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1.1 problem 1.1.1
Internal problem ID [10325]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_quadrature]

y′ = f(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 10� �
dsolve(diff(y(x),x)=f(x),y(x), singsol=all)� �

y(x) =
∫

f(x) dx+ c1

3 Solution by Mathematica
Time used: 0.004 (sec). Leaf size: 18� �
DSolve[y'[x]==f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
∫ x

1
f(K[1])dK[1] + c1
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1.2 problem 1.1.2
Internal problem ID [10326]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_quadrature]

y′ − f(y) = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 17� �
dsolve(diff(y(x),x)=f(y(x)),y(x), singsol=all)� �

x−

(∫ y(x) 1
f (_a)d_a

)
+ c1 = 0

3 Solution by Mathematica
Time used: 0.442 (sec). Leaf size: 33� �
DSolve[y'[x]==f[y[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → InverseFunction
[∫ #1

1

1
f(K[1])dK[1]&

]
[x+ c1]

y(x) → f (−1)(0)
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1.3 problem 1.1.3
Internal problem ID [10327]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_separable]

y′ − f(x) g(y) = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 20� �
dsolve(diff(y(x),x)=f(x)*g(y(x)),y(x), singsol=all)� �

∫
f(x) dx−

(∫ y(x) 1
g (_a)d_a

)
+ c1 = 0

3 Solution by Mathematica
Time used: 0.452 (sec). Leaf size: 42� �
DSolve[y'[x]==f[x]*g[y[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → InverseFunction
[∫ #1

1

1
g(K[1])dK[1]&

] [∫ x

1
f(K[2])dK[2] + c1

]
y(x) → g(−1)(0)
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1.4 problem 1.1.4
Internal problem ID [10328]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_linear]

g(x) y′ − f1(x) y = f0(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(g(x)*diff(y(x),x)=f__1(x)*y(x)+f__0(x),y(x), singsol=all)� �

y(x) =

∫ f0(x) e−
(∫ f1(x)

g(x) dx
)

g (x) dx+ c1

 e
∫ f1(x)

g(x) dx

3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 64� �
DSolve[g[x]*y'[x]==f1[x]*y[x]+f0[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → exp
(∫ x

1

f1(K[1])
g(K[1]) dK[1]

)∫ x

1

exp
(
−
∫ K[2]
1

f1(K[1])
g(K[1]) dK[1]

)
f0(K[2])

g(K[2]) dK[2]

+ c1
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1.5 problem 1.1.5
Internal problem ID [10329]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Bernoulli]

g(x) y′ − f1(x) y − fn(x) yn = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 74� �
dsolve(g(x)*diff(y(x),x)=f__1(x)*y(x)+f__n(x)*y(x)^n,y(x), singsol=all)� �
y(x)

= e
∫ f1(x)

g(x) dx

−n

∫ fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

+ c1 +
∫

fn(x) e(n−1)
(∫ f1(x)

g(x) dx
)

g (x) dx

− 1
n−1

3 Solution by Mathematica
Time used: 14.019 (sec). Leaf size: 84� �
DSolve[g[x]*y'[x]==f1[x]*y[x]+fn[x]*y[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

exp
(
−
(
(n−1)

∫ x

1

f1(K[1])
g(K[1]) dK[1]

))−(n−1)
∫ x

1

exp
(
(n− 1)

∫ K[2]
1

f1(K[1])
g(K[1]) dK[1]

)
fn(K[2])

g(K[2]) dK[2]

+ c1

 1
1−n
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1.6 problem 1.1.6
Internal problem ID [10330]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, First-Order differential equations
Problem number: 1.1.6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_homogeneous, ‘class A‘], _dAlembert]

y′ − f
(y
x

)
= 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(diff(y(x),x)=f(y(x)/x),y(x), singsol=all)� �

y(x) = RootOf
(
−
(∫ _Z

− 1
−f (_a) + _ad_a

)
+ ln (x) + c1

)
x

3 Solution by Mathematica
Time used: 0.106 (sec). Leaf size: 33� �
DSolve[y'[x]==f[y[x]/x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[∫ y(x)

x

1

1
K[1]− f(K[1])dK[1] = − log(x) + c1, y(x)

]
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2.1 problem 1
Internal problem ID [10331]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − ay2 = bx+ c

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x+c,y(x), singsol=all)� �

y(x) =

(
b√
a

) 1
3

(
AiryAi

(
1,− bx+c(

b√
a

) 2
3

)
c1 +AiryBi

(
1,− bx+c(

b√
a

) 2
3

))
√
a

(
c1AiryAi

(
− bx+c(

b√
a

) 2
3

)
+AiryBi

(
− bx+c(

b√
a

) 2
3

))

3 Solution by Mathematica
Time used: 0.325 (sec). Leaf size: 143� �
DSolve[y'[x]==a*y[x]^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b
(
AiryBiPrime

(
− a(c+bx)

(−ab)2/3

)
+ c1AiryAiPrime

(
− a(c+bx)

(−ab)2/3

))
(−ab)2/3

(
AiryBi

(
− a(c+bx)

(−ab)2/3

)
+ c1AiryAi

(
− a(c+bx)

(−ab)2/3

))
y(x) →

bAiryAiPrime
(
− a(c+bx)

(−ab)2/3

)
(−ab)2/3AiryAi

(
− a(c+bx)

(−ab)2/3

)
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2.2 problem 2
Internal problem ID [10332]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −a2x2 + 3a

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 82� �
dsolve(diff(y(x),x)=y(x)^2-a^2*x^2+3*a,y(x), singsol=all)� �

y(x) =
ea x2

c1ax− c1
√
π
(
(−a)

3
2 x2 +

√
−a
)
erf
(√

−a x
)
+ a x2 − 1

√
π
√
−a erf

(√
−a x

)
c1x+ ea x2c1 + x

3 Solution by Mathematica
Time used: 0.79 (sec). Leaf size: 192� �
DSolve[y'[x]==y[x]^2-a^2*x^2+3*a,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
axParabolicCylinderD

(
−2, i

√
2
√
ax
)
+ i

√
2
√
aParabolicCylinderD

(
−1, i

√
2
√
ax
)
− ac1xParabolicCylinderD

(
1,
√
2
√
ax
)
+
√
2
√
ac1 ParabolicCylinderD

(
2,
√
2
√
ax
)

ParabolicCylinderD
(
−2, i

√
2
√
ax
)
+ c1 ParabolicCylinderD

(
1,
√
2
√
ax
)

y(x) →
√
2
√
aParabolicCylinderD

(
2,
√
2
√
ax
)

ParabolicCylinderD
(
1,
√
2
√
ax
) − ax
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2.3 problem 3
Internal problem ID [10333]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = a2x2 + bx+ c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 393� �
dsolve(diff(y(x),x)=y(x)^2+a^2*x^2+b*x+c,y(x), singsol=all)� �
y(x)

=
−48

(
ia3 − 1

3a
2c+ 1

12b
2) (a2x+ b

2

)2
c1 hypergeom

([
4ia2c+28a3−ib2

16a3

]
,
[5
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 48c1a3

(
ia4x2 + ia2bx+ 1

4ib
2 − a3

)
hypergeom

([
4ia2c+12a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ 24

(
a2x+ b

2

) ((
−ia3 + a2c− 1

4b
2) hypergeom([4ia2c+20a3−ib2

16a3

]
,
[3
2

]
,
i
(
2a2x+b

)2
4a3

)
+ ia3 hypergeom

([
4ia2c+4a3−ib2

16a3

]
,
[1
2

]
,
i
(
2a2x+b

)2
4a3

))
48

(a2x+ b
2

)
c1 hypergeom

([4ia2c+12a3−ib2

16a3
]
,
[3
2

]
, i(2a

2x+b)2
4a3

)
+

hypergeom
([

4ia2c+4a3−ib2
16a3

]
,
[ 1
2
]
,
i
(
2a2x+b

)2
4a3

)
2

 a4
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3 Solution by Mathematica
Time used: 1.582 (sec). Leaf size: 664� �
DSolve[y'[x]==y[x]^2+a^2*x^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2i
√
2a2xParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ 4(−1)3/4a3/2 ParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
+ 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ i

√
2bParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)(
2xa2+b

)
a3/2

)
+ 4 4

√
−1a3/2c1 ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
− i

√
2c1(2a2x+ b) ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
2
√
2a
(
ParabolicCylinderD

(
1
8

(
− ib2

a3
+ 4ic

a
− 4
)
,−

( 1
2−

i
2
)
(2xa2+b)

a3/2

)
+ c1 ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

))
y(x) →

(1 + i)
√
aParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

) − i(2a2x+ b)
2a

y(x) →
(1 + i)

√
aParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
+ 4
)
,
( 1
2+

i
2
)(
2xa2+b

)
a3/2

)
ParabolicCylinderD

(
1
8

(
ib2

a3
− 4ic

a
− 4
)
,
( 1
2+

i
2
)
(2xa2+b)

a3/2

) − i(2a2x+ b)
2a
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2.4 problem 4
Internal problem ID [10334]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Riccati, _special]]

y′ − ay2 = b xn

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 207� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x^n,y(x), singsol=all)� �
y(x)

=
BesselJ

(
3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1c1 + BesselY

(
3+n
n+2 ,

2
√
ab x

n
2 +1

n+2

)√
ab x

n
2+1 − c1 BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
− BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
xa
(
c1 BesselJ

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

)
+ BesselY

(
1

n+2 ,
2
√
ab x

n
2 +1

n+2

))
3 Solution by Mathematica
Time used: 0.696 (sec). Leaf size: 605� �
DSolve[y'[x]==a*y[x]^2+b*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

√
a
√
bx

n
2+1Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 − 1, 2
√
a
√
bx

n
2 +1

n+2

)
−

√
a
√
bx

n
2+1Gamma

(
1 + 1

n+2

)
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
−

√
a
√
bc1x

n
2+1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
bx

n
2 +1

n+2

)
+
√
a
√
bc1x

n
2+1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
2ax

(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

))

y(x) →

√
a
√
bxn/2

(
BesselJ

(
n+1
n+2 ,

2
√
a
√

bx
n
2 +1

n+2

)
−BesselJ

(
−n+3

n+2 ,
2
√

a
√
bx

n
2 +1

n+2

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
bx

n
2 +1

n+2

) − 1
x

2a
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2.5 problem 5
Internal problem ID [10335]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = an xn−1 − a2x2n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 388� �
dsolve(diff(y(x),x)=y(x)^2+a*n*x^(n-1)-a^2*x^(2*n),y(x), singsol=all)� �
y(x)

=
−3(n+ 2) c1

((1
3n

2 + n+ 2
3

)
x− 3n

2 + ax x−n
2
(
n+ 4

3

))
e

ax xn

n+1 WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,−

2ax xn

n+1

)
+ 2c1e

ax xn

n+1 (n+ 1)
((

−1
2n

2 − 3
2n− 1

)
x− 3n

2 + xa
((
−n

2 − 1
)
x−n

2 + ax x
n
2
))

WhittakerM
(
− n

2n+2 ,
2n+3
2n+2 ,−

2ax xn

n+1

)
+ 2(n+ 2)2 c1

(
n+ 3

2

)
e

2ax xn

n+1 x− 3n
2
(
−2ax xn

n+1

) 3n+4
2n+2 + 2x2a xn

2
(
−

e
ax xn
n+1 x− 3n

2 c1(n+2)2 WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,−

2ax xn

n+1

)
2 + c1

((
−n

2 − 1
)
x− 3n

2 + ax x−n
2

)
e

ax xn

n+1 (n+ 1)WhittakerM
(
− n

2n+2 ,
2n+3
2n+2 ,−

2ax xn

n+1

)
+ x

)
x

3 Solution by Mathematica
Time used: 1.61 (sec). Leaf size: 227� �
DSolve[y'[x]==y[x]^2+a*n*x^(n-1)-a^2*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
2

1
n+1 (n+ 1)

(
−axn+1

n+1

) 1
n+1
(
axn − c1e

2axn+1
n+1

)
− ac1x

n+1Γ
(

1
n+1 ,−

2axn+1

n+1

)
2

1
n+1 (n+ 1)

(
−axn+1

n+1

) 1
n+1 − c1xΓ

( 1
n+1 ,−

2axn+1

n+1

)
y(x) →

2
1

n+1 (n+ 1)e
2axn+1

n+1

(
−axn+1

n+1

) 1
n+1

xΓ
( 1
n+1 ,−

2axn+1

n+1

) + axn
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2.6 problem 6
Internal problem ID [10336]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − ay2 = b x2n + c xn−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 357� �
dsolve(diff(y(x),x)=a*y(x)^2+b*x^(2*n)+c*x^(n-1),y(x), singsol=all)� �
y(x) =

−

((
n
2 + 1

)√
b− ic

√
a

2

)
WhittakerM

(
− (−2n−2)

√
b+ic

√
a√

b (2n+2) , 1
2n+2 ,

2i
√
a
√
b x xn

n+1

)
−
√
b c1(n+ 1)WhittakerW

(
− (−2n−2)

√
b+ic

√
a√

b (2n+2) , 1
2n+2 ,

2i
√
a
√
b x xn

n+1

)
+
(
WhittakerW

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

)
c1 +WhittakerM

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

))(
−

√
b n
2 + i

√
a
(
xxnb+ c

2

))
√
b
(
WhittakerW

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

)
c1 +WhittakerM

(
− i

√
a c√

b (2n+2) ,
1

2n+2 ,
2i
√
a
√
b x xn

n+1

))
ax
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3 Solution by Mathematica
Time used: 1.818 (sec). Leaf size: 982� �
DSolve[y'[x]==a*y[x]^2+b*x^(2*n)+c*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

xn

(
√
bc1(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

)
+ c1

(√
ac(n+ 1) +

√
b
√

−(n+ 1)2n
)
HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
3n+2
n+1

)
, n
n+1 + 1, 2

√
a
√
bxn+1√

−(n+1)2

)
+
√
b(n+ 1)

√
−(n+ 1)2

(
L
− 1

n+1

−
√
ac

2
√

b
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
bxn+1√

−(n+1)2

)
+ 2L

n
n+1

−
√
ac

2
√
b
√

−(n+1)2
− 3n+2

2n+2

(
2
√
a
√
bxn+1√

−(n+1)2

)))
√
a(n+ 1)2

(
L
− 1

n+1

−
√
ac

2
√
b
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
bxn+1√

−(n+1)2

)
+ c1HypergeometricU

(
1
2

( √
ac√

b
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

))
y(x)

→

xn

−

(√
ac(n+1)+

√
b
√

−(n+1)2n
)
HypergeometricU

(
1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1+2
)
, n
n+1+1, 2

√
a
√
bxn+1√

−(n+1)2

)

HypergeometricU
(

1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

) −
√
b
√

−(n+ 1)2(n+ 1)


√
a(n+ 1)2

y(x)

→

xn

−

(√
ac(n+1)+

√
b
√

−(n+1)2n
)
HypergeometricU

(
1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1+2
)
, n
n+1+1, 2

√
a
√
bxn+1√

−(n+1)2

)

HypergeometricU
(

1
2

(
√
ac

√
b
√

−(n+1)2
+ n

n+1

)
, n
n+1 ,

2
√
a
√
bxn+1√

−(n+1)2

) −
√
b
√

−(n+ 1)2(n+ 1)


√
a(n+ 1)2
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2.7 problem 7
Internal problem ID [10337]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_homogeneous, ‘class G‘], _Riccati]

y′ − a xny2 = b x−n−2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 62� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^(-n-2),y(x), singsol=all)� �

y(x) = −
x−n−1

(
n+ 1− tan

(√
4ab−n2−2n−1 (ln(x)−c1)

2

)√
4ab− n2 − 2n− 1

)
2a

3 Solution by Mathematica
Time used: 0.778 (sec). Leaf size: 135� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^(-n-2),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−n−1

(
−
(√

(n+ 1)2 − 4ab+ n+ 1
)
x
√

(n+1)2−4ab + c1
(√

(n+ 1)2 − 4ab− n− 1
))

2a
(
x
√

(n+1)2−4ab + c1
)

y(x) →
x−n−1

(√
(n+ 1)2 − 4ab− n− 1

)
2a
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2.8 problem 8
Internal problem ID [10338]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 = b xm

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 170� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m,y(x), singsol=all)� �
y(x)

=
x−n

2+
m
2
√
ab
(
BesselY

(
1+m

n+m+2 ,
2
√
ab x

n
2 +m

2 +1

n+m+2

)
c1 + BesselJ

(
1+m

n+m+2 ,
2
√
ab x

n
2 +m

2 +1

n+m+2

))
a
(
BesselY

(
−n−1
n+m+2 ,

2
√
ab x

n
2 +m

2 +1

n+m+2

)
c1 + BesselJ

(
−n−1
n+m+2 ,

2
√
ab x

n
2 +m

2 +1

n+m+2

))
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3 Solution by Mathematica
Time used: 2.978 (sec). Leaf size: 1805� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a−

2m+3n+5
2(m+n+2) b−

n+1
2(m+n+2) (m+ n+ 1)

n+1
m+n+2 ((m+ n+ 1)2)

n+1
m+n+2−

1
2 x−n−1(xm+n+1)−

n+1
2(m+n+1)

(
a

n+1
2(m+n+2) b

n+1
2(m+n+2) (m+ n+ 1)−

n+1
m+n+2 (m+ n+ 2)

(
−
√
a
√
b(m+ n+ 1)BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
(xm+n+1)

1
2

(
1+ 1

m+n+1

)
+
√
a
√
b(m+ n+ 1)BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
(xm+n+1)

1
2

(
1+ 1

m+n+1

)
+ (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
c1Gamma

(
m+1

m+n+2

)
(xm+n+1)

n+1
2(m+n+1) + a

n+1
2(m+n+2) b

n+1
2(m+n+2) (n+ 1)2(m+ n+ 1)

n+1
m+n+2 ((m+ n+ 1)2)

m−n
2(m+n+2) BesselJ

(
n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
Gamma

(
n+1

m+n+2

)
(xm+n+1)

n+1
2(m+n+1) + a

m+2n+3
2(m+n+2) b

m+2n+3
2(m+n+2) (n+ 1)(m+ n+ 1)

m+2n+3
m+n+2 ((m+ n+ 1)2)−

n+1
m+n+2

(
BesselJ

(
− m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− BesselJ

(
n+1

m+n+2 + 1, 2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
Gamma

(
n+1

m+n+2

)
(xm+n+1)

m+2n+3
2(m+n+1)

)
2
(
(m+ n+ 2)BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
c1Gamma

(
m+1

m+n+2

)
((m+ n+ 1)2)

n+1
m+n+2 + (n+ 1)(m+ n+ 1)

2(n+1)
m+n+2 BesselJ

(
n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
Gamma

(
n+1

m+n+2

))
y(x)

→
x−n−1

(
√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
−

√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
2a
√

(m+ n+ 1)2 BesselJ
(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
y(x)

→
x−n−1

(
√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
m+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
−

√
a
√
b(m+ n+ 1) (xm+n+1)

1
2

(
1

m+n+1+1
)
BesselJ

(
−m+2n+3

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
− (n+ 1)

√
(m+ n+ 1)2 BesselJ

(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)

(
xm+n+1) 12(1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

))
2a
√

(m+ n+ 1)2 BesselJ
(
− n+1

m+n+2 ,
2
√
a
√
b(m+n+1)(xm+n+1)

1
2
(
1+ 1

m+n+1
)

√
(m+n+1)2(m+n+2)

)
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2.9 problem 9
Internal problem ID [10339]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = k(xa+ b)n (cx+ d)−n−4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+k*(a*x+b)^n*(c*x+d)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+k*(a*x+b)^n*(c*x+d)^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.10 problem 10
Internal problem ID [10340]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 = bmxm−1 − a b2xn+2m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 522� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*m*x^(m-1)-a*b^2*x^(n+2*m),y(x), singsol=all)� �
y(x)

=

x−n−1

−
3
(
ab
(
m+ 4n

3 + 4
3
)
xn+1−m

2 +x
− 3m

2 (m+2n+2)(1+m+n)
3

)
c1(m+2n+2)e

ab x1+m+n

1+m+n WhittakerM
(

m+2n+2
2n+2m+2 ,

2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
2 +

(
a2b2x2n+2+m

2 −
(
xn+1−m

2 ab+x− 3m
2 (1+m+n)

)
(m+2n+2)

2

)
(1 +m+ n) c1e

ab x1+m+n

1+m+n WhittakerM
(
− m

2n+2m+2 ,
2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
+ e

2ab x1+m+n

1+m+n
(
m+ 3n

2 + 3
2

)
c1(m+ 2n+ 2)2 x− 3m

2

(
−2ab x1+m+n

1+m+n

) 3m+4n+4
2n+2m+2 + ab xm+2n+2


(
−

e
ab x1+m+n

1+m+n x− 3m
2 c1(m+2n+2)2 WhittakerM

(
m+2n+2
2n+2m+2 ,

2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
2 + (1 +m+ n) c1

(
xn+1−m

2 ab− x− 3m
2 (m+2n+2)

2

)
e

ab x1+m+n

1+m+n WhittakerM
(
− m

2n+2m+2 ,
2m+3n+3
2n+2m+2 ,−

2ab x1+m+n

1+m+n

)
+ xn+1

)
a
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3 Solution by Mathematica
Time used: 2.322 (sec). Leaf size: 306� �
DSolve[y'[x]==a*x^n*y[x]^2+b*m*x^(m-1)-a*b^2*x^(n+2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2

n+1
m+n+1 (m+ n+ 1)

(
−abxm+n+1

m+n+1

) n+1
m+n+1

(
abxm − c1e

2abxm+n+1
m+n+1

)
− abc1x

m+n+1Γ
(

n+1
m+n+1 ,−

2abxm+n+1

m+n+1

)
a
(
2

n+1
m+n+1 (m+ n+ 1)

(
−abxm+n+1

m+n+1

) n+1
m+n+1 − c1xn+1Γ

(
n+1

m+n+1 ,−
2abxm+n+1

m+n+1

))
y(x) → bxm −

b2
n+1

m+n+1xme
2abxm+n+1

m+n+1

(
−abxm+n+1

m+n+1

)− m
m+n+1

Γ
(

n+1
m+n+1 ,−

2abxm+n+1

m+n+1

)
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2.11 problem 11
Internal problem ID [10341]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ −
(
a x2n + b xn−1) y2 = c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1237� �
dsolve(diff(y(x),x)=(a*x^(2*n)+b*x^(n-1))*y(x)^2+c,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 2.128 (sec). Leaf size: 1384� �
DSolve[y'[x]==(a*x^(2*n)+b*x^(n-1))*y[x]^2+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
c(n+ 1)2x−n

(
L
− 1

n+1

−
√
cb

2
√

a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ c1HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

))
√
ac1(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+ c1

(√
a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
3n+2
n+1

)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
+
√
a(n+ 1)

√
−(n+ 1)2

(
L
− 1

n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ 2L

n
n+1

−
√
cb

2
√

a
√

−(n+1)2
− 3n+2

2n+2

(
2
√
a
√
cxn+1√

−(n+1)2

))
y(x)

→

√
c(n+ 1)2x−nHypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
√
a(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+
(√

a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1 + 2
)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
y(x)

→

√
c(n+ 1)2x−nHypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
√
a(n+ 1)

√
−(n+ 1)2HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1

)
, n
n+1 ,

2
√
a
√
cxn+1√

−(n+1)2

)
+
(√

a
√

−(n+ 1)2n+ b
√
c(n+ 1)

)
HypergeometricU

(
1
2

( √
cb√

a
√

−(n+1)2 +
n

n+1 + 2
)
, n
n+1 + 1, 2

√
a
√
cxn+1√

−(n+1)2

)
y(x)

→

√
c(n+ 1)x−nL

− 1
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

)
√
a
√

−(n+ 1)2
(
2L

n
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)−1

(
2
√
a
√
cxn+1√

−(n+1)2

)
+ L

− 1
n+1

−
√
cb

2
√
a
√

−(n+1)2
− n

2(n+1)

(
2
√
a
√
cxn+1√

−(n+1)2

))
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2.12 problem 12
Internal problem ID [10342]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(a2x+ b2)
(
y′ + λy2

)
= −a0x− b0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 461� �
dsolve((a__2*x+b__2)*(diff(y(x),x)+lambda*y(x)^2)+a__0*x+b__0=0,y(x), singsol=all)� �
y(x) =

−

(
c1λ(a0b2−a2b0)KummerU

(
−
√

−a2λa0 a0b2−
√

−a2λa0 a2b0−2a0a
2
2

2a0a22
,1, 2(a2x+b2)

√
−a2λa0

a22

)
2 +

√
−a2λa0 a2

(
c1KummerU

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
+ λKummerM

(
−

√
−a2λa0 a0b2−

√
−a2λa0 a2b0−2a0a22

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
+KummerM

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
λ
))

a0(
c1
√
−a2λa0 (a0b2−a2b0)KummerU

(
−
√

−a2λa0 a0b2−
√

−a2λa0 a2b0−2a0a22
2a0a22

,1, 2(a2x+b2)
√

−a2λa0
a22

)
2 + a0a22

(
KummerM

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
λ+ c1KummerU

(
−

√
−a2λa0 (a0b2−a2b0)

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)
− λKummerM

(
−

√
−a2λa0 a0b2−

√
−a2λa0 a2b0−2a0a22

2a0a22
, 1, 2(a2x+b2)

√
−a2λa0

a22

)))
λ
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3 Solution by Mathematica
Time used: 1.895 (sec). Leaf size: 690� �
DSolve[(a2*x+b2)*(y'[x]+\[Lambda]*y[x]^2)+a0*x+b0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
c1
√
λ(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0a23/2

(
c1HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ 2LaguerreL

(
i(a0b2−a2b0)√λ

2
√
a0a23/2 − 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ L−1

i(a0b2−a2b0)√λ

2
√
a0a23/2

(
2i
√
a0(b2+a2x)√λ

a23/2

))

a22
√
λ

(
c1HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
+ L−1

i(a0b2−a2b0)√λ

2
√
a0a23/2

(
2i
√
a0(b2+a2x)√λ

a23/2

))

y(x) →
(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
a22HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0

√
a2
√
λ

y(x) →
(a2b0− a0b2)HypergeometricU

(
i
√
λ(a2b0−a0b2)
2
√
a0a23/2 + 1, 1, 2i

√
a0(b2+a2x)√λ

a23/2

)
a22HypergeometricU

(
i(a2b0−a0b2)√λ

2
√
a0a23/2 , 0, 2i

√
a0(b2+a2x)√λ

a23/2

)
− i

√
a0

√
a2
√
λ
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2.13 problem 13
Internal problem ID [10343]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class G‘], _rational, [_Riccati, _special]]

x2y′ − a x2y2 = b

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 40� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b,y(x), singsol=all)� �

y(x) =
−1 + tan

(√
4ab−1 (ln(x)−c1)

2

)√
4ab− 1

2ax

3 Solution by Mathematica
Time used: 0.292 (sec). Leaf size: 77� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
−1 +

√
1− 4ab

(
−1 + 2c1

x
√
1−4ab+c1

)
2ax

y(x) →
√
1− 4ab− 1

2ax
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2.14 problem 14
Internal problem ID [10344]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − x2y2 = −a2x4 + a(1− 2b)x2 − b(b+ 1)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 84� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2-a^2*x^4+a*(1-2*b)*x^2-b*(b+1),y(x), singsol=all)� �
y(x) =

−2(−a x2)b−
1
2 ea x2

c1a x
2 +

(
−c1Γ

(
b+ 1

2

)
+ c1Γ

(
b+ 1

2 ,−a x2)− 1
)
(a x2 + b)

x
(
−c1Γ

(
b+ 1

2

)
+ c1Γ

(
b+ 1

2 ,−a x2
)
− 1
)

3 Solution by Mathematica
Time used: 1.225 (sec). Leaf size: 128� �
DSolve[x^2*y'[x]==x^2*y[x]^2-a^2*x^4+a*(1-2*b)*x^2-b*(b+1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x2b+1(ax2 + b) Γ

(
b+ 1

2 ,−ax2)− 2(−ax2)b+
1
2
(
−eax

2
x2b+1 + c1(ax2 + b)

)
x2b+2Γ

(
b+ 1

2 ,−ax2
)
− 2c1x (−ax2)b+

1
2

y(x) → ax+ b

x

33



2.15 problem 15
Internal problem ID [10345]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − a x2y2 = b xn + c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 220� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x^n+c,y(x), singsol=all)� �
y(x)

=
2
√
ab
(
BesselY

(√
−4ac+1

n
+ 1, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
+ 1, 2

√
ab x

n
2

n

))
x

n
2 −

(√
−4ac+ 1 + 1

) (
BesselY

(√
−4ac+1

n
, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
, 2

√
ab x

n
2

n

))
2xa

(
BesselY

(√
−4ac+1

n
, 2

√
ab x

n
2

n

)
c1 + BesselJ

(√
−4ac+1

n
, 2

√
ab x

n
2

n

))
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3 Solution by Mathematica
Time used: 1.898 (sec). Leaf size: 1779� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x^n+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−a

i
√
4ac−1
n

+ 1
2n

2
√

(1−4ac)n2

n2 +1(xn)
i
√
4ac−1
n

+1 BesselJ
(√

(1−4ac)n2

n2 − 1, 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√
4ac−1
n

+ 1
2 + a

i
√
4ac−1
n

+ 1
2n

2
√

(1−4ac)n2

n2 +1(xn)
i
√
4ac−1
n

+1 BesselJ
(√

(1−4ac)n2

n2 + 1, 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√
4ac−1
n

+ 1
2 − a

i
√

4ac−1
n n

2
√

(1−4ac)n2

n2 +1(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n − ia

i
√

4ac−1
n

√
4ac− 1n

2
√

(1−4ac)n2

n2 +1(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n + a

i
√

4ac−1
n n

2
√

(1−4ac)n2

n2
√

(1− 4ac)n2(xn)
i
√

4ac−1
n

+ 1
2 BesselJ

(√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
b

i
√

4ac−1
n − a

√
(1−4ac)n2

n2 n
2i

√
4ac−1
n

(
−i

√
4ac− 1n+ n+

√
(1− 4ac)n2

)
(xn)

√
(1−4ac)n2

n2 + 1
2 BesselJ

(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 − a

√
(1−4ac)n2

n2 + 1
2n

2i
√
4ac−1
n

+1(xn)
√

(1−4ac)n2

n2 +1 BesselJ
(
−
√

(1−4ac)n2

n2 − 1, 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 + 1
2 + a

√
(1−4ac)n2

n2 + 1
2n

2i
√

4ac−1
n

+1(xn)
√

(1−4ac)n2

n2 +1 BesselJ
(
1−

√
(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
b

√
(1−4ac)n2

n2 + 1
2

2anx
√
xn

(
a

i
√

4ac−1
n b

i
√
4ac−1
n n

2
√

(1−4ac)n2

n2 BesselJ
(√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
Gamma

(
n+

√
1−4ac
n

)
(xn)

i
√

4ac−1
n + a

√
(1−4ac)n2

n2 b

√
(1−4ac)n2

n2 n
2i

√
4ac−1
n BesselJ

(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

)
c1Gamma

(
1−

√
1−4ac
n

)
(xn)

√
(1−4ac)n2

n2

)
y(x)

→

√
a
√
b
√
xn

(
BesselJ

(
1−

√
(1−4ac)n2

n2 , 2
√
a
√

b
√
xn

n

)
−BesselJ

(
−
√

(1−4ac)n2

n2 −1, 2
√
a
√
b
√
xn

n

))

BesselJ
(
−
√

(1−4ac)n2

n2 , 2
√
a
√
b
√
xn

n

) −
√

n2(1−4ac)
n

+ i
√
4ac− 1− 1

2ax
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2.16 problem 16
Internal problem ID [10346]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − x2y2 = a x2m(b xm + c)n − n2

4 + 1
4

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*x^(2*m)*(b*x^m+c)^n+1/4*(1-n^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*x^(2*m)*(b*x^m+c)^n+1/4*(1-n^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.17 problem 17
Internal problem ID [10347]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
c2x

2 + b2x+ a2
) (

y′ + λy2
)
= −a0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 1127� �
dsolve((c__2*x^2+b__2*x+a__2)*(diff(y(x),x)+lambda*y(x)^2)+a__0=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 5.964 (sec). Leaf size: 1046� �
DSolve[(c2*x^2+b2*x+a2)*(y'[x]+\[Lambda]*y[x]^2)+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(b2+ 2c2x)

8c2
(
b22 − 4a2c2

)
G2,0

2,2

−4c2(a2+x(b2+c2x))
b22

−4a2c2 |
1
4 −

√c2−4a0λ
4
√
c2 , 14

(√c2−4a0λ√
c2 + 1

)
0, 0

+ c1

(
8c2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
+
(√

c2(c2− 4a0λ)− 3c2
)(√

c2(c2− 4a0λ) + 3c2
)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)2G2,0
2,2

−4c2(a2+x(b2+c2x))
b22

−4a2c2 |
1
4

(
5−

√c2−4a0λ√
c2

)
, 14

(√c2−4a0λ√
c2 + 5

)
0, 1

−
4c2c1(a2+x(b2+c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)

4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2
)
,2,− 4c2(a2+x(b2+c2x))

b22
−4a2c2

)
4a2c2−b22


y(x)

→
(b2+ 2c2x)

(
2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
− (a0λ+ 2c2)(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
y(x)

→
(b2+ 2c2x)

(
2
(
b22 − 4a2c2

)
Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
− (a0λ+ 2c2)(a2+ x(b2+ c2x))Hypergeometric2F1

(
7c2+

√
c2(c2−4a0λ)
4c2 , 14

(
7−

√
c2(c2−4a0λ)

c2

)
, 3,−4c2(a2+x(b2+c2x))

b22
−4a2c2

))
2λ
(
b22 − 4a2c2

)
(a2+ x(b2+ c2x))Hypergeometric2F1

(
3c2+

√
c2(c2−4a0λ)
4c2 , 14

(
3−

√
c2(c2−4a0λ)

c2

)
, 2,−4c2(a2+x(b2+c2x))

b22
−4a2c2

)
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2.18 problem 18
Internal problem ID [10348]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Riccati, _special]]

x4y′ + x4y2 = −a2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x^4*diff(y(x),x)=-x^4*y(x)^2-a^2,y(x), singsol=all)� �

y(x) =
−a tan

(
a(c1x−1)

x

)
+ x

x2

3 Solution by Mathematica
Time used: 1.107 (sec). Leaf size: 87� �
DSolve[x^4*y'[x]==-x^4*y[x]^2-a^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −2ia2c1e
2ia
x + 2ac1xe

2ia
x + a− ix

x2
(
2ac1e

2ia
x − i

)
y(x) → x− ia

x2
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2.19 problem 19
Internal problem ID [10349]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

a x2(x− 1)2
(
y′ + λy2

)
= −b x2 − cx− s

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1087� �
dsolve(a*x^2*(x-1)^2*(diff(y(x),x)+lambda*y(x)^2)+b*x^2+c*x+s=0,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*x^2*(x-1)^2*(y'[x]+\[Lambda]*y[x]^2)+b*x^2+c*x+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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2.20 problem 20
Internal problem ID [10350]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a x2 + bx+ c

)2 (
y′ + y2

)
= −A

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 493� �
dsolve((a*x^2+b*x+c)^2*(diff(y(x),x)+y(x)^2)+A=0,y(x), singsol=all)� �
y(x)

=

2

c1

(
i
√

−4ac+b2−4A
a2

a
√
4ac− b2 − 2

√
−4ac+ b2

(
b
2 + ax

))(−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
−4ac+b2−4A

a2
2
√

−4ac+b2 −
(
i
√

−4ac+b2−4A
a2

a
√
4ac− b2 + 2

√
−4ac+ b2

(
b
2 + ax

))(−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

 a

√
−4ac+ b2

(
i
√
4ac− b2 + 2ax+ b

) (
−b+ i

√
4ac− b2 − 2ax

)c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
−4ac+b2−4A

a2
2
√

−4ac+b2 +
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2
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3 Solution by Mathematica
Time used: 5.579 (sec). Leaf size: 743� �
DSolve[(a*x^2+b*x+c)^2*(y'[x]+y[x]^2)+A==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
b2c1

(
− exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

))
+ bc1

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 4Ac1 exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 4acc1 exp

(
2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+ 2ac1x

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

)
+
√
b2 − 4ac

√
1− 4A

b2−4ac + 2ax+ b

2(x(ax+ b) + c)
(
1 + c1

√
b2 − 4ac

√
1− 4A

b2−4ac exp
(

2
√
4ac−b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2−4ac

))

y(x) →
2ax

√
b2 − 4ac

√
1− 4A

b2−4ac + b
√
b2 − 4ac

√
1− 4A

b2−4ac + 4ac+ 4A− b2

2
√
b2 − 4ac

√
1− 4A

b2−4ac(x(ax+ b) + c)
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2.21 problem 21
Internal problem ID [10351]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

xn+1y′ − x2ny2a = c xm + d

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 235� �
dsolve(x^(n+1)*diff(y(x),x)=a*x^(2*n)*y(x)^2+c*x^m+d,y(x), singsol=all)� �
y(x) =

−
x−n
(
−2

√
ac
(
BesselY

(√
−4ad+n2

m
+ 1, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
+ 1, 2

√
ac x

m
2

m

))
x

m
2 +

(
BesselY

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)) (√
−4ad+ n2 + n

))
2a
(
BesselY

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+n2

m
, 2

√
ac x

m
2

m

))
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3 Solution by Mathematica
Time used: 2.124 (sec). Leaf size: 1890� �
DSolve[x^(n+1)*y'[x]==a*x^(2*n)*y[x]^2+c*x^m+d,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

x−n

a
√

n2−4ad
m m

2
√

m2
(
n2−4ad

)
m2

(√
m2 (n2 − 4ad)−m

(
n+

√
n2 − 4ad

))
(xm)

√
n2−4ad

m
+ 1

2 BesselJ
(√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m − a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

+1n(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

+1√n2 − 4ad(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 − a

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m

√
m2 (n2 − 4ad)(xm)

√
m2
(
n2−4ad

)
m2 + 1

2 BesselJ
(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + a

√
n2−4ad

m
+ 1

2m
m2+2

√
m2
(
n2−4ad

)
m2 (xm)

m+
√

n2−4ad
m BesselJ

(
m2+

√
m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m

+ 1
2 − a

√
n2−4ad

m
+ 1

2m
m2+2

√
m2
(
n2−4ad

)
m2 (xm)

m+
√

n2−4ad
m BesselJ

(√
m2(n2−4ad)

m2 − 1, 2
√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
c
√

n2−4ad
m

+ 1
2 − a

√
m2
(
n2−4ad

)
m2 + 1

2m
2
√

n2−4ad
m

+1(xm)
m2+

√
m2
(
n2−4ad

)
m2 BesselJ

(
−
√

m2(n2−4ad)
m2 − 1, 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + 1

2 + a

√
m2
(
n2−4ad

)
m2 + 1

2m
2
√

n2−4ad
m

+1(xm)
m2+

√
m2
(
n2−4ad

)
m2 BesselJ

(
1−

√
m2(n2−4ad)

m2 , 2
√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
c

√
m2
(
n2−4ad

)
m2 + 1

2


2am

√
xm

a
√

n2−4ad
m c

√
n2−4ad

m m
2
√

m2
(
n2−4ad

)
m2 BesselJ

(√
m2(n2−4ad)

m2 , 2
√
a
√
c
√
xm

m

)
Gamma

(
m+

√
n2−4ad
m

)
(xm)

√
n2−4ad

m + a

√
m2
(
n2−4ad

)
m2 c

√
m2
(
n2−4ad

)
m2 m

2
√

n2−4ad
m BesselJ

(
−
√

m2(n2−4ad)
m2 , 2

√
a
√
c
√
xm

m

)
c1Gamma

(
1−

√
n2−4ad
m

)
(xm)

√
m2
(
n2−4ad

)
m2


y(x)

→

x−n


√
a
√
c
√
xm

BesselJ

1−

√
m2
(
n2−4ad

)
m2 , 2

√
a
√
c
√
xm

m

−BesselJ

−

√
m2
(
n2−4ad

)
m2 −1, 2

√
a
√
c
√
xm

m


BesselJ

−

√
m2
(
n2−4ad

)
m2 , 2

√
a
√
c
√
xm

m

 −
√

m2(n2−4ad)
m

+
√
n2 − 4ad− n


2a
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2.22 problem 22
Internal problem ID [10352]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(xna+ b) y′ − by2 = a x−2+n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve((a*x^n+b)*diff(y(x),x)=b*y(x)^2+a*x^(n-2),y(x), singsol=all)� �
y(x)

=

(
a xn+b

b

) 2
n

(
anc1(a2x3n + 2ab x2n + b2xn) hypergeom

([
2, n+1

n

]
,
[2n−1

n

]
,−a xn

b

)
− (n− 1) b

(
ac1(a x2n + b xn) hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
+
(
a xn+b

b

)− 2
n b(xn+1a+ bx)

))
b2 (n− 1)x (a xn + b)

(
x+ hypergeom

([
1, 1

n

]
,
[
n−1
n

]
,−a xn

b

)
c1
(
a xn+b

b

) 2
n

)
3 Solution by Mathematica
Time used: 1.899 (sec). Leaf size: 289� �
DSolve[(a*x^n+b)*y'[x]==b*y[x]^2+a*x^(n-2),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−b2(−1) 1

n (n− 1)
(
−axn

b

) 1
n − abc1(n− 1)xn

(
axn

b
+ 1
)2/nHypergeometric2F1

(
1, 1

n
, n−1

n
,−axn

b

)
+ ac1nx

n(axn + b)
(
axn

b
+ 1
)2/nHypergeometric2F1

(
2, 1 + 1

n
, 2− 1

n
,−axn

b

)
b2(n− 1)x

(
(−1) 1

n

(
−axn

b

) 1
n + c1

(
axn

b
+ 1
)2/nHypergeometric2F1

(
1, 1

n
, n−1

n
,−axn

b

))

y(x) →
axn−1

(
n(axn+b)Hypergeometric2F1

(
2,1+ 1

n
,2− 1

n
,−axn

b

)
Hypergeometric2F1

(
1, 1

n
,n−1

n
,−axn

b

) + b(−n) + b

)
b2(n− 1)
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2.23 problem 23
Internal problem ID [10353]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(xna+ b xm + c)
(
y′ − y2

)
= −an(n− 1)x−2+n − bm(m− 1)xm−2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 141� �
dsolve((a*x^n+b*x^m+c)*(diff(y(x),x)-y(x)^2)+a*n*(n-1)*x^(n-2)+b*m*(m-1)*x^(m-2)=0,y(x), singsol=all)� �
y(x)

=
−(an xn + bmxm) (a xn + b xm + c)

(∫ 1
(a xn+b xm+c)2dx

)
− x2mc1b

2m− b(a(n+m)xn + cm) c1xm − x2nc1a
2n− xnc1acn− x

(a xn + b xm + c)2 x
(
c1 +

∫ 1
(a xn+b xm+c)2dx

)
3 Solution by Mathematica
Time used: 35.099 (sec). Leaf size: 201� �
DSolve[(a*x^n+b*x^m+c)*(y'[x]-y[x]^2)+a*n*(n-1)*x^(n-2)+b*m*(m-1)*x^(m-2)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
c1

(
(anxn+bmxm)

∫ x
1

1
(bK[1]m+aK[1]n+c)2

dK[1]

x
+ 1

axn+bxm+c

)
+ anxn−1 + bmxm−1

(axn + bxm + c)
(
1 + c1

∫ x

1
1

(bK[1]m+aK[1]n+c)2dK[1]
)

y(x) → −
1∫ x

1
1

(bK[1]m+aK[1]n+c)2
dK[1] +

(anxn+bmxm)(axn+bxm+c)
x

(axn + bxm + c)2
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2.24 problem 24
Internal problem ID [10354]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − ay2 − yb = cx+ k

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 194� �
dsolve(diff(y(x),x)=a*y(x)^2+b*y(x)+c*x+k,y(x), singsol=all)� �
y(x)

=
2
√
a
(

c√
a

) 1
3

(
AiryAi

(
1,−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
c1 +AiryBi

(
1,−a(cx+k)− b2

4(
c√
a

) 2
3 a

))
− b

(
c1AiryAi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
+AiryBi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

))

2a
(
c1AiryAi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

)
+AiryBi

(
−a(cx+k)− b2

4(
c√
a

) 2
3 a

))

47



3 Solution by Mathematica
Time used: 0.51 (sec). Leaf size: 359� �
DSolve[y'[x]==a*y[x]^2+b*y[x]+c*x+k,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
c
(
−b(−ac)2/3AiryBi

(
b2−4a(k+cx)
4(−ac)2/3

)
+ 2acAiryBiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
+ c1

(
2acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
− b(−ac)2/3AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

)))
2(−ac)5/3

(
AiryBi

(
b2−4a(k+cx)
4(−ac)2/3

)
+ c1AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

))

y(x) → −

2 3
√
−acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

) + b

2a

y(x) → −

2 3
√
−acAiryAiPrime

(
b2−4a(k+cx)
4(−ac)2/3

)
AiryAi

(
b2−4a(k+cx)
4(−ac)2/3

) + b

2a
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2.25 problem 25
Internal problem ID [10355]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a xny = a xn−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 400� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)+a*x^(n-1),y(x), singsol=all)� �
y(x)

=
−e

xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 (n+ 1)2 (xnax− n)WhittakerM

(−n−2
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
− 2n

(
−

(n+1)n e
xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 WhittakerM

(
n

2n+2 ,
2n+1
2n+2 ,−

ax xn

n+1

)
2 +

(
n+ 1

2

)
xxna

(
c1x− e

ax xn

n+1

))

x

(
e

xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 (n+ 1)2 (xnax− n)WhittakerM

(−n−2
2n+2 ,

2n+1
2n+2 ,−

ax xn

n+1

)
+ 2n

(
−

(n+1)n e
xnax
2n+2

(
−ax xn

n+1

)− n
2n+2 WhittakerM

(
n

2n+2 ,
2n+1
2n+2 ,−

ax xn

n+1

)
2 + a x2c1xn

(
n+ 1

2

)))

3 Solution by Mathematica
Time used: 2.82 (sec). Leaf size: 136� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]+a*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
−axn+1

n+1

) 1
n+1 Γ

(
− 1

n+1 ,−
axn+1

n+1

)
− (n+ 1)

(
e

axn+1
n+1 + c1x

)
x
(
−
(
−axn+1

n+1

) 1
n+1 Γ

(
− 1

n+1 ,−
axn+1

n+1

)
+ c1(n+ 1)x

)
y(x) → −1

x
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2.26 problem 26
Internal problem ID [10356]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a xny = b xn−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 267� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)+b*x^(n-1),y(x), singsol=all)� �
y(x)

=
−a(n+ 1) (a− b)KummerM

(
a(n+2)−b
a(n+1) , n+2

n+1 ,
ax xn

n+1

)
+
(
(a− b) c1KummerU

(
2+n− b

a

n+1 , n+2
n+1 ,

ax xn

n+1

)
− a
(
KummerU

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

)
c1 +KummerM

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

))
(n+ 1)

)
b

a2 (n+ 1)x
(
KummerU

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

)
c1 +KummerM

(
a−b

a(n+1) ,
n+2
n+1 ,

ax xn

n+1

))
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3 Solution by Mathematica
Time used: 0.956 (sec). Leaf size: 453� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]+b*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(xn)

1
n

(
−(−1)

1
n+1n(n+ 2)a

1
n+1 Hypergeometric1F1

(
a−b
na+a

, n+2
n+1 ,

a(xn)1+
1
n

n+1

)
+ xn

(
−(−1)

1
n+1n(a− b)a

1
n+1 (xn)

1
n Hypergeometric1F1

(
na+2a−b
na+a

, 2n+3
n+1 ,

a(xn)1+
1
n

n+1

)
+ bc1

( 1
n
+ 1
) 1

n+1 n
1

n+1 (n+ 2)Hypergeometric1F1
(

na+a−b
na+a

, 2n+1
n+1 ,

a(xn)1+
1
n

n+1

)))
n(n+ 2)x

(
(−1)

1
n+1a

1
n+1 (xn)

1
n Hypergeometric1F1

(
a−b
na+a

, n+2
n+1 ,

a(xn)1+
1
n

n+1

)
+ c1

( 1
n
+ 1
) 1

n+1 n
1

n+1 Hypergeometric1F1
(
− b

na+a
, n
n+1 ,

a(xn)1+
1
n

n+1

))

y(x) →
bxn−1(xn)

1
n Hypergeometric1F1

(
na+a−b
na+a

, 2n+1
n+1 ,

a(xn)1+
1
n

n+1

)
nHypergeometric1F1

(
− b

na+a
, n
n+1 ,

a(xn)1+
1
n

n+1

)
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2.27 problem 27
Internal problem ID [10357]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − (αx+ β) y = a x2 + bx+ c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 974� �
dsolve(diff(y(x),x)=y(x)^2+(alpha*x+beta)*y(x)+a*x^2+b*x+c,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.264 (sec). Leaf size: 1291� �
DSolve[y'[x]==y[x]^2+(\[Alpha]*x+\[Beta])*y[x]+a*x^2+b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
2b+ 4ax+

(√
α2 − 4a− α

)
(xα + β)

)
Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−

√
α2−4a

)
+2a

(
β2−4c−2α+2

√
α2−4a

)
4(α2−4a)3/2

, 12 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

)
(α2 − 4a)2 + 2(2b+ 4ax− α(xα + β))

(
2b2 − 2αβb+ α2(2c+ α−

√
α2 − 4a

)
+ 2a

(
β2 − 4c− 2α + 2

√
α2 − 4a

))
Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−5

√
α2−4a

)
+2a

(
β2−4c−2α+10

√
α2−4a

)
4(α2−4a)3/2

, 32 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

)√
α2 − 4a+ (4a− α2) c1

(
2(4a− α2)

(
2b+ 4ax+

(√
α2 − 4a− α

)
(xα + β)

)
HermiteH

(
−

−2b2+2αβb+α2
(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

)
− 2

√
2 4
√
α2 − 4a

(
2b2 − 2αβb+ α2(2c+ α−

√
α2 − 4a

)
+ 2a

(
β2 − 4c− 2α + 2

√
α2 − 4a

))
HermiteH

(
2b2−2αβb+α2

(
2c+α−3

√
α2−4a

)
+2a

(
β2−4c−2α+6

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

))
4 (α2 − 4a)5/2

(
c1HermiteH

(
−

−2b2+2αβb+α2
(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2(α2−4a)3/2

, −2b−4ax+α(xα+β)√
2(α2−4a)3/4

)
+Hypergeometric1F1

(
−

2b2−2αβb+α2
(
2c+α−

√
α2−4a

)
+2a

(
β2−4c−2α+2

√
α2−4a

)
4(α2−4a)3/2

, 12 ,
(2b+4ax−α(xα+β))2

2(α2−4a)3/2

))
y(x)

→

(4a− α2)
((√

α2 − 4a− α
)
(β + αx) + 4ax+ 2b

)
−

√
2

4
√
α2 − 4a

(
2a
(
2
√
α2−4a−2α+β2−4c

)
+α2

(
−
√
α2−4a+α+2c

)
+2b2−2αβb

)
HermiteH

 2b2−2αβb+α2(2c+α−3
√

α2−4a
)
+2a

(
β2−4c−2α+6

√
α2−4a

)
2
(
α2−4a

)3/2 ,−2b−4ax+α(xα+β)
√
2
(
α2−4a

)3/4


HermiteH

−
−2b2+2αβb+α2

(
−2c−α+

√
α2−4a

)
−2a

(
β2−4c−2α+2

√
α2−4a

)
2
(
α2−4a

)3/2 ,−2b−4ax+α(xα+β)
√

2
(
α2−4a

)3/4


2 (α2 − 4a)3/2
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2.28 problem 28
Internal problem ID [10358]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a xny = −a xnb− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 74� �
dsolve(diff(y(x),x)=y(x)^2+a*x^n*y(x)-a*b*x^n-b^2,y(x), singsol=all)� �

(b− y(x))
(∫ x e

(_ana+2b(n+1)
)_a

n+1 d_a
)
+ c1b− c1y(x)− e

(
a xn+2b(n+1)

)
x

n+1

b− y (x) = 0

3 Solution by Mathematica
Time used: 1.948 (sec). Leaf size: 195� �
DSolve[y'[x]==y[x]^2+a*x^n*y[x]-a*b*x^n-b^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ y(x)

1

 e
axn+1
n+1 +2bx

an(K[2]− b)2

−
∫ x

1

e
aK[1]n+1

n+1 +2bK[1](aK[1]n + b+K[2])
an(b−K[2])2 + e

aK[1]n+1
n+1 +2bK[1]

an(b−K[2])

 dK[1]

 dK[2]

+
∫ x

1

e
aK[1]n+1

n+1 +2bK[1](aK[1]n + b+ y(x))
an(b− y(x)) dK[1] = c1, y(x)
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2.29 problem 29
Internal problem ID [10359]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (n+ 1)xny2 = a x1+m+n − a xm

7 Solution by Maple� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+a*x^(n+m+1)-a*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+a*x^(n+m+1)-a*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.30 problem 30
Internal problem ID [10360]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 − b xmy = bc xm − a c2xn

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 98� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m*y(x)+b*c*x^m-a*c^2*x^n,y(x), singsol=all)� �
a(c+ y(x))

(∫ x e−
2
(
− b(n+1)_am

2 +a_anc(1+m)
)
_a

(1+m)(n+1) _and_a
)

+ c1y(x) + c1c+ e−
2
(
− b(n+1)xm

2 +a xnc(1+m)
)
x

(1+m)(n+1)

c+ y (x)
= 0
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3 Solution by Mathematica
Time used: 3.436 (sec). Leaf size: 286� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m*y[x]+b*c*x^m-a*c^2*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ y(x)

1

 e
bxm+1
m+1 − 2acxn+1

n+1

ab(m− n)(c+K[2])2

−
∫ x

1

−
exp

(
bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
K[1]n

b(m− n)(c+K[2]) −
exp

(
bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
(−bK[1]m + acK[1]n − aK[2]K[1]n)

ab(m− n)(c+K[2])2

 dK[1]

 dK[2]

+
∫ x

1

exp
(

bK[1]m+1

m+1 − 2acK[1]n+1

n+1

)
(−bK[1]m + acK[1]n − ay(x)K[1]n)

ab(m− n)(c+ y(x)) dK[1] = c1, y(x)
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2.31 problem 31
Internal problem ID [10361]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 + a xn(b xm + c) y = bmxm−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*x^n*(b*x^m+c)*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 59.342 (sec). Leaf size: 353� �
DSolve[y'[x]==a*x^n*y[x]^2-a*x^n*(b*x^m+c)*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
bm(bxm + c)2

(
1 + c1

∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1]
)

bc1m (bxm + c)
∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1] + c1e
axn+1

(
bxm

m+n+1+
c

n+1

)
+ b2mxm + bcm

y(x) →
bm(bxm + c)2

∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1]

bm (bxm + c)
∫ x

1
exp
(
aK[1]n+1

(
bK[1]m
m+n+1+

c
n+1

))
K[1]m−1

(bK[1]m+c)2 dK[1] + e
axn+1

(
bxm

m+n+1+
c

n+1

)
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2.32 problem 32
Internal problem ID [10362]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + an xn−1y2 − c xm(xna+ b) y = −c xm

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 199� �
dsolve(diff(y(x),x)=-a*n*x^(n-1)*y(x)^2+c*x^m*(a*x^n+b)*y(x)-c*x^m,y(x), singsol=all)� �
y(x)

=

an(a xn + b)

∫ xn−1e
c
(
a(1+m)x1+m+n+b x1+m(1+m+n)

)
(1+m)(1+m+n)

(a xn+b)2 dx

− xnc1a− c1b+ e
c
(
a(1+m)x1+m+n+b x1+m(1+m+n)

)
(1+m)(1+m+n)

(
a

(∫
xn−1e

x(a(1+m)xn+b(1+m+n))c xm

(1+m)(1+m+n)

(a xn+b)2 dx

)
n− c1

)
(a2x2n + 2xnab+ b2)
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3 Solution by Mathematica
Time used: 8.659 (sec). Leaf size: 304� �
DSolve[y'[x]==-a*n*x^(n-1)*y[x]^2+c*x^m*(a*x^n+b)*y[x]-c*x^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ac1n(axn + b)

∫ x

1
exp
(
cK[1]m+1

(
aK[1]n
m+n+1+

b
m+1

))
K[1]n−1

(aK[1]n+b)2 dK[1] + a2nxn + c1e
cxm+1

(
axn

m+n+1+
b

m+1

)
+ abn

an (axn + b)2
(
1 + c1

∫ x

1
exp
(
cK[1]m+1

(
aK[1]n
m+n+1+

b
m+1

))
K[1]n−1

(aK[1]n+b)2 dK[1]
)

y(x) →

e
cxm+1( axn

m+n+1+ b
m+1

)

an
∫ x
1

exp
(
cK[1]m+1

(
aK[1]n
m+n+1+ b

m+1

))
K[1]n−1

(aK[1]n+b)2
dK[1]

+ axn + b

(axn + b)2
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2.33 problem 33
Internal problem ID [10363]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 − b xmy = ck xk−1 − bc xk+m − a c2xn+2k

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*x^m*y(x)+c*k*x^(k-1)-b*c*x^(m+k)-a*c^2*x^(n+2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2+b*x^m*y[x]+c*k*x^(k-1)-b*c*x^(m+k)-a*c^2*x^(n+2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.34 problem 34
Internal problem ID [10364]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− ay2 − yb = c x2b

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^(2*b),y(x), singsol=all)� �

y(x) =
tan

(
xb√a

√
c−c1b

b

)√
c xb

√
a

3 Solution by Mathematica
Time used: 0.544 (sec). Leaf size: 139� �
DSolve[x*y'[x]==a*y[x]^2+b*y[x]+c*x^(2*b),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
cxb
(
− cos

(√
a
√
cxb

b

)
+ c1 sin

(√
a
√
cxb

b

))
√
a
(
sin
(√

a
√
cxb

b

)
+ c1 cos

(√
a
√
cxb

b

))
y(x) →

√
cxb tan

(√
a
√
cxb

b

)
√
a

61



2.35 problem 35
Internal problem ID [10365]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− ay2 − yb = c xn

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 164� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^n,y(x), singsol=all)� �
y(x)

=

√
ac
(
BesselY

(
b+n
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b+n
n
, 2

√
ac x

n
2

n

))
x

n
2 − b

(
BesselY

(
b
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b
n
, 2

√
ac x

n
2

n

))
a
(
BesselY

(
b
n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(
b
n
, 2

√
ac x

n
2

n

))
3 Solution by Mathematica
Time used: 0.513 (sec). Leaf size: 402� �
DSolve[x*y'[x]==a*y[x]^2+b*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
cxn/2

(
−2BesselJ

(
b
n
− 1, 2

√
a
√
cxn/2

n

)
+ c1

(
BesselJ

(
1− b

n
, 2

√
a
√
cxn/2

n

)
− BesselJ

(
− b+n

n
, 2

√
a
√
cxn/2

n

)))
− bc1 BesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
2a
(
BesselJ

(
b
n
, 2

√
a
√
cxn/2

n

)
+ c1 BesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

))
y(x) →

−
−
√
a
√
cxn/2 BesselJ

(
1− b

n
, 2

√
a
√
cxn/2

n

)
+
√
a
√
cxn/2 BesselJ

(
− b+n

n
, 2

√
a
√
cxn/2

n

)
+ bBesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
2aBesselJ

(
− b

n
, 2

√
a
√
cxn/2

n

)
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2.36 problem 36
Internal problem ID [10366]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− ay2 − (n+ b xn) y = c x2n

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 69� �
dsolve(x*diff(y(x),x)=a*y(x)^2+(n+b*x^n)*y(x)+c*x^(2*n),y(x), singsol=all)� �

y(x) = −
xn
(
b2 −

√
4a b2c− b4 tan

(√
4a b2c−b4 (b xn+c1n)

2b2n

))
2ab

3 Solution by Mathematica
Time used: 1.07 (sec). Leaf size: 114� �
DSolve[x*y'[x]==a*y[x]^2+(n+b*x^n)*y[x]+c*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

xn

−b+
√
b2−4ac

(
−e

xn
√

b2−4ac
n +c1

)

e
xn
√

b2−4ac
n +c1


2a

y(x) →
xn
(√

b2 − 4ac− b
)

2a
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2.37 problem 37
Internal problem ID [10367]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− y2x− ay = b xn

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 139� �
dsolve(x*diff(y(x),x)=x*y(x)^2+a*y(x)+b*x^n,y(x), singsol=all)� �

y(x) =
x

n
2−

1
2
√
b
(
BesselY

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

)
c1 + BesselJ

(
−a+n
n+1 , 2

√
b x

n
2 +1

2
n+1

))
BesselY

(
−a−1
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
c1 + BesselJ

(
−a−1
n+1 ,

2
√
b x

n
2 +1

2
n+1

)
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3 Solution by Mathematica
Time used: 1.381 (sec). Leaf size: 855� �
DSolve[x*y'[x]==x*y[x]^2+a*y[x]+b*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

√
b(xn)

n+1
2n Gamma

(
a+n+2
n+1

)
BesselJ

(
a−n
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
−
√
b(xn)

n+1
2n Gamma

(
a+n+2
n+1

)
BesselJ

(
a+n+2
n+1 , 2

√
b(xn)

n+1
2n

n+1

)
+ aGamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+Gamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
−
√
bc1(xn)

n+1
2n Gamma

(
n−a
n+1

)
BesselJ

(
n−a
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+
√
bc1(xn)

n+1
2n Gamma

(
n−a
n+1

)
BesselJ

(
−a+n+2

n+1 , 2
√
b(xn)

n+1
2n

n+1

)
+ (a+ 1)c1Gamma

(
n−a
n+1

)
BesselJ

(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

)
2x
(
Gamma

(
a+n+2
n+1

)
BesselJ

(
a+1
n+1 ,

2
√
b(xn)

n+1
2n

n+1

)
+ c1Gamma

(
n−a
n+1

)
BesselJ

(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

))

y(x) → −

√
b(xn)

n+1
2n

(
BesselJ

(
−a+n+2

n+1 ,
2
√
b
(
xn
)n+1

2n
n+1

)
−BesselJ

(
n−a
n+1 ,

2
√
b
(
xn
)n+1

2n
n+1

))

BesselJ
(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

) + a+ 1

2x

y(x) → −

√
b(xn)

n+1
2n

(
BesselJ

(
−a+n+2

n+1 ,
2
√
b
(
xn
)n+1

2n
n+1

)
−BesselJ

(
n−a
n+1 ,

2
√
b
(
xn
)n+1

2n
n+1

))

BesselJ
(
− a+1

n+1 ,
2
√
b(xn)

n+1
2n

n+1

) + a+ 1

2x
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2.38 problem 38
Internal problem ID [10368]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x+ a3xy
2 + a2y = −a1x− a0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 403� �
dsolve(x*diff(y(x),x)+a__3*x*y(x)^2+a__2*y(x)+a__1*x+a__0=0,y(x), singsol=all)� �
y(x) =

−
4a1

(
a31a3

(
a3a0 − a2

√
−a1a3

)
KummerM

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
−

c1
(
a20a3+a1a22

)
KummerU

(√
−a1a3 a0+a1(a2+2)

2a1
,a2+1,2x

√
−a1a3

)
4 + a31a3

(
a2
√
−a1a3 + a3a0

)
KummerM

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
+

KummerU
(√

−a1a3 a0+a1a2
2a1

,a2+1,2x
√
−a1a3

)
c1
(√

−a1a3 a0−a1a2
)

2

)
4a31a23

(√
−a1a3 a0 + a1a2

)
KummerM

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
− c1

√
−a1a3 (a20a3 + a1a22)KummerU

(√
−a1a3 a0+a1(a2+2)

2a1 , a2 + 1, 2x
√
−a1a3

)
+ 2a1

(
−2a21a23

(√
−a1a3 a0 − a1a2

)
KummerM

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
+KummerU

(√
−a1a3 a0+a1a2

2a1 , a2 + 1, 2x
√
−a1a3

)
c1
(
a2
√
−a1a3 + a3a0

))
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3 Solution by Mathematica
Time used: 0.748 (sec). Leaf size: 541� �
DSolve[x*y'[x]+a3*x*y[x]^2+a2*y[x]+a1*x+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
i

(√
a1c1HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2

)
, a2, 2i

√
a1
√
a3x
)
+ c1

(√
a1a2+ ia0

√
a3
)
HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2+ 2

)
, a2+ 1, 2i

√
a1
√
a3x
)
+
√
a1
(
2La2

− i
√
a3a0

2
√
a1 −a2

2 −1

(
2i
√
a1
√
a3x
)
+ La2−1

− i
√
a3a0

2
√
a1 −a2

2

(
2i
√
a1
√
a3x
)))

√
a3
(
c1HypergeometricU

(
1
2

(
i
√
a3a0√
a1 + a2

)
, a2, 2i

√
a1
√
a3x
)
+ La2−1

− i
√
a3a0

2
√
a1 −a2

2

(
2i
√
a1
√
a3x
))

y(x) →

(
a0
√
a3−i

√
a1a2

)
HypergeometricU

(
1
2

(
i

√
a3a0√
a1 +a2+2

)
,a2+1,2i

√
a1
√
a3x

)

HypergeometricU
(

1
2

(
i

√
a3a0√
a1 +a2

)
,a2,2i

√
a1
√
a3x

) − i
√
a1

√
a3

y(x) →

(
a0
√
a3−i

√
a1a2

)
HypergeometricU

(
1
2

(
i

√
a3a0√
a1 +a2+2

)
,a2+1,2i

√
a1
√
a3x

)

HypergeometricU
(

1
2

(
i

√
a3a0√
a1 +a2

)
,a2,2i

√
a1
√
a3x

) − i
√
a1

√
a3
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2.39 problem 39
Internal problem ID [10369]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class G‘], _rational, _Riccati]

y′x− a xny2 − yb = c x−n

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 73� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+b*y(x)+c*x^(-n),y(x), singsol=all)� �

y(x) =
x−n
(
tan

(√
4ac−b2−2bn−n2 (ln(x)−c1)

2

)√
4ac− b2 − 2bn− n2 − b− n

)
2a

3 Solution by Mathematica
Time used: 0.978 (sec). Leaf size: 138� �
DSolve[x*y'[x]==a*x^n*y[x]^2+b*y[x]+c*x^(-n),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x−n

(√
−4ac+b2+2bn+n2

(
−x

√
−4ac+b2+2bn+n2+c1

)
x
√

−4ac+b2+2bn+n2+c1
− b− n

)
2a

y(x) →
x−n
(√

−4ac+ b2 + 2bn+ n2 − b− n
)

2a
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2.40 problem 40
Internal problem ID [10370]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− a xny2 − ym = −a b2xn+2m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+m*y(x)-a*b^2*x^(n+2*m),y(x), singsol=all)� �

y(x) = i tan
(
c1(n+m) + iab xn+m

n+m

)
b xm

3 Solution by Mathematica
Time used: 1.736 (sec). Leaf size: 43� �
DSolve[x*y'[x]==a*x^n*y[x]^2+m*y[x]-a*b^2*x^(n+2*m),y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
−b2xm tan

(
a
√
−b2xm+n

m+ n
+ c1

)
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2.41 problem 41
Internal problem ID [10371]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 41.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− x2ny2 − (m− n) y = x2m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x)=x^(2*n)*y(x)^2+(m-n)*y(x)+x^(2*m),y(x), singsol=all)� �

y(x) = tan
(
xn+m + (−n−m) c1

n+m

)
x−n+m

3 Solution by Mathematica
Time used: 0.727 (sec). Leaf size: 28� �
DSolve[x*y'[x]==x^(2*n)*y[x]^2+(m-n)*y[x]+x^(2*m),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xm−n tan
(

xm+n

m+ n
+ c1

)
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2.42 problem 42
Internal problem ID [10372]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 42.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− a xny2 − yb = c xm

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 166� �
dsolve(x*diff(y(x),x)=a*x^(n)*y(x)^2+b*y(x)+c*x^(m),y(x), singsol=all)� �

y(x) =
x−n

2+
m
2
√
ac
(
BesselY

(
−b+m
n+m

, 2
√
ac x

m
2 +n

2

n+m

)
c1 + BesselJ

(
−b+m
n+m

, 2
√
ac x

m
2 +n

2

n+m

))
a
(
BesselY

(
−b−n
n+m

, 2
√
ac x

m
2 +n

2

n+m

)
c1 + BesselJ

(
−b−n
n+m

, 2
√
ac x

m
2 +n

2

n+m

))
3 Solution by Mathematica
Time used: 1.49 (sec). Leaf size: 1321� �
DSolve[x*y'[x]==a*x^(n)*y[x]^2+b*y[x]+c*x^(m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−n
(√

a
√
c(m+ n)xm+n BesselJ

(
m−b
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n −

√
a
√
cmxm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n −

√
a
√
cnxm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n − (b+ n)

√
xm+n BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

2b+m+3n
2(m+n) − b(m+ n)

2(b+n)
m+n

√
xm+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)√
(m+ n)2 − n(m+ n)

2(b+n)
m+n

√
xm+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)√
(m+ n)2 −

√
a
√
cm(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b−m
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
−

√
a
√
cn(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b−m
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
+
√
a
√
cm(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b+n
m+n

+ 1, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

)
+
√
a
√
cn(m+ n)

2(b+n)
m+n xm+n BesselJ

(
b+n
m+n

+ 1, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

))
2a
√

(m+ n)2
√
xm+n

(
BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
c1Gamma

(
m−b
m+n

)
((m+ n)2)

b+n
m+n + (m+ n)

2(b+n)
m+n BesselJ

(
b+n
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
Gamma

(
b+m+2n
m+n

))
y(x)

→
x−n
(√

a
√
c(m+ n)

√
xm+n BesselJ

(
m−b
m+n

, 2
√
a
√
c
√
xm+n√

(m+n)2

)
− (b+ n)

√
(m+ n)2 BesselJ

(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
−

√
a
√
c(m+ n)

√
xm+n BesselJ

(
− b+m+2n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

))
2a
√

(m+ n)2 BesselJ
(
− b+n

m+n
, 2

√
a
√
c
√
xm+n√

(m+n)2

)
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2.43 problem 43
Internal problem ID [10373]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 43.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− x2ny2a− (b xn − n) y = c

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 72� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*y(x)^2+(b*x^n-n)*y(x)+c,y(x), singsol=all)� �

y(x) =

(√
4a b2c− b4 tan

(√
4a b2c−b4 (b xn+c1n)

2b2n

)
− b2

)
x−n

2ba

3 Solution by Mathematica
Time used: 1.071 (sec). Leaf size: 118� �
DSolve[x*y'[x]==a*x^(2*n)*y[x]^2+(b*x^n-n)*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+
√
b2−4ac

(
−e

xn
√

b2−4ac
n +c1

)

e
xn
√

b2−4ac
n +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a
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2.44 problem 44
Internal problem ID [10374]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 44.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

y′x− a xm+2ny2 −
(
b xm+n − n

)
y = c xm

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 78� �
dsolve(x*diff(y(x),x)=a*x^(2*n+m)*y(x)^2+(b*x^(n+m)-n)*y(x)+c*x^m,y(x), singsol=all)� �

y(x) =
x−n
(√

4a b2c− b4 tan
( (

xn+mb+c1(n+m)
)√

4a b2c−b4

2b2(n+m)

)
− b2

)
2ab

3 Solution by Mathematica
Time used: 1.566 (sec). Leaf size: 126� �
DSolve[x*y'[x]==a*x^(2*n+m)*y[x]^2+(b*x^(n+m)-n)*y[x]+c*x^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+
√
b2−4ac

(
−e

√
b2−4acxm+n

m+n +c1

)

e

√
b2−4acxm+n

m+n +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a

73



2.45 problem 45
Internal problem ID [10375]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 45.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(a2x+ b2)
(
y′ + λy2

)
+ (a1x+ b1) y = −a0x− b0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 827� �
dsolve((a__2*x+b__2)*(diff(y(x),x)+lambda*y(x)^2)+(a__1*x+b__1)*y(x)+a__0*x+b__0=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 3.165 (sec). Leaf size: 1418� �
DSolve[(a2*x+b2)*(y'[x]+\[Lambda]*y[x]^2)+(a1*x+b1)*y[x]+a0*x+b0==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.46 problem 46
Internal problem ID [10376]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 46.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, _with_linear_symmetries], _rational, _Riccati]

(xa+ c) y′ − α(ay + bx)2 − β(ay + bx) = −bx+ γ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 94� �
dsolve((a*x+c)*diff(y(x),x)=alpha*(a*y(x)+b*x)^2+beta*(a*y(x)+b*x)-b*x+gamma,y(x), singsol=all)� �
y(x)

=
−2a2αxb− a2β +

√
− ((−4γα + β2) a− 4αbc) a3 tan

(
−2c1a2+ln(ax+c)

√
−((−4γα+β2)a−4αbc)a3
2a2

)
2a3α

3 Solution by Mathematica
Time used: 60.527 (sec). Leaf size: 98� �
DSolve[(a*x+c)*y'[x]==\[Alpha]*(a*y[x]+b*x)^2+\[Beta]*(a*y[x]+b*x)-b*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
−aα

√
4aαγ−aβ2+4αbc

a3α2 tan
(

1
2aα log(ax+ c)

√
4aαγ−aβ2+4αbc

a3α2 + c1

)
+ 2αbx+ β

2aα
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2.47 problem 47
Internal problem ID [10377]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 47.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

2x2y′ − 2y2 − xy = −2a2x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 25� �
dsolve(2*x^2*diff(y(x),x)=2*y(x)^2+x*y(x)-2*a^2*x,y(x), singsol=all)� �

y(x) = tanh
(
ic1

√
x+ 2a√
x

)√
x a

3 Solution by Mathematica
Time used: 0.619 (sec). Leaf size: 43� �
DSolve[2*x^2*y'[x]==2*y[x]^2+x*y[x]-2*a^2*x,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
√
−a2

√
x tan

(
2
√
−a2√
x

− c1

)
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2.48 problem 48
Internal problem ID [10378]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 48.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

2x2y′ − 2y2 − 3xy = −2a2x

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 102� �
dsolve(2*x^2*diff(y(x),x)=2*y(x)^2+3*x*y(x)-2*a^2*x,y(x), singsol=all)� �

y(x) =

(
−2xc1

√
−a2

x
− x

)
sin
(
2
√
−a2

x

)
− x

(
c1 − 2

√
−a2

x

)
cos
(
2
√
−a2

x

)
2 cos

(
2
√
−a2

x

)
c1 + 2 sin

(
2
√

−a2

x

)
3 Solution by Mathematica
Time used: 0.457 (sec). Leaf size: 94� �
DSolve[2*x^2*y'[x]==2*y[x]^2+3*x*y[x]-2*a^2*x,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 4a2c1
√
x+ 2a

√
xe

4a√
x − xe

4a√
x + 2ac1x

2e
4a√
x − 4ac1

y(x) → a
(
−
√
x
)
− x

2
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2.49 problem 49
Internal problem ID [10379]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 49.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class G‘], _rational, _Riccati]

x2y′ − a x2y2 − ybx = c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c,y(x), singsol=all)� �

y(x) =
−1− b+ tan

(√
4ac−b2−2b−1 (ln(x)−c1)

2

)√
4ac− b2 − 2b− 1

2ax

3 Solution by Mathematica
Time used: 0.43 (sec). Leaf size: 99� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −

√
−4ac+ b2 + 2b+ 1

(
1− 2c1

x
√

−4ac+b2+2b+1+c1

)
+ b+ 1

2ax

y(x) → −−
√
−4ac+ b2 + 2b+ 1 + b+ 1

2ax
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2.50 problem 50
Internal problem ID [10380]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 50.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − y2c x2 −
(
a x2 + bx

)
y = αx2 + βx+ γ

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 443� �
dsolve(x^2*diff(y(x),x)=c*x^2*y(x)^2+(a*x^2+b*x)*y(x)+alpha*x^2+beta*x+gamma,y(x), singsol=all)� �
y(x) =

−

(√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc− ab+ 2βc+

√
a2 − 4αc

)
WhittakerM

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
− 2WhittakerW

(
−ab−2βc−2

√
a2−4αc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1
√
a2 − 4αc+

(
WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1 +WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)) (
(ax+ b)

√
a2 − 4αc+ a2x+ ab− 4

(
αx+ β

2

)
c
)

2
√
a2 − 4αc

(
WhittakerW

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

)
c1 +WhittakerM

(
− ab−2βc

2
√
a2−4αc ,

√
b2−4cγ+2b+1

2 ,
√
a2 − 4αc x

))
cx
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3 Solution by Mathematica
Time used: 1.712 (sec). Leaf size: 1584� �
DSolve[x^2*y'[x]==c*x^2*y[x]^2+(a*x^2+b*x)*y[x]+\[Alpha]*x^2+\[Beta]*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

(
b+ ax− x

√
a2 − 4cα +

√
b2 + 2b− 4cγ + 1 + 1

)
c1HypergeometricU

(
ab−2cβ+

√
a2−4cα

(√
b2+2b−4cγ+1+1

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 1, x

√
a2 − 4cα

)
− x
(
ab− 2cβ +

√
a2 − 4cα

(√
b2 + 2b− 4cγ + 1 + 1

))
c1HypergeometricU

(
ab−2cβ+

√
a2−4cα

(√
b2+2b−4cγ+1+3

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 2, x

√
a2 − 4cα

)
+ bL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+ axL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
− x

√
a2 − 4cαL

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+
√
b2 + 2b− 4cγ + 1L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
+ L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
− 2x

√
a2 − 4cαL

√
b2+2b−4cγ+1+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)

2cx

c1HypergeometricU
(

ab−2cβ+
√
a2−4cα

(√
b2+2b−4cγ+1+1

)
2
√
a2−4cα ,

√
b2 + 2b− 4cγ + 1 + 1, x

√
a2 − 4cα

)
+ L

√
b2+2b−4cγ+1

−ab+2cβ−
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα

(
x
√
a2 − 4cα

)
y(x)

→

(√
a2−4αc

(√
b2+2b−4cγ+1+1

)
+ab−2βc

)
HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+2,x
√
a2−4cα


HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+1,x
√
a2−4cα

 − −x
√
a2−4αc+ax+

√
b2+2b−4cγ+1+b+1

x

2c
y(x)

→

(√
a2−4αc

(√
b2+2b−4cγ+1+1

)
+ab−2βc

)
HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+3
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+2,x
√
a2−4cα


HypergeometricU

ab−2cβ+
√

a2−4cα
(√

b2+2b−4cγ+1+1
)

2
√

a2−4cα
,
√

b2+2b−4cγ+1+1,x
√
a2−4cα

 − −x
√
a2−4αc+ax+

√
b2+2b−4cγ+1+b+1

x

2c
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2.51 problem 51
Internal problem ID [10381]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 51.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − a x2y2 − ybx = c xn + s

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 263� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c*x^n+s,y(x), singsol=all)� �
y(x)

=
2
(
BesselY

(√
−4as+b2+2b+1

n
+ 1, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
+ 1, 2

√
ac x

n
2

n

))√
ac x

n
2 −

(
BesselY

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)) (√
−4as+ b2 + 2b+ 1 + b+ 1

)
2xa

(
BesselY

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

)
c1 + BesselJ

(√
−4as+b2+2b+1

n
, 2

√
ac x

n
2

n

))
3 Solution by Mathematica
Time used: 2.637 (sec). Leaf size: 2281� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c*x^n+s,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.52 problem 52
Internal problem ID [10382]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 52.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − a x2y2 − ybx = c x2n + s xn

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 373� �
dsolve(x^2*diff(y(x),x)=a*x^2*y(x)^2+b*x*y(x)+c*x^(2*n)+s*x^n,y(x), singsol=all)� �
y(x)

=
KummerM

(
(b−n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

) (
(−b− n− 1)

√
c+ i

√
a s
)
+ 2

√
c KummerU

(
(b−n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1n− 2

(
KummerU

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1 +KummerM

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

))(
(b−n+1)

√
c

2 + i
√
a
(
c xn + s

2

))
2
√
c xa

(
KummerU

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

)
c1 +KummerM

(
(b+n+1)

√
c+i

√
a s

2
√
c n

, b+n+1
n

, 2i
√
a
√
c xn

n

))
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3 Solution by Mathematica
Time used: 1.839 (sec). Leaf size: 819� �
DSolve[x^2*y'[x]==a*x^2*y[x]^2+b*x*y[x]+c*x^(2*n)+s*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

i
√
ac1x

n
(√

c(b+ n+ 1)− i
√
as
)
HypergeometricU

(
b+3n− i

√
as√
c
+1

2n , b+2n+1
n

,−2i
√
a
√
cxn

n

)
+ c1n

(
i
√
a
√
cxn + b+ 1

)
HypergeometricU

(
b+n− i

√
as√
c
+1

2n , b+n+1
n

,−2i
√
a
√
cxn

n

)
+ n

(
2i
√
a
√
cxnL

b+n+1
n

−
b+3n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

)
+
(
i
√
a
√
cxn + b+ 1

)
L

b+1
n

−
b+n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

))

anx

(
c1HypergeometricU

(
b+n− i

√
as√
c
+1

2n , b+n+1
n

,−2i
√
a
√
cxn

n

)
+ L

b+1
n

−
b+n− i

√
as√
c

+1

2n

(
−2i

√
a
√
cxn

n

))
y(x)

→−

√
axn

(√
as+i

√
c(b+n+1)

)
HypergeometricU

 b+3n− i
√
as√
c

+1

2n , b+2n+1
n

,− 2i
√
a
√
cxn

n


nHypergeometricU

 b+n− i
√
as√
c

+1

2n , b+n+1
n

,− 2i
√
a
√
cxn

n

 + i
√
a
√
cxn + b+ 1

ax
y(x)

→−

√
axn

(√
as+i

√
c(b+n+1)

)
HypergeometricU

 b+3n− i
√
as√
c

+1

2n , b+2n+1
n

,− 2i
√
a
√
cxn

n


nHypergeometricU

 b+n− i
√
as√
c

+1

2n , b+n+1
n

,− 2i
√
a
√
cxn

n

 + i
√
a
√
cxn + b+ 1

ax
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2.53 problem 53
Internal problem ID [10383]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 53.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ − c x2y2 − (a xn + b)xy = γ + β xn + αx2n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 560� �
dsolve(x^2*diff(y(x),x)=c*x^2*y(x)^2+(a*x^n+b)*x*y(x)+alpha*x^(2*n)+beta*x^n+gamma,y(x), singsol=all)� �
y(x) =

−

(√
b2 − 4cγ + 2b+ 1

√
a2 − 4αc+

√
a2 − 4αc n+ (n− b− 1) a+ 2βc

)
WhittakerM

(
−−2

√
a2−4αcn+a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
− 2WhittakerW

(
−−2

√
a2−4αcn+a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1n

√
a2 − 4αc+

(
WhittakerW

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1 +WhittakerM

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)) (
(a xn + b− n+ 1)

√
a2 − 4αc+ (a2 − 4αc)xn + a(b− n+ 1)− 2βc

)
2
√
a2 − 4αc

(
WhittakerW

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

)
c1 +WhittakerM

(
−a(b−n+1)−2βc

2
√
a2−4αcn ,

√
b2−4cγ+2b+1

2n ,
√
a2−4αc xn

n

))
cx
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3 Solution by Mathematica
Time used: 3.672 (sec). Leaf size: 1837� �
DSolve[x^2*y'[x]==c*x^2*y[x]^2+(a*x^n+b)*x*y[x]+\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

−
((

−
((

n2 +
√

n2 (b2 + 2b− 4cγ + 1)
)
a2
)
+ n(−b+ n− 1)

√
a2 − 4cαa+ 2c

(
2αn2 +

√
a2 − 4cαβn+ 2α

√
n2 (b2 + 2b− 4cγ + 1)

))
c1HypergeometricU

((
3n2+

√
n2(b2+2b−4cγ+1)

)
a2+(b−n+1)n

√
a2−4cαa−2c

(
6αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , 2n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
xn

)
− n

(
−a2nxn + 4cnαxn + an

√
a2 − 4cαxn +

√
a2 − 4cα

(
bn+ n+

√
n2 (b2 + 2b− 4cγ + 1)

))
c1HypergeometricU

((
n2+

√
n2(b2+2b−4cγ+1)

)
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
− n

(−a2nxn + 4cnαxn + an
√
a2 − 4cαxn +

√
a2 − 4cα

(
bn+ n+

√
n2 (b2 + 2b− 4cγ + 1)

))
L

√
n2
(
b2+2b−4cγ+1

)
n2

−
((

n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
− 2nxn(a2 − 4cα)L

n2+
√

n2
(
b2+2b−4cγ+1

)
n2

−
((

3n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
6αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
2cn2x

√
a2 − 4cα

c1HypergeometricU
((

n2+
√

n2(b2+2b−4cγ+1)
)
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2(b2+2b−4cγ+1)

)
2n2(a2−4cα) , n

2+
√

n2(b2+2b−4cγ+1)
n2 , x

n
√
a2−4cα
n

)
+ L

√
n2
(
b2+2b−4cγ+1

)
n2

−
((

n2+
√

n2
(
b2+2b−4cγ+1

))
a2
)
+n(−b+n−1)

√
a2−4cαa+2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

)
(

xn
√
a2−4cα
n

)
y(x)

→

−
xn
(
2c
(
βn

√
a2−4αc+2α

√
n2(b2+2b−4cγ+1)+2αn2

)
−
(
a2
(√

n2(b2+2b−4cγ+1)+n2
))

+an(−b+n−1)
√
a2−4αc

)
HypergeometricU


(
3n2+

√
n2
(
b2+2b−4cγ+1

))
a2+(b−n+1)n

√
a2−4cαa−2c

(
6αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

) ,
2n2+

√
n2
(
b2+2b−4cγ+1

)
n2 ,x

n
√

a2−4cα
n


HypergeometricU


(
n2+

√
n2
(
b2+2b−4cγ+1

))
a2+(b−n+1)n

√
a2−4cαa−2c

(
2αn2+

√
a2−4cαβn+2α

√
n2
(
b2+2b−4cγ+1

))
2n2

(
a2−4cα

) ,
n2+

√
n2
(
b2+2b−4cγ+1

)
n2 ,x

n
√

a2−4cα
n

 − n
(√

a2 − 4αc
(√

n2 (b2 + 2b− 4cγ + 1) + bn+ n
)
+ anxn

√
a2 − 4αc− a2nxn + 4αcnxn

)
2cn2x

√
a2 − 4αc
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2.54 problem 54
Internal problem ID [10384]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 54.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2y′ −
(
αx2n + β xn + γ

)
y2 − (xna+ b)xy = c x2

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 215200� �
dsolve(x^2*diff(y(x),x)=(alpha*x^(2*n)+beta*x^n+gamma)*y(x)^2+(a*x^n+b)*x*y(x)+c*x^2,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.676 (sec). Leaf size: 2649� �
DSolve[x^2*y'[x]==(\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma])*y[x]^2+(a*x^n+b)*x*y[x]+c*x^2,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.55 problem 55
Internal problem ID [10385]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 55.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
x2 − 1

)
y′ + λ

(
y2 − 2xy + 1

)
= 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 280� �
dsolve((x^2-1)*diff(y(x),x)+lambda*(y(x)^2-2*x*y(x)+1)=0,y(x), singsol=all)� �
y(x) =

−
2
((

−x
2 −

1
2

)−2λ (1 + x) (−1 + x)2HeunCPrime
(
0, 2λ− 1, 0, 0, λ2 − λ+ 1

2 ,
2

1+x

)
+ 8(−1 + x)2HeunCPrime

(
0,−2λ+ 1, 0, 0, λ2 − λ+ 1

2 ,
2

1+x

)
c1 − 8(1 + x)2

(((
λ− 1

2

)
x− λ

2 +
1
2

)
c1
( 1+x
−1+x

)−λ hypergeom
(
[1− λ, 1− λ] , [−2λ+ 2] ,− 2

−1+x

)
+

λ
(

1+x
−1+x

)λ(
−x

2−
1
2
)−2λ hypergeom

(
[λ,λ],[2λ],− 2

−1+x

)
(−1+x)

16

))(
−x

2 −
1
2

)2λ ( 1+x
−1+x

)λ
(
8c1 hypergeom

(
[1− λ, 1− λ] , [−2λ+ 2] ,− 2

−1+x

) (
−x

2 −
1
2

)2λ + hypergeom
(
[λ, λ] , [2λ] ,− 2

−1+x

) ( 1+x
−1+x

)2λ (−1 + x)
)
(1 + x)2 λ

3 Solution by Mathematica
Time used: 0.643 (sec). Leaf size: 47� �
DSolve[(x^2-1)*y'[x]+\[Lambda]*(y[x]^2-2*x*y[x]+1)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → LegendreQ(λ, x) + c1 LegendreP(λ, x)
LegendreQ(λ− 1, x) + c1 LegendreP(λ− 1, x)

y(x) → LegendreP(λ, x)
LegendreP(λ− 1, x)

87



2.56 problem 56
Internal problem ID [10386]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 56.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a x2 + b

)
y′ + αy2 + βxy = −b(a+ β)

α

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 517� �
dsolve((a*x^2+b)*diff(y(x),x)+alpha*y(x)^2+beta*x*y(x)+b/alpha*(a+beta)=0,y(x), singsol=all)� �
y(x) =

−

b a2

−
(
−−ax+

√
−ab

2
√
−ab

)β
a (

a x2+b
)(
a x2+2

√
−ab x−b

)
HeunCPrime

(
0,−1−β

a
,1+ β

2a ,0,
1
2+

β
2a+

β2

4a2 ,
2
√
−ab

−ax+
√
−ab

)
2 − 2c1b

(
(3a x2 − b)

√
−ab+ xa(a x2 − 3b)

)
aHeunCPrime

(
0, β

a
+ 1, 1 + β

2a , 0,
1
2 +

β
2a +

β2

4a2 ,
2
√
−ab

−ax+
√
−ab

)
+ (a x2 + b)

((
−−ax+

√
−ab

2
√
−ab

)β
a (

a x2−2
√
−ab x−b

)
hypergeom

([
1,− β

2a

]
,
[
−β

a

]
, 2

√
−ab

ax+
√

−ab

)
4 + c1

(
ax−

√
−ab

ax+
√
−ab

) β
2a ((−a2x2 + (−x2β − 2b) a− bβ)

√
−ab+ a2bx

))
(
−
(
−−ax+

√
−ab

2
√
−ab

)β
a √

−ab (a x2+b) hypergeom
([

1,− β
2a

]
,
[
−β

a

]
, 2

√
−ab

ax+
√
−ab

)
4 +

(
ax−

√
−ab

ax+
√
−ab

) β
2a
a2bc1

(
−
√
−ab x+ b

)) (
ax−

√
−ab

)2
α

3 Solution by Mathematica
Time used: 1.111 (sec). Leaf size: 27� �
DSolve[(a*x^2+b)*y'[x]+\[Alpha]*y[x]^2+\[Beta]*x*y[x]+b/\[Alpha]*(a+\[Beta])==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −x(a+ β)
α

y(x) → −x(a+ β)
α
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2.57 problem 57
Internal problem ID [10387]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 57.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a x2 + b

)
y′ + αy2 + βxy = −γ

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 858� �
dsolve((a*x^2+b)*diff(y(x),x)+alpha*y(x)^2+beta*x*y(x)+gamma=0,y(x), singsol=all)� �
y(x) =

−
b
(
ax−

√
−ab

)2
γ

(
−2
(

ax−
√
−ab

2
√
−ab

)β
a
(

ax−
√
−ab

ax+
√
−ab

)− β
2a hypergeom

([
2a−β
2a ,

√
4γαab+β2b2+(2a−β)b

2ab

]
,
[2a−β

a

]
, 2

√
−ab

ax+
√
−ab

)
c1
√
−ab+

(
ax−

√
−ab

ax+
√
−ab

) β
2a hypergeom

([
β
2a ,

bβ+
√

4γαab+β2b2

2ab

]
,
[
β
a

]
, 2

√
−ab

ax+
√
−ab

) (
ax+

√
−ab

))

2

−ab
(
−
√
−ab x+ b

)
(a x2 + b)HeunCPrime

(
0, −a+β

a
,−

√
4γαab+β2b2

2ab , 0, 2a2−2βa+β2

4a2 ,− 2
√
−ab

ax−
√
−ab

)
+ c1

(
ax−

√
−ab

2
√
−ab

)β
a ((a x2

2 −
√
−ab x− b

2

)√
4γαab+ β2b2 + ax (b+ x2 (a− β))

√
−ab+ b

((
a− β

2

)
b+ a x2

(
a− 3β

2

)))
b
(

ax−
√
−ab

ax+
√
−ab

)− β
2a hypergeom

([
2a−β
2a ,

√
4γαab+β2b2+(2a−β)b

2ab

]
,
[2a−β

a

]
, 2

√
−ab

ax+
√
−ab

)
+ 2a

(
ax−

√
−ab

2
√
−ab

)β
a
b2c1

(
a x2 + 2

√
−ab x− b

)
HeunCPrime

(
0, a−β

a
,−

√
4γαab+β2b2

2ab , 0, 2a2−2βa+β2

4a2 ,− 2
√
−ab

ax−
√
−ab

)
+

(
ax−

√
−ab

ax+
√
−ab

) β
2a hypergeom

([
β
2a ,

bβ+
√

4γαab+β2b2
2ab

]
,
[
β
a

]
, 2

√
−ab

ax+
√
−ab

)(√
−ab x+b

)(
−bβ+

√
4γαab+β2b2

)
(a x2+b)

4

 a
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3 Solution by Mathematica
Time used: 1.098 (sec). Leaf size: 598� �
DSolve[(a*x^2+b)*y'[x]+\[Alpha]*y[x]^2+\[Beta]*x*y[x]+\[Gamma]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
i

(
c1
(√

4aαγ + bβ2 − 2a
√
b−

√
bβ
)
P

√
bβ2+4aαγ

2a
√
b

β
2a+1

(
i
√
ax√
b

)
+ 2i

√
ax(a+ β)Q

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
+
(√

4aαγ + bβ2 − 2a
√
b−

√
bβ
)
Q

√
bβ2+4aαγ

2a
√

b
β
2a+1

(
i
√
ax√
b

))
− 2

√
ac1x(a+ β)P

√
bβ2+4aαγ

2a
√

b
β
2a

(
i
√
ax√
b

)
2
√
aα

(
c1P

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
+Q

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

))

y(x) →

−2x(a+ β) +
i
(√

4aαγ+bβ2−2a
√
b−

√
bβ
)
P

√
bβ2+4aαγ

2a
√
b

β
2a+1

(
i
√
ax√
b

)
√
aP

√
bβ2+4aαγ

2a
√
b

β
2a

(
i
√
ax√
b

)
2α
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2.58 problem 58
Internal problem ID [10388]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 58.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [_rational, [_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

(
a x2 + b

)
y′ + y2 − 2xy = −(1− a)x2 + b

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve((a*x^2+b)*diff(y(x),x)+y(x)^2-2*x*y(x)+(1-a)*x^2-b=0,y(x), singsol=all)� �

y(x) = x+
√
ab

c1
√
ab+ arctan

(
ax√
ab

)
3 Solution by Mathematica
Time used: 0.562 (sec). Leaf size: 41� �
DSolve[(a*x^2+b)*y'[x]+y[x]^2-2*x*y[x]+(1-a)*x^2-b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x+ 1
arctan

(√
ax√
b

)
√
a
√
b

+ c1

y(x) → x
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2.59 problem 59
Internal problem ID [10389]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 59.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [_rational, [_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

(
a x2 + bx+ c

)
y′ − y2 − (2λx+ b) y = λ(λ− a)x2 + µ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 542� �
dsolve((a*x^2+b*x+c)*diff(y(x),x)=y(x)^2+(2*lambda*x+b)*y(x)+lambda*(lambda-a)*x^2+mu,y(x), singsol=all)� �
y(x) =

−

8

(ia√4ac− b2
√

b2−4cλ−4µ
a2

−
√
−4ac+ b2 (2xλ+ b)

)
c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2 −
(
ia
√
4ac− b2

√
b2−4cλ−4µ

a2
+
√
−4ac+ b2 (2xλ+ b)

)(
−b+i

√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2

 (a x2 + bx+ c)2 a2

√
−4ac+ b2

(
2ax−

√
−4ac+ b2 + b

) (
2ax+

√
−4ac+ b2 + b

) (
i
√
4ac− b2 + 2ax+ b

) (
−b+ i

√
4ac− b2 − 2ax

)c1
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)−a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2 +
(

−b+i
√
4ac−b2−2ax

i
√
4ac−b2+2ax+b

)a

√
b2−4cλ−4µ

a2
2
√

−4ac+b2


3 Solution by Mathematica
Time used: 17.168 (sec). Leaf size: 93� �
DSolve[(a*x^2+b*x+c)*y'[x]==y[x]^2+(2*\[Lambda]*x+b)*y[x]+\[Lambda]*(\[Lambda]-a)*x^2+\[Mu],y[x],x,IncludeSingularSolutions -> True]� �
y(x)→ 1

2

√4(cλ+ µ)− b2 tan

√
−b2 + 4cλ+ 4µ arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2

+c1

−b−2λx
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2.60 problem 60
Internal problem ID [10390]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 60.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a x2 + bx+ c

)
y′ − y2 − (ax+ µ) y = λc+ λ(b− µ)x− λ2x2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 6204� �
dsolve((a*x^2+b*x+c)*diff(y(x),x)=y(x)^2+(a*x+mu)*y(x)-lambda^2*x^2+lambda*(b-mu)*x+lambda*c,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 23.352 (sec). Leaf size: 433� �
DSolve[(a*x^2+b*x+c)*y'[x]==y[x]^2+(a*x+\[Mu])*y[x]-\[Lambda]^2*x^2+\[Lambda]*(b-\[Mu])*x+\[Lambda]*c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(x(ax+ b) + c)λ
a
− 1

2 exp
(
−

(a(b−2µ)+2bλ) arctan
(

2ax+b√
4ac−b2

)
a
√
4ac−b2

)λx(x(ax+ b) + c) 1
2−

λ
a exp

(
(a(b−2µ)+2bλ) arctan

(
2ax+b√
4ac−b2

)
a
√
4ac−b2

)∫ x

1 exp

−
2(2bλ+a(b−2µ)) arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+(a−2λ) log(c+K[1](b+aK[1]))

2a

 dK[1] + x

(
c1λ(x(ax+ b) + c) 1

2−
λ
a exp

(
(a(b−2µ)+2bλ) arctan

(
2ax+b√
4ac−b2

)
a
√
4ac−b2

)
− ax− b

)
− c


∫ x

1 exp

−
2(2bλ+a(b−2µ)) arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+(a−2λ) log(c+K[1](b+aK[1]))

2a

 dK[1] + c1

y(x) → λx
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2.61 problem 61
Internal problem ID [10391]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 61.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a2x

2 + b2x+ c2
)
y′ − y2 − (a1x+ b1) y = λc2 + λ(b2 − b1)x− λ(λ+ a1 − a2)x2

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 5771� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x)=y(x)^2+(a__1*x+b__1)*y(x)-lambda*(lambda+a__1-a__2)*x^2+lambda*(b__2-b__1)*x+lambda*c__2,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 34.34 (sec). Leaf size: 284� �
DSolve[(a2*x^2+b2*x+c2)*y'[x]==y[x]^2+(a1*x+b1)*y[x]-\[Lambda]*(\[Lambda]+a1-a2)*x^2+\[Lambda]*(b2-b1)*x+\[Lambda]*c2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

λx
∫ x

1 exp


(a1−2a2+2λ) log(c2+K[1](b2+a2K[1]))−

2(b2(a1+2λ)−2a2b1) arctan

 b2+2a2K[1]√
4a2c2−b22


√

4a2c2−b22

2a2


dK[1] + (x(a2x+ b2) + c2)a1+2λ

2a2

− exp

 (2a2b1−b2(a1+2λ)) arctan

 2a2x+b2√
4a2c2−b22


a2
√

4a2c2−b22


+ c1λx

∫ x

1 exp


(a1−2a2+2λ) log(c2+K[1](b2+a2K[1]))−

2(b2(a1+2λ)−2a2b1) arctan

 b2+2a2K[1]√
4a2c2−b22


√

4a2c2−b22

2a2


dK[1] + c1

y(x) → λx
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2.62 problem 62
Internal problem ID [10392]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 62.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
a2x

2 + b2x+ c2
)
y′ − y2 − (a1x+ b1) y = a0x

2 + b0x+ c0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 6462� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x)=y(x)^2+(a__1*x+b__1)*y(x)+a__0*x^2+b__0*x+c__0,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a2*x^2+b2*x+c2)*y'[x]==y[x]^2+(a1*x+b1)*y[x]+a0*x^2+b0*x+c0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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2.63 problem 63
Internal problem ID [10393]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 63.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [_rational, [_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

(x− a) (x− b) y′ + y2 + k(y + x− a) (y + x− b) = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 54� �
dsolve((x-a)*(x-b)*diff(y(x),x)+y(x)^2+k*(y(x)+x-a)*(y(x)+x-b)=0,y(x), singsol=all)� �

y(x) =
k
(
(b− x)1+k + c1(a− x)k (a− x)

)
(1 + k)

(
c1 (a− x)k + (b− x)k

)
3 Solution by Mathematica
Time used: 60.572 (sec). Leaf size: 99� �
DSolve[(x-a)*(x-b)*y'[x]+y[x]^2+k*(y[x]+x-a)*(y[x]+x-b)==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 1

2

k(a+ b− 2x)
k + 1

+

√
−k2(a− b)2

(k + 1)2 tan

(k + 1)
√
−k2(a−b)2

(k+1)2 (log(x− b)− log(x− a))
2(a− b) + c1
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2.64 problem 64
Internal problem ID [10394]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 64.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(
c2x

2 + b2x+ a2
) (

y′ + λy2
)
+ (b1x+ a1) y = −a0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 2160� �
dsolve((c__2*x^2+b__2*x+a__2)*(diff(y(x),x)+lambda*y(x)^2)+(b__1*x+a__1)*y(x)+a__0=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 14.836 (sec). Leaf size: 1986� �
DSolve[(c2*x^2+b2*x+a2)*(y'[x]+\[Lambda]*y[x]^2)+(b1*x+a1)*y[x]+a0==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.65 problem 65
Internal problem ID [10395]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 65.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x3y′ − a x3y2 −
(
b x2 + c

)
y = sx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 435� �
dsolve(x^3*diff(y(x),x)=a*x^3*y(x)^2+(b*x^2+c)*y(x)+s*x,y(x), singsol=all)� �
y(x) =

−

((
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
4 + c1KummerU

(√
−4as+b2+2b+1

4 + b
4 +

1
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

))(√
−4as+ b2 + 2b+ 1 + b+ 1

)
x
(
1−

√
−4as+ b2 + 2b+ 1 + b

)
2a
(

((b−1)x2+c)
(
1−

√
−4as+b2+2b+1+b

)
KummerM

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +

(
1
2 +

(b−1)
√
−4as+b2+2b+1

2 + as− b2

2

)
x2KummerM

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
− 4c1

(
((−b+1)x2−c)KummerU

(√
−4as+b2+2b+1

4 + b
4+

1
4 ,1+

√
−4as+b2+2b+1

2 , c
2x2

)
2 +KummerU

(√
−4as+b2+2b+1

4 + b
4 −

3
4 , 1 +

√
−4as+b2+2b+1

2 , c
2x2

)
x2

))
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3 Solution by Mathematica
Time used: 3.199 (sec). Leaf size: 907� �
DSolve[x^3*y'[x]==a*x^3*y[x]^2+(b*x^2+c)*y[x]+s*x,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
−
((√

−4as+ b2 + 2b+ 1− b− 1
)
c

1
2
√
−4as+b2+2b+1( 1

x

)√−4as+b2+2b+1Hypergeometric1F1
(1
4

(
−b+

√
b2 + 2b− 4as+ 1− 1

)
, 12
(√

b2 + 2b− 4as+ 1 + 2
)
,− c

2x2

))
+
(√

−4as+b2+2b+1−b−1
)
c
1
2
√

−4as+b2+2b+1+1( 1
x

)√−4as+b2+2b+1+2 Hypergeometric1F1
(

1
4

(
−b+

√
b2+2b−4as+1+3

)
, 12

(√
b2+2b−4as+1+4

)
,− c

2x2

)
√
−4as+b2+2b+1+2 +

c12
1
2
√

−4as+b2+2b+1
(√

−4as+b2+2b+1+b+1
)(

x2
(√

−4as+b2+2b+1−2
)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1−1

)
,1− 1

2
√
b2+2b−4as+1,− c

2x2

)
+cHypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1+3

)
,2− 1

2
√
b2+2b−4as+1,− c

2x2

))
x2
(√

−4as+b2+2b+1−2
)

2ax
(
c

1
2
√
−4as+b2+2b+1 ( 1

x

)√−4as+b2+2b+1Hypergeometric1F1
(1
4

(
−b+

√
b2 + 2b− 4as+ 1− 1

)
, 12
(√

b2 + 2b− 4as+ 1 + 2
)
,− c

2x2

)
+ c12

1
2
√
−4as+b2+2b+1Hypergeometric1F1

(1
4

(
−b−

√
b2 + 2b− 4as+ 1− 1

)
, 1− 1

2

√
b2 + 2b− 4as+ 1,− c

2x2

))
y(x)

→

c
(
b
(√

−4as+b2+2b+1+4
)
+3

√
−4as+b2+2b+1−4as+b2+3

)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1+3

)
,2− 1

2
√
b2+2b−4as+1,− c

2x2

)
Hypergeometric1F1

(
1
4

(
−b−

√
b2+2b−4as+1−1

)
,1− 1

2
√
b2+2b−4as+1,− c

2x2

) + x2(−4as+ b2 + 2b− 3)
(√

−4as+ b2 + 2b+ 1 + b+ 1
)

2ax3 (4as− b2 − 2b+ 3)
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2.66 problem 66
Internal problem ID [10396]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 66.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x3y′ − a x3y2 − x(bx+ c) y = αx+ β

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 438� �
dsolve(x^3*diff(y(x),x)=a*x^3*y(x)^2+x*(b*x+c)*y(x)+alpha*x+beta,y(x), singsol=all)� �
y(x)

=
((aα + b+ 2) c2 − aβ(b+ 3) c+ a2β2)xc1KummerU

(√
−4aα+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
− c
(
(c2 + x(b+ 2) c− axβ)KummerM

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
− c1(−c2 − x(b+ 2) c+ axβ)KummerU

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
+ xKummerM

(√
−4aα+b2+2b+1 c+(b+5)c−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)(
−

√
−4aα+b2+2b+1 c

2 + (−b−3)c
2 + βa

))
c2x2a

(
KummerU

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

)
c1 +KummerM

(√
−4aα+b2+2b+1 c+c(b+3)−2βa

2c , 1 +
√
−4aα + b2 + 2b+ 1, c

x

))
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3 Solution by Mathematica
Time used: 2.395 (sec). Leaf size: 908� �
DSolve[x^3*y'[x]==a*x^3*y[x]^2+x*(b*x+c)*y[x]+\[Alpha]*x+\[Beta],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

c
√

−4aα+b2+2b+1( 1
x

)√−4aα+b2+2b+1+1
(
c
(√

−4aα+b2+2b+1−b−1
)
+2aβ

)
Hypergeometric1F1

(
1
2

(
−b+ 2aβ

c
+
√
b2+2b−4aα+1+1

)
,
√
b2+2b−4aα+1+2,− c

x

)
√
−4aα+b2+2b+1+1 −

(√
−4aα + b2 + 2b+ 1− b− 1

)
c
√
−4aα+b2+2b+1( 1

x

)√−4aα+b2+2b+1Hypergeometric1F1
(1
2

(
−b+ 2aβ

c
+
√
b2 + 2b− 4aα + 1− 1

)
,
√
b2 + 2b− 4aα + 1 + 1,− c

x

)
+

c1

((
c
(√

−4aα+b2+2b+1+b+1
)
−2aβ

)
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1−1
)

2c ,2−
√
b2+2b−4aα+1,− c

x

)
+x
(
−4aα+b

√
−4aα+b2+2b+1+b2+b

)
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1+1
)

2c ,1−
√
b2+2b−4aα+1,− c

x

))
x
(√

−4aα+b2+2b+1−1
)

2ax
(
c
√
−4aα+b2+2b+1

( 1
x

)√−4aα+b2+2b+1 Hypergeometric1F1
(1
2

(
−b+ 2aβ

c
+
√
b2 + 2b− 4aα + 1− 1

)
,
√
b2 + 2b− 4aα + 1 + 1,− c

x

)
+ c1Hypergeometric1F1

(
2aβ−c

(
b+

√
b2+2b−4aα+1+1

)
2c , 1−

√
b2 + 2b− 4aα + 1,− c

x

))
y(x)

→

(
c
(
b
(√

−4aα+b2+2b+1+3
)
+2
(
−2aα+

√
−4aα+b2+2b+1+1

)
+b2

)
−2aβ

(√
−4aα+b2+2b+1+1

))
Hypergeometric1F1

(
2aβ−c

(
b+
√

b2+2b−4aα+1−1
)

2c ,2−
√
b2+2b−4aα+1,− c

x

)

Hypergeometric1F1
(

2aβ−c
(
b+
√

b2+2b−4aα+1+1
)

2c ,1−
√
b2+2b−4aα+1,− c

x

) + x(−4aα + b2 + 2b)
(√

−4aα + b2 + 2b+ 1 + b+ 1
)

2ax2 (4aα− b2 − 2b)
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2.67 problem 67
Internal problem ID [10397]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 67.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x
(
x2 + a

) (
y′ + λy2

)
+
(
b x2 + c

)
y = −sx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 613� �
dsolve(x*(x^2+a)*(diff(y(x),x)+lambda*y(x)^2)+(b*x^2+c)*y(x)+s*x=0,y(x), singsol=all)� �
y(x)

=

(
a− c

3

)
((−λs+ b− 2) a2 + c(b− 3) a− c2)

(
a x

a+c
a + x

3a+c
a

)
c1 hypergeom

([
−

√
b2−4λs−2b+1 a+ab−7a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+7)a+2c

4a

]
,
[3a+c

2a

]
,−x2

a

)
+
(
−
(
a− c

3

)
((b− 2) a− c) c1x

a+c
a hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
+
(

2
(
x2+a

)
x2
(
−λs

2 +b−3
)
hypergeom

([
− b

4+
9
4+

√
b2−4λs−2b+1

4 ,− b
4+

9
4−

√
b2−4λs−2b+1

4

]
,
[ 5a−c

2a
]
,−x2

a

)
3 +

(
a− c

3

)
(a− c+ (−b+ 3)x2) hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

))
a

)
(a+ c) a

(
a− c

3

) (
x hypergeom

([
− b

4 +
5
4 +

√
b2−4λs−2b+1

4 ,− b
4 +

5
4 −

√
b2−4λs−2b+1

4

]
,
[3a−c

2a

]
,−x2

a

)
+ hypergeom

([
−

√
b2−4λs−2b+1 a+ab−3a−2c

4a ,
√
b2−4λs−2b+1 a+(−b+3)a+2c

4a

]
,
[
a+c
2a

]
,−x2

a

)
c1x

c
a

)
(x2 + a) (a+ c) a2λ
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3 Solution by Mathematica
Time used: 2.874 (sec). Leaf size: 862� �
DSolve[x*(x^2+a)*(y'[x]+\[Lambda]*y[x]^2)+(b*x^2+c)*y[x]+s*x==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a

1
2
(
c
a
−3
)
(a− c)x− c

a Hypergeometric2F1
(

ba−
√
b2−2b−4sλ+1a+a−2c

4a ,
a
(
b+

√
b2−2b−4sλ+1+1

)
−2c

4a , 32 −
c
2a ,−

x2

a

)
+

a
1
2
(
c
a−5

)
x2− c

a

(
a
(√

b2−2b−4λs+1−b−1
)
+2c

)(
a
(√

b2−2b−4λs+1+b+1
)
−2c

)
Hypergeometric2F1

(
a
(
b−
√

b2−2b−4sλ+1+5
)
−2c

4a ,
a
(
b+
√

b2−2b−4sλ+1+5
)
−2c

4a , 52−
c
2a ,−

x2
a

)
4(3a−c) −

c1λsxHypergeometric2F1
(

1
4

(
b−

√
b2−2b−4sλ+1+3

)
, 14

(
b+

√
b2−2b−4sλ+1+3

)
, 12
(
c
a
+3
)
,−x2

a

)
a+c

λa
1
2
(
c
a
−1
)
x1− c

a Hypergeometric2F1
(

ba−
√
b2−2b−4sλ+1a+a−2c

4a ,
a
(
b+

√
b2−2b−4sλ+1+1

)
−2c

4a , 32 −
c
2a ,−

x2

a

)
+ c1λHypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
y(x) →

−
sxHypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4sλ+ 1 + 3

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1 + 3

)
, 12
(
c
a
+ 3
)
,−x2

a

)
(a+ c)Hypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
y(x) →

−
sxHypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4sλ+ 1 + 3

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1 + 3

)
, 12
(
c
a
+ 3
)
,−x2

a

)
(a+ c)Hypergeometric2F1

(1
4

(
b−

√
b2 − 2b− 4sλ+ 1− 1

)
, 14
(
b+

√
b2 − 2b− 4sλ+ 1− 1

)
, a+c

2a ,−x2

a

)
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2.68 problem 68
Internal problem ID [10398]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 68.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2(x+ a)
(
y′ + λy2

)
+ x(bx+ c) y = −αx− β

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1508� �
dsolve(x^2*(x+a)*(diff(y(x),x)+lambda*y(x)^2)+x*(b*x+c)*y(x)+alpha*x+beta=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 5.239 (sec). Leaf size: 1770� �
DSolve[x^2*(x+a)*(y'[x]+\[Lambda]*y[x]^2)+x*(b*x+c)*y[x]+\[Alpha]*x+\[Beta]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

2a
(
a− c+

√
a2 − 2(c+ 2βλ)a+ c2

)
Hypergeometric2F1

(
−c+a

(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , a+
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
x

√
a2−2(c+2βλ)a+c2

a −

(
−c+a

(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)(

−c+a
(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)
Hypergeometric2F1

(
−c+a

(
b−
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,

√
a2−2(c+2βλ)a+c2

a
+2,−x

a

)
x
a+
√

a2−2(c+2βλ)a+c2
a

a+
√

a2−2(c+2βλ)a+c2
+ 2a

a+
√

a2−2(c+2βλ)a+c2

a c1


(
c+a

(√
b2−2b−4αλ+1−b

)
+
√

a2−2(c+2βλ)a+c2
)(

c−a
(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2
)
Hypergeometric2F1

(
−

c+a
(
−b+

√
b2−2b−4αλ+1−2

)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,2−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
2a
(√

a2−2(c+2βλ)a+c2−a
) −

(
−a+c+

√
a2−2(c+2βλ)a+c2

)
Hypergeometric2F1

(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1
)
+
√

a2−2(c+2βλ)a+c2

2a ,1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
x

x

4a2xλ
(
c1Hypergeometric2F1

(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , 1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
a

√
a2−2(c+2βλ)a+c2

a + x

√
a2−2(c+2βλ)a+c2

a Hypergeometric2F1
(

−c+a
(
b−

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a ,
−c+a

(
b+

√
b2−2b−4αλ+1

)
+
√

a2−2(c+2βλ)a+c2

2a , a+
√

a2−2(c+2βλ)a+c2

a
,−x

a

))
y(x)

→

a
(
c2−2a(2βλ+c)

)(√
a2−2a(2βλ+c)+c2−a+c

)
x

−

(
2αa3λ+a2

(
2αλ

√
a2−2a(2βλ+c)+c2+4bβλ+bc−2βλ

)
−a
(
bc
√

a2−2a(2βλ+c)+c2+2βλ
√

a2−2a(2βλ+c)+c2+bc2+c2+4βcλ
)
+c2

(√
a2−2a(2βλ+c)+c2+c

))
Hypergeometric2F1

(
−

c+a
(
−b+

√
b2−2b−4αλ+1−2

)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1+2
)
+
√

a2−2(c+2βλ)a+c2

2a ,2−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)

Hypergeometric2F1
(
−

c+a
(√

b2−2b−4αλ+1−b
)
+
√

a2−2(c+2βλ)a+c2

2a ,−
c−a

(
b+
√

b2−2b−4αλ+1
)
+
√

a2−2(c+2βλ)a+c2

2a ,1−
√

a2−2(c+2βλ)a+c2

a
,−x

a

)
2a2λ (2a(2βλ+ c)− c2)

106



2.69 problem 69
Internal problem ID [10399]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 69.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class D‘], _rational, _Riccati]

(
a x2 + bx+ e

)
(y′x− y)− y2 = −x2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 58� �
dsolve((a*x^2+b*x+e)*(x*diff(y(x),x)-y(x))-y(x)^2+x^2=0,y(x), singsol=all)� �

y(x) = − tanh

c1
√
4ea− b2 + 2arctan

(
2ax+b√
4ea−b2

)
√
4ea− b2

x

3 Solution by Mathematica
Time used: 1.973 (sec). Leaf size: 116� �
DSolve[(a*x^2+b*x+e)*(x*y'[x]-y[x])-y[x]^2+x^2==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
x

(
−1 + exp

(
4 arctan

(
2ax+b√
4ae−b2

)
√
4ae−b2

+ 2c1

))

1 + exp
(

4 arctan
(

2ax+b√
4ae−b2

)
√
4ae−b2

+ 2c1

)
y(x) → −x
y(x) → x
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2.70 problem 70
Internal problem ID [10400]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 70.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2(x2 + a
) (

y′ + λy2
)
+ x
(
b x2 + c

)
y = −s

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1329� �
dsolve(x^2*(x^2+a)*(diff(y(x),x)+lambda*y(x)^2)+x*(b*x^2+c)*y(x)+s=0,y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 7.158 (sec). Leaf size: 1470� �
DSolve[x^2*(x^2+a)*(y'[x]+\[Lambda]*y[x]^2)+x*(b*x^2+c)*y[x]+s==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(
a−c−

√
a2−2(c+2sλ)a+c2

)
c1

((
−2ba+a+c+

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
−

−5a+c+
√

a2−2(c+2sλ)a+c2

4a ,−
−a(2b+3)+c+

√
a2−2(c+2sλ)a+c2

4a ,2−
√

a2−2(c+2sλ)a+c2

2a ,−x2
a

)
x2+2a

(
2a−

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
−

−a+c+
√

a2−2(c+2sλ)a+c2

4a ,−
−2ba+a+c+

√
a2−2(c+2sλ)a+c2

4a ,1−
√

a2−2(c+2sλ)a+c2

2a ,−x2
a

))
a

√
a2−2(c+2sλ)a+c2

2a

2a−
√

a2−2(c+2sλ)a+c2
+ 2x

√
a2−2(c+2sλ)a+c2

a

(
a− c+

√
a2 − 2(c+ 2sλ)a+ c2

)
Hypergeometric2F1

(
−−2ba+a+c−

√
a2−2(c+2sλ)a+c2

4a , a−c+
√

a2−2(c+2sλ)a+c2

4a ,
√

a2−2(c+2sλ)a+c2

2a + 1,−x2

a

)
a−

x

√
a2−2(c+2sλ)a+c2

a +2
(
a−c+

√
a2−2(c+2sλ)a+c2

)(
a(2b−1)−c+

√
a2−2(c+2sλ)a+c2

)
Hypergeometric2F1

(
5a−c+

√
a2−2(c+2sλ)a+c2

4a ,
a(2b+3)−c+

√
a2−2(c+2sλ)a+c2

4a ,

√
a2−2(c+2sλ)a+c2

2a +2,−x2
a

)
2a+

√
a2−2(c+2sλ)a+c2

4a2xλ
(
c1Hypergeometric2F1

(
−−a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−2ba+a+c+
√

a2−2(c+2sλ)a+c2

4a , 1−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
a

√
a2−2(c+2sλ)a+c2

2a + x

√
a2−2(c+2sλ)a+c2

a Hypergeometric2F1
(
−−2ba+a+c−

√
a2−2(c+2sλ)a+c2

4a , a−c+
√

a2−2(c+2sλ)a+c2

4a ,
√

a2−2(c+2sλ)a+c2

2a + 1,−x2

a

))
y(x)

→
x
(
a3(−b) + a2

(
b
√

a2 − 2a(c+ 2λs) + c2 − 4(b− 1)λs+ c
)
+ a
(
bc
(√

a2 − 2a(c+ 2λs) + c2 + c
)
− c
√

a2 − 2a(c+ 2λs) + c2 + 2λs
√

a2 − 2a(c+ 2λs) + c2 + 4cλs
)
− c2

(√
a2 − 2a(c+ 2λs) + c2 + c

))
Hypergeometric2F1

(
−−5a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−a(2b+3)+c+
√

a2−2(c+2sλ)a+c2

4a , 2−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
2a2λ (3a2 + 2a(c+ 2λs)− c2)Hypergeometric2F1

(
−−a+c+

√
a2−2(c+2sλ)a+c2

4a ,−−2ba+a+c+
√

a2−2(c+2sλ)a+c2

4a , 1−
√

a2−2(c+2sλ)a+c2

2a ,−x2

a

)
−
√

a2 − 2a(c+ 2λs) + c2 − a+ c

2aλx
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2.71 problem 71
Internal problem ID [10401]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 71.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

a
(
x2 − 1

) (
y′ + λy2

)
+ bx

(
x2 − 1

)
y = −c x2 − dx− s

7 Solution by Maple� �
dsolve(a*(x^2-1)*(diff(y(x),x)+lambda*y(x)^2)+b*x*(x^2-1)*y(x)+c*x^2+d*x+s=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*(x^2-1)*(y'[x]+\[Lambda]*y[x]^2)+b*x*(x^2-1)*y[x]+c*x^2+d*x+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.72 problem 72
Internal problem ID [10402]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 72.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

xn+1y′ − x2ny2a− yxnb = c xm + d

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 284� �
dsolve(x^(n+1)*diff(y(x),x)=a*x^(2*n)*y(x)^2+b*x^n*y(x)+c*x^m+d,y(x), singsol=all)� �
y(x)

=

√
ac
(
BesselY

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+b2+2bn+n2

m
+ 1, 2

√
ac x

m
2

m

))
x

m
2 −

(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

)
c1+BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

))(√
−4ad+b2+2bn+n2+b+n

)
2

x−n

a
(
BesselY

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

)
c1 + BesselJ

(√
−4ad+b2+2bn+n2

m
, 2

√
ac x

m
2

m

))
3 Solution by Mathematica
Time used: 3.153 (sec). Leaf size: 2576� �
DSolve[x^(n+1)*y'[x]==a*x^(2*n)*y[x]^2+b*x^n*y[x]+c*x^m+d,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.73 problem 73
Internal problem ID [10403]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 73.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x
(
a xk + b

)
y′ − αxny2 −

(
β − an xk

)
y = γ x−n

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 138� �
dsolve(x*(a*x^k+b)*diff(y(x),x)=alpha*x^n*y(x)^2+(beta-a*n*x^k)*y(x)+gamma*x^(-n),y(x), singsol=all)� �
y(x) =

−
x−n

(
tanh

( (
(−bn−β) ln

(
a xk+b

)
+((bn+β) ln(x)+c1b)k

)√
(bn+β)2(n2b2+2bβn−4γα+β2)

2kb(bn+β)2

)√
(bn+ β)2 (n2b2 + 2bβn− 4γα + β2) + (bn+ β)2

)
2α (bn+ β)
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3 Solution by Mathematica
Time used: 4.641 (sec). Leaf size: 663� �
DSolve[x*(a*x^k+b)*y'[x]==\[Alpha]*x^n*y[x]^2+(\[Beta]-a*n*x^k)*y[x]+\[Gamma]*x^(-n),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

x−n

b

n

− exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


− c1n exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


+ exp

(
− (bn+β)

(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)
bk

)(√α
√
γ
√

−4αγ+b2n2+β2+2bβn
αγ

+ β
)− exp

 (
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk


− c1

(
β −

√
α
√
γ
√

−4αγ+b2n2+β2+2bβn
αγ

)
exp

 (
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
−4αγ+b2n2+β2+2bβn

αγ
+bn+β

)
2bk





2α

exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(√
α
√
γ

√
(bn+β)2

αγ
−4+bn+β

)
2bk

+ c1 exp

−
(
log
(
axk+b

)
+log(b)−k log(x)+log(k)

)(
−
√
α
√
γ

√
(bn+β)2

αγ
−4+bn+β

)
2bk




y(x) →
x−n
(√

α
√
γ
√

(bn+β)2
αγ

− 4− bn− β
)

2α
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2.74 problem 74
Internal problem ID [10404]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 74.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

x2(xna− 1)
(
y′ + λy2

)
+ (p xn + q)xy = −r xn − s

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1222� �
dsolve(x^2*(a*x^n-1)*(diff(y(x),x)+lambda*y(x)^2)+(p*x^n+q)*x*y(x)+r*x^n+s=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 7.968 (sec). Leaf size: 2419� �
DSolve[x^2*(a*x^n-1)*(y'[x]+\[Lambda]*y[x]^2)+(p*x^n+q)*x*y[x]+r*x^n+s==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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2.75 problem 75
Internal problem ID [10405]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 75.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(xna+ b xm + c) y′ − cy2 + b xm−1y = a x−2+n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1236� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=c*y(x)^2-b*x^(m-1)*y(x)+a*x^(n-2),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==c*y[x]^2-b*x^(m-1)*y[x]+a*x^(n-2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.76 problem 76
Internal problem ID [10406]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 76.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(xna+ b xm + c) y′ − a x−2+ny2 − b xm−1y = c

7 Solution by Maple� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=a*x^(n-2)*y(x)^2+b*x^(m-1)*y(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==a*x^(n-2)*y[x]^2+b*x^(m-1)*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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2.77 problem 77
Internal problem ID [10407]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 77.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, _Riccati]

(xna+ b xm + c) y′ − αxky2 − β xsy = −αλ2xk + βλxs

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 164� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x)=alpha*x^k*y(x)^2+beta*x^s*y(x)-alpha*lambda^2*x^k+beta*lambda*x^s,y(x), singsol=all)� �

y(x) =

−α

∫ xke
−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)
a xn+b xm+c

dx

λ− λc1 − e
−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)

c1 + α

(∫
xke

−
(∫ 2αxkλ−xsβ

a xn+b xm+c
dx

)
a xn+b xm+c

dx

)
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3 Solution by Mathematica
Time used: 13.649 (sec). Leaf size: 389� �
DSolve[(a*x^n+b*x^m+c)*y'[x]==\[Alpha]*x^k*y[x]^2+\[Beta]*x^s*y[x]-\[Alpha]*\[Lambda]^2*x^k+\[Beta]*\[Lambda]*x^s,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

) (
−αλK[2]k + αy(x)K[2]k + βK[2]s

)
(k − s)αβ (bK[2]m + aK[2]n + c) (λ+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

)
K[2]k

(k − s)β (bK[2]m + aK[2]n + c) (λ+K[3])−
exp

(
−
∫ K[2]
1 − βK[1]s−2αλK[1]k

bK[1]m+aK[1]n+c
dK[1]

) (
−αλK[2]k + αK[3]K[2]k + βK[2]s

)
(k − s)αβ (bK[2]m + aK[2]n + c) (λ+K[3])2

 dK[2]

−
exp

(
−
∫ x

1 − βK[1]s−2αλK[1]k
bK[1]m+aK[1]n+c

dK[1]
)

(k − s)αβ(λ+K[3])2

 dK[3] = c1, y(x)
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2.78 problem 78
Internal problem ID [10408]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. 1.2.2. Equations Containing Power Func-
tions
Problem number: 78.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class D‘], _rational, _Riccati]

(xna+ b xm + c) (y′x− y) + s xk
(
y2 − λx2) = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 37� �
dsolve((a*x^n+b*x^m+c)*(x*diff(y(x),x)-y(x))+s*x^k*(y(x)^2-lambda*x^2)=0,y(x), singsol=all)� �

y(x) = tanh
(
s
√
λ

(∫
xk

a xn + b xm + c
dx+ c1

))
x
√
λ

3 Solution by Mathematica
Time used: 22.652 (sec). Leaf size: 53� �
DSolve[(a*x^n+b*x^m+c)*(x*y'[x]-y[x])+s*x^k*(y[x]^2-\[Lambda]*x^2)==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
λ(−x) tanh

(√
λ

(∫ x

1
− sK[1]k
bK[1]m + aK[1]n + c

dK[1] + c1

))
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3 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.3. Equations Containing
Exponential Functions

3.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
3.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
3.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124
3.4 problem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
3.5 problem 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
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3.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
3.9 problem 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
3.10 problem 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
3.11 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
3.12 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136
3.13 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
3.14 problem 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138
3.15 problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
3.16 problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
3.17 problem 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
3.18 problem 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
3.19 problem 19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145
3.20 problem 20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
3.21 problem 21 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
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3.1 problem 1
Internal problem ID [10409]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − ay2 = b eλx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=a*y(x)^2+b*exp(lambda*x),y(x), singsol=all)� �

y(x) =

√
b exλ

2

(
BesselY

(
1, 2

√
a
√
b e

xλ
2

λ

)
c1 + BesselJ

(
1, 2

√
a
√
b e

xλ
2

λ

))
√
a

(
c1 BesselY

(
0, 2

√
a
√
b e

xλ
2

λ

)
+ BesselJ

(
0, 2

√
a
√
b e

xλ
2

λ

))
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3 Solution by Mathematica
Time used: 0.551 (sec). Leaf size: 266� �
DSolve[y'[x]==a*y[x]^2+b*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
beλx

(
2BesselY

(
1, 2

√
a
√
bexλ

λ

)
+ c1 BesselJ

(
1, 2

√
a
√
bexλ

λ

))
√
a
(
2BesselY

(
0, 2

√
a
√
bexλ

λ

)
+ c1 BesselJ

(
0, 2

√
a
√
bexλ

λ

))
y(x) →

√
beλx BesselJ

(
1, 2

√
a
√
bexλ

λ

)
√
aBesselJ

(
0, 2

√
a
√
bexλ

λ

)
y(x) →

√
beλx BesselJ

(
1, 2

√
a
√
bexλ

λ

)
√
aBesselJ

(
0, 2

√
a
√
bexλ

λ

)
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3.2 problem 2
Internal problem ID [10410]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = aλ eλx − a2e2λx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 63� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda*exp(lambda*x)-a^2*exp(2*lambda*x),y(x), singsol=all)� �

y(x) =
exλ expIntegral1

(
−2a exλ

λ

)
c1a+ e 2a exλ

λ c1λ+ exλa

expIntegral1
(
−2a exλ

λ

)
c1 + 1

3 Solution by Mathematica
Time used: 2.507 (sec). Leaf size: 79� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
aeλx ExpIntegralEi

(
2aexλ

λ

)
+ λ
(
−e

2aeλx
λ

)
+ ac1e

λx

ExpIntegralEi
(

2aexλ
λ

)
+ c1

y(x) → aeλx
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3.3 problem 3
Internal problem ID [10411]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − σy2 = a+ b eλx + c e2λx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 348� �
dsolve(diff(y(x),x)=sigma*y(x)^2+a+b*exp(lambda*x)+c*exp(2*lambda*x),y(x), singsol=all)� �
y(x)

=
−WhittakerM

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)(
i
(√

c
√
a− b

2

)√
σ + λ

√
c

2

)
+ λc1WhittakerW

(
− i

√
σ b−2λ

√
c

2λ
√
c

, i
√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)√
c+

(
−iexλc

√
σ − i

√
σ b
2 + λ

√
c

2

)(
WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)
c1 +WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

))
√
c σ
(
WhittakerW

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

)
c1 +WhittakerM

(
− i

√
σ b

2λ
√
c
, i

√
a
√
σ

λ
, 2i

√
σ
√
c exλ

λ

))
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3 Solution by Mathematica
Time used: 3.251 (sec). Leaf size: 1081� �
DSolve[y'[x]==sigma*y[x]^2+a+b*Exp[\[Lambda]*x]+c*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

i

(
c1λ
(√

a−
√
ceλx

)
HypergeometricU

(
i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 1, 2i

√
cexλ

√
σ

λ

)
− ic1e

λx
(
b
√
σ +

√
c
(
2
√
a
√
σ − iλ

))
HypergeometricU

(
i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 2, 2i

√
cexλ

√
σ

λ

)
+ λ

((√
a−

√
ceλx

)
L

2i
√
a
√

σ
λ

−
i
√
σb√
c

+λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

)
− 2

√
ceλxL

2i
√
a
√
σ

λ
+1

−
i
√
σb√
c

+3λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

)))

λ
√
σ

(
c1HypergeometricU

(
i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+ 1, 2i

√
cexλ

√
σ

λ

)
+ L

2i
√
a
√
σ

λ

−
i
√
σb√
c

+λ+2i
√

a
√
σ

2λ

(
2i
√
cexλ

√
σ

λ

))
y(x)

→

−
eλx
(
b
√
σ+

√
c
(
2
√
a
√
σ−iλ

))
HypergeometricU

 i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+2, 2i

√
cexλ

√
σ

λ


λHypergeometricU

 i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+1, 2i

√
cexλ

√
σ

λ

 − i
(√

a−
√
ceλx

)
√
σ

y(x)

→

−
eλx
(
b
√
σ+

√
c
(
2
√
a
√
σ−iλ

))
HypergeometricU

 i
√
σb√
c

+3λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+2, 2i

√
cexλ

√
σ

λ


λHypergeometricU

 i
√
σb√
c

+λ+2i
√
a
√
σ

2λ , 2i
√
a
√
σ

λ
+1, 2i

√
cexλ

√
σ

λ

 − i
(√

a−
√
ceλx

)
√
σ
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3.4 problem 4
Internal problem ID [10412]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − σy2 − ay = b ex + c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(diff(y(x),x)=sigma*y(x)^2+a*y(x)+b*exp(x)+c,y(x), singsol=all)� �
y(x) =

−
−2

√
b ex

2 BesselJ
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
σ − 2

√
b ex

2 BesselY
(√

a2 − 4σc+ 1, 2
√
σ
√
b ex

2

)
c1σ +

√
σ
(
BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)) (√
a2 − 4σc+ a

)
σ

3
2

(
2BesselY

(√
a2 − 4σc, 2

√
σ
√
b ex

2

)
c1 + 2BesselJ

(√
a2 − 4σc, 2

√
σ
√
b ex

2

))
3 Solution by Mathematica
Time used: 0.971 (sec). Leaf size: 546� �
DSolve[y'[x]==sigma*y[x]^2+a*y[x]+b*Exp[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a
√
bσexGamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ, 2

√
bexσ

)
+ bσex Gamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ − 1, 2

√
bexσ

)
− bσexGamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ + 1, 2

√
bexσ

)
+ ac1

√
bσex Gamma

(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ, 2

√
bexσ

)
+ bc1σe

x Gamma
(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ − 1, 2

√
bexσ

)
− bc1σe

x Gamma
(
1−

√
a2 − 4cσ

)
BesselJ

(
1−

√
a2 − 4cσ, 2

√
bexσ

)
2σ

√
bσex

(
Gamma

(√
a2 − 4cσ + 1

)
BesselJ

(√
a2 − 4cσ, 2

√
bexσ

)
+ c1Gamma

(
1−

√
a2 − 4cσ

)
BesselJ

(
−
√
a2 − 4cσ, 2

√
bexσ

))

y(x) →

√
bσex

(
BesselJ

(
1−

√
a2−4cσ,2

√
bexσ

)
−BesselJ

(
−
√
a2−4cσ−1,2

√
bexσ

))
BesselJ

(
−
√
a2−4cσ,2

√
bexσ

) − a

2σ
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3.5 problem 5
Internal problem ID [10413]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − yb = a(λ− b) eλx − a2e2λx

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 80� �
dsolve(diff(y(x),x)=y(x)^2+b*y(x)+a*(lambda-b)*exp(lambda*x)-a^2*exp(2*lambda*x),y(x), singsol=all)� �

y(x) =
exλa

(∫
e bλx+2 exλa

λ dx
)
+ exλc1a− e bλx+2 exλa

λ∫
e bλx+2 exλa

λ dx+ c1

3 Solution by Mathematica
Time used: 3.226 (sec). Leaf size: 191� �
DSolve[y'[x]==y[x]^2+b*y[x]+a*(\[Lambda]-b)*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−2b/λ

(
b− aeλx

) (
aeλx

λ

)b/λ
L

b
λ

− b
λ

(
2aexλ

λ

)
+ aeλx

(
2 b+λ

λ

(
aeλx

λ

)b/λ
L

b+λ
λ

− b+λ
λ

(
2aexλ

λ

)
+ c1

)
2b/λ

(
aeλx

λ

)b/λ
L

b
λ

− b
λ

(
2aexλ

λ

)
+ c1

y(x) → aeλx
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3.6 problem 6
Internal problem ID [10414]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a eλxy = −a eλxb− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(lambda*x)*y(x)-a*b*exp(lambda*x)-b^2,y(x), singsol=all)� �

y(x) =
−b
(∫

e 2bλx+exλa
λ dx

)
+ c1b+ e 2bλx+exλa

λ

−
(∫

e 2bλx+exλa
λ dx

)
+ c1

3 Solution by Mathematica
Time used: 0.944 (sec). Leaf size: 115� �
DSolve[y'[x]==y[x]^2+a*Exp[\[Lambda]*x]*y[x]-a*b*Exp[\[Lambda]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b

(
−2λeaeλx

λ

(
−aeλx

λ

) 2b
λ + 2bΓ

(
2b
λ
, 0,−aexλ

λ

)
+ c1λ(−1)b/λ

)
2bΓ

(
2b
λ
, 0,−aexλ

λ

)
+ c1λ(−1)b/λ

y(x) → b
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3.7 problem 7
Internal problem ID [10415]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = a e2λx
(
eλx + b

)n − λ2

4

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1342� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(2*lambda*x)*(exp(lambda*x)+b)^n-1/4*lambda^2,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Exp[2*\[Lambda]*x]*(Exp[\[Lambda]*x]+b)^n-1/4*\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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3.8 problem 8
Internal problem ID [10416]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = a e8λx + b e6λx + c e4λx − λ2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1078� �
dsolve(diff(y(x),x)=y(x)^2+a*exp(8*lambda*x)+b*exp(6*lambda*x)+c*exp(4*lambda*x)-lambda^2,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.991 (sec). Leaf size: 1282� �
DSolve[y'[x]==y[x]^2+a*Exp[8*\[Lambda]*x]+b*Exp[6*\[Lambda]*x]+c*Exp[4*\[Lambda]*x]-\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−e2xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b3 − 2ae4xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b2 + 8ia3/2e2xλλHypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b+ 4ace2xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b− 8ia3/2e2xλλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
b+ 8a3/2λ

(
2ie4xλa+ 2λ

√
a+ ibe2xλ

)
c1HermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ 2 4

√
−1

√
2a3/4e2xλ

√
λ
(
−ib2 + 4iac+ 8a3/2λ

)
c1HermiteH

(
i
(
b2−4ac+24ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ 16a2λ2Hypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
+ 16ia5/2e4xλλHypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
+ 8a2ce4xλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
− 16ia5/2e4xλλHypergeometric1F1

(
−ib2+4iac+40a3/2λ

32a3/2λ , 32 ,
i
(
2e2xλa+b

)2
8a3/2λ

)
16a2λ

(
c1HermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+Hypergeometric1F1

(
−ib2+4iac+8a3/2λ

32a3/2λ , 12 ,
i
(
2e2xλa+b

)2
8a3/2λ

))
y(x) →

(1
8 +

i
8

)
e2λx

(
8a3/2λ+ 4iac− ib2

)
HermiteH

(
i
(
b2−4ac+24ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
a5/4

√
λHermiteH

(
i
(
b2−4ac+8ia3/2λ

)
16a3/2λ ,

( 1
4+

i
4
)(
2e2xλa+b

)
a3/4

√
λ

)
+ ibe2λx

2
√
a

+ i
√
ae4λx + λ
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3.9 problem 9
Internal problem ID [10417]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a ekxy2 = b esx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 228� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*exp(s*x),y(x), singsol=all)� �
y(x) =

−
b esx

(
BesselY

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

)
c1 + BesselJ

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

))
BesselJ

(
2s+k
s+k

, 2
√
a
√
b e

x(s+k)
2

s+k

)
√
a
√
b e

x(s+k)
2 +

√
a
√
b e

x(s+k)
2 BesselY

(
2s+k
s+k

, 2
√
a
√
b e

x(s+k)
2

s+k

)
c1 − s

(
BesselY

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

)
c1 + BesselJ

(
s

s+k
, 2

√
a
√
b e

x(s+k)
2

s+k

))
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3 Solution by Mathematica
Time used: 6.491 (sec). Leaf size: 1097� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*Exp[s*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−kx

−kK k log
(
ek+s

)
(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− c1k(−1)
k log

(
ek+s

)
(k+s)2 BesselI

k log
(
ek+s

)
(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ (k + s)

√
−ab log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

K k log
(
ek+s

)
−(k+s)2

(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+K k log
(
ek+s

)
(k+s)2 +1

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− c1(−1)
k log

(
ek+s

)
(k+s)2

BesselI

k log
(
ek+s

)
−(k+s)2

(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ BesselI

k log
(
ek+s

)
(k+s)2 + 1, 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4






2a

K k log
(
ek+s

)
(k+s)2

2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ c1(−1)
k log

(
ek+s

)
(k+s)2 BesselI

k log
(
ek+s

)
(k+s)2 , 2

√
−ab

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




y(x)

→

e−kx


−

(k+s)

√√√√√
−

ab log2
(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

BesselI

 k log
(
ek+s

)
(k+s)2 −1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+BesselI

 k log
(
ek+s

)
(k+s)2 +1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




BesselI

 k log
(
ek+s

)
(k+s)2 ,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


− k


2a

y(x)

→

e−kx


−

(k+s)

√√√√√
−

ab log2
(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4

BesselI

 k log
(
ek+s

)
(k+s)2 −1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+BesselI

 k log
(
ek+s

)
(k+s)2 +1,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




BesselI

 k log
(
ek+s

)
(k+s)2 ,2

√√√√√
−

ab
((

ek+s
)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


− k


2a
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3.10 problem 10
Internal problem ID [10418]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − b exµy2 = aλ eλx − a2b e(µ+2λ)x

7 Solution by Maple� �
dsolve(diff(y(x),x)=b*exp(mu*x)*y(x)^2+a*lambda*exp(lambda*x)-a^2*b*exp((mu+2*lambda)*x),y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 8.808 (sec). Leaf size: 844� �
DSolve[y'[x]==b*Exp[\[Mu]*x]*y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*b*Exp[(\[Mu]+2*\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eµ(−x)

−2ab log
(
eλ+µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
2(λ+ µ)L

µ log
(
eλ+µ

)
(λ+µ)2 +1

−
log
(
eλ+µ

)
2(λ+µ) − 3

2

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1
(
log
(
eλ+µ

)
+ λ+ µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− c1(λ+ µ)
(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− (λ+ µ)
(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2b(λ+ µ)2

L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

−2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


y(x) →

−

aeµ(−x) log
(
eλ+µ

) (
log
(
eλ+µ

)
+ λ+ µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


(λ+ µ)2HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1,−2ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2



−
eµ(−x)

(
log
(
eλ+µ

)(
2ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ µ(λ+ µ)

)
2b(λ+ µ)
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3.11 problem 11
Internal problem ID [10419]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, _with_linear_symmetries], _Riccati]

y′ − a eλxy2 − yb = c e−λx

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*y(x)+c*exp(-lambda*x),y(x), singsol=all)� �
y(x) =

−

(
−
√

(b+ λ)2 (4ac− b2 − 2λb− λ2) tan
(

((b+λ)x+c1)
√

(b+λ)2(4ac−b2−2λb−λ2)
2(b+λ)2

)
+ (b+ λ)2

)
e−xλ

2a (b+ λ)

3 Solution by Mathematica
Time used: 0.927 (sec). Leaf size: 188� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*y[x]+c*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−
√
−4ac+ b2 + 2bλ+ λ2 + 2

1√
−4ac+b2+2bλ+λ2

+c1ex
√

−4ac+b2+2bλ+λ2
− b− λ

)
2a

y(x) →

−
eλ(−x)(b(√−4ac+ b2 + 2bλ+ λ2 + 2λ

)
+ λ
(√

−4ac+ b2 + 2bλ+ λ2 + λ
)
− 4ac+ b2

)
2a

√
−4ac+ b2 + 2bλ+ λ2
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3.12 problem 12
Internal problem ID [10420]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a exµy2 − λy = −a b2e(µ+2λ)x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 79� �
dsolve(diff(y(x),x)=a*exp(mu*x)*y(x)^2+lambda*y(x)-a*b^2*exp((mu+2*lambda)*x),y(x), singsol=all)� �

y(x) = −
b
(
c1 sinh

(
ab ex(λ+µ)

λ+µ

)
+ cosh

(
ab ex(λ+µ)

λ+µ

))
exλ

c1 cosh
(

ab ex(λ+µ)

λ+µ

)
+ sinh

(
ab ex(λ+µ)

λ+µ

)
3 Solution by Mathematica
Time used: 2.706 (sec). Leaf size: 286� �
DSolve[y'[x]==a*Exp[\[Mu]*x]*y[x]^2+\[Lambda]*y[x]-a*b^2*Exp[(\[Mu]+2*\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
tan

ab2ex(2λ+µ)
√

− e−2xλ
b2

λ+µ
−c1


√

− e−2xλ
b2

if condition
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3.13 problem 13
Internal problem ID [10421]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − eλxy2 − a exµy = aλ e(µ−λ)x

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 97� �
dsolve(diff(y(x),x)=exp(lambda*x)*y(x)^2+a*exp(mu*x)*y(x)+a*lambda*exp((mu-lambda)*x),y(x), singsol=all)� �

y(x) =
λ
(
ac1e(µ−λ)x hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
+ λ− µ

)
(µ− λ)

(
c1 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

)
+ exλ

)
3 Solution by Mathematica
Time used: 4.392 (sec). Leaf size: 148� �
DSolve[y'[x]==Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Mu]*x]*y[x]+a*\[Lambda]*Exp[(\[Mu]-\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
eλ(−x)

(
−λ
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ µe

aeµx

µ + c1λ(eµx)λ/µ
)

−
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ c1 (eµx)λ/µ

y(x) → λ
(
−eλ(−x))
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3.14 problem 14
Internal problem ID [10422]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + eλxy2λ− a exµy = −a e(µ−λ)x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 96� �
dsolve(diff(y(x),x)=-lambda*exp(lambda*x)*y(x)^2+a*exp(mu*x)*y(x)-a*exp((mu-lambda)*x),y(x), singsol=all)� �

y(x) =
ac1e(µ−λ)x hypergeom

([
µ−λ
µ

]
,
[
−λ+2µ

µ

]
, a e

xµ

µ

)
+ λ− µ

(λ− µ)
(
c1 hypergeom

([
−λ

µ

]
,
[
µ−λ
µ

]
, a e

xµ

µ

)
+ exλ

)
3 Solution by Mathematica
Time used: 4.358 (sec). Leaf size: 147� �
DSolve[y'[x]==-\[Lambda]*Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Mu]*x]*y[x]-a*Exp[(\[Mu]-\[Lambda])*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−λ
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ µe

aeµx

µ + c1λ(eµx)λ/µ
)

λ

(
−
(
−aeµx

µ

)λ/µ
Γ
(
−λ

µ
,−aexµ

µ

)
+ c1 (eµx)λ/µ

)
y(x) → eλ(−x)
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3.15 problem 15
Internal problem ID [10423]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a exµy2 − ab ex(λ+µ)y = −bλ eλx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 629� �
dsolve(diff(y(x),x)=a*exp(mu*x)*y(x)^2+a*b*exp((lambda+mu)*x)*y(x)-b*lambda*exp(lambda*x),y(x), singsol=all)� �
y(x)

=

−6

−
2(λ+µ)

(
µ+λ

2

)
e
ab ex(λ+µ)−4(λ+µ)x

(
µ+3λ

4
)

2λ+2µ

3 + a e
ab ex(λ+µ)−2(λ+µ)x

(
µ+λ

2
)

2λ+2µ b
(2λ

3 + µ
) c1

(
µ+ λ

2

)
WhittakerM

(
λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
−

(
(−λ2 − 3µλ− 2µ2) e

ab ex(λ+µ)−4(λ+µ)x
(
µ+3λ

4
)

2λ+2µ +
(
(λ+ 2µ) e

ab ex(λ+µ)−2(λ+µ)x
(
µ+λ

2
)

2λ+2µ + a e
ab ex(λ+µ)+xλ(λ+µ)

2λ+2µ b

)
ba

)
(λ+ µ) c1WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
− 12 e−

(3λ+4µ)x
2

(2λ
3 + µ

)
c1
(
µ+ λ

2

)2 (ab ex(λ+µ)

λ+µ

) 3λ+4µ
2λ+2µ − b e

ab ex(λ+µ)+xλ(λ+µ)
λ+µ a

(
4 e

ab ex(λ+µ)−2(λ+µ)x
(
3λ
2 +µ

)
2λ+2µ c1

(
µ+ λ

2

)2WhittakerM
(

λ+2µ
2λ+2µ ,

2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ (λ+ µ) c1

(
(λ+ 2µ) e

ab ex(λ+µ)−2(λ+µ)x
(
3λ
2 +µ

)
2λ+2µ + ba e

ab ex(λ+µ)−xλ(λ+µ)
2λ+2µ

)
WhittakerM

(
− λ

2λ+2µ ,
2λ+3µ
2λ+2µ ,

ab ex(λ+µ)

λ+µ

)
+ e

ab ex(λ+µ)
λ+µ

)
a
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3 Solution by Mathematica
Time used: 12.587 (sec). Leaf size: 902� �
DSolve[y'[x]==a*Exp[\[Mu]*x]*y[x]^2+a*b*Exp[(\[Lambda]+\[Mu])*x]*y[x]-b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eµ(−x)

ab log
(
eλ+µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
2(λ+ µ)L

µ log
(
eλ+µ

)
(λ+µ)2 +1

−
log
(
eλ+µ

)
2(λ+µ) − 3

2

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1
(
log
(
eλ+µ

)
+ λ+ µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
2(λ+µ)2+µ log

(
eλ+µ

)
(λ+µ)2 ,

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− c1(λ+ µ)
(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

− (λ+ µ)
(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2a(λ+ µ)2

L

µ log
(
eλ+µ

)
(λ+µ)2

−
λ+µ+log

(
eλ+µ

)
2(λ+µ)

ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2

+ c1HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


y(x)

→

beµ(−x) log
(
eλ+µ

) (
log
(
eλ+µ

)
+ λ+ µ

) ((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
HypergeometricU

1
2

(
log
(
eλ+µ

)
λ+µ

+ 3
)
,
µ log

(
eλ+µ

)
(λ+µ)2 + 2, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2


2(λ+ µ)2HypergeometricU

λ+µ+log
(
eλ+µ

)
2(λ+µ) ,

µ log
(
eλ+µ

)
(λ+µ)2 + 1, ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
log
(
eλ+µ

)
(λ+µ)2



−
eµ(−x)

(
(λ+ µ)

(
ab
((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)
+ µ

)
+ log

(
eλ+µ

)(
µ− ab

((
eλ+µ

)x) λ+µ

log
(
eλ+µ

)))
2a(λ+ µ)
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3.16 problem 16
Internal problem ID [10424]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a ekxy2 − yb = c esx + d e−kx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 332� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*y(x)+c*exp(s*x)+d*exp(-k*x),y(x), singsol=all)� �
y(x)

=

√
c a

(
BesselY

(
√
−4ad+b2+2kb+k2+s+k

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

)
c1 + BesselJ

(
√
−4ad+b2+2kb+k2+s+k

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))
e

x(s+k)
2 −

√
a

(
BesselY

(√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√

a e
x(s+k)

2
s+k

)
c1+BesselJ

(√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))(√
−4ad+b2+2kb+k2+b+k

)
2

 e−kx

a
3
2

(
BesselY

(
√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

)
c1 + BesselJ

(
√
−4ad+b2+2kb+k2

s+k
, 2

√
c
√
a e

x(s+k)
2

s+k

))

141



3 Solution by Mathematica
Time used: 18.386 (sec). Leaf size: 1636� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*y[x]+c*Exp[s*x]+d*Exp[-k*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−kx

−

(b+ k)K√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


+ (−1)

k4+4sk3+6s2k2+4s3k+s4+
√(

b2+2kb+k2−4ad
)
(k+s)4 log2

(
ek+s

)
(k+s)4 (b+ k) BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

 c1 + (k + s)

K
−

k4+4sk3+6s2k2+4s3k+s4−
√(

b2+2kb+k2−4ad
)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+K
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ (−1)
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

BesselI

−
k4+4sk3+6s2k2+4s3k+s4−

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


 c1


√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4


2a

K√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4

2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

− (−1)
k4+4sk3+6s2k2+4s3k+s4+

√(
b2+2kb+k2−4ad

)
(k+s)4 log2

(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

 c1


y(x)

→

e−kx

−(b+ k)(k + s)3

√
−ac log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ ac log2
(
ek+s

) ((
ek+s

)x) k+s

log
(
ek+s

)
BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4

+ ac log2
(
ek+s

) ((
ek+s

)x) k+s

log
(
ek+s

)
BesselI

k4+4sk3+6s2k2+4s3k+s4+
√

(b2+2kb+k2−4ad)(k+s)4 log2
(
ek+s

)
(k+s)4 − 2, 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4




2a(k + s)3

√
−ac log2

(
ek+s

)((
ek+s

)x) k+s

log
(
ek+s

)
(k+s)4 BesselI

√
(b2+2kb+k2−4ad)(k+s)4 log2

(
ek+s

)
(k+s)4 , 2

√
−ac

((
ek+s

)x) k+s

log
(
ek+s

)
log2

(
ek+s

)
(k+s)4
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3.17 problem 17
Internal problem ID [10425]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a e(µ+2λ)xy2 −
(
ex(λ+µ)b− λ

)
y = c exµ

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 79� �
dsolve(diff(y(x),x)=a*exp((2*lambda+mu)*x)*y(x)^2+(b*exp((lambda+mu)*x)-lambda)*y(x)+c*exp(mu*x),y(x), singsol=all)� �

y(x) =
e−xλ

(√
4a b2c− b4 tan

( (
ex(λ+µ)b+(λ+µ)c1

)√
4a b2c−b4

2b2(λ+µ)

)
− b2

)
2ab

3 Solution by Mathematica
Time used: 6.375 (sec). Leaf size: 349� �
DSolve[y'[x]==a*Exp[(2*\[Lambda]+\[Mu])*x]*y[x]^2+(b*Exp[(\[Lambda]+\[Mu])*x]-\[Lambda])*y[x]+c*Exp[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eλ(−x)

b2ex(λ+µ)

π + ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 − 1

− b(λ+ µ)
√

(b2−4ac)e2x(λ+µ)

(λ+µ)2

π − ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 + 1

− 4acex(λ+µ)

π + ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 − 1


2a(λ+ µ)

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2

π − ic1

e

√(
b2−4ac

)
e2x(λ+µ)

(λ+µ)2 + 1



y(x) →
eλ(−x)

(
−(λ+ µ)e−x(λ+µ)

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2 tanh
(

1
2

√
(b2−4ac)e2x(λ+µ)

(λ+µ)2

)
− b

)
2a
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3.18 problem 18
Internal problem ID [10426]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a ekxy2 − yb = c eknx + d ek(1+2n)x

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*exp(k*x)*y(x)^2+b*y(x)+c*exp(k*n*x)+d*exp(k*(2*n+1)*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 27.598 (sec). Leaf size: 2503� �
DSolve[y'[x]==a*Exp[k*x]*y[x]^2+b*y[x]+c*Exp[k*n*x]+d*Exp[k*(2*n+1)*x],y[x],x,IncludeSingularSolutions -> True]� �
Too large to display

144



3.19 problem 19
Internal problem ID [10427]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − exµ
(
y − b eλx

)2 = bλ eλx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 44� �
dsolve(diff(y(x),x)=exp(mu*x)*(y(x)-b*exp(lambda*x))^2+b*lambda*exp(lambda*x),y(x), singsol=all)� �

y(x) =
(
ex(λ+µ)c1bµ+ b exλ − c1µ

2) e−xµ

c1µ+ e−xµ

3 Solution by Mathematica
Time used: 1.524 (sec). Leaf size: 40� �
DSolve[y'[x]==Exp[\[Mu]*x]*(y[x]-b*Exp[\[Lambda]*x])^2+b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → beλx + µ

−eµx + c1µ

y(x) → beλx
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3.20 problem 20
Internal problem ID [10428]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(
eλxa+ b exµ + c

)
y′ − y2 − k eνxy = −m2 + km eνx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 202� �
dsolve((a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)=y(x)^2+k*exp(nu*x)*y(x)-m^2+k*m*exp(nu*x),y(x), singsol=all)� �
y(x)

=
−m

(∫ e
k

(∫ eνx
exλa+b exµ+c

dx

)
−2m

(∫ 1
exλa+b exµ+c

dx

)
exλa+b exµ+c

dx

)
+ c1m− ek

(∫ eνx
exλa+b exµ+c

dx
)
−2m

(∫ 1
exλa+b exµ+c

dx
)

∫ e
k

(∫ eνx
exλa+b exµ+c

dx

)
−2m

(∫ 1
exλa+b exµ+c

dx

)
exλa+b exµ+c

dx− c1
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3 Solution by Mathematica
Time used: 16.545 (sec). Leaf size: 358� �
DSolve[(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]==y[x]^2+k*Exp[\[Nu]*x]*y[x]-m^2+k*m*Exp[\[Nu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

) (
eνK[2]k −m+ y(x)

)
(eλK[2]a+ beµK[2] + c) kν(m+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 − eνK[1]k−2m
eλK[1]a+beµK[1]+c

dK[1]
)

kν(m+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

) (
eνK[2]k −m+K[3]

)
(eλK[2]a+ beµK[2] + c) kν(m+K[3])2 −

exp
(
−
∫ K[2]
1 − eνK[1]k−2m

eλK[1]a+beµK[1]+c
dK[1]

)
(eλK[2]a+ beµK[2] + c) kν(m+K[3])

 dK[2]

 dK[3] = c1, y(x)
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3.21 problem 21
Internal problem ID [10429]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3. Equations Containing
Exponential Functions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(
eλxa+ b exµ + c

) (
y′ − y2

)
= −a λ2eλx − b µ2exµ

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 176� �
dsolve((a*exp(lambda*x)+b*exp(mu*x)+c)*(diff(y(x),x)-y(x)^2)+a*lambda^2*exp(lambda*x)+b*mu^2*exp(mu*x)=0,y(x), singsol=all)� �
y(x)

=

(
−ab(λ+ µ) ex(λ+µ) − a2λ e2xλ − e2xµb2µ− c

(
aλ exλ + bµ exµ

)) (∫ 1(
exλa+b exµ+c

)2dx
)
− abc1(λ+ µ) ex(λ+µ) − e2xλc1a2λ− exλc1acλ− e2xµc1b2µ− exµc1bcµ− 1

(exλa+ b exµ + c)2
(
c1 +

∫ 1(
exλa+b exµ+c

)2dx
)
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3 Solution by Mathematica
Time used: 24.922 (sec). Leaf size: 393� �
DSolve[(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Exp[\[Lambda]*x]+b*\[Mu]^2*Exp[\[Mu]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

− −aeλK[1]λ2 − beµK[1]µ2 + aeλK[1]y(x)2 + beµK[1]y(x)2 + cy(x)2

(eλK[1]a+ beµK[1] + c) (aeλK[1]λ+ beµK[1]µ+ aeλK[1]y(x) + beµK[1]y(x) + cy(x))2
dK[1]

+
∫ y(x)

1

(
1

(aexλλ+ bexµµ+ aexλK[2] + bexµK[2] + cK[2])2

−
∫ x

1

(
2
(
−aeλK[1]λ2 − beµK[1]µ2 + aeλK[1]K[2]2 + beµK[1]K[2]2 + cK[2]2

)
(aeλK[1]λ+ beµK[1]µ+ aeλK[1]K[2] + beµK[1]K[2] + cK[2])3

− 2aeλK[1]K[2] + 2beµK[1]K[2] + 2cK[2]
(eλK[1]a+ beµK[1] + c) (aeλK[1]λ+ beµK[1]µ+ aeλK[1]K[2] + beµK[1]K[2] + cK[2])2

)
dK[1]

)
dK[2] = c1, y(x)

]
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4 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.3-2. Equations with power and
exponential functions

4.1 problem 22 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
4.2 problem 23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
4.3 problem 24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153
4.4 problem 25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
4.5 problem 26 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
4.6 problem 27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
4.7 problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
4.8 problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 158
4.9 problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
4.10 problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
4.11 problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
4.12 problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162
4.13 problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
4.14 problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
4.15 problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165
4.16 problem 37 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
4.17 problem 38 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
4.18 problem 39 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
4.19 problem 40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
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4.1 problem 22
Internal problem ID [10430]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax eλxy = eλxa

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*exp(lambda*x)*y(x)+a*exp(lambda*x),y(x), singsol=all)� �

y(x) =
−c1λ

2x+
(∫ e

exλa(xλ−1)
λ2

x2 dx

)
x+ e

exλa(xλ−1)
λ2

x2

(
c1λ2 −

(∫ e
exλa(xλ−1)

λ2

x2 dx

))

3 Solution by Mathematica
Time used: 2.132 (sec). Leaf size: 110� �
DSolve[y'[x]==y[x]^2+a*x*Exp[\[Lambda]*x]*y[x]+a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
x
∫ x

1
e
aeλK[1](λK[1]−1)

λ2

K[1]2 dK[1] + e
aeλx(λx−1)

λ2 + c1x

x2

(∫ x

1
e
aeλK[1](λK[1]−1)

λ2

K[1]2 dK[1] + c1

)
y(x) → −1

x
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4.2 problem 23
Internal problem ID [10431]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, _with_linear_symmetries], _Riccati]

y′ − a eλxy2 = b e−λx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 64� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*exp(-lambda*x),y(x), singsol=all)� �

y(x) = −

(
λ2 − tan

(√
4ab λ2−λ4 (xλ+c1)

2λ2

)√
4ab λ2 − λ4

)
e−xλ

2aλ

3 Solution by Mathematica
Time used: 0.624 (sec). Leaf size: 123� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
eλ(−x)

(
−
√
λ2 − 4ab+ 2

1√
λ2−4ab

+c1ex
√

λ2−4ab
− λ

)
2a

y(x) →
eλ(−x)(4ab− λ

(√
λ2 − 4ab+ λ

))
2a

√
λ2 − 4ab
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4.3 problem 24
Internal problem ID [10432]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a eλxy2 = b xn−1n− a b2eλxx2n

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+b*n*x^(n-1)-a*b^2*exp(lambda*x)*x^(2*n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+b*n*x^(n-1)-a*b^2*Exp[\[Lambda]*x]*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.4 problem 25
Internal problem ID [10433]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − eλxy2 − a xny = aλ xne−λx

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 89� �
dsolve(diff(y(x),x)=exp(lambda*x)*y(x)^2+a*x^(n)*y(x)+a*lambda*x^n*exp(-lambda*x),y(x), singsol=all)� �

y(x) = −
e−xλ

((∫
e

xn+1a−xλ(n+1)
n+1 dx

)
λ+ λc1 + e

xn+1a−xλ(n+1)
n+1

)
c1 +

∫
e

x(a xn−(n+1)λ)
n+1 dx

3 Solution by Mathematica
Time used: 1.93 (sec). Leaf size: 254� �
DSolve[y'[x]==Exp[\[Lambda]*x]*y[x]^2+a*x^(n)*y[x]+a*\[Lambda]*x^n*Exp[-\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ y(x)

1

 e
axn+1
n+1

(λ+ exλK[2])2

−
∫ x

1

2e
aK[1]n+1

n+1
(
aλK[1]n + aeλK[1]K[2]K[1]n + e2λK[1]K[2]2

)
(λ+ eλK[1]K[2])3

−
e

aK[1]n+1
n+1 −λK[1](aeλK[1]K[1]n + 2e2λK[1]K[2]

)
(λ+ eλK[1]K[2])2

 dK[1]

 dK[2]

+
∫ x

1
−
e

aK[1]n+1
n+1 −λK[1](aλK[1]n + aeλK[1]y(x)K[1]n + e2λK[1]y(x)2

)
(λ+ eλK[1]y(x))2

dK[1] = c1, y(x)
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4.5 problem 26
Internal problem ID [10434]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + eλxy2λ− a xny eλx = −xna

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 92� �
dsolve(diff(y(x),x)=-lambda*exp(lambda*x)*y(x)^2+a*x^(n)*exp(lambda*x)*y(x)-a*x^n,y(x), singsol=all)� �

y(x) =
e−xλ

(∫
e−xλ+a

(∫
exλxndx

)
dx
)
c1λ+ λ2e−xλ + c1e−2xλ+a

(∫
exλxndx

)
λ
((∫

e−xλ+a
(∫

exλxndx
)
dx
)
c1 + λ

)
3 Solution by Mathematica
Time used: 6.627 (sec). Leaf size: 185� �
DSolve[y'[x]==-\[Lambda]*Exp[\[Lambda]*x]*y[x]^2+a*x^(n)*Exp[\[Lambda]*x]*y[x]-a*x^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

e−2λx

eλx
∫ exλ

1

exp

aΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + exp

a
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ c1e
λx


∫ exλ

1

exp

aΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + c1

y(x) → eλ(−x)
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4.6 problem 27
Internal problem ID [10435]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a eλxy2 + ab xneλxy = b xn−1n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 88� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2-a*b*x^(n)*exp(lambda*x)*y(x)+b*n*x^(n-1),y(x), singsol=all)� �

y(x) =
xnλ

(∫
exλ+ab

(∫
exλxndx

)
dx
)
c1ab+ xnab− c1λ eab

(∫
exλxndx

)
a
(
λ
(∫

exλ+ab
(∫

exλxndx
)
dx
)
c1 + 1

)
3 Solution by Mathematica
Time used: 63.132 (sec). Leaf size: 188� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2-a*b*x^(n)*Exp[\[Lambda]*x]*y[x]+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

abc1
(

log
(
eλx
)

λ

)n ∫ exλ

1 exp
(

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ

)
dK[1]− c1λ exp

ab
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ ab
(

log
(
eλx
)

λ

)n
a+ ac1

∫ exλ

1 exp
(

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ

)
dK[1]
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4.7 problem 28
Internal problem ID [10436]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 = bλ eλx − a b2xne2λx

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+b*lambda*exp(lambda*x)-a*b^2*x^n*exp(2*lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2+b*\[Lambda]*Exp[\[Lambda]*x]-a*b^2*x^n*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.8 problem 29
Internal problem ID [10437]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 − λy = −a b2xne2λx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 62� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+lambda*y(x)-a*b^2*x^n*exp(2*lambda*x),y(x), singsol=all)� �

y(x) = tanh
(
−ab xn(nΓ(n,−xλ)− Γ(n+ 1)) (−xλ)−n − ba exλxn + iλc1

λ

)
b exλ

3 Solution by Mathematica
Time used: 1.69 (sec). Leaf size: 57� �
DSolve[y'[x]==a*x^n*y[x]^2+\[Lambda]*y[x]-a*b^2*x^n*Exp[2*\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
−b2eλx tan

(
a
√
−b2xn(λ(−x))−nΓ(n+ 1,−xλ)

λ
+ c1

)
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4.9 problem 30
Internal problem ID [10438]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 + ab xneλxy = bλ eλx

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*b*x^n*exp(lambda*x)*y(x)+b*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 53.05 (sec). Leaf size: 190� �
DSolve[y'[x]==a*x^n*y[x]^2-a*b*x^n*Exp[\[Lambda]*x]*y[x]+b*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

be2λx

∫ exλ

1

exp

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + c1



eλx
∫ exλ

1

exp

abΓ(n+1,− log(K[1]))(− log(K[1]))−n
(

log(K[1])
λ

)n
λ


K[1]2 dK[1] + exp

ab
(
− log

(
eλx
))−n

(
log
(
eλx

)
λ

)n

Γ
(
n+1,− log

(
exλ
))

λ

+ c1eλx

y(x) → beλx
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4.10 problem 31
Internal problem ID [10439]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − a xk+1eλxy = −eλxa

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*exp(lambda*x)*y(x)-a*exp(lambda*x),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫
x1+kexλax−2k−2

x
dx +

(∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

)
(∫

xkea
(∫

x1+kexλdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkea

(∫
x1+kexλdx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

3 Solution by Mathematica
Time used: 86.249 (sec). Leaf size: 280� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Exp[\[Lambda]*x]*y[x]-a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

aλ exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

(1 + c1
∫ exλ

1 exp
(
−

aΓ(k+2,− log(K[1]))(− log(K[1]))−k
(

log(K[1])
λ

)k
λ2

)
dK[1]

)

ac1λ
(

log
(
eλx
)

λ

)k+1
exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

∫ exλ

1 exp
(
−

aΓ(k+2,− log(K[1]))(− log(K[1]))−k
(

log(K[1])
λ

)k
λ2

)
dK[1] + aλ

(
log
(
eλx
)

λ

)k+1
exp

a
(
− log

(
eλx
))−k

(
log
(
eλx

)
λ

)k

Γ
(
k+2,− log

(
exλ
))

λ2

− c1λ2
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4.11 problem 32
Internal problem ID [10440]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 + a xn
(
b eλx + c

)
y = c xn

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*x^n*(b*exp(lambda*x)+c)*y(x)+c*x^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2-a*x^n*(b*Exp[\[Lambda]*x]+c)*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.12 problem 33
Internal problem ID [10441]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xne2λxy2 −
(
b xneλx − λ

)
y = c xn

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 114� �
dsolve(diff(y(x),x)=a*x^n*exp(2*lambda*x)*y(x)^2+(b*x^n*exp(lambda*x)-lambda)*y(x)+c*x^n,y(x), singsol=all)� �
y(x)

=

(
tan

(√
4a b2c−b4

(
xn(−xλ)−nΓ(n,−xλ)bn−xn(−xλ)−nΓ(n+1)b+exλxnb+λc1

)
2b2λ

)√
4a b2c− b4 − b2

)
e−xλ

2ab

3 Solution by Mathematica
Time used: 3.112 (sec). Leaf size: 102� �
DSolve[y'[x]==a*x^n*Exp[2*\[Lambda]*x]*y[x]^2+(b*x^n*Exp[\[Lambda]*x]-\[Lambda])*y[x]+c*x^n,y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
ae2xλ

c
y(x)

1

1

K[1]2 −
√

b2

ac
K[1] + 1

dK[1] =
cxneλ(−x)(λ(−x))−n

√
ae2λx

c
Γ(n+ 1,−xλ)

λ

+ c1, y(x)
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4.13 problem 34
Internal problem ID [10442]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a eλx(y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 50� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = ac1λ(b xn + c) exλ + xnab− c1λ
2 + ac

(λc1exλ + 1) a

3 Solution by Mathematica
Time used: 1.563 (sec). Leaf size: 40� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → λ

−aeλx + c1λ
+ bxn + c

y(x) → bxn + c
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4.14 problem 35
Internal problem ID [10443]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a eλxy2 − ky = a b2x2keλx

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 38� �
dsolve(x*diff(y(x),x)=a*exp(lambda*x)*y(x)^2+k*y(x)+a*b^2*x^(2*k)*exp(lambda*x),y(x), singsol=all)� �

y(x) = − tan
(
ab xk(Γ(k,−xλ)− Γ(k)) (−xλ)−k + c1

)
b xk

3 Solution by Mathematica
Time used: 1.593 (sec). Leaf size: 47� �
DSolve[x*y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(
−a

√
b2xk(λ(−x))−kΓ(k,−xλ) + c1

)
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4.15 problem 36
Internal problem ID [10444]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a x2neλxy2 −
(
b xneλx − n

)
y = eλxc

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 86� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*exp(lambda*x)*y(x)^2+(b*x^n*exp(lambda*x)-n)*y(x)+c*exp(lambda*x),y(x), singsol=all)� �

y(x) = −

(
tan

((
xnb(Γ(n,−xλ)−Γ(n))(−xλ)−n−c1

)√
4a b2c−b4

2b2

)√
4a b2c− b4 + b2

)
x−n

2ab

3 Solution by Mathematica
Time used: 3.62 (sec). Leaf size: 87� �
DSolve[x*y'[x]==a*x^(2*n)*Exp[\[Lambda]*x]*y[x]^2+(b*x^n*Exp[\[Lambda]*x]-n)*y[x]+c*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
ax2n

c
y(x)

1

1

K[1]2 −
√

b2

ac
K[1] + 1

dK[1] =

−c(λ(−x))−n

√
ax2n

c
Γ(n,−xλ) + c1, y(x)
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4.16 problem 37
Internal problem ID [10445]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 2aλx eλx2 − a2e2λx2

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+2*a*lambda*x*exp(lambda*x^2)-a^2*exp(2*lambda*x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+2*a*\[Lambda]*x*Exp[\[Lambda]*x^2]-a^2*Exp[2*\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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4.17 problem 38
Internal problem ID [10446]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a e−λx2
y2 − yλx = a b2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 45� �
dsolve(diff(y(x),x)=a*exp(-lambda*x^2)*y(x)^2+lambda*x*y(x)+a*b^2,y(x), singsol=all)� �

y(x) = tan

ab
√
π
√
2 erf

(√
2
√
λx

2

)
− 2c1

√
λ

2
√
λ

 b ex2λ
2

3 Solution by Mathematica
Time used: 2.252 (sec). Leaf size: 63� �
DSolve[y'[x]==a*Exp[-\[Lambda]*x^2]*y[x]^2+\[Lambda]*x*y[x]+a*b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2e

λx2
2 tan

√π
2a

√
b2erf

(√
λx√
2

)
√
λ

+ c1
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4.18 problem 39
Internal problem ID [10447]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 − yλx = a b2xneλx2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 90� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2+lambda*x*y(x)+a*b^2*x^n*exp(lambda*x^2),y(x), singsol=all)� �

y(x) = − tan
(
−ab2n

2−
1
2xn+1Γ

(
n

2 + 1
2

)(
−x2λ

)−n
2−

1
2

+ ab2n
2−

1
2xn+1(−x2λ

)−n
2−

1
2 Γ
(
n

2 + 1
2 ,−

x2λ

2

)
+ c1

)
b ex2λ

2

3 Solution by Mathematica
Time used: 2.366 (sec). Leaf size: 83� �
DSolve[y'[x]==a*x^n*y[x]^2+\[Lambda]*x*y[x]+a*b^2*x^n*Exp[\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2e

λx2
2 tan

(
a
√
b2λ2n−1

2 xn+3(λ(−x2))−n
2−

3
2 Γ
(
n+ 1
2 ,−x2λ

2

)
+ c1

)
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4.19 problem 40
Internal problem ID [10448]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.3-2. Equations with power
and exponential functions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x4(y′ − y2
)
= a+ b e k

x + c e 2k
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 302� �
dsolve(x^4*(diff(y(x),x)-y(x)^2)=a+b*exp(k/x)+c*exp(2*k/x),y(x), singsol=all)� �
y(x)

=

((
i
√
a+ k

2

)√
c− ib

2

)
WhittakerM

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
− c1kWhittakerW

(
− ib−2k

√
c

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
√
c+

(
WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))(
ie k

x c+
(
−k

2 − x
)√

c+ ib
2

)
√
c x2

(
WhittakerW

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

)
c1 +WhittakerM

(
− ib

2k
√
c
, i

√
a

k
, 2i

√
c e

k
x

k

))
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3 Solution by Mathematica
Time used: 4.039 (sec). Leaf size: 940� �
DSolve[x^4*(y'[x]-y[x]^2)==a+b*Exp[k/x]+c*Exp[2*k/x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ek/x log

(
ek/x

)(
c1
(
b+

√
c
(
2
√
a− ik

))
HypergeometricU

(
ib√
c
+3k+2i

√
a

2k , 2i
√
a

k
+ 2, 2i

√
cek/x

k

)
− 2i

√
ckL

2i
√
a

k
+1

−
ib√
c
+3k+2i

√
a

2k

(
2i
√
cek/x

k

))
− c1k

(
k − i log

(
ek/x

) (√
a−

√
cek/x

))
HypergeometricU

(
ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+ 1, 2i

√
cek/x

k

)
− k
(
k − i log

(
ek/x

) (√
a−

√
cek/x

))
L

2i
√

a
k

−
ib√
c
+k+2i

√
a

2k

(
2i
√
cek/x

k

)
kx2 log (ek/x)

(
c1HypergeometricU

(
ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+ 1, 2i

√
cek/x

k

)
+ L

2i
√
a

k

−
ib√
c
+k+2i

√
a

2k

(
2i
√
cek/x

k

))
y(x)

→

ek/x
(
b+

√
c
(
2
√
a−ik

))
HypergeometricU

(
ib√
c
+3k+2i

√
a

2k , 2i
√
a

k
+2, 2i

√
cek/x

k

)

kHypergeometricU
(

ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+1, 2i

√
cek/x

k

) + i
(√

a−
√
cek/x

)
− k

log
(
ek/x

)
x2

y(x)

→

ek/x
(
b+

√
c
(
2
√
a−ik

))
HypergeometricU

(
ib√
c
+3k+2i

√
a

2k , 2i
√
a

k
+2, 2i

√
cek/x

k

)

kHypergeometricU
(

ib√
c
+k+2i

√
a

2k , 2i
√
a

k
+1, 2i

√
cek/x

k

) + i
(√

a−
√
cek/x

)
− k

log
(
ek/x

)
x2
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5.1 problem 1
Internal problem ID [10449]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −a2 + aλ sinh (λx)− a2 sinh (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 318� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*sinh(lambda*x)-a^2*sinh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
−2 sinh

(
iπ
4 + xλ

2

)
cosh (xλ) c1a− cosh

(
iπ
4 + xλ

2

)
c1λ
)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
+ cosh (xλ)

(
−2HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
a+ iλ

(
HeunCPrime

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
c1 sinh

(
iπ
4 + xλ

2

)
+HeunCPrime

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)))
2 sinh

(
iπ
4 + xλ

2

)
HeunC

(
4ia
λ
, 12 ,−

1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
c1 + 2HeunC

(
4ia
λ
,−1

2 ,−
1
2 ,

2ia
λ
,−8ia−3λ

8λ ,− i sinh(xλ)
2 + 1

2

)
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3 Solution by Mathematica
Time used: 11.807 (sec). Leaf size: 162� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Sinh[\[Lambda]*x]-a^2*Sinh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

eλ(−x)

a
(
e2λx + 1

) ∫ exλ

1
e

a
(
K[1]2−1

)
λK[1]

K[1] dK[1]− 2λe
aeλ(−x)(e2λx−1

)
λ

+λx + ac1e
2λx + ac1


2

∫ exλ

1
e

a
(
K[1]2−1

)
λK[1]

K[1] dK[1] + c1


y(x) → 1

2ae
λ(−x)(e2λx + 1

)
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5.2 problem 2
Internal problem ID [10450]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a sinh (βx) y = ab sinh (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*sinh(beta*x)*y(x)+a*b*sinh(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+a cosh(xβ)

β dx
)
− c1b+ e

−2bβx+a cosh(xβ)
β

−
(∫

e
−2bβx+a cosh(xβ)

β dx
)
+ c1

3 Solution by Mathematica
Time used: 9.168 (sec). Leaf size: 183� �
DSolve[y'[x]==y[x]^2+a*Sinh[\[Beta]*x]*y[x]+a*b*Sinh[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1
−e

a cosh(βK[1])
β

−2bK[1](−b+ a sinh(βK[1]) + y(x))
aβ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
e

a cosh(xβ)
β

−2bx

aβ(b+K[2])2

−
∫ x

1

(
e

a cosh(βK[1])
β

−2bK[1](−b+K[2] + a sinh(βK[1]))
aβ(b+K[2])2 − e

a cosh(βK[1])
β

−2bK[1]

aβ(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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5.3 problem 3
Internal problem ID [10451]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax sinh (bx)m y = a sinh (bx)m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*sinh(b*x)^m*y(x)+a*sinh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ sinh(bx)mx2a−2
x

dxx−
(∫

e
∫ sinh(bx)mx2a−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ sinh(bx)mx2a−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 7.437 (sec). Leaf size: 379� �
DSolve[y'[x]==y[x]^2+a*x*Sinh[b*x]^m*y[x]+a*Sinh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1

exp
(
−

a
(
−e−bK[1]+ebK[1])m(2−2e2bK[1])−m(

3F2
(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bK[1])+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bK[1])K[1]

)
b2m2

)
K[1]2 dK[1] +

exp
(
−

a
(
ebx−e−bx

)m(
2−2e2bx

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bx

)
+bmxHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bx

))
b2m2

)
x

+ c1

x

∫ x

1

exp
(
−

a
(
−e−bK[1]+ebK[1]

)m(
2−2e2bK[1]

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;e2bK[1]

)
+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,e2bK[1]

)
K[1]

)
b2m2

)
K[1]2 dK[1] + c1


y(x) → −1

x
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5.4 problem 4
Internal problem ID [10452]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sinh (λx) y2 = −λ sinh (λx)3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=lambda*sinh(lambda*x)*y(x)^2-lambda*sinh(lambda*x)^3,y(x), singsol=all)� �

y(x) = −
2
(
e

cosh(2xλ)
2 + 1

2 c1 − cosh(xλ)
√
π (erfi(cosh(xλ))c1+1)

2

)
√
π (erfi (cosh (xλ)) c1 + 1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sinh[\[Lambda]*x]*y[x]^2-\[Lambda]*Sinh[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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5.5 problem 5
Internal problem ID [10453]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ −
(
a sinh (λx)2 − λ

)
y2 = −a sinh (λx)2 + λ− a

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 104� �
dsolve(diff(y(x),x)=(a*sinh(lambda*x)^2-lambda)*y(x)^2-a*sinh(lambda*x)^2+lambda-a,y(x), singsol=all)� �
y(x)

=
2 coth (xλ)λ

(∫
−e

a cosh(2xλ)
2λ

(
a− csch (xλ)2 λ

)
dx
)
c1 + 2 csch (xλ)2 e

a cosh(2xλ)
2λ c1λ− coth (xλ)

2λ
(∫

−e
a cosh(2xλ)

2λ
(
a− csch (xλ)2 λ

)
dx
)
c1 − 1
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3 Solution by Mathematica
Time used: 50.151 (sec). Leaf size: 211� �
DSolve[y'[x]==(a*Sinh[\[Lambda]*x]^2-\[Lambda])*y[x]^2-a*Sinh[\[Lambda]*x]^2+\[Lambda]-a,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csch2(λx)

(
c1 sinh(2λx)

∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1] + 2c1e

a sinh2(λx)
λ + sinh(2λx)

)
2 + 2c1

∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1]

y(x) → 1
2csch

2(λx)
(

2e
a sinh2(λx)

λ∫ x

1 e
a sinh2(λK[1])

λ csch2(λK[1])
(
λ− a sinh2(λK[1])

)
dK[1]

+ sinh(2λx)
)
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5.6 problem 6
Internal problem ID [10454]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a sinh (λx) + b) y′ − y2 − c sinh (xµ) y = −d2 + cd sinh (xµ)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 253� �
dsolve((a*sinh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*sinh(mu*x)*y(x)-d^2+c*d*sinh(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

sinh(xλ)a+b
dx

+ dc1 − e
c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

∫ e

c

(∫ sinh(xµ)
sinh(xλ)a+b

dx

)
λ
√

a2+b2+4d arctanh

− tanh
(
xλ
2
)
b+a√

a2+b2


λ
√

a2+b2

sinh(xλ)a+b
dx− c1
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3 Solution by Mathematica
Time used: 28.506 (sec). Leaf size: 289� �
DSolve[(a*Sinh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Sinh[\[Mu]*x]*y[x]-d^2+c*d*Sinh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
(−d+ c sinh(µK[2]) + y(x))

cµ(b+ a sinh(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
(−d+K[3] + c sinh(µK[2]))

cµ(d+K[3])2(b+ a sinh(λK[2])) −
exp

(
−
∫ K[2]
1

2d−c sinh(µK[1])
b+a sinh(λK[1]) dK[1]

)
cµ(d+K[3])(b+ a sinh(λK[2]))

 dK[2]

 dK[3] = c1, y(x)
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5.7 problem 7
Internal problem ID [10455]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a sinh (λx) + b)
(
y′ − y2

)
= −a λ2 sinh (λx)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 250� �
dsolve((a*sinh(lambda*x)+b)*(diff(y(x),x)-y(x)^2)+a*lambda^2*sinh(lambda*x)=0,y(x), singsol=all)� �
y(x) =

−
4
((

arctanh
(

− tanh
(

xλ
2

)
b+a

√
a2+b2

)
a2b2 + arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
b4 − c1

)
a
(
cosh

(
xλ
2

)2 − 1
2

)√
a2 + b2 +

(
a2+b2

)2(
a2 cosh

(
xλ
2

)2
+ab cosh

(
xλ
2

)
sinh

(
xλ
2

)
−a2

2 − b2
2

)
2

)
λ

√
a2 + b2

(
2a cosh

(
xλ
2

)
(a2 + b2)

3
2
(
a sinh

(
xλ
2

)
+ b cosh

(
xλ
2

))
+ 4

(
arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
a2b2 + arctanh

(
− tanh

(
xλ
2

)
b+a

√
a2+b2

)
b4 − c1

)(
sinh

(
xλ
2

)
a cosh

(
xλ
2

)
+ b

2

))
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3 Solution by Mathematica
Time used: 24.532 (sec). Leaf size: 202� �
DSolve[(a*Sinh[\[Lambda]*x]+b)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Sinh[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(√
−a2 − b2(b− a sinh(λx)) + a cosh(λx)

(
2b arctan

(
a−b tanh

(
λx
2

)
√
−a2−b2

)
− c1λ(−a2 − b2)3/2

))
−a

√
−a2 − b2 cosh(λx) + (a sinh(λx) + b)

(
2b arctan

(
a−b tanh

(
λx
2

)
√
−a2−b2

)
− c1λ (−a2 − b2)3/2

)
y(x) → − aλ cosh(λx)

a sinh(λx) + b
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5.8 problem 8
Internal problem ID [10456]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − αy2 = β + γ cosh (x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 70� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*cosh(x),y(x), singsol=all)� �
y(x) = −

i
(
c1MathieuSPrime

(
−4αβ, 2γα, ix2

)
+MathieuCPrime

(
−4αβ, 2γα, ix2

))
2α
(
c1MathieuS

(
−4αβ, 2γα, ix2

)
+MathieuC

(
−4αβ, 2γα, ix2

))
3 Solution by Mathematica
Time used: 0.543 (sec). Leaf size: 140� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Cosh[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
ic1MathieuCPrime

[
−4αβ, 2αγ, ix2

]
− iMathieuSPrime

[
−4αβ, 2αγ, ix2

]
2αc1MathieuC

[
−4αβ, 2αγ, ix2

]
− 2αMathieuS

[
−4αβ, 2αγ, ix2

]
y(x) → −

iMathieuCPrime
[
−4αβ, 2αγ, ix2

]
2αMathieuC

[
−4αβ, 2αγ, ix2

]
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5.9 problem 9
Internal problem ID [10457]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a cosh (βx) y = ab cosh (βx)− b2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*cosh(beta*x)*y(x)+a*b*cosh(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+sinh(xβ)a

β dx
)
− c1b+ e

−2bβx+sinh(xβ)a
β

−
(∫

e
−2bβx+sinh(xβ)a

β dx
)
+ c1

3 Solution by Mathematica
Time used: 9.815 (sec). Leaf size: 242� �
DSolve[y'[x]==y[x]^2+a*Cosh[\[Beta]*x]*y[x]+a*b*Cosh[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
b
∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1] + βe

aeβ(−x)(e2βx−1
)

2β
(
eβx
)− 2b

β + bc1∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1] + c1

y(x) → −b

y(x) → −
βe

aeβ(−x)(e2βx−1
)

2β
(
eβx
)− 2b

β∫ exβ

1 e
a
(
K[1]2−1

)
2βK[1] K[1]−

2b
β
−1dK[1]

− b
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5.10 problem 10
Internal problem ID [10458]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax cosh (bx)m y = a cosh (bx)m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*cosh(b*x)^m*y(x)+a*cosh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ cosh(bx)mx2a−2
x

dxx−
(∫

e
∫ cosh(bx)mx2a−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ cosh(bx)mx2a−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 7.557 (sec). Leaf size: 394� �
DSolve[y'[x]==y[x]^2+a*x*Cosh[b*x]^m*y[x]+a*Cosh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1

exp
(
−

2−ma
(
e−bK[1]+ebK[1])m(1+e2bK[1])−m(

3F2
(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bK[1])+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bK[1])K[1]

)
b2m2

)
K[1]2 dK[1] +

exp
(
−

a2−m
(
e−bx+ebx

)m(
e2bx+1

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bx

)
+bmxHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bx

))
b2m2

)
x

+ c1

x

∫ x

1

exp
(
−

2−ma
(
e−bK[1]+ebK[1]

)m(
1+e2bK[1]

)−m(
3F2

(
−m,−m

2 ,−m
2 ;1−m

2 ,1−m
2 ;−e2bK[1]

)
+bmHypergeometric2F1

(
−m,−m

2 ,1−m
2 ,−e2bK[1]

)
K[1]

)
b2m2

)
K[1]2 dK[1] + c1


y(x) → −1

x
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5.11 problem 11
Internal problem ID [10459]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ −
(
a cosh (λx)2 − λ

)
y2 = −a cosh (λx)2 + a+ λ

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 104� �
dsolve(diff(y(x),x)=(a*cosh(lambda*x)^2-lambda)*y(x)^2+a+lambda-a*cosh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2 tanh (xλ)λ

(∫
−e

a cosh(2xλ)
2λ

(
a− sech (xλ)2 λ

)
dx
)
c1 + 2 sech (xλ)2 e

a cosh(2xλ)
2λ c1λ− tanh (xλ)

2λ
(∫

−e
a cosh(2xλ)

2λ
(
a− sech (xλ)2 λ

)
dx
)
c1 − 1
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3 Solution by Mathematica
Time used: 49.81 (sec). Leaf size: 211� �
DSolve[y'[x]==(a*Cosh[\[Lambda]*x]^2-\[Lambda])*y[x]^2+a+\[Lambda]-a*Cosh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sech2(λx)

(
c1 sinh(2λx)

∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1] + 2c1e

a cosh2(λx)
λ + sinh(2λx)

)
2 + 2c1

∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1]

y(x) → 1
2sech

2(λx)
(

2e
a cosh2(λx)

λ∫ x

1 e
a cosh2(λK[1])

λ

(
λ− a cosh2(λK[1])

)
sech2(λK[1])dK[1]

+ sinh(2λx)
)
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5.12 problem 12
Internal problem ID [10460]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

2y′ − (a− λ+ a cosh (λx)) y2 = a+ λ− a cosh (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 101� �
dsolve(2*diff(y(x),x)=(a-lambda+a*cosh(lambda*x))*y(x)^2+a+lambda-a*cosh(lambda*x),y(x), singsol=all)� �
y(x)

=
tanh

(
xλ
2

)
λ
(∫

e
a cosh(xλ)

λ

(
−2a+ sech

(
xλ
2

)2
λ
)
dx
)
c1 + 2 sech

(
xλ
2

)2 ea cosh(xλ)
λ c1λ− 2 tanh

(
xλ
2

)
λ
(∫

e
a cosh(xλ)

λ

(
−2a+ sech

(
xλ
2

)2
λ
)
dx
)
c1 − 2
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3 Solution by Mathematica
Time used: 59.899 (sec). Leaf size: 338� �
DSolve[2*y'[x]==(a-\[Lambda]+a*Cosh[\[Lambda]*x])*y[x]^2+a+\[Lambda]-a*Cosh[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sech2(λx

2

)(
c1 sinh(λx)

∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2(1

2λK[1]
)
dK[1] + 4c1e

2a cosh2
(
λx
2
)

λ + sinh(λx)
)

2 + 2c1
∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

y(x)→ 1
2sech

2
(
λx

2

) 4e
2a cosh2

(
λx
2
)

λ∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

+ sinh(λx)


y(x)→ 1

2sech
2
(
λx

2

) 4e
2a cosh2

(
λx
2
)

λ∫ x

1 −e
2a cosh2

(
1
2λK[1]

)
λ (cosh(λK[1])a+ a− λ)sech2 (1

2λK[1]
)
dK[1]

+ sinh(λx)
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5.13 problem 13
Internal problem ID [10461]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −λ2 + a cosh (λx)n sinh (λx)−n−4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+a*cosh(lambda*x)^n*sinh(lambda*x)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+a*Cosh[\[Lambda]*x]^n*Sinh[\[Lambda]*x]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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5.14 problem 14
Internal problem ID [10462]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − sinh (λx) y2a = b sinh (λx) cosh (λx)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 245� �
dsolve(diff(y(x),x)=a*sinh(lambda*x)*y(x)^2+b*sinh(lambda*x)*cosh(lambda*x)^n,y(x), singsol=all)� �
y(x)

=
sech (xλ)

(
−λ

√
a
(
BesselY

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
+
(
BesselY

(
3+n
n+2 ,

2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
3+n
n+2 ,

2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
a
√
b cosh (xλ)

n
2+1
)

a
3
2

(
BesselY

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

)
c1 + BesselJ

(
1

n+2 ,
2
√
a
√
b cosh(xλ)

n
2 +1

λ(n+2)

))
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3 Solution by Mathematica
Time used: 1.376 (sec). Leaf size: 667� �
DSolve[y'[x]==a*Sinh[\[Lambda]*x]*y[x]^2+b*Sinh[\[Lambda]*x]*Cosh[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
bc1Gamma

(
n+1
n+2

)
cosh

n
2 (λx) BesselJ

(
n+1
n+2 ,

2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
− sech(λx)

(
Gamma

(
1 + 1

n+2

) (√
a
√
b cosh

n
2+1(λx)

(
BesselJ

(
1

n+2 − 1, 2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
+ λBesselJ

(
1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
+
√
a
√
bc1Gamma

(
n+1
n+2

)
cosh

n
2+1(λx) BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
+ c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
y(x)

→

√
a
√
b cosh

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cosh

n
2 +1(xλ)

nλ+2λ

) − λsech(λx)

2a
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5.15 problem 15
Internal problem ID [10463]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 cosh (λx) a = b cosh (λx) sinh (λx)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 951� �
dsolve(diff(y(x),x)=a*cosh(lambda*x)*y(x)^2+b*cosh(lambda*x)*sinh(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 1.277 (sec). Leaf size: 633� �
DSolve[y'[x]==a*Cosh[\[Lambda]*x]*y[x]^2+b*Cosh[\[Lambda]*x]*Sinh[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csch(λx)

(
−λGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
b sinh

n
2+1(λx)

(
Gamma

(
1 + 1

n+2

) (
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1

n+2 − 1, 2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
− c1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
− c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
y(x)

→

√
a
√
b sinh

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sinh

n
2 +1(xλ)

nλ+2λ

) − λcsch(λx)

2a
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5.16 problem 16
Internal problem ID [10464]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a cosh (λx) + b) y′ − y2 − c cosh (xµ) y = cd cosh (xµ)− d2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 268� �
dsolve((a*cosh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cosh(mu*x)*y(x)-d^2+c*d*cosh(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cosh(xλ)+b
dx

+ dc1 − e
c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

∫ e

c

(∫ cosh(xµ)
a cosh(xλ)+b

dx

)√
a2−b2 λ−4d arctan

 (a−b) tanh
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cosh(xλ)+b
dx− c1
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3 Solution by Mathematica
Time used: 24.309 (sec). Leaf size: 289� �
DSolve[(a*Cosh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cosh[\[Mu]*x]*y[x]-d^2+c*d*Cosh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
(−d+ c cosh(µK[2]) + y(x))

cµ(b+ a cosh(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
(−d+ c cosh(µK[2]) +K[3])

cµ(b+ a cosh(λK[2]))(d+K[3])2 −
exp

(
−
∫ K[2]
1

2d−c cosh(µK[1])
b+a cosh(λK[1]) dK[1]

)
cµ(b+ a cosh(λK[2]))(d+K[3])

 dK[2]

 dK[3] = c1, y(x)
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5.17 problem 17
Internal problem ID [10465]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-1. Equations with hyper-
bolic sine and cosine
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a cosh (λx) + b)
(
y′ − y2

)
= −a λ2 cosh (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve((a*cosh(lambda*x)+b)*(diff(y(x),x)-y(x)^2)+a*lambda^2*cosh(lambda*x)=0,y(x), singsol=all)� �
y(x)

=
λ

(
−2 arctan

(
(a−b) tanh

(
xλ
2

)
√
a2−b2

)√
a2 − b2 ab cosh

(
xλ
2

)
sinh

(
xλ
2

)
+ 2

√
a2 − b2 c1a cosh

(
xλ
2

)
sinh

(
xλ
2

)
+ (a+ b)

(
cosh

(
xλ
2

)2
a− a

2 −
b
2

)
(a− b)

)
√
a2 − b2

(
2
(
cosh

(
xλ
2

)2
a− a

2 +
b
2

)
b arctan

(
(a−b) tanh

(
xλ
2

)
√
a2−b2

)
−

√
a2 − b2 a cosh

(
xλ
2

)
sinh

(
xλ
2

)
− 2c1

(
cosh

(
xλ
2

)2
a− a

2 +
b
2

))
3 Solution by Mathematica
Time used: 7.749 (sec). Leaf size: 246� �
DSolve[(a*Cosh[\[Lambda]*x]+b)*(y'[x]-y[x]^2)+a*\[Lambda]^2*Cosh[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(
a sinh(λx)

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ(a2 − b2)3/2

)
+ a

√
a2 − b2 cosh(λx) + b

(
−
√
a2 − b2

))
b

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ (a2 − b2)3/2

)
+ a cosh(λx)

(
2b arctan

(
(b−a) tanh

(
λx
2

)
√
a2−b2

)
+ c1λ (a2 − b2)3/2

)
+ a

√
a2 − b2 sinh(λx)

y(x) → − aλ sinh(λx)
a cosh(λx) + b
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6.1 problem 18
Internal problem ID [10466]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λa− a(a+ λ) tanh (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 122� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda-a*(a+lambda)*tanh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
LegendreP

(
a+λ
λ
, a
λ
, tanh (xλ)

)
λ+ LegendreQ

(
a+λ
λ
, a
λ
, tanh (xλ)

)
c1λ− tanh (xλ)

(
c1 LegendreQ

(
a
λ
, a
λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, tanh (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a
λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, tanh (xλ)

)
3 Solution by Mathematica
Time used: 8.574 (sec). Leaf size: 177� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a
(
−λ
(
e2λx − 1

)
Hypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
,−e2xλ

)
− 2λ

(
e2λx + 1

) 2a
λ
+1 + ac1

(
e2λx − 1

) (
e2λx

)a/λ)
(e2λx + 1)

(
−λHypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
,−e2xλ

)
+ ac1 (e2λx)a/λ

)
y(x) →

a
(
e2λx − 1

)
e2λx + 1
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6.2 problem 19
Internal problem ID [10467]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 3λa− λ2 − a(a+ λ) tanh (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 148� �
dsolve(diff(y(x),x)=y(x)^2+3*a*lambda-lambda^2-a*(a+lambda)*tanh(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, tanh (xλ)

)
λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, tanh (xλ)

)
c1λ− tanh (xλ)

(
c1 LegendreQ

(
a
λ
, a−λ

λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, tanh (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a−λ

λ
, tanh (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, tanh (xλ)

)
3 Solution by Mathematica
Time used: 12.804 (sec). Leaf size: 631� �
DSolve[y'[x]==y[x]^2+3*a*\[Lambda]-\[Lambda]^2-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−λ(a− 2λ)

(
e2λx − 1

) (
e2λx + 1

) 2a
λ

(
1

e2λx−1 + 1
)a/λ (

a
(
4e2λx + e4λx − 1

)
+ λ− λe4λx

)
AppellF1

(
1− a

λ
, a
λ
,−2a

λ
, 2− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ (a− λ)

(
8aλe2λx

(
1

e2λx−1 + 1
)a/λ (

e2λx + 1
) 2a

λ
+1AppellF1

(
2− a

λ
, a
λ
, 1− 2a

λ
, 3− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
− 2aλe2λx

(
1

e2λx−1 + 1
)a/λ (

e2λx + 1
) 2a

λ
+1AppellF1

(
2− a

λ
, a+λ

λ
,−2a

λ
, 3− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ c1(2λ− a)

(
e2λx − 1

)2 (
e2λx

)a/λ ( 2
e2λx−1 + 1

) 2a
λ
(
λ
(
e2λx + 1

)2 − a
(
e2λx − 1

)2))
(2λ− a) (e2λx − 1)2 (e2λx + 1)

(
−λ (e2λx + 1)

2a
λ

(
1

e2λx−1 + 1
)a/λ

AppellF1
(
1− a

λ
, a
λ
,−2a

λ
, 2− a

λ
, 1
1−e2xλ

,− 2
−1+e2xλ

)
+ c1(λ− a) (e2λx − 1) (e2λx)a/λ

(
2

e2λx−1 + 1
) 2a

λ

)
y(x) →

a
(
e2λx − 1

)2 − λ
(
e2λx + 1

)2
e4λx − 1
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6.3 problem 20
Internal problem ID [10468]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax tanh (bx)m y = a tanh (bx)m

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*tanh(b*x)^m*y(x)+a*tanh(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a tanh(bx)mx2−2
x

dxx−
(∫

e
∫ a tanh(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a tanh(bx)mx2−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 12.331 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Tanh[b*x]^m*y[x]+a*Tanh[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −aK[1] tanhm(bK[1])dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanhm(bK[1])dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanhm(bK[1])dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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6.4 problem 21
Internal problem ID [10469]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a tanh (λx) + b) y′ − y2 − c tanh (xµ) y = cd tanh (xµ)− d2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 302� �
dsolve((a*tanh(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*tanh(mu*x)*y(x)-d^2+c*d*tanh(mu*x),y(x), singsol=all)� �
y(x)

=

−ec
(∫ tanh(xµ)

a tanh(xλ)+b
dx
)
(tanh (xλ) + 1)

d
λ(a−b) (tanh (xλ)− 1)

d
λ(a+b) (a tanh (xλ) + b)

− 2ad
λ
(
a2−b2

)
− d

∫ (a tanh (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(tanh (xλ)− 1)

d
λ(a+b) (tanh (xλ) + 1)

d
λ(a−b) ec

(∫ tanh(xµ)
a tanh(xλ)+b

dx
)
dx− c1


∫
(a tanh (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(tanh (xλ)− 1)

d
λ(a+b) (tanh (xλ) + 1)

d
λ(a−b) ec

(∫ tanh(xµ)
a tanh(xλ)+b

dx
)
dx− c1
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3 Solution by Mathematica
Time used: 163.692 (sec). Leaf size: 800� �
DSolve[(a*Tanh[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Tanh[\[Mu]*x]*y[x]-d^2+c*d*Tanh[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])− y(x) cosh(λK[2]− µK[2]) + d cosh(λK[2] + µK[2]) + c sinh(λK[2]− µK[2])− c sinh(λK[2] + µK[2])− cosh(λK[2] + µK[2])y(x))

cµ(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

e−
∫ x
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1]

cµ(d+K[3])2

−
∫ x

1

e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](− cosh(λK[2]− µK[2])− cosh(λK[2] + µK[2]))

cµ(d+K[3])(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2])) − e−
∫K[2]
1

sech(µK[1])(2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])+c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(b cosh(λK[1])+a sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])−K[3] cosh(λK[2]− µK[2]) + d cosh(λK[2] + µK[2])− cosh(λK[2] + µK[2])K[3] + c sinh(λK[2]− µK[2])− c sinh(λK[2] + µK[2]))

cµ(d+K[3])2(b cosh(λK[2]− µK[2]) + b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2]) + a sinh(λK[2] + µK[2]))

 dK[2]

 dK[3] = c1, y(x)
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6.5 problem 22
Internal problem ID [10470]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λa− a(a+ λ) coth (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 122� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda-a*(a+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
LegendreP

(
a+λ
λ
, a
λ
, coth (xλ)

)
λ+ LegendreQ

(
a+λ
λ
, a
λ
, coth (xλ)

)
c1λ− coth (xλ)

(
c1 LegendreQ

(
a
λ
, a
λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, coth (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a
λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a
λ
, coth (xλ)

)
3 Solution by Mathematica
Time used: 8.402 (sec). Leaf size: 175� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]-a*(a+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
a
(
−λ
(
e2λx + 1

)
Hypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
, e2xλ

)
+ 2λ

(
1− e2λx

) 2a
λ
+1 + ac1

(
e2λx + 1

) (
e2λx

)a/λ)
(e2λx − 1)

(
−λHypergeometric2F1

(
−2a

λ
,− a

λ
, 1− a

λ
, e2xλ

)
+ ac1 (e2λx)a/λ

)
y(x) →

a
(
e2λx + 1

)
e2λx − 1
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6.6 problem 23
Internal problem ID [10471]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 3λa− λ2 − a(a+ λ) coth (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 148� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+3*a*lambda-a*(a+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2LegendreP

(
a+λ
λ
, a−λ

λ
, coth (xλ)

)
λ+ 2LegendreQ

(
a+λ
λ
, a−λ

λ
, coth (xλ)

)
c1λ− coth (xλ)

(
c1 LegendreQ

(
a
λ
, a−λ

λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, coth (xλ)

))
(a+ λ)

c1 LegendreQ
(
a
λ
, a−λ

λ
, coth (xλ)

)
+ LegendreP

(
a
λ
, a−λ

λ
, coth (xλ)

)
3 Solution by Mathematica
Time used: 14.312 (sec). Leaf size: 659� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+3*a*\[Lambda]-a*(a+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−λ(a− 2λ)

(
e2λx + 1

) (
1− e2λx

) 2a
λ

(
e2λx

e2λx+1

)a/λ (
a
(
−4e2λx + e4λx − 1

)
+ λ− λe4λx

)
AppellF1

(
1− a

λ
,−2a

λ
, a
λ
, 2− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ (a− λ)

(
8aλe2λx

(
e2λx

e2λx+1

)a/λ (
1− e2λx

) 2a
λ
+1AppellF1

(
2− a

λ
, 1− 2a

λ
, a
λ
, 3− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
− 2aλe2λx

(
e2λx

e2λx+1

)a/λ (
1− e2λx

) 2a
λ
+1AppellF1

(
2− a

λ
,−2a

λ
, a+λ

λ
, 3− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ c1(a− 2λ)

(
e2λx + 1

)2 (
e2λx

)a/λ ( e2λx−1
e2λx+1

) 2a
λ
(
a
(
e2λx + 1

)2 − λ
(
e2λx − 1

)2))
(2λ− a) (e2λx − 1) (e2λx + 1)2

(
−λ (1− e2λx)

2a
λ

(
e2λx

e2λx+1

)a/λ
AppellF1

(
1− a

λ
,−2a

λ
, a
λ
, 2− a

λ
, 2
1+e2xλ

, 1
1+e2xλ

)
+ c1(λ− a) (e2λx + 1) (e2λx)a/λ

(
e2λx−1
e2λx+1

) 2a
λ

)
y(x) →

a
(
e2λx + 1

)2 − λ
(
e2λx − 1

)2
e4λx − 1
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6.7 problem 24
Internal problem ID [10472]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax coth (bx)m y = a coth (bx)m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*coth(b*x)^m*y(x)+a*coth(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a coth(bx)mx2−2
x

dxx−
(∫

e
∫ a coth(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a coth(bx)mx2−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 11.817 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Coth[b*x]^m*y[x]+a*Coth[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −a cothm(bK[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −a cothm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −a cothm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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6.8 problem 25
Internal problem ID [10473]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a coth (λx) + b) y′ − y2 − c coth (xµ) y = cd coth (xµ)− d2

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 302� �
dsolve((a*coth(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*coth(mu*x)*y(x)-d^2+c*d*coth(mu*x),y(x), singsol=all)� �
y(x)

=

−ec
(∫ coth(xµ)

a coth(xλ)+b
dx
)
(coth (xλ) + 1)

d
λ(a−b) (coth (xλ)− 1)

d
λ(a+b) (a coth (xλ) + b)

− 2ad
λ
(
a2−b2

)
− d

∫ (a coth (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(coth (xλ)− 1)

d
λ(a+b) (coth (xλ) + 1)

d
λ(a−b) ec

(∫ coth(xµ)
a coth(xλ)+b

dx
)
dx− c1


∫
(a coth (xλ) + b)

(
−a2+b2

)
λ−2ad

λ
(
a2−b2

)
(coth (xλ)− 1)

d
λ(a+b) (coth (xλ) + 1)

d
λ(a−b) ec

(∫ coth(xµ)
a coth(xλ)+b

dx
)
dx− c1
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3 Solution by Mathematica
Time used: 153.106 (sec). Leaf size: 808� �
DSolve[(a*Coth[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Coth[\[Mu]*x]*y[x]-d^2+c*d*Coth[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])− y(x) cosh(λK[2]− µK[2])− d cosh(λK[2] + µK[2]) + c sinh(λK[2]− µK[2]) + c sinh(λK[2] + µK[2]) + cosh(λK[2] + µK[2])y(x))

cµ(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](d cosh(λK[2]− µK[2])−K[3] cosh(λK[2]− µK[2])− d cosh(λK[2] + µK[2]) + cosh(λK[2] + µK[2])K[3] + c sinh(λK[2]− µK[2]) + c sinh(λK[2] + µK[2]))

cµ(d+K[3])2(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2])) − e−
∫K[2]
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1](cosh(λK[2] + µK[2])− cosh(λK[2]− µK[2]))

cµ(d+K[3])(b cosh(λK[2]− µK[2])− b cosh(λK[2] + µK[2]) + a sinh(λK[2]− µK[2])− a sinh(λK[2] + µK[2]))

 dK[2]

− e−
∫ x
1

csch(µK[1])(−2d cosh(λK[1]−µK[1])+2d cosh(λK[1]+µK[1])−c sinh(λK[1]−µK[1])−c sinh(λK[1]+µK[1]))
2(a cosh(λK[1])+b sinh(λK[1])) dK[1]

cµ(d+K[3])2

 dK[3] = c1, y(x)
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6.9 problem 26
Internal problem ID [10474]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −2 tanh (λx)2 λ2 − 2λ2 coth (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 143� �
dsolve(diff(y(x),x)=y(x)^2-2*lambda^2*tanh(lambda*x)^2-2*lambda^2*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2
(
−1

2 + c1
(
− cosh (xλ)2 + 1

2

)
ln (coth (xλ)− 1) + c1

(
cosh (xλ)2 − 1

2

)
ln (coth (xλ) + 1) + 4 cosh (xλ)5 c1 sinh (xλ)− 4 cosh (xλ)3 c1 sinh (xλ)− sinh (xλ) cosh (xλ) c1 + cosh (xλ)2

)
λ csch (xλ) sech (xλ)

−4 cosh (xλ)3 c1 sinh (xλ) + 2 sinh (xλ) cosh (xλ) c1 + ln (coth (xλ) + 1) c1 − ln (coth (xλ)− 1) c1 + 1

3 Solution by Mathematica
Time used: 7.989 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-2*\[Lambda]^2*Tanh[\[Lambda]*x]^2-2*\[Lambda]^2*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)→−

2λ
(
e12λx + 2e4λx

(
e4λx + 1

)
log
(
e4λx

)
+ (−7 + c1)

(
−e4λx

)
− (7 + c1)e8λx − 1

)
(e4λx − 1) (e8λx − 2e4λx log (e4λx) + c1e4λx − 1)

y(x) →
2λ
(
e4λx + 1

)
e4λx − 1
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6.10 problem 27
Internal problem ID [10475]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.4-2. Equations with hyper-
bolic tangent and cotangent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −2ab+ λa+ bλ− a(a+ λ) tanh (λx)2 − b(b+ λ) coth (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 289� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+b*lambda-2*a*b-a*(a+lambda)*tanh(lambda*x)^2-b*(b+lambda)*coth(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
−4c1λ

(
b− λ

2

)
coth (xλ)

2a+2λ
λ csch (xλ)2 hypergeom

([
2,−2b−3λ

2λ

]
,
[2a+5λ

2λ

]
, coth (xλ)2

)
− 2c1

(((3a
2 + 3b

2

)
λ+ ab

)
coth (xλ)

2a+2λ
λ +

(
−

5 sech(xλ)λ
(
a+ 3λ

5

)
csch(xλ)

2 + a2 tanh (xλ)
)
coth (xλ)

2a+λ
λ

)
hypergeom

([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (xλ)2

)
+ 2(a tanh (xλ) + coth (xλ) b)

(
a+ 3λ

2

) (
− csch (xλ)2

)a+b
λ(

hypergeom
([
1, −2b+λ

2λ

]
,
[2a+3λ

2λ

]
, coth (xλ)2

)
c1 coth (xλ)

2a+λ
λ +

(
− csch (xλ)2

)a+b
λ

)
(2a+ 3λ)

3 Solution by Mathematica
Time used: 40.238 (sec). Leaf size: 493� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+b*\[Lambda]-2*a*b-a*(a+\[Lambda])*Tanh[\[Lambda]*x]^2-b*(b+\[Lambda])*Coth[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
(a+ b)

(
e2λx

)a+b
λ

(
2λ
(
a
(
e2λx−1

)2+b
(
e2λx+1

)2)(
e2λx

)−a+b
λ AppellF1

(
−a+b

λ
,− 2b

λ
,− 2a

λ
,−a+b−λ

λ
,e2xλ,−e2xλ

)
(a+b)

(
e2λx−1

)(
e2λx+1

) + 4λ
(
e2λx

)−a+b
λ AppellF1

(
−a+b

λ
,−2b

λ
,−2a

λ
,−a+b−λ

λ
, e2xλ,−e2xλ

)
+

8λ
(
e2λx

)−a+b−λ
λ

(
aAppellF1

(
1−a+b

λ
,− 2b

λ
,1− 2a

λ
,−a+b−2λ

λ
,e2xλ,−e2xλ

)
−bAppellF1

(
1−a+b

λ
,1− 2b

λ
,− 2a

λ
,−a+b−2λ

λ
,e2xλ,−e2xλ

))
−a−b+λ

−
2c1
(
a
(
e2λx−1

)2+b
(
e2λx+1

)2)
e4λx−1

)
2
(
−λAppellF1

(
−a+b

λ
,−2b

λ
,−2a

λ
,−a+b−λ

λ
, e2xλ,−e2xλ

)
+ c1(a+ b) (e2λx)

a+b
λ

)
y(x) →

a
(
e2λx − 1

)2 + b
(
e2λx + 1

)2
e4λx − 1
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7.1 problem 1
Internal problem ID [10476]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a ln (x)n y2 = bmxm−1 − a b2x2m ln (x)n

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)^2+b*m*x^(m-1)-a*b^2*x^(2*m)*(ln(x))^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*(Log[x])^n*y[x]^2+b*m*x^(m-1)-a*b^2*x^(2*m)*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.2 problem 2
Internal problem ID [10477]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− ay2 = b ln (x) + c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 91� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*ln(x)+c,y(x), singsol=all)� �

y(x) =
(ab)

1
3

(
AiryBi

(
1,− (ab)

1
3 (b ln(x)+c)

b

)
c1 +AiryAi

(
1,− (ab)

1
3 (b ln(x)+c)

b

))
a

(
c1AiryBi

(
− (ab)

1
3 (b ln(x)+c)

b

)
+AiryAi

(
− (ab)

1
3 (b ln(x)+c)

b

))
3 Solution by Mathematica
Time used: 1.682 (sec). Leaf size: 149� �
DSolve[x*y'[x]==a*y[x]^2+b*Log[x]+c,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
b
(
AiryBiPrime

(
−a(c+b log(x))

(−ab)2/3

)
+ c1AiryAiPrime

(
−a(c+b log(x))

(−ab)2/3

))
(−ab)2/3

(
AiryBi

(
−a(c+b log(x))

(−ab)2/3

)
+ c1AiryAi

(
−a(c+b log(x))

(−ab)2/3

))
y(x) →

bAiryAiPrime
(
−a(c+b log(x))

(−ab)2/3

)
(−ab)2/3AiryAi

(
−a(c+b log(x))

(−ab)2/3

)
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7.3 problem 3
Internal problem ID [10478]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− ay2 = b ln (x)k + c ln (x)2k+2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 480� �
dsolve(x*diff(y(x),x)=a*y(x)^2+b*(ln(x))^k+c*(ln(x))^(2*k+2),y(x), singsol=all)� �
y(x)

=
− ln (x)1+k (k + 3)

(
i
√
c (1 + k)

√
a− ab

)
hypergeom

([
(3k+5)

√
c+i

√
a b√

c (2k+4)

]
,
[2k+3

k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+
(
−
(
i(k + 3)

√
c
√
a− ab

)
ln (x)k+2 c1 hypergeom

([
(3k+7)

√
c+i

√
a b√

c (2k+4)

]
,
[2k+5

k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+ (k + 3)

((
i
√
a
√
c ln (x)k+2 − 1

)
c1 hypergeom

([
(k+3)

√
c+i

√
a b√

c (2k+4)

]
,
[
k+3
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
+ i ln (x)1+k √a

√
c hypergeom

([
(1+k)

√
c+i

√
a b√

c (2k+4)

]
,
[1+k
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)))
(1 + k)(

hypergeom
([

(k+3)
√
c+i

√
a b√

c (2k+4)

]
,
[
k+3
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

)
ln (x) c1 + hypergeom

([
(1+k)

√
c+i

√
a b√

c (2k+4)

]
,
[1+k
k+2

]
, 2i

√
a
√
c ln(x)k+2

k+2

))
a (k + 3) (1 + k)
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3 Solution by Mathematica
Time used: 3.775 (sec). Leaf size: 807� �
DSolve[x*y'[x]==a*y[x]^2+b*(Log[x])^k+c*(Log[x])^(2*k+2),y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

logk+1(x)
(
√
cc1(k + 2)

√
−(k + 2)2HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
k+1
k+2

)
, k+1
k+2 ,

2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ c1

(√
ab(k + 2) +

√
c
√

−(k + 2)2(k + 1)
)
HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
3k+5
k+2

)
, 2k+3

k+2 ,
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+
√
c(k + 2)

√
−(k + 2)2

(
L
− 1

k+2

−
√

ab

2
√
c
√

−(k+2)2
− k+1

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ 2L

k+1
k+2

−
√

ab

2
√
c
√

−(k+2)2
− 3k+5

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)))
√
a(k + 2)2

(
L
− 1

k+2

−
√
ab

2
√
c
√

−(k+2)2
− k+1

2k+4

(
2
√
a
√
c logk+2(x)√
−(k+2)2

)
+ c1HypergeometricU

(
1
2

( √
ab√

c
√

−(k+2)2 +
k+1
k+2

)
, k+1
k+2 ,

2
√
a
√
c logk+2(x)√
−(k+2)2

))
y(x)

→

logk+1(x)

−

(√
ab(k+2)+

√
c
√

−(k+2)2(k+1)
)
HypergeometricU

(
1
2

(
√
ab

√
c
√

−(k+2)2
+ 3k+5

k+2

)
, 2k+3
k+2 , 2

√
a
√
c logk+2(x)√
−(k+2)2

)

HypergeometricU
(

1
2

(
√
ab

√
c
√

−(k+2)2
+ k+1

k+2

)
, k+1
k+2 ,

2
√
a
√

c logk+2(x)√
−(k+2)2

) −
√
c
√

−(k + 2)2(k + 2)


√
a(k + 2)2
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7.4 problem 4
Internal problem ID [10479]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− y2x = −a2x ln (βx)2 + a

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=x*y(x)^2-a^2*x*(ln(beta*x))^2+a,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==x*y[x]^2-a^2*x*(Log[\[Beta]*x])^2+a,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.5 problem 5
Internal problem ID [10480]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− y2x = −a2x ln (βx)2k + ak ln (βx)k−1

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=x*y(x)^2-a^2*x*(ln(beta*x))^(2*k)+a*k*(ln(beta*x))^(k-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==x*y[x]^2-a^2*x*(Log[\[Beta]*x])^(2*k)+a*k*(Log[\[Beta]*x])^(k-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.6 problem 6
Internal problem ID [10481]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a xny2 = b− a b2xn ln (x)2

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=a*x^n*y(x)^2+b-a*b^2*x^n*(ln(x))^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==a*x^n*y[x]^2+b-a*b^2*x^n*(Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.7 problem 7
Internal problem ID [10482]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − x2y2 = a ln (x)2 + b ln (x) + c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 477� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*(ln(x))^2+b*ln(x)+c,y(x), singsol=all)� �
y(x)

=

(
− b ln(x)(b ln(x)−4c+1)a

5
2

12 −
(
b ln(x)−c+ 1

4
)
b2a

3
2

12 +
(
c− 1

4
)
ln(x)2a

7
2

3 −
√
a b4

48 − i
(
a ln (x) + b

2

)2
a2
)
c1 hypergeom

([
28a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[5
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+ c1

(
−a

5
2 b
4 +

(
−1− ln(x)

2

)
a

7
2 + i

(
a ln (x) + b

2

)2
a2
)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

(c− 1
4
)
ln(x)a

5
2−

b
(
b ln(x)−2c+1

2
)
a
3
2

4 −
√
a b3
8 −i

(
a ln(x)+ b

2

)
a2

hypergeom
([

20a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 3
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2 +

(
ia3 ln(x)+ ia2b

2 −a
5
2
2

)
hypergeom

([
4a

3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2

a
5
2x

c1
(
a ln (x) + b

2

)
hypergeom

([
12a

3
2+i(4c−1)a−ib2

16a
3
2

]
,
[3
2

]
, i(2a ln(x)+b)2

4a
3
2

)
+

hypergeom
([

4a
3
2 +i(4c−1)a−ib2

16a
3
2

]
,
[ 1
2
]
, i(2a ln(x)+b)2

4a
3
2

)
2
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3 Solution by Mathematica
Time used: 1.151 (sec). Leaf size: 868� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*(Log[x])^2+b*Log[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
ibParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ 2ia log(x) ParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
−
√
aParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ 2(−1)3/4

√
2a3/4 ParabolicCylinderD

(
−ib2+4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
− ic1

(
2a log(x)− i

√
a+ b

)
ParabolicCylinderD

(
ib2−4a3/2+ia−4iac

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

)
+ 2 4

√
−1

√
2a3/4c1 ParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

)
2
√
ax
(
ParabolicCylinderD

(
−ib2−4a3/2+ia(4c−1)

8a3/2 ,−
( 1
2−

i
2
)
(b+2a log(x))
a3/4

)
+ c1 ParabolicCylinderD

(
ib2−4a3/2−ia(4c−1)

8a3/2 ,
( 1
2+

i
2
)
(b+2a log(x))
a3/4

))
y(x) →

−

−
2

4
√
−1√2 4

√
aParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2
,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

)

ParabolicCylinderD
(

ib2−4a3/2−ia(4c−1)
8a3/2

,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

) + ib√
a
+ 2i

√
a log(x) + 1

2x
y(x) →

−

−
2

4
√
−1√2 4

√
aParabolicCylinderD

(
ib2+4a3/2−ia(4c−1)

8a3/2
,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

)

ParabolicCylinderD
(

ib2−4a3/2−ia(4c−1)
8a3/2

,

(
1
2+ i

2
)
(b+2a log(x))

a3/4

) + ib√
a
+ 2i

√
a log(x) + 1

2x
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7.8 problem 8
Internal problem ID [10483]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − x2y2 = a(b ln (x) + c)n + 1
4

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+a*(b*ln(x)+c)^n+1/4,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+a*(b*Log[x]+c)^n+1/4,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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7.9 problem 9
Internal problem ID [10484]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-1. Equations Containing
Logarithmic Functions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2 ln (xa)
(
y′ − y2

)
= 1

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 45� �
dsolve(x^2*ln(a*x)*(diff(y(x),x)-y(x)^2)=1,y(x), singsol=all)� �

y(x) = −c1 expIntegral1 (− ln (ax)) + 1
x ((c1 expIntegral1 (− ln (ax))− 1) ln (ax) + c1ax)

3 Solution by Mathematica
Time used: 0.616 (sec). Leaf size: 74� �
DSolve[x^2*Log[a*x]*(y'[x]-y[x]^2)==1,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → a+ c1 LogIntegral(ax)
−c1xLogIntegral(ax) log(ax) + ac1x2 − ax log(ax)

y(x) → LogIntegral(ax)
ax2 − xLogIntegral(ax) log(ax)
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8.1 problem 10
Internal problem ID [10485]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a ln (βx) y = −ab ln (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 74� �
dsolve(diff(y(x),x)=y(x)^2+a*ln(beta*x)*y(x)-a*b*ln(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
(∫

(xβ)ax e−(a−2b)xdx− c1
)
b− (xβ)ax e−(a−2b)x∫

(xβ)ax e−(a−2b)xdx− c1

3 Solution by Mathematica
Time used: 1.584 (sec). Leaf size: 187� �
DSolve[y'[x]==y[x]^2+a*Log[\[Beta]*x]*y[x]-a*b*Log[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e2bK[1]−aK[1](βK[1])aK[1](b+ a log(βK[1]) + y(x))
a(b− y(x)) dK[1]

+
∫ y(x)

1

(
e2bx−ax(xβ)ax
a(K[2]− b)2

−
∫ x

1

(
e2bK[1]−aK[1](b+K[2] + a log(βK[1]))(βK[1])aK[1]

a(b−K[2])2 + e2bK[1]−aK[1](βK[1])aK[1]

a(b−K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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8.2 problem 11
Internal problem ID [10486]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax ln (bx)m y = a ln (bx)m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*(ln(b*x))^m*y(x)+a*(ln(b*x))^m,y(x), singsol=all)� �

y(x) =
−e

∫ a ln(bx)mx2−2
x

dxx−
(∫

e
∫ a ln(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a ln(bx)mx2−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 3.589 (sec). Leaf size: 181� �
DSolve[y'[x]==y[x]^2+a*x*(Log[b*x])^m*y[x]+a*(Log[b*x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
x
∫ x

1

exp
(

2−m−1aΓ(m+1,−2 log(bK[1]))(− log(bK[1]))−m logm(bK[1])
b2

)
K[1]2 dK[1] + exp

(
a2−m−1(− log(bx))−m logm(bx)Γ(m+1,−2 log(bx))

b2

)
+ c1x

x2
(∫ x

1
exp
(

2−m−1aΓ(m+1,−2 log(bK[1]))(− log(bK[1]))−m logm(bK[1])
b2

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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8.3 problem 12
Internal problem ID [10487]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a xny2 + ab xn+1 ln (x) y = b ln (x) + b

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*x^n*y(x)^2-a*b*x^(n+1)*ln(x)*y(x)+b*ln(x)+b,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*x^n*y[x]^2-a*b*x^(n+1)*Log[x]*y[x]+b*Log[x]+b,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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8.4 problem 13
Internal problem ID [10488]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (n+ 1)xny2 − a xn+1 ln (x)m y = −a ln (x)m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+a*x^(n+1)*(ln(x))^m*y(x)-a*(ln(x))^m,y(x), singsol=all)� �
y(x)

=
x−n−1

(
xn+1e

∫ a xn+1 ln(x)mx−2n−2
x

dx +
(∫

xnea
(∫

xn+1 ln(x)mdx
)
−2
(∫ 1

x
dx
)
(n+1)dx

)
n+

∫
xnea

(∫
xn+1 ln(x)mdx

)
−2
(∫ 1

x
dx
)
(n+1)dx− c1

)
(∫

xnea
(∫

xn+1 ln(x)mdx
)
−2
(∫ 1

x
dx
)
(n+1)dx

)
n+

∫
xnea

(∫
xn+1 ln(x)mdx

)
−2
(∫ 1

x
dx
)
(n+1)dx− c1

3 Solution by Mathematica
Time used: 5.364 (sec). Leaf size: 311� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+a*x^(n+1)*(Log[x])^m*y[x]-a*(Log[x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−2(n+1)

(
c1(n+ 1)xn+1 ∫ x

1 exp
(

aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 − (n+ 2) log(K[1])
)
dK[1] + c1 exp

(
a logm(x)(−((n+2) log(x)))−mΓ(m+1,−((n+2) log(x)))

n+2

)
+ (n+ 1)xn+1

)
(n+ 1)

(
1 + c1

∫ x

1 exp
(

aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 − (n+ 2) log(K[1])
)
dK[1]

)
y(x)

→
x−2(n+1)

(
exp
(

a logm(x)(−((n+2) log(x)))−mΓ(m+1,−((n+2) log(x)))
n+2

)
∫ x
1 exp

(
aΓ(m+1,−((n+2) log(K[1]))) logm(K[1])(−((n+2) log(K[1])))−m

n+2 −(n+2) log(K[1])
)
dK[1]

+ (n+ 1)xn+1

)
n+ 1
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8.5 problem 14
Internal problem ID [10489]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_linear]

y′ − a ln (x)n y + abx ln (x)n+1 y = b ln (x) + b

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)-a*b*x*(ln(x))^(n+1)*y(x)+b*ln(x)+b,y(x), singsol=all)� �

y(x) =
(
b

(∫
ea
(∫

ln(x)n(−1+ln(x)bx)dx
)
(ln (x) + 1) dx

)
+ c1

)
e−a

(∫
ln(x)n(−1+ln(x)bx)dx

)

3 Solution by Mathematica
Time used: 0.86 (sec). Leaf size: 124� �
DSolve[y'[x]==a*(Log[x])^n*y[x]-a*b*x*(Log[x])^(n+1)*y[x]+b*Log[x]+b,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → exp

(
a2−n−2(− log(x))−n logn(x)

(
bΓ(n+ 2,−2 log(x))

+2n+2Γ(n+1,− log(x))
))(∫ x

1
b exp

(
−2−n−2a

(
2n+2Γ(n+1,− log(K[1]))+bΓ(n+2,−2 log(K[1]))

)
(− log(K[1]))−n logn(K[1])

)
(log(K[1])

+ 1)dK[1] + c1

)
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8.6 problem 15
Internal problem ID [10490]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a ln (x)k (y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=a*(ln(x))^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
ln (x)k dx

)
3 Solution by Mathematica
Time used: 1.572 (sec). Leaf size: 51� �
DSolve[y'[x]==a*(Log[x])^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−a(− log(x))−k logk(x)Γ(k + 1,− log(x)) + c1

+ bxn + c

y(x) → bxn + c
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8.7 problem 16
Internal problem ID [10491]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a ln (x)n y2 − b ln (x)m y = bc ln (x)m − a c2 ln (x)n

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 99� �
dsolve(diff(y(x),x)=a*(ln(x))^n*y(x)^2+b*(ln(x))^m*y(x)+b*c*(ln(x))^m-a*c^2*(ln(x))^n,y(x), singsol=all)� �

y(x) =
−ca

(∫
ln (x)n e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
dx
)
− c1c− e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
c1 + a

(∫
ln (x)n e−

(∫
(2 ln(x)nac−ln(x)mb)dx

)
dx
)

3 Solution by Mathematica
Time used: 3.927 (sec). Leaf size: 385� �
DSolve[y'[x]==a*(Log[x])^n*y[x]^2+b*(Log[x])^m*y[x]+b*c*(Log[x])^m-a*c^2*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) (−b logm(K[1]) + ac logn(K[1])− ay(x) logn(K[1]))
ab(m− n)(c+ y(x)) dK[1]

+
∫ y(x)

1

(
exp (bΓ(m+ 1,− log(x))(− log(x))−m logm(x)− 2acΓ(n+ 1,− log(x))(− log(x))−n logn(x))

ab(m− n)(c+K[2])2

−
∫ x

1

(
−exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) logn(K[1])

b(m− n)(c+K[2]) − exp (bΓ(m+ 1,− log(K[1]))(− log(K[1]))−m logm(K[1])− 2acΓ(n+ 1,− log(K[1]))(− log(K[1]))−n logn(K[1])) (−b logm(K[1]) + ac logn(K[1])− aK[2] logn(K[1]))
ab(m− n)(c+K[2])2

)
dK[1]

)
dK[2] = c1, y(x)

]
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8.8 problem 17
Internal problem ID [10492]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, _with_linear_symmetries], _Riccati]

y′x− (ay + b ln (x))2 = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 32� �
dsolve(x*diff(y(x),x)=(a*y(x)+b*ln(x))^2,y(x), singsol=all)� �

y(x) =
− ln (x) ab+ tan

(
(ln (x) + c1)

√
ab
)√

ab

a2

3 Solution by Mathematica
Time used: 6.524 (sec). Leaf size: 43� �
DSolve[x*y'[x]==(a*y[x]+b*Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b log(x)
a

+
√

b

a3
tan

(
a2
√

b

a3
log(x) + c1

)
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8.9 problem 18
Internal problem ID [10493]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a ln (λx)m y2 − ky = a b2x2k ln (λx)m

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*(ln(lambda*x))^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*(ln(lambda*x))^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k ln (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 2.161 (sec). Leaf size: 70� �
DSolve[x*y'[x]==a*(Log[\[Lambda]*x])^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*(Log[\[Lambda]*x])^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)→

√
b2xk tan

(
a
√
b2xk(λx)−k logm(λx)(−k log(λx))−mΓ(m+ 1,−k log(xλ))

k
+c1

)
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8.10 problem 19
Internal problem ID [10494]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′x− a xn(y + b ln (x))2 = −b

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x*diff(y(x),x)=a*x^n*(y(x)+b*ln(x))^2-b,y(x), singsol=all)� �

y(x) = −b ln (x) + n

c1n− a xn

3 Solution by Mathematica
Time used: 0.649 (sec). Leaf size: 35� �
DSolve[x*y'[x]==a*x^n*(y[x]+b*Log[x])^2-b,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b log(x) + n

−axn + c1n
y(x) → −b log(x)
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8.11 problem 20
Internal problem ID [10495]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a x2n ln (x) y2 − (b xn ln (x)− n) y = c ln (x)

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 80� �
dsolve(x*diff(y(x),x)=a*x^(2*n)*ln(x)*y(x)^2+(b*x^n*ln(x)-n)*y(x)+c*ln(x),y(x), singsol=all)� �

y(x) =

(
tan

( (
b(n ln(x)−1)xn+c1n2)√4a b2c−b4

2b2n2

)√
4a b2c− b4 − b2

)
x−n

2ab

3 Solution by Mathematica
Time used: 1.872 (sec). Leaf size: 130� �
DSolve[x*y'[x]==a*x^(2*n)*Log[x]*y[x]^2+(b*x^n*Log[x]-n)*y[x]+c*Log[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

x−n

−b+

√
b2−4ac

−e
xn
√

b2−4ac(n log(x)−1)
n2 +c1


e
xn
√

b2−4ac(n log(x)−1)
n2 +c1


2a

y(x) →
x−n
(√

b2 − 4ac− b
)

2a
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8.12 problem 21
Internal problem ID [10496]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − y2a2x2 + xy = b2 ln (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 251� �
dsolve(x^2*diff(y(x),x)=a^2*x^2*y(x)^2-x*y(x)+b^2*(ln(x))^n,y(x), singsol=all)� �
y(x)

=
ln (x)

n
2+1 BesselY

(
3+n
n+2 ,

2
√
a2b2 ln(x)

n
2 +1

n+2

)√
a2b2 c1 + BesselJ

(
3+n
n+2 ,

2
√
a2b2 ln(x)

n
2 +1

n+2

)√
a2b2 ln (x)

n
2+1 − BesselY

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
c1 − BesselJ

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
(
BesselY

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√
a2b2 ln(x)

n
2 +1

n+2

))
a2x ln (x)
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3 Solution by Mathematica
Time used: 45.846 (sec). Leaf size: 1769� �
DSolve[x^2*y'[x]==a^2*x^2*y[x]^2-x*y[x]+b^2*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2b2
√

b
2

n+1 (n+ 2)2
(
(n+ 2)

2(n+1)
n+2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)
b

2
n+2 +

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

))
logn+1(x)

√(
b2 logn+1(x)

)1+ 1
n+1

x

(
2a(n+ 2)

2(n+1)
n+2 BesselJ

(
− 1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + an(n+ 2)

2(n+1)
n+2 BesselJ

(
− 1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − 2a(n+ 2)

2(n+1)
n+2 BesselJ

(
2n+3
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − an(n+ 2)

2(n+1)
n+2 BesselJ

(
2n+3
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + n(n+ 2)

2(n+1)
n+2

√
b

2
n+1 (n+ 2)2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 + (n+ 2)

2(n+1)
n+2

√
b

2
n+1 (n+ 2)2 BesselJ

(
n+1
n+2 ,

2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
Gamma

(2n+3
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 b

2
n+2 − a(n+ 2)

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 + a(n+ 2)

(
b

2
n+1 (n+ 2)2

)n+1
n+2 BesselJ

(
−2n+3

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

) (
b2 logn+1(x)

)1+ 1
n+1 + n

(
b

2
n+1 (n+ 2)2

) 3n+4
2n+4 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1 +

(
b

2
n+1 (n+ 2)2

) 3n+4
2n+4 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
c1Gamma

( 1
n+2

)√(
b2 logn+1(x)

)1+ 1
n+1

)
y(x)

→
2b2
√

(n+ 2)2b
2

n+1 logn+1(x)
√(

b2 logn+1(x)
) 1

n+1+1 BesselJ
(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
x

(
−a(n+ 2)

(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
+ a(n+ 2)

(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
−2n+3

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

)
+ (n+ 1)

√
(n+ 2)2b

2
n+1

√(
b2 logn+1(x)

) 1
n+1+1 BesselJ

(
−n+1

n+2 ,
2a
√(

b2 logn+1(x)
)1+ 1

n+1√
b

2
n+1 (n+2)2

))
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8.13 problem 22
Internal problem ID [10497]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a ln (x) + b) y′ − y2 − c ln (x)n y = −λ2 + λc ln (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 107� �
dsolve((a*ln(x)+b)*diff(y(x),x)=y(x)^2+c*(ln(x))^n*y(x)-lambda^2+lambda*c*(ln(x))^n,y(x), singsol=all)� �

y(x) =
−

(∫ e
∫ ln(x)nc−2λ

a ln(x)+b
dx

a ln(x)+b
dx

)
λ− λc1 − e

∫ ln(x)nc−2λ
a ln(x)+b

dx

c1 +
∫ e

∫ ln(x)nc−2λ
a ln(x)+b

dx

a ln(x)+b
dx
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3 Solution by Mathematica
Time used: 5.348 (sec). Leaf size: 275� �
DSolve[(a*Log[x]+b)*y'[x]==y[x]^2+c*(Log[x])^n*y[x]-\[Lambda]^2+\[Lambda]*c*(Log[x])^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
(c logn(K[2])− λ+ y(x))

cn(b+ a log(K[2]))(λ+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
(c logn(K[2])− λ+K[3])

cn(λ+K[3])2(b+ a log(K[2])) −
exp

(
−
∫ K[2]
1

2λ−c logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])(b+ a log(K[2]))

 dK[2]

 dK[3] = c1, y(x)
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8.14 problem 23
Internal problem ID [10498]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.5-2
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a ln (x) + b) y′ − ln (x)n y2 − yc = −λ2 ln (x)n + cλ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 124� �
dsolve((a*ln(x)+b)*diff(y(x),x)=(ln(x))^n*y(x)^2+c*y(x)-lambda^2*(ln(x))^n+c*lambda,y(x), singsol=all)� �

y(x) =
−λc1 −

(∫ ln(x)ne
−
(∫ 2 ln(x)nλ−c

a ln(x)+b
dx

)
a ln(x)+b

dx

)
λ− e−

(∫ 2 ln(x)nλ−c
a ln(x)+b

dx
)

c1 +
∫ ln(x)ne

−
(∫ 2 ln(x)nλ−c

a ln(x)+b
dx

)
a ln(x)+b

dx
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3 Solution by Mathematica
Time used: 5.137 (sec). Leaf size: 286� �
DSolve[(a*Log[x]+b)*y'[x]==(Log[x])^n*y[x]^2+c*y[x]-\[Lambda]^2*(Log[x])^n+c*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
(−λ logn(K[2]) + y(x) logn(K[2]) + c)

cn(b+ a log(K[2]))(λ+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
logn(K[2])

cn(λ+K[3])(b+ a log(K[2])) −
exp

(
−
∫ K[2]
1 − c−2λ logn(K[1])

b+a log(K[1]) dK[1]
)
(−λ logn(K[2]) +K[3] logn(K[2]) + c)

cn(λ+K[3])2(b+ a log(K[2]))

 dK[2]

−
exp

(
−
∫ x

1 − c−2λ logn(K[1])
b+a log(K[1]) dK[1]

)
cn(λ+K[3])2

 dK[3] = c1, y(x)
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9 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.6-1. Equations with sine

9.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
9.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 242
9.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
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9.13 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 254
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9.1 problem 1
Internal problem ID [10499]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − αy2 = β + γ sin (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 110� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*sin(lambda*x),y(x), singsol=all)� �
y(x) =

−
λ
(
c1MathieuSPrime

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

)
+MathieuCPrime

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

))
2α
(
c1MathieuS

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

)
+MathieuC

(4αβ
λ2 ,−2γα

λ2 ,−π
4 + xλ

2

))
3 Solution by Mathematica
Time used: 0.612 (sec). Leaf size: 191� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ
(
MathieuSPrime

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

]
+ c1MathieuCPrime

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(2λx− π)

])
2α
(
MathieuS

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(2λx− π)

]
+ c1MathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

])
y(x) →

λMathieuCPrime
[4αβ

λ2 ,−2αγ
λ2 ,

1
4(π − 2λx)

]
2αMathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
1
4(π − 2λx)

]
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9.2 problem 2
Internal problem ID [10500]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −a2 + aλ sin (λx) + a2 sin (λx)2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 289� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*sin(lambda*x)+a^2*sin(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
−2ac1 cos (xλ) sin

(
π
4 + xλ

2

)
− c1λ cos

(
π
4 + xλ

2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
− 2
(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
+

λ
(
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
c1 sin

(
π
4+

xλ
2

)
+HeunCPrime

(
4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

))
2

)
cos (xλ)

2HeunC
(

4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
sin
(
π
4 + xλ

2

)
c1 + 2HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , sin(xλ)2 + 1
2

)
3 Solution by Mathematica
Time used: 4.337 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Sin[\[Lambda]*x]+a^2*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
ac1 cos(λx)

∫ x

1 e−
2a sin(λK[1])

λ dK[1] + a cos(λx) + c1e
− 2a sin(λx)

λ

1 + c1
∫ x

1 e−
2a sin(λK[1])

λ dK[1]

y(x) → − e−
2a sin(λx)

λ∫ x

1 e−
2a sin(λK[1])

λ dK[1]
− a cos(λx)
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9.3 problem 3
Internal problem ID [10501]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = c sin (λx+ a)n sin (λx+ b)−n−4 + λ2

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*sin(lambda*x+a)^n*sin(lambda*x+b)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Sin[\[Lambda]*x+a]^n*Sin[\[Lambda]*x+b]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.4 problem 4
Internal problem ID [10502]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a sin (βx) y = ab sin (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 76� �
dsolve(diff(y(x),x)=y(x)^2+a*sin(beta*x)*y(x)+a*b*sin(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx−a cos(xβ)

β dx
)
− c1b+ e

−2bβx−a cos(xβ)
β

−
(∫

e
−2bβx−a cos(xβ)

β dx
)
+ c1

3 Solution by Mathematica
Time used: 9.066 (sec). Leaf size: 187� �
DSolve[y'[x]==y[x]^2+a*Sin[\[Beta]*x]*y[x]+a*b*Sin[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1
−e−

a cos(βK[1])
β

−2bK[1](−b+ a sin(βK[1]) + y(x))
aβ(b+ y(x)) dK[1]+

∫ y(x)

1

(
e−2bx−a cos(xβ)

β

aβ(b+K[2])2

−
∫ x

1

(
e−

a cos(βK[1])
β

−2bK[1](−b+K[2] + a sin(βK[1]))
aβ(b+K[2])2 − e−

a cos(βK[1])
β

−2bK[1]

aβ(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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9.5 problem 5
Internal problem ID [10503]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a sin (bx)m y = a sin (bx)m

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a*sin(b*x)^m*y(x)+a*sin(b*x)^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Sin[b*x]^m*y[x]+a*Sin[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.6 problem 6
Internal problem ID [10504]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sin (λx) y2 = λ sin (λx)3

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 51� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+lambda*sin(lambda*x)^3,y(x), singsol=all)� �

y(x) = 2 e
cos(2xλ)

2 + 1
2 c1 − cos (xλ)

√
π (erfi (cos (xλ)) c1 + 1)√

π (erfi (cos (xλ)) c1 + 1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+\[Lambda]*Sin[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.7 problem 7
Internal problem ID [10505]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

2y′ − (λ+ a− a sin (λx)) y2 = −a sin (λx)− a+ λ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 220� �
dsolve(2*diff(y(x),x)=(lambda+a-a*sin(lambda*x))*y(x)^2+lambda-a-a*sin(lambda*x),y(x), singsol=all)� �
y(x) =

−

(((∫ sin(xλ) (a(_a−1)−λ)e
a_a
λ

(_a−1)
3
2
√_a+1

d_a
)
c1 + 1

)√
− cos

(
π
4 + xλ

2

)2 (
a cos (xλ) + tan

(
π
4 + xλ

2

)
λ
)
csgn

(
sin
(
π
4 + xλ

2

))
+

sec
(

π
4+

xλ
2

)2
csc
(

π
4+

xλ
2

)
cos(xλ)e

a sin(xλ)
λ c1λ(−λ−a+a sin(xλ))

2

)
csgn

(
sin
(
π
4 + xλ

2

))
√
− cos

(
π
4 + xλ

2

)2 ((∫ sin(xλ) (a(_a−1)−λ)e
a_a
λ

(_a−1)
3
2
√_a+1

d_a
)
c1 + 1

)
(−λ− a+ a sin (xλ))

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*y'[x]==(\[Lambda]+a-a*Sin[\[Lambda]*x])*y[x]^2+\[Lambda]-a-a*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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9.8 problem 8
Internal problem ID [10506]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ −
(
λ+ sin (λx)2 a

)
y2 = −a+ λ+ sin (λx)2 a

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=(lambda+a*sin(lambda*x)^2)*y(x)^2+lambda-a+a*sin(lambda*x)^2,y(x), singsol=all)� �
y(x)=

2 cot (xλ)λ
(∫

e
a cos(2xλ)

2λ
(
csc (xλ)2 λ+ a

)
dx
)
c1 + 2 csc (xλ)2 e

a cos(2xλ)
2λ c1λ− i cot (xλ)

−2λ
(∫

e
a cos(2xλ)

2λ
(
csc (xλ)2 λ+ a

)
dx
)
c1 + i

3 Solution by Mathematica
Time used: 41.676 (sec). Leaf size: 187� �
DSolve[y'[x]==(\[Lambda]+a*Sin[\[Lambda]*x]^2)*y[x]^2+\[Lambda]-a+a*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
c1 cot(λx)

∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1] + c1 csc2(λx)e−
a sin2(λx)

λ + cot(λx)
)

2 + 2c1
∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1]

y(x) → − csc2(λx)e−
a sin2(λx)

λ∫ x

1 e−
a sin2(λK[1])

λ (λ csc2(λK[1]) + a) dK[1]
− cot(λx)
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9.9 problem 9
Internal problem ID [10507]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − a xk+1 sin (x)m y = −a sin (x)m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*sin(x)^m*y(x)-a*sin(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k sin(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k sin(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k sin(x)max−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 sin(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 sin(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 16.483 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Sin[x]^m*y[x]-a*Sin[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a sinm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a sinm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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9.10 problem 10
Internal problem ID [10508]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a sin (λx+ µ)k (y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 37� �
dsolve(diff(y(x),x)=a*sin(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
(sin (xλ) cos (µ) + cos (xλ) sin (µ))k dx

)
3 Solution by Mathematica
Time used: 5.928 (sec). Leaf size: 93� �
DSolve[y'[x]==a*Sin[\[Lambda]*x+\[Mu]]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 1

−
a
√

cos2(µ+λx) sec(µ+λx) sink+1(µ+λx)Hypergeometric2F1
(

1
2 ,

k+1
2 , k+3

2 ,sin2(xλ+µ)
)

(k+1)λ + c1

+ bxn + c
y(x) → bxn + c
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9.11 problem 11
Internal problem ID [10509]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a sin (λx)m y2 − ky = a b2x2k sin (λx)m

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*sin(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*sin(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k sin (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.774 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Sin[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Sin[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
aK[1]k−1 sinm(λK[1])dK[1] + c1

)
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9.12 problem 12
Internal problem ID [10510]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a sin (λx) + b) y′ − y2 − c sin (xµ) y = −d2 + cd sin (xµ)

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 265� �
dsolve((a*sin(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*sin(mu*x)*y(x)-d^2+c*d*sin(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

a sin(xλ)+b
dx

+ dc1 − e
c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

∫ e

c

(∫ sin(xµ)
a sin(xλ)+b

dx

)√
−a2+b2 λ−4d arctan

 tan
(
xλ
2
)
b+a√

−a2+b2


√

−a2+b2 λ

a sin(xλ)+b
dx− c1
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3 Solution by Mathematica
Time used: 15.846 (sec). Leaf size: 289� �
DSolve[(a*Sin[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Sin[\[Mu]*x]*y[x]-d^2+c*d*Sin[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1
−
exp

(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
(−d+ c sin(µK[2]) + y(x))

cµ(b+ a sin(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1
2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
cµ(d+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
(−d+K[3] + c sin(µK[2]))

cµ(d+K[3])2(b+ a sin(λK[2])) −
exp

(
−
∫ K[2]
1

2d−c sin(µK[1])
b+a sin(λK[1]) dK[1]

)
cµ(d+K[3])(b+ a sin(λK[2]))

 dK[2]

 dK[3] = c1, y(x)
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9.13 problem 13
Internal problem ID [10511]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-1. Equations with sine
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a sin (λx) + b)
(
y′ − y2

)
= a λ2 sin (λx)

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 261� �
dsolve((a*sin(lambda*x)+b)*(diff(y(x),x)-y(x)^2)-a*lambda^2*sin(lambda*x)=0,y(x), singsol=all)� �
y(x)

=

(
−2(a− b) b2(a+ b)

(
cos
(
xλ
2

)2 − 1
2

)
a
√
−a2 + b2 arctan

(
tan
(

xλ
2

)
b+a

√
−a2+b2

)
+ 2c1

(
cos
(
xλ
2

)2 − 1
2

)
a
√
−a2 + b2 + (a− b)2

(
a2 cos

(
xλ
2

)2 − sin
(
xλ
2

)
ab cos

(
xλ
2

)
− a2

2 + b2

2

)
(a+ b)2

)
λ

√
−a2 + b2

(
2 (a− b) b2 (a+ b)

(
sin
(
xλ
2

)
a cos

(
xλ
2

)
+ b

2

)
arctan

(
tan
(

xλ
2

)
b+a

√
−a2+b2

)
+ a cos

(
xλ
2

)
(a− b) (a+ b)

(
a sin

(
xλ
2

)
+ b cos

(
xλ
2

))√
−a2 + b2 − 2c1

(
sin
(
xλ
2

)
a cos

(
xλ
2

)
+ b

2

))
3 Solution by Mathematica
Time used: 24.795 (sec). Leaf size: 189� �
DSolve[(a*Sin[\[Lambda]*x]+b)*(y'[x]-y[x]^2)-a*\[Lambda]^2*Sin[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
λ

(
2ab cos(λx) arctan

(
a+b tan

(
λx
2

)
√
b2−a2

)
+
√
b2 − a2(−ac1λ(a2 − b2) cos(λx)− a sin(λx) + b)

)
−2b(a sin(λx) + b) arctan

(
a+b tan

(
λx
2

)
√
b2−a2

)
+
√
b2 − a2 (−a cos(λx) + c1λ (a2 − b2) (a sin(λx) + b))

y(x) → − aλ cos(λx)
a sin(λx) + b
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10.1 problem 14
Internal problem ID [10512]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − αy2 = β + γ cos (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 94� �
dsolve(diff(y(x),x)=alpha*y(x)^2+beta+gamma*cos(lambda*x),y(x), singsol=all)� �

y(x) = −
λ
(
c1MathieuSPrime

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

)
+MathieuCPrime

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

))
2α
(
c1MathieuS

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

)
+MathieuC

(4αβ
λ2 ,−2γα

λ2 ,
xλ
2

))
3 Solution by Mathematica
Time used: 0.577 (sec). Leaf size: 163� �
DSolve[y'[x]==\[Alpha]*y[x]^2+\[Beta]+\[Gamma]*Cos[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
λ
(
MathieuSPrime

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
+ c1MathieuCPrime

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

])
2α
(
MathieuS

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
+ c1MathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

])
y(x) → −

λMathieuCPrime
[4αβ

λ2 ,−2αγ
λ2 ,

λx
2

]
2αMathieuC

[4αβ
λ2 ,−2αγ

λ2 ,
λx
2

]
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10.2 problem 15
Internal problem ID [10513]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −a2 + aλ cos (λx) + a2 cos (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 272� �
dsolve(diff(y(x),x)=y(x)^2-a^2+a*lambda*cos(lambda*x)+a^2*cos(lambda*x)^2,y(x), singsol=all)� �
y(x)

=

(
2ac1 sin (xλ) cos

(
xλ
2

)
+ c1λ sin

(
xλ
2

))
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
+ 2 sin (xλ)

(
aHeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
+

λ
(
HeunCPrime

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
c1 cos

(
xλ
2

)
+HeunCPrime

(
4a
λ
,− 1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

))
2

)
2 cos

(
xλ
2

)
HeunC

(
4a
λ
, 12 ,−

1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
c1 + 2HeunC

(
4a
λ
,−1

2 ,−
1
2 ,−

2a
λ
, 8a+3λ

8λ , cos(xλ)2 + 1
2

)
3 Solution by Mathematica
Time used: 3.942 (sec). Leaf size: 131� �
DSolve[y'[x]==y[x]^2-a^2+a*\[Lambda]*Cos[\[Lambda]*x]+a^2*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
ac1 sin(λx)

∫ x

1 e−
2a cos(λK[1])

λ dK[1] + a sin(λx) + c1
(
−e−

2a cos(λx)
λ

)
1 + c1

∫ x

1 e−
2a cos(λK[1])

λ dK[1]

y(x) → a sin(λx)− e−
2a cos(λx)

λ∫ x

1 e−
2a cos(λK[1])

λ dK[1]
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10.3 problem 16
Internal problem ID [10514]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = c cos (λx+ a)n cos (λx+ b)−n−4 + λ2

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*cos(lambda*x+a)^n*cos(lambda*x+b)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Cos[\[Lambda]*x+a]^n*Cos[\[Lambda]*x+b]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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10.4 problem 17
Internal problem ID [10515]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a cos (βx) y = ab cos (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(diff(y(x),x)=y(x)^2+a*cos(beta*x)*y(x)+a*b*cos(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
b
(∫

e
−2bβx+sin(xβ)a

β dx
)
− c1b+ e

−2bβx+sin(xβ)a
β

−
(∫

e
−2bβx+sin(xβ)a

β dx
)
+ c1

3 Solution by Mathematica
Time used: 9.071 (sec). Leaf size: 183� �
DSolve[y'[x]==y[x]^2+a*Cos[\[Beta]*x]*y[x]+a*b*Cos[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e
a sin(βK[1])

β
−2bK[1](−b+ a cos(βK[1]) + y(x))

aβ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
−
∫ x

1

(
e

a sin(βK[1])
β

−2bK[1]

aβ(b+K[2]) − e
a sin(βK[1])

β
−2bK[1](−b+ a cos(βK[1]) +K[2])

aβ(b+K[2])2

)
dK[1]

− e
a sin(xβ)

β
−2bx

aβ(b+K[2])2

)
dK[2] = c1, y(x)

]
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10.5 problem 18
Internal problem ID [10516]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a cos (bx)m y = a cos (bx)m

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a*cos(b*x)^m*y(x)+a*cos(b*x)^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*Cos[b*x]^m*y[x]+a*Cos[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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10.6 problem 19
Internal problem ID [10517]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − cos (λx) y2λ = λ cos (λx)3

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 95� �
dsolve(diff(y(x),x)=lambda*cos(lambda*x)*y(x)^2+lambda*cos(lambda*x)^3,y(x), singsol=all)� �
y(x) =

−
4 csc (xλ)

(
−

√
π sin(xλ)2

(
c1− 1

2
)
erf
(√

− sin(xλ)2
)

2 +
(
c1 − 1

2

)
esin(xλ)2

√
− sin (xλ)2 + sin(xλ)2

√
π c1

2

)
√
π

(
erf
(√

− sin (xλ)2
)
(2c1 − 1)− 2c1

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Cos[\[Lambda]*x]*y[x]^2+\[Lambda]*Cos[\[Lambda]*x]^3,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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10.7 problem 20
Internal problem ID [10518]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

2y′ − (λ+ a− cos (λx) a) y2 = −a+ λ− cos (λx) a

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 122� �
dsolve(2*diff(y(x),x)=(lambda+a-a*cos(lambda*x))*y(x)^2+lambda-a-a*cos(lambda*x),y(x), singsol=all)� �
y(x)

=
− cot

(
xλ
2

)
λ
(∫

e
a cos(xλ)

λ csgn
(
sin
(
xλ
2

)) (
csc
(
xλ
2

)2
λ+ 2a

)
dx
)
c1 − 2 csc

(
xλ
2

)2 csgn (sin (xλ2 )) ea cos(xλ)
λ c1λ+ 2i cot

(
xλ
2

)
λ
(∫

e
a cos(xλ)

λ csgn
(
sin
(
xλ
2

)) (
csc
(
xλ
2

)2
λ+ 2a

)
dx
)
c1 − 2i

3 Solution by Mathematica
Time used: 34.139 (sec). Leaf size: 234� �
DSolve[2*y'[x]==(\[Lambda]+a-a*Cos[\[Lambda]*x])*y[x]^2+\[Lambda]-a-a*Cos[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2
(
c1 cot

(
λx
2

) ∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1] + 2c1 csc2

(
λx
2

)
e−

2a sin2
(
λx
2
)

λ + cot
(
λx
2

))
2 + 2c1

∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1]

y(x) → 1
2 csc2

(
λx

2

)− 4e−
2a sin2

(
λx
2
)

λ∫ x

1 e−
2a sin2

(
1
2λK[1]

)
λ

(
λ csc2

(1
2λK[1]

)
+ 2a

)
dK[1]

− sin(λx)
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10.8 problem 21
Internal problem ID [10519]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ −
(
λ+ a cos (λx)2

)
y2 = −a+ λ+ a cos (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=(lambda+a*cos(lambda*x)^2)*y(x)^2+lambda-a+a*cos(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
2 sec (xλ)2 e−

a cos(2xλ)
2λ c1λ− 2 tan (xλ)λ

(∫
e−

a cos(2xλ)
2λ

(
sec (xλ)2 λ+ a

)
dx
)
c1 + i tan (xλ)

−2λ
(∫

e−
a cos(2xλ)

2λ
(
sec (xλ)2 λ+ a

)
dx
)
c1 + i
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3 Solution by Mathematica
Time used: 36.333 (sec). Leaf size: 263� �
DSolve[y'[x]==(\[Lambda]+a*Cos[\[Lambda]*x]^2)*y[x]^2+\[Lambda]-a+a*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2
(
c1 tan(λx)

∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1] + c1 sec2(λx)
(
−e−

a cos2(λx)
λ

)
+ tan(λx)

)
2 + 2c1

∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

y(x) → 1
2 sec2(λx)

(
sin(2λx)− 2e−

a cos2(λx)
λ∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

)

y(x) → 1
2 sec2(λx)

(
sin(2λx)− 2e−

a cos2(λx)
λ∫ x

1 e−
a cos2(λK[1])

λ (λ sec2(λK[1]) + a) dK[1]

)
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10.9 problem 22
Internal problem ID [10520]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − a xk+1 cos (x)m y = −a cos (x)m

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*cos(x)^m*y(x)-a*cos(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ cos(x)mx1+kax−2k−2
x

dx +
(∫

xke
∫ cos(x)mx1+kax−2k−2

x
dxdx

)
k +

∫
xke

∫ cos(x)mx1+kax−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 cos(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 cos(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 20.002 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Cos[x]^m*y[x]-a*Cos[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a cosm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a cosm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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10.10 problem 23
Internal problem ID [10521]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a cos (λx+ µ)k (y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(diff(y(x),x)=a*cos(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1
c1 − a

(∫
(cos (xλ) cos (µ)− sin (xλ) sin (µ))k dx

)
3 Solution by Mathematica
Time used: 6.016 (sec). Leaf size: 92� �
DSolve[y'[x]==a*Cos[\[Lambda]*x+\[Mu]]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x)→ 1

a
√

sin2(µ+λx) csc(µ+λx) cosk+1(µ+λx)Hypergeometric2F1
(

1
2 ,

k+1
2 , k+3

2 ,cos2(xλ+µ)
)

(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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10.11 problem 24
Internal problem ID [10522]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a cos (λx)m y2 − ky = a b2x2k cos (λx)m

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*cos(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*cos(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k cos (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.628 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Cos[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Cos[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
a cosm(λK[1])K[1]k−1dK[1] + c1

)
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10.12 problem 25
Internal problem ID [10523]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(cos (λx) a+ b) y′ − y2 − c cos (xµ) y = −d2 + cd cos (xµ)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 268� �
dsolve((a*cos(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cos(mu*x)*y(x)-d^2+c*d*cos(mu*x),y(x), singsol=all)� �
y(x)

=

−d

∫ e

c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cos(xλ)+b
dx

+ dc1 − e
c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

∫ e

c

(∫ cos(xµ)
a cos(xλ)+b

dx

)√
a2−b2 λ−4d arctanh

 (a−b) tan
(
xλ
2
)

√
a2−b2


√

a2−b2 λ

a cos(xλ)+b
dx− c1
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3 Solution by Mathematica
Time used: 12.31 (sec). Leaf size: 289� �
DSolve[(a*Cos[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cos[\[Mu]*x]*y[x]-d^2+c*d*Cos[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
(−d+ c cos(µK[2]) + y(x))

cµ(b+ a cos(λK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
cµ(b+ a cos(λK[2]))(d+K[3]) −

exp
(
−
∫ K[2]
1

2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
(−d+ c cos(µK[2]) +K[3])

cµ(b+ a cos(λK[2]))(d+K[3])2

 dK[2]

−
exp

(
−
∫ x

1
2d−c cos(µK[1])
b+a cos(λK[1]) dK[1]

)
cµ(d+K[3])2

 dK[3] = c1, y(x)
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10.13 problem 26
Internal problem ID [10524]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-2. Equations with cosine.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(cos (λx) a+ b)
(
y′ − y2

)
= a λ2 cos (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve((a*cos(lambda*x)+b)*(diff(y(x),x)-y(x)^2)-a*lambda^2*cos(lambda*x)=0,y(x), singsol=all)� �
y(x)

=

(
2 arctanh

(
(a−b) tan

(
xλ
2

)
√
a2−b2

)√
a2 − b2 ab cos

(
xλ
2

)
sin
(
xλ
2

)
− 2

√
a2 − b2 c1a cos

(
xλ
2

)
sin
(
xλ
2

)
+
(
a cos

(
xλ
2

)2 − a
2 −

b
2

)
(a+ b) (a− b)

)
λ

√
a2 − b2

(
2
(
a cos

(
xλ
2

)2 − a
2 +

b
2

)
b arctanh

(
(a−b) tan

(
xλ
2

)
√
a2−b2

)
−

√
a2 − b2 a cos

(
xλ
2

)
sin
(
xλ
2

)
− 2c1

(
a cos

(
xλ
2

)2 − a
2 +

b
2

))
3 Solution by Mathematica
Time used: 7.903 (sec). Leaf size: 202� �
DSolve[(a*Cos[\[Lambda]*x]+b)*(y'[x]-y[x]^2)-a*\[Lambda]^2*Cos[\[Lambda]*x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
λ

(
−2ab sin(λx)arctanh

(
(b−a) tan

(
λx
2

)
√
a2−b2

)
+
√
a2 − b2(−ac1λ(a2 − b2) sin(λx) + a cos(λx)− b)

)
2b(a cos(λx) + b)arctanh

(
(b−a) tan

(
λx
2

)
√
a2−b2

)
+
√
a2 − b2 (bc1λ (a2 − b2) + ac1λ (a2 − b2) cos(λx) + a sin(λx))

y(x) → aλ sin(λx)
a cos(λx) + b
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11.1 problem 27
Internal problem ID [10525]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λa+ a(λ− a) tan (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 205� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+a*(lambda-a)*tan(lambda*x)^2,y(x), singsol=all)� �
y(x) =

−
(
sin (xλ) LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
a+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1a sin (xλ)− λ

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)))

sec (xλ)
LegendreQ

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a−λ
2λ , 2a−λ

2λ , sin (xλ)
)

3 Solution by Mathematica
Time used: 2.982 (sec). Leaf size: 259� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2
(
ac1 sin2(λx)Hypergeometric2F1

(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
+ (2a− λ)

√
sin2(λx)

(
a sin(λx) cos 2a

λ
−1(λx)− c1

))
2(2a− λ)

√
sin2(λx) cos 2a

λ (λx) + c1 sin(2λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
y(x)

→
tan(λx)

(
a
√

sin2(λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
− 2a+ λ

)
√

sin2(λx)Hypergeometric2F1
(1
2 ,

1
2 −

a
λ
, 32 −

a
λ
, cos2(xλ)

)
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11.2 problem 28
Internal problem ID [10526]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 3λa+ λ2 + a(λ− a) tan (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+3*a*lambda+a*(lambda-a)*tan(lambda*x)^2,y(x), singsol=all)� �
y(x) =

−
(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , sin (xλ)
)
λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1λ+ sin (xλ)

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
))

(a+ λ)
)
sec (xλ)

LegendreQ
(2a+λ

2λ , 2a−λ
2λ , sin (xλ)

)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , sin (xλ)
)

3 Solution by Mathematica
Time used: 76.241 (sec). Leaf size: 319� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+3*a*\[Lambda]+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
sin−a+λ

λ (2λx)e−
aarctanh(cos(2λx))

λ

(
c1 sin

a
λ (2λx)((a+ λ) cos(2λx)− a+ λ)e

aarctanh(cos(2λx))
λ

∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + sin a

λ (2λx)((a+ λ) cos(2λx)− a+ λ)e
aarctanh(cos(2λx))

λ + c1e
arctanh(cos(2λx))

)
1 + c1

∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

y(x) → csc(2λx)
(
− sin− a

λ (2λx)e−
(a−λ)arctanh(cos(2λx))

λ∫ x

1 e−
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

− (a+ λ) cos(2λx)

+ a− λ

)
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11.3 problem 29
Internal problem ID [10527]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − ay2 − b tan (x) y = c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(diff(y(x),x)=a*y(x)^2+b*tan(x)*y(x)+c,y(x), singsol=all)� �
y(x)

=
sec (x)

(
−
(
LegendreQ

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)) (
b+

√
4ac+ b2

)
sin (x) +

(√
4ac+ b2 − b+ 2

) (
LegendreQ

(√
4ac+b2

2 + 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 + 1
2 ,−

1
2 +

b
2 , sin (x)

)))
2
(
LegendreQ

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

)
c1 + LegendreP

(√
4ac+b2

2 − 1
2 ,−

1
2 +

b
2 , sin (x)

))
a
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3 Solution by Mathematica
Time used: 2.211 (sec). Leaf size: 608� �
DSolve[y'[x]==a*y[x]^2+b*Tan[x]*y[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
sin(x)

(
(−b3 + 3b2 + b− 3)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 2

)
, 14
(
−b+

√
b2 + 4ac+ 2

)
, 3−b

2 , cos2(x)
)
+ cos(x)

(
(b+ 1) cos(x)(ac+ b− 1)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 6

)
, 14
(
−b+

√
b2 + 4ac+ 6

)
, 5−b

2 , cos2(x)
)
+ aib+1(b− 3)cc1 cosb(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)))

a(b− 3)(b+ 1)
(
cos(x)Hypergeometric2F1

(1
4

(
−b−

√
b2 + 4ac+ 2

)
, 14
(
−b+

√
b2 + 4ac+ 2

)
, 3−b

2 , cos2(x)
)
− iibc1 cosb(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
))

y(x) →

−
c sin(x) cos(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)

(b+ 1)Hypergeometric2F1
(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
)

y(x) →

−
c sin(x) cos(x)Hypergeometric2F1

(1
4

(
b−

√
b2 + 4ac+ 4

)
, 14
(
b+

√
b2 + 4ac+ 4

)
, b+3

2 , cos2(x)
)

(b+ 1)Hypergeometric2F1
(1
4

(
b−

√
b2 + 4ac

)
, 14
(
b+

√
b2 + 4ac

)
, b+1

2 , cos2(x)
)
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11.4 problem 30
Internal problem ID [10528]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − ay2 − 2ab tan (x) y = b(ab− 1) tan (x)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=a*y(x)^2+2*a*b*tan(x)*y(x)+b*(a*b-1)*tan(x)^2,y(x), singsol=all)� �

y(x) = 2c1ab− 2i tan (x) a 3
2 b

3
2 c1 + i

√
a
√
b e−2i

√
a
√
b x − tan (x) e−2i

√
a
√
b xab

a
(
2ic1

√
a
√
b+ e−2i

√
a
√
b x
)

3 Solution by Mathematica
Time used: 12.833 (sec). Leaf size: 37� �
DSolve[y'[x]==a*y[x]^2+2*a*b*Tan[x]*y[x]+b*(a*b-1)*Tan[x]^2,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −b tan(x) +
√

b

a
tan

(
ax

√
b

a
+ c1

)
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11.5 problem 31
Internal problem ID [10529]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a tan (βx) y = ab tan (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve(diff(y(x),x)=y(x)^2+a*tan(beta*x)*y(x)+a*b*tan(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
−
(
sec (xβ)2

) a
2β e−2bx − b

(∫ (
sec (xβ)2

) a
2β e−2bxdx− c1

)
∫ (

sec (xβ)2
) a

2β e−2bxdx− c1

3 Solution by Mathematica
Time used: 25.611 (sec). Leaf size: 408� �
DSolve[y'[x]==y[x]^2+a*Tan[\[Beta]*x]*y[x]+a*b*Tan[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
2−

a
β cos−

a
β (βx)

(
ib(a+ 2ib+ 2β)Hypergeometric2F1

(
1,−a−2ib

2β , a+2ib+2β
2β ,−e2ixβ

)
(sin(2βx) csc(βx))a/β − (a+ 2ib)

(
(a+ 2ib+ 2β)

(
e−iβx + eiβx

)a/β (1 + abβc1e
2bx cos

a
β (βx)

)
− ibe2iβx Hypergeometric2F1

(
1,−a−2ib−2β

2β , a+2ib+4β
2β ,−e2ixβ

)
(sin(2βx) csc(βx))a/β

))
(a+ 2ib)

(
aβc1e2bx(a+ 2ib+ 2β) cos

a
β (βx)− ie2iβx Hypergeometric2F1

(
1,−a−2ib−2β

2β , a+2ib+4β
2β ,−e2ixβ

))
− i(a+ 2ib+ 2β)Hypergeometric2F1

(
1,−a−2ib

2β , a+2ib+2β
2β ,−e2ixβ

)
y(x) → −b
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11.6 problem 32
Internal problem ID [10530]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax tan (bx)m y = a tan (bx)m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*tan(b*x)^m*y(x)+a*tan(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a tan(bx)mx2−2
x

dxx−
(∫

e
∫ a tan(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a tan(bx)mx2−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 8.199 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Tan[b*x]^m*y[x]+a*Tan[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −aK[1] tanm(bK[1])dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanm(bK[1])dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −aK[1] tanm(bK[1])dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x

278



11.7 problem 33
Internal problem ID [10531]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − a xk+1 tan (x)m y = −a tan (x)m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 174� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*tan(x)^m*y(x)-a*tan(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k tan(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k tan(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k tan(x)max−2k−2
x

dxdx− c1

)
(∫

xke
∫ a xk+2 tan(x)m−2k−2

x
dxdx

)
k +

∫
xke

∫ a xk+2 tan(x)m−2k−2
x

dxdx− c1

3 Solution by Mathematica
Time used: 19.083 (sec). Leaf size: 248� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Tan[x]^m*y[x]-a*Tan[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
x−k−1

(
c1x exp

(∫ x

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
+ c1(k + 1)

∫ x

1 exp
(∫ K[2]

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2] + k + 1

)
(k + 1)

(
1 + c1

∫ x

1 exp
(∫ K[2]

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
dK[2]

)

y(x) →
x−k

(
exp
(∫ x

1 −−a tanm(K[1])K[1]k+2+k+2
K[1] dK[1]

)
∫ x
1 exp

(∫K[2]
1 −−a tanm(K[1])K[1]k+2+k+2

K[1] dK[1]
)
dK[2]

+ k+1
x

)
k + 1
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11.8 problem 34
Internal problem ID [10532]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a tan (λx)n y2 = −a b2 tan (λx)2+n + bλ tan (λx)2 + bλ

7 Solution by Maple� �
dsolve(diff(y(x),x)=a*tan(lambda*x)^n*y(x)^2-a*b^2*tan(lambda*x)^(n+2)+b*lambda*tan(lambda*x)^2+b*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==a*Tan[\[Lambda]*x]^n*y[x]^2-a*b^2*Tan[\[Lambda]*x]^(n+2)+b*\[Lambda]*Tan[\[Lambda]*x]^2+b*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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11.9 problem 35
Internal problem ID [10533]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a tan (λx+ µ)k (y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 42� �
dsolve(diff(y(x),x)=a*tan(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1

c1 − a

(∫ (
− tan(µ)+tan(xλ)

tan(µ) tan(xλ)−1

)k
dx

)
3 Solution by Mathematica
Time used: 6.024 (sec). Leaf size: 75� �
DSolve[y'[x]==a*Tan[\[Lambda]*x+mu]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1

−
a tank+1(µ+λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− tan2(µ+xλ)

)
(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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11.10 problem 36
Internal problem ID [10534]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a tan (λx)m y2 − ky = a b2x2k tan (λx)m

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*tan(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*tan(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k tan (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.817 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Tan[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Tan[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
aK[1]k−1 tanm(λK[1])dK[1] + c1

)
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11.11 problem 37
Internal problem ID [10535]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-3. Equations with tan-
gent.
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a tan (λx) + b) y′ − y2 − k tan (xµ) y = −d2 + kd tan (xµ)

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 351� �
dsolve((a*tan(lambda*x)+b)*diff(y(x),x)=y(x)^2+k*tan(mu*x)*y(x)-d^2+k*d*tan(mu*x),y(x), singsol=all)� �
y(x)

=

−
(
sec (xλ)2

) ad

λ
(
a2+b2

)
(a tan (xλ) + b)

− 2ad
λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
− d

∫ (a tan (xλ) + b)

(
−a2−b2

)
λ−2ad

λ
(
a2+b2

) (
sec (xλ)2

) ad

λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
dx− c1


∫
(a tan (xλ) + b)

(
−a2−b2

)
λ−2ad

λ
(
a2+b2

) (
sec (xλ)2

) ad

λ
(
a2+b2

)
e

λk
(
a2+b2

)(∫ tan(xµ)
a tan(xλ)+b

dx

)
−2 arctan(tan(xλ))bd

λ
(
a2+b2

)
dx− c1
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3 Solution by Mathematica
Time used: 130.719 (sec). Leaf size: 800� �
DSolve[(a*Tan[\[Lambda]*x]+b)*y'[x]==y[x]^2+k*Tan[\[Mu]*x]*y[x]-d^2+k*d*Tan[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e−
∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](d cos(λK[2]− µK[2])− y(x) cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2]) + k sin(λK[2]− µK[2])− k sin(λK[2] + µK[2])− cos(λK[2] + µK[2])y(x))

kµ(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

(
e−

∫ x
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1]

kµ(d+K[3])2

−
∫ x

1

(
e−

∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](− cos(λK[2]− µK[2])− cos(λK[2] + µK[2]))

kµ(d+K[3])(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2])) − e−
∫K[2]
1

sec(µK[1])(2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+k sin(λK[1]−µK[1])−k sin(λK[1]+µK[1]))
2(b cos(λK[1])+a sin(λK[1])) dK[1](d cos(λK[2]− µK[2])−K[3] cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2])− cos(λK[2] + µK[2])K[3] + k sin(λK[2]− µK[2])− k sin(λK[2] + µK[2]))

kµ(d+K[3])2(b cos(λK[2]− µK[2]) + b cos(λK[2] + µK[2]) + a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))

)
dK[2]

)
dK[3] = c1, y(x)

]
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12.1 problem 38
Internal problem ID [10536]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λa+ a(λ− a) cot (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 204� �
dsolve(diff(y(x),x)=y(x)^2+a*lambda+a*(lambda-a)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
(
cos (xλ) LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
a+ LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
cos (xλ) c1a− λ

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)))

csc (xλ)
LegendreQ

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a−λ
2λ , 2a−λ

2λ , cos (xλ)
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a*\[Lambda]+a*(\[Lambda]-a)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.2 problem 39
Internal problem ID [10537]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 3λa+ λ2 + a(λ− a) cot (λx)2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 199� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+3*a*lambda+a*(lambda-a)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
csc (xλ)

(
−2 LegendreP

(2a+3λ
2λ , 2a−λ

2λ , cos (xλ)
)
λ− 2 LegendreQ

(2a+3λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1λ+ cos (xλ)

(
LegendreQ

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
))

(a+ λ)
)

LegendreQ
(2a+λ

2λ , 2a−λ
2λ , cos (xλ)

)
c1 + LegendreP

(2a+λ
2λ , 2a−λ

2λ , cos (xλ)
)

3 Solution by Mathematica
Time used: 67.099 (sec). Leaf size: 306� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+3*a*\[Lambda]+a*(\[Lambda]-a)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
sin−a+λ

λ (2λx)e−arctanh(cos(2λx))
(
c1 sin

a
λ (2λx)((a+ λ) cos(2λx) + a− λ)earctanh(cos(2λx))

∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1] + sin a

λ (2λx)((a+ λ) cos(2λx) + a− λ)earctanh(cos(2λx)) + c1e
aarctanh(cos(2λx))

λ

)
1 + c1

∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

y(x) → csc(2λx)
(
− sin− a

λ (2λx)e
(a−λ)arctanh(cos(2λx))

λ∫ x

1 e
(a−λ)arctanh(cos(2λK[1]))

λ sin−a+λ
λ (2λK[1])dK[1]

− (a+ λ) cos(2λx)

− a+ λ

)
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12.3 problem 40
Internal problem ID [10538]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 + 2ab cot (xa) y = −a2 + b2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 291� �
dsolve(diff(y(x),x)=y(x)^2-2*a*b*cot(a*x)*y(x)+b^2-a^2,y(x), singsol=all)� �
y(x)

=

(
cos (ax)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
+ c1 cos (ax)

(
ab+

√
(b2 − 1) a2 + b2

)
LegendreQ

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
+
(
LegendreQ

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
c1 + LegendreP

(
a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

))(
−
√

(b2 − 1) a2 + b2 + (b− 1) a
))

csc (ax)

LegendreQ
(

−a+2
√

(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
c1 + LegendreP

(
−a+2

√
(b2−1)a2+b2

2a , b− 1
2 , cos (ax)

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-2*a*b*Cot[a*x]*y[x]+b^2-a^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.4 problem 41
Internal problem ID [10539]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 41.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − a cot (βx) y = ab cot (βx)− b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve(diff(y(x),x)=y(x)^2+a*cot(beta*x)*y(x)+a*b*cot(beta*x)-b^2,y(x), singsol=all)� �

y(x) =
−
(
csc (xβ)2

)− a
2β e−2bx − b

(∫ (
csc (xβ)2

)− a
2β e−2bxdx− c1

)
∫ (

csc (xβ)2
)− a

2β e−2bxdx− c1

3 Solution by Mathematica
Time used: 26.26 (sec). Leaf size: 462� �
DSolve[y'[x]==y[x]^2+a*Cot[\[Beta]*x]*y[x]+a*b*Cot[\[Beta]*x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
b(ia+ 2b− 2iβ)

(
−ie−iβx

(
−1 + e2iβx

))a/β Hypergeometric2F1
(
1, a+2ib

2β ,−a−2ib−2β
2β , e2ixβ

)
+ (a− 2ib)

(
(a− 2ib− 2β)

((
−ie−iβx

(
−1 + e2iβx

))a/β − abβc12a/βe2bx
)
− ibe2iβx

(
−ie−iβx

(
−1 + e2iβx

))a/β Hypergeometric2F1
(
1, a+2ib+2β

2β ,−a−2ib−4β
2β , e2ixβ

))
i(−a+ 2ib+ 2β) (−ie−iβx (−1 + e2iβx))a/β Hypergeometric2F1

(
1, a+2ib

2β ,−a−2ib−2β
2β , e2ixβ

)
+ (a− 2ib)

(
ie2iβx (−ie−iβx (−1 + e2iβx))a/β Hypergeometric2F1

(
1, a+2ib+2β

2β ,−a−2ib−4β
2β , e2ixβ

)
+ aβc12a/βe2bx(a− 2ib− 2β)

)
y(x) → −b
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12.5 problem 42
Internal problem ID [10540]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 42.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − ax cot (bx)m y = a cot (bx)m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 85� �
dsolve(diff(y(x),x)=y(x)^2+a*x*cot(b*x)^m*y(x)+a*cot(b*x)^m,y(x), singsol=all)� �

y(x) =
−e

∫ a cot(bx)mx2−2
x

dxx−
(∫

e
∫ a cot(bx)mx2−2

x
dxdx

)
+ c1(

−c1 +
∫
e
∫ a cot(bx)mx2−2

x
dxdx

)
x

3 Solution by Mathematica
Time used: 8.36 (sec). Leaf size: 126� �
DSolve[y'[x]==y[x]^2+a*x*Cot[b*x]^m*y[x]+a*Cot[b*x]^m,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −a cotm(bK[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −a cotm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −a cotm(bK[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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12.6 problem 43
Internal problem ID [10541]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 43.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − a xk+1 cot (x)m y = −a cot (x)m

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 170� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+a*x^(k+1)*cot(x)^m*y(x)-a*cot(x)^m,y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ x1+k cot(x)max−2k−2
x

dx +
(∫

xke
∫ x1+k cot(x)max−2k−2

x
dxdx

)
k +

∫
xke

∫ x1+k cot(x)max−2k−2
x

dxdx+ c1

)
(∫

xke
∫ a xk+2 cot(x)m−2k−2

x
dxdx

)
k + c1 +

∫
xke

∫ a xk+2 cot(x)m−2k−2
x

dxdx

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+a*x^(k+1)*Cot[x]^m*y[x]-a*Cot[x]^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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12.7 problem 44
Internal problem ID [10542]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 44.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − a cot (λx+ µ)k (y − b xn − c)2 = b xn−1n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve(diff(y(x),x)=a*cot(lambda*x+mu)^k*(y(x)-b*x^n-c)^2+b*n*x^(n-1),y(x), singsol=all)� �

y(x) = b xn + c+ 1

c1 − a

(∫ (−1+cot(µ) cot(xλ)
cot(µ)+cot(xλ)

)k
dx

)
3 Solution by Mathematica
Time used: 5.758 (sec). Leaf size: 74� �
DSolve[y'[x]==a*Cot[\[Lambda]*x+mu]^k*(y[x]-b*x^n-c)^2+b*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
a cotk+1(µ+λx)Hypergeometric2F1

(
1, k+1

2 , k+3
2 ,− cot2(µ+xλ)

)
(k+1)λ + c1

+ bxn + c

y(x) → bxn + c
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12.8 problem 45
Internal problem ID [10543]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 45.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− a cot (λx)m y2 − ky = a b2x2k cot (λx)m

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 31� �
dsolve(x*diff(y(x),x)=a*cot(lambda*x)^m*y(x)^2+k*y(x)+a*b^2*x^(2*k)*cot(lambda*x)^m,y(x), singsol=all)� �

y(x) = − tan
(
−ab

(∫
x−1+k cot (xλ)m dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.805 (sec). Leaf size: 50� �
DSolve[x*y'[x]==a*Cot[\[Lambda]*x]^m*y[x]^2+k*y[x]+a*b^2*x^(2*k)*Cot[\[Lambda]*x]^m,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
a cotm(λK[1])K[1]k−1dK[1] + c1

)
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12.9 problem 46
Internal problem ID [10544]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-4. Equations with cotan-
gent.
Problem number: 46.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

(a cot (λx) + b) y′ − y2 − c cot (xµ) y = cd cot (xµ)− d2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 366� �
dsolve((a*cot(lambda*x)+b)*diff(y(x),x)=y(x)^2+c*cot(mu*x)*y(x)-d^2+c*d*cot(mu*x),y(x), singsol=all)� �
y(x)

=

−e
λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
(a cot (xλ) + b)

2ad
λ
(
a2+b2

)
− d

∫ (a cot (xλ) + b)

(
−a2−b2

)
λ+2ad

λ
(
a2+b2

)
e

λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
dx− c1


∫
(a cot (xλ) + b)

(
−a2−b2

)
λ+2ad

λ
(
a2+b2

)
e

λc
(
a2+b2

)(∫ cot(xµ)
a cot(xλ)+b

dx

)
−2d

(
arccot(cot(xλ))−π

2
)
b

λ
(
a2+b2

) (
csc (xλ)2

)− ad

λ
(
a2+b2

)
dx− c1
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3 Solution by Mathematica
Time used: 87.594 (sec). Leaf size: 799� �
DSolve[(a*Cot[\[Lambda]*x]+b)*y'[x]==y[x]^2+c*Cot[\[Mu]*x]*y[x]-d^2+c*d*Cot[\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

e−
∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](−d cos(λK[2]− µK[2]) + y(x) cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2]) + c sin(λK[2]− µK[2]) + c sin(λK[2] + µK[2])− cos(λK[2] + µK[2])y(x))
cµ(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))(d+ y(x)) dK[2]

+
∫ y(x)

1

(
−
∫ x

1

(
e−

∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](cos(λK[2]− µK[2])− cos(λK[2] + µK[2]))
cµ(d+K[3])(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2])) − e−

∫K[2]
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1](−d cos(λK[2]− µK[2]) +K[3] cos(λK[2]− µK[2]) + d cos(λK[2] + µK[2])− cos(λK[2] + µK[2])K[3] + c sin(λK[2]− µK[2]) + c sin(λK[2] + µK[2]))
cµ(d+K[3])2(b cos(λK[2]− µK[2])− b cos(λK[2] + µK[2])− a sin(λK[2]− µK[2]) + a sin(λK[2] + µK[2]))

)
dK[2]

− e−
∫ x
1 − csc(µK[1])(−2d cos(λK[1]−µK[1])+2d cos(λK[1]+µK[1])+c sin(λK[1]−µK[1])+c sin(λK[1]+µK[1]))

2(a cos(λK[1])+b sin(λK[1])) dK[1]

cµ(d+K[3])2

)
dK[3] = c1, y(x)

]
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13.1 problem 47
Internal problem ID [10545]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 47.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λ2 + c sin (λx)n cos (λx)−n−4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+c*sin(lambda*x)^n*cos(lambda*x)^(-n-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+c*Sin[\[Lambda]*x]^n*Cos[\[Lambda]*x]^(-n-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.2 problem 48
Internal problem ID [10546]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 48.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 sin (λx) a = b sin (λx) cos (λx)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 256� �
dsolve(diff(y(x),x)=a*sin(lambda*x)*y(x)^2+b*sin(lambda*x)*cos(lambda*x)^n,y(x), singsol=all)� �
y(x)

=

(
−
√

ab
λ2 BesselY

(
3+n
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
cos (xλ)

n
2+1 c1 − BesselJ

(
3+n
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)√
ab
λ2 cos (xλ)

n
2+1 + BesselY

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

))
sec (xλ)λ(

BesselY
(

1
n+2 ,

2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

)
c1 + BesselJ

(
1

n+2 ,
2
√

ab
λ2 cos(xλ)

n
2 +1

n+2

))
a
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3 Solution by Mathematica
Time used: 1.409 (sec). Leaf size: 695� �
DSolve[y'[x]==a*Sin[\[Lambda]*x]*y[x]^2+b*Sin[\[Lambda]*x]*Cos[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
a
√
bGamma

(
1 + 1

n+2

)
cosn

2 (λx) BesselJ
(

1
n+2 − 1, 2

√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−

√
a
√
bGamma

(
1 + 1

n+2

)
cosn

2 (λx) BesselJ
(
1 + 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ λGamma

(
1 + 1

n+2

)
sec(λx) BesselJ

(
1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−
√
a
√
bc1Gamma

(
n+1
n+2

)
cosn

2 (λx) BesselJ
(

n+1
n+2 ,

2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
bc1Gamma

(
n+1
n+2

)
cosn

2 (λx) BesselJ
(
−n+3

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ c1λGamma

(
n+1
n+2

)
sec(λx) BesselJ

(
− 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
2aGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
+ 2ac1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)

y(x)→

√
a
√
b cos

n
2 (λx)

(
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
n+1
n+2 ,

2
√
a
√
b cos

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√

a
√
b cos

n
2 +1(xλ)

nλ+2λ

) + λ sec(λx)

2a
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13.3 problem 49
Internal problem ID [10547]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 49.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sin (λx) y2 − a cos (λx)n y = −a cos (λx)n−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*cos(lambda*x)^n*y(x)-a*cos(lambda*x)^(n-1),y(x), singsol=all)� �

No solution found

300



3 Solution by Mathematica
Time used: 150.623 (sec). Leaf size: 467� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*Cos[\[Lambda]*x]^n*y[x]-a*Cos[\[Lambda]*x]^(n-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ x

1

−
exp

(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
tan(λK[1]) (−a csc(λK[1]) cosn(λK[1]) + a csc(λK[1])y(x) cosn+1(λK[1]) + λy(x)2 cos(λK[1]))
(cos(λK[1])y(x)− 1)2 dK[1]

+
∫ y(x)

1

exp
(
−a cosn+1(xλ) csc(xλ)Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(xλ)
)√

sin2(xλ)
(n+1)λ

)
(cos(xλ)K[2]− 1)2

−
∫ x

1

2 exp
(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
(−a csc(λK[1]) cosn(λK[1]) + a csc(λK[1])K[2] cosn+1(λK[1]) + λK[2]2 cos(λK[1])) sin(λK[1])

(cos(λK[1])K[2]− 1)3 −
exp

(
−a cosn+1(λK[1]) csc(λK[1]) Hypergeometric2F1

( 1
2 ,

n+1
2 ,n+3

2 ,cos2(λK[1])
)√

sin2(λK[1])
(n+1)λ

)
(a csc(λK[1]) cosn+1(λK[1]) + 2λK[2] cos(λK[1])) tan(λK[1])

(cos(λK[1])K[2]− 1)2

 dK[1]

 dK[2] = c1, y(x)
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13.4 problem 50
Internal problem ID [10548]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 50.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 cos (λx) a = b cos (λx) sin (λx)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 949� �
dsolve(diff(y(x),x)=a*cos(lambda*x)*y(x)^2+b*cos(lambda*x)*sin(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 1.376 (sec). Leaf size: 633� �
DSolve[y'[x]==a*Cos[\[Lambda]*x]*y[x]^2+b*Cos[\[Lambda]*x]*Sin[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
csc(λx)

(
−λGamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
+
√
a
√
b sinn

2+1(λx)
(
Gamma

(
1 + 1

n+2

) (
BesselJ

(
1 + 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
− BesselJ

(
1

n+2 − 1, 2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
− c1Gamma

(
n+1
n+2

)
BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
− c1λGamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
2a
(
Gamma

(
1 + 1

n+2

)
BesselJ

(
1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
+ c1Gamma

(
n+1
n+2

)
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))

y(x) →

√
a
√
b sin

n
2 (λx)

(
BesselJ

(
n+1
n+2 ,

2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

)
−BesselJ

(
−n+3

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

))
BesselJ

(
− 1

n+2 ,
2
√
a
√
b sin

n
2 +1(xλ)

nλ+2λ

) − λ csc(λx)

2a
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13.5 problem 51
Internal problem ID [10549]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 51.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sin (λx) y2 − a xn cos (λx) y = −xna

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 103� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*x^n*cos(lambda*x)*y(x)-a*x^n,y(x), singsol=all)� �
y(x)

=
−c1e

∫
(xn cos(xλ)a+2 tan(xλ)λ)dx + sec (xλ)λ

(∫
e
∫
(xn cos(xλ)a+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − sec (xλ)

λ
(∫

e
∫
(xn cos(xλ)a+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − 1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*x^n*Cos[\[Lambda]*x]*y[x]-a*x^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.6 problem 52
Internal problem ID [10550]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 52.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

sin (2x)n+1 y′ − ay2 sin (x)2n = b cos (x)2n

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 232� �
dsolve(sin(2*x)^(n+1)*diff(y(x),x)=a*y(x)^2*sin(x)^(2*n)+b*cos(x)^(2*n),y(x), singsol=all)� �
y(x) =

−
csc (x) sin (2x)n

(
sin (x)

√
n2−4−nab

2
(
n+

√
n2 − 4−nab

)
cos (x)−

√
n2−4−nab

2 − cos (x)
√

n2−4−nab
2 sin (x)−

√
n2−4−nab

2 c1
(
−n+

√
n2 − 4−nab

))
sin (x)−2n+1

a

(
cos (x)

√
n2−4−nab

2 sin (x)−
√

n2−4−nab
2 c1 + cos (x)−

√
n2−4−nab

2 sin (x)
√

n2−4−nab
2

)
3 Solution by Mathematica
Time used: 33.745 (sec). Leaf size: 132� �
DSolve[Sin[2*x]^(n+1)*y'[x]==a*y[x]^2*Sin[x]^(2*n)+b*Cos[x]^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ √
a cos−2n(x) sin2n(x)

b
y(x)

1

1

K[1]2 −
√

22n+2n2

ab
K[1] + 1

dK[1] = 1
2b sin

−n(2x) cos2n(x)
(
log
(
tan

(x
2

))

− log
(
cos(x) sec2

(x
2

)))√a sin2n(x) cos−2n(x)
b

+ c1, y(x)
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13.7 problem 53
Internal problem ID [10551]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 53.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 + tan (x) y = a(1− a) cot (x)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 37� �
dsolve(diff(y(x),x)=y(x)^2-y(x)*tan(x)+a*(1-a)*cot(x)^2,y(x), singsol=all)� �

y(x) = − cot (x) sin (x)2a a+ c1 cos (x) (a− 1)
c1 sin (x) + sin (x)2a

3 Solution by Mathematica
Time used: 7.444 (sec). Leaf size: 230� �
DSolve[y'[x]==y[x]^2-y[x]*Tan[x]+a*(1-a)*Cot[x]^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
i cot(x)

((√
a− 1

√
a
√

− (2a−1)2
(a−1)a − i

)
(− sin2(x))

1
2 i
√
a−1

√
a

√
− (2a−1)2

(a−1)a −
(√

a− 1
√
a
√

− (2a−1)2
(a−1)a + i

)
c1

)

2
(
(− sin2(x))

1
2 i
√
a−1

√
a
√

1
a−a2−4 + c1

)
y(x) → 1

2i
(
√
a− 1

√
a

√
1

a− a2
− 4 + i

)
cot(x)
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13.8 problem 54
Internal problem ID [10552]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 54.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 +my tan (x) = b2 cos (x)2m

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 222� �
dsolve(diff(y(x),x)=y(x)^2-m*y(x)*tan(x)+b^2*cos(x)^(2*m),y(x), singsol=all)� �
y(x)

=

(
−

sin(x)2(m−1) hypergeom
([ 3

2 ,−
m
2 + 3

2
]
,
[ 5
2
]
,sin(x)2

)
3 + hypergeom

([1
2 ,−

m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
b cos (x)−m+1

(
sin
(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))√
cos (x)2m−2 cos (x) c1 −

√
cos (x)2m cos

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

)))
c1 cos

(
b
√

cos (x)2m−2 cos (x)−m+1 sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
+ sin

(
b
√

cos (x)2m cos (x)−m sin (x) hypergeom
([1

2 ,−
m
2 + 1

2

]
,
[3
2

]
, sin (x)2

))
3 Solution by Mathematica
Time used: 4.179 (sec). Leaf size: 73� �
DSolve[y'[x]==y[x]^2-m*y[x]*Tan[x]+b^2*Cos[x]^(2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√
b2 cosm(x) tan

(
−
√
b2
√

sin2(x) csc(x) cosm+1(x)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , cos2(x)
)

m+ 1

+ c1

)
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13.9 problem 55
Internal problem ID [10553]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 55.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 −my cot (x) = b2 sin (x)2m

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 281� �
dsolve(diff(y(x),x)=y(x)^2+m*y(x)*cot(x)+b^2*sin(x)^(2*m),y(x), singsol=all)� �
y(x)

=

√(
csc (x)2

)−m sin (x)4
(
−c1 sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

))(
csc (x)2

)m
2 b csc (x)6

(
−

hypergeom
([ 3

2 ,2+
m
2
]
,
[ 5
2
]
,− cot(x)2

)
cos(x)2(m+2)

3 + hypergeom
([1

2 , 1 +
m
2

]
,
[3
2

]
,− cot (x)2

)
sin (x)2

)
c1 cos

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
+ sin

(√(
csc (x)2

)−m sin (x)4 csc (x)2
(
csc (x)2

)m
2 cot (x) hypergeom

([1
2 , 1 +

m
2

]
,
[3
2

]
,− cot (x)2

)
b

)
3 Solution by Mathematica
Time used: 5.352 (sec). Leaf size: 72� �
DSolve[y'[x]==y[x]^2+m*y[x]*Cot[x]+b^2*Sin[x]^(2*m),y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√
b2 sinm(x) tan

(√
b2
√

cos2(x) sec(x) sinm+1(x)Hypergeometric2F1
(1
2 ,

m+1
2 , m+3

2 , sin2(x)
)

m+ 1

+ c1

)
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13.10 problem 56
Internal problem ID [10554]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 56.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −2λ2 cot (λx)2 − 2λ2 tan (x)2

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-2*lambda^2*tan(x)^2-2*lambda^2*cot(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-2*\[Lambda]^2*Tan[x]^2-2*\[Lambda]^2*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.11 problem 57
Internal problem ID [10555]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 57.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = 2ab+ λa+ bλ+ a(λ− a) tan (λx)2 + b(λ− b) cot (λx)2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 268� �
dsolve(diff(y(x),x)=y(x)^2+lambda*a+lambda*b+2*a*b+a*(lambda-a)*tan(lambda*x)^2+b*(lambda-b)*cot(lambda*x)^2,y(x), singsol=all)� �
y(x)

=
4c1λ cos (xλ)2 sin (xλ)2 (b− λ+ a) hypergeom

([
2, 2λ−b−a

λ

]
,
[
−2a−5λ

2λ

]
, cos (xλ)2

)
− 2c1

((
−3λ2 +

(7a
2 + 3b

2

)
λ− ab

)
cos (xλ)2 + a2 sin (xλ)2 −

5
(
a− 3λ

5

)
λ

2

)
hypergeom

([
1, −b+λ−a

λ

]
,
[
−2a−3λ

2λ

]
, cos (xλ)2

)
+ 2
(
a− 3λ

2

)
sin (xλ)

2b
λ (a tan (xλ)− b cot (xλ)) cos (xλ)

2a
λ

(2a− 3λ)
(
c1 cos (xλ) sin (xλ) hypergeom

([
1, −b+λ−a

λ

]
,
[
−2a−3λ

2λ

]
, cos (xλ)2

)
+ cos (xλ)

2a
λ sin (xλ)

2b
λ

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]*a+\[Lambda]*b+2*a*b+a*(\[Lambda]-a)*Tan[\[Lambda]*x]^2+b*(\[Lambda]-b)*Cot[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.12 problem 58
Internal problem ID [10556]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 58.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −λ2

2 − 3λ2 tan (λx)2

4 + a cos (λx)2 sin (λx)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1194� �
dsolve(diff(y(x),x)=y(x)^2-1/2*lambda^2-3/4*lambda^2*tan(lambda*x)^2+a*cos(lambda*x)^2*sin(lambda*x)^n,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-1/2*\[Lambda]^2-3/4*\[Lambda]^2*Tan[\[Lambda]*x]^2+a*Cos[\[Lambda]*x]^2*Sin[\[Lambda]*x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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13.13 problem 59
Internal problem ID [10557]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.6-5. Equations containing
combinations of trigonometric functions.
Problem number: 59.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sin (λx) y2 − a sin (λx) y = −a tan (λx)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 61� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+a*sin(lambda*x)*y(x)-a*tan(lambda*x),y(x), singsol=all)� �

y(x) =
expIntegral1

(
a cos(xλ)

λ

)
c1a+ 1

cos (xλ) expIntegral1
(

a cos(xλ)
λ

)
c1a− e−

a cos(xλ)
λ c1λ+ cos (xλ)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+a*Sin[\[Lambda]*x]*y[x]-a*Tan[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-1. Equations containing
arcsine.

14.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 313
14.2 problem 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 315
14.3 problem 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 316
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14.1 problem 1
Internal problem ID [10558]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λ arcsin (x)n y = −a2 + aλ arcsin (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arcsin(x)^n*y(x)-a^2+a*lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(−λ arcsin(x)n+2a)dx
)
dx
)
− e−

(∫
(−λ arcsin(x)n+2a)dx

)
c1 +

∫
e−
(∫

(−λ arcsin(x)n+2a)dx
)
dx
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3 Solution by Mathematica
Time used: 6.556 (sec). Leaf size: 398� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcSin[x]^n*y[x]-a^2+a*\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
(λ arcsin(K[1])n − a+ y(x))

nλ(a+ y(x)) dK[1]

+
∫ y(x)

1

exp
(

1
2iλ arcsin(x)

n (arcsin(x)2)−n ((−i arcsin(x))nΓ(n+ 1, i arcsin(x))− (i arcsin(x))nΓ(n+ 1,−i arcsin(x)))− 2ax
)

nλ(a+K[2])2

−
∫ x

1

exp
(

1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
(λ arcsin(K[1])n − a+K[2])

nλ(a+K[2])2 −
exp

(
1
2iλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))− 2aK[1]

)
nλ(a+K[2])

 dK[1]

 dK[2] = c1, y(x)
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14.2 problem 2
Internal problem ID [10559]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λx arcsin (x)n y = arcsin (x)n λ

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arcsin(x)^n*y(x)+lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) = e
∫ λ arcsin(x)nx2−2

x
dxx+

∫
e
∫ λ arcsin(x)nx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ λ arcsin(x)nx2−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 4.147 (sec). Leaf size: 256� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcSin[x]^n*y[x]+\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
∫ x

1
exp
(
−2−n−3λ arcsin(K[1])n

(
arcsin(K[1])2

)−n(Γ(n+1,2i arcsin(K[1]))(−i arcsin(K[1]))n+(i arcsin(K[1]))nΓ(n+1,−2i arcsin(K[1])))
)

K[1]2 dK[1] +
exp
(
λ
(
−2−n−3) arcsin(x)n(arcsin(x)2)−n((−i arcsin(x))nΓ(n+1,2i arcsin(x))+(i arcsin(x))nΓ(n+1,−2i arcsin(x)))

)
x

+ c1

x

(∫ x

1
exp
(
−2−n−3λ arcsin(K[1])n(arcsin(K[1])2)−n(Γ(n+1,2i arcsin(K[1]))(−i arcsin(K[1]))n+(i arcsin(K[1]))nΓ(n+1,−2i arcsin(K[1])))

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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14.3 problem 3
Internal problem ID [10560]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − λ arcsin (x)n
(
xk+1y − 1

)
= 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arcsin(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ arcsin(x)nx1+kλx−2k−2
x

dx +
(∫

xkeλ
(∫

arcsin(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arcsin(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arcsin(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arcsin(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcSin[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.4 problem 4
Internal problem ID [10561]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arcsin (x)n y2 − ay = ab− b2λ arcsin (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arcsin(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arcsin (x)n e−

(∫
(2 arcsin(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arcsin(x)nλb−a)dx

)
c1 + λ

(∫
arcsin (x)n e−

(∫
(2 arcsin(x)nλb−a)dx

)
dx
)

3 Solution by Mathematica
Time used: 7.093 (sec). Leaf size: 428� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

i exp
(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
(−bλ arcsin(K[1])n + λy(x) arcsin(K[1])n + a)

anλ(b+ y(x)) dK[1]

+
∫ y(x)

1

−
∫ x

1

i exp
(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
arcsin(K[1])n

an(b+K[2]) −
i exp

(
aK[1]− ibλ arcsin(K[1])n (arcsin(K[1])2)−n ((−i arcsin(K[1]))nΓ(n+ 1, i arcsin(K[1]))− (i arcsin(K[1]))nΓ(n+ 1,−i arcsin(K[1])))

)
(−bλ arcsin(K[1])n + λK[2] arcsin(K[1])n + a)

anλ(b+K[2])2

 dK[1]

−
i exp

(
ax− ibλ arcsin(x)n (arcsin(x)2)−n ((−i arcsin(x))nΓ(n+ 1, i arcsin(x))− (i arcsin(x))nΓ(n+ 1,−i arcsin(x)))

)
anλ(b+K[2])2

 dK[2] = c1, y(x)
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14.5 problem 5
Internal problem ID [10562]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arcsin (x)n y2 + bλ xm arcsin (x)n y = bmxm−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2-b*lambda*x^m*arcsin(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcSin[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.6 problem 6
Internal problem ID [10563]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arcsin (x)n y2 = βmxm−1 − λβ2x2m arcsin (x)n

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arcsin(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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14.7 problem 7
Internal problem ID [10564]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − λ arcsin (x)n (y − a xm − b)2 = amxm−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arcsin(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arcsin (x)n dx

)
3 Solution by Mathematica
Time used: 4.054 (sec). Leaf size: 87� �
DSolve[y'[x]==\[Lambda]*ArcSin[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → axm

+ 1
1
2iλ arcsin(x)n (arcsin(x)2)

−n ((i arcsin(x))nΓ(n+ 1,−i arcsin(x))− (−i arcsin(x))nΓ(n+ 1, i arcsin(x))) + c1
+ b

y(x) → axm + b
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14.8 problem 8
Internal problem ID [10565]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− λ arcsin (x)n y2 − ky = λ b2x2k arcsin (x)n

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arcsin(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arcsin(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arcsin (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.716 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcSin[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcSin[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arcsin(K[1])nK[1]k−1dK[1] + c1

)

321



14.9 problem 9
Internal problem ID [10566]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-1. Equations containing
arcsine.
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arcsin (x)m + yn = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arcsin(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcSin[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-2. Equations containing
arccosine.
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15.1 problem 10
Internal problem ID [10567]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λ arccos (x)n y = −a2 + aλ arccos (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 386� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arccos(x)^n*y(x)-a^2+a*lambda*arccos(x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 8.046 (sec). Leaf size: 404� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcCos[x]^n*y[x]-a^2+a*\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

i exp
(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)
(λ arccos(K[1])n − a+ y(x))

nλ(a+ y(x)) dK[1]

+
∫ y(x)

1

(
−
∫ x

1

(
i exp

(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)

nλ(a+K[2]) −
i exp

(1
2λ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n + 1

2λ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1]))− 2aK[1]
)
(λ arccos(K[1])n − a+K[2])

nλ(a+K[2])2

)
dK[1]

−
i exp

(1
2λ arccos(x)

nΓ(n+ 1,−i arccos(x))(−i arccos(x))−n − 2ax+ 1
2λ(i arccos(x))

−n arccos(x)nΓ(n+ 1, i arccos(x))
)

nλ(a+K[2])2

)
dK[2] = c1, y(x)

]
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15.2 problem 11
Internal problem ID [10568]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λx arccos (x)n y = arccos (x)n λ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arccos(x)^n*y(x)+lambda*arccos(x)^n,y(x), singsol=all)� �

y(x) = e
∫ arccos(x)nλx2−2

x
dxx+

∫
e
∫ arccos(x)nλx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ arccos(x)nλx2−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 5.617 (sec). Leaf size: 253� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcCos[x]^n*y[x]+\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
x
∫ x

1
exp
(
2−n−3λ arccos(K[1])n

(
arccos(K[1])2

)−n(Γ(n+1,2i arccos(K[1]))(−i arccos(K[1]))n+(i arccos(K[1]))nΓ(n+1,−2i arccos(K[1])))
)

K[1]2 dK[1] + exp
(
λ2−n−3 arccos(x)n (arccos(x)2)−n ((−i arccos(x))nΓ(n+ 1, 2i arccos(x)) + (i arccos(x))nΓ(n+ 1,−2i arccos(x)))

)
+ c1x

x2
(∫ x

1
exp
(
2−n−3λ arccos(K[1])n(arccos(K[1])2)−n(Γ(n+1,2i arccos(K[1]))(−i arccos(K[1]))n+(i arccos(K[1]))nΓ(n+1,−2i arccos(K[1])))

)
K[1]2 dK[1] + c1

)
y(x) → −1

x
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15.3 problem 12
Internal problem ID [10569]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − λ arccos (x)n
(
xk+1y − 1

)
= 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arccos(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

(
x1+ke

∫ arccos(x)nx1+kλx−2k−2
x

dx +
(∫

xkeλ
(∫

arccos(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arccos(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arccos(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arccos(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcCos[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15.4 problem 13
Internal problem ID [10570]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccos (x)n y2 − ay = ab− b2λ arccos (x)n

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 382� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arccos(x)^n,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 9.288 (sec). Leaf size: 420� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ x

1

−i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) (−bλ arccos(K[1])n + λy(x) arccos(K[1])n + a)
anλ(b+ y(x)) dK[1]

+
∫ y(x)

1

(
i exp (−bλ arccos(x)nΓ(n+ 1,−i arccos(x))(−i arccos(x))−n + ax− bλ(i arccos(x))−n arccos(x)nΓ(n+ 1, i arccos(x)))

anλ(b+K[2])2

−
∫ x

1

(
i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) (−bλ arccos(K[1])n + λK[2] arccos(K[1])n + a)

anλ(b+K[2])2 − i exp (−bλ arccos(K[1])nΓ(n+ 1,−i arccos(K[1]))(−i arccos(K[1]))−n − bλ(i arccos(K[1]))−n arccos(K[1])nΓ(n+ 1, i arccos(K[1])) + aK[1]) arccos(K[1])n
an(b+K[2])

)
dK[1]

)
dK[2] = c1, y(x)

]
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15.5 problem 14
Internal problem ID [10571]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccos (x)n y2 + bλ xm arccos (x)n y = bmxm−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2-b*lambda*x^m*arccos(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcCos[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15.6 problem 15
Internal problem ID [10572]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccos (x)n y2 = βmxm−1 − λβ2x2m arccos (x)n

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccos(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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15.7 problem 16
Internal problem ID [10573]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − λ arccos (x)n (y − a xm − b)2 = amxm−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 165� �
dsolve(diff(y(x),x)=lambda*arccos(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �
y(x)

=
λ(a xm + b)

(
(n+ 2)LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (x)

)
arccos (x) + arccos (x)n+

3
2

)√
−x2 + 1−

(
λ arccos (x) (a x1+m + bx) LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
−
√

arccos (x) (xmc1a+ c1b+ 1)
)
(n+ 2)

λ
(
(n+ 2)LommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
− LommelS1

(
n+ 3

2 ,
3
2 , arccos (x)

)
arccos (x) + arccos (x)n+

3
2

)√
−x2 + 1 + (n+ 2)

(
−xλLommelS1

(
n+ 1

2 ,
1
2 , arccos (x)

)
arccos (x) + c1

√
arccos (x)

)
3 Solution by Mathematica
Time used: 4.776 (sec). Leaf size: 86� �
DSolve[y'[x]==\[Lambda]*ArcCos[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
y(x) → axm

+ 1
−1

2λ arccos(x)n(−i arccos(x))−nΓ(n+ 1,−i arccos(x))− 1
2λ(i arccos(x))−n arccos(x)nΓ(n+ 1, i arccos(x)) + c1

+ b
y(x) → axm + b
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15.8 problem 17
Internal problem ID [10574]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− λ arccos (x)n y2 − ky = λ b2x2k arccos (x)n

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arccos(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arccos(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arccos (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 2.128 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcCos[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcCos[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arccos(K[1])nK[1]k−1dK[1] + c1

)
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15.9 problem 18
Internal problem ID [10575]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-2. Equations containing
arccosine.
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arccos (x)m + yn = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arccos(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcCos[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.1 problem 19
Internal problem ID [10576]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λ arctan (x)n y = −a2 + aλ arctan (x)n

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arctan(x)^n*y(x)-a^2+a*lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx
)
− e−

(∫
(− arctan(x)nλ+2a)dx

)
c1 +

∫
e−
(∫

(− arctan(x)nλ+2a)dx
)
dx

3 Solution by Mathematica
Time used: 7.862 (sec). Leaf size: 210� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcTan[x]^n*y[x]-a^2+a*\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
(−λ arctan(K[2])n + a− y(x))

nλ(a+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (2a− λ arctan(K[1])n) dK[1]
)

nλ(a+K[3])2

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
(−λ arctan(K[2])n + a−K[3])

nλ(a+K[3])2 −
exp

(
−
∫ K[2]
1 (2a− λ arctan(K[1])n) dK[1]

)
nλ(a+K[3])

 dK[2]

 dK[3] = c1, y(x)
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16.2 problem 20
Internal problem ID [10577]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λx arctan (x)n y = arctan (x)n λ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arctan(x)^n*y(x)+lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) = e
∫ arctan(x)nλx2−2

x
dxx+

∫
e
∫ arctan(x)nλx2−2

x
dxdx− c1(

c1 −
(∫

e
∫ arctan(x)nλx2−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 7.063 (sec). Leaf size: 120� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcTan[x]^n*y[x]+\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −λ arctan(K[1])nK[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −λ arctan(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −λ arctan(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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16.3 problem 21
Internal problem ID [10578]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − λ arctan (x)n
(
xk+1y − 1

)
= 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 180� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arctan(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

((∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k + x1+ke

∫ x1+k arctan(x)nxλ−2k−2
x

dx +
∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

)
(∫

xkeλ
(∫

arctan(x)nx1+kdx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
arctan(x)nx1+kdx

)
−2
(∫ 1

x
dx
)
(1+k)dx+ c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcTan[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.4 problem 22
Internal problem ID [10579]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arctan (x)n y2 − ay = ab− b2λ arctan (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arctan(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arctan (x)n e−

(∫
(2 arctan(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arctan(x)nλb−a)dx

)
c1 + λ

(∫
arctan (x)n e−

(∫
(2 arctan(x)nλb−a)dx

)
dx
)

3 Solution by Mathematica
Time used: 10.998 (sec). Leaf size: 240� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
(−bλ arctan(K[2])n + λy(x) arctan(K[2])n + a)

anλ(b+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
arctan(K[2])n

an(b+K[3]) −
exp

(
−
∫ K[2]
1 (2bλ arctan(K[1])n − a) dK[1]

)
(−bλ arctan(K[2])n + λK[3] arctan(K[2])n + a)

anλ(b+K[3])2

 dK[2]

−
exp

(
−
∫ x

1 (2bλ arctan(K[1])n − a) dK[1]
)

anλ(b+K[3])2

 dK[3] = c1, y(x)
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16.5 problem 23
Internal problem ID [10580]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arctan (x)n y2 + bλ xm arctan (x)n y = bmxm−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2-b*lambda*x^m*arctan(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcTan[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.6 problem 24
Internal problem ID [10581]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arctan (x)n y2 = βmxm−1 − λβ2x2m arctan (x)n

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arctan(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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16.7 problem 25
Internal problem ID [10582]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − λ arctan (x)n (y − a xm − b)2 = amxm−1

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arctan(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arctan (x)n dx

)
3 Solution by Mathematica
Time used: 2.089 (sec). Leaf size: 44� �
DSolve[y'[x]==\[Lambda]*ArcTan[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−
∫ x

1 λ arctan(K[2])ndK[2] + c1
+ axm + b

y(x) → axm + b
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16.8 problem 26
Internal problem ID [10583]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− λ arctan (x)n y2 − ky = λ b2x2k arctan (x)n

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arctan(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arctan(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arctan (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 1.992 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcTan[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcTan[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ arctan(K[1])nK[1]k−1dK[1] + c1

)
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16.9 problem 27
Internal problem ID [10584]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arctan (x)m + yn = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arctan(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcTan[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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17 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-4. Equations containing
arccotangent.

17.1 problem 28 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 344
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17.1 problem 28
Internal problem ID [10585]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-4. Equations containing
arccotangent.
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λ arccot (x)n y = −a2 + aλ arccot (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 71� �
dsolve(diff(y(x),x)=y(x)^2+lambda*arccot(x)^n*y(x)-a^2+a*lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) =
−c1a− a

(∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
)
− e−

(∫
(− arccot(x)nλ+2a)dx

)
c1 +

∫
e−
(∫

(− arccot(x)nλ+2a)dx
)
dx
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3 Solution by Mathematica
Time used: 8.548 (sec). Leaf size: 210� �
DSolve[y'[x]==y[x]^2+\[Lambda]*ArcCot[x]^n*y[x]-a^2+a*\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
(−λ cot−1(K[2])n + a− y(x))

nλ(a+ y(x)) dK[2]

+
∫ y(x)

1

−
∫ x

1

exp
(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
(−λ cot−1(K[2])n + a−K[3])

nλ(a+K[3])2 +
exp

(
−
∫ K[2]
1 (2a− λ cot−1(K[1])n) dK[1]

)
nλ(a+K[3])

 dK[2]

−
exp

(
−
∫ x

1 (2a− λ cot−1(K[1])n) dK[1]
)

nλ(a+K[3])2

 dK[3] = c1, y(x)
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18 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.7-3. Equations containing
arctangent.

18.1 problem 29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347
18.2 problem 30 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 348
18.3 problem 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 349
18.4 problem 32 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 351
18.5 problem 33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 352
18.6 problem 34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 353
18.7 problem 35 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 354
18.8 problem 36 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 355

346



18.1 problem 29
Internal problem ID [10586]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − λx arccot (x)n y = arccot (x)n λ

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 78� �
dsolve(diff(y(x),x)=y(x)^2+lambda*x*arccot(x)^n*y(x)+lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) = e
∫ x2 arccot(x)nλ−2

x
dxx+

∫
e
∫ x2 arccot(x)nλ−2

x
dxdx− c1(

c1 −
(∫

e
∫ x2 arccot(x)nλ−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 7.258 (sec). Leaf size: 120� �
DSolve[y'[x]==y[x]^2+\[Lambda]*x*ArcCot[x]^n*y[x]+\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
exp

(
−
∫ x

1 −λ cot−1(K[1])nK[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −λ cot−1(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −λ cot−1(K[1])nK[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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18.2 problem 30
Internal problem ID [10587]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (k + 1)xky2 − λ arccot (x)n
(
xk+1y − 1

)
= 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 184� �
dsolve(diff(y(x),x)=-(k+1)*x^k*y(x)^2+lambda*arccot(x)^n*(x^(k+1)*y(x)-1),y(x), singsol=all)� �
y(x)

=
x−1−k

((∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k + x1+ke

∫ x1+k arccot(x)nxλ−2k−2
x

dx +
∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

)
(∫

xkeλ
(∫

x1+k arccot(x)ndx
)
−2
(∫ 1

x
dx
)
(1+k)dx

)
k +

∫
xkeλ

(∫
x1+k arccot(x)ndx

)
−2
(∫ 1

x
dx
)
(1+k)dx− c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(k+1)*x^k*y[x]^2+\[Lambda]*ArcCot[x]^n*(x^(k+1)*y[x]-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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18.3 problem 31
Internal problem ID [10588]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccot (x)n y2 − ay = ab− b2λ arccot (x)n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 87� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+a*y(x)+a*b-b^2*lambda*arccot(x)^n,y(x), singsol=all)� �

y(x) =
−bλ

(∫
arccot (x)n e−

(∫
(2 arccot(x)nλb−a)dx

)
dx
)
− c1b− e−

(∫
(2 arccot(x)nλb−a)dx

)
c1 + λ

(∫
arccot (x)n e−

(∫
(2 arccot(x)nλb−a)dx

)
dx
)
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3 Solution by Mathematica
Time used: 11.807 (sec). Leaf size: 240� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+a*y[x]+a*b-b^2*\[Lambda]*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
(−bλ cot−1(K[2])n + λy(x) cot−1(K[2])n + a)

anλ(b+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (2bλ cot−1(K[1])n − a) dK[1]
)

anλ(b+K[3])2

−
∫ x

1

exp
(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
(−bλ cot−1(K[2])n + λK[3] cot−1(K[2])n + a)

anλ(b+K[3])2 −
exp

(
−
∫ K[2]
1 (2bλ cot−1(K[1])n − a) dK[1]

)
cot−1(K[2])n

an(b+K[3])

 dK[2]

 dK[3] = c1, y(x)
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18.4 problem 32
Internal problem ID [10589]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccot (x)n y2 + bλ xm arccot (x)n y = bmxm−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2-b*lambda*x^m*arccot(x)^n*y(x)+b*m*x^(m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2-b*\[Lambda]*x^m*ArcCot[x]^n*y[x]+b*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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18.5 problem 33
Internal problem ID [10590]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ arccot (x)n y2 = βmxm−1 − λβ2x2m arccot (x)n

7 Solution by Maple� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+beta*m*x^(m-1)-lambda*beta^2*x^(2*m)*arccot(x)^n,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+\[Beta]*m*x^(m-1)-\[Lambda]*\[Beta]^2*x^(2*m)*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

352



18.6 problem 34
Internal problem ID [10591]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − λ arccot (x)n (y − a xm − b)2 = amxm−1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x)=lambda*arccot(x)^n*(y(x)-a*x^m-b)^2+a*m*x^(m-1),y(x), singsol=all)� �

y(x) = a xm + b+ 1
c1 − λ

(∫
arccot (x)n dx

)
3 Solution by Mathematica
Time used: 2.259 (sec). Leaf size: 44� �
DSolve[y'[x]==\[Lambda]*ArcCot[x]^n*(y[x]-a*x^m-b)^2+a*m*x^(m-1),y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
−
∫ x

1 λ cot−1(K[2])ndK[2] + c1
+ axm + b

y(x) → axm + b
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18.7 problem 35
Internal problem ID [10592]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− λ arccot (x)n y2 − ky = λ b2x2k arccot (x)n

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x)=lambda*arccot(x)^n*y(x)^2+k*y(x)+lambda*b^2*x^(2*k)*arccot(x)^n,y(x), singsol=all)� �

y(x) = − tan
(
−λb

(∫
x−1+k arccot (x)n dx

)
+ c1

)
b xk

3 Solution by Mathematica
Time used: 2.591 (sec). Leaf size: 48� �
DSolve[x*y'[x]==\[Lambda]*ArcCot[x]^n*y[x]^2+k*y[x]+\[Lambda]*b^2*x^(2*k)*ArcCot[x]^n,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
b2xk tan

(√
b2
∫ x

1
λ cot−1(K[1])nK[1]k−1dK[1] + c1

)
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18.8 problem 36
Internal problem ID [10593]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.7-3. Equations containing
arctangent.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x−
(
a x2my2 + yxnb+ c

)
arccot (x)m + yn = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=(a*x^(2*m)*y(x)^2+b*x^n*y(x)+c)*arccot(x)^m-n*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==(a*x^(2*m)*y[x]^2+b*x^n*y[x]+c)*ArcCot[x]^m-n*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their
derivatives).

19.1 problem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 357
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19.8 problem 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 364
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19.15problem 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373
19.16problem 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 374
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19.1 problem 1
Internal problem ID [10594]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − f(x) y = −a2 − f(x) a

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 52� �
dsolve(diff(y(x),x)=y(x)^2+f(x)*y(x)-a^2-a*f(x),y(x), singsol=all)� �

y(x) =
−a
(∫

e
∫
f(x)dx+2axdx

)
+ c1a+ e

∫
f(x)dx+2ax

−
(∫

e
∫
f(x)dx+2axdx

)
+ c1

3 Solution by Mathematica
Time used: 0.719 (sec). Leaf size: 166� �
DSolve[y'[x]==y[x]^2+f[x]*y[x]-a^2-a*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
(a+ f(K[2]) + y(x))

a− y(x) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (−2a− f(K[1]))dK[1]
)

(K[3]− a)2

−
∫ x

1

exp
(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
(a+ f(K[2]) +K[3])

(a−K[3])2 +
exp

(
−
∫ K[2]
1 (−2a− f(K[1]))dK[1]

)
a−K[3]

 dK[2]

 dK[3] = c1, y(x)
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19.2 problem 2
Internal problem ID [10595]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + ay = −ab− b2f(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 65� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*y(x)-a*b-b^2*f(x),y(x), singsol=all)� �

y(x) =
−c1b− b

(∫
f(x) e−

(∫
(2f(x)b+a)dx

)
dx
)
− e−

(∫
(2f(x)b+a)dx

)
c1 +

∫
f (x) e−

(∫
(2f(x)b+a)dx

)
dx

3 Solution by Mathematica
Time used: 0.955 (sec). Leaf size: 185� �
DSolve[y'[x]==f[x]*y[x]^2-a*y[x]-a*b-b^2*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

exp
(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
(a+ bf(K[2])− f(K[2])y(x))

a(b+ y(x)) dK[2]

+
∫ y(x)

1

exp
(
−
∫ x

1 (a+ 2bf(K[1]))dK[1]
)

a(b+K[3])2

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
f(K[2])

a(b+K[3]) −
exp

(
−
∫ K[2]
1 (a+ 2bf(K[1]))dK[1]

)
(a+ bf(K[2])− f(K[2])K[3])

a(b+K[3])2

 dK[2]

 dK[3] = c1, y(x)
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19.3 problem 3
Internal problem ID [10596]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 − xf(x) y = f(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 69� �
dsolve(diff(y(x),x)=y(x)^2+x*f(x)*y(x)+f(x),y(x), singsol=all)� �

y(x) = e
∫ f(x)x2−2

x
dxx+

∫
e
∫ f(x)x2−2

x
dxdx− c1(

c1 −
(∫

e
∫ f(x)x2−2

x
dxdx

))
x

3 Solution by Mathematica
Time used: 1.074 (sec). Leaf size: 111� �
DSolve[y'[x]==y[x]^2+x*f[x]*y[x]+f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
exp

(
−
∫ x

1 −f(K[1])K[1]dK[1]
)
+ x

∫ x

1
exp
(
−
∫K[2]
1 −f(K[1])K[1]dK[1]

)
K[2]2 dK[2] + c1x

x2
(∫ x

1
exp
(
−
∫K[2]
1 −f(K[1])K[1]dK[1]

)
K[2]2 dK[2] + c1

)
y(x) → −1

x
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19.4 problem 4
Internal problem ID [10597]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + a xnf(x) y = an xn−1

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x^n*f(x)*y(x)+a*n*x^(n-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x^n*f[x]*y[x]+a*n*x^(n-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.5 problem 5
Internal problem ID [10598]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) = an xn−1 − a2x2nf(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+a*n*x^(n-1)-a^2*x^(2*n)*f(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+a*n*x^(n-1)-a^2*x^(2*n)*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.6 problem 6
Internal problem ID [10599]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + (n+ 1)xny2 − xn+1f(x) y = −f(x)

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 169� �
dsolve(diff(y(x),x)=-(n+1)*x^n*y(x)^2+x^(n+1)*f(x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
x−n−1

(
xn+1e

∫ xn+1f(x)x−2n−2
x

dx +
(∫

xne
∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx
)
n+

∫
xne

∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx− c1

)
(∫

xne
∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx
)
n+

∫
xne

∫
xn+1f(x)dx+(−2n−2)

(∫ 1
x
dx
)
dx− c1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-(n+1)*x^n*y[x]^2+x^(n+1)*f[x]*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.7 problem 7
Internal problem ID [10600]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− y2f(x)− yn = f(x)x2na

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 30� �
dsolve(x*diff(y(x),x)=f(x)*y(x)^2+n*y(x)+a*x^(2*n)*f(x),y(x), singsol=all)� �

y(x) = − tan
(
−
√
a

(∫
f(x)xn−1dx

)
+ c1

)√
a xn

3 Solution by Mathematica
Time used: 0.577 (sec). Leaf size: 41� �
DSolve[x*y'[x]==f[x]*y[x]^2+n*y[x]+a*x^(2*n)*f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
axn tan

(√
a

∫ x

1
f(K[1])K[1]n−1dK[1] + c1

)
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19.8 problem 8
Internal problem ID [10601]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− x2nf(x) y2 − (f(x) a xn − n) y = f(x) b

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 65� �
dsolve(x*diff(y(x),x)=x^(2*n)*f(x)*y(x)^2+(a*x^n*f(x)-n)*y(x)+b*f(x),y(x), singsol=all)� �

y(x) = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)xn−1dx
)
+c1

)
2a2

)√
a2 (a2 − 4b)

)
x−n

2a

3 Solution by Mathematica
Time used: 2.272 (sec). Leaf size: 82� �
DSolve[x*y'[x]==x^(2*n)*f[x]*y[x]^2+(a*x^n*f[x]-n)*y[x]+b*f[x],y[x],x,IncludeSingularSolutions -> True]� �

Solve

∫ √
x2n
b

y(x)

1

1

K[1]2 −
√

a2

b
K[1] + 1

dK[1] =
∫ x

1

bf(K[2])
√

K[2]2n
b

K[2] dK[2] + c1, y(x)
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19.9 problem 9
Internal problem ID [10602]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x)− g(x) y = −f(x) a2 − ag(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 67� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)-a^2*f(x)-a*g(x),y(x), singsol=all)� �

y(x) =
−a
(∫

e
∫
g(x)dx+2a

(∫
f(x)dx

)
f(x) dx

)
+ c1a+ e

∫
g(x)dx+2a

(∫
f(x)dx

)
−
(∫

e
∫
g(x)dx+2a

(∫
f(x)dx

)
f (x) dx

)
+ c1
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3 Solution by Mathematica
Time used: 1.122 (sec). Leaf size: 201� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]-a^2*f[x]-a*g[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ x

1

−
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
(af(K[2]) + y(x)f(K[2]) + g(K[2]))

a− y(x) dK[2]

+
∫ y(x)

1

−
∫ x

1

−
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
f(K[2])

a−K[3] −
exp

(
−
∫ K[2]
1 (−2af(K[1])− g(K[1]))dK[1]

)
(af(K[2]) +K[3]f(K[2]) + g(K[2]))

(a−K[3])2

 dK[2]

−
exp

(
−
∫ x

1 (−2af(K[1])− g(K[1]))dK[1]
)

(K[3]− a)2

 dK[3] = c1, y(x)
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19.10 problem 10
Internal problem ID [10603]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x)− g(x) y = an xn−1 − a xng(x)− a2x2nf(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+a*n*x^(n-1)-a*x^n*g(x)-a^2*f(x)*x^(2*n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+a*n*x^(n-1)-a*x^n*g[x]-a^2*f[x]*x^(2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.11 problem 11
Internal problem ID [10604]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + a xng(x) y = an xn−1 + a2x2n(g(x)− f(x))

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x^n*g(x)*y(x)+a*n*x^(n-1)+a^2*x^(2*n)*(g(x)-f(x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x^n*g[x]*y[x]+a*n*x^(n-1)+a^2*x^(2*n)*(g[x]-f[x]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

368



19.12 problem 12
Internal problem ID [10605]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − a eλxy2 − a eλxf(x) y = λf(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 92� �
dsolve(diff(y(x),x)=a*exp(lambda*x)*y(x)^2+a*exp(lambda*x)*f(x)*y(x)+lambda*f(x),y(x), singsol=all)� �

y(x) =
−c1e−2xλ+a

(∫
exλf(x)dx

)
− e−xλ

(∫
e−xλ+a

(∫
exλf(x)dx

)
dx
)
c1λ− λ2e−xλ

a
((∫

e−xλ+a
(∫

exλf(x)dx
)
dx
)
c1 + λ

)
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3 Solution by Mathematica
Time used: 4.45 (sec). Leaf size: 166� �
DSolve[y'[x]==a*Exp[\[Lambda]*x]*y[x]^2+a*Exp[\[Lambda]*x]*f[x]*y[x]+\[Lambda]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

λe−2λx

exp
(
−
∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)
+ eλx

∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1e

λx



a

∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1


y(x) → −λeλ(−x)

a
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19.13 problem 13
Internal problem ID [10606]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + a eλxf(x) y = aλ eλx

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*exp(lambda*x)*f(x)*y(x)+a*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 48.456 (sec). Leaf size: 207� �
DSolve[y'[x]==f[x]*y[x]^2-a*Exp[\[Lambda]*x]*f[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

a exp
(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + 2λx
)∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1



exp
(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + λx

)∫ exλ

1

exp

−
∫K[2]
1 −

af

(
log(K[1])

λ

)
λ

dK[1]


K[2]2 dK[2] + c1 exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1] + λx

)
+ 1

y(x) → aeλx
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19.14 problem 14
Internal problem ID [10607]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) = aλ eλx − a2e2λxf(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+a*lambda*exp(lambda*x)-a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+a*\[Lambda]*Exp[\[Lambda]*x]-a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.15 problem 15
Internal problem ID [10608]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x)− λy = a2e2λxf(x)

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 26� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+lambda*y(x)+a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

y(x) = − tan
(
−a

(∫
exλf(x) dx

)
+ c1

)
a exλ

3 Solution by Mathematica
Time used: 0.615 (sec). Leaf size: 47� �
DSolve[y'[x]==f[x]*y[x]^2+\[Lambda]*y[x]+a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
a2eλx tan

(√
a2
∫ x

1
eλK[1]f(K[1])dK[1] + c1

)
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19.16 problem 16
Internal problem ID [10609]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + f(x)
(
eλxa+ b

)
y = aλ eλx

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-f(x)*(a*exp(lambda*x)+b)*y(x)+a*lambda*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-f[x]*(a*Exp[\[Lambda]*x]+b)*y[x]+a*\[Lambda]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.17 problem 17
Internal problem ID [10610]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − eλxf(x) y2 − (f(x) a− λ) y = b e−λxf(x)

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 59� �
dsolve(diff(y(x),x)=exp(lambda*x)*f(x)*y(x)^2+(a*f(x)-lambda)*y(x)+b*exp(-lambda*x)*f(x),y(x), singsol=all)� �

y(x) = −

(
a2 + tanh

(√
a2(a2−4b)

(
a
(∫

f(x)dx
)
+c1

)
2a2

)√
a2 (a2 − 4b)

)
e−xλ

2a

3 Solution by Mathematica
Time used: 1.392 (sec). Leaf size: 87� �
DSolve[y'[x]==Exp[\[Lambda]*x]*f[x]*y[x]^2+(a*f[x]-\[Lambda])*y[x]+b*Exp[-\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

∫ √
e2xλ

b
y(x)

1

1

K[1]2 −
√

a2

b
K[1] + 1

dK[1] =
∫ x

1
be−λK[2]

√
e2λK[2]

b
f(K[2])dK[2]

+ c1, y(x)
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19.18 problem 18
Internal problem ID [10611]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x)− g(x) y = aλ eλx − a eλxg(x)− a2e2λxf(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+a*lambda*exp(lambda*x)-a*exp(lambda*x)*g(x)-a^2*exp(2*lambda*x)*f(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x]-a*Exp[\[Lambda]*x]*g[x]-a^2*Exp[2*\[Lambda]*x]*f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.19 problem 19
Internal problem ID [10612]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + a eλxg(x) y = aλ eλx + a2e2λx(g(x)− f(x))

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*exp(lambda*x)*g(x)*y(x)+a*lambda*exp(lambda*x)+a^2*exp(2*lambda*x)*(g(x)-f(x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Exp[\[Lambda]*x]*g[x]*y[x]+a*\[Lambda]*Exp[\[Lambda]*x]+a^2*Exp[2*\[Lambda]*x]*(g[x]-f[x]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

377



19.20 problem 20
Internal problem ID [10613]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) = 2aλx eλx2 − a2f(x) e2λx2

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+2*a*lambda*x*exp(lambda*x^2)-a^2*f(x)*exp(2*lambda*x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+2*a*\[Lambda]*x*Exp[\[Lambda]*x^2]-a^2*f[x]*Exp[2*\[Lambda]*x^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.21 problem 21
Internal problem ID [10614]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x)− yλx = a eλxf(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+lambda*x*y(x)+a*f(x)*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+\[Lambda]*x*y[x]+a*f[x]*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.22 problem 22
Internal problem ID [10615]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 = aλ− a tanh (λx)2 (af(x) + λ)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*tanh(lambda*x)^2*(a*f(x)+lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Tanh[\[Lambda]*x]^2*(a*f[x]+\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.23 problem 23
Internal problem ID [10616]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 = aλ− a coth (λx)2 (af(x) + λ)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*coth(lambda*x)^2*(a*f(x)+lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Coth[\[Lambda]*x]^2*(a*f[x]+\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.24 problem 24
Internal problem ID [10617]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) = −f(x) a2 + aλ sinh (λx)− sinh (λx)2 f(x) a2

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*sinh(lambda*x)-a^2*f(x)*sinh(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*Sinh[\[Lambda]*x]-a^2*f[x]*Sinh[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.25 problem 25
Internal problem ID [10618]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′x− y2f(x) = a− a2f(x) ln (x)2

7 Solution by Maple� �
dsolve(x*diff(y(x),x)=f(x)*y(x)^2+a-a^2*f(x)*(ln(x))^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y'[x]==f[x]*y[x]^2+a-a^2*f[x]*(Log[x])^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.26 problem 26
Internal problem ID [10619]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′x− f(x) (y + a ln (x))2 = −a

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(x*diff(y(x),x)=f(x)*(y(x)+a*ln(x))^2-a,y(x), singsol=all)� �

y(x) = −a ln (x) + 1
c1 −

(∫ f(x)
x
dx
)

3 Solution by Mathematica
Time used: 0.48 (sec). Leaf size: 42� �
DSolve[x*y'[x]==f[x]*(y[x]+a*Log[x])^2-a,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −a log(x) + 1
−
∫ x

1
f(K[2])
K[2] dK[2] + c1

y(x) → −a log(x)
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19.27 problem 27
Internal problem ID [10620]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) + ax ln (x) f(x) y = a ln (x) + a

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*x*ln(x)*f(x)*y(x)+a*ln(x)+a,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*x*Log[x]*f[x]*y[x]+a*Log[x]+a,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.28 problem 28
Internal problem ID [10621]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + a ln (x) y2 − af(x) (ln (x)x− x) y = −f(x)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 227� �
dsolve(diff(y(x),x)=-a*ln(x)*y(x)^2+a*f(x)*(x*ln(x)-x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
−x(ln (x)− 1) e

∫ f(x) ln(x)2a x2+
(
−2x2af(x)−2

)
ln(x)+x2af(x)

x(ln(x)−1) dx + c1a−

(∫
ln (x) e

a

(∫ xf(x) ln(x)2
ln(x)−1 dx

)
−2a

(∫ xf(x) ln(x)
ln(x)−1 dx

)
+a
(∫ xf(x)

ln(x)−1dx
)
−2
(∫ ln(x)

x(ln(x)−1)dx
)
dx

)

ax (ln (x)− 1)
(
c1a−

(∫
ln (x) ea

(∫ xf(x) ln(x)2
ln(x)−1 dx

)
−2a

(∫ xf(x) ln(x)
ln(x)−1 dx

)
+a
(∫ xf(x)

ln(x)−1dx
)
−2
(∫ ln(x)

x(ln(x)−1)dx
)
dx

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-a*Log[x]*y[x]^2+a*f[x]*(x*Log[x]-x)*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.29 problem 29
Internal problem ID [10622]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − λ sin (λx) y2 − f(x) cos (λx) y = −f(x)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 97� �
dsolve(diff(y(x),x)=lambda*sin(lambda*x)*y(x)^2+f(x)*cos(lambda*x)*y(x)-f(x),y(x), singsol=all)� �
y(x)

=
sec (xλ)λ

(∫
e
∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − c1e

∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx − sec (xλ)

λ
(∫

e
∫
(f(x) cos(xλ)+2 tan(xλ)λ)dx sin (xλ) dx

)
c1 − 1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==\[Lambda]*Sin[\[Lambda]*x]*y[x]^2+f[x]*Cos[\[Lambda]*x]*y[x]-f[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.30 problem 30
Internal problem ID [10623]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2f(x) = −f(x) a2 + aλ sin (λx) + a2f(x) sin (λx)2

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*sin(lambda*x)+a^2*f(x)*sin(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*Sin[\[Lambda]*x]+a^2*f[x]*Sin[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.31 problem 31
Internal problem ID [10624]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 = −a2f(x) + aλ cos (λx) + a2f(x) cos (λx)2

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a^2*f(x)+a*lambda*cos(lambda*x)+a^2*f(x)*cos(lambda*x)^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a^2*f[x]+a*\[Lambda]*cos[\[Lambda]*x]+a^2*f[x]*Cos[\[Lambda]*x]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.32 problem 32
Internal problem ID [10625]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 = aλ− a tan (λx)2 (af(x)− λ)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*tan(lambda*x)^2*(a*f(x)-lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Tan[\[Lambda]*x]^2*(a*f[x]-\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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19.33 problem 33
Internal problem ID [10626]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-1. Equations containing
arbitrary functions (but not containing their derivatives).
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 = aλ− a cot (λx)2 (af(x)− λ)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-a*cot(lambda*x)^2*(a*f(x)-lambda)+a*lambda,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-a*Cot[\[Lambda]*x]^2*(a*f[x]-\[Lambda])+a*\[Lambda],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.1 problem 34
Internal problem ID [10627]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −f(x)2 + f ′(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 45� �
dsolve(diff(y(x),x)=y(x)^2-f(x)^2+diff(f(x),x),y(x), singsol=all)� �

y(x) =
−f(x)

(∫
e2
(∫

f(x)dx
)
dx
)
+ f(x) c1 + e2

(∫
f(x)dx

)
c1 −

(∫
e2
(∫

f(x)dx
)
dx
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-f[x]^2+f'[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.2 problem 35
Internal problem ID [10628]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 + f(x) g(x) y = g′(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2-f(x)*g(x)*y(x)+diff(g(x),x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2-f[x]*g[x]*y[x]+g'[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.3 problem 36
Internal problem ID [10629]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ + f ′(x) y2 − f(x) g(x) y = −g(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 102� �
dsolve(diff(y(x),x)=-diff(f(x),x)*y(x)^2+f(x)*g(x)*y(x)-g(x),y(x), singsol=all)� �

y(x) =
f(x) e

∫ g(x)f(x)2−2 d
dx

f(x)
f(x) dx +

∫ (
d
dx
f(x)

)
e
∫
g(x)f(x)dx−2

(∫ d
dx

f(x)
f(x) dx

)
dx− c1

f (x)
(∫ (

d
dx
f (x)

)
e
∫
g(x)f(x)dx−2

(∫ d
dx

f(x)
f(x) dx

)
dx− c1

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==-f'[x]*y[x]^2+f[x]*g[x]*y[x]-g[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.4 problem 37
Internal problem ID [10630]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], _Riccati]

y′ − g(x) (y − f(x))2 = f ′(x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 17� �
dsolve(diff(y(x),x)=g(x)*(y(x)-f(x))^2+diff(f(x),x),y(x), singsol=all)� �

y(x) = f(x) + 1
c1 −

(∫
g (x) dx

)
3 Solution by Mathematica
Time used: 0.35 (sec). Leaf size: 31� �
DSolve[y'[x]==g[x]*(y[x]-f[x])^2+f'[x],y[x],x,IncludeSingularSolutions -> True]� �

y(x) → f(x) + 1
−
∫ x

1 g(K[2])dK[2] + c1
y(x) → f(x)
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20.5 problem 38
Internal problem ID [10631]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f ′(x) y2
g (x) = −g′(x)

f (x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 58� �
dsolve(diff(y(x),x)=diff(f(x),x)/g(x)*y(x)^2-diff(g(x),x)/f(x),y(x), singsol=all)� �

y(x) =
−
(∫ d

dx
f(x)

g(x)f(x)2dx
)
g(x) f(x)− c1f(x) g(x)− 1

f (x)2
(∫ d

dx
f(x)

g(x)f(x)2dx+ c1
)

3 Solution by Mathematica
Time used: 0.347 (sec). Leaf size: 160� �
DSolve[y'[x]==f'[x]/g[x]*y[x]^2-g'[x]/f[x],y[x],x,IncludeSingularSolutions -> True]� �
Solve

[∫ y(x)

1

(
1

(g(x) + f(x)K[2])2

−
∫ x

1

(
2(f(K[1])K[2]2f ′(K[1])− g(K[1])g′(K[1]))

g(K[1])(g(K[1]) + f(K[1])K[2])3 − 2K[2]f ′(K[1])
g(K[1])(g(K[1]) + f(K[1])K[2])2

)
dK[1]

)
dK[2]

+
∫ x

1
− f(K[1])y(x)2f ′(K[1])− g(K[1])g′(K[1])
f(K[1])g(K[1])(g(K[1]) + f(K[1])y(x))2dK[1] = c1, y(x)

]
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20.6 problem 39
Internal problem ID [10632]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

f(x)2 y′ − f ′(x) y2 + g(x) (y − f(x)) = 0

7 Solution by Maple� �
dsolve(f(x)^2*diff(y(x),x)-diff(f(x),x)*y(x)^2+g(x)*(y(x)-f(x))=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[f[x]^2*y'[x]-f'[x]*y[x]^2+g[x]*(y[x]-f[x])==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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20.7 problem 40
Internal problem ID [10633]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f ′(x) y2 − a eλxf(x) y = a eλx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 114� �
dsolve(diff(y(x),x)=diff(f(x),x)*y(x)^2+a*exp(lambda*x)*f(x)*y(x)+a*exp(lambda*x),y(x), singsol=all)� �

y(x) =
−f(x) e

∫ exλf(x)2a−2 d
dx

f(x)
f(x) dx −

(∫ (
d
dx
f(x)

)
e
a
(∫

exλf(x)dx
)
−2
(∫ d

dx
f(x)

f(x) dx

)
dx

)
− c1

f (x)
(
c1 +

∫ (
d
dx
f (x)

)
e
a
(∫

exλf(x)dx
)
−2
(∫ d

dx
f(x)

f(x) dx

)
dx

)

3 Solution by Mathematica
Time used: 84.356 (sec). Leaf size: 167� �
DSolve[y'[x]==f'[x]*y[x]^2+a*Exp[\[Lambda]*x]*f[x]*y[x]+a*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
a exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)(

1 + c1
∫ exλ

1 exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)
dK[2]

)
af
(

log
(
eλx
)

λ

)
exp

(∫ exλ

1 −
af
(

log(K[1])
λ

)
λ

dK[1]
)(

1 + c1
∫ exλ

1 exp
(
−
∫ K[2]
1 −

af
(

log(K[1])
λ

)
λ

dK[1]
)
dK[2]

)
− c1λ
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20.8 problem 41
Internal problem ID [10634]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 41.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 − g′(x) y = af(x) e2g(x)

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 28� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+diff(g(x),x)*y(x)+a*f(x)*exp(2*g(x)),y(x), singsol=all)� �

y(x) = − tan
(
−
√
a

(∫
f(x) eg(x)dx

)
+ c1

)√
a eg(x)

3 Solution by Mathematica
Time used: 0.635 (sec). Leaf size: 41� �
DSolve[y'[x]==f[x]*y[x]^2+g'[x]*y[x]+a*f[x]*Exp[2*g[x]],y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
aeg(x) tan

(√
a

∫ x

1
eg(K[1])f(K[1])dK[1] + c1

)
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20.9 problem 42
Internal problem ID [10635]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.8-2. Equations containing
arbitrary functions and their derivatives.
Problem number: 42.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −f ′′(x)
f (x)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 44� �
dsolve(diff(y(x),x)=y(x)^2-diff(f(x),x$2)/f(x),y(x), singsol=all)� �

y(x) =
−
(∫ 1

f(x)2dx
) (

d
dx
f(x)

)
f(x)−

(
d
dx
f(x)

)
c1f(x)− 1(∫ 1

f(x)2dx+ c1
)
f (x)2

3 Solution by Mathematica
Time used: 0.365 (sec). Leaf size: 132� �
DSolve[y'[x]==y[x]^2-f''[x]/f[x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[∫ y(x)

1

(
1

(f(x)K[2] + f ′(x))2

−
∫ x

1

(
2(f(K[1])K[2]2 − f ′′(K[1]))
(f(K[1])K[2] + f ′(K[1]))3

− 2K[2]
(f(K[1])K[2] + f ′(K[1]))2

)
dK[1]

)
dK[2]

+
∫ x

1
− f(K[1])y(x)2 − f ′′(K[1])
f(K[1]) (f(K[1])y(x) + f ′(K[1]))2

dK[1] = c1, y(x)
]
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21 Chapter 1, section 1.2. Riccati Equation.
subsection 1.2.9. Some Transformations
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21.1 problem 1
Internal problem ID [10636]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = a2f(ax+ b)

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+a^2*f(a*x+b),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+a^2*f[a*x+b],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.2 problem 2
Internal problem ID [10637]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 =
f
( 1
x

)
x4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+1/x^4*f(1/x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+1/x^4*f[1/x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.3 problem 3
Internal problem ID [10638]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 =
f
(
ax+b
cx+d

)
(cx+ d)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+1/(c*x+d)^4*f((a*x+b)/(c*x+d)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+1/(c*x+d)^4*f[(a*x+b)/(c*x+d)],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.4 problem 4
Internal problem ID [10639]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − x4f(x) y2 = 1

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^4*f(x)*y(x)^2+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^4*f[x]*y[x]^2+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.5 problem 5
Internal problem ID [10640]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − y2x4 = x2nf(a xn + b)− n2

4 + 1
4

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^4*y(x)^2+x^(2*n)*f(a*x^n+b)+1/4*(1-n^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^4*y[x]^2+x^(2*n)*f[a*x^n+b]+1/4*(1-n^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.6 problem 6
Internal problem ID [10641]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − f(x) y2 − g(x) y = h(x)

7 Solution by Maple� �
dsolve(diff(y(x),x)=f(x)*y(x)^2+g(x)*y(x)+h(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==f[x]*y[x]^2+g[x]*y[x]+h[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.7 problem 7
Internal problem ID [10642]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = e2λxf
(
eλx
)
− λ2

4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+exp(2*lambda*x)*f(exp(lambda*x))-1/4*lambda^2,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+Exp[2*\[Lambda]*x]*f[Exp[\[Lambda]*x]]-1/4*\[Lambda]^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.8 problem 8
Internal problem ID [10643]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −λ2

4 +
e2λxf

(
a eλx+b
c eλx+d

)
(c eλx + d)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2/4+exp(2*lambda*x)/(c*exp(lambda*x)+d)^4*f((a*exp(lambda*x)+b)/(c*exp(lambda*x)+d)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2/4+Exp[2*\[Lambda]*x]/(c*Exp[\[Lambda]*x]+d)^4*f[(a*Exp[\[Lambda]*x]+b)/(c*Exp[\[Lambda]*x]+d)],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.9 problem 9
Internal problem ID [10644]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −λ2 + f(coth (λx))
sinh (λx)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+sinh(lambda*x)^(-4)*f(coth(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+Sinh[\[Lambda]*x]^(-4)*f[Coth[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.10 problem 10
Internal problem ID [10645]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = −λ2 + f(tanh (λx))
cosh (λx)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2-lambda^2+cosh(lambda*x)^(-4)*f(tanh(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2-\[Lambda]^2+Cosh[\[Lambda]*x]^(-4)*f[Tanh[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.11 problem 11
Internal problem ID [10646]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

x2y′ − x2y2 = f(a ln (x) + b) + 1
4

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x)=x^2*y(x)^2+f(a*ln(x)+b)+1/4,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y'[x]==x^2*y[x]^2+f[a*Log[x]+b]+1/4,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.12 problem 12
Internal problem ID [10647]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λ2 + f(cot (λx))
sin (λx)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+sin(lambda*x)^(-4)*f(cot(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Sin[\[Lambda]*x]^(-4)*f[Cot[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.13 problem 13
Internal problem ID [10648]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λ2 + f(tan (λx))
cos (λx)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+cos(lambda*x)^(-4)*f(tan(lambda*x)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Cos[\[Lambda]*x]^(-4)*f[Tan[\[Lambda]*x]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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21.14 problem 14
Internal problem ID [10649]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.2. Riccati Equation. subsection 1.2.9. Some Transformations
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_Riccati]

y′ − y2 = λ2 +
f
(

sin(λx+a)
sin(λx+b)

)
sin (λx+ b)4

7 Solution by Maple� �
dsolve(diff(y(x),x)=y(x)^2+lambda^2+sin(lambda*x+b)^(-4)*f(sin(lambda*x+a)/sin(lambda*x+b)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y'[x]==y[x]^2+\[Lambda]^2+Sin[\[Lambda]*x+b]^(-4)*f[Sin[\[Lambda]*x+a]/Sin[\[Lambda]*x+b]],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.1 problem 1
Internal problem ID [10650]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_quadrature]

yy′ − y = A

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 30� �
dsolve(y(x)*diff(y(x),x)-y(x)=A,y(x), singsol=all)� �

y(x) = −A

(
LambertW

(
−e

−A−c1−x
A

A

)
+ 1
)

3 Solution by Mathematica
Time used: 60.032 (sec). Leaf size: 28� �
DSolve[y[x]*y'[x]-y[x]==A,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −A

(
1 +W

(
−e−

A+x+c1
A

A

))
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22.2 problem 2
Internal problem ID [10651]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = Ax+B

3 Solution by Maple
Time used: 4.266 (sec). Leaf size: 68� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x+B,y(x), singsol=all)� �
y(x) =

−
(xA+B) RootOf

(
_Z2 − A+ _Z+ eRootOf

(
(xA+B)2

(
−2 e_Z cosh

(
(_Z+2 ln(xA+B)+2c1)

√
4A+1

)
+4A−2 e_Z+1

)))
A

3 Solution by Mathematica
Time used: 0.184 (sec). Leaf size: 88� �
DSolve[y[x]*y'[x]-y[x]==A*x+B,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

( 2Ay(x)
Ax+B −1
√
−4A−1

)
√
−4A−1 + log

(
− Ay(x)2

(Ax+B)2 +
y(x)

Ax+B
+ 1
)

2A = log(Ax+B)
A

+ c1, y(x)
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22.3 problem 3
Internal problem ID [10652]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −2x
9 + A+ B√

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 90� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+A+B*x^(-1/2),y(x), singsol=all)� �
y(x) =

−
9
(
A
√
x+B − 2x

3
2

9

)
A

3A
√
x+ 3RootOf

(
18A3

(∫ _Z 1
−2_a3B2+9_aA3−9A3d_a

)
− 9A

(∫ 1
9xA−2x2+9B

√
x
dx
)
+ 2c1

)
B
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3 Solution by Mathematica
Time used: 8.154 (sec). Leaf size: 415� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+A+B*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Solve

[
6RootSum

[
8#16 − 72#14A− 36#14y(x)− 72#13B + 162#12A2

+ 162#12Ay(x) + 54#12y(x)2 + 324#1AB + 162#1By(x)− 81Ay(x)2 + 162B2

−27y(x)3&,
−2#13 log

(√
x−#1

)
+ 9#1A log

(√
x−#1

)
+ 9B log

(√
x−#1

)
+ 9#1y(x) log

(√
x−#1

)
8#15 − 48#13A− 24#13y(x)− 36#12B + 54#1A2 + 54#1Ay(x) + 18#1y(x)2 + 54AB + 27By(x)

&
]

+
∫ y(x)

1

(
162K[1]

8x3 − 72Ax2 − 36K[1]x2 − 72Bx3/2 + 162A2x+ 54K[1]2x+ 162AK[1]x+ 324AB
√
x+ 162BK[1]

√
x− 27K[1]3 + 162B2 − 81AK[1]2

+ 162K[1]
−8x3 + 72Ax2 + 36K[1]x2 + 72Bx3/2 − 162A2x− 54K[1]2x− 162AK[1]x− 324AB

√
x− 162BK[1]

√
x+ 27K[1]3 − 162B2 + 81AK[1]2

)
dK[1] = c1, y(x)

]
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22.4 problem 4
Internal problem ID [10653]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2A
(√

x+ 4A+ 3A2
√
x

)

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 120� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*A*(x^(1/2)+4*A+3*A^2*x^(-1/2)),y(x), singsol=all)� �
−
√

−6A2−8A
√
x−2x+2y(x)

y(x)

√
2 + 4

√
− A2

y(x) arctanh

 √
− A2

y(x)
(
3A+

√
x
)√

−3A2−4A
√
x−x+y(x)

y(x) A

+ c1
√

− A2

y(x)√
− A2

y(x)

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*A*(x^(1/2)+4*A+3*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.5 problem 5
Internal problem ID [10654]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = Ax+ B

x
− B2

x3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 179� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x+B/x-B^2*x^(-3),y(x), singsol=all)� �
(−y(x)x2B −B2x)

∫ − x2
2y(x)x+2B e

2 arctanh
(

4A_a−1√
4A+1

)
√
4A+1

(
4A_a2−2_a−1

)
_a2 d_a

+ 2y(x)
(
−y(x)2 x2 + (x3 − 2Bx) y(x) + Ax4 +B x2 −B2) e− 2 arctanh

(
2Ax2+y(x)x+B√
4A+1 (y(x)x+B)

)
√
4A+1 + xc1(y(x)x+B)

x (y (x)x+B)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x+B/x-B^2*x^(-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.6 problem 6
Internal problem ID [10655]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = Axk−1 − kB xk + k B2x2k−1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(k-1)-k*B*x^k+k*B^2*x^(2*k-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x^(k-1)-k*B*x^k+k*B^2*x^(2*k-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.7 problem 7
Internal problem ID [10656]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A

x
− A2

x3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 118� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-1)-A^2*x^(-3),y(x), singsol=all)� �
y(x) =

−

(
−c1x

2 + A eRootOf
(
2_ZA e2_Z−x2e2_Z+2c1x2e_Z−c21x

2−2A e2_Z+2Ac1e_Z)) e−RootOf
(
2_ZA e2_Z−x2e2_Z+2c1x2e_Z−c21x

2−2A e2_Z+2Ac1e_Z)
x

3 Solution by Mathematica
Time used: 0.569 (sec). Leaf size: 63� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-1)-A^2*x^(-3),y[x],x,IncludeSingularSolutions -> True]� �

Solve

x2

− 1
A

+
2x2 log

(
x2

A+xy(x)

)
+ 2A− c1x

2 + 2xy(x)

(A− x2 + xy(x))2

 = 0, y(x)
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22.8 problem 8
Internal problem ID [10657]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = A+B e− 2x
A

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 76� �
dsolve(y(x)*diff(y(x),x)-y(x)=A+B*exp(-2*x/A),y(x), singsol=all)� �
c1 − 2 arctan

 y(x) + A

y (x)
√

−AB e−
2x
A −(y(x)+A)2

y(x)2

A− 2

√
−AB e− 2x

A − (y (x) + A)2

y (x)2
y(x) = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A+B*Exp[-2*x/A],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.9 problem 9
Internal problem ID [10658]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = A
(
e 2x

A − 1
)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 82� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(exp(2*x/A)-1),y(x), singsol=all)� �

c1 + 2A arctan

 A− y(x)

y (x)
√

e
2x
A A2−(A−y(x))2

y(x)2

+ 2y(x)

√
e 2x

A A2 − (A− y (x))2

y (x)2
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(Exp[2*x/A]-1),y[x],x,IncludeSingularSolutions -> True]� �
{}
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22.10 problem 10
Internal problem ID [10659]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = −2(m+ 1)
(m+ 3)2

+ Axm

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-(2*(m+1))/(m+3)^2+A*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-(2*(m+1))/(m+3)^2+A*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.11 problem 11
Internal problem ID [10660]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −2x
9 + 6A2

(
1 + 2A√

x

)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 354� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+6*A^2*(1+2*A*x^(-1/2)),y(x), singsol=all)� �
y(x)

= −108A3 − 54A2√x+ 2x 3
2

3 e
RootOf

(
36A2e_Z ln(2)+18A2e_Z ln

( (
3A−

√
x
)(

6A−
√
x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√
x
)(

e_Z+9
)2
)
+108A2c1e_Z+36A2e_Z_Z+6A

√
x e_Z ln(2)+3A

√
x e_Z ln

( (
3A−

√
x
)(

6A−
√

x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√
x
)(

e_Z+9
)2
)
+18A

√
x c1e_Z+6A

√
x e_Z_Z+108A2e_Z−18A

√
x e_Z−2 e_Zx ln(2)−e_Zx ln

( (
3A−

√
x
)(

6A−
√
x
)(

36A2−x
)

(
9A2−x

)(
6A+

√
x
)(

3A+
√

x
)(

e_Z+9
)2
)
−6c1x e_Z−2 e_Z_Zx+324A2+54A

√
x−18x

)
A+ 9A+ 3

√
x
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3 Solution by Mathematica
Time used: 12.331 (sec). Leaf size: 488� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+6*A^2*(1+2*A*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �

Solve



22/3
(

− 6
(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

3√
A3

+ 54
)(

6
(
6A−

√
x
)(
3A+

√
x
)2+9

√
xy(x)

3√
A3y(x)

+ 27
)−

(
3
(
3

3√
A3+

√
x

)
y(x)+2

(
6A−

√
x
)(
3A+

√
x
)2) log

 1
272

2/3

− 6
(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

3√
A3

+54




9
3√
A3y(x)

+
(

2
(
6A−

√
x
)(
3A+

√
x
)2+3

√
xy(x)

9
3√
A3y(x)

+ 1
)
log
(

1
272

2/3
(

6
(
6A−

√
x
)(
3A+

√
x
)2+9

√
xy(x)

3√
A3y(x)

+ 27
))

− 3


6561

((
2
(
6A−

√
x
)(
3A+

√
x
)2+3

√
xy(x)

)3
729A3y(x)3 + − 6

(
6A−

√
x
)(

3A+
√
x
)2

y(x) −9
√
x

9
3√
A3

− 2
) =

22/3(A3)2/3
(
2arctanh

(
1
3 −

2
√
x

9A

)
+ 9A

3A+
√
x

)
9A2

+ c1, y(x)
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22.12 problem 12
Internal problem ID [10661]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2m− 2
(m− 3)2

+
2A
(
m(m+ 3)

√
x+ (4m2 + 3m+ 9)A+ 3m(m+3)A2

√
x

)
(m− 3)2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*(m-1)/(m-3)^2+2*A/(m-3)^2*(m*(m+3)*x^(1/2)+(4*m^2+3*m+9)*A+3*m*(m+3)*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*(m-1)/(m-3)^2+2*A/(m-3)^2*(m*(m+3)*x^(1/2)+(4*m^2+3*m+9)*A+3*m*(m+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.13 problem 13
Internal problem ID [10662]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = (2m+ 1)x
4m2 + A

x
− A2

x3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 166� �
dsolve(y(x)*diff(y(x),x)-y(x)=(2*m+1)/(4*m^2)*x+A*1/x-A^2*1/(x^3),y(x), singsol=all)� �
2−

m
1+my(x)

(
−2y(x)mx−2Am−x2

2y(x)x+2A

) 1
1+m (y(x)x+ A)

(
(−1−2m)x2+2y(x)mx+2Am

y(x)x+A

) 1+2m
1+m − x

(
A

(∫ − x2
2y(x)x+2A (−m+_a) 1

1+m ((2_a+1)m+_a) 1+2m
1+m

_a2 d_a
)
− c1

)
x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==(2*m+1)/(4*m^2)*x+A*1/x-A^2*1/(x^3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.14 problem 14
Internal problem ID [10663]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = 4
9x+ 2Ax2 + 2A2x3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 177� �
dsolve(y(x)*diff(y(x),x)-y(x)=4/9*x+2*A*x^2+2*A^2*x^3,y(x), singsol=all)� �

−

27

Ay(x) 3 1
4
(
xA+ 1

3

) (A
(
9A2x2−9y(x)A+9xA+2

)(
3Ax2+3y(x)+x

)
(−9y(x)A+3xA+1)2

) 1
4 −

∫ (3xA+1)2
−9y(x)A+3xA+1

(_a2−1
) 1
4√_a d_a+c1

( 1
3−3y(x)A+xA

)√ (3xA+1)2
−9y(x)A+3xA+1

9


√

(3xA+1)2
−9y(x)A+3xA+1 (−9y (x)A+ 3xA+ 1)

= 0
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3 Solution by Mathematica
Time used: 3.439 (sec). Leaf size: 170� �
DSolve[y[x]*y'[x]-y[x]==4/9*x+2*A*x^2+2*A^2*x^3,y[x],x,IncludeSingularSolutions -> True]� �

Solve

 4

√
(−9Ay(x) + 3Ax+ 1)2

(3Ax+ 1)4 − 1


(−9Ay(x) + 3Ax+ 1)Hypergeometric2F1

(
1
2 ,

3
4 ,

3
2 ,

(3Ax−9Ay(x)+1)2
(3Ax+1)4

)
2 4
√
3(3Ax+ 1)

√
(3Ax+ 1)2 4

√
A (6(3Ax+ 1)y(x)− 27Ay(x)2 + x(3Ax+ 2)(3Ax+ 1)2)

(3Ax+ 1)4

+
√
(3Ax+ 1)2

+ c1 = 0, y(x)
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22.15 problem 15
Internal problem ID [10664]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −3x
16 + 5A

x
1
3
− 12A2

x
5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+5*A*x^(-1/3)-12*A^2*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+5*A*x^(-1/3)-12*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.16 problem 16
Internal problem ID [10665]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 57� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*1/x,y(x), singsol=all)� �

erf
(

(y(x)−x)
√
2

2
√
−A

)√
2
√
π x− 2 e

(y(x)−x)2
2A

√
−A+ c1x

x
= 0

3 Solution by Mathematica
Time used: 0.827 (sec). Leaf size: 64� �
DSolve[y[x]*y'[x]-y[x]==A*1/x,y[x],x,IncludeSingularSolutions -> True]� �

Solve

− x√
A

= 2e
(x−y(x))2

2A

√
2πerfi

(
y(x)−x√

2
√
A

)
+ 2c1

, y(x)
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22.17 problem 17
Internal problem ID [10666]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −x

4 +
A
(√

x+ 5A+ 3A2
√
x

)
4

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 257� �
dsolve(y(x)*diff(y(x),x)-y(x)=-1/4*x+1/4*A*(x^(1/2)+5*A+3*A^2*x^(-1/2)),y(x), singsol=all)� �

−

3

−4
((∫ 6A

√
x−2x+3y(x)

12A2−4A
√
x+2y(x) e−

2
2_a+1√2_a+1√

2_a−3 d_a
)
A+ c1

2

)(
A2 − A

√
x

3 + y(x)
6

)√
−

(
3A−

√
x
)2

6A2−2A
√
x+y(x) +

√
3A2+2A

√
x−x+2y(x)

6A2−2A
√
x+y(x) y(x)e

−6A2+2A
√
x−y(x)

3A2+2A
√

x−x+2y(x) (3A−
√
x
)

3


√

−
(
3A−

√
x
)2

6A2−2A
√
x+y(x)

(
6A2 − 2A

√
x+ y (x)

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-1/4*x+1/4*A*(x^(1/2)+5*A+3*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.18 problem 18
Internal problem ID [10667]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2a2√
8a2 + x2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 715� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*a^2/sqrt(x^2+8*a^2),y(x), singsol=all)� �
512
(
−33

(
a4+ 23

66a
2x2+ 1

66x
4)x√8a2+x2

64 + a6 + 75a4x2

64 + 27a2x4

128 + x6

128

)
e
−

(−y(x)+x)2
(
−64

√
8a2+x2 a6−108

√
8a2+x2 a4x2−25

√
8a2+x2 a2x4−

√
8a2+x2 x6+328a6x+200a4x3+29a2x5+x7

)2
2
(
128a6+150a4x2−66

√
8a2+x2 a4x+27a2x4−23

√
8a2+x2 a2x3+x6−

√
8a2+x2 x5

)2
a2
(
−
√

8a2+x2 x+4a2+x2
)

a− 128
(√

2
√
π erf

(
(−y(x)+x)

√
2
(
−
(
−64a6−108a4x2−25a2x4−x6)√8a2+x2−328a6x−200a4x3−29a2x5−x7

)
2
√

−
√
8a2+x2 x+4a2+x2

(
(−66x a5−23a3x3−a x5)

√
8a2+x2+128a7+150a5x2+27a3x4+a x6

)
)
− c1

)
((

a4+ 21
32a

2x2+ 1
32x

4)y(x)− 33
(
a4+23

66a2x2+ 1
66x4

)
x

16

)
√
8a2+x2

4 +
(
−25a4x− 25

4 a2x3− 1
4x

5)y(x)
32 + a6 + 75a4x2

64 + 27a2x4

128 + x6

128

√−
√
8a2 + x2 x+ 4a2 + x2

√
−
√
8a2 + x2 x+ 4a2 + x2

(
((32a4 + 21a2x2 + x4) y (x)− 66a4x− 23a2x3 − x5)

√
8a2 + x2 + (−100a4x− 25a2x3 − x5) y (x) + 128a6 + 150a4x2 + 27a2x4 + x6

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*a^2/Sqrt[x^2+8*a^2],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

440



22.19 problem 19
Internal problem ID [10668]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2x+ A

x2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 170� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+A*x^(-2),y(x), singsol=all)� �
6

√
3 arctanh


√

x
(
A2
) 1
3

A
(−2x+y(x))√(

4x3−4y(x)x2+y(x)2x+2A
)(

A2
) 1
3

y(x)2A
y(x)

A+ c1
6

x

√
x(A2)

1
3

A
+ 2

√
3 y(x)

(
−x3 − y(x)x2

2 + y(x)2x
2 + A

)√(
4x3−4y(x)x2+y(x)2x+2A

)
(A2)

1
3

y(x)2A√
x(A2)

1
3

A
x

= 0
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3 Solution by Mathematica
Time used: 2.08 (sec). Leaf size: 233� �
DSolve[y[x]*y'[x]-y[x]==2*x+A*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �

Solve

c1 =

−
i
√

−2A+4x3−4x2y(x)+xy(x)2
A

(
−6

√
Ax3/2arcsinh

(√
x(2x−y(x))√

2
√
A

)
+ x2(−y(x))

√
2A+4x3−4x2y(x)+xy(x)2

A
+ xy(x)2

√
2A+4x3−4x2y(x)+xy(x)2

A
+ 2(A− x3)

√
2A+4x3−4x2y(x)+xy(x)2

A

)
4
√
Ax3/2

√
2A+4x3−4x2y(x)+xy(x)2

A

, y(x)
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22.20 problem 20
Internal problem ID [10669]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −6X
25 +

2A
(
2
√
x+ 19A+ 6A2

√
x

)
25

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*X+2/25*A*(2*x^(1/2)+19*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*X+2/25*A*(2*x^(1/2)+19*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.21 problem 21
Internal problem ID [10670]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 3x
8 + 3

√
a2 + x2

8 − a2

16
√
a2 + x2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/8*x+3/8*sqrt(x^2+a^2)-a^2/(16*sqrt(x^2+a^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/8*x+3/8*Sqrt[x^2+a^2]-a^2/(16*Sqrt[x^2+a^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.22 problem 22
Internal problem ID [10671]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −4x
25 + A√

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 270� �
dsolve(y(x)*diff(y(x),x)-y(x)=-4/25*x+A*x^(-1/2),y(x), singsol=all)� �
625
√

Ax
3
2 c1

(
−Ay(x)2

√
x

2 + 16x4

625 − 16x3y(x)
125 + 6y(x)2x2

25 − xy(x)3
5 + y(x)4

16 + A2x+ 4Ay(x)x
3
2

5 − 8Ax
5
2

25

)√
A
√
x−

4
(
x− 5y(x)

4

)2
25√

xA
+

625
(
y(x)4−10A2y(x)

)
x
3
2

2 + 500
(
−y(x)3 + 4A2)x 5

2 + 128x
11
2

5 + 400y(x)2 x 7
2 − 160y(x)x 9

2 +
625
(
− y(x)5

2 +5A2y(x)2
)
√
x

4 − 400Ax4 + 1500Ay(x)x3 − 1875Ay(x)2 x2 + 3125Ay(x)3x
4 − 3125A3x

√
Ax

3
2

√
A
√
x−

4
(
x− 5y(x)

4

)2
25√

xA

(
25A

√
x− 4

(
x− 5y(x)

4

)2)2

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-4/25*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.23 problem 23
Internal problem ID [10672]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = − 9x
100 + A

x
5
3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 581� �
dsolve(y(x)*diff(y(x),x)-y(x)=-9/100*x+A*x^(-5/3),y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 60.566 (sec). Leaf size: 7909� �
DSolve[y[x]*y'[x]-y[x]==-9/100*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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22.24 problem 24
Internal problem ID [10673]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

2A
(
5
√
x+ 34A+ 15A2

√
x

)
49

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 270� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+2/49*A*(5*x^(1/2)+34*A+15*A^2*x^(-1/2)),y(x), singsol=all)� �(
3A−

√
x
) (

36A4 + 120A3√x− 80Ax
3
2 + 52A2x+ 84A2y(x) + 140A

√
x y(x) + 16x2 − 56y(x)x+ 49y(x)2

)
y(x)

8
√

−
(
3A−

√
x
)2

6A2−2A
√
x+y(x)

(
15A2+4A

√
x−3x+7y(x)

6A2−2A
√
x+y(x)

) 3
2 (6A2 − 2A

√
x+ y (x)

)3
A

+

(
−54A2 − 6A

√
x+ 8x− 21y(x)

)√
−

(
3A−

√
x
)2

6A2−2A
√
x+y(x)√

15A2+4A
√
x−3x+7y(x)

6A2−2A
√
x+y(x)

(
36A2 − 12A

√
x+ 6y (x)

) + c1 = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+2/49*A*(5*x^(1/2)+34*A+15*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.25 problem 25
Internal problem ID [10674]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

A
(
25
√
x+ 41A+ 10A2

√
x

)
98

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1531� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+1/98*A*(25*x^(1/2)+41*A+10*A^2*x^(-1/2)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+1/98*A*(25*x^(1/2)+41*A+10*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.26 problem 26
Internal problem ID [10675]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −2x
9 + A√

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 134� �
dsolve(y(x)*diff(y(x),x)-y(x)=-2/9*x+A*x^(-1/2),y(x), singsol=all)� �
y(x)

=
2 3 5

62 1
3

(
−2x 3

2 + 9A
)

√
x


27 tan

RootOf

18 3 5
62 1

3

∫
(

A

x
3
2

) 2
3√

x

−2x
3
2+9A

dx

+ ln
(
−8

√
3 sin (_Z) cos (_Z)3 − 8 cos (_Z)4 − 4

√
3 sin (_Z) cos (_Z) + 16 cos (_Z)2 + 1

)√
3− 12

√
3 c1 − 12_Z


− 9

√
3

( A

x
3
2

) 1
3 − 6 2 1

33 5
6



449



3 Solution by Mathematica
Time used: 1.355 (sec). Leaf size: 282� �
DSolve[y[x]*y'[x]-y[x]==-2/9*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �

Solve

log (9A2/3 + 3 3
√
6 3√

A
√
x

+62/3x
)
+2

√
3 arctan

−6
3
√
6(9A−2x3/2+3

√
xy(x)

)
3√
Ay(x)

− 27

27
√
3

+2
√
3 arctan


2

3
√
6√x

3√
A

+ 3

3
√
3

+2 log
(

1
27

(
27−

3 3
√
6
(
9A− 2x3/2 + 3

√
xy(x)

)
3√
Ay(x)

))
= log

(
1
81

(
62/3

(
9A− 2x3/2 + 3

√
xy(x)

)2
A2/3y(x)2 +

9 3
√
6
(
9A− 2x3/2 + 3

√
xy(x)

)
3√
Ay(x)

+81
))

+2 log
(
3 3√

A− 3
√
6
√
x
)
+6c1, y(x)
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22.27 problem 27
Internal problem ID [10676]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −5x
36 + A

x
7
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-5/36*x+A*x^(-7/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-5/36*x+A*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.28 problem 28
Internal problem ID [10677]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

6A
(
−3

√
x+ 23A+ 12A2

√
x

)
49

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+6/49*A*(-3*x^(1/2)+23*A+12*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+6/49*A*(-3*x^(1/2)+23*A+12*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.29 problem 29
Internal problem ID [10678]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −30x
121 +

3A
(
21
√
x+ 35A+ 6A2

√
x

)
242

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-30/121*x+3/242*A*(21*x^(1/2)+35*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-30/121*x+3/242*A*(21*x^(1/2)+35*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.30 problem 30
Internal problem ID [10679]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −3x
16 + A

x
5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+A*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.31 problem 31
Internal problem ID [10680]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

4A
(
−10

√
x+ 27A+ 10A2

√
x

)
49

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+4/49*A*(-10*x^(1/2)+27*A+10*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+4/49*A*(-10*x^(1/2)+27*A+10*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.32 problem 32
Internal problem ID [10681]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A√
x

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 222� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-1/2),y(x), singsol=all)� �(
AiryBi

(
−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
c1 − AiryAi

(
−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

))
2 2

3

(
−A2x

3
2

) 1
3 − 2A

(
−AiryBi

(
1,−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
c1 +AiryAi

(
1,−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

))

2 2
3

(
−A2x

3
2

) 1
3 AiryBi

(
−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
+ 2AiryBi

(
1,−

2
1
3
(
−A2x

3
2
) 2

3 (y(x)−x)
2A2x

)
A

= 0
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3 Solution by Mathematica
Time used: 0.566 (sec). Leaf size: 139� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �

Solve


3
√
−122/3

√
xAiryAi

( (
− 1

2
)2/3(x−y(x))
A2/3

)
+ 2 3√

AAiryAiPrime
( (

− 1
2
)2/3(x−y(x))
A2/3

)
3
√
−122/3

√
xAiryBi

( (
− 1

2
)2/3(x−y(x))
A2/3

)
+ 2 3√

AAiryBiPrime
( (

− 1
2
)2/3(x−y(x))
A2/3

)

+ c1 = 0, y(x)
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22.33 problem 33
Internal problem ID [10682]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A

x2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 279� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(-2),y(x), singsol=all)� �
−
(
AiryBi

(
−
(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

)
c1 − AiryAi

(
−
(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

))
A(−y(x) + x) 2 1

3 + 2(−A2)
2
3

(
AiryBi

(
1,−

(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

)
c1 − AiryAi

(
1,−

(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

))
−A2 1

3 (−y (x) + x)AiryBi
(
−
(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

)
+ 2AiryBi

(
1,−

(
x3−2y(x)x2+y(x)2x+2A

)
2
2
3

4(−A2)
1
3 x

)
(−A2)

2
3

= 0
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3 Solution by Mathematica
Time used: 1.053 (sec). Leaf size: 201� �
DSolve[y[x]*y'[x]-y[x]==A*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �

Solve


AiryAiPrime

(
x3−2y(x)x2+y(x)2x+2A

2
3
√
2A2/3x

)
−

(x−y(x))AiryAi
(

x3−2y(x)x2+y(x)2x+2A

2
3
√
2A2/3x

)

22/3
3√
A

AiryBiPrime
(

x3−2y(x)x2+y(x)2x+2A

2
3
√
2A2/3x

)
−

(x−y(x))AiryBi
(

x3−2y(x)x2+y(x)2x+2A

2
3
√
2A2/3x

)

22/3
3√
A

+ c1 = 0, y(x)
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22.34 problem 34
Internal problem ID [10683]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A(2 + n)
(√

x+ 2(2 + n)A+ (1 + n) (n+ 3)A2
√
x

)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 410� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(n+2)*(x^(1/2)+2*(n+2)*A+(n+1)*(n+3)*A^2*x^(-1/2)),y(x), singsol=all)� �
(n+ 2)

(
BesselI

(
3+n
n+2 ,−

√
2(n+2)A

√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

)
c1 + BesselK

(
3+n
n+2 ,−

√
2(n+2)A

√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

))
A
√

2(n+2)A
√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2 +
(
c1 BesselI

(
1

n+2 ,−
√

2(n+2)A
√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

)
− BesselK

(
1

n+2 ,−
√

2(n+2)A
√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

)) (√
x+ (n+ 1)A

)
A
√

2(n+2)A
√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2 (n+ 2)BesselI
(

3+n
n+2 ,−

√
2(n+2)A

√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

)
+
(√

x+ (n+ 1)A
)
BesselI

(
1

n+2 ,−
√

2(n+2)A
√
x+A2(n2+4n+3)+x−y(x)

(n+2)2A2

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(n+2)*(x^(1/2)+2*(n+2)*A+(n+1)*(n+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.35 problem 35
Internal problem ID [10684]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A(2 + n)
(√

x+ 2(2 + n)A+ (3 + 2n)A2
√
x

)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 474� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*(n+2)*(x^(1/2)+2*(n+2)*A+(2*n+3)*A^2*x^(-1/2)),y(x), singsol=all)� �
−(n+ 2)

(
BesselI

(√
(n+1)2

(n+2)2 + 1,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

)
c1 + BesselK

(√
(n+1)2

(n+2)2 + 1,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

))
A
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2 +

(
c1 BesselI

(√
(n+1)2

(n+2)2 ,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

)
− BesselK

(√
(n+1)2

(n+2)2 ,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

))(
A
√

(n+1)2

(n+2)2 (n+ 2)−
√
x+ (−n− 2)A

)
−A
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2 (n+ 2)BesselI

(√
(n+1)2

(n+2)2 + 1,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

)
+ BesselI

(√
(n+1)2

(n+2)2 ,−
√

2(n+2)A
√
x+(2n+3)A2+x−y(x)
(n+2)2A2

)(
A
√

(n+1)2

(n+2)2 (n+ 2)−
√
x+ (−n− 2)A

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*(n+2)*(x^(1/2)+2*(n+2)*A+(2*n+3)*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.36 problem 36
Internal problem ID [10685]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = A
√
x+ 2A2 + B√

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 407� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^(1/2)+2*A^2+B*x^(-1/2),y(x), singsol=all)� �
−c1

(√
A3−B
A3 A− A−

√
x

)
BesselI

(√
A3−B
A3 ,−

√
2A2√x−y(x)A+xA+B

A3

)
+ A

√
2A2√x−y(x)A+xA+B

A3 BesselI
(√

A3−B
A3 + 1,−

√
2A2√x−y(x)A+xA+B

A3

)
c1 + A

√
2A2√x−y(x)A+xA+B

A3 BesselK
(√

A3−B
A3 + 1,−

√
2A2√x−y(x)A+xA+B

A3

)
+ BesselK

(√
A3−B
A3 ,−

√
2A2√x−y(x)A+xA+B

A3

)(√
A3−B
A3 A− A−

√
x

)
A
√

2A2√x−y(x)A+xA+B
A3 BesselI

(√
A3−B
A3 + 1,−

√
2A2√x−y(x)A+xA+B

A3

)
+
(
−
√

A3−B
A3 A+ A+

√
x

)
BesselI

(√
A3−B
A3 ,−

√
2A2√x−y(x)A+xA+B

A3

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==A*x^(1/2)+2*A^2+B*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.37 problem 37
Internal problem ID [10686]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = 2A2 − A
√
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 228� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*A^2-A*x^(1/2),y(x), singsol=all)� �
(
−2A+

√
x
)
BesselK

(
1,−

√
−2A

√
x−x+y(x)
A2

)
+ BesselK

(
0,−

√
−2A

√
x−x+y(x)
A2

)√
−2A

√
x−x+y(x)
A2 A+ c1

(
ABesselI

(
0,
√

−2A
√
x−x+y(x)
A2

)√
−2A

√
x−x+y(x)
A2 +

(
−2A+

√
x
)
BesselI

(
1,
√
−2A

√
x−x+y(x)
A2

))
ABesselI

(
0,
√
−2A

√
x−x+y(x)
A2

)√
−2A

√
x−x+y(x)
A2 +

(
−2A+

√
x
)
BesselI

(
1,
√

−2A
√
x−x+y(x)
A2

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*A^2-A*x^(1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.38 problem 38
Internal problem ID [10687]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −x

4 +
6A
(√

x+ 8A+ 5A2
√
x

)
49

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/48*x+6/49*A*(x^(1/2)+8*A+5*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/48*x+6/49*A*(x^(1/2)+8*A+5*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

464



22.39 problem 39
Internal problem ID [10688]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −6x
25 +

6A
(
2
√
x+ 7A+ 4A2

√
x

)
25

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+6/25*A*(2*x^(1/2)+7*A+4*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+6/25*A*(2*x^(1/2)+7*A+4*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

465



22.40 problem 40
Internal problem ID [10689]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −3x
16 + 3A

x
1
3
− 12A2

x
5
3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1488� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+3*A*x^(-1/3)-12*A^2*x^(-5/3),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+3*A*x^(-1/3)-12*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.41 problem 41
Internal problem ID [10690]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 41.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 3x
8 + 3

√
b2 + x2

8 + 3b2

16
√
b2 + x2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/8*x+3/8*sqrt(x^2+b^2)+3*b^2/(16*sqrt(x^2+b^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/8*x+3/8*Sqrt[x^2+b^2]+3*b^2/(16*Sqrt[x^2+b^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.42 problem 42
Internal problem ID [10691]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 42.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 9x
32 + 15

√
b2 + x2

32 + 3b2

64
√
b2 + x2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=9/32*x+15/32*sqrt(x^2+b^2)+3*b^2/(64*sqrt(x^2+b^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==9/32*x+15/32*Sqrt[x^2+b^2]+3*b^2/(64*Sqrt[x^2+b^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.43 problem 43
Internal problem ID [10692]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 43.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −3x
32 − 3

√
a2 + x2

32 + 15a2

64
√
a2 + x2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/32*x-3/32*sqrt(x^2+a^2)+15*a^2/(64*sqrt(x^2+a^2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/32*x-3/32*Sqrt[x^2+a^2]+15*a^2/(64*Sqrt[x^2+a^2]),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

469



22.44 problem 44
Internal problem ID [10693]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 44.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = Ax2 − 9
625A

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 186� �
dsolve(y(x)*diff(y(x),x)-y(x)=A*x^2-9/625*A^(-1),y(x), singsol=all)� �
−

125 2
5
6

(
−46875A2y(x)2+

(
37500A2x+4500A

)
y(x)+31250

(
xA− 3

25
)(

xA+ 3
25
)2

(50xA−125y(x)A+6)2

) 1
6
Ay(x)

√
25xA+3

2 + 50
(
xA− 5y(x)A

2 + 3
25

)(
(25xA+3)

3
2

50xA−125y(x)A+6

) 1
3
(∫ − 2(25xA+3)

3
2

125y(x)A−50xA−6
(_a2−6

) 1
6

_a 1
3

d_a+ c1

)
(

(25xA+3)
3
2

50xA−125y(x)A+6

) 1
3

(50xA− 125y (x)A+ 6)

= 0
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3 Solution by Mathematica
Time used: 2.438 (sec). Leaf size: 198� �
DSolve[y[x]*y'[x]-y[x]==A*x^2-9/625*A^(-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve



6

√
46875A2y(x)2 − 1500A(25Ax+ 3)y(x)− 2(25Ax− 3)(25Ax+ 3)2

(25Ax+ 3)3


(−125Ay(x)+50Ax+6)Hypergeometric2F1

(
1
2 ,

5
6 ,

3
2 ,

3(50Ax−125Ay(x)+6)2

2(25Ax+3)3

)
3
√
2√3(25Ax+3)3/2 6

√
−46875A2y(x)2 + 1500A(25Ax+ 3)y(x) + 2(25Ax− 3)(25Ax+ 3)2

(25Ax+ 3)3

+
√
25Ax+3√

6


6
√
2

+ c1 = 0, y(x)
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22.45 problem 45
Internal problem ID [10694]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 45.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = − 6
25x− Ax2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 132� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x-A*x^2,y(x), singsol=all)� �
c1

+
(2x− 5y(x))

(∫ − 10
√
−xAx

−2x+5y(x)
(_a2−6

) 1
6

_a 1
3

d_a
)
−

5 2
5
6

(
−50Ax3−12x2+60y(x)x−75y(x)2

(−2x+5y(x))2

) 1
6
5
2
3
√
−xAy(x)

2
(
−

√
−xAx

−2x+5y(x)

) 1
3

2x− 5y (x)
= 0
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3 Solution by Mathematica
Time used: 2.139 (sec). Leaf size: 162� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x-A*x^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve


c1 =

i
6

√
−2x2(25Ax+ 6) + 60xy(x)− 75y(x)2

Ax3

25Ax2 −
6
√
2 3
√
5(2x−5y(x))Hypergeometric2F1

(
1
2 ,

5
6 ,

3
2 ,−

3(2x−5y(x))2

50Ax3

)
6

√
2x2(25Ax+ 6)− 60xy(x) + 75y(x)2

Ax3


5 22/3

√
3 3
√
5
√
Ax3/2

, y(x)
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22.46 problem 46
Internal problem ID [10695]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 46.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = 6
25x− Ax2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 180� �
dsolve(y(x)*diff(y(x),x)-y(x)=6/25*x-A*x^2,y(x), singsol=all)� �

−

125

5 1
32 5

6

(
−

1250
(

3y(x)2A
2 +

(
− 6xA

5 + 36
125

)
y(x)+

(
xA− 6

25
)2

x

)
A

(50xA−125y(x)A−12)2

) 1
6

Ay(x)
√
−25xA+ 6−

4
(
xA− 5y(x)A

2 − 6
25

)∫ 2(−25xA+6)
3
2

−50xA+125y(x)A+12

(_a2−6
) 1
6

_a 1
3

d_a+c1

( (−25xA+6)
3
2

−50xA+125y(x)A+12

) 1
3

5


(

(−25xA+6)
3
2

−50xA+125y(x)A+12

) 1
3

(100xA− 250y (x)A− 24)

= 0
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3 Solution by Mathematica
Time used: 3.324 (sec). Leaf size: 189� �
DSolve[y[x]*y'[x]-y[x]==6/25*x-A*x^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve



3
√
5 6

√
−A (1875Ay(x)2 − 60(25Ax− 6)y(x) + 2x(6− 25Ax)2)

(25Ax− 6)3


(−125Ay(x)+50Ax−12)Hypergeometric2F1

(
1
2 ,

5
6 ,

3
2 ,−

3(−50Ax+125Ay(x)+12)2

2(25Ax−6)3

)
3
√
10√18−75Ax(25Ax−6) 6

√
A (1875Ay(x)2 − 60(25Ax− 6)y(x) + 2x(6− 25Ax)2)

(25Ax− 6)3

+
√

1− 25Ax
6


6
√
2

+ c1 = 0, y(x)
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22.47 problem 47
Internal problem ID [10696]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 47.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 12x+ A

x
5
2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 110� �
dsolve(y(x)*diff(y(x),x)-y(x)=12*x+A*x^(-5/2),y(x), singsol=all)� �
c1

+
12
√
3
(
2 2

3

(
3y(x)2x

3
2

4 − 6y(x)x 5
2 + A+ 12x 7

2

)(
48x

7
2−24y(x)x

5
2+3y(x)2x

3
2+4A

A

) 1
6

− 56 hypergeom
([

−1
6 ,

1
2

]
,
[3
2

]
,−3x

3
2 (−4x+y(x))2

4A

)(
x− y(x)

4

)
x

5
2

)
√

−Ax
7
2

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==12*x+A*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.48 problem 48
Internal problem ID [10697]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 48.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 63x
4 + A

x
5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=63/4*x+A*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==63/4*x+A*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.49 problem 49
Internal problem ID [10698]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 49.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2x+ 2A
(
10
√
x+ 31A+ 30A2

√
x

)

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 196� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+2*A*(10*x^(1/2)+31*A+30*A^2*x^(-1/2)),y(x), singsol=all)� �

c1 −

(
3A+

√
x
)
2 1

3

(
12A2+10A

√
x+2x−y(x)

6A2+2A
√
x+y(x)

) 1
3
(

15A2+8A
√
x+x+y(x)

6A2+2A
√
x+y(x)

) 1
6
y(x)

4
√ (

3A+
√
x
)2

6A2+2A
√
x+y(x)

(
6A2 + 2A

√
x+ y (x)

)
A

−

(∫ 6A
√
x+2x−3y(x)

12A2+4A
√
x+2y(x) (_a+ 1)

1
3 (2_a+ 5)

1
6

√
2_a+ 3

d_a
)

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*x+2*A*(10*x^(1/2)+31*A+30*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

478



22.50 problem 50
Internal problem ID [10699]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 50.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 2x+ 2A
(
−10

√
x+ 19A+ 30A2

√
x

)

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*x+2*A*(-10*x^(1/2)+19*A+30*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*x+2*A*(-10*x^(1/2)+19*A+30*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.51 problem 51
Internal problem ID [10700]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 51.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −28x
121 +

2A
(
5
√
x+ 106A+ 65A2

√
x

)
121

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-28/121*x+2/121*A*(5*x^(1/2)+106*A+65*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-28/121*x+2/121*A*(5*x^(1/2)+106*A+65*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.52 problem 52
Internal problem ID [10701]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 52.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

A
(
5
√
x+ 262A+ 65A2

√
x

)
49

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4129� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+1/49*A*(5*x^(1/2)+262*A+65*A^2*x^(-1/2)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-28/121*x+2/121*A*(5*x^(1/2)+262*A+65*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.53 problem 53
Internal problem ID [10702]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 53.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = −12x
49 + A

√
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 133� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+A*x^(1/2),y(x), singsol=all)� �
196 5

6


4

(
x− 7y(x)

4

)√
3 hypergeom

([ 1
2 ,

7
6
]
,
[ 3
2
]
, 3(−4x+7y(x))2

196x
3
2 A

)
7 +

√
x
√
A
√
x c1

 196 1
6

Ax
3
2−

12
(
x− 7y(x)

4

)2
49

x
3
2A


1
6

− 7 14 1
3A

√
3
√
x


196

Ax
3
2−

12
(
x− 7y(x)

4

)2
49

x
3
2A


1
6 √

A
√
x
√
x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+A*x^(1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.54 problem 54
Internal problem ID [10703]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 54.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 6x+ A

x4

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 217� �
dsolve(y(x)*diff(y(x),x)-y(x)=6*x+A*x^(-4),y(x), singsol=all)� �
c1

+

55 2
3

(
x+ y(x)

2

)

xA3 5

6 hypergeom
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]
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) 7
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) 1
6 (2x+ y (x))4

= 0
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3 Solution by Mathematica
Time used: 2.079 (sec). Leaf size: 213� �
DSolve[y[x]*y'[x]-y[x]==6*x+A*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
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22.55 problem 55
Internal problem ID [10704]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 55.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 20x+ A√
x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=20*x+A*x^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==20*x+A*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.56 problem 56
Internal problem ID [10705]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 56.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 15x
4 + A

x7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=15/4*x+A*x^(-7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==15/4*x+A*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.57 problem 57
Internal problem ID [10706]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 57.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −10x
49 +

2A
(
4
√
x+ 61A+ 12A2

√
x

)
49

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 200� �
dsolve(y(x)*diff(y(x),x)-y(x)=-10/49*x+2/49*A*(4*x^(1/2)+61*A+12*A^2*x^(-1/2)),y(x), singsol=all)� �
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√
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(∫ 6A
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12A2+4A
√
x+2y(x) (10_a+ 1)

5
6

√
2_a+ 3 (_a− 2)

1
3
d_a

)
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-10/49*x+2/49*A*(4*x^(1/2)+61*A+12*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.58 problem 58
Internal problem ID [10707]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 58.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 +

2A
(√

x+ 166A+ 55A2
√
x

)
49

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 686� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+2/49*A*(x^(1/2)+166*A+55*A^2*x^(-1/2)),y(x), singsol=all)� �
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+2/49*A*(x^(1/2)+166*A+55*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

488



22.59 problem 59
Internal problem ID [10708]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 59.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −4x
25 +

A
(
7
√
x+ 49A+ 6A2

√
x

)
50

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-4/25*x+1/50*A*(7*x^(1/2)+49*A+6*A^2*x^(-1/2)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-4/25*x+1/50*A*(7*x^(1/2)+49*A+6*A^2*x^(-1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.60 problem 60
Internal problem ID [10709]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 60.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 15x
4 + 6A

x
1
3
− 3A2

x
5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=15/4*x+6*A*x^(-1/3)-3*A^2*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==15/4*x+6*A*x^(-1/3)-3*A^2*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

490



22.61 problem 61
Internal problem ID [10710]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 61.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −3x
16 + A

x
1
3
+ B

x
5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-3/16*x+A*x^(-1/3)+B*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-3/16*x+A*x^(-1/3)+B*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.62 problem 62
Internal problem ID [10711]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 62.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −5x
36 + A

x
3
5
− B

x
7
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-5/36*x+A*x^(-3/5)-B*x^(-7/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-5/36*x+A*x^(-3/5)-B*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.63 problem 63
Internal problem ID [10712]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 63.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = k√
Ax2 +Bx+ c

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=k*(A*x^2+B*x+c)^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==k*(A*x^2+B*x+c)^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.64 problem 64
Internal problem ID [10713]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 64.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −12x
49 + 3A

(
1
49 +B

)√
x+ 3A2

(
4
49 − 5B

2

)
+

15A3( 1
49 −

5B
4

)
4
√
x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-12/49*x+3*A*(1/49+B)*x^(1/2)+3*A^2*(4/49-5/2*B)+15/4*A^3*(1/49-5/4*B)*x^(-1/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-12/49*x+3*A*(1/49+B)*x^(1/2)+3*A^2*(4/49-5/2*B)+15/4*A^3*(1/49-5/4*B)*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.65 problem 65
Internal problem ID [10714]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 65.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −6x
25 +

4B2
(
(2− A)x 1

3 − 3B(2A+1)
2 + B2(1−3A)

x
1
3

− AB3

x
2
3

)
75

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 3187� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+4/75*B^2*((2-A)*x^(1/3)-3/2*B*(2*A+1)+B^2*(1-3*A)*x^(-1/3)-A*B^3*x^(-2/3)),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+4/75*B^2*((2-A)*x^(1/3)-3/2*B*(2*A+1)+B^2*(1-3*A)*x^(-1/3)-A*B^3*x^(-2/3)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.66 problem 66
Internal problem ID [10715]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 66.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = 3x
4 − 3Ax

1
3

2 + 3A2

4x 1
3
− 27A4

625x 5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=3/4*x-3/2*A*x^(1/3)+3/4*A^2*x^(-1/3)-27/625*A^4*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==3/4*x-3/2*A*x^(1/3)+3/4*A^2*x^(-1/3)-27/625*A^4*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.67 problem 67
Internal problem ID [10716]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 67.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −6x
25 + 7Ax

1
3

5 + 31A2

3x 1
3

− 100A4

3x 5
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-6/25*x+7/5*A*x^(1/3)+31/3*A^2*x^(-1/3)-100/3*A^4*x^(-5/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-6/25*x+7/5*A*x^(1/3)+31/3*A^2*x^(-1/3)-100/3*A^4*x^(-5/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.68 problem 68
Internal problem ID [10717]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 68.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −10x
49 + 13A2

5x 1
5

− 7A3

20x 4
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-10/49*x+13/5*A^2*x^(-1/5)-7/20*A^3*x^(-4/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-10/49*x+13/5*A^2*x^(-1/5)-7/20*A^3*x^(-4/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.69 problem 69
Internal problem ID [10718]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 69.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −33x
169 + 286A2

3x 5
11

− 770A3

9x 13
11

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-33/169*x+286/3*A^2*x^(-5/11)-770/9*A^3*x^(-13/11),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-33/169*x+286/3*A^2*x^(-5/11)-770/9*A^3*x^(-13/11),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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22.70 problem 70
Internal problem ID [10719]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 70.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = −21x
100 +

7A2
(

123
x
1
7
+ 280A

x
5
7

− 400A2

x
9
7

)
9

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-21/100*x+7/9*A^2*(123*x^(-1/7)+280*A*x^(-5/7)-400*A^2*x^(-9/7)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-21/100*x+7/9*A^2*(123*x^(-1/7)+280*A*x^(-5/7)-400*A^2*x^(-9/7)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.71 problem 71
Internal problem ID [10720]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 71.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = ax+ b xm

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a*x+b*x^m,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a*x+b*x^m,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.72 problem 72
Internal problem ID [10721]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 72.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = −(m+ 1)x
(m+ 2)2

+ Ax2m+1 +B x3m+1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=-(m+1)/(m+2)^2*x+A*x^(2*m+1)+B*x^(3*m+1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==-(m+1)/(m+2)^2*x+A*x^(2*m+1)+B*x^(3*m+1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.73 problem 73
Internal problem ID [10722]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 73.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = a2λ e2λx − a(bλ+ 1) eλx + b

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*lambda*exp(2*lambda*x)-a*(b*lambda+1)*exp(lambda*x)+b,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*\[Lambda]*Exp[2*\[Lambda]*x]-a*(b*\[Lambda]+1)*Exp[\[Lambda]*x]+b,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.74 problem 74
Internal problem ID [10723]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 74.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = a2λ e2λx + aλx eλx + b eλx

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*lambda*exp(2*lambda*x)+a*lambda*x*exp(lambda*x)+b*exp(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*\[Lambda]*Exp[2*\[Lambda]*x]+a*\[Lambda]*x*Exp[\[Lambda]*x]+b*Exp[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.75 problem 75
Internal problem ID [10724]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 75.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − y = 2a2λ sin (2λx) + 2a sin (λx)

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=2*a^2*lambda*sin(2*lambda*x)+2*a*sin(lambda*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==2*a^2*\[Lambda]*Sin[2*\[Lambda]*x]+2*a*Sin[\[Lambda]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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22.76 problem 76
Internal problem ID [10725]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. Form yy′ − y = f(x).
subsection 1.3.1-2. Solvable equations and their solutions
Problem number: 76.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y = a2f ′(x) f ′′(x)− (f(x) + b)2 f ′′(x)
f ′ (x)3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-y(x)=a^2*diff(f(x),x)*diff(f(x),x$2)-(f(x)+b)^2/( diff(f(x),x)^3)*diff(f(x),x$2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-y[x]==a^2*f'[x]*f''[x]-(f[x]+b)^2/( (f'[x])^3)*f''[x],y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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23.1 problem 1
Internal problem ID [10726]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (ax+ b) y = 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 215� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)*y(x)+1,y(x), singsol=all)� �
(ax+ b)

(
AiryBi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
c1 − AiryAi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

))
(−a2)

1
3 2 1

3 + 2
(
AiryBi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
c1 − AiryAi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

))
a

2 1
3 (−a2)

1
3 (ax+ b)AiryBi

(
−
(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
+ 2AiryBi

(
1,−

(
−2ay(x)+(ax+b)2

)
2
2
3

4(−a2)
1
3

)
a

= 0
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3 Solution by Mathematica
Time used: 0.901 (sec). Leaf size: 161� �
DSolve[y[x]*y'[x]==(a*x+b)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve


3
√
2(ax+ b)AiryAi

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
− 2 3

√
aAiryAiPrime

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
3
√
2(ax+ b)AiryBi

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)
− 2 3

√
aAiryBiPrime

(
(b+ax)2−2ay(x)

2
3
√
2a2/3

)

+ c1 = 0, y(x)
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23.2 problem 2
Internal problem ID [10727]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y

(ax+ b)2
= 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 557� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)^(-2)*y(x)+1,y(x), singsol=all)� �
−a

(
−AiryBi

(
−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

)
c1 +AiryAi

(
−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

))
(1 + a(ax+ b) y(x)) 2 1

3 + 2(ax+ b) (a2)
2
3

(
AiryBi

(
1,−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

)
c1 − AiryAi

(
1,−

2
2
3

(
−a2(ax+b)2y(x)2

2 +
(
−a2x−ab

)
y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1

2

)
2(a2)

1
3 (ax+b)2

))

a2 1
3 (1 + a (ax+ b) y (x))AiryBi

(
−

2
2
3
(
−a2(ax+b)2y(x)2

2 +(−a2x−ab)y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1
2

)
2(a2)

1
3 (ax+b)2

)
+ 2AiryBi

(
1,−

2
2
3
(
−a2(ax+b)2y(x)2

2 +(−a2x−ab)y(x)+a4x3+3a3b x2+3a2b2x+a b3− 1
2

)
2(a2)

1
3 (ax+b)2

)
(a2)

2
3 (ax+ b)

= 0
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3 Solution by Mathematica
Time used: 2.233 (sec). Leaf size: 561� �
DSolve[y[x]*y'[x]==(a*x+b)^(-2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

ay(x)(ax+ b)AiryAi
(

−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+AiryAi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+ 22/3 3

√
a(ax+ b)3AiryAiPrime

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
ay(x)(ax+ b)AiryBi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+AiryBi

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)
+ 22/3 3

√
a(ax+ b)3AiryBiPrime

(
−2x3a4−6bx2a3+(b+ax)2y(x)2a2−6b2xa2−2b3a+2(b+ax)y(x)a+1

2
3
√
2(a(b+ax)3)2/3

)

+ c1 = 0, y(x)
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23.3 problem 3
Internal problem ID [10728]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ −
(
a− 1

ax

)
y = 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(y(x)*diff(y(x),x)=(a-1/(a*x))*y(x)+1,y(x), singsol=all)� �

y(x) =
a2x− RootOf

(
−e_Z − expIntegral1 (−_Z) a2x+ c1a

2x
)

a

3 Solution by Mathematica
Time used: 0.268 (sec). Leaf size: 37� �
DSolve[y[x]*y'[x]==(a-1/(a*x))*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi(a(ax− y(x))) + c1 =

ea(ax−y(x))

a2x
, y(x)

]
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23.4 problem 4
Internal problem ID [10729]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_1st_order, _with_linear_symmetries], [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − y√
ax+ b

= 1

3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=(a*x+b)^(-1/2)*y(x)+1,y(x), singsol=all)� �

2 arctanh
(

−
√
ax+b y(x)a+ax+b√
(1+2a)(ax+b)2

)
ax√

(1 + 2a) (ax+ b)2

+ ln
((

ay(x)2 − 2ax− 2b
)√

ax+ b− 2(ax+ b) y(x)
)

+
2 arctanh

(
−
√
ax+b y(x)a+ax+b√
(1+2a)(ax+b)2

)
b√

(1 + 2a) (ax+ b)2
− ln (ax+ b)

2 − c1 = 0

513



3 Solution by Mathematica
Time used: 0.256 (sec). Leaf size: 90� �
DSolve[y[x]*y'[x]==(a*x+b)^(-1/2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

 ay(x)√
ax+b

−1
√
−2a−1


√
−2a−1 + log

(
−ay(x)2

ax+b
+ 2y(x)√

ax+b
+ 2
)

a
= log(ax+ b)

a
+ c1, y(x)
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23.5 problem 5
Internal problem ID [10730]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 3y√
a x

3
2 + 8x

= 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 293� �
dsolve(y(x)*diff(y(x),x)=3*(a*x^(3/2)+8*x)^(-1/2)*y(x)+1,y(x), singsol=all)� �
(
−

a
√
x
(
−2a x

3
2+

√
x ay(x)2−8

√
x
(
8+

√
x a
)
y(x)−16x

)
(√

x ay(x)−4
√

x
(
8+

√
x a
))2

) 1
4√

2
√
x a+ 16 a

√
x y(x) + 4

√
−
√

2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (√x ay(x)− 4

√
x
(
8 +

√
x a
))∫ −

√
2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (_a2−1

) 1
4

√_a d_a+ c1
4


√

−
√

2
√
x a+16

√
x
(
8+

√
x a
)

√
x ay(x)−4

√
x
(
8+

√
x a
) (√x ay (x)− 4

√
x
(
8 +

√
x a
))

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==3*(a*x^(3/2)+8*x)^(-1/2)*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.6 problem 6
Internal problem ID [10731]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ −
(

a

x
2
3
− 2

3a x 1
3

)
y = 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(y(x)*diff(y(x),x)=(a*x^(-2/3)-2/3*a^(-1)*x^(-1/3))*y(x)+1,y(x), singsol=all)� �
−
√

x
2
3+ay(x)

a4
BesselI

1, 2
√

x
2
3 +ay(x)

a4
3

 c1a
2 + BesselK

1,−2

√
x
2
3 +ay(x)

a4
3

√x
2
3+ay(x)

a4
a2 + x

1
3 BesselI

0, 2
√

x
2
3 +ay(x)

a4
3

 c1 − x
1
3 BesselK

0,−2

√
x
2
3 +ay(x)

a4
3


−BesselI

1, 2
√

x
2
3 +ay(x)

a4
3

√x
2
3+ay(x)

a4
a2 + x

1
3 BesselI

0, 2
√

x
2
3 +ay(x)

a4
3


= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*x^(-2/3)-2/3*a^(-1)*x^(-1/3))*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.7 problem 7
Internal problem ID [10732]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − eλxya = 1

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 83� �
dsolve(y(x)*diff(y(x),x)=a*exp(lambda*x)*y(x)+1,y(x), singsol=all)� �

c1 + a erf
((

λy(x)− exλa
)√

2
2
√
−λ

)
√
2
√
π − 2

√
−λ e

y(x)2λ2−2y(x)exλaλ+a2e2xλ−2xλ2
2λ = 0

3 Solution by Mathematica
Time used: 1.687 (sec). Leaf size: 83� �
DSolve[y[x]*y'[x]==a*Exp[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �

Solve

−aeλx√
λ

= 2e
(
aeλx−λy(x)

)2
2λ

√
2πerfi

(
λy(x)−aeλx√

2
√
λ

)
+ 2c1

, y(x)
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23.8 problem 8
Internal problem ID [10733]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
a eλx + b e−λx

)
y = 1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*exp(lambda*x)+b*exp(-lambda*x))*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Exp[\[Lambda]*x]+b*Exp[-\[Lambda]*x])*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.9 problem 9
Internal problem ID [10734]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ay cosh (x) = 1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*y(x)*cosh(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*y[x]*Cosh[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.10 problem 10
Internal problem ID [10735]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ay sinh (x) = 1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*y(x)*sinh(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*y[x]*Sinh[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.11 problem 11
Internal problem ID [10736]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a cos (λx) y = 1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*cos(lambda*x)*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*Cos[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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23.12 problem 12
Internal problem ID [10737]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.2. Equa-
tions of the form yy′ = f(x)y + 1
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − sin (λx) ya = 1

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*sin(lambda*x)*y(x)+1,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*Sin[\[Lambda]*x]*y[x]+1,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.1 problem 1
Internal problem ID [10738]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (ax+ 3b) y = −ab x2 + c x3 − 2b2x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve(y(x)*diff(y(x),x)=(a*x+3*b)*y(x)+c*x^3-a*b*x^2-2*b^2*x,y(x), singsol=all)� �
x
(

−2y(x)2+x(ax+4b)y(x)−ab x3+c x4−2b2x2

(bx−y(x))2

) 1
4 e−

a arctanh
(

−abx+2c x2+ay(x)
(−bx+y(x))

√
a2+8c

)
2
√

a2+8c y(x) +
√

x2

−bx+y(x) (bx− y(x))


∫ x2

−bx+y(x)
(_a2c+a_a−2

) 1
4 e

−
a arctanh

(
2c_a+a√

a2+8c

)
2
√

a2+8c
√_a d_a

 b+ c1


√

x2

−bx+y(x) (bx− y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*x+3*b)*y[x]+c*x^3-a*b*x^2-2*b^2*x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.2 problem 2
Internal problem ID [10739]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (3ax+ b) y = −x3a2 − ab x2 + cx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 826� �
dsolve(y(x)*diff(y(x),x)=(3*a*x+b)*y(x)-a^2*x^3-a*b*x^2+c*x,y(x), singsol=all)� �
y(x)

= 9x(b2 + 3c) (a2x2 + abx− c)

−b e
RootOf

2a b8 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+20a b6c arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+66a b4c2 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+72a b2c3 arctanh

 b2
(
9b2+27c+2 e_Z

)
9
√

b2
(
b2+4c

)(
b2+3c

)2
+

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a b4+2

√
b2(b2+4c)(b2+3c)2 _Za b4−2

√
b2(b2+4c)(b2+3c)2

√
a2(b2+4c) b3 arctanh

 a(2ax+b)√
a2
(
b2+4c

)
+7

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a b2c+6

√
b2(b2+4c)(b2+3c)2 c1a b2c+14

√
b2(b2+4c)(b2+3c)2 _Za b2c−6

√
b2(b2+4c)(b2+3c)2

√
a2(b2+4c) bc arctanh

 a(2ax+b)√
a2
(
b2+4c

)
+12

√
b2(b2+4c)(b2+3c)2 ln

(
−

(
2b2+9c

)(
a2x2+abx−c

)
x2
(
81b4c−9b4e_Z+486b2c2−27b2c e_Z−b2e2_Z+729c3

)
)
a c2+24

√
b2(b2+4c)(b2+3c)2 c1a c2+24

√
b2(b2+4c)(b2+3c)2 _Za c2


+ 9ax (b2 + 3c)

3 Solution by Mathematica
Time used: 6.592 (sec). Leaf size: 194� �
DSolve[y[x]*y'[x]==(3*a*x+b)*y[x]-a^2*x^3-a*b*x^2+c*x,y[x],x,IncludeSingularSolutions -> True]� �

Solve

2ab
(
RootSum

[
#14a2 +#13ab− 2#12ay(x)−#12c−#1by(x) + y(x)2&, −2#13

a2 log(x−#1)−#12
ab log(x−#1)+2#1ay(x) log(x−#1)+by(x) log(x−#1)+#1c log(x−#1)
−4#13

a2−3#12
ab+4#1ay(x)+2#1c+by(x)

&
]
− log (a(−ax2 − bx+ y(x)) + c)

)
c(3a+ b+ c− 1) = c1, y(x)
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24.3 problem 3
Internal problem ID [10740]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

2yy′ − (7ax+ 5b) y = −3x3a2 − 3b2x− 2c x2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4589� �
dsolve(2*y(x)*diff(y(x),x)=(7*a*x+5*b)*y(x)-3*a^2*x^3-2*c*x^2-3*b^2*x,y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*y[x]*y'[x]==(7*a*x+5*b)*y[x]-3*a^2*x^3-2*c*x^2-3*b^2*x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.4 problem 4
Internal problem ID [10741]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ((3−m)x− 1) y = −(m− 1) ax

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=((3-m)*x-1)*y(x)+(m-1)*(x^2-x^2-a*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==((3-m)*x-1)*y[x]+(m-1)*(x^2-x^2-a*x),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.5 problem 5
Internal problem ID [10742]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ + x
(
a x2 + b

)
y = −x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 179� �
dsolve(y(x)*diff(y(x),x)+x*(a*x^2+b)*y(x)+x=0,y(x), singsol=all)� �
2AiryBi

(
1, 4ay(x)+

(
a x2+b

)2
4a

2
3

)
a

1
3 c1 + c1(a x2 + b)AiryBi

(
4ay(x)+

(
a x2+b

)2
4a

2
3

)
− 2AiryAi

(
1, 4ay(x)+

(
a x2+b

)2
4a

2
3

)
a

1
3 − (a x2 + b)AiryAi

(
4ay(x)+

(
a x2+b

)2
4a

2
3

)
2AiryBi

(
1, 4ay(x)+(a x2+b)2

4a
2
3

)
a

1
3 +AiryBi

(
4ay(x)+(a x2+b)2

4a
2
3

)
(a x2 + b)

= 0

3 Solution by Mathematica
Time used: 0.492 (sec). Leaf size: 143� �
DSolve[y[x]*y'[x]+x*(a*x^2+b)*y[x]+x==0,y[x],x,IncludeSingularSolutions -> True]� �

Solve

(ax2 + b)AiryAi
( (

ax2+b
)2+4ay(x)

4a2/3

)
+ 2 3

√
aAiryAiPrime

( (
ax2+b

)2+4ay(x)
4a2/3

)
(ax2 + b)AiryBi

(
(ax2+b)2+4ay(x)

4a2/3

)
+ 2 3

√
aAiryBiPrime

(
(ax2+b)2+4ay(x)

4a2/3

)
+ c1 = 0, y(x)
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24.6 problem 6
Internal problem ID [10743]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a

(
1− 1

x

)
y = a2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(y(x)*diff(y(x),x)+a*(1-x^(-1))*y(x)=a^2,y(x), singsol=all)� �

y(x) = a
(
−x+RootOf

(
−e_Z − expIntegral1 (−_Z)x+ c1x

))
3 Solution by Mathematica
Time used: 0.208 (sec). Leaf size: 30� �
DSolve[y[x]*y'[x]+a*(1-x^(-1))*y[x]==a^2,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi

(
x+ y(x)

a

)
+ c1 =

e
y(x)
a

+x

x
, y(x)

]
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24.7 problem 7
Internal problem ID [10744]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a

(
1− b

x

)
y = a2b

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 29� �
dsolve(y(x)*diff(y(x),x)-a*(1-b*x^(-1))*y(x)=a^2*b,y(x), singsol=all)� �

y(x) = a
(
−RootOf

(
−e_Zb− expIntegral1 (−_Z)x+ c1x

)
b+ x

)
3 Solution by Mathematica
Time used: 0.293 (sec). Leaf size: 45� �
DSolve[y[x]*y'[x]-a*(1-b*x^(-1))*y[x]==a^2*b,y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
ExpIntegralEi

(
ax− y(x)

ab

)
+ c1 =

be
ax−y(x)

ab

x
, y(x)

]
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24.8 problem 8
Internal problem ID [10745]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 8.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − xn−1((2n+ 1)x+ an) y = −nx2n(x+ a)

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=x^(n-1)*((1+2*n)*x+a*n)*y(x)-n*x^(2*n)*(x+a),y(x), singsol=all)� �
y(x) =

−

2

−

√
−n2 x tan

RootOf
(
−2an e_Z+_a−nx e_Z+_a−tan

(_a√−n2
2

)
_Z√−n2 x+2c1x e_a

)√
−n2

2


2 + n

(
a+ x

2

)
xn

tan
(

RootOf
(
−2an e_Z+_a−nx e_Z+_a−tan

(_a√−n2
2

)
_Z√

−n2 x+2c1x e_a
)√

−n2

2

)
√
−n2 − n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==x^(n-1)*((1+2*n)*x+a*n)*y[x]-n*x^(2*n)*(x+a),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

533



24.9 problem 9
Internal problem ID [10746]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 9.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a(−nb+ x)xn−1y = c
(
x2 − (2n+ 1) bx+ n(1 + n) b2

)
x−1+2n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 1972� �
dsolve(y(x)*diff(y(x),x)=a*(x-n*b)*x^(n-1)*y(x)+c*(x^2-(2*n+1)*b*x+n*(n+1)*b^2)*x^(2*n-1),y(x), singsol=all)� �

Expression too large to display
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3 Solution by Mathematica
Time used: 0.744 (sec). Leaf size: 200� �
DSolve[y[x]*y'[x]==a*(x-n*b)*x^(n-1)*y[x]+c*(x^2-(2*n+1)*b*x+n*(n+1)*b^2)*x^(2*n-1),y[x],x,IncludeSingularSolutions -> True]� �

Solve



a2

−
2aarctanh

a2− 2ac(n+1)y(x)
−bcxn−bcnxn+cxn+1

a
√

a2+4c(n+1)


√

a2+4c(n+1) − log
(
a2
(

ay(x)
−bcxn−bcnxn+cxn+1 + 1

)
− a2c(n+1)y(x)2

(−bcxn−bcnxn+cxn+1)2

)
2c(n+ 1) = a2(log(x− b(n+ 1)) + n log(x))

c(n+ 1)

+ c1, y(x)
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24.10 problem 10
Internal problem ID [10747]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 10.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
a(2n+ k)xk + b

)
xn−1y =

(
−a2nx2k − ab xk + c

)
x−1+2n

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+k)*x^k+b)*x^(n-1)*y(x)+(-a^2*n*x^(2*k)-a*b*x^k+c)*x^(2*n-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+k)*x^k+b)*x^(n-1)*y[x]+(-a^2*n*x^(2*k)-a*b*x^k+c)*x^(2*n-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.11 problem 11
Internal problem ID [10748]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 11.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ −
(
a(2n+ k)x2k + b(2m− k)

)
xm−k−1y = −a2mx4k + c x2k + b2m

x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+k)*x^(2*k)+b*(2*m-k))*x^(m-k-1)*y(x)-(a^2*m*x^(4*k)+c*x^(2*k)+b^2*m)*x^(2*m-2*m-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+k)*x^(2*k)+b*(2*m-k))*x^(m-k-1)*y[x]-(a^2*m*x^(4*k)+c*x^(2*k)+b^2*m)*x^(2*m-2*m-1),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.12 problem 12
Internal problem ID [10749]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 12.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − ((m+ 2L− 3)x+ n− 2L+ 3) y
x

=
(
(m− L− 1)x2 + (n−m− 2L+ 3)x− n+ L− 2

)
x1−2L

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=((m+2*L-3)*x+n-2*L+3)*1/x*y(x)+((m-L-1)*x^2+(n-m-2*L+3)*x-n+L-2)*x^(1-2*L),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==((m+2*L-3)*x+n-2*L+3)*1/x*y[x]+((m-L-1)*x^2+(n-m-2*L+3)*x-n+L-2)*x^(1-2*L),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.13 problem 13
Internal problem ID [10750]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 13.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
a(2n+ 1)x2 + cx+ b(−1 + 2n)

)
xn−2y = −

(
n a2x4 + ac x3 + n b2 + bcx+ d x2)x2n−3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*n+1)*x^2+c*x+b*(2*n-1))*x^(n-2)*y(x)-(n*a^2*x^4+a*c*x^3+d*x^2+b*c*x+n*b^2)*x^(2*n-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*n+1)*x^2+c*x+b*(2*n-1))*x^(n-2)*y[x]-(n*a^2*x^4+a*c*x^3+d*x^2+b*c*x+n*b^2)*x^(2*n-3),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.14 problem 14
Internal problem ID [10751]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 14.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (a(n− 1)x+ b(2λ+ n))xλ−1(ax+ b)−λ−2 y = −(anx+ b(λ+ n))x2λ−1(ax+ b)−2λ−3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(n-1)*x+b*(2*lambda+n))*x^(lambda-1)*(a*x+b)^(-lambda-2)*y(x)-(a*n*x+b*(lambda+n))*x^(2*lambda-1)*(a*x+b)^(-2*lambda-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(n-1)*x+b*(2*\[Lambda]+n))*x^(\[Lambda]-1)*(a*x+b)^(-\[Lambda]-2)*y[x]-(a*n*x+b*(\[Lambda]+n))*x^(2*\[Lambda]-1)*(a*x+b)^(-2*\[Lambda]-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.15 problem 15
Internal problem ID [10752]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 15.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a((m− 1)x+ 1) y
x

= a2(mx+ 1) (x− 1)
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 279� �
dsolve(y(x)*diff(y(x),x)-a*((m-1)*x+1)*1/x*y(x)=a^2*1/x*(m*x+1)*(x-1),y(x), singsol=all)� �

−
27(m− 1)

(
−54m4xa(m+ 2)

(
m+ 1

2

)(∫ 9m
(
(m−1)y(x)+3

(
1
3+
(
x− 1

3
)
m
)
a
)

(m−1)(1+2m)(m+2)(−y(x)+a) _a((m2+m−2
)_a−9m

) 1
1+m

((
2m2−m−1

)_a+9m
) m
1+m

8
((
m2− 1

2m− 1
2
)_a+ 9m

2
)
((m2+m−2)_a−9m)

((
m2+ 5

2m+1
)_a+ 9m

2
)2d_a

)
+ (−y(x) + a)

(1
3 +

(
x− 1

3

)
m
) ( ((−1+x)a+y(x))m2

(1+2m)(−y(x)+a)

) 1
1+m

(
(amx+a−y(x))m
(m+2)(−y(x)+a)

) m
1+m − 2mxc1a(m+2)

(
m+ 1

2
)

27

)
m (2m3 + 3m2 − 3m− 2) ax

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((m-1)*x+1)*1/x*y[x]==a^2*1/x*(m*x+1)*(x-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.16 problem 16
Internal problem ID [10753]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 16.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a

(
1− b√

x

)
y = a2b√

x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 269� �
dsolve(y(x)*diff(y(x),x)-a*(1-b*x^(-1/2))*y(x)=a^2*b*x^(-1/2),y(x), singsol=all)� �
(b2)

1
3 c12

2
3
(
−
√
x+ b

)
AiryBi

(
2
1
3
(
−2

√
x ab+

(
b2+x

)
a−y(x)

)
2(b2)

1
3 a

)
+ 2AiryBi

(
1, 2

1
3
(
−2

√
x ab+

(
b2+x

)
a−y(x)

)
2(b2)

1
3 a

)
c1b− 2AiryAi

(
1, 2

1
3
(
−2

√
x ab+

(
b2+x

)
a−y(x)

)
2(b2)

1
3 a

)
b− (b2)

1
3 2 2

3
(
−
√
x+ b

)
AiryAi

(
2
1
3
(
−2

√
x ab+

(
b2+x

)
a−y(x)

)
2(b2)

1
3 a

)
(b2)

1
3 2 2

3
(
−
√
x+ b

)
AiryBi

(
2
1
3
(
−2

√
x ab+(b2+x)a−y(x)

)
2(b2)

1
3 a

)
+ 2AiryBi

(
1, 2

1
3
(
−2

√
x ab+(b2+x)a−y(x)

)
2(b2)

1
3 a

)
b

= 0
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3 Solution by Mathematica
Time used: 1.905 (sec). Leaf size: 323� �
DSolve[y[x]*y'[x]-a*(1-b*x^(-1/2))*y[x]==a^2*b*x^(-1/2),y[x],x,IncludeSingularSolutions -> True]� �

Solve


3
√
−122/3 3

√(
b−

√
x
)3AiryAi( (− 1

2
)2/3((

b−
√
x
)3)2/3(

a
(
b−

√
x
)2−y(x)

)
ab2/3

(
b−

√
x
)2

)
− 2 3√

bAiryAiPrime
( (

− 1
2
)2/3((

b−
√
x
)3)2/3(

a
(
b−

√
x
)2−y(x)

)
ab2/3

(
b−

√
x
)2

)
3
√
−122/3 3

√(
b−

√
x
)3AiryBi( (− 1

2
)2/3((

b−
√
x
)3)2/3(

a
(
b−

√
x
)2−y(x)

)
ab2/3

(
b−

√
x
)2

)
− 2 3√

bAiryBiPrime
( (

− 1
2
)2/3((

b−
√
x
)3)2/3(

a
(
b−

√
x
)2−y(x)

)
ab2/3

(
b−

√
x
)2

)

+ c1 = 0, y(x)
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24.17 problem 17
Internal problem ID [10754]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 17.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 3y
(ax+ b)

1
3 x

5
3

= 3
(ax+ b)

2
3 x

7
3

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 143� �
dsolve(y(x)*diff(y(x),x)=3*(a*x+b)^(-1/3)*x^(-5/3)*y(x)+3*(a*x+b)^(-2/3)*x^(-7/3),y(x), singsol=all)� �
y(x) =

− 6
√
3

(ax+ b)
1
3 x

2
3

((
(ax+ b)

1
3 x

5
3

(
a

(ax+b)2x4

) 1
3 + 2

)√
3 + 3x 5

3 (ax+ b)
1
3

(
a

(ax+b)2x4

) 1
3 tan

(
RootOf

(
√
3 ln

(
tan
(
_Z

)2
+1(√

3+tan
(
_Z

))2
)

+ 6
√
3 c1 − 2

√
3
(∫ (

a
(ax+b)2x4

) 2
3 (ax+ b)

2
3 x

7
3dx

)
− 6_Z

)))

3 Solution by Mathematica
Time used: 1.769 (sec). Leaf size: 312� �
DSolve[y[x]*y'[x]==3*(a*x+b)^(-1/3)*x^(-5/3)*y[x]+3*(a*x+b)^(-2/3)*x^(-7/3),y[x],x,IncludeSingularSolutions -> True]� �

Solve

16
2

√
3 arctan


−

2
(
x2/3y(x)

3
√
ax+ b+3

)
3√
ax3y(x)

− 1
√
3

+2 log
(
−x2/3y(x) 3

√
ax+ b− 3

3√
ax3y(x)

+1
)
−log


(
x2/3y(x) 3

√
ax+ b+ 3

)2
(ax3)2/3 y(x)2

+x2/3y(x) 3
√
ax+ b+ 3

3√
ax3y(x)

+1


=

3
√
ax

(
− log

(
a2/3x2/3 + 3

√
a 3
√
x

3
√
ax+ b+ (ax+ b)2/3

)
+ 2

√
3 arctan

( √
3 3
√
a 3
√
x

2
3
√
ax+ b+ 3

√
a 3
√
x
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√
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24.18 problem 18
Internal problem ID [10755]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 18.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

3yy′ − (−7λs(3s+ 4λ)x+ 6s− 2λ) y
x

1
3

= 6λsx− 6
x

2
3

+ 2(λs(3s+ 4λ)x+ 5λ) (−λs(3s+ 4λ)x+ 3s+ 4λ)x 1
3

7 Solution by Maple� �
dsolve(3*y(x)*diff(y(x),x)=(-7*lambda*s*(3*s+4*lambda)*x+6*s-2*lambda)*x^(-1/3)*y(x)+6*(lambda*s*x-1)*x^(-2/3)+2*(lambda*s*(3*s+4*lambda)*x+5*lambda)*(-lambda*s*(3*s+4*lambda)*x+3*s+4*lambda)*x^(1/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[3*y[x]*y'[x]==(-7*\[Lambda]*s*(3*s+4*\[Lambda])*x+6*s-2*\[Lambda])*x^(-1/3)*y[x]+6*(\[Lambda]*s*x-1)*x^(-2/3)+2*(\[Lambda]*s*(3*s+4*\[Lambda])*x+5*\[Lambda])*(-\[Lambda]*s*(3*s+4*\[Lambda])*x+3*s+4*\[Lambda])*x^(1/3),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.19 problem 19
Internal problem ID [10756]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 19.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(6x− 1) y
2x = −a2(x− 1) (4x− 1)

2x

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 364� �
dsolve(y(x)*diff(y(x),x)+1/2*a*(6*x-1)*1/x*y(x)=-1/2*a^2*(x-1)*(4*x-1)*1/x,y(x), singsol=all)� �
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√
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√
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√
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√
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√
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√
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7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/2*a*(6*x-1)*1/x*y[x]==-1/2*a^2*(x-1)*(4*x-1)*1/x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.20 problem 20
Internal problem ID [10757]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 20.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ −
a
(
1 + 2b

x2

)
y

2 =
a2
(
3x+ 4b

x

)
16

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(1+2*b*x^(-2))*y(x)=1/16*a^2*(3*x+4*b/x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(1+2*b*x^(-2))*y[x]==1/16*a^2*(3*x+4*b/x),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.21 problem 21
Internal problem ID [10758]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 21.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(13x− 20) y
14x 9

7
= −3a2(x− 1) (x− 8)

14x 11
17

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/14*a*(13*x-20)*x^(-9/7)*y(x)=-3/14*a^2*(x-1)*(x-8)*x^(-11/17),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/14*a*(13*x-20)*x^(-9/7)*y[x]==-3/14*a^2*(x-1)*(x-8)*x^(-11/17),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.22 problem 22
Internal problem ID [10759]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 22.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + 5a(23x− 16) y
56x 9

7
= −3a2(x− 1) (25x− 32)

56x 11
17

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+5/56*a*(23*x-16)*x^(-9/7)*y(x)=-3/56*a^2*(x-1)*(25*x-32)*x^(-11/17),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+5/56*a*(23*x-16)*x^(-9/7)*y[x]==-3/56*a^2*(x-1)*(25*x-32)*x^(-11/17),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.23 problem 23
Internal problem ID [10760]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 23.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(19x+ 85) y
26x 18

13
= −3a2(x− 1) (x+ 25)

26x 23
13

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/26*a*(19*x+85)*x^(-18/13)*y(x)=-3/26*a^2*(x-1)*(x+25)*x^(-23/13),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/26*a*(19*x+85)*x^(-18/13)*y[x]==-3/26*a^2*(x-1)*(x+25)*x^(-23/13),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.24 problem 24
Internal problem ID [10761]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 24.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(13x− 18) y
15x 7

5
= −4a2(x− 1) (x− 6)

15x 9
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/15*a*(13*x-18)*x^(-7/5)*y(x)=-4/15*a^2*(x-1)*(x-6)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/15*a*(13*x-18)*x^(-7/5)*y[x]==-4/15*a^2*(x-1)*(x-6)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.25 problem 25
Internal problem ID [10762]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 25.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(5x+ 1) y
2
√
x

= a2
(
−x2 + 1

)

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/2*a*(5*x+1)*x^(-1/2)*y(x)=a^2*(1-x^2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/2*a*(5*x+1)*x^(-1/2)*y[x]==a^2*(1-x^2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.26 problem 26
Internal problem ID [10763]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 26.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ + 3a(19x− 14)x 7
5y

35 = −4a2(x− 1) (9x− 14)x 9
5

35

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/35*a*(19*x-14)*x^(7/5)*y(x)=-4/35*a^2*(x-1)*(9*x-14)*x^(9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/35*a*(19*x-14)*x^(7/5)*y[x]==-4/35*a^2*(x-1)*(9*x-14)*x^(9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.27 problem 27
Internal problem ID [10764]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 27.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + 3a(3x+ 7) y
10x 13

10
= −a2(x− 1) (x+ 9)

5x 8
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/10*a*(3*x+7)*x^(-13/10)*y(x)=-1/5*a^2*(x-1)*(x+9)*x^(-8/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/10*a*(3*x+7)*x^(-13/10)*y[x]==-1/5*a^2*(x-1)*(x+9)*x^(-8/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

554



24.28 problem 28
Internal problem ID [10765]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 28.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(7x− 12) y
10x 7

5
= −a2(x− 1) (x− 16)

10x 9
5

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 758� �
dsolve(y(x)*diff(y(x),x)+1/10*a*(7*x-12)*x^(-7/5)*y(x)=-1/10*a^2*(x-1)*(x-16)*x^(-9/5),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/10*a*(7*x-12)*x^(-7/5)*y[x]==-1/10*a^2*(x-1)*(x-16)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.29 problem 29
Internal problem ID [10766]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 29.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + 3a(13x− 8) y
20x 7

5
= −a2(x− 1) (27x− 32)

20x 9
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/20*a*(13*x-8)*x^(-7/5)*y(x)=-1/20*a^2*(x-1)*(27*x-32)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/20*a*(13*x-8)*x^(-7/5)*y[x]==-1/20*a^2*(x-1)*(27*x-32)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.30 problem 30
Internal problem ID [10767]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 30.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + 3a(3x+ 11) y
14x 10

7
= −a2(x− 1) (x− 27)

14x 13
7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+3/14*a*(3*x+11)*x^(-10/7)*y(x)=-1/14*a^2*(x-1)*(x-27)*x^(-13/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+3/14*a*(3*x+11)*x^(-10/7)*y[x]==-1/14*a^2*(x-1)*(x-27)*x^(-13/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.31 problem 31
Internal problem ID [10768]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 31.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(1 + x) y
2x 7

4
= a2(x− 1) (3x+ 5)

4x 5
2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 187� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(x+1)*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(3*x+5)*x^(-5/2),y(x), singsol=all)� �
36

√√√√√− (−1+x)a+x
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) √
13 55
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2
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1
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5
6
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−
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3
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3
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5
6
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x
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4
(
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)
) 4

3

x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(x+1)*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(3*x+5)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.32 problem 32
Internal problem ID [10769]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 32.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(1 + x) y
2x 7

4
= a2(x− 1) (x+ 5)

4x 5
2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*(x+1)*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(x+5)*x^(-5/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*(x+1)*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(x+5)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.33 problem 33
Internal problem ID [10770]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 33.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(4x+ 3) y
14x 8

7
= −a2(x− 1) (16x+ 5)

14x 9
7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/14*a*(4*x+3)*x^(-8/7)*y(x)=-1/14*a^2*(x-1)*(16*x+5)*x^(-9/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/14*a*(4*x+3)*x^(-8/7)*y[x]==-1/14*a^2*(x-1)*(16*x+5)*x^(-9/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.34 problem 34
Internal problem ID [10771]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 34.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(13x− 3) y
6x 2

3
= −a2(x− 1) (5x− 1)

6x 1
3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/6*a*(13*x-3)*x^(-2/3)*y(x)=-1/6*a^2*(x-1)*(5*x-1)*x^(-1/3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/6*a*(13*x-3)*x^(-2/3)*y[x]==-1/6*a^2*(x-1)*(5*x-1)*x^(-1/3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.35 problem 35
Internal problem ID [10772]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 35.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(8x− 1) y
28x 8

7
= a2(x− 1) (32x+ 3)

28x 9
7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/28*a*(8*x-1)*x^(-8/7)*y(x)=1/28*a^2*(x-1)*(32*x+3)*x^(-9/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/28*a*(8*x-1)*x^(-8/7)*y[x]==1/28*a^2*(x-1)*(32*x+3)*x^(-9/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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24.36 problem 36
Internal problem ID [10773]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 36.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(5x− 4) y
x4 = a2(x− 1) (3x− 1)

x7

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 167� �
dsolve(y(x)*diff(y(x),x)-a*(5*x-4)*x^(-4)*y(x)=a^2*(x-1)*(3*x-1)*x^(-7),y(x), singsol=all)� �

c1 −
9 2 2

3

√
x3y(x)+ax−a
(y(x)x2+a)x

(
x− 3

4

)
5 1

6

5x
(
− a

(y(x)x2+a)x

) 1
3
(

3x3y(x)+3ax−a
(y(x)x2+a)x

) 1
6

− 729

∫
9x3y(x)

5 +9ax
5 − 27a

20(
y(x)x2+a

)
x _a

√
20_a− 9

(5_a− 9)
1
3 (9 + 4_a)

1
6 (400_a3 − 1701_a+ 729)

d_a


= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(5*x-4)*x^(-4)*y[x]==a^2*(x-1)*(3*x-1)*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

563



24.37 problem 37
Internal problem ID [10774]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 37.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 2a(3x− 10) y
5x4 = a2(x− 1) (8x− 5)

5x7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-2/5*a*(3*x-10)*x^(-4)*y(x)=1/5*a^2*(x-1)*(8*x-5)*x^(-7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-2/5*a*(3*x-10)*x^(-4)*y[x]==1/5*a^2*(x-1)*(8*x-5)*x^(-7),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

564



24.38 problem 38
Internal problem ID [10775]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 38.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(39x− 4) y
42x 9

7
= −a2(x− 1) (9x− 1)

42x 11
7

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/42*a*(39*x-4)*x^(-9/7)*y(x)=-1/42*a^2*(x-1)*(9*x-1)*x^(-11/7),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/42*a*(39*x-4)*x^(-9/7)*y[x]==-1/42*a^2*(x-1)*(9*x-1)*x^(-11/7),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

565



24.39 problem 39
Internal problem ID [10776]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 39.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(x− 2) y
x

= 2a2(x− 1)
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 116� �
dsolve(y(x)*diff(y(x),x)+a*(x-2)*x^(-1)*y(x)=2*a^2*(x-1)*x^(-1),y(x), singsol=all)� �√

(1−x)a−y(x)
ax+y(x) e

ax+y(x)
2a y(x) + x

(∫ a
ax+y(x)

√_a−1 e
1

2_a
√_a d_a+ c1

)√
a

ax+y(x) (ax+ y(x))√
a

ax+y(x) x (ax+ y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(x-2)*x^(-1)*y[x]==2*a^2*(x-1)*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.40 problem 40
Internal problem ID [10777]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 40.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(3x− 2) y
x

= −2a2(x− 1)2

x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a*(3*x-2)*x^(-1)*y(x)=-2*a^2*(x-1)^2*x^(-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(3*x-2)*x^(-1)*y[x]==-2*a^2*(x-1)^2*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.41 problem 41
Internal problem ID [10778]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 41.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ +
a
(
1− b

x2

)
y

x
= a2b

x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a*(1-b*x^(-2))*x^(-1)*y(x)=a^2*b*x^(-1),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(1-b*x^(-2))*x^(-1)*y[x]==a^2*b*x^(-1),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

568



24.42 problem 42
Internal problem ID [10779]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 42.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(3x− 4) y
4x 5

2
= a2(x− 1) (x+ 2)

4x4

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/4*a*(3*x-4)*x^(-5/2)*y(x)=1/4*a^2*(x-1)*(x+2)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/4*a*(3*x-4)*x^(-5/2)*y[x]==1/4*a^2*(x-1)*(x+2)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

569



24.43 problem 43
Internal problem ID [10780]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 43.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(33x+ 2) y
30x 6

5
= −a2(x− 1) (9x− 4)

30x 7
5

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 4330� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(33*x+2)*x^(-6/5)*y(x)=-1/30*a^2*(x-1)*(9*x-4)*x^(-7/5),y(x), singsol=all)� �

Expression too large to display

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(33*x+2)*x^(-6/5)*y[x]==-1/30*a^2*(x-1)*(9*x-4)*x^(-7/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

570



24.44 problem 44
Internal problem ID [10781]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 44.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(x− 8) y
8x 5

2
= −a2(x− 1) (3x− 4)

8x4

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/8*a*(x-8)*x^(-5/2)*y(x)=-1/8*a^2*(x-1)*(3*x-4)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/8*a*(x-8)*x^(-5/2)*y[x]==-1/8*a^2*(x-1)*(3*x-4)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

571



24.45 problem 45
Internal problem ID [10782]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 45.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(17x+ 18) y
30x 22

15
= −a2(x− 1) (x+ 4)

30x 29
15

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(17*x+18)*x^(-22/15)*y(x)=-1/30*a^2*(x-1)*(x+4)*x^(-29/15),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(17*x+18)*x^(-22/15)*y[x]==-1/30*a^2*(x-1)*(x+4)*x^(-29/15),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

572



24.46 problem 46
Internal problem ID [10783]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 46.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(6x− 13) y
13x 5

2
= −a2(x− 1) (x− 13)

26x4

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/13*a*(6*x-13)*x^(-5/2)*y(x)=-1/26*a^2*(x-1)*(x-13)*x^(-4),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/13*a*(6*x-13)*x^(-5/2)*y[x]==-1/26*a^2*(x-1)*(x-13)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

573



24.47 problem 47
Internal problem ID [10784]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 47.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(24x+ 11)x 27
20y

30 = −a2(x− 1) (9x+ 1)
60x 17

10

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/30*a*(24*x+11)*x^(27/20)*y(x)=-1/60*a^2*(x-1)*(9*x+1)*x^(-17/10),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/30*a*(24*x+11)*x^(27/20)*y[x]==-1/60*a^2*(x-1)*(9*x+1)*x^(-17/10),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

574



24.48 problem 48
Internal problem ID [10785]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 48.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 2a(3x+ 2) y
5x 8

5
= a2(x− 1) (8x+ 1)

5x 11
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-2/5*a*(3*x+2)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(8*x+1)*x^(-11/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-2/5*a*(3*x+2)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(8*x+1)*x^(-11/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

575



24.49 problem 49
Internal problem ID [10786]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 49.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 6a(4x+ 1) y
5x 7

5
= a2(x− 1) (27x+ 8)

5x 9
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-6/5*a*(4*x+1)*x^(-7/5)*y(x)=1/5*a^2*(x-1)*(27*x+8)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-6/5*a*(4*x+1)*x^(-7/5)*y[x]==1/5*a^2*(x-1)*(27*x+8)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

576



24.50 problem 50
Internal problem ID [10787]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 50.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(x+ 4) y
5x 8

5
= a2(x− 1) (3x+ 7)

5x 3
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/5*a*(x+4)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(3*x+7)*x^(-3/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/5*a*(x+4)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(3*x+7)*x^(-3/5),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

577



24.51 problem 51
Internal problem ID [10788]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 51.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(x+ 4) y
5x 8

5
= a2(x− 1) (3x+ 7)

5x 11
5

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 190� �
dsolve(y(x)*diff(y(x),x)-1/5*a*(x+4)*x^(-8/5)*y(x)=1/5*a^2*(x-1)*(3*x+7)*x^(-11/5),y(x), singsol=all)� �
360 2
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3
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2
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x
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a

x
3
5
(
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2
5
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) 5

3

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/5*a*(x+4)*x^(-8/5)*y[x]==1/5*a^2*(x-1)*(3*x+7)*x^(-11/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

578



24.52 problem 52
Internal problem ID [10789]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 52.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a(2x− 1) y
x

5
2

= a2(x− 1) (3x+ 1)
2x4

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 189� �
dsolve(y(x)*diff(y(x),x)-a*(2*x-1)*x^(-5/2)*y(x)=1/2*a^2*(x-1)*(3*x+1)*x^(-4),y(x), singsol=all)� �
18

√
(−1+x)a+y(x)x

3
2

x
(
y(x)

√
x+a

) √
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√
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√
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= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(2*x-1)*x^(-5/2)*y[x]==1/2*a^2*(x-1)*(3*x+1)*x^(-4),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.53 problem 53
Internal problem ID [10790]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 53.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(x− 6) y
5x 7

5
= 2a2(x− 1) (x+ 4)

5x 9
5

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 156� �
dsolve(y(x)*diff(y(x),x)+1/5*a*(x-6)*x^(-7/5)*y(x)=2/5*a^2*(x-1)*(x+4)*x^(-9/5),y(x), singsol=all)� �
c1
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80
√
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(
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5 a
)

9
(

a

x
2
5
(
y(x)+x

3
5 a
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) 5

2 (
a (x+ 4) + y (x)x 2

5

)2 (
y (x)x 2

5 + ax
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x

= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/5*a*(x-6)*x^(-7/5)*y[x]==2/5*a^2*(x-1)*(x+4)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

580



24.54 problem 54
Internal problem ID [10791]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 54.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ + a(21x+ 19) y
5x 7

5
= −2a2(x− 1) (9x− 4)

5x 9
5

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+1/5*a*(21*x+19)*x^(-7/5)*y(x)=-2/5*a^2*(x-1)*(9*x-4)*x^(-9/5),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+1/5*a*(21*x+19)*x^(-7/5)*y[x]==-2/5*a^2*(x-1)*(9*x-4)*x^(-9/5),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

581



24.55 problem 55
Internal problem ID [10792]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 55.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − 3ay
x

7
4

= a2(x− 1) (x− 9)
4x 5

2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-3*a*x^(-7/4)*y(x)=1/4*a^2*(x-1)*(x-9)*x^(-5/2),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-3*a*x^(-7/4)*y[x]==1/4*a^2*(x-1)*(x-9)*x^(-5/2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

582



24.56 problem 56
Internal problem ID [10793]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 56.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

yy′ − a((1 + k)x− 1) y
x2 = a2(1 + k) (x− 1)

x2

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 143� �
dsolve(y(x)*diff(y(x),x)-a*((k+1)*x-1)*x^(-2)*y(x)=a^2*(k+1)*(x-1)*x^(-2),y(x), singsol=all)� �
(

ax
−y(x)x+a

)− 1
1+k

x2
(

(−1+x)a+y(x)x
−y(x)x+a

) 1
1+k e

−y(x)x+a
a(1+k)x y(x)−

(∫ ax
−y(x)x+a (_a− 1)

1
1+k e

1
(1+k)_a_a−

1
1+kd_a− c1

)
(−y(x)x+ a)

−y (x)x+ a
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((k+1)*x-1)*x^(-2)*y[x]==a^2*(k+1)*(x-1)*x^(-2),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

583



24.57 problem 57
Internal problem ID [10794]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 57.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a((k − 2)x+ 2k − 3)x−ky = a2(k − 2) (x− 1)2 x1−2k

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*( (k-2)*x + 2*k - 3)*x^(-k)*y(x)=a^2*(k-2)*(x-1)^2*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*( (k-2)*x + 2*k - 3)*x^(-k)*y[x]==a^2*(k-2)*(x-1)^2*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

584



24.58 problem 58
Internal problem ID [10795]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 58.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a((4k − 7)x− 4k + 5)x−ky

2 = a2(−3 + 2k) (x− 1)2 x1−2k

2

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-1/2*a*( (4*k-7)*x - 4*k + 5)*x^(-k)*y(x)=1/2*a^2*(2*k-3)*(x-1)^2*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-1/2*a*( (4*k-7)*x - 4*k + 5)*x^(-k)*y[x]==1/2*a^2*(2*k-3)*(x-1)^2*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

585



24.59 problem 59
Internal problem ID [10796]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 59.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ((−1 + 2n)x− an)x−n−1y = n(x− a)x−2n

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 151� �
dsolve(y(x)*diff(y(x),x)-((2*n-1)*x-a*n)*x^(-n-1)*y(x)=n*(x-a)*x^(-2*n),y(x), singsol=all)� �
y(x)

=

2

−

√
−n2 x tan

RootOf
(
−2an e_Z+_a+nx e_Z+_a−tan

(_a√−n2
2

)
_Z√−n2 x+2c1x e_a

)√
−n2

2


2 +

(
a− x

2

)
n

x−n

tan
(

RootOf
(
−2an e_Z+_a+nx e_Z+_a−tan

(_a√−n2
2

)
_Z√

−n2 x+2c1x e_a
)√

−n2

2

)
√
−n2 + n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-((2*n-1)*x-a*n)*x^(-n-1)*y[x]==n*(x-a)*x^(-2*n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

586



24.60 problem 60
Internal problem ID [10797]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 60.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ((1 + n)x− an)xn−1(x− a)−2−n y = nx2n(x− a)−2n−3

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-((n+1)*x-a*n)*x^(n-1)*(x-a)^(-n-2)*y(x)=n*x^(2*n)*(x-a)^(-2*n-3),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-((n+1)*x-a*n)*x^(n-1)*(x-a)^(-n-2)*y[x]==n*x^(2*n)*(x-a)^(-2*n-3),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

587



24.61 problem 61
Internal problem ID [10798]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 61.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a((−3 + 2k)x+ 1)x−ky = a2(k − 2) ((k − 1)x+ 1)x2−2k

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*((2*k-3)*x+1)*x^(-k)*y(x)=a^2*(k-2)*((k-1)*x+1)*x^(2*(1-k)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((2*k-3)*x+1)*x^(-k)*y[x]==a^2*(k-2)*((k-1)*x+1)*x^(2*(1-k)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

588



24.62 problem 62
Internal problem ID [10799]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 62.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a((n+ 2k − 3)x+ 3− 2k)x−ky = a2
(
(k + n− 1)x2 − (n+ 2k − 3)x+ k − 2

)
x1−2k

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a*((n+2*k-3)*x+3-2*k)*x^(-k)*y(x)=a^2*((n+k-1)*x^2-(n+2*k-3)*x+k-2)*x^(1-2*k),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((n+2*k-3)*x+3-2*k)*x^(-k)*y[x]==a^2*((n+k-1)*x^2-(n+2*k-3)*x+k-2)*x^(1-2*k),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

589



24.63 problem 63
Internal problem ID [10800]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 63.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a((2 + n)x− 2)x− 2n+1
n y

n
= a2((1 + n)x2 − 2x− n+ 1)x− 2+3n

n

n

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a/n*((n+2)*x-2)*x^(-(2*n+1)/n)*y(x)=a^2/n*((n+1)*x^2-2*x-n+1)*x^(-(3*n+2)/n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a/n*((n+2)*x-2)*x^(-(2*n+1)/n)*y[x]==a^2/n*((n+1)*x^2-2*x-n+1)*x^(-(3*n+2)/n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

590



24.64 problem 64
Internal problem ID [10801]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 64.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
a
(

(n+4)x
2+n

− 2
)
x− 2n+1

n y

n
= a2(2x2 + (n2 + n− 4)x− (n− 1) (2 + n))x− 2+3n

n

n (2 + n)

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)-a/n*((n+4)/(n+2)*x-2)*x^(-(2*n+1)/n)*y(x)=a^2/(n*(n+2))*(2*x^2+(n^2+n-4)*x-(n-1)*(n+2))*x^(-(3*n+2)/n),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a/n*((n+4)/(n+2)*x-2)*x^(-(2*n+1)/n)*y[x]==a^2/(n*(n+2))*(2*x^2+(n^2+n-4)*x-(n-1)*(n+2))*x^(-(3*n+2)/n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

591



24.65 problem 65
Internal problem ID [10802]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 65.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ +
a
(

(3n+5)x
2 + n−1

1+n

)
x−n+4

n+3y

n+ 3 = −
a2
(
(1 + n)x2 −

(
n2+2n+5

)
x

1+n
+ 4

1+n

)
x−n+5

n+3

2n+ 6

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)+a/(n+3)*((3*n+5)/(2)*x+(n-1)/(n+1))*x^(-(n+4)/(n+3))*y(x)=-a^2/(2*(n+3))*((n+1)*x^2-(n^2+2*n+5)/(n+1)*x+4/(n+1))*x^(-(n+5)/(n+3)),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a/(n+3)*((3*n+5)/(2)*x+(n-1)/(n+1))*x^(-(n+4)/(n+3))*y[x]==-a^2/(2*(n+3))*((n+1)*x^2-(n^2+2*n+5)/(n+1)*x+4/(n+1))*x^(-(n+5)/(n+3)),y[x],x,IncludeSingularSolutions -> True]� �
Timed out

592



24.66 problem 66
Internal problem ID [10803]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 66.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a

(
2 + n

n
+ b xn

)
y = −

a2x
(1+n

n
+ b xn

)
n

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 192� �
dsolve(y(x)*diff(y(x),x)-a*((n+2)/n+b*x^n)*y(x)=-a^2/n*x*((n+1)/n+b*x^n),y(x), singsol=all)� �

−n

√
−(n+ 1)2

n2


∫ 2 arctan

 2xn+1abn+(n+1)(ax−y(x)n)√
− (n+1)2

n2 n(ax−y(x)n)


√

− (n+1)2
n2 tan

_a
√

− (n+1)2
n2

2

 e−_ad_a



+ (−2bn xn − n− 1) e
−

2 arctan

 2xn+1abn+(n+1)(ax−y(x)n)√
− (n+1)2

n2 n(ax−y(x)n)


√

− (n+1)2
n2 + c1 = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*((n+2)/n+b*x^n)*y[x]==-a^2/n*x*((n+1)/n+b*x^n),y[x],x,IncludeSingularSolutions -> True]� �
Not solved

593



24.67 problem 67
Internal problem ID [10804]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 67.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (a ex + b) y = c e2x − ab ex − b2

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 153� �
dsolve(y(x)*diff(y(x),x)=(a*exp(x)+b)*y(x)+c*exp(2*x)-a*b*exp(x)-b^2,y(x), singsol=all)� �

√
c e2x − (b− y (x)) (a ex + b− y (x))

(b− y (x))2
y(x) e−

a arctanh
(

(b−y(x))a−2 exc√
a2+4c (b−y(x))

)
√

a2+4c

− b

∫ ex
−b+y(x)

√
_a2c+ a_a− 1 e−

a arctanh
(

2c_a+a√
a2+4c

)
√

a2+4c

_a d_a

+ c1 = 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Exp[x]+b)*y[x]+c*Exp[2*x]-a*b*Exp[x]-b^2,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

594



24.68 problem 68
Internal problem ID [10805]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 68.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
a(2µ+ λ) eλx + b

)
eµxy =

(
−a2µ e2λx − ab eλx + c

)
e2µx

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*(2*mu+lambda)*exp(lambda*x)+b)*exp(mu*x)*y(x)+(-a^2*mu*exp(2*lambda*x)-a*b*exp(lambda*x)+c)*exp(2*mu*x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*(2*\[Mu]+\[Lambda])*Exp[\[Lambda]*x]+b)*Exp[\[Mu]*x]*y[x]+(-a^2*\[Mu]*Exp[2*\[Lambda]*x]-a*b*Exp[\[Lambda]*x]+c)*Exp[2*\[Mu]*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

595



24.69 problem 69
Internal problem ID [10806]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 69.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
a eλx + b

)
y = c

(
a2e2λx + ab(λx+ 1) eλx + b2λx

)
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 257� �
dsolve(y(x)*diff(y(x),x)=(a*exp(lambda*x)+b)*y(x)+c*(a^2*exp(2*lambda*x)+a*b*(lambda*x+1)*exp(lambda*x)+b^2*lambda*x),y(x), singsol=all)� �√

(4cλ+ 1) (3cλ+ 1)2
(
cλ
2 + 1

6

)
ln
(

(3cλ+1)2
(
b2c λ2x2+2 exλabcλx+e2xλa2c+bλxy(x)+a exλy(x)−λy(x)2

)
c

(9cλ+2)y(x)2

)
− 3
(
cλ+ 1

3

)2 arctanh( (3cλ+1)
(
2bcλx+2 exλac+y(x)

)√
(4cλ+1)(3cλ+1)2 y(x)

)
+
√
(4cλ+ 1) (3cλ+ 1)2

((
−cλ− 1

3

)
ln
(

(3cλ+1)
(
bλx+exλa

)
c

y(x)

)
+
(
cλ+ 1

3

)
ln
(
bλx+ exλa

)
− c1cλ

)
√

(4cλ+ 1) (3cλ+ 1)2 cλ
= 0

596



3 Solution by Mathematica
Time used: 0.494 (sec). Leaf size: 134� �
DSolve[y[x]*y'[x]==(a*Exp[\[Lambda]*x]+b)*y[x]+c*(a^2*Exp[2*\[Lambda]*x]+a*b*(\[Lambda]*x+1)*Exp[\[Lambda]*x]+b^2*\[Lambda]*x),y[x],x,IncludeSingularSolutions -> True]� �

Solve

−
2 arctan

 2cλy(x)
aceλx+bcλx

−1
√
−4cλ−1


√
−4cλ−1 + log

(
− cλy(x)2(

aceλx+bcλx
)2 + y(x)

aceλx+bcλx
+ 1
)

2cλ =
log
(
aceλx + bcλx

)
cλ

+ c1, y(x)
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24.70 problem 70
Internal problem ID [10807]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 70.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − eλx(2aλx+ a+ b) y = −e2λx
(
a2λx2 + abx+ c

)
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 118� �
dsolve(y(x)*diff(y(x),x)=exp(lambda*x)*(2*a*lambda*x+a+b)*y(x)-exp(2*lambda*x)*(a^2*lambda*x^2+a*b*x+c),y(x), singsol=all)� �
y(x)

=

tan

RootOf

2axλ e_Z+_a−
√

− b2−4cλ
a2 tan

_a
√

− b2−4cλ
a2

2

_Za+b e_Z+_a+2c1a e_a
√−b2+4cλ

a2

2

 a
√

−b2+4cλ
a2

+ 2xaλ+ b

 exλ

2λ

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==Exp[\[Lambda]*x]*(2*a*\[Lambda]*x+a+b)*y[x]-Exp[2*\[Lambda]*x]*(a^2*\[Lambda]*x^2+a*b*x+c),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.71 problem 71
Internal problem ID [10808]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 71.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − eax
(
2a x2 + b+ 2x

)
y = e2ax

(
−a x4 − b x2 + c

)
7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=exp(a*x)*(2*a*x^2+2*x+b)*y(x)+exp(2*a*x)*(-a*x^4-b*x^2+c),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==Exp[a*x]*(2*a*x^2+2*x+b)*y[x]+Exp[2*a*x]*(-a*x^4-b*x^2+c),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.72 problem 72
Internal problem ID [10809]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 72.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ + a(2bx+ 1) ebxy = −a2b x2e2bx

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 53� �
dsolve(y(x)*diff(y(x),x)+a*(1+2*b*x)*exp(b*x)*y(x)=-a^2*b*x^2*exp(2*b*x),y(x), singsol=all)� �

y(x) = −
ebxa

(
bxRootOf

(
−e_Zbx− expIntegral1 (−_Z) + c1

)
− 1
)

RootOf (−e_Zbx− expIntegral1 (−_Z) + c1) b

3 Solution by Mathematica
Time used: 0.736 (sec). Leaf size: 59� �
DSolve[y[x]*y'[x]+a*(1+2*b*x)*Exp[b*x]*y[x]==-a^2*b*x^2*Exp[2*b*x],y[x],x,IncludeSingularSolutions -> True]� �

Solve
[
bxe

aebx

abxebx+by(x) = ExpIntegralEi
(

aebx

abebxx+ by(x)

)
+ c1, y(x)

]
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24.73 problem 73
Internal problem ID [10810]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 73.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − a(1 + 2n+ 2n(1 + n)x) e(1+n)xy = −a2n(1 + n) (xn+ 1)x e2(1+n)x

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 130� �
dsolve(y(x)*diff(y(x),x)-a*(1+2*n+2*n*(n+1)*x)*exp((n+1)*x)*y(x)=-a^2*n*(n+1)*(1+n*x)*x*exp(2*(n+1)*x),y(x), singsol=all)� �
y(x)

=

e(n+1)xa

1 + 2xn2 +

tan


RootOf

2xn2e_Z+_a−tan

_a
√

− (n+1)2
n2

2

_Z
√

− (n+1)2
n2 n+2nx e_Z+_a+n e_Z+_a+2c1n e_a+e_Z+_a


√

− (n+1)2
n2

2


√

− (n+1)2
n2 + 2x+ 1

n


2n+ 2

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]-a*(1+2*n+2*n*(n+1)*x)*Exp[(n+1)*x]*y[x]==-a^2*n*(n+1)*(1+n*x)*x*Exp[2*(n+1)*x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.74 problem 74
Internal problem ID [10811]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 74.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ + a
(
1 + 2b

√
x
)
e2b

√
xy = −a2b x

3
2 e4b

√
x

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 307� �
dsolve(y(x)*diff(y(x),x)+a*(1+2*b*x^(1/2))*exp(2*b*x^(1/2))*y(x)=-a^2*b*x^(3/2)*exp(4*b*x^(1/2)),y(x), singsol=all)� �√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

) √x BesselI
(
1,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

)) c1b− BesselK
(
1,−

√
a e2b

√
x

b2
(
e2b

√
xax+y(x)

))√ a e2b
√

x

b2
(
e2b

√
xax+y(x)

) b√x− BesselI
(
0,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

)) c1 + BesselK
(
0,−

√
a e2b

√
x

b2
(
e2b

√
xax+y(x)

))
BesselI

(
1,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

))√ a e2b
√
x

b2
(
e2b

√
xax+y(x)

) b√x− BesselI
(
0,
√

a e2b
√
x

b2
(
e2b

√
xax+y(x)

))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]+a*(1+2*b*x^(1/2))*Exp[2*b*x^(1/2)]*y[x]==-a^2*b*x^(3/2)*exp(4*b*x^(1/2)),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.75 problem 75
Internal problem ID [10812]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 75.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (a cosh (x) + b) y = −ab sinh (x) + c

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*cosh(x)+b)*y(x)-a*b*sinh(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Cosh[x]+b)*y[x]-a*b*Sinh[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.76 problem 76
Internal problem ID [10813]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 76.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (a sinh (x) + b) y = −ab cosh (x) + c

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(a*sinh(x)+b)*y(x)-a*b*cosh(x)+c,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(a*Sinh[x]+b)*y[x]-a*b*Cosh[x]+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

604



24.77 problem 77
Internal problem ID [10814]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 77.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − (2 ln (x) + a+ 1) y = x
(
− ln (x)2 − a ln (x) + b

)
3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 163� �
dsolve(y(x)*diff(y(x),x)=(2*ln(x)+a+1)*y(x)+x*( -(ln(x))^2-a*ln(x)+b),y(x), singsol=all)� �
y(x)

=

x

− tanh


RootOf

−
√
a2+4b tanh

(_Z√a2+4b
2

)
e_Z+e

−
2 arctanh

(
2_a−a√
a2+4b

)
√

a2+4b tanh
(_Z√a2+4b

2

)√
a2+4b+2 ln(x)e_Z+e_Za−e

−
2 arctanh

(
2_a−a√
a2+4b

)
√

a2+4b a+2c1

√
a2+4b

2


√
a2 + 4b+ 2 ln (x) + a


2

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(2*Log[x]+a+1)*y[x]+x*( -(Log[x])^2-a*Log[x]+b),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.78 problem 78
Internal problem ID [10815]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 78.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ −
(
2 ln (x)2 + 2 ln (x) + a

)
y = x

(
− ln (x)4 − ln (x)2 a+ b

)
7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=(2*(ln(x))^2+2*ln(x)+a)*y(x)+x*(- (ln(x))^4-a*(ln(x))^2+b),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==(2*(Log[x])^2+2*Log[x]+a)*y[x]+x*(- (Log[x])^4-a*(Log[x])^2+b),y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.79 problem 79
Internal problem ID [10816]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 79.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ax cos
(
λx2) y = x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*x*cos(lambda*x^2)*y(x)+x,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*x*Cos[\[Lambda]*x^2]*y[x]+x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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24.80 problem 80
Internal problem ID [10817]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.3-2.
Equations of the form yy′ = f1(x)y + f0(x)
Problem number: 80.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [[_Abel, ‘2nd type‘, ‘class A‘]]

yy′ − ax sin
(
λx2) y = x

7 Solution by Maple� �
dsolve(y(x)*diff(y(x),x)=a*x*sin(lambda*x^2)*y(x)+x,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y[x]*y'[x]==a*x*Sin[\[Lambda]*x^2]*y[x]+x,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.1 problem 1
Internal problem ID [10818]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 1.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class C‘], _exact, _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

(Ay +Bx+ a) y′ +By = −kx− b

3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 87� �
dsolve((A*y(x)+B*x+a)*diff(y(x),x)+B*y(x)+k*x+b=0,y(x), singsol=all)� �
y(x)

=
−
√

− (Ak −B2) ((kx+ b)A−B2x−Ba)2 c21 + A+ (k(−Bx− a)A+ xB3 + aB2) c1
Ac1 (Ak −B2)

3 Solution by Mathematica
Time used: 18.19 (sec). Leaf size: 106� �
DSolve[(A*y[x]+B*x+a)*y'[x]+B*y[x]+k*x+b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −

√
(a+Bx)2

A
+Ac1−x(2b+kx)√

1
A

+ a+Bx

A

y(x) → −a+Bx

A
+
√

1
A

√
(a+Bx)2

A
+ Ac1 − x(2b+ kx)
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25.2 problem 2
Internal problem ID [10819]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 2.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [[_homogeneous, ‘class C‘], _rational, [_Abel, ‘2nd type‘, ‘class A‘]]

(y + ax+ b) y′ − αy = βx+ γ

3 Solution by Maple
Time used: 0.219 (sec). Leaf size: 211� �
dsolve((y(x)+a*x+b)*diff(y(x),x)=alpha*y(x)+beta*x+gamma,y(x), singsol=all)� �
y(x)

=
((ax+ b)α− xβ − γ)

√
−a2 + 2aα− α2 − 4β tan

(
RootOf

(
−2

√
−a2 + 2aα− α2 − 4β ln (2) +

√
−a2 + 2aα− α2 − 4β ln

(
− sec (_Z)2 (a2 − 2aα + α2 + 4β) (aαx+ bα− xβ − γ)2

)
+ 2c1

√
−a2 + 2aα− α2 − 4β + 2_Za+ 2_Zα

))
+ (ax+ b)α2 + (−a2x− ab− xβ − γ)α + (xβ − γ) a+ 2bβ

2aα− 2β

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]*a*x+b)*y'[x]==\[Alpha]*y[x]+\[Beta]*x+\[Gamma],y[x],x,IncludeSingularSolutions -> True]� �
Not solved

611



25.3 problem 3
Internal problem ID [10820]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 3.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

(
y + ak x2 + bx+ c

)
y′ + y2a− 2yakx− ym = k(k + b−m)x+ s

7 Solution by Maple� �
dsolve((y(x)+a*k*x^2+b*x+c)*diff(y(x),x)=-a*y(x)^2+2*a*k*x*y(x)+m*y(x)+k*(k+b-m)*x+s,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]+a*k*x^2+b*x+c)*y'[x]==-a*y[x]^2+2*a*k*x*y[x]+m*y[x]+k*(k+b-m)*x+s,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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25.4 problem 4
Internal problem ID [10821]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 4.
ODE order: 1.
ODE degree: 1.

CASMaple gives this as type [_exact, _rational, [_1st_order, ‘_with_symmetry_[F(x),G(x)]‘], [_Abel, ‘2nd type‘, ‘class A‘]]

(y + Axn + a) y′ + nAxn−1y = −k xm − b

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 149� �
dsolve((y(x)+A*x^n+a)*diff(y(x),x)+n*A*x^(n-1)*y(x)+k*x^m+b=0,y(x), singsol=all)� �
y(x)

=
√

(−2x1+mk + (1 +m) (x2nA2 + 2Axna+ a2 − 2bx− 2c1)) (1 +m) + A(−m− 1)xn − am− a

1 +m
y(x)

= −
√

(−2x1+mk + (1 +m) (x2nA2 + 2Axna+ a2 − 2bx− 2c1)) (1 +m) + A(−m− 1)xn − am− a

1 +m

3 Solution by Mathematica
Time used: 21.171 (sec). Leaf size: 118� �
DSolve[(y[x]+A*x^n+a)*y'[x]+n*A*x^(n-1)*y[x]+k*x^m+b==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → −
√

1
x

√
x

(
(a+ Axn)2 − 2x (bm+ b+ kxm)

m+ 1 + c1

)
− a− Axn

y(x) →
√

1
x

√
x

(
(a+ Axn)2 − 2x (bm+ b+ kxm)

m+ 1 + c1

)
− a− Axn
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25.5 problem 5
Internal problem ID [10822]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 5.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class A‘]]

(
y + a x1+n + b xn

)
y′ −

(
xnna+ c xn−1) y = 0

7 Solution by Maple� �
dsolve((y(x)+a*x^(n+1)+b*x^n)*diff(y(x),x)=(a*n*x^n+c*x^(n-1))*y(x),y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(y[x]+a*x^(n+1)+b*x^n)*y'[x]==(a*n*x^n+c*x^(n-1))*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.6 problem 6
Internal problem ID [10823]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 6.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

xyy′ − y2a− yb = xnc+ s

7 Solution by Maple� �
dsolve(x*y(x)*diff(y(x),x)=a*y(x)^2+b*y(x)+c*x^n+s,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y[x]*y'[x]==a*y[x]^2+b*y[x]+c*x^n+s,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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25.7 problem 7
Internal problem ID [10824]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 1, section 1.3. Abel Equations of the Second Kind. subsection 1.3.4-2.
Equations of the form (g1(x) + g0(x))y′ = f2(x)y2 + f1(x)y + f0(x)
Problem number: 7.
ODE order: 1.
ODE degree: 1.

CAS Maple gives this as type [_rational, [_Abel, ‘2nd type‘, ‘class B‘]]

xyy′ + y2n− a(2n+ 1)xy − yb = −a2nx2 − abx+ c

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 224� �
dsolve(x*y(x)*diff(y(x),x)=-n*y(x)^2+a*(2*n+1)*x*y(x)+b*y(x)-a^2*n*x^2-a*b*x+c,y(x), singsol=all)� �
(

−ny(x)2+(2axn+b)y(x)−a2nx2−abx+c

(ax−y(x))2

)− 1
2n
(

1
ax−y(x)

) 1
n
y(x) e

b arctanh
(

−abx+by(x)+2c√
b2+4cn (−ax+y(x))

)
√

b2+4cnn −

∫ 1
ax−y(x) (_a2c− _ab− n)−

1
2n e

b arctanh
(

−2c_a+b√
b2+4cn

)
n
√

b2+4cn _a 1
nd_a

 a− c1

 (ax− y(x))x

x (ax− y (x))
= 0

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y[x]*y'[x]==-n*y[x]^2+a*(2*n+1)*x*y[x]+b*y[x]-a^2*n*x^2-a*b*x+c,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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26.1 problem 1
Internal problem ID [10825]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 1.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _missing_x]]

y′′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(√

a x
)
+ c2 cos

(√
a x
)

3 Solution by Mathematica
Time used: 0.028 (sec). Leaf size: 28� �
DSolve[y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

ax
)
+ c2 sin

(√
ax
)
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26.2 problem 2
Internal problem ID [10826]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 2.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − (ax+ b) y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 33� �
dsolve(diff(y(x),x$2)-(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1AiryAi
(
ax+ b

(−a)
2
3

)
+ c2AiryBi

(
ax+ b

(−a)
2
3

)

3 Solution by Mathematica
Time used: 0.029 (sec). Leaf size: 36� �
DSolve[y''[x]-(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1AiryAi
(
b+ ax

a2/3

)
+ c2AiryBi

(
b+ ax

a2/3

)
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26.3 problem 3
Internal problem ID [10827]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 3.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ −
(
a2x2 + a

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 22� �
dsolve(diff(y(x),x$2)-(a^2*x^2+a)*y(x)=0,y(x), singsol=all)� �

y(x) = ea x2
2
(
c1 + erf

(√
a x
)
c2
)

3 Solution by Mathematica
Time used: 0.041 (sec). Leaf size: 43� �
DSolve[y''[x]-(a^2*x^2+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c1 ParabolicCylinderD

(
−1,

√
2
√
ax
)
+ c2 ParabolicCylinderD

(
0, i

√
2
√
ax
)
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26.4 problem 4
Internal problem ID [10828]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 4.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ −
(
a x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 43� �
dsolve(diff(y(x),x$2)-(a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1WhittakerM

(
− b

4
√
a
, 14 ,

√
a x2

)
+ c2WhittakerW

(
− b

4
√
a
, 14 ,

√
a x2

)
√
x

3 Solution by Mathematica
Time used: 0.047 (sec). Leaf size: 68� �
DSolve[y''[x]-(a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 ParabolicCylinderD
(
− b

2
√
a
− 1

2 ,
√
2 4
√
ax

)
+ c2 ParabolicCylinderD

(
1
2

(
b√
a
− 1
)
, i
√
2 4
√
ax

)
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26.5 problem 5
Internal problem ID [10829]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 5.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a3x(−ax+ 2) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 28� �
dsolve(diff(y(x),x$2)+a^3*x*(2-a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
ax(ax−2)

2 (c1 + erf (iax− i) c2)

3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 50� �
DSolve[y''[x]+a^3*x*(2-a*x)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

1
2ax(ax−2)−1(2eac1 −√

πc2erfi(1− ax)
)

2a
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26.6 problem 6
Internal problem ID [10830]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 6.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ −
(
a x2 + bcx

)
y = 0

3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 142� �
dsolve(diff(y(x),x$2)-(a*x^2+b*x*c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(ax+bc)

2
√
a

(
2xac2 hypergeom

([
−b2c2 − 12a 3

2

16a 3
2

]
,

[
3
2

]
,
(2ax+ bc)2

4a 3
2

)

+ cbc2 hypergeom
([

−b2c2 − 12a 3
2

16a 3
2

]
,

[
3
2

]
,
(2ax+ bc)2

4a 3
2

)

+ hypergeom
([

−b2c2 − 4a 3
2

16a 3
2

]
,

[
1
2

]
,
(2ax+ bc)2

4a 3
2

)
c1

)

3 Solution by Mathematica
Time used: 0.08 (sec). Leaf size: 92� �
DSolve[y''[x]-(a*x^2+b*x*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2 ParabolicCylinderD
(
− b2c2

8a3/2

− 1
2 ,

i(bc+ 2ax)√
2a3/4

)
+ c1 ParabolicCylinderD

(
1
8

(
b2c2

a3/2
− 4
)
,
bc+ 2ax√

2a3/4

)
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26.7 problem 7
Internal problem ID [10831]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 7.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

y′′ − a xny = 0

3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 63� �
dsolve(diff(y(x),x$2)-a*x^n*y(x)=0,y(x), singsol=all)� �
y(x) =

√
x

(
BesselY

(
1

n+ 2 ,
2
√
−a x

n
2+1

n+ 2

)
c2 + BesselJ

(
1

n+ 2 ,
2
√
−a x

n
2+1

n+ 2

)
c1

)
3 Solution by Mathematica
Time used: 0.125 (sec). Leaf size: 119� �
DSolve[y''[x]-a*x^n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (n+ 2)−
1

n+2
√
xa

1
2n+4

(
c1Gamma

(
n+ 1
n+ 2

)
BesselI

(
− 1
n+ 2 ,

2
√
ax

n
2+1

n+ 2

)
+ c2(−1)

1
n+2 Gamma

(
1 + 1

n+ 2

)
BesselI

(
1

n+ 2 ,
2
√
ax

n
2+1

n+ 2

))
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26.8 problem 8
Internal problem ID [10832]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 8.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − a
(
a x2n + nxn−1) y = 0

3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 136� �
dsolve(diff(y(x),x$2)-a*(a*x^(2*n)+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x) =

c2x
− 3n

2 −1(n+ 2)2WhittakerM
(

n+2
2n+2 ,

2n+3
2n+2 ,

2a xn+1

n+1

)
2 +

((n
2 + 1

)
x− 3n

2 −1

+ a x−n
2

)
(n+ 1) c2WhittakerM

(
− n

2n+ 2 ,
2n+ 3
2n+ 2 ,

2a xn+1

n+ 1

)
+ c1e

a xn+1
n+1

3 Solution by Mathematica
Time used: 0.596 (sec). Leaf size: 81� �
DSolve[y''[x]-a*(a*x^(2*n)+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
axn+1
n+1

c2 −
c12−

1
n+1x

(
axn+1

n+1

)− 1
n+1 Γ

(
1

n+1 ,
2axn+1

n+1

)
n+ 1
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26.9 problem 9
Internal problem ID [10833]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 9.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − a xn−2(a xn + n+ 1) y = 0

3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 113� �
dsolve(diff(y(x),x$2)-a*x^(n-2)*(a*x^n+n+1)*y(x)=0,y(x), singsol=all)� �
y(x) =

c2x
− 3n

2 + 1
2 (n− 1)2WhittakerM

(
n−1
2n , 2n−1

2n , 2a x
n

n

)
2

+
(
(n− 1)x− 3n

2 + 1
2

2 + x−n
2+

1
2a

)
nc2WhittakerM

(
−n+ 1

2n ,
2n− 1
2n ,

2a xn

n

)
+ c1x e

a xn

n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]-a*x^(n-2)*(a*x^n+n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

626



26.10 problem 10
Internal problem ID [10834]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2 Equations Containing
Power Functions. page 213
Problem number: 10.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2n + b xn−1) y = 0

3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 89� �
dsolve(diff(y(x),x$2)+(a*x^(2*n)+b*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x−n
2

(
c1WhittakerM

(
− ib√

a (2n+ 2)
,

1
2n+ 2 ,

2i
√
a x xn

n+ 1

)
+ c2WhittakerW

(
− ib√

a (2n+ 2)
,

1
2n+ 2 ,

2i
√
a x xn

n+ 1

))
3 Solution by Mathematica
Time used: 0.399 (sec). Leaf size: 225� �
DSolve[y''[x]+(a*x^(2*n)+b*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
n

2n+2x−n/2(xn+1) n
2n+2 e

−
√

axn+1√
−(n+1)2

c1HypergeometricU

−
(n+ 1)

(
nb+ b+

√
an
√

−(n+ 1)2
)

2
√
a (−(n+ 1)2)3/2

,
n

n+ 1 ,
2
√
axn+1√

−(n+ 1)2

+c2L
− 1

n+1

(n+1)
(
nb+b+

√
an
√

−(n+1)2
)

2
√
a
(
−(n+1)2

)3/2

(
2
√
axn+1√

−(n+ 1)2

)
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27 Chapter 2, Second-Order Differential
Equations. section 2.1.2-2 Equation of form
y′′ + f (x)y′ + g(x)y = 0

27.1 problem 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 630
27.2 problem 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 631
27.3 problem 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 632
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27.50problem 60 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 681
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27.1 problem 11
Internal problem ID [10835]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 11.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _missing_x]]

y′′ + ay′ + yb = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
(
−a+

√
a2−4b

)
x

2 + c2e−
(
a+
√

a2−4b
)
x

2

3 Solution by Mathematica
Time used: 0.048 (sec). Leaf size: 47� �
DSolve[y''[x]+a*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
− 1

2x
(√

a2−4b+a
)(

c2e
x
√
a2−4b + c1

)
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27.2 problem 12
Internal problem ID [10836]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 12.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + ay′ + (bx+ c) y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 49� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
2

(
AiryAi

(
a2 − 4bx− 4c

4b 2
3

)
c1 +AiryBi

(
a2 − 4bx− 4c

4b 2
3

)
c2

)
3 Solution by Mathematica
Time used: 0.046 (sec). Leaf size: 67� �
DSolve[y''[x]+a*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
ax
2

(
c1AiryAi

(
a2 − 4(c+ bx)

4(−b)2/3

)
+ c2AiryBi

(
a2 − 4(c+ bx)

4(−b)2/3

))
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27.3 problem 13
Internal problem ID [10837]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 13.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + ay′ −
(
b x2 + c

)
y = 0

3 Solution by Maple
Time used: 0.079 (sec). Leaf size: 74� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)-(b*x^2+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(√

b x+a
)

2 x

(
KummerM

(
a2 + 12

√
b+ 4c

16
√
b

,
3
2 ,

√
b x2

)
c1

+KummerU
(
a2 + 12

√
b+ 4c

16
√
b

,
3
2 ,

√
b x2

)
c2

)

3 Solution by Mathematica
Time used: 0.088 (sec). Leaf size: 96� �
DSolve[y''[x]+a*y'[x]-(b*x^2+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
− 1

2x
(
a+

√
bx
)c1HermiteH

−a2 − 4
(
c+

√
b
)

8
√
b

,
4√
bx


+ c2Hypergeometric1F1

a2 + 4
(
c+

√
b
)

16
√
b

,
1
2 ,

√
bx2
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27.4 problem 14
Internal problem ID [10838]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 14.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

y′′ + ay′ + b
(
−b x2 + ax+ 1

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 30� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^2+a*x+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−x2b
2

(
c1 erf

(
−2bx+ a

2
√
−b

)
+ c2

)
3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 67� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^2+a*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

− bx2
2

√
πc2e

−a2
4b erfi

(
2bx−a
2
√
b

)
√
b

+ 2c1
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27.5 problem 15
Internal problem ID [10839]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 15.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

y′′ + ay′ + bx
(
−x3b+ ax+ 2

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 30� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*x*(-b*x^3+a*x+2)*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e−ax+ 2
3x

3bdx

)
c1 + c2

)
e−x3b

3

3 Solution by Mathematica
Time used: 0.913 (sec). Leaf size: 46� �
DSolve[y''[x]+a*y'[x]+b*x*(-b*x^3+a*x+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
bx3
3

(
c2

∫ x

1
e

2
3 bK[1]3−aK[1]dK[1] + c1

)
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27.6 problem 16
Internal problem ID [10840]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 16.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

y′′ + ay′ + b
(
−b x2n + a xn + nxn−1) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 48� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^(2*n)+a*x^n+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e
2b xn+1−xa(n+1)

n+1 dx

)
c1 + c2

)
e−

b xn+1
n+1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^(2*n)+a*x^n+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.7 problem 17
Internal problem ID [10841]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 17.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + ay′ + b
(
−b x2n − a xn + nxn−1) y = 0

3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 51� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*(-b*x^(2*n)-a*x^n+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(
b xn+a(n+1)

)
n+1

(
c1 +

(∫
e

x
(
2b xn+a(n+1)

)
n+1 dx

)
c2

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*y'[x]+b*(-b*x^(2*n)-a*x^n+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.8 problem 18
Internal problem ID [10842]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 18.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + y′x+ (n− 1) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 104� �
dsolve(diff(y(x),x$2)+x*diff(y(x),x)+(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

−

(
−2
(
−x2

2 + n+ 1
2

)
c1nKummerM

(
−n

2 + 1
2 ,

3
2 ,

x2

2

)
+ 2(−x2 + 2n+ 1) c2KummerU

(
−n

2 + 1
2 ,

3
2 ,

x2

2

)
+ nc1(n+ 2)KummerM

(
−n

2 − 1
2 ,

3
2 ,

x2

2

)
+ 4KummerU

(
−n

2 − 1
2 ,

3
2 ,

x2

2

)
c2
)
x e−x2

2

n (n− 1)

3 Solution by Mathematica
Time used: 0.048 (sec). Leaf size: 51� �
DSolve[y''[x]+x*y'[x]+(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

x2
2

(
c1HermiteH

(
n− 2, x√

2

)
+ c2Hypergeometric1F1

(
1− n

2 ,
1
2 ,

x2

2

))
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27.9 problem 19
Internal problem ID [10843]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 19.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − 2y′x+ 2yn = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 31� �
dsolve(diff(y(x),x$2)-2*x*diff(y(x),x)+2*n*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
KummerU

(
−n

2 + 1
2 ,

3
2 , x

2
)
c2 +KummerM

(
−n

2 + 1
2 ,

3
2 , x

2
)
c1

)
3 Solution by Mathematica
Time used: 0.032 (sec). Leaf size: 27� �
DSolve[y''[x]-2*x*y'[x]+2*n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1HermiteH(n, x) + c2Hypergeometric1F1
(
−n

2 ,
1
2 , x

2
)
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27.10 problem 20
Internal problem ID [10844]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 20.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + axy′ + yb = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 58� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x) = e−a x2

2 x

(
KummerM

(
−b+ 2a

2a ,
3
2 ,

a x2

2

)
c1+KummerU

(
−b+ 2a

2a ,
3
2 ,

a x2

2

)
c2

)
3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 67� �
DSolve[y''[x]+a*x*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

ax2
2

(
c1HermiteH

(
b

a
− 1,

√
ax√
2

)
+ c2Hypergeometric1F1

(
a− b

2a ,
1
2 ,

ax2

2

))
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27.11 problem 21
Internal problem ID [10845]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 21.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + axy′ + bxy = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e− bx
a

(
KummerM

(
b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c1

+KummerU
(

b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c2

)

3 Solution by Mathematica
Time used: 0.106 (sec). Leaf size: 96� �
DSolve[y''[x]+a*x*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
bx
a
−ax2

2

(
c2Hypergeometric1F1

(
1
2 − b2

2a3 ,
1
2 ,

(a2x− 2b)2

2a3

)

+ c1HermiteH
(
b2

a3
− 1, a

2x− 2b√
2a3/2

))
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27.12 problem 22
Internal problem ID [10846]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 22.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + axy′ + (bx+ c) y = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 82� �
dsolve(diff(y(x),x$2)+a*x*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e− bx
a

(
KummerM

(
a2c+ b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c1

+KummerU
(
a2c+ b2

2a3 ,
1
2 ,−

(a2x− 2b)2

2a3

)
c2

)

3 Solution by Mathematica
Time used: 0.085 (sec). Leaf size: 108� �
DSolve[y''[x]+a*x*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
bx
a
−ax2

2

(
c2Hypergeometric1F1

(
−−a3 + ca2 + b2

2a3 ,
1
2 ,

(a2x− 2b)2

2a3

)

+ c1HermiteH
(
b2

a3
+ c

a
− 1, a

2x− 2b√
2a3/2

))
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27.13 problem 23
Internal problem ID [10847]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 23.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2axy′ +
(
b x4 + a2x2 + cx+ a

)
y = 0

3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 80� �
dsolve(diff(y(x),x$2)+2*a*x*diff(y(x),x)+(b*x^4+a^2*x^2+c*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(
i
√
b x+3a

2
)
x2

3 x

(
KummerM

(
ic+ 4

√
b

6
√
b

,
4
3 ,

2i
√
b x3

3

)
c1

+KummerU
(
ic+ 4

√
b

6
√
b

,
4
3 ,

2i
√
b x3

3

)
c2

)

3 Solution by Mathematica
Time used: 0.322 (sec). Leaf size: 121� �
DSolve[y''[x]+2*a*x*y'[x]+(b*x^4+a^2*x^2+c*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

3
√
2 3√

x3e
1
6 ix

2
(
2
√
bx+3ia

)(
c1HypergeometricU

(
1
3 −

ic
6
√
b
, 23 ,−

2
3i
√
bx3
)
+ c2L

− 1
3

ic
6
√

b
− 1

3

(
−2

3i
√
bx3
))

x
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27.14 problem 24
Internal problem ID [10848]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 24.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ − ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 65� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = e b2
2aπc2(ax+ b) erf

(√
2 (ax+ b)
2
√
a

)
+
√
π
√
2
√
a e−

x(ax+2b)
2 c2 + c1(ax+ b)

3 Solution by Mathematica
Time used: 0.959 (sec). Leaf size: 82� �
DSolve[y''[x]+(a*x+b)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
−
√

π
2 c2erf

(
ax+b√
2
√
a

)
a3/2

− c2e
− (ax+b)2

2a
a(ax+b) + c1

)
b
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27.15 problem 25
Internal problem ID [10849]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 25.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

y′′ + (ax+ b) y′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
(
erf
(
(ax+ b)

√
2

2
√
−a

)
c1 + c2

)
e−

x(ax+2b)
2

3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 79� �
DSolve[y''[x]+(a*x+b)*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

(ax+b)2
2a

(
2
√
ac2e

b2
2a +

√
2πc1erfi

(
ax+b√
2
√
a

))
2
√
a
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27.16 problem 26
Internal problem ID [10850]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 26.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ + c(ax+ b− c) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*(a*x+b-c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−cx

(
c1 + erf

(√
2 (ax+ b− 2c)

2
√
a

)
c2

)

3 Solution by Mathematica
Time used: 0.091 (sec). Leaf size: 70� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*(a*x+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(ax+2b−2c)

(
c1HermiteH

(
−1, b− 2c+ ax√

2
√
a

)
+ c2e

(ax+b−2c)2
2a

)
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27.17 problem 27
Internal problem ID [10851]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 27.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ 2b) y′ +
(
abx+ b2 − a

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 49� �
dsolve(diff(y(x),x$2)+(a*x+2*b)*diff(y(x),x)+(a*b*x-a+b^2)*y(x)=0,y(x), singsol=all)� �

y(x) = 2 e−
x(ax+2b)

2 c2 + e−bxx

(
c2
√
a
√
π
√
2 erf

(√
2
√
a x

2

)
+ c1

)

3 Solution by Mathematica
Time used: 0.405 (sec). Leaf size: 64� �
DSolve[y''[x]+(a*x+2*b)*y'[x]+(a*b*x-a+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−bx

(
−
√

π

2
√
ac2erf

(√
ax√
2

)
− c2e

−ax2
2

x
+ c1

)
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27.18 problem 28
Internal problem ID [10852]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 28.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ + (cx+ d) y = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 98� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e− cx
a

(
KummerM

(
d a2 − abc+ c2

2a3 ,
1
2 ,−

(a2x+ ab− 2c)2

2a3

)
c1

+KummerU
(
d a2 − abc+ c2

2a3 ,
1
2 ,−

(a2x+ ab− 2c)2

2a3

)
c2

)

3 Solution by Mathematica
Time used: 0.116 (sec). Leaf size: 132� �
DSolve[y''[x]+(a*x+b)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e

cx
a
−ax2

2 −bx

(
c2Hypergeometric1F1

(
a3 − da2 + bca− c2

2a3 ,
1
2 ,

(xa2 + ba− 2c)2

2a3

)

+ c1HermiteH
(
−a3 + da2 − bca+ c2

a3
,
xa2 + ba− 2c√

2a3/2

))
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27.19 problem 29
Internal problem ID [10853]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 29.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ + c
(
(a− c)x2 + bx+ 1

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*((a-c)*x^2+b*x+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e− c x2
2

(
c1 + erf

(
(−2c+ a)x+ b√

2a− 4c

)
c2

)
3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 81� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*((a-c)*x^2+b*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(x(a−c)+2b)

(
c1HermiteH

(
−1, b+ (a− 2c)x√

2
√
a− 2c

)
+ c2e

(x(a−2c)+b)2
2(a−2c)

)
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27.20 problem 30
Internal problem ID [10854]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 30.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2(ax+ b) y′ +
(
a2x2 + 2abx+ c

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve(diff(y(x),x$2)+2*(a*x+b)*diff(y(x),x)+(a^2*x^2+2*a*b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−
x
(
ax−2

√
b2+a−c+2b

)
2 + c2e−

x
(
ax+2

√
b2+a−c+2b

)
2

3 Solution by Mathematica
Time used: 0.228 (sec). Leaf size: 86� �
DSolve[y''[x]+2*(a*x+b)*y'[x]+(a^2*x^2+2*a*b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e
− 1

2x
(
2
√
a+b2−c+ax+2b

)(
c2e

2x
√
a+b2−c + 2c1

√
a+ b2 − c

)
2
√
a+ b2 − c
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27.21 problem 31
Internal problem ID [10855]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 31.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ +
(
αx2 + βx+ γ

)
y = 0

3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 254� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(alpha*x^2+beta*x+gamma)*y(x)=0,y(x), singsol=all)� �
y(x) = e−

x
(
(ax+2b)

√
a2−4α+x

(
a2−4α

)
+2ab−4β

)
4
√

a2−4α

(
c2
(
a2x+ ab− 4αx

−2β
)
hypergeom

([
3(a2 − 4α)

3
2 + a3 − 2a2γ + 2(bβ − 2α) a+ 2(−b2 + 4γ)α− 2β2

4 (a2 − 4α)
3
2

]
,

[
3
2

]
,
(a2x+ ab− 4αx− 2β)2

2 (a2 − 4α)
3
2

)

+hypergeom
([

(a2 − 4α)
3
2 + a3 − 2a2γ + (2bβ − 4α) a+ (−2b2 + 8γ)α− 2β2

4 (a2 − 4α)
3
2

]
,

[
1
2

]
,
(a2x+ ab− 4αx− 2β)2

2 (a2 − 4α)
3
2

)
c1

)

3 Solution by Mathematica
Time used: 0.467 (sec). Leaf size: 307� �
DSolve[y''[x]+(a*x+b)*y'[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
x
(
2b
√
a2 − 4α + a

(
x
√
a2 − 4α + 2b

)
+ a2x− 4(β + αx)

)
4
√
a2 − 4α

)(
c1HermiteH

(
−a3 −

(√
a2 − 4α− 2γ

)
a2 + (4α− 2bβ)a+ 2

(
αb2 + β2 + 2

√
a2 − 4αα− 4αγ

)
2 (a2 − 4α)3/2

,
xa2 + ba− 2(2xα + β)

√
2 (a2 − 4α)3/4

)
+c2Hypergeometric1F1

(
a3 +

(√
a2 − 4α− 2γ

)
a2 + (2bβ − 4α)a− 2

(
αb2 + β2 + 2

√
a2 − 4αα− 4αγ

)
4 (a2 − 4α)3/2

,
1
2 ,

(xa2 + ba− 2(2xα + β))2

2 (a2 − 4α)3/2

))
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27.22 problem 32
Internal problem ID [10856]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 32.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (ax+ b) y′ + c
(
−c x2n + a x1+n + b xn + nxn−1) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*(-c*x^(2*n)+a*x^(n+1)+b*x^n+n*x^(n-1) )*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x+b)*y'[x]+c*(-c*x^(2*n)+a*x^(n+1)+b*x^n+n*x^(n-1) )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.23 problem 33
Internal problem ID [10857]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 33.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a
(
−b2 + x2) y′ − a(x+ b) y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 141� �
dsolve(diff(y(x),x$2)+a*(x^2-b^2)*diff(y(x),x)-a*(x+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1HeunT

(
− a3 2

3 b

(a2)
1
3
,−6 csgn (a) ,−a2b23 1

3

(a2)
2
3
,
3 2

3 (a2)
1
6 x

3

)
e

x
(
3b2−x2

)
csgn(a)a(csgn(a)+1)

6

+ c2HeunT
(
− a3 2

3 b

(a2)
1
3
, 6 csgn (a) ,−a2b23 1

3

(a2)
2
3
,

−3 2
3 (a2)

1
6 x

3

)
e

x
(
3b2−x2

)
csgn(a)a(csgn(a)−1)

6

3 Solution by Mathematica
Time used: 3.893 (sec). Leaf size: 55� �
DSolve[y''[x]+a*(x^2-b^2)*y'[x]-a*(x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(b− x)

(
c2
∫ x

1
eab

2K[1]− 1
3aK[1]3

(b−K[1])2 dK[1] + c1
)

b
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27.24 problem 34
Internal problem ID [10858]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 34.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2 + b

)
y′ + c

(
a x2 + b− c

)
y = 0

3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 134� �
dsolve(diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*(a*x^2+b-c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1HeunT
(
0,

−3 csgn (a) , a(b− 2c) 3 1
3

(a2)
2
3

,
3 2

3 (a2)
1
6 x

3

)
e−

x
((

a x2+3b
)
csgn(a)+a x2+3b−6c

)
csgn(a)

6

+ c2HeunT
(
0, 3 csgn (a) , a(b− 2c) 3 1

3

(a2)
2
3

,

−3 2
3 (a2)

1
6 x

3

)
e−

x
((

a x2+3b
)
csgn(a)−a x2−3b+6c

)
csgn(a)

6

3 Solution by Mathematica
Time used: 0.915 (sec). Leaf size: 46� �
DSolve[y''[x]+(a*x^2+b)*y'[x]+c*(a*x^2+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx

(
c2

∫ x

1
e−

1
3K[1]

(
aK[1]2+3b−6c

)
dK[1] + c1

)
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27.25 problem 35
Internal problem ID [10859]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 35.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2 + 2b

)
y′ +

(
ab x2 − ax+ b2

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 91� �
dsolve(diff(y(x),x$2)+(a*x^2+2*b)*diff(y(x),x)+(a*b*x^2-a*x+b^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=

5

3 2
3 c2a(a x3)

1
3 (a x3 + 2) e−

x
(
a x2+6b

)
6 +

9x2

c2a2x e−bx WhittakerM
(

1
3 ,

5
6 ,

a x3
3

)
+c1e

x
(
a x2−6b

)
6


5

 e−a x3
6

9x

3 Solution by Mathematica
Time used: 0.407 (sec). Leaf size: 51� �
DSolve[y''[x]+(a*x^2+2*b)*y'[x]+(a*b*x^2-a*x+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
9e

−bx

(
9c1x− 32/3c2

3√
ax3Γ

(
−1
3 ,

ax3

3

))
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27.26 problem 36
Internal problem ID [10860]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 36.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
2x2 + a

)
y′ +

(
x4 + a x2 + b+ 2x

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 57� �
dsolve(diff(y(x),x$2)+(2*x^2+a)*diff(y(x),x)+(x^4+a*x^2+2*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
x
(
−2x2+3

√
a2−4b−3a

)
6 + c2e−

x
(
2x2+3

√
a2−4b+3a

)
6

3 Solution by Mathematica
Time used: 0.217 (sec). Leaf size: 79� �
DSolve[y''[x]+(2*x^2+a)*y'[x]+(x^4+a*x^2+2*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e
− 1

6x
(
3
√
a2−4b+3a+2x2

)(
c2e

x
√
a2−4b + c1

√
a2 − 4b

)
√
a2 − 4b
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27.27 problem 37
Internal problem ID [10861]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 37.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2 + bx

)
y′ +

(
αx2 + βx+ γ

)
y = 0

3 Solution by Maple
Time used: 0.265 (sec). Leaf size: 271� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(alpha*x^2+beta*x+gamma)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1e−
csgn(a)x

(
2a2x2 csgn(a)+3abx csgn(a)+2a2x2+3abx−12α

)
12a HeunT

(
3 2

3 (2a2γ − abβ + α b2 + 2α2)
2a2 (a2)

1
3

,

−3(a2 − βa+ bα) csgn (a)
a2

,−3 1
3 (b2 + 8α)
4 (a2)

2
3

,
3 2

3a(2ax+ b)
6 (a2)

5
6

)

+c2e−
csgn(a)x

(
2a2x2 csgn(a)+3abx csgn(a)−2a2x2−3abx+12α

)
12a HeunT

(
3 2

3 (2a2γ − abβ + α b2 + 2α2)
2a2 (a2)

1
3

,
3(a2 − βa+ bα) csgn (a)

a2
,

−3 1
3 (b2 + 8α)
4 (a2)

2
3

,−3 2
3a(2ax+ b)
6 (a2)

5
6

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^2+b*x)*y'[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.28 problem 38
Internal problem ID [10862]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 38.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
ab x2 + bx+ 2a

)
y′ + a2

(
b x2 + 1

)
y = 0

3 Solution by Maple
Time used: 0.36 (sec). Leaf size: 294� �
dsolve(diff(y(x),x$2)+(a*b*x^2+b*x+2*a)*diff(y(x),x)+a^2*(b*x^2+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
−

x
(
2a2b2x2+2ab x2

√
a2b2+3a b2x+3bx

√
a2b2+12a

√
a2b2

)
12
√

a2b2 HeunT
(

b3 2
3

2 (a2b2)
1
3
,− 6ab√

a2b2
,

− b23 1
3

4 (a2b2)
2
3
,
3 2

3a b2(2ax+ 1)
6 (a2b2)

5
6

)

+ c2e
−
(
−2a2b2x2+2ab x2

√
a2b2−3a b2x+3bx

√
a2b2+12a

√
a2b2

)
x

12
√

a2b2 HeunT
(

b3 2
3

2 (a2b2)
1
3
,

6ab√
a2b2

,

− b23 1
3

4 (a2b2)
2
3
,−
(
ax+ 1

2

)
3 2

3 b2a

3 (a2b2)
5
6

)
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3 Solution by Mathematica
Time used: 2.136 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*b*x^2+b*x+2*a)*y'[x]+a^2*(b*x^2+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ax+ 1)
(
c2

∫ x

1

e−
1
6 bK[1]2(2aK[1]+3)

(aK[1] + 1)2 dK[1] + c1

)
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27.29 problem 39
Internal problem ID [10863]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 39.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2 + bx+ c

)
y′ + x

(
ab x2 + bc+ 2a

)
y = 0

3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 169� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+x*(a*b*x^2+b*c+2*a)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1e−
x csgn(a)

((
a x2+3

2 bx+3c
)
csgn(a)+a x2− 3bx

2 +3c
)

6 HeunT
(
0, 3 csgn (a) , 3

1
3 (4ac− b2)
4 (a2)

2
3

,
3 2

3a(2ax− b)
6 (a2)

5
6

)

+ c2e−
x
((

a x2+3
2 bx+3c

)
csgn(a)−a x2+3bx

2 −3c
)
csgn(a)

6 HeunT
(
0,−3 csgn (a) , 3

1
3 (4ac− b2)
4 (a2)

2
3

,

−
3 2

3
(
ax− b

2

)
a

3 (a2)
5
6

)

3 Solution by Mathematica
Time used: 1.085 (sec). Leaf size: 59� �
DSolve[y''[x]+(a*x^2+b*x+c)*y'[x]+x*(a*b*x^2+b*c+2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
3x
(
ax2+3c

)(
c2

∫ x

1
exp

(
1
6K[1](6c+K[1](2aK[1]− 3b))

)
dK[1] + c1

)
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27.30 problem 40
Internal problem ID [10864]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 40.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x2 + bx+ c

)
y′ +

(
ab x3 + ac x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 165� �
dsolve(diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(a*b*x^3+a*c*x^2+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1e−

x csgn(a)
((

a x2+3
2 bx+3c

)
csgn(a)+a x2− 3bx

2 −3c
)

6 HeunT
(
0,−3 csgn (a) ,

−3 1
3 (4ac+ b2)
4 (a2)

2
3

,
3 2

3a(2ax− b)
6 (a2)

5
6

)

+ c2e−
x csgn(a)

((
a x2+3

2 bx+3c
)
csgn(a)−a x2+3bx

2 +3c
)

6 HeunT
(
0, 3 csgn (a) ,−3 1

3 (4ac+ b2)
4 (a2)

2
3

,

−
3 2

3
(
ax− b

2

)
a

3 (a2)
5
6

)

3 Solution by Mathematica
Time used: 1.096 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*x^2+b*x+c)*y'[x]+(a*b*x^3+a*c*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
1
2x(bx+2c)

(
c2

∫ x

1
exp

(
1
6K[1](6c+K[1](3b− 2aK[1]))

)
dK[1] + c1

)
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27.31 problem 41
Internal problem ID [10865]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 41.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x3 + 2b

)
y′ +

(
ab x3 − a x2 + b2

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 85� �
dsolve(diff(y(x),x$2)+(a*x^3+2*b)*diff(y(x),x)+(a*b*x^3-a*x^2+b^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=
7 2

1
4 c2a

(
x4a

) 3
8
(
x4a+3

)
e−

x
(
a x3+4b

)
4

8 + e−
x
(
a x3+8b

)
8 WhittakerM

(
3
8 ,

7
8 ,

x4a
4

)
c2a

2x4 + e−bxc1x
5
2

x
3
2

3 Solution by Mathematica
Time used: 0.431 (sec). Leaf size: 51� �
DSolve[y''[x]+(a*x^3+2*b)*y'[x]+(a*b*x^3-a*x^2+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
8e

−bx

(
8c1x−

√
2c2

4√
ax4Γ

(
−1
4 ,

ax4

4

))
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27.32 problem 42
Internal problem ID [10866]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 42.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a x3 + bx

)
y′ + 2

(
2a x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+(a*x^3+b*x)*diff(y(x),x)+2*(2*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(
a x2+2b

)
x2

4

(
HeunB

(
1
2 ,

b√
a
,
5
2 ,−

3b
2
√
a
,

√
a x2

2

)
c1x

+HeunB
(
−1
2 ,

b√
a
,
5
2 ,−

3b
2
√
a
,

√
a x2

2

)
c2

)
3 Solution by Mathematica
Time used: 2.589 (sec). Leaf size: 63� �
DSolve[y''[x]+(a*x^3+b*x)*y'[x]+2*(2*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−
1
4x

2(ax2+2b
)(

c2

∫ x

1

e
1
4
(
aK[1]4+2bK[1]2

)
K[1]2 dK[1] + c1

)
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27.33 problem 43
Internal problem ID [10867]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 43.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
ab x3 + b x2 + 2a

)
y′ + a2

(
x3b+ 1

)
y = 0

3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 41� �
dsolve(diff(y(x),x$2)+(a*b*x^3+b*x^2+2*a)*diff(y(x),x)+a^2*(b*x^3+1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ e−
b x3

(
ax+4

3
)

4

(ax+ 1)2
dx

+ c1

 (ax+ 1)

3 Solution by Mathematica
Time used: 3.356 (sec). Leaf size: 57� �
DSolve[y''[x]+(a*b*x^3+b*x^2+2*a)*y'[x]+a^2*(b*x^3+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ax+ 1)
(
c2

∫ x

1

e−
1
12 bK[1]3(3aK[1]+4)

(aK[1] + 1)2 dK[1] + c1

)
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27.34 problem 44
Internal problem ID [10868]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 44.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _missing_y]]

y′′ + a xny′ = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 244� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)=0,y(x), singsol=all)� �
y(x)

=
x−n
((

ax xn

n+1

)−n−2
2n+2 c2

(
a

n+1

) 1
n+1 e−

xnax
2n+2 (n+ 2)2 (n+ 1)2WhittakerM

(
n+2
2n+2 ,

2n+3
2n+2 ,

ax xn

n+1

)
+
(
ax xn

n+1

)−n−2
2n+2 c2

(
a

n+1

) 1
n+1 e−

xnax
2n+2 (n+ 1)3 (xnax+ n+ 2)WhittakerM

(
− n

2n+2 ,
2n+3
2n+2 ,

ax xn

n+1

)
+ 2c1(n+ 2) a

(
n+ 3

2

)
xn
)

(n+ 2) (2n+ 3) a

3 Solution by Mathematica
Time used: 0.054 (sec). Leaf size: 56� �
DSolve[y''[x]+a*x^n*y'[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2 −
c1x
(

axn+1

n+1

)− 1
n+1 Γ

(
1

n+1 ,
axn+1

n+1

)
n+ 1
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27.35 problem 45
Internal problem ID [10869]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 45.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a xny′ + yxn−1b = 0

3 Solution by Maple
Time used: 0.407 (sec). Leaf size: 96� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)+b*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
KummerU

(
1 + n− b

a

n+ 1 ,
n+ 2
n+ 1 ,

ax xn

n+ 1

)
c2

+KummerM
(
1 + n− b

a

n+ 1 ,
n+ 2
n+ 1 ,

ax xn

n+ 1

)
c1

)
e−

ax xn

n+1

3 Solution by Mathematica
Time used: 0.143 (sec). Leaf size: 120� �
DSolve[y''[x]+a*x^n*y'[x]+b*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2

(
1
n
+ 1
)− 1

n+1

n− 1
n+1a

1
n+1 (xn)

1
n Hypergeometric1F1

(
a+ b

na+ a
,
n+ 2
n+ 1 ,

−a(xn)1+
1
n

n+ 1

)
+ c1Hypergeometric1F1

(
b

na+ a
,

n

n+ 1 ,−
a(xn)1+

1
n

n+ 1

)
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27.36 problem 46
Internal problem ID [10870]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 46.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2a xny′ + a
(
a x2n + nxn−1) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 24� �
dsolve(diff(y(x),x$2)+2*a*x^n*diff(y(x),x)+a*(a*x^(2*n)+n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = e−
a xn+1
n+1 (c2x+ c1)

3 Solution by Mathematica
Time used: 0.112 (sec). Leaf size: 28� �
DSolve[y''[x]+2*a*x^n*y'[x]+a*(a*x^(2*n)+n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (c2x+ c1)e−
axn+1
n+1
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27.37 problem 47
Internal problem ID [10871]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 47.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a xny′ +
(
b x2n + c xn−1) y = 0

3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 171� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)+(b*x^(2*n)+c*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
xn+1(a+√a2−4b

)
2n+2 x

(
KummerM

(
(n+ 2)

√
a2 − 4b+ an− 2c√

a2 − 4b (2n+ 2)
,
n+ 2
n+ 1 ,

√
a2 − 4b xn+1

n+ 1

)
c1

+KummerU
(
(n+ 2)

√
a2 − 4b+ an− 2c√

a2 − 4b (2n+ 2)
,
n+ 2
n+ 1 ,

√
a2 − 4b xn+1

n+ 1

)
c2

)

667



3 Solution by Mathematica
Time used: 0.492 (sec). Leaf size: 333� �
DSolve[y''[x]+a*x^n*y'[x]+(b*x^(2*n)+c*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
n

2n+2x−n/2(xn+1) n
2n+2 exp

(
−1
2x

n+1

( √
a2 − 4b√
(n+ 1)2

+ a

n+ 1

))c1HypergeometricU

n
(√

(n+ 1)2a2 +
√
a2 − 4b(n+ 1)a− 4b

√
(n+ 1)2

)
− 2

√
a2 − 4bc(n+ 1)

2 (a2 − 4b) (n+ 1)
√

(n+ 1)2
,

n

n+ 1 ,
√
a2 − 4bxn+1√
(n+ 1)2



+ c2L
− 1

n+1

2
√

a2−4bc(n+1)−n

(√
(n+1)2a2+

√
a2−4b(n+1)a−4b

√
(n+1)2

)
2
(
a2−4b

)
(n+1)

√
(n+1)2

(√
a2 − 4bxn+1√
(n+ 1)2

)
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27.38 problem 48
Internal problem ID [10872]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 48.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a xny′ − b
(
a xm+n + b x2m +mxm−1) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+a*x^n*diff(y(x),x)-b*(a*x^(n+m)+b*x^(2*m)+m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*x^n*y'[x]-b*(a*x^(n+m)+b*x^(2*m)+m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.39 problem 49
Internal problem ID [10873]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 49.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2a xny′ +
(
x2na2 + b x2m + an xn−1 + c xm−1) y = 0

3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 147� �
dsolve(diff(y(x),x$2)+2*a*x^n*diff(y(x),x)+(a^2*x^(2*n)+b*x^(2*m)+a*n*x^(n-1)+c*x^(m-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= x

(
KummerM

(
(m+ 2)

√
b+ ic√

b (2m+ 2)
,
m+ 2
1 +m

,
2i
√
b x1+m

1 +m

)
c1

+KummerU
(
(m+ 2)

√
b+ ic√

b (2m+ 2)
,
m+ 2
1 +m

,
2i
√
b x1+m

1 +m

)
c2

)
e

−i(n+1)
√
b x1+m−xn+1a(1+m)
(n+1)(1+m)

3 Solution by Mathematica
Time used: 0.376 (sec). Leaf size: 236� �
DSolve[y''[x]+2*a*x^n*y'[x]+(a^2*x^(2*n)+b*x^(2*m)+a*n*x^(n-1)+c*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
m

2m+2x−m/2(xm+1) m
2m+2 exp

(
−x

(
axn

n+ 1+
√
bxm√

−(m+ 1)2

))c1HypergeometricU

−
(m+ 1)

(
mc+ c+

√
bm
√

−(m+ 1)2
)

2
√
b (−(m+ 1)2)3/2

,
m

m+ 1 ,
2
√
bxm+1√

−(m+ 1)2

+c2L
− 1

m+1

(m+1)
(
mc+c+

√
bm
√

−(m+1)2
)

2
√
b
(
−(m+1)2

)3/2

(
2
√
bxm+1√

−(m+ 1)2

)
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27.40 problem 50
Internal problem ID [10874]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 50.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b) y′ + c(a xn + b− c) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*(a*x^n+b-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b)*y'[x]+c*(a*x^n+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.41 problem 51
Internal problem ID [10875]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 51.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + 2b) y′ +
(
ab xn − a xn−1 + b2

)
y = 0

3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 167� �
dsolve(diff(y(x),x$2)+(a*x^n+2*b)*diff(y(x),x)+(a*b*x^n-a*x^(n-1)+b^2)*y(x)=0,y(x), singsol=all)� �
y(x) = e−

(
a xn+2(n+1)b

)
x

2n+2 c2(n+ 1)
(
a x−n

2

+ x− 3n
2 −1n

)
WhittakerM

(
−n− 2
2n+ 2 ,

2n+ 1
2n+ 2 ,

a xn+1

n+ 1

)
+ c2n

2x− 3n
2 −1e−

(
a xn+2(n+1)b

)
x

2n+2 WhittakerM
(

n

2n+ 2 ,
2n+ 1
2n+ 2 ,

a xn+1

n+ 1

)
+ c1e−bxx

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+2*b)*y'[x]+(a*b*x^n-a*x^(n-1)+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.42 problem 52
Internal problem ID [10876]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 52.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
ab xn + b xn−1 + 2a

)
y′ + a2(b xn + 1) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*b*x^n+b*x^(n-1)+2*a)*diff(y(x),x)+a^2*(b*x^n+1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*b*x^n+b*x^(n-1)+2*a)*y'[x]+a^2*(b*x^n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.43 problem 53
Internal problem ID [10877]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 53.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
ab xn + 2b xn−1 − a2x

)
y′ + a

(
ab xn + b xn−1 − a2x

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*b*x^n+2*b*x^(n-1)-a^2*x)*diff(y(x),x)+a*(a*b*x^n+b*x^(n-1)-a^2*x)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*b*x^n+2*b*x^(n-1)-a^2*x)*y'[x]+a*(a*b*x^n+b*x^(n-1)-a^2*x)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

674



27.44 problem 54
Internal problem ID [10878]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 54.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + xn
(
a x2 + (ac+ b)x+ bc

)
y′ − xn(ax+ b) y = 0

3 Solution by Maple
Time used: 0.484 (sec). Leaf size: 78� �
dsolve(diff(y(x),x$2)+x^n*(a*x^2+(a*c+b)*x+b*c)*diff(y(x),x)-x^n*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = −(x+ c)


∫ e−

(
a x2(n+2)(n+1)+(ac+b)x(3+n)(n+1)+bc(3+n)(n+2)

)
xn+1

(3+n)(n+1)(n+2)

(x+ c)2
dx

 c1 + c2


7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+x^n*(a*x^2+(a*c+b)*x+b*c)*y'[x]-x^n*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.45 problem 55
Internal problem ID [10879]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 55.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b xm) y′ −
(
a xn−1 + b xm−1) y = 0

3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 47� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)-(a*x^(n-1)+b*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x

c1 + c2

∫ e−
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

x2 dx


3 Solution by Mathematica
Time used: 1.216 (sec). Leaf size: 55� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]-(a*x^(n-1)+b*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x

c2

∫ x

1

exp
(
K[1]

(
− bK[1]m

m+1 − aK[1]n
n+1

))
K[1]2 dK[1] + c1
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27.46 problem 56
Internal problem ID [10880]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 56.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

y′′ + (a xn + b xm) y′ +
(
an xn−1 + xm−1bm

)
y = 0

3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 72� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*n*x^(n-1)+b*m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫
e
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1) dx

)
+ c2

)
e−

(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

3 Solution by Mathematica
Time used: 0.139 (sec). Leaf size: 74� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*n*x^(n-1)+b*m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
x
(
− axn

n+1−
bxm

m+1

)(∫ x

1
exp

(
K[1]

(
bK[1]m
m+ 1 + aK[1]n

n+ 1

))
c1dK[1] + c2

)
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27.47 problem 57
Internal problem ID [10881]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 57.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b xm) y′ +
(
a(n+ 1)xn−1 + b(m+ 1)xm−1) y = 0

3 Solution by Maple
Time used: 0.313 (sec). Leaf size: 77� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*(n+1)*x^(n-1)+b*(m+1)*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) = x

c1 +

∫ e
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

x2 dx

 c2

 e−
(
b(n+1)xm+a(1+m)xn

)
x

(1+m)(n+1)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*(n+1)*x^(n-1)+b*(m+1)*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.48 problem 58
Internal problem ID [10882]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 58.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b xm) y′ + c(a xn + b xm − c) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+c*(a*x^n+b*x^m-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+c*(a*x^n+b*x^m-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.49 problem 59
Internal problem ID [10883]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 59.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b xm) y′ +
(
xm+nab+ b(m+ 1)xm−1 − a xn−1) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m)*diff(y(x),x)+(a*b*x^(n+m)+b*(m+1)*x^(m-1)-a*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m)*y'[x]+(a*b*x^(n+m)+b*(m+1)*x^(m-1)-a*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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27.50 problem 60
Internal problem ID [10884]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-2 Equation of form
y′′ + f(x)y′ + g(x)y = 0
Problem number: 60.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a xn + b xm + c) y′ +
(
xm+nab+ xmbc+ an xn−1) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(a*b*x^(n+m)+b*c*x^m+a*n*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*x^n+b*x^m+c)*y'[x]+(a*b*x^(n+m)+b*c*x^m+a*n*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.1 problem 61
Internal problem ID [10885]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 61.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_Emden, _Fowler], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

xy′′ + y′

2 + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(x*diff(y(x),x$2)+1/2*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(
2
√
x
√
a
)
+ c2 cos

(
2
√
x
√
a
)

3 Solution by Mathematica
Time used: 0.035 (sec). Leaf size: 38� �
DSolve[x*y''[x]+1/2*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(
2
√
a
√
x
)
+ c2 sin

(
2
√
a
√
x
)
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28.2 problem 62
Internal problem ID [10886]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 62.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

xy′′ + ay′ + yb = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 83� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
−
√
x BesselJ

(
a+ 1, 2

√
b
√
x
)√

b c1 −
√
x BesselY

(
a+ 1, 2

√
b
√
x
)√

b c2 + a
(
BesselJ

(
a, 2

√
b
√
x
)
c1 + BesselY

(
a, 2

√
b
√
x
)
c2
))

x−a
2

√
b

3 Solution by Mathematica
Time used: 0.111 (sec). Leaf size: 77� �
DSolve[x*y''[x]+a*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → b
1
2−

a
2x

1
2−

a
2

(
c2Gamma(2− a) BesselJ

(
1− a, 2

√
b
√
x
)

+ c1Gamma(a) BesselJ
(
a− 1, 2

√
b
√
x
))
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28.3 problem 63
Internal problem ID [10887]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 63.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + ay′ + bxy = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
a

2 − 1
2 ,

√
b x

)
c1 + BesselY

(
a

2 − 1
2 ,

√
b x

)
c2

)
x−a

2+
1
2

3 Solution by Mathematica
Time used: 0.057 (sec). Leaf size: 54� �
DSolve[x*y''[x]+a*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2−

a
2

(
c1 BesselJ

(
a− 1
2 ,

√
bx

)
+ c2 BesselY

(
a− 1
2 ,

√
bx

))
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28.4 problem 64
Internal problem ID [10888]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 64.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + ay′ + (bx+ c) y = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 66� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+(b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−i
√
b x

(
KummerU

(
ic+ a

√
b

2
√
b

, a, 2i
√
b x

)
c2

+KummerM
(
ic+ a

√
b

2
√
b

, a, 2i
√
b x

)
c1

)

3 Solution by Mathematica
Time used: 0.099 (sec). Leaf size: 85� �
DSolve[x*y''[x]+a*y'[x]+(b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−i

√
bx

(
c1HypergeometricU

(
1
2

(
a+ ic√

b

)
, a, 2i

√
bx

)
+ c2L

a−1
−a

2−
ic

2
√
b

(
2i
√
bx
))
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28.5 problem 65
Internal problem ID [10889]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 65.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_Emden, _Fowler], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

xy′′ + ny′ + b x1−2ny = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 43� �
dsolve(x*diff(y(x),x$2)+n*diff(y(x),x)+b*x^(1-2*n)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(
x−n+1

√
b

n− 1

)
+ c2 cos

(
x−n+1

√
b

n− 1

)

3 Solution by Mathematica
Time used: 0.072 (sec). Leaf size: 52� �
DSolve[x*y''[x]+n*y'[x]+b*x^(1-2*n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

bx1−n

n− 1

)
+ c2 sin

(√
bx1−n

1− n

)
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28.6 problem 66
Internal problem ID [10890]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 66.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

xy′′ + (1− 3n) y′ − a2n2x−1+2ny = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 62� �
dsolve(x*diff(y(x),x$2)+(1-3*n)*diff(y(x),x)-a^2*n^2*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c2e−a xn
(
a xn + x−n

√
x2n
)
− ea xn

c1
(
a xn − x−n

√
x2n
)

3 Solution by Mathematica
Time used: 0.196 (sec). Leaf size: 77� �
DSolve[x*y''[x]+(1-3*n)*y'[x]-a^2*n^2*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
c1 −

3
8iac2

√
x2n
)
cosh

(
a
√
x2n
)
+ 1

8

(
3ic2 − 8ac1

√
x2n
)
sinh

(
a
√
x2n
)
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28.7 problem 67
Internal problem ID [10891]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 67.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

xy′′ + ay′ + b xny = 0

3 Solution by Maple
Time used: 0.218 (sec). Leaf size: 71� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x^n*y(x)=0,y(x), singsol=all)� �
y(x) =

(
BesselY

(
a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
c2 + BesselJ

(
a− 1
n+ 1 ,

2
√
b x

n
2+

1
2

n+ 1

)
c1

)
x−a

2+
1
2

3 Solution by Mathematica
Time used: 0.245 (sec). Leaf size: 165� �
DSolve[x*y''[x]+a*y'[x]+b*x^n*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

(
1
n

+1
) a−1

n+1

n
a−1
n+1 b

1−a
2n+2 (xn)−

a−1
2n

(
c2Gamma

(
−a+ n+ 2

n+ 1

)
BesselJ

(
1− a

n+ 1 ,
2
√
b(xn)

n+1
2n

n+ 1

)

+ c1Gamma
(
a+ n

n+ 1

)
BesselJ

(
a− 1
n+ 1 ,

2
√
b(xn)

n+1
2n

n+ 1

))
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28.8 problem 68
Internal problem ID [10892]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 68.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + ay′ + b xn
(
−b xn+1 + a+ n

)
y = 0

3 Solution by Maple
Time used: 0.594 (sec). Leaf size: 166� �
dsolve(x*diff(y(x),x$2)+a*diff(y(x),x)+b*x^n*(-b*x^(n+1)+a+n)*y(x)=0,y(x), singsol=all)� �
y(x) = −

(
(a− n− 2)x− 3n

2 −a
2−1 + 2b x−n

2−
a
2

)
c2(n

+ 1)WhittakerM
(
−a− n

2n+ 2 ,
−a+ 2n+ 3

2n+ 2 ,−2b xn+1

n+ 1

)
+ x− 3n

2 −a
2−1c2(a− n− 2)2WhittakerM

(
n+ 2− a

2n+ 2 ,
−a+ 2n+ 3

2n+ 2 ,−2b xn+1

n+ 1

)
+ c1e−

b xn+1
n+1

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+a*y'[x]+b*x^n*(-b*x^(n+1)+a+n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.9 problem 69
Internal problem ID [10893]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 69.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

xy′′ + axy′ + ay = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 29� �
dsolve(x*diff(y(x),x$2)+a*x*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = expIntegral1 (−ax) c1ax e−ax + c1 + c2x e−ax

3 Solution by Mathematica
Time used: 0.177 (sec). Leaf size: 35� �
DSolve[x*y''[x]+a*x*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(ac2xExpIntegralEi(ax)− c2e
ax + c1x)
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28.10 problem 70
Internal problem ID [10894]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 70.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Laguerre]

xy′′ + (−x+ b) y′ − ay = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 17� �
dsolve(x*diff(y(x),x$2)+(b-x)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = c1KummerM (a, b, x) + c2KummerU (a, b, x)

3 Solution by Mathematica
Time used: 0.049 (sec). Leaf size: 24� �
DSolve[x*y''[x]+(b-x)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1HypergeometricU(a, b, x) + c2L
b−1
−a (x)
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28.11 problem 71
Internal problem ID [10895]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 71.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (ax+ b) y′ + c((a− c)x+ b) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 40� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*((a-c)*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−cx + c2x
− b

2 WhittakerM
(
− b

2 ,
1
2 − b

2 , (−2c+ a)x
)
e−ax

2

3 Solution by Mathematica
Time used: 0.333 (sec). Leaf size: 50� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+c*((a-c)*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx
(
c1 − c2x

1−b(x(a− 2c))b−1Γ(1− b, (a− 2c)x)
)
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28.12 problem 72
Internal problem ID [10896]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 72.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (2ax+ b) y′ + a(ax+ b) y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 21� �
dsolve(x*diff(y(x),x$2)+(2*a*x+b)*diff(y(x),x)+a*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
(
c1 + x−b+1c2

)
3 Solution by Mathematica
Time used: 0.233 (sec). Leaf size: 70� �
DSolve[x*y''[x]+(2*a*x+b)*y'[x]+a*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−axx

1
2

(
−b−

√
(b−1)2+1

)(
c2x

√
(b−1)2 +

√
(b− 1)2c1

)
√
(b− 1)2

695



28.13 problem 73
Internal problem ID [10897]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 73.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + ((a+ b)x+ n+m) y′ + (abx+ an+ bm) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)+((a+b)*x+n+m)*diff(y(x),x)+(a*b*x+a*n+b*m)*y(x)=0,y(x), singsol=all)� �
y(x) = e−ax(KummerU (m,n+m, (a− b)x) c2 +KummerM (m,n+m, (a− b)x) c1)

3 Solution by Mathematica
Time used: 0.131 (sec). Leaf size: 46� �
DSolve[x*y''[x]+((a+b)*x+n+m)*y'[x]+(a*b*x+a*n+b*m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax(c1HypergeometricU(m,m+ n, (a− b)x) + c2L
m+n−1
−m ((a− b)x))
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28.14 problem 74
Internal problem ID [10898]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 74.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (ax+ b) y′ + (cx+ d) y = 0

3 Solution by Maple
Time used: 0.093 (sec). Leaf size: 109� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x
(√

a2−4c+a
)

2

(
KummerM

(
b
√
a2 − 4c+ ab− 2d
2
√
a2 − 4c

, b,
√
a2 − 4c x

)
c1

+KummerU
(
b
√
a2 − 4c+ ab− 2d
2
√
a2 − 4c

, b,
√
a2 − 4c x

)
c2

)

3 Solution by Mathematica
Time used: 0.135 (sec). Leaf size: 135� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e

− 1
2x
(√

a2−4c+a
)(

c1HypergeometricU
(
ab+

√
a2 − 4cb− 2d

2
√
a2 − 4c

, b,
√
a2 − 4cx

)

+ c2L
b−1
−ab+

√
a2−4cb−2d

2
√

a2−4c

(√
a2 − 4cx

))
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28.15 problem 75
Internal problem ID [10899]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 75.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ − (ax+ 1) y′ − b x2(bx+ a) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 73� �
dsolve(x*diff(y(x),x$2)-(a*x+1)*diff(y(x),x)-b*x^2*(b*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = −e− 2b2x2+a2
4b

√
π
√
−b erf

(
2bx+ a

2
√
−b

)
c2a+ 2 e 1

2x
2b+axc2b+ c1e−

x2b
2

3 Solution by Mathematica
Time used: 0.444 (sec). Leaf size: 88� �
DSolve[x*y''[x]-(a*x+1)*y'[x]-b*x^2*(b*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

bx2
2

(
2
√
b
(
c2e

x(a+bx) + 2bc1
)
−

√
πac2e

−a2
4b erfi

(
a+2bx
2
√
b

))
4b3/2
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28.16 problem 76
Internal problem ID [10900]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 76.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ − (2ax+ 1) y′ +
(
x3b+ a2x+ a

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 39� �
dsolve(x*diff(y(x),x$2)-(2*a*x+1)*diff(y(x),x)+(b*x^3+a^2*x+a)*y(x)=0,y(x), singsol=all)� �

y(x) = c1eax+
x2

√
−b

2 + c2eax−
x2

√
−b

2

3 Solution by Mathematica
Time used: 0.276 (sec). Leaf size: 59� �
DSolve[x*y''[x]-(2*a*x+1)*y'[x]+(b*x^3+a^2*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

ax− 1
2 i
√
bx2

(
2c1 −

ic2e
i
√
bx2

√
b

)
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28.17 problem 77
Internal problem ID [10901]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 77.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _missing_y]]

xy′′ + (ax+ b) y′ = −cx
(
−c x2 + ax+ b+ 1

)
3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 115� �
dsolve(x*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*x*(-c*x^2+a*x+b+1)=0,y(x), singsol=all)� �
y(x)

=
c2a

3 −
(∫ (

−c2((b3 + 3b2 + 2b) Γ(b,−ax)− Γ(b+ 3)) e−ax(−ax)−b − e−axx−bc1a
3 + ((−b2 + (ax− 3) b− a2x2 + 2ax− 2) c+ a3x) c

)
dx
)

a3

3 Solution by Mathematica
Time used: 61.322 (sec). Leaf size: 92� �
DSolve[x*y''[x]+(a*x+b)*y'[x]+c*x*(-c*x^2+a*x+b+1)==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
∫ x

1
e−aK[1]K[1]−b

(
c(−((b+ 1)Γ(b+ 1,−aK[1])a2) + Γ(b+ 2,−aK[1])a2 + cΓ(b+ 3,−aK[1]))K[1]b(−aK[1])−b

a3

+ c1

)
dK[1] + c2
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28.18 problem 78
Internal problem ID [10902]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 78.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ − (2ax+ 1) y′ + yb x3 = 0

3 Solution by Maple
Time used: 0.188 (sec). Leaf size: 106� �
dsolve(x*diff(y(x),x$2)-(2*a*x+1)*diff(y(x),x)+b*x^3*y(x)=0,y(x), singsol=all)� �

y(x) = x2HeunB
(
2, 0, a2√

−b
,− 2ia

(−b)
1
4
, i(−b)

1
4 x

)
eax+

x2
√
−b

2

c1

+ c2


∫ e−x2√−b

HeunB
(
2, 0, a2√

−b
,− 2ia

(−b)
1
4
, i (−b)

1
4 x

)2

x3

dx




7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]-(2*a*x+1)*y'[x]+b*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.19 problem 79
Internal problem ID [10903]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 79.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
ab x2 + b− 5

)
y′ + 2a2(−2 + b)x3y = 0

3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 92� �
dsolve(x*diff(y(x),x$2)+(a*b*x^2+b-5)*diff(y(x),x)+2*a^2*(b-2)*x^3*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
−3KummerU

(
b
2 + 1,−2 + b

2 ,
a(b−4)x2

2

)
c2b+ (a(b− 4)x2 + b+ 4) c2KummerU

(
b
2 ,−2 + b

2 ,
a(b−4)x2

2

)
+ 2c1e

a(b−4)x2
2 (a x2 + 1)

)
e−

a(b−2)x2
2

2

3 Solution by Mathematica
Time used: 3.578 (sec). Leaf size: 67� �
DSolve[x*y''[x]+(a*b*x^2+b-5)*y'[x]+2*a^2*(b-2)*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax2(
ax2 + 1

)(
c2

∫ x

1

e−
1
2a(b−4)K[1]2K[1]5−b

(aK[1]2 + 1)2
dK[1] + c1

)
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28.20 problem 80
Internal problem ID [10904]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 80.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x2 + bx

)
y′ −

(
ac x2 +

(
bc+ c2 + a

)
x+ b+ 2c

)
y = 0

3 Solution by Maple
Time used: 8.546 (sec). Leaf size: 34� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)-(a*c*x^2+(a+b*c+c^2)*x+b+2*c)*y(x)=0,y(x), singsol=all)� �

y(x) = ecxx
(
c1 + c2

(∫ e−
x(ax+2b+4c)

2

x2 dx

))

3 Solution by Mathematica
Time used: 3.129 (sec). Leaf size: 49� �
DSolve[x*y''[x]+(a*x^2+b*x)*y'[x]-(a*c*x^2+(a+b*c+c^2)*x+b+2*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xecx

(
c2

∫ x

1

e−
1
2K[1](2b+4c+aK[1])

K[1]2 dK[1] + c1

)
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28.21 problem 81
Internal problem ID [10905]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 81.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x2 + bx+ 2

)
y′ + yb = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 69� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+2)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) =
e b2

2aπc2(ax+ b) erf
(√

2 (ax+b)
2
√
a

)
+
√
π
√
2
√
a e−

x(ax+2b)
2 c2 + c1(ax+ b)

x

3 Solution by Mathematica
Time used: 0.535 (sec). Leaf size: 85� �
DSolve[x*y''[x]+(a*x^2+b*x+2)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
−
√

π
2 c2erf

(
ax+b√
2
√
a

)
a3/2

− c2e
− (ax+b)2

2a
a(ax+b) + c1

)
bx
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28.22 problem 82
Internal problem ID [10906]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 82.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

xy′′ +
(
a x2 + bx+ c

)
y′ + (2ax+ b) y = 0

3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 46� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(2*a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = x−c+1e−
x(ax+2b)

2

(
c1

(∫
xc−2e 1

2a x
2+bxdx

)
+ c2

)
3 Solution by Mathematica
Time used: 1.772 (sec). Leaf size: 63� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(2*a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−ce−
1
2x(ax+2b)

(
c2

∫ x

1
e

1
2aK[1]2+bK[1]K[1]c−2dK[1] + c1

)
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28.23 problem 83
Internal problem ID [10907]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 83.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x2 + bx+ c

)
y′ + (c− 1) (ax+ b) y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 102� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(c-1)*(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(ax+2b)

2

(
HeunB

(
c− 1, b

√
2√
a
, c− 3,−

√
2 b(c− 2)√

a
,

√
2
√
a x

2

)
c1

+HeunB
(
−c+ 1, b

√
2√
a
, c− 3,−

√
2 b(c− 2)√

a
,

√
2
√
a x

2

)
x−c+1c2

)

3 Solution by Mathematica
Time used: 1.579 (sec). Leaf size: 49� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(c-1)*(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−c

(
c2

∫ x

1
e−

1
2K[1](2b+aK[1])K[1]c−2dK[1] + c1

)
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28.24 problem 84
Internal problem ID [10908]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 84.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x2 + bx+ c

)
y′ +

(
Ax2 +Bx+ C0

)
y = 0

3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 186� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+c)*diff(y(x),x)+(A*x^2+B*x+C0)*y(x)=0,y(x), singsol=all)� �
y(x) = e

x
(
−a2x−2ab+2A

)
2a

(
x−c+1 HeunB

(
−c+ 1,

−
√
2 (−ab+ 2A)

a
3
2

,
(−c− 1) a3 + 2B a2 − 2Aab+ 2A2

a3
,
(bc− 2C0)

√
2√

a
,

√
2
√
a x

2

)
c2

+HeunB
(
c− 1,

−
√
2 (−ab+ 2A)

a
3
2

,
(−c− 1) a3 + 2B a2 − 2Aab+ 2A2

a3
,
(bc− 2C0)

√
2√

a
,

√
2
√
a x

2

)
c1

)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^2+b*x+c)*y'[x]+(A*x^2+B*x+C0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.25 problem 85
Internal problem ID [10909]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 85.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x2 + bx+ 2

)
y′ +

(
c x2 + dx+ b

)
y = 0

3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^2+b*x+2)*diff(y(x),x)+(c*x^2+d*x+b)*y(x)=0,y(x), singsol=all)� �
y(x)

=
e−

x
(
a2x+2ab−2c

)
2a

(
hypergeom

([
3a3−d a2+abc−c2

2a3

]
,
[3
2

]
,
(
a2x+ab−2c

)2
2a3

)
(a2x+ ab− 2c) c2 + c1 hypergeom

([
2a3−d a2+abc−c2

2a3

]
,
[1
2

]
,
(
a2x+ab−2c

)2
2a3

))
x

3 Solution by Mathematica
Time used: 0.155 (sec). Leaf size: 134� �
DSolve[x*y''[x]+(a*x^2+b*x+2)*y'[x]+(c*x^2+d*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
e−

1
2x
(
− 2c

a
+ax+2b

)(
c2Hypergeometric1F1

(
−−2a3+da2−bca+c2

2a3 , 12 ,
(
xa2+ba−2c

)2
2a3

)
+ c1HermiteH

(
−2a3+da2−bca+c2

a3
, xa

2+ba−2c√
2a3/2

))
x
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28.26 problem 86
Internal problem ID [10910]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 86.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x3 + b

)
y′ + a(b− 1)x2y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 107� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b)*diff(y(x),x)+a*(b-1)*x^2*y(x)=0,y(x), singsol=all)� �
y(x)

=
9c2a2x− b

2+3e−a x3
6 WhittakerM

(
1
3 +

b
6 ,

b
6 +

5
6 ,

a x3

3

)
+
(
a x− b

2+3 + x− b
2 (b+ 2)

)
c2e−

a x3
3 a3− b

6+
2
3 (b+ 5) (a x3)

1
3+

b
6 + 9c1x−b+2

9x

3 Solution by Mathematica
Time used: 0.424 (sec). Leaf size: 60� �
DSolve[x*y''[x]+(a*x^3+b)*y'[x]+a*(b-1)*x^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
1−b − 3 b−4

3 c2
(
ax3) 1

3−
b
3 Γ
(
b− 1
3 ,

ax3

3

)
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28.27 problem 87
Internal problem ID [10911]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 87.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

xy′′ + x
(
a x2 + b

)
y′ +

(
3a x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.141 (sec). Leaf size: 42� �
dsolve(x*diff(y(x),x$2)+x*(a*x^2+b)*diff(y(x),x)+(3*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = x e−
x
(
a x2+3b

)
3

c1

∫ e
x
(
a x2+3b

)
3

x2 dx

+ c2


3 Solution by Mathematica
Time used: 2.43 (sec). Leaf size: 56� �
DSolve[x*y''[x]+x*(a*x^2+b)*y'[x]+(3*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → xe−
ax3
3 −bx

(
c2

∫ x

1

e
1
3aK[1]3+bK[1]

K[1]2 dK[1] + c1

)
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28.28 problem 88
Internal problem ID [10912]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 88.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x3 + b x2 + 2

)
y′ + bxy = 0

3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b*x^2+2)*diff(y(x),x)+b*x*y(x)=0,y(x), singsol=all)� �
y(x)

=
c1e−

csgn(a)x2(csgn(a)+1)
(
ax+3b

2
)

6 HeunT
(

3
2
3 b

2(a2)
1
3
,−6 csgn (a) ,− b23

1
3

4(a2)
2
3
, 3

2
3 a(2ax+b)
6(a2)

5
6

)
+ c2e−

csgn(a)x2(csgn(a)−1)
(
ax+3b

2
)

6 HeunT
(

3
2
3 b

2(a2)
1
3
, 6 csgn (a) ,− b23

1
3

4(a2)
2
3
,−3

2
3 a(2ax+b)
6(a2)

5
6

)
x

3 Solution by Mathematica
Time used: 1.962 (sec). Leaf size: 58� �
DSolve[x*y''[x]+(a*x^3+b*x^2+2)*y'[x]+b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(ax+ b)

(
c2
∫ x

1
e−

1
6K[1]2(3b+2aK[1])

(b+aK[1])2 dK[1] + c1
)

bx
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28.29 problem 89
Internal problem ID [10913]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 89.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
ab x3 + b x2 + ax− 1

)
y′ + a2b x3y = 0

3 Solution by Maple
Time used: 0.313 (sec). Leaf size: 48� �
dsolve(x*diff(y(x),x$2)+(a*b*x^3+b*x^2+a*x-1)*diff(y(x),x)+a^2*b*x^3*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ x e−
(
ab x2+3

2 bx−3a
)
x

3

(ax+ 1)2
dx

+ c1

 (ax+ 1)

3 Solution by Mathematica
Time used: 4.606 (sec). Leaf size: 72� �
DSolve[x*y''[x]+(a*b*x^3+b*x^2+a*x-1)*y'[x]+a^2*b*x^3*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2 exp

(
− 1

6K[1]
(
3bK[1]+2a

(
bK[1]2−3

)))
K[1]

(aK[1]+1)2 dK[1] + c1
)

a
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28.30 problem 90
Internal problem ID [10914]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 90.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a x3 + b x2 + cx+ d

)
y′ + (d− 1)

(
a x2 + bx+ c

)
y = 0

3 Solution by Maple
Time used: 0.359 (sec). Leaf size: 42� �
dsolve(x*diff(y(x),x$2)+(a*x^3+b*x^2+c*x+d)*diff(y(x),x)+(d-1)*(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−d+1
((∫

xd−2e− 1
3a x

3− 1
2x

2b−cxdx

)
c2 + c1

)
3 Solution by Mathematica
Time used: 1.839 (sec). Leaf size: 57� �
DSolve[x*y''[x]+(a*x^3+b*x^2+c*x+d)*y'[x]+(d-1)*(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x1−d

(
c2

∫ x

1
exp

(
−1
6K[1](6c+K[1](3b+ 2aK[1]))

)
K[1]d−2dK[1] + c1

)
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28.31 problem 91
Internal problem ID [10915]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 91.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + a xny′ +
(
ab xn − a xn−1 − b2x+ 2b

)
y = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+a*x^n*diff(y(x),x)+(a*b*x^n-a*x^(n-1)-b^2*x+2*b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+a*x^n*y'[x]+(a*b*x^n-a*x^(n-1)-b^2*x+2*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.32 problem 92
Internal problem ID [10916]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 92.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + 2) y′ + xn−1ay = 0

3 Solution by Maple
Time used: 0.203 (sec). Leaf size: 122� �
dsolve(x*diff(y(x),x$2)+(a*x^n+2)*diff(y(x),x)+a*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x)

=
nc2e−

a xn

2n

(
(n+ 1)x− 3n

2 + 1
2 + x−n

2+
1
2a
)
WhittakerM

(
−n−1

2n , 2n+1
2n , a x

n

n

)
+ c2x

− 3n
2 + 1

2 e−a xn

2n (n+ 1)2WhittakerM
(
n+1
2n , 2n+1

2n , a x
n

n

)
+ c1

x

3 Solution by Mathematica
Time used: 0.099 (sec). Leaf size: 62� �
DSolve[x*y''[x]+(a*x^n+2)*y'[x]+a*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)−1/nn
1
n
−1a−1/n(xn)−1/n

(
c1(−1) 1

nΓ
(
1
n
, 0, ax

n

n

)
+ c2n

)
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28.33 problem 93
Internal problem ID [10917]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 93.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (xn + 1− n) y′ + b x−1+2ny = 0

3 Solution by Maple
Time used: 0.046 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(x^n+1-n)*diff(y(x),x)+b*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−xn

2n

c1 sinh

xn
√

−4b+1
n2

2

+ c2 cosh

xn
√

−4b+1
n2

2


3 Solution by Mathematica
Time used: 0.094 (sec). Leaf size: 53� �
DSolve[x*y''[x]+(x^n+1-n)*y'[x]+b*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
(√

1−4b+1
)
xn

2n

(
c2e

√
1−4bxn

n + c1
)
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28.34 problem 94
Internal problem ID [10918]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 94.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

xy′′ + (a xn + b) y′ + yxn−1an = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*n*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a xn

n

(
hypergeom

([
b− 1
n

]
,

[
b+ n− 1

n

]
,
a xn

n

)
c1 + x−b+1c2

)
3 Solution by Mathematica
Time used: 0.244 (sec). Leaf size: 121� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*n*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)− b
nn

b−n−1
n a

1−b
n e−

axn

n (xn)
1−b
n

(
−(b− 1)c1(−1) 1

nΓ
(
b− 1
n

,−axn

n

)
+ c2n(−1)b/n + (b− 1)c1(−1) 1

n Gamma
(
b− 1
n

))
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28.35 problem 95
Internal problem ID [10919]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 95.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + b) y′ + a(b− 1)xn−1y = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 143� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*(b-1)*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) = e−a xn

2n nc2
(
(b+ n− 1)x− 3n

2 + 1
2−

b
2

+ a x
1
2−

b
2−

n
2

)
WhittakerM

(
b− n− 1

2n ,
b+ 2n− 1

2n ,
a xn

n

)
+ x− 3n

2 + 1
2−

b
2 e−a xn

2n c2(b+ n− 1)2WhittakerM
(
b+ n− 1

2n ,
b+ 2n− 1

2n ,
a xn

n

)
+ c1x

−b+1

3 Solution by Mathematica
Time used: 0.182 (sec). Leaf size: 90� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*(b-1)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (−1)− b

nn
b−n−1

n a
1−b
n (xn)

1−b
n

(
(b− 1)c1(−1)b/nΓ

(
b− 1
n

, 0, ax
n

n

)
+ c2(−1) 1

nn

)
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28.36 problem 96
Internal problem ID [10920]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 96.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + b) y′ + a(b+ n− 1)xn−1y = 0

3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 56� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+a*(b+n-1)*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a xn

n

(
c1 + x−b+1c2 hypergeom

([
−b+ 1

n

]
,

[
−b+ n+ 1

n

]
,
a xn

n

))
3 Solution by Mathematica
Time used: 0.178 (sec). Leaf size: 93� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+a*(b+n-1)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(−1)−1/ne−

axn

n

(
(b− 1)c2(−1)b/nΓ

(1−b
n
,−axn

n

)
− (b− 1)c2(−1)b/n Gamma

(1−b
n

)
+ c1(−1) 1

nn
)

n
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28.37 problem 97
Internal problem ID [10921]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 97.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + b) y′ + c(a xn − cx+ b) y = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*(a*x^n-c*x+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+c*(a*x^n-c*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.38 problem 98
Internal problem ID [10922]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 98.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (ab xn + b− 3n+ 1) y′ + a2n(−n+ b)x−1+2ny = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^n+b-3*n+1)*diff(y(x),x)+a^2*n*(b-n)*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^n+b-3*n+1)*y'[x]+a^2*n*(b-n)*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.39 problem 99
Internal problem ID [10923]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 99.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + b) y′ +
(
x−1+2nc+ d xn−1) y = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 156� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+(c*x^(2*n-1)+d*x^(n-1))*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
xn
(√

a2−4c+a
)

2n

(
KummerU

(
(b+ n− 1)

√
a2 − 4c+ a(b+ n− 1)− 2d
2
√
a2 − 4c n

,
b+ n− 1

n
,

√
a2 − 4c xn

n

)
c2

+KummerM
(
(b+ n− 1)

√
a2 − 4c+ a(b+ n− 1)− 2d
2
√
a2 − 4c n

,
b+ n− 1

n
,

√
a2 − 4c xn

n

)
c1

)
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3 Solution by Mathematica
Time used: 0.38 (sec). Leaf size: 255� �
DSolve[x*y''[x]+(a*x^n+b)*y'[x]+(c*x^(2*n-1)+d*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2 b+n−1
2n x

1
2−

n
2 (xn)

n−1
2n e−

(√
a2−4c+a

)
xn

2n

c1HypergeometricU
(
(b+ n− 1)a2 +

√
a2 − 4c(b+ n− 1)a− 2

√
a2 − 4cd− 4c(b+ n− 1)

2 (a2 − 4c)n ,
b+ n− 1

n
,

√
a2 − 4cxn

n

)

+ c2L
b−1
n

− (b+n−1)a2+
√

a2−4c(b+n−1)a−2
√

a2−4cd−4c(b+n−1)
2
(
a2−4c

)
n

(√
a2 − 4cxn

n

)
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28.40 problem 100
Internal problem ID [10924]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 100.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
a xn + b xn−1 + 2

)
y′ + yxn−2b = 0

3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 53� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x^(n-1)+2)*diff(y(x),x)+(b*x^(n-2))*y(x)=0,y(x), singsol=all)� �

y(x) =
(ax+ b)

(
c2

(∫ e
− (ax(n−1)+bn)xn−1

n(n−1)

(ax+b)2 dx

)
+ c1

)
x

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x^(n-1)+2)*y'[x]+(b*x^(n-2))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.41 problem 101
Internal problem ID [10925]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 101.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + bx) y′ +
(
ab xn + an xn−1 − b

)
y = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x)*diff(y(x),x)+(a*b*x^n+a*n*x^(n-1)-b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x)*y'[x]+(a*b*x^n+a*n*x^(n-1)-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.42 problem 102
Internal problem ID [10926]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 102.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
ab xn + b xn−1 + ax− 1

)
y′ + a2b xny = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^n+b*x^(n-1)+a*x-1)*diff(y(x),x)+(a^2*b*x^n)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^n+b*x^(n-1)+a*x-1)*y'[x]+(a^2*b*x^n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.43 problem 103
Internal problem ID [10927]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 103.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ + (a xn + b xm + c) y′ + (c− 1)
(
a xn−1 + b xm−1) y = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(c-1)*(a*x^(n-1)+b*x^(m-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*x^n+b*x^m+c)*y'[x]+(c-1)*(a*x^(n-1)+b*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.44 problem 104
Internal problem ID [10928]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 104.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xy′′ +
(
xm+nab+ xnna+ b xm + 1− 2n

)
y′ + a2bn x2n+m−1y = 0

7 Solution by Maple� �
dsolve(x*diff(y(x),x$2)+(a*b*x^(n+m)+a*n*x^n+b*x^m+1-2*n)*diff(y(x),x)+a^2*b*n*x^(2*n+m-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x*y''[x]+(a*b*x^(n+m)+a*n*x^n+b*x^m+1-2*n)*y'[x]+a^2*b*n*x^(2*n+m-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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28.45 problem 105
Internal problem ID [10929]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 105.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

(x+ a) y′′ + (bx+ c) y′ + yb = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 78� �
dsolve((x+a)*diff(y(x),x$2)+(b*x+c)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x) = −

(
−(a+ x)ab−c+1 c1 + (Γ(−ab+ c) + Γ(−ab+ c− 1,−b(a+ x)) (ab− c+ 1)) b(a

+ x) c2(−b(a+ x))ab−c
)
e−bx

3 Solution by Mathematica
Time used: 0.559 (sec). Leaf size: 90� �
DSolve[(x+a)*y''[x]+(b*x+c)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−b(a+x)(a+ x)1−c(−b(a+ x))−c
(
c1e

ab(a+ x)ab(−b(a+ x))c

+ bc2(−b(a+ x))ab(a+ x)cΓ(−ab+ c− 1,−b(a+ x))
)
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28.46 problem 106
Internal problem ID [10930]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 106.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a1x+ a0) y′′ + (b1x+ b0) y′ −mb1y = 0

3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 101� �
dsolve((a__1*x+a__0)*diff(y(x),x$2)+(b__1*x+b__0)*diff(y(x),x)-m*b__1*y(x)=0,y(x), singsol=all)� �
y(x) = (a1x

+ a0)
a0b1+a21−a1b0

a21 e−
b1x
a1

(
KummerM

(
1 +m,

a0b1 + 2a21 − a1b0
a21

,
b1(a1x+ a0)

a21

)
c1

+KummerU
(
1 +m,

a0b1 + 2a21 − a1b0
a21

,
b1(a1x+ a0)

a21

)
c2

)
3 Solution by Mathematica
Time used: 0.278 (sec). Leaf size: 102� �
DSolve[(a1*x+a0)*y''[x]+(b1*x+b0)*y'[x]-m*b1*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
b1x
a1 (a0+ a1x)

a0b1+a12−a1b0
a12

(
c1HypergeometricU

(
m+ 1,−b0

a1 + a0b1
a12

+ 2, b1(a0+ a1x)
a12

)
+ c2L

a12−b0a1+a0b1
a12

−m−1

(
b1(a0+ a1x)

a12
))
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28.47 problem 107
Internal problem ID [10931]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 107.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(ax+ b) y′′ + s(cx+ d) y′ − s2((a+ c)x+ b+ d) y = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 166� �
dsolve((a*x+b)*diff(y(x),x$2)+s*(c*x+d)*diff(y(x),x)-s^2*((a+c)*x+b+d)*y(x)=0,y(x), singsol=all)� �
y(x)

=

(
((−c1 + c2) a2 + adsc1 − bcsc1) Γ

(
−dsa+bcs+a2

a2
, s(2a+c)(ax+b)

a2

)
+ Γ

(
−dsa+bcs+2a2

a2

)
c1a

2
)
(ax+ b)

−dsa+bcs+a2
a2

(
s(2a+c)(ax+b)

a2

) dsa−bcs−a2
a2 e

s
(
a2x+2ab+bc

)
a2

a2

3 Solution by Mathematica
Time used: 1.269 (sec). Leaf size: 122� �
DSolve[(a*x+b)*y''[x]+s*(c*x+d)*y'[x]-s^2*((a+c)*x+b+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)
→ c1e

sx

−
c2e

s
(

b(2a+c)
a2 +x

)
(ax+ b)

s(bc−ad)
a2 +1

(
s(2a+c)(ax+b)

a2

) s(ad−bc)
a2 −1

Γ
(

a2−dsa+bcs
a2

, (2a+c)s(b+ax)
a2

)
a
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28.48 problem 108
Internal problem ID [10932]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 108.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a2x+ b2) y′′ + (a1x+ b1) y′ + (a0x+ b0) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 248� �
dsolve((a__2*x+b__2)*diff(y(x),x$2)+(a__1*x+b__1)*diff(y(x),x)+(a__0*x+b__0)*y(x)=0,y(x), singsol=all)� �
y(x) = (a2x

+b2)
a1b2+a22−a2b1

a22 e−
(√

−4a0a2+a21+a1
)
x

2a2

(
KummerM

(
(a1b2 + 2a22 − a2b1)

√
−4a0a2 + a21 − 2a22b0 + (2a0b2 + b1a1) a2 − a21b2

2
√
−4a0a2 + a21 a

2
2

,
a1b2 + 2a22 − a2b1

a22
,

√
−4a0a2 + a21 (a2x+ b2)

a22

)
c1

+KummerU
(
(a1b2 + 2a22 − a2b1)

√
−4a0a2 + a21 − 2a22b0 + (2a0b2 + b1a1) a2 − a21b2

2
√

−4a0a2 + a21 a
2
2

,
a1b2 + 2a22 − a2b1

a22
,

√
−4a0a2 + a21 (a2x+ b2)

a22

)
c2

)
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3 Solution by Mathematica
Time used: 0.526 (sec). Leaf size: 301� �
DSolve[(a2*x+b2)*y''[x]+(a1*x+b1)*y'[x]+(a0*x+b0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

x

(√
a12−4a0a2+a1

)
2a2 (a2x

+b2)
a1b2+a22−a2b1

a22

c1HypergeometricU

2
(√

a12 − 4a0a2− b0
)
a22 +

(
a1b1−

√
a12 − 4a0a2b1+ 2a0b2

)
a2+ a1

(√
a12 − 4a0a2− a1

)
b2

2a22
√
a12 − 4a0a2

,

−b1
a2 + a1b2

a22 + 2,
√
a12 − 4a0a2(b2+ a2x)

a22


+c2L

a22−b1a2+a1b2
a22

−2
(√

a12−4a0a2−b0
)
a22+

(
−a1b1+

√
a12−4a0a2b1−2a0b2

)
a2+a1

(
a1−

√
a12−4a0a2

)
b2

2a22
√
a12−4a0a2

(√
a12 − 4a0a2(b2+ a2x)

a22

)
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28.49 problem 109
Internal problem ID [10933]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-3 Equation of form
(ax+ b)y′′ + f(x)y′ + g(x)y = 0
Problem number: 109.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(x+ γ) y′′ + (a xn + b xm + c) y′ +
(
an xn−1 + xm−1bm

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 63� �
dsolve((x+gamma)*diff(y(x),x$2)+(a*x^n+b*x^m+c)*diff(y(x),x)+(a*n*x^(n-1)+b*m*x^(m-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫ e
∫

a xn+b xm+c−1
x+γ

dx

x+ γ
dx

)
+ c2

)
e−
(∫

a xn+b xm+c−1
x+γ

dx
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x+\[Gamma])*y''[x]+(a*x^n+b*x^m+c)*y'[x]+(a*n*x^(n-1)+b*m*x^(m-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29 Chapter 2, Second-Order Differential
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29.1 problem 110
Internal problem ID [10934]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 110.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

x2y′′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 35� �
dsolve(x^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x
(
c1x

√
−4a+1

2 + c2x
−

√
−4a+1

2

)
3 Solution by Mathematica
Time used: 0.057 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2−

1
2
√
1−4a

(
c2x

√
1−4a + c1

)
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29.2 problem 111
Internal problem ID [10935]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 111.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + (ax+ b) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 45� �
dsolve(x^2*diff(y(x),x$2)+(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(√
−4b+ 1, 2

√
x
√
a
)
c1 + BesselY

(√
−4b+ 1, 2

√
x
√
a
)
c2
)√

x

3 Solution by Mathematica
Time used: 0.147 (sec). Leaf size: 95� �
DSolve[x^2*y''[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
a
√
x
(
c1Gamma

(
1−

√
1− 4b

)
BesselJ

(
−
√
1− 4b, 2

√
a
√
x
)

+ c2Gamma
(√

1− 4b+ 1
)
BesselJ

(√
1− 4b, 2

√
a
√
x
))
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29.3 problem 112
Internal problem ID [10936]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 112.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a2x2 − n(n+ 1)

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 27� �
dsolve(x^2*diff(y(x),x$2)+(a^2*x^2-n*(n+1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
n+ 1

2 , ax
)
c1 + BesselY

(
n+ 1

2 , ax
)
c2

)√
x

3 Solution by Mathematica
Time used: 0.056 (sec). Leaf size: 36� �
DSolve[x^2*y''[x]+(a^2*x^2-n*(n+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x

(
c1 BesselJ

(
n+ 1

2 , ax
)
+ c2 BesselY

(
n+ 1

2 , ax
))
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29.4 problem 113
Internal problem ID [10937]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 113.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ −
(
a2x2 + n(n+ 1)

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^2+n*(n+1))*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x

(
BesselJ

(
n+ 1

2 ,
√
−a2 x

)
c1 + BesselY

(
n+ 1

2 ,
√
−a2 x

)
c2

)
3 Solution by Mathematica
Time used: 0.054 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]-(a^2*x^2+n*(n+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x

(
c1 BesselJ

(
n+ 1

2 ,−iax

)
+ c2 BesselY

(
n+ 1

2 ,−iax

))
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29.5 problem 114
Internal problem ID [10938]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 114.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ −
(
a2x2 + 2abx+ b2 − b

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 29� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^2+2*a*b*x+b^2-b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
beax + c2WhittakerM

(
−b,

1
2 − b, 2ax

)
3 Solution by Mathematica
Time used: 0.055 (sec). Leaf size: 38� �
DSolve[x^2*y''[x]-(a^2*x^2+2*a*b*x+b^2-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1M−b,b− 1
2
(2ax) + c2W−b,b− 1

2
(2ax)
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29.6 problem 115
Internal problem ID [10939]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 115.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2 + bx+ c

)
y = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 57� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = c1WhittakerM
(
− ib

2
√
a
,

√
−4c+ 1

2 , 2i
√
a x

)
+ c2WhittakerW

(
− ib

2
√
a
,

√
−4c+ 1

2 , 2i
√
a x

)
3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 88� �
DSolve[x^2*y''[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1M− ib
2
√
a
,− 1

2 i
√
4c−1

(
2i
√
ax
)
+ c2W− ib

2
√
a
,− 1

2 i
√
4c−1

(
2i
√
ax
)
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29.7 problem 116
Internal problem ID [10940]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 116.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ −
(
a x3 + 5

16

)
y = 0

3 Solution by Maple
Time used: 0.032 (sec). Leaf size: 31� �
dsolve(x^2*diff(y(x),x$2)-(a*x^3+5/16)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1 sinh

(
2x

3
2
√
a

3

)
+ c2 cosh

(
2x

3
2
√
a

3

)
x

1
4

3 Solution by Mathematica
Time used: 0.102 (sec). Leaf size: 60� �
DSolve[x^2*y''[x]-(a*x^3+5/16)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−

2
3
√
ax3/2

(
2c1e

4
3
√
ax3/2 − c2√

a

)
2 4
√
x
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29.8 problem 117
Internal problem ID [10941]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 117.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ −
(
a2x4 + a(−1 + 2b)x2 + b(1 + b)

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 38� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^4+a*(2*b-1)*x^2+b*(b+1))*y(x)=0,y(x), singsol=all)� �

y(x) = x−be−a x2
2

(
c2Γ
(
b+ 1

2

)
− c2Γ

(
b+ 1

2 ,−a x2
)
+ c1

)
3 Solution by Mathematica
Time used: 0.45 (sec). Leaf size: 66� �
DSolve[x^2*y''[x]-(a^2*x^4+a*(2*b-1)*x^2+b*(b+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2e

−ax2
2 x−b

(
ac2x

2b+3(−ax2)−b− 3
2 Γ
(
b+ 1

2 ,−ax2
)
+ 2c1

)
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29.9 problem 118
Internal problem ID [10942]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 118.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + (a xn + b) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 63� �
dsolve(x^2*diff(y(x),x$2)+(a*x^n+b)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
BesselJ

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
c1 + BesselY

(√
−4b+ 1
n

,
2
√
a x

n
2

n

)
c2

)√
x

3 Solution by Mathematica
Time used: 0.343 (sec). Leaf size: 351� �
DSolve[x^2*y''[x]+(a*x^n+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→n−
√

(1−4b)n2+i
√
4b−1n+n

n2 a
−
√

(1−4b)n2−i
√

4b−1n+n

2n2 (xn)
−
√

(1−4b)n2−i
√
4b−1n+n

2n2

(
c2n

2
√

(1−4b)n2

n2 a
i
√

4b−1
n (xn)

i
√
4b−1
n Gamma

(
n+

√
1− 4b
n

)
BesselJ

(√
(1− 4b)n2

n2 ,
2
√
a
√
xn

n

)

+ c1n
2i

√
4b−1
n a

√
(1−4b)n2

n2 (xn)
√

(1−4b)n2

n2 Gamma
(
1

−
√
1− 4b
n

)
BesselJ

(
−
√

(1− 4b)n2

n2 ,
2
√
a
√
xn

n

))
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29.10 problem 119
Internal problem ID [10943]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 119.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ −
(
x2na2 + a(2b+ n− 1)xn + b(b− 1)

)
y = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 134� �
dsolve(x^2*diff(y(x),x$2)-(a^2*x^(2*n)+a*(2*b+n-1)*x^n+b*(b-1))*y(x)=0,y(x), singsol=all)� �
y(x) = 2

(
b− 1

2 − n

2

)2

c2x
− 3n

2 + 1
2 WhittakerM

(
n− 2b+ 1

2n ,−2b− 2n− 1
2n ,

2a xn

n

)
+ n

((
−b+ 1

2 + n

2

)
x− 3n

2 + 1
2 + x−n

2+
1
2a

)
c2WhittakerM

(
−2b+ n− 1

2n ,

−2b− 2n− 1
2n ,

2a xn

n

)
+ c1x

bea xn

n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]-(a^2*x^(2*n)+a*(2*b+n-1)*x^n+b*(b-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.11 problem 120
Internal problem ID [10944]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 120.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2n + b xn + c

)
y = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 90� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(2*n)+b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−n
2
√
x

(
WhittakerW

(
− ib

2
√
a n

,
i
√
4c− 1
2n ,

2i
√
a xn

n

)
c2

+WhittakerM
(
− ib

2
√
a n

,
i
√
4c− 1
2n ,

2i
√
a xn

n

)
c1

)
3 Solution by Mathematica
Time used: 0.313 (sec). Leaf size: 236� �
DSolve[x^2*y''[x]+(a*x^(2*n)+b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2
√

(1−4c)n2+n2

2n2 x
1
2−

n
2 e

i
√
axn

n (xn)
√

(1−4c)n2+n2

2n2

c1HypergeometricU
(
1
2

(
− ib√

an
+
√

(1− 4c)n2

n2 +1
)
,

√
(1− 4c)n2

n2

+ 1,−2i
√
axn

n

)
+ c2L

√
(1−4c)n2

n2

1
2

(
ib√
an

−
√

(1−4c)n2

n2 −1
)
(
−2i

√
axn

n

)
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29.12 problem 121
Internal problem ID [10945]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 121.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x3n + b x2n + 1

4 − n2

4

)
y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 177� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(3*n)+b*x^(2*n)+1/4-1/4*n^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=

2 3
5
6 πc2(a xn+b) BesselI

 1
3 ,

2
√

−x3na3−3x2na2b−3xna b2−b3
n2a2
3


3 + c1 BesselI

(
−1

3 ,
2
√

−x3na3−3x2na2b−3xna b2−b3
n2a2
3

)
Γ
(2
3

)2 3 2
3

(
− (a xn+b)3

a2n2

) 1
3

x−n
2+

1
2

3
(
− (a xn+b)3

a2n2

) 1
6Γ
(2
3

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(3*n)+b*x^(2*n)+1/4-1/4*n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.13 problem 122
Internal problem ID [10946]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 122.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2n(b xn + c)m + 1

4 − n2

4

)
y = 0

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(2*n)*(b*x^n+c)^m+1/4-1/4*n^2)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(2*n)*(b*x^n+c)^m+1/4-1/4*n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.14 problem 123
Internal problem ID [10947]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 123.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

x2y′′ + axy′ + yb = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 52� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = x−a
2
√
x
(
x
√

a2−2a−4b+1
2 c1 + x−

√
a2−2a−4b+1

2 c2
)

3 Solution by Mathematica
Time used: 0.069 (sec). Leaf size: 57� �
DSolve[x^2*y''[x]+a*x*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x
1
2

(
−
√
a2−2a−4b+1−a+1

)(
c2x

√
a2−2a−4b+1 + c1

)
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29.15 problem 124
Internal problem ID [10948]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 124.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + y′x+
(
x2 −

(
n+ 1

2

)2
)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 19� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)+(x^2-(n+1/2)^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
n+ 1

2 , x
)
+ c2 BesselY

(
n+ 1

2 , x
)

3 Solution by Mathematica
Time used: 0.387 (sec). Leaf size: 26� �
DSolve[x^2*y''[x]+x*y'[x]+(x^2-(n+1/2)^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
n+ 1

2 , x
)
+ c2 BesselY

(
n+ 1

2 , x
)
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29.16 problem 125
Internal problem ID [10949]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 125.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + y′x−

(
x2 +

(
n+ 1

2

)2
)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 19� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)-(x^2+(n+1/2)^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselI
(
n+ 1

2 , x
)
+ c2 BesselK

(
n+ 1

2 , x
)

3 Solution by Mathematica
Time used: 0.056 (sec). Leaf size: 34� �
DSolve[x^2*y''[x]+x*y'[x]-(x^2+(n+1/2)^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
n+ 1

2 ,−ix

)
+ c2 BesselY

(
n+ 1

2 ,−ix

)
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29.17 problem 126
Internal problem ID [10950]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 126.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Bessel]

x2y′′ + y′x+
(
−ν2 + x2) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 15� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)+(x^2-nu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ (ν, x) + c2 BesselY (ν, x)

3 Solution by Mathematica
Time used: 0.102 (sec). Leaf size: 26� �
DSolve[x^2*y''[x]+x*y'[x]+(x^2-\[Nu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(√

ν, x
)
+ c2 BesselY

(√
ν, x
)
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29.18 problem 127
Internal problem ID [10951]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 127.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Bessel, _modified]]

x2y′′ + y′x−
(
ν2 + x2) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 15� �
dsolve(x^2*diff(y(x),x$2)+x*diff(y(x),x)-(x^2+nu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselI (ν, x) + c2 BesselK (ν, x)

3 Solution by Mathematica
Time used: 0.038 (sec). Leaf size: 34� �
DSolve[x^2*y''[x]+x*y'[x]-(x^2+\[Nu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(√

ν,−ix
)
+ c2 BesselY

(√
ν,−ix

)
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29.19 problem 128
Internal problem ID [10952]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 128.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + 2y′x−
(
a2x2 + 2

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 32� �
dsolve(x^2*diff(y(x),x$2)+2*x*diff(y(x),x)-(a^2*x^2+2)*y(x)=0,y(x), singsol=all)� �

y(x) = c2e−ax(ax+ 1) + c1eax(ax− 1)
x2

3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 29� �
DSolve[x^2*y''[x]+2*x*y'[x]-(a^2*x^2+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1j−2(iax)− c2y−2(iax)
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29.20 problem 129
Internal problem ID [10953]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 129.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ − 2axy′ +
(
b2x2 + a(a+ 1)

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 21� �
dsolve(x^2*diff(y(x),x$2)-2*a*x*diff(y(x),x)+(b^2*x^2+a*(a+1))*y(x)=0,y(x), singsol=all)� �

y(x) = xa(c1 sin (bx) + c2 cos (bx))

3 Solution by Mathematica
Time used: 0.066 (sec). Leaf size: 42� �
DSolve[x^2*y''[x]-2*a*x*y'[x]+(b^2*x^2+a*(a+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
ae−ibx − ic2x

aeibx

2b
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29.21 problem 130
Internal problem ID [10954]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 130.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ − 2axy′ +
(
−b2x2 + a(a+ 1)

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(x^2*diff(y(x),x$2)-2*a*x*diff(y(x),x)+(-b^2*x^2+a*(a+1))*y(x)=0,y(x), singsol=all)� �

y(x) = xa(c1 sinh (bx) + c2 cosh (bx))

3 Solution by Mathematica
Time used: 0.08 (sec). Leaf size: 35� �
DSolve[x^2*y''[x]-2*a*x*y'[x]+(-b^2*x^2+a*(a+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1x
ae−bx + c2x

aebx

2b
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29.22 problem 131
Internal problem ID [10955]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 131.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + λxy′ +
(
a x2 + bx+ c

)
y = 0

3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 75� �
dsolve(x^2*diff(y(x),x$2)+lambda*x*diff(y(x),x)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−λ
2

(
WhittakerW

(
− ib

2
√
a
,

√
λ2 − 4c− 2λ+ 1

2 , 2i
√
a x

)
c2

+WhittakerM
(
− ib

2
√
a
,

√
λ2 − 4c− 2λ+ 1

2 , 2i
√
a x

)
c1

)

3 Solution by Mathematica
Time used: 0.224 (sec). Leaf size: 159� �
DSolve[x^2*y''[x]+\[Lambda]*x*y'[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−i
√
axx

1
2

(√
(λ−1)2−4c−λ+1

)(
c1HypergeometricU

(
1
2

(
ib√
a
+
√
(λ− 1)2 − 4c+1

)
,
√

(λ− 1)2 − 4c

+ 1, 2i
√
ax

)
+ c2L

√
(λ−1)2−4c

1
2

(
− ib√

a
−
√

(λ−1)2−4c−1
)(2i√ax

))
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29.23 problem 132
Internal problem ID [10956]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 132.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + axy′ + (b xn + c) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 80� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+(b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x−a
2
√
x

(
BesselY

(√
a2 − 2a− 4c+ 1

n
,
2
√
b x

n
2

n

)
c2

+ BesselJ
(√

a2 − 2a− 4c+ 1
n

,
2
√
b x

n
2

n

)
c1

)
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3 Solution by Mathematica
Time used: 0.287 (sec). Leaf size: 168� �
DSolve[x^2*y''[x]+a*x*y'[x]+(b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ n
a−1
n b−

a−1
2n (xn)−

a−1
2n

(
c1Gamma

(
1

−
√
a2 − 2a− 4c+ 1

n

)
BesselJ

(
−
√
a2 − 2a− 4c+ 1

n
,
2
√
b
√
xn

n

)

+ c2Gamma
(
n+

√
a2 − 2a− 4c+ 1

n

)
BesselJ

(√
a2 − 2a− 4c+ 1

n
,
2
√
b
√
xn

n

))
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29.24 problem 133
Internal problem ID [10957]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 133.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + axy′ + xn(b xn + c) y = 0

3 Solution by Maple
Time used: 0.218 (sec). Leaf size: 82� �
dsolve(x^2*diff(y(x),x$2)+a*x*diff(y(x),x)+x^n*(b*x^n+c)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
WhittakerM

(
− ic

2n
√
b
,
a− 1
2n ,

2i
√
b xn

n

)
c1

+WhittakerW
(
− ic

2n
√
b
,
a− 1
2n ,

2i
√
b xn

n

)
c2

)
x−a

2−
n
2+

1
2

3 Solution by Mathematica
Time used: 0.269 (sec). Leaf size: 165� �
DSolve[x^2*y''[x]+a*x*y'[x]+x^n*(b*x^n+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2a+n−1
2n x

1
2 (−a−n+1)(xn)

a+n−1
2n e

i
√
bxn

n

(
c1HypergeometricU

(
−
−a+ ic√

b
− n+ 1

2n ,
a+ n− 1

n
,

−2i
√
bxn

n

)
+ c2L

a−1
n

−
a− ic√

b
+n−1

2n

(
−2i

√
bxn

n

))
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29.25 problem 134
Internal problem ID [10958]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 134.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + (ax+ b) y′ + yc = 0

3 Solution by Maple
Time used: 0.093 (sec). Leaf size: 114� �
dsolve(x^2*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x) = x−

√
a2−2a−4c+1

2 −a
2+

1
2

(
KummerU

(
−1
2 +

√
a2 − 2a− 4c+ 1

2 + a

2 , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c2

+KummerM
(
−1
2 +

√
a2 − 2a− 4c+ 1

2 + a

2 , 1 +
√
a2 − 2a− 4c+ 1, b

x

)
c1

)
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3 Solution by Mathematica
Time used: 0.574 (sec). Leaf size: 243� �
DSolve[x^2*y''[x]+(a*x+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−i−
√
a2−2a−4c+1+a+1b

1
2

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

2
√
a2−2a−4c+1b

√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
2

(
a+

√
a2 − 2a− 4c+ 1−1

)
,
√
a2 − 2a− 4c+ 1

+ 1, b
x

)
+ c1Hypergeometric1F1

(
1
2

(
a−

√
a2 − 2a− 4c+ 1− 1

)
, 1

−
√
a2 − 2a− 4c+ 1, b

x

))
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29.26 problem 135
Internal problem ID [10959]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 135.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + a x2y′ +
(
b x2 + cx+ d

)
y = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 79� �
dsolve(x^2*diff(y(x),x$2)+a*x^2*diff(y(x),x)+(b*x^2+c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax
2

(
WhittakerM

(
c√

a2 − 4b
,

√
1− 4d
2 ,

√
a2 − 4b x

)
c1

+WhittakerW
(

c√
a2 − 4b

,

√
1− 4d
2 ,

√
a2 − 4b x

)
c2

)
3 Solution by Mathematica
Time used: 0.228 (sec). Leaf size: 157� �
DSolve[x^2*y''[x]+a*x^2*y'[x]+(b*x^2+c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2
(√

1−4d+1
)
e
− 1

2x
(√

a2−4b+a
)(

c1HypergeometricU
(
1
2

(
− 2c√

a2 − 4b
+
√
1− 4d+1

)
,
√
1− 4d

+ 1,
√
a2 − 4bx

)
+ c2L

√
1−4d

c√
a2−4b

− 1
2
√
1−4d− 1

2

(√
a2 − 4bx

))
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29.27 problem 136
Internal problem ID [10960]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 136.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2 + b

)
y′ + c

(
(a− c)x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.485 (sec). Leaf size: 243� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*((a-c)*x^2+b)*y(x)=0,y(x), singsol=all)� �
y(x) =

√
x

(
HeunD

(
−4
√

−b (−2c+ a),−4
√
−b (−2c+ a)− 1

+ (−4a+ 8c) b, 8
√

−b (−2c+ a),−4
√

−b (−2c+ a) + 1

+ (−8c+ 4a) b,
√

−b (−2c+ a)x− b√
−b (−2c+ a)x+ b

)
e−x(a−c)c2 +HeunD

(
4
√
−b (−2c+ a),

−4
√

−b (−2c+ a)− 1 + (−4a+ 8c) b, 8
√

−b (−2c+ a),−4
√

−b (−2c+ a) + 1

+ (−8c+ 4a) b,
√

−b (−2c+ a)x− b√
−b (−2c+ a)x+ b

)
e−c x2+b

x c1

)

3 Solution by Mathematica
Time used: 1.026 (sec). Leaf size: 44� �
DSolve[x^2*y''[x]+(a*x^2+b)*y'[x]+c*((a-c)*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cx

(
c2

∫ x

1
e

b
K[1]−aK[1]+2cK[1]dK[1] + c1

)
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29.28 problem 137
Internal problem ID [10961]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 137.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2 + bx

)
y′ − yb = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 51� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)-b*y(x)=0,y(x), singsol=all)� �

y(x) = −e−axc2(Γ(b,−ax) b− Γ(b+ 1)) (−ax)−b + c1x
−be−ax − c2

3 Solution by Mathematica
Time used: 0.04 (sec). Leaf size: 43� �
DSolve[x^2*y''[x]+(a*x^2+b*x)*y'[x]-b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−ax

(
c1(−ax)−bΓ(b+ 1,−ax)

a
+ c2x

−b

)
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29.29 problem 138
Internal problem ID [10962]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 138.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2 + bx

)
y′ +

(
k(a− k)x2 + (an+ bk − 2kn)x+ n(−n+ b− 1)

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 48� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(k*(a-k)*x^2+(a*n+b*k-2*k*n)*x+n*(b-n-1))*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
−ne−kx + c2x

− b
2 WhittakerM

(
− b

2 + n,− b

2 + n+ 1
2 , (−2k + a)x

)
e−ax

2

3 Solution by Mathematica
Time used: 0.504 (sec). Leaf size: 64� �
DSolve[x^2*y''[x]+(a*x^2+b*x)*y'[x]+(k*(a-k)*x^2+(a*n+b*k-2*k*n)*x+n*(b-n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−kxx−n
(
c1 − c2x

−b+2n+1(x(a− 2k))b−2n−1Γ(−b+ 2n+ 1, (a− 2k)x)
)
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29.30 problem 139
Internal problem ID [10963]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 139.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

a2x
2y′′ +

(
a1x

2 + b1x
)
y′ +

(
x2a0 + b0x+ c0

)
y = 0

3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 150� �
dsolve(a__2*x^2*diff(y(x),x$2)+(a__1*x^2+b__1*x)*diff(y(x),x)+(a__0*x^2+b__0*x+c__0)*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
a1x
2a2 x

− b1
2a2

(
c1WhittakerM

(
− b1a1 − 2a2b0
2a2
√

−4a0a2 + a21
,

√
a22 + (−2b1 − 4c0) a2 + b21

2a2
,

√
−4a0a2 + a21 x

a2

)

+WhittakerW
(
− b1a1 − 2a2b0
2a2
√

−4a0a2 + a21
,

√
a22 + (−2b1 − 4c0) a2 + b21

2a2
,

√
−4a0a2 + a21 x

a2

)
c2

)
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3 Solution by Mathematica
Time used: 0.538 (sec). Leaf size: 272� �
DSolve[a2*x^2*y''[x]+(a1*x^2+b1*x)*y'[x]+(a0*x^2+b0*x+c0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
x

(√
a12−4a0a2+a1

)
2a2 x

√
a22−2a2(b1+2c0)+b12+a2−b1

2a2

c1HypergeometricU

− 2b0a2√
a12−4a0a2

+ a2+ a1b1√
a12−4a0a2

+
√

a22 − 2(b1+ 2c0)a2+ b12

2a2 ,
a2+

√
a22 − 2(b1+ 2c0)a2+ b12

a2 ,

√
a12 − 4a0a2x

a2


+ c2L

√
a22−2(b1+2c0)a2+b12

a2

−
− 2b0a2√

a12−4a0a2
+a2+ a1b1√

a12−4a0a2
+
√
a22−2(b1+2c0)a2+b12

2a2

(√
a12 − 4a0a2x

a2

)
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29.31 problem 140
Internal problem ID [10964]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 140.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2 + (ab− 1)x+ b

)
y′ + a2bxy = 0

3 Solution by Maple
Time used: 0.312 (sec). Leaf size: 199� �
dsolve(x^2*diff(y(x),x$2)+(a*x^2+(a*b-1)*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
HeunD

(
4
√
ab,−a2b2 + 4ab− 8

√
ab− 4,−8

√
ab (ab− 1) , a2b2 − 4ab− 8

√
ab

+ 4,
√
ab x− b√
ab x+ b

)
e−a x2+b

x c1 +HeunD
(
−4

√
ab,−a2b2 + 4ab− 8

√
ab− 4,

−8
√
ab (ab− 1) , a2b2 − 4ab− 8

√
ab+ 4,

√
ab x− b√
ab x+ b

)
c2

)
x1−ab

2

3 Solution by Mathematica
Time used: 4.002 (sec). Leaf size: 67� �
DSolve[x^2*y''[x]+(a*x^2+(a*b-1)*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2e

b
K[1]+aK[1]

K[1]1−ab

(aK[1]+1)2 dK[1] + c1

)
a
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29.32 problem 141
Internal problem ID [10965]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 141.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ − 2x
(
x2 − a

)
y′ +

(
2nx2 + ((−1)n − 1) a

)
y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 81� �
dsolve(x^2*diff(y(x),x$2)-2*x*(x^2-a)*diff(y(x),x)+(2*n*x^2+( (-1)^n-1)*a )*y(x)=0,y(x), singsol=all)� �

y(x) = x−a− 1
2 ex2

2

(
WhittakerM

(
a

2 + n

2 + 1
4 ,
√

1− 4a (−1)n + 4a2
4 , x2

)
c1

+WhittakerW
(
a

2 + n

2 + 1
4 ,
√

1− 4a (−1)n + 4a2
4 , x2

)
c2

)

3 Solution by Mathematica
Time used: 0.646 (sec). Leaf size: 231� �
DSolve[x^2*y''[x]-2*x*(x^2-a)*y'[x]+(2*n*x^2+( (-1)^n-1)*a )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ i−a(−1)
1
4

(
1−
√

4a2−4a(−1)n+1
)
x

1
2

(
−
√

4a2−4a(−1)n+1−2a+1
)(

c1Hypergeometric1F1
(
1
4

(
−2a−2n−

√
4a2 − 4(−1)na+ 1+1

)
, 1

− 1
2
√
4a2 − 4(−1)na+ 1, x2

)
+c2i

√
4a2−4a(−1)n+1x

√
4a2−4a(−1)n+1Hypergeometric1F1

(
1
4

(
−2a−2n+

√
4a2 − 4(−1)na+ 1+1

)
,
1
2

(√
4a2 − 4(−1)na+ 1+2

)
, x2
))
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29.33 problem 142
Internal problem ID [10966]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 142.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + x
(
a x2 + bx+ c

)
y′ +

(
Ax3 +B x2 + Cx+ d

)
y = 0

3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 232� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^2+b*x+c)*diff(y(x),x)+(A*x^3+B*x^2+C*x+d)*y(x)=0,y(x), singsol=all)� �
y(x)

= x− c
2+

1
2 e

x
(
−a2x−2ab+2A

)
2a

(
c1x

√
c2−2c−4d+1

2 HeunB
(
√
c2 − 2c− 4d+ 1,

√
2 (−ab+ 2A)

a
3
2

,

−c− 2Ab
a2

+ 2B
a

− 1 + 2A2

a3
,

√
2 (−bc+ 2C)√

a
,−

√
2
√
a x

2

)

+ c2x
−
√

c2−2c−4d+1
2 HeunB

(
−
√
c2 − 2c− 4d+ 1,

√
2 (−ab+ 2A)

a
3
2

,−c− 2Ab
a2

+ 2B
a

− 1 + 2A2

a3
,

√
2 (−bc+ 2C)√

a
,−

√
2
√
a x

2

))

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+x*(a*x^2+b*x+c)*y'[x]+(A*x^3+B*x^2+C0*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.34 problem 143
Internal problem ID [10967]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 143.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + a xny′ −
(
ab xn + ac xn−1 + b2x2 + 2bcx+ c2 − c

)
y = 0

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+a*x^n*diff(y(x),x)-(a*b*x^n+a*c*x^(n-1)+b^2*x^2+2*b*c*x+c^2-c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+a*x^n*y'[x]-(a*b*x^n+a*c*x^(n-1)+b^2*x^2+2*b*c*x+c^2-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.35 problem 144
Internal problem ID [10968]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 144.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + a xny′ +
(
ab xn+2m − b2x4m+2 + amxn−1 −m2 −m

)
y = 0

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+a*x^n*diff(y(x),x)+(a*b*x^(n+2*m)-b^2*x^(4*m+2)+a*m*x^(n-1)-m^2-m)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+a*x^n*y'[x]+(a*b*x^(n+2*m)-b^2*x^(4*m+2)+a*m*x^(n-1)-m^2-m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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29.36 problem 145
Internal problem ID [10969]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 145.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + x(a xn + b) y′ + b(a xn − 1) y = 0

3 Solution by Maple
Time used: 0.11 (sec). Leaf size: 141� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)+b*(a*x^n-1)*y(x)=0,y(x), singsol=all)� �
y(x) = e−a xn

2n

(
(b+ n+ 1)x− 3n

2 + 1
2−

b
2

+ a x
1
2−

b
2−

n
2

)
nc2WhittakerM

(
b− n+ 1

2n ,
b+ 2n+ 1

2n ,
a xn

n

)
+ x− 3n

2 + 1
2−

b
2 e−a xn

2n c2(b+ n+ 1)2WhittakerM
(
b+ n+ 1

2n ,
b+ 2n+ 1

2n ,
a xn

n

)
+ c1x

−b

3 Solution by Mathematica
Time used: 0.146 (sec). Leaf size: 76� �
DSolve[x^2*y''[x]+x*(a*x^n+b)*y'[x]+b*(a*x^n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (−1)− b
nn

b
n
−1a−

b
n (xn)−

b
n

(
(b+ 1)c1(−1)b/nΓ

(
b+ 1
n

, 0, ax
n

n

)
+ c2n

)
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29.37 problem 146
Internal problem ID [10970]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 146.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + x(a xn + b) y′ +
(
αx2n + β xn + γ

)
y = 0

3 Solution by Maple
Time used: 0.187 (sec). Leaf size: 148� �
dsolve(x^2*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)+(alpha*x^(2*n)+beta*x^n+gamma)*y(x)=0,y(x), singsol=all)� �
y(x)

=x
1
2−

b
2−

n
2 e−a xn

2n

(
c1WhittakerM

(
−a(b+ n− 1)− 2β

2
√
a2 − 4αn

,

√
b2 − 2b− 4γ + 1

2n ,

√
a2 − 4αxn

n

)

+ c2WhittakerW
(
−a(b+ n− 1)− 2β

2
√
a2 − 4αn

,

√
b2 − 2b− 4γ + 1

2n ,

√
a2 − 4αxn

n

))
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3 Solution by Mathematica
Time used: 0.485 (sec). Leaf size: 420� �
DSolve[x^2*y''[x]+x*(a*x^n+b)*y'[x]+(\[Alpha]*x^(2*n)+\[Beta]*x^n+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2−

n
2 2

1
2


√

n2
(
b2−2b−4γ+1

)
n2 +1


e−

(√
a2−4α+a

)
xn

2n (xn)

√
n2
(
b2−2b−4γ+1

)
−bn+n2

2n2

c1HypergeometricU


(
n2 +

√
n2 (b2 − 2b− 4γ + 1)

)
a2 + n(b+ n− 1)

√
a2 − 4αa− 2

(
2αn2 +

√
a2 − 4αβn+ 2α

√
n2 (b2 − 2b− 4γ + 1)

)
2n2 (a2 − 4α) ,

n2 +
√

n2 (b2 − 2b− 4γ + 1)
n2 ,

xn
√
a2 − 4α
n


+c2L

√
n2
(
b2−2b−4γ+1

)
n2

−
((

n2+
√

n2
(
b2−2b−4γ+1

))
a2
)
−n(b+n−1)

√
a2−4αa+4n2α+2n

√
a2−4αβ+4α

√
n2
(
b2−2b−4γ+1

)
2n2

(
a2−4α

)

(
xn

√
a2 − 4α
n

)
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29.38 problem 147
Internal problem ID [10971]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 147.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ + x(2a xn + b) y′ +
(
x2na2 + a(b+ n− 1)xn + αx2m + β xm + γ

)
y = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 115� �
dsolve(x^2*diff(y(x),x$2)+x*(2*a*x^n+b)*diff(y(x),x)+(a^2*x^(2*n)+a*(b+n-1)*x^n+alpha*x^(2*m)+beta*x^m+gamma)*y(x)=0,y(x), singsol=all)� �
y(x) = x− b

2x−m
2
√
x e−a xn

n

(
c1WhittakerM

(
− iβ

2m
√
α
,

√
b2 − 2b− 4γ + 1

2m ,
2i
√
αxm

m

)
+ c2WhittakerW

(
− iβ

2m
√
α
,

√
b2 − 2b− 4γ + 1

2m ,
2i
√
αxm

m

))
3 Solution by Mathematica
Time used: 0.47 (sec). Leaf size: 291� �
DSolve[x^2*y''[x]+x*(2*a*x^n+b)*y'[x]+(a^2*x^(2*n)+a*(b+n-1)*x^n+\[Alpha]*x^(2*m)+\[Beta]*x^m+\[Gamma])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→x
1
2−

m
2 2

1
2


√

m2
(
b2−2b−4γ+1

)
m2 +1


(xn)−

b
2n (xm)

1
2


√

m2
(
b2−2b−4γ+1

)
m2 +1


e−

axn

n
+ i

√
αxm

m

c1HypergeometricU
(
m2 − iβm√

α
+
√

m2 (b2 − 2b− 4γ + 1)
2m2 ,

m2 +
√

m2 (b2 − 2b− 4γ + 1)
m2 ,

−2ixm
√
α

m

)
+ c2L

√
m2
(
b2−2b−4γ+1

)
m2

−
m2− iβm√

α
+
√

m2
(
b2−2b−4γ+1

)
2m2

(
−2ixm

√
α

m

)
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29.39 problem 148
Internal problem ID [10972]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-4 Equation of form
x2y′′ + f(x)y′ + g(x)y = 0
Problem number: 148.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2y′′ +
(
a x2+n + b x2 + c

)
y′ +

(
an xn+1 + xnac+ bc

)
y = 0

7 Solution by Maple� �
dsolve(x^2*diff(y(x),x$2)+(a*x^(n+2)+b*x^2+c)*diff(y(x),x)+(a*n*x^(n+1)+a*c*x^n+b*c)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*y''[x]+(a*x^(n+2)+b*x^2+c)*y'[x]+(a*n*x^(n+1)+a*c*x^n+b*c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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30 Chapter 2, Second-Order Differential
Equations. section 2.1.2-5 Equation of form
(ax2 + bx + c)y′′ + f (x)y′ + g(x)y = 0

30.1 problem 149 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 781
30.2 problem 150 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 782
30.3 problem 151 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 784
30.4 problem 152 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 785
30.5 problem 153 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 786
30.6 problem 154 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 787
30.7 problem 155 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 788
30.8 problem 156 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 789
30.9 problem 157 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 790
30.10problem 158 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 791
30.11problem 159 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 793
30.12problem 160 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 794
30.13problem 161 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 795
30.14problem 162 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 796
30.15problem 163 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 797
30.16problem 164 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 798
30.17problem 165 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 799
30.18problem 166 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 800
30.19problem 167 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 801
30.20problem 168 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 802
30.21problem 169 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 804
30.22problem 170 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 806
30.23problem 171 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 807
30.24problem 172 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 808
30.25problem 173 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 810
30.26problem 174 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 811
30.27problem 175 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 812
30.28problem 176 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 813
30.29problem 177 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 814
30.30problem 178 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 815
30.31problem 179 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 816
30.32problem 180 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 818
30.33problem 181 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 819
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30.1 problem 149
Internal problem ID [10973]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 149.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
−x2 + 1

)
y′′ + n(n− 1) y = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 52� �
dsolve((1-x^2)*diff(y(x),x$2)+n*(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = −(−1 + x) (1 + x)
(
hypergeom

([
n

2 + 1, 32 − n

2

]
,

[
3
2

]
, x2
)
c2x

+ c1 hypergeom
([

−n

2 + 1, n2 + 1
2

]
,

[
1
2

]
, x2
))

3 Solution by Mathematica
Time used: 0.149 (sec). Leaf size: 56� �
DSolve[(1-x^2)*y''[x]+n*(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → ic2xHypergeometric2F1
(
1
2 − n

2 ,
n

2 ,
3
2 , x

2
)

+ c1Hypergeometric2F1
(
n− 1
2 ,−n

2 ,
1
2 , x

2
)
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30.2 problem 150
Internal problem ID [10974]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 150.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−a2 + x2) y′′ + y′b− 6y = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 76� �
dsolve((x^2-a^2)*diff(y(x),x$2)+b*diff(y(x),x)-6*y(x)=0,y(x), singsol=all)� �

y(x) = −c1(10a2b+ 24a2x− b3 − 6b2x− 18x2b− 24x3)
24

+ c2(a+ x) (a− x) (b− 4x)
(
a+ x

a− x

) b
2a
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3 Solution by Mathematica
Time used: 13.059 (sec). Leaf size: 1171� �
DSolve[(x^2-a^2)*y''[x]+b*y'[x]-6*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e

barctanh
(
x
a

)
2a +

(
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(x−#1)&

]
2
(
b5−20a2b3+64a4b

)
(a

+ x)
1
2−

√
b2
(
64a4−20b2a2+b4

)2
4ab

(
32a3−16ba2−2b2a+b3

)
(4x

− b)
b5

2
(
b5−20a2b3+64a4b

)− 10a2b3
b5−20a2b3+64a4b+

32a4b
b5−20a2b3+64a4b−

√
b2
(
64a4−20b2a2+b4

)2
2
(
b5−20a2b3+64a4b

)
c2

∫ x

1

−e
−

(
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(K[1]−#1)&

]
b5−20a2b3+64a4b (K[1]− a)

√
b2
(
64a4−20b2a2+b4

)2
2a(4a−b)b(2a+b)(4a+b) (a+K[1])

√
b2
(
64a4−20b2a2+b4

)2
2ab

(
32a3−16ba2−2b2a+b3

)−1
(4K[1]− b)−

b5
b5−20a2b3+64a4b+

20a2b3
b5−20a2b3+64a4b−

64a4b
b5−20a2b3+64a4b+

√
b2
(
64a4−20b2a2+b4

)2
b5−20a2b3+64a4b

a−K[1] dK[1](x

− a)
1
2−

√
b2
(
64a4−20b2a2+b4

)2
4a(4a−b)b(2a+b)(4a+b)

+e

1
2

 barctanh
(
x
a

)
a

+

(
b5−20a2b3+64a4b+

√(
b5−20a2b3+64a4b

)2)RootSum
[
−b3−6#1b2+10a2b−18#12b−24#13+24a2#1&,log(x−#1)&

]
b5−20a2b3+64a4b


(a

+ x)
1
4

2−

√(
b5−20a2b3+64a4b

)2
ab
(
32a3−16ba2−2b2a+b3

)

(4x− b)

b5−20a2b3+64a4b−
√(

b5−20a2b3+64a4b
)2

2
(
b5−20a2b3+64a4b

)
c1(x

− a)
1
2−

√(
b5−20a2b3+64a4b

)2
4a(4a−b)b(2a+b)(4a+b)
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30.3 problem 151
Internal problem ID [10975]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 151.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [_Gegenbauer, [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
x2 − 1

)
y′′ + y′x+ ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 41� �
dsolve((x^2-1)*diff(y(x),x$2)+x*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
x+

√
x2 − 1

)i√a

+ c2
(
x+

√
x2 − 1

)−i
√
a

3 Solution by Mathematica
Time used: 0.144 (sec). Leaf size: 97� �
DSolve[(x^2-1)*y''[x]+x*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(
1
2
√
a

(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))

− c2 sin
(
1
2
√
a

(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))
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30.4 problem 152
Internal problem ID [10976]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 152.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [_Gegenbauer, [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
−x2 + 1

)
y′′ − y′x+ yn2 = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 33� �
dsolve((1-x^2)*diff(y(x),x$2)-x*diff(y(x),x)+n^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
x+

√
x2 − 1

)−n

+ c2
(
x+

√
x2 − 1

)n
3 Solution by Mathematica
Time used: 0.139 (sec). Leaf size: 91� �
DSolve[(1-x^2)*y''[x]-x*y'[x]+n^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh
(
1
2n
(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))

− ic2 sinh
(
1
2n
(
log
(
1− x√

x2 − 1

)
− log

(
x√

x2 − 1
+ 1
)))
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30.5 problem 153
Internal problem ID [10977]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 153.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
−x2 + 1

)
y′′ − 2y′x+ n(n+ 1) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 15� �
dsolve((1-x^2)*diff(y(x),x$2)-2*x*diff(y(x),x)+n*(n+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (n, x) + c2 LegendreQ (n, x)

3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 18� �
DSolve[(1-x^2)*y''[x]-2*x*y'[x]+n*(n+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 LegendreP(n, x) + c2 LegendreQ(n, x)
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30.6 problem 154
Internal problem ID [10978]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 154.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
−x2 + 1

)
y′′ − 2y′x+ ν(ν + 1) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 15� �
dsolve((1-x^2)*diff(y(x),x$2)-2*x*diff(y(x),x)+nu*(nu+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, x) + c2 LegendreQ (ν, x)

3 Solution by Mathematica
Time used: 0.042 (sec). Leaf size: 18� �
DSolve[(1-x^2)*y''[x]-2*x*y'[x]+\[Nu]*(\[Nu]+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 LegendreP(ν, x) + c2 LegendreQ(ν, x)
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30.7 problem 155
Internal problem ID [10979]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 155.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
−x2 + 1

)
y′′ − 3y′x+ ny(2 + n) = 0

3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 68� �
dsolve((1-x^2)*diff(y(x),x$2)-3*x*diff(y(x),x)+n*(n+2)*y(x)=0,y(x), singsol=all)� �

y(x) =
c1
(
−
√
x2 − 1 + x

) (
x+

√
x2 − 1

)−n−1 − c2
(
x+

√
x2 − 1

)n
√
x2 − 1

(
−
√
x2 − 1 + x

)
3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 42� �
DSolve[(1-x^2)*y''[x]-3*x*y'[x]+n*(n+2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c1P

1
2
n+ 1

2
(x) + c2Q

1
2
n+ 1

2
(x)

4
√
x2 − 1
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30.8 problem 156
Internal problem ID [10980]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 156.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
x2 − 1

)
y′′ + 2(n+ 1)xy′ − (ν + n+ 1) (ν − n) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 27� �
dsolve((x^2-1)*diff(y(x),x$2)+2*(n+1)*x*diff(y(x),x)-(nu+n+1)*(nu-n)*y(x)=0,y(x), singsol=all)� �

y(x) = (LegendreP (ν, n, x) c1 + LegendreQ (ν, n, x) c2)
(
x2 − 1

)−n
2

3 Solution by Mathematica
Time used: 0.069 (sec). Leaf size: 32� �
DSolve[(x^2-1)*y''[x]+2*(n+1)*x*y'[x]-(\[Nu]+n+1)*(\[Nu]-n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
x2 − 1

)−n/2 (c1P n
ν (x) + c2Q

n
ν (x))
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30.9 problem 157
Internal problem ID [10981]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 157.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
x2 − 1

)
y′′ − 2(n− 1)xy′ − (ν − n+ 1) (ν + n) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 27� �
dsolve((x^2-1)*diff(y(x),x$2)-2*(n-1)*x*diff(y(x),x)-(nu-n+1)*(nu+n)*y(x)=0,y(x), singsol=all)� �

y(x) = (LegendreP (ν, n, x) c1 + LegendreQ (ν, n, x) c2)
(
x2 − 1

)n
2

3 Solution by Mathematica
Time used: 0.064 (sec). Leaf size: 32� �
DSolve[(x^2-1)*y''[x]-2*(n-1)*x*y'[x]-(\[Nu]-n+1)*(\[Nu]+n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
x2 − 1

)n/2 (c1P n
ν (x) + c2Q

n
ν (x))
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30.10 problem 158
Internal problem ID [10982]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 158.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 − 1

)
y′′ + (2a+ 1) y′ − b(2a+ b) y = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 112� �
dsolve((x^2-1)*diff(y(x),x$2)+(2*a+1)*diff(y(x),x)-b*(2*a+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
−1
2−

√
8ab+ 4b2 + 1

2 ,

√
8ab+ 4b2 + 1

2 − 1
2

]
,

[
−a− 1

2

]
,
1
2+

x

2

)

+ c2

(
1
2 + x

2

)a+ 3
2

hypergeom
([

1−
√
8ab+ 4b2 + 1

2 + a,

√
8ab+ 4b2 + 1

2 + 1

+ a

]
,

[
5
2 + a

]
,
1
2 + x

2

)
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3 Solution by Mathematica
Time used: 0.304 (sec). Leaf size: 152� �
DSolve[(x^2-1)*y''[x]+(2*a+1)*y'[x]-b*(2*a+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 2a− 1

2 c2(x− 1) 1
2−aHypergeometric2F1

(
−a

− 1
2
√
4b2 + 8ab+ 1, 12

√
4b2 + 8ab+ 1− a,

3
2 − a,

1
2 − x

2

)
+ c1Hypergeometric2F1

(
1
2

(
−
√
4b2 + 8ab+ 1− 1

)
,
1
2

(√
4b2 + 8ab+ 1− 1

)
, a

+ 1
2 ,

1− x

2

)

792



30.11 problem 159
Internal problem ID [10983]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 159.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Gegenbauer]

(
−x2 + 1

)
y′′ + (2a− 3)xy′ + (n+ 1) (n+ 2a− 1) y = 0

3 Solution by Maple
Time used: 0.062 (sec). Leaf size: 39� �
dsolve((1-x^2)*diff(y(x),x$2)+(2*a-3)*x*diff(y(x),x)+(n+1)*(n+2*a-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
LegendreP

(
a+n− 1

2 , a−
1
2 , x

)
c1+LegendreQ

(
a+n− 1

2 , a−
1
2 , x

)
c2

)(
x2

− 1
)a

2−
1
4

3 Solution by Mathematica
Time used: 0.325 (sec). Leaf size: 158� �
DSolve[(1-x^2)*y''[x]+(2*a-3)*y'[x]+(n+1)*(n+2*a-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2 1
2−ac2(x− 1)a− 1

2 Hypergeometric2F1
(
a− 1

2
√
4n2 + 8a(n+ 1)− 3− 1, a

+ 1
2
√

4n2 + 8a(n+ 1)− 3− 1, a+ 1
2 ,

1− x

2

)
+ c1Hypergeometric2F1

(
1
2

(
−
√

4n2 + 8a(n+ 1)− 3

− 1
)
,
1
2

(√
4n2 + 8a(n+ 1)− 3− 1

)
,
3
2 − a,

1− x

2

)
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30.12 problem 160
Internal problem ID [10984]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 160.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−x2 + 1

)
y′′ + (β − α− (α + β + 2)x) y′ + n(n+ α + β + 1) y = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 61� �
dsolve((1-x^2)*diff(y(x),x$2)+(beta-alpha-(alpha+beta+2)*x)*diff(y(x),x)+n*(n+alpha+beta+1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 hypergeom
(
[−n, n+ α+ β + 1] , [β + 1] , 12 + x

2

)
+ c2

(
1
2 + x

2

)−β

hypergeom
(
[−n− β, n+ α+ 1] , [1− β] , 12 + x

2

)
3 Solution by Mathematica
Time used: 0.28 (sec). Leaf size: 69� �
DSolve[(1-x^2)*y''[x]+(\[Beta]-\[Alpha]-(\[Alpha]+\[Beta]+2)*x)*y'[x]+n*(n+\[Alpha]+\[Beta]+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2αc2(x− 1)−αHypergeometric2F1
(
−n− α, n+ β + 1, 1− α,

1− x

2

)
+ c1Hypergeometric2F1

(
−n, n+ α+ β + 1, α+ 1, 1− x

2

)
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30.13 problem 161
Internal problem ID [10985]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 161.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−x2 + 1

)
y′′ + (α− β + (α + β − 2)x) y′ + (n+ 1) (n+ α + β) y = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 64� �
dsolve((1-x^2)*diff(y(x),x$2)+(alpha-beta+(alpha+beta-2)*x)*diff(y(x),x)+(n+1)*(n+alpha+beta)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 hypergeom
(
[n+ 1,−n− β − α] , [1− β] , 12 + x

2

)
+ c2

(
1
2 + x

2

)β

hypergeom
(
[−n− α, n+ β + 1] , [β + 1] , 12 + x

2

)
3 Solution by Mathematica
Time used: 0.225 (sec). Leaf size: 74� �
DSolve[(1-x^2)*y''[x]+(\[Alpha]-\[Beta]+(\[Alpha]+\[Beta]-2)*x)*y'[x]+(n+1)*(n+\[Alpha]+\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 2−αc2(x− 1)αHypergeometric2F1
(
n+ α+ 1,−n− β, α+ 1, 1− x

2

)
+ c1Hypergeometric2F1

(
n+ 1,−n− α− β, 1− α,

1− x

2

)
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30.14 problem 162
Internal problem ID [10986]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 162.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
a x2 + b

)
y′′ + axy′ + cy = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve((a*x^2+b)*diff(y(x),x$2)+a*x*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(√

a x+
√
a x2 + b

) i
√

c√
a + c2

(√
a x+

√
a x2 + b

)− i
√
c√
a

3 Solution by Mathematica
Time used: 0.196 (sec). Leaf size: 74� �
DSolve[(a*x^2+b)*y''[x]+a*x*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos

√
carctanh

( √
ax√

ax2+b

)
√
a

+ c2 sin

√
carctanh

( √
ax√

ax2+b

)
√
a
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30.15 problem 163
Internal problem ID [10987]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 163.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

(
x2 + a

)
y′′ + 2bxy′ + 2(b− 1) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 41� �
dsolve((x^2+a)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+2*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1

(
x2 + a

a

)−b+1

+ c2x hypergeom
([

1, b− 1
2

]
,

[
3
2

]
,−x2

a

)
3 Solution by Mathematica
Time used: 0.426 (sec). Leaf size: 64� �
DSolve[(x^2+a)*y''[x]+2*b*x*y'[x]+2*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x)→
(
a+ x2)

c2x
(

a+x2

a

)−b

Hypergeometric2F1
(

1
2 , 2− b, 32 ,−

x2

a

)
a2

+ c1
(
a+ x2)−b
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30.16 problem 164
Internal problem ID [10988]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 164.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−a2 + x2) y′′ + 2bxy′ + b(b− 1) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 29� �
dsolve((x^2-a^2)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+b*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1(a+ x)−b+1 + c2(a− x)−b+1

3 Solution by Mathematica
Time used: 0.727 (sec). Leaf size: 127� �
DSolve[(x^2-a^2)*y''[x]+2*b*x*y'[x]+b*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(x− a) 1

2−
1
2
√

(b−1)2(a+ x) 1
2−

1
2
√

(b−1)2 (x2 − a2)−b/2
(
2a
√

(b− 1)2c1(x− a)
√

(b−1)2 − c2(a+ x)
√

(b−1)2
)

2a
√

(b− 1)2
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30.17 problem 165
Internal problem ID [10989]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 165.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a2 + x2) y′′ + 2bxy′ + b(b− 1) y = 0

3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 33� �
dsolve((x^2+a^2)*diff(y(x),x$2)+2*b*x*diff(y(x),x)+b*(b-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1(−ix+ a)−b+1 + c2(ix+ a)−b+1

3 Solution by Mathematica
Time used: 0.813 (sec). Leaf size: 101� �
DSolve[(x^2+a^2)*y''[x]+2*b*x*y'[x]+b*(b-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(a2 + x2)

1
2−

b
2 e−i

√
(b−1)2 arctan

(
a
x

)(
ic2e

2i
√

(b−1)2 arctan
(
a
x

)
+ 2a

√
(b− 1)2c1

)
2a
√
(b− 1)2
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30.18 problem 166
Internal problem ID [10990]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 166.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + b

)
y′′ + (1 + 2n) axy′ + cy = 0

3 Solution by Maple
Time used: 0.078 (sec). Leaf size: 93� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(2*n+1)*a*x*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) =
(
a x2 + b

)−n
2+

1
4

(
c1 LegendreP

(
−−2

√
a n2 − c+

√
a

2
√
a

, n− 1
2 ,

ax√
−ab

)

+ c2 LegendreQ
(
−−2

√
a n2 − c+

√
a

2
√
a

, n− 1
2 ,

ax√
−ab

))

3 Solution by Mathematica
Time used: 0.149 (sec). Leaf size: 118� �
DSolve[(a*x^2+b)*y''[x]+(2*n+1)*a*x*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(
ax2 + b

) 1
4−

n
2

(
c1P

n− 1
2√

an2−c√
a

− 1
2

(
i
√
ax√
b

)
+ c2Q

n− 1
2√

an2−c√
a

− 1
2

(
i
√
ax√
b

))
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30.19 problem 167
Internal problem ID [10991]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 167.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−x2 + 1

)
y′′ − y′x+

(
2a x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.359 (sec). Leaf size: 27� �
dsolve((1-x^2)*diff(y(x),x$2)-x*diff(y(x),x)+(2*a*x^2+b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1MathieuC
(
a+ b,−a

2 , arccos (x)
)
+ c2MathieuS

(
a+ b,−a

2 , arccos (x)
)

3 Solution by Mathematica
Time used: 0.051 (sec). Leaf size: 34� �
DSolve[(1-x^2)*y''[x]-x*y'[x]+(2*a*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1MathieuC
[
a+ b,−a

2 , arccos(x)
]
+ c2MathieuS

[
a+ b,−a

2 , arccos(x)
]
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30.20 problem 168
Internal problem ID [10992]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 168.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−x2 + 1

)
y′′ + (ax+ b) y′ + yc = 0

3 Solution by Maple
Time used: 0.079 (sec). Leaf size: 134� �
dsolve((1-x^2)*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
−1
2 − a

2 −
√
a2 + 2a+ 4c+ 1

2 ,−1
2 − a

2

+
√
a2 + 2a+ 4c+ 1

2

]
,

[
−a

2 +
b

2

]
,
1
2 +

x

2

)
+c2

(
1
2 +

x

2

)1+a
2−

b
2

hypergeom
([

1
2

−
√
a2 + 2a+ 4c+ 1

2 − b

2 ,
1
2 +

√
a2 + 2a+ 4c+ 1

2 − b

2

]
,

[
2 + a

2 − b

2

]
,
1
2 + x

2

)
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3 Solution by Mathematica
Time used: 0.317 (sec). Leaf size: 184� �
DSolve[(1-x^2)*y''[x]+(a*x+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → 2 1

2 (−a−b−2)
(
c2(x

−1) 1
2 (a+b+2)Hypergeometric2F1

(
1
2

(
b−

√
a2 + 2a+ 4c+ 1+1

)
,
1
2

(
b+

√
a2 + 2a+ 4c+ 1+1

)
,
1
2(a+b+4), 1− x

2

)
+c12

1
2 (a+b+2)Hypergeometric2F1

(
1
2

(
−a−

√
a2 + 2a+ 4c+ 1−1

)
,
1
2

(
−a+

√
a2 + 2a+ 4c+ 1−1

)
,
1
2(−a−b), 1− x

2

))
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30.21 problem 169
Internal problem ID [10993]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 169.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + b

)
y′′ +

(
c x2 + d

)
y′ + λ

(
(−aλ+ c)x2 + d− bλ

)
y = 0
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3 Solution by Maple
Time used: 0.281 (sec). Leaf size: 939� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(c*x^2+d)*diff(y(x),x)+lambda*((c-a*lambda)*x^2+d-b*lambda)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
−ax+

√
−ab

) 2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b

c2
(
ax

+
√
−ab

)−−2a2b+
√

−ab
(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b HeunC

(4aλ− 2c)
√

− b
a

a
,

−

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b ,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b , 0, λd
a

− bcλ

a2
+ 1

2 − d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+1
2

 e
−iπ

√
4a2b(ad−bc)

√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a+iπ

√
−ab

(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
−4b

a2
 d√

b
√
a
−

√
b c

a
3
2

 arctan
(√

a x√
b

)
+(−2aλ+c)

√
−ab−2ax(aλ−c)


8a2b

+ c1
(
ax

+
√
−ab

) 2a2b+
√

−ab
(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b e

xλ+
√
−ab λ
a

− cx
a
−

√
−ab c

2a2 −
arctan

(√
a x√
b

)
d

2
√
a
√
b

+
√
b arctan

(√
a x√
b

)
c

2a
3
2 HeunC

(4aλ− 2c)
√

− b
a

a
,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b ,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b , 0, λd
a

− bcλ

a2
+ 1

2 − d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+ 1
2




3 Solution by Mathematica
Time used: 2.859 (sec). Leaf size: 74� �
DSolve[(a*x^2+b)*y''[x]+(c*x^2+d)*y'[x]+\[Lambda]*((c-a*\[Lambda])*x^2+d-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → eλ(−x)

c2

∫ x

1
exp

(bc− ad) arctan
(√

aK[1]√
b

)
a3/2

√
b

+
(
2λ− c

a

)
K[1]

 dK[1] + c1
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30.22 problem 170
Internal problem ID [10994]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 170.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + b

)
y′′ +

(
λ(a+ c)x2 + (c− a)x+ 2bλ

)
y′ + λ2(c x2 + b

)
y = 0

3 Solution by Maple
Time used: 0.422 (sec). Leaf size: 1381� �
dsolve((a*x^2+b)*diff(y(x),x$2)+(lambda*(c+a)*x^2+(c-a)*x+2*b*lambda)*diff(y(x),x)+lambda^2*(c*x^2+b)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 5.408 (sec). Leaf size: 104� �
DSolve[(a*x^2+b)*y''[x]+(\[Lambda]*(c+a)*x^2+(c-a)*x+2*b*\[Lambda])*y'[x]+\[Lambda]^2*(c*x^2+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → eλ(−x)(λx

+ 1)

c2

∫ x

1

exp
(

(a−c)λ
(√

aK[1]−
√
b arctan

(√
aK[1]√

b

))
a3/2

)
(aK[1]2 + b)

a−c
2a

(λK[1] + 1)2 dK[1] + c1
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30.23 problem 171
Internal problem ID [10995]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 171.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Jacobi]

x(x− 1) y′′ + ((α + β + 1)x− γ) y′ + αβy = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 44� �
dsolve(x*(x-1)*diff(y(x),x$2)+((alpha+beta+1)*x-gamma)*diff(y(x),x)+alpha*beta*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom ([α, β] , [γ] , x)+c2x

1−γ hypergeom ([β+1−γ, α+1−γ] , [2−γ] , x)

3 Solution by Mathematica
Time used: 0.281 (sec). Leaf size: 49� �
DSolve[x*(x-1)*y''[x]+((\[Alpha]+\[Beta]+1)*x-\[Gamma])*y'[x]+\[Alpha]*\[Beta]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Hypergeometric2F1(α, β, γ, x)
− (−1)−γc2x

1−γ Hypergeometric2F1(α− γ + 1, β − γ + 1, 2− γ, x)
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30.24 problem 172
Internal problem ID [10996]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 172.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x(x+ a) y′′ + (bx+ c) y′ + yd = 0

3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 230� �
dsolve(x*(x+a)*diff(y(x),x$2)+(b*x+c)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) = c2(csgn (a) a+ a

+2x)−
((b−2) csgn(a)a+ab−2c) csgn(a)

2a hypergeom
([

csgn (a)
(
csgn (a) a+

√
b2 − 2b− 4d+ 1 csgn (a) a− ab+ 2c

)
2a ,

−
csgn (a)

(√
b2 − 2b− 4d+ 1 csgn (a) a− csgn (a) a+ ab− 2c

)
2a

]
,

[
−csgn (a) ((b− 4) csgn (a) a+ ab− 2c)

2a

]
,
csgn (a) (csgn (a) a+ a+ 2x)

2a

)

+ c1 hypergeom
([

−1
2 + b

2 −
√
b2 − 2b− 4d+ 1

2 ,−1
2 + b

2

+
√
b2 − 2b− 4d+ 1

2

]
,

[
(b csgn (a) a+ ab− 2c) csgn (a)

2a

]
,
csgn (a) (csgn (a) a+ a+ 2x)

2a

)
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3 Solution by Mathematica
Time used: 0.423 (sec). Leaf size: 165� �
DSolve[x*(x+a)*y''[x]+(b*x+c)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2a
c
a
−1x1− c

a Hypergeometric2F1
(
1
2

(
b− 2c

a
+
√
b2 − 2b− 4d+ 1

+ 1
)
,
ba−

√
b2 − 2b− 4d+ 1a+ a− 2c

2a , 2− c

a
,−x

a

)
+ c1Hypergeometric2F1

(
1
2

(
b−

√
b2 − 2b− 4d+ 1− 1

)
,
1
2

(
b

+
√
b2 − 2b− 4d+ 1− 1

)
,
c

a
,−x

a

)
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30.25 problem 173
Internal problem ID [10997]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 173.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Jacobi]

2x(x− 1) y′′ + (2x− 1) y′ + (ax+ b) y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 39� �
dsolve(2*x*(x-1)*diff(y(x),x$2)+(2*x-1)*diff(y(x),x)+(a*x+b)*y(x)=0,y(x), singsol=all)� �
y(x) = c1MathieuC

(
−a−2b, a2 , arccos

(√
x
))

+c2MathieuS
(
−a−2b, a2 , arccos

(√
x
))

3 Solution by Mathematica
Time used: 0.258 (sec). Leaf size: 50� �
DSolve[2*x*(x-1)*y''[x]+(2*x-1)*y'[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c1MathieuC

[
−a− 2b, a2 , arccos

(√
x
)]

+ c2MathieuS
[
−a− 2b, a2 , arccos

(√
x
)]
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30.26 problem 174
Internal problem ID [10998]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 174.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
2ax+ x2 + b

)
y′′ + (x+ a) y′ − ym2 = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 43� �
dsolve((x^2+2*a*x+b)*diff(y(x),x$2)+(x+a)*diff(y(x),x)-m^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1
(
a+ x+

√
2ax+ x2 + b

)−m

+ c2
(
a+ x+

√
2ax+ x2 + b

)m
3 Solution by Mathematica
Time used: 0.301 (sec). Leaf size: 63� �
DSolve[(x^2+2*a*x+b)*y''[x]+(x+a)*y'[x]-m^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh
(
m log

(√
2ax+ b+ x2 − a− x

))
− ic2 sinh

(
m log

(√
2ax+ b+ x2 − a− x

))
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30.27 problem 175
Internal problem ID [10999]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 175.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

(
a x2 + bx+ c

)
y′′ + (dx+ k) y′ + (−2a+ d) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 1412� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(d*x+k)*diff(y(x),x)+(d-2*a)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 15.225 (sec). Leaf size: 164� �
DSolve[(a*x^2+b*x+c)*y''[x]+(d*x+k)*y'[x]+(d-2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (x(ax+ b)

+c)1− d
2a exp

(bd− 2ak) arctan
(

2ax+b√
4ac−b2

)
a
√
4ac− b2


c2

∫ x

1
exp

(d− 4a) log(c+K[1](b+ aK[1]))−
2(bd−2ak) arctan

(
b+2aK[1]√

4ac−b2

)
√
4ac−b2

2a

 dK[1]

+ c1
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30.28 problem 176
Internal problem ID [11000]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 176.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + bx+ c

)
y′′ + (kx+ d) y′ − yk = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 315� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(k*x+d)*diff(y(x),x)-k*y(x)=0,y(x), singsol=all)� �
y(x) = c1(kx+ d)

+c2

(
2
√

−4ac+ b2

a2
x a2 +

√
−4ac+ b2

a2
ba− 4ac+ b2

)a
(
a− k

2
)√−4ac+b2

a2
+ad− kb

2√
−4ac+b2

a2
a2

hypergeom

−k
√

−4ac+b2

a2
a− 2ad+ kb

2a2
√

−4ac+b2

a2

,
a
(
a+ k

2

)√−4ac+b2

a2
+ ad− kb

2√
−4ac+b2

a2
a2

 ,

4a2
√

−4ac+b2

a2
− k
√

−4ac+b2

a2
a+ 2ad− kb

2a2
√

−4ac+b2

a2

 ,
(−2a2x− ab)

√
−4ac+b2

a2
+ 4ac− b2

8ac− 2b2


3 Solution by Mathematica
Time used: 4.256 (sec). Leaf size: 107� �
DSolve[(a*x^2+b*x+c)*y''[x]+(k*x+d)*y'[x]-k*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(d+ kx)

c2
∫ x

1

exp

 (bk−2ad) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))−
k
2a

(d+kK[1])2 dK[1] + c1


d
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30.29 problem 177
Internal problem ID [11001]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 177.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
a x2 + 2bx+ c

)
y′′ + (ax+ b) y′ + yd = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 81� �
dsolve((a*x^2+2*b*x+c)*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) = c1

(√
a x2 + 2bx+ c

√
a+ ax+ b√

a

) i
√
d√
a

+ c2

(√
a x2 + 2bx+ c

√
a+ ax+ b√

a

)− i
√
d√
a

3 Solution by Mathematica
Time used: 0.404 (sec). Leaf size: 93� �
DSolve[(a*x^2+2*b*x+c)*y''[x]+(a*x+b)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

d log
(
−
√
a
√
ax2 + 2bx+ c+ ax+ b

)
√
a

)

− c2 sin
(√

d log
(
−
√
a
√
ax2 + 2bx+ c+ ax+ b

)
√
a

)
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30.30 problem 178
Internal problem ID [11002]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 178.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + 2bx+ c

)
y′′ + 3(ax+ b) y′ + yd = 0

3 Solution by Maple
Time used: 0.219 (sec). Leaf size: 88� �
dsolve((a*x^2+2*b*x+c)*diff(y(x),x$2)+3*(a*x+b)*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x)

=
c2
(√

a (a x2 + 2bx+ c) + ax+ b
)−√

−d+a√
a + c1

(√
a (a x2 + 2bx+ c) + ax+ b

)√
−d+a√

a

√
a x2 + 2bx+ c

3 Solution by Mathematica
Time used: 0.171 (sec). Leaf size: 152� �
DSolve[(a*x^2+2*b*x+c)*y''[x]+3*(a*x+b)*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c1P

1
2√
a−d√
a

− 1
2

(√
−b2−ac(b+ax)
a
√

c2− b4
a2

)
+ c2Q

1
2√
a−d√
a

− 1
2

(√
−b2−ac(b+ax)
a
√

c2− b4
a2

)
4
√
x(ax+ 2b) + c
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30.31 problem 179
Internal problem ID [11003]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 179.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a2x

2 + b2x+ c2
)
y′′ + (b1x+ c1) y′ + c0y = 0

3 Solution by Maple
Time used: 0.14 (sec). Leaf size: 482� �
dsolve((a__2*x^2+b__2*x+c__2)*diff(y(x),x$2)+(b__1*x+c__1)*diff(y(x),x)+c__0*y(x)=0,y(x), singsol=all)� �
y(x) = c3 hypergeom

[−a2 + b1 +
√

a22 + (−2b1 − 4c0) a2 + b21
2a2

,

−a2 − b1 +
√

a22 + (−2b1 − 4c0) a2 + b21
2a2

]
,

b1
√

−4c2a2+b22
a22

a2 − 2a2c1 + b1b2

2a22
√

−4c2a2+b22
a22

 ,
(−2x a22 − b2a2)

√
−4c2a2+b22

a22
+ 4c2a2 − b22

8c2a2 − 2b22



+c4

(
2

√
−4c2a2 + b22

a22
x a22 +

√
−4c2a2 + b22

a22
b2a2 − 4c2a2 + b22

)a2
(
a2−

b1
2

)√√√√−4c2a2+b22
a22

+a2c1−
b1b2
2√√√√−4c2a2+b22

a22
a22 hypergeom




a2

(
a2−

√
a22+(−2b1−4c0)a2+b21

)√
−4c2a2+b22

a22
2 + a2c1 − b1b2

2√
−4c2a2+b22

a22
a22

,

a2

(
a2+

√
a22+(−2b1−4c0)a2+b21

)√
−4c2a2+b22

a22
2 + a2c1 − b1b2

2√
−4c2a2+b22

a22
a22

 ,

2a2(a2 − b1
4

)√−4c2a2+b22
a22

+ a2c1 − b1b2
2√

−4c2a2+b22
a22

a22

 ,
(−2x a22 − b2a2)

√
−4c2a2+b22

a22
+ 4c2a2 − b22

8c2a2 − 2b22
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3 Solution by Mathematica
Time used: 6.771 (sec). Leaf size: 498� �
DSolve[(a2*x^2+b2*x+c2)*y''[x]+(b1*x+c1)*y'[x]+c0*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1Hypergeometric2F1

−
a2− b1+

√
(a2− b1)2 − 4a2c0
2a2 ,

−a2+ b1+
√
(a2− b1)2 − 4a2c0
2a2 ,

b1
(
b2+

√
b22 − 4a2c2

)
− 2a2c1

2a2
√

b22 − 4a2c2
,
b2+ 2a2x+

√
b22 − 4a2c2

2
√

b22 − 4a2c2



−c22

b1b2√
b22−4a2c2

+b1

2a2 − c1√
b22−4a2c2

−1
exp

−
iπ
(
b1
(√

b22 − 4a2c2+ b2
)
− 2a2c1

)
2a2
√
b22 − 4a2c2

(√b22 − 4a2c2+ 2a2x+ b2√
b22 − 4a2c2

)−

b1b2√
b22−4a2c2

+b1

2a2 + c1√
b22−4a2c2

+1

Hypergeometric2F1


2c1a2√

b22
−4a2c2

+ a2−
√

(a2− b1)2 − 4a2c0− b1b2√
b22

−4a2c2
2a2 ,

2c1a2√
b22

−4a2c2
+ a2+

√
(a2− b1)2 − 4a2c0− b1b2√

b22
−4a2c2

2a2 ,

−

b2b1√
b22

−4a2c2
+ b1+ a2

(
− 2c1√

b22
−4a2c2

− 4
)

2a2 ,
b2+ 2a2x+

√
b22 − 4a2c2

2
√
b22 − 4a2c2
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30.32 problem 180
Internal problem ID [11004]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 180.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + bx+ c

)
y′′ −

(
−k2 + x2) y′ + (x+ k) y = 0

3 Solution by Maple
Time used: 0.328 (sec). Leaf size: 1535� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)-(x^2-k^2)*diff(y(x),x)+(x+k)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 2.442 (sec). Leaf size: 119� �
DSolve[(a*x^2+b*x+c)*y''[x]-(x^2-k^2)*y'[x]+(x+k)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(k − x)


c2
∫ x

1

exp


(
b2−2a

(
ak2+c

))
arctan

(
b+2aK[1]√

4ac−b2

)
√

4ac−b2
+aK[1]

a2

(c+K[1](b+aK[1]))−
b

2a2

(k−K[1])2 dK[1] + c1


k
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30.33 problem 181
Internal problem ID [11005]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-5 Equation of form
(ax2 + bx+ c)y′′ + f(x)y′ + g(x)y = 0
Problem number: 181.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + bx+ c

)
y′′ +

(
k3 + x3) y′ − (k2 − kx+ x2) y = 0

3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 246� �
dsolve((a*x^2+b*x+c)*diff(y(x),x$2)+(x^3+k^3)*diff(y(x),x)-(x^2-k*x+k^2)*y(x)=0,y(x), singsol=all)� �
y(x) = (x

+k)


∫

(
2ax+ b−

√
−4ac+ b2

)− k3√
−4ac+b2

(
−2ax−b+

√
−4ac+b2

2ax+
√
−4ac+b2+b

)− 3bc
2a2

√
−4ac+b2

(
2ax+

√
−4ac+b2+b

−2ax−b+
√
−4ac+b2

)− b3

2a3
√

−4ac+b2 (a x2 + bx+ c)
ac−b2
2a3

(
2ax+

√
−4ac+b2+b√

−4ac+b2

) k3√
−4ac+b2 e−

x(ax−2b)
2a2

(x+ k)2
dx

 c2

+ c1
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3 Solution by Mathematica
Time used: 3.224 (sec). Leaf size: 137� �
DSolve[(a*x^2+b*x+c)*y''[x]+(x^3+k^3)*y'[x]-(x^2-k*x+k^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(k + x)

c2
∫ x

1

exp

(
b3−3acb−2a3k3

)
arctan

(
b+2aK[1]√

4ac−b2

)
a3
√

4ac−b2
−K[1](aK[1]−2b)

2a2

(c+K[1](b+aK[1]))−
b2−ac
2a3

(k+K[1])2 dK[1] + c1


k
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31 Chapter 2, Second-Order Differential
Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x + a1x + a0)y′′ + f (x)y′ + g(x)y = 0
31.1 problem 182 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 822
31.2 problem 183 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 823
31.3 problem 184 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 825
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31.17problem 198 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 842
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31.19problem 200 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 844
31.20problem 201 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 845
31.21problem 202 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 846
31.22problem 203 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 847
31.23problem 204 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 848
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31.26problem 207 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 851
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31.28problem 209 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 853
31.29problem 210 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 854
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31.1 problem 182
Internal problem ID [11006]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 182.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ + (ax+ b) y = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 49� �
dsolve(x^3*diff(y(x),x$2)+(a*x+b)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
BesselJ

(
−
√
−4a+ 1, 2

√
b√
x

)
c1 + BesselY

(
−
√
−4a+ 1, 2

√
b√
x

)
c2

)
√
x

3 Solution by Mathematica
Time used: 0.128 (sec). Leaf size: 101� �
DSolve[x^3*y''[x]+(a*x+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
c1Gamma

(
1−

√
1− 4a

)
BesselJ

(
−
√
1− 4a, 2

√
b
√

1
x

)
+ c2Gamma

(√
1− 4a+ 1

)
BesselJ

(√
1− 4a, 2

√
b
√

1
x

)
√
b
√

1
x
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31.2 problem 183
Internal problem ID [11007]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 183.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ +
(
a x2 + b

)
y′ + ycx = 0

3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 120� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b)*diff(y(x),x)+c*x*y(x)=0,y(x), singsol=all)� �
y(x) = x−

√
a2−2a−4c+1

2 −a
2+

1
2

(
KummerM

(
−1
4 +

√
a2 − 2a− 4c+ 1

4 + a

4 , 1

+
√
a2 − 2a− 4c+ 1

2 ,
b

2x2

)
c1

+KummerU
(
−1
4 +

√
a2 − 2a− 4c+ 1

4 + a

4 , 1+
√
a2 − 2a− 4c+ 1

2 ,
b

2x2

)
c2

)
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3 Solution by Mathematica
Time used: 0.646 (sec). Leaf size: 308� �
DSolve[x^3*y''[x]+(a*x^2+b)*y'[x]+c*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−(−1)
1
4

(
−
√
a2−2a−4c+1+a+3

)
2

1
4

(
−
√
a2−2a−4c+1−a+1

)
b

1
4

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

√
a2−2a−4c+1b

1
2
√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
4

(
a+

√
a2 − 2a− 4c+ 1−1

)
,
1
2

(√
a2 − 2a− 4c+ 1+2

)
,

b

2x2

)
+ c12

1
2
√
a2−2a−4c+1Hypergeometric1F1

(
1
4

(
a−

√
a2 − 2a− 4c+ 1− 1

)
, 1

− 1
2
√
a2 − 2a− 4c+ 1, b

2x2

))
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31.3 problem 184
Internal problem ID [11008]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 184.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ +
(
a x2 + bx

)
y′ + yb = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 108� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �
y(x)

=
c1x
(
Γ
(
a,− b

x

)
− Γ(a)

)
(−1)−a (a− 2) b−a+1 + c1

(
Γ
(
a,− b

x

)
− Γ(a)

)
(−1)−a b−a+2 + b x−a+1c1e

b
x + c2(a− 2)x− c1x

−a+2e b
x + c2b

x

3 Solution by Mathematica
Time used: 2.653 (sec). Leaf size: 62� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
((a− 2)x+ b)

(
c2
∫ x

1
e

b
K[1]K[1]2−a

(b+(a−2)K[1])2dK[1] + c1

)
x(a+ b− 2)
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31.4 problem 185
Internal problem ID [11009]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 185.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ +
(
a x2 + bx

)
y′ + yc = 0

3 Solution by Maple
Time used: 0.094 (sec). Leaf size: 146� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �
y(x)

=
x−a
(
−cxc2(ab− c) (b− c)KummerU

(
(a+1)b−c

b
, a, b

x

)
+
(
c1xb(ab− c)KummerM

(
(a+1)b−c

b
, a, b

x

)
−
(
bc1KummerM

(
ab−c
b

, a, b
x

)
− cc2KummerU

(
ab−c
b

, a, b
x

))
(abx+ b2 − 2cx)

)
b
)

b2c

3 Solution by Mathematica
Time used: 0.435 (sec). Leaf size: 62� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Hypergeometric1F1
(
−c

b
, 2− a,

b

x

)
− (−1)ac2ba−1

(
1
x

)a−1

Hypergeometric1F1
(
a− b+ c

b
, a,

b

x

)
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31.5 problem 186
Internal problem ID [11010]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 186.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ +
(
a x2 + bx

)
y′ + (cx+ d) y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 132� �
dsolve(x^3*diff(y(x),x$2)+(a*x^2+b*x)*diff(y(x),x)+(c*x+d)*y(x)=0,y(x), singsol=all)� �

y(x) = x−
√

a2−2a−4c+1
2 −a

2+
1
2

(
KummerM

(√
a2 − 2a− 4c+ 1 b+ b(a− 1)− 2d

2b , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c1

+KummerU
(√

a2 − 2a− 4c+ 1 b+ b(a− 1)− 2d
2b , 1

+
√
a2 − 2a− 4c+ 1, b

x

)
c2

)
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3 Solution by Mathematica
Time used: 0.641 (sec). Leaf size: 255� �
DSolve[x^3*y''[x]+(a*x^2+b*x)*y'[x]+(c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−i−
√
a2−2a−4c+1+a+1b

1
2

(
−
√
a2−2a−4c+1+a−1

)(1
x

) 1
2

(
−
√
a2−2a−4c+1+a−1

)(
c2i

2
√
a2−2a−4c+1b

√
a2−2a−4c+1

(
1
x

)√
a2−2a−4c+1

Hypergeometric1F1
(
1
2

(
a− 2d

b
+
√
a2 − 2a− 4c+ 1−1

)
,
√
a2 − 2a− 4c+ 1

+ 1, b
x

)
+ c1Hypergeometric1F1

(
1
2

(
a− 2d

b
−
√
a2 − 2a− 4c+ 1− 1

)
, 1

−
√
a2 − 2a− 4c+ 1, b

x

))
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31.6 problem 187
Internal problem ID [11011]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 187.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ +
(
a x3 + abx− x2 + b

)
y′ + a2bxy = 0

3 Solution by Maple
Time used: 0.454 (sec). Leaf size: 49� �
dsolve(x^3*diff(y(x),x$2)+(a*x^3-x^2+a*b*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ x e
2a x3+2abx+b

2x2

(ax+ 1)2
dx

+ c1

 (ax+ 1)

3 Solution by Mathematica
Time used: 1.347 (sec). Leaf size: 70� �
DSolve[x^3*y''[x]+(a*x^3-x^2+a*b*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
e−ax(ax+ 1)

(
c2
∫ x

1
a2e

aK[1]+ 2aK[1]b+b

2K[1]2 K[1]
(aK[1]+1)2 dK[1] + c1

)
a
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31.7 problem 188
Internal problem ID [11012]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 188.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x3y′′ + x(a xn + b) y′ −
(
a xn − xn−1ab+ b

)
y = 0

7 Solution by Maple� �
dsolve(x^3*diff(y(x),x$2)+x*(a*x^n+b)*diff(y(x),x)-(a*x^n-a*b*x^(n-1)+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^3*y''[x]+x*(a*x^n+b)*y'[x]-(a*x^n-a*b*x^(n-1)+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

830



31.8 problem 189
Internal problem ID [11013]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 189.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

x
(
a x2 + b

)
y′′ + 2

(
a x2 + b

)
y′ − 2yax = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 46� �
dsolve(x*(a*x^2+b)*diff(y(x),x$2)+2*(a*x^2+b)*diff(y(x),x)-2*a*x*y(x)=0,y(x), singsol=all)� �

y(x) =
(a x2 + b) c2 arctan

(√
ab x
b

)
+
√
ab c2x+ c1(a x2 + b)

x

3 Solution by Mathematica
Time used: 0.16 (sec). Leaf size: 78� �
DSolve[x*(a*x^2+b)*y''[x]+2*(a*x^2+b)*y'[x]-2*a*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
c2(ax2 + b) arctan

(√
ax√
b

)
+
√
a
√
b(2abc1x2 + 2b2c1 + c2x)

2
√
ab3/2x
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31.9 problem 190
Internal problem ID [11014]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 190.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x
(
x2 + a

)
y′′ +

(
b x2 + c

)
y′ + sxy = 0

3 Solution by Maple
Time used: 0.157 (sec). Leaf size: 175� �
dsolve(x*(x^2+a)*diff(y(x),x$2)+(b*x^2+c)*diff(y(x),x)+s*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x2

+a
) (−b+2)a+c

2a

(
x

a−c
a hypergeom

([
− b

4+
5
4−

√
b2 − 2b− 4s+ 1

4 ,− b

4+
5
4+

√
b2 − 2b− 4s+ 1

4

]
,

[
3a− c

2a

]
,

−x2

a

)
c1

+hypergeom
([

− b

4+
3
4+

c

2a+
√
b2 − 2b− 4s+ 1

4 ,−
√
b2 − 2b− 4s+ 1

4 − b

4+
3
4+

c

2a

]
,

[
1
2+

c

2a

]
,

−x2

a

)
c2

)
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3 Solution by Mathematica
Time used: 0.967 (sec). Leaf size: 185� �
DSolve[x*(x^2+a)*y''[x]+(b*x^2+c)*y'[x]+s*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c2a
1
2
(
c
a
−1
)
x1− c

a Hypergeometric2F1
(
a
(
b+

√
b2 − 2b− 4s+ 1 + 1

)
− 2c

4a ,
ba−

√
b2 − 2b− 4s+ 1a+ a− 2c

4a ,
3
2

− c

2a,−
x2

a

)
+ c1Hypergeometric2F1

(
1
4

(
b−

√
b2 − 2b− 4s+ 1− 1

)
,
1
4

(
b

+
√
b2 − 2b− 4s+ 1− 1

)
,
a+ c

2a ,−x2

a

)
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31.10 problem 191
Internal problem ID [11015]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 191.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(ax+ b) y′′ +
(
c x2 + (aλ+ 2b)x+ bλ

)
y′ + λ(−2a+ c) y = 0

3 Solution by Maple
Time used: 0.469 (sec). Leaf size: 169� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)+(c*x^2+(2*b+a*lambda)*x+b*lambda)*diff(y(x),x)+lambda*(c-2*a)*y(x)=0,y(x), singsol=all)� �
y(x)

=
(ax+ b)

3a−c
a

(
c1x

−3a+c
a HeunC

(
λa
b
, 1− c

a
, 3− c

a
, 0,−λa

b
+ cλ

2b +
5
2 −

2c
a
+ c2

2a2 ,−
b
ax

)
x2 + c2HeunC

(
λa
b
, c
a
− 1, 3− c

a
, 0,−λa

b
+ cλ

2b +
5
2 −

2c
a
+ c2

2a2 ,−
b
ax

))
x2

3 Solution by Mathematica
Time used: 1.48 (sec). Leaf size: 55� �
DSolve[x^2*(a*x+b)*y''[x]+(c*x^2+(2*b+a*\[Lambda])*x+b*\[Lambda])*y'[x]+\[Lambda]*(c-2*a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
λ
x

(
c2

∫ x

1

e−
λ

K[1] (b+ aK[1])2− c
a

K[1]2 dK[1] + c1

)
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31.11 problem 192
Internal problem ID [11016]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 192.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(ax+ b) y′′ − 2x(ax+ 2b) y′ + 2(ax+ 3b) y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 20� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)-2*x*(a*x+2*b)*diff(y(x),x)+2*(a*x+3*b)*y(x)=0,y(x), singsol=all)� �

y(x) = x2(c2x+ c1)
ax+ b

3 Solution by Mathematica
Time used: 0.068 (sec). Leaf size: 23� �
DSolve[x^2*(a*x+b)*y''[x]-2*x*(a*x+2*b)*y'[x]+2*(a*x+3*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → x2(c2x+ c1)
ax+ b
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31.12 problem 193
Internal problem ID [11017]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 193.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(ax+ b) y′′ +
(
a(2−m− n)x2 − b(m+ n)x

)
y′ + (am(n− 1)x+ bn(m+ 1)) y = 0

3 Solution by Maple
Time used: 0.047 (sec). Leaf size: 25� �
dsolve(x^2*(a*x+b)*diff(y(x),x$2)+(a*(2-n-m)*x^2-b*(n+m)*x)*diff(y(x),x)+(a*m*(n-1)*x+b*n*(m+1))*y(x)=0,y(x), singsol=all)� �

y(x) = c1x
n + c2x

1+m

ax+ b

3 Solution by Mathematica
Time used: 0.403 (sec). Leaf size: 82� �
DSolve[x^2*(a*x+b)*y''[x]+(a*(2-n-m)*x^2-b*(n+m)*x)*y'[x]+(a*m*(n-1)*x+b*n*(m+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x

1
2

(
−
√

(m−n+1)2+m+n+1
)(

c2x
√

(m−n+1)2 + c1
√

(m− n+ 1)2
)

√
(m− n+ 1)2(ax+ b)
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31.13 problem 194
Internal problem ID [11018]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 194.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(x+ a2) y′′ + x(b1x+ a1) y′ + (b0x+ a0) y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 317� �
dsolve(x^2*(x+a__2)*diff(y(x),x$2)+x*(b__1*x+a__1)*diff(y(x),x)+(b__0*x+a__0)*y(x)=0,y(x), singsol=all)� �
y(x)

= c1x
a2−a1+

√
a22+(−4a0−2a1)a2+a21

2a2 hypergeom
([

a2b1 − a1 +
√

a22 + (−4a0 − 2a1) a2 + a21 −
√

b21 − 4b0 − 2b1 + 1 a2
2a2

,
a2b1 − a1 +

√
a22 + (−4a0 − 2a1) a2 + a21 +

√
b21 − 4b0 − 2b1 + 1 a2

2a2

]
,

[
a2 +

√
a22 + (−4a0 − 2a1) a2 + a21

a2

]
,

− x

a2

)

+c2x
−

−a2+a1+
√

a22+(−4a0−2a1)a2+a21
2a2 hypergeom

([
−−

√
b21 − 4b0 − 2b1 + 1 a2 − a2b1 +

√
a22 + (−4a0 − 2a1) a2 + a21 + a1

2a2
,

−
√

b21 − 4b0 − 2b1 + 1 a2 − a2b1 +
√

a22 + (−4a0 − 2a1) a2 + a21 + a1
2a2

]
,

[
a2 −

√
a22 + (−4a0 − 2a1) a2 + a21

a2

]
,

− x

a2

)
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3 Solution by Mathematica
Time used: 1.236 (sec). Leaf size: 384� �
DSolve[x^2*(x+a2)*y''[x]+x*(b1*x+a1)*y'[x]+(b0*x+a0)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ a2−
√

−4a0a2+a12−2a1a2+a22−a1+a2
2a2 x−

√
−4a0a2+a12−2a1a2+a22+a1−a2

2a2

c2x

√
−4a0a2+a12−2a1a2+a22

a2 Hypergeometric2F1
(
−a1+ a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0)− a2

√
(b1− 1)2 − 4b0

2a2 ,
−a1+ a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0) + a2

√
(b1− 1)2 − 4b0

2a2 ,
a2+

√
a12 − 2a2a1+ a22 − 4a0a2

a2 ,

− x

a2

)

+c1a2
√

−4a0a2+a12−2a1a2+a22
a2 Hypergeometric2F1

−
a1− a2b1+

√
a12 − 2a2a1+ a2(a2− 4a0) + a2

√
(b1− 1)2 − 4b0

2a2 ,

−
a1− a2

(
b1+

√
(b1− 1)2 − 4b0

)
+
√

a12 − 2a2a1+ a2(a2− 4a0)
2a2 , 1

−
√
a12 − 2a2a1+ a22 − 4a0a2

a2 ,− x

a2
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31.14 problem 195
Internal problem ID [11019]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 195.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
αx2 + βx+ 2c

)
y′ + (β − 2b) y = 0

3 Solution by Maple
Time used: 9.625 (sec). Leaf size: 1505� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(alpha*x^2+beta*x+2*c)*diff(y(x),x)+(beta-2*b)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 4.64 (sec). Leaf size: 139� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+2*c)*y'[x]+(\[Beta]-2*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(2ax+ 2b− β − αx)

c2
∫ x

1

exp

 (bα+2a(b−β)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))1−
α
2a

(−2b+β+(α−2a)K[1])2 dK[1] + c1


x(2b− β)
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31.15 problem 196
Internal problem ID [11020]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 196.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
αx2 + βx+ 2c

)
y′ − (xα + 2b− β) y = 0

3 Solution by Maple
Time used: 1.062 (sec). Leaf size: 1505� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(alpha*x^2+beta*x+2*c)*diff(y(x),x)-(alpha*x+2*b-beta)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 6.092 (sec). Leaf size: 224� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+2*c)*y'[x]-(\[Alpha]*x+2*b-\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(b(2ax− 3β − 2αx)− aαx2 − 2aβx+ 2b2 + β2 + αc+ α2x2 + 2αβx)

c2
∫ x

1

exp

 (bα+2a(b−β)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

(c+K[1](b+aK[1]))1−
α
2a

(2b2−3βb+2(a−α)K[1]b+β2+α2K[1]2−aαK[1]2+cα−2aβK[1]+2αβK[1])2dK[1] + c1


x (2b2 + β2 − 3βb+ αc)
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31.16 problem 197
Internal problem ID [11021]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 197.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
−2a x2 − (1 + b)x+ k

)
y′ + 2(ax+ 1) y = 0

3 Solution by Maple
Time used: 0.437 (sec). Leaf size: 2278� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(-2*a*x^2-(b+1)*x+k)*diff(y(x),x)+2*(a*x+1)*y(x)=0,y(x), singsol=all)� �

Expression too large to display

3 Solution by Mathematica
Time used: 10.126 (sec). Leaf size: 186� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(-2*a*x^2-(b+1)*x+k)*y'[x]+2*(a*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

(−kx(ax+ 2)− (b− 1)x2 + c(k − 2x) + k2)

c2
∫ x

1

exp

 (2c+bk) arctan
(

b+2aK[1]√
4ac−b2

)
c
√

4ac−b2

K[1]−
k
c (c+K[1](b+aK[1]))

k
2c+1

(k2−K[1](aK[1]+2)k−(b−1)K[1]2+c(k−2K[1]))2 dK[1] + c1


ak + b− c(k − 2)− k2 + 2k − 1
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31.17 problem 198
Internal problem ID [11022]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 198.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
nx2 +mx+ k

)
y′ + (k − 1) ((−ak + n)x+m− bk) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(n*x^2+m*x+k)*diff(y(x),x)+(k-1)*((n-a*k)*x+m-b*k)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 148.451 (sec). Leaf size: 570� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(n*x^2+m*x+k)*y'[x]+(k-1)*((n-a*k)*x+m-b*k)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−

2− k
c

(
− ax√

b2−4ac+b

)1− k
c

ac1x
(
−2 k

c

)(
− ax√

b2−4ac+b

) k
c
−1

HeunG
[
b−

√
b2−4ac√

b2−4ac+b
,−2(k−1)(bk−m)√

b2−4ac+b
, 12

(
−
√

(−2ak+a+n)2
a2

+ n
a
− 1
)
, 12

(√
(−2ak+a+n)2

a2
+ n

a
− 1
)
, k
c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

]
− 2ac2xHeunG

 b−
√
b2−4ac√

b2−4ac+b
,−2(c−1)k(b(c(k−1)+k)−cm)

c2
(√

b2−4ac+b
) , 12

(
−
√

(−2ak+a+n)2
a2

+ n
a
− 2k

c
+ 1
)
,
a

√
(−2ak+a+n)2

a2 +a+n

2a − k
c
, 2− k

c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b


ax
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31.18 problem 199
Internal problem ID [11023]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 199.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
(m− a)x2 + (2cm− 1)x− c

)
y′ + (−2mx+ 1) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+((m-a)*x^2+(2*c*m-1)*x-c)*diff(y(x),x)+(-2*m*x+1)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 17.694 (sec). Leaf size: 192� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+((m-a)*x^2+(2*c*m-1)*x-c)*y'[x]+(-2*m*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

(x(ax+ 2b+mx− 1) + c(2b+ 4mx− 1) + 4c2m)

c2
∫ x

1

exp

 (bm−2a(b+2cm−1)) arctan
(

b+2aK[1]√
4ac−b2

)
a
√

4ac−b2

K[1](c+K[1](b+aK[1]))−
m
2a

(4mc2+(2b+4mK[1]−1)c+K[1](2b+aK[1]+mK[1]−1))2 dK[1] + c1


a+ 2b(c+ 1) + 4c2m+ 4cm− c+m− 1

843



31.19 problem 200
Internal problem ID [11024]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 200.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx

)
y′′ +

(
nx2 +mx+ k

)
y′ + (−2(a+ n)x+ 1) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x)*diff(y(x),x$2)+(n*x^2+m*x+k)*diff(y(x),x)+(-2*(a+n)*x+1)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 121.038 (sec). Leaf size: 552� �
DSolve[(a*x^3+b*x^2+c*x)*y''[x]+(n*x^2+m*x+k)*y'[x]+(-2*(a+n)*x+1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2− k

c

(
− ax√

b2−4ac+b

)1− k
c

(
ac1x

(
−2 k

c

)(
− ax√

b2−4ac+b

) k
c
−1

HeunG
[
b−

√
b2−4ac√

b2−4ac+b
, 2√

b2−4ac+b
, 12

(
−
√

(3a+n)2
a2

+ n
a
− 1
)
, 12

(√
(3a+n)2

a2
+ n

a
− 1
)
, k
c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

]
− 2ac2xHeunG

[
b−

√
b2−4ac√

b2−4ac+b
,
2
(
−ck(b+m)+bk2+c2(m+1)

)
c2
(√

b2−4ac+b
) , 12

(
−
√

(3a+n)2
a2

+ n
a
− 2k

c
+ 1
)
, 12

(√
(3a+n)2

a2
+ n

a
− 2k

c
+ 1
)
, 2− k

c
,
2a2k−a

(
m
√
b2−4ac+bm+2cn

)
+bn

(√
b2−4ac+b

)
a
(
b
√
b2−4ac−4ac+b2

) ,− 2ax√
b2−4ac+b

])
ax
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31.20 problem 201
Internal problem ID [11025]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 201.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + x2 + b

)
y′′ + a2x

(
x2 − b

)
y′ − a3bxy = 0

3 Solution by Maple
Time used: 0.562 (sec). Leaf size: 79� �
dsolve((a*x^3+x^2+b)*diff(y(x),x$2)+a^2*x*(x^2-b)*diff(y(x),x)-a^3*b*x*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

c2

∫ e
a

(∫ a2x4+2a x3+
(
a2b+2

)
x2+4abx+2b(

a x3+x2+b
)
(ax+2)

dx

)
dx

+ c1

 (ax+ 2)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+x^2+b)*y''[x]+a^2*x*(x^2-b)*y'[x]-a^3*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out

845



31.21 problem 202
Internal problem ID [11026]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 202.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

2y′′x
(
a x2 + bx+ c

)
+
(
a x2 − c

)
y′ + λx2y = 0

3 Solution by Maple
Time used: 7.125 (sec). Leaf size: 65� �
dsolve(2*x*(a*x^2+b*x+c)*diff(y(x),x$2)+(a*x^2-c)*diff(y(x),x)+lambda*x^2*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
i
√
2
√
λ

(∫ √
x√

a x2+bx+c
dx

)
2 + c2e−

i
√
2
√
λ

(∫ √
x√

a x2+bx+c
dx

)
2

3 Solution by Mathematica
Time used: 144.69 (sec). Leaf size: 501� �
DSolve[2*x*(a*x^2+b*x+c)*y''[x]+(a*x^2-c)*y'[x]+\[Lambda]*x^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1 cosh

√
λ
(√

b2 − 4ac− b
)√√

b2 − 4ac+ 2ax+ b
√

2ax
b−

√
b2−4ac + 1

(
E
(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
| b+

√
b2−4ac

b−
√
b2−4ac

)
− EllipticF

(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
, b+

√
b2−4ac

b−
√
b2−4ac

))
2a3/2

√
x(ax+ b) + c


+ic2 sinh

√
λ
(√

b2 − 4ac− b
)√√

b2 − 4ac+ 2ax+ b
√

2ax
b−

√
b2−4ac + 1

(
E
(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
| b+

√
b2−4ac

b−
√
b2−4ac

)
− EllipticF

(
iarcsinh

( √
2
√
a
√
x√

b+
√
b2−4ac

)
, b+

√
b2−4ac

b−
√
b2−4ac

))
2a3/2

√
x(ax+ b) + c
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31.22 problem 203
Internal problem ID [11027]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 203.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x
(
a x2 + bx+ 1

)
y′′ +

(
αx2 + βx+ γ

)
y′ + (xn+m) y = 0

7 Solution by Maple� �
dsolve(x*(a*x^2+b*x+1)*diff(y(x),x$2)+(alpha*x^2+beta*x+gamma)*diff(y(x),x)+(n*x+m)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 108.623 (sec). Leaf size: 524� �
DSolve[x*(a*x^2+b*x+1)*y''[x]+(\[Alpha]*x^2+\[Beta]*x+\[Gamma])*y'[x]+(n*x+m)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

−
2−γ
(
− ax√

b2−4a+b

)1−γ
(
a(−2γ) c1x

(
− ax√

b2−4a+b

)γ−1
HeunG

[
b−

√
b2−4a√

b2−4a+b
, 2m√

b2−4a+b
, 12

(
−
√

a2+α2−2a(α+2n)
a2

+ α
a
− 1
)
, 12

(√
a2+α2−2a(α+2n)

a2
+ α

a
− 1
)
, γ,

2a2γ−a
(
β
(√

b2−4a+b
)
+2α

)
+αb

(√
b2−4a+b

)
a
(
b
(√

b2−4a+b
)
−4a

) ,− 2ax√
b2−4a+b

]
− 2ac2xHeunG

[
b−

√
b2−4a√

b2−4a+b
, 2((γ−1)(bγ−β)+m)√

b2−4a+b
, 12

(
−
√

a2+α2−2a(α+2n)
a2

+ α
a
− 2γ + 1

)
, 12

(√
a2+α2−2a(α+2n)

a2
+ α

a
− 2γ + 1

)
, 2− γ,

2a2γ−a
(
β
(√

b2−4a+b
)
+2α

)
+αb

(√
b2−4a+b

)
a
(
b
(√

b2−4a+b
)
−4a

) ,− 2ax√
b2−4a+b

])
ax
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31.23 problem 204
Internal problem ID [11028]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 204.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x(x− 1) (x− a) y′′ +
(
(α + β + 1)x2 − (α + β + 1 + a(γ + d)− a)x+ aγ

)
y′ + (αβx− q) y = 0

3 Solution by Maple
Time used: 0.578 (sec). Leaf size: 82� �
dsolve(x*(x-1)*(x-a)*diff(y(x),x$2)+((alpha+beta+1)*x^2-(alpha+beta+1+a*(gamma+d)-a)*x+a*gamma)*diff(y(x),x)+(alpha*beta*x-q)*y(x)=0,y(x), singsol=all)� �
y(x) = c1HeunG

(
a, q, α, β, γ,

a(d− 1)
a− 1 , x

)
+ c2x

1−γ HeunG
(
a, q

− (−1 + γ) (a(d− 1) + α+ β − γ + 1) , β + 1− γ, α+ 1− γ, 2− γ,
a(d− 1)
a− 1 , x

)
3 Solution by Mathematica
Time used: 2.215 (sec). Leaf size: 85� �
DSolve[x*(x-1)*(x-a)*y''[x]+((\[Alpha]+\[Beta]+1)*x^2-(\[Alpha]+\[Beta]+1+a*(\[Gamma]+d)-a)*x+a*\[Gamma])*y'[x]+(\[Alpha]*\[Beta]*x-q)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → c2x

1−γHeunG
[
a, q − (γ − 1)(a(d− 1) + α + β − γ + 1), α− γ + 1, β − γ + 1, 2

− γ,
a(d− 1)
a− 1 , x

]
+ c1HeunG

[
a, q, α, β, γ,

a(d− 1)
a− 1 , x

]
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31.24 problem 205
Internal problem ID [11029]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 205.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx+ d

)
y′′ −

(
−λ2 + x2) y′ + (x+ λ) y = 0

3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 84� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)-(x^2-lambda^2)*diff(y(x),x)+(x+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = (λ− x)

∫ e
∫ (1−2a)x3+(−2b−λ)x2+

(
−λ2−2c

)
x+λ3−2d(

a x3+x2b+cx+d
)
(−λ+x)

dx

dx

 c2 − c1


7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]-(x^2-\[Lambda]^2)*y'[x]+(x+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out

849



31.25 problem 206
Internal problem ID [11030]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 206.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

2
(
a x3 + b x2 + cx+ d

)
y′′ +

(
3a x2 + 2bx+ c

)
y′ + yλ = 0

3 Solution by Maple
Time used: 0.453 (sec). Leaf size: 67� �
dsolve(2*(a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(3*a*x^2+2*b*x+c)*diff(y(x),x)+lambda*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
i
√
2
√
λ

(∫ 1√
a x3+x2b+cx+d

dx

)
2 + c2e−

i
√
2
√
λ

(∫ 1√
a x3+x2b+cx+d

dx

)
2

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*(a*x^3+b*x^2+c*x+d)*y''[x]+(3*a*x^2+2*b*x+c)*y'[x]+lambda*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.26 problem 207
Internal problem ID [11031]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 207.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

2
(
a x3 + b x2 + cx+ d

)
y′′ + 3

(
3a x2 + 2bx+ c

)
y′ + (6ax+ 2b+ λ) y = 0

3 Solution by Maple
Time used: 0.531 (sec). Leaf size: 101� �
dsolve(2*(a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+3*(3*a*x^2+2*b*x+c)*diff(y(x),x)+(6*a*x+2*b+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e

√
2
√

−λ
a

∫ 1√
a x3+x2b+cx+d

a

dx


2 + c2e−

√
2
√

−λ
a

∫ 1√
a x3+x2b+cx+d

a

dx


2

√
a x3 + x2b+ cx+ d

3 Solution by Mathematica
Time used: 135.727 (sec). Leaf size: 3202� �
DSolve[2*(a*x^3+b*x^2+c*x+d)*y''[x]+3*(3*a*x^2+2*b*x+c)*y'[x]+(6*a*x+2*b+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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31.27 problem 208
Internal problem ID [11032]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 208.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx+ d

)
y′′ +

(
αx2 + (αγ + β)x+ βλ

)
y′ − (αx+ β) y = 0

7 Solution by Maple� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(alpha*x^2+(alpha*gamma+beta)*x+beta*lambda)*diff(y(x),x)-(alpha*x+beta)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]+(\[Alpha]*x^2+(\[Alpha]*\[Gamma]+\[Beta])*x+\[Beta]*\[Lambda])*y'[x]-(\[Alpha]*x+\[Beta])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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31.28 problem 209
Internal problem ID [11033]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 209.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x3 + b x2 + cx+ d

)
y′′ +

(
λ3 + x3) y′ − (λ2 − xλ+ x2) y = 0

3 Solution by Maple
Time used: 0.532 (sec). Leaf size: 76� �
dsolve((a*x^3+b*x^2+c*x+d)*diff(y(x),x$2)+(x^3+lambda^3)*diff(y(x),x)-(x^2-lambda*x+lambda^2)*y(x)=0,y(x), singsol=all)� �

y(x) = (x+ λ)

∫ e
−
(∫ x4+(2a+λ)x3+2x2b+

(
λ3+2c

)
x+λ4+2d(

a x3+x2b+cx+d
)
(x+λ)

dx

)
dx

 c2 + c1


3 Solution by Mathematica
Time used: 1.343 (sec). Leaf size: 240� �
DSolve[(a*x^3+b*x^2+c*x+d)*y''[x]+(x^3+\[Lambda]^3)*y'[x]-(x^2-\[Lambda]*x+\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

c2(λ+ x)
∫ x

1 exp

−
λ+K[1]+2a log(λ+K[1])+RootSum

[
−aλ3+bλ2+3a#1λ2−3a#12

λ−cλ−2b#1λ+a#13
+b#12

+d+c#1&,
a log(λ+K[1]−#1)λ3−b log(λ+K[1]−#1)λ2+c log(λ+K[1]−#1)λ+2b log(λ+K[1]−#1)#1λ−b log(λ+K[1]−#1)#12

−d log(λ+K[1]−#1)−c log(λ+K[1]−#1)#1
3aλ2−2bλ−6a#1λ+3a#12

+c+2b#1 &
]

a

 dK[1]

λ

+ c1(λ+ x)
λ
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31.29 problem 210
Internal problem ID [11034]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-6 Equation of form
(a3x3 + a2x

2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0
Problem number: 210.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

2x
(
a x2 + bx+ c

)
y′′ +

(
a(2− k)x2 + b(−k + 1)x− ck

)
y′ + λx1+ky = 0

7 Solution by Maple� �
dsolve(2*x(a*x^2+b*x+c)*diff(y(x),x$2)+(a*(2-k)*x^2+b*(1-k)*x-c*k)*diff(y(x),x)+(lambda*x^(k+1))*y(x)=0,y(x), singsol=all)� �

No solution found
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3 Solution by Mathematica
Time used: 157.344 (sec). Leaf size: 790� �
DSolve[2*x(a*x^2+b*x+c)*y''[x]+(a*(2-k)*x^2+b*(1-k)*x-c*k)*y'[x]+(\[Lambda]*x^(k+1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→

√
2√c1 tan

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

− c2


√√√√√−1− tan2

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

− c2


y(x) →

−

√
2√c1 tan

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

+ c2


√√√√√−1− tan2

√
2x
√

−
√

b2−4ac+2ax+b

b−
√

b2−4ac

√√
b2−4ac+2ax+b√

b2−4ac+b
AppellF1

(
k+2
2 , 12 ,

1
2 ,

k+4
2 ,− 2ax

b+
√

b2−4ac
, 2ax√

b2−4ac−b

)
(k+2)

√
x−k(x(ax+b)+c)

λ

+ c2
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32 Chapter 2, Second-Order Differential
Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x + a1x + a0)y′′ + f (x)y′ + g(x)y = 0

32.1 problem 211 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 857
32.2 problem 212 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 858
32.3 problem 213 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 859
32.4 problem 214 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 860
32.5 problem 215 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 861
32.6 problem 216 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 862
32.7 problem 217 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 863
32.8 problem 218 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 864
32.9 problem 219 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 865
32.10problem 220 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 867
32.11problem 221 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 868
32.12problem 222 A . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 869
32.13problem 222 B . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 870
32.14problem 223 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 871
32.15problem 224 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 872
32.16problem 225 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 873
32.17problem 226 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 874
32.18problem 227 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 875
32.19problem 228 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 876
32.20problem 229 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 877
32.21problem 230 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
32.22problem 231 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 880
32.23problem 232 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 881
32.24problem 233 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 882
32.25problem 234 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 884
32.26problem 235 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 886
32.27problem 236 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 888
32.28problem 237 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 889
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32.1 problem 211
Internal problem ID [11035]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 211.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

x4y′′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 31� �
dsolve(x^4*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
c1 sinh

(√
−a

x

)
+ c2 cosh

(√
−a

x

))
3 Solution by Mathematica
Time used: 0.199 (sec). Leaf size: 52� �
DSolve[x^4*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1xe
i
√
a

x − ic2xe
− i

√
a

x

2
√
a
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32.2 problem 212
Internal problem ID [11036]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 212.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x4y′′ +
(
a x2 + bx+ c

)
y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 63� �
dsolve(x^4*diff(y(x),x$2)+(a*x^2+b*x+c)*y(x)=0,y(x), singsol=all)� �

y(x) = x

(
c1WhittakerM

(
− ib

2
√
c
,

√
−4a+ 1

2 ,
2i
√
c

x

)
+ c2WhittakerW

(
− ib

2
√
c
,

√
−4a+ 1

2 ,
2i
√
c

x

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^4*y''[x]+(a*x^2+b*x+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.3 problem 213
Internal problem ID [11037]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 213.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x4y′′ − (a+ b)x2y′ + ((a+ b)x+ ab) y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 25� �
dsolve(x^4*diff(y(x),x$2)-(a+b)*x^2*diff(y(x),x)+((a+b)*x+a*b)*y(x)=0,y(x), singsol=all)� �

y(x) = x
(
e− a

x c1 + e− b
x c2
)

3 Solution by Mathematica
Time used: 0.214 (sec). Leaf size: 37� �
DSolve[x^4*y''[x]-(a+b)*x^2*y'[x]+((a+b)*x+a*b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2xe
− a

x

a− b
+ c1xe

− b
x
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32.4 problem 214
Internal problem ID [11038]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 214.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x4y′′ + 2x2(x+ a) y′ + yb = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 43� �
dsolve(x^4*diff(y(x),x$2)+2*x^2*(x+a)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
a−
√

a2−b
x + c2e

a+
√

a2−b
x

3 Solution by Mathematica
Time used: 0.06 (sec). Leaf size: 51� �
DSolve[x^4*y''[x]+2*x^2*(x+a)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
a−
√

a2−b
x

(
c1e

2
√

a2−b
x + c2

)
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32.5 problem 215
Internal problem ID [11039]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 215.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x4y′′ + a xny′ −
(
a xn−1 + ab xn−2 + b2

)
y = 0

7 Solution by Maple� �
dsolve(x^4*diff(y(x),x$2)+a*x^n*diff(y(x),x)-(a*x^(n-1)+a*b*x^(n-2)+b^2)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^4*y''[x]+a*x^n*y'[x]-(a*x^(n-1)+a*b*x^(n-2)+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.6 problem 216
Internal problem ID [11040]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 216.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(x− a)2 y′′ + yb = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 67� �
dsolve(x^2*(x-a)^2*diff(y(x),x$2)+b*y(x)=0,y(x), singsol=all)� �

y(x) =
√

x (a− x)

( x

a− x

)√
a2−4b
2a

c2 +
(
a− x

x

)√
a2−4b
2a

c1


3 Solution by Mathematica
Time used: 0.487 (sec). Leaf size: 121� �
DSolve[x^2*(x-a)^2*y''[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
x

1
2−

1
2

√
1− 4b

a2 (x− a)
1
2−

1
2

√
1− 4b

a2

(
ac1

√
1− 4b

a2
x

√
1− 4b

a2 + c2(x− a)
√

1− 4b
a2

)
a
√

1− 4b
a2
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32.7 problem 217
Internal problem ID [11041]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 217.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _linear, _nonhomogeneous]]

x2(x− a)2 y′′ + yb = c x2(x− a)2

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 219� �
dsolve(x^2*(x-a)^2*diff(y(x),x$2)+b*y(x)=c*x^2*(x-a)^2,y(x), singsol=all)� �
y(x)

=

√
x (a− x)

((
x

a−x

)√a2−4b
2a c1

√
a2 − 4b+

(
a−x
x

)√a2−4b
2a c2

√
a2 − 4b+

(
x

a−x

)√a2−4b
2a

(∫ √
x (a− x)

(
x

a−x

)−√a2−4b
2a dx

)
c−

(∫ √
x (a− x)

(
a−x
x

)−√a2−4b
2a dx

)(
a−x
x

)√a2−4b
2a c

)
√
a2 − 4b

3 Solution by Mathematica
Time used: 0.958 (sec). Leaf size: 371� �
DSolve[x^2*(x-a)^2*y''[x]+b*y[x]==c*x^2*(x-a)^2,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
acx2(a− x)

(
1− x

a

)− 1
2

√
1− 4b

a2−
1
2

((√
1− 4b

a2
− 3
) (

1− x
a

)√1− 4b
a2 Hypergeometric2F1

(
1
2

√
1− 4b

a2
− 1

2 ,
1
2

√
1− 4b

a2
+ 3

2 ,
1
2

√
1− 4b

a2
+ 5

2 ,
x
a

)
+
(√

1− 4b
a2

+ 3
)
Hypergeometric2F1

(
−1

2

√
1− 4b

a2
− 1

2 ,
3
2 −

1
2

√
1− 4b

a2
, 52 −

1
2

√
1− 4b

a2
, x
a

))
2 (2a2 + b)

√
1− 4b

a2

+ c1x
1
2

√
1− 4b

a2+
1
2 (x− a)

1
2−

1
2

√
1− 4b

a2 + c2x
1
2−

1
2

√
1− 4b

a2 (x− a)
1
2

√
1− 4b

a2+
1
2

a
√
1− 4b

a2
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32.8 problem 218
Internal problem ID [11042]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 218.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

a x2(x− 1)2 y′′ +
(
b x2 + cx+ d

)
y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 267� �
dsolve(a*x^2*(x-1)^2*diff(y(x),x$2)+(b*x^2+c*x+d)*y(x)=0,y(x), singsol=all)� �
y(x) = (−1

+x)−
√
a−4b−4c−4d−

√
a

2
√

a

(
c1x

√
a+

√
a−4d

2
√
a hypergeom

([
−
√
a− 4b− 4c− 4d+

√
a+

√
a− 4d+

√
a− 4b

2
√
a

,−
√
a− 4b− 4c− 4d−

√
a−

√
a− 4d+

√
a− 4b

2
√
a

]
,

[
1+

√
a− 4d√

a

]
, x

)
+c2x

−−
√
a+

√
a−4d

2
√
a hypergeom

([
−
√
a− 4b− 4c− 4d+

√
a−

√
a− 4d+

√
a− 4b

2
√
a

,−
√
a− 4b− 4c− 4d−

√
a+

√
a− 4d+

√
a− 4b

2
√
a

]
,

[
1−

√
a− 4d√

a

]
, x

))
3 Solution by Mathematica
Time used: 135.53 (sec). Leaf size: 413606� �
DSolve[a*x^2*(x-1)^2*y''[x]+(b*x^2+c*x+d)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Too large to display
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32.9 problem 219
Internal problem ID [11043]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 219.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(x2 + a
)
y′′ +

(
b x2 + c

)
xy′ + yd = 0

3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 286� �
dsolve(x^2*(x^2+a)*diff(y(x),x$2)+(b*x^2+c)*x*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x2

+a
) (−b+2)a+c

2a

(
c2x

−
−a+c+

√
a2+(−2c−4d)a+c2

2a hypergeom
([

−
−3a− c+

√
a2 + (−2c− 4d) a+ c2

4a ,
−
√
a2 + (−2c− 4d) a+ c2 + (−2b+ 5) a+ c

4a

]
,

[
1−
√

a2 + (−2c− 4d) a+ c2

2a

]
,

−x2

a

)

+c1x
a−c+

√
a2+(−2c−4d)a+c2

2a hypergeom
([

3a+ c+
√
a2 + (−2c− 4d) a+ c2

4a ,

√
a2 + (−2c− 4d) a+ c2 + (−2b+ 5) a+ c

4a

]
,

[
1+
√
a2 + (−2c− 4d) a+ c2

2a

]
,

−x2

a

))
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3 Solution by Mathematica
Time used: 2.385 (sec). Leaf size: 336� �
DSolve[x^2*(x^2+a)*y''[x]+(b*x^2+c)*x*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ a−
√

a2−2a(c+2d)+c2+a−c

4a x−
√

a2−2a(c+2d)+c2−a+c

2a

(
c2x

√
a2−2a(c+2d)+c2

a Hypergeometric2F1
(
−
−2ba+ a+ c−

√
a2 − 2(c+ 2d)a+ c2

4a ,
a− c+

√
a2 − 2(c+ 2d)a+ c2

4a ,

√
a2 − 2(c+ 2d)a+ c2

2a

+ 1,−x2

a

)

+ c1a

√
a2−2a(c+2d)+c2

2a Hypergeometric2F1
(
−
−a+ c+

√
a2 − 2(c+ 2d)a+ c2

4a ,

−
−2ba+ a+ c+

√
a2 − 2(c+ 2d)a+ c2

4a , 1−
√
a2 − 2(c+ 2d)a+ c2

2a ,−x2

a

))
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32.10 problem 220
Internal problem ID [11044]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 220.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Halm]

(
x2 + 1

)2
y′′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 59� �
dsolve((x^2+1)^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =

( x+ i

−x+ i

)−
√
a+1
2

c2 +
(

x+ i

−x+ i

)√
a+1
2

c1

√
x2 + 1

3 Solution by Mathematica
Time used: 0.215 (sec). Leaf size: 83� �
DSolve[(x^2+1)^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2
√
x2 + 1ei

√
a+1arctan(x)

(
ic2(1− ix)

√
a+1(1 + ix)−

√
a+1

√
a+ 1

+ 2c1

)
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32.11 problem 221
Internal problem ID [11045]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 221.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 − 1

)2
y′′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve((x^2-1)^2*diff(y(x),x$2)+a*y(x)=0,y(x), singsol=all)� �

y(x) =
√
x2 − 1

(−1 + x

1 + x

)√
−a+1
2

c1 +
(
−1 + x

1 + x

)−
√
−a+1
2

c2


3 Solution by Mathematica
Time used: 0.249 (sec). Leaf size: 88� �
DSolve[(x^2-1)^2*y''[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
(1− x2)

1
2−

√
1−a
2
(
2
√
1− ac1(1− x)

√
1−a + c2(x+ 1)

√
1−a
)

2
√
1− a
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32.12 problem 222 A
Internal problem ID [11046]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 222 A.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

(
a2 + x2)2 y′′ + yb2 = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 83� �
dsolve((x^2+a^2)^2*diff(y(x),x$2)+b^2*y(x)=0,y(x), singsol=all)� �

y(x) =

(ix− a

ix+ a

)√
a2+b2
2a

c1 +
(
ix− a

ix+ a

)−
√

a2+b2
2a

c2

√
a2 + x2

3 Solution by Mathematica
Time used: 0.489 (sec). Leaf size: 97� �
DSolve[(x^2+a^2)^2*y''[x]+b^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2
√
a2 + x2e−i

√
b2
a2+1arctan

(
a
x

)ic2e
2i
√

b2
a2+1arctan

(
a
x

)
a
√

b2

a2
+ 1

+ 2c1
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32.13 problem 222 B
Internal problem ID [11047]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 222 B.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−a2 + x2)2 y′′ + yb2 = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 77� �
dsolve((x^2-a^2)^2*diff(y(x),x$2)+b^2*y(x)=0,y(x), singsol=all)� �

y(x) =
√
a2 − x2

(a− x

a+ x

)−
√

a2−b2
2a

c2 +
(
a− x

a+ x

)√
a2−b2
2a

c1


3 Solution by Mathematica
Time used: 0.529 (sec). Leaf size: 142� �
DSolve[(x^2-a^2)^2*y''[x]+b^2*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(x− a)

1
2−

1
2

√
1− b2

a2 (a+ x)
1
2−

1
2

√
1− b2

a2

(
2ac1

√
1− b2

a2
(x− a)

√
1− b2

a2 − c2(a+ x)
√

1− b2
a2

)
2a
√

1− b2

a2
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32.14 problem 223
Internal problem ID [11048]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 223.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [_Halm]

4
(
x2 + 1

)2
y′′ +

(
a x2 + a− 3

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 55� �
dsolve(4*(x^2+1)^2*diff(y(x),x$2)+(a*x^2+a-3)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
x2 + 1

) 1
4

((
x+

√
x2 + 1

)−√
−a+1
2

c2 +
(
x+

√
x2 + 1

)√
−a+1
2

c1

)

3 Solution by Mathematica
Time used: 0.067 (sec). Leaf size: 70� �
DSolve[4*(x^2+1)^2*y''[x]+(a*x^2+a-3)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →
√
x2 + 1

(
c1P

1
2
1
2
(√

1−a−1
)(ix) + c2Q

1
2
1
2
(√

1−a−1
)(ix))
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32.15 problem 224
Internal problem ID [11049]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 224.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(
a x2 + b

)2
y′′ + 2ax

(
a x2 + b

)
y′ + yc = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 47� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+2*a*x*(a*x^2+b)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin

√
c arctan

(
ax√
ab

)
√
ab

+ c2 cos

√
c arctan

(
ax√
ab

)
√
ab


3 Solution by Mathematica
Time used: 2.133 (sec). Leaf size: 72� �
DSolve[(a*x^2+b)^2*y''[x]+2*a*x*(a*x^2+b)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos

√
c arctan

(√
ax√
b

)
√
a
√
b

+ c2 sin

√
c arctan

(√
ax√
b

)
√
a
√
b



872



32.16 problem 225
Internal problem ID [11050]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 225.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 − 1

)2
y′′ + 2x

(
x2 − 1

)
y′ −

(
ν(ν + 1)

(
x2 − 1

)
+ n2) y = 0

3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 17� �
dsolve((x^2-1)^2*diff(y(x),x$2)+2*x*(x^2-1)*diff(y(x),x)-(nu*(nu+1)*(x^2-1)+n^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, n, x) + c2 LegendreQ (ν, n, x)

3 Solution by Mathematica
Time used: 0.051 (sec). Leaf size: 20� �
DSolve[(x^2-1)^2*y''[x]+2*x*(x^2-1)*y'[x]-(\[Nu]*(\[Nu]+1)*(x^2-1)+n^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1P
n
ν (x) + c2Q

n
ν (x)
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32.17 problem 226
Internal problem ID [11051]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 226.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
−x2 + 1

)2
y′′ − 2x

(
−x2 + 1

)
y′ +

(
ν(ν + 1)

(
−x2 + 1

)
− µ2) y = 0

3 Solution by Maple
Time used: 0.063 (sec). Leaf size: 17� �
dsolve((1-x^2)^2*diff(y(x),x$2)-2*x*(1-x^2)*diff(y(x),x)+(nu*(nu+1)*(1-x^2)-mu^2)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, µ, x) + c2 LegendreQ (ν, µ, x)

3 Solution by Mathematica
Time used: 0.046 (sec). Leaf size: 20� �
DSolve[(1-x^2)^2*y''[x]-2*x*(1-x^2)*y'[x]+(\[Nu]*(\[Nu]+1)*(1-x^2)-\[Mu]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1P
µ
ν (x) + c2Q

µ
ν (x)
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32.18 problem 227
Internal problem ID [11052]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 227.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

a
(
x2 − 1

)2
y′′ + bx

(
x2 − 1

)
y′ +

(
c x2 + dx+ e

)
y = 0

3 Solution by Maple
Time used: 0.141 (sec). Leaf size: 562� �
dsolve(a*(x^2-1)^2*diff(y(x),x$2)+b*x*(x^2-1)*diff(y(x),x)+(c*x^2+d*x+e)*y(x)=0,y(x), singsol=all)� �
y(x)

=
(x2 − 1)−

b
4a
√
2 + 2x

(
c1 hypergeom

([
−−

√
4a2+(−4b−4c−4d−4e)a+b2+2

√
a2+(−2b−4c)a+b2+

√
4a2+(−4b−4c+4d−4e)a+b2−2a

4a ,
√

4a2+(−4b−4c−4d−4e)a+b2+2
√

a2+(−2b−4c)a+b2−
√

4a2+(−4b−4c+4d−4e)a+b2+2a
4a

]
,
[
−−2a+

√
4a2+(−4b−4c+4d−4e)a+b2

2a

]
, 12 +

x
2

) (1
2 +

x
2

)−√4a2+(−4b−4c+4d−4e)a+b2

4a + c2 hypergeom
([√

4a2+(−4b−4c−4d−4e)a+b2+2
√

a2+(−2b−4c)a+b2+
√

4a2+(−4b−4c+4d−4e)a+b2+2a
4a ,

√
4a2+(−4b−4c−4d−4e)a+b2−2

√
a2+(−2b−4c)a+b2+

√
4a2+(−4b−4c+4d−4e)a+b2+2a

4a

]
,
[
2a+

√
4a2+(−4b−4c+4d−4e)a+b2

2a

]
, 12 +

x
2

) (1
2 +

x
2

)√4a2+(−4b−4c+4d−4e)a+b2

4a

)
√
2x− 2

(
−1

2 +
x
2

)√4a2+(−4b−4c−4d−4e)a+b2

4a

4

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[a*(x^2-1)^2*y''[x]+b*x*(x^2-1)*y'[x]+(c*x^2+d*x+e)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Timed out
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32.19 problem 228
Internal problem ID [11053]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 228.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + b

)2
y′′ + (2ax+ c)

(
a x2 + b

)
y′ + yk = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 162� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+(2*a*x+c)*(a*x^2+b)*diff(y(x),x)+k*y(x)=0,y(x), singsol=all)� �

y(x) = c1

(
−i

√
ab+ ax

i
√
ab+ ax

) i
√
ab c

√
−ab+a2

√
c2−4k

a2
b

4ab
√
−ab

+ c2

(
−i

√
ab+ ax

i
√
ab+ ax

) i
√
ab c

√
−ab−a2

√
c2−4k

a2
b

4ab
√
−ab

3 Solution by Mathematica
Time used: 2.188 (sec). Leaf size: 91� �
DSolve[(a*x^2+b)^2*y''[x]+(2*a*x+c)*(a*x^2+b)*y'[x]+k*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
−

(√
c2−4k+c

)
arctan

(√
ax√
b

)
2
√
a
√
b

c2e

√
c2−4k arctan

(√
ax√
b

)
√
a
√
b + c1



876



32.20 problem 229
Internal problem ID [11054]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 229.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + b

)2
y′′ +

(
a x2 + b

) (
c x2 + d

)
y′ + 2(−ad+ bc)xy = 0

877



3 Solution by Maple
Time used: 0.312 (sec). Leaf size: 866� �
dsolve((a*x^2+b)^2*diff(y(x),x$2)+(a*x^2+b)*(c*x^2+d)*diff(y(x),x)+2*(b*c-a*d)*x*y(x)=0,y(x), singsol=all)� �
y(x) =

(
−ax+

√
−ab

) 2a2b+
√

−ab
(
4
√

−ab a2d−4
√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
4a2b

c1
(
ax

+
√
−ab

) 2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b e
√
−ab c

2a2 −
arctan

(√
a x√
b

)
d

2
√
a
√
b

+
√
b arctan

(√
a x√
b

)
c

2a
3
2 HeunC

2
√

− b
a
c

a
,

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b ,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b , 0, 12

− d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+ 1
2


+ c2

(
ax+

√
−ab

)−−2a2b+
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a

4a2b HeunC

2
√
− b

a
c

a
,

−

√
4a2b (ad− bc)

√
−ab+ 4a4b2 − a3b d2 + 2d b2c a2 − b3c2a

2a2b ,

√
−ab

(
4
√
−ab a2d− 4

√
−ab abc− 4a3b+ a2d2 − 2abcd+ b2c2

)
2a2b , 0, 12

− d2

8ab −
cd

4a2 + 3b c2
8a3 ,

ax

2
√
−ab

+1
2

 e
iπ
√

4a2b(ad−bc)
√
−ab+4a4b2−a3b d2+2d b2c a2−b3c2a−iπ

√
−ab

(
4
√
−ab a2d−4

√
−ab abc−4a3b+a2d2−2abcd+b2c2

)
−4

a2
 d√

b
√
a
−

√
b c

a
3
2

 arctan
(√

a x√
b

)
−
√
−ab c

b

8a2b


3 Solution by Mathematica
Time used: 0.165 (sec). Leaf size: 104� �
DSolve[(a*x^2+b)^2*y''[x]+(a*x^2+b)*(c*x^2+d)*y'[x]+2*(b*c-a*d)*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → exp

arctan
(√

ax√
b

)
(bc− ad)

a3/2
√
b

− cx

a

∫ x

1
exp

(ad− bc) arctan
(√

aK[1]√
b

)
a3/2

√
b

+ cK[1]
a

 c1dK[1] + c2
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32.21 problem 230
Internal problem ID [11055]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 230.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 + a

)2
y′′ + b xn

(
x2 + a

)
y′ −

(
b xn+1 + a

)
y = 0

7 Solution by Maple� �
dsolve((x^2+a)^2*diff(y(x),x$2)+b*x^n*(x^2+a)*diff(y(x),x)-(b*x^(n+1)+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^2+a)^2*y''[x]+b*x^n*(x^2+a)*y'[x]-(b*x^(n+1)+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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32.22 problem 231
Internal problem ID [11056]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 231.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 + a

)2
y′′ + b xn

(
x2 + a

)
y′ −m

(
b xn+1 + (m− 1)x2 + a

)
y = 0

7 Solution by Maple� �
dsolve((x^2+a)^2*diff(y(x),x$2)+b*x^n*(x^2+a)*diff(y(x),x)-m*(b*x^(n+1)+(m-1)*x^2+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^2+a)^2*y''[x]+b*x^n*(x^2+a)*y'[x]-m*(b*x^(n+1)+(m-1)*x^2+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

880



32.23 problem 232
Internal problem ID [11057]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 232.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(x− a)2 (x− b)2 y′′ − yc = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 104� �
dsolve((x-a)^2*(x-b)^2*diff(y(x),x$2)-c*y(x)=0,y(x), singsol=all)� �

y(x) =
√

(a− x) (b− x)

(a− x

b− x

)√
a2−2ab+b2+4c

2a−2b

c1 +
(
a− x

b− x

)−
√

a2−2ab+b2+4c
2a−2b

c2


3 Solution by Mathematica
Time used: 1.085 (sec). Leaf size: 141� �
DSolve[(x-a)^2*(x-b)^2*y''[x]-c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (x− a)
1
2

(
1−
√

4c
(a−b)2+1

)
(x− b)

1
2

(
1−
√

4c
(a−b)2+1

)c1(x− a)
√

4c
(a−b)2+1

− c2(x− b)
√

4c
(a−b)2+1

(a− b)
√

4c
(a−b)2 + 1
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32.24 problem 233
Internal problem ID [11058]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 233.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(x− a)2 (x− b)2 y′′ + (x− a) (x− b) (2x+ λ) y′ + µy = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 143� �
dsolve((x-a)^2*(x-b)^2*diff(y(x),x$2)+(x-a)*(x-b)*(2*x+lambda)*diff(y(x),x)+mu*y(x)=0,y(x), singsol=all)� �

y(x) =

(a− x

b− x

)−
√

λ2+(2a+2b)λ+a2+2ab+b2−4µ
2a−2b

c2

+
(
a− x

b− x

)√
λ2+(2a+2b)λ+a2+2ab+b2−4µ

2a−2b

c1

( b− x

a− x

)a+b+λ
2a−2b
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3 Solution by Mathematica
Time used: 2.299 (sec). Leaf size: 152� �
DSolve[(x-a)^2*(x-b)^2*y''[x]+(x-a)*(x-b)*(2*x+\[Lambda])*y'[x]+mu*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
(a+b+λ)(log(x−a)−log(x−b))

a−b

c1 exp


(√

µ
√

(a+b+λ)2
µ

− 4 + a+ b+ λ
)
(log(x− a)− log(x− b))

2(a− b)


+ c2 exp


(
−√

µ
√

(a+b+λ)2
µ

− 4 + a+ b+ λ
)
(log(x− a)− log(x− b))

2(a− b)
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32.25 problem 234
Internal problem ID [11059]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 234.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

(
a x2 + bx+ c

)2
y′′ + Ay = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 178� �
dsolve((a*x^2+b*x+c)^2*diff(y(x),x$2)+A*y(x)=0,y(x), singsol=all)� �

y(x) =


(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)−
a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

c2

+
(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)a

√
−4ac+b2−4A

a2
2
√

−4ac+b2

c1

√
a x2 + bx+ c
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3 Solution by Mathematica
Time used: 2.154 (sec). Leaf size: 199� �
DSolve[(a*x^2+b*x+c)^2*y''[x]+A*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
√

x(ax+ b) + c exp

−

√
4ac− b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2 − 4ac

c1 exp

2
√
4ac− b2

√
1− 4A

b2−4ac arctan
(

2ax+b√
4ac−b2

)
√
b2 − 4ac


+ c2

√
b2 − 4ac

√
1− 4A

b2−4ac
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32.26 problem 235
Internal problem ID [11060]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 235.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 − 1

)2
y′′ + 2x

(
x2 − 1

)
y′ +

((
x2 − 1

) (
a2x2 − λ

)
−m2) y = 0

3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 64� �
dsolve((x^2-1)^2*diff(y(x),x$2)+2*x*(x^2-1)*diff(y(x),x)+( (x^2-1)*(a^2*x^2-lambda)-m^2)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
HeunC

(
0, 12 ,m,

a2

4 ,
1
4 + m2

4 − λ

4 , x
2
)
c2x

+HeunC
(
0,−1

2 ,m,
a2

4 ,
1
4 + m2

4 − λ

4 , x
2
)
c1

)(
x2 − 1

)m
2
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3 Solution by Mathematica
Time used: 0.602 (sec). Leaf size: 234� �
DSolve[(x^2-1)^2*y''[x]+2*x*(x^2-1)*y'[x]+( (x^2-1)*(a^2*x^2-\[Lambda])-m^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → ei

√
a2x

(
x+ 1
x− 1

)√
m2
2
(
c2(x− 1)

√
m2HeunC

[
−
(√

m2 + 1
)(√

m2 + 2i
√
a2
)
− a2

+ λ,−4i
√
a2
(√

m2 + 1
)
,
√
m2 + 1,

√
m2 + 1,−4i

√
a2,

1− x

2

]
+ c1HeunC

[
2i
√
a2
(√

m2 − 1
)
− a2 + λ,−4i

√
a2, 1−

√
m2,

√
m2 + 1,

−4i
√
a2,

1− x

2

])
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32.27 problem 236
Internal problem ID [11061]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 236.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
x2 + 1

)2
y′′ + 2x

(
x2 + 1

)
y′ +

((
x2 + 1

) (
a2x2 − λ

)
+m2) y = 0

3 Solution by Maple
Time used: 0.5 (sec). Leaf size: 68� �
dsolve((x^2+1)^2*diff(y(x),x$2)+2*x*(x^2+1)*diff(y(x),x)+( (x^2+1)*(a^2*x^2-lambda)+m^2)*y(x)=0,y(x), singsol=all)� �

y(x) =
(
HeunC

(
0, 12 ,m,−a2

4 ,
1
4 + m2

4 − λ

4 ,−x2
)
c2x

+HeunC
(
0,−1

2 ,m,−a2

4 ,
1
4 + m2

4 − λ

4 ,−x2
)
c1

)(
x2 + 1

)m
2

3 Solution by Mathematica
Time used: 0.605 (sec). Leaf size: 124� �
DSolve[(x^2+1)^2*y''[x]+2*x*(x^2+1)*y'[x]+( (x^2+1)*(a^2*x^2-\[Lambda])+m^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) →

(
x2 + 1

)√m2
2

(
c2xHeunC

[
1
4

(
λ−m2 − 3

√
m2 − 2

)
,−a2

4 ,
3
2 ,

√
m2 + 1, 0,−x2

]
+ c1HeunC

[
1
4

(
λ−m2 −

√
m2
)
,−a2

4 ,
1
2 ,

√
m2 + 1, 0,−x2

])
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32.28 problem 237
Internal problem ID [11062]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-7 Equation of form
(a4x4 + a3x

3 + a2x
2x+ a1x+ a0)y′′ + f(x)y′ + g(x)y = 0

Problem number: 237.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a x2 + bx+ c

)2
y′′ + (2ax+ k)

(
a x2 + bx+ c

)
y′ + ym = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 274� �
dsolve((a*x^2+b*x+c)^2*diff(y(x),x$2)+(2*a*x+k)*(a*x^2+b*x+c)*diff(y(x),x)+m*y(x)=0,y(x), singsol=all)� �
y(x)

=
(
−2ax− b+

√
−4ac+ b2

2ax+
√
−4ac+ b2 + b

)− k

2
√

−4ac+b2
(

2ax+
√
−4ac+ b2 + b

−2ax− b+
√
−4ac+ b2

)− b

2
√

−4ac+b2

c1

(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)a

√
b2−2kb+k2−4m

a2
2
√

−4ac+b2

+ c2

(
−b+ i

√
4ac− b2 − 2ax

i
√
4ac− b2 + 2ax+ b

)−
a

√
b2−2kb+k2−4m

a2
2
√

−4ac+b2



889



3 Solution by Mathematica
Time used: 2.382 (sec). Leaf size: 157� �
DSolve[(a*x^2+b*x+c)^2*y''[x]+(2*a*x+k)*(a*x^2+b*x+c)*y'[x]+m*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 exp


(
−
√
m
√

b2−2bk+k2−4m
m

+ b− k

)
arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2



+ c2 exp


(
√
m
√

b2−2bk+k2−4m
m

+ b− k

)
arctan

(
2ax+b√
4ac−b2

)
√
4ac− b2
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33 Chapter 2, Second-Order Differential
Equations. section 2.1.2-8. Other equations.
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33.1 problem 238
Internal problem ID [11063]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 238.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_Emden, _Fowler]]

x6y′′ − x5y′ + ay = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 35� �
dsolve(x^6*diff(y(x),x$2)-x^5*diff(y(x),x)+a*y(x)=0,y(x), singsol=all)� �

y(x) = x2
(
c1 sinh

(√
−a

2x2

)
+ c2 cosh

(√
−a

2x2

))
3 Solution by Mathematica
Time used: 0.239 (sec). Leaf size: 58� �
DSolve[x^6*y''[x]-x^5*y'[x]+a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → 1
2x

2e−
i
√
a

2x2

(
2c1e

i
√

a

x2 − ic2√
a

)
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33.2 problem 239
Internal problem ID [11064]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 239.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x6y′′ +
(
3x2 + a

)
x3y′ + yb = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 45� �
dsolve(x^6*diff(y(x),x$2)+(3*x^2+a)*x^3*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) = c1e−
−a+

√
a2−4b

4x2 + c2e
a+
√

a2−4b
4x2

3 Solution by Mathematica
Time used: 0.066 (sec). Leaf size: 56� �
DSolve[x^6*y''[x]+(3*x^2+a)*x^3*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
a−
√

a2−4b
4x2

(
c1e

√
a2−4b
2x2 + c2

)
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33.3 problem 241
Internal problem ID [11065]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 241.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ + c(ax+ b)n−4 y = 0

7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+c*(a*x+b)^(n-4)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+c*(a*x+b)^(n-4)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.4 problem 242
Internal problem ID [11066]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 242.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ + axy′ −
(
b2xn + 2b xn−1 + abx+ a

)
y = 0

7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+a*x*diff(y(x),x)-(b^2*x^n+2*b*x^(n-1)+a*b*x+a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+a*x*y'[x]-(b^2*x^n+2*b*x^(n-1)+a*b*x+a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.5 problem 243
Internal problem ID [11067]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 243.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ + (ax+ b) y′ − ay = 0

3 Solution by Maple
Time used: 0.375 (sec). Leaf size: 56� �
dsolve(x^n*diff(y(x),x$2)+(a*x+b)*diff(y(x),x)-a*y(x)=0,y(x), singsol=all)� �

y(x) = −

c1

∫ e
x−n+1(ax(n−1)+b(n−2))

(n−2)(n−1)

(ax+ b)2
dx

+ c2

 (ax+ b)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x+b)*y'[x]-a*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.6 problem 244
Internal problem ID [11068]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 244.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ +
(
a xn−1 + bx

)
y′ + (a− 1) y = 0

3 Solution by Maple
Time used: 0.782 (sec). Leaf size: 137� �
dsolve(x^n*diff(y(x),x$2)+(a*x^(n-1)+b*x)*diff(y(x),x)+(a-1)*y(x)=0,y(x), singsol=all)� �
y(x) = x−a

2−
1
2+

n
2 e

b x2−n

−4+2n

(
WhittakerM

(
(−b+ 2) a− 2 + b(n− 1)

2b (n− 2) ,
a− 1

−4 + 2n,
b x2−n

n− 2

)
c1

+WhittakerW
(
(−b+ 2) a− 2 + b(n− 1)

2b (n− 2) ,
a− 1

−4 + 2n,
b x2−n

n− 2

)
c2

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^(n-1)+b*x)*y'[x]+(a-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.7 problem 245
Internal problem ID [11069]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 245.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ +
(
2xn−1 + a x2 + bx

)
y′ + yb = 0

3 Solution by Maple
Time used: 0.454 (sec). Leaf size: 76� �
dsolve(x^n*diff(y(x),x$2)+(2*x^(n-1)+a*x^2+b*x)*diff(y(x),x)+b*y(x)=0,y(x), singsol=all)� �

y(x) =

(ax+ b)

c2

∫ e
b(n−3)x2−n+(n−2)

(
a x3−n−2(n−3) ln(x)

)
(n−3)(n−2) x2

(ax+b)2 dx

+ c1


x

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(2*x^(n-1)+a*x^2+b*x)*y'[x]+b*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.8 problem 246
Internal problem ID [11070]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 246.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ + (a xn + b) y′ + c((a− c)xn + b) y = 0

7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)+c*((a-c)*x^n+b)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^n+b)*y'[x]+c*((a-c)*x^n+b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.9 problem 247
Internal problem ID [11071]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 247.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ +
(
a xn − xn−1 + abx+ b

)
y′ + a2bxy = 0

7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^n-x^(n-1)+a*b*x+b)*diff(y(x),x)+a^2*b*x*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^n-x^(n-1)+a*b*x+b)*y'[x]+a^2*b*x*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

900



33.10 problem 248
Internal problem ID [11072]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 248.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

xny′′ +
(
a xm+n + 1

)
y′ + a xm

(
1 + xn−1m

)
y = 0

7 Solution by Maple� �
dsolve(x^n*diff(y(x),x$2)+(a*x^(n+m)+1)*diff(y(x),x)+a*x^m*(1+m*x^(n-1))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^n*y''[x]+(a*x^(n+m)+1)*y'[x]+a*x^m*(1+m*x^(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.11 problem 249
Internal problem ID [11073]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 249.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a xn + b) y′′ + (xnc+ d) y′ + λ((−aλ+ c)xn + d− bλ) y = 0

7 Solution by Maple� �
dsolve((a*x^n+b)*diff(y(x),x$2)+(c*x^n+d)*diff(y(x),x)+lambda*((c-a*lambda)*x^n+d-b*lambda)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b)*y''[x]+(c*x^n+d)*y'[x]+\[Lambda]*((c-a*\[Lambda])*x^n+d-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.12 problem 250
Internal problem ID [11074]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 250.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(a xn + bx+ c) y′′ − an(n− 1)xn−2y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 33� �
dsolve((a*x^n+b*x+c)*diff(y(x),x$2)=a*n*(n-1)*x^(n-2)*y(x),y(x), singsol=all)� �

y(x) =
((∫ 1

(a xn + bx+ c)2
dx

)
c1 + c2

)
(a xn + bx+ c)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x+c)*y''[x]==a*n*(n-1)*x^(n-2)*y[x],y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.13 problem 251
Internal problem ID [11075]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 251.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x(xn + 1) y′′ + ((a− b)xn + a− n) y′ + b(−a+ 1)xn−1y = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 65� �
dsolve(x*(x^n+1)*diff(y(x),x$2)+((a-b)*x^n+a-n)*diff(y(x),x)+b*(1-a)*x^(n-1)*y(x)=0,y(x), singsol=all)� �
y(x) =

(
x−a+n+1c2 hypergeom

([
b+ n

n
,
−a+ n+ 1

n

]
,

[
2n− a+ 1

n

]
,−xn

)
+ c1

)
(xn

+ 1)
b
n

3 Solution by Mathematica
Time used: 0.164 (sec). Leaf size: 69� �
DSolve[x*(x^n+1)*y''[x]+((a-b)*x^n+a-n)*y'[x]+b*(1-a)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c2(xn)
−a+n+1

n Hypergeometric2F1
(
1, −a− b+ n+ 1

n
,
−a+ 2n+ 1

n
,−xn

)
+ c1(xn + 1)b/n
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33.14 problem 252
Internal problem ID [11076]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 252.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

x
(
x2n + a

)
y′′ +

(
x2n + a− an

)
y′ − b2x−1+2ny = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 61� �
dsolve(x*(x^(2*n)+a)*diff(y(x),x$2)+(x^(2*n)+a-a*n)*diff(y(x),x)-b^2*x^(2*n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
ib
(∫

xn−1
√

− 1
x2n+a

dx
)
+ c2e

−ib
(∫

xn−1
√

− 1
x2n+a

dx
)

3 Solution by Mathematica
Time used: 0.458 (sec). Leaf size: 47� �
DSolve[x*(x^(2*n)+a)*y''[x]+(x^(2*n)+a-a*n)*y'[x]-b^2*x^(2*n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cosh

barcsinh
(

xn
√
a

)
n

+ ic2 sinh

barcsinh
(

xn
√
a

)
n
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33.15 problem 253
Internal problem ID [11077]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 253.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(x2na2 − 1
)
y′′ + x

(
a2(n+ 1)x2n + n− 1

)
y′ − ν(ν + 1) a2n2x2ny = 0

3 Solution by Maple
Time used: 0.157 (sec). Leaf size: 23� �
dsolve(x^2*(a^2*x^(2*n)-1)*diff(y(x),x$2)+x*(a^2*(n+1)*x^(2*n)+n-1)*diff(y(x),x)-nu*(nu+1)*a^2*n^2*x^(2*n)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 LegendreP (ν, a xn) + c2 LegendreQ (ν, a xn)

3 Solution by Mathematica
Time used: 0.21 (sec). Leaf size: 79� �
DSolve[x^2*(a^2*x^(2*n)-1)*y''[x]+x*(a^2*(n+1)*x^(2*n)+n-1)*y'[x]-\[Nu]*(\[Nu]+1)*a^2*n^2*x^(2*n)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → iac2
√
x2nHypergeometric2F1

(
1
2 − ν

2 ,
ν

2 + 1, 32 , a
2x2n

)
+ c1Hypergeometric2F1

(
−ν

2 ,
ν + 1
2 ,

1
2 , a

2x2n
)
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33.16 problem 254
Internal problem ID [11078]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 254.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(x2na2 − 1
)
y′′ + x(ap xn + q) y′ + (ar xn + s) y = 0

3 Solution by Maple
Time used: 1.734 (sec). Leaf size: 273� �
dsolve(x^2*(a^2*x^(2*n)-1)*diff(y(x),x$2)+x*(a*p*x^n+q)*diff(y(x),x)+(a*r*x^n+s)*y(x)=0,y(x), singsol=all)� �
y(x)

=x
q
2+

1
2

(
c1x

√
q2+2q+4s+1

2 HeunG
(
−1, pq +

√
q2 + 2q + 4s+ 1 p+ p+ 2r

2n2 ,

√
q2 + 2q + 4s+ 1 + q − 1

2n ,

√
q2 + 2q + 4s+ 1 + q + 1

2n ,
n+

√
q2 + 2q + 4s+ 1

n
,

−p− q

2n ,−a xn

)
+ c2x

−
√

q2+2q+4s+1
2 HeunG

(
−1, −

√
q2 + 2q + 4s+ 1 p+ (q + 1) p+ 2r

2n2 ,

−
√
q2 + 2q + 4s+ 1− q − 1

2n ,−
√
q2 + 2q + 4s+ 1− q + 1

2n ,
n−

√
q2 + 2q + 4s+ 1

n
,

−p− q

2n ,−a xn

))
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[x^2*(a^2*x^(2*n)-1)*y''[x]+x*(a*p*x^n+q)*y'[x]+(a*r*x^n+s)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.17 problem 255
Internal problem ID [11079]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 255.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(xn + a)2 y′′ − b xn−2((b− 1)xn + (n− 1) a) y = 0

3 Solution by Maple
Time used: 0.391 (sec). Leaf size: 75� �
dsolve((x^n+a)^2*diff(y(x),x$2)-b*x^(n-2)*( (b-1)*x^n+a*(n-1))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c2
(
ax+ xn+1) hypergeom([1, n− 2b+ 1

n

]
,

[
1 + 1

n

]
,−xn

a

)

+
(
xn + a

a

) 2b
n

ac1

)
(xn + a)−

b
n

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^n+a)^2*y''[x]-b*x^(n-2)*( (b-1)*x^n+a*(n-1))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.18 problem 256
Internal problem ID [11080]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 256.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a xn + b)2 y′′ + (a xn + b) (xnc+ d) y′ + n(−ad+ bc)xn−1y = 0

3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 53� �
dsolve((a*x^n+b)^2*diff(y(x),x$2)+(a*x^n+b)*(c*x^n+d)*diff(y(x),x)+n*(b*c-a*d)*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(∫

c xn+d
a xn+b

dx
)(

c1 +
(∫

e
∫

c xn+d
a xn+b

dxdx

)
c2

)
3 Solution by Mathematica
Time used: 0.923 (sec). Leaf size: 106� �
DSolve[(a*x^n+b)^2*y''[x]+(a*x^n+b)*(c*x^n+d)*y'[x]+n*(b*c-a*d)*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
x
(
(ad− bc)Hypergeometric2F1

(
1, 1

n
, 1 + 1

n
,−axn

b

)
+ bc

)
ab

)∫ x

1
exp


(
bc+ (ad− bc)Hypergeometric2F1

(
1, 1

n
, 1 + 1

n
,−aK[1]n

b

))
K[1]

ab

 c1dK[1]

+ c2
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33.19 problem 257
Internal problem ID [11081]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 257.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(xn + a)2 y′′ + b xm(xn + a) y′ − xn−2(b xm+1 + an− a
)
y = 0

7 Solution by Maple� �
dsolve((x^n+a)^2*diff(y(x),x$2)+b*x^m*(x^n+a)*diff(y(x),x)-x^(n-2)*(b*x^(m+1)+a*n-a)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(x^n+a)^2*y''[x]+b*x^m*(x^n+a)*y'[x]-x^(n-2)*(b*x^(m+1)+a*n-a)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.20 problem 258
Internal problem ID [11082]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 258.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a xn + b)2 y′′ + c xm(a xn + b) y′ +
(
c xm − an xn−1 − 1

)
y = 0

7 Solution by Maple� �
dsolve((a*x^n+b)^2*diff(y(x),x$2)+c*x^m*(a*x^n+b)*diff(y(x),x)+(c*x^m-a*n*x^(n-1)-1)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b)^2*y''[x]+c*x^m*(a*x^n+b)*y'[x]+(c*x^m-a*n*x^(n-1)-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.21 problem 259
Internal problem ID [11083]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 259.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

x2(a xn + b)2 y′′ + (n+ 1)x
(
x2na2 − b2

)
y′ + yc = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 127� �
dsolve(x^2*(a*x^n+b)^2*diff(y(x),x$2)+(n+1)*x*(a^2*x^(2*n)-b^2)*diff(y(x),x)+c*y(x)=0,y(x), singsol=all)� �

y(x) =
√
a x2n + b xn (a xn + b)

−n−1
n x


(

xn

a xn + b

)−

√
(n+2)2b2−4c

n2a2
a

2b

c2

+
(

xn

a xn + b

)√
(n+2)2b2−4c

n2a2
a

2b

c1



912



3 Solution by Mathematica
Time used: 0.407 (sec). Leaf size: 149� �
DSolve[x^2*(a*x^n+b)^2*y''[x]+(n+1)*x*(a^2*x^(2*n)-b^2)*y'[x]+c*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ c1 exp


(
b(n+ 2)−

√
c
√

b2(n+2)2−4c
c

)
(− log (axn + b)− log(b) + n log(x)− log(n))

2bn



+c2 exp


(
√
c
√

b2(n+2)2−4c
c

+ b(n+ 2)
)
(− log (axn + b)− log(b) + n log(x)− log(n))

2bn
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33.22 problem 260
Internal problem ID [11084]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 260.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(
a xn+1 + b xn + c

)2
y′′ +

(
αxn + β xn−1 + γ

)
y′ +

(
n(−an− a+ α)xn−1 + (n− 1) (−nb+ β)xn−2) y = 0

7 Solution by Maple� �
dsolve((a*x^(n+1)+b*x^n+c)^2*diff(y(x),x$2)+(alpha*x^n+beta*x^(n-1)+gamma)*diff(y(x),x)+(n*(alpha-a-a*n)*x^(n-1)+(n-1)*(beta-b*n)*x^(n-2))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^(n+1)+b*x^n+c)^2*y''[x]+(\[Alpha]*x^n+\[Beta]*x^(n-1)+\[Gamma])*y'[x]+(n*(\[Alpha]-a-a*n)*x^(n-1)+(n-1)*(\[Beta]-b*n)*x^(n-2))*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.23 problem 261
Internal problem ID [11085]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 261.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a xn + b xm + c) y′′ + (λ− x) y′ + y = 0

3 Solution by Maple
Time used: 0.781 (sec). Leaf size: 68� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x$2)+(lambda-x)*diff(y(x),x)+y(x)=0,y(x), singsol=all)� �

y(x) = −
((∫

e
∫ −2a xn−2b xm−2c+x2−2xλ+λ2

(a xn+b xm+c)(−λ+x) dxdx

)
c1 + c2

)
(λ− x)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y''[x]+(\[Lambda]-x)*y'[x]+y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.24 problem 262
Internal problem ID [11086]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 262.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

(a xn + b xm + c) y′′ +
(
λ2 − x2) y′ + (λ+ x) y = 0

3 Solution by Maple
Time used: 1.0 (sec). Leaf size: 76� �
dsolve((a*x^n+b*x^m+c)*diff(y(x),x$2)+(lambda^2-x^2)*diff(y(x),x)+(x+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = −
((∫

e
∫

λ3−xλ2−x2λ+x3−2a xn−2b xm−2c
(a xn+b xm+c)(−λ+x) dxdx

)
c1 + c2

)
(λ− x)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[(a*x^n+b*x^m+c)*y''[x]+(\[Lambda]^2-x^2)*y'[x]+(x+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.25 problem 263
Internal problem ID [11087]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 263.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

2(a xn + b xm + c) y′′ + an xn−1bmxm−1y′ + yd = 0

7 Solution by Maple� �
dsolve(2*(a*x^n+b*x^m+c)*diff(y(x),x$2)+(a*n*x^(n-1)*b*m*x^(m-1))*diff(y(x),x)+d*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[2*(a*x^n+b*x^m+c)*y''[x]+(a*n*x^(n-1)*b*m*x^(m-1))*y'[x]+d*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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33.26 problem 264
Internal problem ID [11088]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.2-8. Other equations.
Problem number: 264.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

(a xn + b)m+1 y′′ + (a xn + b) y′ − anmxn−1y = 0

3 Solution by Maple
Time used: 0.031 (sec). Leaf size: 41� �
dsolve((a*x^n+b)^(m+1)*diff(y(x),x$2)+(a*x^n+b)*diff(y(x),x)-a*n*m*x^(n-1)*y(x)=0,y(x), singsol=all)� �

y(x) = e−
(∫

(a xn+b)−mdx
)(

c1 +
(∫

e
∫
(a xn+b)−mdxdx

)
c2

)
3 Solution by Mathematica
Time used: 0.249 (sec). Leaf size: 116� �
DSolve[(a*x^n+b)^(m+1)*y''[x]+(a*x^n+b)*y'[x]-a*n*m*x^(n-1)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → exp

(
−x(axn + b)−m

(
axn

b
+ 1
)m

Hypergeometric2F1
(
m,

1
n
, 1 + 1

n
,

−axn

b

))(∫ x

1
exp

(
Hypergeometric2F1

(
m,

1
n
, 1+ 1

n
,−aK[1]n

b

)
K[1] (aK[1]n+b)−m

(
aK[1]n

b
+1
)m)

c1dK[1]

+ c2

)
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34.1 problem 1
Internal problem ID [11089]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 1.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + eλxya = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+a*exp(lambda*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
0, 2

√
a exλ

2

λ

)
+ c2 BesselY

(
0, 2

√
a exλ

2

λ

)

3 Solution by Mathematica
Time used: 0.062 (sec). Leaf size: 55� �
DSolve[y''[x]+a*Exp[\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 BesselJ
(
0, 2

√
a
√
exλ

λ

)
+ 2c2 BesselY

(
0, 2

√
a
√
exλ

λ

)
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34.2 problem 2
Internal problem ID [11090]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 2.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a ex − b) y = 0

3 Solution by Maple
Time used: 0.109 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+(a*exp(x)-b)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 BesselJ
(
2
√
b, 2

√
a ex

2

)
+ c2 BesselY

(
2
√
b, 2

√
a ex

2

)
3 Solution by Mathematica
Time used: 0.081 (sec). Leaf size: 76� �
DSolve[y''[x]+(a*Exp[x]-b)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1Gamma
(
1− 2

√
b
)
BesselJ

(
−2

√
b, 2

√
a
√
ex
)

+ c2Gamma
(
2
√
b+ 1

)
BesselJ

(
2
√
b, 2

√
a
√
ex
)
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34.3 problem 3
Internal problem ID [11091]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 3.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a
(
λ eλx − a e2λx

)
y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 32� �
dsolve(diff(y(x),x$2)+a*(lambda*exp(lambda*x)-a*exp(2*lambda*x))*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ

(
c1 + expIntegral1

(
−2a exλ

λ

)
c2

)
3 Solution by Mathematica
Time used: 1.32 (sec). Leaf size: 37� �
DSolve[y''[x]+a*(\[Lambda]*Exp[\[Lambda]*x]-a*Exp[2*\[Lambda]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ

(
c2 ExpIntegralEi

(
2aexλ
λ

)
+ c1

)
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34.4 problem 4
Internal problem ID [11092]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 4.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ −
(
a2e2x + a(1 + 2b) ex + b2

)
y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 76� �
dsolve(diff(y(x),x$2)-(a^2*exp(2*x)+a*(2*b+1)*exp(x)+b^2)*y(x)=0,y(x), singsol=all)� �

y(x) = −c2a
−2bWhittakerM

(
−b,

1
2 − b, 2a ex

)
+ c1ebx+a ex + (a ex)−b e−a exc2a

−2b(b2−b+1 − 2−b
)

3 Solution by Mathematica
Time used: 1.8 (sec). Leaf size: 57� �
DSolve[y''[x]-(a^2*Exp[2*x]+a*(2*b+1)*Exp[x]+b^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → eae
x(ex)−b

(
c1(ex)2b − 4bc2(aex)2b Γ(−2b, 2aex)

)
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34.5 problem 5
Internal problem ID [11093]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 5.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ −
(
a e2λx + b eλx + c

)
y = 0

3 Solution by Maple
Time used: 0.343 (sec). Leaf size: 73� �
dsolve(diff(y(x),x$2)-(a*exp(2*lambda*x)+b*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e−xλ
2

(
WhittakerM

(
− b

2λ
√
a
,

√
c

λ
,
2
√
a exλ
λ

)
c1

+WhittakerW
(
− b

2λ
√
a
,

√
c

λ
,
2
√
a exλ
λ

)
c2

)
3 Solution by Mathematica
Time used: 1.158 (sec). Leaf size: 145� �
DSolve[y''[x]-(a*Exp[2*\[Lambda]*x]+b*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → e−

√
aeλx

λ

(
eλx
)√

c
λ

(
c1HypergeometricU

(
b√
a
+ λ+ 2

√
c

2λ ,
2
√
c

λ
+ 1, 2

√
aexλ

λ

)

+ c2L
2
√
c

λ

−
b√
a
+λ+2

√
c

2λ

(
2
√
aexλ

λ

))
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34.6 problem 6
Internal problem ID [11094]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 6.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a e4λx + b e3λx + e2λxc− λ2

4

)
y = 0

3 Solution by Maple
Time used: 0.36 (sec). Leaf size: 221� �
dsolve(diff(y(x),x$2)+(a*exp(4*lambda*x)+b*exp(3*lambda*x)+c*exp(2*lambda*x)-1/4*lambda^2)*y(x)=0,y(x), singsol=all)� �
y(x) = c1 hypergeom

([
4λ a 3

2 + 4iac− ib2

16λ a 3
2

]
,

[
1
2

]
,
i
(
2 exλa+ b

)2
4λ a 3

2

)
e−

ie2xλa+λ2x
√
a+ib exλ

2λ
√
a

+c2 hypergeom
([

12λ a 3
2 + 4iac− ib2

16λ a 3
2

]
,

[
3
2

]
,
i
(
2 exλa+ b

)2
4λ a 3

2

)(
2a e−

ie2xλa−λ2x
√

a+ib exλ
2λ

√
a

+ b e−
ie2xλa+λ2x

√
a+ib exλ

2λ
√
a

)
3 Solution by Mathematica
Time used: 1.895 (sec). Leaf size: 178� �
DSolve[y''[x]+(a*Exp[4*\[Lambda]*x]+b*Exp[3*\[Lambda]*x]+c*Exp[2*\[Lambda]*x]-1/4*\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
e
−

ieλx
(
aeλx+b

)
2
√

aλ

(
c1HermiteH

(
i
(
b2−4ac+4ia3/2λ

)
8a3/2λ ,

4
√
−1(2exλa+b

)
2a3/4

√
λ

)
+ c2Hypergeometric1F1

(
−ib2+4iac+4a3/2λ

16a3/2λ , 12 ,
i
(
2exλa+b

)2
4a3/2λ

))
√
eλx
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34.7 problem 7
Internal problem ID [11095]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 7.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a e2λx

(
b eλx + c

)n − λ2

4

)
y = 0

3 Solution by Maple
Time used: 0.844 (sec). Leaf size: 218� �
dsolve(diff(y(x),x$2)+(a*exp(2*lambda*x)*(b*exp(lambda*x)+c)^n-1/4*lambda^2)*y(x)=0,y(x), singsol=all)� �
y(x)

=
e−xλ

2 Γ
(
n+1
n+2

)2 (−a
(
b exλ+c

)n+2

λ2b2(n+2)2

) 1
2n+4

c1(n+ 2)BesselI
(
− 1

n+2 , 2
√

−a
(
b exλ+c

)n+2

λ2b2(n+2)2

)
+ csc

(
π(n+1)
n+2

)(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)− 1
2n+4

BesselI
(

1
n+2 , 2

√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
πc2
(
b exλ

2 + e−xλ
2 c
)

(n+ 2)Γ
(
n+1
n+2

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[2*\[Lambda]*x]*(b*Exp[\[Lambda]*x]+c)^n-1/4*\[Lambda]^2)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.8 problem 8
Internal problem ID [11096]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 8.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + ay′ + b e2axy = 0

3 Solution by Maple
Time used: 0.156 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+b*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = e−ax

(
c1 sin

(√
b eax
a

)
+ c2 cos

(√
b eax
a

))

3 Solution by Mathematica
Time used: 0.133 (sec). Leaf size: 78� �
DSolve[y''[x]+a*y'[x]+b*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
ae−

ax
2

(
2c1 cos

(√
be2ax

a

)
+ c2 sin

(√
be2ax

a

))
√
2 4√

be2ax
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34.9 problem 9
Internal problem ID [11097]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 9.
ODE order: 2.
ODE degree: 1.

CASMaple gives this as type [[_2nd_order, _with_linear_symmetries], [_2nd_order, _linear, ‘_with_symmetry_[0,F(x)]‘]]

y′′ − ay′ + b e2axy = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 33� �
dsolve(diff(y(x),x$2)-a*diff(y(x),x)+b*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1 sin
(√

b eax
a

)
+ c2 cos

(√
b eax
a

)

3 Solution by Mathematica
Time used: 0.061 (sec). Leaf size: 42� �
DSolve[y''[x]-a*y'[x]+b*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → c1 cos
(√

beax

a

)
+ c2 sin

(√
beax

a

)
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34.10 problem 10
Internal problem ID [11098]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 10.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + ay′ +
(
b eλx + c

)
y = 0

3 Solution by Maple
Time used: 0.344 (sec). Leaf size: 69� �
dsolve(diff(y(x),x$2)+a*diff(y(x),x)+(b*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �
y(x) = e−ax

2

(
BesselJ

(√
a2 − 4c
λ

,
2
√
b exλ

2

λ

)
c1 + BesselY

(√
a2 − 4c
λ

,
2
√
b exλ

2

λ

)
c2

)

3 Solution by Mathematica
Time used: 0.185 (sec). Leaf size: 123� �
DSolve[y''[x]+a*y'[x]+(b*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
ax
2

(
c1Gamma

(
1−

√
a2 − 4c
λ

)
BesselJ

(
−
√
a2 − 4c
λ

,
2
√
bexλ

λ

)

+ c2Gamma
(
λ+

√
a2 − 4c
λ

)
BesselJ

(√
a2 − 4c
λ

,
2
√
bexλ

λ

))

929



34.11 problem 11
Internal problem ID [11099]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 11.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − y′ +
(
e3λxa+ b e2λx + 1

4 − λ2

4

)
y = 0

3 Solution by Maple
Time used: 0.234 (sec). Leaf size: 51� �
dsolve(diff(y(x),x$2)-diff(y(x),x)+(a*exp(3*lambda*x)+b*exp(2*lambda*x)+1/4-1/4*lambda^2 )*y(x)=0,y(x), singsol=all)� �

y(x) = e−
x(λ−1)

2

(
AiryAi

(
−exλa+ b

λ
2
3a

2
3

)
c1 +AiryBi

(
−exλa+ b

λ
2
3a

2
3

)
c2

)
3 Solution by Mathematica
Time used: 1.332 (sec). Leaf size: 77� �
DSolve[y''[x]-y'[x]+(a*Exp[3*\[Lambda]*x]+b*Exp[2*\[Lambda]*x]+1/4-1/4*\[Lambda]^2 )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

ex/2

c1AiryAi


(
exλa+b

) 3

√
− a

λ2

a

+ c2AiryBi


(
exλa+b

) 3

√
− a

λ2

a




√
eλx
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34.12 problem 12
Internal problem ID [11100]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 12.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − y′ +
(
a e2λx

(
b eλx + c

)n + 1
4 − λ2

4

)
y = 0

3 Solution by Maple
Time used: 0.796 (sec). Leaf size: 224� �
dsolve(diff(y(x),x$2)-diff(y(x),x)+(a*exp(2*lambda*x)*(b*exp(lambda*x)+c)^n+1/4-1/4*lambda^2 )*y(x)=0,y(x), singsol=all)� �
y(x)

=
Γ
(
n+1
n+2

)2 e−x(λ−1)
2

(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

) 1
2n+4

c1(n+ 2)BesselI
(
− 1

n+2 , 2
√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
+ csc

(
π(n+1)
n+2

)(
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)− 1
2n+4

BesselI
(

1
n+2 , 2

√
−a

(
b exλ+c

)n+2

λ2b2(n+2)2

)
πc2
(
b e

x(1+λ)
2 + e−

x(λ−1)
2 c

)
(n+ 2)Γ

(
n+1
n+2

)
7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]-y'[x]+(a*Exp[2*\[Lambda]*x]*(b*Exp[\[Lambda]*x]+c)^n+1/4-1/4*\[Lambda]^2 )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

931



34.13 problem 13
Internal problem ID [11101]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 13.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2a eλxy′ + a eλx
(
a eλx + λ

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 21� �
dsolve(diff(y(x),x$2)+2*a*exp(lambda*x)*diff(y(x),x)+a*exp(lambda*x)*(a*exp(lambda*x)+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ (c2x+ c1)

3 Solution by Mathematica
Time used: 0.109 (sec). Leaf size: 26� �
DSolve[y''[x]+2*a*Exp[\[Lambda]*x]*y'[x]+a*Exp[\[Lambda]*x]*(a*Exp[\[Lambda]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → (c2x+ c1)e−
aeλx

λ
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34.14 problem 14
Internal problem ID [11102]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 14.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a+ b) eλxy′ + a eλx
(
b eλx + λ

)
y = 0

3 Solution by Maple
Time used: 0.125 (sec). Leaf size: 36� �
dsolve(diff(y(x),x$2)+(a+b)*exp(lambda*x)*diff(y(x),x)+a*exp(lambda*x)*(b*exp(lambda*x)+lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = e−a exλ
λ

(
c1 + expIntegral1

(
−exλ(a− b)

λ

)
c2

)
3 Solution by Mathematica
Time used: 2.377 (sec). Leaf size: 40� �
DSolve[y''[x]+(a+b)*Exp[\[Lambda]*x]*y'[x]+a*Exp[\[Lambda]*x]*(b*Exp[\[Lambda]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ

(
c2 ExpIntegralEi

(
(a− b)exλ

λ

)
+ c1

)
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34.15 problem 15
Internal problem ID [11103]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 15.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + a eλxy′ − b eµx
(
a eλx + eµxb+ µ

)
y = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 46� �
dsolve(diff(y(x),x$2)+a*exp(lambda*x)*diff(y(x),x)-b*exp(mu*x)*(a*exp(lambda*x)+b*exp(mu*x)+mu)*y(x)=0,y(x), singsol=all)� �

y(x) =
((∫

e
−2b exµλ−exλaµ

µλ dx

)
c1 + c2

)
e

b exµ
µ

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+a*Exp[\[Lambda]*x]*y'[x]-b*Exp[\[Mu]*x]*(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+\[Mu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.16 problem 16
Internal problem ID [11104]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 16.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + 2k eµxy′ +
(
a e2λx + b eλx + k2e2µx + kµ eµx + c

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+2*k*exp(mu*x)*diff(y(x),x)+(a*exp(2*lambda*x)+b*exp(lambda*x)+k^2*exp(2*mu*x)+k*mu*exp(mu*x)+c)*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 2.531 (sec). Leaf size: 232� �
DSolve[y''[x]+2*k*Exp[\[Mu]*x]*y'[x]+(a*Exp[2*\[Lambda]*x]+b*Exp[\[Lambda]*x]+k^2*Exp[2*\[Mu]*x]+k*\[Mu]*Exp[\[Mu]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ 2 1
2−

i
√
c

λ (ex)
1
2−

λ
2 ((ex)µ)−

1
2
/
µ
(
(ex)λ

) 1
2−

i
√
c

λ
e−

k
(
ex
)µ

µ
+ i

√
a
(
ex
)λ

λ

(
c1HypergeometricU

(
−

ib√
a
− λ+ 2i

√
c

2λ , 1

− 2i
√
c

λ
,−2i

√
a(ex)λ

λ

)
+ c2L

− 2i
√
c

λ
ib√
a
−λ+2i

√
c

2λ

(
−2i

√
a(ex)λ

λ

))
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34.17 problem 17
Internal problem ID [11105]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 17.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ − (a+ 2 eaxb) y′ + b2e2axy = 0

3 Solution by Maple
Time used: 0.0 (sec). Leaf size: 39� �
dsolve(diff(y(x),x$2)-(a+2*b*exp(a*x))*diff(y(x),x)+b^2*exp(2*a*x)*y(x)=0,y(x), singsol=all)� �

y(x) = ea2x+2 eaxb
2a

(
c1 sinh

(ax
2

)
+ c2 cosh

(ax
2

))
3 Solution by Mathematica
Time used: 0.079 (sec). Leaf size: 35� �
DSolve[y''[x]-(a+2*b*Exp[a*x])*y'[x]+b^2*Exp[2*a*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e
beax

a (bc2eax + ac1)
a
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34.18 problem 18
Internal problem ID [11106]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 18.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a e2λx + λ

)
y′ − aλ e2λxy = 0

3 Solution by Maple
Time used: 0.593 (sec). Leaf size: 79� �
dsolve(diff(y(x),x$2)+(a*exp(2*lambda*x)+lambda)*diff(y(x),x)-a*lambda*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �
y(x) = c2

√
π
(
exλa+e−xλλ

)
erf
(√

2 exλ
√
a

2
√
λ

)
+
√
a
√
λ e−a e2xλ

2λ
√
2 c2 + c1

(
exλa+e−xλλ

)
3 Solution by Mathematica
Time used: 0.283 (sec). Leaf size: 129� �
DSolve[y''[x]+(a*Exp[2*\[Lambda]*x]+\[Lambda])*y'[x]-a*\[Lambda]*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

√
2πc2

(
ae2λx + λ

)
erf
(√

aλe2λx√
2λ

)
− 4i

√
2ac1e2λx + 2c2e−

ae2λx
2λ

√
aλe2λx − 4i

√
2c1λ

4
√
aλe2λx
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34.19 problem 19
Internal problem ID [11107]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 19.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx − λ

)
y′ + yb e2λx = 0

3 Solution by Maple
Time used: 0.172 (sec). Leaf size: 53� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)-lambda)*diff(y(x),x)+b*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
(
−a+

√
a2−4b

)
exλ

2λ + c2e−
(
a+
√

a2−4b
)
exλ

2λ

3 Solution by Mathematica
Time used: 0.133 (sec). Leaf size: 61� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+b*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
(√

a2−4b+a
)
eλx

2λ

(
c2e

√
a2−4beλx

λ + c1

)
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34.20 problem 20
Internal problem ID [11108]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 20.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx + b

)
y′ + c

(
a eλx + b− c

)
y = 0

3 Solution by Maple
Time used: 0.297 (sec). Leaf size: 176� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b)*diff(y(x),x)+c*(a*exp(lambda*x)+b-c)*y(x)=0,y(x), singsol=all)� �
y(x) = e

−exλa−(b+3λ)xλ
2λ c2(−λ− 2c+ b)2WhittakerM

(
−−λ− 2c+ b

2λ ,

−−2λ− 2c+ b

2λ ,
a exλ
λ

)
+
(
(λ+2c− b) e

−exλa−(b+3λ)xλ
2λ + a e

−exλa−xλ(b+λ)
2λ

)
c2λWhittakerM

(
−b− 2c+ λ

2λ ,

−−2λ− 2c+ b

2λ ,
a exλ
λ

)
+ c1e−cx

3 Solution by Mathematica
Time used: 0.244 (sec). Leaf size: 96� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b)*y'[x]+c*(a*Exp[\[Lambda]*x]+b-c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x) → (−1)− c

λ cc/λλ
c
λ
−1a−

c
λ

(
ceλx

)− c
λ

(
c2(2c− b)(−1)c/λΓ

(
−b− 2c

λ
, 0, ae

xλ

λ

)
+ c1λ

)
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34.21 problem 21
Internal problem ID [11109]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 21.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a+ b e2λx

)
y′ + λ

(
a− λ− b e2λx

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a+b*exp(2*lambda*x))*diff(y(x),x)+lambda*(a-lambda-b*exp(2*lambda*x))*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 0.513 (sec). Leaf size: 248� �
DSolve[y''[x]+(a+b*Exp[2*\[Lambda]*x])*y'[x]+\[Lambda]*(a-\[Lambda]-b*Exp[2*\[Lambda]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
−1

2c2(a− 2λ)e− be2λx
2λ
(
bλe2λx

)− a
2λ
(
b2 a

2λλa/λe2λx +Gamma
(
1− a

2λ

)
e

be2λx
2λ
(
a+ be2λx

) (
bλe2λx

) a
2λ − e

be2λx
2λ
(
a+ be2λx

) (
bλe2λx

) a
2λ Γ

(
1− a

2λ ,
be2xλ

2λ

))
− 2ic1λ2(a+be2λx

)
a

√
2λ

√
bλe2λx

940



34.22 problem 22
Internal problem ID [11110]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 22.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a+ b eλx + b− 3λ

)
y′ + a2λ(−λ+ b) e2λxy = 0

3 Solution by Maple
Time used: 0.406 (sec). Leaf size: 205� �
dsolve(diff(y(x),x$2)+(a+b*exp(lambda*x)+b-3*lambda)*diff(y(x),x)+a^2*lambda*(b-lambda)*exp(2*lambda*x)*y(x)=0,y(x), singsol=all)� �
y(x)

= e−
exλ

(
b+
√

−4λ(b−λ)a2+b2
)

2λ

KummerU


(
b+

√
−4λ (b− λ) a2 + b2

)
(−2λ+ b+ a)

2
√
−4λ (b− λ) a2 + b2 λ

,
−2λ+ b+ a

λ
,

√
−4λ (b− λ) a2 + b2 exλ

λ

 c2

+KummerM


(
b+

√
−4λ (b− λ) a2 + b2

)
(−2λ+ b+ a)

2
√

−4λ (b− λ) a2 + b2 λ
,
−2λ+ b+ a

λ
,

√
−4λ (b− λ) a2 + b2 exλ

λ

 c1
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3 Solution by Mathematica
Time used: 3.799 (sec). Leaf size: 260� �
DSolve[y''[x]+(a+b*Exp[\[Lambda]*x]+b-3*\[Lambda])*y'[x]+a^2*\[Lambda]*(b-\[Lambda])*Exp[2*\[Lambda]*x]*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ exp
(
−
eλx
(√

−4a2bλ+ 4a2λ2 + b2 + b
)

2λ

)c1HypergeometricU
(
(a+ b− 2λ)

(
b+

√
4λ2a2 − 4bλa2 + b2

)
2λ

√
4λ2a2 − 4bλa2 + b2

,
a+ b− 2λ

λ
,
exλ

√
4λ2a2 − 4bλa2 + b2

λ

)

+ c2L
a+b−3λ

λ

−
(a+b−2λ)

(
b+
√

4λ2a2−4bλa2+b2
)

2λ
√

4λ2a2−4bλa2+b2

(
exλ

√
4λ2a2 − 4bλa2 + b2

λ

)
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34.23 problem 23
Internal problem ID [11111]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 23.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
2a eλx − λ

)
y′ +

(
a2e2λx + eµxc

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)-lambda)*diff(y(x),x)+(a^2*exp(2*lambda*x)+c*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 1.858 (sec). Leaf size: 164� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+(a^2*Exp[2*\[Lambda]*x]+c*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ (−1)−
λ
µ2

λ+µ
2µ

(
(ex)λ

)λ−1
2λ (ex)

1
2−

µ
2 e−

a
(
ex
)λ

λ ((ex)µ)
λ+µ
2µ

(
−c(ex)µ

µ2

)− λ
2µ

c1(−1)λ/µ BesselI

λ

µ
, 2

√
−c (ex)µ

µ2


+ c2Kλ

µ

2

√
−c (ex)µ

µ2
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34.24 problem 24
Internal problem ID [11112]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 24.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
2a eλx + b

)
y′ +

(
a2e2λx + a(b+ λ) eλx + c

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 54� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)+b)*diff(y(x),x)+(a^2*exp(2*lambda*x)+a*(b+lambda)*exp(lambda*x)+c)*y(x)=0,y(x), singsol=all)� �

y(x) = e− bλx+2 exλa
2λ

(
c1 sinh

(√
b2 − 4c x

2

)
+ c2 cosh

(√
b2 − 4c x

2

))

3 Solution by Mathematica
Time used: 0.589 (sec). Leaf size: 82� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]+b)*y'[x]+(a^2*Exp[2*\[Lambda]*x]+a*(b+\[Lambda])*Exp[\[Lambda]*x]+c)*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
c2e

x
√
b2−4c + c1

√
b2 − 4c

)
e
−aeλx

λ
− 1

2x
(√

b2−4c+b
)

√
b2 − 4c
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34.25 problem 25
Internal problem ID [11113]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 25.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx + 2b− λ

)
y′ +

(
e2λxc+ ab eλx + b2 − bλ

)
y = 0

3 Solution by Maple
Time used: 0.484 (sec). Leaf size: 74� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+2*b-lambda)*diff(y(x),x)+(c*exp(2*lambda*x)+a*b*exp(lambda*x)+b^2-b*lambda)*y(x)=0,y(x), singsol=all)� �

y(x) = c1e
−2bλx+exλ

√
a2−4c−exλa

2λ + c2e−
2bλx+exλ

√
a2−4c+exλa
2λ

3 Solution by Mathematica
Time used: 2.119 (sec). Leaf size: 97� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+2*b-\[Lambda])*y'[x]+(c*Exp[2*\[Lambda]*x]+a*b*Exp[\[Lambda]*x]+b^2-b*\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) →

(
eλx
)− b

λ e−
(√

a2−4c+a
)
eλx

2λ

(
c2λe

√
a2−4ceλx

λ + c1
√
a2 − 4c

)
√
a2 − 4c
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34.26 problem 26
Internal problem ID [11114]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 26.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + (a ex + b) y′ +
(
c(a− c) e2x + (ak + bc− 2ck + c) ex + k(b− k)

)
y = 0

3 Solution by Maple
Time used: 0.391 (sec). Leaf size: 114� �
dsolve(diff(y(x),x$2)+(a*exp(x)+b)*diff(y(x),x)+( c*(a-c)*exp(2*x)+ (a*k+b*c+c-2*c*k)*exp(x) + k*(b-k) )*y(x)=0,y(x), singsol=all)� �
y(x) = −WhittakerM

(
− b

2 + k,− b

2 + k + 1
2 , (−2c+ a) ex

)
e−a ex

2 − bx
2 (−2c+ a)−b+2k c2

+ ((−2c+ a) ex)−
b
2+k c2(−2c+ a)−b+2k (−1 + b− 2k) e(−a+c)ex− bx

2 + c1e−kx−exc

3 Solution by Mathematica
Time used: 3.806 (sec). Leaf size: 71� �
DSolve[y''[x]+(a*Exp[x]+b)*y'[x]+( c*(a-c)*Exp[2*x]+ (a*k+b*c+c-2*c*k)*Exp[x] + k*(b-k) )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−cex(ex)−k
(
c1 − c2(ex)2k−b (ex(a− 2c))b−2k Γ(2k − b, (a− 2c)ex)

)
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34.27 problem 27
Internal problem ID [11115]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 27.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx + b

)
y′ +

(
α e2λx + β eλx + γ

)
y = 0

3 Solution by Maple
Time used: 0.422 (sec). Leaf size: 141� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b)*diff(y(x),x)+( alpha*exp(2*lambda*x)+ beta*exp(lambda*x) + gamma )*y(x)=0,y(x), singsol=all)� �
y(x) = e

−exλa−xλ(b+λ)
2λ

(
WhittakerM

(
−a(b+ λ)− 2β

2
√
a2 − 4αλ

,

√
b2 − 4γ
2λ ,

√
a2 − 4α exλ

λ

)
c1

+WhittakerW
(
−a(b+ λ)− 2β

2
√
a2 − 4αλ

,

√
b2 − 4γ
2λ ,

√
a2 − 4α exλ

λ

)
c2

)

3 Solution by Mathematica
Time used: 2.375 (sec). Leaf size: 248� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b)*y'[x]+( alpha*Exp[2*\[Lambda]*x]+ \[Beta]*Exp[\[Lambda]*x] + \[Gamma] )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ e−
(√

a2−4α+a
)
eλx

2λ
(
eλx
)√b2−4γ−b

2λ

c1HypergeometricU
(
−2β + a(b+ λ) +

√
a2 − 4α

(
λ+

√
b2 − 4γ

)
2
√
a2 − 4αλ

,
λ+

√
b2 − 4γ
λ

,

√
a2 − 4αexλ

λ

)

+ c2L

√
b2−4γ
λ

2β−a(b+λ)−
√

a2−4α
(
λ+
√

b2−4γ
)

2
√

a2−4αλ

(√
a2 − 4αexλ

λ

)
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34.28 problem 28
Internal problem ID [11116]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 28.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
2a eλx − λ

)
y′ +

(
a2e2λx + e2µxb+ eµxc+ k

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)-lambda)*diff(y(x),x)+( a^2*exp(2*lambda*x) + b*exp(2*mu*x) + c*exp(mu*x) + k )*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 2.29 (sec). Leaf size: 290� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]-\[Lambda])*y'[x]+( a^2*Exp[2*\[Lambda]*x] + b*Exp[2*\[Mu]*x] + c*Exp[\[Mu]*x] + k )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→
(
(ex)λ

)λ−1
2λ (ex)

1
2−

µ
2 2

√
µ2
(
λ2−4k

)
+µ2

2µ2 ((ex)µ)

√
µ2
(
λ2−4k

)
+µ2

2µ2 e−
a
(
ex
)λ

λ
+ i

√
b
(
ex
)µ

µ

c1HypergeometricU
(
µ2 − icµ√

b
+
√

(λ2 − 4k)µ2

2µ2 ,
µ2 +

√
(λ2 − 4k)µ2

µ2 ,

−2i
√
b(ex)µ

µ

)
+ c2L

√(
λ2−4k

)
µ2

µ2

ic
2
√

bµ
−

µ2+
√(

λ2−4k
)
µ2

2µ2

(
−2i

√
b(ex)µ

µ

)
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34.29 problem 29
Internal problem ID [11117]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 29.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
2a eλx + b− λ

)
y′ +

(
a2e2λx + ab eλx + e2µxc+ d eµx + k

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(2*a*exp(lambda*x)+b-lambda)*diff(y(x),x)+( a^2*exp(2*lambda*x) + a*b*exp(lambda*x) + c*exp(2*mu*x) + d*exp(mu*x)+k )*y(x)=0,y(x), singsol=all)� �

No solution found

3 Solution by Mathematica
Time used: 2.625 (sec). Leaf size: 332� �
DSolve[y''[x]+(2*a*Exp[\[Lambda]*x]+b-\[Lambda])*y'[x]+( a^2*Exp[2*\[Lambda]*x] + a*b*Exp[\[Lambda]*x] + c*Exp[2*\[Mu]*x] + d*Exp[\[Mu]*x]+k )*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
y(x)

→ (ex)
1
2−

µ
2

(
(ex)λ

)− b−λ+1
2λ 2

1
2


√

µ2
(
b2−2bλ+λ2−4k

)
µ2 +1


e−

a
(
ex
)λ

λ
+ i

√
c
(
ex
)µ

µ ((ex)µ)
1
2


√

µ2
(
b2−2bλ+λ2−4k

)
µ2 +1

c1HypergeometricU
(
−
−µ2 + idµ√

c
−
√
(b2 − 2λb+ λ2 − 4k)µ2

2µ2 ,
µ2 +

√
(b2 − 2λb+ λ2 − 4k)µ2

µ2 ,

−2i
√
c(ex)µ

µ

)
+ c2L

√(
b2−2λb+λ2−4k

)
µ2

µ2

−
µ2− idµ√

c
+
√(

b2−2λb+λ2−4k
)
µ2

2µ2

(
−2i

√
c(ex)µ

µ

)
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34.30 problem 30
Internal problem ID [11118]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 30.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx + eµxb

)
y′ + a eλx(eµxb+ λ) y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x))*diff(y(x),x)+a*exp(lambda*x)*(b*exp(mu*x)+lambda)*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x])*y'[x]+a*Exp[\[Lambda]*x]*(b*Exp[\[Mu]*x]+\[Lambda])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved

950



34.31 problem 31
Internal problem ID [11119]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 31.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ + eλx
(
a e2µx + b

)
y′ + µ

(
eλx
(
b− a e2µx

)
− µ

)
y = 0

3 Solution by Maple
Time used: 0.016 (sec). Leaf size: 81� �
dsolve(diff(y(x),x$2)+exp(lambda*x)*(a*exp(2*mu*x)+b)*diff(y(x),x)+mu*(exp(lambda*x)*(b-a*exp(2*mu*x))-mu)*y(x)=0,y(x), singsol=all)� �

y(x) =


∫ e

−ex(λ+2µ)aλ−2
(
λ
2 +µ

)(
−2λµx+b exλ

)
λ(λ+2µ)

(e2xµa+ b)2
dx

 c2 + c1

(a exµ + e−xµb
)

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+Exp[\[Lambda]*x]*(a*Exp[2*\[Mu]*x]+b)*y'[x]+\[Mu]*(Exp[\[Lambda]*x]*(b-a*Exp[2*\[Mu]*x])-\[Mu])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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34.32 problem 32
Internal problem ID [11120]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 32.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _exact, _linear, _homogeneous]]

y′′ +
(
a eλx + eµxb+ c

)
y′ +

(
aλ eλx + µ eµxb

)
y = 0

3 Solution by Maple
Time used: 0.015 (sec). Leaf size: 70� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)+(a*lambda*exp(lambda*x)+b*mu*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

y(x) =
(
c1

(∫
e

cxµλ+exλaµ+b exµλ
µλ dx

)
+ c2

)
e

−exλaµ−λ
(
cxµ+b exµ

)
µλ

3 Solution by Mathematica
Time used: 0.146 (sec). Leaf size: 77� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]+(a*\[Lambda]*Exp[\[Lambda]*x]+b*\[Mu]*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �

y(x) → e−
aeλx

λ
− beµx

µ
−cx

(∫ x

1
e

eλK[1]a
λ

+cK[1]+ beµK[1]
µ c1dK[1] + c2

)
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34.33 problem 33
Internal problem ID [11121]

Book: Handbook of exact solutions for ordinary differential equations. By Polyanin and
Zaitsev. Second edition
Section: Chapter 2, Second-Order Differential Equations. section 2.1.3-1. Equations with
exponential functions
Problem number: 33.
ODE order: 2.
ODE degree: 1.

CAS Maple gives this as type [[_2nd_order, _with_linear_symmetries]]

y′′ +
(
a eλx + eµxb+ c

)
y′ +

(
ab ex(λ+µ) + eλxac+ µ eµxb

)
y = 0

7 Solution by Maple� �
dsolve(diff(y(x),x$2)+(a*exp(lambda*x)+b*exp(mu*x)+c)*diff(y(x),x)+(a*b*exp((lambda+mu)*x)+a*c*exp(lambda*x)+b*mu*exp(mu*x))*y(x)=0,y(x), singsol=all)� �

No solution found

7 Solution by Mathematica
Time used: 0.0 (sec). Leaf size: 0� �
DSolve[y''[x]+(a*Exp[\[Lambda]*x]+b*Exp[\[Mu]*x]+c)*y'[x]+(a*b*Exp[(\[Lambda]+\[Mu])*x]+a*c*Exp[\[Lambda]*x]+b*\[Mu]*Exp[\[Mu]*x])*y[x]==0,y[x],x,IncludeSingularSolutions -> True]� �
Not solved
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