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Introduction

When solving dy xu + dy,yu = f(x, y) using finite difference method, in order to make it easy to see the internal structure of the A

matrix using the standard 5 points Laplacian scheme, the following is a small function which generates the symbolic format of
these equations for agiven N, the number of grid points on one edge. At the end of this note, the system equations are generated
for N=4,5,6,7,8. One can see the form of the A matrix with the dominant diagonal and the corresponding bands. It is mostly a
sparse matrix.

The indexing method used is that described in the class.

m DefineU at each grid point

In[59]:=
n=4;
Uu=Array[Usm& {n, n}, {0, 0}];
Style[Matri xFormeReverseeu, 18]

Us;0 Us,1 Wz o Us s
Wo W1 Wo W

out[e1]=
Uo U,1 U, 2 U 3

Uo,o Up,1 Up 2 Up 3

= Definetheforce vector

2= f = Array [Fus & {n, n}, {0, 0}1;
Styl e[Matri xFor meReverseef, 18]

Fs,0 F3,1 F3,2 F3,3
Fooo Foo1 F22 F2.3
Ml Fro Fi1 Fr2 Froa

Fo,o Fo,1 Fo,2 Fo, 3
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ine4:= Needs ["Notation "]

Notation[fi_,j_ o fI[i_+1, j_+1]] ]
Notation[ Ui j_ < Uuf[i_+1,j_+1]] ]
n67):= eqlu_, i _, j_, h_1:= l\/bdule[{},

Ui_1,j +Ui,j + Ui j-1+ Ui jeaa-4U

]:

m Draw thegrid with the unknown above at each point

inesl:= NRow = 4; nCol = 4;
mekeGid[nRow_, nCol _, u_] :=Module[{i, j},
internal Gid = Tabl e [{
Line[{{i -1, j}, {i +1, j}}1,
Line[{{i, j -1}, {i, j +1}}1,
{Poi nt Si ze [Large], Point [{i, j}1},
Text [uij, {i, j}, {1.5 1.5}]

{, 1, nCol -2}, {i, 1, nRow-2}
boundary = {

Line[{{0, 0}, {nCol -1, 0}}1,

Line[{{0, 0}, {O, nRow-1}}1,

Line[{{nCol -1, nRow-1}, {nCol -1, 0}}1],

Line[{{nCol -1, nRow-1}, {0, nRow-1}}1};
Graphi cs [boundary ~Join~internal Gid]

]

makeG i d [nRow, nCol, u]

Out[70]=
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Generatethediscreteequations at each of theinternal grid points

n[71= N = 4;
Style[MatrixForm[egs = FlatteneTable[eq[u, i, j, hl=f;j, {j, n-2}, {i, n-2}]], 22]
U(),1+U1'o—4 U1,1+U1,2+U2,1 __ F
h2 - 1, 1
U1+ 0-4 U 1+ 2+ U3 1 m
h2 - 2, 1
out[72]= UO 2+U1’ 1-4 Ul, 2+U1, 3+U2, 2 F
h2 - 1, 2
U 2+ 1-4 U 2+ 3+U3 2 m
h2 - 2, 2

= List theunknowns

in7a)= Styl e [MatrixForm[unknowns = FlatteneTable[u; j, {j, n-2}, {i, n-2}]], 22]

out[73]=
Ui -

m Generatethe equations of theform AU=F

injsol:= unknowns = Fl atten@TabIe[ui,j, {i, n-2} {i, n-2}];
{b, A} = Normal @CoefficientArrays [eqs, unknowns];
1
. - . 2 . w _n :
Style[Gld[{{hz, l\/atrleorm[h A], Mat ri xFor meunknowns, , Matrleorm@b}}], 22]
-F1,1+ Uﬁ'zl + Uﬁ’zo
4 1 1 0 Ui 1 oo
, 0 .1
L 1 -4 0 1 U, 1 —Fo,1+ 75 + 53
outszl= 1.2 =
h U Wo, 2 Ui, 3
0O 1 1 -4 W 2
: U 3 Us, 2
-Fo 0+ 45+ 45
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= For homegenous Boundary conditions

inga)= Tabl e[ugj » 0, {j, 0, 3}]~Join~Table[uj o >0, {i, 0, 3}]~
Join~Table[us; »0, {j, 0, 3}]~Join~Table[u; 30, {i,
{b0, A} = Nornmal @eCoefficientArrays [eqs, unknowns] /. %;

0, 311;

1
Style [Gri d [{{h—2 Mat ri xForm[h? A], MatrixFormeunknowns, "=",

4 1 1 0 Ui, 1
1 1 -4 0 1 Uz, 1 "2

v 10 -4 1 U2
O 1 1 -4 U 2 -F2,2

m set theboundary conditions. Assumeleft sideis U=q,Right side U=8, bottom side U=y, top side U=y, then the above becomes

Mat i xFor m@bo}}], 22]

ngel= b =b /. Subscript [U 0, any_1 » a; (*left )
b =Db /. Subscript [U any_, 3] » B; (*right x)
b=b /. Subscript[U any_, 0] » ¥; (*bottomx)
b=Db /. Subscript [U 3, any_] -» n; (xtopx)

= Display the equations again

In[90]:= Style[Grid[{{:—z, Mat ri xFor m[h? A], MatrixFor meunknowns, "=", MatrixForm@b}}], 22]

4 1 1 0 U 1 h?

. |1 -4 0 1 U 1 ~
TRl 0 -4 01 | | &+
O 1 1 -4 W - B

h2

= = A= Y=
|
n
=
N
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= Now the system can be solved for the unknowns U , given theforce F values.
= Below isthe system equations generated for N=3,4,5,6,7,8. Put the above code into one function to useit all thetime

in[o1]:= gener at eSystentquations [n_, U, F_, h_, a , B, v, n_]:=
I\/bdule[{m f, i, ], eqgs, unknowns, b, A, u},
us=Array[Us & {n, n}, {0, 0}1;
f =Array[Fus & {n, n}, {0, 0}1;
eqs = FlatteneTable[eq[u, i, j, h] =f;j, {j, n-2}, {i, n-2}];
unknowns = Fl atten@TabIe[ui,j, {,n-23}, (i, n—2}];
{b, A} = Nornmal @CoefficientArrays [eqs, unknowns];
b=>b /. Subscript [U 0, any_1 » a; (x*leftx)
b=b /. Subscript [U any_, n-1] -» B; (*rightx)
b =b /. Subscript[U any_, 0] »v¥; (xbottomx)
b=b /. Subscript [U n-1, any_] - n; (xtopx)
Print [makeGid[n, n, ull;

1
Pri nt [Styl e [Row[{—z, Matri xForm[h2 A], Mat ri xFor m@unknowns, " =", Matri xForm@b},
h

Ali gnnent - Left, ImageSize-»FuII], 18”

]

ing2;= Clear [U, F, h, a, B, ¥, nl;
Do [ {generat eSystenEquations [i, U, F, h, a, B, ¥, nl,
Print @G aphi cs [{Thick, Line[{{0, 0}, {10, 0}}13}1}, (i, 4, 6}]

Printed by Mathematica for Students



6| 2D.nb

o Y
401 1 0y (U [P TR
Y n
11 -4 0 1 ||| |t F2n
h2| 1 0 -4 1 (U2 | &2+ L_F,
O 1 1 -4 U
@ @ L
Uis Uzs Uss
@ @ @
Uiz Uz Us
U1,1‘ U2,1‘ U3,1‘

Printed by Mathematica for Students




2D.nb |7

— — (90} [90]

TR IT A TR T

N T R N
Ll o LW LL

e T O N

+ =T+ 3t ! S 4+ @+

S| = SRS @ |

Printed by Mathematica for Students



8| 2D.nb

Usa

Uss

Us2

Uss

Usg

Uss

Uz

Uz

Uz4

Uzs

Uz

Uz1

Ui

Uis

Uiz

Uiz

Printed by Mathematica for Students



2D.nb |9

= For homogenous boundary conditions

in[94]:= gener at eSystentquations [n_, U, F_, h_, a, B, v, n_]:=

Nbdule[{m f, i, ], eqgs, unknowns, b, A, u},

u=Aray[Us; & {n, n}, {0, 0}1;

f =Array[Fu: & {n, n}, {0, 0}1;

eqs = FI atten@TabIe[eq[u, i,j,hl="Fij, {i,n-23 (i, n-2}];

unknowns = Fl atten@TabIe[ui,j, {i,n=-23}, (i, n—2}];

{b, A} = Normal eCoefficientArrays [eqs, unknowns];

b=>b /. Subscript [U O, any_1 - 0; (=l eftx)

b=b /. Subscript [U any_, n-1] - 0; (*rightx)

b =b /. Subscript [U any_, 0] »0; (xbottomx)

b=b /. Subscript [U n-1, any_] - 0; (xtopx)

Print [makeGid[n, n, ull;
1

Pri nt [Style[Row[{—z, l\/!atrixForm[h2 A], Mat ri xFor m@unknowns, " =", MatrixForm@b},
h

Ali gnnent - Left, ImageSize-»FuII], 18”

]

Do[{generateSystenEquations [i, U, F, h, a B, ¥ nl,
Print @G aphi cs[{Thick, Line[{{O, 0}, {10, 0}}1}1}, {i, 4, 6}]
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-4 1 1 0 Up 1 -F1,1
171 -4 0 1 U1 | | -F21
h2| 1 0 -4 1 U,2 | | -F1,2

0 1 1 -4)\W, -F2,2

® ® ®
Uy Uz Uss
® ’ ®
Uy, Uz, Us2
U11‘ U2,1‘ U31‘
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