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1.1 Introduction

This method is meant to be used for solving first order ode’s that are non-linear. Let the
ode be

flz,y,4) =0

In the parametric method we let ' = p and let x,y be functions of parameter p. Hence
z =xz(p),y = y(p). The above becomes

f(z,y,p) =0 (1)

To find the solution of the original ode, the idea is to generate two equations in z(p), y(p)
and use these two equations to eliminate p.

The first equation is easy to find. It is found by either isolating x(p) or y(p) the original

ode itself. The second equation is differential equation, either in Z—i or 3—;. Which one to find

depends if we have isolated x or y at the start. If we have isolated x then we need to generate
le equation in order to solve it for y(p). If we have isolated y instead, then we need to find

& equation to solve it for z(p). But how to obtain %or 2?7 This is described below.
P P /4

Let us assume we wanted to generate ‘é—; ode. Then taking derivative of the original ode w.r.t.

p gives
0= 9f(.y,p)
op
_df Ofdr  Ofdy
“dp ' dxzdp  dydp
_df Ofdr Ofdydx
~dp  Ozdp ' dydcdp
_df Ofdr Ofdx
“ap ocdy Poydp
of dx ofdr  df
“ozdp Poydp  dp
dr ([ Of of\ _df
dr 3—{,
dp —%—pg—i
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If instead we wanted %, then instead we do the following

o= 9 (@y.p)
Op
_df Ofdx  Ofdy
“dp Oxdp Oydp
_df Ofdxdy Ofdy
“dp Oxdydp Oydp
_df Ofldy  Ofdy
_dp+8xpdp Oy dp
ofldy Ofdy df

dxpdp Oydp dp
d_y( of 1 6f)_ﬁ

dp\ Oxp Oy) dp
dy _
_—%é—p%g
—p;—’;

T (34)
p3 + 4

Egs. (2A) or Eq. (3A) can be used as the second equation we talked above above.

It is important to note the following. If given the original ode f(z,y,p) = 0 and we decided

to isolate x to obtain z = f(y,p) then for the second equation we must use (3A) and now it
becomes o
dy _ Py

= 57

(3A)
Then we use the solution y(p) of the above, with z = f(y,p) to eliminate p and find y. The
ode generated using (3A) should be simple to solve (quadrature or separable).

If instead, we have an ode f(z,y,p) = 0 and we isolated y instead to obtain y = f(z,p) then
we must now use (2A) to obtain the second equation. (2A) now becomes

(24)

Then we use the solution z(p) in the above. This gives us the second equation, and with the
equation y = f(z,p) to eliminate p and find y.

In summary: we use one of these two equations

z=f(y,p)
d
dy pi
dp 1 of (3A)
P —Pay
Or use the following two equations
y = f(z,p)
daf
dz ap
e 2A

Once we solve the ode in one of the above two cases, next we have to elminate p from these.
Once p is elminated, then the solution y is found. Examples below help illustrate this method.

Sometimes it is easier to isolate z and use (3A) and sometimes it is easier to isolate y and
use (2A). In theory, both should give same answer, but eliminating p can be easier using one
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method compared to the other. Only way is to try and find out. If it is not possible to isolate
x nor y from the original ode, then this method will not work.

The main difficulties in this method are not in solving the ode (3A) nor the ode (2A) (typically
these come out to be basic types) but in eliminating p from the two equations we obtained.
If we ar unable to isolate p then we just leave the solution in terms of the two equations as
is in a parametric form. Normally p is labeled as ¢ at the end in this case.

This method only works if in (2A) p — % #0and in (3A) 1 — pX% 5y L 0.

As always in math, the best way to learn a method is to solve some examples.

1.2 Examples
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1.2.1 Example 1 y(y)* — 4y’ +y =0
Given
y(y)’ —4dzy' +y =0 (1)
Let ' = p. The above becomes
yp® —4dxp+y =0
f(z,y,p) =0 (2)

We have to either isolate x or y as both can be inside f. Let us start by isolating z. The

above becomes )
yp* +vy
4p

Therefore f(y,p) = ypz% now, We now apply (3A) (not 2A) and obtain

xTr =

daf
dy __ Pap
dp 1-— pg—£
Hence
(p*-1)
dy y p4p
- 2
®1-g ]
yp’ —1
pp*—3
y(»*-1)
p(3—p?)
This is separable. Solving gives c
1
y =



Therefore the parametric solution is

&1

Y= —"""71
(p(p* —3))°
The above is the solution to (1) in parametric form where the dependency between y and x

is via p. We can stop here. But let see if we can get the solution as y(x) as the normal case
is. Eliminating p between 4(1) and 4(2) results in the solution

& —64cx® + 24c3xy? — 4822y +16y° =0
And the above is the final nonparametric solution. It is an implicit solution.
Let try the other way. Let us start by isolating y. This gives
yp® —4dap+y =0
f(z,y,p) =0

Isolating y. The above becomes
_ d=xp
R

Therefore f(y,p) = 14f52 now, We now apply (2A) (not 3A) and obtain
daf

dz dp

dp p—%

Hence

—4xp?+4x
dz _ @41’

dp B b— psl_{l

Solving gives

Thus the parametric solution is
4zp
=1 2
_ P+
(-3 pi
Eliminating p gives the solution. But it was harder to eliminate p using this approach.

Y

We might think this method is complicated, but it is actually much simpler than direct
method. How would we solve original ode directly? We start by solving for ¢’ in (1) which
gives two ode’s that we need to solve each on its own.

J = 2z + 4z? — y?

)
: )
LN
)

Starting with the first one above, we notice it is homogeneous ode. Let u = £ and it becomes

o — —u?+v—-u2+4+2

uxr

This is separable which results in

U du — 1 d
/-u2+m+z “‘/5 !
The above integrals gives a very complicated antiderivative. After that we have to replace u
back by ¥ and simplify. We now do the same for the second ode in (5). It is clear here that
the parametric method is simpler. But for the parametric method to work, we would have
to be able isolate p.



1.2.2 Example 2 y —zy' — ¢/ + (y')* =0

Given

y—ay —y + () =0 (1)
This problem from chapter 7, problem 7. From Boole book, page 137. This is actually a
clairaut ode. Let 3’ = p. The above becomes

y—ap—p+p’=0 (1)

We start by isolating x which gives

Using (3A) and not (2A)
dy _ i
dp 1 —pg—i
_ 7
=
I
P+y—p

This is non-linear ode in y. So this is no better than what we started.

Let try to isolate y instead. Solving (1) for y gives

y=ap+p—p’
= f(z,p)

Therefore, using (2A) gives
df
dr g

dp p—%

But p — g—ﬁ = 0. Hence this method does not work for this ode. The method of Clairaut
works on this, since there we apply a different algorithm. It is best to keep the parmateric
algorithm separate. So we try this and if this fails, then try other approaches.

1.2.3 Example 3 y —ay — /14 (y')° =0

Here, we can only isolate y and use (2A). (note, this can also be solved as dAlembert). Solve

y—ay —\/1+(y) =0 (1)

This is problem chapter 7, problem 7. From Boole book, page 137. Let ' = p. The above
becomes

y—ap—+/1+p*=0 (2)
y=f(p)
=ap++/1+p?



Using (2A) gives

d
dz d—{,

dp_p—?

T

P
a+
V1+p?

4
av1+p>+p
pv1+ p?
a+ 1
p  V1+p?

This is quadrature ode. Solving gives
x =alnp+ arcsinhp + ¢;

Hence the parameteric solution is

y=ap++/1+p?

x =alnp+ arcsinhp + ¢;

Eliminating p gives

_ya++a+y?—1
P= a?—1
Which results in the following implicit solution for y

/a2 + 12 — 1 \/272_1
r=aln <ay+ @ty )—I—arcsinh (ay+ Z —|—1y )—i—c
a —_—

1
a? -1

Another solution is

o a? -1

Which results in the following implicit solution for y

— /n2 2 1 _ /2 2_1
z=aln (— ya+ 2a —i—y — arcsinh | — ya+ 2a —i—y +c
a® — a® —

1.2.4 Example 4 (v')> +2(y)° +y =0

Solve (This can also be solved as dAlembert)

W) +2()° +y=0 (1)
Letpz%
y=p°+2p° (2)
y = f(p)

Where p = Z_Z' Hence dz = %dy. But from the above dy = f'(p) dp = (2p + 6p?) dp. Hence

dr = 11)(2p+6p2) dp
= (24 6p)dp

m=/(2+6p)dp
=20+ 3p°+c

Solving for p gives

—1++3x+c¢
N 3




Hence the solution from (2) becomes (for the first root)

y=p°+2p°

_ (_1+\?{m)2

+2(—1+\/3x+c)3
3

And for the second root

y=p"+2p’

e )

3 3

These methods produce simpler solution if we can solve for p easily in the above.

1.2.5 Example 5 z=1+1y + ()’

Note: This can also be solved as quadrature, but solving for 3’ which will generate 3 ode’s,
each can be directly integrated. We can only isolate = here and use (3A) since there is no y.

s=1+y+ )’

=1l+p+p’ (1)
Using (3A)
d
dy _ Py
dp 1- p%g
= p(1+3p°)

This ode is quadrature. Solving gives

3
+ 0t +c (2)
p is eliminated between (1,2) to obtain the final solution. This gives implicit solution for y as

2754 +64c3 —192¢3y+72cx? +192cy® — 10823 — 7222y — 64> +32¢° — 144cx—64cy+ 1642 +144xy+32y >+ 76c—11

1.2.6 Example 6 z(y)> — 2yy' + 4z =0
This can also be solved as dAlembert ode.
z(y)’ — 2yy + 4z =0
xp® — 2yp + 4z =0 (1)
We start by trying to isolate
x(4 + pz) = 2yp

2yp
= 2
v 4 + p? @)

= f(y,p)

Eq (3A) gives

d
dy _ Py

dp 1-p¥%
2yp

p*+4




This is separable (and linear). solving gives
y = cp® + 4c (3)

Eliminating p from (2,3) gives
p= %
And implicit solution for y

y(16¢® — 4cy + %) =0
Which implies

y=0
16¢> —4cy + 22 =0

Or
y=0
2?2 +16¢°
y= 4c
B’ +a
-

But the solution y = 0 does not satisfy the ode. So it is removed. So the solution is

y:x2+c§

Co

This is the same general solution obtained using dAlembert, but with dAlembert method,
we also obtain singular solutions y = £2z. This method does not find these, only the general
solution. See my dAlembert showing how this problem is solved using that method.

Let us now solving this problem by isolating y instead of x and see if we get same solution.
From original ode

zp? —2yp+4x =0

4z + Tp?
et et 4
y % (4)
= f(z,p)
Using (2A) gives
dr %
dp p— %
oz
p
This is easilt solved giving
T =cp ()
Eliminating p between (4,5) gives
_4cd +a?
- 201
A+
¢

Which is the same solution found earlier.



1.2.7 Example 8 e%(y)’ + (e +€3*)y — ¥ =0
e2yp3 + (62z + 63x) p— e3x =0
Isolating y

e2yp3 — e3a: _ (62:c + e3a:) P

6335 _ (6235 + eBz)p

2y _
e’ =
3
e3:c _ (622: + e3z)p
2y =In ( )
3
1 632: _ (621: + e3m)p
y=yin (S = f(a.p) ()
Using (2A)
dz %
e 57
dp p—3
-1
p(p—1)
This ode is just quadrature. Integrating gives
z=—-ln(p—1)+In(p)+c (2)

Eliminating p between (1,2) gives

Y= %ln (—(e“”“'c — 1)2 (e?’””'e_””‘"C + e2m)>

1

=3 In (—(cle_”” - 1)2 (c1e®e™™ + 62“’))

= %ln <—(C1e_z - 1)2 (cre™ + e%))

= %m (—(cle_’” —1)%e*(1+ cl)>
1

=3 In (—(1 +c1) (ce™ — 1)2> + = 1n (e*)
1

= 3 In (—(1 +¢) (cle_”” — 1)2> +z

This is good example where solving using parametric method is much easier than otherwise.
Actually, sympy 1.13.3 and Mathematica V 14.2 were not able to solve this ode. They probably
do not have this method implemented.

— z 1
1.2.8 Example 9 ¢/ = -3 — 1+ 5vz? + 4z + 4y

This is clairaut ode.
1
p= —g - 1+§\/:c2+4x+4y
1
5\/9c2+4ﬂc-|—4y:p+1+f

2
Ve tdr+4y=2p+2+z
? +dr+4y=2p+2+1)
2 +4r 44y =4p® +4pr +8p+2® +4x+4
4y —8p—4pr —4p* —4=0 (1)

Isolating = gives
_ pPP+2p—y+1
p
= f(y,p) (2)




Using (3A)
d
dy _ i,
= )
dp 1- pa—i

But 1 — p% = 0, so this did not work. Let us try to isolate y to see if we get better luck.
Isolating y from (1) gives

y=p*+rp+2p+1

= f(z,p)
Using (2A)
o _ g
dp B p— %

But here we also get p — % = 0. So it is not possible to use parametric method on this

ode. Does this happen always on clairaut ode? No, we solved clairaut using this method in
example 2 above. It is just by chance we get denominator zero for this specific ode. I think
it is because p is linear in the ode. This method should be used for ode which has non linear
y'(z) in it. But I need to double check more on this. For now, I check that p is nonlinear
before using this method.

1.2.9 Example 10 ¢y = —y — sin (z)

p=—y —sin(z)
This example was added to show that parametric method works also for standard first order
ode’s such as linear, separable and so on. But it should not be used for these, as the generated
ode can be more complicated than the original ode and there is no point of using this method
here. This method should be used only for ode’s which are non-linear first order as in all the
examples above.

Isolating y gives

y=—sinx —p (1)
= f(z,p)
Using (2A)
dx %
e .
dp p— 8—£
-1
~ p—cosT

We see that this ode is much more complicated to solve that the original ode (which is linear
ode and can be easily solved using integrating factor). Solving this ode gives

p——F—————€"c=0 (2)

Eliminating p from (1,2) gives

e*(3sinz + cosx) + 2¢
2e”

Yy=-

= —5(3sinx +cosz) + ce”®

Which is the same solution we could found by solving the original ode using standard
integrating factor method much more easily.
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1.3 References

There is almost no mention of this method in any books I've looked at. Only a glimps of this
method is given on 2 pages in the book by Ames and this is where I expanded it from. The
book by Boole does not explicitly mention this but page 133 could be related.

1. Nonlinear ordinary differential equations in transport processes. William F. Ames.
Academic press 1968. page 40-41.

2. Differential equations by George Boole. 1865. page 133.
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