
Theorem 1 (Residue Theorem) Let 𝑓 be analytic in the region 𝐺 except for the isolated singularities
𝑎1, 𝑎2, … , 𝑎𝑚. If 𝛾 is a closed rectifiable curve in 𝐺 which does not pass through any of the points 𝑎𝑘 and
if 𝛾 ≈ 0 in 𝐺, then

1
2𝜋𝑖

∫
𝛾
𝑓 =

𝑚

∑
𝑘=1

𝑛(𝛾; 𝑎𝑘)Res(𝑓; 𝑎𝑘) .

(

𝐷1𝑡 −𝑎12𝑡2 … −𝑎1𝑛𝑡𝑛
−𝑎21𝑡1 𝐷2𝑡 … −𝑎2𝑛𝑡𝑛
. . . . . . . . . . . . . . . . . . .
−𝑎𝑛1𝑡1 −𝑎𝑛2𝑡2 … 𝐷𝑛𝑡

)

(∑
𝑖∈n

𝑎𝑙𝑖𝑥𝑖) detK(𝑡 = 1, 𝑥1, … , 𝑥𝑛; 𝑙|𝑙)

= (∏
𝑖∈n

𝑥̂𝑖) ∑
𝛪⊆n−{𝑙}

(−1)|𝛪|A(𝜆)(𝐼|𝐼) detA(𝜆)(𝐼 ∪ {𝑙}|𝐼 ∪ {𝑙}). (1)

𝑣𝑘𝑖 = {
1 if 𝑖 ∈ Λ𝑘,
0 otherwise.

𝜕𝑥
𝜕𝑦
∣∣∣
𝜕𝑦
𝜕𝑧

∑
𝑖<𝛣
𝑖 odd

∏
𝜅
𝜅𝐹(𝑟𝑖) ∑∑∑

𝑖<𝛣
𝑖 odd

∏∏∏
𝜅
𝜅(𝑟𝑖)

⃑����������������⃗𝜓𝛿(𝑡)𝐸𝑡ℎ = 𝜓𝛿(𝑡)𝐸𝑡ℎ⃬����������������⃯
⃖����������������⃐𝜓𝛿(𝑡)𝐸𝑡ℎ = 𝜓𝛿(𝑡)𝐸𝑡ℎ⃮����������������⃭
⃖���������������⃗𝜓𝛿(𝑡)𝐸𝑡ℎ = 𝜓𝛿(𝑡)𝐸𝑡ℎ⃮���������������⃯

Then we have the series 𝐴1, 𝐴2, … , the regional sum 𝐴1 +𝐴2 + ⋯ , the orthogonal product 𝐴1𝐴2 ⋯ ,
and the infinite integral

∫
𝛢1

∫
𝛢2

⋯

̂𝐻̂ ̌𝐶̌ ̃𝑇̃ ́𝐴́ ̀𝐺̀ ̇𝐷̇ ̈𝐷̈ ̆𝐵̆ ̄𝐵̄ ⃗𝑉⃗

𝑄⃛ 𝑅⃜
𝛽√𝑘

𝑊𝑡 − 𝐹 ⊆ 𝑉(𝑃𝑖) ⊆ 𝑊𝑡

0 𝛼←−
𝜁
𝐹 × △[𝑛 − 1]

𝜕0𝛼(𝑏)−−−−→ 𝐸𝜕0𝑏

∗

∗
∏

∗

∗
𝑘

∑
′

0≤𝑖≤𝑚
𝐸𝑖𝛽𝑥
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y = y′ if and only if 𝑦′𝑘 = 𝛿𝑘𝑦𝜏(𝑘)
‖𝑓‖∞ = ess sup

𝑥∈𝑅𝑛
|𝑓(𝑥)|

meas1{𝑢 ∈ 𝑅1+ ∶ 𝑓∗(𝑢) > 𝛼} = meas𝑛{𝑥 ∈ 𝑅𝑛 ∶ |𝑓(𝑥)| ≥ 𝛼} ∀𝛼 > 0.

lim
𝑛→∞

𝒬(𝑢𝑛, 𝑢𝑛 − 𝑢#) ≤ 0 (2)

lim
𝑛→∞

|𝑎𝑛+1| / |𝑎𝑛| = 0 (3)

lim−−→(𝑚𝜆𝑖 ⋅)∗ ≤ 0 (4)

lim←−−
𝑝∈𝑆(𝛢)

𝐴𝑝 ≤ 0 (5)

𝑥 ≡ 𝑦 + 1 (mod 𝑚2) (6)
𝑥 ≡ 𝑦 + 1 mod 𝑚2 (7)
𝑥 ≡ 𝑦 + 1 (𝑚2) (8)

∑
𝛾∈Γ𝐶

𝐼𝛾 = 2𝑘 − (
𝑘
1
)2𝑘−1 + (

𝑘
2
)2𝑘−2

+ ⋯ + (−1)𝑙(
𝑘
𝑙
)2𝑘−𝑙 + ⋯ + (−1)𝑘

= (2 − 1)𝑘 = 1

(9)

𝜕2𝑢
𝜕𝑡2

= 𝑐2 (
𝜕2𝑢
𝜕𝑟2

+
1
𝑟
𝜕𝑢
𝜕𝑟

+
1
𝑟2
𝜕2𝑢
𝜕𝜃2

)

𝑢 (𝑟, 𝜃, 0) = 0

𝑢𝑡 (𝑟, 𝜃, 0) = {
1
𝜋𝜖2 if 𝑟 ≤ 𝜖
0 otherwise

1

√2 +
1

√2 +
1

√2 +
1

√2 +
1

√2 + ⋯

𝑃𝑟−𝑗 = {
0 if 𝑟 − 𝑗 is odd,
𝑟! (−1)(𝑟−𝑗)/2 if 𝑟 − 𝑗 is even.

(10)

𝜗 𝜚
𝜑 𝜛 (𝜗 𝜚

𝜑 𝜛) [𝜗 𝜚
𝜑 𝜛] {𝜗 𝜚

𝜑 𝜛} ∣𝜗 𝜚
𝜑 𝜛∣ ∥𝜗 𝜚

𝜑 𝜛∥
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This is a small matrix ( 𝑎 𝑏𝑐 𝑑 )

𝑊(Φ) =

∥
∥∥∥∥∥∥∥∥

∥

𝜑
(𝜑1, 𝜀1)

0 … 0

𝜑𝑘𝑛2
(𝜑2, 𝜀1)

𝜑
(𝜑2, 𝜀2)

… 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
𝜑𝑘𝑛1
(𝜑𝑛, 𝜀1)

𝜑𝑘𝑛2
(𝜑𝑛, 𝜀2)

…
𝜑𝑘𝑛 𝑛−1
(𝜑𝑛, 𝜀𝑛−1)

𝜑
(𝜑𝑛, 𝜀𝑛)

∥
∥∥∥∥∥∥∥∥

∥

∑
0≤𝑖≤𝑚
0<𝑗<𝑛

𝑃(𝑖, 𝑗)

(E𝑦 ∫
𝑡𝜀

0
𝐿𝑥,𝑦𝑥(𝑠)𝜑(𝑥) 𝑑𝑠)

(E𝑦 ∫
𝑡𝜀

0
𝐿𝑥,𝑦𝑥(𝑠)𝜑(𝑥) 𝑑𝑠)

𝑓ℎ,𝜀(𝑥, 𝑦) = 𝜀E𝑥,𝑦 ∫
𝑡𝜀

0
𝐿𝑥,𝑦𝜀(𝜀𝑢)𝜑(𝑥) 𝑑𝑢

= ℎ∫ 𝐿𝑥,𝑧𝜑(𝑥)𝜌𝑥(𝑑𝑧)

+ ℎ[
1
𝑡𝜀
(E𝑦 ∫

𝑡𝜀

0
𝐿𝑥,𝑦𝑥(𝑠)𝜑(𝑥) 𝑑𝑠 − 𝑡𝜀 ∫ 𝐿𝑥,𝑧𝜑(𝑥)𝜌𝑥(𝑑𝑧))

+
1
𝑡𝜀
(E𝑦 ∫

𝑡𝜀

0
𝐿𝑥,𝑦𝑥(𝑠)𝜑(𝑥) 𝑑𝑠 − E𝑥,𝑦 ∫

𝑡𝜀

0
𝐿𝑥,𝑦𝜀(𝜀𝑠)𝜑(𝑥) 𝑑𝑠)]

= ℎ𝐿̂𝑥𝜑(𝑥) + ℎ𝜃𝜀(𝑥, 𝑦),

(11)

|𝐼1| = ∣∫
Ω
𝑔𝑅𝑢 𝑑Ω∣

≤ 𝐶3 [∫
Ω
(∫

𝑥

𝑎
𝑔(𝜉, 𝑡) 𝑑𝜉)

2

𝑑Ω]
1/2

× [∫
Ω
{𝑢2𝑥 +

1
𝑘
(∫

𝑥

𝑎
𝑐𝑢𝑡 𝑑𝜉)

2

} 𝑐Ω]
1/2

≤ 𝐶4 ∣∣𝑓 ∣𝑆−1,0𝑎,− 𝑊2(Ω, Γ𝑙)∣∣ ∣|𝑢|
∘→𝑊𝛢

2 (Ω; Γ𝑟, 𝑇)∣∣ .

(12)

|𝐼2| = ∣∫
𝛵

0
𝜓(𝑡) {𝑢(𝑎, 𝑡) − ∫

𝑎

𝛾(𝑡)

𝑑𝜃
𝑘(𝜃, 𝑡)

∫
𝜃

𝑎
𝑐(𝜉)𝑢𝑡(𝜉, 𝑡) 𝑑𝜉} 𝑑𝑡∣

≤ 𝐶6 ∣∣𝑓∫
Ω
∣𝑆−1,0𝑎,− 𝑊2(Ω, Γ𝑙)∣∣ ∣|𝑢|

∘→𝑊𝛢
2 (Ω; Γ𝑟, 𝑇)∣∣ .

(13)
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∫
𝑏

𝑎
{∫

𝑏

𝑎
[𝑓(𝑥)2𝑔(𝑦)2 + 𝑓(𝑦)2𝑔(𝑥)2] − 2𝑓(𝑥)𝑔(𝑥)𝑓(𝑦)𝑔(𝑦) 𝑑𝑥} 𝑑𝑦

= ∫
𝑏

𝑎
{𝑔(𝑦)2 ∫

𝑏

𝑎
𝑓2 + 𝑓(𝑦)2 ∫

𝑏

𝑎
𝑔2 − 2𝑓(𝑦)𝑔(𝑦)∫

𝑏

𝑎
𝑓𝑔} 𝑑𝑦 (14)

𝐷(𝑎, 𝑟) ≡ {𝑧 ∈ C ∶ |𝑧 − 𝑎| < 𝑟}, (15)
𝑠𝑒𝑔(𝑎, 𝑟) ≡ {𝑧 ∈ C ∶ ℑ𝑧 = ℑ𝑎, |𝑧 − 𝑎| < 𝑟},

𝑐(𝑒, 𝜃, 𝑟) ≡ {(𝑥, 𝑦) ∈ C ∶ |𝑥 − 𝑒| < 𝑦 tan 𝜃, 0 < 𝑦 < 𝑟}, (16)
𝐶(𝐸, 𝜃, 𝑟) ≡ ⋃

𝑒∈𝛦
𝑐(𝑒, 𝜃, 𝑟). (17)

𝛾𝑥(𝑡) = (cos 𝑡𝑢 + sin 𝑡𝑥, 𝑣), (18)
𝛾𝑦(𝑡) = (𝑢, cos 𝑡𝑣 + sin 𝑡𝑦), (19)

𝛾𝑧(𝑡) = (cos 𝑡𝑢 +
𝛼
𝛽
sin 𝑡𝑣, −

𝛽
𝛼
sin 𝑡𝑢 + cos 𝑡𝑣) . (20)

𝛾𝑥(𝑡) = (cos 𝑡𝑢 + sin 𝑡𝑥, 𝑣),
𝛾𝑦(𝑡) = (𝑢, cos 𝑡𝑣 + sin 𝑡𝑦),

𝛾𝑧(𝑡) = (cos 𝑡𝑢 +
𝛼
𝛽
sin 𝑡𝑣, −

𝛽
𝛼
sin 𝑡𝑢 + cos 𝑡𝑣) .

𝑥 = 𝑦 by eq:C (21)
𝑥′ = 𝑦′ by eq:D (22)

𝑥 + 𝑥′ = 𝑦 + 𝑦′ by Axiom 1. (23)

𝜑(𝑥, 𝑧) = 𝑧 − 𝛾10𝑥 − 𝛾𝑚𝑛𝑥𝑚𝑧𝑛

= 𝑧 −𝑀𝑟−1𝑥 −𝑀𝑟−(𝑚+𝑛)𝑥𝑚𝑧𝑛
(24)

𝜁0 = (𝜉0)2,
𝜁1 = 𝜉0𝜉1,
𝜁2 = (𝜉1)2,

𝜑(𝑥, 𝑧) = 𝑧 − 𝛾10𝑥 − 𝛾𝑚𝑛𝑥𝑚𝑧𝑛

= 𝑧 −𝑀𝑟−1𝑥 −𝑀𝑟−(𝑚+𝑛)𝑥𝑚𝑧𝑛

𝜁0 = (𝜉0)2, (25)
𝜁1 = 𝜉0𝜉1, (26)
𝜁2 = (𝜉1)2, (27)
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𝑉𝑖 = 𝑣𝑖 − 𝑞𝑖𝑣𝑗, 𝑋𝑖 = 𝑥𝑖 − 𝑞𝑖𝑥𝑗, 𝑈𝑖 = 𝑢𝑖, for 𝑖 ≠ 𝑗; (28)

𝑉𝑗 = 𝑣𝑗, 𝑋𝑗 = 𝑥𝑗, 𝑈𝑗𝑢𝑗 +∑
𝑖≠𝑗

𝑞𝑖𝑢𝑖. (29)

𝑢𝜃𝜃 +
𝑣2

1 − 𝑣2
𝑐2
𝑢𝑣𝑣 + 𝑣𝑢𝑣 = 0

𝑢 (𝜃, 𝑣) =
e
−4√_c1 𝜃 𝑐

2+𝑣2

4𝑐2 (WhittakerW (−_c12 + 1
2 ,
𝑖√_c1
2 , 𝑣22𝑐2 ) 𝑐4 +WhittakerM (−_c12 + 1

2 ,
𝑖√_c1
2 , 𝑣22𝑐2 ) 𝑐3) (𝑐1e

2√_c1 𝜃 + 𝑐2)

𝑣

𝑢 (𝑥, 𝑡) =
∞

∑
𝑛=1

(𝐷𝑛 cos (𝑐
𝑛𝜋
𝐿
𝑡) + 𝐸𝑛 sin (𝑐

𝑛𝜋
𝐿
𝑡))Φ𝑛 (𝑥) (1)

∫
𝐿

0
𝑓 (𝑥)Φ𝑛 (𝑥) 𝑑𝑥 = 𝐷𝑛 ∫

𝐿

0
Φ2𝑛 (𝑥) 𝑑𝑥

=
𝐿
2
𝐷𝑛

∫
𝐿

0
𝑔 (𝑥)Φ𝑛 (𝑥) 𝑑𝑥 = 𝐸𝑛𝑐

𝑛𝜋
𝐿

∫
𝐿

0
Φ2𝑛 (𝑥) 𝑑𝑥

=
𝐿
2
𝐸𝑛𝑐

𝑛𝜋
𝐿

=
1
2
𝐸𝑛𝑐𝑛𝜋

Δ𝐹0 = √
𝑛

∑
𝑖=1

(
𝛿𝐹0
𝛿𝑥𝑖

Δ𝑥𝑖)
2

(30)

Δ𝐹0 = √6.044 ⋅ 10−6m2 (31)

𝑎 = 𝑏 + 𝑐
𝑑 = 𝑒 + 𝑓 + 𝑔 + 𝑟 + 𝑐 + 𝑒 + 𝑓 + 𝑔 + 𝑟 + 𝑐 + 𝑒 + 𝑓 + 𝑔 + 𝑟

ℎ + 𝑖 = 𝑗
(1)

𝑑𝑢
𝑑𝑡

=
𝜕𝑢
𝜕𝑥

𝑑𝑥
𝑑𝑡

+
𝜕𝑢
𝜕𝑡

(2)

Integrating the above w.r.t 𝑡 gives

∫ (𝑥′𝑥′′ + 6𝑥′𝑥5) 𝑑𝑡 = 0

𝑥′2

2
+ 𝑥6 = 𝑐1
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∫(1 − 𝑥)20𝑥4 𝑑𝑥 = −
1
21
(1 − 𝑥)21 +

2
11
(1 − 𝑥)22 −

6
23
(1 − 𝑥)23 +

1
6
(1 − 𝑥)24 −

1
25
(1 − 𝑥)25

And

∫
(−15 + 𝑥2) log (𝑥2) + (180 + 24𝑥 − 12𝑥2) log (log (𝑥2)) + (−45 − 3𝑥2) log (𝑥2) log2 (log (𝑥2))

(225 − 240𝑥 + 94𝑥2 − 16𝑥3 + 𝑥4) log (𝑥2) + (1350 − 540𝑥 − 96𝑥2 + 60𝑥3 − 6𝑥4) log (𝑥2) log2 (log (𝑥2)) + (2025 + 540𝑥 − 234𝑥2 − 36𝑥3 + 9𝑥4) log (𝑥2) log4 (log (𝑥2))
𝑑𝑥 =

𝑥
(−5 + 𝑥) (3 − 𝑥 + 3(3 + 𝑥) log2 (log (𝑥2)))

𝑑
𝑑𝑥

𝜙 (𝑥, 𝑦) = 0

Hence
𝜕𝜙
𝜕𝑥

+
𝜕𝜙
𝜕𝑦

𝑑𝑦
𝑑𝑥

= 0 (B)

Integrating (1) w.r.t. 𝑥 gives

∫ 𝜕𝜙
𝜕𝑥
d𝑥 = ∫𝑀 d𝑥

∫ 𝜕𝜙
𝜕𝑥
d𝑥 = ∫−2𝑥 − 1 d𝑥

𝜙 = −𝑥2 − 𝑥 + 𝑓(𝑦) (3)

Where 𝑓(𝑦) is used for the constant of integration since 𝜙 is a function of both 𝑥 and 𝑦. Taking
derivative of equation (3) w.r.t 𝑦 gives

𝜕𝜙
𝜕𝑦

= 0 + 𝑓′(𝑦) (4)

But since 𝜙 itself is a constant function, then let 𝜙 = 𝑐2 where 𝑐2 is new constant and combining 𝑐1
and 𝑐2 constants into the constant 𝑐1 gives the solution as

𝑐1 = −𝑥2 − 𝑥 + 𝑦
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