegralEl(%) c2eata(b+d)+e ceatz(b+d)+c cpedtzd+d)+ec r2eatz(b+d)+e 2eatz(b+d)+e
o d* + d3(b+d) d2(b+d)? d2(b+d) d(b+d) d(b+d)3
b
13e2+% ExplntegralEi(c + dz)
b
l 7043

b
a= 70 ExplIntegralEi (M)

a+z(b+d)+c ce
a+c+(b+d)z d| € d - 2
a+bx xoIntesr N dre—""1""4 (b+4d) d
2 . - t;g alBi(etds) _ ! ctdz . zea-Hn ExplIntegralEi(c+
- b - b + b
3| = b
B b
e~ % Explnte ralEi(w)
d _ P g d + c2eatz(b+d)+c ceatz(b+d)+c _ cxedtz(b+d)+c p2eatz(b+d)+c 92eatz(b+d)+c
a B(o+d) B(b1d)? E(b+d) d(b+d) d(b+d)3
b
x3etb Explnt 1Ei d
pIntegralEi(c + dz)

b
l 2609
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d(b+d) p

a—be
4 pata(b+d)+c ce d Explntegral
2

be —
2 a—=F . b+d)(c+dz b
p c“e d EprntegralE1<7( )¢(i )) ceatTbtd)+e  ata(btd)te ata(btd)+e
a3 T a2(b+d)  d(p+d)2 T A
3| —

5 —

_be . (b4d)(c+dx
p _c3e“ d Explntegra]E1<%> n 2eata(b+d)+e ceatrlbtdte  cpeata(btd)te zp2eatz(btd)+e n 9eatz(b+d)+c
dt d3(b+d) d2(b+d)? d2(b+d) d(b+d) d(b+d)3
b
13e2+% ExplntegralEi(c + dz)
b

input‘lnt[E“(a + bx*x)*x~3*ExpIntegralEi[c + d*x],x]

output

(E~(a + b*x)*x"3*ExpIntegralEilc + d*x])/b - (d*((2*E~(a + ¢ + (b + d)*x))
/(@*(b + d)"3) + (c*xE"(a + ¢ + (b + d)*x))/(d"2%(b + d)"2) + (c"2+#E"(a + ¢
+ (b + d)*x))/(d"3x(b + d)) - (2*E~(a + ¢ + (b + D) *x)*x)/(d*(b + d)72) -
(c*E"(a + ¢ + (b + d)*x)*x)/(d"2%(b + d)) + (E"(a + c + (b + d)*x)*x"2)/(
d*(b + d)) - (c"3*E~(a - (b*c)/d)*ExpIntegralEi[((b + d)*(c + d*x))/d])/d"~
4))/b - (3*((E~(a + b*x)*x"2*ExpIntegralEi[c + d*x])/b - (d*(-(E~(a + c +
(b + d*x)/(d*(d + d)72)) - (c*xE"(a + ¢ + (b + d)*x))/(d™2x(b + d)) + (E7(
a+c+ (b+ d)*x)*x)/(d*(d + d)) + (c"2+E~(a - (b*c)/d)*ExpIntegralEi[((b
+ d)*(c + d*x))/d]1)/d"3))/b - (2x((E~(a + b#*x)*x*ExpIntegralEil[c + d*x])/
b - ((E"(a + b*x)*ExpIntegralEi[c + d*x])/b - (E~(a - (bxc)/d)*ExpIntegral
Ei[((b + d)*(c + d*x))/d])/b)/b - (d*(E"(a + ¢ + (b + d)*x)/(d*(b + d)) -
(c*E~(a - (b*c)/d)*ExpIntegralEi[((b + d)*(c + d*x))/d])/d~2))/b))/b))/b
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Defintions of rubi rules used

rule 2009‘ Int[u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2609

rule 2629

rule 7043

rule 7044

input

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl/d)]1, x] /; F
reeQ[{F, c, d, e, f, g}, x] && !TrueQ[$UseGamma]

Int[(F)~(v_)*(Px_)*((d_.) + (e_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandInte
grand[F~v, Px*(d + e*x)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, xI]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)I*(x_)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x™m*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + bxx)*ExpIntegralEi[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& IGtQ[m, O]

e

t

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 964 vs. 2(415) = 830.

Time = 0.72 (sec) , antiderivative size = 965, normalized size of antiderivative = 2.23

method | result size

default | Expression too large to display | 965

int (exp (b*x+a) *x~3*Ei (d*x+c) ,x ,method=_RETURNVERBOSE)

~—
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(-Ei(d*x+c)/d~2/b* (exp(1/d*b* (d*x+c)+(axd-b*c)/d) /b~3*d"3*a~3-1/b~3*%d"3* (e
xp (1/d*b* (d*x+c)+(a*xd-b*c) /d) * (1/d*b* (d*x+c)+(a*d-bxc) /d) "3-3*(1/d*b* (d*x+
c)+(axd-b*c)/d) “2*exp (1/d*b* (d*x+c)+(a*d-b*c)/d) +6* (1/d*b* (d*x+c)+(a*d-b*c
) /d) *exp (1/d*b* (d*x+c)+(a*xd-b*c)/d) -6*exp(1/d*b* (d*x+c)+(a*d-b*c)/d))-3/b"
3*d~3*a”2* ((1/d*b* (d*x+c)+(a*d-b*c)/d) *exp(1/d*b* (d*x+c)+(a*d-b*c)/d)-exp(
1/d*b* (d*x+c)+(axd-b*c) /d) ) +3/b~3*d~3*a* ((1/d*b* (d*x+c)+(a*xd-b*c) /d) ~2*exp
(1/d*b* (d*x+c)+(a*d-b*c) /d) -2* (1/d*b* (d*x+c) +(a*d-b*c) /d) *exp (1/d*b* (d*x+c
)+(a*xd-bxc) /d) +2xexp (1/d*b* (d*x+c)+(a*d-b*c)/d) ) )+1/d"2/b* (-exp(a) /exp (b*c
/d)*c~3*Ei(1,-(1+b/d) *(d*x+c))-exp(a) /exp(b*c/d)/(1+b/d) ~3* ((1+b/d) ~2* (d*x
+c) "2*%exp ((1+b/d) * (d*x+c) ) -2*% (1+b/d) * (d*x+c) *exp ((1+b/d) * (d*x+c) ) +2*exp ((1
+b/d) * (d*x+c)) ) -3*exp(a) /exp (b*c/d) *c~2xexp ((1+b/d) * (d*x+c) )/ (1+b/d)-6/b"2
*d~2*exp(a)/exp (b*c/d) *exp ((1+b/d) * (d*x+c) )/ (1+b/d) +3*exp(a) /exp (b*c/d) *c/
(1+b/d) ~2*% ((1+b/d) * (d*x+c) *exp ((1+b/d) * (d*x+c) ) -exp ((1+b/d) * (d*x+c) ) ) -6/b*
dxexp(a)/exp(b*c/d) *c*exp((1+b/d)* (d*x+c)) /(1+b/d) -6/b~3*d"3*exp(a) /exp (b*
c/d)*Ei(1,-(1+b/d) * (d*x+c) ) +3/b*d*exp(a) /exp(b*xc/d) / (1+b/d) "2x ((1+b/d) * (d*
x+c) *exp ((1+b/d) * (d*x+c) ) —exp ((1+b/d) * (d*x+c) ) ) -6/b~2*d~2*exp(a) /exp(b*c/d
Y*cxEi(1,-(1+b/d) * (d*x+c) ) -3/b*d*exp(a) /exp (b*c/d) *c~2*Ei (1,-(1+b/d) * (d*x+
c))))/d

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 505, normalized size of antiderivative = 1.17

/ ™% 23 ExpIntegralEi(c + dz) dx =

(6b3d® + 18b%d* + 18bd® + 6 d°S — (b%d3 + 3b°d* + 3b*d° + b3d®)x3 + 3 (b°d® + 3 b*d* + 3b3d° + b2d°

r

| —

jnputLintegrate(eXP(b*X+a)*X”3*Ei(d*x+c),x, algorithm="fricas")
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-((6%b"3*%d"3 + 18*xb~2*d"4 + 18%b*d"5 + 6*%d"6 - (b~6*d"3 + 3*b"5%d"4 + 3*b~
4*d"5 + b"3*%d"6)*x~3 + 3*(b"5*d"3 + 3*%b"4*d"4 + 3*b"3*d"5 + b"2*d"6)*x"2 -
6% (b~4%d"3 + 3*b"3*d"4 + 3*b"2*%d"5 + b*d"6)*x)*Ei(d*x + c)*e”(b*x + a) -
(b~6%c”3 + 6*(b*c + 3*%b)*d"5 + 6*%d"6 + 3*x(b~2*%c”2 + 6*%b"2%c + 6*%b"2)*d"4 +
(b~3%c”™3 + 9%b~3*%c"2 + 18*%b"3*c + 6*%b"3)*d"3 + 3*(b~4*c”3 + 3*b"4*c”2 + 2
*b~4*c)*d"2 + 3*(b"5*%c”3 + b"5*%c”2)*d)*Ei((b*c + c*d + (b*d + d"2)*x)/d)*e
“(-(b*c - a*d)/d) + (b"5*c”2*d + 6*b*d~5 + 3*(b"2*c + 5*b~2)*d"4 + (b"3*c”
2 + 7T*%b"3%c + 11*b"3)*d"3 + 2% (b"4*c™2 + 2*xb"4*xc)*d"2 + (b~5%d"3 + 2*xb~4*d
~4 + b~3%d"5)*x"2 - (b~5*xc*xd"2 + 3%b"2%d"5 + (b~3%c + 8*%b~3)*d"4 + (2%b~4x*
c + 5¥b~4)*d"3)*x)*e~(b*x + d*x + a + ¢))/(b"7*d"3 + 3*b~6%d"4 + 3*xb~5%d"5

+ b~4%d"6)

output

Sympy [F(-1)]

Timed out.

/ etz ExplntegralEi(c + dz) dr = Timed out

input Lintegrate (exp (b*x+a) *x**3*Ei (d*x+c) ,x)

output LTlmed out

Maxima [F]

/ e y3 ExpIntegralEi(c + dz) dx = / 2*Ei(dzx + c) e+ dx

input ‘ integrate (exp(b*x+a)*x~3*Ei (d*x+c) ,x, algorithm="maxima")

p
output Lintegrate(x“B*Ei(d*x + c)xe”(bxx + a), x)

| —




-

input L
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Giac [B] (verification not implemented)

Leaf count of result is larger than twice the leaf count of optimal. 1154 vs. 2(415) = 830.

Time = 0.13 (sec) , antiderivative size = 1154, normalized size of antiderivative = 2.67

/ e 23 ExpIntegralEi(c + dr) dz = Too large to display

integrate (exp(b*x+a)*x~3*Ei (d*x+c) ,x, algorithm="giac")

~—

output

-(b"5*%d"3*x"2%e" (b*x + d*x + a + c) + 2¥b"4*d"4*xx"2%e"(b*x + d*x + a + c)

+ b"3*%d"5*%x"2%e" (b*x + d*x + a + ¢c) - b"6*c”3*Ei((b*d*x + d~2*x + b*c + c*
d)/d)*e"(a + ¢ - (b*c + c*d)/d) - 3*b~5*c~3*d*Ei ((b*d*x + d~2*x + b*c + c*
d)/d)*e~(a + ¢ - (bxc + cxd)/d) - 3*b~4xc~3*d"2+Ei((b*d*x + d~2%x + b*c +

cxd)/d)*e”~(a + c - (b*c + c*d)/d) - b~3*c~3*d"3*Ei ((b*d*x + d~2*x + b*c
cxd)/d)*e”~(a + c - (b*c + c*d)/d) - b~Bkckd 2kx*ke~ (b*x + d*x + a + c) - 2%
b~4xcxd"3*x*e” (b*x + d*x + a + c) — b7 3*kc*kd"4*x*e” (b*xx + d*x + a + c) - 3%
b~5xc”2*d*Ei ((b*d*x + d™2*x + b*c + c*d)/d)*e”(a + ¢ - (bxc + c*d)/d) - 9%
b~4*c”2xd"2*Ei ((b*d*x + d"2*%x + b*c + c*d)/d)*e"(a + ¢ - (b*c + c*xd)/d)
9xb~3*c”~2*d~3*Ei ((b*xd*x + d~2*x + b*c + c*d)/d)*e”~(a + ¢ - (b*c + c*d)/d)

- 3xb"2%c"2xd"4*Ei ((b*d*x + d~2%x + b*c + c*d)/d)*e"(a + ¢ - (bxc + c*d)/d
) + b75*xc”2*d*e” (b*x + d*x + a + c) + 2*%b"4*c"2*%d"2*xe" (b*x + d*x + a + c)

+ b"3*%c"2xd"3%e” (b*x + d*x + a + c) - 5*¥b"4*xd"3*x*ke”(b*x + d*x + a + c) -

8*b~3*%d"4*xx*e” (b*x + d*x + a + c) - 3*b"2*%d"5xx*e”(b*x + d*x + a + c) - 6%
b 4*xcxd~2+Ei ((b*d*x + d™2*x + b*c + c*d)/d)*e”(a + ¢ - (b*c + c*d)/d) - 18
*b~3*%c*d"3*Ei ((b*d*x + d"2*x + b*c + c*d)/d)*e"(a + ¢ - (b*xc + cxd)/d) - 1
8%b~2*c*d~4*Ei ((bxd*x + d~"2*x + b*c + c*xd)/d)*e"(a + ¢ - (b*c + c*d)/d) -

6*b*c*d"5*Ei ((bxd*x + d"2*x + b*c + c*d)/d)*e"(a + ¢ - (b*c + c*d)/d) + 4x
b~ 4xcxd"2*e” (b*x + d*x + a + c) + 7*b"3*kc*d"3*e” (b*x + d*x + a + c) + 3%b~
2*xcxd"4*e” (b*x + d*x + a + c) - 6%b"3*d"3*Ei((b*d*x + d"2*x + b*c + cx*d...

+
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Mupad [F(-1)]

Timed out.

/ eatbz 1.3 ExplIntegralEi(c + dx) dz = / 73 ei(c + d ) e +bz g,

input Lint(x‘S*ei(c + d*x)*exp(a + b*X),X)

output Lint(xAs*ei(C + d*x)*exp(a + b*x), x)

Reduce [F]

/ e*t7 g3 ExpIntegralEi(c + dz) dz = e° ( / e"ei(dz + ) x3dx>

input Lint (exp (b*x+a)*x~3*Ei (d*x+c) ,x)

output Le**a*int(e**(b*X)*ei(c + d¥x)*x*%3,%)




output
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3.56 [ e+ z? ExplntegralEi(c + dz) dx

Optimal result . . . . . . . . . . . . . 364
Mathematica [A] (verified) . . . . . . . .. ... L L 3651
Rubi [A] (verified) . . . .. ... .. .. 365
Maple [B] (verified) . . . . . . . . . ... 369
Fricas [A] (verification not implemented) . . . . . . .. ... ... .. .... 369
Sympy [F(-1)] . . o oo 370
Maxima [F] . . . . . . 3701
Giac [B] (verification not implemented) . . . . . .. ... ... ... ... .. 371
Mupad [F(-1)] . . . o o 371
Reduce [F] . . . . . o o

Optimal result

Integrand size = 17, antiderivative size = 238

ea+c+(b+d)m 2ea+c+(b+d)z cea,+c+(b+d)z

/ e*"72? ExplntegralEi(c 4 dz) dx =

ea+c+(b+d)a}

b+ d? T BRbrd) | bdb+d)
z  2e*T% ExplntegralEi(c + dr)

bo+d) b

B 2et%% 3 ExpIntegralEi(c + dz)
b2

N e z2? ExplntegralEi(c + dx)
b

2e%~ & ExplntegralEi (W)

b3

c2e* i ExplntegralEi ( w )

bd?

2cet @ ExplntegralEi (W)

b%d

exp (atc+(b+d) *x) /b/ (b+d) ~2+2*exp (atc+(b+d) *x) /b~2/ (b+d) +c*exp (a+c+(b+d) *x)
/b/d/ (b+d) -exp (a+c+(b+d) *x) *x/b/ (b+d) +2*exp (b*x+a) *Ei (d*x+c) /b~3-2*exp (b*x
+a) *x*Ei (d*x+c) /b~ 2+exp (b*x+a) *x~2*Ei (d*x+c) /b-2%exp (a-b*c/d) *Ei ((b+d) * (d*
x+c)/d) /b~ 3-c"2*exp (a-b*c/d) *Ei ((b+d) * (d*x+c) /d) /b/d~2-2*c*exp (a-b*c/d) *Ei

((b+d) *(d*x+c)/d) /b~2/d
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Mathematica [A] (verified)

Time = 0.19 (sec) , antiderivative size = 133, normalized size of antiderivative = 0.56

/ e 22 ExpIntegralEi(c + dz) dz
be (. (btd)(ctda)
bde d

e v ( (2d2+b?(c—dz)+bd(3+c—dzx)) — (b+d)? (b?c?+2bcc
e® | (2 — 2bx + b?z?) ExplntegralEi(c + dz) +

dZ(b-+d)?

b3

input LIntegrate [E~(a + b*x)*x~2*ExpIntegralEil[c + d*x],x] J

‘ (E"a* (E"(b*x)*(2 - 2%b*x + b~2*x"2)*ExpIntegralEi[c + d*x] + (b*d*E~(((b + ‘
L dx(c + dxx))/d)*(2%d72 + b 2x(c - d¥x) + b*d*(3 + ¢ - d*x)) - (b + A)"2%
| (b™2%c™2 + 2xbxcxd + 2%d"2)*ExpIntegralEil[((b + d)x(c + d*x))/d1)/(d"2%(b |
+ d)"2HE" ((b*e) /d)))) /b73

output

Rubi [A] (verified)

Time = 1.38 (sec) , antiderivative size = 252, normalized size of antiderivative = 1.06,

number of steps used = 8, number of rules used = 8, Bumber of rules _ 4 479 Ryjes
integrand size

used = {7044, 2629, 2009, 7044, 2629, 2009, 7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ %€t ExplntegralEi(c + dx) dz

l 7044

a+c+(b+d)z .2

2 [ evth?y ExplntegralEi(c 4+ dz)dz  d [ “—g—2da N 22t ExplntegralEi(c + dz)
b b b

l 2629
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eatct+(b+d)z 2 eatct(b+d)z eatct+(b+d)z .
df ( ] (o 7z + d dr o [ €2tz ExplntegralEi(c + dz)dz n
B 3 b
12e2% ExpIntegralEi(c + dz)
b
| 2009
2 [ e*+%2 3 ExplntegralEi(c + dz)dz
, b
d CzeaffEXPIntegralE%W) ceatz(dtdte  gata(brdte | goata(btd)te
B T () R ) R M ()
+
b
12e2% ExpIntegralEi(c + dz)
b
| 7044
a+c+(b+d)z
2( | et ExpIntegralEi(c+dz)dz df %dﬂ: + ze bz EprntegralEi(c+da:)>
B b - b b
_be .
d c?e T d EXPIntegralEl<w> ceatz(dtd)te  gatz(brdte | goata(btd)te
B T () R ) R M ()
+
b
12e2% ExpIntegralEi(c + dz)
b
| 2629
ea+c+(b+d)x _ Cea—}—c+(b+d):1: d
9 | et ExpIntegralEi(c+dz)dz J d d(c+dz) z + ze2+0® ExpIntegralEi(c+dzx)
- b - b b
_ ) ;
—bc . ct+dx
d c?e" T d EXpIntegralE1<%) ceatebtd)te  gata(btd)te | geata(btd)te
B T T @0t derdZ T derd)
+

b
12e215% ExplIntegralEi(c + dz)
b

l 2009
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be
a— . (b+d)(ct+dz)
d cata(b+d)+e ce d EprntegralEl(ﬁ

alb+d) d2
9| — J e2tb® ExpIntegralEi(c+dz)dx . + xe®+b% ExpIntegralEi(c+di)
b b b
, b
—2c . (b+d d
d CQea d EprntegralEl(W) _ Cea+z(b+d)+c _ ea+z(b+d)+c meaA—z(lH—cl)-ﬁ-c
a3 d2(b+d) d(b+d)? d(b+d)
+
b
122+ ExplntegralEi(c + dz)
b
l 7043
—be ( (b+d)(ct+dx
rer ) d ea+z(b+d)+c ce®”d EprntegralEl(%)
a-t+c x
ea+ba: xpln T, i(c+dx d.f C—rgs 4= d(b+d) d?
9| _ Expl t;g alBi(etdz) _ c-ltdx _ + ze®+b% ExpIntegral Ei(
b b b
, b
_bc . (b+d)(c+dz
d c2e® " d EXpIntegralE1<%> _ centalbrdte  gata(btdte | geata(bd)+e
a3 d2(b+d) d(b+d)? d(b+d)
+
b
12e215% ExpIntegralEi(c + dz)
b
l 2609
a—be .
d cZe" " d EXPIntegralEl(W) ceatz(dtdte  gata(btdte | goata(dtd)te
d3 T T d&@20b+d) T d+d)? d(b+d)
\ b
d ea+z(b+d)+c cea_jC EprntegralEi<w++M> o be
d(b+d - d2 at+bx ) ~'d Explnteg:
9| — ©+d) n ze%+b% ExplntegralEi(c+dz) B eatd EXPIntbegralEl(c-Fda:)_e ptes
b

b

b
122+ ExplntegralEi(c + dz)

b

r

input L

Int[E~(a + b#*x)*x"2*ExpIntegralEi[c + d*x],x]

| —
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(E~(a + b*x)*x"2+ExpIntegralEi[c + d*x])/b - (d*(-(E~(a + c + (b + d)*x)/(
dx(b + d)72)) - (c*E"(a + c + (b + d)*x))/(d"2%(b + d)) + (E"(a + c + (b +
d)*x)*x)/(d*(b + d)) + (c"2*E~(a - (b*c)/d)*ExpIntegralEi[((b + d)*(c + d
*x))/d1)/d"3))/b - (2%((E~(a + b*x)*x*ExpIntegralEil[c + d*x])/b - ((E~(a +
b*x) *ExpIntegralEi[c + d*x])/b - (E"(a - (b*c)/d)*ExpIntegralEi[((b + d)*
(c + d*x))/d1)/b)/b - (d*(E"(a + ¢ + (b + d)*x)/(d*(b + d)) - (c*xE"(a - (b
*c) /d) *ExpIntegralEi[((b + d)*(c + d*x))/d])/d~2))/b))/b

output

Defintions of rubi rules used

rukaZOOQLInt[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 2609 TRELF D ((g_)*((e_) + (£_.)*(x)))/((c_.) + (d_.)*(x))), x_Symboll :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl/d)]1, x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2629 Int[(F_)~ (v )*x(Px_)*((d_.) + (e_.)*x(x_))"(m_.), X_Symbol] :> Int [ExpandInte
grand[F~v, Px*(d + e*x)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

rule 7043 Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEil[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

rule 7044 TREIE"((a_.) + (b_.)*(x_))*ExpIntegralEil(c_.) + (d_.)*(x)I*x(x)"(m_.), x_
Symbol] :> Simp[x"m*E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b

Int[x™m*(E~(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m
- 1)*E~(a + bxx)*ExpIntegralEi[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]
&& I1GtQ[m, O]
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 522 vs. 2(228) = 456.

Time = 0.34 (sec) , antiderivative size = 523, normalized size of antiderivative = 2.20

method | result

b(dz+c) + ad—bc b(dz+
d d 42e d

2 b(dz+c) | ad—bc
b(d - AeErel paasbe | p(d -
W*_% d2<< { §+C)+addbc) e d 1 d —2( ( a;"'c)-k“ddbc)e

2
explIntegral(dz+c) | & 52

2
da+

b2

default b

input int (exp (b*x+a) *x~2*Ei (d*x+c) ,x ,method=_RETURNVERBOSE)

(Ei(d*x+c)/d/b* (exp(1/d*b* (d*x+c)+(axd-b*c)/d) /b~2*xd"2*a"~2+1/b~2+%d"2* ((1/d
*xb* (d*x+c)+(a*d-b*c) /d) "2*exp (1/d*b* (d*x+c)+(a*d-b*c) /d) -2* (1/d*b* (d*x+c)+
(a*d-b*c) /d) *exp (1/d*b* (d*x+c)+(a*xd-b*c) /d) +2xexp (1/d*b* (d*x+c) +(a*xd-b*xc) /
d))-2/b"2xd"2*a* ((1/d*b* (d*x+c)+(a*d-b*c) /d) *exp (1/d*b* (d*x+c)+(axd-bxc) /d
)—exp (1/d*b* (d*x+c)+(axd-b*c)/d)))-1/d/bx(exp(a) /exp(bxc/d) /(1+b/d) ~2*x ((1+
b/d) * (d*x+c)*exp ((1+b/d) * (d*x+c) ) —exp ((1+b/d) * (d*x+c)) ) —exp(a) /exp (bxc/d) *
c"2xEi(1,-(1+b/d)* (d*x+c) ) -2xexp(a) /exp (b*c/d) *cxexp ((1+b/d) * (d*x+c) )/ (1+b
/d)-2/bxd*exp(a) /exp (b*c/d) *exp((1+b/d) * (d*x+c))/(1+b/d) -2/b"2*d"2*exp(a) /
exp(b*xc/d) *Ei(1,-(1+b/d) * (d*x+c))-2/bxd*exp(a) /exp(b*c/d) *c*Ei (1,-(1+b/d) *
(d*x+c))))/d

output

Fricas [A] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 269, normalized size of antiderivative = 1.13

/ e 22 ExpIntegralEi(c + dz) dz

(2b%d? + 4bd® + 2d* + (b d? + 2b3d® + b2d*)z? — 2 (b3d? + 2b%d® + bd*)x)Ei(dx + c) e®™+9) — (b*c? +

p

tintegrate(exp(b*x+a)*x‘2*Ei(d*x+c),x, algorithm="fricas")

~—

input




output

input

output

input

output
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((2%b~2%d~2 + 4*b*d"3 + 2%d"4 + (b~4*d"2 + 2*¥b~3*d"3 + b~2*d"4)*x"2 - 2x(b
~3%d"2 + 2*%b"2*%d"3 + b*d"4)*x)*Ei(d*x + c)*e”(b*x + a) - (b~4*c”2 + 2*(b*c
+ 2*%b)*d"3 + 2%d"4 + (b"2*c”2 + 4%b"2%c + 2*¥b"2)*d"2 + 2% (b"3*c”2 + b~ 3*c
Y*d)*Ei((b*c + c*d + (b*d + d~2)*x)/d)*e” (-(b*c - a*d)/d) + (b~3*c*d + 2*b
*d"3 + (b™2%c + 3*b"2)*d"2 - (b~3*%d"2 + b~2*%d"3)*x)*e~(b*x + d*x + a + c))
/(b75%d"2 + 2*b~4*d"3 + b~3*d"4)

Sympy [F(-1)]

Timed out.

/ e*t**z? ExpIntegralEi(c 4+ dz) do = Timed out

Lintegrate(exp(b*x+a)*x**2*Ei(d*x+c),x)

LTimed out

Maxima [F]

/ e*T 22 ExpIntegralEi(c + dz) dz = / 2*Ei(dz 4 ¢) e+ dg

/

tintegrate(exp(b*x+a)*x‘2*Ei(d*x+c),x, algorithm="maxima")

~—

Lintegrate(x‘Q*Ei(d*x + c)*e”(bxx + a), x)




input

output

input
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Giac [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 565 vs. 2(228) = 456.

Time = 0.13 (sec) , antiderivative size = 565, normalized size of antiderivative = 2.37

/ e 2 ExpIntegralEi(c + dz) dz =

be+cd be+cd

b4c2 Ei (bdz+d2§+bc+cd) e <a+c— d ) +92 b302dEi ( bdac—}-dz:‘ci-i-bc—i—cd) e (lH—C— d ) + b202d2Ei (bd:c+d2ici+bc+cd)

(b%2? — 2bz + 2)Ei(dz + c) e®*+9)
+ b

Lintegrate(exp(b*x+a)*x“2*Ei(d*x+c),x, algorithm="giac") J

-(b™4*xc"2*Ei ((bxd*x + d"2*x + b*c + cxd)/d)*e"(a + ¢ - (b*c + c*d)/d) + 2%
b~ 3*c"2xd*Ei ((b*d*x + d"2*x + b*c + c*d)/d)*e”(a + ¢ - (b*xc + c*d)/d) + b~
2xc~2%d"2*Ei ((b*d*x + d~2*x + b*c + cxd)/d)*e"(a + ¢ - (b*c + cxd)/d) + b~
3*xd"2*x*e” (b*x + d*x + a + c) + b"2xd"3*x*e” (b*x + d*x + a + c) + 2xb"3*cx
d*Ei ((b*d*x + d"2%x + b*c + c*d)/d)*e"(a + ¢ - (b*c + cxd)/d) + 4*xb~2xc*xd™
2*%Ei ((b*d*x + d™2*x + bxc + cxd)/d)*e~(a + ¢ - (bxc + c*xd)/d) + 2%bxc*xd~3*
Ei((bxd*x + d"2*x + bxc + cxd)/d)*e~(a + ¢ - (b*c + c*d)/d) - b~ 3*c*d*e” (b
*X + dkx + a + c) - b72xckd"2*%e"(b*x + dkx + a + c) + 2%b"2+d"2+Ei ((b*d*x

+ d72*x + bxc + cxd)/d)*e"(a + ¢ - (b*c + c*d)/d) + 4*bxd"3*Ei((b*d*x + 4~
2%x + b*c + cxd)/d)*e"(a + ¢ - (b*c + cxd)/d) + 2*d"4*Ei((b*d*x + d~2*x +

bxc + cxd)/d)*e"(a + ¢ - (b*c + c*d)/d) - 3*b"2*%d"2*e”~(b*x + d*x + a + c)

- 2xbxd"3*e” (b*x + d*x + a + ¢))/(b"5%d"2 + 2*b~4*d"3 + b~3*%d"4) + (b~ 2*x~
2 - 2*b*x + 2)*Ei(d*x + c)*e”(b*x + a)/b"3

Mupad [F(-1)]

Timed out.

/ et 22 ExpIntegralEi(c + dz) dx = / z?ei(c+dz) e de

‘int(x“2*ei(c + dxx)*exp(a + b*x),x)
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output Lint(x‘2*ei(c + d*x)*exp(a + b*x), x)

Reduce [F]

/ e*t*"x? ExplntegralEi(c + dz) dz = €° ( / e ei(dz + c) x2dx>

inputLint(eXp(b*X+a)*xA2*Ei(d*x+c),x)

outputLe**a*int(e**(b*x)*ei(c + d*x)*x**2,X)




output
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3.57 [ ez ExplntegralEi(c + dz) dz

Optimal result . . . . . . . . . . . . e 373
Mathematica [A] (verified) . . . . . . . . . ... o 374
Rubi [A] (verified) . . . .. . . ... .. 374
Maple [B] (verified) . . . . . . . . . ... 376
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 877
Sympy [F(-1)] . . o oo 377
Maxima [F] . . . . . . Birdrd
Giac [A] (verification not implemented) . . . . . . ... ... ... 378
Mupad [F(-1)] . . . o o B78
Reduce [F] . . . . . 379

Optimal result

Integrand size = 15, antiderivative size = 117

a+c+(b+d)z a+bz Bxplnt 1Ei d
/ e*™y ExplntegralEi(c + dz) dr = _eb b1d) c *p7H engra i(c+ dz)
4 e?+x ExplntegralEi(c + dz)
b
e~ s ExplntegralEi <w>
b2
ce? s ExplntegralEi <W++dz)>

bd

_+_

+

‘-exp(a+c+(b+d)*x)/b/(b+d)-exp(b*x+a)*Ei(d*x+c)/b“2+exp(b*x+a)*x*Ei(d*x+c)/
‘b+exp(a—b*c/d)*Ei((b+d)*(d*x+c)/d)/b”2+c*exp(a-b*c/d)*Ei((b+d)*(d*x+c)/d)/
'b/d




CHAPTER 3. LISTING OF INTEGRALS 374

Mathematica [A] (verified)

Time = 0.10 (sec) , antiderivative size = 91, normalized size of antiderivative = 0.78

/ ey ExplntegralEi(c + dz) dz

(b+d)(c+dzx)
d

e~ ¢ < bde + d(b + d)e®(@t®) (=1 + bz) ExplIntegralEi(c + dz) + (b + d)(bc + d) ExpIntegralF

b2d(b + d)

input LIntegrate [E=(a + bxx)#*x*ExpIntegralEil[c + d#*x],x] J

(B (a - (b¥c) /Q)*(~(b*a¥E™(((b + D*(c + dvx))/A)) + dx(b + DXE~(bx(c/d + |
 x))*(-1 + bxx)*ExpIntegralEilc + d*x] + (b + d)*(b*c + d)*ExpIntegralEi[( |
L(b + d)*(c + d*x))/d1))/ (b 2%d*(b + d))

output

Rubi [A] (verified)

Time = 0.70 (sec) , antiderivative size = 127, normalized size of antiderivative = 1.09,

_ = number of rules
5, integrand size = 0.333, Rules

number of steps used = 5, number of rules used =
used = {7044, 2629, 2009, 7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ 2t ExplntegralEi(c + dz) dz

| 7044
[ €2+t ExplntegralEi(c + dx)dz d / eaﬂj f;d)%d N e ExplntegralEi(c + dz)
b b b
| 2629

a+c+(b+d):1: a+c+(b+d)z
[ €%+ ExplntegralEi(c + dr)dz df ( -« d(ctda) ) dx

+

re?t* ExplIntegralEi(c + dx)
b

l 2009
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b
eata(brd)te ce®” T ExplntegralEi (%) )

[ e%+% ExplntegralEi(c + dz)dz (

ab+rd) &z
b +
1e2 T ExpIntegralEi(c + dz)
b
| 7043
a+c+(b+d)z
e?*b% ExplntegralEi(ct+dz) df %dm
_ b b _
a-b o InteeralR [ (&Fd)(ct+dz)
d gata(b+d)+e ce xplntegra, 1< 7 )
- 2
do+d) ¢ re2 T ExpIntegralEi(c + dz)
_+_
b b
| 2609
d gata(b+d)+e cea_%c EprntegralEi(M)
- 2
dlo+d) ¢ 1e2 T ExpIntegralEi(c + dz)
_+_ —
b , b
e2*b% ExplntegralEi(c+dz) e~ d EprntegralEi(W)
b b
b
inputLInt[E“(a + bxx)*x*ExpIntegralEi[c + d*x],x] J
| (E~(a + b¥x)*x*ExpIntegralEilc + d*x])/b - ((E~(a + bx)*ExpIntegralEilc +
output P g p g

‘ d*x])/b - (E~(a - (b*c)/d)*ExpIntegralEi[((b + d)*(c + d*x))/d]l)/b)/b - ( ‘
‘d*(E"(a +c+ (b + d)x*x)/(dx(b + d)) - (c*E~(a - (b*c)/d)*ExpIntegralEi [(( ‘
b+ dx(c + d*x))/d])/d"2)) /b |

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol]l :> Simp[IntSum[u, x], x] /; SumQ[u] J

2609‘Int[(F_)‘((g_.)*((e_.) + (£_)*(x)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si ‘
‘mp[(F”(g*(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[F1/d)]1, x] /; F ‘
‘reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma] ‘

rule




rule 2629

rule 7043

rule 7044
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Int[(F_)~(v_)*(Px_)*((d_.) + (e_.)*(x_)) " (m_.), x_Symbol] :> Int[ExpandInte
grand[F"v, Px*(d + e*x)"m, x], x] /; FreeQ[{F, d, e, m}, x] && PolynomialQ[
Px, x] && LinearQ[v, x] && !TrueQ[$UseGamma]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEil[(c_.) + (d_.)*(x_)]1*(x_)"(m_.), x_

Symbol] :> Simp[x"m*E~(a + b#*x)*(ExpIntegralEi[c + d*x]/b), x] + (-Simp[d/b
Int[x"m*(E"(a + ¢ + (b + d)*x)/(c + d*x)), x], x] - Simp[m/b Int[x"(m

- 1)*E~(a + b*x)*ExpIntegralEil[c + d*x], x], x]) /; FreeQ[{a, b, c, d}, x]

input

output

&& IGtQ[m, O]

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 232 vs. 2(112) = 224.

Time = 0.22 (sec) , antiderivative size = 233, normalized size of antiderivative = 1.99

method | result

b(dz+c) | ad—be
a t 4

b(dz+c) | ad—bc
b(dz+c d—b +
b(dztc) | ad—be d((%*i‘l d C)e d d )
explntegral(dz+c) | & d b d __da_ ;

be

—e%e” d c explntegraly (— (

default | — b Z

int (exp(b*x+a) *x*Ei (d*x+c) , x,method=_RETURNVERBOSE) |

(-Ei(d*x+c) /b* (exp (1/d*b* (d*x+c)+(a*d-b*c) /d) /b*d*a-1/b*d* ((1/d*b* (d*x+c)+
(a*d-b*c)/d) *exp (1/d*b* (d*x+c)+(axd-b*c) /d) —-exp (1/d*b* (d*x+c)+(a*d-b*c) /d)
))+1/b*(-exp(a)/exp(b*c/d)*c*Ei(1,-(1+b/d) * (d*x+c))-1/b*d*exp(a) /exp(b*c/d
)*Ei(1,-(1+b/d) *(d*x+c))-exp(a) /exp(b*c/d) *exp ((1+b/d) *(d*x+c))/(1+b/d)))/
d
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Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 118, normalized size of antiderivative = 1.01

/ e*Ty ExplntegralEi(c + dz) dr =

e+ +0+9) 4 (bd + & — (B + bdP))Ei(da + ¢) €0+ — (Ve + (bo+ b)d + ) Bi (Ot
B b3d + b2d2
inputLintegrate(exP(b*X+a)*X*Ei(d*x+c),x, algorithm="fricas") J
output‘ —(bxd*e~(b*x + d*x + a + c) + (bxd + d”2 - (b~2%d + bxd~2)*x)*Ei(d*x + c)* ‘

\e‘(b*x +a) - (b~2%c + (bkc + b)*d + d~2)*Ei((b*c + c*xd + (b*d + d~2)*x)/d \
‘)*e“(-(b*c - axd)/d))/(b"3*d + b~2*xd"2)

Sympy [F(-1)]

Timed out.
/ e*™"y ExplntegralEi(c 4 dz) dz = Timed out
inputLintegrate(exp(b*x+a)*x*Ei(d*x+c),X) J
OutputLTimed out J
Maxima [F]
/ ettty ExplntegralEi(c + dz) dx = / zEi(dz + ¢) e(bz+a) 1.
inputLintegrate(exp(b*x+a)*x*Ei(d*x+c),x, algorithm="maxima") J

output Lintegrate(x*Ei(d*x + c)*e~(b*x + a), x) J




input

output
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input L

output L

Giac [A] (verification not implemented)

Time = 0.12 (sec) , antiderivative size = 217, normalized size of antiderivative = 1.85

bz — 1)Ei(dz + c) b=+

b2
bc+cd be+cd

b2 CEi(bdx+d23+bc+cd> e(a+c— fed ) + bchi(bdx+d2§+bc+cd> e(a+c— fed ) + dei(bdx+d2§+bc+cd> e(a+c—”—c
* b3d + b2d?

/ e*T%y ExplntegralEi(c + dz) dr = (

tintegrate (exp (b*x+a)*x*Ei(d*x+c) ,x, algorithm="giac") J

(b*x - 1)*Ei(d*x + c)*e”(b*x + a)/b"2 + (b~2*c*Ei((b*d*x + d"2*x + b*c + c
x*d)/d)*e~(a + ¢ - (bxc + c*d)/d) + b¥c*d*Ei((b*d*x + d~2%x + b*c + c*d)/d)
xe"(a + ¢ - (b*c + c*d)/d) + bxd*Ei((b*d*x + d"2*x + b*c + c*d)/d)*e"(a +
c - (bxc + cxd)/d) + d"2*Ei((b*d*x + d~2%x + b*c + c*d)/d)*e"(a + c - (b*c
+ cxd)/d) - bxdxe~(b*x + d*x + a + c))/(b"3*d + b~2%d"2)

Mupad [F(-1)]

Timed out.

/ e*™y ExplntegralEi(c + dz) dr = / zei(c+dz) e dx

int (x*ei(c + d*x)*exp(a + b*x),x) J

int(x*ei(c + d*x)*exp(a + b*x), x) J
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Reduce [F]

/ ez ExplntegralEi(c + dz) dz = €® ( / e ei(dx + c) xdx)

input Lint (exp (b*x+a) *x*Ei (d*x+c) ,x)

output Le**a*int(e**(b*x)*ei(c + d*x)*x,X)
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3.58 [ €2+ ExplntegralEi(c + dz) dz

Optimal result . . . . . . . . . . . . e 380
Mathematica [A] (verified) . . . . . . . . . ... o 3801
Rubi [A] (verified) . . . .. . . ... ..
Maple [B] (verified) . . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [F] . . o o
Maxima [F] . . . . . .
Giac [A] (verification not implemented) . . . . . . ... ... ...
Mupad [F(-1)] . . . o o
Reduce [F] . . . o . o o 384

Optimal result

Integrand size = 14, antiderivative size = 47

€2+ ExplIntegralEi(c + dx)

/ e*™* ExplIntegralEi(c + dz) dr =

b
e~ s ExplntegralEi <w>
- b
output Lexp(b*"*a) *Ei (d*x+c) /b-exp(a-bxc/d) ¥Ei ((b+d) * (d*x+c)/d) /b J

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 45, normalized size of antiderivative = 0.96

/ e ExplntegralEi(c + dz) dz

e+ ExplntegralEi(c + dz) — e®~'¢ ExplntegralEi < %ﬁrdw))
b

input Integrate[E~(a + b*x)*ExpIntegralEi[c + d*x],x]
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‘ (E~(a + b*x)*ExpIntegralEil[c + d*x] - E~(a - (b*c)/d)*ExpIntegralEi[((b +

output
Ld)*(c + d*x))/dl) /b J

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 47, normalized size of antiderivative = 1.00,

number of rules _ 43, Rules
integrand size

number of steps used = 2, number of rules used = 2,
used = {7043, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ e+ ExpIntegralEi(c + dz) dz

l 7043
€2t ExplIntegralEi(c + dz) B df %d
b b
l 2609

a—2e . ( (b+d)(ct+d
e+t ExplntegralEi(c + dz) € “ ExplntegralEi (( )z(ic z)>
b b

e

tInt [E~(a + b*x)*ExpIntegralEi[c + d*x],x]

~—

input

output ‘((E" (a + bxx)*ExpIntegralEil[c + d*x])/b - (E~(a - (b*c)/d)*ExpIntegralEi[((
Lb + d)*(c + d*x))/d])/b

~
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Defintions of rubi rules used

Int [(F_)"((g_.)*x((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2609

Int[E~((a_.) + (b_.)*(x_))*ExpIntegralEi[(c_.) + (d_.)*(x_)], x_Symbol] :>
Simp[E~(a + b*x)*(ExpIntegralEi[c + d*x]/b), x] - Simp[d/b Int[E"(a + c +
(b + d)*x)/(c + d*x), x], x] /; FreeQ[{a, b, c, d}, x]

rule 7043

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 98 vs. 2(45) = 90.

Time = 0.14 (sec) , antiderivative size = 99, normalized size of antiderivative = 2.11

method | result Size
ad—bc: T+cC _ —ad+4bc
eprntegral(da:-&-c)de%(dH +de d explntegraly (—(1+%)(dz+c)— add—bc_%)
default b = 3 99
input \ int (exp(b*x+a)*Ei (d*x+c) ,x,method=_RETURNVERBOSE)

output \ (Ei(d*x+c) /b*d*exp ((axd-b*c+b* (d*x+c)) /d) +1/b*d*exp (- (—a*d+bxc) /d) *Ei (1,-( \
| 1+b/d) * (d¥x+c) - (axd-bxc) /d- (-axd+bc) /d)) /d |

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 55, normalized size of antiderivative = 1.17

Bi(da + ¢) eltv+e) — i 2ot fird)e ) o=
b

/ e ExplntegralEi(c + dz) dx =

input Lintegrate (exp(b*x+a)*Ei (d*x+c) ,x, algorithm="fricas") J
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1t (Bi(d*x + c)xe™(bkx + a) - Ei((bxc + cxd + (bxd + d"2)xx)/d) e (-(bxc - ax

P ) 0y |
Sympy [F]
/ e ExpIntegralEi(c + dz) dz = e* / e Ei(c + dz) dx
input Lintegrate (exp (bxx+a) *Ei (d*x+c) ,x) J
output Lexp (a)*Integral (exp(b*x)*Ei(c + d*x), x) J
Maxima [F]
/ e ExpIntegralEi(c + dz) dx = / Ei(dz + c) e®+%) dx
input Lintegrate (exp(b*x+a)*Ei (d*x+c) ,x, algorithm="maxima") J
output Lintegrate (Ei(d*x + c)*e~(b*x + a), x) J

Giac [A] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 59, normalized size of antiderivative = 1.26

a+c— beted
Bi(dz + ¢) ¢0++) Ei(bdw+d23+bc+cd> e( to—teged)

b b

/ e** ExplntegralEi(c + dz) dx =

inputLintegrate(exp(b*x+a)*Ei(d*x+c)’x, algorithm="giac") J
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t‘Ei(d*x + c)*e~(b*x + a)/b - Ei((bxd*x + d~2%x + b*c + c*d)/d)*e~(a + ¢ - (

outpu
‘b*c + c*d)/d) /b

Mupad [F(-1)]

Timed out.
/ ™" ExplIntegralEi(c + dz) dr = / ei(c+dz) e*™% dx
input Lint (ei(c + d*x)*exp(a + b*x),x) J
output Lint (ei(c + d*x)*exp(a + b*x), x) J
Reduce [F]

/ e ExpIntegralEi(c + dr) dr = ® ( / e ei(dz +c) dx)

input Lint (exp (b*x+a)*Ei (d*x+c) ,x) J

output Le**a*int(e**(b*x)*ei(c + d*x),x) J




output

input

output
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3.59 f gatbz ExplntegralEi(c+dz) dx

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o
Maple [N/A] . . . .
Fricas [N/A] . . . o o
Sympy [N/A] . .
Maxima [N/A] . . . . .
Giac [N/A] . . . e
Mupad [N/A] . . o e
Reduce [N/A] . . . o o

Optimal result

Integrand size = 17, antiderivative size = 17

/ e ExplntegralBi(c +dz) ., _ (e"“’x ExplntegralEi(c + dz)

T

T

)

Defer (Int) (exp(bxx+a)*Ei(d*x+c) /x,%)

Mathematica [N/A]

Not integrable

Time = 0.29 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

/ €2+ ExplIntegralEi(c + dx) dp — / e?+% ExplIntegralEi(c + dz)

X

X

dz

tIntegrate [(E~(a + b*x)*ExpIntegralEilc + d*x])/x,x]

-

LIntegrate [(E~(a + b*x)*ExpIntegralEi[c + d*x])/x, x]

-/




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ €2t ExplIntegralEi(c + dz) s
z
| 7299
/ €21t ExplIntegralEi(c + dz) i
z
LInt [(E~(a + b*x)*ExpIntegralEil[c + d*x])/x,x] J
L$Aborted

Maple [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

/ e%*+2 explIntegral (dz + c)
T

dz

Lint (exp (b*x+a)*Ei (d*x+c) /x,x)

tint(exp(b*x+a)*Ei(d*x+c)/x,x)




-

input t
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

/ e2+% ExplIntegralEi(c + d) dp — / Ei(dz + c) e®*+9) i

T T

integrate(exp(b*x+a)*Ei (d*x+c) /x,x, algorithm="fricas")

e—

output L

inputt

output L

integral (Ei(d*x + c)*e”(b*x + a)/x, x)

Sympy [N/A]
Not integrable

Time = 25.30 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

dz

/ e?+% ExplIntegralEi(c + dr) dp — &8 / e Ei (¢ + dx)

T T

integrate (exp(b*x+a)*Ei (d*x+c) /x,x)

exp(a)*Integral (exp(b*x)*Ei(c + d*x)/x, x)

input

Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

/ e?+% ExplIntegralEi(c + dz) dp — / Ei(dz + c) elt*+e)
T T

Lintegrate (exp(b*x+a) *Ei (d*x+c) /x,x, algorithm="maxima")
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OutputLintegrate(Ei(d*x + c)*e"(b*x + a)/x, X)

Giac [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

/ et ExplntegralEi(c + dx) dp — / Ei(dz + c) et i

T T

inputLintegrate(exp(b*x+a)*Ei(d*x+c)/x,x, algorithm="giac")

output Lintegrate (Ei(d*x + c)*e~(b*x + a)/x, x)

Mupad [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

a+bz ; i atbx
/ et ExplntegralEi(c + dx) dp — / ei(c+d ;) e s
x

inputtint((ei(c + d*x)*exp(a + b*x))/x,x)

outputtint((ei(C + dxx)*exp(a + b*x))/x, x)
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Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

a-+bx : bz
/ e EprntefralEl(c + dz) g — &8 ( / e ez((ix +¢) dx)

input Lint (exp (b*x+a)*Ei (d*x+c) /x,x)

Output‘ ex*xaxint ((e** (b*x)*ei(c + d*x))/x,x)




output
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3.60 f gatbz ExplntegralEi(c+dz) dx

xz

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] .« . o
Maple [N/A] . . . .
Fricas [N/A] . . . o o
Sympy [F(-1)] . . o o
Maxima [N/A] . . . . .
Giac [N/A] . . . e
Mupad [N/A] . . o e
Reduce [N/A] . . . o o

Optimal result

Integrand size = 17, antiderivative size = 17

i

/ e?+% ExplIntegralEi(c + d) dp — de®t¢ ExplntegralEi((b + d)x)
22 o c
e?+%% ExplIntegralEi(c + dz)

de*= & ExplntegralEi (W)

T

c
et ExplntegralEi(c + dx)

+ bInt (

T

)

2901
3911
391
392
3931
393
393
[394]
3941
294

e

#x+c)/d) /c+b*Defer (Int) (exp(b¥x+a) *Ei (d*x+c) /x, %)

d*exp (a+c)*Ei ((b+d) #x) /c-exp (b*x+a) *Ei (d*x+c) /x—d*exp (a-b*c/d) *Ei ((b+d) *(d
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Mathematica [N/A]
Not integrable

Time = 0.44 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

X

/ €2+ ExplIntegralEi(c + dz) dp — / e**** ExplntegralEi(c + dx) d

x2 2

~—

inputLIntegrate[(E* (a + b*x)*ExpIntegralEilc + d*x])/x"2,x]
output LIntegrate[(E‘(a + bxx)*ExpIntegralEi[c + d*x])/x"2, x] J

Rubi [N/A]
Not integrable
Time = 0.88 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

—0, number of rules _ 000, Rules
integrand size

number of steps used = 4, number of rules used =
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ e?tt ExplIntegralEi(c + dw)

72
| 7045
b / e?tt ExplntegralEi(c + da:) +d / a+c+(b+d)”” _ e“t" ExplIntegralFi(c + dz)
x z(c+ dx) x
| 7293
a+bz Byl 1Ei a+c+(b+d)z a+c+(b+d)x
b/e xplntegra 1(C+dx)dx+d/ e _ de i —
z cT c(c+ dzx)
e+t ExplntegralEi(c + dz)
x

l 2009
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e?tt ExpIntegralEi(c + dz) +

a+bz :
b / e ExplntegralEi(c + dz) d —
x z
a—be . [ (b+d)(c+d
p e*t¢ ExplutegralEi((b+ d)z) € ExplIntegralii <( )fic x))
c c
| 7299

; / e ExplntegralEi(c + dz) dr — e+ ExplIntegralEi(c + d) +
T X

_be . ( (b+d)(c+dz)
¢ ExplIntegralEi((b + d)z) " @ ExplntegralEi < R )
c c

input LID'C [(E~(a + b*x)*ExpIntegralEilc + d*x])/x"2,x]

output ‘ $Aborted

Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

/ e’ +2 explIntegral (dz + c)

x2

dz

input ‘ int (exp(b*x+a)*Ei (d*x+c) /x72,%)

output | 10t (exp(bxx+a) *Ei (dxx+e) /x°2,%)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

/ eatbz EprntegralEi(c + dCL’) dr — / El(dil,' + C) e(b:c-i-a)

z2 72

input Lintegrate (exp(b*x+a)*Ei (d*x+c)/x"2,x, algorithm="fricas")

output Lintegral(Ei (d*x + c)*e”(b*x + a)/x"2, x)

Sympy [F(-1)]

Timed out.

dz = Timed out

/ e+ ExplIntegralEi(c + dz)
72

input  integrate (exp (b x+a)*Ei (d*x+c) /x*%2,%)

output tTimed out

Maxima [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

/ et ExplntegralEi(c + dx) dp — / Ei(dz + c) e®*t) -

x2 72

input Lintegrate (eX_p (b*x+a) *Ei (d*x+c) /x"2,x, algorithm="maxima" )

output Lintegrate (Ei(d*x + c)*e~(b*x + a)/x"2, x)
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Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

/ €2+ ExplIntegralEi(c + d) dp — / Ei(dz + c) elte+e)
z? B x?

input Lintegrate (exp (b*x+a)*Ei (d*x+c) /x~2,x, algorithm="giac")

output Lintegrate (Ei(d*x + c)*e”(b*x + a)/x"2, x)

Mupad [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

a+bx ; i atbx
/ e Explntexg;alEl(c + dz) dp — / ei(c+ dx a20) e

-

input Lint((ei(c + d*x)*exp(a + b*x))/XA2’X)

-/

output Lint((ei(c + d*x)*exp(a + b*x))/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.17 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

a-+bx : bz
/ e®t** ExplntegralEi(c + dz) g — &8 ( / e”ei(dz + c) dx)

2 2

input Lint (exp (b*x+a) *Ei (d*x+c) /x72,x)
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output Le**a*int((e**(b*}{)*ei(c + d*x))/x**2,x)
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a+bx .

e ExplntegralEi(c+dz
3.61 | plntegralBiletds) gy
Optimal result . . . . . . . . . . . . .. e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . . 399
Fricas [N/A] . . . o o 399
Sympy [F(-1)] . . o o 400
Maxima [N/A] . . . . . 4001
Giac [N/A] . . . e 00
Mupad [N/A] . . o e 40T]
Reduce [N/A] . . . o o 40T
Optimal result
Integrand size = 17, antiderivative size = 17
/ e?+%® ExplIntegralEi(c + dz) dp — — deatet(b+de N bde®+¢ ExplntegralEi((b + d)z)
x3 B 2cx 2c

_ d?¢** ExplntegralEi((b + d)z)

2c2

N d(b+ d)e**° ExplntegralEi((b + d)x)

2c
e*** ExpIntegralEi(c + dz)

212

B be?+%® ExplIntegralEi(c + dx)

2z

bde® & ExplntegralEi <w>

2c

+

d2ea ¢ ExplntegralEi (W)

2¢2

2

T

a+bx ;
N 1 $Int (e ExplntegralEi(c + dz)

)
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-1/2*d*exp (at+c+(b+d) *x) /c/x+1/2*b*d*exp (a+c) *Ei ((b+d) *x) /c-1/2*d~2*exp (a+c
)*Ei ((b+d) *x) /c~2+1/2*d* (b+d) *exp (a+c) *Ei ((b+d) *x) /c-1/2*exp (bxx+a) *Ei (d*x
+c) /x"2-1/2%bxexp (b*x+a) *Ei (d*x+c) /x-1/2*b*d*exp (a-b*c/d) *Ei ((b+d) * (d*x+c)
/d) /c+1/2xd"2*xexp (a-b*c/d) *Ei ((b+d) * (d*x+c) /d) /c~2+1/2*b~2+Defer (Int) (exp(
b*x+a) *Ei (d*x+c) /x,x)

output

Mathematica [N/A]
Not integrable

Time = 0.58 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

e*** ExpIntegralEi(c + dz) e ExplntegralEi(c + dz)
3 dz = 3 dx
Z T
input LIntegrate [(E~(a + b*x)*ExpIntegralEi[c + d*x])/x"3,x] J

output 'Integrate[(E”(a + b*x)+ExpIntegralEilc + d*x])/x"3, x]

Rubi [N/A]
Not integrable

Time = 1.77 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.000, Rules

number of steps used = 5, number of rules used = 0, = :
integrand size

used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

€2t ExplntegralEi(c + dz)
o dz

l 7045

1 b / €2t ExplntegralEi(c + dz) 1 / gatet(btd)z e?tb? ExplntegralEi(c + di)
z2 2

2 de + 5d z2(c+—dm)dx._ 212
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| 7045
1 sl b / e+ ExpIntegralEi(c + dz) i / eotetb+d)z i — e+ ExpIntegralEi(c + dz) +
x z(c+ dx) x
1 / eotet btz dx e+ ExpIntegralEi(c + dz)
2 z2(c+ dx) 212
| 7293
1 eatet(b+d)z g2 patet(b+d)zg  patot(btd)z
—d / - + dr +
2 c2(c + dz) 2z cx?
1 oo / e+t ExplntegralEi(c + dz) o+ d eatet(btd)z 3 deotetbtde dp — e+t ExplntegralEi(c + d:
2 x cx c(c+dx) x
e?tb* ExplntegralEi(c + d)
212
| 2009

b r — —

1 . / e?tb? ExplntegralEi(c + di) 4 e?tb? ExplntegralEi(c + di) td e ExplntegralEi((b + d)z) ¢
2 T T c

be . ( (b+d)(ctdx)
1 p _dea+c ExpIntegralEi((b + d)x) + de®” a ExplntegralEi ( d ) + e?t¢(b + d) ExpIntegralEi((b + ¢
2 c? c2 c
e?tb* ExplntegralEi(c + di)
212
l 7299

¢ ExplIntegralEi((b + d)z)

lb b / e+ ExplntegralEi(c + dx) dr — e+t ExplntegralEi(c + dz) td
2 T T c
_be . [ (b+d)(ct+dz)
1 p de®*t¢ ExplntegralEi((b + d)x) N de®” ¢ ExplntegralEi (4 d ) + e?t¢(b + d) ExpIntegralEi((b +
P c? c? c

e+t ExplntegralEi(c + dr)
222

;
Int[(E~(a + b*x)*ExpIntegralEil[c + d*x])/x"3,x]

& J

input
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OutputL$Aborted

Maple [N/A]
Not integrable

Time = 0.04 (sec) , antiderivative size = 16, normalized size of antiderivative = 0.94

/ e’ +2 explIntegral (dz + c)
3

dz

inputLint(exp(b*X+a)*Ei(d*X+C)/x 3,x%)

output 12t (exp(bxx+a) 4Ei (dxx+e) /x°3,%)

Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

/ eatbx EprntegralEi(c + dx) dr — / El(d.'[ + C) e(bz+a)
x3 h 3

input Lintegrate (exp(b*x+a)*Ei (d*x+c)/x"3,x, algorithm="fricas")

output Lintegral(Ei (d*x + c)*e~(b*x + a)/x"3, x)
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Sympy [F(-1)]

Timed out.

z = Timed out

/ e+ ExplIntegralEi(c + dz) p
3

inputtintegrate(exp(b*x+a)*Ei(d*x+c)/x**3’x)

output LTimed out

Maxima [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

/ ea+bx EprntegralEi(c + d.’l}) dp = / El(d.’E + C) e(bx-i-a)

x3 3

input ‘ integrate (exp(b*x+a)*Ei(d*x+c)/x"3,x, algorithm="maxima"

output tintegrate (Ei(d*x + c)*e”(b*x + a)/x"3, x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

/ et ExplntegralEi(c + dx) dp — / Ei(dz + c) e(bz+a) -

3 3

input Lintegrate (eXp (b*x+a) *Ei (d*x+c) /x"3,x, algorithm="giac" )

output Lintegrate (Ei(d*x + c)*e~(b*x + a)/x"3, x)
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Mupad [N/A]
Not integrable

Time = 0.12 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

dz

e*t"” ExpIntegralBi(c + dz) , [ ei(c+ dz) e*t”
x3 do = x3

-

inputt

int((ei(c + d*x)*exp(a + b*x))/x"3,x)

e—

outputt

inputt

int((ei(c + d*x)*exp(a + b*x))/x"3, x)

Reduce [N/A]
Not integrable

Time = 0.20 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.24

3

a—i—wa 1 1Ei bx
/ e Xp ntexira i(c+ dx) dp — &8 (/ e”ei(dz + c) dz)

int (exp (b*x+a) *Ei (d*x+c) /x~3,x)

output

Le**a*int ((ex*(b¥x)*ei(c + d*x))/x**3,x%)




CHAPTER 3. LISTING OF INTEGRALS 402
3.62 [ ? LogIntegral(bz) dz

Optimal result . . . . . . . . . . . . e 402
Mathematica [A] (verified) . . . . . . . . . ... o 1021
Rubi [A] (verified) . . . .. . . ... .. 03
Maple [A] (verified) . . . . . . ... L 404
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 404
Sympy [F] . . o o 405
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 4051
Giac [F] . . . . o o 405
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 406
Reduce [F] . . . o . o o 400

Optimal result

Integrand size = 8, antiderivative size = 26

_ ExplntegralEi(4 log(bz))

2 —
/ z* Loglntegral(bx) dz = 35

1
+ §x3 Loglntegral (bz)

-

output

N\

-1/3%Ei (4*1n(b*x)) /b~ 3+1/3%x"3*Li (b*x)

Mathematica [A] (verified)

Time = 0.04 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

ExpIntegralEi(4 log(bz))

? LogIntegral(bz) dz = —
/:v oglntegral(bz) dx b

1
+ §x3 LogIntegral(bx)

input ‘

Integrate[x~2xLogIntegral [b*x] ,x]

output L

-1/3*ExpIntegralEi [4*Log[b*x]]/b~3 + (x~3*LogIntegral[b*x])/3




input

output

rule 2609

rule 2746
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Rubi [A] (verified)

Time = 0.22 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

= 3, number of rules _ 375, Rules
integrand size

number of steps used = 4, number of rules used =
used = {7052, 2746, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z? LogIntegral(bz) dz

| 7052

lx?’ LogIntegral (bx) — 1b/

3 sTee 3 ) log(bx)
| 2746

13 f log;(bm)dlog bx)

3% LogIntegral (bx) — 5
| 2609

%m3 Loglntegral(bz) — EXpIntegragglu log(bz))

LInt [x~2xLogIntegral [b*x] ,x]

~—

L—l/B*EprntegralEi [4xLog[b*x]]1/b~3 + (x~3*LogIntegral[b*x])/3

Defintions of rubi rules used

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl/d)]1, x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

Int[((a_.) + Logl(c_.)*(x_)1*(b_.))"(p_)*(x_)"(m_.), x_Symbol] :> Simp[1/c”
(m + 1) Subst[Int[E~((m + 1)*x)*(a + b*x)"p, x], x, Loglc*x]], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[m]
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rule 7052 1nt[LogIntegrall(a_.) + (b_.)*(x))1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] |
‘> Simp[(c + d*x)"(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
‘*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d

, m}, x] && NeQ[m, -1] |

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

method result size
parts z3 L;(bz) + eprntegrag};gE—Mn(bz)) 24
323 explntegral(In(bz)) + explntegraly (—4In(bx))
derivativedivides E = & 29
b33 explntegral(In(bz)) + explntegraly (—4In(bx))
default 3 w3 3 29
input Lint (x~2*Li (b*x) ,x,method=_RETURNVERBOSE) J
output L1/3*x“3*Li (b*x)+1/3/b"3*Ei (1,-4*1n (b*x)) J
Fricas [A] (verification not implemented)
Time = 0.08 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.04
b323log integral (bz) — log integral (b%z*
/ x? LogIntegral (bz) dx = g_integral ( 3)b3 g_integral (b'a")
inputkintegrate(x‘2*log_integral(b*x),x, algorithm="fricas") J
Ou_tputL1/3*(b"3*x"3*log_in‘cegral(b*x) - log_integral(b~4*x~4))/b"3 J
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Sympy [F]

/ z? LogIntegral (bz) dx = / 22 Li (bz) dz

input‘integrate(x**2*Li(b*x),x)

outputtIntegral(x**2*Li(b*x), x)

Maxima [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

Ei(4 log (bx))

1
/ z? LogIntegral (bz) dz = 3 z*log_integral (bx) — 3p9

-

inputLintegrate(x“2*log_integral(b*x),x, algorithm="maxima")

-/

output L1/3*x‘3*log_integral (b*x) - 1/3%Ei(4*log(b*x))/b~3

Giac [F]

/ z? LogIntegral(bx) dr = / x?log_integral (bx) dx

inputLintegrate(x“2*log_integral(b*x),x, algorithm="giac")

output Lintegrate (x~2*log_integral (b*x), x)
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Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.38

/ 22 LogIntegral(bx) dz = / 2% logint(bx) dz

inputLint(x"Q*logint(b*x),x)

outputtint(x‘Q*logint(b*x), x)

Reduce [F]

/ x? LogIntegral (bz) dx = / ei(log(bz)) 2°dx

input Lint (x~2%Li (b*x) ,x)

output Lint (ei(log(b*x))*x**2,x)




-

output
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3.63 | = Loglntegral(bzx) dz

Optimal result . . . . . . . . . . . . e 407
Mathematica [A] (verified) . . . . . . . . . ... o 407
Rubi [A] (verified) . . . .. . . ... .. 408
Maple [A] (verified) . . . . . . ... L 409
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 409
Sympy [F] . . o o 410
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT0!
Giac [F] . . . . o o 410
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 417
Reduce [F] . . . . . 411

Optimal result

Integrand size = 6, antiderivative size = 26

_ ExplntegralEi(3log(bz))

/ x Loglntegral(bx) dz = op?

1
+ 5902 Loglntegral(bz)

-1/2%Ei (3*1n(b*x)) /b~ 2+1/2%x~2*Li (b*x)

N\

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

ExpIntegralEi(3 log(bz))

/ z Loglntegral(bz) do = — op

1
+ 5932 LogIntegral(bx)

input ‘

Integrate [x*LogIntegral [b*x] ,x]

output L

-1/2*ExpIntegralEi [3*Log[b*x]]/b~2 + (x"2*LogIntegral [b*x])/2




input

output

rule 2609

rule 2746
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

= 3, number of rules _ 500, Rules
integrand size

number of steps used = 4, number of rules used =
used = {7052, 2746, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ z LogIntegral(bx) dx

| 7052

1x2 LogIntegral (bx) — 1b/

2 siee 2" /) log(bx)
| 2746

1, f log;(bm)dlog bx)

3% LogIntegral (bx) — o7
| 2609

%mz Loglntegral(bz) — EXpIntegraéll?@ log(bz))

LInt [x*LogIntegral [b*x] ,x]

~—

L—l/2*EprntegralEi [3*Log[b*x]]1/b~2 + (x"2*LogIntegral[b*x])/2

Defintions of rubi rules used

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl/d)]1, x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

Int[((a_.) + Logl(c_.)*(x_)1*(b_.))"(p_)*(x_)"(m_.), x_Symbol] :> Simp[1/c”
(m + 1) Subst[Int[E~((m + 1)*x)*(a + b*x)"p, x], x, Loglc*x]], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[m]
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rule 7052 1nt[LogIntegrall(a_.) + (b_.)*(x))1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] |
‘> Simp[(c + d*x)"(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
‘*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d

, m}, x] && NeQ[m, -1] |

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 24, normalized size of antiderivative = 0.92

method result size
parts z2 L;(bz) + eprntegra21;2(—3 In(bx)) 24
b2g2 explntegral(In(bz)) + explntegraly (—3In(bx))
derivativedivides 2 = 2 29
b2a2 explntegral(In(bz)) + explntegraly (—3In(bx))
default 2 = 2 29
input Lint (x*Li (b*x) ,x,method=_RETURNVERBOSE) J
output L1/2*x“2*Li (b*x)+1/2/b~2*Ei (1,-3*1n(b*x)) J
Fricas [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.04
b%z2log_integral (bz) — log integral (6323
/ x LogIntegral (bx) dz = g_integral ( 2)b2 g_integral (b'a")
inputtintegrate(x*log_integral(b*x),x, algorithm="fricas") J
Ou_tputL1/2*(b"2>i=x"2*log_in‘cegral(b*x) - log_integral(b~3+*x"3))/b"2 J
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Sympy [F]

/ x LoglIntegral(bz) dx = / z Li (bz) dx

input‘integrate(x*Li(b*x),x)

outputtlntegral(x*Li(b*x), x)

Maxima [A] (verification not implemented)
Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

Ei(3 log (bx))

1
/ x Loglntegral(bz) dz = 3 x?log_integral (bz) — 552

-

input Lintegrate (x*log_integral (b*x) ,x, algorithm="maxima")

-/

output L1/2*x‘2*log_integral (b*x) - 1/2%Ei(3*log(b*x))/b~2

Giac [F]

/ z Loglntegral(bx) dz = / z log__integral (bx) dx

input Lintegrate (x*log_integral (b*x) ,x, algorithm="giac")

output Lintegrate (x*log_integral (b*x), x)
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.31

/ x Loglntegral(bz) dx = / z logint(bx) dz

inputLint(x*logint(b*x),x)

output tint (x*1logint (b*x), X)
Reduce [F]
/ x LogIntegral(bx) dz = / ei(log(bx)) xzdx
input Lint (x*+Li (b*x) ,X)

outputLint(ei(log(b*x))*x,x)
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3.64 | LogIntegral(bzx) dz

Optimal result . . . . . . . . . . . . e 412
Mathematica [A] (verified) . . . . . . . . . ... o T2l
Rubi [A] (verified) . . . .. . . ... .. A13
Maple [A] (verified) . . . . . . ... L 413
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 414
Sympy [F] . . o o 414
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... AT5l
Giac [F] . . . . o o 415
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... AT
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 410

Optimal result

Integrand size = 4, antiderivative size = 19

_ ExplntegralEi(2log(bz))

/ LoglIntegral(bz) dx = 5

+ z Loglntegral (bz)

-

output

N\

-Ei (2%1n(b*x)) /b+x*Li (b*x)

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00

ExplIntegralEi(2log(bz))

/ LogIntegral(bz) de = — 2

+ z Loglntegral (bx)

input ‘

Integrate[LogIntegral [b*x] ,x]

output L

-(ExpIntegralEi[2*Log[b*x]]/b) + x*LogIntegral [b*x]




input

output

rule 7049
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Rubi [A] (verified)

Time = 0.15 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {7049}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ LogIntegral(bx) dz
| 7049
Expl 1Ei(21
z LoglIntegral (bz) — Xp_ntegra 5 i(21og(bz))
LInt [LogIntegral [b*x] ,x] J
L- (ExpIntegralEi[2*Log[b*x]]/b) + x*LogIntegral [b*x] J

Defintions of rubi rules used

e B

Int [LogIntegrall[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(LogIntegr
‘al [a + b*x]/b), x] - Simp[ExpIntegralEi[2*Logl[a + b*x]]1/b, x] /; FreeQl{a,
b}, x]

Maple [A] (verified)

Time = 0.01 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.05

method result size
. explntegral; (—21n(bzx))
parts z Li(bx) + =2 L 20
derivativedivides bz eprntegra,l(ln(bz))—i;)explntegrall(—2ln(bz)) 29
bz explntegral(ln(bz))+explntegral; (—2 In(bz))
default P — L 22
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. Lint (Li(b*x) ,x,method=_ RETURNVERBOSE)
input

output Lx*Li (b*x)+1/b*Ei (1,-2%1n (b*x))

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

bx log_integral (bx) — log_integral (b?z?)
b

/ Loglntegral(bz) dx =

input Lintegrate (log_integral (b*x) ,x, algorithm="fricas")

OutputL(b*x*log_integral(b*x) - log_integral(b~2*x~2))/b

Sympy [F]

/ LoglIntegral(bz) dx = / Li (bz) dz

input Lintegrate (Li(b*x),x)

output LIntegral(Li (b*x), x)
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Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 21, normalized size of antiderivative = 1.11

1 i 1 —Ei(21
/ Loglntegral(bz) dx = bzlog_integra (bz) i(2 log (b))

inputtintegrate(log_integral(b*x),x, algorithm="maxima")

-

output L(b*x*log_integral (bxx) - Ei(2*log(b*x)))/b

-/

Giac [F]

/ Loglntegral(bz) dz = / log_integral (bz) dz

-

input Lintegrate (log_integral (b*x) ,x, algorithm="giac")

-/

output Lintegrate (log_integral (b*x), x)

Mupad [B] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 6, normalized size of antiderivative = 0.32

/ Loglntegral(bz) dx = / logint(bx) dx

input Lint (logint (b*x) ,x)

output Lint (logint (b*x), x)
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Reduce [B] (verification not implemented)

Time = 0.22 (sec) , antiderivative size = 22, normalized size of antiderivative = 1.16

ei(log(bx)) bz — ei(2log(bx))
b

/ LoglIntegral(bx) dz =

input tint (Li (b*x) ,x) J

-

(ei(log(b*x))*b*x - ei(2*log(b*x)))/b

-/

output L




output

input

output

e

t
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3.65 f LogIntegral (bx) dx
T

Optimal result . . . . . . . . . . . . . 417
Mathematica [A] (verified) . . . . . . . . . ... 417
Rubi [A] (verified) . . . . . . . . . . 418
Maple [A] (verified) . . . . . . . . ... AT8]
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 419
Sympy [F] . . . o 419
Maxima [B] (verification not implemented) . . . . . . . ... ... ... .. ... 419
Giac [F] . . . o oo 420
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 4201
Reduce [B] (verification not implemented) . . . . .. ... ... ... ...... A20)

Optimal result

Integrand size = 8, antiderivative size = 14

/ LogIntegral(bz)
T

dx = —bx + log(bx) Loglntegral (bx)

-b*x+1n (b*x)*Li (b*x)

~—

Mathematica [A] (verified)

Time = 0.00 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ LogIntexgral(bx) i

= —bzx + log(bx) LogIntegral (bx)

LIntegrate [LogIntegral [b*x]/x,x]

-

N\

-(bxx) + Logl[b*x]*LogIntegral [b*x]




input L

output
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Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00,

number of rules _ 0.125, Rules
integrand size

number of steps used = 1, number of rules used = 1,
used = {7050}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dzr

/ LoglIntegral (bx)
x

l 7050

LogIntegral (bx) log(bx) — bx

‘ -(b*x) + Log[b*x]*LogIntegral [b*x]

Defintions of rubi rules used

Int [LogIntegral [bxx]/x,x] J

rule 7050‘Int[LogIntegral[(b_.)*(x_)]/(x_), x_Symbol]l :> Simp[(-b)*x, x] + Simp[Logl[b ‘

input

‘ *x] *LogIntegral [bxx], x] /; FreeQ[b, x]

Maple [A] (verified)

Time = 0.07 (sec) , antiderivative size = 16, normalized size of antiderivative = 1.14

method result size
derivativedivides | explntegral (In (bx)) In (bx) — bx 16
default expIntegral (In (bz)) In (bz) — bz 16
parts In (z) Li (bz) — b(z + (In (bz) — In (z)) e~ (t)+1n(®) expIntegral, (— In (bz))) | 42

-

§
Lint (Li(b*x)/x,x,method=_ RETURNVERBOSE) J
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output |Ei(1n(b*x))*1n(b*x) -bkx

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ Loglntegral(bz) dz = —bz + log (bz) log__integral (bx)

T

input Lintegrate (log_integral (b*x) /x,x, algorithm="fricas")

outputt_b*x + log(b*x)*log_integral (b*x)

Sympy [F]

/ LoglIntegral (bz) dp — / Li ibx) i

T

input Lintegrate (Li(b*x)/x,x)

output LIntegral (Li(b*x)/x, x)

Maxima [B] (verification not implemented)
Leaf count of result is larger than twice the leaf count of optimal. 31 vs. 2(14) = 28.

Time = 0.08 (sec) , antiderivative size = 31, normalized size of antiderivative = 2.21

/ LogIntegral(bx)

. dz = —bz + Ei(log (bz)) log (bx)

— Ei(log (bz)) log (x) + log (x) log__integral (bx)

input Lintegrate (log_integral (b*x)/x,x, algorithm="maxima")
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t‘ -b*x + Ei(log(b*x))*log(b*x) - Ei(log(b*x))*log(x) + log(x)*log_integral (b ‘

outpu
) |
Giac [F]
LogIntegral (b log_integral (b
/ oglntegral(bz) dp — / og__integral (bx) i
z x
input Lintegrate (log_integral (b*x)/x,x, algorithm="giac") J
OutputLintegrate(log_integral(b*x)/x, x) J

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.00

/ LogIntegral(bz)
x

dz = logint(bz) In (bz) — bz

inputtint(logint(b*x)/x,x) J

outputtlogint(b*x)*log(b*x) - b*x J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 15, normalized size of antiderivative = 1.07

/ LogIntegral(bz)
T

dz = ei(log(bx)) log(bx) — bx

input Lint (Li(b*x)/x,x) J

OutputLei(log(b*x))*log(b*x) - b¥x J




output

input

output
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3.66 f LogInte%ral(bx) dx

X

Optimal result . . . . . . . . . . . . . e
Mathematica [A] (verified) . . . . . . . . . ...
Rubi [A] (verified) . . . . . . . . . .
Maple [A] (verified) . . . . . . . . ...
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... ....
Sympy [A] (verification not implemented) . . . . . ... ... ... .. .....
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... . ...
Giac [F] . . . o oo
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [B] (verification not implemented) . . . . .. ... ... ... ......

Optimal result

Integrand size = 8, antiderivative size = 17

2

/ LogIntegral(bx) dr = blog(log(bx)) o

LogIntegral(bz)

X

e

tb*ln(ln(b*x))—Li(b*x)/x

~—

Mathematica [A] (verified)

Time = 0.01 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

[ P——

2

LogIntegral(bz)

T

LIntegrate [LogIntegral [b*x]/x"2,x]

-

b*Log[Log[b*x]] - LogIntegral [b*xx]/x

N\
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Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {7052, 2739, 14}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
L
/ OgInteggral(bm) .
T
l 7052
b / 1 d — LogIntegral(bx)
z log(bx) T
l 2739
1 LogIntegral (bx)
b/ log(bx)dlog(bfc) ,
l 14
blog(log(bx)) — LogIntemgral(bac)
input LInt [LogIntegral [b*x]/x"2,x] J

output Lb*Log [Loglb*x]] - LoglIntegral [b*x]/x J

e

rule 14 L

Defintions of rubi rules used

Int[(a_.)/(x_), x_Symbol] :> Simp[a*Logl[x], x] /; FreeQ[a, x]

~—

rule 2739 ‘

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]*(_.))"(p_.)/(x_), x_Symbol]l :> Simp[1/( ‘

‘b*n) Subst[Int[x"p, x], x, a + bxLoglc*x~nl]l, x] /; FreeQ[{a, b, ¢, n, p} ‘

, Xx]

N\ J
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rule 7052‘Int[LogIntegral[(a_.) + (b_)*(x_)I1*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :
‘> Simp[(c + d*x)~(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c,

, m}, x] && NeQ[m, -1]

d
|

input

output L

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 18, normalized size of antiderivative = 1.06

method result size
parts bln (In (bz)) — % 18
parallelrisch In(In(bz)) im—Li(bw) 90
derivativedivides | — = !n(n(bz))bztexpintegral(in(bz)) | oq
default _= 1n(ln(bm))bw-‘reziplntegral(ln(ba:) ) | 91

Lint (Li(b*x)/x~2,%,method=_RETURNVERBOSE)

b*1n(1ln(b*x))-Li(b*x)/x

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 19, normalized size of antiderivative = 1.12

/ LogIntegral(bx)

2

dz

_ bxlog (log (bx)) — log_integral (bx)

T

input

Lintegrate (log_integral (b*x)/x~2,x, algorithm="fricas")

output L

(b*x*log(log(b*x)) - log_integral (b*x))/x
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Sympy [A] (verification not implemented)

Time = 0.15 (sec) , antiderivative size = 14, normalized size of antiderivative = 0.82

dx = blog (log (bx)) — @

LogIntegral(bz)
72

inputtintegrate(Li(b*x)/x**2,x)

-

Outputtb*log(log(b*x)) - Li(b*x)/x

-/

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.00

log_integral (bx)

input Lintesrate (log_integral (b*x)/x"2,x, algorithm="maxima")

output Lb*log(log (b*x)) - log_integral(b*x)/x

Giac [F]

/ LogInteg;ral(bx) dp — / log_mtegral (bx) i
T T

input Lintegrate (log_integral (b*x)/x~2,x, algorithm="giac")

output Lintegrate (log_integral (b*x)/x~2, x)
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Mupad [B] (verification not implemented)

Time = 0.09 (sec) , antiderivative size = 25, normalized size of antiderivative = 1.47

Logl 1 logi
[ o) g — 1 ) ~ 0 (o 1 () - EEE)
input tint (logint (b*x) /x"2,x) J
output [— b*(log(x) - log(x*log(b*x))) - logint(b*x)/x J

Reduce [B] (verification not implemented)

Time = 0.21 (sec) , antiderivative size = 20, normalized size of antiderivative = 1.18

/ LoglIntegral (bz) dp — —ei(log(bz)) + log(log(bx)) bz
x? N x

input Lint (Li(b*x)/x"2,x) J

Output‘( - ei(log(b*x)) + log(log(b*x))*b*x)/x ‘




output t

input

output

e

CHAPTER 3. LISTING OF INTEGRALS 426
3.67 f LogInt:gral(bx) dx

Optimal result . . . . . . . . . . . . . 426
Mathematica [A] (verified) . . . . . . . . . ... 426l
Rubi [A] (verified) . . . . . . . . . . 427
Maple [A] (verified) . . . . . . . . ... 428
Fricas [A] (verification not implemented) . . . . . .. ... ... . ... .. ... 128
Sympy [F] . . . o 429
Maxima [A] (verification not implemented) . . . . . . . .. .. ... ... . ... 429
Giac [F] . . . o oo 429
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 4301
Reduce [F] . . . . . . 430

Optimal result

Integrand size = 8, antiderivative size = 26

Loglntegral(bz)
3

1
dz = ;b® ExplntegralEi(~ log(bz)) —

LogIntegral(bz)

212

1/2xb"2*Ei (-1n(b*x))-1/2*Li (b*x) /x"2

~—

Mathematica [A] (verified)

Time = 0.02 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00

1

LogIntegral(bx)
23

der = 2b2 ExplntegralEi(— log(bx))

_ Loglntegral(bz)
222

LIntegrate [LogIntegral [b*x]/x"3,x]

-

N\

(b~2*ExpIntegralEi[-Log[b*x]])/2 - LogIntegral [bxx]/(2*x~2)




input

output L

rule 2609

rule 2746
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Rubi [A] (verified)

Time = 0.21 (sec) , antiderivative size = 26, normalized size of antiderivative = 1.00,

number of rules _ 0.375, Rules
integrand size

number of steps used = 4, number of rules used = 3,
used = {7052, 2746, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ LogInteéral(bac) de
x
| 7052
1 1 LogIntegral(bx)
Zb/a:2 log(bx) de 212
| 2746
1, 1 LogIntegral (bx)
e 1 -
Zb / bx log(bx)d og(bz) 2x2
| 2609
%bz ExplntegralEi(— log(bx)) — LogIntzeIg; al(bz)

‘ Int [LogIntegral [b*x]/x"3,x]

(b~2xExpIntegralEi[-Log[b*x]])/2 - LogIntegral [b*x]/(2*x~2)

Defintions of rubi rules used

Int[(F_)~((g_.)*((e_.) + (£_.)*(x_)))/((c_.) + (d_.)*(x_)), x_Symbol] :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Logl[Fl/d)]1, x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

Int[((a_.) + Logl(c_.)*(x_)1*(b_.))"(p_)*(x_)"(m_.), x_Symbol] :> Simp[1/c”
(m + 1) Subst[Int[E~((m + 1)*x)*(a + b*x)"p, x], x, Loglc*x]], x] /; Free
Ql{a, b, c, p}, x] && IntegerQ[m]
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ru167052‘Int[LogIntegral[(a_.) + (b_)*(x_)I*((c_.) + (@_.)*(x_))"(m_.), x_Symbol] : ‘
‘> Simp[(c + d*x)"(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
‘*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d

, m}, x] && NeQ[m, -1] |

Maple [A] (verified)

Time = 0.05 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

method result size
Li(bx) b? expIntegral, (In(bz))
derivativedivides | b2 <_eprnteg2al§ln(bz)) __ explntegral; (ln(bac))) 27
2b2%x 2
2 explntegral(In(bz)) explntegral; (In(bx))
default b2 (- pemante) _ suleel) | o7
input Lint (Li(b*x)/x~3,x,method= RETURNVERBOSE) J
output | ~1/2*L4 (B¥3) /x72-1/24b"24Ed (1, 1n (b¥x)) )

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 27, normalized size of antiderivative = 1.04

/ LogIntegral(bx) p b?z?log_integral (1) — log_integral (bz)
T =
x3 2 x2

inputLintegrate(log_integral(b*x)/x"3,x, algorithm="fricas") J

output t1/2* (b~2*x"2xlog_integral (1/(b*x)) - log_integral(b*x))/x"2 J




input

output

input

output

input

output
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Sympy [F]

3 z3

/ LogIntegral (bz) dp — / Li (bx) i

tintegrate(Li(b*x)/x**B,x)

-

LIntegral(Li(b*x)/x**S, x)

N

Maxima [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 22, normalized size of antiderivative = 0.85

log_integral (bx)
222

do = %bQEi(— log (b)) —

LogIntegral(bz)
73

Lintegrate(log_integral(b*x)/x‘3,x, algorithm="maxima")

L1/2*b”2*Ei(—log(b*x)) - 1/2xlog_integral (bxx)/x"~2

Giac [F]

/ LogIntegral(bx) dp — / log_mte?ral (bx) d
T T

Lintegrate(log_integral(b*x)/x‘3,x, algorithm="giac")

Lintegrate(log_integral(b*x)/x‘B, x)
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Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.38

/ Loglntegral(bz) dp — / logint(b z) i

3 3

input tint(logint (b*x) /x"3,x)

output 12t (Logint (0% /x°3, x)

Reduce [F]

/LogIntegral(b:c) dp — —et(log(bz)) + <f de) bx?
x3 = 272

input | 108 (L1 (0¥ /x73,)

outputt( - ei(log(b*x)) + int(1/(log(b*x)*x**2) ,x)*bkx**2)/(2%x**2)




output

input
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3.68 [ (dz)™ Loglntegral (bz) dz

Optimal result . . . . . . . . . . . . e 431
Mathematica [A] (verified) . . . . . . . . . ... o 43Tl
Rubi [A] (verified) . . . .. . . ... .. 432
Maple [F] . . . . 133
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 133
Sympy [F] . . o o 434
Maxima [F] . . . . . . 434
Giac [F] . . . . o o 434
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 4305
Reduce [F] . . . . . 435

Optimal result

Integrand size = 10, antiderivative size = 57

/ (dz)™ Loglntegral(bx) dz = —

b(bx)~2~™(dz)?>*™ ExplntegralEi((2 + m) log(bz))

d?(1+m)
(dz)'™™ Loglntegral (bx)
d(1+m)

‘ -b* (b*x) ~ (-2-m) * (d*x) ~ (2+m) *Ei ((2+m) *1n (b*x) ) /d~2/ (1+m) + (d*x) ~ (1+m) *Li (b*x

)/d/ (1+m)

Mathematica [A] (verified)

Time = 0.14 (sec) , antiderivative

/ (dz)™ LogIntegral(bz) dz

size = 45, normalized size of antiderivative = 0.79

(bx)~™(dz)™ (— ExplntegralEi((2 + m) log(bz)) + bx(bz)™ LogIntegral(bx))

b(1+m)

Integrate[(d*x) “m*LogIntegral [b*x] ,x]
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‘ ((d*x) “m* (-ExpIntegralEi[(2 + m)*Log[b*x]] + b*x*(b*x) m*LogIntegral [b*x])

output
P/(b*(l + m)*(b*x) “m)

Rubi [A] (verified)

Time = 0.26 (sec) , antiderivative size = 57, normalized size of antiderivative = 1.00,

= 3, number of rules _ 300, Rules

number of steps used = 4, number of rules used =
integrand size

used = {7052, 2747, 2609}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ LogIntegral (bx)(dx)™ dx

| 7052

+1

LoglIntegral (bz)(dz)™ ' bf (Li:)zg)(bx)

d(m+1) dm+1)
| 2747

m—+2
Loglntegral(bz)(dz)™ ' b(bz) =™ (dz)™+? [ (fcg(bw) dlog(bz)

d(m+1) d?>(m+1)

| 2609

Loglntegral(bz)(dz)™ ' b(bz) ™ ?(dz)™+* ExplntegralEi((m + 2) log(bz))
d(m+1) d’(m+1)

input LInt [(d*x) “m*LogIntegral [b*x] ,x]

/-((b*(b*X)’"(-2 - m)*(d*x)~(2 + m)*ExpIntegralEi[(2 + m)*Log[b*x]])/(d~2x(1
+m)) + ((@x)"(1 + m)*Loglntegral [b*x])/(d*(1 + m))
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Defintions of rubi rules used

rule 2609 TRELEFD((g_)*((e_) + (£_.)*(x)))/((c_.) + (d_.)*(x))), x_Symbol]l :> Si
mp[(F~(gx(e - c*(£/d)))/d)*ExpIntegralEi [f*gx(c + d*x)*(Log[F1/d)], x] /; F
reeQ[{F, c, d, e, £, g}, x] && !TrueQ[$UseGamma]

rule 2747 Int[((a_.) + Logl(c_.)*(x_)~(n_.)I*(b_.))"(p_)*((d_.)*(x_))"(m_.), x_Symbol
] > Simp[(d*x)~(m + 1)/(d*n*(c*x"n)"((m + 1)/n))  Subst[Int[E"(((m + 1)/n
)*x)*(a + bxx)"p, x], x, Loglc*x"nl], x] /; FreeQ[{a, b, ¢, d, m, n, p}, xl]

rule 7052 Int [LogIntegrall(a_.) + (b_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :
> Simp[(c + d*x)~(m + 1)*(LogIntegralla + bxx]/(d*(m + 1))), x] - Simp[b/(d
*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]

Maple [F|

/ (dz)™ L (bz) dz

input | 18t ((4%X) "mAL1 (b*x) , %)

OutputLint((d*x)“m*Li(b*x),x)

Fricas [A] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 50, normalized size of antiderivative = 0.88

/ (dz)™ Loglntegral (bx) dz

B bare(mIesr)+mios(5)) log_integral (bz) — (¢)™ Ei((m + 2) log (bz))
bm +b

e

inputlintegrate((d*x)‘m*log_integral(b*x),X, algorithm="fricas")

~—
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output ‘ (bxx*e~ (m*log(b*x) + m*log(d/b))*log_integral(b*x) - (d/b) m*Ei((m + 2)*lo ‘

'g(b*x)))/(b¥m + b) |
Sympy [F]
/ (dz)™ Loglntegral (bzx) dz = / (dz)™ Li (bx) dz
input Lintegrate ((d*x) **m*Li (b*x) ,x) J
output LIntegral((d*x)**m*Li(b*x), x) J
Maxima [F]
/ (dz)™ Loglntegral(bx) dz = / (dx)™ log__integral (bz) dz
input Lintegrate ((d*x)~m*log_integral (b*x) ,x, algorithm="maxima") J
output tintegrate ((d*x) “m*log_integral (b*x), x) J
Giac [F]
/ (dz)™ LogIntegral(bz) dz = / (dz)™ log_integral (bzx) dz
input Lintegrate ((d*x) “m*log_integral(b*x),x, algorithm="giac") J

output Lintegrate ((d*x) “m*log_integral (b*x), x) J
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Mupad [B] (verification not implemented)

Time = 0.04 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.21

/ (dz)™ LogIntegral(bzx) dz = / logint(bz) (dz)™ dx

inputLint(logint(b*x)*(d*x)"m,x)

Outputtint(logint(b*x)*(d*x)‘m, x)

Reduce [F]

/ (dz)™ LogIntegral(bx) dz = d™ ( / z™ ei(log(bx)) dac>

inputLint((d*x)“m*Li(b*x),x)

ou_tputtd**m*int(x**m*ei(log(b*x)),x)
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3.69 [ z* LogIntegral(a + bz) dz

Optimal result . . . . . . . . . . . . e 436
Mathematica [A] (verified) . . . . . . . . . ... o 1361
Rubi [A] (verified) . . . .. . . ... .. 437
Maple [A] (verified) . . . . . . ... L 138
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 139
Sympy [F] . . o o 439
Maxima [F] . . . . . . 439
Giac [F] . . . . o o A0
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 4401
Reduce [F] . . . . . 4401

Optimal result

Integrand size = 10, antiderivative size = 77

__a® ExplntegralEi(2log(a + bz))
b3
a ExplntegralEi(3 log(a + bx))
+ b3
_ ExplntegralEi(4log(a + bz))
3b3
a® Loglntegral(a + bx)
3b3

/ z? LogIntegral(a + bz) dx =

1
+ gac?’ Loglntegral(a + bx)

|-a~2+Ei (2+1n(b*x+a)) /b~3+a*Ei (3%1n(b*x+a)) /b"3-1/3+Ei (4*ln(b*x+a)) /b"3+1/3

output
\ *a~3*Li (b*x+a) /b~3+1/3%x~3*Li (b*x+a) \

N

Mathematica [A] (verified)

Time = 0.05 (sec) , antiderivative size = 69, normalized size of antiderivative = 0.90

/ x? LogIntegral(a + bx) dr =

_—a’ ExplntegralEi(log(a + bz)) + 3a* ExpIntegralEi(2log(a + b)) — 3a ExplntegralEi(3 log(a + bz
3b3

1
+ 5353 Loglntegral(a + bx)
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input ‘ Integrate [XAQ*LogIntegral [a + b*x] ,X] ‘

output ‘ -1/3*(-(a"3*ExpIntegralEi[Logl[a + b*x]]) + 3*a”~2+ExpIntegralEi[2*Logl[a + b ‘
‘ *x]] - 3*axExpIntegralEi[3*Logl[a + b*x]] + ExpIntegralEi[4*Logla + b*x]])/ ‘
Lb"3 + (x"3*LogIntegralla + b*x])/3 J

Rubi [A] (verified)

Time = 0.34 (sec) , antiderivative size = 79, normalized size of antiderivative = 1.03,

number of rules _ 0.300, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {7052, 2846, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ x? LogIntegral(a + bx) dz
| 7052
1173 LogIntegral(a + bx) — 1b/ Ldm
3 gibee 3 log(a + bz)
| 2846

1
5:1:3 LogIntegral(a + bz) —

1 b/ B a® 3(a + bz)a? 3(a + bz)2a (a+ bx)3
b3 log

3 (a+bzx)  bdlog(a+bx) bdlog(a+bx) ' bdlog(a + bx)

l 2009

1
§x3 LoglIntegral(a + bx) —
1 <_ a® LogIntegral(a + bx) + 3a2 ExpIntegralEi(2log(a + bz)) _ 3a ExplntegralEi(3log(a + bz)) + Explnte

§b bt bt bt

-

input LInt [x"2*LogIntegral[a + b*x],x]

-/
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‘(x“B*LogIntegral[a + b*x])/3 - (bx((3*a"2*ExpIntegralEi[2*Log[a + b*x]])/b
‘“4 - (3*axExpIntegralEi[3*Log[a + b*x]])/b~4 + ExplntegralEi[4*Logl[a + b*x
‘]]/b“4 - (a"3xLogIntegral[a + bxx])/b"4))/3

output

Defintions of rubi rules used

rule 2009 Llnt [u_, x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u] J

rule 2846 Int [((£_.) + (g_.)*(x_))"(q_.)/((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)
I*(b_.)), x_Symbol] :> Int[ExpandIntegrand[(f + g*x)~q/(a + bxLoglc*(d + ex
x)°nl), x], x] /; FreeQ[{a, b, c, d, e, £, g, n}, x] & NeQ[exf - d*g, 0] &
& 1GtQ[q, O]

rule 7052 Int [LogIntegrall(a_.) + (b_.)*(x_)I*((c_.) + (d_.)*(x_))"(m_.), x_Symbol]

> Simp[(c + d*x)~(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.12 (sec) , antiderivative size = 73, normalized size of antiderivative = 0.95

method result

z3 Li(bz+a) a3 explntegral, (— In(bz+a))—3a? explntegral, (—2 In(bz+a))+3a explntegral; (—3 In(bz+a))—exp]
3 - 3b3

_ eprntegral(ln(bz+a))a3
3

parts

+explIntegral(In(bz+a))a2 (bx+a) —expIntegral (In(bz+a) ) a(bz+a) >+ explntegra](ln(§m+a))(b“

derivativedivides
default — exPIntegral(én(bx+a))a3 +explntegral (In(bz+a))a2 (bz+a)—explntegral (In(bz+a))a(bz+a) 2+ exPImegra](ln(g o-+a))(bs
. Lint(x‘2*Li(b*x+a),x,method=_RETURNVERBOSE) J
input
| 1/3%x"3*Li(b*x+a)-1/3/b"3*%(a"3*Ei(1,-1n(b*x+a))-3*a~2xEi(1,-2*1n(b*x+a))+3 |
output

\ *a*Ei (1,-3*%1n(b*x+a))-Ei(1,-4*1n(b%x+a))) \
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 117, normalized size of antiderivative = 1.52

/ z? LogIntegral(a + bz) dz =
_3a’log_integral (b*a® + 2 abz + a®) — 3alog_integral (0°z° 4 3ab’z” + 3a’bz + a®) — (b°2® + d°)1

363
inputLintegrate(x"2*log_integral(b*x+a),x, algorithm="fricas") J
( N
output‘ -1/3%(3*a"2*log_integral (b~"2*x~2 + 2*a*b*x + a~2) - 3*axlog_integral (b~ 3*x ‘
"‘3 + 3*%axb~2*x"2 + 3*a"2xbxx + a”3) - (b73*x"3 + a~3)*log_integral(b*x + a ‘
‘) + log_integral(b~4*x~4 + 4*a*b~3*x"3 + 6%a”2*%b"2*x"2 + 4*a~3*b*x + a~4)) ‘
L/b‘3
Sympy [F]
/ z? LogIntegral(a + bz) dx = / 2% Li(a + bz) dz
inputLintegrate(x**2*Li(b*x+a),x) J
OutputLIntegral(x**Q*Li(a + b*x), x) J
Maxima [F]
/ 22 LogIntegral(a + bx) dz = / z*log_integral (bz + a) dz
inputLintegrate(x‘2*log_integral(b*x+a),x, algorithm="maxima") J

output Lintegrate(x*2*log_integra1(b*x +a), x) J
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Giac [F]

/ 22 LogIntegral(a + bx) dz = / z%log_integral (bz + a) dz

input‘integrate(x"2*log_integra1(b*x+a),x, algorithm="giac")

outputtintegrate(x"2*1og_integral(b*x + a), x)

Mupad [B] (verification not implemented)

Time = 0.08 (sec) , antiderivative size = 12, normalized size of antiderivative = 0.16

/ z? LogIntegral(a + bx) dr = / z?logint(a + bz) dzx

inputtint(x'?*logint(a + b*x),x)

Ou_tputLint(x’?*logint(a + b*x), x)

Reduce [F]

/ x? LogIntegral(a + bz) dr = / ei(log(bz + a)) z°dx

input Lint (x~2%Li (b¥x+a) ,x)

OutputLint(ei(log(a + bxx) ) *x**2,x)
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3.70 [ = Loglntegral(a + bz) dz

Optimal result . . . . . . . . . . . . e [441]
Mathematica [A] (verified) . . . . . . . . . ... o 441
Rubi [A] (verified) . . . .. . . ... .. 447
Maple [A] (verified) . . . . . . ... L 443
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 444
Sympy [F] . . o o 444
Maxima [F] . . . . . . 444
Giac [F] . . . . o o 445
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 445
Reduce [F] . . . . . 445

Optimal result

Integrand size = 8, antiderivative size = 60

a ExplntegralEi(2 log(a + bx))
b2
_ ExplntegralEi(3log(a + bz))
2b2
_ a®Loglntegral(a + bx)
2b2

/ x LoglIntegral(a + bx) dz =

1
+ 5;:;2 LogIntegral(a + bx)

‘ axEi (2*1n(b*x+a))/b~2-1/2%Ei (3*1n(b*x+a)) /b~2-1/2*a~2xLi (b*x+a) /b~2+1/2*x" ‘

output
LQ*Li (b*x+a) J

Mathematica [A] (verified)

Time = 0.07 (sec) , antiderivative size = 54, normalized size of antiderivative = 0.90

/ z Loglntegral(a + bz) dx =

B a® ExplntegralEi(log(a + bx)) — 2a ExpIntegralEi(2log(a + bz)) + ExplntegralEi(3 log(a + b))
202

1
+ §x2 Loglntegral(a + bx)
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output ‘ -1/2*(a"~2*ExpIntegralEi[Log[a + b*x]] - 2*a*ExpIntegralEi[2*Logla + b#*x]] ‘
‘ + ExpIntegralEi[3*Logl[a + b*x]])/b"2 + (x"2*LogIntegralla + b*x])/2 ‘

Rubi [A] (verified)

Time = 0.28 (sec) , antiderivative size = 61, normalized size of antiderivative = 1.02,

number of rules _ 0.375, Rules

number of steps used = 3, number of rules used = 3, = -
integrand size

used = {7052, 2846, 2009}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ z LogIntegral(a + bz) dz

l,7052

1, 1 z’
52" Loglntegral(a + bz) — ob / wdm

| 2846

1 4 1 a? 2(a+bzx)a (a+ bz)?

o LogIntegral(a + bz) 2b/ <b2 log(a+bx) b%log(a+bx) b%log(a+ bx) dz
| 2009

1
5:1:2 LogIntegral(a + bz) —
1 b <a2 LoglIntegral(a + bx)  2a ExpIntegralEi(2log(a + bx)) n ExplIntegralEi(3log(a + bx)) )
b B b b3

input LInt [x*xLogIntegrall[a + b*x],x] J

‘ (x"2xLogIntegral[a + b*x])/2 - (b*((-2*axExpIntegralEi[2*Log[a + b*x]])/b~ ‘

output
‘ 3 + ExpIntegralEi[3*Logl[a + b*x]]/b"3 + (a~2+LogIntegral[a + b*x])/b~3))/2 ‘
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Defintions of rubi rules used

rukeZOOQ‘Int[u—’ x_Symbol] :> Simp[IntSum[u, x], x] /; SumQ[u]

rule 284¢ TntLCE_) + (g )*(x))7(q_.)/((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_.)
I*(b_.)), x_Symbol] :> Int[ExpandIntegrand[(f + g*x)~q/(a + bxLoglc*(d + ex*
x)°nl), x], x] /; FreeQ[{a, b, c, d, e, f, g, n}, x] && NeQ[exf - dxg, 0] &
& IGtQlq, 0]

rule 7052 Int[LogIntegrall(a_.) + (b_.)*(x_)1*((c_.) + (d_.)*(x_)) " (m_.), x_Symbol]

> Simp[(c + d*x)~(m + 1)*(LogIntegralla + b*x]/(d*(m + 1))), x] - Simp[b/(d
*(m + 1)) Int[(c + d*x)"(m + 1)/Logla + b*x], x], x] /; FreeQ[{a, b, c, d
, m}, x] && NeQ[m, -1]

Maple [A] (verified)

Time = 0.06 (sec) , antiderivative size = 59, normalized size of antiderivative = 0.98

method result
z2 Li(bz+a) —a? explntegral, (— In(bz+a))+2a explntegral, (—2 In(bz+a))—expIntegral, (—3 In(bz+a))
parts 5 - 2b2
eprntegral(ln(bm+a))(bm+a)2 ex explntegraly (—31In(bz+a)) _
. . .. —explntegral(In(bx+a))a(bz+a)+ —a explntegral 21In(bx+a
derivativedivides 2 (In(bzta))al b2) 2 1(2In(beta)
2
explntegral(ln(§z+a))(bz'm) —eprntegral(ln(bx—i—a))a(baf:—i—a)-i-exPIntegrallg_sln(bz+a)) —a explntegral; (—2 In(bz+a)
default -
input Lint (x*Li (b*x+a) ,x,method=_RETURNVERBOSE) J

" \ 1/2xx~2*Li (b*x+a)-1/2/b"2x (-a~2*Ei (1, -1n(b*x+a) ) +2*xa*Ei (1,-2*x1n(b*x+a) ) -Ei \

outpu
‘ (1,-3*1n(b*x+a))) ‘
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Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 76, normalized size of antiderivative = 1.27

/ z Loglntegral(a + bx) dx

_ 2alog_integral (b*z® + 2 abx + a®) + (b°z? — a?) log_integral (bz + a) — log_integral (b°z® + 3 ab?z? -
B 2b°

inputLintegrate(x*log_integral(b*x+a),x, algorithm="fricas") J

output‘ 1/2x(2xaxlog_integral (b™2*x~2 + 2*xa*b*x + a~2) + (b"2*x"2 - a~2)#*log_integ ‘
‘ral(b*x + a) - log_integral(b~3#x"3 + 3*a*b~2#x"2 + 3*a”2xb*x + a~3))/b"2

Sympy [F]

/ z Loglntegral(a + bx) dz = / zLi(a+ bx) dzx

inputLintegrate(x*Li(b*x+a),x) J

-

tIntegral(x*Li(a + b*x), x)

e—

output

Maxima [F]

/ z Loglntegral(a + bz) dox = / zlog_integral (bx + a) dz

inputkintegrate(x*log_integral(b*x+a),x, algorithm="maxima") J

output Lintegrate(x*log_integral(b*x + a), x) J
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Giac [F]

/ z Loglntegral(a + bx) dz = / x log__integral (bz + a) dz

input ‘ integrate(x*log_integral (b*x+a),x, algorithm="giac")

outputLintegrate(x*log_integral(b*x +a), x)

Mupad [B] (verification not implemented)

Time = 0.06 (sec) , antiderivative size = 10, normalized size of antiderivative = 0.17

/ z Loglntegral(a + bz) dox = / zlogint(a + bx) dx

inputtint(x*logint(a + b*x),x)

Ou_tputLint(x*logint(a + b*x), x)

Reduce [F]

/ z LogIntegral(a + bx) dz = / ei(log(bx + a)) zdx

input Lint (x*Li (b¥x+a) ,x)

OutputLint(ei(log(a + b*x))*x,x)




output
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3.71 [ Loglntegral(a + bx) dz

Optimal result . . . . . . . . . . . . e 446
Mathematica [A] (verified) . . . . . . . . . ... o 1761
Rubi [A] (verified) . . . .. . . ... .. 447
Maple [A] (verified) . . . . . . ... L 443
Fricas [A] (verification not implemented) . . . . . . . ... .. ... ... .... 448
Sympy [F] . . o o 449
Maxima [A] (verification not implemented) . . . . . . . ... ... ... ... 449
Giac [F] . . . . o o 449
Mupad [B] (verification not implemented) . . .. ... ... ... ... ..... 450
Reduce [B] (verification not implemented) . . . ... ... ... ... ...... 450

Optimal result

Integrand size = 6, antiderivative size = 30

/ LoglIntegral(a + bx) dz

_ _ ExplntegralEi(2log(a + bz)) + (a + bzx) LogIntegral(a + bx)

b

b

L—Ei(2*1n(b*x+a))/b+ (b*x+a) *Li (b*x+a) /b

Mathematica [A] (verified)

Time = 0.03 (sec) , antiderivative size = 34, normalized size of antiderivative = 1.13

/ LogIntegral(a + bz) dx

_ —aExplntegralEi(log(a + bz)) + ExplntegralEi(2log(a + bz))

+ z LogIntegral(a + bx)

b

input L

Integrate[LogIntegral[a + b*x],x]
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‘—((—(a*ExPIn‘tegralEi [Logla + b*x]]) + ExpIntegralEi[2*Logl[a + b*x]])/b) +

output
Lx*LogIntegral [a + bxx] J

Rubi [A] (verified)

Time = 0.16 (sec) , antiderivative size = 30, normalized size of antiderivative = 1.00,

number of rules _ 0.167, Rules

number of steps used = 1, number of rules used = 1, 5 vo 1 e

used = {7049}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed

below.
/ LogIntegral(a + bz) dz
| 7049
(a + bz) Loglntegral(a + bz)  ExplntegralEi(2log(a + b))
b b
input LInt [LogIntegralla + b*x],x] J

output L- (ExpIntegralEi[2*Log[a + b*x]]/b) + ((a + b*x)*LogIntegral[a + b*x])/b J
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Defintions of rubi rules used

ru167049‘Int[LogIntegral[(a_.) + (b_.)*(x_)], x_Symbol] :> Simp[(a + b*x)*(LogIntegr
‘al[a + b*x]/b), x] - Simp[ExpIntegralEi[2xLogla + b*x]]1/b, x] /; FreeQ[{a,
‘b}, x] ‘

Maple [A] (verified)

Time = 0.03 (sec) , antiderivative size = 29, normalized size of antiderivative = 0.97

method result size
derivativedivides eprntegral(ln(bx—i—a))(bw—i—ai—i—explntegrall(—21n(bx+a)) 29
default eprntegral(ln(bx—i—a))(bx—i—ai—i—explntegrall (—21n(bz+a)) 29
. — explntegral; (—2In(bz+a))+a explntegral; (— In(bz+a))

parts z Li(bz +a) — L . L 40

. int (Li(b*x+a) ,x,method=_RETURNVERBOSE)

input

output Ll/b* (Ei (1n(b*x+a) ) * (bxx+a) +Ei (1,-2+%1n(b*x+a))) J

Fricas [A] (verification not implemented)

Time = 0.07 (sec) , antiderivative size = 36, normalized size of antiderivative = 1.20

/ Loglntegral(a + bx) dz

(bx + a) log_integral (bz + a) — log__integral (b%z2 + 2 abz + a?)
b

inputtintegrate(1og_integra1(b*x+a),x, algorithm="fricas") J

‘ ((bxx + a)*log_integral(b*x + a) - log_integral(b~2*x~2 + 2%a*b*x + a~2))/ ‘

N J

output
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Sympy [F]

/ LogIntegral(a + bz) dx = / Li(a + bzx)dz

input‘integrate(Li(b*x+a),x)

outputtlntegral(Li(a + b*x), x)

Maxima [A] (verification not implemented)

Time = 0.02 (sec) , antiderivative size = 28, normalized size of antiderivative = 0.93

(bz + a) log_integral (bx + a) — Ei(2 log (bx + a))
b

/ Loglntegral(a + bx) dx =

-

input Lintegrate (log_integral (b*x+a) ,x, algorithm="maxima")

-/

Outputt((b*x + a)*log_integral(b*x + a) - Ei(2*log(b*x + a)))/b

Giac [F]

/ Loglntegral(a + bz) dz = / log_integral (bz + a) dz

input Lintegrate (log_integral (b*x+a) ,x, algorithm="giac "

output Lintegrate(log_integral (b*x + a), x)




input

output

input

output
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Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.27

/ LogIntegral(a + bz) dx = / logint(a + bz) dx

Lint (logint(a + b*x),x)

Lint(logint(a + b*x), x)

Reduce [B] (verification not implemented)

Time = 0.23 (sec) , antiderivative size = 35, normalized size of antiderivative = 1.17

ei(log(bz + a)) a + ei(log(bzx + a)) bx — ei(2log(bx + a))
b

/ Loglntegral(a + bz) dz =

-

Lint (Li (b*x+a) ,x)

-/

L(ei(log(a + bxx))*a + ei(log(a + b*x))*b*x - ei(2xlog(a + b*x)))/b
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451

3.79 f LoglIntegral(a+bx) dx

X

Optimal result . . . . . . . . . . . . .
Mathematica [N/A] . . . . . ...
Rubi [N/A] .« . o e
Maple [N/A] . . .
Fricas [N/A] . . . . . o
Sympy [N/A] . .
Maxima [N/A] . . . .
Giac [N/A] .« . o
Mupad [B] (verification not implemented) . . . . . ... ... ... ... ....
Reduce [N/A] . . . . o

Optimal result

Integrand size = 10, antiderivative size = 10

/ Loglntegral(a + bz)
z

dr = Int(

Loglntegral(a + bz)

T

)

LDefer (Int) (Li(b*x+a)/x,x)

output
Mathematica [N/A]
Not integrable
Time = 0.01 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20
/ Loglntegral(a + bz) dp — / Loglntegral(a + bx) s
x x
input LIntegrate [LogIntegrall[a + b*x]/x,x]

output L

-/

Integrate[LogIntegral[a + b*x]/x, x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.16 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 1, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ LoglIntegral(a + bx)
z

J,7051

LogIntegral(a + b
(/ ognfgf(a+-whw

LInt [LogIntegralla + b*x]/x,x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ Li (bz + a)dm

X

-

Lint(Li(b*x+a)/x,x)

Lint (Li(b*x+a) /x,x) J

e—
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input

output L

Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ Loglntegral(a + bx) dp — / log_mtegl;al (bx + a) i
T

p
Lintegrate (log_integral (b*x+a)/x,x, algorithm="fricas")

-/

integral (log_integral (b*x + a)/x, x)

input L

Sympy [N/A]
Not integrable

Time = 0.45 (sec) , antiderivative size = 8, normalized size of antiderivative = 0.80

/ LoglIntegral(a + bx) dp — / Li (a + bz) s

T T

integrate (Li(b*x+a)/x,x)

output L

Integral(Li(a + b*x)/x, x)

Maxima [N/A]
Not integrable

Time = 0.06 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ Loglntegral(a + bx) dp — / log_lnteg;al (bz + a) i
T

input L

integrate(log_integral (b*x+a)/x,x, algorithm="maxima")
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Output‘integrate(log_integral(b*x + a)/x, x)

Giac [N/A]
Not integrable

Time = 0.10 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ LogInteglz.Ll(a + bx) dp — / log_mtegl;al (bz + a) i

-

input Lintegrate (log_integral (b*x+a)/x,x, algorithm="giac")

-/

OutputLintegrate(log_integral(b*x + a)/x, x)

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ LogIntegr;l(a + bx) dp — / loglnt(z +bx) i

input Lint (logint(a + b*x)/x,x)

output Lint (logint(a + b*x)/x, x)

Reduce [N/A]
Not integrable

Time = 0.19 (sec) , antiderivative size = 42, normalized size of antiderivative = 4.20

/ Loglntegral(a + bx)
T

dz = ei(log(bz+a)) log(bx +a) + (/ ei(log(bz + a)) dz> a—bx

bx? 4+ ax
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inputLint(Li(b*x+a)/x,x)

t‘ei(log(a + b*x))*log(a + b*x) + int(ei(log(a + b*x))/(a*x + b*x**2),x)*a -
b*x

outpu




CHAPTER 3. LISTING OF INTEGRALS 456

3.73 f LoglIntegral(a+bx) dx

72
Optimal result . . . . . . . . . . . . . 456]
Mathematica [N/A] . . . . . . . . 561
Rubi [N/A] .« . o e 457
Maple [N/A] . . . 457l
Fricas [N/A] . . . . . o A58
Sympy [N/A] . . A58
Maxima [N/A] . . . . 158
Giac [N/A] .« . o 459
Mupad [B] (verification not implemented) . . . . . ... ... ... ... .... 591
Reduce [N/A] . . . . o 459

Optimal result

Integrand size = 10, antiderivative size = 10

/ LoglIntegral(a + bx) dr — _ Loglntegral(a + bz) 1 bInt ;, .
72 T z log(a + bx)

output L‘Li (b*x+a) /x+b*Defer (Int) (1/x/1n(b*x+a) ,x)

Mathematica [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

dx

/ Loglntegral(a + bz) dp — / Loglntegral(a + bx)
x? N x?

-

input LIntegrate [LogIntegralla + b*x]/x"2,x]

-/

output LIntegrate [LogIntegral[a + b*x]/x"2, x] J




input t

input ‘\
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Rubi [N/A]
Not integrable
Time = 0.20 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

dxr

/ LoglIntegral(a + bx)

T2

l 7052

/ 1 Loglntegral(a + bx)
dr —
z log(a + bx) x

l 2867

/ 1 Loglntegral(a + bx)
dr —
z log(a + bx) x

Int [LogIntegralla + b*x]/x"2,x]

-

L$Aborted

-/

Maple [N/A]
Not integrable

Time = 0.14 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ Li (bz + a)dx

2

int (Li(b*x+a)/x”~2,x)

output ‘ int (Li(b*x+a)/x~2,x)
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Fricas [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ LogInteg;&;l(a + bx) dp — / log_integ;il (bx + a) i

-

input Lintegrate (log_integral (b*x+a)/x"2,x, algorithm="fricas")

-/

OutputLintegral(log_integral(b*x + a)/x"2, x) J

Sympy [N/A]
Not integrable

Time = 0.77 (sec) , antiderivative size = 10, normalized size of antiderivative = 1.00

/ LoglIntegral(a + bx) dp — / Li (a + bz) s

x2 x2

input Lintegrate (Li(b*xx+a) /x**2,x%) J

output LIntegral(Li(a + b*x)/x*%2, Xx) J

Maxima [N/A]
Not integrable

Time = 0.07 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

/ Loglntegral(a + bx) dp — / log__integral (bz + a) i

T2 z2

input Lintegrate (log_integral (b*x+a)/x~2,x, algorithm="maxima") J
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OutputLintegrate(log_integral(b*x + a)/x"2, x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

dz

/ LoglIntegral(a + bx) dp — / log_ integral (bz + a)
2 - 2

input Lintegrate (log_integral (b*x+a)/x~2,x, algorithm="giac")

OutputLintegrate(log_integral(b*x + a)/x"2, x)

Mupad [B] (verification not implemented)

Time = 0.11 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.20

2 x2

/ Loglntegral(a + bz) d / logint(a + bz) s

inputtint(logint(a + b*x)/x"2,x)

outputLint(logint(a + b*x)/x"2, x)

Reduce [N/A]
Not integrable

Time = 0.22 (sec) , antiderivative size = 53, normalized size of antiderivative = 5.30

LogIntegral(a + b
/ ogneg:;(aJr %) 4

—ei(log(bz + a)) + (f 1og(bm+a)ax+llog(bm+a)bz2 da:) abz + log(log(bz + a)) bz

T
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inputLint(Li(b*x+a)/x“2,x)

output‘( - ei(log(a + b*x)) + int(1/(log(a + bkx)*axx + log(a + b¥x)*b*x**2),x)%*a
(#bkx + log(log(a + b*x))*b*x)/x




output

input L

output
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3.74 [ (dz)™ Loglntegral(a + bx) dz

Optimal result . . . . . . . . . . . . e
Mathematica [N/A] . . . . . . . .
Rubi [N/A] . . o
Maple [N/A] . . . .
Fricas [N/A] . . . o o
Sympy [N/A] . . e
Maxima [N/A] . . . . .
Giac [N/A] . . . e
Mupad [B] (verification not implemented) . . .. ... ... ... ... .....
Reduce [N/A] . . . o o

Optimal result

Integrand size = 12, antiderivative size = 12

462
462
460!

4643]
464
464
464

(d:l))1+m
m _ (dz)™™ Loglntegral(a + bx) blnt <log(a+bz) , m)
/(dx) LogIntegral(a + bz) dx = A+ m) i1+ m)

‘ (d*x)~ (1+m) *Li (b*x+a) /d/ (1+m) -b*Defer (Int) ((d*x) ~(1+m) /1n (b*x+a) ,x) /d/ (1+m

)

Mathematica [N/A]

Not integrable

Time = 0.49 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dx)™ LogIntegral(a + bz) dx = / (dz)™ Loglntegral(a + bx) dx

Integrate[(d*x) “m*LogIntegral[a + b*x],x]

LIntegrate [(d*x) “m*LogIntegrall[a + b*x], x]




input

output

input

output
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Rubi [N/A]
Not integrable
Time = 0.22 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00,

number of rules _
integrand size 0.000, Rules

number of steps used = 2, number of rules used = 0,
used = {}

Below are the steps used by Rubi to obtain the solution. The rule number used for the
transformation is given above next to the arrow. The rules definitions used are listed
below.

/ (dz)™ Loglntegral(a + bx) dzx

| 7052
d m—+1
(dz)™*! LogIntegral(a + bz) bf 1ogg(ga+bw)
dm+1) dm+1)
| 2867
(dx)™+1
(dz)™*! LogIntegral(a + bz) bf 10ga(gc)l+bw) z
dm+1) dim+1)

‘ Int [(d*x) “m*LogIntegral[a + b*x],x]

L$Aborted

Maple [N/A]
Not integrable

Time = 0.03 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (dz)™ Li (bx + a) dz

Lint ((d*x) “m*xLi (b*x+a) ,x) J

Lint((d*x)“m*Li(b*x+a),x)
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Fricas [N/A]
Not integrable

Time = 0.08 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ Loglntegral(a + bz) dz = / (dz)™ log__integral (bx + a) dz

p

input lintegrate ((d*x) “m*log_integral (b*x+a),x, algorithm="fricas")

~—

output Lintegral( (d*x) “m*log_integral (b*x + a), x)

Sympy [N/A]
Not integrable

Time = 26.23 (sec) , antiderivative size = 12, normalized size of antiderivative = 1.00

/ (dz)™ LogIntegral(a + bz) dx = / (dz)™ Li(a + bz) dz

input Lintegrate ((d*x) **m*Li (b*x+a) ,x)

output ‘ Integral ((d*x)**m*Li(a + b*x), x)

Maxima [N/A]
Not integrable

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ Loglntegral(a + bz) dz = / (dx)™ log__integral (bx + a) dz

input Lintegrate ((d*x) “mxlog_integral (b*x+a),x, algorithm="maxima")
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output‘

integrate((d*x) “m*log_integral(b*x + a), x)

Giac [N/A]
Not integrable

Time = 0.11 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dx)™ LogIntegral(a + bz) dx = / (dz)™ log__integral (bx + a) dz

inputt

integrate((d*x) “m*log_integral (b*x+a),x, algorithm="giac")

-

output

-

input L

output L

Lintegrate ((d*x) “m*log_integral(b*x + a), x)

-/

Mupad [B] (verification not implemented)

Time = 0.05 (sec) , antiderivative size = 14, normalized size of antiderivative = 1.17

/ (dz)™ Loglntegral(a + bx) dx = / logint(a + bz) (dz)™ dx

int (logint(a + bxx)*(d*x) m,x)

-/

int(logint(a + b*x)*(d*x) m, x)

Reduce [N/A]
Not integrable

Time = 0.23 (sec) , antiderivative size = 17, normalized size of antiderivative = 1.42

/ (dz)™ Loglntegral(a + bz) dz = d™ ( / z™ei(log(bz + a)) da:>
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input Lint ((d*x) “m*Li (b*x+a) ,x)

output td**m*int(x**m*ei(log(a + b*x)),x)




orapren 4
CHAPTER

APPENDIX

4.1 Listing of Grading functions . . . . . . . . ... .. ... L. 460
4.2 Links to plain text integration problems used in this report for each CAS . E&4

4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the
quality of the antiderivative with reference to the optimal antiderivative included in
the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *
(* Small rewrite of logic imn main function to make it*)
(* match Maple's logic. No change in functionality othe

(* ::Subsection:: *)
(*GradeAntiderivative[result, optimal]*)

466

rwisex)
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(*

::Text:: *)

(*If result and optimal are mathematical expressions, *)

(*
(*
(*
(*
(*
(*
(*

GradeAntiderivative[result_,optimal_]

GradeAntiderivative[result,optimal] returns*)
"F" 4f the result fails to integrate an exzpression that*)
is integrablex*)
"C" if result involves higher level functions than necessary*)
"B" if result is more than twice the size of the optimal¥*)
antiderivativex)
"A" if result can be considered optimal*)

expnResult = ExpnType[result];
expnOptimal = ExpnType[optimal];
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
I1f [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complex*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)

:= Module [{expnResult,expnOptimal,leafCountResult,leaf

finalresult={"B","Both result and optimal contain complex but leaf count

]
, (*ELSE*)

finalresult={"C","Result contains complex when optimal does n

]
, (*ELSE*) (*result does not contains complez*)
If [leafCountResult<=2xleafCountOptimal,
finalresult={"A",""}
, (*xELSE*)

ot . "}

finalresult={"B","Leaf count is larger than twice the leaf count of optimal.

]
]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],

finalresult={"C","Result contains higher order function than in optimal. Order "

b
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finalresult={"F","Contains unresolved integral."}
1;

finalresult

(* ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involves*)
(*1 = rational function*)

(*2 = algebraic function*)

(%3 = elementary function*)

(*4 = special function*)

(*¥5 = hyperpergeometric function*)

(*¥6 = appell function*)

(*7 = rootsum function*)

(*8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQlexpn[[2]]1],
ExpnType [expn[[1]]1],
If [Head [expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]]1],3]11],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType,Apply[List,expn]l],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
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Apply [Max,Append [Map [ExpnType,Apply[List,expn]],51],
If [AppellFunctionQ[Head [expn]],

Apply [Max, Append [Map [ExpnType,Apply[List,expnl],6]1],
If [Head [expn]===RootSum,

Apply [Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,

Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ [{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductlLog,
EllipticF, EllipticE, EllipticPi
}, func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1},func]




p
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Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions

# see problem 156, file Apostol_Problems
#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf_count_result:=leafcount (result);

#do NOT call ExpnType() if leaf size is too large. Recursion problem

if leaf_ count_result > 500000 then

return "B","result has leaf size over 500,000. Avoiding possible recursion issue

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then

print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",Expn]

fi;

# If result and optimal are mathematical expressions,
# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
#

"B" if result is more than twice the size of the optimal

Type_optimal);
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# antiderivative
# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F","Result contains unresolved integral";
fi;

if ExpnType_result<=ExpnType_optimal then

if debug then

print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then

if is_contains_complex(optimal) then

if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return IIAII , n n ;

else

return "B",cat("Both result and optimal contain complex buj
convert(leaf_count_result,string)," vs. $2

t leaf count of

(Il’

convert(leaf_count_optimal,string)," ) = ",convert(2xleaf

end if
else #result contains complex but optimal is not

if debug then

print("result contains complex but optimal is not");

fi;

return "C","Result contains complex when optimal does not.";
fi;

else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
print("result do not contain complex, this assumes optimal

do not as well

fi;
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if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B",cat("Leaf count of result is larger than twice the
convert (leaf_count_result,string),"$ vs. $
convert(leaf _count_optimal,string),")=",co
fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal.

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

# The following summarizes the type number assigned an expression
# based on the functions it involves

# 1 = rational function

# 2 = algebraic function

# 3 = elementary function

# 4 = special function

# 5 = hyperpergeometric function

leaf count of

‘2(",

nvert (2xleaf _cc

Order ",
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# 6 = appell function

# 7 = rootsum function

# 8 = integrate function
# 9 = unknown function

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn),'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(1,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType(op(1,expn)) ,ExpnType(op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn) ) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply(max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply(max,map (ExpnType, [op(expn)])))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply(max,map(ExpnType, [op(expn)])))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
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end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunction := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA,1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [Hypergeometric1F1,,hypergeom, HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.
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‘#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

‘ leafcount := proc(u)
‘ MmaTranslator [Mma] [LeafCount] (u) ;
Lend proc:

~N~—

Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added *RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is _elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erferfc,erf,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar
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def is_hypergeometric__function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType(expn):
debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[l],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2, ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[l])) #maxz (3, ExpnType
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,’' +"') or type(ex

op(1,expn)),Expr
pn’ ,‘* N I)
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ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(8,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@Q(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, 1list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apy
return max(7,ml)
elif str(expn).find("Integral") 1= —1:
ml = max(map(expnType, 1list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result,” optimal=",0ptimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count__optimal=",leaf count_optimal)

expnType_result = expnType(result)
expnType_ optimal = expnType(optimal)

if str(result).find("Integral") != —1:
grade = "F"

grade_ annotation =

ly[List,expn]],7]],
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else:
if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is lar

else: #result contains complex but optimal is not
grade = "C"
grade_annotation ="Result contains complex when optimal does not."
else: # result do not contain complez, this assumes optimal do not as well
if leaf count_result <= 2+leaf count_optimal:
grade = "A"
grade_ annotation =""
else:
grade = "B'
grade_annotation ="Leaf count of result is larger than twice the leaf count o
else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order '

#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade__annotation

SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazima results.

#Dec 24, 2019. Nasser: Added 'exp integral _e' and 'sng’, 'sin_integral’
# 'arctan2', 'floor’','abs’, 'log __integral’

#June 4, 2022 Made default grade_annotation "none" instead of "' due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

f optimal. "+str|

+str(ExpnType




CHAPTER 4. APPENDIX 479

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_ size(expr):
T nnn
Return the tree size of this expression.

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands|()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_ function(func):
#debug=False
m = func.name() in ['exp','log','In’,
'sin','cos','tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',
'arcsinh','arccosh','arctanh','arccoth’','arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'
]
if debug:
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if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:
print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel _sin','fresnel cos','Ei',
'"Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi','zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral',

'weierstrassPInverse','weierstrass','weierstrassP','weierstrassZeta/',

'weierstrassPPrime','weierstrassSigma']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special function")

return m

def is hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U'|

def is_appell function(func):

return func.name() in ['hypergeometric'] #/appellf1] can't find this in sagemath

def is atom(expn):

#debug=False
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if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question/49179/what—is—sagemath—equit
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ _name___ )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1ist: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(expn.args/0],Rational):

return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)

alent—to—atomic
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return expnType(expn.operands()[0]) #expnType(expn.args[0])
elif type(expn.operands()[1])==Rational: #isinstance(expn.args/1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args[0],Rational)
return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maa
elif expn.operator() == add_ vararg or expn.operator() == mul_vararg: #isinstance(e
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)),maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args
return max(4,ml) #maz(4,m1)
elif is hypergeometric_function(expn.operator()): #is_hypergeometric_function(expn.|
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(5,ml) #maz(5,m1)
elif is_appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#1is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

:(3, expn Type (expr
zpn,Add) or isin:

func)

)

)

)




CHAPTER 4. APPENDIX 483

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf _count_result=", leaf count_result, "leaf count_optimal=",leaf c

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnT}

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade__annotation ="none"
else:
grade = "B"
grade_ annotation ="Leaf count of result is larger than twice the leaf count of oy
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "4S

print("Before returning. grade=",grade, " grade_ annotation=",grade__annotation)

ount__optimal)

ype_ optimal)

of result is larger

timal. "+str(lea

tr(expnType_re

return grade, grade_ annotation
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4.2 Links to plain text integration prob-
lems used in this report for each CAS

—_

. [IMathematica integration problems as .m file|

DN

. [Maple integration problems as .txt file]

3. [Dagemath integration problems as .sage file|

4. |Reduce integration problems as .txt file|

5. [Mupad integration problems as .txt file]

(=2}

. [Sympy integration problems as .py file|



../input/mma/input.m
../input/maple/input.txt
../input/sagemath/input.sage
../input/reduce/reduce_input.txt
../input/mupad/input.txt
../input/sympy/input.py
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	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (warning: unable to verify)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 ExpIntegralEi(d (a+b (c x^n)))  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 ExpIntegralEi(d (a+b (c x^n)))  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 (e x)^m ExpIntegralEi(d (a+b (c x^n)))  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x ExpIntegralEi(b x)  x^3  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x ExpIntegralEi(b x)  x^2  dx
	Optimal result
	Mathematica [F] 
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x ExpIntegralEi(b x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [A] (verification not implemented)
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 e^b x ExpIntegralEi(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x x ExpIntegralEi(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x x^2 ExpIntegralEi(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^b x x^3 ExpIntegralEi(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^a+b x x^3 ExpIntegralEi(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^a+b x x^2 ExpIntegralEi(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [B] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^a+b x x ExpIntegralEi(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^a+b x ExpIntegralEi(c+d x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [B] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [A] (verification not implemented)
	Mupad [F(-1)] 
	Reduce [F] 

	 e^a+b x ExpIntegralEi(c+d x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 e^a+b x ExpIntegralEi(c+d x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 e^a+b x ExpIntegralEi(c+d x)  x^3  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [F(-1)] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [N/A] 
	Reduce [N/A] 

	 x^2 LogIntegral(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 x LogIntegral(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 LogIntegral(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 LogIntegral(b x)  x  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [B] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 LogIntegral(b x)  x^2  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [A] (verification not implemented)
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 LogIntegral(b x)  x^3  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 (d x)^m LogIntegral(b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [F] 
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 x^2 LogIntegral(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 x LogIntegral(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [F] 

	 LogIntegral(a+b x)  dx
	Optimal result
	Mathematica [A] (verified)
	Rubi [A] (verified)
	Defintions of rubi rules used

	Maple [A] (verified)
	Fricas [A] (verification not implemented)
	Sympy [F] 
	Maxima [A] (verification not implemented)
	Giac [F] 
	Mupad [B] (verification not implemented)
	Reduce [B] (verification not implemented)

	 LogIntegral(a+b x)  x  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [B] (verification not implemented)
	Reduce [N/A] 

	 LogIntegral(a+b x)  x^2  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [B] (verification not implemented)
	Reduce [N/A] 

	 (d x)^m LogIntegral(a+b x)  dx
	Optimal result
	Mathematica [N/A] 
	Rubi [N/A] 
	Maple [N/A] 
	Fricas [N/A] 
	Sympy [N/A] 
	Maxima [N/A] 
	Giac [N/A] 
	Mupad [B] (verification not implemented)
	Reduce [N/A] 
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