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INTRODUCTION

This gives detailed description of all supported differential equations in my step-by-step
ode solver. Whenever possible, each ode type algorithm is described using flow chart.

Each ode type is given an internal code name. This internal code is used internally by
the solver to determine which solver to call to solve the specific ode.

The following is the top level chart of supported solvers.

supported solvers

‘ single differential equation ‘ ‘ system of first order odes ‘

second order higher order ode ‘ system of linear first order odes ‘
| } I |

degree one Not linear in ‘ linear ode ‘ ‘ nonlinear ode ‘
(llinear iny’) p=y'. ODE
y' = f=,y) has form

f(z,y,p)

Figure 1: Top level flow chart for ode solver

This diagram illustrate some of the plots generated for direction field and phase plots.
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Figure 2: Direction and slope fields generated

two first order system of ode’s which as autonomous. As an example

INTRODUCTION

‘ In addition, also plot solution of each ode on its own ‘

constants up to the order of the ode.

1. General solution. This is the solution y(z) which contains arbitrary number of

For a differential equation, there are three types of solutions
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2. Particular solution. This is the general solution after determining specific values
for the constant of integrations from the given initial or boundary conditions.
This solution will then contain no arbitrary constants.

3. singular solutions. These are solutions to the ode which satisfy the ode itself and
contain no arbitrary constants but can not be found from the general solution
using any specific values for the constants of integration. These solutions are
found using different methods than those used to finding the general solution.
Singular solution are hence not found from the general solution like the case is
with particular solution.
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1.1 Existence and uniqueness for first order ode

There are two theorems that we will be using. One is for first order ode which is linear
in y and one for first order ode which is not linear in y.

1.1.1 Existence and uniqueness for non linear first order ode
in y

Given a first order ode ¢ = f(z,y) (where y enters the ode as nonlinear, for example

y? or %) and with initial conditions y(xy) = yo then we say a solution exists somewhere

in vicinity of initial point (zo,yo) if f(z,y) is continuous at (zo,yo). But we do not

know yet if there is only one solution or infinite number of solutions. If f(x,y) is not

continuous at (zo,yo) then we say the theory does not apply and we do not do the next

check. Solution could still exist and even be unique, but theory does not say anything
about this.

If we found that f(z,y) is continuous at (zo,yo) then now we check if f,(z,y) is also
continuous at (zo,yo). If it is, then we say there is only one solution curve (i.e. a unique
solution) that passes through the initial point (zo,yo) and in some region around it.

If f,(z,y) turns out not to be continuous at (zo,yo) then theory does not guarantee
uniqueness. Solution could still be unique but theory does not say anything about this.
We have to solve the ode to find out.

1.1.1.1 Example 1

Y =2y
y(0) =0

First we find the region where solution exists and is unique. Domain of f(z,y) = 2,/y
is y > 0 (since we do not want complex numbers). Since yo = 0 is inside this domain,
then we know solution exists. The domain of f, = \/Ly is y > 0. We see that the region
is all x and y > 0. i.e. the top half of the plane not including z-axis.

Since the point given is (0,0) then the theory do not apply. The point o, yo have to
be inside the region and not on the edge.

There is no guarantee that solution will be unique. Solving this ode gives

2y=2z+c
Vy=z+a
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At IC

0=Cl

Hence solution is

Vy=z
y =2’
But y = 0 is another solution. Notice that y = 0 can not be obtained from /y =z + ¢,
for any choice of c;. So it is a singular solution and not trivial solution. This shows that
solution exists but is not unique. In this example, theory predicted that solution exists
but did not say anything about uniqueness. Only by solving it, we found the solution
is not unique.

1.1.1.2 Example 2

First we find the region where solution exists and is unique. f(z,y) = y%. The domain

of y% is y > 0 since we do not want complex values. Hence solution exists. The domain

of f, = %i% is y > 0. Hence the region is all z and y > 0. i.e. the top half of the plane
Yy

not including z-axis. Since the point given is (0,0) on the z-axis, then the theory do
not apply. There is no guarantee solution is unique. Only way to find out is to try to
solve the ode and find out. Solving the ode gives

/d—?=/dx
ys
3

éy% =z+C
Applying IC gives C' = 0. Hence solution is
3 2
¥ =7

Solving for y

92 3
7= (5)

Taking the square root of both sides gives
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So there are two solutions. There is also a trivial solution y = 0. We see that the
solution exists but not unique.

1.1.1.3 Example 3

v =z\/y—3
y(4) =3
First we find the region where solution exists and is unique. Domain of f(z,y) =
x/y—3isy—3 > 0 or y > 3 since we do not want complex numbers and all x values.
This shows solution exists. Domain of f, = 57,=3 8Y > 3. Since point (4,3) is not

inside this domain (it can not be on the edge, it has to be fully inside), then theory do
not apply. No guarantee that unique solution exist. Solving this gives

2\/y—3= %x2+c

At initial conditions
0=8+c

Hence ¢ = —8 and the solution becomes

1
2 y—3:§ﬁ—8

\@—3=iﬁ—4

Is this the only solution? Is this solution unique? No. By inspection we see that y = 3
is also a solution. Hence the solution exist but is not unique.

1.1.1.4 Example 4

r_ -1 2 + 1
O L g |
y(0)=0
f(z,y) = 11_1933/2 + -1 is continuous in z everywhere except at £ = —1 and z = 1. And

fy = 1:L—2wy is continuous except at x = —1. Since initial conditions at xo = 0,y = 0
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then there is a unique solution in some rectangle inside the rectangle —1 < x < 1 and
for all y. Solving the ode gives

*VysinT
= [
VY 0 i
At x = 0,y = 0 the above gives

Hence the solution is
1.1.1.5 Example 5

y(0) =1

f(z,y) = v/1 — 42 is continuous in z everywhere. For y we want 1 —y%? > 0 or y2 < 1.
The point yo = 1 satisfies this. Now f, = 2\/_%7 We want 1 — 32 > 1 or y? < 1. The
point 4y does not satisfy this. Hence theory says nothing about uniqueness. Solution
can be unique or not. When the ode has form 3’ = f(y) we always check if IC satisfies
the ode. In this case y(z) = 1 does satisfy the ode. So this means y(x) =1 is solution.
We do not need to solve by integration. But if we did, we will obtain the following

_dy
Vi—v

arcsin (y) =z + ¢

=dz

y = sin (z + ¢)

At initial conditions the above gives 1 = sinc. Hence ¢ = 7. Therefore solution is
y =sin (z + Z) = cosz. So this is another solution that satisfies the ode. Solution is
not unique.
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1.1.1.6 Example 6

y=vi-y’+z

y(0) =1
f(z,y) = /1 —y% + z is continuous in x everywhere. For y we want 1 — y% > 0 or
y? < 1. The point yo = 1 satisfies this. Now f, = —2.-. We want 1 —y2 > 1 or y% < 1.

2¢/1—9y2"
The point yg does not satisfy this. Hence theory does not apply.

In this case the ode has form 3’ = f(z,y) and not ¥’ = f(y). So we can not just check
if initial conditions satisfies the ode and use that as solution. If we did, we see that
y(x) = 1 does satisfy the ode at = 0 but this will be wrong solution. In this case we
have to go ahead and solve the ode. In this case we will find that no general solution
exists.

1.1.1.7 Example 7

y(0) =2

f(z,y) = v/1 — 4?2 is continuous in z everywhere. For y we want 1 —y? > 0 or y* < 1.
The point yo = 2 does not satisfy. Hence theorem does not apply. We just need any
solution that satisfies the ode. Since the ode has form ¥’ = f(y) and not ¥ = f(z,y)
then we always try y(z) = yo to see if it satisfies the ode. Substituting y = 2 into the
ode gives

0=+v1—19?
=+v1-4
Therefore this solution did not work. In this case we have to solve the ode by integration
which gives
dy
1—92

arcsin (y) =z + ¢

=dzx

y =sin (z +¢)
At initial conditions the above gives 2 = sinc. Or ¢ = arcsin (2). Hence the solution is

y(x) = sin (z + arcsin (2))
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1.1.1.8 Example 8

y(1)=0

By Existence and uniqueness, we see f(z,y) is not defined at yo = 0. Hence theorem
does not apply. Since ode has form 3y’ = f(y) we now check if IC satisfies the ode itself.
Plugging in y = 0 into the ode is not satisfied due to %. So we have to solve the ode in
this case. integrating gives

—y‘=zx+c
2y
At IC this gives
0=1+c¢
c=-—1
Hence solution is
1,
i =z—1
2y =%

We see solution is not unique.

1.1.2 Existence and uniqueness for linear first order ode in y

These are ode’s in the form

Y +p(x)y = q(z)
The theorem says that if both p(z), ¢(x) are continuous at z, then solution exists and
is unique. Notice that now we do not check on yy but only on zy. We get both existence

and uniqueness all in one test. If either p or ¢ are not continuous, then no guarantee
solution exist or be unique.
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1.1.2.1 Example 1
y ="
x
y(0) =1

In standard form y' — p(z)y = g(z). So p = =',q = 0. Hence the domain of p is all
x except £ = 0. Domain of ¢ is all x. Since the IC includes x = 0 then no guarantee
solution exists or be unique. Theory does not say anything. We have to try to solve the
ode to find out. Solving gives

y=cx

As solution. Applying I.C. gives
1=0

Not possible. Therefore no solution exist.

1.1.2.2 Example 2

y =
y(0)=0

Y
xr

In standard form y' — p(z) y = ¢(z). So p = =}, ¢ = 0. Domain of p is z # 0. Domain
of g is all z. Since IC includes x = 0 then theory says nothing about existence and
uniqueness. We have to solve the ode to find out. Solving gives

y=cx

Applying I.C. gives
0=0

Which is true for any c. Hence solution exist which is y = cz for any c. Hence solution
is not unique. There are oo number of solutions.

1.1.2.3 Example 3

y =2
T

y(1)=0
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In standard form y' — p(z) y = g(). So p = =F, ¢ = 0. The domain of p is all z except
x = 0. Domain of ¢ is all z. Since IC does not include x = 0 then solution is guaranteed
to exist and be unique in some region near x = 1. Solving gives

y=cz
As solution. Applying I.C. gives
0=c
Hence the unique solution is
y=0 x>0

Solution exists and is unique. Solution can only be in the right hand plan which includes
z =1 and it can not cross = 0. i.e. solutionisy = 0 forallz > 0. If IC wasy(—1) =0
then the solution would have been y = 0 for all z < 0.

1.1.2.4 Example 4

, 1
y(0) =1

In standard form 3y’ — p(z) y = q(x). Hence p = %, g = 0. Domain of p is z > 0 (to
avoid complex numbers) and the domain for ¢ is all z. Combining these gives z > 0.
Since IC includes x = 0 then the theory does not apply. Solving the ode gives

y=+vz+c

At (x9,yo) the above gives
l=c

Hence solution is
y=+vz+1 >0

So here solution exists and is unique. Even though theory did not apply.
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These are first order ode’s which are linear in 3’ but can be nonlinear in y.

1.2.1 Flow charts

1.2.1.1 First flow chart

First order ODE where y' is linear f(z,y,y’) =0

)

Solved by integration
y' = f(z)
Y= / fdz+c

Linear. Solved by finding

|| an integrating factor.

y' + f(2)y = g(z)

[~ Or as typically written

Exact. ODE has the form
) —M(z,y)

Y =7

N(z,y)

M(z,y)dz + N(z,y)dy =0

oM _ ON
Where by = oz

Separable. Solved by
separation and then

integration.
N

y' = F(z,y)
= f(z)g(y)

Homogeneous type A.

r= (Y
v=5()
Solved using substitution

y = ux which converts to
separable ode.

Not Exact, but can find
integrating factor which
makes it exact. ODE has
the form
,_ —M(z,y)
V= Ny

Or as typically written
M(z,y)dz + N(z,y)dy =0
Where % # % but can

find integrating factor p
such that LgM) = 2Ny
y

oz

Homogeneous type C.
ODE has the form

y’:(a+bz+y)%
y =(a+bz+y)"

Where n is integer not
one. Solve by substitution
z=(a+bz+7y). See
example

This is called
homogeneous type Maple
C. This is different from
what is called just
homogeneous type C
above. ODE has the form

,_ f@y)
9(=,y)

Solved using
transformation
z=X+zo,y=Y +yo to
convert to homogeneous
type A. See this

Bernoulli y + Py = Qy™
where n # 1,n # 0.
Solved using substituion

v = y'~" which converts
the ode to linear one

v +(1—n)Pv=(1-n)Q.

Riccati. ODE has any of
these forms

y' = fol®) + filz)y + fo(0)y®
y' = fo(@) + fo(z)y®

| Where fo#0. An

example if y' = 22 — y?.
Solved by using

transformation y = f‘:—/u
which generates second
order ode in u to solve.

Isobaric. Generalization of
homogeneous where the
substitution y = va™
makes the ODE separable.
The weight m here need
not be 1 as the case with
homogeneous. An
example is

223y =1+ /1+4a%y
where weight m = —2
here and y = va( - 2)
makes the ode separable.

First order differential
type. These are special
ode’s which can written
as complete differential
d(f(z,y)) = d(g(z,v))
which is then solved by
just integrating. For an
example y' = % can be
written

ydy = d(%z2 - zy) which
is now solved by
integrating both sides.
See this

Polynomial ode. ODE of

the form

,_aztbhyta

axz + bay + c2

Where the two lines can

be either parallel or not.

First order

a(@)y +r(@)y = f(x)
solved using series
method. Submethods
supported are

1. Irregular singular
point
2. Ordinary point

3. Ordinary point
Regular singular
point

Expansion around point
other than zero is also
supported, including
initial conditions.

Abel first kind. ODE of

the form

y' = fo(@) + f(z)y
+ fo(@)y” + f3(z)y®
Currently the solver
detect this ODE and

evaluates the Abel
invariant only.

Special form called
SpecialFormIDOne for
ode of form

Y = g@)e @ + f()

Solved by substitution
u = e~% which converts
the ode to linear. b must
not depend on z.

¥

First order ode
4@y +r(@y = £(@)
solved using Laplace
method.

Figure 1.1: Flow chart for first order linear in 3’ solver
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1.2.1.2 Second flow chart

This flow chart contains more details on the exact solver for first order ode.

ode

first order F(z,y,y’) =0

'

‘ linear in y'. Hence y' = f(,y) ‘

non-linear

!

i

i

separable

if ODE has the form

i
Linear. Solve with
integrating factor

l

if ODE has this form

then Integrating factor

ODE is exact or can be made exact. Write

ODE in form M (z,y)dz + N(z,y)dy =0
T

2zy dz + (2 + cosy) dy = 0

(2y*z — y)dz + zdy = 0.

‘We come here if ODE is
not separable, not exact,
and can not be made
exact. Example is

/
Y = P(@)Qy) yes no 1y X
Example y' = zy, Y+ P(z)y,= Q(z) s 1 y = %. With ODE
then it is separable. Example y' + zy = 2z, Example ex. in form $¢ = f(z,y),

replace y in RHS with

% = P(z)dz n= feP(m) 42, hence T Find integrating factor p y = uz where u = u(z).
v
d d(uy) = pQ(z) Set up these two equations If RHS now only has u
= /P(z) dx in it, then ODE is
Qy) wy = /HQ(E) te av _ M homegeneous. Apply
and solve for y j[z] is A function of z alone? | transformation y = ux it
W yes | mo will become separable.
¥ }
A A
From first equation find u=el4d B= oy oM
U = [ Mdx+ f(y) where - , M
f(y) is some arbitrary is B function of y alone?
function of y only. Using
second equation now solve yes no
for f(y). The final p=elBdy . gy_oM
solution is U = ¢ where ¢ ~ aM-yN
is constant. is R function of ¢t = zy alone?

by the found integrating yes no
factor p l
n= el Bdt  Try other
M = puM methods. see
/ above
N =uN

I
|

I

|

I

I

I

|

I

I

I

Multiply the original ODE :
|

|

|

I

|

|

I

And follow same method :
I

v

Not linear
‘ Canonical form ¢’ = fo + fiy + fov® + fav° ‘
[

{ ! ]

fo=0,f3=0 f3 =0 Riccati. f3 # 0 Abel first
Bernoulli. Example Example kind. Example
Y =zy+y® Yy =1l+azy+y’ Yy = l+ay+y’+ay’

i
we start by divinding
by y2. Then let u be

‘ know particular solution y,? ‘ To do. Few Abel ODE can be solved exactly.

the coefficient of z yes No

term left on the L

right. Example using | | *5¢ substitution use substitution y = —u“—/;
the above ode. y=yp+1/u this leads to second order

ODE which can be solved

x
y="n
Yy Y
Letu=jory=g,

hence y' = _u—l;’,
subtituting back
gives v/ +zu=1
which is linear in u
and solved using
integrating factor.
Hence y is now
found.

Nasser M. Abbasi August 20, 2016. d1.ipe

Figure 1.2: Additional flow chart for first order linear in 4’ and exact solver
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1.2.2 Quadrature ode

y = f(z)
y = f(y)

The following flow chart gives the algorithm for solving quadrature ode.

Yy =f(y) ory’ = f(z)
¥ = fy) \ Y = f(x)

Integrate both sides and
apply IC if give to solve

NO IC are given IC are given

for IC.

Integrate both sides. . .

Int t
This gives general niegrating gives
solution with constant R
of integration. S =z+a
Result of [ ﬁ dy contains all Result of [ ﬁ dy is not all In
In as functions of y as functions of y
In this case, apply exponential to In this case, solve for c¢; directly.
both sides and solve for IC from

the transformed equation. Then
plugin the solution for ¢; back
into the transformed equation,

first__order__quad__algorithm,ipe

Figure 1.3: Flow chart for first order quadrature

ode internal name "quadrature"

Solved by direct integration. There are two forms. They are
y' = f(z)
¥ =fy)

For first form, the solution is

- [ e



CHAPTER 1. FIRST ORDER ODE 22

For the second form the solution is

dy .
m—/d fly) #0

dy
—~=T+c
/f@)
For the second forum, we have to consider singular solutions also, these are found by

solving for y from f(y) = 0 and to see if these solutions can also be obtained from the

general solution for any value of c. These two forms are special cases of separable first
order ode ¥ = f(z) g(y) .

1.2.2.1 Example 1

Y=y
y(0) =1

Solution exists and unique. Integrating gives

[ fu v

lny=z+c
y=ce®
Applying IC gives
l=c¢
Hence solution is
y=e

Singular solution Since we divided by y in the above assuming y # 0 then singular
solution is y = 0. But this solution can be obtained from the general solution y = ce®
when ¢ = 0. Hence there is no singular solution.

Alternative way to find singular solution is this. Once we find the general solution
y = ce®, then we write ¥(z,y,c) = 0 where ¥(z,y,c) = y — ce® here. Then we find

% = 0 and eliminate ¢ from both equations. Let do this. These two equations give

y—ce® =0

_ex —

Hence y = 0.
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1.2.2.2 Example 2

y=y-1
y(0) =1

Solution exists and unique. Integrating gives

ﬂ=/dac y—1+#0

y—1
In(y—1)=z+c
y—1=ce®
y=ce®*+1
Applying IC gives
l=c+1
c=0
Hence solution is
y—1=0
y=1

Singular solution Since we divided by y — 1 in the above assuming y — 1 # 0 then
singular solution is y = 1. But this solution can be obtained from the general solution

y = ce” + 1 when ¢ = 0. Hence there is no singular solution.

Alternative way to find singular solution is this. Once we find the general solution
y = ce®, then we write ¥(z,y,c) = 0 where ¥(z,y,c) = y — ce® — 1 here. Then we find

oY (z
dc

y—ce®—1=0

—e*=0

Hence y = 1 as before.

4:9) = () and eliminate ¢ from both equations. Let do this. These two equations give
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1.2.2.3 Example 3

y=
y(0) =1
Integrating gives
22
Yy = ? +c
Applying IC gives
l=c¢
Hence solution is
@ =2 +1
1.2.2.4 Example 4
y =siny+1
y(m) =1

This has unique solution. Integrating and solving for ¢ results in the solution

dy .
/m—/d% smy-l—l;éo

2
c1+zx
Applying IC gives
2
c+m

Solving for ¢; and substituting in the general solution gives

y = —2arctan (£>
24T —2

Singular solution Since we divided by siny + 1 in the above assuming siny+ 1 # 0 then

singular solution is y = —7. This solution does not seem to be possible to obtain from

the above general solution for any c; value. Hence it is a valid singular solution. Note

that there is also y = 7,y = —%w, Y= %71' singular solutions from solving siny+ 1 = 0.
Actually there are infinite number of singular solutions by adding integer multiple of

2.
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1.2.2.5 Example 5

Yy =yly—1)(y-3)
y(0) =4

A solution exist an is unique. Integrating gives

/y(y—l ) (y — 3) /dm yy—D(y—-3)#0

1 1 1
glny+gln(y—3)—§ln(y—1)=x+cl (1)
Applying initial conditions gives
1 1 1
§1n4—|- 6111(].) — 5111(3) =C
1 1
§1n4— §IH(3) =C

Hence the solution from (1) is

%lny+éln(y—3)—%ln(y—1):x+%ln4—%ln(3)

Lets see what happens if we convert to exponential first. Applying exponential to both

sides of (1) gives

exp <lny% +ln(y—3)% +In(y— 1)_71> = cye”
1 1 1
yi(y —3)° y_1)=02e“
Sy — 3)°
y (.1;_1) — o @)
At IC
45(4—3)s
-y
4-—-1
s,
\/g 2

Hence the solution from (2) is
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And this is also correct. I prefer to convert to exponential when the solution has the
form f(y) = cg(z) where f(y) is made up of all In as functions of y. This makes
finding constant of integration easier in all cases.

Singular solution Solving for y from y(y — 1) (y — 3) = 0 gives

y=20

y=3

I have not checked, but the computer says that all these solution can be obtained
from the general solution for specific values of c. Hence these are not actual singular
solutions.

1.2.2.6 Example 6

y = ay — by’
y(0) = yo



CHAPTER 1. FIRST ORDER ODE

27

A solution exist an is unique. Integrating gives

/%I/dx ay —by®> #0
ay — by

1 1
—lny—-In(by—a)=z+¢,
a a

Iny —In(by — a) = az + acy

y — ar+acy
by —a ¢
= cpe™”
by —a 2
y = cobye®™ — acge®™
Y(1 — c2be®) = —acee®™
_ —acge™
y= 1 — cybes=
_ acee®™®
 cobert — 1
. acs
b —e®
B a
b— Lleaz
c2
B a
b4 cze®
Applying IC
_a
Y= b+ C3
(b+c3)yo=a
byo +c3y0 = a
—b
Cs = a Yo
Yo
Hence the solution becomes
a
vy= b _|_ a—byo e—ax
Y0
alYo

- byo + (a — byy) e79*

Singular solution Solving for y from ay — by? = 0 gives

Y
Y

e ©
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The general solution is y = brese—ar - Hence when c3 = 0 then y = § hence the second

singular solution above is not actually a singular solution. If ¢; = oo then y = 0. Hence
the first singular solution is also not an actual singular solution either.

1.2.3 Linear ode

Y +p(x)y = q(z)

ode internal name 'linear"'

Solved by finding integration factor u = e/?(®)% The ode then becomes %(,uy) = uq.
Integrating gives puy = [ pgdz + c or

1
yz—(/,uqu—l—c)
L

1.2.3.1 Example 1

R
N
y(0) =1

The above shows that p(z) = ﬁ% and ¢(z) = z. The domain of p(z) is all the real
line except £ = 0 and domain of ¢(x) is all the real line. Combining domains gives all
the real line except x = 0. Since initial zy is £ = 0 which is outside the domain, then
uniqueness and existence theory do not apply. Solving gives

Y= 232 — 12¢/7 — 62 — 12+ c1eV®
Applying IC

1=-124¢
61:13

Hence solution is
y=—272 — 127 — 63 —12+13e¥® z#0

In this case, solution exists and unique.
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1.2.3.2 Example 2

y—-2=0
xXr
y(0) =1

The above shows that p(z) = 1.The domain of p(z) is all the real line except = 0.
Since initial xo is £ = 0 which is outside the domain, then uniqueness and existence
theory do not apply. We are not guaranteed solution exist or if it exist, is unique.
Solving gives

Y=z

Applying IC gives
1=0

Which is not possible. Hence no solution exist.

1.2.3.3 Example 3
Y + 2y cot (2x) = 4z csc () sec? (x)
Hence p = 2cot (2z) , ¢ = 4z csc () sec (x)°. Therefore the integrating factor is

b= efp(a:)dx
— ef2cot(2z)da:
— e—%ln(l—i—cotZ(Qm))
_ 1
1+ cot? (2z)
Then the ode becomes
%(y,u) = pdz csc (x) sec? ()
1 1
4 y = 4z csc (x) sec? ()
dz \ " \/1+ cot? (2z) 1 + cot? (2x)

4z csc (z) sec? (x)

y —
1+ cot? (2z) \/m
4
y= s oot e+ ¢1+—t [,
1+ cot2 21)
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1.2.3.4 Example 4

We see that y’ = cosz —y cot (z). Because cot () is m which is not defined at z =0

then uniqueness and existence theory do not apply. Here we have p = cot (x) , ¢ = cos (z).
Therefore the integrating factor is

— efp(w)da:

— ef cot(z)dz

— eln(sin x)
=sinz

Then the ode becomes

d
——(yn) = pcosz

dx
—(ysinz) = sinz cosz
dx
ysinz = /sinxcosx dz +c;
1 1 )
y=—c + — sinz cosz dx
sin z sinz
1 1 sin’z
= - C1 .
sinz sinz 2
1 sinzx
=—=0C+
sinz 2

ysinx =c; + Esinx

At y(0) = 0 the above results ¢; = 0. Hence the solution is

_SiIlCL‘
¥=79

1.2.4 Separable ode

= f(z) 9(y)

The following flow chart gives the algorithm for solving separable ode.



CHAPTER 1. FIRST ORDER ODE 31

Y =F(z,y)
Initial conditions (zo,yo) given ‘

No initial conditions

Separate

-

y' = F(z,y) F(z,y) = g(y)f(z) and
y(z0) = Yo ode becomes

¥ =9y f(z)

Apply theoreom ‘
of existence and
uniquness

Divide by g(y) and integrate
both sides. Solution contains
constant of integration.

solution exists and unique

solution does not exist ‘

or not unique Note. For separable F'(z,y) must

‘ depend on both z and y, else
it will be quadrature ode. See

Separate Separate the quadrature ode flow chart for
F(z,y) = g(y)f(z) and F(z,y) = g(y)f(z) that.
ode becomes
v =gy f(=)
g9(y) =0at g(y) # 0 at
Y=Y Yy="% Divide by g(y) and integrate

both sides. And solve for
constant of integration. Even if

Can not separate as can not
divide by g(y) because g(y) =0
at initial conditions. In this case
solution is y = yo because
solution is unique and hence
only one solution exists.

For example, the ode y' = yz
with y(zo) = 0 has solution

y =0. The ode y’ = cos(y)z
with y(xo) = 5 has solution
y=13

Divide by g(y) and integrate
both sides and apply IC to solve
for constant of integration.

9(yo) = 0 in this case, we go
ahead and separate and
integration. It is possible to get
no solution or inifinite number of
solutions or one solution. For
example y' = y/z with

zo = 0,y0 = 0. The solution is

y = cz for any c¢. But y = y/z
with o = 0,y = 1 has no
solution.

Figure 1.4: Flow chart for first order separable

ode internal name "separable'

Solved by separating and integrating. %ﬁ = f(z). Integrating gives [ ;dy = [ fdz. If
it is possible to do the integration of the LHS then explicit solution in y is obtained else
the solution is implicit. The most difficult part is to determine that a given expression
F(z,y) is separable or not. i.e. given ¥’ = F(x,y) to find f(z) and g(y) . Code in solver
is over 600 lines long just to determine this due to many edge cases.

Singular solutions are found by solving for y from g(y) = 0.
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1.2.4.1 Example 1

Solve

y =y’sinz
y(0)=0

From uniqueness and existence theory we see that solution to 3’ = y3sinz exist and
is unique. This is because f = y®sinz is continuous everywhere (hence solution exist)
and f, = 3y?sinz is also continuous everywhere (hence uniqueness is guaranteed).

This is little more tricky than it looks. Notice that y = 0 at z = 0. This is special IC,
because this means if we start by dividing both sides by y® to separate them as we
normally do, this gives

d

—:g = sin zdzr

Y
But when we get to later on (after integration and adding constant of integration) to
solve for ¢ we will have problems. The reason is, we should not divide by y in first

place, since y = 0 at initial conditions. In this special IC case, then at z = 0 the ode is
Yy =0

Hence y = C}. But since the solution is guaranteed to be unique, then C; must be zero
to give y = 0 as only one value of y(z) can exist. Hence this is the solution. This way
we do not even have to integrate or solve for constant of integration. If we were not
given IC, then we do as normal and now can divide by y. Assuming y # 0 then the ode
becomes

dy = sin zdx y#0

Y3
Integrating gives
L +
——— =—cosz+c¢
212
1
— = 2cosx — 2¢
Y
1
?=2cosm—|-cl (1)
Hence - 1
"~ 2cosz + ¢
Therefore
1
y== (2)

V/2cosx + ¢
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So we should always start, when IC are given, by checking uniqueness and existence
and never divide by y if y = 0 at initial conditions. In all other cases, we can divide to
separate. Lets do more examples on this to practice.

1.2.4.2 Example 2

Solve

y =y(l—-1)
y(2) =0
f = y(z — 1) which is clearly continuous everywhere and so is f,. Hence it is guaranteed

that solution exist and unique. Since y = 0 at initial conditions, then we can’t divide
by y to separate. So we use the alternative method. At IC the ode itself becomes

y' =0
Hence
y=c
Since y is constant, then y = 0 because it can only have one value due to uniqueness.

Therefore the solution is
y=0

Let now look at the general case to make things more clear.

1.2.4.3 Example 3

Solve
y' = f(y) g(z)

Such that f(y) g(z) is continuous everywhere and f,g is also. Hence it is guaranteed that
solution exist and unique. Let initial conditions be such that f(yo) = 0. For example,
if f(y) =y and y(0) = 0. In this case, we can not separate using

dy
fly)

Since f(y) = 0 at I.C. So we use the short cut method. Substituting IC into the ode
gives

g(z)  fly)#0

y =0
y=c
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But since the solution is unique, then C; = 0 since y = 0 is given and only one solution
y(x) can exist. Hence this is the solution.

y=0

So the bottom line is this: Given a first order ode ¥’ = f(y) g(xz) where the solution
exist and unique and f(y) = 0 at IC, then the solution is always

y=0
Lets look at another special case ode.
1.2.4.4 Example 4
Solve
y =2
x
y(0) =1

We see that f = £ is not continuous at 2 = 0. Hence by uniqueness and existence

theorem, there is no guarantee that solution exist. (Notice we do not say that no
solution exist, as there might be one, but there is no guarantee that one exists using
the theorem). Integrating gives

d 1
/—y:/—dx y#0

Y x

Iny=Inx+c

y=cx

Applying IC gives 1 = 0, hence no solution exist. When no solution exist, we do not
need to consider singular solutions.

1.2.4.5 Example 5

Solve
y =221 —19y?

Integrating gives

/\/;i—gi?ﬂz/%dw VI—2#£0

arcsin (y) = 2° + ¢

y = sin (3:2 + c)



CHAPTER 1. FIRST ORDER ODE 35

The singular solution is found by solving for y from /1 — 32 = 0. This gives y*> = 1 or
y = £1. Hence the solution is

y=sin(:v2+c)
y:
y=-—1

1.2.5 Homogeneous ode

s=r(2
x
ode internal name "homogeneous'
This is called Homogeneous type A in Maple. Solved by substituting y = uzx which
converts it to separable ode. A homogeneous ode has the form y' = f(z,y) where

tf(z,y) = f(tz,ty). In solving these types of problems, separable is called. It is best to
return implicit solution from separable and not explicit. This makes the substitution
u = ¥ easier. If explicit solution is needed, it can be done after this operation is done.

1.2.5.1 Example 1

zy —y— 2,y =0

T
For real z

dy

dz

yxr
2

_y
xr
_QH\/Q
xr xr
d;

Let u = E hence dy = x + u and the above ode becomes

+2

zd—u+u:u+2\/ﬂ
dx
xd—u=2ﬁ
dx
d—uzgdw Vu #0
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Which is separable. If we do not obtain separable ode, then we have made mistake.

Integrating gives
/ u?du= / —dx

=2lnz+¢

M\»—l M\H

=Ilnz+co

Replacing u = £ gives

8|

=lnx+cy

The singular solution is © = 0. Which implies y = 0. Hence the solutions are

¥_ Inz + ¢
x
y=0
1.2.5.2 Example 2
dy _ 2y* -y
dr  3xy — 222
Let y = ux or u = ¥, hence fily = g—’; + u and the above ode becomes
xd_u fue 2u2x? — z?u
dz 322y — 222
xdu "y 2u2 —u
dz © 3u-—2
du 2u —u
dx 3u — 2

2u? —u _ u(3u—2)
du—2 Ju—2
(2u? — u) — u(3u — 2)

3u—2
_ 2u? —u—3u’+ 2u
N 3u—2
_ —uttu
T 3Bu-—2
u(l —u)

3u — 2
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Hence

du 1\ [u(l—u)

dz ~ (5) ( 3u—2 )
Which is separable. If we do not obtain separable ode, then we have made mistake.
Integrating gives

3u— 2 1 u(l —u
/u(l—u)du:/de ?Eu—2)7é0
—2lnu—In(u—1)=lhz+c

Replacing u = £ gives
Yy Yy .
—2In <5> —In <E — 1) =lnz+c¢
) -
In{—=)—In
(y2
2
In (x_z) + In (
Yy Yy—

Applying exponential to each side gives

) (2)-o

Singular solution is when “éi—:g) = 0. This gives u = 0 and v = 1. Hence this implies

y = 0 and y = x. Therefore the solutions are

()=)

— X

<

)zlna:—i—cl

8 8

):lnx-i-cl

8

Co

Il
8 O

Lets say that we had also initial conditions y(1) = —1, then the above gives

(51=1) =

1
—— =Cy

2

Therefore the solution (1) becomes

() (22) =
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1.2.5.3 Example 3

dy _ 2(2y —=z)
dr  z+y
y(0) =2
Let y = ux or u = £, hence %:x%"'“ and the above ode becomes
du 2(2ux — )
r—t+u=—=
dx T +ur
xd_u+u_2(2u—1)
dx 14w
du  2(2u—1)
dr  1+u
22u—1) —u(l+uw)
B 14+u
_ —u?+3u—2
B 1+u
This is separable
1+u 1 —u? 4 3u—2
" du==d 2 TR
—u2+3u—2u . 1+u 70

Integrating
1+4+u 1
——————du= | =d
/—u2+3u—2 u /m o
—3ln(u—2)+2ln(u—1)=nz+c
Replacing u = £ gives

—3111(%—2)—!—2111(%—1) —lnz+c

—31n (y—Zm) +2In <u) =lnz+c
T T

3 2
ln( d ) +1In (u> =lnz+ec (1)
y—2x z
. . . —u243u—2 _ _ _ .. . _ _
Singular solution is when 1:—” =0 or u = 1,u = 2. This implies y = z,y = 2x.

Hence the solutions are

3 2
ln< x ) —|—ln<y_x) =lhz+e¢
Yy —2x T

y=z
y=2




CHAPTER 1. FIRST ORDER ODE 39

Note on the power rule for log. nln (m) = In (m") is valid for m > 0 and in real domain.
So in this above we implicitly assumed this is true in order to write —31In (%2”6) as

3
In ( L ) . Now, taking exponential of (1) gives

y—2z
3 2
T Yy—x
=C1T
ew) (57)

2 -2 _
(y—20)° =
sly—=) _
(y—20)°
2
y—zx
PE ?
At y(0) = 2 then
(2)°
1
=
Hence the solution from (2) becomes
(y—2) _1
(y—20)° 2

It is important in these kind of problems where left side has In as function of y(z) is
to take exponential. Lets see what happens of we do not. Starting again from (1) and
let us try to solve for IC from (1) as is

3 2
ln( T ) +ln<y x) =lnhz+e¢
y— 2z T

At y(0) = 2 the above becomes

2
In (0)° + In (%) =In0+c

We see this will not work. These types of issues are easy to work around when solving
by hand and looking at equations. But very hard to program since the code has to
handle any form of expression.
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1.2.5.4 Example 4

dy Y
2 =14+
dx +2x
y(0)=0

The RHS is not defined at x = 0, therefore existence and uniqueness theorem does
not apply. Lets solve this as linear ode and not as homogeneous first to show that we
obtain same solution. It is much easier to solve this as linear ode.

y_y _
der 2z
Integrating factor is [ = e/ ~3:% = ¢~310% = g3 = \/LE Hence the above becomes
d
—(yl)=1
7 W)
Integrating
Y 1
I _ | 24
=2/ +c
y=2r+cVz
At y(0) =0
0=04+(0)c

Which is true for any c. Therefore there are infinite number of solutions. The solution
is
y=2r+cVz

Now we solve as homogeneous ode. Let y = uzx or u = ¥, hence Z—z = xfil—: + u and the

above ode becomes

du Ux
zT—+u=1+—

dx 2x
a:du +u=1+
dx o 2
mdu =1+ u U
dr 2
du _ 2—u
dr 2
This is separable
2 1 2 —
du = —dzx u # 0
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Integrating

2
/ du=/ldx
2—u x
—2ln(u—2)=lnz+c
=In(c1z)

Replacing u = £ gives

—2In (% - 2) = In(c¢1z)

—2In (% - 2) —In(cz) =0

(e ) =

-
¢ (y — 2z)°
T =ci(y — 2z)°

Taking exponential

=1

Singular solution is when v = 2 or y = 2z. Hence solutions are

T =ci(y — 22)°
y =2

Apply IC y(0) = 0 on the above general solution gives
0= C1 (0)

Which is true for any c¢;. Hence solution is

1

“Vr=y—22

C1
1

y=2r+ —+x
C1
Or
Yy =2T + coV/T

Which is same as earlier solution. Note that when c, = 0 we obtain the singular solution
y = 2zx. Hence this is not really a singular solution as it can be obtained from the general
solution for some value of ¢ and should be removed now.
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1.2.5.5 Example 5

dy _y*—2*-2uxy
de  y2— 22+ 2zy

y(1) = -1
At z = 1,y = —1 then f(z,y) = % is defined. And f, is also defined at
x =1,y = —1. Hence a unique solution exist.
Let y = ux or u = £, hence Z—z = zg—g + u and the above ode becomes
3L u?z? — 2% — 2ux?
dz w222 — 22 4 2ua?
N u?—1-2u
r—tu=—-——
dz u?—1+2u
du  u?—1-2u

dz w—1+2u
u? —1—2u—u(u? — 1+ 2u)

u2—1+2u
w4 dP e+l
N u?2 —1+2u

This is separable.

du( wW+2u—1 -1
dz\wd+uw2+u+1)

z
242u—1 1

/ u”+ cu du:—/—da:
wtuzt+u+1 x

—In(l+u)+lh(1+v’)=—-lnz+q

Integrating gives

Replacing u = £ gives

2
—ln(l—}-%)—l—ln <1+%) =—Inz+c¢
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Applying exponential to each side gives
-1 2
(1+%) (1 +7 )
() (7 )
r+y
x? z? + o2 .
T+y 2 N

P+’ =c(z+y)

le—‘ &I»—‘

1(:1: +y’)=z+y

C1
o(@®+y’)=z+y (1)
At y(1) = —1 the above gives
202 =0
Hence
Cy = 0
Therefore from (1)
z+y=0
Yy=-

1.2.6 Homogeneous type C y' = (a + bz + cy)%

ode internal name "homogeneousTypeC"

Ode has the form y' = (a+ bx + cy)% where n, m integers. Solved by substituting
z=(a+bx+cy) .

1.2.6.1 Introduction

This note is about solving a first order ode of the form y' = (a+ bz + cy)% and
y' = (a+ bz + cy)™ where n,m # 1 and are integers. This is of the form y' = f(z, y)%
and y' = f(z,y)™. Where f(z,y) must be linear in both y and z. The reason it needs
to be linear in = so that the transformed ode in z becomes separable.

One way to solve ¢y = (a + bz + cy)% is to raise both sides to n. For example for n = 2
the ode becomes (y')* = (a 4 bz + cy) which can be solved as d’Alembert.

This is what Maple seems to do based on what the Maple advisor says about the type
of this ode being d’Alembert.
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But the problem with squaring both sides or raising both sides of ode to some power
is that this will introduce extraneous solutions to the original ode. Hence it is will be
better to avoid doing this if at all possible.

The following methods solve these odes without having to square or raise both sides to
same power and eliminate the introduction of extraneous solutions.

It is important to note that f(x,y) must be linear in z,y and not have product terms
xy.
1.2.6.2 Solving ¢y = (a + bz + cy)%

For n integer # 1 which can be negative or positive, the ode is

dy 1

_— = n ]-

Iz (a + bz + cy) (1)
Let z = a + bx + cy then

dz dy

FraaL

Hence (1) becomes

/cz;»iz-l— b N /dx @

If the left side is integrable, then the solution to (1) can be found. For n integer it is
possible to find antiderivative. For example for n = 2 then (2) becomes

2\/5_ 2bIn (b + cy/2)

. 2 =z+C

Replacing back z = a + bx + cy the above becomes

2bIn (b + ¢/ b
%\/a—i—bx—l—cy— n(b+evatbo+ o) =z+Cy (3)

c2

Which is the implicit solution to (1).
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To show that the above does not work if we had zy term, lets give an example. Let
dz —y

3 3 _ dz _ __ 4z
y' = (a + zy)?, then followmg the above, let z=a+zyand Z =y +axy ory = ==

dz
Hence 27 = da= Yor zz7 + y = 42 and this is not separable. (1t is Chini ode, where is
very hard to solve)

forn =2. Using a =1,b=1,c=1 Eq. (1) becomes

dy
dzx

N

=(1+z+y)
And (3) becomes

2/T+z+y—2mm(1+/I+z+y)=2+C (4)
And for n = 3 Eq. (2) becomes

3<—2b+ cz%) - 352 In <b—|— cz%)
23

2c? c

=z+ C4

Replacing back z = a + bx + cy the above becomes

3(—2b—|—c(a—|—bm+cy)%> 3v? In <b—|—c(a+bx—|—cy)%)
z3 +
2c? c3
Which is the implicit solution to (1) for n = 3. Using @ = 1,b = 1,¢ = 1 then (1)
becomes

=z+C (5)

dy 1
3
o =(14+z+vy)

And its solution (5) becomes

3 1 1 1
5(—2+(1+x+y)3>(1+x+y)3+31m<1+(1+ac+,1,/)3) =z+C

And so on for higher values of n. This also works negative values of n. For example, for
n = —2 then (1) becomes

dy
dz
And the integral equation (2) now becomes

/__(fz Z/da:
czn +b

%(—21)(:\/2 +b%2 4+ 2% In (c + b\/z)) =z+C;

= (a—}—bx—l—cyfT1

Which for n = 2 gives
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Replacing back z = a + bx + cy the above becomes

%(—Zbc\/a+ba:+cy+b2(a+bx+cy) +2c*In <c+b\/a+bx+cy>> =z+C

For a =1,b=1,c =1 the above becomes

(—2 1+x+y+(1+m+y)+2ln<1+m>) =z+C,

And so on.

1.2.6.3 Solving v = (a + bz + cy)™

For m integer # 1 which can be negative or positive, the ode is

Y (atbrta)” (1)

Let z = a + bx + cy then

Hence (1) becomes

/czj‘z—i-b :/dx 2

If the left side is integrable, then the solution to (1) can be found. For m integer it is
possible to find antiderivative. For example for n = 2 then (2) becomes

L arctan (\/§z> =x+C
Vbe b '

Replacing back z = a + bx + cy the above becomes

% arctan <\/§(a +bo+ cy)) — 240G 3)

Which is the implicit solution to (1).
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for m = 2. For an example, for a =1,b=1,c =1 Eq. (1) becomes

dy 2
—_— = 1
. (1+z+y)

And (3) becomes

arctan (1+xz+y) =2+ C;
1+ z+y=tan(z+ Cy)
y=tan(z+C))—1—=z 4)

And for m = 3 Eq. (2) becomes

1
—1 1—2(9)§Z 1 1 2 11 2
2v/3arctan | ——2~— | —2In (b3 +c32) +1n (b3 —b3c3 +¢32%) | = z+C
PR V/3arctan 3 n( cz) n( c cz) z+C}

Replacing back z = a + bx + cy the above becomes

1
-1 1—2(£)3 (a+ bz +cy)
2\/§arctan b
6b§c% \/g

—2In (b% +c%(a+bx+cy)> +1In (b% — bicd +ci(a+

(5)
Which is the implicit solution to (1) for m = 3. Using a = 1,b = 1,¢ = 1 then (1)
becomes J
Y 3
“_n
5y = (L +z+y)

And its solution (5) now simplifies to

_—1 arctan 1_2(1+x+y) - n T n T 2 =X
6 (2\/§ t ( 7 ) 2ln(24+z+y)+In(1+z+y) )) +Cy

And so on for higher values of m, but solution get complicated very quickly. This

method also works for negative m.

For example, for m = —2 then (1) becomes
d
% =(a+bz+cy)

And the integral equation (2) now becomes
dz
_* _ |4
/ cz72+b / v
y/carctan <\/§z>

— :1'+01
b

Which gives

N

(SN
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Replacing back z = a + bx + cy the above becomes

a+bz+ ey \y/carctan <\/§(a+bx+cy)>
; _

=x+01

S
Dlw

For a =1,b=1,c =1 the above becomes

(1+z+vy)—arctan(l+z+y)=z+C;
( )=0+z+y)—z-C
arctan (1+z+y)=1+y—-C;
arctan (1+z+y) =y +Cs

arctan(1+zx+y

And and so on for = —3,—4,--- as all of these are integrable but become complicated
very quickly and the computer is needed to find the antiderivatives in these cases.

1.2.6.4 Examples

1.2.6.4.1 Example 1y = (1453 +y)?
Let z=1+5z+y, then % =5+ ¢/. This simplifies to

y/ — zl _ 5
(1+z2+y)% =72 -5
zi=27 -5

d
£ =22 45

Which is separable. Hence
ldz =dzx z%+57é0
22 +5

2y/z2—=5In (5++/2) +5In (vz—5) —5In(z — 25) =z + C;

Hence the implicit solution is

21+ 5z +y 51n<5—|—\/1+51'+ >+51n<\/1+5x—|—y—5> —5ln(14+5z4+y—25)=z+C)
2T+ 50 +y —5Mn (5+/T+55+y) +5mn (VI+50+y—5) —5ln (50 +y—24) =2+ C,
(1)

The above method is now compared to using d’Alembert for solving the ode, which
results after squaring both sides of the given ode. Squaring the ode gives
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¥)* =1 +5z+y)
y=() —1-5z
=z(-5)+ (p* — 1)
=zf(p) + 9(p) (2)

Where p = 2. This is d’Alembert of the form y = zf(p) + g(p) where f(p) = 5 and
g(p) = p? — 1. Taking derivative of (2) w.r.t. = gives

df dp _ dgdp
dpdr dpdx

af  dg\ dp
xdp + dp) dx (3)

p=f(p)+z
p—ﬂm=(

Using f(p) = 5 and g(p) = p? — 1 the above becomes

dp
—5=9pX
p—3>5 P

dp _p=5

dx 2p

Which is separable. Solving for p gives
C i_l
p = 5 LambertW 3610 +5

Substituting this back into (2) gives

2
y=—br+ ((5 LambertW (%efﬁ_l> + 5) - 1) 4)

This is an explicit general solution for the ode ¥ = (1 + 5z + y)%. The singular solution
is found when 2 = 0 in (3) which gives
p—5=0
pP=23
Eq (2) now becomes
y=—bz+ (5°—1)
=24 — 5z (5)
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However, and this is the problem with squaring the ode, it can be shown that both
solution (4) and (5) do not verify the given ¢y = (1+ 5z + y)%. What went wrong?
They do verify the ode v/ = —(1+ 5z + y)% (with minus sign). This example shows
why one must be careful when squaring both sides of an ode and solving the squared
version. Therefore It is better to avoid the squaring operation and to try to find a
method to solve the original ode in its original form.

1.2.6.5 References

1. will-squaring-both-sides-of-the-ode-change-its-type] Thanks to this answer which
gave the main hint on how to solve such ode. I expanded this idea for a more
general cases and different exponents.

2. [Wikipedia entry on D’Alembert’s equation| This show alternative method to solve
the ode for 7.

3. |Wikipedia entry on Riccati equation|

4. |Wikipedia entry on Abel ode]

5. paper: Exactness of Second Order Ordinary Differential Equations and Integrating
Factors by R. AlAhmad, M. Al-Jararha and H. Almefleh

1.2.7 Homogeneous Maple type C

,_ f@,y)
9(z,y)
ode internal name "homogeneousTypeMapleC"
This is different than the above homogeneous type C. This has the form 3’ = %

solved by transformation z = X 4+ xq,y = Y + yo. If able to solve for g, xo then the
ode becomes Homogeneous type A.

So what is homogeneous ode of class C 7 It is an ode y' = F(z,y) which is not
homogeneous ode of class A but using the transformation z = X + zg,y =Y + yp it
can become one.

This means if given an ode and it is not homogeneous ode of class A then if such
transformation can be found to convert it to one, it is called homogeneous ode of class
C. The transformed ode is then solved in Y'(X) as homogeneous ode and the solution is
transformed back to y(z) using £ = X + o,y = Y + yo. This however required finding
(if possible) the g, yo. This section illustrates this method with an example.


https://math.stackexchange.com/questions/4489716/will-squaring-both-sides-of-the-ode-change-its-type
https://en.wikipedia.org/wiki/D%27Alembert%27s_equation
https://en.wikipedia.org/wiki/Riccati_equation
https://en.wikipedia.org/wiki/Abel_equation_of_the_first_kind
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1.2.7.1 Example 1

' 8y? 4+ 122y — 10y — 6z + 3
Y y? + 6zy — 2y + 922 — 62 + 1
Using methods in earlier sections it can be shown that this is not isobaric for any degree

including m = 1 (which means it is not even homogeneous ode of class A, which is
special case of isobaric). Let
=X +x
y=Y +yo
The above ode becomes
, 8(Y +40)” + 12(X + zo) (Y + go) — 10(Y + yo) — 6(X + zo) + 3

(Y 490)+6(X +30) (Y +50) —2(Y +40) +9(X +0)% —6(X +30) + 1
(1)

= F(X,Y)

The question now becomes how to find xg,yo such that the above ode is isobaric of
degree 1. (i.e. homogeneous ode of class A). Earlier section showed that this becomes
the condition that

m=——0X (2)
ol
Y 5

Where m = 1. Applying the above to (1) and setting m = 1 gives

x4 ( 8(Y +40)2+12(X +20) (Y +40)—10(Y +y0)—6(X +20)+3 )
_Tdx (Y +50)*+6(X+z0) (Y +10)—2(Y +30)+9(X+z0) > —6(X +x0)+1

1 - Yi < 8(Y+y0)2+12(X+w0)(Y-i-yo)—10(Y+y0)—6(X+:L‘0)+3 )
dY \ (Y+y0)*+6(X+x0) (Y +y0)—2(Y +y0) +9(X +20)* —6(X +z0)+1
X ( —6(3X+3Y +3z0+3y0—2) (2Y +2y0—1) )
_ (yo—1+3z0+Y +3X)*
o v <2(3X+3Y+3xo+3yo—2)(6X+6x0—1))
(yo—143z0+Y+3X)3
Y (2 (3X + 3Y + 31170 + 3y0 — 2) (6X + 61170 — 1))
1:3£2Y+2y0—1
Y 6X 4+ 6x9—1
The above is satisfied if gig—z‘;j = 1%. Which means % = X This implies if

6yo — 3 = 0 and 6xy — 1 = 0 then the equation is satisfied. Therefore a solution is found
which is

6yo— 3 =0

N

Yo =
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And
6.’130—1=0
1
.’L'0=6

Since transformation is found, then substituting the above 2 equations back in (1) gives

Y+ 1) +12(X+ 1) (Y+ 1) —10(Y+1)-6(X+1)+3
26X+ (Y+ ) —2(Y+ D) +9(X+ 1) —6(X+1)+1
3XY + 2?2
(3X +Y)?
G(X,Y)

!

v+
4

The above ode is now homogeneous ode of class A. We can verify this using method
from above section as follows

d Y (3X42Y)
—Xax (4 BX+Y)? )

Y ( 4Y(3X+2Y)>

(3X4Y)?

( axar X +Y))
< 3X+Y)3 (X +Y))

We see that this is indeed homogeneous ode of class A. Now this is solved easily using
the substitution Y = u.X. This results in

Y+ X Y 3X-Y
—ln< X >+3ln<y)—3ln(— e )—lnX:cl (3)

But from earlier

X=x—x
B 1
_;1;—6

Y=y—y

1
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Hence the solution (3) in y(z) now becomes

The above is the solution (implicit) to the original ode. The main difficulty with this
method is in solving (if possible) equation (2) when m = 1 which is

- _Xox
- OF
Y o5

For z¢, yo. In other words, to find explicit values for z¢, yo which makes the RHS above
1. If we can find such zg, 3y then the original ode can now be solved. If not, then this
method will not work and we say the ode is not homogeneous ode of class C. Using the
software Maple this can be found as follows

+y—2 6y — 3 6y — 18z
- 3 1 —3In (== -1 — =
x—% >+3n(6x—1) 3n(6x—1 nlz Co
6(z+y—32) 6y — 3 y— 3z 1
_m<_?Z?T_ 3G =) 73\ 01 ) ~lmler—g) =«

‘restart;
\eq:=1=3*X/Y*(2*Y+2*y0-1)/(6*x+6*x0-1);
‘solve(identity(eq,x),[xO,yO])

Which gives

L[[xo = 1/6, y0 = 1/211

And Using Mathematica

‘eq = 1 == 3xX/Y*(2*Y + 2xy0 - 1)/(6%X + 6%x0 - 1);
‘SolveAlways [eq, {X, Y}]

Which gives

e

t{{xo -> 1/6, yo -> 1/2}}

~—
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1.2.8 Homogeneous type D

ode internal name "homogeneousTypeD"

The given ode has the form

Where b is scalar and g(z) is function of z and n,m are integers
in Kamke page 20. Using the substitution y(z) = u(z) x then

Hence the given ode becomes

Mot u=utgla) f(bu)

dx )
W = ~g(z) f(bu)*

(1)

. The solution is given

2)

The above ode is always separable. This is easily solved for u assuming the integration
can be resolved, and then the solution to the original ode becomes y = uz.

1.2.8.1 Examples
1.2.8.1.1 Example 1

The first step is to see if we can write the above as

x
Hence
2
y/ = g — —e =z
r x
Comparing (2) to (1) shows that
n=1
=1
2
g(x) = Tz
b=-1

(2)
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Hence the solution is

Where u is the solution to

! 2 —Uu
u = —EC
This is separable.
e*du = ——2dx
1
/ e'du = -2 —2dx
T
w 2
e =—+4 C1

Hence (A) becomes
y=zln (E + cl>
x

1.2.8.1.2 Example 2
Solve
/ z—2
yr—y—2""==0
The first step is to see if the above can be written as

v ="+ g0 (oY)

3)

1)

2)
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Comparing (2) to (1) shows that

Hence the solution is

y=uz (4)
Where u is the solution to 1

W = —g(z) f(w) (3)
Therefore f(u) =e™™ and (3) becomes

! __ 2 T _—u

u=—pee

This is separable.
etdu = —%e“’dw
x

/e“du = -2 e—2da:
x
e’ i
el = -2 <—; + Ei (x)) +c

Where Ei (z) is the exponential integral Ei (z) = [ eT_tdt. Hence

w=1n (cl —2<—Z—x+Ei(x)))
y=zln <01 —2<—Z—w+Ei(x))>

And (A) becomes
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1.2.8.1.3 Example 3

Solve

y'r —y— 2sin <3Q> =0
x
The first step is to see if we can write the above as

v =Lt 1 (oL)"

Hence
y'r —y— 2sin <3g) =0
z
2
Yy = LA <3
T T
Comparing (2) to (1) shows that
n=1
m=1
2
g(z) = T
b=3
Y\ _ i (3Y
£(by) =sin (3;)
Hence the solution is
Yy =uzr

Where u is the solution to 1
W = —g(z) f(w)

Therefore f(u) = sin (3u) and (3) becomes

2
u = — 2 sin (3u)

(2)
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This is separable.
1 2
du=——d
sin (3u) “ 22
1 1
———du = -2 d
/ sin (3u) “ / 2%
1 In sin 3_u —Incos 3_u —z-l-c
3 2 2)) " !
. (3u 3 6
Insin{ — | —lncos| — | = —— 4+ ¢
2 T
sin (3¢
In (32u) —— 4+ Co
cos (7)
<3u
Intan [ — | = —— + ¢
2
tan S—U =c e‘g
5 | = C3
3u _s6
7 = arctan <03e z)
2 _s
u = — arctan (c3e w)
3
And (A) becomes
= gx arctan <c e_g)
Y= 3 3
1.2.8.1.4 Example 4
Solve
2
y = Y_ 2 [sin (3g)
T x
The first step is to see if we can write the above as
Y <by)Z 1
y=_+9()f(b (1)

Hence

/=22 (st)) >
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Comparing (2) to (1) shows that

n=1
m =2
2
g(x) = T
b=3
Y\ _ gin (3¢
£(b3) =sin (37)
Hence the solution is
Y = ux (A)
Where u is the solution to 1 1
u' = Eg(x) f(u)? 3)

Therefore f(u) = sin (3u) and (3) becomes

, 1
u = — o sin (3u)?
This is separable.
1 2
———du=——dzx
sin (3u) z
1 1
/ ———du=-2 [ —dx
/sin (3u) z

| Fammt=

Leaving the integral as is, since it is too complicated to solve, then using y = ux where
u is the solution of the above.

1.2.8.1.5 Example 5

Solve
y — 22 tan (Q) —yz=0
x

The first step is to see if we can write the above as

3B

v =249 f(2) (1)

X
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Hence
y — 223 tan <Q> —yz=0
T
vz =y —2z3tan (Q)
T
y = Y _ 922tan (E) (2)
T T
Comparing (2) to (1) shows that
n=1
m =
g(z) = —24°
b=1
f(bg) = tan (E)
T z
Hence the solution is
y=uzx (A)
Where v is the solution to 1
u = 59(96) f(w) (3)

Therefore f(u) = tanu and (3) becomes

u' = —2zxtanu
This is separable.
1
—du = —2xdzx
tan
1
/ —du = -2 / xdx
tan
In (sinu) = -2 +¢;
sinu = 626_Z2

. g2
% = arcsin ( cpe

Hence (A) becomes

. 2
y = T arcsin (cze r >
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1.2.8.1.6 Example 6
Solve
y = Y 4 zsin <Q>
x x
The first step is to see if we can write the above as
Y <by> m 1
y = +9() b (1)
Hence
y = Y | zsin <Q> (2)
x x
Comparing (2) to (1) shows that
n=1
m=1
g(z) =
b=
f(by> = sin (y>
x
Hence the solution is
y=ug (A)
Where u is the solution to
v = —g(z) f(u) 3)

Therefore f(u) = sinu and (3) becomes

u = %(m) sin (u)

This is separable.

1
——du =dzx
sinu

/ ,1 duz/dx
sinu

lnsinu lncosu =x+4+c
2 2 !

U
lntanE =z+c¢

tan © = cye”
g =2
u
5= arctan (cpe®)
u = 2arctan (cy€e”)
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Hence (A) becomes
y = 2z arctan (cye®)
1.2.9 Homogeneous type D2

v = f(z,y)

ode internal name "homogeneousTypeD2"

These are ode of any form, in which the change of variables results in either separable or
quadrature ode. Hence given an ode y' = f(x,y) the change of variables y(z) = u(z) z
is made and the resulting ode in u(x) is examined. If it is separable or quadrature, then
it is solved for u and hence the solution y = ux is found.

1.2.9.1 Examples
1.2.9.1.1 Example 1

Solve

,__y(y® + 32 + 22)
2 + 92

Applying change of variables y = uz results in

, u(u?+3)z +1
u =—
uw+1 =z

Which is separable. Solving this for u(z) by integration gives

/;du=/x+ldl’ _u(u2+3)7é0

CS z @1
u2+41

(2 +3)u) +o+1n () =

Hence the solution in y(z) is
1 A% y _
gln ((<5> +3) 5) +z+In(x)=¢

Singular solution is when u(u? 4 3) = 0 or v = 0,u = =+i+/3 which implies y = 0 and
y = +iv/3z. Hence the solutions are
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%111(((%)2—#3) g) +z+In(z)=c

y:
y=i\/§m
yz—i\/gx

1.2.10 isobaric ode

1.2.10.1 Introduction

ode internal name "isobaric"

This is a generalization of the homogeneous ODE, where the substitution y = v(z) 2™
makes the ODE separable. The weight m needs to be found first.

These are examples showing how to solve isobaric ode’s step by step method. The same
method is also used to solve homogeneous ode, which is special case of isobaric.

The hardest part is to determine if the ode is isobaric or homogeneous and to find the
degree of the isobaric. If the weight (or degree) m is one then it is just homogeneous
ode. If the weight is not 1 then it is isobaric ode. An ode y' = f(z,y) is called isobaric
of degree m if

ftz, t™y) =t™ " f(z,y)

It is called homogeneous ode if m =1

f(t.'ll‘,ty) = f(x7y)

So homogeneous ode is special case of isobaric ode when m = 1. Another common
definition of a homogeneous ode is that when writing the ode as

y/ = f(x,y)
_ M(z,y)

N (z,y)

Then M, N must both be homogeneous functions of same degree. Care is needed here,
Homogeneous function is not the same as a homogeneous ode. A function M (z,y) is
homogeneous function of degree n if M(tz,ty) = t"M(zx,y) where n here do not have
to be zero.

Using this second definition of homogeneous ode of ¢y = A]é((;”z)) ,

if M(z,y) and N(z,y) are both homogeneous functions and also have same degree

we can now check
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(whatever this degree happened to be). If this is the case, then we say the ode itself is
homogeneous ode.

It is possible to have an ode y' = %((;5)) where M, N are both homogeneous functions

but with different degrees. In this case the ode is not homogeneous ode even though
both M, N are each homogeneous functions.

We can use similar way to view isobaric ode. By saying that an isobaric ode is one
when it is written as

y/ = f (.’L’ ) y)
_ M(z,y)
N (z,y)
Then given M (tz,t™y) = t" M (x, y) is homogeneous function of degree r and N (tz, t"y) =
t'~™ 1N (z,y) is homogeneous function of degree r — m + 1. In this case we say that
the ode itself is isobaric of degree m, since
m t"M(z, y)
flz,t"y) = iy ,9)
M(z,y)

N (z,y)
= tm_lf(x7 y)

The above gives us another method to determine if an ode is homogeneous ode or
isobaric ode. We start by writing the ode as ¢y = %((;”3)) If M, N are both homogeneous

functions of same degree, then the ode is homogeneous ode and we stop.

— tm—l

If however M satisfies M (tz,t™y) = t" M (x,y) and N satisfies N (tz,t™y) = """ N(z,y)
where r is positive integer, then we say the ode is isobaric of degree m.

Why is it important to know if an ode is homogeneous or isobaric? This is because if
an ode is isobaric of degree m then the substitution y = uz™ or u = % converts to
separable ode in u. If an ode is homogeneous then the substitution y = uz or u =

x
converts to separable ode in wu.

This is why it is very useful to determine if an ode is isobaric or homogeneous ode.
Because it allows us to use this substitution to convert it to separable. Separable ode’s
are easy to solve, since they involve only integration. Of course the integrals can be
very difficult to solve, but this is another issue.

How to determine if an ode is homogeneous or isobaric in practice? To check if an ode
is homogeneous, we start with the definition that ode ¥’ = f(z,y) is homogeneous ode
if in

.f(tx’ tmy) = tm_lf(x’ y) (A)
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then if m = 1 then the ode is homogenous. If not, then the ode is not homogenous and
we check if it is isobaric by solving for m. How to find m?

This is done by taking derivative of both sides of equation (A) w.r.t. ¢t and setting t = 1
after that. This results in

zfy +myfy=m-—1)f
zfe +myfy=mf—f
zfy+ f= m(f_yfy)

Hence

_f+af
f - yf Y

Here is the important point. If it is possible to simplify the RHS above to an actual

numerical value, then m is the degree of isobaric and the ode is indeed isobaric. If it

is not possible to obtain a numerical m value, then the ode is not isobaric. The best

way to learn how to do this is by examples. Note in the above f, is partial derivative.

Which means taking derivative of f w.r.t = while keeping y fized.

1.2.10.2 Examples
1.2.10.2.1 Example 1

dy _ _(y2 + %) (1)
de 2yx
Here f(z,y) = %:%) We start by checking if it is isobaric or not. To find m such
that f(tz,t™y) = t™ 1 f(x,y) we do (as given in the introduction)
f - yfy
(242
T e
o —(+2) <_wy2—2>
2yx 2x2y2
1
2y
2
z2y
1
2

Hence this is isobaric of index m = —% because it has a numerical solution as a result.
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To verify this result, here M (z,y) = (—y*> — 2) , N(z,y) = 2yz. Let us start by checking
for isobaric (since homogeneous is special case).

tx

1 2
=3 (_t2m+1y2 + _)
T
T

The above is same as (—y* — 2) when 2m+1 = 0 or m = —3. From the above we also see
that 7 = —1. This is by comparing the last result above to t" M (x,y). Now that we found
candidate m and r, then all what we have to do is check N(tz,t™y) = t" ™ 1 N(z,y)
or not. If it is, then we are done and the ode is isobaric of degree m

2
M (tz, t™y) = (—tzmy2 + —)

N(tz,t™y) = 2t™ytz
= 2t_71yta:
=2 (2yzx)
= t2N(z,y)

Now we check if § =7 —m + 1. Which it is. Sincer —m+1=-1—(—3) +1=

1
=1
Hence this ode is isobaric. From now on Eq (2) will be used to find m.

Hence the substitution y = vax™ will make the ode separable. This is the whole point
of isobaric ode’s. The hardest part is to find m. Substituting y = vz in (1) results in

dv_ 1

V— =
dx z
This is solved for v easily since separable, and then y is found from y = vz

1.2.10.2.2 Example 2
dy

%zx\/x‘l—l-ély—x?’ (1)
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We start by checking if it is isobaric or not. Using
_f+af

f - yfy
(2v/a 4y - 2°) + 2 (vVaT + By + 2~ 322

B (x\/M—x?’)—ﬁ—\/%

- 4@(23; — 22zt + 4y + z*)
\/:vf-i-iély (2y — 222V/z% + 4y + 2*)
WVozTT

=4

Therefore this is isobaric of order 4. Substituting y = vz™ = vz* in (1) results in

o — —4dv++/1+4v—-1
x

Which is separable. This is solved easily for v(z) and then y is found from y = vz*.

1.2.10.2.3 Example 3

z(z —y®) 3—3 =(Bz+y%)y
dy _ (3z+y°)y 1)

dr  z(z—19y?)
We start by checking if it is isobaric or not. Using

_f+af
f- yfy
(3z+y%)y + 3y _ (y3+3z)y _ (y3+3z)y
z(z—y?) e(-y3+z)  2?2(—yP+z)  z(—y3+a)’

(Bz+y®)y 3y3 y3+3z 3(y3+3x)y3
2(a—y9) (m(—y3+m) taoem T x(—y3+x)2)

y4

(z—y3)*
_ y*
12 (z—9%)?

m = % makes each term the same weight %. Hence the substitution y = vzs will make
the ode separable. Substituting this in (1) results in

dv  —4v(v®+2)

dr 3z (v3—1)
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Which is separable. This is solved for v, and then y is found from y = VT3,

1.2.10.2.4 Example 4

Yy
y =Ly -1) 1)
We start by checking if it is isobaric or not. Using

itk
f_yfy

—yln(zy— 2
¢ln (zy — 1)+ :I:( ‘ a(;zy d ot w(z?;—l))

%ln(wy—l)—y<w+i>

zy—1

v

Hence the substitution y = 2 will make the ode separable. Substituting this in (1)

results in
o =Y In (v)

x
Which is separable. This is solved for v, and then y is found from y =

v
e

1.2.10.2.5 Example 5
v)" = y(y - 2y/2)* (1)

One way to handle this is to first solve for 4’ and then apply the above method. This
will result in m = —1.

1.2.10.2.6 Example 6

(z-y)y-z-y=0

T—y
= f(z,y)
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We start by checking if it homogenous or not. Using

_ftafe
f—ufy

x+y+x< 1y_ aty )
L
y

el

Since m = 1 then this is homogeneous ode (special case of isobaric). Hence the substi-
tution v = £ makes the ode (1) separable.

1.2.10.2.7 Example 7

Yz —y—2/zy=0
Y+ 2,/Ty
y=—" (1)

X

We start by checking if it homogenous or not. Using

_ [+af
f - yfy
y+2x‘/@ +z<

y y+2./xy

T./TY 2

y+2/7y R
z Y

T

=1

Since m = 1 then this is homogeneous ode (special case of isobaric). Hence the substi-
tution v = ¥ makes the ode (1) separable.

1.2.10.2.8 Example 8

, —y(y? + 32° + 2x)
y = z2+y2

(1)
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We start by checking if it homogenous or not. Using

_f+al
.f - yfy
—y(y2+3$2+2x) + fL‘i —y(y2+3w2+2z)
$2+y2 dx w2+y2
—y(y2+322+2z) _  d [ —y(y®+322+2z)
w2+y2 ydy x2+y2
—y(y*+3z%+2z) 4+ x(—2 y(—z?+2zy°+y?)
__ o @)
C—y@P43e2420) (3wt 4203 20y 4y
z2+y? (z2+y2)?

_ 3z* 4 8%y + dwy? + ¢

N 4x%y? + Azy?
Since this does not simplify to numerical value, it is not homogenous ode. This turns
out to be homogenous type D. See earlier note on this. There is a slight difference in
definition between homogenous ode and homogenous type D. In Maple terms, homoge-
nous ode is called homogenous ode type A. A homogenous type D is one in which the
substitution y = ux makes the ode separable or quadrature.

1.2.11 First order special form ID 1 ¢/ = g(z) e®@+% 4 f(z)

ode internal name "first order special form ID 1"

This is special form which did not fit in any of the above ones. Solved by the substitution
u = e~% which converts the ode to a linear first order ode in u(z) which is solved, then
y is found. b must not depend on zx for this to work.

1.2.11.1 Example

y =5e” 2% 4 ging (1)

Here a(z) = z%,b = 20, f(z) = sinz, g(z) = 5. Hence let

Therefore
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Comparing (1,2) gives

UI

2
— =5 2% 4 ging
20u

2 .
= 5e?%e™ +sinx

1
—5-¢” +sinz
U

—u = 100e*” + 20usinz
v = —100e*" — 20usinz
v + 20usinz = —100e”’
This is linear first order ode. The integrating factor is

I = 6[20sinzda:

6—20 cos T

(3) becomes

d
S-(ul) = —1100e”"
ue—QOCosz — _100/6x2e—2000swdx +ec

2_
u = _100620cosx/ez 20005xdm+0620005x

=eQOcosx(_100/6z2—2000szdx+c)

e—20y — eQOcosx(_100/ez2—2000swdx + C>

_20y =In (620cosx(_100/6x2—20c0szdx + C))
Y= _iln eZOcosx _100/6x2—20cosxdx+c
20

But u = 2% therefore
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a1z+b1y+cy

. !/ __
1.2.12 Polynomial ode y' = 7"--""-~

ode internal name "polynomial'

Special form for first order ode where the lines a;x + b1y +c¢; = 0, a2x +boy+c2 = 0 can
be either parallel or not parallel. If the lines are not parallel then the transformation
X =x—1x,Y = y—yo transforms the ode to homogeneous ode. If the lines are parallel
then the transformation U(x) = a;z + by converts the ode to separable in U(z). The
not parallel case is when {* # $2 and the second case is when §1 = 2.

1.2.12.1 Example lines are not parallel

’_ —6xr+y—3

2r —y—1
Comparing to ¢y = Z;z—fg;;% shows that a; = —6,b; = 1,a, = 2,b, = —1. Hence
Z‘—i = —6, ‘g—; = —2. This shows the lines are not parallel. Let
X=x—x
Y=y—1y

The constant xg, yo are found by solving

a1 + b1y0 + C = 0
a2 + b2y0 —+ cy = 0

—6x9+yo—3=0
2$0—y0—1=0

Solving for zg, yo gives

Ty = -1
Yo = —3
Hence
X=z+1
Y=9y+3
Using this transformation in 3’ = _2(:”_ 7__13 results in the ode

dy  6X-Y
dX -2X+Y
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This is a homogeneous ode
v _o-%
dX -2+

Let u = % Now it is solved as was shown in the above sections. At the end, Y is
replaced by y — yo to obtain the solution in y(x).

1.2.12.2 Example lines are parallel

e
Y= T3rv3y—4
Comparing to y' = 2&Hwte ghgwg that a; = —1,b; = —1,ay = 3,b, = 3. Hence

azz+bay+ca

7+ = 1,72 = 1. This shows the lines are parallel. Let
1 2

U(.’L’) = a1z + by

:—z—y

Hence y' = —1 — U'(z). Hence the ode becomes

U
--3U—4_0
, 2U+4
v 3U +4

1-U" -

This is separable. After solving for U(x), then y is found from U(z) = —z — y

y=—x-U

1.2.13 Bernoulli ode ¥ + Py = Qy®

ode internal name "bernoulli"

This has the form 3y’ + Py = Qy™ where n # 1,n # 0. Solved by dividing by ™ and then
using the substitution v = y'~". This converts the ode to linear ode v + (1 — n) Pv =
(1 — n) @ which is solved for v, then y is found.
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1.2.14 Exact ode M(z,y) + N(z,y)y' =0

ode internal name "exact"

To solve an ode of the form

dy

(@,9) + N(z,y) 7~ =0 (1)
If the above ODE is exact, then there it can be written as a complete differential
dy
_00ds dgdy
~ Ozdx  Oydx
0 0¢dy
=— 4+ —— 2
ox + Oy dz @)
Comparing (1,2) shows that
0
T M
p 3)
09
— =N 4
o @
But since aajgx = 5’); g’y then this implies

0 (0p\ 0 (09
(o) 32 3,)
oM ON
By Oz
If the above condition is satisfied, then the original ode is called exact. We still need
to determine ¢(z,y) but at least we know now that we can do that since the condition
{;9; g’y = g; g; is satisfied. If this condition is not satisfied then this method will not work
and we have to now look for an integrating factor to force this condition, which might
or might not exist. Given the ode is exact, then integrating (3) gives

6= / Mdz + £(y) (5)

Where f(y) is arbitrary function to be found. Taking derivative of the above w.r.t. y
gives

0 d
£=@/de+f’(y)
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Comparing the above to (4) gives an equation to solve for f

Once f(y) is found then from (5) and since ¢ is constant it becomes

c:/jMx+ﬂw

This is an implicit solution for y(z).

1.2.14.1 Examples

1.2.14.1.1 Examplel
(32% +2zy°) + (22%y + 49°) ' =0
Hence M = (3z2 + 2xy?), N = (2x%y + 4y°®). We see that %—J‘; = 4zy and & = 4ay,

hence exact. Then (5) gives

o= [ Mds+ ()

= / 32? + 2zy’dz + f(y)
= 2° + 2" + f(y)

Hence (6) gives

e ) = N

2yz® + f'(y) = 227y + 4¢°
f'(y) = 4¢°

Therefore f(y) = y* + ¢;. Therefore

o= [ Mds+ (0
=2’ + 2%y’ + f(y)
=22+ +yt o
But ¢ = ¢, since constant. Hence combining constants the above becomes
P+ +yt=C

Which is implicit solution for y(z).
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1.2.14.1.2 Example2

y+zx y+zx y+zx _
(ln(x+3> x+3> dx+ln(x+3) dy=10

+x +x +z 8M _ 3— ON __
Hence M = (ln (Z+3) Zﬁ) ,N=1In (y ) We see that = —(y+m)(z+3) and - =
@T?;)_(Tm, hence the ode is exact. Eq (5) gives

¢:/de+f(y)

(o (252)- 235

—(3— y)ln<y+§)+(y+m)ln(ii3)+(3 y)In(z+3) -z + f(y)
=(3—y)<1n<2—:r::’))+1n(x+3)>+(y+x)1n(Z+T§)—x+f(y)
—(3-y)h(y-3)+ (y+x)ln<x:3) 2+ £(y)

Hence (6) gives

d_y(¢) =N

%((3_y)1n(y_3)+(y+x)ln (%) —x+f(y)) =1In (y+9§)
+z

(253) oo (25)

"(y) =
—In(y-3)+ f'(y) =
fly) = ln(y 3)

+

< 8

Therefore

ﬂwzfm@—aw
=ln(y-3)(y—3)+3-y+ac
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Hence from above

6=G-D-3+u+on (L) o s

:(3—y)ln(y—3)+(y+x)ln(%> —z+In(y—-3)(y—-3)+3-y+a

y+z

=—(y—3)In(y—3)+(y+z)In <x+3) —z+ln(y—-3)(y—3)+3—-y+ac

=(y+z)ln (%) —z+3—-y+a

+
S (M) i

But ¢ = ¢, since constant. Hence combining constants the above becomes

+x
(y+z)ln <i?> —z—y=C

1.2.15 Not exact ode but can be made exact with integrating
factor

ode internal name "exactWithIntegrationFactor"

This has the form M(z,y)+N(z,y) y' = 0 where %iy/[ %—1;] where there exist integrating
factor p such that uM(z,y) + uN(z,y)y = 0 becomes exact. Three methods are

implemented to find the integrating factor.

1.2.15.1 First integrating factor u(z) that depends on z only

Let
dy
pM(z,y) + uN(z,y) - = dé(z,y) (1)
_Obde_ 06y
"~ Ozdxr  Oydx
_0¢  0¢dy
"~ Ox + Oy dx @)
Comparing (1),(2) then
0p
ac =M
9 _ N
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The compatibility condition is % = aa; a";

0 [0¢ 0 (0¢
au5e) ~3:(a)
ouM  OuN
oy 01
pyM + pMy = peN + N,
paN = ppy M + pM, — pNg
paeN = pyM + p(M, — N;)

then this implies

pyM | p
=t L Py N,

Assuming p = p(z) then p, = 0 and the above simplifies to

Mo = %(My - Nz)
@1_1(M4£W)

da:,u_ﬁ 8_y_3_z

Let + (a—M - a_zv) = A. If A = A(z) which depends only on x then we can solve the

oy or
above.
apl _ 4
dz
o= ef Adz

Let M = uM, N = uN then the ode
M(z,y) + N(z,y)y =0

is now exact.

1.2.15.2 Second integrating factor u(y) that depends on y only

Let

d
uM(z,y) + pN(z,y) ﬁ = d¢(z,y) (1)
_O¢dz  0O¢dy
"~ Ozdx  Oydx
_0¢  0¢dy
- 0z Oydx @)
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Comparing (1),(2) then

99
Y UM
or
99
Y — uUN
Oy #
The compatibility condition is % = 86—;% then this implies
0 (99 _0 (%
oy\ox ) Oz \0dy
OuM  OuN
oy Oz

pyM + pMy = poN + pNy
pyM = pN + pN; — pM,
:uyM = .u’xN + .U‘(Na: - My)

N 1
ty =3t g ppNe — M)

Assuming p = u(y) then p, = 0 and the above simplifies to

1
py = 3N — My)
dpl _ 1

Let %(Nx — M,) = B. If B = B(y) which depends only on y then we can solve the
above.

du 1

“CZ = B(y

" ()
M:edey

Let M = uM, N = uN then the ode
M(z,y) + N(z,y)y =0

is now exact.
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1.2.15.3 Third integrating factor u(zy)

Using similar method If the above did not work, then we try

R L (N _ou
M —yN\ 0z Oy

If R is function of ¢ = zy only then the integrating factor is p = e/ %% and let
M = uM, N = uN then the ode M (z,y) + N(z,y) ¥y’ = 0 is now exact.

1.2.16 Not exact first order ode where integrating factor is
found by inspection

ode internal name "exactByInspection"

This has the form M (z,y)+N(z,y) y' = 0 where %—A; %%’ (i.e. the ode is not exact) and
none of the above three known methods for finding integrating factor were successful.
This solver uses trial and error using a number of built-in common integrating factor
to see if any one of them makes the ode exact.

1.2.16.1 Example

ydm+x(:p2y— 1) dy=20
M(z,y) + N(z,y)y' =0

Where
oM
= 1
Oy
ON 9
a_il,' = 35!3 Yy — 1

Hence not exact. Trying the above 3 methods shows it is not possible to find an

integrating factor. But by inspection let I = %. Then the ode becomes

yldz + Iz(z’y — 1) dy = 0
Y )
y;dm + =z (ny —1)dy=0
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Where
2
Y
M - ?
2 Y
= (- 3)
Now we see that the ode is exact by checking:
oM _ 2
oy a3
ON v\ _ 2y
5= (2s) =
Since ode is now exact, we need to find ¢ from
09
9 3)
09
kA 4
5 @)
From (3)
o8 _y'
oxr a3
Therefore

¢= /de + f(y)
= [ Yz + )
Sy

-2
= yzm_—2 + f(y)

y2

= Tog?

+ /() (5)

Where f(y) is arbitrary function to be found. Taking derivative of the above w.r.t. y
gives

g—i = %(—2‘1/—; + f(y))

= —% + ')
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Comparing the above to (4) shows that

N = —% + f'(v)

Y Yy
Q_E:_E_Ff/(y)

fy) =9y
Hence

fly) = / y*dy

3
y
==+
3 C

Substituting this into (5) gives

2

oy
2 3

_v
B —2x2+ 3 e

Since ¢ is also constant function then we can simplify the above to

1.2.17 Riccati ode ' = fy + fiy + foy?
1.2.17.1 Direct solution of Riccati

There is no general method to solve the general Riccati ode. These are special cases to
try

1.2.17.1.1 Case 1l

If fo, f1, fo are constants then this is separable ode and can easily be solved.
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1.2.17.1.2 Case 2
If fi = 0 then we have the reduced Riccati

Y = fo(z) + faz)y?

For the case of fy = cx™ where ¢; is constant and f; = c; is also a constant, then the

above becomes
/ 2
Y =cx" + coy

Now it depends on n. The caseof n = -2 is y' = &% + coy? can be solved using the
substitution y = % Hence ¢y = —;‘—; and the ode becomes
v e 1
TE T2 g
u2

—u' =c1— + ¢
T

I u2
u = —01—2 — C2
T

Which is first order Homogeneous ode type (see earlier section).

The case of n = —4k(2k — 1) where kK = 0,4+1,+2,--- are all solvable by algebraic,
exponential and logarithmic function. For all other values, Liouville proved no so-
lution exist in terms of elementary functions. These n values come out to be n =
{---,-112,-60,—24, —4,0,—12,—40,—84, - - - }. For example for n = —4

C
y/ = —i + Czy2
T

This is solved by converting to second order ode using y = ;Ti which result in ode
which can be solved as Bessel ode. Similarly for all other n values listed above. I need
to look into this. When I tried n = —3 I also got solution in terms of Bessel functions.

So what is the difference?

1.2.17.1.3 Case 3

Assume we can find a particular solution y; to the general Riccati ode y' = fo(z) +
fi(z)y + fo(x) y%. Then let y = y; + u. The Riccati ode becomes a Bernoulli ode.
14w = fot+ filyy +v) + fo(yr +u)°
y1+u = fo+ fiyi + fiu+ f2(y% +u? + 2y1U)
y1 +u' = fo+ fiyr + fru+ o} + fou’ + 2foyiu

vy +u = fo+ fiyr + foyi +fiu+ fou® + 2foyiu
v = fiu+ fou® + 2foyiu
=u(fi + 2foy1) + fou?
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Which is Bernoulli ode. But this assumes we are able to find particular solution y; to
the general Riccati ode. There is no method to do that. So this case will not be tried.

1.2.17.1.4 References used

1. https://mathworld.wolfram.com/RiccatiDifferentialEquation.html|

2. https://math24.net/riccati-equation.html|

3. https://encyclopediaofmath.org/wiki/Riccati_equation)

4. https://www.youtube.com/watch?v=iuHDmZ8VutM

5. paper: Methods of Solution of the Riccati Differential Equation. By D. Robert
Haaheim and F. Max Stein. 1969

1.2.17.2 Conversion of Riccati to second order ode

ode internal name "riccati'

Solved using transformation y = ;T% which generates second order ode in u. This is

solved for u (if possible) then y is found.

1.2.18 Abel first kind ode v = fo + fiy + fov® + f3y°

ode internal name "abelFirstKind"

Currently the program detect this ODE and evaluates the Abel invariant only. This
ODE has the form

Y(z) = folz) + fiz)y + fo(z)y” + f(z)y® 1)

Any of the following forms is called an Abel ode of first kind

Y = fo+ fiy+ foy? + fs°
Y = fiy+ fo* + f3°

y' = foy® + f3y®

Y = fo+ fo® + fsy®

Y = fo+ fsy®

y' = fo+ fry + fsy®

y' = foy® + fay’°


https://mathworld.wolfram.com/RiccatiDifferentialEquation.html
https://math24.net/riccati-equation.html
https://encyclopediaofmath.org/wiki/Riccati_equation
https://www.youtube.com/watch?v=iuHDmZ8VutM

CHAPTER 1. FIRST ORDER ODE 85

The case for both fo(z) = 0, fo(z) = 0 is not allowed, else it becomes Bernoulli ode.
Either fo =0 or fs = 0 is allowed but not both at same time. The term f53(z) must be
there in all cases. When f; = 0 then Abel invariant is given by

A—_ (—fofs+ fofs + 3fofsf)°
B 271413

In the case when f5 # 0, then f5 is removed from the original ode using the change of
dependent variable y = u(z) — 3’% Now the new ode will not have f5 in it, and the
above invariant can now be applied to it.

There are two possibilities. A can be constant (does not depend on z) or not constant
(i.e. function of z). The constant invariant is the easier case and can be solved. The
non constant case is not fully solved and only few cases can be solved analytically.

1.2.18.1 Solution method

Find what is called the abel invariant and check if constant.

A= (—fsfs + fofi + 3fofafi)’
B 271113

The substitution y =  is now applied. Therefore y = —Z;u/. Substituting this in (1)
gives

—uv’ = u?fo(z) + szl(x) + Ufz(x) + f3(x)
wu' = —u’ fo(z) — v’ fi(z) — ufo(z) — fs(z) (2)

Using the substitution u = (y + > where E = exp ( [ fi— 223 dm) in the above
gives

( 1 3f_;3> = —u®fo(z) — v’ fi(z) — ufo(z) — f3(2)
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Hence

+

fa 1 1 f5f3 — faf:
y+3f3>+ (“52 77

1 w4+ 1f3fs — fafs
+3) R N )

f2f3

fs
3fs3

e f2f3 f2f3

1
dz \u

1 1

@z \u >+_E

1 1

dz \u 3f3)

r_ Ev’ 1dE (1 L fofs — fafs
“_1+Eu2(E2dx(5+3f3) 3E 2 )

2 1@(1+_2>+1f2f3 fzf3>
u

u
T 1+ B 3 12

u

FE dx 3f3

Substituting the above into (2) gives

u? 1dE f2 1 fofs — faf _
u1+Eu2(de< +3f3>+_ 12 3)——u3fo—u2f1—uf2—f3

o ([ A= 510 x)

§=/f3($)E2dx

% <y " 3?3(2)>

The above are used to convert the first kind Abel ode to canonical form. (To finish).

Therefore

1.2.18.2 About equivalence between two Abel ode’s

Given one Abel ode ¥'(z) = fo(z) + fi(z)y + f2(z)y? + f3(z)y?, it is called equivalent
to another Abel ode u/(t) = go(t) + g1 (t)u + g2 (t)u® + g3(t)u? if there is transformation
which converts one to the other. This transformation is given by

z = F(t) 1)
y(z) = P(t) u(t) + Q(t)

Where F’ # 0, P # 0. If such transformation can be found, then if given the solution
of one of these ode’s, the solution to the other ode can directly be fond using this
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transformation. In this case, we also call these two ode as belonging to same Abel
equivalence class. In other words, an Abel equivalence class is the set of all Abel ode’s
that can be transformed to each others using the same transformation given in (1).

There are many disjoint Abel equivalence classes, each class will have all the ode that
can be transformed to each others using some specific transformation (1). Here is one
example below taken from paper by A.D.Roch and E.S.Cheb-Terrab called "Abel ODEs:
Equivalence and integrable classes".

Given one Abel ode

1 T
/ 2 3
= 2
V@) =5 8Y t oY 2)
Which is known to have solution
Vyle — 4y — 1 1+2

¢+ i + 2arctan ke =0 (3)

Yy Ve — 4y —1

And now we are given a second Abel ode

: 1 ft=f o, (t=HE-F) 3
= 4
VO =t st Y s rra ¢ )
And asked to find its solution. If we can determine if (4) is equivalent to (2) then the

solution of (4) can be obtained directly. It can be found that

F(t) = @ -1
Q) =0
P(t) =t
Where see that F”(t) # 0 and P(t) # 0. Hence (1) becomes
=19 )
y(z) = tu(t)

Applying the transformation (5) on the solution (3) results in the solution of (4) as

A=\/<§—1>t2u2—4tu—1

A 14 2tu
01+E+2arctan< " >=0 (6)

Equation (6) above is the implicit solution to (4) obtained from the solution to (2) by
using equivalence transformation as the two ode’s are found to be equivalent. Finding
the transformation (5) requires more calculation and not trivial. See the above paper
for more information.
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1.2.19 differential type ode v = f(z,v)

ode internal name "differential Type"

These are special case ode where the ode can be written as complete differential
d(f(y)) = d(g(x)) which is then solved by just integrating.

1.2.19.1 Example 1

dy _z—y
dry z+vy
(z+y)dy=(z—y)do
zdy + ydy = (z — y) dz
ydy = —zdy + zdx — ydx (1)

But RHS is complete differential because
1
—zdy + xdxr — ydx = d<§m2 — xy)

Hence (1) becomes
1
ydy = d(§z2 - :cy>

1
/ydy:/d(§m2—xy>
1 1

2y 2$ Ty + ¢

v’ =2® — 2zy + 2¢

Integrating

Which is an implicit solution. This method works if it is possible by the solver to detect
that the ode can be written as complete differentials or not.

1.2.19.2 Example 2

zdy = —ydz + 23dx
0 = —zdy — ydz + 23dx (1)
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But RHS is complete differential because
et
—xdy — ydz + 23dx = d(z — acy)

Hence (1) becomes

Integrating gives

solving for y gives

1.2.20 Series method

1.2.20.1 Algorithm flow chart

The algorithms are summarized in the following flow chart.

first_order_solver series_ode_solver second_order_ode_series_solver
step(ODE) step(ODE) step(ODE)

first_order_ode_series_solver_taylor

step(ODE)
>
first_order_ode_series_solver
step(ODE)
> first_order_ode_series_solver_frobenius
IF expansion not at zero THEN
change of variables to zero sLep(ODE)
END IF
Let y' = f(z,y). If f(z,y) is analytic
at expansion point then use Taylor
expansion, else use power point >
expansion. If point is not regular
singular point then not supported.
first_order_ode_series_solver_ordinary_point
[ step(ODE)
>
process_initial_conditions(ODE,sol)
Updates solution with IC >

Nasser M. Abbasi, May 2, 2023
ODE_algorthins\images\series_block_chart. ipe

Figure 1.5: Flow chart for series solution for first order
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First order ode linear in 3’ . Assume expansion is around .
y'(@) = f(z,y)

Assuming initial condition is y(zo) = yo

Y

( is f(z,y) analytic at zo? )
YES I NO

' }

s ~ 9 q
The easy case. Apply Taylor series defin-
tion directly to find the series expansion. YES
Let #
[o ] xn
Y=t + Z al fal@,y) R Write the ode as 3y’ +
n=1 Y=y0 —
Where p(z)y = q(x).
fi=flz,y) |
Frin = Ofn + Ofn f [ limg 4, (z — xo)p(x) exists? J
ox dy
_ J YES \ NO
Regular singular point. irreqular singular point.
Use Frobenius series y, = Asymptotic  expansion.
Yo anz"rr Not supported.
v
Find the recurrence relation for y' + p(z)y = 0 and de-
termine all a,, coeffecients. Also determine the balance
equation.
NO YES
g(x) has series expansion
at xo?
NO ‘ YES
Generate the balance equation Expand ¢(z) in series around z and match each power of
from n = 0 from the Frobenius se- 2 with the corresponding n term in the reccurence relation
ries y = Y7 o apa™t" which will to solve for the a,
give equation that looks like 3’ +
p(x)y = meoxz™ and then solve for +
m, co from meoa™ = q(x) for each All @, found. Solution is y =
sum term in g(z), 2" Y% ana”

v

Solve for m,cy from the balance
equation

Not solved Solved

. . . _ oo ntm e
No series solution Find y, = Y " cu using
exist same recurrence relation for the

main ode above.

v

Y=Yn+Yp
Nasser M. Abbasi oo oo
series_flow-chart.ipe
March 20, 2023 = E anz"JrT aF E Cnxn+m
n=0 n=0

Figure 1.6: Algorithm for series solution for first orde
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1.2.20.2 Algorithm pseudocode

function SOLVE__FIRST__ORDER__ODE__SERIES(y = f(z,y))
if f(x,y) analytic at expansion point z, then
Apply Taylor series defintion directly to find the series expansion. Let
Yo = y(xo) and

0 pntl
= > ——F
y yO + ‘ (n + 1)! n(w7y) z=x0
n= Y=Yo

where
(z,y)
d
dn
oF, _

F, OF,_1
o +< By )F

Fo=f
F, =

-1
1

return y as the solution
else
if f(z,y) not linear in y(x) then
return - Not supported.
else
Write the ode as y' + p(z)y = ¢(x)
if lim, ., (z — zo)p(z) does not exist then
return Irregular singular point. Not supported.
else
Regular singular point. Expand p(z) in series if not already a polyno-
mial.
if unable to obtain series for p(z) then
return Not supported.
else
Use Frobenius series. Let

oo
y= 2 anxn-‘rr
n=0
[eS]

y = (n+rae™

n=0

Figure 1.7: Algorithm for series solution for first orde

1.2.20.3 Ordinary point using standard power series method

ode internal name "first_ order_ode_ power_ series_ method_ ordinary_ point"
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Expansion point is an ordinary point. Standard power series. The ode must be linear
in ¢’ and y at this time. See below for examples.

1.2.20.4 Ordinary point using Taylor series method

ode internal name "first_ order_ode_ taylor_series method_ ordinary_ point'

Alternative method to solving the above example is given here which is to use the
Taylor series method. This is derived as follows.

Let
y = f(=z,9)
Where f(z,y) is analytic at expansion point z,. We can always shift to zo = 0 if xg is

not zero. So from now we assume zo = 0. Assume also that y(z¢) = yo. Using Taylor
series

@) = y(z0) + (2~ 209/ (o) + Py ) + C I )
2 d 3 d2
:y0+mf+%£$07y0 %d_xéwo,yo+'-
B 0 xn+1 dnf
o y0+; (n+1)! dan 2040
But
& _of , of
dr ~ Oz + Oy (1)
Ef d [df
8 (df\ o [df
- (i) oy a)? @
Bf  d (&Ef
0 (df 8 &2f
- a—<—> ¥ (a—m) f ®)
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And so on. Hence if we name Fy = f(z,y) then the above can be written as

d
n — E(Fn—l)
0 OF,_1
= aan + ( By ) Fy (5)

For example, for n =1 we see that

= %(Fo)
_ % + %
Which is (1). And when n = 2
= %(Fl)

9 (df o (df
%(%)*a—y(a)f

Which is (2) and so on. Therefore (4,5) can be used from now on along with

e xn—}-l
y(@) =g+ Y an|xo,y0 (6)
n=0
See below for examples.
1.2.20.4.1 Example 1
v +2zy =1

Solved using power series

Expansion is around z = 0. The (homogeneous) ode has the form 3’ + p(z) y = 0. We
see that p(x) is defined as is at z = 0. Hence this is an ordinary point, also the RHS
has series expansion at x = 0. It is very important to check that the RHS has series
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expansion at x = 0. Otherwise this method will fail and we must use Frobenius even if
x = 0 is ordinary point for the LHS of the ode. For example for the ode ¢’ + 2zy = %
or y' + 2zy = /7 standard power series will fail. See examples below.

Using standard power series, let

oo
y=2_ "
n=0

o0 o0
y = E na,z" ! = E na,z" !
n=0 n=1

The ode now becomes

o0 o0

Z na,z" ! + 2z Z a, " =z
n=1 n=0

o0 oo
Z na,z" ! + Z 2a,z" =
n=1 n=0

Reindex so that all powers on x are n gives

i n+1)ap1z" +22an 1t =z
n=0 n=1

For n = 0, the RHS is zero, since there is no matching term with z°, therefore the
above gives
ay = 0

For n = 1, the RHS is z! which gives

n+1)apt1 +2a,-1=1
2a9 4+ 2a9 =1
1 —2ag
2

ag =
For n > 2 the RHS is zero and we have recurrence relation. Therefore we have
(n+1)aps1 +2a,-1 =0
For n =2

3&3 + 2(1,1 =0

2
a3=—ﬂ:0
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For n =3

4a4 + 2a2 =0

Lo 1o 1(1-2a0\ _2a-1
1T ™M g 2 T4

And so on. The solution is

oo
y= E anx"
n=0

2
= a9+ a1x + asx +a3z3+---

1-2 2a0 — 1
:ao+( 2a0)w2+(a04 >x4+---
1 1 1
=a0(l—x2+§x4+-..)+(§x2_zx4+...>

Which can be written as

1 1 1
= 1—x24 2244 ... > S I
y y(O)( o+ 57+ )+(2x i

Solved using Taylor series

Y +2zy==x
Y =z —2xy
= f(z,y)

For this method to work, f(z,y) must be analytic at z = z,, the expansion point. Let
expansion point be z = 0. Let y(0) = yo. Then

xn—i—l

y=1y(0)+ Z an(z’y)lmzo,yo
n=0
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Where Fy = f(z,y) and F, = 222 + (222) Fy. Hence

Fy = (z — 2zy)
d
- F
3 de”°

_ (0F O0Fy
“(5:)+ (5)
_ [ 0(z — 2zy) 0z — 21‘y)) B
= (—(%v ) + (—8y (z — 2zy)
= (1-2y) — 2z(z — 2zy)
=42’y — 2y — 222 +1

d2

FQ == ﬁFl

_ (OF oF,
- () (%)%
9 (42 2 9, 2
= %(4J;y—2y—2x +1) )+ a—y4:cy—2y—2x +1) (z—2zy)
= (8zy — 4z) + (42° — 2) (z — 2zy)

= 12zy — 82y — 62 + 4a2°

d3
F3 = @FQ

(R,  [0F,
_(%>+(%)R
9 3 3 9 3 3
= £(12xy—8xy—6x+4x) + 6—y(12xy—8xy—6x+4x) (z — 2zy)

= 12y — 242%y — 6 + 122% + (122 — 82°) (z — 2zy)
= 12y — 48z%y + 16zy + 242> — 8z* — 6

And so on. Evaluating the above at £ = 0,y = yo gives

F0=0
Fi=-2yo+1
F2:0

F3 = 12:{/0-6
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Hence
0 Zntl
y=y(0)+ ZO an(x, )] MY
x? x3 x?
- FR+irn+ i+ iR
Yo+ o-l-2 1+6 2+24 3+
x? xt
2 2 1 4
=0 — 2905 + = + syoz' —
2 2 2 4
1 x? ozt
— — 2 —_— 4 — — — o o o
—yo(l x+2m>+2 4+

1.2.20.4.2 Example 2

Solved using Taylor series

Another example using Taylor series method.
Y +2zy =14+ 2°
v =1+x+2°— 22y
= f(z,y)

Let expansion point be z = 0. Let y(0) = yo. Then

xn+1

y=1y(0) + Z an(x7y)|z:O,yo
n=0
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Where Fy = f(z,y) and F, = 222 + (222) Fy. Hence

Fo=1+z+2* -2y
0F, 0F,
=7 F,
= () (5)
=142z —2y+(—22z) (1+z+2° — 2zy)
=d4x?y — 2y —22° — 223 + 1
OF, OF,
== F,
= (5)+ (5) 7
= (8zy — 4z — 62%) + (42° — 2) (z — 2zy)
= 122y — 823y — 6z — 62> + 423
OF, OF,
== F,
= (5)+ (5) 7
= 12y — 242y — 6 — 12z + 122 + (122 — 82°) (1 + = + 2* — 2zy)
= 12y — 48z%y + 162*y + 242> + 423 — 82* — 82° — 6

And so on. Evaluating the above at x = 0,y = y, gives

Fp,=1
Fi= -2y +1
F2=
F3—12y0—6
Hence
e 'n+1
22 23 et
= F F— F: F:
Yo + Lox + 12+ 26+ 324
x? xt

1 1 1
f— — 2 —4 o o o —2——4 o o o
—yo(l Tt 5T+ >+<x+2x s )
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1.2.20.4.3 Example 3

Solved using Taylor series

v +2zy® =1+ 1z + 2°
v =14z+2° - 22y°
= f(z,9)
Let expansion point be z = 0. Let y(0) = yo. Then

W0+ o

n:0

n+1

Fn (',I;7 y) |x=0,y0

Where Fy = f(z,y) and F, = 8%30 L4 (aF" 1) Fp. Hence

Fy=14z+ 2> —2zy°
Fi = (1422 —2y%) + (—4zy) (1 + z + 2° — 2z9°)
= —4x3y + 8%y — 4o’y — 4wy + 22 — 2% + 1
n=(5)+ ()
= (—12x2y + 16zy® — 8zy — 4y + 2) + (—4x3 + 242%y® — 4a2® — 4o — 4y) (1 +z 42’ — 2xy2)
= —4z° + 322%y? — 82t — 48x3y* + 3223y — 1223 + 3220%y® — 162%y — 82% + 242y — 122y — 4o — §;

_ (0F)\ | (0F,
me o)+ ()

And so on. Evaluating the above at £ = 0,y = yo gives

FO =1
Fl = —2y(2) + 1
Fg = —8y0+2
Hence
)+ D P ),
" O 72 73 7
:y0+F0$+F1 5 +F2E+F324
2 73

=yo+x—|—(—2y§+1)%+(—8yo+2)g+---

4 1, 1
:y0(1—§x3+“')+y§(—w2+-~)+---+(m+§m2+§x3+...>
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1.2.20.4.4 Example 4

Solved using power series

Y +y=sinz
Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z)y = 0. We

see that p(z) is defined as is at £ = 0. Hence this is ordinary point, also the RHS has
series expansion at z = 0.

Let y = > anz™ y' = oo g naz™ ' = > na,z"*. The ode becomes

o0 o0
g na,z" ! + E a,z" =sinzx
n=1 n=0

Indexing so all powers of x start at n gives
(n+1)a12™ + Z apx" =sinzx

Expanding sin z in series gives

For n = 0, there is no term on RHS with z°, hence we obtain
a1 +ag=0
a; = —ag
For n = 1 there is one term z' on RHS, hence

2a2+a1=1
a_l—al_l—l—ao
T2 T2

For n = 2 there is no term on RHS with z2 hence

3a3+a2=0
CL3:—%=—1+%=—16L0—l
3 3 6 6

For n = 3 there is term —2® on RHS, hence
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And so on. The solution is

o0
Y= g a,x"
n=0

2
=ao+ a1x + ax” + - --

_ 1+ ap 9 1 1 3 1 4
= Qg a0x+< 2 )m +< 6a0 6)x+ 24a0 x4+

1 1 1 1 1
= 1— e S S: [ o2 T3
ao( x+2x 636 +24x )+(2x 6x +

1.2.20.5 Regular singular point using Frobenius series method.

ode internal name "first_ order_ode_ series_method_ regular_singular_ point'

expansion point is a regular singular point. Standard power series. The ode must be
linear in 4 and y at this time.

1.2.20.5.1 Example 1
Yy +2zy =V

Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z) y = 0. We
see that p(z) is analytic at £ = 0. However the RHS has no series expansion at z = 0
(not analytic there). Therefore we must use Frobenius series in this case. Let

The (homogenous) ode becomes

(n+7)a,z" 1t + 2z Z a,z"t" =0

o
n=0 n=0
o

(n+71)az" !+ Z 20,z =0

n=0 n=0

Reindex so all powers on x are the lowest gives

Z (n _|_ ,r.) an$n~|—7‘—1 _|_ Z 2an_2xn+r—1 — 0 (1)

n=2

3
I
o
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For n =0, Eq(1) gives
ragz” 1 =0

Hence r = 0 since ay # 0. Therefore the balance equation is
meox™ ' = V/x

Where r is replaced my m and a,, is replaced by c,. The above will used below to find
yp. For n =1, Eq(1) gives

(14+r)az" =0

a; = 0
For n > 2 the recurrence relation is from (1)

(n+7)a,+2a, 2=0

2an—2
n = — 2
4 (n+r) @)
Or for r = 0 the above simplifies to
2
ap = _ﬁan—Q (2A)

Eq (2A) is what is used to find all a,, for For n > 2. Hence for n = 2 and remembering
that ag = 1 gives

(1,2=—1
Forn =3 2 4
as = 3(1,1—
Forn =4 T
ay = 2a2—
For n=5,7,--- and all odd n then a,, = 0. For n =6
ag = 1a— 1
T3 6

And so on. Hence (using ap = 1)

o0
yh=1c1)_ apz""
n=0
o0

anx"
n=0
_ 2 3
—cl(ao-l—alx—l—an + asx +)

1 1
:cl(l—xz—l—éx‘l—gxﬁ—i-“')

:C].
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Now we need to find y, using the balance equation. From above we found that

ragx” =z

[N

Renaming a to ¢ and r as m so not to confuse terms used for y, the above becomes
_ 1
meox™ ! = 2

Hence m — 1 = 5 or m = 3. Therefore mcy = 1 or ¢o = 2. Now we can find the series

for y, using

[es)
_ n+m
Yp = E CnT
n=0
o0
chx”
n=0

To find ¢,, we use the same recurrence relation found for y, but change r to m and a
to c¢. From above we found

Nl

=T

(n+r)a, +2a,2=0

Hence it becomes
(n+m)c, +2c,2=0

The above is valid for n > 2. For n = 0 we have found ¢y already. For c¢; using the
above ra; = 0 hence it becomes mc; = 0 which implies

C1:0

since m # 0. Now we are ready to find few ¢, terms. The above recurrence relation

becomes for m = 2

(n+ g) Cn+2¢c,_9=0

c. — _2cn—2
"o(n+3)
Hence for n = 2
o _ o) s
T 243 (2+3) 2
Forn =3
C3 = _201 =0
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Forn =4
—2c,  —2(—-2%) 32

“Trd T @ty

And so on. Hence
o0
Yp = z? Z [
n=0
:x%(co+clx+czx2+---)
Hence the final solution is

Y=Ynt+Y

Njw

1 1
=cl<1—x2+—x4——:p6+---)+x

2 8, 32,

3 21 231

1.2.20.5.2 Example 2
1
Y +2zy ==
x

Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z)y = 0. We
see that p(z) is defined as is at x = 0. However the RHS has no series expansion at
x = 0. Therefore we must use Frobenius series. This is the same ode as example 1. So
we go straight to find y, as y is the same. Now we need to find y, using the balance
equation. From above we found that

_ 1
ragx’ ==
T

Renaming a to c and r as m so not to confuse terms used for y;, the above becomes

meoz™ =zt
Hence m — 1 = —1 or m = 0. Therefore mcy = 1. But since m = 0 then no solution for
co- Hence it is not possible to find series solution. This is an example where the balance
equation fails and so we have to use asymptotic expansion to find solution, which is
not supported now.
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1.2.20.5.3 Example 3

y ==
T

Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z)y = 0. We
see that p(z) = 0 is analytic at £ = 0. However the RHS has no series expansion at
z = 0 (not analytic there). Therefore we must use Frobenius series in this case. Let

(S)

y = 2 anxn+7'
n=0
0o

y = E (n+7)a,z™ !
n=0

Y (ntr)az™t =0 (1)

Forn=0
ragz” =0

Hence r = 0 since ag # 0. Therefore the ode satisfies

y/ — ranT_l

Eq (1) becomes

oo
g na,z" 1 =0
n=0

na,z" ' =0 (2)
Therefore for all n > 1 we have a,, = 0. Hence

Yn = Qo
Now we need to find y, using the balance equation. From above we found that

_ 1
ragr’ ==
T

Changing r to m and ag to ¢y so not to confuse notation gives

meoz™ L =zt
Hence m — 1 = —1 or m = 0. Therefore there is no solution for ¢y. Unable to find
yp therefore no series solution exists. Asymptotic methods are needed to solve this.
Mathematica AsymptoticDSolveValue gives the solution as y(z) = c+ Inx.
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1.2.20.5.4 Example 4
1
/ —_—
Ve
Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z)y = 0. We
see that p(z) = 0 is analytic at x = 0. However the RHS has no series expansion at
z = 0 (not analytic there). Therefore we must use Frobenius series in this case. Let

anxn—}-v'

b
NE

3
Il
=)

(n+7)az"t!

QQ\
I
NE

3
Il
=}

The (homogenous) ode becomes
Z (n+7)az" =0 (1)
n=0

Forn=0
ragz" =0

Hence r = 0 since ay # 0. Therefore the balance equation is

1
r—1 __
rapr’” =
Or by changing r to m and ag to ¢y so not to confuse notation with y; gives
meox™ !t = 172 (2)

Eq (1) becomes, where r = 0 now

E na,z" =0
n=0
na,z" ' =0 (2)

n = ( is not used since that was used to find r. Therefore we start from n = 1. For all
n > 1 we see from (2) that a, = 0. Hence

Y = c1(ao + O(z))
Letting ay = 1 the above becomes

yn = c1(1+ O(x))
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Now we need to find y, using the balance equation. From (2) above we found that

meozr™ = z72
To balance, we need m — 1 = —2 or m = —1 and mcy = 1 or ¢y = —1. Therefore
o0
Yp=2" Z coz"
n=0
Where ¢y = —1 and all ¢, for n > 1 are found using the recurrence relation from finding

yn. But from above we found that all a, = 0 for n > 1. Hence ¢, = 0 also for n > 1.
Therefore

Yp = x"co
-1
= ——+0(2?
L o)
Hence the solution is
Y=Y+t

=c(1+0(z%)) + (_71 + O(z2))

If we to ignore the big O, the above becomes

1
y=a — —
x
To verify, we see that 3’ = Z%
1.2.20.5.5 Example 5
y+Q=o
x

Expansion is around z = 0. The (homogenous) ode has the form 3’ + p(z) y = 0. We
see that p(z) = 1 is not analytic at z = 0 but lim,_,o zp(z) = 0 is analytic. Therefore
we must use Frobenius series in this case. Let

y= i anz™t" (A)
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The ode becomes

1 o0
n+r—1 - n+r _ 0
(n+71)a,z + - E anT

n=0

NE

3
I
=}

(n+r)apz™ ! + Z a,z"t 1 =0

n=0

S ((n+ ) an +a) 2™ =0
n=0

NE

3
Il
=)

e e]

Z (n+r+1)a " 1=0 (1)

n=0

For n=0
(r+1)ap=0

Hence r = —1 since ag # 0. Eq (1) becomes, where r = —1 now

Z na,z" =0
n=0
na,z" ' =0 (2)

n = 0 is not used since that was used to find r. Therefore we start from n = 1. For
n = 1 the above gives a; = 0 and same for all n > 1. Hence from Eq (A), since
Y= 0 oanx"" then (note: When there is only one ) term left in (1) as in this case,
then this means there is no recurrence relation and all a,, = 0 for n > 0).

oo
y=c (Z anz”+’">

n=l

=ci(az +0+0+---+O(z))
Letting ay = 1 the above becomes

y=oca(z ' +0(z))
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1.2.20.6 irregular singular point

ode internal name "first order ode series method. Irregular singular point'

expansion point is an irregular singular point. Not supported.

1.2.21 Laplace method

ode internal name 'first_order_ laplace"

These are ode’s solved using Laplace method. Currently only linear constant coefficient
is supported.

1.2.21.1 Examples
1.2.21.1.1 Example 1
Y — 2y = 6e™
With initial conditions y(0) = 3. Taking the Laplace transform gives

L) =Y ()
L(y") = sY(s) —y(0)
L(6e”) = p f 5
The ode becomes
¥ (5) —9(0) ~ 2V () =
Y(s)(s—2) —9(0) =
Y(s) (s~ 2) = ¢ +3(0)
Y(s)(s—2) = LS+3
Vi) (s —2) = 8 +s3£55— 5)
Y(s)(s—2)= 27
G T
_2
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Applying inverse Laplace transform and using £7'(:2%;) = 2¢%,L71(-1;) = €* then
the above gives
y(t) — 2e5t + e2t

1.2.21.1.2 Example 2
y —ty=0

With initial conditions y(0) = 0. For this we will use relation L(tf(t)) = —-2ZF(s).
Hence taking the Laplace transform gives

Llty) =~ L)
d

= —£Y(s)

L(y') = sY(s) —y(0)
The ode becomes

d

sY (s) —y(0) + EY(S) =0
SY(s) + diiY(s) —0

2

This is linear ode in Y'(s). The integrating factor is e/*%* = e%. Hence the above

becomes p ,
= (Y.ﬁ) ~0

Integrating gives

Using Laplace transform on time varying coefficient ode is not good idea. I need to
_s2

look more into this. There is no £} <6T). Solving this in time domain is much easier

of course.
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1.2.21.1.3 Example 3

The ode becomes
sY(s) —y(0) —6Y =0

Since IC is not at zero, we let y(0) = ¢; and solving for Y gives

Y(S—G)—Cl=0

y =2
s—6
Taking inverse Laplace transform gives
y(t) = cre®
At t = —1, from IC, we obtain
4 = ce 8
c1 = 4éb

Hence solution is

y(t) = 4ebe’
_ A 5t+6
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1.2.22 Lie symmetry method for solving first order ODE

1.2.22.1 Terminology used and high level introduction

1.
2.

10.

x,y are the natural coordinates used in the input ode Z—Z = w(z,y).

Z,y are called the Lie group (local) transformation coordinates. The ode remains
invariant (same shape) when written in Z,y. The coordinates R, S (some books
use lower case r,s) are called the canonical coordinates in which the input ode
becomes a quadrature and therefore easily solved by just integration.

. &,n are called the Lie infinitesimals. £(z,y),n(x,y) can be calculated knowing

z,y. Also z,y can be calculated given &, 7. It is £, 7 which are the most important
quantities that need to be determined in order to find the canonical coordinates
R, S. These quantities are called the tangent vectors. These specify how the orbit
moves. The orbit is the path the point (z,y) point travels on as it move toward
Z,y. The tangent vectors &,n are calculated at ¢ = 0. The point £ = x + &€ and
the point y = y + ne.

. The ultimate goal is write Z—z = w(z,y) in R, S coordinates where it is solved by

integration only as it will have the form % = F(R). The right hand side should

always be a function of R only in canonical coordinates.

. Z,y can be calculated knowing the canonical coordinates R, S.

. The ideal transformation has the form (Z,y) — (z,y+ €) because with this

transformation the ode becomes quadrature in the transformed coordinates. But
because not all ode’s have this transformation available, the ode is transformed
to canonical coordinates (R, S) where the transformation (R,S) — (R, S +¢)
can be used.

. The main goal of Lie symmetry method is to determine S, R. To be able to do

this, the quantities &, 7 must be determined first.

. The remarkable thing about this method, is that regardless of how complicated

the original ode j—z = w(z,y) is, if the similarity condition PDE can be solved for
&,m, then R, S are found and the ode becomes quadrature % = F(R). The ode
is then solved in canonical coordinates and the solution transformed back to z,y.

. The quantity € is called the Lie parameter. This is a real quantity which as it

goes to zero, gives the identity transformation. In other words, when € = 0 then
(z,y) = (2,9).

But there is no free lunch, even in Mathematics. The problem comes down to
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11.

12.

13.

14.

finding &,n. This requires solving a PDE. This is done using ansatz and trial
and error. This reason possibly explains why the Lie symmetry method have not
become standard in textbooks for solving ODE’s as the algebra and computation
needed to find &, n from the PDE becomes very complex to do by hand.

Total derivative operator: Given f(z,y) then % = % + ?Z—y where it is assumed
y dx

that y(z) depends on z. Total derivative operator will be used extensively in all

the derivatiations below, so good to practice this. It is written as D, = 0, + 0,y

for first order ode, and as D, = 0, + 0,y' + Oyy" for second order ode and as

D, =0, + 0yy' + Oyy" + 0,y™ for third order ode and so on.

The notation f, means partial derivative. Hence % is written as f,. Total deriva-

tive will always be written as %. It is important to distinguish between these two
as the algebra will get messy with Lie symmetry. Sometimes we write f’ to mean
% but it is better to avoid f’ and just write g—’; when f is function of more than

one variable.

Given first ode g—z = w(z,y), where § = y(z,y) and T = Z(z,y) then then% is
given by the following (using the total derivative operator)

dy Dy

dz ~ D,T
Uty

C Z, Ty

Yz + Gyw

Ty + Tyw

Given second order ode % = w(z,y,y’) where §y = y(z,y,y’) and z = Z(z,y,y)
then % is given by

_ dg
&y _ D
dz? = D,z
_ Gt uy 5y
4+ T,y

To simplify notation we used ¥’ for % above. The above simplifies to

&y Yo+ YY +yw

72 7! ! a2y
dz T, + I,y

Keeping in mind that (o), or (o), mean partial derivative.
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15. Given third order ode LY = w(z,y,y,y") where § = y(z,y,v,y") and T =

de3

Z(z,y,y,y’) then % is given by

@y _ Dl
dz?3  D,x
_ G+ Y Ty Ty
T, + z,y
_ Gt Y Ty T
T + Ty’

To simplify notation we used ¢” for % above. And so on for higher order ode’s.

1.2.22.2 Introduction

Given any first order ODE

) *)

The first goal is to find a one parameter invariant Lie group transformation that keeps
the ode invariant. The Lie parameter the transformation depends on is called €. This
means finding transformation of (x,y) to new coordinates (Z, ) that keeps the ode the
same form when written using z, 4.

This view looks at the transformation on the ode itself. Another view is to look at the
family of the solution curves of the ode instead. Looking at solution curves transforma-
tion is geometrical in nature and can lead to more insight.

What does the transformation mean when looking at solution curves instead of the
ODE itself? It is the mapping of a point (z,y) on one solution curve to another point
(Z, y) on another solution curve. If the mapping sends point (z,y) to another point (Z, 7)
on the same solution curve, then it is called a trivial mapping or trivial transformation.

As an example, given the ode 3y’ = 0, this has solutions y = ¢;. For any constant c;
there is a solution curve. There are infinite number of solution curves. All solution
curves are horizontal lines. The mapping (z,y) — (z + €, y) is trivial transformation as
it moves the point (z,y) to another point (Z,y) on the same solution curve.

The transformation (z,y) — (z,y + €) however is non trivial as it moves the point (z,y)
to point (Z,y) on another solution curve. Here T = z and § = y + €. This can also be
written (z,y) — (z,e‘y) which is the preferred way.

The transformation (z,y) — (z + €,y + €) is non trivial for this ode. The simplest non
trivial transformation that map all points on one solution curve to another solution curve
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is selected. In canonical coordinates the transformation used has the form (R, S) —
(R,S +¢).

Another example is ¢y’ = y. This has solution curves given by y = ce®. This is a plot
showing two such curves for different c values.

C1

v

Figure 1.8: Point transformation example for ¢y =y

The above shows that a non trivial transformation is given by £ = z + ¢,y = y. This
can be found analytically by solving the symmetry condition as will be illustrated

below using examples. For this case, the tangent vectors are £ = %L:o = 1 and
n= % o = 0. In Maple this is found using
‘ode:=diff (y(x),x)=y(x);
‘ DEtools:-symgen (ode) ‘
L[_xi =1, _eta = 0] ‘
But the following transformation z = x,y = y + € does not work
y(z) o
(x,y). C2
(2,9)
Figure 1.9: Possible Point transformation for ¢ =y
This is because it does not leave the ode invariant because % = 9 becomes gzi—gyyl, =1,
7 zTTyY

where now y, = 0,79, =1,Z, =1,%, = 0,§ = y + ¢, and hence EZI—??ZZ’ = g simplifies to
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Y’ = y + € which is not the same ode. This shows that £ = z,y = y + € is not valid Lie
point symmetry.

However = x + €,y = y leaves the ODE invariant. In this case y, = 0,79, = 1,7, =

1,2, =0,y = y and hence gz:[—g’;‘zl, = ¢ becomes 3y’ = y which is the same ode.

The transformation must keep the ode invariant as this is the main definition of sym-
metry transformation.

In the above, the path the point (z,y) travels over as it moves to (Z, ) as € changes is
called the orbit. Each point (z,y) travels on its orbit during transformation.

In all such transformations, there is a parameter € that the transformation depends on.
This is why this is called the Lie one parameter symmetry transformation group. There
are infinite number of such transformations.

Lie symmetry is called point symmetry, because of the above. It transforms points from
an ODE solution curves to points on another solution curves for the same ODE. The
identity transformation is when € = 0, since then the point is transformed to itself.

An example using an ODE. The Clairaut ode of the form y = zf(p) + g(p) where
P=Yy.

z2(y) —yy +m=0 (1)

2 !
(¥ LY
m m

y=z

Where f(p) = % and g(p) = f—n/ Using the dilation transformation Lie group

2

T =17(z,y;€) = e

y

‘z (2)
y(z,y;€) = ey (3)

Eq. (1) is now expressed in the new coordinates z, ¥y . If this results in same same ode
form but written in z,y then the transformation is invariant. But how to find % ? This
is done as follows

i _ 3
__d—
dz ﬁ

o + Gy 2
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In this example g, = 0,7, = €, T, = €*,Z, = 0. The above now becomes

dy . efg—z

dz ~ e2
_ -y
- dz

_(dy 2 _dy
— g2 = 4
x(dg_c> ydj—l—m 0 (4)
dy 2 _.dy
2¢ € (o€ € —
(e*z) (e dx) (e‘y)e dx—l—m 0
dy dy _
(dx) —ydw+m—0 (5)

Wthh gives the same ode. The above method starts by replacmg the given ode by
z,Y, di Y and finds if the result gives back the orlgmal ode in x y, Y This is simpler than
having to transform the original ode to z,y, 2% di.. This transformatlon can be verified in
Maple as follows

N

~2-y(x)*diff (y(x),x)+m=0;
‘ the_tr:={x=X*exp(-2xs),y(x)=Y(X)*exp(-s)}; ‘
‘ newode:=PDEtools:-dchange(the_tr,ode,{Y(X),X}, 'known'={y(x)}, 'uknown' ={\4(x) B;
ALEE(Y(X), X)"24X - Y(X)*diff(Y(X), X) +m = 0 |

Comparing (4) to (5) shows that the ode form did not change, only the letters changed
from z to x and y to 4. The resulting ode must never have the parameter € show or
remain in it.

The above shows how to verify that a transformation is invariant or not. In Lie group
transformation there is only one parameter ¢ and the transformation is obtained by
evaluating the group as € goes to zero.

But how does this help in solving the ode? If the ode in z,y is hard to solve, then the
ode written with Z,y will also be hard to solve since it is the same. But Eq. (4) is
not what is used to solve the ode, but the above is just to verify the transformation is
invariant. Similarity transformation is used to determine tangent vectors &, n only. Then
the ode in canonical coordinates is used instead. In the canonical coordinates (R, S) the
ode becomes quadrature and solved by integration. The transformation found above is
only one step toward finding (R, S) and it is these canonical coordinates that are the
goal and not z, ¥.
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1.2.22.3 Outline of the steps in solving a differential equation using Lie
symmetry method

These are the steps in solving an ODE using Lie symmetry method.
1. Given an ode ¥’ = w(z,y) to solve in natural coordinates.
2. Now the tangent vector £(z,y),n(x,y) are found. There are two options.

(a) If Lie group coordinates (Z,y) are given, then it is easy to determine
¢(2,y),m(x,y) using

oz
f(l‘,y) - E o
_ 0y
n(z,y) = €| .

Lie group coordinates (Z,§) must also satisfy
Ty — TyYs 7é 0

(b) In practice Lie group coordinates (Z, ) are not given and are not known. In
this case £(z,y) ,n(x,y) are found by solving the similarity condition which
results in a PDE (derivation is given below). The PDE is

Nz + w(ny - Ez) - wzgy —wz€ — wyn =0

3. &, n are now used to determine the canonical coordinates (R,.S). In the canonical
coordinates, only S translation is needed to make the ode quadrature. The trans-
formation is (R, S) — (R, S + ¢€). This transforms the original ode ¥’ = w(z, y) to
g% = F(R) which is then solved by only integration. This is the main advantage
of moving to canonical coordinates (R, S).

4. The ODE is solved in (R, S) space where R = R(z,y),S = S(z,y). The trans-
formation from (z,y) to (R, S) is found by solving two set of PDEs using the

characteristic method. After finding R(z,y),S(x,y) the ode will then be given
b ds __ Sz+Sy%

dR = R,+R,%
% = F(R) then something went wrong in the process. This ode is now solved for
S(R) . It is the symmetry of the form (R,S) — (R, S + ¢€) which is of the most
interest in the Lie method. This is called a translation transformation along the
y axis (or the S axis). This is because this transformation leads to an ode which

is solved by just integration.

which will be quadrature. If this ode does not come out as
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5. Transform the solution from S(R) to y(z).

6. An alternative to steps (3) to (5) is to use &, 7 to determine an integrating factor
p(z,y) which is given by p(z,y) = ﬁ then the general solution to ¢y = w(z,y)
can be written directly as | p(z,y) (dy —wdz) = ¢; or [ d%i—‘gff = ¢; but this
requires finding a function F(x,y) whose differential is dF = df’?:—‘ggx
the solution becomes [dF = ¢; or F = ¢;. If we can integrate this using
[ udy — [ pwdz = ¢; then this is the solution to the ode. It is implicit in y(z).
Currently my program does not implement Lie symmetry to find an integrating
factor due to difficulty of finding dF' that satisfies dF' = % or in carrying
out the integration in all general cases but I hope to add this soon as a backup

and now

algorithm if the main one fails.

7. An important property, at least for first order ode’s (I do not know now if this
carries to higher order) is that given £ = f(z,y),n = g(z,y), then we can always
shift and use £ = 0,7 = g —wf where ¥ = w(z,y). This means we can always
base everything on £ = 0 after this shift is done to 1. This can simplify some
parts of the computation. Ofcourse if £ was found to be zero initially, i.e. just
after solving the linearized similarity PDE, then there is nothing more to do.

The most difficult step in all of the above is 2(b) which requires finding £(z,y) , n(z,y).
In practice Lie group Z,§ transformation is not given. Lie infinitesimal &(z,y) ,n(z,y)
have to be found directly from the linearized symmetry condition PDE using ansatz
and by trial and error. The following diagram illustrates the above steps.
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Canonical coordinates
4
> >R At this point € = 0 and the
‘ tangent vectors are given by
ODE is ¥ = w(z,
sy =w(,y) Canonical coordinates E(x,y) = dﬁ
are given by de | g
Linearized symmetry dy
condition PDE R=R n(z,y) = &
_ =0
§5=5+e¢ ‘
Ne +w(y — &) — w2£z/ —we —wyn =10
Solve to find &,n
0= OR n OR
T oz dy K
a8 oS
1=— — 1
Ox dy
Method of characterstics
d d
@ _ Y _ g
& m
YES NO
v
YES NO
[
R=y 2
- d Solve 9 = % and set R
S = / - to the constant of inte-
J € gration.
|
|
Does ¢ depend
on z only?
YES NO
Solve for S from
Does n depend
S — / dj on y only?
§
YES NO
Generate the ODE in canonical coordinates l
45 _ Sz + Syw Solve for § from Since £ depends on y and 7
dR  Re + Ryw s dy depends on z, then we can use
And here is the tricky part. The RHS above will be a function - / T] any Onde of these. Let us pick
of z,y. Rewrite the above as function of R only using the s = % But first we have to
earlier findings, knowing what R was. The result must depend replace y in & by its value found
on R only giving from solving j—z = 151 found above
ds so that ¢ is function of x only.
R= F(R) And now find
Which is solved for S by quadrature. The final step is the S = / ldm
easy one. Convert solution S(R) back to z,y. 3
Nasser M. Abbasi main_1.ipe (8/23/2023)

Figure 1.10: General steps to solve ode using Lie symmetry method
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The following diagram illustrates the above steps when we carry the shifting step in
order to force £ = 0. We see that It simplifies the algorithm as now we can just assume
¢ = 0 and we do not have to check for different cases as before.

4
> >R At this point € = 0 and the
tangent vectors are given by
DE is ¢ = w(x,
o 5y =w(zy) Canonical coordinates £ (x,y) = dl
are given by ' de g
Linearized symmetry dy
condition PDE R=R n(z,y) = E
_ =0
S=S5+¢€
Ne +w (ny — &) _szy —we§ —wyn =0
Solve to find &,n
OR OR
‘ 0= %é + 8—1/7]
Apply the shift :
PPy Hhe s |05, 08
n=n-¢&w 0z° " oy
£=0 .
Method of characterstics
d. d
Yo _gs
&
R==x
Since £ = 0 always
dy
5= / %
Jon

Generate the ODE in canonical coordinates

dS _ Sz + Syw
dR ~ R, + Ryw

And here is the tricky part. The RHS above will be a function
of z,y. Rewrite the above as function of R only using the
earlier findings, knowing what R was. The result must depend
on R only giving

ds

— =F(R

- F®)
‘Which is solved for S by quadrature. The final step is the
easy one. Convert solution S(R) back to z,y.

Nasser M. Abbasi main_2.ipe (9/26/2023)

Figure 1.11: General steps to solve ode using Lie symmetry method. Shifting method
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1.2.22.4 Finding {(z,y),n(z,y) knowing the first order ode type. Table
lookup method.

There is a short cut to obtaining &(z,y),n(z,y) if the first order ode type is known
or can be determined. (of course, if we know the ode type, then a direct method for
solving the ode can be used, since the type is known and there is no need to use Lie
symmetry), but still Lie symmetry can be useful in this case, and also it allows us to
find the integrating factor quickly, which provides one more method to solve the ode.
An example of a first order ode which does not have known type is

(zcosy—e ™)y +1=0

The above can be solved using Lie symmetry but with functional form of anstaz
¢ = f(z) g(y),n = 0. which gives £ = e 5% 5 = 0.

I am in the process of building table for ready to use infinitesimal based on the first ode
type. The following small list is the current ones determined. For some first order ode
such as linear y' = f(z) y(z) + g(z) or separable y' = f(z) g(y) the infinitesimals can
be written directly (but again, for these simple ode’s Lie method is not really needed
but it provides good illustration on how to use it. Lie method is meant to be used for
ode’s which have no known type or difficult to solve otherwise). For an ode type not
given in this list, an anstaz have to be used to solve the similarity PDE.

ODE:s of Class
A

ode type form £ n notes
linear ode y = 0 el fdz Notice that g(z) does not
f@)y(z) + affect the result
9(z)
separable ode | ¢ = % 0 This works for any g function
f(z)g(y) that depends on y only
quadrature ode | y' = f(z) 0 1 of course for quadrature we do
not need Lie symmetry as ode
is already quadrature
quadrature ode | ¥’ = g(y) 1 0 For example y' = _””:fy or
_ yt+2/yz
y= T
homogeneous y =f(%) x Yy
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homogeneous
ODEs of Class
C

(a+bx + cy)&

Also
§=0,n=c(b$+cy+a)%
are possible. For example, for
y=>0+2z+ 3y)% then use
the first option as simpler
whichis § =1,7= —%. Notice
that £ =1,n = —IE’ does not
depend on a and not on n,m.
Hence these odes
y=u+x¢wiy=
(10+z+1y)3 a,nd2

Yy = (104 z +y)3 all have
the same infinitesimals
E=1n=-t=-1

c

homogeneous
class D

Y

example y' = ¥ 4 272
Where here

Y
@) = LP(2) =L,

First order
special form
ID1

o— [ bf(@)de—h(z)
9(z)

f(a;)e_ Jbf(z)dz—h(z)

9(z)

For an example, for the ode
y = 5e*+2% 4 gin -, here
g(z) =5,h(z) =2%,b=

20, f(z) = sinz, hence
e— J 20sin dz—x2

§= 5

sin ge— J 20sinzde—z

1=

2

5 or
é' = % sin x (620 cos(m)—$2> 1=
% e20cos(z)—=z* ) T this

form, b must be constant.

polynomial
type ode

/I _
y =
a1z+biy+ecr

a1bar—aobix—bico+bacy

a1bay—asbiy—aico—ascy

az2z+bay+c2

a1ba—asgby

a1bo—aszby

z+y+3
2x+y
thena; =1,b =1,¢c1 =

3,(12 = 2,b2 = 1,02 = (. Hence
E=xz—-3,n=y+6.

For example for y' =
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Bernoulli ode "= f(zx)y+| 0 yrel 1-n)f(@) dz n is integer n # 1,n # 0. For
g(z)y™ example, for

y' = —sin (z) y + 2%y? then
f(z) = —sinz, g(z) = 22,n =
2and £ =0,n= el sinzdzy 2 op
€ =0, = e °3%y2 Notice
that g(x) does not show up in
the infinitesimals Another
example is ¢/ = 2% 4 z—g where
here f(z) = 2. Hence
E=0,p=e" f(3—1)§dzy3 or
£=Qn=n=§

Reduced = 0 e~ J frde For example, for
Riccati filx)y+ y' = zy + sin (z) y? then
fa(z) y? fi1 =z, fo = sinz and hence

E=0,n=e"Jod o
E=0,n= e2%”. Notice that
f2(x) does not show up in the
infinitesimals. I could not find
infinitesimals for the full
Riccati ode

y' = fo(z) + fi(@) y + fo(z) y*.
Notice that fi, fo can not be
both constants, else this
becomes separable

Abel first kind | ¢’ = fo(z) + No infinitesimals found

Currently the above are the ones I am able to determine for known first order ode’s. If
I find more, will add them. The table lookup is much faster to use than having to solve
the similarity PDE each time using anstaz in order to find &, 7.
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1.2.22.5 Finding £(z,y),n(z,y) from linearized symmetry condition

Given any first order ODE

Y — w(w9) (A)

&(z,y),n(z,y) are called the infinitesimals of the transformation. Maple has function
called symgen in the DEtools package to determine these using 16 different algorithms.
Starting with the Lie point transformation group

z = Z(z,y;¢)
¥ =y(z,y;€)

Expanding using Taylor series near € = 0 gives

o )
T=x+ Eezoe—l-()(e)

=z + e(z,y) + O(€)
_ @ 5
y—y+86$f+0@)

=y +en(z,y) + O(¢°)
Ignoring higher order terms gives

Z(z,y) =z + e€(z,y) (1)
y(z,y) =y + en(z,y) (2)

In the above € is the one parameter in the Lie symmetry group. The symmetry condition
for (A) is that

dy _

% - LU(J,', y)
Whenever

Y o)

d.’E - 7y

Symmetry of an ODE means the ODE in (z,y) remain the same form (but using new
variables (Z,y)) after applying the (non-trivial) transformation (1,2).

Nontrivial transformation means € # 0. The first goal is to find the functions &(z, y) , n(z, y)
which satisfy the symmetry condition above.

The symmetry condition is written as

dy & _
== & =w@D) (3)
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Where % is the total derivative with respect to the = variable. Similarly for 3—? But
dy s _dy
dz 7 o dx
=Yz + :lij(il,’, y) (4)
And
dx  _ _dy
% =Ty + xya
=Z;+ ij(xa y) (5)

Substituting (4,5) into (3) gives the symmetry condition as

Yot w(T,y) ¥y -
1_"x+CU(l',’y)-'Ey —w(w,y) (6)
But
T,=1+¢€&, (7)
And similarly
Ty = €y (8)
And
And
Uy =1+ en, (10)

Substituting (7,8,9,10) back into the symmetry condition (6) gives

eny +w(l + eny)
=wl(xr+€,y+e€

€Ny + W + wsny
=wl(xr+€e,y+e€
1+, tweg, TSy Fe)

w + 5(7 + wiy)
1+€(& +wéy)

=w(z+ e,y +en) (11)

The above is used to determine &(z,y),n(x,y). The above PDE is too complicated to
use as is. It is linearized, and the linearized version is used to solve for £, 7 near small e.

Eq. (11) is linearized by expanding the LHS and the RHS using Taylor series around

e = 0 . Starting with the LHS first, let % = Args. Expanding this using

Taylor series around € = 0 gives

d
ALHS = Aezo + GE (A)e:O + h.o.t. (llA)
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But Ay = w and

a4 (A _ & lwe(n +wny)] (1 + (& +wEy)) — (W + e(ne +wny)) & [1+ (& +wy)]
LHS) = .
de (1+€(& +w8)))
_ (1o owmy) (1+ els +w8y)) — (@ + e(ne +wny)) (6o +wEy)
(1+ € (& + wEy))?

At € = 0 the above reduces to

d

de (ALrS)emo = (N +wmy) — w(&s + w&y)

=1+ wny — wix - w2£y
=g + w(ny - ga:) - w2§y (12)

Therefore the LHS of Eq. (11A) becomes

Arps =w+€(n; +w(n, — &) — w?§y) (11B)

Now the RHS of Eq. (11) is linearized. Let w(z + s&,y + sn) = Agps. Expansion
around € = 0 gives

Arps = Ae—o + e(i A) + h.o.t.
de =0

But Ay = w(z,y) and
d
e Arps = wz€ +wyn

Hence the linearized RHS of (11) becomes
Arns = w(z,y) + €(we€ + wyn) (13)
Substituting (11B,13) back into (11), gives the linearized version of (11) as

Arms = Agrns
w+ €(n + wny — &) — w?€y) = w + e(wz€ + wyn)
e(ne +w(ny — &) — wEy) = e(wo€ +wyn)
Mo +w(ny — &) — wzfy = wy€ + wyn

Hence

Ne +w(ny — &) — ‘*‘-’25.1; —wz —wyn =0 (14)

The above equation (14) is what is used to determine £, 7. It is the linearized symmetry condition.
There is an additional constraint not mentioned above which is

T2Yy 7 TyYa
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The restricted form of (14) is
Xz + Xyw — Xwy =0
An important property is the following. Given any
§=An=B8B
Then we can always write the above as
£E=0,n=B—-wA
So that £ = 0 can always be used if needed to simplify some things.

After finding &, n from (14), the question now becomes is how to use them to solve the

original ODE?

1.2.22.6 Moving to canonical coordinates R, S

The next step is to determine what is called the canonical coordinates (R,.S). In these
canonical coordinates the ODE becomes a quadrature and solved by integration. Once
solved, the solution is transformed back to (z,y). The canonical coordinates (R, .S) are

found as follows. Selecting the transformation to be

L X
I

R
S+e
Eq. (15) becomes

OR| _ (0Rdz\| | (ORdy
Oe | _ ~ \ Oz de J Oy de )| _,
But ‘g—’j‘ = g—f and ‘fi—f}ezo = {(z,y) and similarly ‘Z—IZ = ‘?9—1; and
The above becomes B
OR| _oR, OR
Oe|._, O Jy
But %—13 = 0 since R = R. The above reduces to
) OR, , OR
Oz oy "
This PDE have solution using symmetry method given by
dR
e 0
dx
prials
dy _

at

dy

de le=0 = n(CC? y)'

(15A)
(15B)

(15C)
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The same procedure is applied to Eq. (16) which gives

05| _ (05dr\|  (05dy
O€ | ._o ~ \ Oz de c—0 Oyde )| _,

But g—f = 8 and 2| _ = ¢(z,y) and similarly g—f = g8
The above becomes _

03| _OR, OR

Oe|._, Oz Oy
But %—f . =1 since S = S + €. The above reduces to

[ _05,,05
- Oz 8yn

This PDE have solution using symmetry method given by

dsS
E_l
dzx
%—5
dy _
dt

=0 o 8_y and ‘(ii_lé e=0 = 77(35,3/) .

(16A)
(16B)

(16C)

Equations (15A,B,C) are used to solve for R(z,y) and equations (16A,B,C) are used
to solve for S(z,y). Starting with R. In the case when £ = 0 the equations become

dR
E_O
dx
%—0
dy
%—77

First equation above gives R = c;. Second equation gives £ = cy. Letting ¢; = ¢, then

R==x
If £ # 0 then combining Egs. (15B,15C) gives
dy

n
dr &
R:CI
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The ODE g—g = 7 is solved first and the constant of integration is replaced by R. Hence

3
R is now found. S(z,y) is found similarly using Egs. (16A,B,C). If £ = 0 then

ds

T 1

dx

i 0

dy _

it ="

The first and third equations give

as _1

y n

S = 1dy
n

If £ # 0 then using the second and third equation gives
dS 1

dw €
S=/%dm

Now that R, S are found and the problem is solved. The ode in (R, S) space is set up
using
dS _ SetSig (16)
dR R, +R,%
Where % = w(z,y) which is given. The solution S(R) is next converted back to y(z).
Examples below illustrate how this done on a number of ODE’s. Eq. (16) is solved by
quadrature. This is the whole point of Lie symmetry method, is that the original ode
is solved in canonical coordinates where it is much easier to solve and the solution is

transformed back to natural coordinates.

The only way to understand this method well, is to workout some problems. To learn
more about the theory of Lie transformation itself and why it works, there are many
links in my links page on the subject.
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1.2.22.7 Definitions and various notes

1. infinitesimal generator operator. I' = &(z, y) 6% +n(z,y) a%' Any first order ode
has such generator. For instance, for the ode ¥ = w(z,y) then T'w = ‘3—‘;’ + 7]‘3—‘;.
The ode y' = w(z,y) = £ + z has solution y = 2 + z¢;, therefore the solution

o =+
family is ¢(z,y) = y_z”"z = ¢. Using £ = 0,7 = z then T'¢ = x(a—y) = 1. This

| . o) | )
is another example: using £ = z,m = 2y, hence I'p = z——— + 2y o =
e(—% —-1)+2y(3) = -%L—-1+2% = %1+ 1. I must be not applying the
symmetry generator correct as the result supposed to be 1. Need to visit this
again. See book Bluman and Anco, page 109. Maybe some of the assumptions

for using this generator are not satisfied for this ode.

2. w(z,y) is invariant iff Tw = {(z,y) % +n(z,y) % =0.

3. The linearized PDE from the symmetry condition is w&, +w?¢, +w,€& = wyn+n,+
wny. This is used to determine tangent vector ({(z,y),7n(z,y)) which is one of
the core parts of the algorithm to solve the ode using symmetry methods. There
are infinite number of solutions and only one is needed.

4. Symmetries and first integrals are the two most important structures of differential
equations. First integral is quantity that depends on x,y and when integrated
over any solution curve is constant.

5. Lie symmetry allows one to reduce the order of an ode by one. So if we have third
order ode and we know the symmetry for it, we can change the ode to second
order ode. Then if apply the symmetry for this second order ode, its order is
reduced to one now.

6. If £,n are known then the canonical coordinates R, S can now be found as func-
tions of x,y. We just £, 7 to find R, S. Once R, S are known then j—g = f(R) can
be formulated. This ode is solved for S by quadrature. Final solution is found
by replacing R, S back by z,y. I have functions and a solver now written and
complete to do all of this but just for first order ode’s only. I need to start on
second order ode’s after that. The main and most difficult step is in finding &, 7.
Currently I only use multivariable polynomial ansatz up to second order for £ and
multivariable polynomial ansatz up to third order for n and then try all possible
combinations. This is not very efficient. But works for now. I need to add better
and more efficient methods to finding &, 7 but need to do more research on this.

7. When using polynomial ansatz to find £, do not mix z,y in both ansatz. For
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10.

11.

12.

13.

14.
15.

example if we use £ = p(z) then can use n = ¢(x) or n = q(z, y) polynomial ansatz
to find 7. But do not try £ = p(x,y) ansatz with n = ¢q(z,y) ansatz. In other
words, if one ansatz polynomial is multivariable, then the other should be single
variable. Otherwise results will be complicated and this defeats the whole ides of
using Lie symmetry as the ode generated will be as complicated or more than the
original ode we are trying to solve. I found this the hard way. I was generating all
permutations of &, 7 ansatz’s but with both as multivariable polynomials. This
did not work well.

Symmetries on the ode itself, is same as talking about symmetries on solution
curves. i.e. given an ode y' = w(z,y) with solution y = f(z), then when we look
for symmetry on the ode which leaves the ode looking the same but using the new
variables z,y. This is the same as when we look for symmetry which maps any
point (z,y) on solution curve y = f(z) to another solution curve. In other words,
the symmetry will map all solution curves of y' = w(zx,y) to the same solution
curves. i.e. a specific solution curve y = f(z,c;) will be mapped to y = f(z, c2).
All solution curves of ¥ = w(z,y) will be mapped to the same of solution curves.
But each curve maps to another curve within the same set. If the same curve
maps to itself, then this is called invariant curve.

. An orbit is the name given to the path the transformation moves the point (z,y)

from one solution curve to another point on another solution curve due to the
symmetry transformation.

A solution curve of ¥ = w(zx,y) that maps to itself under the symmetry transfor-
mation is called an invariant curve.

Not every first order ode has symmetry. At least according to Maple. For example
v’ +y® + zy? = 0 which is Abel ode type, it found no symmetries using way=all.
May be with special hint it can find symmetry?

After trying polynomials ansatz, I find it is limited. Since it will only find symme-
tries that has polynomials form. A more powerful ansatz is the functional form.
But these are much harder to work with but they are more general at same time
and can find symmetries that can’t be found with just polynomials. So I have to
learn how to use functional ansatz’s. Currently I only use Polynomials.

&, n are called Lie infinitesimal and z,y are called the Lie group.
If we given the &, n then we can find Lie group (Z, ). See example below.

If we are given Lie group (Z,y) then we can find the infinitesimal using &(z,y) =
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%.’EL:O and n(w,y) = %g}GZO‘

16. First order ode have infinite number of symmetries. Talking about symmetry of
an ode is the same as talking about symmetry between solution curves of the
ode itself. i.e. symmetry then becomes finding mapping that maps each solution
curve to another one in the same family of solutions of the ode.

17. £,7n can also be used to find the integrating factor for the first order ode. This is
given by u(z,y) = n—% where the ode is ¥'(z) = w(z,y) . This gives an alternative
approach to solve the ode. I still need to add examples using u(z,y).

18. For first order ode, to find Lie infinitesmilas, we have to solve first order PDE
in 2 variables. For second order ode, to find Lie infinitesmilas, we have to solve
second order PDE in 3 variables. For third order ode, to find Lie infinitesmilas,
we have to solve third order PDE in 4 variables and so on. Hence in general,
for n'* order ode, we have to solve n® order PDE in n + 1 variables to find the
required Lie infinitesmilas. For first order, these variables are £, and the PDE
is n, + w(ny — &) — w2, — wz€ — wyn = 0. Currently my program only handles
first order odes. Once I am more familar with Lie method for second order ode,
will update these notes. See at the end a section on just second order ode that I
started working on.

1.2.22.8 Closer look at orbits and tangent vectors

This section takes a closer look at orbits and tangent vectors &, n which are the core of
Lie symmetry method. By definition

-
€@v)= g | 1)
n(z,y) = % .

Hence {(z,y) shows how Z changes as function of (z,y). And 7n(z,y) shows how y
changes as function of (z,y). This is because

T=x+ e (2)

Comparing (2) to equation of motion where z represents final position and x is initial
position, then ¢ is the speed and € is the time. When time is zero, initial and final
position is the same. As time increases final position changes depending on the speed
as time (here represented as €) increases. So it helps to think of £, 7 as the rate at which
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Z,y change location depending on the value €. £, n are calculated when € is very small
in the limit as it reaches zero.

As € increases the point (z,y) moves closer to the final destination point (Z,y). So
these quantities &,n specify the orbit shape. The orbit is the path taken by point
transformation from (z,y) to (Z,y) and depends on € such that the ode remain invariant
in z,y and points on solution curves are mapped to points on other solution curves.

Different &, 7 give different orbits between two solution curves. The following example

shows this. Given the ode
/ r—Yy

This is Abel type ode. Also Homogeneous class A.

4

It has two solutions. One solution is given by Mathematica as y = —x — v¢; + 222. A
small program was now written that plots the orbit for 4 solutions &, 7 found for the
similarity conditions. The similarity solution were found by Maple’s symgen command.

(> ode:=diff (y(x),x)=(x-y(x))/ (x+y(x)) ;
DEtools:—odeadvisor (ode) ;
DEtools:-symgen (ode ,way=all)

, d x— )
ode = — y(x) = ———
dx © x) x4+ ¥ x)
[ [ _homeogeneous, class 4], _rational, | _Abel. 2nd npe, class A]]

- i
X —2xy—3
E=0 _p=——— T |
x+y

| _E=0_n= : l

Figure 1.12: Command used to find &, 7n

The program starts from the same (z,y) point from one solution curve and determines
(Z,9) location on anther solution curve using each pair of £, 7 found. The same solution
curves are used in order to compare the orbits. The following plot was generated showing
the result



CHAPTER 1. FIRST ORDER ODE

135

1 1
=—nN=—--
) , €T, €T, . .
1.46 1.47 1.48 1.49 1.50 1.51
-3.75} =3.75¢
-3.80f -3.80F
-3.85} -3.85F
(2, 9)

—(2% = 22y — y?)

f=——2"V =0 E=20+yn=u
— L S=2hyn=e
: Y ! ! 1.46 1.47 1.48 1.49 1.50 1.51
1.46 1.47 1.48 1.49 1.50 1.51

-3.75F

-3.75F
-3.80F

-3.80F
-3.85F

-3.85F

Figure 1.13: Different orbits using different &, 7

The source code used to generate the above plot is

<<MaTeX"

ode=y' [x]==(x-y[x])/(x+y[x]);
ysol=DSolve [ode,y[x],x]
ysol=-x-Sqrt[C[1]+2 x~2];

x1
yi

1.5;
ysol /. {C[1] -> 1, x —> x1};

ysol2=ysol/.C[1]->1.1

getSolutions[inf_List, titles_List, x_Symbol, ysoll_, ysol2_, x1_,
y1l_, from_, to_] :=

Module [{xbar, ybar, eps, eq, soleps, p, data, n, xi, eta, texStyle},
data = Table[0, {n, Length@inf}];
texStyle = {FontFamily -> "Latin Modern Roman", FontSize -> 12};
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Do[
xi = First[inf[[n]]];
eta = Last[inf[[n]]];
xbar

x1 + eps*xi ;

ybar = yl1 + eps*eta;

eq = ybar == ysol2 /. x -> xbar;

soleps = SolveValues[eq, eps];

soleps = First@SortBy[soleps, Abs];
ybar = ybar /. eps -> soleps;

xbar = xbar /. eps -> soleps;

p = Plot[{ysoll, ysol2}, {x, from, to},

PlotLabel -> MaTeX[titles[[n]], Magnification -> 1.5],

BaseStyle -> texStyle,

Epilog -> {{Arrowheads[.02], Arrow[{{x1, y1}, {xbar, ybar}}1},
Text [MaTeX["\\left( x,y \\right)"], {x1, yi1}, {-1, -1}],
Text [

MaTeX["\\left( \\bar{x},\\bar{y}\\right)"], {xbar, ybar}, {1,
1}13,
ImageSize -> 400];
datal[[n]] = p
{n, 1, Length@inf}
iE

data
1;

inf = {{1/x1, -1/x1},
{0, 1/(x1 + y1)},
{-(x172 - 2*x1xyl - y1°2)/(x1 - y1), 0},
{2*x1 + y1, x1}
18
titles = {"\\xi=\\frac{1}{x},\\eta=-\\frac{1}{x}",
"\\xi=0,\\eta=\\frac{1}{x+y}",
"\\xi=\\frac{-(x"2-2 x y-y~2) Hzx=y},\\eta=0", "\\xi=2 x+y,\\eta=x"};
data = getSolutions[inf, titles, x, ysol /. C[1] -> 1, ysol2, x1, yi,
1.45, 1.51];
p = Grid[Partition[data, 2], Frame -> All, Spacings -> {1, 1}]

N
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1.2.22.9 Selection of ansatz to try

The following are selection of ansatz to try for solving the linearized PDE above
generated from the symmetry condition in order to solve for £(z,y),n(z,y). These use
the functional form. As a general rule, the simpler that ansatz that works, the better it
is. Functional form of ansatz is better than explicit polynomials but much harder to
use and implement. Maple’s symgen has 16 different algorithms include HINT option
to support functional forms. The following are possible cases to use.

1. £=0,7= f(z)

2. £=0,n=f(y)
3. £=f(z),n=0
4. &=f(y),n=0
5. £ = f(z),n = zg(y). An example: applied to y’ = x+cos(eij+(i+x)e_m) should give

e~ (c1+e_z)+1

€ = €®,n = xze” ¥ which leads to solution y = In (2 arctan (M> - (142 e‘“).

~—

6. = f(x),n=9(y

7. £ =0,n = f(z)g(y). For example, applied to y' =
f@)=vV1i+z,9@y)=vIity

8. &= f(z)g(y),n=0

zy/I+y+v/I+y+1+y
14z

—~

should give

1.2.22.10 Examples

1.2.22.11 Example 1 on how to find Lie group (z,y) given Lie infinitesimal
1

Given ¢ = 1,7 = 2z find Lie group Z,y. Since

§(z,y) = % B
Then
Y @)
=1 (1)
Similarly, since B
n(z,y) = a—y

e=0
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Then

(2)

Where in both odes (1,2) we have the condition that at ¢ = 0 then z = z,§ = y.

Starting with (1), solving it gives

T =c¢€+c(z,y)

Where ¢;(z,y) is arbitrary function which acts like constant of integration since Z(z, y)

is function of two variables. At € = 0 then ¢ (z,y) = z. Hence the above is

r=¢c¢+x

And from (2), solving give
§ = 2Ze+ co(z,y)

But at € =0,y = y,z = x then the above gives c; = y. Hence the above becomes

y=2xe+y

But Z = € + = from (3), hence the above becomes

=26+ 2er +y
Therefore Lie group is
T=¢€¢+zx
y =26+ 2z +y

1.2.22.12 Example how to find Lie group (%, %) given canonical

coordinates R, S

Given R =z, S = ¥ find Lie group Z,%. Solving for z,y from R, S gives

=R

y=SR
Hence

T =

N
Il
5

3)
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But S = S + € by definition of canonical coordinates and R = R by definition of
canonical coordinates. Hence the above becomes

=R
g=(S+¢€¢R

Using the values given for R, .S in terms of z,y the above becomes

1.2.22.13 Example ¢ =Y 4z

This is linear first order which can be easily solved using integrating factor. But this is
just to illustrate Lie symmetry method.

;Y

= — 1
Y x-i-ar: (1)
Y =w(z,y)

The first step is to find £ and 7. Using lookup method, since this is linear ode of form
y' = f(z)y+g(z) then

£=0

The end of this problem shows also how to find these from the symmetry conditions.
Therefore we write

T =x+E&e
=z
y=y-+mne
=y+nz (2)
The integrating factor is therefore
1
e y) =g,

R —3
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Before solving this, let us first verify that transformation (2) is invariant which means it
leaves the ode in same form but using z, y. We do the same as in the above introduction.

i _ 3
da‘cjl—i
o + Gy
T, + 7, %

But ¥, = 5,9, = 1,7, = 1,Z, = 0 and the above becomes

dy e+
dz 1
dy
=€ —|— %
Substituting z, v, % in the original ode gives
dy y _
iz 7"
d + ex
+ Y- +x
dzx T
d
€+ o_4 ‘etz
dr =x
dy _y
dr =z te

Which is the original ODE. Therefore (2) are indeed an invariant Lie group transfor-
mation as it leaves the ODE unchanged. The next step is to determine what is called
the canonical coordinates R,S. Where R is the independent variable and S is the
dependent variable. So we are looking for S(R) function. This is done by using the
standard characteristic equation by writing

dz _dy _ g

§ n

der dy

0= ¥ M

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Which is a first

order PDE. This is solved for S, which gives (1) using the method of characteristic to
solve first order PDE which is standard method. In the special case when £ = 0 and
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n # 0 these give

R==x
1
S= [ —dy
n
T
=g—+—c
T

We are free to set ¢ = 0, hence S = . Therefore the transformation to canonical
coordinates is

— (s Y
(&,9) > (R,8) = (=, %)
The derivative in (R, S) is found same as with % giving
ds S, +5,%
dR R, +R,%
But S; = —%,8, = %, R, =1,R, =0 and the above becomes
s —%+.2

e, z do
dR 1
_y  ldy
1?2 zdx

But % = Y + x hence the above becomes

sy 1<y )

R~ @ T a\z 17
=1
Solving this gives
S=R +c
But S = ¥, R = z. Therefore the above becomes
Yey +a
x

y=:c2—|-cla:

Which is the solution to the original ode. Of course this was just an example showing
how to use Lie symmetry method. The original ode is linear and can be easily solved
using an integrating factor

Y

y—-==z
X

1 - 1
I=c¢ fxda::e Inz _ —

T
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Multiplying the ode by I gives

d
a(yl) =Iz
gz/zm
z T
=zx+cC

Hence
Y= z? + zc;

Which is same solution. But Lie symmetry method works the same way for any given
ode. And this is where it powers are. It can solve much more complicated odes than
this using the same procedure. The main difficulty is in finding the infinitesimals for
the group, which are &, that leaves the ode invariant.

Finding Lie symmetries for this example

y=2+z
T

=w(z,y)

The condition of symmetry is a the linearized PDE given above in equation (14) as

Nz + w(ny - ém) - w2£y —wz€ — Wy = 0 (14)
We first find the determining equation before solving for §,7n. Since w = £ + x then
wy = =,w; = —% + 1. Hence the above becomes
L) -g- (Era)'s - (A e)e- -
7u+&+w(% €z) S t2) & 2 tl)&——1n
Y 1
@—(7§+0§——n=

2

1
nm+<g+x>ny—§m<g+x>— (y—2+m2+2y fy—<—%+1)£——n=
T Z T Z T

Y y? 2
m+<—+x>W¢—&%-(3+m-+%>
T T
Multiplying by 22 to normalize gives

2+ (o + %) 1y — &g+ 2%) — (42 + 00+ 290) €, — (—y+2%) € —on =0 ()

Equation (A) is called the determining equation. Using different ansatz can result in
more solutions.
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Trying ansatz

§£=0
n = byr

Plugging these into (A) and comparing coefficients to solve for the unknown gives

x%(by) —xn =0
boz® — z(box) = 0
b().’L'2 - b().’l?z =0

bo(0) = 0

So any by will work. Let by = 1. Hence

SES
Il
8 O

Now Trying ansatz as

E=ar+az
n=bo+ b1y

Then &, = a1,§, = 0,1, = 0,7, = b; and the determining equation (A) becomes

(bo +b1y) T + (ao + a17) (2* —y) + b1 (—yz — 2°) + a1 (yz + 2°) =0
(bo + bly) T+ (ao + CL1.’IJ‘) (1132 - y) + (bl - al) (—yx - $3) =0
xby — yao + 2ag + 23(2a; — b)) =0

Setting each coefficient to zero gives

bp =0
ag=0
ag=0
2a1 —b; =0

Hence the solution is ag = 0,by = 0,a; = %1 Using b; = 2 gives a; = 1 and therefore

{=z
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And Trying ansatz as

E=ap+ a1+ azy
77=b0+b1y+b2x

Hence &, = a1,&, = ag,m; = ba,m, = by and the determining equation (A) becomes

(bo + b1y + boz) T + (a0 + a1z + a2y) (z° — y) + b1 (—yz — 2°) + ax (v° + =* + 2y2?) + ba(—2%) + a1 (yz

z*(—az) + 2°(—2a1) + z%y(—3a2) + 2°(b1) + 2*(—ao) + y(ao) -

Setting each coefficient to zero gives

bp =0
ag=0
a1 =0
by =0
a; =0
by =0

This shows there is no solution for this ansatz. There are more solutions depending on
what ansatz we used. We just need one to obtain the final solution. In Maple, these
solutions can be found as follows

ode:=diff (y(x),x)= y(x)/x+x;
DEtools:-symgen(ode,y(x) ,way=all)

[ xi
[ xi
[ xi
[ xi
[ xi
[ xi
[ xi

0, _eta
0, _eta =
0, _eta
X, _eta
1, _eta

X"2 +y, _eta = 4xyx*x],
X"2 - 3%y, _eta = -4*y~2/x]

x],

x],

x"2 - yl,
2xy] ,
y/x],

Trying ansatz using functional form. Let £ = 0,7 = f(z) then & = 0,§, = 0,7, =
f'(z),n, = 0 and the determining equation (A) becomes

.+ (yz+2°)ny — &(yz +2°) — (V¥ +2* +2y2°) & — (—y+2°) E—an=0

2’ f'(z) — zf(z) =0
zf'(z) — f(z) =0
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This is easily solved to give f = cx. Hence £ = 0,1 = x by choosing ¢ = 1. We see that
this choice of ansatz was the easiest in this case, as the ode generated was linear. Let
us try another and see what happens.

Trying ansatz as £ = 0,7 = f(y) then & = 0,§, = 0,n, = 0,7, = f'(y) and the
determining equation (A) becomes

(yz +2°) f'(y) —2f(y) =0
(y+2%) f(y) = fly) =0
This is separable and its solution is f = ¢;(z? +y). Hence £ = 0,7 = (z®> +y) by

using ¢; = 1. But this is not function of y only. So this choice did not work. Trying
€= f(z),n=0],[¢ = f(y),n = 0] shows these also do not work.

&,m can be checked for validity by substituting them in the PDE. Maple’s symtest
command does this. These functional ansatz’s lead to an ode which have to be solved.

1.2.22.14 Example ¢ = zy? — 2 — L

Solve

/ 2 2y 1 (1)

T =€ (2)

Hence

dzx
&(z,y) = I
dy
n(z,y) = =

=T

e=0

e=0

(At end shows how to obtain these). The integrating factor is therefore

w(@,y) =
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Now

T=z+é=xz+ex (3)

This transformation T = e‘z, §j = e >y is now verified that it keeps the ode invariant.

@ — gﬂl +?jy%z — 6_26% — 6—36@

dz 7, +z,% e dz
Substituting z, v, % in the original ode gives

g, 2 1

Z- T e
3. dy Lgev2 2(e”*y) 1
3e2d _ (o€ 2¢ _ _
€ dz (e JZ) (6 y) (eex) (65:13)3
dy 26_363/ 6—36
-39 _ —3€,.,2 _ _
¢ dx €% T 3
dy _ o 1
dx r oz

Which is the original ode. Hence the transformation (2) is invariant. It is important to
use (2) and not (3) when doing the verification.

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

w_d_ s

& n

dx dy

bl S 1
z —2y a3 1)

The above comes from the requirements that <§ % + n(%) S(z,y) = 1. Which is a first
order PDE. This is solved for S, which gives (1) using the method of characteristic to
solve first order PDE which is standard method. Starting with the first pair of ODE
gives
dy 2y
dr =z
Integrating gives yx? = ¢ where c is constant of integration. In this method R is always
c. Hence
R=yz
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S(z,y) is now found from the first equation in (1) and the last equation which gives

dz
dS = —

3
sz/d_x
T
S=lnz

Now that R(z,y),S(z,y) are found, the ODE 95 = Q(R) is setup. The ODE comes
out to be function of R only, so it is quadrature. This is the main idea of this method.
By solving for R we go back to z,y and solve for y(z). How to find j%? There is an
equation to determine this given by

s _ & tw@y) g
iR T tw(z,y) &
Sy +w(z,y) S,

Everything on the RHS is known. But

51

x
S, =0
R, =2yzx
Ry=x2

Substituting gives

dS L1+ (=P -%-3%)(0
dR ~ 2zy+ (zy2 — % — L) 22

1
- 20y + (zy? — 2 — %) 22
B 1
Corty2—1
But R = yz?, hence the above becomes
as 1
dR  R2-1

This is just quadrature. Integrating gives

S = —arctanh (R) + ¢;
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This solution is converted back to z,y. Since S = Inz, R = yx?, the above becomes
In |z| = — arctanh (yz*) + ¢
Or
—In|z| + ¢; = arctanh (yz*)
yz? = tanh (— In |z| + ¢;)

tanh (—In |z| + ¢;)
y= 72

Which is the solution to the original ODE.

The above shows the basic steps in this method. Let us solve more ODE’s to practice
this method more.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as

Ny + W(ﬂy - gm) - w2£y - Usz —Wyn = 0 (14)
We now need to solve the above for £, given a specific w(z,y) for the ODE at hand.
This PDE can not be solved as is for £,n without an ansatz. One common ansatz is

to use £ = a(z) and n = B(z)y + () and plugging these into the above and then
compare coefficients to solve for a(z), B(x),v(z).

Another ansatz is to use a polynomials for £, 7. And this is what we will start with.

Using polynomial as ansatz

We start with order 1 polynomials. Hence
£ =ao+ a1 (1)
n="bo+ by (2)
If this does not generate solution, we will try higher order polynomials. Eq (14) becomes
Mo+ w(iy — &) — wéy — we€ —wyn =0
0+ w(by — a1) — w?(0) — wy(ao + a1x) — wy(bo + b1y) = 0

But in this ODE w = zy? — 2 — L hence w, = y*> + % + % and w, = 2yz — 2. The
above becomes

r 3 x?
2 1 2 1 2 3 2 3
ry’by — —ybl - b — Ty’a; + —yal + —a — y2ag — —:Z(IO — — 00 — ry’a; — al—y —a1—3 —:
x x x x x x x x

1 1
.’Ey2(b1 —a; —a; — 2b1) + %(—21)1 + 2@1 — 201 + 2b1) + CIT?’(_bl + a; — 3a1) + y2(—a0) + %(—2a0) + F
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Each coefficient to each monomial must be zero. Hence

—2a; —b; =0
—b; —2a; =0
—2a; —2b; =0
ag=0
bp=0
These are overdetermined equations. Solving gives a; = —%bl and ag = by = 0. Choosing

by = —2 gives a; = 1. Hence
E=a+tar=2
n=bo+ by =—2y

Which is what we wanted to show for this ODE. These are the values we used earlier
to solve the ODE using symmetry method.

Using functions as ansatz

Now &, 7 are found using £ = a(z) and n = (z) y + v(z) as ansatz. Eq. (14) is

Ne +w(ny — &) — ‘*‘-’25?; —wz —wyn =0 (14)
But
e = B'(z)y +/(z)

And

ny = B(z)
And

gy =0

é.ac = al(w)

Substituting the above into EQ. (14) gives

B(z)y+ 7 (z) + w(B(z) — &/ (x)) — wya(z) — wy(B(z)y +v(z)) =0

But in this ODE w = zy® — 2 — X hence w, = y* + % + 3 and w, = 2yz — 2. The
above becomes

By++ + (x?f—z;y——> (B—d) - (y2+i—g+%>a— (23133—%) (By+7v)=0
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Or
2 1 3 1 2 2

Y +yf + oy 58— ga—yat+ o/ —2myy— Sya—ay’f+ —ya' —wy’a =0
x x x x x x

Collecting on y gives

2 1 3 1 2 2

y° (7’ +=y— 58— o+ —3a') +y (ﬂ’ —2zyy — Sa+ —0/) +y*(—a—zB —zd/) =0
x x x x x x

Each term above is zero. This gives the following equations

(@) + 21(@) ~ 3B(x) ~ ola) + 5a(2)

B'(z) — 2zyy(x) — %a(z) + %o/(x) =0
0

—a(z) — zf(z) — zd/(z) =

0

3

Solving these coupled ODE on the computer gives

1

a(z) = = (csz* + c12® + ¢2)
x

B(x) = —4csz® — 2¢;

Ca
v(z) = —2¢5 — 2;
Where the ¢y, co, c3 above are constant of integration. Let ¢ = c3 = 0. Hence

1
a(z) = - (c32* + c17?)

B(x) = —4csz® — 2¢

Y(z) =0
Let c3 = 0. Hence
1
alz) = 5c1x2
B(x) = —2¢
Y(z) =0
Let ¢; = 1, hence
alz) ==

=
—~
&
— ~— ~—
|
< |
N
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Therefore, since £ = a(x) and n = B(z) y+y(x) then £ = z, = —2y which is the same
as the earlier method. After working using this ansatz, I find using the polynomial
ansatz better. First of all, I had to set constants above to values in order to obtain
the same result as earlier. Setting these constants other values will give different result.

For example, the following are another set of possible solutions obtained from Maple
for this ODE

Which gives

1.2.22.15 Example y' = 21 + &

x

Solve

This can be written as
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T

Hence this has the form ¢ = % + g(z) F(¥) where g(z) = % and F = (1 + (

Therefore this is homogeneous class D. Lookup table gives
£=27

n=2xy

Another way to find £, n is by solving the symmetry condition PDE and this is shown

at the end of this problem. Hence

The integrating factor is therefore

M@W%:n—&)
B 1

_z.y_x2<ﬁ+£>

T 3
xr

_cc2+y2

The ode is now verified that it remains invariant under (2) transformation.

_ di
4 _

= = dz
dz ¢
Jo + Gy 4o
Ty + Ty %

But from (2) y, = ye, 9y = 1+ x¢,Z, = 1 + 2xe, T, = 0 and the above becomes

dg_1+a+z@%
dz 1+ 2ze

Substituting z, y, % in the original ode gives

i §+1 P
G _ytl,
dz T z3
1+ (14 ze) & (y+xye)+1+(y+zye)2

14 2ze T + 12 (z + z2%)°

2)
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Which as lim._,q gives

d +1 92
dy _y+1_ ¢
dz x x3
The same original ode showing the transformation is valid symmetry.

Y:=y/(1-s*x):
X:=x/(1-8%x):
eq:=(diff (Y,x)+diff (Y,y)*2)/(diff (X,x)+diff (X,y)*Z)=simplify ((Y+1)/X+Y"2/X"3):
solve(simplify(eq),Z)
y/x + 1/x + y~2/x73

Hence the transformation in (2) is invariant.

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

dr _ dy _

as
£
dr dy

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Which is a first

order PDE. We need to solve this for S, which gives (1) using method of characteristic
to solve first order PDE which is standard method. Starting with the first pair of ODE
in (1) gives
dy _zy_y
dr z22 =z
Integrating gives £ = c where c is constant of integration. In this method R is always
c. Hence

R(z,y) =

Now we find S(z,y) from the first equation in (1) and the last equation

SEES

_do

as

Now that we found R and S, we determine the ODE 92 = Q(R). The ODE comes
out to be function of R only, so it is quadrature. This is the whole idea of this method.
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By solving for R we go back to z,y and solve for y(z). How to find 237 There is an

equation to determine this given by

ﬁ _ Sptw(z,y) S,
dR R, +w(z,y) R,

We know everything on the RHS. Substituting gives
is =+ (450

) )

B—n (e
2+ %)

leﬁm
8]~

8

<

&wltﬁ
8 |~

_x_?!2+<
2

.’L'2 +y2
_ 1

1+ ()’

8

But R = ¥, hence the above becomes

as 1
dR ~ 1+ R?

This is just quadrature. Integrating gives

S = arctan (R) + ¢;

1

Now we go back to z,y. Since S = ——, R = £, then the above becomes

1 y
—— = arctan (—) +C
T T

-1 y
— 4+ ¢y = arctan (—>
T T

-1
Y = tan <— + cz)
z z
-1
y(z) = ztan <? + cz)

And the above is the solution to original ODE.

Finding Lie symmetries for this example

The symmetry condition was derived earlier as

Nz + W("?y - gm) - w2£y —wg€ — Wy = 0
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Let ansatz be
E=car+cytcs
N =C4T + C5Y + Cp
Eq 14 becomes
e +w(iy — &) — W€y — we€ —wyn =0
2

cs +w(cs — c1) —wcy — wy(c1z + coy + ¢3) — wy(cax + csy +¢6) =0

But in this ODEw=yT+1+z—§, hence(,ugc=—ymi21—35—‘21 and w, = 1 + 2% The above
becomes

y+1 9P y+1 y2\? y+1 3y2 1 2y
at\T ) ema T tE) e i) rtarta) - (D4 ) (
1 1 1 1

2% T 2% + 70T % + EQQCl - ?y202 + %yz% + $y302 - ;yz% - E?fcz LA + 290~
zics — 2tcy + 2Pcs — x0cg + 20397 ey — 22%yPcy + 3xPyPes + viyPer — 3yPes — yten — xtycy + tycs — 2
z*(c3 — ¢a) + 7°(c5 — ¢5) + 23Y*(2¢1 — ¢5) + 22Y*(—2c2 + 3c3) + 2%y (c2) + ¥t (—c2) + 2ty(—ca + c3 — 2¢
Each coefficient to each monomial must be zero. Hence
cs—ca=0
cs—cg =0

261—05:0

—2¢co +3c3 =10
c=0
—cpg+c3—2¢c4=0
—2¢c6 =0

Which simplifies to (since c; = 0, ¢ = 0)

C3=0
C5=0
Cl—C5=0
3C3=0

c3—2c4=0

Which simplifies to (since ¢z = 0, ¢5 = 0)
cs =0
cgi—c5=0

C4=0
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Hence c5 = 0,c; = 0,c4 = 0. We see that all ¢; = 0, therefore there is no solution using
this ansatz.

Trying ansatz

€ = ag + a1z + agy + asry + asx’
n = by + b1z + byy + bsxy + byy?

Eq 9 becomes
Nz + w(ny - fz) - w2§y - ww‘f — Wy = 0
Substituting the ansatz and simplifying gives

—x2y3a2—|—y4a2—|—x4(—a0+a2)+x2y2(—3a0+2ag)—|—xy4a3+2m3yb0—|—x4y(—a0+a2+2b1)—l—x5 (a3—|—b0—b2)+x3y2

Each coefficient to each monomial must be zero. Hence

a, =0

—ap+ay; =0
—3ag +2a5 =0

a3 =0

bp=0
—ag+as+2b; =0
a3 +bg—by =0
—2a1 +2a3+ b, =0
as— b3 =0

2a3 —2by, =0

a3 —by;, =0

Since as = a3z = by = 0 the above simplifies to

—ap=0
—3ay =0
—ap+2bp =0
—by, =0
—2a; +by,=0
as— b3 =0
—2by, =0

—by =0
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Since ag = by = a4 = by = 0, The above now simplifies to
ag — b3 =0

Therefore, if we let ay = 1 then b3 = 1 and the solution is
& =ag+ a1T + asy + asxy + a4 x>
frd wz
n = by + b1z + byy + bszy + bsy?

=xy

Which is what we used above to solve the ode.

1.2.22.16 Example y = Lz 162

y3+4xlytx
Solve
. y—4xy? — 1623
Y Pt dyta
y =w(z,y)

The first step is to find £ and 7. This is shown at the end of this problem below.

£=—y
n =4z
The integrating factor is therefore
1
w(z,y) =
(z,y) —
_ 1
4z +y (ke )

Pyt ac+yP
O 4x2 42

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. This is done by using the
standard characteristic equation by writing

v _ Y _ s
3 n
b _dy_ s 0

—y 4z
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The first pair of ode’s in (1) gives
dy _ 4z
dr vy
Solving gives
y=v—-4z2+c
Where c is constant of integration (For y > 0 only). In this method R is always c. Hence
y? = —42° + ¢
R =y +42? (2)
The first equation in (1) and the last equation gives

dz
dsS =
3

S=-[Z£
)

But y = v/—422 + c¢. The above becomes
g _ / dx
vV—4x? + ¢
1 2z
= —5 arctan (\/T_i_c)

1 (29;)
= ——arctan [ —
2 y

For y > 0. Now that we found R and S, we determine the ODE 23 = Q(R). The ODE
comes out to be function of R only, so it is quadrature. This is the whole idea of this
method. By solving for R we go back to z,y and solve for y(z). How to find %? There
is an equation to determine this given by

dS Sy +w(z,y)S,

dR R, +w(z,y) R,
We know everything on the RHS. Substituting gives

d 1 2z —4xy?—1623\ d 1 2z
i _ (~borctn () + (58205282 (~Jorctn (3))
- 2_ 16,3
R \/w—i_ (y 3?2#;—& > dy\/m
-1 y—4xy®—16z°

4z y—4zy2—1623
y3+dzly+ax

\/y2+4$2 V2 +4:/z:2

= —/4x% 4+ y?

=-R



CHAPTER 1. FIRST ORDER ODE 159

Hence S
-~ —_R
dR
This is just quadrature. Integrating gives
R2
S = —7 +c

Now we go back to z,y. Since S = —% arctan (2“’) , R = +/y? + 422, then the above

v

1 2 2 4 422
2 Y 2

2 1 2
Y _Carctan (Z2) 4222 —c=0 y>0
2 2 Y

becomes

And the above is the solution to original ODE.

Finding Lie symmetries for this example

The symmetry condition was derived earlier as

Nz + w(ny - €x) - w2§y - wx§ - wy'r] = 0 (14)
Let ansatz be

E=cix+cy+cs
N =c4x + C5Y + Cg

Eq 14 becomes

cs+wles — ¢1) — w?ey — wi (1T + ey + c3) — wy(ca + csy +c6) =0

—4y®—32x2y3 —8zxy?+ (—64z4—1)y—3223
y Yy y2+( )y and

. . _ y—4xy®—1623 —
But in this ODE w = L% hence w;, (A22y+vP+a)

y3+4:1:2y+93 )
_ 642%432x3y+4zy* —822y—2y3 +
Wy = Uyt o) . Above becomes

y — 4zy? — 1623 y — dzy? — 1623 > —4y° — 32z%y® — 8zy? + (—64z* — 1)y —.
C4+ 3 2 (05 — 01)— 3 5 Co— 5
Yy +4rty+x Yy +4zy +x (4z2y + y3 + )
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Which expands to

8ci1zy? 4cszy? 256¢ox*? 48¢cox*yt 16cyz3y 12cozy3
2y + P+ Y+’ +a (dely+yP+13)° (aly+1P+a)’ (dely+13+1)° (daly+ o+
48x2cyy 128x°yc; 128z%ycs 32z313¢, 32z2y3¢c3
Dy+y+r (aly i to) (elytyi o) (dely+yPta) (et + o)
4x%y%c, 4zy’cs ycL T 8x2ycy 8zyce
A2y +13 +2)° (dey+18+12)° (day+18+2)° 4?y+y°+o 4oy+9°+ T
64x°csy 64z*y?cy 64x3y3cs 64z3y>cq 122%y%c, 16¢52
ey +9P +2)° (daty+yP+2) (de2y+yP+2) (da2y+1P+a) (daty+y +2)° 402y +9°
256¢9° 64c; 23 c1y 487%¢c4 43¢y 4y2cs
- (4x2y + 13 + g;)2+4:132y +3+z Ay +9°+ x+4x2y +y3+z dr2y+yi+z dxly+ P+
162%c; 16z3c3 ycs C4T 64z5¢, 6425¢
@yt +a) Y+ o) (@l +a) LW+ (Wt +a) (dely 4y
N 3ycs 3y3cq B Cé B 12z1°cs B 12z cq 4x3yc
Moy +y? +2)° (dely+yP+e)’ 4Py+yP+e (et ta) (dely+yP )’ (daty+ g
4xy%cs 4x?ycg 3yicux e=0

a2y +13+2)  (do2y+yd+2)°  (day+y® + )
Multiplying each term by (4z%y + y> + x)2 and expanding gives the multivariable

polynomial

128x5ycl +64z3y3cl +8clxy5 —256¢o1° —64czx4y2+ 1602x2y4+402y6 —6428¢cy— 16x4y264+4x2y464+c4y6
— 128x505y—64x3y3c5 —8xy505 +64x4y03+32x2y363+403y5 —64x°cq —32x3y266 —4xy466+48:c4cl +
82%y2c1 —c1y* +64cyr3y+16coxy3+1623ycy+4yPcsxr—16c5 21 +8x2y  cs+-3y  c5+3223 c3+8xy  cs+82% ycg +21

Each monomial coefficient must be zero. This gives the following equations to solve for
(&
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equation

—256¢cy — 64c4 =0

128¢; — 128¢c5 =0

—6466 =0

—64cy — 16c4 =0

6403 =0

48c; — 16¢c5 =0

64c, — 64c5 =0

—3206 =0

6402 + 1604 =0

32¢c3 =0

16co +4c4, =0

32¢c3 =0

861 + 865 =0

806=0

861 — 805 =0

—406 =0

1662 + 404 =0

803=0

—C6=0

402+C4=0

463:0

—C +3C5 =0

206:0

C3:0

Hence we see that cg = 0,c3 = 0.

The above reduces to
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equation

—256cy — 64cy =0
128¢; — 128¢c5 =0
—64cy — 16¢c4 =0
48c; — 16¢c5 =0
64c; — 64c5 =0
64cy + 16c4 =0
16cy +4¢c4 =0
8c1 +8c5 =0

8c; — 8¢5 =0
16co +4c4, =0
4co+c4 =0
—c1+3¢c5=0

Hence Ac = b gives

0 —256 —64 0 0
128 0 0 —128 0
0 —64 —16 0 0
48 0 0 —16 0
64 0 0 —64]|(° 0
0 64 16 0 “1=1|o
0 16 4 0 “ 0
8 0 0 -8 | \® 0
0 16 4 0 0
0 4 1 0 0
1 0 o0 3 0

The rank of A is 3 and the number of columns is 4. Hence non-trivial solution exist.
Solving the above gives ¢4 = —4 and c; = 1 and all other coefficients are zero. this
means that , since

E=cix+cy+cs
N =c4x + C5Y + C

Then

E=y
n = —4x

Which is what we wanted to show for this ODE.
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1.2.22.17 Example y = =¥

eT—y

Solve
y/ — E_yQ
e —y

Y =w(z,y)

The symmetry condition results in the PDE

Nz + w(ny - €z) - w2€y —wg€ — Wyt = 0

End of the problem shows how this is solved for £, n which results in

{(z,y) =1
n(z,y) =y
The integrating factor is therefore
1
z,y)=
w(z,y) —
B 1
=7
v= ()
1 —ye™®
Yy

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

w_ 4 _ s

& n

dr dy

T—?—dS (1)

The above comes from the requirements that <§ 24 n%) S(z,y) = 1. Which is a first
order PDE. This is solved for S, which gives (1) using the method of characteristic to
solve first order PDE which is standard method. Starting with the first pair of ODE
gives

dy

i
Integrating gives In |y| = = + ¢ or y = ce” where c is constant of integration. In this
method R is always c. Hence

T

R(z,y) = ye~
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S(z,y) is now found from the first equation in (1) and the last equation which gives

dz
dS = —
§
dzx
dS = T
dS =dzx
S=xz
Hence
R=ye™
S=xz

Now that R(z,y),S(z,y) are found, the ODE % e

Q(R) is setup. The ODE comes

out to be function of R only, so it is quadrature. This is the main idea of this method.
By solving for R we go back to z,y and solve for y(x). How to find 575%? There is an

equation to determine this given by

s EruEy
dR 4B 4y (z,y) %
Sz +w(z,y) Sy
"R, +w(z,y) Ry
Everything on the RHS is known. S, =1, R, = —ye™*, S, =0, R, = e””. Substituting
gives
ds 1
IR e
ye ¥ —1
= F

But R = ye™™, hence the above becomes

dS R-1
dR~ R

This is just quadrature. Integrating gives

S = / —dR

lnR+01
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This solution is converted back to z,y. Since S = x, R = ye™”, the above becomes
r=ye *—In (ye_z) +c

Which is the solution to the original ODE.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as

Nz + w(ny - gx) - wzé.y - wx§ — Wyl = 0 (14)

E=cx+cy+cs
N =c4x + C5Y + C

Hence &, = ¢1,€, = c2, My = ¢4,y = ¢5 and (14) becomes

UE + W(Uy - 590) - w2€y - wx& - wyn =0
cs +w(cs — ¢1) — w?ey — we(a1T + coy + ¢3) — wy(cax + sy +c6) =0

2,

—2 2
But w= = w, = L5 w, = (-2 — —¥ ) and the above becomes
er—y (em—y)*? 7Y e’y (e*-y)

2 2

2\ 2 2z
-y -y y-e 2y Yy
Cs —C1)— ————(cgx + ¢y +c3)— | — - cux + csy + ¢
ex—y( 5 — C1) (e“’—y) 2 (ex—y)z( 1 2y + C3) ( e —y (6$—y)2) (ca 5Y + Co)

C4+

Need to do this again. I should get c3 = 1,c5 = 1 and everything else zero.

E=1
n=y

_ z/I4y+/1+y+14
1.2.22.18 Example y = 2/ Hviviivilty

Solve

, /1t y+J/14+y+1+y
y: 1
+x
Y = w(z,y)

The symmetry condition results in the pde

Ne + w(ny - fz) - w2€y - wz€ — Wyl = 0 (1)
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Let Ansatz be

§=0
n=f(z)9(y)
Hence (1) becomes
df dg
9() 4y Twf(@) 5, —wf(2)gy) =0
But w, = j‘;(“lﬂﬁﬁr?“l”) = —% and w, = f/ﬁ?;j; Hence the above

becomes

v )df (x\/1+y+\/1+y+1+y> £ )@_ac—i-l-l—%/l-l—y
I 4 1+z Vdy T VIty(2+2)

The numerator of the normal form of the above is

2 X o T oty Tyt Lraf Doyro @ g Ty-ateTHy+2r % T y-font2r Duvasy’

dx dy dy dx dy dy d

(3)

We can now either collect on y or x and try. Let us start with collecting on all terms
with y. This gives

d dg dg
g1+ (zzd—f +2—f — 2f>+y\/1 +y g 2f \/1 +y(2f)+g(zf — f)+yd (2zf +2f)+ y( zf -
(3A)
The coefficients of all terms with g(y) or y in them are from the above are the following,
which each must be zero

(f(z)g(y)) =0
(2)

2f =0
zf—f=0
2zf+2f=0

a  df _

Now we set each to zero and see if this produces f(x) which can be used. We have
4 choices to try above. Starting from the most simple one. The first one above gives
2f =0 or f =0. But this is not function of x. We try the next one zf — f = 0. This
gives f = 0 or x = 1. Hence this does not give f as function of x. Next we try 2z f + 2f.
This also does not give f as function of x. The last one is Zx% + 2% —2f =0or
4 — 2f_ Qolving this gives f = ¢ (x 4+ 1). This is successful since f is function of z.

dx 2z+2
Hence

f(@) =c(z+1)
a

= Cl
dx
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Now we need to determine g(y). Substituting the above into (3) gives

d d d
2¢19(y) /1 + yz+2/1 4+ yc; (x+1)£y+2cl (x+1)d—zxy+2clg\/ 14+ y—2¢c;(z+1)g/1 + y+2¢; (x+1)d—z\,

Which simplifies to

d d d d
avi+y yac+2cl —yx y—cigzc +201£\/1 +yr+24/1+ ycl y+201 d—zx +4c; %xy QClxg+201d—Z~

(4)

Now factoring on all terms with x, and these are {z, z?} gives

—c1? (—23—531 +g-— 233,) —clx( m/ﬁ e 2@2—5 — 23—531 +g-— 23—5) +T =0
(4A)

Where T are terms that depends on y only. Each factor of z,z? must be zero. Hence

the first above implies

dg dg
_9°9 —977 —
dyy t9 dy 0
/ . g
Solving gives
g=c/1+y (5)

Substituting (5) into (4) gives
Cl(]. + CL’) 02(1 + y) =0

Which is not zero. Hence this term does not work. Now we try the second term in (4A)
which means

dg dg dg dg
2 /1+y2y—2/1+y—=2 —2-2 —27 =
+ydyy +ydy dyy+g dy 0
dg —g

dy —2/TFtyy—2yI+y—2y—2

Solving gives

Vi+y
9(y) =co————
1++/14y

Again, substituting the above back in (4) gives

1+y)z

cl(1+x)02(1+m)2 =
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Which is not zero. Therefore starting with f(z) = ¢;(z + 1) has failed to produce a
valid g(y) to satisfy the pde. This means we need to start all over again. Going back
to (3) and now collecting on all terms with x instead. Here is (3) again

d, d d d, d d d
2%9\/1 Fyz+2y/1+ yf£+2fd—zxy+2£g\/1 Fy—2fg\/1+ y+2fi\/1 ¥ y—fg:c+2fd—zx+2fya
3)
Collecting on all terms that depend on z gives
df dg dg dg dg dg d
2 (29\/1 +y>+f(2y\/1 Fyg =20V THy 2y Vv oy ag - g el (25— g+ 2
(3B)

Each term must be zero, hence this gives these trials

29y/1+y=

dg dg
2 2 0
dyy g+ dyy

d d
2y«/1+yd—z—2g\/1+ +2—~/1+ +2y —+2d—Z—g=O

Starting with the first one above 2g4/1 + y = 0 which gives g = 0 which does not match
the ansatz. Now we try the second one above, which gives

dg _ 9
dy 242y
Solving gives
g=c/1+y (6)

Which meets the requirements of the ansatz. Now we need to use the above to generate
f(z). We do not need to try the third one above unless this fails. Substituting (6) into
(3) gives

02<23—fxy+23—fx+23—fy fy +23f )zO
23—f:vy+23—fx+23—f —fy +2f f=0 (7)

Collecting on y gives

ca(l+vy) (23—fx+23—f— >=0

Hence 2%3: + 2% — f must be zero. This gives as solution

fz)=cVi+z
4 _, 1
dz _022\/1+—z
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Substituting the above into (7) to verify gives

1 1 1 1
2{c0——— |2y +2({co—F——= | 2+ 2| C0—F——7——= —<C\/1+x) +2(c—)
(22\/1+x> Y (22\/1+x> (22\/1+x)y 2 YT\ "oy s

c = Ty +c L T+c ! cV1li+zy+c =
2 Ttz Y 2 Ttz 2 ,—1+x?/ 2 Y 2 Ttz
1 1 1 1
c Ty + T+ —V1+zy+
2( 14z Y Vi+zx \/1+my v 14z
Verified, Hence we have found f(z), g(y). Therefore
§=0
n=f(z)g(y)
=vV1+z\/1+y
Where we set ¢c; = ¢, = 1. The integrating factor is therefore
1
M, y) =
(=) n—&w
B 1
vVi+zy/1+y

The next step is to determine the canonical coordinates R, S. Where R is the inde-
pendent variable and S is the dependent variable. This is done by using the standard
characteristic equation by writing

de _dy _
§ n

For the special case £ =0 we have R = z. S(z,y) is now found from the last two pair
of equations which gives

as

is =%
n
s = dy
vi+z/1+y
g_9 14y
1+x

Hence (constant of integration is set to zero)

R=z (2)

1
g—o¥V-1Y
1+x

—62V1+
—62V1+
—V1i+z
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Now that R(z,y),S(z,y) are found, the ODE 95 = Q(R) is setup. The ODE comes
out to be function of R only, so it is quadrature. This is the main idea of this method.
By solving for R we go back to z,y and solve for y(x). How to find j%? There is an

equation to determine this given by

s & tw@y) g
IR () 2
St w(z,y) S,
R, +w(z,y) Ry,
Everything on the RHS is known. S, = —a—vj;’)y%, R, =15, = Wﬂ’ R, = 0.
Substituting into the above gives
ds 1 1
B VI |y
dR (1+z)2 Vvi+2xy/1+y
:_\ﬂﬂﬂ/+($¢1+y+dl+y+l+y) 1
(l—l—x)% 1+z Vv1i+z/14+y
1
IRVZES
1
 VRF1
Hence
as 1
dR  VR+1
This is quadrature. Solving gives
S = 2\/ R +1+ C1

Convecting back to z,y gives

il
oYtV _ortita

Vi+zx
1.2.22.19 Example ¢ = o—yey
Solve
r -y
y= 2x — yeY
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The symmetry condition results in the pde

Ny + w(ny - €z) - w2€y - wzf — Wy = 0 (1)
Let anstaz be
£=9(y)
n=0

Substituting this into (1) gives

dg
2
—w?Z —.g=0
w dy Wzg
But w? = ﬁ,wx = % <2z:zey> = (2x—256y)2' The above becomes
(22 — yey)2 dy (2z — yey)2
dg
—y2@ —2yg =0
dg 2
2% =0
dy - y”
This is linear ode. The solution is c
1
g=—
Y2
Hence
1
€=
Y2
n=20

But taking ¢; = 1. The integrating factor is therefore
1

n—&w
1

L1 (_=v_
y?2 \ 2z—ye¥

= y(2z — ye')

w(z,y) =

The next step is to determine the canonical coordinates R,S. Where R is the inde-
pendent variable and S is the dependent variable. This is done by using the standard
characteristic equation by writing
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Since n = 0, then in this special case R = ¢; = y. To find S we use dS = d?w or
dS = y?’dz. Hence S = cz + c; = 2z by taking c; = 0. Therefore S = y%z since
Ci =Y.
R=y (2)
S =y’x
Now that R(z,y),S(z,y) are found, the ODE % = Q(R) is setup. The ODE comes
out to be function of R only, so it is quadrature. This is the main idea of this method.

By solving for R we go back to z,y and solve for y(z). How to find g%? There is an
equation to determine this given by

s & tw@y) g
dR %—l—w(m,y)‘%
_ Setw(z,y) S,
" R, +w(z,y) R,

Everything on the RHS is known. S, = y?, R, =0, S, = 2yz, R, = 1. Substituting into
the above gives

s _ v’ +w(z,y) 2yx
dR~ w(z,y)

v+ (5t ) 20

-y
2x—yeY

= y2ey
Now we need to express the RHS in terms of R, S. From (2) we see that y = R, hence
the above becomes

E—Re

This is quadrature. Solving gives
S=(R*-2R+2)e+ ¢

Convecting back to z,y gives

vir = (y2—2y+2)ey+cl
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1.2.22.20 Example y = =1-2=

242y
Solve
/-2
Yy =w(z,y)

The symmetry condition results in the pde

Nz + w(ny - €z) - w2€y —wz§ — Wyt = 0 (1)
Let anstaz be
£E=0
n=f(z)9(y)

Substituting this into (1) gives

daf dg
99z +wf@ —wyfg=0
But w = 5732w, = & (;12122?;”) = (;2;2;;)2. The above becomes
df —1-—2yz\ ,dg 2 — 223
g + ( 2 ) A 2 fg = 0
dx %+ 2y dy (z2 + 2y)

The numerator of the normal form is

g%(x2+2y)2+ (z? + 2y) (—1 —2yw)f% —(2-22°) fg=0

g%(m“ +4ay +4y°) + (—20°y — 2* — day’ — 2) f% - (2-27) fg=0 (2)

To solve this for f(x),g(y) we start by collecting on either = or y. Let us start by
collecting on y. This gives

{4%} (9v°)+ [4%#] (yg)+ [%x‘* — (—22° +2) f} g+[(—22% — 4z - 2) f] (Z—z) —[z*f] ay 0

3)
The other option was to collect on x terms. This would give

2%+ 20) 1) 1) () ~ta) (v2 )+ |20 - 20 (410 (. )+ (400" ) o
@
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We start from (3), and if this yields no solutions for f(z), g(y) then we come back and
try (4). In either form, the terms inside the [-] must all be zero to satisfy the ode. From
(3) this gives

df
42 —
dz 0
df ,
42 12 =
dxx 0
df 4 3
—z*— (=2 2) f =
e (—22°+2) f=0

(—2x3—4x—2)f:0
’f=0

If one of these results in f(x) which is function of z. Then we try it to solve for g(y).
If the solutions end up verifying the pde, then we are done. From the above, we start
with the first one. This gives f = ¢;. Which is not function of z. The second give same
result. The this option which is Lz — (—22° 4 2) f = 0 gives

_ 2
e 3z3

f(l’) =G 72

Which is function of z. We now use this to find g(y). It turns out this does not work.
The whole anstaz will fail. So need to try different anstaz.

1.2.22.21 Example ¢y = 3,/yx

Solve
Yy =3vyz
Yy =w(z,y)
The symmetry condition results in the pde
e +w(ny — &) — W€y —we€ —wyn =0 (1)
Trying polynomial anstaz

E=ap+ a1z
n = by + b1y

And substituting these into (1) and simplifying gives

(—9a1 + 3b) yr — 3zby — 3yag =0
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Setting all coefficients to zero gives

—9a1+3b1:0
b0=0
CLO:O

Hence a; = 3b;. Letting b; = 1 then a; = 3 and the infinitesimals are

1
13 533
n=y

The integrating factor is therefore

1
n—&w
B 1
y — 32 (3y/97)
__Yyrryry
- Yy —y?

wz,y) =

The next step is to determine the canonical coordinates R, S. This is done by using the
standard characteristic equation by writing

o _ W _ g
& n
The first pair of equations gives
dy _n_3y
dr ¢ =«
Solving gives
y=cz®
Hence y
R = C1 = E (2)
And S is found from p p
is =2 =3%
¢ x
Integrating gives
S=3lnz+¢

=3lnz
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By choosing ¢; = 0. Now that R(z,y),S(z,y) are found, the ODE % = F(R) is
determined. This is determined from

s & tw@y) g
T IO
Sy +w(z,y) S,

But S, = g—?;, R, =-3%,5,=0,R, = z—13 Substituting these into the above gives

s _ .
dR ~ -3% +w(z,y) 5
B 33
T =3y + 2w (z,y)
But w(z,y) = 3,/yz. The above becomes
as 323
dR  —3y+3z./yz
23
STz -y
-1
= 3)
x3 x3

But R = % and the above becomes
ﬁ -1
dR  R-+R

Which is a quadrature. Solving gives

[ 5= | 5= 7tn

S =—2In (\/_ 1) Yo

Converting back to x,y gives

3lnx=—2ln( %—1) +c

T
2
lnx?’—i—ln(w/%—l) =q
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yi(z) = 22(2° + z/301) —2° + 1
yo(z) = —2z(—2* + z/701) — 2° + &1

W=

1.2.22.22 Example y = 4(yz)
Solve
y' = 4(yz)?
Yy =w(z,y)
The symmetry condition results in the pde
e +w(iy — &) — W&y —we —wyn =0
Trying polynomial anstaz

§=ao+mx

n="bo+ by
And substituting these into (1) and simplifying gives
(—16a; + 8b1) yx — 4xby — 4yag =0

Setting all coefficients to zero gives

—16a1 +8b1 =0
bp =0
a0=0

Hence a; = 1b;. Letting b; = 1 then a; = ; and the infinitesimals are

The integrating factor is therefore

—_

p(z,y) = —

1)
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The next step is to determine the canonical coordinates R, S. This is done by using the
standard characteristic equation by writing

d d
Z_Y_gs
&
The first pair of equations gives
dy _m_2%
dec ¢ =«
Solving gives
y =2’
Hence y
R = Cc1 = a? (2)
And S is found from p p
ds == =9
& x
Integrating gives
S=2Inz+¢
=2lnx

By choosing ¢; = 0. Now the ODE £ = F(R) is found from
s ey g
dR 9 4y (z,y) ‘éi;
St w(z,y) S,
R, +w(z,y) R,

But S, = 2,R, = —2%,5, = 0,R, = %. Substituting these into the above and
simplifying gives

B 1
- Zy%:p_% — ;’—2
B 1
2(%)F - %
B 1
2(R)* — R
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Hence
ds 1

dR 2R} R
Which is a quadrature. Solving gives

/dSz/—ll dR
2R3 — R
3 2
S=—§ln<—2+R§> + ¢

Converting back to z,y gives

2Inz = —gln (—2+ (%)g) +¢

The above can be simplified more if needed to solve for y(z) explicitly.

1.2.22.23 Example y’ = 2y + 3e*®

Solve

y =2y + 3e**
y =w(z,y)

From the lookup table, since this is linear ode y' = f(z)y + g(z) then

£€=0
n:effdm
=ef2dx

— 62m'

If we were to use the integrating factor method, then

1
n—&w
1
ZeE
2x

w(z,y) =

:e_
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Then the general solution is
[ ) (dy = o) =
/6_2”’ (dy — (2y + 3e2z) dx) =0
/e_hdy — (2ye‘2x + 3) dr = ¢,

/e_hdy — 2ye %dx = /Bdm +c

/d(e‘zmy) = /3dw+cl

ey =3z +¢
y=e*(3x+cp)

Hence

But if we were to use the basic Lie symmetry method, then the next step is to deter-
mine the canonical coordinates R,.S. This is done by using the standard characteristic
equation by writing

dr d

Z_Y_gs

&

Since & = 0 then this is the special case where R = x. And S is found from
d
ds = ¥ _ e 22dy
n

Integrating gives

S = e_%y +C

— e—2zy

ds _ &+
dR ‘%+w
w
w

But S, = —2¢ **y, R, = 1,5, = e"**, R, = 0. Substituting these into the above and
simplifying gives
ds

9,2 2z\ _—2x
T 2¢ "y + (2y + 3e¢™) e

=2y 4+2ye * +3
=3
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Which is a quadrature. Solving gives

/ ds = / 3dR
S=3R+¢
Converting back to z,y gives
ey =3z +¢
y=(3z+c)e*

Of course, this ode is first order linear and can be solved much easier using integrating
factor method. But this is just to illustrate the Lie symmetry method.

_ 12y+yB—a?
1.2.22.24 Example ¢y = EJL;;

Solve

) _12y+y’—2?

3 x

Yy =w(z,y)

Using Maple the infinitesimals are

3
<= 213

)

n=-=

T3

(Will need to show how to obtain these). Lets solve this using the integration factor
method first. The integrating factor is given by
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Then the general solution is

/ w(z,y) (dy — wdz) = c1

4
T3 12y +y>— 22
/2x2—y3 dy — (5# dr | =c;

4 1
Hence we need to find F(z,y) s.t. dF = <2ﬁdy— <§ z3
which will make the solution F' = c¢. Therefore

or OoF
dF = ——dx + ——d
ox T oy y
o 2 3 3 9
= 2—362 _y3dy— <§—x2 —y3> (2y+9y° —2%) dz

Hence
OF _gx%(2y + 93 —2?)
oxr 3 x?2 — g3
oF _ 9 s
oy “x2—q3

(1)

Integrating (1) gives

Where ¢(y) acts as the integration constant but F' depends on z,y it becomes an
arbitrary function. Taking derivative of the above w.r.t. y gives

A =25+ (4)
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Equating (4,2) gives

ol
ol

xr Xz
2:32 — B = 21.2 — 3 +9'()
0=2g9'(y)
9(y) =a

Hence (3) becomes
2
1 4 (21173 + y) \/g 2 ( 2
3

1
F=_234+-In

2 1
2 3 (x%—l—x%y—l—f)—g\/garctan 3

Therefore the solution is

2
1 1 /4 2 N 2 1(29”3+y)\/§ 2. /s
—z3+ -In (mB +x3y+y>——\/§arctan = ——ln(x3—y>=02
2 3 3 3 Y 3

Where constants c;,c were combined into c,. Now this ode will be solved using direct
symmetry by converting to canonical coordinates. This is done by using the standard

characteristic equation by writing

d d
2% _gs
§
d d
G =5 =ds
-1 7
2x3 3
First pair of ode’s give
y
ay _ .3 _ 2
dr -2 327
2x3
Hence
y = C]_xg
Therefore
R = ym_%
And
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Integrating gives

S = / gxédx
1 4
= 5333 +ca
1 4
= 5;;3
By choosing ¢; = 0. Now the ODE 22 = F(R) is found from
ds & +wlzy) s
dR ~ 4B 4w (z,y) %
Sz +w(z,y) S,

But S, = xs R, = —gyx_g, Sy=0,R,==x -3, Substituting these into the above and
simplifymg gives

as %x%
AR —2yo~8 +w (z,9)z 5
1
_ s
— 2 $2
_ x2 — g3
But R = y:v_g ory = Rz3. The above becomes
as _ , @
dR 22 — R3z2
=2
C1-R3
Which is a quadrature. Solving gives
ds =
J#5= ] =
2
S=—§ln(R2+m+1)—gx/garctan<3(1+2R)\/_) In(R—1)+¢

Converting back to z,y gives

%xé z—%ln<(yx_§>2+x+1> V3 arctan (%( (yw §>>\/§> -l—gln((yx_g) —1) +c
1
2

T3 = —%ln <y2x_§ +x+ 1> — gx/garctan (%(1 + 2ya:_§> \/5) + gln (yx‘g — 1) +c
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1.2.22.25 Example y' =3 — 22

This is homogeneous ODE of Class A of form 3/ = F (%), hence from the lookup table
E=x
n=y

The first step is to verify that T = ex,y = ey leaves the ode invariant.

aj _G+oy _ o

/

dZ I, +T,y €
Hence the ode becomes
dy (]
279 _g3_97
dz x
y =3 — 9%
€T
=3-2Y
T

Verified. Now the ode is solved. The tangent curves are computed directly from the Lie
group symmetry given above

or
é._Eezo_m

9y
U—aezo—y

The canonical coordinates (R, S) are now found. Using

@ _ 4 _ s
&
d d
@ _ % _ is (1)
Ty
The first pair gives
dy _y
dr =
Iny=Inx+ ¢,
y=-czr
Hence
R =

8l ©
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Now we find S from the last pair of equations

W _ 45
)
S=lny

What is left is to find dS . This is given by

as

Jg =GB
To find G(R), we use dS = Sydz+S,dy = idy and dR = R,dz+ Rydy = — % dz + Ldy.
Hence
s _ W
dR —%dz + Ldy
dy
— dx
dy
— dx
d
—-R*+ R%!
But %=3—2§=3—2R, hence
as 3—2R
dR  —R2+ R(3-2R)
_ 3-2R
" 3(R- R?)

Which is a quadrature. In Lie method, for first order ode, we always obtain jﬁ

Integrating the above gives

3—-2R
/dS [ 50n = RR2

lnR—gln(R—l)—I—cl

G(R).
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Final step is to replace R, S back with x,y which gives

1
lnyzlng——ln<g—1>+cl
z 3 x
y
T
g __ 3
y b1
(£-1)} =l
x x
Y 1
r 1TOm
1
y= (02§+I)x

-3+4
1.2.22.26 Example ¢ = ——

x

This is homogeneous ODE of Class A of form ¢y’ = F ( %), hence from the lookup table

Canonical coordinates (R, S) are found similar to the above which gives

rR=Y
x
S=Iny

What is left is to find g%. This is given by

ds
R = G(R)
Which is the same as above
ds &y
alad dz
dR  —R?+ R%
But in this problem, the only difference is that % = :i’l@ = :‘Z’fg, hence
s _ i
dR —R?+ R(=3tE)
1 R-3

T RR2+2R-3
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Which is a quadrature. In Lie method, for first order ode, we always obtain 95 = G(R).

Integrating the above gives

Jo- i)

1
Final step is to replace R, S back with x,y which gives

lnyzln(%) —%111(%4—3)—%111(%—1)—!—01

This can be solved for y if an explicit solution is needed.

1.2.22.27 Example ¢/ = ”3(5)

This is homogeneous ODE of Class A of form ¢/ = F (), hence from the lookup table

==z

n=vy

The canonical ode is p
ds -

dR  —R?+ R%
The above is the same ode in canonical coordinates for any ode of the form y' = F(%)
We just need to express 3 as function of R. In this case the above becomes

as MR
2
iR R+ R ()
_3R*+1
" R34+R

Integrating gives
S=In(R(R*+1)) +a
Final step is to replace R, S back with z,y which gives

Iny = In (g((%f + 1)) teo
o)
=2(( )

2

Y
ﬁzc;;,z—l

y? = caa® — 22
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Hence

y =+ c323 — z?

=tzv/c3x — 1

Finding &, 7 from symmetry condition for the above ode This shows how to find &, 7

directly also. The condition of symmetry is given above in equation (14) as

Mo +w(ny — &) — w?Ey — wef —wyn =0
Try Ansatz
§=c+tcz
N =Cz+C3Y
And given

_1a®+3y?
e

2 _ 1 (z* + 3?/2)2
4 22

_ 1a? -3y

N

Hence (14) becomes

122 + 3y? 122 — 3y? 13y — x?

x a A = 0
et g Ty L yx2 Yz ¢ zy? K
Therefore the above becomes

122 + 3y? 1 3 13y~ —

5%@ — §u(co +cz) — éu(@ +cy) =0

Using the computer the above simplifies to

x(c c)+1cm ! 1c —1§c+§c£—0
gl et gy = (%) = ;3% 02 =

(14)
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Hence

C3—01=0
1
502—0
1
—Zen=0
200

3
—502—0
3. _
9% =

Solving gives ¢g = 0,co = 0 and c3 = ¢;. Hence the solution is

E=cx
n=cy
Let ¢; = 1, therefore c3 = 1 and we obtain
{=z
n=y

Which is the result we used in solving the above problem. Notice that any scaler will
also work. Hence

& =5z
And

¢ =10z

n =10y

This will also give same solution.
1.2.22.28 Example y' = £ + %F(%)
This is homogeneous class D ' = ¥ + g(z) F(¥). Hence from lookup table

¢=a’

n=2xy
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Now we just need to find canonical coordinates (R, S) since &, 7 are known. Using

d d
2 _%_4s
£ n
dr dy
— =—==dS 1
2z (1)
The first pair gives
dy _y
dr =
Iny=Inx+ ¢,
y=cx
Hence
R=c
_Y
x

Now we find S from the last pair of equations (we could also use the first and last
equations in (1)).

W _ g5

Ty

Szllny
z

What is left is to find g%. This is given by

s

Jg =GB
S+ Sy
R, + Ryy'
To find G(R), we use S, = ;—glny, Sy = m—ly and R, = -5, R, = 9_16 Hence

s Fhy+ v
dR™ Lty
—Iny -2y
y+xy
—Iny — zv/
y+azy
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But y' = £ + 1F(%) = R+ 1F(R). The above becomes

as _ —Iny— £(R+1F(R))
dR~ y+z(R+1F(R))

_ —lny-— — L F(R)
y+zR+ F(R)
—Iny—1- 5 F(R)

y+z2+ F(R)
1
—lny—1-_F(R)
2y+ F (R)

Something is wrong. STSe should only be a function of R. Need to find out why. Let me
try the other pair of equations from (1) to solve for S and see what happens.

dx:dS

§=—1

T

x2

What is left is to find g%. This is given by

dsS
R = G(R)
S+ Sy

R, +Ry
To find G(R), we use S, = 2,5, =0and R, = —%, R, = 1. Hence

-y +zy
But y' = £ + 1F(%) = R+ 1F(R). The above becomes
as _ 1
dR —y+z(R+1F(R)
1
—y+zR+F(R)
1
~ —y+z¢+F(R)

1

F(R)
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This worked. But why the first choice did not work? OK, let me continue now. Inte-

grating the above gives
1
S=[| =—=dR
| Fmen+e

But S = —2%, hence

Yy
T

1 1
—5—/ F(T)dr—l-c

= 1 1
= [ —d -
0 / F(r) r+c+ .
This example shows that when solving for S from

dr dy
o T

as

There are two choice. One is dS = d—Z and the other dS = i—’ﬁ. Using the first choice did

T
not work here (unless I made a mistake, but do not see it)., Only the second choice

worked because we must end up with 3—1‘5; = G(R) where RHS is function of R only. I
need to look more into this. In theory, any choice should have worked.

Yy

1.2.22.29 Example y' =% 4 ~e7=
This is homogeneous class D ' = ¥ + g(z) F(¥). Hence from lookup table
£ =a?
n=uzy

From above we found the solution to be

1

In this case F(R) = e %. Hence

S = / e®dR +c
S=eff+c
Now we just need to find canonical coordinates (R, S) since £, 7 are known. From above

r=1Y
X

§=-1

T
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Hence the solution becomes

Yy
—=e€e=s +c
x

y 1
€z = Cy — —
T

Y 1
Z=1In Cy — —
x x
1
y=zln|cy——
x

The nice thing about this method is that once we solve for one pattern of an ode, then
the same solution in canonical coordinates is used, the only change need is to plug-in
in the RHS of the original ode in the solution and integrate.

242
1.2.22.30 Example y' = {7575

1+ y? —2?
= w(z,y)

Using anstaz’s it is found that

Hence

= = dS 1)

The first two give

dy _nm_y-z_
de. & x—vy
Hence
y=—-x+c (2)
Therefore
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To find S, since both &, depend on both z,y, then d—;’ =dS or % = dS can be used.
Lets try both to show same answer results.

W _ 45

n

is— W
y—z

But from (2), £ = ¢; — y. The above becomes

iS—__ W
y—(a—y)
__dy
Y —oc

Hence 1
S = 51n(2y—cl)

But ¢; = y + z. So the above becomes

Szlln(2y—(y—|—x))

2
1
= hn(y—2) Q
Let us now try the other ode

dz

— =dS

£

S — dz

r—y

But from (2) y = —z + ¢;. The above becomes

iS—__ G
z—(—x+c)
_dr
2% —q

Therefore 1
S = 51n(2x—01)

But ¢; = y + z. Therefore

S=%ln(2x—(y+x))
1

~ ;@) @
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The constant of integration is set to zero when finding S. What is left is to find g%.

This is given by
as Sy +Sw

dR~ R, + Ryw (5)
But, and using (4) for S we have

S &
ol

3
I

Hence (2) becomes

dS = T
dR 14w

——z—y
=—(z+y)
=—-R
Hence
as
iR —R
R2
S==%
Converting back to z,y gives
2
In (y — z) = _(y+2)
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1.2.22.31 Example ¢ = —jze % + i\/(e—%)2 T2 + de~%

1 1
y = —er_2y + Z\/(e‘2y)2 x? + 4e~%

= w(z,y)

Using anstaz’s it is found that

E=x
=1
Hence
o _W_ s
& n
d
& —dy=ds 1)
The first two give
dy _ 1
dr =«
Hence
y=Inz+ ¢
Therefore
R = C1
=y—Inz

And S is found from either % =dS or d?“” = dS. Since n = 1, it is simpler to use
d—;’ = dS instead.

W _ g
n

dy =dS
S=y

Where constant of integration is set to zero. What is left is to find Z—I"’;. This is given by

dS Sz + Syw

@5 _ Dot oyw 2
dR ~ R, + Ryw @)
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But
1
R, =—-—
x
R, =
Sz =0
Sy =
Hence (2) becomes
as —  w 1
dR —-l4+w -1 41
1

z (— ize—%—i-% \/ (e—29)2w2+4e—2y)

But y = R+ Inx. The above becomes

as 1
dR 1-— L

z (_%we—2(R+1n @)41 \/(e—Q(R-Hn z))2w2+4e—2R+lnw)

1
=1 -
z (_i ze;ﬁ_% 1, /e—4R+4e—2R>
1
1

1
 (~le R+l Ve iR rac )

Integrating gives

14+4e2R 2R 1
\/ e~* arctanh
g etht < V1+4e2R )

Vitie®

Converting back to z,y gives

2(y—In
\V ' 644_‘(3?!—(fllnm)w) e2w=1n2) arctanh (—1 )
y

V1 + 4e2-Tnz)

. y—xf(:z:2+ay2)
1.2.22.32 Example y' = = ss

,_ y—of(@+ay)
z + ayf (22 + ay?)
= w(z,y)

Y
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Using anstaz’s it is found that

£ =—ay
=z
Hence
d
v _dy _ 4o
£
d
dz _dy _ g
—ay
The first two give
@ oz
dr —ay

This is separable. Solving gives (taking one root)

y:
a

Solving for ¢; gives
_2®+ay?
N a

&

Hence ) )
T4+ ay
a

R=

dz

=dS

But y = —”1('";1_3”2) Hence

dzx

___+a(ac1—z?)

4
a

dz

a(ac; — x?)

(1)

S is found from either ‘Z—y =dS or dg—”” = dS. Using % = dS then

=dS

=dS

—v/a(ac; — x2)

eren
———arctan

Ja

———arctan

Vva

ay

Vazx
veia? — z2a
1 (\/E:v

S

)
)

S
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Where constant of integration is set to zero. What is left is to find %. This is given by

dS _ Sp + Syw @)
dR R, + Rw
But
p 2
a
R, =2y
_ Y
% = 2y’ +a
Sy=——"

Hence (2) becomes

P — z
ds v T ( a<1+{y§)> w
dR %”” + 2yw

But R = 2tay’ The ahove becomes

i~ (o)
dR %””-l—Zyw

To finish. Another hard part of this Lie method is to convert back j—f% = ;zi%;“; SO

that the RHS is only a function of R. Need to find a robust way to do this. This is now
a weak point in my program as I have few ode’s that it can’t do it

1.2.22.33 Alternative form for the similarity condition PDE

This section shows how to obtain eq. (8) in paper "Computer Algebra Solving of First
Order ODEs Using Symmetry Methods" 1996 by Durate, Terrab, Mota. Which is an
alternative equation to solve instead of the main Lie condition for symmetry we were
looking at above.

Starting with the main linearized symmetry pde

Nz + W(ny - é..’ll) - w2£y —wg€ — wyn =0 (14)

Assuming anstaz
n=_¢w+Xx (A)
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Hence

Ny = &w + §wy + Xy

Then (14) becomes

(bow + Ews + Xa) + w((§w + Ewy + Xy) — &) — Wy — we€ — wy(w +x) =0
Eow + EWy + Xa + fyw2 + gwyw + Xy — wés — w2£y — wz§ — &Uwy —wyx =0
Eow + Xo + Ew? + Ewyw + Xyw — W&, — W€, — Ewwy —wyx =0
Xz + &w? + Ewyw + xyw — w?E, — Ewwy —wyx =0
Xz + Ewyw + xyw — Ewwy — wyx =0
Or
Xz + Xyw —wyx =0 (1)

And hence (1) is now solved for x(z,y). If we are able to find x then we can use the
anstaz n = £w + x. This leaves only one unknown £. The paper does not explain how
to solve for this, &, which I assume is by using (14) again. The paper only said

The knowledge of x, in turn, allows one to set £ and 7 as desired using (A)

Which is not too clear how in practice this is done. I need to work an example showing
this. The paper says that (1) is solved for x(z,y) by using bivariate polynomial anstaz.
The degree can be set by a user, or Maple internally determines this.

1.3 First order nonlinear in derivative F(x,y,p) =0

1.3.1 Introduction and algorithm flow charts . . . . . . . ... ... ... ...
1.3.2 Algorithm diagram . . . . . . ... ... ... ... ... 205]
1.3.3 Solved examples . . . . . .. . .. .. ... 207
1.3.4 references . . . . . . .. 230}
1.35 Special case. ()™ = f(2)g(y) - - - o o 2311

1.3.6  Special case. (y’)% =ar+by+c ... ... 237



1.3.1 Introduction and algorithm flow charts

This gives an overview on solving first order ode where 3’ enters the ode as nonlinear.
Examples are z(y’ )2 +yy +x=0o0r 2yx —y+Iny =0 and so on. Four general cases
exist and these are summarized in the flow chart at the end of this section. Two of these
cases are called the Clairaut ode and the d’Alembert ode. Following the flow chart, a
number of examples are solved.

Given the ode F(z,y,y’) = 0, we start by writing ' = p which results in
F(z,y,p) =0

This is the top level algorithm

function SOLVE__FIRST__ORDER__ODE__NONLINEAR_ P(F(z,y,p))
Where p = ¢/ and the ode is non-linear in p. An example is z(y')* —yy’ = —1 and

y = z(y' +ay/1+ (y’)2>

if degree of p an integer in F'(z,y,p) then
As an example p?z +yp+y = 0 and it is possible to find the roots (i.e.
solve for p) then let the roots be p; and each generated ode is solved
as a first order ode which is now linear in each in y;. So we need to
solve y; = f(x,y) for each root.

else if we can solve for z from F(z,y,p) then
This is currently not implemented.
Let z = ¢(y, p) then differentiating w.r.t. y gives

dr _ 09  09dp
dy Oy Opdy
1 8¢ Opdp
s AN e 4 1
p Oy Opdy )

Solving (1) for p from the above and substituting the result in

z = ¢(y, p) gives the solution.
else

CALL clairaut_ dAlembert_solver(F'(z,y, p))
end if
end function

Algorithm below is Clairaut dAlembert solver algorithm

function CLAIRAUT__DALEMBERT__SOLVER(F(z,y,Dp))
Solve for y and write the ode as (where p = ¥/)

y=zf(p) +9(p) (1)



where f(p) #0
if f(p) = p then > Example y = zp + g(p)
if g(p) = 0 then > Example y = zp
return as this is neither Clairaut nor d’Alembert.
else if g(p) is linear in p then > Example y = zp + p
return as this is neither Clairaut nor d’Alembert.
else > Example y = zp + p? or y = zp + sin(p)
This is a Clairaut ode. Taking the derivative of (1) w.r.t. z gives

—i(m+)
p_dx pPT4g

. dp ,dp
P= (p”’dx) * (g dx)

dp
_ /
p—p+(x+g)—dm
dp
_ /
0—(x+g)—dw

where ¢’ is the derivative of g(p) w.r.t. p. The general solution is

d
£:0 p:cl

where c¢; is constant. Substituting p = ¢; the in (1) gives the general solution y,
The singular solution y, is now found from solving the ode (z + ¢’(p)) = 0 for p

and substituting the solution p; back in (1).
return y,, y;

end if
else
CALL dalembert_solver(F(z,y, p))
end if
end function

Algorithm below is just the dAlembert solver algorithm

function DALEMBERT__SOLVER(F(z,y,p))
Write the ode as (where p = ¢/)

y=zf(p) +9(p) (1)
where f(p) # 0. Note that We get here when f(p) # p else it is
Clairaut.
if g(p) = 0 then > Example y = z f(p)

f(p) must be nonlinear in p but can not be the special case p% where
n integer because then it is separable.
if f(p) = p» and n € Z then > Ex. y = z(y)?
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return as this is not dAlmbert ode.
end if
else
In this case any form of f(p) is OK even f(p) = pr= with n integer
except ofcourse f(p) = p since this would have made it Clairaut and

not dAlembert. Example is y = zf(p) + p is dAlembert.
if g(p) is constant and does not depend on p then >Ex. y=2xzf(p) +1

return as this is not dAlmbert ode.
else
if g(p) = f(p) then
if g(p), f(p) have the form pr with n integer then > Ex. y = 2p2 + p?
return as this is not dAlmbert ode.
else > Ex. y = 2p3 + p3 or y = zp? + p?
This is dAlmbert ode.
end if
end if
end if
end if
When we get here then (1) is dAlmbert ode. Note that all the above
cases f(p), g(p) can not be function of z in any case. Now we solve (1)
using dAlmbert algorithm. Taking derivative of (1) w.r.t. z gives

d
p= %(zf—i-g)

d d
P= (f ol d—i) - <9£)
af

where f’ means o and ¢’ means Z—f). The above becomes

d
p=1f+(f +9) 7

p—f=af +d) L @)

The singular solution is given when g—’; = 0 above. Hence

p—f=0
Solving the above for p and substituting the result back in (1) gives
the singular solution y,. The general solution y, is found by solving
the ode in (2) for p and substituting the result in (1). there are two
cases to consider.
if ode (2) is separable or linear in p as is then
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Solve (2) for p directly and substitute the solution in (1). This gives

the general solution y,.
else

Inverting (2) first gives

d_a: oz f'+4

ap p—f
Which makes it linear ode in z. This is solved for z(p) as function of
p. Let

z=hp)+a 3)

be the solution. Now two possible cases exist
if able to isolate p from (3) then

Substitute p in (1). This gives the general solution y,.
else

Solve for p from (1) and substitute the result in (3). This gives an

implicit solution for y, instead of explicit one.
end if

end if
end function

1.3.2 Algorithm diagram

The following is the flow chart.
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Not linear in . % is replaced by p. The ode now has the form F(z,y,p) = 0.
An example is (¥')° + (z +y)y' +zy =0and 2y'z —y+Iny =0

'

is f(z,y,p) = 0 an ode of n degree where n is integer? i.e. an algebraic in p?
For example p?z +yp+y =0

‘ no

v

If are able to solve for p
from f(z,y,p) =0 then
solve each generated
equation as an ode of
degree one. Let roots be
pi, then solve each ode
Y = pi = fi(z,y) where
i=1,2,...,n. This can
be done easily now as
degree is one.

yes
! ¥
Solve for y from f(z,y,p) =0 then Similar to flow chart on left. But instead of solving
for y, we solve for z. then let
y = ¢(z,p) 1
== ¢(y,p) ()]
Differentiating (1) w.r.t. z gives
Differentiating (1) w.r.t. y gives
p=20, 000 do_ 06 d6dp
dz Opdx dy By opdy
94 _ 99 1 _ 08¢  Opdp
p #P 1_9¢ 9edp
| o l o | p dy dpdy @
Clairaut ODE d’Alembert ODE | Solving (2) for p and substituting the result in (1)
gives the solution for y

'

ODE (2) becomes

p=p+

0¢ dp
Op dzx
0¢ dp
Bp dx

General solution

'

Singular solution

'

the form

Q) = G 2

Expanding ODE (2) results in an ode in p of

General solution

'

dp

2o

dz
p=c

Substituting this in
(1) gives the general
solution

y = ¢(z,c)

% _y

op
Solving for p from the
above equation
(algebraic) and
substituting the result
in (1) gives the
singular solution. Let
the solution be p;,
therefore the singular
solution is

y = ¢(z,p:)

Nasser M. Abbasi, Nov 26, 2022. non_linear_first_order_ode.ipe

General solution found by solving for p
from

dp
Qlp) = G(z,p) 5
This can be done by solving for p
directly from the above first order ode
for p if the above ode turns out simple
one (linear, separable), if not then
invert the above to become

dp _ Q(p)
dz  G(z,p)
dz _ G(z,p
dp  Q(p)
And solve for z(p) to obtain solution
z(p) = R(p) +c ®3)

Eliminating p from (1) and (3) gives
the general solution for y

Singular solution

'

Let Z—Z = 0 then the singular
solution is found by solving for
p from Q(p) = 0. Let the
solution be p;. Hence singular
solution is given by substituting
this in in (1) which gives

y = é(z,p)

Figure 1.14: Algorithm for solving first order ode with nonlinear 3’
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1.3.3 Solved examples

# | original ode y=xf(p) +9(p) f(p) 9(p) type
12 r_ _ 1 1 .
1| z(y) —yy =-1 y=zp+; D P Clairaut
2 |y=ay - () y=xp—p’ p —p? Clairaut
3 |y=ay -1 y=azp— Lp? p 12 Clairaut
4 |y=a(y) y = ap? P? 0 d’Alembe
5 |y=z+ (1/)2 y =1z + p? 1 p? d’Alembe
6 (y,)z —l-z—y=0 y=-z+ (p>—1) -1 (p*—1) d’Alembe
Tl yy - (Z/,)2 =z Y= ;1,1‘ +p ;1, p d’Alembe
8 | y=2(y)"+ ) y = ap? + p? P p? d’Alembe
— b — b,— b, — )
9 |y=3%¥+ y=2p+op! g bp-t d’Alembe
10 y:ac(y’+a\/1+(y’)2) y:x(p—}-a\/l—}—p?) pt+ay/1+p2 |0 d’Alembe
11| y=z+ @) (1-2y) y=z+p*(1-2p) 1 p*(1-2p) d’Alembe
2
12 y=2x—%ln($f_)l> y=2r—3In (p’%) 2 —1n (p’fl) d’Alembe
13 | () —2(y) +y(l+y) —ay =0 | y= 222’ gy 2 _ 7 Clairaut
) Yy Y Y Ty = y= P+l =TP—pF | P 1 airau
2 - _ 1 1 .
4 z@y) +@-yy+1-y=0 y=zp+ 1, p T Clairaut
15 | zyy’ = y? + z\/4x2 + o2 y = RootOf (h(p)) RootOf (h(p)) | O d’Alembe
16 | In(cosy’) +y'tany’ =y y =1n(cosy’) + 3 tany’ 0 In (cosp) + ptanp | d’Alembe

1.3.3.1 Example 1

z(y)? —yy = —1, is put in normal form (by replacing ¢/ with p) and solving for y gives

1
y=ap+ -
p

= zf(p) + 9(p)

(1)

Where f(p) = p and g(p) = 11). Since f(p) = p then this is Clairaut ode. Taking
derivative of the above w.r.t. x gives

p=p+(z+d() 5

p= %(xp +9(p))

dp
dx

d

0=(c+g() 5
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The general solution is given by
dp
de
p=a

0

Substituting this in (1) gives the general solution

1
y:clx-l-—
1

The term (z + ¢’(p)) = 0 is used to find singular solutions.

z+4'(p) —py 21
dpp
p2

Hence = — z% =Qorp= :l:\/ii. Substituting these back in (1) gives

1
y1(r) =zp+ —
1(z) »

1
—2/z (3)
)= —oyfL v
= 2vz 4

Eq. (2) is the general solution and (3,4) are the singular solutions.

1.3.3.2 Example 2

y = zy — (¢)? is put in normal form (by replacing 3’ with p) and solving for y gives

y=axp—p° (1)
= zf(p) + 9(p)

Where f(p) = p and g(p) = —p?. Taking derivative of the above w.r.t. x gives

p= %(xp +9(p))

, d
p=p+(@+g®)

d

0=(c+g() 5
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The general solution is given by
dp
de
p=a

0

Substituting this in (1) gives the general solution
y=ocz—c

The term (z + ¢’(p)) = 0 is used to find singular solutions.

d
z+4g(p) =2+ %(—pz)
=x+2p

Hence x + 2p = 0 or p = §. Substituting this back in (1) gives
_z
4
3)

Eq. (2) is the general solution and (3) is the singular solution.

1.3.3.3 Example 3
y=zy — (v )? is put in normal form (by replacing 5 with p) and solving for y gives

1 2
—op— - 1
y=ap—p (1)

= zf(p) + 9(p)

Where f(p) = p and g(p) = —3p®. Taking derivative of the above w.r.t. z gives

p= %(wp +9(p))

dp
— I —
p=p+(e+d®)
dp
0= ! —
(@+g(®) 4
The general solution is given by
dp
i ="

b=a
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Substituting this in (1) gives the general solution

2
Y =cCx — ch

The term (z + ¢’(p)) = 0 is used to find singular solutions.

d/ 1
/ _ o =2
w+g(p)—x+dp< 4p>
—p 1

Hence z — 3p = 0 or p = 2z. Substituting this back in (1) gives

y(x) = 22° — 2°

= xQ
Eq. (2) is the general solution and (3) is the singular solution.

1.3.3.4 Example 4

y = z(y/)? is put in normal form (by replacing y with p) and solving for y gives

y = zp°
=z f(p)

3)

(1)

This is the case when f(p) = p? and g(p) = 0. Writing f = f(p) and g = g(p) to make
notation simpler but remembering that f is function of p(z) which in turn is function

of z. Same for g(p).
y=xf

Taking derivative of the above w.r.t. = gives

d

p—%(f'?f)

d
p=f+zfL
dx

dp

— — /_
p—f== iz

Since f = p? then the above becomes

dp
p—p’=2zp_-
4

(2)
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The singular solution is given when g—g =0or p—p*=0. This givesp =0 or p = 1.
Substituting these values of p in (1) gives singular solutions
Ys1 = 0 (3)
Yor = T (4)
General solution is found when 2 # 0. Eq(2) is a first order ode in p. Now we could
either solve ode (2) directly as it is for p(z), or do an inversion and solve for z(p). We

always try the first option first. Since (2) is separable as is, no need to do an inversion.
Eq (2) is separable. The solution is

p1=0

c
pr=14—

NG

For each p, there is a general solution. Substituting each of the above in (1) gives
yi(z) =0

ys() =m(1+%)2

Hence the final solutions are

x (singular)
y=20

y:x<1+%)2

But y = = can be obtained from the general solution when ¢; = 0. Hence it is removed.
Therefore the final solutions are

y=0 (6)

What will happen if we had done an inversion to z(p)? Let us find out. ode(5) now
becomes

p—pidr _
p dp
dv _ _p

2x_p—p2

2z

dp
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This is also separable in z. Solving this for z gives

C1

T -1

Solving for p from the above gives

T+ \/xCcy
T
T — \/xC|

T

D1 =
D2 =

Substituting each of the above in (1) gives

hn
_ (z+ yma)®
ee(L)
_ (z—yme)”

Now we see that singular solution y = x can be obtained from the above general
solutions from ¢; = 0. But y = 0 can not. Hence the final solutions are

y=0 (singular) (8)
y = Lt vEe) +Vﬁﬂ )
- o=y (0)

T

All solutions (6,7,8,9,10) are correct and verified. Maple gives the solutions given in
(8,9,10) and not those in (6,7).

1.3.3.5 Example 5
y =z + (y)? is put in normal form (by replacing 3’ with p) which gives

y=z+p° (1)
=zf+yg
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Hence f(p) = 1, g(p) = p?. Taking derivative w.r.t. T gives

~(reor2)+(62)

p=f+f +e) L
d
p—f=@f+9)3 (2)

Using f = 1, g = p? the above simplifies to

dp
—1=9pF 2A
P P (2A)

The singular solution is found by setting Z—Zz’ = 0 in (2) which results in p — f =0 or
p—1=0. Hence p = 1. Substituting these values of p in (1) gives singular solution as

y=x+1 (3)

General solution is found when Z—g # 0. Eq (2A) is a first order ode in p. Now we could
either solve ode (2) directly as it is for p(z), or do an inversion and solve for z(p). We
always try the first option first. Since (2) is separable as is, no need to do an inversion.
Solving (2) for p gives

p = LambertW (cle%_l) +1

Substituting this in (1) gives the general solution
y(z) = z + (LambertW (ciez ') + 1)2 (4)

Note however that when c¢; = 0 then the general solution becomes y(z) = = + 1. Hence
(3) is a particular solution and not a singular solution. (4) is the only solution.

1.3.3.6 Example 6
(y')> —1 — 2 —y = 0 is put in normal form (by replacing ¢/ with p) which gives

y=—-z+ (p®—1) (1)
=zf+g

Hence f = —1,g(p) = (p? — 1). Taking derivative w.r.t. = gives

_ ,dp ,dp
p=(r+ar )+ (/2
p=f+ s +g) L

d
p—f=@f+9)3 (2)
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Using f = —1,g = (p? — 1) the above simplifies to

dp
1=2p— 2A
p+1=2p_ (2A)
The singular solution is found by setting Z—Z = 0 which results in p = —1. Substituting

this in (1) gives singular solution as

y(z) =z 3)

The general solution is found by finding p from (2A). No need here to do the inversion
as (2) is separable already. Solving (2) gives

c2

p = — LambertW (—e_%_H?) -1
= — LambertW (—cle_%_l) -1

Substituting the above in (1) gives the general solution

y(z)=—z+ (p® - 1)
y(z) = —z + (— LambertW (—cle_%_l) — 1)2 -1 4)

Note however that when ¢; = 0 then the general solution becomes y(z) = —z. Hence
(3) is a particular solution and not a singular solution. Solution (4) is therefore the only
solution.

1.3.3.7 Example 7

yy' — ()* = z is put in normal form (by replacing 3’ with p) which gives

1)

Hence f = 1—1), g9(p) = p. Taking derivative w.r.t. z gives

_ ,dp ,dp
p=(r+ar )+ (/2
d
p=1f+(f +9)
d
p—f=(af +9)
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Using f = %, g = p the above simplifies to
1 x dp
S (e | 2A
7 < P ) dx (24)

The singular solution is found by setting 7 dp = 0 in (2) which results in Q(p) = 0 or
p—1=0 or p = 1. Substituting these values in (1) gives the solutions

y(z)=z+1 (3)

The general solution is found by finding p from (2A). Since (2A) is not linear and not
separable in p, then inversion is needed. Writing (2) as

dz 1-5
dp  p—3
1 2
= {L‘—p
e
Hence
dx T p?

R + =
dp p(P*-1) pE -1
This is now linear ODE in z(p). The solution is

_p/lp-1)(+pln(p+vp"— )+c p
(1+p)(p— 1) Virp -1

_ VP —1ln(p+vp* - ) p @
p?—1 \/ﬁ

Now we need to eliminate p from (1,4). From (1) since y = Il)r + p then solving for p
gives

Substituting each p; in (4) gives the general solution (implicit) in y(z). First solution is

(44 3= T) (4 =) — L (44 W=+ (4 + WP = ) 1)

T = 2 +Cl
(5 1) - :
And second solution is
(4= 37 =2) (4~ W= )~ Lin (4 = B =+ (¢~ P =) — 1)
T = Q _ l 5 — 2 _ +C]_
(2 2 VY 4m) 1 (1:
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1.3.3.8 Example 8

y = z(y")* + (v)? is put in normal form (by replacing 3’ with p) which gives

y=axp° +p° (1)
=zf+yg

where f = p?, g = p®. Taking derivative and simplifying gives

d d;
(reor2)+(62)

dp
_ / /
dp
_r_ / /
p—f=@f+g),
Using values for f, g the above simplifies to
p—p* = (20p+2p) % (2A)
dx

The singular solution is found by setting Z—x = 0 which results in p = 0 or p = 1.

Substituting these values in (1) gives the singular solutions

yi(z) =0 3)
ya(2) =z +1 (4)

The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (A2) as

pl—p) _dp
2p(z+1) dz
Inverting gives
dz _ 2(z+1)
dp (1-p)
dx 2 2

dp “(1-p) (1-p)

This is now linear z(p). The solution is
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Solving for p gives

02
(p_1)2=x+1
02
2_
(p—1) T x+1
C
—1)=4=
(p ) r+1
c
=1+
p vr+1

Substituting the above in (1) gives the general solutions
y=(z+1)p’

Therefore

o= esn (1o Y
y(@) = (o +1) (1—\/%)2

The solution y;(z) = 0 found earlier can not be obtained from the above general
solution hence it is singular solution. But ys(x) = = + 1 can be obtained from the
general solution when C' = 0. Hence there are only three solutions, they are

yi(z) =0
yz(x):(x+1)<1+ xC'+1)2
y3(x)=(:£+1)<1— zCH)Z

1.3.3.9 Example 9

y =2y + aiy, is put in normal form (by replacing 3’ with p) which gives

b _
y=-"p+_p (1)
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Where f = 2,g = 2p~!. Taking derivative w.r.t. z gives

d d;
(reort)+(62)

dp
_ / /
dp
J— — 4 ! _
p—f=@f+d)

Using values for f, g the above simplifies to
_p_(z_b e\
P=a = (a a’ ) dz (24)

The singular solution is found by setting % = 0 which results in p = 0. Substi-
tuting this in (1) does not generate any solutions due to division by zero. Hence
no singular solution exist.

The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (2A) as

p(l—3) _dp

z _b,—2
2—2p dx

Since this is nonlinear, then inversion is needed

de _ 5= ap”
dp p(1-3)
de i 1 b 1
b Tpla-1 " ap(i-1)
This is now linear ode in z(p). The solution is
b 1
T= 1 +CipT (3)

(2a — 1)p?
There are now two choices to take. The first is by solving for p from the above in terms
of z and then substituting the result in (1) to obtain explicit solution for y(x), and the
second choice is by solving for p algebraically from (1) and substituting the result in
(3). The second choice is easier in this case but gives an implicit solution. Solving for p
from (1) gives

_ay++a*y* — 4xb

= or
ay — v/ a?y? — 4xb
=

2z
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Substituting each one of these solutions back in (3) gives two implicit solutions

1
b ay +va?y? — dxb\ « !
= 202 _4gb 2+Cl(y 25 )
ay++/a“y-—4x
(20— 1) (/5P

b

€T = 774t 2+Cl<
(2a—1) <%>

a?y? — 4xb) =

1.3.3.10 Example 10

y = zy’ +az\/1+ (y)? is put in normal form (by replacing 3’ with p) which gives
y=x(p+a\/1+p2> (1)

= xf
where f = p+ av/1 + p?, g = 0. Taking derivative and simplifying gives

p=(r+ar L)

dp
— P
Using values for f, g the above simplifies to
ap '\ dp
—ay/1+p?=x(1+ - 2A
P ( V14 p2> dz (24)

The singular solution is found by setting 3—2 = 0 which results in —a+/1 + p? = 0. This
gives no real solution for p. Hence no singular solution exists.

The general solution is when 3—7; # 0 in (2A). Since (2A) is nonlinear, inversion is
needed.

—ay/1+p?  dp
a:—i—%a:\/% dz
1 2a
dx_x<1+§ lfp2>

dp —ay/1+ p?
1 2q
dz 1+§\/ﬁ

== ap

z  —ay1+p?
de  V1+p*+ %Qapd

x —a(1+p?)

* - (cter )
r \ a/I+p2 1+ P
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Integrating gives
1 1
Inz(p) = ) In (p® + 1) — = arcsinh (p)
a

Therefore ) b
arcsinh(p

—eal
r =C © (3)

VPP +1
There are now two choices to take. The first is by solving for p from the above in terms
of z and substituting the result in (1) to obtain explicit solution for y(x), and the
second choice is by solving for p algebraically from (1) and substituting the result in
(3). The second choice is easier in this case but gives an implicit solution. Solving for p

from (1) gives

lay++v/—a?z?2 + 22 +y2a—vy

=" a?—1
_l-ay+vV-a’r®+2°+yfa—y
oz a?—1

Substituting each one of these solutions back in (3) gives two implicit solutions

—a2424 22
-1 (arcsinh( 1ayty e 2+z +y%a- y))
a a 1

—€
r=:C
1 ay++v/—a?x24224y?a—
\/< Y e Y Y _|_ 1
0222122142
BTSSR =)
—€
r =C
1 —ay++/—a2z?+z24y2a—y
\/( a?-1 + 1

1.3.3.11 Example 11

2
y=z+(y) (1 = gy’)
2
= 2(1 -2
T+p ( 3p>
Where f =1,g9 =p?(1 — 2p). Taking derivative w.r.t. = gives
dp dp
_ 1 4P 1 4P
p=(r+ar )+ (/2
N

p—f=(=f+g )Zﬁ
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Using values for f, g the above simplifies to

1 — (99— op2) P
p—1=(2p—2p% = (2A)
dp

The singular solution is when %2 = 0 which results in p = 1. Substituting this in (1)

e (-3

1
=x—|—

gives

3
The general solution is when g—g # 0. Then (2A) is now separable. Solving for p gives

Pp=—-—va—T
p=+c—«x

Substituting each one of the above solutions of p in (1) gives

9
Yy =7+ (p2 - 5293)

=Tt ((—\/lew)2 - g(—mﬁ)
=z+ (Cl—x-i-g(cl—z)g)
=c + g(cl —1)?

And

2 3
=C — 5(61 — fL‘)g
Therefore the solutions are
+ 1
= —
y 3
2 3
Yy=c+ g(cl —.’L‘)2
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1.3.3.12 Example 12

W) ="y —1)
In(y)? = (4z — 2y) +In (¢ — 1)
4z — 2y =In (y')2 —In(y — 1)
)"

dr — 2y =1
T — 2y ny,_1

Where f =2,9g = —% In <z%21>' Taking derivative w.r.t. x gives

d d;
(1) (62)

p=F+@f +g) L
p—7=(af +9) P

Using values for f, g the above simplifies to
2—p \dp
p2= (22 )% (24)
2p? —2p ) dx
The singular solution is when % = 0 which gives p = 2. From (1) this gives
1
y=2x— 3 In4
The general solution is when g—i # 0. Then (2) becomes

dp 2p% — 2p
il S ) M i i
=@ )< 51

= 2p(1 —p)
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is now separable. Solving for p gives

1

p= 14+ ce 2=

Substituting the above solutions of p in (1) gives

1, (as)”

1.3.3.13 Example 13

p+1

=1Ip— 1
Py 0

=zf+g

2

Where f = pand g = — 5. Since f (p) = p then this is Clairaut ode. Taking derivative

of the above w.r.t. x gives

p= %(xp +9(p))

p=pt@+g() 2
0= (@ +g) L

The general solution is given by

dp
L -0
dx
b=

Substituting this in (1) gives the general solution
2

Cl+1

Yy=xC —
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The term (z + ¢’(p)) = 0 is used to find singular solutions.

z+4g(p)=z+ d1
dpp

1

= r— —

p2

Hence z — -; = 0 or p = £ . Substituting these back in (1) gives

1
nx)=zp+ —
1(z) »

1
—2va ©
ne) = —2\/> ~ V2
= 2z @

Eq. (2) is the general solution and (3,4) are the singular solutions.

1.3.3.14 Example 14

2@) + (@ —y)y +1-y=0
o(y) +ay —yy' +1—y=0
y(—y — 1) +z(y)’ +zy +1=0

Solving for y

=zf+g (1)
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Where f =pand g = #p. Taking derivative of the above w.r.t. = gives

p= %(xp +9(p))

dp
_ /
p=p+(e+d®)
dp
_ /

The general solution is given by

dp

i

dx

p=a

Substituting this in (1) gives the general solution

y=61$+61+1

The term (z + ¢’(p)) = 0 is used to find singular solutions. But

x+g'(p)=x+%)( . )

1+p
o 1
(p+1)?
Hence
1 —_—
(p+1)?
z(p+1)° —1=
(p+1)° =~
1
l1=4—
p+ G
1
p=4——1

(4)
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Substituting these values into (1) gives
1
1+m

”(%‘Wm
=%—x+\/5
:Zﬁ—wﬁ

=2V —«x

Y1 =2xp1 +

G|

And substituting ps into (1) gives

=T +
n P1 1+p

Tz
=2z —x

There are 3 solutions given in (4,5,6). One is general and two are singular.

1.3.3.15 Example 15
zyy =y + a4 + 42
Solving for y gives
y=RootOf (_2z*—4+ (p*—1) _2*—2 2%p)=x
y=zf+g

(5)

(6)

Where f = RootOf (_z* — 4+ (p?> — 1) _2% —2_23p) and g = 0. Taking derivative of

the above w.r.t. z gives

~(reor )+ (62)

d
p=f+aft
Hh

dp

p— — /_

p-f=zf—
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Using values for f the above simplifies to

p—RootOf (_z* —4+ (p*—1) _2*—2_2%) = (xdip RootOf (_2* —4+ (p* —1)_2% — 2_z3p)> Z—z

(24)
The singular solution is found by setting Z—g = 0 which results in p = RootOf (_z* — 4+ (p?> —1)_2% —2_
Substituting this in (1) does not generate any real solutions (only 2 complex ones) hence
will not be used.

The general solution is found by finding p from (2A). Since (2A) is not linear in p, then
inversion is needed. Writing (2A) as

dr_ of
dp p—f
1 f
“de = —"—d
T p—fp

Due to complexity of result, one now needs to obtain explicit result for RootOf which
makes the computation very complicated. So this is not practical to solve by hand. Will
stop here. It is much easier to solve this ode as a homogeneous ode instead which gives

VIR
_T—'_ n(z)=c

the solution as

1.3.3.16 Example 16
In(cosy’) +y'tany =y

Solving for y gives

y = In(cosp) + ptanp (1)
y=zf+g
=g (14)

Where f = 0 and g(p) = In (cos p)+ptan p. Important note: This ode has f = 0 which is
strictly speaking is not of the form y = z f(p) + g(p). But Maple says this is dAlembert.
This is why it is included. I should make special case dAlmbert classification to handle
this special case.
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Taking derivative of (1A) w.r.t. z gives

_dgdp
P= dp dz
p= <_s1np + tanp + p(1 +tan2p)) dp

cosp dx
d

p= (—tanp+tanp+ p(1 + tan’p)) —Z

_ 2\ dp
p =p(1+tan’p) -

_ 2,y 9P
1= (1+ tan®p) - (1.1)

The singular solution is found by setting % = 0 which does not result in solution.

The general solution is found by finding p from (2). Since (2) is not linear in p, then

inversion is needed. Writing (1) as
dz
dp
dx = (1 + tan? p) dp

=1+tan’p

Integrating gives

r=tanp+c

p = arctan (z — c)
Substituting the above in (1) gives the solution

y =In(cosp) + ptanp
= In (cos (arctan (z — ¢))) + (arctan (z — c)) tan (arctan (z — ¢))

= In (cos (arctan (z — ¢))) + (x — ¢) arctan (x — ¢)

This ode also have solution y = 0.

1.3.3.17 Extra example

This ode is an example where y does not appear explicitly in the ode so not possible
to directly solve for y. It is given here to show possible problems with this method.

y=V1t+z+y (1A)

This ode is squared to first solve for y which gives

Y =1+z+y (2A)
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However, here care is needed. To get back to original ode (1A) then (2A) means two
possible equations
y=+\14+z+y

Hence the solutions obtained using (2A) can be the solution to one of these

y=+/1+z+y (B1)
Y =—/14+z+y (B2)

Therefore the solution obtained by squaring both sides of (1A), which is done in order
to solve for y, must be checked to see if it satisfies the original ode, else it will be
extraneous solution resulting from squaring both sides of the ode.

Starting from (2A), in normal form (by replacing 3’ with p) it becomes
y=-z—1+p° (1)
=zf+yg

Where f = —1,g = —1 + p?. Taking derivative w.r.t. = gives

dp
_ ! /
p=f+(=f+d)
dp
1=2p— 2
p+l=2p (2)
Since % = —1 # p then this is d’Alembert ode. The singular solution is found by

setting gTZ = 0 which results in p = —1. Substituting this in (1) gives the singular
solution

y(z) = -z 3)

But this solution does not satisfy the ode, hence it is extraneous. The general solution

is found by finding p from (2). Since (2) is nonlinear, then it is inverted which gives

p+1_dp
2p  dx
de _ 2p
dp p+1
Which is linear in z. Solving gives
z=2p—-2ln(p+1)+ac (4)

Instead of inverting this to find p in terms of z, p is found from (1) which gives

y+z+1=p’

p=x\Vy+x+1
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Substituting these solutions in (4) gives implicit solutions as

T=2\/y+z+ —21n<1+\/y+x—|—1>+cl
x=—2\/y+w+1—2ln<1—\/y-l-:c-l—l)—|—cl

But only the first one above satisfies the ode. The second is extraneous. Therefore the
final solution is

T=2\/y+z+ —2ln<1+\/y—|—a:+1>—|—cl

And no singular solutions exist. If instead of doing the above, p was found from (4)
using inversion, then it will be

p = — LambertW (—cle_Tx_1> -1
Substituting this in (1) gives
g 2
y=—-x—1+ (— LambertW (—cleT_1> — 1>

But this general solution does not satisfy the original ode. In general, it is best to avoid
squaring both side of the ode in order to solve for y as this can generate extraneous
solutions. Only use this method if the original ode is already given in the form where
y shows explicitly.

1.3.4 references
1. An elementary treatise on differential equations. By Abraham Cohen. 1906.
2. Applied differential equations, N Curle. 1972
3. Ordinary differential equations, LB Jones. 1976.

4. Elementary differential equations, William Martin, Eric Reissner. second edition.
1961.

5. Differentialgleichungen, by E. Kamke, page 30.

6. Differential and integral calculus by N. Piskunov, Vol II
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1.3.5 Special case. ()" = f(z) g(y)

ode internal name "first_ order_nonlinear p_ but_ separable"

For the special case of (v’ )% = F(z,y) where RHS is separable, i.e. F(z,y) = f(z) g(y)
then short cut method is described below. This only works if F(z,y) is separable and
if there is only one ¢’ in the equation. For example, it will not work on (y’ )% +vy =yzx
and will not work on (y’ )% — y+z (see second special case below for the form (i)™ =
az + by + c)

If the form is ()™ = f(z) g(y) then we first write it as (/)" = (f(x) g(y))™ assuming
f(z) g(y) > 0. Then find roots on unity for n. For example of n = 2 this gives

m
2

m
2

J = (f(=) 9(v))
—(f(=)9(»)

And if n = 3 then

3

And if n = 4 then

(f(z)g(y) s
, —i(f(z) 9(y))
i(f(z) 9(v))

And so on. For works for positive or negative n, m integers. Now the ode are solved
each as as separable. Examples given below.
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1.3.5.1 Example 1

@) '+ f@)y—a)’y-b’y-0o’=0
@) ' =—f(2)(y—a)’ (y—b)°*(y -’

) = —f(@)

y—a’@y-b’@y—o

( 3 v 3 2 ) =—f(=)
(y—a)’ (y—10)°(y—c))

!/

=

——(—f))
(y—a)’ (=0 —o)*
’ — = (/@)
(-0 - -9
e O
(6-0@-b-9?)
y(x) T 1
/ 1 2 Zdz:/ (=f(r)*dr+c
(CRDICRLICERR
1.3.5.2 Example 2
v)' = ysina
(y/)3 =sinx
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Hence we have 3 solutions

sin% T
!
T ={ —(~1)3sinb
ys 2 1
(—=1)3sin3 z
sin3 zdx
d
—i/ = —(—1)% sin3 zdx
ys 2 1
(—1)2 sin3 zdx
fsin% zdx
d
Y —{ —(~1)} [sin} zde
ys 2 1
(1) [sin3 zdx
f sin3 zdz + c
3 2 1 L1
§y3 = —(—]_)3 fSlIlg zdr + C1
2 1
\ (—1)3 fsms zdr + ¢
( % i sins zdz + c;
y§ = —§(—1)% fsin% xdzr + ¢
%(—1)% f sins zdx + c1
( 2 .1 %
<§ f sin3 xdx + cl)
1 1 %
y= (‘%(—1)3 fsinE zdx + cl>
3
(%(_1)§ i sin3 zdz + Cl> ’

1.3.5.3 Example 3

W)’ =yz
W) _ |
y
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Hence we have 3 solutions

win

N W
<

wlN
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1.3.5.4 Example 4

nY o
(¥)® =yx

For this form, we write ¢/ = (yz)® but this is always with the assumption that yz > 0.

Y = (yx)’
y'=y3x3
d
—g=x3dm
Yy
1 1,
—2—/!/2:;1117 +Cl
-1
M=
y %z‘l—i-cl
1
2 __
v = -3zt + ¢

(

1
\/ — % zt+co
_ 1
—%x4+02
2
—zt4c3
_ 2
—:1)4-‘,-63
cs

V2
N/ —z4
I Y.
L —z+c3
1.3.5.5 Example 5
1— 2
7\ 2 Yy
(y) - 1 x2
(¥)* 1
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Hence we have 2 solutions

N\ 7~

= —l<z<l1

arcsin (z) + ¢
,() —-l<zx<l
—arcsin (z) + ¢

arcsin (y) = {

sin (arcsin (z
y= ( ,()+C) —-1l<z<l
— sin (arcsin (z) + ¢)

1.3.5.6 Algorithm description to obtain the above solutions

Starting with

Find the solution z of equation

This will obtain number of solutions. For example for n =3,m =1

z = (fg)%
2= —5(f0)} + 3iV3(fg)’
= —5(f0)} - 5ivA(f)}

Now if we assume that f > 0,9 > 0 then we can separate the f, g giving
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or
1 1 1 1
z2:g3 ——f3+—z\/§f3
2 2
1 1
z3=g3( —=f3 — ZiV/3f3
2 2
This means
, 1 1., 1. 1
Yy = gs3 ——f3—|-—z\/§f3
2 2
y =g° (—%fé - %i\@fé)

Which gives

/g?j)é :/f(:c)édz+61
dy1 _ _lf%+1i\/§f% dr + ¢
[ =] (ot g

9(y)?

/ dyl =/(_%f§_%i\/§f§) dr + ¢,

g9 (y)3

There is no need to evaluate the integrals unless needed. Without the assumption
f,g > 0 we could not separate them. Since (f g)% = fmgm is true under this condition
when > is rational number. If > is an integer, then this condition is not needed and
we can always factor out f, g and separate them.

The assumption f,g > 0 might be too strict to use but without this assumption this
method can not be used.

1.3.6 Special case. ()" = az + by + ¢

ode internal name "first_ order_nonlinear p_ but_linear in_x_y"

For the special case of (y')= = F(z,y) where RHS is linear in both z and y, i.e.
F(z,y) = ax + by + c then a short cut method is described below using transformation
u = ax + by + c. This makes it separable in u. This will not work if there is nonlinear
z term, such as (y')™ = by + 2 or nonlinear term in y such as (y')™ = y2 + z.
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and the ode becomes

u'—a

b

Taking derivatives gives v’ = a + by’ or ¢y =
(u’ — a) m
=u

u—a _ (u)?
b —(u)?
And for n =3 N
. O
= _(_1)25 (u?j
SHOY

And so on. From now on, this is solved as separable. For negative integer values n, we
just replaced n by —n in the above. For example, for n = 3
(u)™s
v —a 1
—(=1)% (u)

(-1)% (u)

m
-3

m_
-3

For symbolic values of n we can just leave the integral as is. For example for (y')"

az + by we obtain

1
v =bur+a

[wia=]
- = [dr+c
bur +a

az+by(z) dz
/ T =r+c
bzr +a
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1.3.6.1 Example 1

(/)P =2y+3z+9
Let u =2y + 3z + 9 then v’ = 2y’ + 3 then ¢/ = # and the ode becomes

(u’ — 3>3
=1
2

Each is now solved as separable.

Hence
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For the second one u' = —2(—1)% (u)% + 3 results in

du
~2(=1)7 (u)? +

/_2(1 w)s + /da:

:dac

2y(x)+3z+9 dZ
/ 1 1 =zt
—2(-1)} (2)} +3
And for the third ode o' = 2(—1)% (1) + 3
2du 1 dx
2(=1)2 (u)® +3

/2(—1)§d?u)§+3:/dx

2y(z)+3z+9 dz
/ 3 T =4+
2(-1)3 (2)3 +3

Hence the three solutions are

/

f2y(x)+3x+9 (fz — 4o
22343
2y(z)+3z+9 dz _
/ TR TR PP
f2y(w)+3w+9 iiz . —r4c
L 2(-1)3(2)3+3
1.3.6.2 Example 2
3
()2 =2y+3z+9

Let u =2y + 3x + 9 then v’ = 2y’ + 3 then ¢y = UT_ and the ode becomes
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D=

Let (“T_?’) =Y then
Y3=u
( 1
us
) a\ 3
y = ui(-3+3)
1
1 1 iv3 ) 3
(1o 5p)
Hence
( 1
u3
(452) = (heop)
2
1 s
1/ 1 3
| i(2-28)
( 2
u3

Each is solved as separable.

N——
I
IS
(MIN]
|
N | =
_|_
ol
N——
Wl

2
2 1 iv3 ) 3
(-8
( 2
2us + 3
2
oo 2ud —§+%§>3+3
2
s —%—%5)3-1—3
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Hence the three solutions are

(

2y(x)+3z+9 ¢
22343
2y(z)+3z+9 d
/ — Y —=x+q

ny(x)+3z+9 dz

1.3.6.3 Algorithm description to obtain the above solutions

Starting with

()" =az+by+c
Find the solution z of equation
Zm =u
Where u now is a symbol. Lets say we found sy, s, - - - solutions (depending on what

n,m are). Then for each solution s; change it to be

si=0bs;+a

Then write

/du
— =4+
S;

Then replace each with letter u in each s; by new letter say z (the integration variable).
Now the solution becomes
az+by+c dz
/ —=x+cc

S;
This is basically what was done in the above examples. There is no need to find an
explicit solution for the integral. But this can be done if needed afterwords.
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1.4 System of first order ode’s

1.4.1
1.4.2

1.4.1 Linear system of first order ode’s

Linear system of first order ode’s
nonlinear system of first order ode’s

Currently the solver only supports first order system of odes, that are linear and not

time varying.

ode internal name "system of linear ODESs"

System of linear first order ode’s.

*' = Az + F(x)

Solved using both eigenvalues and eigenvectors method and also the matrix exponential
method. Only linear ode’s are supported. The following flow chart show the algorithm
for two system of ode’s.

system of first order ODE’s

]
nonhomogeneous system. (A constant)
¥ = Ax+ G(t)

\ First solve the homogeneous part to find x, and x,

f
Variation of parameters

Find fundamental matrix
o=[x x]

1
Undetermined coefficients
|

constant. Everything else, use
Variation of parameters.

Only works if G(t) contains sums and
products of exponentials and/or
polynomials of degree > 0 and A is |

homogeneous system. (A constant)

x'=Ax

Find eigenvalues X by
solving |A — M| =0

f
A is real and repeated

Find first eigenvector
v, by solving

x,=® [®7'G(t)dt

Write G(2) = g, (1) + &, (1)

guess X,(t) based on form of
g, (t),8,(t) similar to scalar
case but using vectors for
constants. So end up with
something like

x,(t) = a + be' (see example
May 4, 2017)

I
isx; orx, inx, ?

X,
YES

(A-MDy, =0

Find first L.I solution
x; =v,et

H

Is the eigenvalue A; complete? i.e. can
we find the second v, from same
eigenvalue A1 7 (in a 2 X 2 system, this
will only happen when the two first
order equations are decoupled).

Hence, most of the time, the
eigenvalue will not be complete.

A1 is complete (rare case)

—
Au is defective (common case)

I
A1, A2 are real and distinct
1

Find first eigenvector
v, by solving
(A-MDy, =0

1
Find second eigenvector
v, by solving
(A-Xl)v,=0

build homogeneous solution

—v.eMt
X =ve

- Azt
Xy, = Ve

X, = C1X; + C2Xy

Adjust x,, by
multiplying by
t, see example
May 4, 2017 for
illustration.

NO

1%

Plug x,(t) into

X(1) = Ax, () + &,(8) + 8,()-
Balance terms and solve for
vectors a and b

Second eigenvector v2 Solve for v, from
is found by solving (A-Ml)v,=v, x
from same eigenvalue Where v, was found in
(A-MDyv,=0 above step. This step
requires Gaussian
Find second L.I. elimination.
solution x, = v,e™*
Find second L.I. solution
X, X, =ty +v;) e’
X
il solution T

1
M =a+if,
A2 =a —1if are
complex conjugates
|

Find first eigenvector
v; by solving
(A-MDy, =0

I

Find second eigenvector v,
by solving (A — A2I) v, =0

build homogeneous solution

X = !le(awﬁ)r
X = Xze(ﬂﬂﬁ)t

Xp = C1Xg + C2Xy

convert to real basis

%; = Re{x,}
X, =Im{x,}

Xp, = C3X) + C4Xy

I

[

PS_sysem.ipe may 5, 2017. Nasser M. Abbasi

Figure 1.15: Flow chart for system of ode solver
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These diagrams show the handling of repeated eigenvalues when a defective system is
encountered.

The two possible cases for repeated eigenvalue of multiplicity 2

case 1 normal normal
eigenvector eigenvector
. At
eigenvectors 1 =€
AN—————» |/ v | complete eigenvalue. At
Multiplicity 2 defect is zero > Ty = € V2
The solution is
V1 V2
T =171 + C2T2
case 2 normal generalized N
eigenvector eigenvector Tr1 =e tvl
. At
eigenvectors xo = e (v1t + v2)
AN—————» |/ ? | defective eigenvalue.
Multiplicity 2 defect is 1. Solve for the generalized eigenvector vg
from
U1 U2

(A= X)vy =1

'/_\‘ /_\ Then the solution is
[ )

V2 U1 zero vector T = C1T] + CoT2
rank 2 rank 1
vector vector

Figure 1.16: repeated eigenvalue of order 2
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The three possible cases for repeated eigenvalue of multiplicity 3

zero vector

rank 3 vector rank 2 vector  rank 1 vector

case 1 normal normal normal
eigenvector eigenvector eigenvector T = e)‘t’u1
. At
eigenvectors 2 = My
A v v v complete eigenvalue. At
Multiplicity 3 piete eg — T3 =¢"v3
defect is zero
The solution is
U1 V2 v3
T =ci1Ty + 22 + 33
case 2 normal normal generalized
eigenvector eigenvector eigenvector
eigenvectors S
N———> |/ v ? | Incomplete eigenvalue. T1=¢e
Multiplicity 3 defect is 1 Xy = e“’vz
xo = M (ut + v3)
vy Vo v3
Where u = avi + fvs for nonzero «, 8 and
A=)\l . .
Solve for vz from
u = av Bov /\
o 1+ fo2 o Zero vector (A=X)vz=u
° \/( U1
v3 Hence the solution is
rank 2 vector A — \J
A—- NI T =11 + c2x2 + 33
V2
In this case, we need to solve for vz from linear combination of
V1, V2.
(A= Nvs = avy + fos
Where a, 8 # 0 are any scalars.
case 3 normal generalized generalized
eigenvector eigenvector eigenvector N
x = e vy
eigenvectors Y’
A |/ ? ? | Incomplete eigenvalue. @ =€ (vil+v2)
Multiplicity 3 ° defect is 2 e 2
T3 =e¢€ v15+vzt+v1
U1 V2 v3
Where we first solve for vo from
(A=A vy =
And next we solve for vz from
A— NI AT A—-)I
/\/\m (4-ADvs = v,
o . .
v3 Vo V1 Hence the solution is

T = c1x1 + cox2 + c3x3

Figure 1.17: repeated eigenvalue of order 3
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The Four possible cases for repeated eigenvalue of multiplicity 4

Multiplicity 4

U3 'U4

A—XI

K \/4 Yloa—ar
Vg
rank 2 vector A — \J U
K A— XN
U3

(A= X)Us = 101 + a2z + a3tz

Where a; are any scalars not all zero.

case 1 normal normal normal normal T = e”ﬁl
eigenvector eigenvector eigenvector eigenvector . o
2 =€ U2
elgenvectors 2 Mo
Multioticity 4 v v v v’ | complete eigenvalue. > 3 3
/ . - Mt
ultiplicity defect is zero Ty =e€e" Uy
b Ty ¥s o The solution is
T = c1T1 + c2@2 + C3T3 + caTa

case 2 normal normal normal Generalized . N

eigenvector eigenvector eigenvector eigenvector x1 =€ U1

= At =

2 =€ U2

eigenvectors .
A g;, v v v ? Incomplete eigenvalue. Ty = e iy
defect is 1 ~ Ao .
Ty =e" (Ut~ Ta)

/_\‘. zero vector

In this case, we need to solve for @4 from linear combination of ¥y, U2, U3.

Where @ = a171 + a2 + asvs and a; are
constants to find that are not all zero.

(A=) vy =4
Hence the solution is

T = 1Ty + cofa + €373 + 4Ty

(A= D) =y
(A= A)vy = oy

case 3 normal normal Generalized Generalized
eigenvector eigenvector eigenvector eigenvector 7= et 71
T = M,
eigenvectors . -
g;, v v ? ? Incomplete eigenvalue. . o ~
o —> 3 =€ (U1t + U3)
Multiplicity 4 defect is 2 \
= t o= -
Ty =e"" (Vat + Vs)
Uy Uy . Uy -
3 A-)I Hence the solution is
A—-X
First solve for @i, 4 from 17:/\‘/\‘. Zero vector T = 11 + C2T2 + C3T3 + Caly

A

case 4 normal Generalized Generalized Generalized

eigenvector eigenvector eigenvector eigenvector
eigenvectors
aeenvectors | v ? ? ?
Multiplicity 4 defect is 3
o T b7 Uy
3 A= AT

o\/’”l

K \/4 1_;' \/(172 rank 1
V4 3 ank 2 —

rank 3 4 _ )T rank 3 4 _ AT e A=

Incomplete eigenvalue.
complete eigenvalue

4/\‘. zero vector

=
Il
™

L

M (Tit+2)

tZ
M (7715 +172t+173>

<
Il

2

&)l
I
o

Ty = M (7.71 ﬁ +17Qﬁ+173t+174)
6 2 ;
Where 5 is found by solving (A — A\I)v; =
v1. And ¥3 is found by solving (A—\I)vs =
U2. And ¥ is found by solving (A—\I)7s =
Us3.
Hence the solution is

T = 1T + cofa + c3T3 + caTy

Figure 1.18: repeated eigenvalue of order 4
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1.4.1.1 Examples
1.4.1.1.1 Example 1
d(t)+y(t)=z+y+t (1)
7' (t) +y'(t) =2z + 3y + ¢ (2)
Hence
T+y+t=22+3y+eé
1 1 1
Yy = —§$+§t— 56’5 (3)
Taking derivative w.r.t. t gives
, £ 1 1,
=gty @
Substituting (3,4) in (1) to eliminate y,y’ gives
, z 1, 1 1, 1
T + —E—§e+§ =z _§_§e+_t +t
=3t+z—-1 (5)
This is linear ode. Its solution is
T=ce —3t—2 (6)

Substituting this in (3) gives

1

y = —%(clet—3t—2) +1t— —et

2 2

1 1
=2t — éet — iclet—k 1



CHAPTER 1. FIRST ORDER ODE 248
1.4.1.1.2 Example 2
Z(t) +y(t) =z +y+t 1)
27 (t) + 9/ (t) =2z + 3y + € (2)
Let ' = A,y = B then
A+B=xz+y+t (1)
2A+B=2x+3y+¢€ (2)
From (1), B =z +y +t — A. Substituting in (2) gives
2A+ (z+y+t—A)=2c+3y+¢
A=z —t+2y+é (3)
Now we plugin the above in (1) which gives
(z—t+2y+e)+B=x+y+t
B=2t—y—¢ 4)

Hence we have the following two linear ode’s of standard form now. These are (3,4)

T=z—t+2y+e
Y =2t—y—¢

And now these can be solved using standard methods.
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1.4.1.1.3 Example 3
2'(t) +y'(t) = v + 2y + 2¢° (1)
' (t) + ' (t) = 3z + 4y + * (2)
Hence
T+ 2y + 2e' = 3z + 4y + €%
1
y=—1— 56% + €' (3)
Taking derivative w.r.t. t gives
y’=—x’—e2t+et (4)
Substituting (3,4) in (1) to eliminate y,y’ gives
1
g+ (-2’ —e*+e)=z+ 2(—x - §e2t + et) + 2¢*
' — 1 — e +e =22 —e* 4 2" + 2
0=—x+ 3¢
T = 3¢’ (5)
Substituting this in (3) gives
R T
y= -3¢ — € +e
1
= _9 t 2t
e~ e
Hence the solution is
z = 3¢
1
= _9 t ~ 2t
Y e —5e

1.4.2 nonlinear system of first order ode’s

Not currently supported.
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2.1 Flow

charts

scalar (one ODE)

f
first order

|
b@)y +c(@)y = f(2)
Integrating factor or
separable (see detailed flow
chart for 1D on page 3 if
needs more information
about 1D)

non constant

T
second order

|
a(@)y” +bx)y + c(@)y = f(z)

fficients

nt coeffici

Euler ODE
az?®y’ +bry' +cy = f(z)

homogeneous

az?y" + by +cy = f(z)

solve the homogeneous first
and find y)

Can only use variation

of parameters since not

|
az?y" + bz‘y’ +ey=0

Let yj, = Az", plug into ODE and
find charaterestic equation

ar(r —1) + br +c = 0 and find its
roots 1,72

constant coefficients

Two distinct Two complex conjugate
real roots r1,ra  roots a £ if
| |
" 41 =a(eti®)
n =x
- y1 =(@=iB)
Y2 =&
Yn =C1Y1 + C2y2
Yh =191 + C2y2

ay’ +by' +cy = f(z)

non-homogeneous

second order witi} one solution given

homogeneous

T
ay’ + by +cy = f(z)

solve the

first
and find y1,y2.

Does f(x) contain only
exponential, trig, constants

ay’ +by' +ey=0

Let yj, = Ae™, plug
into ODE and find
charaterestic equation
ar? +br+c¢=0and
find its roots 1,72

|
Reduction of Order

If the second order ODE
is given along with one
solution y; and asked to
find general solution, then
the homogenous solution
can be found by assuming
yn = v(z)y1(z) and
plugging this back into
the given ODE and
solving for v(z).

Two complex
conjugate
roots o % i

For complex roots, it can be
simplified as follows.

yh =2 (c;z’B + czz"ﬁ)
o (e epe ™)
- (C]e«m” +022715lnz)

=2 (Ci cos(BIna) + Cy sin(BInz))

First find

W and then

Yp =th1u1 + yauz
vf@ .

e

or polynomials? one root, Two distinct
repeated real roots 71,72
| |
Use Undetermined .
its (guess) y1 =€ 1 =e""
y2 =we’" y2 =e"**
Guess y, form based || Yn =c1y1 +c2y2 ||y =191 + cay2

on f(x) from lookup
table

aW

Note: yz is found us-

ing reduction of or-

1 =€ cos(Ba)
% sin(Bz)

=c1y1 + c292

1 or y2 present in
£(

NO YES

der method.
T

=€ (c1 cos(Bz) + 2 sin(Bz))

Yn

|

one root,
repeated
First find Wronskina |
W and then
Yp =y1u1 +y2uz y1=z"
_/yzfv(vz) o |[p2=2"Ine
* yn =c1y1 + c2y2
/ i@ .
aWw Note: yz is found
) using reduction of
order method.
yp found »

General solution y = yp, + yp- If initial
conditions are given, now we find

c1,62.

p8.ipe May 3, 2017 Nasser M. Abbasi

Multiply guess
yp by extra @

Plugin guess y, found
back into original ODE
and determine the
unknown coefficients in
Yp

; Yp

Yp

General solution y = yj, + yp- If initial
conditions are given, now we find
c1,c2.

Figure 2.1: Flow chart for some of the supported ode types
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2.2 Existence and uniqueness for second order ode

There are two theorems. One for linear second order ode and one for non-linear second
order ode.

2.2.1 Existence and uniqueness for linear second order ode

Given linear second order ode

y' +p(x)y +q(z)y = f(2)
With initial conditions at xg
y(xo) =%
y'(z0) = ¥p

If p(z),q(z), f(x) are all continuous at z, then theorem guarantees that a solution
exist and is unique on some interval than includes z,. If this was not the case, (i.e. if
any of p, q, f are not continuous at z) then the theorem does not apply. This means a
solution could still exists and even be unique, but theory does not say anything about
this.

2.2.1.1 Example

zy" + v + 3y = sin (z)

y(0) =0
y'(0) =1
In standard form 1 3 1

v+ =y + —y=—sinz
T z0

We see that p(z) = % is not continuous at xqg = 0. Hence theorem does not apply. It

turns out that there is no solution to this ode with these initial conditions. Changing
xo to 1 instead of zero, solution exists and is unique.
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2.2.1.2 Example

1
y'+——y+3y=z

r—1
y(1) =
y(1)=1

In standard form
v+ +qy=f

p(z) = ﬁ is not continuous at zo = 1. Hence theorem does not apply. It turns out

that there is no solution to this ode with these initial conditions. Changing xy to 0
instead then a solution exists and is unique.

2.2.2 Existence and uniqueness for non-linear second order
ode

Now the ode is written in the form

y' = f(z,y,v)
Y(To) = vo
Y (zo) = o

Then if f is continuous at (zo, yo, y) and f, is also continuous at (zo, yo,y;) and also fy
is also continuous at (xg, yo, y4) then there is unique solution on interval that contains
Zo.

2.2.2.1 Example

yll — 2yy/
y(0) =1
y'(0) =2

Hence f(z,y,y’) = 2yy’. At = 0 then f = 4 which is continuous. And f,, = 2y’ which
at zo becomes 4. This is also continuous. And f,, = 2y which at z, becomes 4 which
is also continuous. Hence solution exists and is unique on interval that contains x = 0.
The solution can be found as follows
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Let ¥ = p(y) then ¢y’ = dp — dpdy _ g—zp. The ode becomes

de = dydr —
dp
n=9
dyp yp
dp
F_9
dy Y

But at £ = 0 we have y(0) = 1 and ¥'(0) = p(y(0)) = p(1) = 2. This is the initial
condition used for solving the above quadrature ode. Integrating the above gives

p=y"+ac
Applying IC p(1) = 2 gives
2=1+4 C1
Ci = 1

Hence p = 4% + 1. But ¢/ = p or ¥/ = 9? + 1. This is separable with initial conditions

y(0) = 1. Integrating gives
d
y*+1

arctan (y) = = + ¢

Applying IC
arctan (1) = ¢

So ¢, = 7. Hence the solution becomes

arctan (y) =z + %
y(x) = tan (w + 2)
2.2.2.2 Example

1

y// +y==

x

y(0) =1

y'(0) =2

Here f(z) = % is not continuous at x = 0. Therefore theory does not apply. It turns
out that no solution exists for this ode.
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2.3 Linear second order ode

2.3.1 Linear ode with constant coefficients Ay” + By’ + Cy = f(z) . ... .. AsY
2.3.2 Linear ode with non-constant coefficients A(z)y" + B(z)y' + C(z) y = f(z)263
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2.3.1 Linear ode with constant coefficients
Ay" + By 4+ Cy = f(x)
2.3.1.1 Quadrature ode y’ = f(z)

ode internal name "second order ode quadrature'

Solved by integration twice. y = [ fdz +c; and y = [ ([ fdz) dz + c1z + ¢

2.3.1.2 Solved by finding roots of characteristic equation

ode internal name "second order linear constant coeff"

These are solved by finding roots of characteristic equation. This is the standard method.
Homogeneous and inhomogeneous. The method of Variation of parameters and the
method of undetermined coefficients are both used to find the particular solution. If
hint "laplace" is given, then the ODE is solved using Laplace transform method. If hint
"series' is given then series method is used.

2.3.1.2.1 Example 1 (Variation of parameters)
4y —y=e2+6

Solution is ¥y = yn + yp. The roots of the characteristic equation are :I:%,. hence y, is
1 1
yn = cre2” 4 cope™ 2%
The basis for y, are y; = e%x, Yo = e~3%. Let

Yp = Y1U1 + Y2U2

Where
x
e [ A,
x
e [0
Where a = 4, f(x) = e2 + 6 and
1
Y1 Y2 ez e 2" 1 1
W = = = —_—— = — = —1
Vi Yh|  |les® —lema® 2




CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 258

Hence
1 x
e 2%(e2 +6 1
u1=—/—(_4 )dx=1$—3e_§“’
1 T
e2®(e2 +6 1
Ug = /%d.’ﬂ = —Ze%x (6%90 + 12)
Hence
Yp = Y1U1 + YolUs2
1. (1 1 1 1./ 1
=e2” (Zx — e 2”) +e 2“”(——62””(62z + 12))
1 1
= er%z - Zeéz —6
Therefore
Y=Y+t

1 _1 1 1
=ce2” 4+ cpe 2% + erzx — Zezx -6

Or by combining terms into new constant, the above becomes

1 _1 1
= cze2” + cpe 2% + —zxe2® — 6
4

2.3.1.3 Solved using Laplace transform

ode internal name "second order laplace"

These are solved using Laplace transform. These are only solved using this method if
"hint’="laplace" is given.

2.3.1.3.1 Example 1

y'+2y +y=0
y(1) =2
y'(0) =2

Taking Laplace transform gives

(s°Y — sy(0) — /(0)) +2(sY —y(0))+Y =0
(s°Y — sy(0) — 2) + (2sY —2y(0)) + Y =0
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Let y(0) =c

(s°Y —sc—2)+(2sY —2c)+Y =0
Y(32+2s+1)—sc—2—20=0
_sc+2+2c
824 2s+1

Applying inverse Laplace transform gives
y(t) = (c+2t+ct)e (1)
But y(1) = 2 hence
2=(c+2+c)e?
2e=2c+2

c=e—1
Therefore (1) becomes

yt)=(e—1+2t+(e—1)t)e"
=e(—1+e+t+et)

2.3.1.3.2 Example 2

y' -2y —3y=0
y(4) =-3
y'(4) =17

Taking Laplace transform gives
(s°Y — sy(0) — y/(0)) — 2(sY —y(0)) —3Y =0

Since given initial conditions are not at ¢ = 0, then let y(0) = ¢1,y'(0) = ¢z and the
above becomes

(szY— scy —cg) —2(8Y —¢1)—3Y =0
Y(s*>—25—3) —sci —ca+2¢1 =0
sc1 + ¢y — 2¢;

Y =
s2—2s—3
Taking inverse Laplace gives

y(t) = %le_t (c2(e® —1) 4+ c1(3+€")) (1)
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Hence

1 1
y'(t) = Ze_t(4cle_4t + 4cget) — Ze_t(@(—l +e*) 4+ ¢;1(3 + e*)) (2)
At t = 4 then (1,2) become
1
-3 = Ze_‘l (02 (616 — 1) +c (3 + 616))

1 1
—-17= 16_4(4616_16 + 4cge®) — 16_4(02(—1 +e'%) +¢;(3 + €'9))

Solving the above for c;, co gives

—5 + 2¢16
a= el2

—15 — 2¢16
Cy = T

Hence the solution (1) becomes

)
—15 — 9216 _ 16
y(t) = }le_t (—15 2 (e —1)+ ot ze” (3+ e4t)>

el2 el2
— _e3t (56—12 _ 2646_4t)

— _5e3t—12 + 284_t
2.3.1.3.3 Example 3

y" 4+ 2y + 5y = 50t — 100

y(2) =4
y'(2) =14
Taking Laplace transform gives
50 100
(s*Y = sy(0) = /(0)) +2(sY — y(0)) +5Y = 2 s

Since given initial conditions are not at ¢ = 0, then let y(0) = ¢1,4’(0) = ¢, and the
above becomes

50 100

(82Y—801_C2)+2(SY—01)+5Y:E—T

50 100

Y(s2+2s+5)—301—02—201=§—T
Y_scl+c2+2c1+§—g—1—?)

s24+25+5
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Taking inverse Laplace gives
y(t) = —24 4+ 10t + (24 +c1) e " cos (2t) + (14 + ¢; + ¢3) e P costsint (1)

Hence
y'(t) = e7*(10€’ + (c2 — 10) cos (2t) — (110 + 5¢; + ¢2) costsint) (2)

At t = 2 then (1,2) become

—4=-24+20+ (24 +c;) e ?cos (4) + (14 + ¢, + c3) e % cos 2 sin 2
14 = e7%(10€* + (cz — 10) cos (4) — (110 + 5¢; + ¢2) cos 2sin 2)

Solving the above for ¢y, co gives

c = —2(12 +e? sin4)
c2 =2(5+ €*(2cos4 + sin4))

Hence the solution (1) becomes
y(t) = —24+10t+ (24 — 2(12 + e*sind) ) e * cos (2t)+(14 — 2(12 + €®sin4) + 2(5 + €*(2cos 4 + sin 4)))
Which simplifies to

y(t) = —24 + 10t — 2€* ' sin (4 — 2t)

2.3.1.3.4 Example 4

Y+ 2y + 10y = 4(¢)
y(0) =0
y'(0)=0

Taking Laplace transform gives
(s°Y — sy(0) —¢/(0)) +2(sY —y(0)) +10Y =1
Since given initial conditions then the above becomes

s2Y +2sY +10Y =1
1

s24+2s+10
1

(s+2)(s+5)

Y =
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Taking inverse Laplace transform gives

1 : 1 )
T (—1-3i)t - (—1430)t
= —ie — —ie

=% 6

1 ) 1 .

— gie—te—lﬁt _ éie_te?nt
_ 1 . —t( _—3it 3it
= 626 (e e )

1
= gie_t(cos 3t —isin 3t — (cos 3t + isin 3t))

= —je *(—isin 3t — isin 3t)

6
1
= 6ie—’f(—zi sin 3t)
1
= —e 'sin 3t
36 Sin

Which is the same as )
Y= (ge_t sin (3t)) U(t)

Where U(t) is Heaviside function which is one for ¢ > 0. Note that it seems one should
not give IC at same point of application of d(¢) as in this problem. So this problem
might be ill posed. Need to look more into this.

2.3.1.4 Solved using series method

2.3.1.4.1 Ordinary point using Taylor series method

ode internal name "second_ order_ taylor_ series_ method_ ordinary_ point"

This is the same as section below under non-constant coefficient.

2.3.1.4.2 Ordinary point using power series method

ode internal name "second_ order_power_ series_ method_ ordinary_ point'

This is the same as section below under non-constant coefficient.
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2.3.2 Linear ode with non-constant coefficients
A(r)y"+ B(z)y' + C(z)y = f(x)

2.3.2.1
2.3.2.2
2.3.2.3
2.3.24
2.3.2.5
2.3.2.6
2.3.2.7
2.3.2.8
2.3.29

2.3.2.10

2.3.2.11
2.3.2.12

2.3.2.13
2.3.2.14

Euler ode 2%y +xy' +y=f(z) ... ... ... ... 264
Kovacictype . . . . ... ... ... ... ... .... 264
Method of conversion to first order Riccati . . . . . . 264
Airyodey” £ kK*zy=f(z) . ... ... .. .. .... 265)
Solved using series method . . . ... .. ... ....
Reductionof order . . . . . . ... ... ... ... .. 358

Transformation to a constant coefficient ODE methods
Exact linear second order ode p(z) y"+¢q(x) y'+r(z) y = 0895
Linear second order not exact but solved by finding

p(x) integrating factor. . . . . . ... ... L.
Linear second order not exact but solved by finding an

M integrating factor.. . . . . ... ... ... L. 40Tl
Solved using Lagrange adjoint equation method. . . . H03]
Solved By transformation on B(z) for ODE Ay”(z) +

By () +C(z)y(z) =0 . . ... ... ....... 406
Bessel type ode z2y" + zy/ + (22 —n?)y = f(z) . . . . E09

Bessel form A type ode ay” + by’ + (ce™ —m)y = f(z) @20
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2.3.2.1 Euler ode z%y" + zy’ +y = f(z)

ode internal name "second order euler ode'

Solved by substitution y = z" and solving for r. Solution will be y = c;2™ 4 coz™ where
r1, 79 are the roots of the characteristic equation. For repeated root, the second solution
is multiplied by extra In(z) and not extra x as is the case with standard constant
coefficient ode. The particular solution is found in the same way using variation of
parameters. Can not use undetermined coefficient method since this is not constant
coefficients ode. The basis functions here are ™, " if not repeated roots, else the basis
are ', 1n (z) z".

2.3.2.2 Kovacic type

ode internal name "kovacic'

These are ode that are solvable using Kovacic algorithm. See my paper on arxiv on this
with algorithm description.

2.3.2.3 Method of conversion to first order Riccati

ode internal name This is currently not implemented.

Given linear second order ode A(z)y” + B(z)y' + C(x) y = 0 then using the transfor-
mation v(z) = —% converts the second order ode to a first order Riccati

-+ ()’
y2
-y(-3y - Sy) + &)’

Which is Riccati of the form v’ = fy(z) + fi(z) v + fov?. where fy = %, fi= %, fo=1.
Lets say we can now find the solution to this Riccati v(z) (see section earlier on Riccati
for algorithm). Then the solution to the second order ode is found from ¢y = —yv by
solving this first order ode. The solution is

y= e—fv(m)dz + ¢y
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Notice there is also a second constant of integration inside v(x). This method of course
works only if we can solve the generated Riccati ode which does not have a general
method for solving and only for specific cases it can be solved. So this will be tried as
last resort.

We want to look for reduced Riccati generated from the above, which is v/ = fy + fov?.
Which means f; = 0 or B = 0 in the hope of solving the Riccati. This means ode of
the form A(z)y” + C(z)y = 0 will have hope of solving using this Riccati conversion
method. See Riccati section why that is.

2.3.2.4 Airy ode ¢’ + k’zy = f(x)

ode internal name "second order airy"'

Full solution now implemented.
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2.3.2.5 Solved using series method

function SOLVE_ SECOND__ORDER__ODE_ SERIES(y” = f(z,y,vy))

if f(z,y,y’) analytic at expansion point zo then
This means zg is an ordinary point. Apply Taylor series defintion directly to find

the series expansion. Let yo = y(2o),y'(z0) = y} and

, et xn+2
= + + 7F’n. z, z9
Y Yo Yo ; (’I’l+2)' ( y) v
Yo
Where
FO zf(mayay,)
d
Fn == %(Fn—l)
_ 2 aFn—l ’ 8Fn—l "
_BanflJr( dy >y +( 8y’ )y
_ a aFn—l / aFn—l
_aFn_ﬁ( dy >y +( oy )FO

return y as the solution
else
if f(z,y,vy’) not linear in y(z) or not linear in y’(z) then
return Not supported.
else
if expansion point xg is not regular singular point then
return Not supported.

else
This is a regular singular point. Determine the roots of the indicial equation. Let

roots be ry,7s.

if Roots r1,re are complex (they will conjugate) then
Example is Euler ode z2y” +zy +y =0

Use Frobenius series as is for each basis solution y;,y2 where

[e o]
y1=) ang"t"
n=0

e
Y2 = Z 1)7'1511"’7’—+_,,‘2
n=0

Where a,, b, above are found from the recurrence relation using each r; root.
else if Roots 71,7, differ by non-integer then > Ex. 222%y" +3zy —xzy =0
Use Frobenius series as is for each basis solution y1,y2 as above case.
else if Roots r1, 7, are repeated. This means one root r, a double root then
An example ode is 2%y" + zy’ + 2y =0
y1 is found use Frobenius series as above. For y; a modification is needed. Let
y2 = y1 In(z) + Z;o:l b,x™t" where b, = %an(r) after finding a,(r) evaluated at

the root. . .
else if Roots 71,7y differ by an integer then

if Both roots r1, 73 are good then >Ex. (z—z%)y” +3y +3y=0
Called the lucky case. This means the recurrence equation and all a,, are defined

for all n for both 71, 792. In this case both solutions ¥, y2 are found using standard
Frobenius series and no modification is needed.

Figure 2.2: Series method for second order ode algorithm
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Ordinary point and regular singular point are supported. irregular singular point support
will be added in the future. Expansion around point other than zero is also supported,
including initial conditions. All three cases of regular point are supported, these are
when the roots on indicial equation are repeated, or differ by an integer, or differ by non
integer. case of Complex roots of indicial equation is also supported. Only second order
and first order series solution is supported. Higher order ode support will be added in
the future.

2.3.2.5.1 Ordinary point using Taylor series method

ode internal name "second_ order_ taylor_series_ method_ ordinary_ point"

Let

y' = f(z,y,9)
Assuming expansion is at o = 0 (we can always shift the actual expansion point to
0 by change of variables) and assuming f(z,y,y’) is analytic at 2o which must be the
case for an ordinary point. Let initial conditions be y(z¢) = yo and y'(zo) = y}. Using
Taylor series gives

(x — mo)?’
3!

(x — x0)2

5 y///(x0)+___

y(z) = y(wo) + (= — 20) ' (o) + y"(z0) +

/ x2 x3 /
= Yo + TYq + Eflwo,yo,y{, + gf |20,yo,y6 + ...
e n+2 mn
B , T arf
‘y°”y°+2_; n+2) do»

/
Z0,Y0,Yg
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But
o _0fde  ofdy  of df "
dv Ordr Oydx Oy dx
_of of . Of u
=5 + ayy + ay,y (2.1)
_of of . of
g ayy + By (2.2)
£f_d(df
de?  dz \dz
_O0 (&N, o (d 0 (d
Oz (dm) +8y(dx)y +8y’(dx>f @)
O _d (@]
de3  dz \ dz?
N 8 d&2f\ , 0 [d&f
=z () * () + o (7)1 ®)
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And so on. Hence if we name Fy = f(z,y,y’) then the above can be written as

Fo = f(z,y,9) (4)
_df
A==
_dk
C dx
of of, of ,
oz oy’ T oy
_of of , of
Oz + 8yy + oy’ (5)
_0Fy 0F, , O0F,
or + Oy y oy’ Fo
d [/ d
= %<£f>
d
= %(Fl)

d
Fn — %(Fn—l)

0 OF,_1 OF,_1

- " F,_ / "
Oz 1+( Ay )y+< Ay’ )y
8 3Fn_1 0Fn—1

= 2R+ (Lt )y F
st (P )+ (%5 ) B ©)

Therefore (6) can be used from now on along with
. o0 2
y(z) = yo + Yo + Z anlmo,yo,yé (7
n=0

To find y(z) series solution around z = 0.
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2.3.2.5.2 Ordinary point using power series method

ode internal name "second_ order_power_ series_ method_ ordinary_ point'

Expansion point is an ordinary point. Using standard power series. For an ordinary
point, and for inhomogeneous. ode, always generate the full solution directly from the
summation. Do not split the problem into y,y,. To be able to do this, we have to
express the RHS as Taylor series (expand it around the same expansion point). If the
RHS is already a polynomial in z then there is nothing to do as it is already in Taylor
series form. Examples below show how to do this. When the RHS is not zero, do not
attempt to find recurrence relation as the RHS will get in the way, If the RHS is zero,
then find recurrence relation.

y' = f(z,y,v")

In this method, we let Let y = Y -~/ a,z™ and replace this in the above ode and solve
for a,, using recurrence relation. Examples below show how these methods work.

2.3.2.5.2.1 Example 1

Solved using Taylor series method.

v vy +y=22+2°+ !

/

y'=—zy —y+ 22+ 2%+ 2

y' = f(z,y,9)
Hence
L& gt
y(z) = yo + zy) + ; an|m0,yo,y6
Where
Fo = f(z,9,9)
n = %(Fn—l)
~aah+ (%) v+ (5 v
~ah (%) v (o)
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Hence
-y —y+2x+2°+2*) O(—ay —y+2zx+2>+2*) , O(-zy-y+2z+2°+2*) ,
+ y+ Yy
Oz Oy oy’
=4 +20—y+2)—y —zy’
=2z — 2y —xy + 423+ 2

F1=

But ¥’ = f(z,y,v’), the above becomes
Fy =22 -2y + 2% + xy — 20% + 32® — 2° + 2

And

d
Fy, = —(F,-
2= o (Fa1)

_a a-Fl ’ a};11 "
_5wF1+<3y>y+(3y’)y

0
(2z — 2y + 2%y + zy — 22° + 32 — 2° + 2) +

2z—2y+x2y'+wy 272 + 3z° — z5—|—2)>y’

8

—I—( 2x—2y’+w2y’+xy—2x2—|—3x3—x5+2))y”
=(y 4x+2xy +92% — 52 +2) + 2y’ + (-2 +2°) ¥’
=y — 4z — 2y" + 3zy’ + 2%y" + 92% — B + 2

But ¥’ = f(x,y,y’), the above becomes
Fr=y—4z—2(—zy —y+2z+2°+1%) + 32y + 2% (—2y —y + 25+ 2° + 2*) + 92° — 52" + 2
=3y — 8z + 5y’ — 2%y — 23y + T2® 4 22° — 62* + 2% 42

And

d
dx )

B 0 oFy\ |, oFy\
_aFﬁ(@y)y +<8y’>y

0 (3y — 8z + 5zy’ — 2’y — 2’y + 7z® + 22° — 62 + 2% + 2)

Fs =

" Oz

( (3y — 8z + 5ay’ — 2’y — '+7x2+2x3—6x4+x6+2))y'
( (3y — 8z + by’ — 2y — 2’y + Tz® + 22° — 6x4+x6+2))y”
=14

z + 5y — 32y — 2zy + 63° — 242° 4+ 62° — 8+ (3 —2*) v + (5z — =°) ¥’
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But ¥’ = f(z,y,y’), the above becomes

F3 = 14z 4 5y’ — 32%y' — 2zy + 62° — 242° + 62° — 8+ (3 — 2*) y' + (5 — 2°) (—zy —y + 22+ 2% +
= 14z + 8y + 23y — 9%y + 2*y — Tay + 1622 — 192° — 22* + 102° — 2" — 8

And so on. Evaluating each of the above at z = 0,y = yo, ¥’ = ¥}, gives

Fo=(—zy —y+2z+2°+z*) ==

z=0,yo,y0

Fi= 2z -2y +2°y + zy — 22° + 32° — 2° + 2) = (—-2y, +2)
Fy, =3y — 8z + 5xy — 2y — 2%y + T2 + 22° — 62" + 2%+ 2 = 3y + 2

Fy = 14z + 8y + 23y — 92y + z*y' — Toy + 162 — 1923 — 22* +102° — 27 — 8 = 8y, — 8

x=07y09y(l)

Hence
y(r) = 0+zy0+20 _|_2); a:oyoyo
2 3 4 5
, T T T T
= — Iy + —F; F: F:
Yo + TYy + 2 0o+ 6 1+24 2+5' 3+ -
2 4

5
r T :E_ I
= yo + zYy + 2( Yo) + —(—2y,+2) + 24(3yo+2) = (8yo — 8) +

z3
g 0
2 1 1 1 1 1
_ 1= 4 v e 13t o4 14
yo( 9 +8x =+ )—I—y (a: +15 )+(3z +12w 15:c
2 1 1 1 1 1
_ 1= 4 AT P S 23, T4 14
cl( 2 +8x +- )—I—cz(z 3 +15 )+(3x +12x 15:1:

Solved using power series method.

y' +zy +y =2z +2>+z*

Comparing the homogenous ode to y”+p(x) y'+¢(x) y = 0 shows that p(x) = z, q(z) = 1.
These are defined everywhere. Let the expansion point be g = 0. This is ordinary point
since p(z),¢(z) are defined at zo. Let y = > > ja,z™. Hence ¢ = > o2 jna,z" ! =
Yoo naz®tand ' =32 (n)(n—1)a,z" % =Y 2, (n) (n—1)a,z" 2. The ho-
mogenous ode becomes

(n)(n—1)az" 2+ Z na,z" "' + Z anz" = 2z + 2 + z*

[M]8

3
||
)

o0

Z (n) (n —1) az" % + i na,x" + i anz" =2z + 2 + 2*

n=2 n=1 n=0
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Adjust all sums to lowest power on x gives

e .o]

n=2 n=3 n=2

n = 2 gives 2° on the LHS with no match on the RHS. Hence

2a2+a0=0
1

a9 = ——=Qop
2

n = 3 gives x! on the LHS with one match on the RHS. Hence

60,3+2(1,1=2
2—2@1
Ao =
’ 6
1 1

:———al

3 3
n = 4 gives 2 on the LHS with one match on the RHS. Hence

12a4 +3a2 =1
. 1-— 3a2

a4

n =5 gives 2 on the LHS with no match on the RHS. Hence

20a5 + 4a3 =0
. —4(13
%= g0
—4(5 — 50)
20
1 1
“ 15115
n = 6 gives z* on the LHS with one match on the RHS. Hence

30a6+5a4: 1
N 1—5&4
%= "3
_ 1-5(3a0+15)
N 30
7 1

360 487

Z (n) (n—1)az" 2+ Z (n —2) ap_ox™ 2 + Z Un_ox" =22 + 2° + z*
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And for n > 7 we have recurrence relation

m)(n—1a,+(n—2)ap2+a,2=0
n—1

-1

Hence forn =17

_ 6
a7 = 42a5

61 1

T2\ 15

11

~ 105 105
For n =8

T
EOIG

1T

~ 3847 7 2880

e

And so on. Hence

[e o]
y= E apx"
n=0

2 3
=ag + a1Z + asx” + azr” + - - -

=a —l—ax—laxQ—l— 1—la 3+ 1a +i x4+ ia—i z® + l—la b+ | -
0T T R0 3 3" 8% 12 15 15 360 48 ° 1

1 1 1 1 1 1 1 1 1
_ 1 S —gh_ — 6 ... P BT . S T R 13t 4 45
a0< 2x +8:c 4893 + >+a1<m 3.’E +15x 10530 + 333 +12x 151' .

Which is the same answer given using the Taylor series method. We see that the
Taylor series method is much simpler, but requires using the computer to calculate the
derivatives as they become very complicated as more terms are needed.

Even though the expansion point is ordinary, we can also solve this using Frobenius
series as follows. Comparing the ode ¥’ + zy’ +y = 0 to

Y +p@)y +q(x)y=0
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Hence p(z) = z,q(x) = 1. Therefore py = lim, 0 zp(z) = lim, 0 z*> = 0 and ¢ =
lim,_,0 z2q(z) = lim,_,o > = 0. Hence the indicial equation is

r(r—1)+per+q =0
r(r—1)=0
r=10

Hence ry = 1,79 = 0. All ordinary points will have the same roots. Let

e o]
Y=Y anz""
n=0

o0
Y= (n+r)aa™
n=0

o0
y' = Z (n+r)(n+r—1)a,z"" 2
n=0

The ode becomes

S ()b - D3 (ka0 =0

n=0 n=0 n=0
o0 o0 [e @]
Z (n+r)(n+r—1)az"" 2+ Z (n+7)a,z™" + Z a, " =0
n=0 n=0 n=0

Reindex to lowest powers gives

Z n+r)(n+r—1)a,z"t"" 2+Z (n+71—2)ap_oz"" 2+z:an_ =2 =0 (1)
n=0

n=2 n=2

Forn =20
r(r—1)apz" 2 =0

The homogenous ode therefore satisfies
y'+zy +y=r(r—1)aw (2)

For n =1, Eq (1) gives

(14+7r)(r)a; =0
For r = 1 we see that a; = 0. But for » = 0 then the above gives 0b; = 0. This means
b, can be any value and we choose b; = 0 in this case.
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For n > 2 we obtain the recurrence relation

(m+r)(n+r—1a,+(n+r—2)ap2+a,—2=0
—(n+r—=2)ar2—0,2 —(n+r—1)an
(n+r)(n+r—-1  (m+r)(n+r—1)
(3)

Now we find y; which is associated with » = 1. From (3) and for = 1 it becomes

a, =

an, = _ﬁan—Z = _n—1|— 1an—2 (4)
For n = 2 and using ag =1
2 Loy -
For n =3 1
asz = _Zal =0

And so on. Hence

=2z(ao + a1z + axz® + - - )

1 1
=IL‘<1—§IL’2+ECL’4_"’>
_ ls 15
=T 333 + 15x
Now we find y, associated with r = 0. From (3) this becomes (using b instead of a)

andr =0

_ —(n+7r—1)by_2
" (n+r)(n+r—1)
. —('I’L — 1) bn_g
- (M) (n-1)
o 6)

n



CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 277

From above, we found that b; = 0. Now we use (5) to find all b, for n > 2. For n =2

bo 1
b=-5=73
Forn=3 b
b3:—§1=0
For n =4
o2 _1
‘T4 8

And so on. Hence

Yo = Z b, T2
= Z b,z"

= (bo+b1.’1)+b2$2+)

1 1
= (1—§x2+§x4+---)
Hence the solution y;, is

Yy =c1y1 + C2yo

1 1 1 1
=Cl<$—§$3+1—5x5—"')+62<1—§x2+§x4+...>

We see this is the same y; obtained using standard power series. This shows that we
can also use Frobenius series to solve for ordinary point. The roots will always be
ry = 1,79 = 0. But this requires more work than using standard power series. The main
advantage of using Frobenius series for ordinary point comes in when the RHS has no
series expansion at x = 0. For example, if the RHS in this ode was say /x then we
must use Frobenius to be able to solve it as standard power series will fail, since/x has
no series representation at x = 0. Examples below shows how to do this.

2.3.2.5.2.2 Example 2
1
_5yl/ + yl + y — O
x

Solved using Taylor series method.

y'=—-2"(y' +y)
— Sy — By

y' = f(z,y,v)
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Hence )
o0 n+
y(x) =yo + xyo + Z ) Fn|zo,yo,y6
n= 0
Where
FO = f(x7yayl)
d
n — d_(Fn—l)
6 3Fn_1 8Fn—1
_ Fn— / "
B 1+( dy )y+< oy’ >y
6 3Fn_1 aFn—l
=—F,_ ! F
0 1+( Oy )y+< oy > °
Hence
g = 0Cwy—2y) | 0=ty ) | =2’y —a%y)

Ox Oy ay’
— (_5x4y _ 5.’1;4’!/,) _ .’L'Sy/ _ .'L'5y”

But ¥’ = f(z,y,y’), the above becomes

Fy = (=5z*y — 5z'y’) — 2y — 2°(—2°y — 2%)

= 0y — 5y — 52ty — 2%y + 20/

And
d
F2 = %(Fn—l)
_ 0 oFy\ , oFy\ ,
3$F1+(8y>y M (ay’)y

(2" — ba*y — ba'y — 2%y +2'%) +

~ oz
( (z'%y — bz*y — bz'y my+x10y’)y
( (z'% — Ba*y — bty — 2%y +2'%) | ¢”

10x y — 20z3y — 2023y’ — bty + 1Ox9y’) 4zt (zﬁ — 5) Y + (_5:54 — zlo) Y

But ¥’ = f(z,y,v’), the above becomes

Fy = (102% — 20z%y — 202°y’ — 52y’ + 102%') + 2*(z° — 5) ¢/ + (—5z* — 2° + 2'°) (—

—2°(20y + 20y’ + 10zy’ — 152°%y — z"y + 2%y — 155%' — 227y + z'%y/)

2°(y +y))
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And
F3 = x(Fg)

a

d
B 0 oFy\ , oFy\ ,
_8wF2+(8y>y +(3y’)y

0
(—2*(20y + 20y’ + 102y’ — 152% — 2"y + z'%y — 152%' — 227y + 2'%y))

" oz
( 3(20y + 20y’ + 10zy’ — 152% — 27y + z'%y — 152%' — 227y + 9012?/))) y
( — (—2*(20y + 20y’ + 102y’ — 1528 — 2Ty + z'%y — 152%' — 227y + w”y’))) Yy’
= —5z*(12y + 12y’ + 8zy’ — 272% — 227y + 3z'%y — 2720 — 42"y + 32"%y) + 2* (-2 + 2" + 152

But ¥’ = f(z,y,y’), the above becomes
F3 = —52°(12y + 12y + 8zy’ — 272% — 237y + 322y — 272%/ 4x7y' +3z"%y') + 2 (2" + 27 + 152
= —z*(60y + 60y’ + 60zy’ — 1552%y — 202"y + 30z'%y + 22"y — z'%y — 1552%' — 4527y’ — 2%y + 3(

And so on. Since the derivatives become very complicated, the result was done on the
computer which results in (Evaluating each of the above at x = 0,y = yo,y = y})

Fo=0
F,=0
F=0
F;=0
F,=0
Fs = —120y}, — 120y,
Fe = —T720y,
Fr=0
Fs=0
Fo=0

Fio=0

Fi1 = 6652800y, + 6652800y,
Fyp = 79833600y}, + 11404800y,
Fy3 = 111196800y}

Fiu=0
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And so on. Hence

. o0 wn+2
y(T) = yo + Y + Z (n+2)! Fnlwo,yo,y{)
n=0 ’

£ 13

= yo+ Yy + —(—120y0 120y,) — (720y0) 131
14 15

+ 777(79833600y} + 11404800y,) + E(111196800,7;0)

B 120 ;6652800 ;11404800 y, N\ (120 ; 720 5 6652800
=% m 13 v 1ar - Y% 7! 8l 13!

—(6652800y;, + 6652800y,)

VN GO % ST e P ST DI [PV (PSR U S VR I T S
=% 27 T 936 7644 Yo\~ 12" T 56" o936 1092 11760

Solved using power series method

Expansion around x = 0. This is ordinary point. Since RHS is zero, we will find
recurrence relation.

Lety = > > ja,z™. Hencey' =) o2 jnaz" ' =532 na,z" tandy” =3 oo (n) (n—1)a,z"? =
> o (n) (n — 1) a,z™ 2. The ode becomes

5y//+y/+y:0

Hence

(n) (n—1)a,z" 2+ Z na,z" " + Z az" =0

NE

n=2 n=1 n=0
Z (n) (n—1)az™ "+ Z na, "' + Z az" =0
n=2 n=1 n=0

Reindex so all powers start at lowest powers n — 7

i (n—1 anx"7+Z(n— ) Qg™ 7+Zan 22" T =0 (1)
n=2 n="7 n="7

For n =2,3,4,5,6 it generates a; = 0,a3 = 0,a4 = 0,a5 = 0, a¢ = 0 since there is only
one term in each one of these and the RHS is zero.

For n > 7 we have the recurrence relation
(m)(n—1)ap+ (n—6)apn—6+an,—7=0 (2)

(n—6)a,—6+ an_r
(n+2)(n+1)

ap = —
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Hence for n =7
g = T a
! 42
For n =8
e = — 2a2 + a; _ Tl
®T T (6+2)(6+1) 56
Forn=9
e — (T4 az+ay _
YT T+2)(T+1)
For n =10
(8—4)as+ a3
aipp = — =0
(8+2)(8+1)
For n =11
Qi = _(9—4)a5+a4 .
T U9+2)(9+1)
For n =12
(n—4)ag+ as
a2 = — =
n+2)(n+1)
For n =13
(11—4)a7+a6 (11—4) ar 7 7 a; + ag 1 1
a;3 = — =— = -y =——| — = oot oot
(114+2)(11+1) (114+2)(11+1) 156 156 42 936 936

And so on. Hence

o)
y=2_ ana"
n=0

7 13
=aqy+ a1 +ayx +ai3xr "+ -

Notice that all terms a,, = 0 for n = 2---6. The above becomes

oo (] 1 r (L, ]
Y =aq a1 xr ao a | T 9360,0 936a1

42 42
1

42 936 42

936

)m13_|_...

1 1 1
=a0(1_—$7+—x13+-'-)+a1(x——x7+—x13+...)
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2.3.2.5.2.3 Example 3

1 " ' s
—Y +y +y=smnz
T
Expansion around x = 0. This is ordinary point. Since RHS is not zero, do not find

recurrence relation. Let y = Y 2 ja,z". Hence y = > 2 na,z" ™t = > na,z"*
and y" =3 > (n)(n—1)a,z" 2 =32, (n)(n—1)a,z" 2 The ode becomes

n=2

y' + 2%y + 2’y = 2’sinz

Hence
o0
Z )(n—1) anx"2+x22nanx" 1+x22anac = z’sinzx
n=2 n=1 n=0
o0
Z ) (n—1)apz™ 2 + Z na,z" ! + Z a,z"? = ?sinzx
n= n=1 n=0

Reindex so all powers to start from n. This results in

Z (n+2) (n+1)ap22"™ + Z (n—1)a,_12" + Z Un_o" = z’sinz
n=0 n=2 n=2

To be able to continue, we have to expand sin z as Taylor series around x. The above
becomes

nzz()(n'i‘?)(n-l-l)amzw"—l-;(n—1)an_1x"+;an_2w":x2(z_%z3+ﬁlo 5_W140 ...
;(n+2)("+1)an+2xn+;(n—1)an—1$"+;an 2" = —%w‘r’—kl;—oaﬂ—ﬁm + -
Forn=20
209 =0
a; =0
Forn=1
(3)(2)as =0
azs =0
For n =2

24+2)2+1Das+(2-1)a;+ay=0
12a4+a1+a0:O
—a; — Qg

12

aqg =
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For n = 3 (now we pick one term from the RHS which match on z?)

20(15 + 2&2 + a; = 1

1 — a1
a prnd
° 20
For n =14
30(16 + 3a3 +as = 0
ag = 0
For n=25
1
42(17 +4a4 + as = —6
—1_4q, _1_4(M) 1 1 1
_ "6 _ _86 12 _ =
ar 42 42 126%™ 1 126M ~ 252

And so on. Hence

o0
y= g anz"
n=0

2
= a9+ @17 + asx +a3x3+---

captazt (BT gy (L0 s (L L Dy
= G0 T G 12 20 1267 T 126" T 252

1 1 1 1 1 1 1
=a0<1——z4+—x7+--->+a1(x——x4——x5+—x7+~~-)+(—x5——x + -

12 20 126

2.3.2.5.3 Regular singular point using Frobenius series method.

expansion point is regular singular point. Four sub methods depending on type of roots
of the indicial equations.

2.3.2.5.3.1 Roots of indicial equation are complex

ode internal name "second_ order_ series__method_regular_ singular point_ complex_roots'

In this case the solution is
Y =11 + C2Yo
Where

o0
Y= apz""
n=0

o0
Yo = bzt
n=0
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Where 71,72 are roots of the indicial equation. ag, by are set to 1 as arbitrary.
Example 1
x2y/1+xyl+y — 1

Comparing the ode to

¥ +p(@)y +4q(z)y =0
Hence p(z) = 1,¢(z) = Z5. There is one singular point at zo = 0. Therefore py =
lim,_,0 zp(z) = lim,_,0 1 = 1 and gy = lim,_,¢ %q(z) = lim,_,o 1 = 1. Hence the indicial
equation is

r(r—1)+pr+qg =0
rir—=1)+r+1=0

r’4+1=0
r =41
Hence r; = ¢,79 = —t. Expansion around z = 0. This is regular singular point. Let
n=0
o0
Y= (n+r)aa™

3
I
o

(n+r)(n+r—1)a,z"" 2

S
I
NE

3
I
o

Solving first for the homogenous ode.

z2 Z (n+r)(n+r—1az""* 4z Z (n+7) anz™ 1 + Z 4,z = 0
n=0 "0 —~
Z (n+r)(n+r—1)a.a"" + Z (n+7)az™" + Z an ™ =0
n=0 =0 =
Forn=0

Since ag # 0, then (r(r — 1) + 7+ 1) =0 or r? + 1 = 0. Therefore r = %4 as was found
above. The homogenous ode therefore satisfies

Y +zy +y=(r’+1)apz”
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Since when r = =44, the RHS is zero. For n > 1 the recurrence relation is
m+r)(n+r—1a,+(n+r)a,+a,=0
(n+r)n+r—1)+(n+r)+1)a, =0
(n*+2nr+r*+1)a, =0 (2)

Let ag=1. Forr=14. Forn=1
(142i—141)a; =0

Hence a; = 0. Similarly all a,, = 0 for n > 1. Hence

o)
yl — E : anxn—l—z
n=0

=z'(ap + a1z + )
:ao.’L'i

:ml

For r = —i. For n =1 and using b instead of a, we obtain (also using by = 1)

(1-2+1+1)b,=0

Hence b; = 0. Similarly all b, = 0 for n > 1. Hence

oo
2= bua"
n=0

=:v_’(b0+b1:r—|—)

= b().’IJ_Z

fry x —1
Therefore

Yn = C1Y1 + C2Y2

=cz' + ezt

To find y, since the ode satisfies

Y +zy +y=(r’+1)apz”

Relabel » = m,ag = ¢y to avoid confusion with terms used above, then we balance

RHS, hence
(m2 + 1) cor™ =1
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This implies m = 0 and ¢y = 1. Therefore

Using the recurrence relation (2) found above, but now using the values found m =0
and ¢y = 1, then (2) becomes

(n2—|—2nm—|—m2+1)cn=0
(n®+1)c, =0

Hence all ¢, = 0 except for c¢y. Therefore

oo
Y= cna”
n=0
= CO
=1
Hence the solution is
Y=Yn+Yp
=zt +cr i+ 1
2.3.2.5.3.2 Roots of indicial equation differ by non integer

ode internal name "second_ order_ series_ method_ regular_singular point_ difference_not_ in-
teger'

If one of the roots is an integer, and the ode is inhomogeneous. ode, then we do not
need to split the solution into ¥4, ¥y, and can use the integer root to find y, directly. If
both roots are non-integer, we have to split the problem into ys, y,. This is because it
will not be possible to match powers on z from the left side to the right side. Because
the RHS will be polynomial in z, but the LHS will not be polynomial in x because of
the non integer powers on z.In this case the solution is

Y =11 + Coyo
Where

o0
Y= apz""
n=0

o0
Yo = bzt
n=0



CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 287

And ry,ry are roots of the indicial equation. ag, by are set to 1 as arbitrary.

Example 1
22%y" + 3zy’ —xy =22 + 2z

Comparing the ode to
¥ +p(@)y +4q(z)y =0
Hence p(x) = %,q(z) = 5—; There is one singular point at £ = 0. Therefore p, =
lim, o zp(z) = limw_)og = % and gy = lim,_0z%q(z) = lim,_o —5 = 0. Hence the
indicial equation is
r(r—1)+por+¢ =0
3
r(r—1)+§r+0=0
r(2r+1)=0

1
=0 —=
r y 9

Therefore 7, = 0,75 = —3.

Expansion around z = xy = 0. This is regular singular point. Hence Frobenius is needed.
First we find y,. Let y = > 2, a,z™", hence

o0
y=> az""
n=0

Y= (n+r)ae
n=0

Y’ = Z (n+7r)(n+r—1)a,z""?

n=0
The ode becomes
222 Z (’I’L + 7") (n +r— ]_) anmn+r—2 +3z Z (n + T‘) anxn+r—1 — Z anx”+’" -0
n=0 "0 —
ZQ(n+T)(n+T_1)an$"+’"+Z3n+r ) "™ Zanxn+r+1_0
n=0 n=0

Re indexing to lowest powers on x gives

i2n+r n+r—1)anx”+r+23n+r a,x"" Zan 1zt
n=0

n=0
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When n =0

2(r) (r — 1) apz™ + 3(r) apz” =0
(r(2r+1))apz" =0

Since ag # 0 then (2r + 1) =0 and r = 0,r = —1 as was found above. Therefore the
homogenous ode satisfies

22%y" + 3zy’ — 2y = (r(2r + 1)) apz”
Where the RHS will be zero whenr =0 or r = —%. For n > 1 the recurrence relation is

2n+r)(n+r—1)an+3(n+71)an —an1 =0

Qn—1
a, =
2(n+r)(n+r—1)+3(n+r)
= (1)
M2 4-dnr+n+2r2 41
For r = 0 the above becomes a
n—1
In = 2n24+n
For n =1 and letting ap = 1
1
a; = -
For n =2
@ _a_ 1
27 8+2 10 30
For n =3 a a 1 1

a3= = — =

18+3 21 21(30) 630

And so on. Hence

o0 o0
Y= E a, "t = E anx"
n=0 n=0

2
=ap+ a1x + axx” +---

—1+1x+iz2+ix3+
o 37 30 630

And for r = —} the recurrence relation (2) becomes, and using b instead of a

bn—l bn—l

=2n2+4n(—%)+n+%—% T —2n2

n

For n =1 and using by = 1
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For n =2

b b1 1
2 2-8 2-8
For n =3
by— — -2 ; 1
5T 318 3—-18 90
And so on. Hence
:ana:"”?
1 o0
=—anx"
f:o
T(o-l-blx-l-bﬂ + - )
—|1+z+ w +lx +-
f 90

Hence
Yn = QY1 + C2Y2
altvlerter Lot Vo l(irerlor loy
R s S c “e
377307 630 T 6" 00"
Now we find y,. Since ode satisfies
22%y" + 3xy — 2y = (r(2r + 1)) apx”

To find y,, and relabeling 7 as m and a as c so not to confuse terms used for y;,. Then

the above becomes
22%y" + 3zy’ — zy = (M(2m + 1)) cpz™

The RHS is 22 + 2z. We balance each term at a time, this finds a particular solution
for each term on the RHS, then these particular solutions are added at the end. For
the input 2z the balance equation is

(m(2m + 1)) coz™ = 2z

This implies that
m=1

Therefore (m(2m + 1)) co = 2, or co(1(2+ 1)) =2 or 3co = 2 or

2
Cozg
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The recurrence relation now becomes (using m for r and ¢, for ap)

_ Cn—1
2n2 +4nm +n+2m? +m

Cn

For m = 1 the above becomes

. Cpn—1
ot Bn+3
For n = 1 and using ¢ = 2
2 1
c=—>—=—
24+54+3 15
For n =2 )
¢ = C1 _ 15 _ 1
8+10+3 8+10+3 315
Forn=3 )
Co 315 1
C3 = =

T 18+15+3 18+15+3 11340
And so on. Hence

o0 o0
Yp, = E Cpx™™™ =1 E "
n=0 n=0
_ 2
=z(co+cz+ez’+---)

S \3 15 315 11340

PR S N SR S
=|\-z+ ="+ —=2"+ 7=+
37 157 T 3150 ' 11340

The second term z? is now balanced z2. The balance equation is
(m(2m + 1)) cpz™ = 2°
Therefore m = 2 and (m(2m + 1)) ¢o = 1. Hence

2(4+1)) e =1
1

CO:E

The recurrence relation becomes for m = 2

_ Cn—1
S o2+ 4dnm4n+2m2+m

Cn

For m = 2 the above becomes

_ Cn—1
 2n24+9n+10

Cn
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For n = 1 and using ¢y = 5

1

Tl 1
Clz—:—
249410 210
For n =2 )
Co = CI = m ey 1
>78+18+10 8+18+10 7560
For n =3

1
2 7560 1

T 18427410 18427410 415800

C3

And so on. Hence

o0 o0
Ypy = E cpx™t™ = 12 g X"

=z’ (co+ 1z +cox® + -+ -)
7’ i—l-i:r:—l- = T’ + L s+
10 210 7560 415800

l902-|-L:1:3—|- = Tt + = z° +
10 210 7560 415800

The particular solution is the sum of all the particular solutions found above, which is

Yp = Yp1 T Yps
1 1

— gm+_x2+_x3+;m4+... _|_ im2+ix3+ix4+ 1 x5+...
3 15 315 11 340 10 210 7560 415 800

2 1 1\, (1 1)\, 1 1\ .
=§x+(ﬁ+1_o>x+(E+2_1o)x+<11340+7560)x+'”
2 1, 1, 1 ,
=§1‘+61’+ﬁ$+m$+

Hence the complete solution is

Y=Y+ Yp

SN G I PRI R L U IV T
1 377307 T 630 VT 6° ' 90 37767 1260 4

Example 2
2z2y" + (z+ 1)y +3y =5

Comparing the ode to
y' +p(z)y +q()y=0
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Hence p(z) = %,q(x) = 2. There is one singular point at = 0. Therefore py =

lim, o zp(z) = lim,_,o @ = % and qo = lim,_,o z%q(z) = lim,_o 37”’ = 0. Hence the

indicial equation is
7"(7‘ — 1) +por+q =0
1
r(r—1)+§r+020
r(2r—1)=0
1

=0, -
T ,2

Therefore ry = 0,75 = 3.

Expansion around z = xy = 0. This is regular singular point. Hence Frobenius is needed.
Let

e .o]
Y= anz""
0

Y= (n+r)aa™

n=0

y' = Z (n+r)(n+r—1)a,z"" 2

n=0

The homogenous ode becomes

2x Z (n + T‘) (’I’L +7r— ]_) anxn+r—2 + (113 + 1) Z (n + ’I") anxn-l—'r—l +3 Z anxn_,_r -0
n=0 0 s
Z 2(n+71)(n+r—1)az"" ! + Z (n+7) anz™" + Z (n 4 ) anz™ ! + Z 3a,0™" = 0
n=0 =0 - e

Re indexing to lowest powers on x gives

o0 o0 e e] o0
Z 2n+r)(n+r—1) anx"“_l—i-z (n+r—1) an_lxn+r_1+z (n+r) anx"+’"_1+z 3ap_12" T =
n=0 n=1 n=0 n=1
Forn =20

(2(r) (r —1)ag +rag)x"* =0
2r(r—1)+71)ag=0
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Since ag # 0 then the first term above will vanish only when 2r(r —1) +7 = 0 or

r(2r — 1) = 0. Hence 7 = 0,7 = ; as was found above. For n > 1

2(n+r)(n+r—Da,+(n+r—1) a1+ (n+7)a,+3a,-1 =0
n+r+2
(mn+71)2r+2n-1
(1)

an = — )an—l

Therefore the differential equation satisfies

2zy" + (z + 1)y + 3y = r(2r — 1) apz"* (2)

The RHS above will be zero when r =0 or r = % When r = 0 the recurrence relation

(1) becomes
n+ 2

(m) @n—1)""

Which gives (for ag = 1) (working out few terms using the above)

an = —

2
Y1 =1—3x+2x2—§x3+---
And when 7 = 1 the recurrence relation is (using b in place of a and letting by = 1 also)

5
n+3

o e L

Which gives (working out few terms)

Tx x?
= 1— 24912 4+...
Yo \/3_6( e T2t )

Hence the solution is

Yn = C1Y1 + C2Y2

2 2
zcl<1—3x+2x2—§x3+---)+02(\/5(1—7g+21z—+---))

Now we find y,. From (2), and relabeling r as m and a as ¢ so not to confuse terms
used
2zy" + (z+ 1)y + 3y = m(2m — 1) coz™ !

Therefore we need to balance m(2m — 1) coz™ ! = 5 since the RHS is 5. This implies
m —1=0 or m = 1. Therefore m(2m — 1) co =5 or (2 — 1) ¢o = 5 which gives ¢y = 5.
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Hence

To find ¢,, the same recurrence relation (1) is used by with r replaced by m and a
replaced by c. This gives

n—+m+ 2 c
(n+m)(2m+2n—1) "}

Ch=—

For m = 1 the above becomes

o - _ n+3 .
" (n+1)(1+2n)
Forn=1 o 143 __26__2(5)__Q
LT T A+ 39T 3T
For n =2
243 1 1/ 10\ 10
02:— clz—_clz__ —_— [ ——
(2+1)(1+4) 3 3\ 3 9
Forn=3
oo B¥3 . 3(10)_ 2. 5
T U@+ +6) 0 14\9) " 3V T a1

And so on. Hence

o0
yp=x§ [
n=0
_ 2 3
=z(co+az+ez’+csz’ +-- )

10 10 )
=x(5——x+—x2——x3+---)

3 9 21
_ 10 , 10 4 5
—<5x 3x+9x 21x+ )

Hence the final solution

Y=Yn+Yp

2 Tx x?
=C1(1—3x+2x2—§x3+--->+\/9_602<1—E+21@+---
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Example 3
2zy" + (z+ 1)y +3y==x

This is the same problem as above but different RHS. As shown above, we obtained
that the differential equation satisfies

22y" + (z+ 1)y + 3y =r(2r — 1) apz” "

To find y,, and using m in place of r and c in place of a so not to confuse terms with
the yp, terms, then the above becomes

2zy" + (z+ 1)y + 3y = m(2m — 1) coz™ !
The RHS above will be zero when m = 0 or m = % We now need to balance the RHS
against given RHS which is «. Hence

m2m —1)coz™ ' =z
To balance this we need m —1 =1 or m = 2. Hence 2(4 — 1)y = 1 or ¢g = ;. Using
the recurrence relation we found above, which is for n > 1 (again, calling r as m so not
to confuse y, terms with y, terms), we obtain

n+m+2 c
(n+r)2m+2n—-1) "

Cp=—

But now using m = 2
n+4

n+2)d+2n—1)""

Cp = —

Hence forn =1

1+4

forn =2

2T T2+ (d+4-10

_ 3 3(_1\_1
T T T\ T1s) T
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For n =3
o 3+4 .
T (B+2)(4+6-1)"
7 7 /1 1
=——62=—— _ —_——_-—_—
45 45\ 84 540
For n =4

4+4

C4 = — c
T @+2)(4+8-1)"°
4 o 4 1y 1
337 33\ 540/ 4455
And so on. Hence
Yo = Z oz
n=0
= z? Z crx”
n=0

=z’ (co+caz+cr’+---)

1 1 1 1 1
22 = = o2 -3 - 4
-7 (6 18° T 812" " 520" Taass” T )

Hence the solution is (y, was found in the earlier problem)

Y=Yt Yp
2 2 1 1 1
=cl(1—3x+2x2—§z3+~--) +02<\/5(1—%+212—0+---)) +x2(6—ﬁz+8—4x
Example 4

2y +(@+1)y +y=5
Expansion around x = xg = 0. This is regular singular point. Hence Frobenius is needed.
Comparing the ode to

¥ +p(@)y +q(z)y=0
Hence p(z) = £, q(z) = Z. Therefore py = lim,_,o zp(z) = lim,_,o
defined. Hence not possible to solve this using series solution.

z+1

T

which is not

Example 5
2%y —zy + (1 — 2*) y = 2

Comparing the ode to
y' +p(@)y +4q(z)y =0
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Hence p(z) = 55 = —5-, q(z) = 2952 %) . Therefore po = lim, o zp(z) = lim, o 5t = 3

2 2
(19”)

and gy = lim,_,o z%¢(z) = lim,_,o 5. Hence the indicial equation is

r(r—1)+per+qg =0

7‘(7"—1)—%7"—1—%20
r? — gr + % =0
1
r=1, 3
Therefore r1 = 0,ry = —%. Expansion around z = zy = 0. This is regular singular point.

Hence Frobenius is needed. First we find y,. Let y = >~ a,z""", hence

n+r

ki
[M]8

0T

3
Il
o

n+r—1

Qe\
I
NE

(n+r)ayz

3
I
o

S
I
NE

(n+r)(n+r—1)a,z"" 2

3
I
o

The homogenous ode becomes
20°y" —zy' + (1—2*)y=0

2:::22 n+r)(m+r—1)a,z"t 3 xZ(n—l—r)anz""'T '+ (1-27%) Zan:c”‘” =
n=0

n=0
o0
Z 2(n+7)(n+7r—1)az"" — Z (n+7)a,z"" + Z anxz"t Z anz"t? =
n=0 n=0 n=0

Re indexing to lowest powers on x gives

Z 2(n+71)(n+7r—1)az"" — Z (n+7)a,z™" + Z an "t Z Ap—oz™
n=0 n=0 n=0
When n =0

2n+r)(n+r—1)ay— (n+r)ag+ag)z" =0
@2r(r—1)—r+1)apx" =0
(27"2 —3r+1) apr" =0
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Since ag # 0 then 2r2 —3r+1=0, hencer = 1,7 = % as was found above. Therefore
the homogenous ode satisfies

20°y" —xy' + (1—2%)y = (2r’ = 3r + 1) aoz”
Where the RHS will be zero when r =1,r = % When n =1

20+r)1+r—1a;—(14+7r)a;+a; =0
2Q+r)1+r—-1)—(1+7r)+1)a =0
r(2r+1)a; =0

Hence a; = 0. For n > 2 the recurrence relation is

2m+r)(n+r—1a,—(n+71)an+a, —a,_2=0

n = 2(n—|—r)(n+ri_1)—(n+r)+1

B 2(n+r)(n+ri_1)—(n+7")+1
(1)

For » = 1 the above becomes
Ap—2
an =

" n(2n+1)
For n = 2 and letting ag = 1

e @ _ 1
2T 2(4+1) 10

Forn =3
a1

- n(2n+ 1) =0

as

For n =4 )
a9 10 1
ayg = = =

4(8+1) 4(8+1) 360

And so on. Hence

o0 o0

Y1 = E a, "t =2 g "
n=0 n=0
2

=z(ao+ a1z +asz’ +--+)

22 gt
14+ 4+ 2 4...
z( T0 360 )
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And for 7 = § the recurrence relation (1) becomes, and using b instead of a

b bu—
" 2n+r)(n+r—1)—(n+r)+1
— bn—2
2+ (n+i-1)—(n+i)+1
— b”_2
 n(2n—1)
Notice also that b; = 0 just like a; = 0 from above. Now, for n = 2 and using by = 1
o b _1
24-1) 6
Forn=3
by = — b, _ 1 =1
2—-8 2—-8
Forn=3
b= — L g
n(2n —1)
Forn=4
by : 1

And so on. Hence

=3 b
n=0
=Vz Y byz"
n=0
:\/E(b0+b1£8+b2$2+"')
_ 1, L 4
—\/5(14-630 +168$ + )

Hence

Yn = C1Y1 + C2Y2

=c1( <1+x—2+x—4+ )>+c2f<1+1z Ly >
10 = 360 6 168
3 1 4
=c1(z+1—0+%+ )+02\/_(1+6a:+ —z - )

Now we find y,,. Since ode satisfies

20°y" —xy' + (1—2%)y = (2r’ = 3r + 1) apz”
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To find y,, and relabeling 7 as m and a as c so not to confuse terms used for y;,. Then
the above becomes

2%y —zy + (1 —2*) y = (2m* — 3m + 1) coz™
The RHS is z2. Hence the balance equation is
(2m* —3m +1) cz™ = 2
This implies that
m =2
Therefore (2m? —3m+1)cy=1,0r (8 —6+1)cg=1or
1

Co — =

3
The recurrence relation (1) from above now becomes (using m for r and ¢, for ag)

2(n+m)(n+mn—_1)—(n+m)+1

Cp =

For m = 2 the above becomes

Cpn—2
2n+2)(n+1)—(n+2)+1
_ Cpn—2
22 4+5n+3

For n =1 we use ¢; = 0 the same as was found for ay, b;. For n > 2 the above is used.

Cp =

Hence for n = 2

1
Co = CO = 5 =i
27 8410+3 8+10+3 63
Forn=3
Gp=—
T 18+15+3
Forn=14 )
ca Co 63 1

T 3212043 32+20+3 3465
And so on. Hence

o0 o0
Yp = E e x™t™ = 12 E "

= 2%(co+ 1T + ez + -+ )

=2? 1—I—ia:Q—l-La:‘l—l-'--
N 3 63 3465

_ 1 2 1 4 1 6

=37 te3® Tages®
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Hence the complete solution is
Y=Yn+Yp

=c x+x—3+x—5+ + eV 1+ iy Laay (g Loy Loasy
- 10 ' 360 2 6 168 3 63 3465

Alternative way to find y, is the the following. Let y, = co + c17 + cox® + 323 + -+ -
then y, = ¢; + 2z + 3csz? + -+ and Yy, = 2cy + 6czz + - - - . Hence the ode becomes

22%(2c3 + 6c3z + ) — z(c1 4+ 2000+ 3czz® + -+ ) + (1 —2?) (o + 1z + cox® + c32° + -+ -) 2

co+z(—c1+c1) + 2 (4ey — 2c5 + o — o) +23(-++)

T
m2

Hence ¢y = 0,4¢co —2co+ca—cg=10r3ca —cog=1o0rco, = % We need to keep adding
more equations and solving them simultaneously. This method is not as easy to use as
the method used above, which uses the balance equation to find to y,. Also this method
could fail, since in practice we should not use undetermined coefficients method (which
is what this does) on an ode with variable coefficients. So I will not use this any more.

Example 6
2¢y" +y' +y=0
Comparing the ode to
¥ +p(@)y +q(z)y=0
. Therefore py = lim,_,0 zp(z) = lim, 03 = 3 and go =
0. Hence the indicial equation is

Hence p(z) = 5-,q(z) = &
hmm—)O :L.Qq(z) = hmm—>0 % =

r(r—1)+por+qg =0

1
r(r—1)+§r=0

r(2r—1)=0

—_

r=20,—-

[\)

Therefore ry = 0,7, = % Expansion around x = xy = 0. This is regular singular point.
Hence Frobenius is needed. First we find y,. Let y =Y - j a,2™*", hence

o0
y= E an,x™t"
n=0

o0
Y= (n+r)aa™

n=0

y' = Z (n+7r)(n+r—1)a,z"" 2

n=0
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The ode becomes

zy'+y +y=0
2“"2 n+r)(n+r—1)a,z"t"" 2+Z(n+r ) @™t 1+Zana:

=0
n=0 n=0
o
Z2n—|—r)(n+r—1)anm”+” 1—|—Z(n+r ) anz™ "t 4 Zanx =0
n=0 n=0 n=0
Re indexing to lowest powers on x gives
Z 2(n+71)(n+r—1)az"" ! + Z (n+71)a,z"" " + Z 12" =0
n=0 n=0 n=1
When n =0

2(r) (r — 1) apz™™*

+ ragzr””

=0
(2r(r—1)+71)agz" ' =0
(r(2r — 1)) apz™* =0
Since ag # 0 then r(2r — 1) = 0, hence r = 0,7 =

_1
homogenous ode satisfies

5 as was found above. Therefore the

2zy" +y +y=(r(2r — 1)) apz"™
Where the RHS will be zero when r = 1,r = 1

3- Forn>1 the recurrence relation is
2m+r)(n+r—1)a,+n+7)a, =—an
a. = —0np—1
" 2n+r)(n+r—1)+(n+r)
—0n—1
= 1
2n2 +4nr —n+2r2 —r (1)
For r = 0 the above becomes a
. —Un—-1
=0 (2n —1)
For n =1 and using ay = 1
=-1
= (2n —1)
For n =2
—a 1
as = ==
>72(3) 6
Forn=3
g % _ s _ 1
°73(6) 15
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And so on. Hence

o0
Yy = E a,z"
n=0

2
=ao+ a1x + ax” + -+

1 1
=1— g Ry ST
T T o0

1

To find yo, using (1) but replacing a by b and using r = ; and letting by = 1 and

following the above process gives

b_ _bn—l . bn—l
Tamiean()-ne2() o) Feen
Forn=1 b 1
by = —9 — _ =
! 3 3
For n =2
b b —_% 1

Il
DD
A§
s1
+
=
8
+
=
[\
8
[ &)
+
N

Therefore the solution is

Yy =cy1 + 2y
1 1 1 1
=C1(1—1'+61'2—%1'3+> +02(\/E(1—§x—|—%x2+>>

Example 7
4y’ + 3y +3y =z
Comparing the ode to
y' +p(z)y +a(@)y=0
Hence p(z) = 2,q(z) = £. Therefore py = lim, o zp(z) = lim, 02 = 2 and ¢ =

4
lim, 0 z%q(z) = lim,_o ?jf = 0. Hence z = 0 is regular singular point. The indicial
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equation is

r(r—1)+por+g =0
r(r—1)+§r+0:0
3

r(r—1)+1r=0
1
T—Z,O

Frobenius is now used. Roots differ by non integer. First we find y,. Let y =

0 n+r
Y e @n ™.

n=0
e o]
Y= (n+r)aa™
n=0
o0
y' = Z n+r)(n+r—1)a,z"t 2
n=0

The homogenous ode becomes

dz Z (n+r)(n+r—1)a,z""?+3 Z (n+7)a,z"" "t +3 Z a4,z =0

n=0 n=0 e
[’ o o

S ) (= 1) S 80 ) aa 4 Y B0 =0
n=0 n=0 =

Re indexing to lowest powers on x gives

Z An+71)(n+r—1) a4+ Z 3(n+7)az™t T+ Z 3a, 1x""1 =0
n=0 n=0 o,
When n =0

dn+r)(m+r—1) a7 +3(n+71)az" =0
4r(r —1)ao + 3rag =0
(4r(r—1)+3r)ag=0

Since ag # 0 then 4r(r — 1)+ 3r = 0, hence r = 0,7 = } as was found above. Therefore
the homogenous ode satisfies

4oy’ 4+ 3y’ + 3y = (4r(r — 1) + 3r) apz™*
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Hence the balance equation is that we will use to find the particular solution is
(4m(m — 1) + 3m) coz™ ' = /x

We will get back to the above after finding y,. Going over the same steps as before, we
find the recurrence relation

3an_1
CAn? 4 8nr+4r2 —n—r

a, =

For r = i, n > 0 and similarly
3an—1
An?2 +8nr+4r2 —n—r
For r = 0,n > 0. Finding few terms using the above gives the solution as

n —

yn = c191(z) + c2y2()
1 3 1 1 3 3
—eri(1—Sp+ —22— — 34 ... 1— e S . ST
clx4< 5x+10x 130$ + )—I—cz( x+14x 154x + )
Now we need to find y,. From the balance equation
(4m(m — 1) +3m) coz™ ' = /x
Hencem—1 = orm = 3. And (4m(m — 1) + 3m) ¢o = 1, hence (4(2) (2 - 1) +3(2)) o

1, which gives ¢y = 135 Therefore

o0
Yyp=x" E cnx"
n=0

=x%(co+clx+czx2+--')

Njw

(1 e et
2| — +car+cr+---

15
We now just need to determined c, for n > 0. For this we use the same recurrence
relation as found above. We can use a,, or b, as they are the same, but change a,, to c,
and r to ¢ (so not to confuse notations). This gives
3cn—1
42+ 8nm+4m? —n—m

Cp, =

For n > 0 and m = % Hence for n = 1 the above gives

3co
G == 3 32 3
4+8(5)+4(3) -1-3

_ 3(s%)
4+8(3)+4(3)-1-3
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For n =2

And so on. Hence

N

(15 e et
2| — +caxr+cxr+---

15
3 - ix + S z? — 16 z* +
15 225 6825 348075

Hence the complete solution is

Yp

(™[4

T

Y=Yn+Yp
=z 1—§z+ix2—ix3+ +c 1—x+3x2—ix3+ +z2 3—i:c—i-
7 5° 100 130 2 147 154 15 225
2.3.2.5.3.3 Roots of indicial equation differ by integer. Good case

ode internal name "second_ order_ series_ method_regular_ singular point_ difference_is in-
teger_good_ case".

In this case the solution is
Y =11 + Cayo

There are two sub cases that show up when roots differ by integer. First sub case
is when the second solution y, is obtained similar to how y; is obtained. i.e. using
standard Frobenius series but with the second root. The second sub case is the harder
one, this is when y, fails to be obtained using the standard method due to by being
undefined where N is the difference between the roots. In this sub case we need to use
a modified Frobenius series method where, which is explained more using examples
below. Therefore for sub case one (called the good case) we have

o0
Y= apz""
n=0

o0
Yo = bzt
n=0

8

682

|
!
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For the second subcase (called the bad case) first we will find the bad root r of the
indicial equation which causes the recurrence relation to become undefined at some n.
Call it 7444, then we first find ¥ defined as

oo
y=1a" Z (r — Tbaa) Anz”

n=0

Where a,, is found using the recurrence relation (but r is kept symbolic). y; is then
found from by evaluating it r = 7p4q

yl = yr:rbad

And also setting ag = 1. Note that some terms will vanish above but not all, since there
will be cancellation of (r — rp,4) during the process. y, is next found using

— d a1
Y2 = dry _
T=Tbad

=y In(2) + 2™ ) (%((7" — Tbad) anx")>

n=0 T=Tbad

Example 1
(x - w2) y' + 3y + 2y = 3x?

Comparing the above to y” +p(z) ¥’ +q(z) y = 0 shows that p(z) = ﬁ, q(z) = ﬁ

Hence there are two singular points, one at x = 0 and one at x = 1. Let the expansion
be around z = 0. This means the solution will define up to = 1, which is the next
nearest singular point.

. . 3
po = limap(e) = lmge =7y =3
And 9
g=Ilim2>——"——=0

220" z (1 —1x)

Hence zy = 0 is a regular singular point. The indicial equation is

r(r—1)+por+qg =0
rir—1)+3r=0
r—r+3r=0
r?4+2r=0
r(r+2)=0
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Therefore r = 0,7 = —2. They differ by an integer N = 2. Therefore two linearly
independent solutions can be constructed using

o0
Y=Y a,z™t
n=0
o0
vom S b
n=0

Where C' above can be zero depending on a condition given below. Now we will work
out the solution for a general r. Let

n+r

K
[M]8

0T

3
Il
o

(n+r) a,z"tr 1

Qe\
I
NE

3
I
o

7

y (n+r)(n+r—1)a,z"" 2

I
NE

3
I
o

The homogeneous ode becomes

(.I _ $2) y// +3y/+2y

(z — 2 Z n+r)(n+r—1)az""" 2+3Z n+r)a, "t 1+2Zanx
n=0 n=0 n=0

(n+r)(n+r—1)az" ! — Z m+r)(n+r—1)a,z"" + Z 3(n+7)a ™ + Z 2a, """
n=0 n=0 n=0

NE

3
Il
=}

Re indexing to lowest powers on x gives

Z (n+r)(n+r—1) anx"”_l—z n+r—1)(n+r—2) an_la:"+r_1+z 3(n+r) anx"+r_1+z 2a,
n=0 n=1 n=0 n=1
(1A)
Forn =20
(n+r)(n+r—1)a 2" +3(n+r)a,z"t" =0
(r(r—1)+3r)apz" ' =

(r*+2r)az™' =0 (1B)

Since ayg # 0, then » = 0,7 = —2 as was found above. Hence N = 2 which is the

difference between the two roots. The homogenous ode therefore satisfies

(z—2°)y"+3y +2y = (r’+2r) apz" ™"
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Since when r = 0,7 = —2 the RHS is zero. The term on the right of the above
is important as it will be used to determine the particular solution. The recurrence
relation is when n > 1 from (1A) and is given by

m+r)(n+r—1a,—(n+r—1)(n+r—2)a,—1+3n+r)a, +2a,-1=0
Keeping larger a,, on the left and all lower a,, on the right gives

_ —2+(n+r—1)(n+r—2)a
" (n+r)(n+r—1)+3(n+r) -l
_n+r—3a
T n+r+2 M

1)

an

Now we find y, = c191 + coy2. For r = 0 then (1) becomes

a —n_3a
n_n+2 n—1

2)

For n =1 and letting ay = 1 then (2) gives

_1-3 -2
“T 12T 3
For n =2 Eq. (2) gives
_2-3 _2-3(-2\ 1
*T24+27 2423 ) 6
For n =3 Eq. (2) gives
a 3_3a 0
3T 37927

And all other higher a,, = 0. Hence

[0, ]
Y = E anx"
n=0

=agp + a1x + asx
2 1

=1-= —z?
3a:+6x

2

Now we need to find y,. We first check if y, can be found using standard method as
was done above for y;. For this we calculate by = b, using same recurrence relation (1)
to see if it is defined or not. If it is defined, then we continue, else we have to use the
modified Frobenius method. From (1) and using b instead of a and using r = 1o = —2
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gives

n—|—r—3b

ntr+2 "t

_n—2—3b
T p—24+2 ™!
n—>5

- bn—l
n

Hence for n = 1 and using by = 1 as we did for ag gives
b1 - —4b0 == —4

Forn=N =2 3
b,=—b =6
5 1
Since by is defined, we can continue and y, is found using same recurrence relation.
Hence this is subcase one. For n = 3

-2
by = ?bz = -4
For n =4 1
by = Tbg =1

And so on. Hence

I o=, .,

Yo = ﬁ Z(:) bnx
1
= —2 (bo —|— blﬁL' —|— b2£1,'2 —|— b3£1,'3 —|— b4£174)
T

(1 — 4z + 62% — 423 + z4)
Therefore

Yn = C1Y1 + C2Y2

2 1 1
=c1<1— §x+ga:2> +cz<ﬁ(1—4x+6x2—4x3+x4))

Now we find y,. From earlier we found in (1B) the balance equation which gives
(z—2)y" +3y +2y = (r’+2r) aoz" "

Relabeling 7 as m and a as ¢ so not to confuse terms used in finding y; the above
becomes
(z—2%)y" + 3y + 2y = (m* +2m) cez™ "



CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 311

Therefore we need to balance (m? + 2m) coz™ ! = 3z2. This implies m — 1 = 2 or

m = 3. Therefore (m? + 2m) co = 3 or (9 + 6) co = 3 which gives co = & = 1. Hence

To find ¢, the same recurrence relation given in (1) is used again but now r is replaced
by m and a replaced by c. This gives the recurrence relation to find coefficients of the
particular solution as

c _n+m—3c
" 4+ m42
For m = 3 the above becomes
. _n+3—3c
" 342!
n
= ———Cp_
n+95 !
Forn=1
1 1/1 1
c c =) =—
76 6\5/) 30
For n =2
2 2/ 1 1
Ccy = =—|=)=-—=
T 245" 7\30/) 105
And so on. Hence
yp—x?’ZCna:"
n=0
=2’(co+ar+cr®+--)
—x3 1+ix+ix2+...
N 5 307 105
Hence the final solution
Y=Y+ Y
2 1 1 1 1 1
:c1(1—§m+6m2>+cz(ﬁ(1—4x+6z2—4x3+w4))+(gm3+%x4+ﬁm5+...

If we try to find y, by assuming y, = > -, c,z™ and substituting into the ode and try
to match coefficients, we can not always be successful. The above method using the
balance equation always works and that is what I am using in my solver.
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Example 2
4z%y" + 4zy + (42> — 1)y =0

Comparing the ode to
y' +p()y +q(z)y=0

Hence p(z) = %,q(m) = 42”;;1. Therefore py = lim, ,ozp(z) = lim, .01 = 1 and
qo = lim,_,o 72¢(x) = lim,_,o 4’”24_1 = —1. Hence the indicial equation is

r(r—1)+por+¢ =0

1
~1 T
r(r Y+ 1 0
1
2——:
1 0
o111
22

Therefore r1 = ,70 = —

N =

Expansion around z = 0. This is regular singular point. Hence Frobenius is needed. Let

00
y = E :CLn.’L'n+T
n=0

o0
Y= (n+r)aa
n=0

e o]
y' = Z (n+7r)(n+r—1)a,z"" 2
n=0

The ode becomes

4x2z (n+r)(n+r—1)a,z"""" 2+4xz (n+7r)az""" 1+4x22an:c Zanx

n=0 n=0 n=0
Z 4n+r)(n+r—1)az"" + Z 4(n+71)az™" + Z 4a, "t — Z anx™t"
n=0 n=0 n=0 n=0
Z An+r)(n+r—1)+4n+r)—1)aa"" + Z 4a,z" 2 =
n=0 n=0

o9}

o0 o0
n-l—r n+r+2 __
E 4(n + r — 1) anT g 4a,x
n=0

1)

=0

0

Z (4n® + 8nr + 4r® — 1) @, 2™ + Z da,z™" 2 =0

=0
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Re indexing to lowest powers on x gives

(4(n + r)? — 1) anz™*" + Z 4a, oz =0 (2)
n=0 n=2
n = 0 gives
(47 —=1) apz" =0
Since ag # 0, then r; = %, Ty = —% as was found above. The ode therefore satisfies
4z%y" + 4oy’ + (42 — 1) y = (4r° — 1) apz”
Since when r; = 3,7, = —% the RHS is zero. When n =1 then (2) gives

(41 +7)*-1)a; =0 (3)
The recurrence relation is when n > 2 from (2) is given by
(4(n + r)2 — 1) an, +4a,_5=0
—4

ECE T ?

an

Since roots differ by an integer N = 1 then there two linearly independent solutions
can be constructed using

yp =21t Z a,T"
n=0
o0
y2 = Cy; In (x) 4+ 2™ Z b,x"
n=0

C above can come out to be zero. We start by finding y; (the one with the larger r).

Now, using 7 = 1. For n =1 and from (3)

1 2
(4(14-5) —1>a1=0
8&1=0

a1=0

From n = 2 from (4) and using r = 3 it becomes
—4
1)2 @
4 (n + 5) -1
1

= _n2 + na,n_z (5)

Qp =

n—2
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For n = 2 then (5) gives (and using ap = 1)

1
Qa9 = —gao
1
6
For n = 3 Eq (5) gives
1
as —ﬁal
=0
For n = 4 Eq (5) gives
1
ay = —2—0a2

And so on. Hence

=x%(a0+a1z+a2$2—|—a3z3+a4x4—l—---)

1 1
= 1— 2224+ —2*+ ...
\/5( ¢% tip% t )

Now we need to find y,. We first check if y, can be found using standard method as
was done above for y;. For this we calculate by = b; using same recurrence relation (1)
to see if it is defined or not. If it is defined, then we continue, else we have to use the

modified Frobenius method. From (1) and using b instead of a and using r = ro = —2

(s

0by =0

gives

Hence b, is arbitrary. Let b; = 0. Since by = b; is defined, we can continue and ys is
found using same recurrence relation. Hence this is subcase one. From (4) and using
r = —1 it becomes

= amoD (6)
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For n = 2 Eq (6) gives (and using by = 1)

1
b _2(2—1)1)O
__1
2
For n = 3 Eq (6) gives
1
by = — b
5T 3(3-1) "
=0
For n = 4 Eq (6) gives
1
be 4(4—1)b2

And so on. Hence

o0

_1

Yo = g bnq;n 2
n=0

1
:%(bo+b1$+b2x2+)
1 1, 1,

- x<1 27 to® Tt )

Therefore the final solution is
Y =11 + CaYo

_ 1, I 4 1,, 14
—clﬁ(l 6:c +12Ox—|— )+C2 <1 74+ —x* +

Example 3

y'+y +y=vz
This ode is here because the RHS has no series expansion at x = 0. Comparing the
ode to

y' +p@)y +q(z)y=0
Hence p(z) = 1,¢(z) = 1. Therefore py = lim,_ozp(z) = lim, ,ox = 0 and g =
lim,_,0 z2q(z) = lim,_,o > = 0. Hence the indicial equation is
r(r—1)=0
r=20,1
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Therefore ry = 1,75 = 0.

Expansion around z = 0. This is regular singular point (due to the RHS not having
series expansion). Hence Frobenius is needed. Let

00
y = § : anx'n—i-r
n=0

Y= (n+r)ae
n=0

Y’ = Z (n+7r)(n+r—1)a,z""?
n=0

The ode becomes
i n+r)(n+r—1)a,z"" 2+ i (n+71)a,x"" ! + i a,z"7"=0 (1)
- n—=0 n=0
Re indexing to lowest powers on x gives
i (n+r)(n+r—1)a,z""" 2+Z n+r—1)a, 12" 2—|—Z an_2z™"2 =10 (2)
n=0 n=1 n=2

n = 0 gives
r(r—1)agx" 2 =0

Since ag # 0, then r; = 1,75 = 0 as was found above. The ode therefore satisfies

y// + y/ + Y= r(r _ 1) aoxr—Z

When n = 1 then (2) gives

(14+7r)(r)a;+rag=0
—ag
IL+r

3)

ap =

The recurrence relation is when n > 2 from (2) is given by

m+r)(n+r—1a,+(n+r—1)ap1+a,2=0
—(n+r—1)an1—an2

e P o ) B
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Since roots differ by an integer N = 1 then there two linearly independent solutions
can be constructed using

oo
Y=z Z anx”
n=0
o0
y2 = Cy; In (z) + 2™ Z b,z"
n=0

C above can come out to be zero. We start by finding y; (the one with the larger r).

Now, using 7 = 1. For n = 1 and from (3) and using ay = 1 gives

_ao
a; = —2

-1
a; = 7

From n = 2 from (4) and using r = 1 it becomes

Gy = —2&1 — Qg _ —2a1 — Qo _ _Q(T
2+1)(2) 6 6

For n = 3 then (5) gives

G = —(3)az —a _ T _ —(_71) :i
T BB 12 12 24

And so on. Hence

o0
Y= az"t
n=0

= z(ag + a1% + a2z” + azz® + agz* + -+ -)

1 1 1
=zl1=-Z= iy S BT
x( 2x+24x 120x+ )

Now we need to find yo. We first check if yo can be found using standard method as was

done above for y;. For this we look at a; = 1;—“% and see this is defined for r = 0. Next

. - —1 _1—Qp—
we look at the recurrence relation a,, = (n&’;r)zmﬁ_l‘;" 2

r = 1. Hence C = 0 and we can find y, using same series expansion and using by = 1.
—by -1

b: =
L P

and see this is also defined for

-1

For n > 2 we have
_(n +r— 1) bn—l - bn—2

(m+7r)(n+r—1)

b, =
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Which for r = 0 becomes
—(n—1) byt — by s

b = n(n—1) (5)
For n =2
b — —(2—1)b1—b0_ —-(2-1)(-1) -1 _0
2 2 N 2 B
Forn=3
s 3(3-1) 6
For n =4

And so on. Hence

oo
Yo = E bnxn-i-o
n=0

= (bo+ b1z + byz® + - --)

1 1
=1— Tl Sty
x+6z 2z—|—

Therefore yy,

Yn = C1Y1 + C2Y2

1 1 1 1 1
:CIx(1_§x+ﬂw2_EOx3+”.>+Cz(1_m+6$3_ﬂw4+“‘)

Now we find y,. From above ¥ + 3 +y = r(r — 1) apz" 2, and relabeling r as m and a
as ¢ so not to confuse terms used

v +y +y=m(m—1)coz™ >

Therefore we need to balance m(m — 1) cpz™ 2 = 2 since the RHS is /z. This implies
m—2= % orm = % Therefore m(m — 1) ¢y =1 or g(g — 1)c0 =1,¢ = %. Hence

o]
_ n+m
Yp = § CnT

n=0

o0
5
= x?2 g "
n=0
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To find c¢,, the same recurrence relation (4) is used by with r replaced by m and a
replaced by c. This gives

—(n+m—1)cp_1 — Cps
(mn+m)(n+m—1)
. —(n+ g — 1) Cpn—1 — Cp—2

(n+3)(n+35-1)
%cn—l + Cp—2 +NCp—1

=4 (2n+3) (2n +5) (6)

The above is only for n > 2. For n = 1, using a; = T+¢ and replacing a by ¢ and r by
m gives

o = —Cp _ —% _ 8
YT 1+m 14+(3) 105
For n = 2 from (6)
= — %Cl+00+201 __ %<—1:%5)+%+2<—1%5) —0
(44+3)(4+5) (44+3)(4+5)
Forn=3
on— %Cz+01+302 _ —% 32
5T (6+3)(6+5) (6+3)(6+5)) 10395
And so on. Hence
yp:ZCn$n+m
n=0
:ZCnxn+2
n=0
=x%chx”

:x%(CO+Clx+C2$2+'“)

- 15 105 10395

Hence the final solution

Y=Yn+ Y

1 1 1 1 1 4 8
=clw<1——w+—x2——w3+---> +cz(l—x+—x3——x4+---)+x3(———x+

2 24 120 6 24 15 105

32 .
10395
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2.3.2.5.3.4 Roots of indicial equation differ by integer. Bad case

ode internal name "second_ order_ series_ method_regular_singular point_ difference_is in-
teger__bad_ case'.

The description is given above. Only examples are given below.

Example 1
2y +zy + (22 —4)y =0
Comparing the ode to
y' +p(@)y +4q(z)y =0

Hence p(z) = 1,q(z) = %. Therefore py = lim, ;ozp(z) = lim, ;01 = 1 and
go = lim,_,o 72q(x) = lim,_, 2> — 4 = —4. Hence the indicial equation is

r(r—1)+por+go =0
r(r—1)+r—4=0

r’—4=0
r=2-2
Therefore r; = 2,7 = —2. Expansion around x = 0. This is regular singular point.

Hence Frobenius is needed. Let

o)
Y = E anwn—i—'r
n=0

o0
Y= (n+r)az

n=0

y' = Z (n+7r)(n+r—1)a,z"" 2

n=0

The ode becomes

7’ Z (n+r)(n+r—1az"" 2 +z Z (n+7) ™! + (22 — 4) Z 4,z =0
n=0

n=0 n=0
oo o0 o0 o0
Z m+r)(n+r—1)a,z"" + Z (n+7)a,z™" + 2? Z a, """ — 4 Z a, 2" =0
n=0 n=0 n=0 n=0

i (n+7r)(n+r—1)a,z™" + i (1 + 1) anz"™" + i a,z" T i4anxn+r -0

n=0 n=0 n=0 n=0
00

Z (n+r)(n+r—1)+(n+r)—4) a "+ Zanxn+r+2 -0
=0

n=0
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Re indexing to lowest powers on x gives

Z n+r)(n+r—1)+n+r)— 4)anw"+’“+2an_2$"+’"=0 (2)
n=0

n=2

n = 0 gives

Since ag # 0, then 2 = 4 or r; = 2,7, = —2 as was found above. The ode therefore
satisfies
2y +zy + (22 —4)y = (r* — 4) ap2”

Since when 71 = 2 or ro = —2 then the RHS is zero. When n = 1 then (2) gives

(A+r)r+(1+4+r)—4)a1 =0
(r’+2r—3)a; =0
Hence
a1=0

The recurrence relation is when n > 2 from (2) is given by

(n+r)(n+r—1)+n+r)—4)a,+a,—2=0
(ORI B CE )
(4)

We check first if this is subcase one or two. To do this, we check if the recurrence
relation is defined for both roots for all n > 2. The above for r = 2 gives

an =

a4 = —Qp—2 _ 1an—2
" ((n+2)(n+2-1)+(n+2)—4) nn+4

We see that it is defined for all n > 2. Now we check the other root r = —2. (4) now
becomes
—Qp_9 1ap
an = = —_—-——
(n—2)(n—3)+(n—2)—4) nn—4
We see that this is the difficult root as at n = 4 it is not defined as it gives 1/0 error.

Hence

Thad = —2
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Therefore this is subcase two. For this case we do the following. We first find the solution
using symbolic 7 using (4), and at the end replace ag by (r — Tpeq) bo = (7 + 2) by. From
(4) and for n =2

—Qo 1 ap

2T @+t + 2+ -4 rr+d

Since a; = 0 then all odd a,, = 0. For n =4

—1.ao
—Qa9 a2 rr+4

Qo

(A+7r)B+r)+(@A+7)—4)  (r+6)(r+2)
Forn=6

G4 = - T (r+6)(r+2)

—aQy a4

T (6+7) B+ +6+r) -4 (r+8)(r+4)
_ _%(r+4)('ra-f6)(r+2)
(r+8)(r+4)
1 ap
T r(r+8) (r+4)(r+4)(r+6)(r+2)

Qe

And so on. Hence

y=1"(ao+ asz® + asz* +--+)

r(r+4)(r+6)(r+2)

11 1 1 1 1
:x’ao(l——— 2+ ‘-

rr+d” T+ )6 (r+2) r(r+8)(r+4)r+ D (r+6)(r+2)

Replacing ag by bo(r — rpaq) or bo(r + 2) the above becomes

y=x’”bo((r+2)—%%xz+%(r+4)gig(r+z)x4_%(r+8)(r+4)§:1121;(r+6)(7"+2)x
. (5)
Y1 = Yr=rpoq

=Yr=—2

:””_Qb(’((’"”)—%%$2+%(T+4)E:i§;(r+2)‘”4‘%(r+8)(r+4)g12 (r+6)(r+2)

=2 2b (1 ! x4—1 1 a;6_|_...)
\r(r+4)(r+6) r(r+8)(r+4)(r+4)(r+6) o

e+...)

p
o
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But by = 1. Hence

We can removing the leading — ;¢ since it will be absorbed by the ¢; constant. Hence

1
ylzcl($2_ﬁ$4_"'>

dy
Yo = (%) ~
T=Tbad

Now we find y, using

Notice the derivative is evaluated also at the bad root r = r,,g = —2 same as for y;.
Hence, and using by = 1 and using (5) the above gives
1 2 1 2 1 2
y2=i<xr((r+2)__(r+ ) 2 (r+2) A (r+2) |
dr r+4 (r+4)(r+6)(r+2) r(r+8)(r+4)(r+4)(r+6)(r+2

. . (r+2) (r+2) 41 (r+2)
—yr=—21”+“’5((”>‘w+4z rr+)r+6+2)"  rr 48+ r+a(r

Y = yr:—?
Therefore, evaluating all the derivatives gives

! 1 242 24 3 242 192
y2=yllnz—|-a:'r<1+(r + r+8)z2__3r + 20r + 4 (Br° 4 68r* + 256r + 19 )$6 )

2 2 2 (2 2t 2 3/ 9 2

r2(r+4) 7% (r?2 + 107 + 24) r2(r+4)° (r? + 14r + 48) _
=y Inz+ 272 1+1x —|—i —iG—i-
- 4" Tea” T 2304

Hence

=y lnz+ 1+i+i -y
W 64" ~ 2304

Therefore the final solution is

Y =c1y1 + C2yo

=c x—ix—
- 12

1 1 1 1 11
| S I Sy v N
+02(n(x) (x 5% )+(4+ +64 5304° + ))
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Example 2
2y’ — 3y +zy=0

Comparing the ode to
Y +p@)y +q(@)y=0
Hence p(z) = =2,q(z) = 1. Therefore py = lim, o zp(z) = lim, o (—3) = —3 and
go = lim,_,o v2q(z) = lim,_,o z*> = 0. Hence the indicial equation is
r(r—1) +por +qo =0
r(r—1)—3r=20

r?—4r=0
r(r—4)=0
r=20,4

Therefore vy = 4,r5 = 0. Expansion around z = 0. This is regular singular point. Hence
Frobenius is needed. Let

n+r

K
[M]8

0T

3
Il
o

n+r—1

Qe\
I
NE

(n+r1)ayz

3
I
o

(n+r)(n+r—1)a,z"" 2

S
I
NE

3
I
o

The ode becomes

zy’ — 3y +zy=0

NE

Y (n+r)(nt+r—1az"" =3 (n+r)az™ T +2) aa™ =0
n=0

n=0

3
Il
=}

n+r—1 n+r—1 n+r+1 __
- n - n n -
(m+r)(n+r—1)az E 3(n+r1)anx +E anT 0

[M]8

I
=)

T

Re indexing to lowest powers on x gives

Y (n+r)(n+r—1)azt! 23 (n+71)a,x™"" 1+Zan 2" =0 (2)
n=0

n=0 n=2

n = 0 gives

r(r—1)apz™' — 3ragz™ ' =0
(r(r—4))apz" ' =0
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Since ag # 0, then r(r —4) =0 or 71 = 0,75 = 4 as was found above. The ode therefore

satisfies

zy” — 3y +zy = (r(r —4)) apz" "

Since when r; = 4 or 75 = 0 then the RHS is zero. When n = 1 then (2) gives
(14+7r)(r)ai—3(14+7r)a; =0
(r*—2r—3)a; =0
Hence
a; = 0

The recurrence relation is when n > 2 from (2) is given by

m+r)(n+r—1)a,—3(n+r)a,+a,—2=0

an = —n2 4)

m+r)(n+r—1)—3(n+r)
We check first if this is subcase one or two. To do this, we check if the recurrence
relation is defined for both roots for all n > 2. The above for r = 4 gives

—Qp_2 1 a, o
(n+4)(n+3)—3(n+4) nn+d
Which is defined for all n > 2. Checking the second root r = 0 gives

ap =

—0p—2 1 Qp—2
ap = =

m+0)(n+0—-1)—3(n+0) nn—4

Which is not defined for n = 4. Hence this is subcase two, where y, does not exist using
standard method. Hence

Thad = 0

For this case we do the following. We find the solution using symbolic r and replace ag
by (1 — Tbaq) bo. From (4) and for n = 2
_ —Qo _ Qo
2 RrnNA+r)—32+r) -4

Since a; = 0 then all odd a,, = 0. For n =4

an = —02 _ g . ao
T @+ (@A+r—1)—3@A+71) r(r+4)  r(r+4)(2—4)
Forn =6
o — —Qy _ GG
ST 6+7)(5+r)—3(6+r) 712+8r+12
—ag

C(r24-8r+12)r (r+4) (r2 — 4)
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And so on. Hence

y=2"(ao+ axz® +asz* +---)

1
— a1 — 2 4 6, ..
? “0( Y Py (= R (N SR ) P ) ¥ o e )
Replacing ag by bo(r — 72) or bor since ro = 0, the above becomes

T=2"b ro .2 1 4 1 6
y=e °<’"_m“’ -0 T Earsr 1) d) 4" +”'(2)

Now

But by = 1. Hence

We can removing the leading —%6 since it will be absorbed by the ¢; constant. Hence

1
y1:01<x4—ﬁw6+--')

1
I

dy
Yo = (5> ~
T=Tbad

Notice the derivative is evaluated also at root r = rp,4 = 0 the same as for y,. Hence,

Now we find y, using
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and using by = 1 and using (5) the above gives

e z? + ! Tt — ! 8+
Y= 4 24" T =4 T (P +8r+12)(r+4) (2 —4) Y

=Y. lna:-l—x’"i r— T a4 1 2t 1 25+
=Yr—o dr r2—4 (r+4)(r2—4) (r2 +8r+12) (r+4) (r2 — 4 Y
" +4 2 —4 1 A4y —
=?7r:01nw+z°(1+ (r*+ )sz_ 3re + 8r 2:c4+ 5r3 4+ 3872 4+ 44r — 88 5
(r2 — 4) (r3 + 4r2 — 47 — 16) (r+2)° (% + 82 + dr — 48)°
o o (14 ey Lo e
=Yp= 1T 4$ 64 9304
But
Yr=0 = Y1
Therefore

—ylngt (142224 Lot = Lhgey
B2=Hhma 4" T 64 T 2304

The complete solution is

Yy = c1y1 + C2¥Y2

1
= 1— —
T cl( 1236 + - )
+cInz |zt 1—ix+ + 1+1x +ix—ix+
2 12 47 64 2304
Example 3
oy + (2 —2z)y +2y =0
Comparing the ode to
¥ +p(@)y +q(z)y=0

Show that p(z) = (z*~2z) @=2) g(z) = %. Therefore py = lim, o zp(z) = lim,_ (z — 2) =

x2

—2 and g = lim,_,¢ z%q(z) = lim,_, 2 = 2. Hence the indicial equation is

r(r—1)+pr+qg =0

r(r—1)—2r+2=0

r—3r+2=0
r=21

Therefore r; = 2,7y = 1. Expansion around z = 0. This is regular singular point. Hence
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Frobenius is needed. Let

o0
y=> az"""
n=0

Y= (n+r)aa
n=0

Y’ = Z (n+7r)(n+r—1)a,z""?
n=0

The ode becomes

*y" + (z° —Zx)y +2y=0

(n+r1)a,z" 42 Z a,x"t

”322 n+r)(n+r—1)a,z""? + (z* — 2z)
n=0 0 n=0

o
n=

NE

(n+7r)(n+7r—1) a,x"™" + z* Z (n+7)a,z"t ! — Z n+7)a,z" T+ Z 2a,x"t
n=0 =0 n=0

3
Il
=}

Z (n+r)(n+r—1)a,z"" + Z (n+7)apz"™ ™ = " 2(n+7) @z + Z 2a,2™"
n=0 n=0 n=0 n=0

Re indexing to lowest powers on x gives

NE

(n+r)(n+r—1) anx"+r+z (n+r—1)a,_12" —Z 2(n+1) anx”+r+z 2a,z""
n=1
(2)

3
Il
=}

n =0 gives

r(r — 1) apz” — 2rapx” + 2apx” =0
(r(r—1)—2r+2)apz" =0
(T2 —3r+ 2) apx” =0

Since ag # 0, then 72 — 3r +2 = O,or r; = 2,7, = 1 as was found above. The ode
therefore satisfies

2y + (2 — 2z) y + 2y = (r’ — 3r +2) oz’
Recurrence relation is when n > 1. From (2)

m+r)(n+r—1a,+(n+r—1a,—1 —2(n+r)a, +2a,=0

=0

=0

=0
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Therefore
o (ntr-1)
" (n4r)n+r—1)—2m+r)+2
1
= Tngr—2% (3)

We check first if this is subcase one or two. To do this, we check if the above recurrence
relation is defined for both roots for all n > 1. The above for r = r; = 2 gives

1

Ap = ——0Qnp—1
n

Which is defined for all n > 1. Checking the second root r = 1 gives

1
n—1

anp = — ap—1

Which is not defined for n = 1. Hence this is subcase two, where y, does not exist using
standard method. Hence

Tbad = 1
For this case we do the following. We find the solution using symbolic r and replace ag
by (r — Tbad) bo. From (3) and for n =1

_ 1
al——r_lao
For n =2 1 1
I (S Yy
For n =3
1 _ agp
B T T =)+ 1)
Forn=14
_ 1 _ aop
e T -0+ (r+2)

And so on. Hence

y=2"(ao+ a1z + az® +--+)

=m’"a0(1— L x + L 1 3+ 1 x4—---)
r—1 r)(r—-1)"  ()r—-1)(r+1) M (r=1)(r+1)(r+2)

)
Replacing ag by bo(r — rpaq) Or bo(r — 1) since rp,4 = 1, the above becomes
(

N O s | -1 r-1) 4
v= b°<( D o= Oe-00+0" TOr-0e+D0+D

r L, 1 3 1 4

z? z° + r—--
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Now

1 1
=xb0<—x—|—x2——x3+— 4—---)

But by = 1. Hence

1 1
ylzz(—x+x2——x3+6a¢4—---)

Now we find ¥y, using

_ (%
Y2 = dr /). _
T=Tbad

Notice the derivative is evaluated also at root r = r4,q = 1, the same as for y;. Hence,
and using by = 1 and using (5) the above gives

d 1 1 1
- r _1_ 2 -3 4_.“
b dr(”””"((’" N NS S| Yoy ))

d 1 1 1
— 7 1 r=1 @ 1) — 1 L 3 4
Yr=1 DT+ T dr<(r ) zc—l—rx r(r—i—l)x +r(r+1)(r+2)x )r=1

B d L, 1 3 1 4
—yllnz+wdr((r Dozt e = e Trr 001 9° >T:1

1 2r+1 5 1 3%°46r+2 , )
r=1

— TP =

1
= lnz+z<1——x2+
n r2 2 (r2 4 3r + 2)

3 11
:yllnx+x<1—x2+1x3—%x‘*—---)

Therefore

3 11
= l — 3 —_— 4— — 5 —_— . s .
Yo =y1lnx + (:E T +4x 36x )

The complete solution is
Yy =cith + 2y

1 1
zcl<—x2+x3—§m4+6x5—---)

1 1 11
+Cz(lnx<—x2+x3—§x4+6x5—~-> + (x—a:?’-l—?lcc‘l—%x‘r’—-n))
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Example 4
7 r Y
(x—-1)y" +zy -I-;—O
Comparing the ode to
y' +p(@)y +q(z)y=0
Hence p(z) = -%5,q(z) = w(z—l There is a singular point at z = 0 and at x = 1. For
z =0, po = lim,_,0 zp(z) = 0 and gy = lim,_,o z%¢(z) = 0. Hence the indicial equation
is
r(r—1)+por+qg =0
r(r—1)=0
r=20,1

For expansion around z = 0. This is regular singular point. Hence Frobenius is needed.
Let

n+r

K
[M]8

0T

3
Il
o

n+r—1

Qe\
I
NE

(n+r1)anz

3
I
o

S
I
NE

(n+r)(n+r—1)a,z"" 2

3
I
o

The ode becomes

(x—l)y”+xy’+y

o0
(x—1) Z n+r)(n+r—1)a,z"""" 2+xz (n+7) a4 271 Zanx
n=0

n=0 n=0
Z n+r)(n+r—1)az"t" "t - Z (n+r)(n+r—1)az"" 2+ Z (n+7)anz™" + Z anz™ !
n=0 n=0 n=0 n=0

Re indexing to lowest powers on x gives

Z m+r—1)(n+r—2) an_lx"”_z—z (m+r)(n+r—1) anmn+r_2+z (n+r—2) an_2xn+’"—2+§
n=1 n=0 n=2 n=
(2)
n = 0 gives
(r(r—1))ap=0
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Since ag # 0, then r; = 0,7, = 1 as was found above. For n = 1

(r)y(r—1ay—(1+7r)(r)a;+ao=0
o = ap+(r)(r—1)ag _ l—l—(r)(r—l)a
' 1+7)(r) a+r)(r)
For r = 0 the above is not defined. Therefore this falls into case two (difficult case).
Hence 74,4 = 0. For » = 1 we see a; is defined.

For this case we do the following. We find the solution using symbolic r and replace ag
by (7 — rpea) bo = Tbo. For n =1
1+ (r)(r—1)
Qo
(1+7)(r)

a; =

For n > 2, the recurrence relation is
m+r—1)(n+r—2)a1—(n+r)(n+r—Da,+(n+r—2)a, 2+a,_1=0
Or

m+r—1)(n+r—2)+1 (n+r—2)
@n i mtr—1) T ainmrr—1)* 3)
For n =2
" :(1+r)(r)+1a N r .
T e+rn0+n) T +nQ+n)°
B r(1+7')+1 (1+7‘(r—1)a>+ r .
C+r)1+r)\ Q+7)(r) 2+r)(1+r) "
. )+1 1+r(r—1) r
_<2+r) I+ r(d+7) +(2+r)(1+r))a0
_(r1+r )+1) (1+r(r—1)) T )a
"\ R+nA+n)A+n () C+rA+r))
For n =3
2+r)(1+r)+1 (1+4+7)

as = ay

Brr 2+ 2T B+r 2+
:(2—|—r)(1+7‘)—|—1(((r(1+r)—|—1)(1—|—r(r—1))+ r ) ) (1+7) (1+(
(

B+7r)(2+T) 2+r)(1+7r)(1+7)(r) 2+7r)(1+71) %o 3+7)(2+7) (1
:{(2+r)(1+r)+1((r(1+r)+1)(1+r(r—1)) r ) (1+47) 14 (r) (r -
B+r)(2+T) 2+r)(1+r)(1+7r)(r) (24+7r)(1+7) B+r)(24+r) (1+4+7)(r

And so on. Hence

y=2"(ao + a1z + axz® + azz® + -+ +)
,

{1 28

(14+7r)+1)(1+r(r—1)) T >,
Q+r) A+ A +7) (M) +(2+7~)(1+r))””+ )
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Replacing ag by bo(r — rpeq) Or bor since rp,q = 0, the above becomes

. r1+(r)(r—1)x - (rl4+r)+ 1)1 +r(r—1)) r 2
v= b°(+ a+r() °F ( SIS +(2+r)(1+r)> + >
L, 1+ (r)(r—1) (rl+7r)+1) (1 +7r(r—1)) r? 2,
‘“"b"(” L+ “( G +n(+7) (2+r><1+r>)””(: )
5

Now

Y1 = Yroryoy

=yr:O

(e (gum) = | oo (@on) o =)
=b0($+%$2+%$3+"')

But by = 1. Hence

Yo is found using

Notice the derivative is evaluated also at root r = r4,q = 0, the same as for y;. Hence,
and using by = 1 and using (5) the above gives

y2:%<xr(r+1+(r)(r—1)x+ ((T(1+T)+1)(1+"'(T_1))+ T21+T))z2+--->)T:0

(1+7) 2+r)Q+7)(1+7) (24+7)(
_ o d (1) (=) (A7) +1) A +r(r—1)) r’ 2
=Yrolnz+z dr(+ (1+7) ( Q+r)(1+7)(1+7) (2+7”)(1+7")) i
But y,_y = y1. The above becomes
B d(  1+@0)r-1 (r(L+7)+1) 1 +r(r—1)) r? 2
n=wiet g (S (M TG e ama) “ )

Carrying out the derivatives gives

(r2+2r—2)x+(

S+7rt+10r* +8r2 +5r —5
y2=y1lnz+<1+ (47" + 10" + 8 + 5r )>x2+>
r=0

1
(r+1)° (r+1)°(r+2)?

Evaluating at r =0

3
y2=y1lnx+(1—2x—1x2+...)
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Therefore the complete solution is
Y=y + Y2

=c x+1x2+ 5r3—|—
- 2 12

1 5 5
1 R Iy v ST 1—90 — g2 4...
+02(nx<x+2x +12x + >+< T 427 + >>

x2y"—|—xy’—|— (.’172—1)3/:0

Example 5

Comparing the ode to
y' +p(z)y +a(@)y=0

Hence p(z) = 1,q(z) = ”154. Therefore py = lim, ,0zp(xz) = lim, ,c1 = 1 and

qo = lim,_,q z2q(z) = lim,_,¢ (z? — 1) = —1. Hence the indicial equation is

r(r—1)+por+¢ =0
rr—=1)+r—-1=0

r2—1=0
r=1-1
Therefore r; = 1,75 = —1. Expansion around x = 0. This is regular singular point.
Hence Frobenius is needed. Let
n=0
o0
y = (n+r) e
n=0
y' = Z (n+7r)(n+r—1)a,z"" 2
n=0

The ode becomes

o0 o0 oo
2 (n+r)(n+r—1)a@"" P +z) (n+r)as™ 4 (27— 1)) aa™t =0
n=0 n=0 n=0
o0 o0 o0 o0
Z (n+r)(n+r—1)a,z™" + Z (n+7)az™" + 2° Z anz™t" — Z a,z"" =0
n=0 n=0 n=0 n=0
Z (n+r)(n+r—1)a,z""" + Z (n+71)az™" + Z anx™ T2 — Z a,z"t" =0
n=0 n=0 n=0 n=0
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Re indexing to lowest powers on x gives

i (n+r (n-}—r—l)anmn”—kz n+r anm””—}—Zan DY s Zanx "=0 (2)
n=0

n=0 n=2
n = 0 gives
r(r —1)apz” + ragx” —ap =0
(rr—=1)+7r—1)aez" =0
(7‘2 — 1) agr” =0
Since ag # 0, then 7> = 1 or r; =,75 = —1 as was found above. The ode therefore
satisfies

2y +zy + (22— 1)y = (r* — 1) apz” (2A)
When n = 1 then (2) gives

1+7r)(r)ar+(Q+7r)a;—a; =0
(14+7r)(r)+(1+r)—1)a; =0
(r(r+2)a; =0
Hence
a; = 0
The recurrence relation is when n > 2 from (2) is given by
m+r)y(n+r—1a,+(n+r)a,+a,2—a,=0
—0n—2

m+r)(n+r—1)+(Mn+r)—1
(4)

We check first if this is subcase one or two. To do this, we check if the recurrence
relation is defined for both roots for all n > 2. The above for r = 1 gives

a, =

a, =

We see that it is defined for all n > 2. Now we check the other root 7, = —1. (4) now

becomes
—An—2

m—1)(n—2)+ (n—2)
We see that this is the difficult root as at n = 2 it is not defined as it gives 1/0 error.
Hence

a, =

Thad = —1



CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 336

Therefore this is subcase two. For this case we do the following. We first find the solution
using symbolic 7 using (4), and at the end replace ag by (r — 7peq) bo = (7 + 1) by. From
(4) and for n =2

—Qo —Q

PTG+ (r+3)

Since a; = 0 then all odd a,, = 0. For n =4

____—agp
o — —ay . as . (r+1)(r+3) . ap
4= =

(A+7r)B+r)+(@A+r)—1)  (r+5)(r+3) (r+5)F+3) (T+5@+3)(r+1)(r

For n=6

o —ay S =1 | = =)
"6+ B+ +(6+r)-1) (r+T7)(r+5) (r+7)(r+5)
Qo

(r+7)(r+5T+5)(r+3)(r+1)(r+3)
And so on. Hence
y=mr(a0+a2x2+a4x4—|—---)

r 1 2 1 4 ]‘
2”0(1_ A0 +3)° T+ 0+ +3)" G +7)r+5) (r+5) (r+3)(r+1

Replacing ag by bo(r — rpaq) Or bo(r + 1) the above becomes

o, (r+1) 0 (r+1) 4 (r+1)
y‘“"((’"“)‘(r+1)(r+3)m r+5) (r+3)r+1)(r+3)"  (+7)(r+5) (r+5)(r+3)
r 2 1 4 1 6
=xb°((’"+1)_(r+3)”” TR 4343 AN+ AR+ 43

(5)
Now
yl:yr:rbad
zyr:—l

— 2 1p (_ 1 224 1 ot 1 wﬁ_i__“)
N 0 (r+3) (r+5)(r+3)(r+3) (r+7)(r+5+5)(r+3)(r+3) —

_ —1b 1 2 1 4 1
-7 °<‘(_1+3)”” T s (—1+3) (—143)°  (“147) (=145) (—1+5) (—=1+3) (=11

1 1 1
_ -y [t L o4 L 6 .
=z bo( 5% +16x TV + )
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bo = 1. Hence

_1 —1x2+ix4—ix6+
=072 7160 T 33

(il Ls
S\ 2 16 384

We can remove the leading —% since it will be absorbed by the c¢; constant. Hence

—(z-1a51 L3ﬂ5+
b= 87 T 192

_ (%W
Y2 = dr /). _
T=Tbad

Notice the derivative is evaluated also at the bad root r = ry,q = —2 same as for y;.

Now we find ¥y, using

Hence, and using by = 1 and using (5) the above gives

r 1 2 1 4 1 6
yzzg(a: bo((r—l—l)_ (r—i-3)a7 +(r+5)(r+3)(r+3)w B (r—l—7)(7"—!-5)(r—i—5)(T-I—3)(?"—|—3)aC
1, 1 ) 1

T T e 13 +3) T D15 45) r+3)(

d
=Y,_ 11 r— 1
szt g (04)

But
= yr:—Z

Therefore, evaluating all the derivatives gives

d 1 1 1
_ 1 -14 1) — 2 4 _
p=ulnzte dr<(r+) r+3) At N5 +5) T3 (r
1 1, 3r+13 4 1 5r%4+52r+127 4
=y lnz+z7' 1+ 3% — 3 2T T 2 gt T
(r+3) (r+3)°(r+5) (r+7)° (r2+8r+15) —1

1 5 5
— w1 e [ [ B I L
gy ( 4" T ea” T11m2”

Hence
=y Inz+ 1+lav—iac3’+—ac5+
2= z 477 64" T 1152
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Therefore the final solution is

Y =11 + CaYo
1 3 1 5
_cl(x g7 T 192" +)

+ce(ln(z) |z 1:1/:3—|— 11,'5—|- + 1—|—1:p > 3+ > z° +
2 8" 192 x4 64 ' 1152
Example 6
2 1 2 _
Y +zy + (2 -1)y=1
This is same example as above but with non zero in the RHS. So we can use the solution

for y obtained above, but need to find y, here and add these to obtain the general
solution. From above we found that

=c w—lm?’—l—ix‘r’%—
= a\TTRY T

+ e In(z) Loy Loy +1+1 e IR
AT TR T192” "o tim®

And from (2A) in the above example we also found the balance equation, which is
always the starting point to finding y,, which is

Y +ay + (22 —1)y= (r’ — 1) apz”

Therefore, and as we did all the time, relabel r as m and a as ¢ so not to confuse
notations. Therefore we have
(m2 — 1) cor™ =1
Hence
m =0

This implies (m? — 1) ¢y =1 or
Cy = -1

Now we find y, using the same recursive relation found when finding y;, terms but using
r =m = 0 now and using ag = ¢g = —1 (instead of ay = 1 as is always done when
finding y,). Also let ¢; = 0 as that is the same as a;. Now we get to the recurrence
relation (4) in last example which is

—Qn—2

m+r)(n+r—1)+n+r)—1

Ap =

Using c in place of a and using m in place r it becomes for n > 2

(n+m) (n—i—m_—nI)Q—i- (n+m) -1

Cp, =
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But m=0
c. = —Cp—2
" nn-1)+(Mm-1)
For n =2
Co = _CO = —@
2T 241 3
But ¢g = —1. The above becomes
) = —Cp 1
7241 3
For n = 4 (since all odd ¢, = 0)
—C2 —% 1

C4

For n =6

T4B3)+(3) 4(3)+(3) 45

1
45 1

T 6G)+(5) 6(5)+ () 1575

And so on. Hence

o0
Yp =2 E cnx"
n=0

=co+ ez’ + gzt + - -
1 1
=—1+ 2 ——a'+

—_— 6 o e o
37 Tt Tt T

Hence the general solution is

1 1 1 1 ) )
1 . B ST A ST ST
C2<n(x)(z g% +192x >+<z+4z c1” +1152a:+
1 1 1
14 ot~ S
‘k( T3 T Tt T )
Example 7 .
ﬂczynery/Jr(Iz_l)y:5

This is same example as above but with % instead of 1 in the RHS to show that there
will not be a series solution in this. From (2A) in the above example we found the
balance equation, which is always the starting point to finding y,, which is

Y +zy + (2 —1)y = (r’ — 1) apz”



CHAPTER 2. SECOND ORDER ODE F(z,y,v,y") =0 340

Therefore, and as we did all the time, relabel » as m and a as ¢ so not to confuse
notations. Therefore we have

Hence

This implies (m? — 1) ¢y =1 or

((-1)*=1) e =1
OCO =1
Therefore no solution exists. This is why there is no series solution for this ode. If we

try to solve this using Maple, will will get no answer and the above explains why.

2.3.2.5.3.5 Roots of indicial equation are repeated

ode internal name "second_ order_ series_ method_ regular_ singular point_repeated_root".

In this case the solution is
Y =11 + Cayo
Where

oo
N = E anwn+r1
n=0

yo=y1ln(z) + > bzt

n=1

r1, 79 are roots of the indicial equation. ag, by are set to 1 as arbitrary. The coefficients
b, are not found from the recurrence relation but found using using b, = a,(r) after
finding a,, first, and the result evaluated at root rs. (notice that r = r; = ry in this
case). Notice there is no C' term in from of the In in this case as when root differ by an
integer and the sum on b,, starts at 1 since b, is always zero due to %ao (r) = 0 always

as ag = 1 by default.

Example 1

2y +xy +zy=0

Comparing the ode to
y' +p(@)y +q(z)y =0
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Hence p(z) = 1,q(z) = 1. Therefore py = lim, o zp(z) = lim, 01 = 1 and ¢y =
lim,_,0 z2q(z) = lim,_,o z = 0. Hence the indicial equation is

r(r—1)+por+q =0

rir—1)+r=0
r’=0
r=20,0

Therefore r1 = 0,75 = 0.

Expansion around « = 0. This is regular singular point. Hence Frobenius is needed. Let

0o
y = § ’ anxn—i-r
n=0

o0
Y= (n+r)aa™
n=0

o0
y' = Z (n+7r)(n+r—1)a,z"" 2
n=0

The ode becomes

r? Z (n+r)(n+r—1az"" ?+zx Z (n+r)a, 2"+ Z an ™ =0

n=0 n=0 n=0
o0 (e} o0
Z(n—i—r) (n+r—1)a,z"" -I—Z(n—l—r)anx"JrT—i-Zanx"*TH =0
n=0 n=0

Re indexing to lowest powers on x gives

Zn—i—r) n+r—1)ana:"+’"+z n+r anx"+’"+2an 1z =0 (1)
n=0

n=0 n=1

The indicial equation is obtained from n = 0. The above reduces to

[e o]
Zn+r) n+r—1)an:v"+’"+z n+r)a,z"" =0
n=0 n=0

m+r)(n+r—1a,+(n+r)a,=0
(r)(r—1)ag+rap=0
ao((r* —r)+r1)=0

ar?’=0
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Since ag # 0 then
r?=0

Hence 7, = 0,75 = 0. Since the roots are repeated then two linearly independent
solutions can be constructed using

o0 o0
Y=z E anx" = E anx"

Y2 = y1In(z) + 2™ Z bz" =y In(z) + Z b,z"
n=1 n=1

For n > 1 the recurrence relation is

m+r)(n+r—1a,+(n+r)a, +a,-1 =0

Qp—1
ay, = —
m+r)in+r—1)+Mn+r)
Gnp—-1
=— 1
(n+ r)2 1)
Starting with y;. From (1) with r = 0 gives
Qn—1
ap = — 2
For n =1 and using ayp =1
alzz—l
F\ =2
or n o 1
Ay = —— = —
2 4 4
And so on. Hence
yi =Y anz"
n=0

2 3
=ap + a1Z + asx” + azr” + - - -

1 1
=1— Tt 3.
x—|—4x 36x—l—

In the case of duplicate roots, b, is found using b,, = d%an('r). And this is evaluated at

r = 1o = 0 in this case since ry = 0 here. So we need to find a,(r). This is done from
(1). Forn=1
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Evaluated at r = 0 gives

For n =2 then (2) becomes

d
by = %(02(7"))

b:i<_L>:i__—z<l+lr> S T
*Tar\ 2412 dr\ (@2+1)? dr\ (r+1)*(r +2)° (r2 +3r +2)°

At r = 0 the above becomes

3 3

by =—2—0 ==
ST K

And so on. Just remember when replacing the a,, in the above, is to use the original
a,(r) as function of r and not the actual a,, values from above. It has to be function of
r first before taking derivatives, Hence

Yo = 91 In (z) + Z b,z"
n=1

= y11In () + bz + byx® + byx® + - -

=y 1n(z) + 22 — Zﬁ—i—---
=y In(z) + (2x— 2x2+--->
Therefore the general solution is

Y =1y + C2Yo

B 1, 1 4 3 o
—01(1 T+ T 36x+ >+c2(ylln(x)+(2m i ))

Example 2

2y +zy +y=1

The homogenous ode was solved up, so we just need to find y,. To find y,, and using m
in place of r and c in place of a so not to confuse terms with the y; terms, then from
the above problem, we found the indicial equation. Hence the balance equation is

com?z™ =1

To balance this we need m = 0. Hence Ocy = 1 which is not possible. Hence no
particular solution exists. No solution in series exists.
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Example 3

1
.,L_lel +xy/ +xy — 5

This is the same ode as above but with different RHS. So we will go directly to finding
yp. From above we found that the balance equation is

1,2y// _'_my/ +£I7y — mQC()mm

Hence

m2coz™ = ¢t

Which implies m = —1 and therefore m2cy = 1 or ¢y = 1. Using the recurrence equation
(1) in the above problem using using ¢, in place of a,, and m in place or r gives

=
" (n+ m)2
For m = —1
= 1
" (-1
Hence
o0
Yp = Z cnwn+m
n=0
1 o0
= — cnx"
z n=0
Now to find few ¢, terms. For n =1
c = “
-y

Which is not defined. Hence no y, exist. There is no solution in terms of series solution.

Example 4

2y vy +ry==2
This is the same ode as above, where we found y; but with different RHS. So we will
go directly to finding y,. From above we found that the balance equation is

x2y" +xy’ +ay = m200xm
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Hence
m2cyz™ = x

Which implies m = 1 and therefore m?cy = 1 or ¢y = 1. Using the recurrence equation
(1) in the above problem and using ¢, in place of a,, and m in place or r gives

o —__ 1
T (ntm)?
For m =1
o — __ -t
" (n+1)
Hence
Yp = ch$n+m
n=0
= chnz"
n=0
Now to find few ¢, terms. For n =1
oG _ 1
e
For n =2
C1 411 1
62 = — 2 = == —
2+1)° 9 36
Forn =3 .
Co . _E _ 1

ST T@3+1? 16 576

And so on. Hence

o0
Up =$chm"
n=0
=z(co+az+cz®+---)

11 1
=zl1-= il VS ST
x( 1T 36" “Ee” t )

_ 12 13 1 4
_(x 27 T3" TEet T )
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Using y, found in the above problem since that does not change, then the general
solution is

Y=YnTYp
1, 1 1
= 1— x2S Tty
cl( T T3 Tt T )

1 1 1 14
—I—cz(ln(x) (1—x+4x —%az —I—%m + - >+(2x—§x2+—m3—|—-~->>
+ e PR S
T T 5 T Ert
Example 5
xyll_i_yl_xyzo

Comparing the ode to
Y +p@@)y +q(@)y=0
Hence p(z) = ,q(z) = —1. Therefore py = lim,_,o zp(z) = lim, .01 = 1 and qo =

lim,_,0 z2q(z) = lim,_,o > = 0. Hence the indicial equation is

r(r—1)+pr+qg =0

r(r—1)+r=0
r?=0
r=20,0

Therefore 7, = 0,7 = 0. Expansion around x = 0. This is regular singular point.
Hence Frobenius is needed. Let

y' = Z (n+7r)(n+r—1)a,z"" 2

n=0

The ode becomes

T Z (n+r)(n+r—1)a,z""*+ Z (n+r)a,z"t" -z Z anz™" =0

n=0 n=0 n=0
oo

[e9)
E n+ ’f‘) n4+r— 1) anxn—f-?" 1 + E n-4+ ’f‘ anxn—i-r 1 E /‘anzn—i-'r—}-l 0
n=0 n=0 n=0
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Re indexing to lowest powers on x gives

Z (n+r)(n+r—1)a,z""" 1+Z n+r)a,z" Zan Gzt =0
n=0

n=0 n=2
e oo
Z (n+r)(n+r—1)+Mn+7))ayz™ " - Z Aoz T =0
n=0 n=2

o0 oo
Z (n+7)° apz™t ! — Z anoz™ =0 (1)
n=0 n=2

The indicial equation is obtained from n = 0. The above reduces to

r?apx™ 1 =0

Since ag # 0 then
r?=0

Hence r; = 0,7, = 0 as found earlier. Since the roots are repeated then two linearly
independent solutions can be constructed using

o0 o0
=z E a,r" = E an,r"

y2 = y1 In (z) + ™ Z bz =y In(z) + Z b,z"

n=1

n =1 gives

(1+7) () ay+(1+7)a; =0
(r4+1)%a; =0

Hence a; = 0. The recurrence relation is obtained for n > 2. From (1)

n+r(n+r—1a,+(n+7r)a, —an—2=0

Qp—2
ap = ——— 1
" (n+r)? M)
Since we need to differentiate y; to obtain y, and the differentiation is w.r.t r, we will
carry the calculations with 7 in place and at the end replace r by its value (which
happened to be zero in this example). We do this only in the case of repeated roots.
Fi =2
or n " ]
(247r)° (2 +7)?

Qo =
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Forn=3
- % _)
4 (3+7)
Forn=4 )
a9 . W . 1

U +r? Q4 (@d+r)

For n =5, we will find a5 = 0 (for all odd n this is the case). For n = 6
ay . 1
6+7)° 2+ @A+r)?6+7r)

th ; k 1
And so on. We see that n™ term is a, = IIj_; el

g =

Now we can substitute the r =0
value into the above to obtain

a —1
Ty
Lo L
Y
.
6™ 2304
Hence
y1 =Y anz"
=a0+a1w+a2x2+~'
. 1, 1 1 6
—1+4:v +64:c +2304 +
To find y, we use b, an and evaluate this at » = ro which in this case is zero. Hence
oG, a4 1 2 __2__1
2T dr ? dr (2—|—r) 2 8 4
d d( ) < 7"+3 ) < 3) 3
by = —ays = — = —4—3 = -
dr dr\ (2+r)’ (4+r (r2 + 6r 4 8)° (8) 128
d
b6=%aﬁ
d

1
Cdr ((2 +r)?(4+7r)%(6 —|—r)2)
_ (_2 3r2 4+ 24r + 44 >
B (r3 4 12r2 4 44r +48)* ) _,
44
(48)°
11

13824
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And so on. Hence

yi=yiln(z)+ ) bzt

n=1

=y In(z) + Z bnz"

n=1

= y1In (z) + (bo”® + baz® + b6z’ + - - -)

1 3 11
=1 s S 64 ...
& n(w)+( 17 T128" Tt T )

Therefore the complete solution is

Y=y + Y2
_ 1 2 1 4 1 6
41(“4‘” T to3a” Tt )

1 1 1 1 3 11
| 14+ 224+ 44— 284... B A E ey L TN
+02(n(m)( +4x —|-64x +2304$ + >+< 15~ 125 + e91° +

Example 6
sin(z2)y"+y +y=0
Comparing the ode to
y' +p(@)y +q(z)y=0

Hence p(z) = —Sinl(z),q(x) = —sirlm. Therefore py = lim,_, zp(z) = lim, ,0 — 25— Ims =
TogrrEr T
1

. 2 .
1z izt 1 and gy = lim, 0 2°¢(x) = lim, o PP S = —p 5 — = 0. Hence
3! " 5! ! ! !

the indicial equation is

r(r—1)+por+q =0

rir—1)+r=0
r’=0
r=20,0

Therefore 7 = 0,75 = 0. Expansion around xz = 0. This is regular singular point.
Hence Frobenius is needed. Let

o0
y= E an,x™t"
n=0

o0
Y= (n+r)aa™

n=0

y' = Z (n+7r)(n+r—1)a,z"" 2

n=0
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The ode becomes

[e e] (e e] o0
sin (x) Z (n+r)(n+r—1)az"" 2+ Z (n+71)az" !+ Z ™" =0
n=0 n=0 n=0

3 5 o0
(x_x__i_x__”.)z (n+r)(n+r—1)a,z""" 2—!—2 (n+7)apz™" ™ 1+Zana: =0
) =0

n=0 n=0

Using O(z") terms as the Order of the series (if more terms are needed we will use
more terms from the sin x series). This means we have to now only expand up ton =7
as that is the order used for the series of sin z. The above becomes

o 3 o0
xZ(n+r) (n+r—1)a,z" 2% - %Z n+r)(n+r—1)a,z"t 2
n=0 n=0

5 0 0o o
+ % Z (n + 7‘) (n +7r— 1) a,nxn-i-r—Z + Z (n + ,,,) anxn—i-r—l + Zanxn_,_r —0
" n=0 =0 o

Which becomes

o

Z(n+7‘ Y(n+7—1)az"t ! Z (n+7r)(n+r—1)a,z"" !
n=0 n= 0
= 1
_1 n n+r+3 n n+r—1 n 0
+z;120n+7“)(n+r ) anx +§(n+r anT +;ax

Re indexing to lowest powers on x gives

Z(n+r Y(n4+7—1)az™t ! Z (n+7—2)(n+7 —3) ap_oz™ !

n=0 n—2
1 o0 o0
+; Eo(n +r—4)(n+r—25) an_4x"+’"_1+n2:% (n+r) anx"+r_1+; an12"T =0

Simplifying gives

> n+r—1 > 7’L+T—2)(’I’L+’I‘—3) n+r—1 > (n+r—4)(n—|—r—5) ntr—1 ;
; n+r) 2 anz nz:; 5 Qp—2T +; 120 Op—4T +f

1)

The indicial equation is obtained from n = 0. The above reduces to
rlagz" 1 =0

Since ag # 0 then
r?=0
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Hence r; = 0,7, = 0 as found earlier. Since the roots are repeated then two linearly

independent solutions can be constructed using
yp =1z Z a,r" = Z a,z"
n=0 n=0
o0 o0
y2 = y1 In (z) + 2™ Z byz" =y In(z) + Z bx"
n=1 n=1

n =1 gives from (1) and by taking ap = 1
(14+7r)%a1+ay=0

For n = 2 gives from (1)

(2+r)2a2—T)ao+a1=0

@ (1+r)(r)a
BT 6B

1 (r(r=1)
_ _ )@+’ T 62y (A4 1
(3+71)? 6(3+7)° (1+7)°
. (r*4m—r2—r+6) B (1+7)(r)

6(r+3°2(r2+3r+2?> 63B+r)°1+7)

For n > 4 the recurrence relation is

-2 -3 -4 -5
(n+r—2)(n+r—23) +(n+’r )(n+r )an_4+an_1=0

(n+7r)a, — 5 Ap—2 190
Or
o — __ On-1 (n+r—2)(n—|—r—3)a _2_(n—|—'r—4)(n+7"—5)a )
" (n+7)° 6(n+r)’ " 120 (n +7)? "
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Since we need to differentiate y; to obtain y, and the differentiation is w.r.t r, we will
carry the calculations with r in place and at the end replace r by its value (which
happened to be zero in this example). We do this only in the case of repeated roots.

For n = 4 then (2) gives

as (2+7) (1+r)a B (r)(—1+r)a
A+r? " 6@+r)? ° 12044772 "

— __(r+1)2(r+12)2(r+3)2 2+r) 1+ r)a C(M(-1+ r)a
() 6(4+n)7  120(+r7
1 2+r)(1+1) 1 (r) (=1 +7)

(r+1r+2°@r+37°@+r)? 6(4+7)7° (r+1%(r+2)° 1204+7)°

ayg = —

And so on. Now we replace » = 0 to find y;. Just remember not to use anything over
n = 5 since we cut off the series for sin (z) at z°.

Using r = 0, then the above values for a; found become

a = — 1 5 =—1
(1+4+7r)
4y = 1 (-1 _1
A+ @2+7)° 62+r)? 4
@ +rP=r’—r+6 (147 1 1
6(r+3)°(2+3r+27 60B+r)21+r)?  (2?°@)* 36
B 1 24+7r)(1+7) 1 (M) (=1+r)
CL‘*_(7~+1)2(r+2)2(7~+3)2 (447r)° 6(4+7)7° (r+1%(r+2°> 1204+7)°
_ 1 N 2) 1
(21)2(3)2(4)2 6(4)* (2)°
T 144

Let find one more term. For n = 5 then (2) gives

e B+NEHn) 1))

G+r)? 6(G+r)? © 1205+r)

_ wm B@7 1

- 52+6(5)2( 36)
1

720

as = ai
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For n = 6 the above recurrence relation gives

% A+rB+r)  @+n(+n)
"6+ 6(6+r)?  120(6+7)
_ cm,@We 1 (2 1
62 6(6)° 144 120 (6)* 4
1
~ 3240
Forn=7
o — 36 (5+r)(4+7‘)a_(3+7‘)(2+r)a
T+ 6(7+7)° 120(T+7)?
_ o mn G@W(_1\_ @)@ 1
N (7)2+6(7)2< 720) 120(7)2( 36)
23
~ 317520
For n =8
g 7 (6+r)(5+r)a _(4+r)(3+r)a
S B +7) 6(8+r)° ©  120(8+7)?°
__( sivem) , B)(B) [ 1 _ @WE)
GOk <3240> 120(8)2(144)
13
~ 903168

Which is now the wrong value. It should be . So using 3 terms from sin z we obtain

up to ay correct terms. Hence

Yy = Z a,z"

=ao+ a1z + aga® + - -
1 1 1 1 23

11
S il el o - 6 /Y
2T 1% Y36 T m® 7% T 3m° " sism” T

62720

What would have happened if we expanded sin (z) only for two terms? Lets find out.
The ode becomes

(n+r)(n+r—1)az"" 2+ Z (n+r1)a,z" ! + Z A" =

0 n=0 n=0

(m+r)(n+r—1)a,z"t"" 2+Z n+r)a,x"t" 1+Zanm
n=0 n=0

Mg

sin (z)

.T3

n

Mg

Il
=}

n
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The above becomes

3

T Z (n+r)(n+r—1)az""" 2 — x_' Z (n+r)(n+r—1)az"" 2+ Z (n47) a4 Z an
n=0 =0 n=0 n=0

o0 o0 1

nZ: (n+r)(n+r—1)az" ! nzé m+r)(n+r— l)anx"+’"+1+; (n+r)a,z" ! —l—;an.

Reindex

[0, ] o0 1 o0 o0

Z (n+r)(n+r—1)az" ! — Z g(n +r—2)(n+r—3)a,_z"" + Z (n+r1)a,z™ ! + Z

n=0 n=2 n=0 n=1

(n+1)% apz™t 1 Z (m+r—2)(n+7r—3)a,_oz™"" 1—}—2

n=0 n= 2 n=1

For n = 0 we obtain the indicial equation as we did above. For n =1

(1+r2)a1+a0=O

o = ap . 1
T+ (1412)
For r = 0 this gives
a; = -1

n > 2 gives

1
(n+7)* a0 — Z(n+7r—2) (n+7—3)ans+a,1 =0

6
_ Gp 1(n+r—2)(n+r—3)
"7 (n+4r)? (n+r)° fn=2
(24)
Hence for n = 2
a 1r(—1+r)
ag = + -
SR S C R
@ 1r(-1+7)
= — +_ 3
2+7r)° 6 (2+7)

For r = 0 the above gives
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n = 3 gives

For r=0

For n =4

as +1(2+r)(1+r)a
(4+r) 6 (4+7r)°
w100,

ay = —

a2

Forn=25

1
“Grr? 6 (5tr)

3@ 1\ 1
57 6 (o) (_%>_ 720

as +1(6+7‘—2)(6+r—3)
6+7)° 6 (6 +7)°
(=) ,1@B) 1

6> 6 62 144
11

25920

For n =6

g = — a4

Which is the wrong value. We see that using two terms only from the sin (z) gave up
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correct a,, values up to as. What if we used only one term? Lets find out.
o0 o0 o0
sin (z) Z (n+r)(n+r—1)az"" 2+ Z (n+7) apz™ L + Zanzn+r —0
n=0 n=0 n=0
o0 o0 o0
(T+--) Z (m+r)(n+r—1)a,z""?+ Z (n+7)a,x"" ! + Z a,z"t" =0
n=0 n=0 n=0
o0 o0 o0
Z (n+r)(n+r—1)az" 1 + Z (n+7)a,z" ! + Z a,x" =0

3
Il
=)

]2

Z n+r)(n+r—1)a,z"" 1+

n=0

o

n=1
[es)

e 3

(=]

n= n=1

n = 0 gives the indicial equation. For n > 1 the recurrence relation is

(TL+T')2 ap+ap_1 =0

An—1
U =—"75
(n+r)
Forn=1
a, = — %o
o+’
. 1
(1+7)
For r =0
(11=—1
For n =2 ) a B .
TR+ @+r)
Forr =20 ) 1
274
For n =3 .
(05)) 1
as —_ 2:— 3
(3+7) 3+r1)
For r=0

o0
(n+7) a4+ E ap_ 12" =0

2 — _
(’I’l+7‘) anxn-l-r 1+§ an_lxn—i—r 1 =0
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For n =4 )
Ay = % - 36
(441)° (4+471)?
Forr=20
_1 1
__ 36 _ _~
“= T ? " 576

We see that this is the wrong value. So when using one term only we obtain correct
a, up to az. What do we learn from all the above? It is that if we expand f(z) up to
O(z™) order, then we can only determine correct terms up to a, and no more. In the
above when we used sin (z) =z — ”%—3 + % + O(z") then we obtained correct terms up
to a7. And when we used sin (z) = z — % + O(z°) then we obtained correct terms up
to a5 and when we used sin (z) = z + O(x?) then we obtained correct terms up to as.
So we should keep this in mind from now on,.

To find ys we use b, = %an and evaluate this at » = ro which in this case is zero. Hence

YT dr T dr (l—i-r)2 — (r+ 1)3
d d ( 1 (r) (r
ba

e __9 ol —1))_(57"4+13'r'3+9r2—25r—38> 381
ar”dr\(L+7)?2+7) " 6(2+7) 6 (r2 + 3r +2)° o 6(2° 24
b —ia
3_d7' 3
_i(_ (r*4m—7r2—r+6) B (1+7)(r) )
dr\ 6(r+3)°(2+3r+2> 6@B+7r)>1+r)
B ((4r6+18r5+20r4—15r3—18r2+93r+114)>
6 (r3 + 6r2 + 117 + 6)° 0
114
6(6)°
19
216

And so on. Hence

y1=yi1ln(z) + > bzt

n=1

=1 In (.’E) + Z bn.’,Cn

n=1

B 19 , 19
—ylln(:c)-l—(Zz 517 toge® T )
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Therefore the complete solution is

Y =11 + C2yo

1 1 1 1
= 1—= x?a —ad T gt
cl( 2x+4x +36x +144x + )

1 1 1 1 19 19
1— x4 -224+ —23+ — 244+ ... )1 o — 224 8.
+cz(( 5Tt T ettt )n(a:)—l—(ac 517 togg% T

2.3.2.5.4 irregular singular point

ode internal name "second_ order_ series_ method_ irregular_singular_point'

expansion point is irregular singular point. Not supported.

2.3.2.6 Reduction of order

ode internal name "reduction_ of order"

This is second order ode where on solution is known. The second solution is found using
reduction of order.

2.3.2.7 Transformation to a constant coefficient ODE methods

2.3.2.7.1 Introduction

Starting with a second order linear ode in the following normal form

y' +p@)y +q(x)y =r(z) (A)

The goal is to find a transformation that converts this ode to one with constant
coefficients which is then easily solved. There are two transformations to try. One
uses transformation on the independent variable x and the second is on the dependent
variable y. The transformation on the independent variable uses 7 = g(z) and the one
on the dependent variable uses y = v(z) z(z) and y = v(z) 2™ as special case.

2.3.2.7.2 Flow diagram

The following is diagram of the algorithms.
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Methods for solving variable coefficients second order linear ODE y” + p(z)y’ + ¢(z)y = r(z)

Try change of variable
on the independent

variable
\
Let 7 = g(z) where 7 will be the new
independent variable. Applying this
transformation results in
Y (1) +p (M) () + @ ()y (1) =71 (7)
1
Where
" (z)+p(x)T (z
pi(r) = TR PO )
(' (z))
q(z)
T) = 3
w= 5 3
r(z)
r (1) = 4
=0 )
method 1 method 2

change of variable on
the dependent variable
y = v(z)z(z) (method 1)

change of variable on the
dependent variable
y = v(z)z"™ (method 2)

Calculate the Liouville ode
invariant
_ 1, 1,

Q=q-5p — P
‘Where p, q are read from the
orginal ode when in the form
shown above.
If Q(z) is constant then let
y = v(z)z(z) where

Now we do change of variable on
the original ode, replacing

y = v(z)z(z). This will generate a
second order ode in v(z) which is
constant coefficient.

Solving this is much easier. Once
solved for v(z) then y(z) is thus
found.

assume ¢; = ¢® where ¢
is a constant and then
solve for 7 and then find
if p; turns out to be
constant. If this is the
case, then eq (1) can
now be easily solved
(since it is constant
coefficients ODE) and
therefore the original
ODE solution y (z) is
found

Let q; = c® where 2 is
some constant. This
implies

q(x) — 2

(' (2))?

Hence
T= %/ Vg (z)dz (5)

This 7 is now
substituted in p; (7). If
it results in p; (7) being
a constant (does not
depend on z) then we
are done. Eq (1) can be
solved and original ode
is also solved.

Let p; = 0 which implies
() +p(z) 7 () =0.
Hence

T= /e’f”dzdz

Substituting this in eq
(3) to find ¢ (7). If

¢1 (T) comes out to be
constant or constant
divided by 72 then we
are done. Eq (1) can be
solved and original ode
is therefore solved

This transformation, if it works,
changes the second order ode to one
with missing y, which then can be
easily solved as first order ode by
reduction of order. Let

y=v(z)z"

If this transformation changes the ode
to one with missing y, then it can be
solved. We are free to select the
integer n. Substituting this in the
given ode results in the following
transformed ode where the dependent
variable is v and not y

™" + (22" 'n+2"p) v + Q@ =1
()
Where

Q) =n(n—1)z" 2 + npz" ' 4 gz"

If it happens that Q(z) = 0 For some
n, then (7) becomes

™" + (22" 'n+2"p)v' =r (7B)
‘Which now can be solved using
substitution u = v’

’

n—1 n
u+(2::: n+c p)u=

on
‘Which is linear first order ode. Once u
is found, then v is found by integration.
Hence y is now found. To use this
method, all what we need to check if
(7A) is true for some n. Typically one
tries n = 1 first and if this does not
work, then try to find other values.

Try Kovacic algo-
rithm (see my main
page for full report)

Try Lagrange ad-
joint ode method
(see my main page

for examples)

Try to convert the | |Try
ODE to Bessel ODE
(see my main page
for examples). If
possible, then it is
solved.

finding in-
tegrating factor
(see main page for
examples)

Try Lie Symmetry methods.
This is advanced method. I
have examples on may main
page but still do not have any
implementation using these

methods.

Nasser M. Abbasi (d1,ipe) June 21, 2022

Figure 2.3: Algorithm diagram
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2.3.2.7.3 Transformation on the independent variable r method 1

ode internal name "second_ order_change of variable_on_x method_ 1"

Given ode

y' +p@)y +q(z)y =r(z) (A)
Let 7 = g(x) where 7 is the new independent variable. Applying this to (A) results in
(details not shown)

Y'(1) +pi(1) Y (7) + qu () y(7) = 71(7) (1)
Where
-y = (@) +p(2) 7'(2)
pin) =0 @)
oy 4@
QI( ) (7_, (CE )2 (3)

)
r(z)
(7 (2))°

The idea of the transformation is to determine if ode (1) can be solved instead of (A).

(4)

7"1(’7' =

Let q; = c? where c is a constant then from (2)

q(z) — 2

(@)
= Va@) ®)
v_ 1 d(z)
) o8

Substituting (5,5A) in (2) finds p;(7). If p1(7) is a constant (does not depend on z)
then (1) can be solved for y(7) and (A) is therefore solved for y(z).

2.3.2.7.4 Transformation on the independent variable x method 2

ode internal name "second_ order_ change of variable_on_x method_2'

Given ode

y' +p()y +q(z)y =r(z) (A)
Let 7 = g(x) where 7 is the new independent variable. Applying this to (A) results in
(details not shown)

Y' () + (1) ¥ (7) + @ (7) y(7) = ma(7) 1)
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Where
= 7 (z) + p(z) 7'(x)
P =000 ©)
R (C)
0= o ®)
(1) = r(z)
0= o @

The idea of the transformation is to determine if ode (1) can be solved instead of (A).

Let p; = 0 then 7 is solved for from 7"(z) + p(z) 7'(z) = 0.

T = /e_fpd””d:c

If this solution 7(z) results in ¢; above being a constant, then (1) can now be easily
solved.

2.3.2.7.5 Transformation on the dependent variable (method 1) y = v(z) 2(z)

ode internal name "second_ order_ change of variable_on_y_ method_ 1"

This is also called Liouville transformation. Book by Einar Hille, ordinary differential
equations in the complex domain. Page 179. This method assumes that

y = v(z) 2(z)

Substituting this into (A) results in the following ode where the dependent variable is
v and not y

v"(z) + <p + %z'(z)) v'(z) + %(z"(x) + p2'(z) + qz(x)) v(z) = g (6)

Assuming that coefficient of v’ in (6) zero implies
2
p+=2'(z)=0
z
Solving gives (where constant of integration is taken as one)
z=¢ /3% (6A)
With this choice (6) becomes

1
V' + =(Z +pd + qz)v = —
z z
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Substituting z from (6A) into the above reduces it to (after some algebra) to

V' +qu=mr (6B)
Where
1 1
Q1 =4q— 529’ - 4_1 >
T
r = —
z
— res /P

q1 is called the Liouville ode invariant. If ¢; is constant, then the substitution y =
v(x) z(x) is used in the original original ode which will result in a constant coefficient
ode. In y = v(x) 2(z) the z(z) term is known from 6A and v(z) is the new unknown
dependent variable.

The new ode will be in v(x) but with constant coefficients. Solving it for v(z) gives y.

2.3.2.7.5.1 Example 1

2 1
vy Y= (1)
In the form y” + p(z) ¥’ + q(z) y = r(z) then p=2,g =1,r = 1. Hence (6A) is

z=¢ /5%
_ e—f%dz
— e—ln:r:
1
oz

2
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Since ¢ is constant, then we can use the change of the variable y = v(x) z(z) which is

y=_
z

Since z = 1. Substituting the above into the original ODE (1) gives

v\" 2 /v\/ ) 1

G) GG )=

x x\z T T

v '+ 2/v  w + v 1

x x2 z\z 22 Tz z

v v’ 5 v 4 2/v  w v 1
Tz z2 2 3 z\z 22 Tz z
A V4 49 v + 2 22v v 1

2 x2 3 x2 3z oz

"W v 20 v 1

x z2 2 2 T =z

v v 1

_ + . —_

T T x

vV 4+v=1

This is constant coefficient ODE which is easily solved. If the ode in v(x) did not come

to be constant coefficient then we made a mistake. The solution is

V=c1Co8T+ cysinx + 1
Hence
CcOS T sinz 1
+ +

=C Co -
X X X

2.3.2.7.5.2 Example 2

o2y —z(z+2)y + (z+2)y =22°
y,,_a:—|—2 ,+x—|—2

. p y=2
In the form y” + p(z)y' + q(z) y = r(z) then p = 22 ¢ =
is
z=e¢ /30
_ ef wT';de

(z+2)
zZ )

(1)

r = 2z. Hence (6A)
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Now we check if Liouville ode invariant ¢; is constant or a constant divided by z2.

_ ]'/ 1 2
q=q—5p =P
(z+2) 1, . 1/ z+2\°
2 _§($62) A
1
4

Since ¢; is constant, then we can use the change of the variable y = v(z) 2(z) which is

y = v(z) 2(z)
)

Substituting the above into the original ODE (1) gives

(M)

= v(ze

y,,_x—|—2y,+x+2
x x

(0(we))" = T2 (u(we)) + 5 20 we?) = 20

y=2

Carrying out the simplification gives
4" —v=8e"2
Which is constant coefficient ode. This is easily solved giving the solution

v = ¢; sinh (g) + ¢5 cosh (;) — 2ze?

Hence
y =v(z) 2(z)
= (cl sinh (g) + ¢ cosh (;) — 2xe_7w> ze

2.3.2.7.5.3 Example 3

N8

y' —4zy + (42® —2)y =0 (1)

In the form y” + p(x) ¥’ +q(z) y = r(z) then p = —4z,q = (42 — 2) ,r = 0. Hence (6A)
is

z=¢ /3%

— efQ:tdx

=e
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Now we check if Liouville ode invariant ¢; is constant or a constant divided by z2.

_ 1 / 1 2
@1 =q 229 417
= (42" - 2) — 1(—4x)' - 1(—435)2
2 4

= (402~ 2) +2- 4 (167)

=4z — 2+ 2 — 422
=0

Since ¢; is constant, then we can use the change of the variable y = v(x) 2(z) which is
y = v(z) 2(z)
$2
()
Substituting the above into the original ODE (1) gives
y' —4zy + (42® —2)y =0
x2 " x2 ! 2 x2
(ve ) —4x<ve ) + (42° — 2) ve® =0
Carrying out the simplification gives
U” — 0
Which is constant coefficient ode. This is easily solved giving the solution
V= C1 + CoX
Hence

y = v(z) 2()

= (Cl + C2.’E) €z2

2.3.2.7.5.4 Example 4
z2y" +3zy' +y=0 (1)

This is of course Euler ode, and we do not need to try this method as solving it as Euler
ode is much simpler. But this is just for illustration for the case when the Liouville ode
invariant comes out not a constant. In the form y” + p(z) ¥’ + ¢(x) y = r(z) then

3 1
Y+ Ey' +5y=0 (1A)
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Where now p = 3,¢ = 4,7 = 0. Hence (6A) is

@ q—-%ﬂ-EPQ

/1Y 1/3) 1/3)\?

-(2)-3(2)-10
1\ 3/-1\ 1/9

-(2)-2(5) -4(5)

1 3 9

“2twE T w

1

T 4g?

Since ¢; is not constant then the ode can not not converted to an ode in v(z) with
constant coefficient.

2.3.2.7.5.5 Example 5
2y +2y —zy=0 (1)
In the form y” + p(z) ¥’ + q(x) y = r(z) then
! 2 /
y'+ -y —y= (1A)
T
Where now p = 2,q = —1,r = 0. Hence (6A) is

z=¢ /3%

=e—f%dz
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Now we check if Liouville ode invariant ¢; is constant.

Since ¢; is constant, then we can use the change of the variable y = v(z) 2(z) which is

y = v(z) 2(2)

1
= V-
T

Substituting the above into the original ODE (1A) gives

Which is constant coefficient ode. This is easily solved giving the solution
v=rce’+ce”
Hence
y = v(z) 2(2)

= (cle“" + cge_z)

8|
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2.3.2.7.5.6 Example 6
1 1 1 2
" - / - - = — 0 1
y \/Ey+<4x+4x§ x2)y (1)
In the form 3" + p(z)y’ + q(x)y = r(z) then p = —\/Lg,q = (ﬁ + L — l) ,r = 0.
Hence (6A) is

Now we check if Liouville ode invariant ¢; is constant.

1 1

@ =q—5p -0’
(11 2N 1/ 1Y 1/ 1\?
(3r2)- 3 -
2
x2

Not constant. Stop here. This can be solved using Kovacic algorithm.

2.3.2.7.6 Transformation on the dependent variable (method 2) y = v(x) 2"

ode internal name "second_ order_ change of variable_on_y_ method_2'

This transformation, if it works, changes the second order ode to an one with missing ,
which then can be solved as first order ode by reduction of order. This transformation
does not necessarily changes the second order ode to one with constant coefficient like
the above general transformation. But to an ode with missing y.

This method assumes
n

y=v(z)z
If this transformation changes the ode to one with missing y, then it can be used.
Substituting this in (A) results in the following ode where the dependent variable is

now v and not y
.’En’U” 4 (2xn—1n + xnp) ’Ul + (TL(TL _ 1) xn—Z + npxn—l + qxn) v=r
:L-n

v + <2g —|—p> v+ (n(n—1)z 2 +npr ' +q)v= T (7)

If it happens that
nin—1z2+npz ' +q¢=0 (TA)
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For some integer or rational number n, then (7) becomes
V' + (2E + p> o= (7B)
T "
Which now can be solved using substitution u = v'.

u + <2E+p>u=L

T "
Which is linear first order ode. Once u is found, then v is by found integration. Hence y
is now found. To use this method, all what we need is to check if (7A) is true for some
number n. Typically one tries n = +£1 first and if this does not work, then try to find

other values. Example below shows how to apply this method.

2.3.2.7.7 Worked Examples on all above 4 methods
2.3.2.7.7.1 Example 1. 2" + 2y —zy =0

Trying change of variable on independent variable first. Let 7 = g(z) where z will be
the new independent variable. Writing the ode in normal form gives

v +py +qu=r

2
b=—

X
g=-1
r=20

Applying 7 = g(x) transformation on the above ode gives

/(7) + () ¥ () + () w(r) = () W
Where
@) () ()
p(r) = ( ()7_, (x)) (2)
q(z
T @
r(r) = ) )

Y=V )
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If p; is constant using this 7 then (1) is a second order constant coefficient ode which
can be solved easily. This ode has ¢ = —1, therefore from (3)

1
7==v-1
c
Hence p; becomes using (2)

_ 7"(z) +p7'(2)

ST
_ 0+ (2271 1y/—1

1
=
= 27" 'y/~1c

Which is not a constant. So this transformation failed.

Approach 2 Let p; = 0. If with this choice now ¢; becomes constant or a constant
divided by 72 then (2) can be integrated. p; = 0 implies from (2) that

™ +pr'=0

T = /e_fpd””dx
:/e—f2x_1dzdx

Using this then ¢; becomes

T4
Which is not constant and nor a constant divided by 72. So this transformation did not

work.

Trying change of variables on the dependent variable transformation (first method).
This method assumes

y = v(z) 2(z)
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Substituting this in the given ode results in new ode where the dependent variable is v
and not y which can be found to be

2 1
V(@) + (p+ 24(0) ) V(o) + L (0) + 97(@) + 42(0)) v(o) =
Let p + 22/(z) = 0. Solving gives z = e~/ 2%°. With this choice the above ode becomes
1
V' + =" +pd +q2)v= r
z z

Applying z = e~/ 2% to the above reduces it to

V't qu=mr (6)
Where
1 / 1 2
Qg1 =4q— 529 - ZP

1
ry =re2 [ pde

If ¢; turns out to be constant or a constant divided by x? with this choice of z, then
v is solved for from (6) and the solution to the original ode is obtained. Applying this
method on the given ode gives

z=e 5%
— e—f:c_lda:
— e—lnx
= 1;_1
Hence
_ 1 / 1 2
q1=4q 217 417
2 1
=14 S0 = (207
=—1+22—g2
=-1

Since ¢, is constant, then this transformation works. Eq (6) now becomes

The solution is
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Therefore, since z = 7! then

y = v(z) 2()
1 -
= - (cle T4 cze””)
x
This example shows that change of variable on the independent variable did not work,
but change of variable on the dependent variable (general case) worked.

Trying change of variable on the dependent variable (second method). This method
assumes that

n

y=v(z)z

For some n, This transformation changes the ode to an ode with a missing y, which can
be easily solved as two first order ode’s. Substituting this in (A) results in the following
ode where the dependent variable is v and not y

™" + (22" 'n+2"p) v' + (n(n — 1) 2" > + npa" ' +gz")v =7 (7)

If it happens that
(n(n—1)z" %+ npa" ' +¢z") =0 (7A)

For some n, then (7) becomes
™" + (28" 'n+ 2"p) v =71 (7B)
Which can be solved using substitution u = v’ to give

(2™ n + z"p)
u=r
xn

u +
Applying (7A) on this example ode gives

(n(n —1)z" %+ n(%) "+ (-1) x”)

nin—1)z" 2+ 2nz" % — " =0

(n+n*)z"?—2z"=0

0

It is clear that there exists no integer or rational number n which makes the LHS above
zero. Hence this special transformation did not work.

This is an example where only the change of variable on the dependent variable (general
case) worked.
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2.3.2.7.7.2 Example 2. Euler ODE z?y"(z) + zy/(z) + y(z) = 0
One way to solve Euler ODE

2’y"(z) + zy'(z) + y(z) =0 (A)

Putting it in normal form gives

1 1
V(@) +_y(@) + —5y() =0
Hence

1

p=-—
T
1

q= ;

r=20

Trying change of variable on the independent variable. Let 7 = g(z) where 7 will be

the new independent variable. Applying this transformation results in

YV +py +ay=mn

Where

pi(7) =
W(D
(=)
@(r) =
(7 (z))?
ri(7) = r(z) 5
(7' (x))
Approach 1. Let q; = c® where ¢? is some constant. This implies
q — 2

=%/\/§dx

(1)

(2)

(4)

(5)

If with this 7, then p; turns out to be constant, then (1) is now a second order constant

coefficient ode which is easily solved. Applying (5) on the given ode gives

1
= E/\/ac—2dx

1
=-Inz
c
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Using the above on (2) gives

Which is a constant. Hence this transformation worked. Therefore(1) becomes (using
q1 = ¢ which is a constant c?)

Y'(1) + Py (7) + quy(7) =11
'(r) +cy(r) = 0
The solution is
y(1) = Acos (cT) + Bsin (cr)

But 7 = %ln z. Hence the above becomes
y(z) = Acos(Inz) + Bsin (Inz)

In practice, this longer method is not needed to solve Euler ode z2y"(x) + zy/'(z) +
y(x) = 0 as that the substitution y = 2" works more easily. But the above method is
more general. For example, using y = z", then z2y"(z) + zy/(z) + y(x) = 0 becomes
r(r— 1)+ 7+ 1=0. The roots r are 3, —i. Then the solution is linear combination of
the basis solutions given by

y= Az’ + Bx™"
— Aelnxi 4 Belnw*i
— Aeilnx + Be—ilnx
= Acos(Inz) + Bsin (Inx)
Where the last step used Euler relation to do the conversion. Another known trans-

formation for Euler (which is not as simple as the above) is to use z = e'. Using this
gives

dr

bt 2

ik (2)
But Inx = t, hence

dt 1

i (3)

To do this change of variable and obtain a new ode where now y(z) becomes y(t), then
y'(z) is changed to y/(t) and y”(z) is changed y”(¢t). Using

dy dydt

dr ~ dtdz (4)
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Substituting (3) into (4) gives

dy _dyl
dx dtzx
But % = e~ t. The above becomes
dy  _,dy
29 hat: 5
de C dt (5)

Now y”(x) needs to change to y”(t). Since

’y _ d(dy
dz?  dz \dz

Substituting (5) into the above gives

d?y _d( dy
dz?2  dz\* at

Dividing the numerator and denominator of % by dt gives

Ciz_y — é e_td_y
dr? 4 dt

_ded( dy
Cdxdt dt

But from (3) £ =1 = ¢~*. Hence the above becomes

de 44 _dy

Using the the product rule gives

d2y —t _+dy —td2y
a2~ © (‘e @ e

_ (M - @> (6)

Now y/(z) and y”(z) have been converted to y'(¢),y” (t). Substituting (5,6) in the gives
ode gives

2%y (z) + 2y (z) +y(z) =0

d’y dy dy
2 -2t 2 J I —t7d —
z’e (dt2 dt) e +yt)=0
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But z = ef and 22 = €. The above becomes

d’y dy dy

@ " a T TV =0
d*y
ﬁ%—y(t) 0

This is now constant coefficient ODE. The solution is
y(t) = Acos (t) + Bsin (t)
Since In x = ¢, then the above becomes
y(x) = Acos(Inzx) 4+ Bsin (Inz)

This completes the solution.

2.3.2.7.7.3 Example 3. y"sin? (2z) + ¢'sin (4z) —4y =0

Writing the ode in normal form gives

Y +p@)y +e(x)y=r

p = —Si;i(é?) sin (2z) # 0
_ 4
1= " gin? (2x)

Trying change of variable on the independent variable as above. Let 7 = g(z) where

7 will be the new independent variable. Applying this transformation results in

Y +py tay=mn (1)
Where
7"(x) 4 p(x) 7' (x)

LT @
o @)

T @

ri(1) = r(z)

0=, @

Approach 1. Let q; = c® where c is some constant. This implies

=02

q
(7 @)
— . [ vads (5)
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If with this 7, then p; turns out to be constant, then it means (1) is second order
constant coefficient ode. Applying this on the given ode (5) becomes

=\

¢/ sin (Zx)

= zln (csc (2z) — cot (2z))

Eq (2) now becomes
(2) + pr(2)
(7 (2))°

p(r) =
=0

Which is constant. Hence this transformation worked. Therefore (1) becomes (since

q1 = ¢ is constant c?)

Y'(1) +py' (1) + qy(7) = 1
yll + C2y =0
This gives
y(1) = Acos (cT) + Bsin (cr)
Using 7 = 1n (csc (2z) — cot (2z)) the above becomes
y(xz) = Acos (iln (csc (2x) — cot (2z))) + Bsin (i 1n (csc (2z) — cot (2z)))
Simplifying using trig identities gives
_ —iBcos(2z) + A
y(e) = sin (2z)
By cos (2z) A
= — + =
sin (2zx) sin (2z)
= By cot (2x) + A csc(2z)

Approach 2 Let p; = 0. If with this choice now ¢; becomes constant or a constant
divided by 72 then (2) can be integrated. p; = 0 implies from (2) that

" +pr’' =0

T = /e_fpd:”dm

_ sin(4z)
T = /e fsin2(21)dmdx

1
T / sin (2z) de
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Using this gives

Which is a constant. Hence this transformation also works. Eq (1) now becomes

Y +piy +qay=mn
y'(r) — 4y(7) = 0
y(T) = Ae™® + Be*"

But 7= [ lem)d:c = 1 In (csc (2z) — cot (2z)), hence

y(x) — Ae—2%ln(csc(2x)—cot(2x)) +Be2%ln(csc(21)—cot(2x))
=Ae—ln(csc(2x)—cot(2z))+Beln(csc(2:c)—cot(2w))
A

~ csc (2z) — cot (2z)  Bese(2z) - cot (21)

Which can be simplified to same solution shown in approach 1. This was an example
where both sub methods of change of variable on the independent variable worked.

2.3.2.7.7.4 Example 4. (1—-2?)y" —z¢y +y =0
Writing the ode in normal form gives
y' +p@)y +a(@)y=r
—x
= — 1 -1
B 1
T a-o

Trying change of variable on the independent variable as above. Let 7 = g(z) where
7 will be the new independent variable. Applying this transformation results in

YV +my +qy=mn (1)
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Where

pir) = 0L @
- q(z)

QI( ) (7_, (x))Q (3)

r(r) = ) @)

Approach 1. Let q; = c® where ¢? is some constant. This implies

q _ 2

(7' (z))*

— . [ vads )

If with this 7, then p; turns out to be constant, then it means (1) is second order
constant coefficient ode which is easily solved. Using the given ode (5) becomes

Hence (2) now becomes

Which is constant. Hence this transformation worked. Therefore the ode (1) becomes
(since q; = ¢? is constant c?)

Y (1) + 0y (1) + quy(1) = 1
y// + 62y — 0

The solution is
y(1) = Acos (cT) + Bsin (cr)

Using 7 = %ln (x + Va2 — 1) the above becomes

y(x) = Acos (iln (z—l—x@ﬁ)) + Bsin <z’ln (a:—l—ﬁ))
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CHAPTER 2.
Approach 2 Let p; = 0. If with this choice now ¢; becomes constant or a constant
divided by 72 then (2) can be integrated. p; = 0 implies from (2) that

™ +pr'=0
T = /e"fpd”dx

—Z _dx
T = /ef (=22) "y

1
= d
T /\/x—lx/x—i—l v

Therefore

Ty

. (1—=2)
o1
(z—1)(z+1)
1
. (1—=2)

Which is a constant. This transformation also worked. Eq (1) becomes

vV +py +ay=n

y'(r) — ylr) =0
y(t) = Ae™" + Be”

Using 7 = [ o—f—dz = In (z + V22 — 1), (z > 1) the above

y(x) = Ae™" + Be™
_ Ae_ ln<x+\/mT—1) + Beln<x+\/z27—1)

+B<w+\/aT—1>

A
_ac+\/x2—1

This solution looks different from the solution found above using approach 1, but can be
shown to be the same. This was an example where both methods of change of variable

on the independent variable work.



CHAPTER 2.

SECOND ORDER ODE F(z,y,vy,y") =0

381
2.3.2.7.7.5 Example 5. z%y" — zy/ + (—2? —

1)y=0
Writing the ode in normal form gives

YV +p)y +q(x)y=r

-1
p=— z#0
T
z® + 1
q=—- )

Trying change of variable on the independent variable as above. Let 7 = g(z) where
7 will be the new independent variable. Applying this transformation results in

Y +py +ay=mn
Where

(1)

(2)
q(z)
a(r) = (3)
(' (z))?
r(z)
ri(T (4)
(7 (z))?
Approach 1. Let q; = ¢® where ¢? is some constant. This implies
q — 2
(7' (2))”
T = % / Vadx

(5)
If with this 7, then p; turns out to be constant, then it means (1) is second order
constant coefficient ode which is easily solved. Applying this on the given ode then (5)

1 [ | 22+
Tz—/ — 24dw
C i

1 1
= 2—\/—4:102 — 1+ arctan (
c

ﬁ)

Hence (2) now becomes
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Which is not constant. Therefore this transformation did not work.

Approach 2 Let p; = 0. If with this choice now ¢; becomes constant or a constant
divided by 72 then (2) can be integrated. p; = 0 implies from (2) that

™ +pr'=0

T = /e‘fpd””da:
= /ef e
=/elnxdac

Using this then ¢; becomes

Which is not constant. Trying change of variable on the dependent variable (first method).
This method assumes

y =v(x) 2(z)
The Liouville ode invariant is

_ 1, 1,

Qg1 =4q— 529 - é_lp
o2+ : 1d -1\ 1/-1\?
N 2 2dz \ =z 4\ z

1, 5

== +1)

Which is not constant. Hence this method does not work. One way to solve this is as a
Bessel ODE. I have many examples how to do this on my main page.
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2.3.2.7.7.6 Example 6. (z2 —1)y" —2zy +2y =0

Writing the ode in normal form gives

Y +p@)y +q(x)y=r

P= 57 r # +£1
_ 2

q_x2—1

r=20

Trying change of variable on the independent variable as above. Let 7 = g(z) where
7 will be the new independent variable. Applying this transformation results in

Y +py tay=mn (1)
Where
-y = T'(@) +p@) T'(2)
p(7) v () (2)
4@
QI( ) (7_, (1’))2 (3)
n(r) = &) @

Approach 1. Let q; = c® where ¢? is some constant. This implies

q 2

(@)
T = %/\/adx (5)

If with this 7, then p; turns out to be constant, then it means (1) is second order
constant coefficient ode. Applying this on the given ode (5) becomes

1 /2
T—E/ —x2_1d$

=%\/§1n(z+\/:ﬁ—1)

Hence (2) reduces to
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Which is not constant. This transformation did not work.

Approach 2 Let p; = 0. If with this choice now ¢; becomes constant or a constant
divided by 72 then (2) can be easily integrated. p; = 0 implies from (2) that

™ +pr'=0

T = /e‘f”d‘”dm
/ | Fyde g
/ (mQ — 1) dz

q

(' (gﬁ))2

Hence ¢; becomes

q1 =

Z1
(a2 —1)*
2

(a2 —1)°

Which is not constant. This transformation did not work.

Trying change of variable on the dependent variable (first method). This method as-
sumes that

y =v(z) 2(z)
The Liouville ode invariant is

I 1, 1,

q1=4q 219 419
(2 \ 1d/ 22\ 1/ —2z\*
C\z2—1 2dzx \z2 -1 4\ z2 -1
___ 3

(22 — 1)

Which is not constant and not constant divided by z2. Hence this transformation also
did not work.

Trying the Lagrange adjoint ode method. From above the adjoint ode is

s d(zp)
z dx

+29=0
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For some unknown function z(z). Hence it becomes

d —2x 2
" .
(o (7)) () =

Clearly this is just as hard to solve as the original ode So this method does it work.

Trying integrating factor method. For this to work the condition is that %(p’ + %pz) =q.
Applying this on the current ode gives

Lo, 1,

2 (P + P ) =q

1(d( -2\ 1 -2z \*\ 2
2\dx\ 22 -1 2\ 2 -1 |
(222 +1) 2
(x2—1)2_w2—1

2z + 1
=2

2 —1

Which is not true. Hence there is no integrating factor.

Trying transformation on the dependent variable (second method). This method assumes

y=v(z)z
This works only if (7A) given in the introduction is satisfied.
(n(n—1)z" %+ npz" ' +¢z") =0 (7TA)

Applying this on the current ode example gives

-2 2
(n(n —1)z" 2 +n<gg2 _$1> "+ (m2 — 1) :c"> =0

Trying n = 1 the above becomes

((x;ixl) i (:c22_ 1) w) 0
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Hence this transformation works for n = 1. Therefore y = v(z) z. eq (7) in the intro-
duction now reduces to

™" + (28" 'n + 2"p) v' + (n(n — 1) 2" > + npz" ' +gz") v =7 (7)
o+ 2Dy g
T

Which now can be solved using substitution u = v'.
R

x
Which is linear first order ode. Once u is found, then v is found by integration. Hence

y is now found. Hence )

3 —z

/

u — u=20

Which has the solution u = clzg’—il. Hence v' = clwg”—il. Integrating gives v = ¢; (m + i) +
co. Therefore y = zv = ¢ (22 + 1) + oz

This was an example where only the transformation on the dependent second method

y = v(z) 2" worked.

2.3.2.7.7.7 Example 7. zy" + (> — 1)y + 23y =0

Writing the ode in normal form gives

y' +p@)y +ql@)y=r

z?—1
p= . x#0
q =2
r=20

Trying change of variable on the independent variable as above. Let 7 = g(z) where
7 will be the new independent variable. Applying this transformation results in

Y +py +tay=mn (1)
Where
o 7'(@) +p() T'(2)
p(7) (@) (2)
nir) = 25 3)

)
r(z)
(7 (2))°

(4)

™1 (7') =
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Approach 1. Let g; = ¢ where ¢? is some constant. This implies

T ="V4 (5)

If p; turns out to be constant with this 7 then it implies (1) is second order constant
coefficient ode. Eq (5) becomes

1
T = “Vx2
c

1 2z
" _ =
T = e v

Hence from (2)

7"(z) + p7'(x)
(7' (2))*
L () Ve

p(r) =

T

()

=c
Which is a constant. Then (1) becomes second order of constant coefficient
" ! 2 _
y' (1) + ey (1) +cy(r) =0

Which has the solution

e N e [ eV3r
y(t)=e 2<Asm< 5 >+Bsm< 5 ))

. 2
But from earlier 7 = % Hence the above becomes

2 2 2 2
% 3% % 35
y(z) = Ae™ 3" sin (C—ZC) + Be” % sin (C\/_Tzc)

2. (/322 [ V/3a?
=e 4<Asm< 1 )+Bsm( 1 ))

Approach 2
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Let p; = 0. If with this choice now ¢; becomes constant or a constant divided by 72
then (2) can be easily integrated. p; = 0 implies from (2) that

™ +pr'=0

T = /e‘f”d””dx
= /e_fxw_ldwdx

Therefore

1'2
-
(%)
1‘2

Which is not constant. Now it is checked to see if it is constant divided by 72. Since
2

2
T2 = <—e‘7> = e~ then Q= T_12 Therefore this approach also worked.

Eq (2) becomes

YV +py +qy=0 (1)
1
y'+5y=0
T
7_2y// _+_ y — 0

Which is standard Euler ode which can be solved easily. Giving
y(1) = A\/T cos (? In (T)) + By/Tsin (? In (7’))

But 7 = —e‘é. Hence the above becomes
) V3 a2 2 . (V3 a2
y(x) = A\/ —e~ 7 cos (7ln<—e 2>>+B —e” 2 sin (71n<—e 2))

This looks different from the solution obtained in approach 1, but it verifies also as
correct solution. This is an example where change of independent variable using ¢; = ¢
works and also change of independent variable using p; = 0 works as well.
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2.3.2.7.7.8 Example 8. 4z%sin (z) y"+(—4z? cosz — 4z sinz) y'+(2z cosz + 3sinz) y =
0

Writing the ode in normal form gives

y' +p@)y +q(x)y =0
—4x?cosx — 4xsinzc

= 0.7.27.« -
P 422 sin (z) @ #0,m2m,
_ 2xcosz+3sinz

1 4722 sin ()

r=20

Applying transformation on the dependent variable second method y = v(x) ™ results
in

™" + (2nz" ' + pz™) V' + (n(n — 1) z"* + pz"'n + gz") v =10
- (2nz™ ! +px”)v, N n(n —1)z"% + pz"~'n + gz" =0
z" "
v+ (2nz™t +p) v+ (n(n— 1)z 2 +pz 'n+q)v=0
v+ (2nzt +p)v' + (pnz' + g+ (n® —n)z ) v=0 (1)
Assuming the coefficient of v(z) above is zero. This gives
pnz ' +q+ (n2 — n) r2=0
Substituting the values for p, gin the above gives
—4z? cosx — 4z sinz _1 . 2xzcosz + 3sinz 9 _9
- n - (n — n) z “=0
4x? sin () 422 sin (z)

Solving for n shows that n = 3. Hence (1) now reduces to

'U”+( _1+p)'UI:

=3
8

=+

o 1 —4z? COSCC—4£CSI
x 422 sin (

4z%sinx

o (4xsmx —4x?cos T — 4xsmx>

"y —4x?cos T
v
4Az’sinz

o COST s _
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Let v' = u, the above becomes
)
, COSZT

u — u=20

sinz
Which is linear first order ode. It has the solution u = ¢; sin (z). Hence

v' = ¢; sin (z)

Integrating gives
v=—cicos(x)+co

Therefore

y=uVz
= (—cycos (z) + c2) VT

This can also be written as

y = (czcos (z) + c2) Vx

2.3.2.7.7.9 Example 9 z%’ — (2a—1)zy’ +a’*y =0

The above is standard Euler ode. But below shows how to apply these transformations

if one did not know this.

Trying change of variable on independent variable first. Let 7 = g(z) where z will be

the new independent variable. Writing the ode in normal form gives

Y +py+qu=r

1—2a
p (1=20)
T
a2
q=§
r=20

Applying 7 = g(z) transformation on the above ode gives

Y' (1) +p(N) Y (7) + @a(7) y(r) = 71(7)

Where
L _T"(@) +p(@) T (@)
POy
4@
w = Ty
r(r) = )

(7 (2))°

1)

(2)
3)
(4)
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Approach 1. Let g; = ¢ where ¢? is some constant. This implies

q — 2
(7' (2))”

"=V 6)

If p; is constant using this 7 then (1) is a second order constant coefficient ode which
can be solved easily. This ode has ¢ = Z—i, therefore from (5) assuming positive

, 1 /a?
T =\
cVz

a

CT

Hence p; becomes using (2)
_ 7"(z) +p7'(2)
(@)
(1—2a)c

z

p(7)

Which is not a constant. So this transformation failed.

Approach 2 Let p; = 0. If with this choice ¢; becomes a constant or a constant divided
by 72 then (2) can be integrated. p; = 0 implies from (2) that

™ +pr'=0

T = /e‘f”dxda:
N / e~ 1T gy
= /x2“_1dz

Using this then ¢; becomes

= i (6)
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x2a
2a

Which is not constant. But 72 = (
tion works. Eq (2) becomes

_ ze _ 11 .
) = 7.o- Hence ¢, = 7. Hence this transforma-

Y +py +qy=0 (1)
11
1/
S ou=0
4% +y=0

Which is standard Euler ode which can be solved easily. Giving

y(1) = AVT+ BV7In (1)

But 7 = % Hence the above becomes
5620’ :L-Za .’L'2a
=A\—+B\+—In{—
y(@) 2a + 2 < 2a)
.’1320’ x2a .’L'Qa
=Ay/ — +By\/—In| —
2a + 2 2a)

2.3.2.7.7.10 Example 10. Bessel ODE
Given the ode

V@) + (1= 1 ) ula) =0 (A)

Trying change of variables on the dependent variable (first method). In this method
Wwe assume

y = v(z) z(x)

The ode is ¥ + py’ + qy = 0. Hence p = 0,q = (1 — %) Therefore the Liouville ode

invariant is

. 1/ 12
q=4q 2]9 410

-(-2)

Since ¢, is not constant, then this method does not work.

Trying change of variable on independent variable.
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Let z = g(z) where z will be the new independent variable. In general, given an ode of
the form

y'(z) +p(z) ' (z) + 9(2) y(2) = r(=)

Then applying this transformation results in

y'(2) + p1(2) ¥ (2) + @1(2) y(2) = 1(2) (1)
Where
2@ +p2(@)
0 oy @)
") oy )
T (Z) = W (4)

z:%/\/ﬁdx (5)

If with this z, then p; turns out to be constant, then it means (1) is second order
constant coefficient ode. Applying this on current ode then (5) becomes

= 2% (\/45(}2 — 3+ v/3arctan <i>>

422 — 3
Hence (2) becomes

2"(x) + p2'(z)

(2 (z))”
6¢

(422 — 3)%

p(z) =

Which is not a constant. So this transformation did not work. So change of variable on
both the dependent and independent variable does not work for this ode to convert it
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to one with constant coefficient. Trying converting it to standard Bessel ODE. Using
this change of variable on the dependent variable
1
y = Uuxr?2
To transform (A) to standard Bessel ODE
v + v + (2°—1)u=0
Since y = uz? then
dy du 7
7= 2A
dr dx u 2 (24)
And
dy d [du : N 7
— =—|—z24+u
dz? dx\ dx 2
d (du i), d z7
=—|—z — | u
dz \ dx dx 2
d2u %_'_ldu _%_'_ldu —Tl 1 _%
=—124+-—= ——x? — -ur
dz? 2dx 2dx 4
d? d 1
— d_lzl'wl + ﬁw_% — z_lux_% (3A)

dx? dx 422
d*u 2 du:r 2 ur- 2 + ux? ux_§ =0
dx? dx 4
d2um% + dux_% ur_% + u:p% =0
dz? dx -
Multiplying both side by T3 gives
d? d
xQd—;;+x£ —utux=0
d*u du
2 2\, _
T @4-.’1:%— (1—x )u-O
d*u du
2 2 _

Which is Bessel ode where order is n = 1. This has known standard solution. Once u(z)
is known, then y(z) which is the solution to the original ODE (A) is now known also.
There is a more general method and better method to find if second order ode can be

transformed to Bessel ODE. See my main page for examples and description.
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2.3.2.8 Exact linear second order ode p(z)y" + q(z)y +r(z)y =0

ode internal name "exact linear second_order ode"

Given the ode

p(@)y" +q(@)y +r(z)y=0 (1)
We want to first find the condition for exactness. This is the same as saying the
above ode has a corresponding adjoint ode, which is (py’ + B(z)y) = 0. i.e. if an ode
p(z)y" + q(x) ¥’ + r(x) y = 0 can be written in the form (py’ + B(z)y) = 0 for some
B(z) then the ode (py’ + By)' = 0 is called the adjoint of py” + qy’ + ry = 0 which
is the same thing as saying the ode p(z) y” + ¢(z) ¥’ + r(z) y = 0 is exact. i.e. it has
complete differential.

The goal therefore is to determine if a linear second order ode has a corresponding
adjoint ODE or not of the form (py’ + B(z)y)' = 0. If so, then it is exact and we can
solve it by solving the adjoint ODE instead since it is much simpler to solve as it is a
first order ODE. Lets see how to find the adjoint ODE.

Let

py" +q(z)y' +r(z)y = (py' + By)
Expanding gives

py' +qy +ry =Yy +py" + B'y+ By

Comparing coefficients

g=p' +B
r=nB

Differentiating the first ode gives ¢ = p” + B’. Using the second ode gives ¢ = p” + r
or

p'—q¢+r=0 (2)

This is the condition for exactness. i.e. if the input ODE (1) satisfies (2) then the ODE
is exact and has an adjoint ODE of the form (py’ + By)' = 0 which we now can be
easily solve since it is complete differential.

(py' + B(z)y)’
vy’ + (g —p)y)

0
0 3)
We see that solving (3) is much simpler than (1) since (3) is first order. Integrating
this once gives

py+(@—-py=c
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This is first order ode. This is also called the first integral equation of (1). In summary,
given an ode py” +qy’+ry = 0 which is exact, then its first integral is py'+ (¢ — p') y = ¢
and the solution to this is the solution to the original second order ode.

2.3.2.8.1 Example 1

2.1

22y +zy —y =2zt

Then p = z2,q = z,r = —1, f(z) = z*. Condition (2) becomes

p”—q’-l—r=0
2—-1—-1=0
0=0

Hence it is second order exact. Therefore the adjoint ode (3) is
(z% + (z — 22)y) = 2*

x2y'+(x—2ac)y=/x4dw+c
5
T
x2y'—xy=g+c

The first integral is

x2y'—|—(x—2x)y=/x4dx+c

1.5

2,/
_ = — 4+
Yy —xy 3 c
This is linear ode. Solving this ode gives
= x_4 — — tcx
V=15 20 7@

Note that this is also a Euler ode.

2.3.2.8.2 Example 2
y// + wy’ +y=0

Here p=1,9=z,7r = 1. Let F(z,y,y,y") = ¥" + zy + y. The condition for exactness
is
p// _ q/ +r=0
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Hence the above becomes

0-1+1=0
0=0

The ode is already exact. i.e. no integrating factor is needed. The solution becomes

Yy +(q—p)y) =
W +zy) =

The first integral is
Y +azy=c

Solving this gives
d
dr (ly) = Ia
d
<yefmdm> — ef:cd:ccl

dz
yef zde _ /ef””d””cldx + ¢

yzef—zdz(/efzdzcldx> +c2ef—:vd:c

_1;2 z2 —zzd
=ce 2 ezdr | +cpe 2
—a? 22
=e2 (¢ | ezdr+c

2.3.2.9 Linear second order not exact but solved by finding u(x)
integrating factor.

ode internal name "linear_ second_ order_ ode_solved_by_ mu_ integrating factor"

(not implemented yet).

As mentioned above, an exact ode is one which has a corresponding adjoint ODE. In
the case when the ode was exact, we did not use an integrating factor (this is the same
as saying the integrating factor was 1), i.e. u(z) = 1.

But if the ode is not exact, then we look for integrating factor u(z) that when multiplied
by the ode makes it exact and hence will have an adjoint ODE. Given

py" +q(2)y +r(@)y = f(z) (1)
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Which is assumed not to be exact. Multiplying both sides by u(z) gives u(py” + q(z) v’ + r(z) y) =

pf(x). Let
w(py” +q(@)y +r(z)y) = (upy’ + By)' (2)

Expanding gives

py" +q(x)y +r(z)y) = w'py' + w'y + ppy” + B'y + By’
ppy” + pay’ + pry = ppy” +y'(W'p + pp’' + B) + yB’

Comparing coefficients gives the following 2 equations

pg = p'p+pup' + B (24)
ur = B’ (2B)

Taking derivative of (2A) gives

Wa+pg =p'p+pp +up +pp" + B
Substituting for B’ from (2B) into the above gives

Wa+pg =p'p+pu'p +p'p' +up” +pr 3)
Arranging

pp+ 2 —q) +pp —d+r)=0 (4)

The integrating factor p is the solution to the above ODE (called the adjoint ode also).
Note that in (4), the term p” — ¢’ + r will not be zero, as this is the condition for
exactness, and this ode is not exact (else we will not need an integrating factor to start
with).

We can obtain (4) directly from py” + qy’ + ry = 0. Since the relation between an ode
and its adjoint ode is the following: given

py' +qy +ry=0

Its adjoint ode is

!/

(o) —qu) +rp=0

(pw)" — (qu)' + 7 =0

P'p+pr) = (dp+aqw)+rp=0
Plu+pp +p'u +pp’ —dp—q +rp=0
"+ (20 —q) +p@" —q +1)=0
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We see this is the same as (4). In summary, an ode py” + qy’ + ry = 0 has adjoint ode
(pu)"” — (qu)" + rp = 0 where the solution to the adjoint ode makes the first ode exact.
Once the integrating factor u is found then the first integral is given by

py" +qy +ry = (upy + By)’

Where
B=pq—pp—pp
=ulg—p)—up
Hence
oy’ +qy +ry = (upy' + (ulg—p) — u'p)y) (5)

There is a known relation between an ode and its adjoint ode given by

d
wey" + gy +ry) —y(py" + ay +ry) = —(P(y,u))

Where the bar above the ode means its complex conjugate. The function P(y,u) is
called the bilinear concomitant (see Murphy book, page 93). And is given by

P(y,u) =p(y'p—yu') + (¢ — 1) yn

Unfortunately, all this does not help us in solving the adjoint ode (4) in order to find
the integrating factor u. Since it will also be a second order ode which can be as hard
to solve as the original ode. So this method is not practical as far as I can see unless
the adjoint ODE comes out very simple to solve, but in all the examples I looked at,
this was not the case.

2.3.2.9.1 Example 1
y' —4zy + (42* —2)y =0
p=1,q=—4x,r = (422 — 2) . Let us first check if the ode is exact or not as is. The
condition for exactness is
p// . q/ +r=0
Therefore the above becomes
0+4+ (42> -2) =0
The LHS is not zero. This means the ode is not exact. Therefore we need to try to find
an integration factor u(z) to make the ode exact. (4) becomes
wp+ (20 —q) +p@ —q¢ +7r)=0
p'+ W (4z) + p(4+ (42® —2)) =0
B+ dzp + p(2+ 42°) =0
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We see in practice that finding the integrating factor leads to yet another second order
ode which is as hard to solve as the original ode. The solution to this ode can be found
to be e=**, ze~**. We only need one integrating factor. Hence let

z2

u(z) =€
Multiplying this by the given ode now makes it exact
ey’ — dze "y + (4z® — 2) ey =0

To see this let us check the condition again now. Here p = e g = —dze* r =
(422 — 2) e=*". Hence

p// _ q/ +r=0
(46_””2x2 — 26_””2> — (86_‘”2x2 — 46_‘”2> + (42® — 2) e =0
0=0

We see that it is now exact. Hence it has adjoint ODE of the form (5)
(upy' + (g — ) — 1'p)y) =0
Hence the first integral is
ppy + (ula—p) —wp)y=c

Using p = e *" p=1,q = —4x the above becomes

ey + <—43L'e_"‘”2 - (—2xe‘””2>> y=c

ey —2me Ty =c
y — 2zy = ce”

This is linear first ode whose solution is

Y= 6m2 (Cfl; + 02)
2.3.2.9.2 Example 2

1, 1
y'+-y+-y=0
T T

1 1

Here p=1,9= ;,r = 1, f(z) = 0. The condition of exactness is

p”—q'—l—r=0

1 1
o (~1)+ 10
x x
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Is not satisfied. Hence the ode is not exact. The adjoint ode (4) to find the integrating
factor becomes

p'o+p (@ —q)+plp" —qd+7r)=0
1 1 1
X i X
1 1—=z
p'——p = pl —— >=0
X X

ey —ap — (1 —z)p=0

Which has solutions p as bessel functions. We see that trying to find an integrating
factor using this method is not practical, as it leads to an ode just as hard to solve
as the original one. We could just have solved y” + %y’ + %y = 0 directly, since this
is Bessel ode. Unless there is a short cut to solving the ODE to find the integrating
factor, this method is not practical. See section below for simpler method

The main difficulty when second order is not exact, is in finding the integrating factor
p(z) which itself requires solving another second order ode. The whole point of an ODE
being exact is that it is a complete differential which means the order is reduced by
one to make it easier to solve. This means solving a second order ode becomes solving
a first order ode when the ode is exact.

2.3.2.10 Linear second order not exact but solved by finding an M
integrating factor.

ode internal name 'linear_ second_ order_ode_solved_by_an_M_ integrating factor"

This is another method to find integrating factor method for the second order ode. This
method of finding an integrating factor is not a general one like the above using u(z)
but it is easier to check. This is tried first and if this does not work, then the above
will be tried.

Given the ode, normalized so that the coefficient of y” is one

y'+ Q)Y + R(z)y = f(=) 1)

Let there exists an integrating factor M (z) such that

(M(2)y)" = M(2) f(2) 2)
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Then it can be integrated twice and solved. To find M, the above becomes
(M'y+ My')' = Mf
M//y+Mly/+M/y/+My/l — Mf
My" +y' (2M') + M"y = M f

M/ M//
/" / - T =
y+y(2M)+My f (24)
Comparing (2A) to (1) gives
M/
M//
M
Or
1
M - IMQ=0 3)
M"— MR =0 (4)

Starting with (3) gives M = e2/ @4 _If this also satisfies (4), then M is found by
integration. If not, then this method did not work.

2.3.2.10.1 Example 1
y' —dzy' + (42 - 2)y =0
Hence @ = —4x and R = (42® — 2), f(z) = 0. Eq(3) becomes

1
M — §MQ =0
Therefore
M = e3/Qde
— e%f—4xdw

2
=e:13

Now we much check that equation (4) is verified with such M.

2

M = —2ze™®
M = —2¢7% _ 2x(—26_m2>

= _2¢ + dge=
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Substituting these in (4) gives

(—26_’”2 + 4xe_x2> —e® (42> —2) =0
—2¢™ + 4ge= + 2% _ 432" =
0=0

M is satisfied. Therefore the integrating factor is

2

M=e™
Eq (2) now becomes
(My)" =0
Myl =C
My =cxz+co
_azx )
M

= (Cl.’l: + CQ) ezz

Which is the same answer found using the more general method of u(z) in the above
section but this is simpler when it works since it does not involve solving another ode
(the adjoint ode) to find an integrating factor.

2.3.2.10.2 Example 2

Here is an example where the method of integrating factor does not work.
1 1
y'+ -y +-y=0
x x
Here p=1,q= 1,7 =1, f(z) = 0. The condition of exactness is

p//_q/+ =0

- (2)-

Is not satisfied. Hence the ode is not exact. Therefore let us try to find M. Using

T
1
=0
z

M = ez /o
Iz

= e2

— V3
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Therefore M' = %x%l and M" = —}lz%S. Substituting these in (4) to verify gives (using
r=z1)

Which does not verify as the LHS is not zero. Therefore the integrating method did
not work on this ode.

An easier method to find if an M integrating factor exists is the following. Since
M = ez /99 then substituting this into (2A) gives

M/ M//
" /
y' +y (2—) + 7y = f(=)
M M
Since M’ = 1gM and since
1

MII — 5( IM+qM/)

1/, 1
= (g M+ =*M
2(q t 34 )

Then (2A) now becomes

1 1 ! 1.2
sqM @M+ 5¢°M
y//_+_y/(22M >+2( M2 )y=f
" / ]‘ ! ]‘2
yta+5(a+5e y=1rf

By comparing the above to the given ode in normal form shows that for M to exist

the condition is
1/, + 1,
r=- =
2\7 T a1
if the above is true, then M exists and is given by
M = e> /o

Using this method on the first example above y” —4zy’'+(4z2 — 2) y = 0, where ¢ = —4x

and r = (42 — 2). Checking if (422 —2) = 1(¢'+ 1¢%), then 1(—4+ 1(162?%)) =

4722 — 2 = r. Hence M exists. This is a much faster method to determine if M exists or
not.

The second example y” + 1y’ + 1y = 0 where ¢ = 1,7 = 1 then (¢ +1¢%) =
5(—272+ 127?) = — g% # r. Therefore no M exists and the integration factor does
not exist for this ode. Note this does not mean there is no integrating factor. It just

means this short cut method which I call the M integrating factor does not work.
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2.3.2.11 Solved using Lagrange adjoint equation method.

ode internal name "second order ode lagrange adjoint equation method'

This method is used when hint is “adjoint”. This transformation does not use change of
variables. It was discovered by Lagrange in his Miscellanea Taurensis paper. It reduces
the order of the ode by one, assuming the so called adjoint ode can be solved. This
is also described in section 1.5.1 on page 14 of the “book Change and Variations A
History of Differential Equations to 1900” by Jeremy Gray. This method will only work
if adjoint equation turns out to be simple and can be solved. It is now only used by the
program if the hint “adjoint” is detected or if all the other methods were first tried and
they all fail to solve the ode. So this method works if the adjoint ode can be solved.
But the adjoint ode itself is second order non constant ode. So we need to solve a
second order non-constant ode in order to reduce the order by one of the original ode.
Luckily the adjoint ode turns out to be possible to solve by change of variables when
the original one is not, and that is why this method is tried.

Given the ode
y' +p(@)y +q(@)y =r(z) (1)
This method starts by multiplying the ode by some unknown function z = z(z) which
gives
zy" + 2py + 2qy = 2r (2)

/ 2y"dx + / zpy'dx + / zqydr = / zrdx (3)

Using integration by parts on [ zpy'dz using [udv = wv — [ vdu where u = zp and
dv =1/, hence v =y and du = %(zp). Therefore

/zpy'dx = zpy — /y%dx

Using integration by parts on [ zy”dz using [udv = wv — [ vdu where u = z and
dv = vy", hence v = 3 and du = 2’. Therefore

/zy”dz =zy — /y’z'dx
Eq (3) becomes

(zy' _ / y’z'dw) + (zpy - / ydEiZ:) da:) + / 2qudz = / 2rdz (4)

Integrating gives
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Integrating by part again the term [ y'2’dz using [udv = uv — [ vdu where u = 2/
and dv = 9/, hence v = y and du = 2”. Therefore

/ y'2dr =y — / yz'dx

Substituting this in (4) gives

(o~ (5~ [ae) ) (0 [5P + [ oo -

d
zy’—yz’+/yz”dz+zpy—/y%dﬂb%—/zqydx:

2y —y2' + 2py + / (yz" - y% + zqy) dz = / zrdz

d
2y —yZ + 2py + /y(z" - (zmp) + zq) dx =
d
2y + (2p— 2y + /y(z” - Eizf) —I—zq) dx =
The adjoint ode is the term inside the integral above given by

d
z"—%—l—zq:O (6)

zrdrz  (5)

If this can be solved, where the solution z(x) # 0, then (5) reduces to

Zooly + (zsolp - (zsol),) Y= /zrdx

SO ' 1
Zsol z

Which is first order ode in y(z) which can be easily solved for y(z). Equation (6) is
called the Lagrange adjoint equation. This method of course works only if the adjoint
ode can be solved for z(x) and the solution is not zero.

2.3.2.12 Solved By transformation on B(z) for ODE
Ay"(z) + By'(z) + C(z) y(z) =0

ode internal name "second_ order ode non_ constant_coeff transformation_on_B'

This method is tried to reduce the order ode the ODE by one, by doing direct transfor-
mation on B(x) for the ode

A(z)y"(z) + B(z) y'(z) + C(z) y(z) = 0
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Let
y= Bv

Then ¢y = Bv+v'B and ¢y’ = B'v+ BV +v"B+v' B’ = v"B + 2v' B’ 4+ B"v then the
original ode becomes

A(W'B+2v'B'+ B"v)+ B(Bv+v'B)+ CBv =0
ABv" + (2AB'+ B*)v' + (AB" + BB'+ CB)v =0

Now we check if AB” + BB’ + CB = 0 or not. If it is zero, then this method works
and we can now solve

ABv" + (2AB'+ B*)v' =0

Using u = v’ which reduces the order to one.

ABY + (2AB'+ B*)u =0

This is first order ode now. Solved for u gives v’ which is solved for v as first order ode.
Then y = Bv and we are done. This method only works of course if AB"+BB'+CB =0
comes out to be zero. Here is an example

2.3.2.12.1 Example 1
zy'+(-1-2)y' +y=0

Here A=x,B=(—1—1z) and C =1, hence B’ = —1, B” = 0 and therefore

AB"+BB'+CB=0+(-1-2z)(-1)+ (-1 —x)
=l4+z-1-z
=0

It works. Hence the reduces ode becomes

ABv" + (2AB'+ B*)v' =0
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Let u = v’ then

ABY + (2AB' + B*)u =
z((-1—z))u' + (—2z + ( 1—5(3)2)
u — zu' + ux? —x2u’—0
v(-z—2*)+u(l+2°) =0

oy (L)

(x+x2)uzo

This is linear first order ode solved using integrating factor which gives

w— xe
' (1+4z)?
Hence since v = u then
v = e re”®
(1+z)°
This is quadrature. Solving gives
i
v=cCcy+cC 112

Therefore

y = Bv

el‘
= (—1—
( x)(cz+cll+x)
=cy(l+ )+ cie”

Note that this method is sensitive to the ODE is written. If we divide the ode by A is
becomes
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Andnow A=1,B= """ and C = 1 hence B' = —1 + 42 and B" = 2 — 2 (1 +z)
then

AB" + BB+ CB = (%_%(1+x))+(ﬂ) (_1+1+z> +1(M)

T T
= —%(m2+2x+3)
£0

So this method now fails to reduce the ode order by one. So in practice, I try first on the
ode as given, and then try again by normalizing it so that B is not rational function and
try again. In other words, given an ode y” + # + %y = 0 then try with B = (—190_—9;)
and if this fails, try again after multiplying the ode by z so now B = (-1 — z) and
A =z and C' =1 and see if this works or not. This method of course only works when
B is not zero.

2.3.2.13 Bessel type ode z%y" + zy’ + (z? — n?)y = f(z)

ode internal name "second order bessel ode'

Solves Besself ode or an ode which can be converted to bessel ode.

2.3.2.13.1 Introduction

This gives examples of converting (when possible) a second order linear ode to Bessel
form. Bessel ODE is

2y +zy + (27 —n?)y =0 (A)

Where n is the order which can be integer or non-integer. This comes out when doing
separation of variables for the Laplace and Helmholtz PDE in spherical and cylindrical
coordinates. n is integer for cylindrical coordinates and half integer values (n = % +7),
for spherical coordinates. n can also be any other real value. The case n = % + 7Z is
special in that the solution of the ode is reducible to standard trigonometric functions
and complex exponential function. In all other cases, the solution remains in terms of
Bessel functions.

The solution to (A) is known to be

y(x) = c1dn(x) + Yo (2)
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Where J,(z) is Bessel function of first kind (order n). And Y, (z) Bessel function of
second kind (order n).

There is also the modified Bessel ODE which differ by a sign
2y +zy — (22 +n*)y=0 (B)
There is however a generalized form of (A,B). Which will be used below. (Bowman
1958). This form is
2y + (1 - 2a)zy + (B°7°2* — (n*+* —a?))y =0 (©)

Which is obtained by applying the transformation n = %,£ = 82" to (A). The above
has the solution

y(z) = z%(c1Jn(B2) + Yo (B27)) integer n (C1)
z%(c1Jn(BxY) + c2d_n(Bz)) noninteger n (C2)

2.3.2.13.2 Collection of transformations

This section shows number of transformations applied to second order linear ode in
order to make it of the form (A) or (B) if it is not already in that form. Once the ode
is in form A or B, then its solution is now known using Bowman transformation.

2.3.2.13.2.1 Example z%y" + 2/ + (az? —n?)y =0

2,1

2y +zy + (az® —n®)y =0 (1)
Comparing (1) to (C) shows that

(1-2a)=1
2y =2
0 = B2
=1
a=0

Solving shows that v = 1, 8 = 1/a. Hence the solution from (C1) can now be written
directly as

y(z) = a1 dn(Vaz) + Yo (Vaz)

Another way to obtain this solution is to use the transformation
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Which converts (1) to
z2y// _I_ Zyl _|_ ($2 _ ,02) y= O (2)

This is now in standard form (A) which has solution
Y(2) = c1d(2) + 2Yo(2)

Replacing back z = y/az in the above gives

y(z) = a1 dy(Vaz) + eY, (Vaz)

So the rule is that, the term is (az? —n?)y then we can just replace J,(r) and
Y,(z) in the standard solution with J,(y/az) and Y, (y/az). For example z%y" + zy’ +
(422 — 9) y = 0 will have the solution y(z) = c¢1J3(2x) + c2Y3(27).
2.3.2.13.2.2 Example z%y" +zy +zy =0

o2y + 2y + 2y =0 (1)
Comparing (1) to (C) shows that

(1-2a)=1 (2)
(82722 — (n*9? — 0?)) =z

Hence

/82721:27 =1

(n®y* —a?) =0 (3)

Which implies
2y =1 4)
By =1 (5)

N[

(2) gives a = 0. (4) gives v = 5. Substituting these into (3) gives
n=0
And (5) gives 8% = 4 or 8 = £2. Therefore from (C1) the solution is

y(z) = 2%(c1Jn(Bx”) + c2Yo(B27))
=cado (2\/5) + Y, (2\/5)
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2.3.2.13.2.3 Example z%y" + bxy' + (22 —v?)y =0
2y +bry + (2 —v*)y=0 (1)

Comparing (1) to the generalized form (C) 2?y"+(1 — 2a) zy'+(8%v*2* — (n®*y* — a?))y =
0 shows that

(1-2a)="b
2y =2
ﬁ272=1

(n272 _ a2) — 2

Hence v = 1,8 = 1. From first equation & = (1 — b). Using this in the last equation
gives

1
n2—1(1—b)2=02

1 2
2 _
n \/v +4(1 b)

Therefore the solution (C1) is
y(x) = z%(c1Jn(Bx) + Yo (B27))
= 23D (¢ J, (2) + 2 Yn())
For example, if b = 4, then the ode is z%y” + 4zy’ + (z*> — v?) y = 0 and the solution is

y(z) = 272 (c1Ju(2) + Yu(2))

_ 1 /[4v249
Where n = s\ g

2.3.2.13.2.4 Example zy" +y + Ay =0
zy’'+y +Ay=0 (1)
Where A is constant. Multiplying by z gives
22y + zy’ + Azy =0

Comparing the above to (C) z%y” + (1 — 2a) zy’ + (8%y22?" — (n?*y? — o?)) y = 0 shows
that
(1-2a)=1
Ar = ,82’)’2.7}27
(n?7? — a?) = 0
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Which implies o = 0,2y =1 or v = 1. Therefore 5%y* = A gives 2 = 4A or B = 2V/A.
And n = 0. Hence the solution (C1) is

y(z) = e1dy (2\/71\/5) + Y, <2\/71\/5)

Alternative and longer method is the following (this is kept just for illustration, as the
above method is more direct).

Using the transformation

=0
Hence
v=+x (2)
and % = ﬁi Therefore
dy _dydv
dr  dvdzx
_dy 1
C dv2yz
dy 1
= =— 3
dv 2v (3)
And
dy _ d(dy
dz? dzx \dz
d(dyl
" dz \dv2v
But d% = d%%. The above becomes
@y _ ddv(dy1
dz?  dvdz \ dv2v
_dvd (dy 1
" drdv\dv2v
But % = ﬁ = % Hence the above becomes
Py_1d (g1 “
dz?2  2vdv \ dv2v

But

dfdy 1\ _1(dyl dyl
dv\dv2v) 2\dv2v dvv?
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Hence (4) becomes
fy_L(dy1 i) 5

de? ~ 4dv\dvlv dvo?

Substituting (3,5) into (1) gives

L[ Pyl _dy1y | dy1
qo\dviv dvv?

But 2 = v2. The above becomes

4 v dvv? y2v
1, 1,1 , 1
< S Ay =
4y 4yv+y2v+ y=0
1, 1,1
2 S0 Ay =
4y +4y + Ay

Multiplying through by v?
viy" + vy + 44Av%y =0

The above of the form
vy’ + vy + (a®v® —n®)y =0
Where n = 0 and a? = 4A which has the standard solution
y(v) = c1dp(av) + c2 Yy (av)

Where J,(v) is the Bessel function of first kind and Y, (v) is Bessel function of second
kind. Since v = \/z and a = 2v/A then the solution for (1) becomes (using n = 0)

y(z) = e1do (NZ\/E) + oY, (NZ\/E)

For example, if A = ;. Then the ode zy” + ¢ + 3y = 0 and the solution above becomes

y(z) = Cljo(\/E) + csz(\/E)
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2.3.2.13.2.5 Example 3" — 1y =0
"—Zy=0 1
y' =y (1)
Multiplying both sides by z? gives
5L‘2y” —zy = 0

Comparing to (C) z%y” + (1 — 2a) zy’ + (8*y*z*" — (n®*y? — a?)) y = 0 shows that

(1-2a)=0
52721;27 =1
(nQ'yQ _ a2) -0
First equation gives o = % Second equation gives v = % and 3272 = —1. Therefore
B* = —4 or B = £2i. Last equation gives n?y* = } or n = 1 since 7* = ;. Hence the

solution (C1) is

y(z) = 2%(c1Jn(B") + c2Ya(Bz™))

By properties of Bessel functions, where J,(ai\/z) = i"I,(ay/z), then the above
becomes

y(2) = Va(ia L (2v7) + &Y (2iV7))

Alternative longer method is the following:

Trying standard transformation y = +/zY. The ode becomes

22Y" + 2y’ — (m-l—;l)Y:O

Using the transformation z = ¢? the above becomes
LY +tY' — (4> +1)Y =0

Finally applying the standard transformation ¢ = 1z to fix the term (4¢*+ 1) to
standard form the above becomes

ZY"+2Y — (2 +1)Y =0
This is modified Bessel ODE whose solution is known to be

Y(Z) = lel(Z) + CzKl(Z)
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Where I; is modified Bessel function of first kind and K is modified Bessel function of
second kind. But z = 2¢. Hence the above becomes

Y (t) = 1 [1(2t) + oK1 (2¢)
But ¢t = 1/z. The above becomes
Y(z) = ei]1 (2v/) + 2 K1 (2V/)
But y(z) = /zY (z) hence
y(z) = a1zl (2v7) + c2v/z K1 (2V/7)
2.3.2.13.2.6 Example 42%y" +4zy' + (x —4)y =0
Dividing by 4
o*y +zy + (}lx — 1) y=0

Comparing the above to (C) z%y” + (1 — 2a) 2y’ + (8%y22?" — (n?y? — o?)) y = 0 shows
that

(1-2a)=1
1

ﬂ272x2'y — Zx
(n2'72 _ 042) =1

Which implies @ = 0,2y = 1,5%y® = . Hence v = ; and B = 1. Last equation now
says n?y? =1 or n = 2. Hence the solution (C1) is
y(z) = z%(c1Jn(Bz") + 2Yn(Bz"))
= ClJZ(\/E) + cYs (\/5)

2.3.2.13.2.7 Example ¢y’ — ;lg;y =0

3
2

Multiplying by =

Multiplying by T2
z2y" — x%y =0
Comparing the above to (C) z%y” + (1 — 2a) zy’ + (8%y22?" — (n?y? — a?)) y = 0 shows
that
(1-2a)=0
ﬁ272 227 — x%

(n2,72 _ a2) —0
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= 1,8%y* = —1. Hence v = ; and % = —16 or B = +4i. Last
) =0 or n = 2. Hence the solution (C1) is

Which implies o = 1,2
equation now says (n’%& —

e

y(z) = z%(c1n(B2") + c2Yn(Bz"))
= \/5<01J2 <4ix%> + Yo <4z’x% )

By properties of Bessel functions, where J,(ai\/z) = i"I,(ay/z), then the above
becomes

y(z) = \/5(—01[2 (430%) + Y, <4z’x%>)

2.3.2.13.2.8 Example 2%’ — 2y + (z2+ 1)y =0
oy —zy+ (22 +1)y=0

Comparing the above to (C) z%y” + (1 — 2a) zy’ + (8%2722?" — (n?y2 — a?)) y = 0 shows
that

(1—2a)=-1
ﬁ222'y 2
—(nfy —a)=1

Which implies o« = 1 and v = 1 and $%y?2 = 1 or 8 = 1. Last equation now becomes
—(n?—1)=1or n? =0 or n = 0. Hence the solution (C1) becomes

y(x) = z%(c1Jn(B7) + c2Yn(B27))
= z(c1Jo(x) + c2Yo())

2.3.2.13.2.9 Example y"’ — 271y =0

Multiplying by T4

Multiplying by Tt
.’L‘2 y// _ x%y -0

Comparing the above to (C) z%y” + (1 — 2a) zy’ + (8*y*z*" — (n®*y? — a?)) y = 0 shows
that

(1-2a)=0

B2yt = i

(n*y* —a?) =0
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Which implies o = % and 2y = % or vy = g and ,82 22— _1or 132 — _(%1)2 _ _%. Hence
2—2) — =0,0rn= ‘—;. Hence the solution

B = i%. Last equation now becomes (n2(
(C2) for non integer n becomes

y(z) = 2%(c1Jn(B2) + caJ_n(B2"))
= \/E(clJé( 2; 7) +c2J_< g

2.3.2.13.2.10 Example "+ 2f —puf =0

00
00\\1

))

Multiplying by z?
L f"+ dzf + (—pa®) f=0 (1)

Using the generalized form of Bessel ode
?f" +af + (2> —n®) f=0 (A)
Which is given by (Bowman 1958)
22 f"+ (1= 2a)af + (B*y°2™ — (n*y* —o®)) f =0 (C)

Comparing (1) and (C) shows that

(1-2a)=2A\ (2)

,32 2 2'y M$2 (3)

(n*y” —a®) =0 (4)

(2) gives a = 3 — 2. (3) gives 2y =2 or v = 1. And (3) also Shows that 829% = —p

or = +/—u. NOW (4) gives (n2 — (3 -3 ) =0 or n = (3 — )). (taking positive
root). But the solution to (C) is gives by

y(z) = 2%(c1Jn(B2) + c2Ya(B27))
Therefore the solution to (1) is
y(q;) = x(%_%)‘)< % % (\/ .CU) + CzY(l 1>\ (\/ I))

Where J is the Bessel function of first kind and Y is the Bessel function of the second
kind.
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2.3.2.13.2.11 Example z%y" + zy’ + (> — 5)y =0
o’y + 2y + (2 =5y =0 (1)
Using the generalized form of Bessel ode
2y +zy + (27 —n?)y =0 (A)
Which is given by (Bowman 1958)
2y + (1 - 20) 2y + (B2%2? — (n*y* —a?))y =0 (C)

Comparing (1) and (C) shows that

(1—2a) =1 @)
oo = 2 @)
(n’y*—a?) =5 (4)

(2) gives @ = 0. (3) gives vy = 1 and B?y*> = 1 or B = 1. Now (4) gives n?>y?> = 5 or
n = v/5.But the solution to (C) is given by

y(z) = 2%(c1Jn(B2) + 2Yn(B27))
Therefore the solution to (1) is
y(z) = ad s5(7) + Y 5(z)

Where J is the Bessel function of first kind and Y is the Bessel function of the second
kind.
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2.3.2.14 Bessel form A type ode ay” + by’ + (ce™ — m)y = f(x)

ode internal name "second_order bessel ode form A

These are ode of the above form which can be converted to Bessel using transformation
z =In(¢).
2.3.2.14.1 Example ay” + by’ + (ce™ —m)y =0

An ode of the form
ay” + by’ + (ce™ +m)y =0 (1)

can be transformed to Bessel ode using the transformation
z =In(t)

e =t

Where a, b, c, m are not functions of x and where b and m are allowed to be be zero.
Using this transformation gives

dy _dydt
de  dt dz

And

dy  d?y
— t(E + tﬁ) 3)
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Substituting (2,3) into (1) gives

dy d% dy o re _

(aty’ + at’y") + bty + (ct” + m)y =0
at’y” + (b+a)ty' + (ct” + m)y =0
b+a c m
t2y" + ——ty' + (—t” + —) y=0 4)
a a a
Which is Bessel ODE. Comparing the above to the general known Bowman form of
Bessel ode which is

t2y" + (1 — 2a) ty’ + (52721527 — (n2'y2 — a2)) y=0 (C)

And now comparing (4) and (C) shows that
b+a

1—2a)= 5
(1-20)= "7 )
2,2 _ €

=- 6

Fr = (6)

(42 —a?) = -2 8)

a

(5) gives a = § — &2 (7) gives v = %. (8) now becomes <n2(§)2 - (3- %“)2) =-1
or n? = Gk o)) Hence n = 2\/_m + (3 - ”‘"—“)2 by taking the positive root
N (5)° ' Tor a 27 2a Y g p '

And finally (6) gives f* = 5 or B = /22 = /22 (also taking the positive root).

ay?
Hence

1 b+a
a=—-—
2 2a
n—2 m+ 1 b+a)?
Cor a 2 2a
c?2
B=1/22
ar
T
773

But the solution to (C) which is general form of Bessel ode is known and given by

y(t) = t%(c1Jn(BtY) + Yo (B1Y))
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Substituting the above values found into this solution gives

1 bta c?2 r c2 T
S (clji —f:+(;—b;;>2< o) e, —m+(;—?:)2(\[5;t2)>

Since e* = t then the above becomes

r(Ll_bta c2 T c2 T
y(z) =e (2 2 ) (ClJz —ﬂ+<%_u)2 (\/;;e 2) +02Y% —%-F(%—I)Taa)z (\/g;e 2))

=b 2 T 2 T
=e ( “> cJ 2(\/§—e’”2) + Y 2<\/§—e$2>

tf ez War ey \Var
x —=b C2 L C2 T

= € ( ‘1)(01J72" _%_’_% (\/g;e 2> +CQY% _%_’_% (\/;;e 2))
xT ;b C2 mz 62 QJE

=e ( a) (CIJ;% 4”:;_5b2 (\/g;e 2) +CQY% 47,:12+b2 (\/g;e 2))

C

e
S N
Q
8
(SR
N——
N———
—~
Ne)
N

(3 2
=e\*/ a1/ gmarme 5;62 + Y1 mae

Equation (9) above is the solution to ay” + by’ + (ce™ + m)y = 0. Therefore we just
need now to compare this form to the ode given and use (9) to obtain the final solution.

Let us now apply this to an example for illustration. Given the ode
y'+ (€ —4)y =0

Comparing the above to ay” + by’ + (ce™ +m)y = 0 shows that a = 1,b=0,c = 1,7 =
2,m = —4. Hence the solution (9) becomes

z(;b> c2 ,r c2 .
y(z) = e/ | e Ly gmanse art’ + Y1 et e

= clJ%m(ez) + CQY%\/E(G:E)
= c1J2(€%) + c2Ya(e”)
= ¢ BesselJ (2, €”) + c; BesselY (2, €%)

Another example for illustration. Given the ode
Y'+y +(e"—4)y=0

Comparing the above to ay” + by’ + (ce™ +m)y = 0 shows that a = 1,b=1,c=1,r =
1,m = —4. Hence the solution (9) becomes

@) =) (el (267 ) + exY e (2672 )
—e2 (clJm(Qe%) + CQY\/ﬁ<26%))
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Another example for illustration. Given the ode
y// + (e2z _ n2)y =0

Comparing the above to ay” + by’ + (ce™ +m)y = 0 shows that a = 1,b=0,c = 1,7 =
2, m = —n?. Hence the solution (9) becomes

z(;b> c2 ,r c2 ,
y(:l:) = e '\2a Clji\/m 5;6 2 +C2Y71a\/m a;e

= 11 gy (€7) + @Y1 gy (€F)
= c1Jn(€°) + Y, (")
= ¢ BesselJ (n, €°) + c; BesselY (n, %)

N[
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2.4.1 Exact nonlinear second order ode F(z,y,y,y") =0

ode internal name "exact_nonlinear second_order ode"

(not implemented yet)

2.4.1.1 Introduction and terminology used

An ode F(z,y,y’,y") = 0 is called exact if there exists a function R(z,y,y’) with order
one less that of the ode, such that

' d /
F(xay7y7y ): %R(xayay)

Which also implies that R = ¢ some constant, because F' = 0. In the above R(z,y,’)
is called the first integral of the ode F' (also called the reduced ode), because

R=/Fdz+c (1A)

An important property of first integral is the following. If we write the ode F'(z,y,y',vy") =
0as y’ = ®(z,y,y’) which we can always do, then

R.+yR,+®R, =0 (1B)

Lets see how this works. Given the ode y” + xy’ + y = 0 which is exact as is from the
exactness test py” + qy' + 7 = 0 which is p” — ¢ +7r =0, hence p = 1,q = z,r = 1,
therefore —1 + 1 = 0 which is true. Therefore we can write because we can write
y' +xy +y=0= (v + B(z)y) and find that B = z, Hence

y' +ay +y=(y +zy)
Where y' 4+ zy = 0 is the reduced ode.
R=9y +uxy

For the original ode y” + zy' + y = 0, it can be written as y” = —(zy’ + y), therefore
® = —(2y + y). Eq (1B) now becomes

R, +yR,+ PR, =0
y+yz—(zy +y) (1) =0
y+yz—ay —y=0
0=0
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Verified. Here is another example. Given the ode (z — 1)* ¢ +4y'z + 2y — 2z = 0, this is

exact because we can write (z — 1)° y”+4y/z+2y—2z = d((2z+2)y+ (22 — 20+ 1)y — z?),
hence the first integral (or the reduced ode) is R = (2z + 2)y + (2> — 2z + 1) ¢/ — z°.

The original ode can be written as y” = —%—211’);2””), therefore ® = —%—211’);2’”). Eq

(1B) becomes

R, +yR,+ PR, =0

dy'x + 2y — 2
0=0

2y + 2zy — 2y’ — 2z) +y'(2z +2) — <

Verified. Equations (1A) and (1B) are important as they will be used to determined an
integrating factor when the ode is not exact.

2.4.1.2 Test for exactness

The following shows how to determine if F(z,y,y’,y”) = 0 is exact or not (without
having to find the first integral R). This is based on page 164 in Murphy book. The
second order ode must be of degree one. If it is, it can not be exact. The ode is exact iff

OF _d (OF, @ (OF\_, 0
Oy dz\ oy dz2\oy" )
This turns out to be the same thing as using p” — ¢’ +r = 0 on the ode py” — ¢’ +r = 0.

Let us apply the above test on second order ode which is known to be exact to see how
it works. The ode is

F(z,y,9,y")

0
zy"+(@y—-1)y =0

Hence the above test gives

d d?
(g —1 el —
V— Ly =1)+ () =0
yl_yI:O

0=0

Confirmed. Since the ode is linear, we could also apply p” — ¢’ + r = 0 to check, which
is simpler. Here p = z,q = (y — 1) ,7 = 0. Therefore
pl/ _ q/ + r = 0
0-0+0=0
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The form (1) is given in Murphy book which is more general since it works on nonlinear

and linear odes while p” — ¢’ + r = 0 is meant to be used for linear second order odes.

In implementation of the solver this is the same type of ode as "second order integrable
as is" ode which is described below. I should merge these together. if a second order
ode is exact, then it is also integrable ode as is. This is by definition of exactness above.

2.4.1.3 Examples showing how to check for exactness

2.4.1.3.1 Example 1

1
yl/ + %y/ _ - — O
Yy Yy
T 1
F(xay’y/)y”) = y” + _2yl -
Yy Yy

Applying the test

OF _d (OF\, & (0F\ _,
Jdy dz\ 0oy dz2\oy" )

Therefore

Hence (1) becomes

oF 2 , 1

Jy Y3 Y y?
oF _z

oy >

oF

8y1/ = 1

2, 1 d [z d?
() () + a0 =0

2

!
Therefore this exact. We see that (y’ — 5)

is integrable as is. Which means

1 1 2z
/ —
y+?)_(?_ y3)_0

0=0

1)

T (i + “yi,2> Which implies the ode

2)
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Which can now be solved. In the above R(z,y,y') = (y’ - %) In other words F' = %R.

Hence

d
—R=0
dz
Integrating gives
/ didex =c
/ dR=c
R=c
y— T =c
Yy

Which is the same as (2) above but shows how it came about more clearly.

2.4.1.3.2 Example 2

38y" +yy' =0
F(z,y,9,y") = 38y" + yy/
Applying the test
OF _d (OF\ & (OF\ _, "
Oy dx \ oy dz2 \ dy" )
Therefore
oF _
oy y
OF
oy "
OF
8y// = 3/3
Hence (1) becomes
d d?
/ — — —_— =
¥) = W)+ 53E8)=0
y—y =0

0=
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/
Therefore this exact. Therefore we see that (y—; + 358y ) = 36y" + yy’ = 0. Which
implies the ode can be written as

/ (y;+35y’) dz =0

2
%+3ﬂy’=c

Solving this first order ode gives the solution

y = tanh <6ir¢a(cQ + ) \/§> V2y/er

2.4.1.4 How to solve the ode once it is determined it is exact

In the examples above we did not show how to obtain or find the first integral R(z,y,y’).
Given an ode F(z,y,y’,y") = 0 which is determined to be exact as above, then how to
solve it? This is done by first finding the first integral R. We need to find R(z,y,v’)
such that

1! d /
F(z,y,y,9y") = %R(w,y,y) =0

Once R is found, then we need to solve the first order ode R(z,y,y’) = ¢ where R
is now one order less that F' so it should be simpler to solve. This ode might require
another integration factor to solve depending on what it type turns out to be.

This reduces the order of the ode from second to first order (since R is first order). To
find R(z,y,y’) the first step is to write the given ode in this form

F(z,y,9,y") = f(z,9,9)y" + 9(z,9,¥) (1)
We know what f, g are in the above by reading them from the given ode. But

d
F=—R '
G
_ORde  ORdy  ORdy
Oz dx  Oydr Oy dx
=R, + Ryy' + Ryy" (1A)
And since y” = ®(z,y,y’) then the above can also be written as
F =R, + Ry + @Ry
The above is same as Eq (1B) in the introduction above. Comparing (1,1A) shows that
f =Ry (2)
g=R.+ Ry (3)
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At this point it is easier to replace ¢y’ by p. The above becomes
f= Rp (2)
g= Rz + Ryp (3)

Using (2,3) we are able to determine R. Note that R must exist since we checked the
ode is exact and hence must have a first integral. This method similar to how we find
R for an exact first order ode.

Starting with (2) and integrating it w.r.t. p gives

R= [ fdp (a9 (4)

Where ¢(z,y) acts like an integration constant but since R depends on more than
one variable, it is now an arbitrary function of the other variables z,y. If we can find
¥(z,y), then R is found, since f is known. To find 1, we differentiate one time w.r.t.
z and another time w.r.t. y and substitute the result in (3). This gives

0= (5[ 100) +vsem) + (5 [ 100) +wsem))p @

In the above the terms 2 ([ fdp) ,a%( [ fdp) are known, since everything is known.
The only unknowns are ¢, (z,y) , ¥,(z,y). Comparing terms in (5) we can generate two
equations for 1,1, and by integrating them we find 1. Examples below show how to
do this as this is easier explained using examples.

2.4.1.4.1 Examples finding first integral R(z,y,y’) for an exact second order
ode

2.4.1.4.1.1 Example 1
vy’ + ()" + 2azyy + ay’® =0
Comparing this to F(z,y,v,v") = f(z,v,v)y" + g9(x,y,y’) shows that
f=y
9= ()" + 2azyy + ay’
= p? + 2azyp + ay?

Therefore (4) becomes

R=/f®+¢@w)
=yp+¢(z,y) (1A)
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Hence (5) becomes

o= (g sn) +0.) = (5 (f 100) +0.)
p* + 2azyp + ay® = (%(yp) + ¢x) + ((%(yp) + %) p

But %(yp) = 0 since y,p are held constant. It is important to watch for this here.

_ N . . aof
Given f(z,y) = 3z + y(x) where y is function of x, then when we do ZI the result

is 3 and not 3 + y’ because with partial derivatives the y is held constant. Similarly
a%(yp) = p?. The above becomes

P’ +2azyp+ay’ =y, + (p+,)p
=, +p* + Pp
2azyp + ay® = Y, + Yyp

Comparing terms shows that

2azy = 1, (2A)
ay2 =Yy (3A)

Integrating (2A) w.r.t y gives
Y = azy® + h(x) (4A)

Differentiating the above w.r.t. z gives ¥, = ay® + h/(z). comparing this to (3A) above
gives ay® = ay® + h/(z), hence h'(z) = 0 or h(z) = c. Therefore (4A) becomes

Y =azxy’ +c
Substituting the above in (1A) gives
R=yp+azy’ +c
Therefore, since R = ¢; a constant, then the above becomes (by merging the constants)
yp + azy® = ¢
vy +azy® = cy

This is the reduced ode which needs to be solved for y. The above says that R =
yy' + azy® + co. To verify, let us apply F = - R. This gives

d
vy + () + 2azyy + ay® = o (yy + azy® + )
=y'y +yy" + ay® + 2azyy’
=y + ()’ + 2azyy + ay?

Verified.
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2.4.1.4.1.2 Example 2
y' +zy' +y=0
F(z,y,9,y") =0

This ode is not nonlinear, but let us apply this method to it anyway. First we need to
determine if it is exact or not. Applying the test

OF _d (OF\, & (0F\ _,
Oy dx \ 0oy dz2 \ dy" )

d d?
1-1=0
0=0

So it exact. Comparing this ode to F(z,y,v',v") = f(z,y,¢)y" + g(z,y,y’) shows
that

f=1
g=zy +y
=ap+y

Therefore (4) becomes

R= [ fdp ()
=p+Y(z,y) (1A)

Hence (5) becomes

1= (2 ) o)+ (5[ ) 1)
Tp+y = (%Hbz) + (g—§+¢y)p

Op _
oy

Tp + Yy =P, +Pyp

But % = 0 since y is held constant. And 0. The above becomes

Comparing terms shows that

T =1,
y=¢w
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Integrating the first equation gives ) = zy + c. Hence (1A) becomes
R=p+zy+c
Therefore, since R = ¢; a constant, then the above becomes (by merging the constants)

pt+axy=co
Y +ay=c

This is the reduced ode which needs to be solved for y. Solving gives

) 2 —z2 —1‘2
y =erf <2\/2_x> e ctee

2.4.1.4.1.3 Example 3
yll _ ny/ — O
F(z,y,y,y") =0
First we need to determine if it is exact or not. Applying the test

OF _d (OF, @ (OF\ _,
Jy dz\O0oy dz2\ oy’ )

Cd &
~2 = (2 + o5 (1) =0

dx
—oy 23 () = 0
-2y +2y =0
0=0

So it exact. Comparing this ode to F(z,y,v,v") = f(z,y,¥)y" + g(z,y,y’) shows
that

Therefore (4) becomes

R=/f@+¢@w)
=p+¢(z,y) (1A)
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Hence (5) becomes

1= (2 w5+ (3 ) +5)
—2yp = (g—i + wz) + (g—z + wy) p
—2yp = u + Yyp

Comparing terms shows that

_2y:¢y
0=1,

Integrating the first equation gives ¢ = —y? + h(z). Differentiating this w.r.t. z gives
¥, = h/(z). comparing this to the second equation above gives 0 = h'(z), hence h(z) = c.
Hence 1 = —y? + c. Therefore (1A) becomes

R=p-y*+c
Therefore, since R = ¢; a constant, then the above becomes (by merging the constants)

p—y2202
Y-y =0

This is the reduced ode.
2.4.1.4.1.4 Example 4
(x—1)°y" +4zy +2y — 22 =0
F(z,y,9,y") =0
First we need to determine if it is exact or not. Applying the test
OF _d (0F\ & (9F\ _,
Oy dx \ oy dz2 \ dy" )
d d? 2
2—%(430)4-@((%—1) )=0
d
2—-44+—2(x—-1))=0
+ (- 1)

2—-4+2=0
0=0
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So it exact. Comparing this ode to F(z,y,v,y") = f(z,v,¥)y" + g9(z,y,y’) shows
that

f=@-17
g=4xy + 2y — 2z
=4xp+ 2y — 22

Therefore (4) becomes

R=/fdp+w(x,y>

= (z - 1)’ p+1(z,y) (1A)
Hence (5) becomes
g= (%(/f@) +wz> ¥ (a%( fdp) +wy)p
dzp+ 2y — 2z = (a%((x —1)°p) +¢x) + a%((“’ —1)%p) +z/)y) p
dzp+ 2y — 2z = 2p(z — 1) + ¢, + Yyp

dop+2y — 2z =p(2(z — 1) + ) + ¢s
Comparing terms shows that

4 =2(x— 1)+,

2y — 2x = Y,
Or
2z +2 =1,
2y — 2z =1,

Integrating the first equation gives ¥ = 2zy+2y—+h(z). Differentiating this w.r.t.  gives
¥, = 2y+h'(z). comparing this to the second equation above gives 2y — 2z = 2y+h/(z),
hence W (x) = —2zx. Hence h = —x? + c. Therefore ¥ = 2zy + 2y — 22 + c. Eq (1A)
becomes

R=(z—-1>2p+2zy+2y—2*+c
=@z-1)>%y+2y+2y—a*+c

Therefore, since R = ¢; a constant, then the above becomes (by merging the constants)
(x—1)%y +2zy+2y — 22 =

Which is the reduced ode to solve.
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2.4.1.4.1.5 Example 5

y//_y/ey =0
F(z,y,9,9y") =0

First we need to determine if it is exact or not. Applying the test

OF _d (OF, @ (OF\ _,
Oy dz\O0y dz2\ oy’ )

So it exact. Comparing this ode to F(z,y,v,v") = f(z,y,v)y" + g(z,y,y’) shows
that

Therefore (4) becomes

R= [ fap+9(a,y)
=p+9(z,y) (1A)

Hence (5) becomes

o= (2 ([ 1) +ve) + (5( [ 530) + )9

Comparing terms shows that

0=1s
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Integrating the first equation gives 1 = —e¥ + h(x). Partial differentiating this w.r.t. =
gives 1, = h'(x). comparing this to the second equation above gives h'(z) = 0, hence
h(z) = c. Hence h = —x? + c. Therefore 1) = —e¥ + c¢. Eq (1A) becomes

R=p—-e'+c
=y —e+c
Therefore, since ¢ = ¢; a constant, then the above becomes (by merging the constants)
Yy —e'=c

Which is the reduced ode to solve.

2.4.2 nonlinear and not exact second order ode

2.4.2.1 Introduction

There seems in the literature two main approaches for handling this. One is to find an
integrating factor 4 which makes the ode exact, then it can be solved as shown above.
The second approach is to find the first integral directly from the form of the ode itself.
There are many methods to do this. I will go over the integrating method first, then
the second method after that.

2.4.2.2 Solved by finding an integrating factor u

ode internal name "exact_ nonlinear second_ order_ode_ with_ integrating factor'

2.4.2.2.1 Introduction

Not implemented yet. The above section showed how to solve the ode F(z,y,v,y") =
0 once it is determined it is exact as is, which is by finding the first integral R. But
the real problem is what to do if the ode is not exact as is?. Given the second order
nonlinear ode

F(z,y,9,y") =0
Which is not exact as is (using the earlier test shown), then we need to either find an
integrating factor u to make it exact (this integrating factor might or might not exist)
or try to find the first integral directly without finding an integrating factor first. There
are few papers that show how to do this for some types of nonlinear second order odes.

Using an integrating factor approach, If we are able to find p, then the ode can now be
solved as type "second order integrable as is" or as type "exact nonlinear second order
ode" as shown in the above section. (need to merge these types).
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As mentioned earlier, an ode F(z,y,y’,y") = 0 is called exact if there exists a function
R(z,y,y’) (called first integral) with order one less than the order of the ode, such that

d
F oy — & /
(z,y,9,y") de(:v,y,y)

If the ode is not exact, then we need to find an integrating factor of any of these forms

(@), w(y) , wy') , w(z,y) , w(,y') , w(y,y') such that pF(z,y,y',y") is now exact and
hence

o d /
,LLF(.I,y,y,’y/) = %R(Z',y,y)

The main difficulty is how to find u. Few papers were written on this (but I found them
all not very clear as they give no examples).

Finding p with first order ODE is easy. But not so easy with second order ode’s. Note
that in the above, an integrating factor of the form u = pu(x,y,y") will not be considered
as finding such an integrating factor requires solving a pde which is harder than solving
the original ode. There two relations are important in order to find p

R=Gz,y) + / udy/ 1)
=G(z,y) + /udp

Where p = 3/ and G is some function to be determined. As was derived in the intro-
duction of the earlier section, we also have the relation

R, +yR,+ PR, =0 (2)

2.4.2.2.2 Integrating factors by inspection.

These are not yet implemented. Before going through the formal way to find u for non
exact second order nonlinear ode, there is a table given by Murphy which we can utilize
before searching for p as a lookup table. Writing the ode as y” + g(z,y,y’) = 0 the
table is

9(z,y,y’) form integrating factor

/

9(y) (i.e. function of y only)

g(v') (i-e. function of 3’ only)

p(z,y) Y + Q(z,y) (v)
0! ol
p(z,y) + Q(z,y) ¥’ such that 32 = 29

SUSIEUSIENERES

The above integrating factors are from Murphy book page 165.
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2.4.2.2.3 Integrating factor u(z) that depends on z only

Not implemented.

2.4.2.2.4 Integrating factor u(y) that depends on y only

Not implemented.

2.4.2.2.5 Integrating factor u(y’) that depends on y' only

Not implemented.

2.4.2.2.6 Integrating factor u(z,y)

Not implemented.

2.4.2.2.7 Integrating factor u(z,y’)

Not implemented.

2.4.2.2.8 Integrating factor u(y,y’)

Not implemented.

2.4.2.2.9 Checking if an integrating factor exists (but not find it)

An example is

zy(2z +y)y" + (¢® +2y) v + Bry +y*) =0
to do.

2.4.2.2.10 References
1. book: Ordinary differential equations and their solutions by George M. Murphy.

2. paper: "Integrating Factors for Second-order ODEs" by E.S. Cheb-Terraba, and
A.D. Roche.

3. Handbook of Mathematics for engineers and scientists. By Polyanin and Manzhi-
rov. Page 492.
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2.4.2.3 Solved by finding the first integral directly

ode internal name "exact_ nonlinear second_ order_ode_using first_integral"

2.4.2.3.1 Introduction

Not implemented yet. This uses point Lie symmetry.

The above section showed how to solve the nonlinear ode F(z,y,y’,y"”) = 0 once it
is determined it is exact as is, which is by finding the first integral R directly without
finding an integrating factor first. This below gives few ode forms with the corresponding
first integral R to use and how to find R. These are collected from few papers I am

studying now.

2.4.2.3.2 ode of the form y" + ay(z,y) (v')* + a1(z,y) v + ao(z,y) = 0

From paper (On first integrals of second-order ordinary differential equations by Romero
et all), this is called class B. The first integral is

d 1
&= YO ey By

dz
where C;, = 0. Another class of ode’s is called class A with first integral

d 1

~R
dz A(z,y)y' + B(z,y)

This is subset of class B.

2.4.3 ode is Integrable as given

ode internal name "second_ order_ integrable_as_ is"

This is the same as "exact_nonlinear second_order ode". Can be linear or nonlinear.
But must be of degree one. ODE is integrable as is w.r.t. the independent variable z.
Need to merge type names into one.
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2.4.3.1 Example 1
zyy’ +2(y)’ —yy' =0
Integrating both sides gives
/ zyy’ +2(y)’ —yy'de = &
zyy —y’ =
! — & + y
Yy T
_a+y
=
- C1 + y2 1
= y "
Which is separable and easily solved.
2.4.3.2 Example 2
1
n__
T )
2y)y = -1
With IC
y(0)=1
y(0)=-1
Integrating both sides gives
/2(y’)2 y'dx = /—dm
2, ,3
W)’ = —z+c
3
W) =—Sa+a
2
Hence
3 3
= (-3o+e) 0
1 3 3
h=-(-1} (-3o+a) ®
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Trying solution (1). Integrating gives
3 3
y1 = / (—Ex + Cl) dz + co
4
=M ) 4
= 9 2:13 C1 Co
Applying y(0) = 1 gives
1 4
1= —§ci°’ +c 4)
And y/(x) gives
3 3
Yy = (‘535 + Cl>
Hence y'(0) = —1 gives
1
-1=¢}
No solution. Trying solution (2). Integrating gives
1 3 3
yo = —(—1)3 / (—530 + cl) dz + co
v 1/ 3 s
=—(-1)3 ) —Ez—l—cl + ¢ (4A)
Applying y(0) = 1 gives
1 /1 4

And yj(x) gives

Hence y/(0) = —1 gives

ol

1= _<_%);’ (261)
1= (-1)% (e1)?

No solution. Finally we will try ys. Integrating gives

y3=(—1)§/(—gm+cl> +c
= (—1)% (—%(—gaz—l-cl)g) +co

=
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Applying y(0) = 1 gives

And y4(z) gives

W=

(o) = (-)F (~3o+a)

Hence y'(0) = —1 gives
2 1
1= (1)} (o)}

Solving gives ¢; = —1. Substituting into (6) gives

Hence solution is

This problem shows that out of the 3 solutions, only one was valid.

2.4.4 ode can be made Integrable F(z,y,y") =0

ode internal name "second_ order_ode_can_be_made_integrable"

Can be linear or nonlinear. These are ode’s which become integrable if both sides are
multiplied by %’. For this method to have chance of working, the original ode must not
have 3y already in it.
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2.4.4.1 Example

2" — eV =0
Multiplying both sides by ¥’ gives
2y'y" — e’ =0
Integrating
/ (2y'y" —y'e¥)dx =
W) —e=a
Hence

Y =xvev+

Each of the above is separable, which are solved by integration.

2.4.5 Solved using Mainardi Liouville method

ode internal name "second_ order_nonlinear_ solved_ by _mainardi_ lioville_method"

2.4.5.1 Introduction

This shows how to solve the nonlinear second order ode of the form

y'(2) +p(@)y () + q(y) (¥ (2))° = 0 (1)

For this method to work, in the above p(x) must be either a function of x or a constant.
It can not depend on y. And in the term ¢(y) [/ (z)]?, ¢(y) must be only a function of
y or a constant. It can not depend on z.

For an example this method will work on y” + v + yy?> = 0 and on y” + sin (z) ¥/'(z) +
y(y')* = 0 and on 3" +sin (z)y' + (1 4+ y) (¥')*> = 0 but not on y” 4+ + zyy? = 0 and
not on y” + sin (y) v’ + yy? = 0.

This is implemented in my ode solver as type 18. The first step is to divide (1) by ¥/(x)
which gives

— +p(x)+q¥)y =0 (2)

Yo~ —q(y)y - (o) (3)
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The LHS is £(Iny’) and the term ¢(y)y/(z) is (diy [ a(y) dy) % — 4 [4(y)dy. This
is the reason why ¢ can not depend on z, In order to be able to evaluate the integral.

Using this (3) now becomes
v _ (4 -
i ( T / q(y) dy) p(x)

%(lnyl) = —<% /q(y) dy) — ()
L myy+ L / q(y) dy = —p(z)

dx dx
e (wy+ [ ady) = st
7o\ 10y qy)dy ) = —p
Integrating gives
Iny + / q(y) dy = — / p(z) dx (4)

And this is the reason why p can not depend on y. In order to able to integrate the
RHS above. Once [ ¢q(y) dy and [ p(z) dz are evaluated, then y is found and this gives
first order ode in y which is easily solved.

2.4.5.2 Example
y' + B +2)y +yly]’ =0
Comparing to
y'(2) +p(@)y () + ay) [y (@) = 0
Show that p = (3+ z) and ¢(y) = y. Hence the conditions are satisfied to use this
method. Therefore equation (4) becomes

1ny’+/q(y) dy = —/p(w) d
lny’+/ydy=—/(3+x)dx

2 2
Y 3+ x)
lny + % = —~—"—"2
ny + 9 9 +c
3+z)° ¢
1 /__( _ g
ny 9 9 +
Hence 2
B+2)? _y?
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This is separable.

Integrating gives

2 2)2
/ey2dy=/cle_(3+2) dx + co

_%@erf <éy> \/_erf <\/_ \/_) +co

And the above is the implicit solution for y.

2.4.6 ode with missing independent variable z or missing
dependent variable y(x)

A nonlinear ode with missing x has the form

y'+ 1) +9(y) =0 (1)
Where f(y') and g(y) can be nonlinear functions (one or both of them). If both are

linear, then there is no need for this method to be used. For missing x the substitution
y'(z) = p(y) is used. For nonlinear ode with missing y which has the form

y'+ F(z) f(y) +9(x) =0 (2)
Where F(z), g(z) are functions of z (or constants) and f(y’) is nonlinear in y'. For this

case the substitution y'(x) = p(z) is used instead. The following gives examples of each
method.

Both methods reduce the order of the ode by one resulting in first order ode where the
dependent variable is p which is then easily solved for p. This now results in another
first order ode in y which is then easily solved.

2.4.6.1 Missing independent variable x

ode internal name "second_ order_ ode_ missing x"

Given
y'+ ) +9ly) =0 (1)
Let p = ¢ then y” p = (‘Z Z?; = %p and the ode becomes
dp
ot fp)+9(y) =0 (2)

Which is now a first order ode.
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2.4.6.1.1 Example 1

yy// _ (y/)2 -1
Let p = ¢/ then ¢ = pg—g. Hence the ode becomes

This is separable.

%1n(p—1)+%ln(p+1)=lny+c
Or, assuming p—1>0,p+1>0
In(p—1)+In(p+1)=2Iny+2c
In((p-1)(p+1) =y’ +a
(p— )(P+1)_Czy
—-1=

P Z/
p :02y +1

p==v1+cy?

But p = ¢/(x). The above becomes
Y (z) = /1 + coy?

Hence

This is first order ode which is separable. The first one gives

y' () =1+ cy?
dy

Vitey?

/—dy —/da:

VIitey?

1

? (@y-l-\/l—l-czy)—z—l-c?,
n(@y+\/l+62y2>=\/5x+\/603
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Where cs, c5 are constants. Similar solution result for the negative ode.

2.4.6.1.2 Example 2

y' +ay(y) +by’ =0 (1)
Let p =9/ then ¢ = pg—g. Hence the ode becomes
dp
- by =0 2
Pgy TouP+by (2)
Which is now a first order ode.
dp y’
— = —ay +b>— 3
a y+b 3)

Solving for p gives

244
(ln (=by* + ay’p + 2p°) Via® + 8b + 2a arctanh ( az” +2p )) =c

1
4/a? + 8b y2v/a? + 8b

Then y is found by solving ¥’ = p, another first order ode.

1 ax?® + 4y
———(In (=by* + av® +2(¢/)* va2+8b+2aarctanh(—)>:c
e +8b< (b + v’y +2)°) v>\/a® 1 8b !

But this second one could not solve. Actually ode (3) is homogeneous, class G and
should use formula given in Kamke’s book, p. 19. but I have yet to implement this.

2.4.6.1.3 Example 3

2yy" —y® —2(y')° =0 (1)
With IC
y(0) = —1
y'(0) =0

Let p =y then ¢y’ = pj—i. Hence the ode becomes

dp 3 5
2up— —y° —2p° =0 2
ypdy Yy D ()

dy 2py
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Which is first order ode in p(y) of type Bernoulli. There are two solutions
P=yYVy+a (3)
P2 = —Yvy+c1 (4)
But p = ¢/ hence the above becomes
y'(z) = yvy +a (3)
y(z) =-yvy+a (4)

Solving (3). At z = 0 we have y'(0) = 0,y(0) = —1 hence the above becomes

O:—l\/—1+01
0=+v-1+¢c
Cl=].

Hence (3) becomes

This is quadrature. Integrating

dy
yvy +1
—2arctanh <\/y + 1) =T+ co

=dz

At z = 0 we have y(0) = —1 and the above becomes

—2arctanh (V-1+1) = ¢
¢z = —2arctanh (0)

02:0

Hence the solution is
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—2arctanh ( y+ 1> =z
arctanh ( Y+ 1) = —g
y + 1 = tanh <_§)
x
.
tan 5
y + 1 = tanh? (g)
- (7)1
y = tan 9
Solving (4)
At x = 0 we have y'(0) = 0,y(0) = —1 hence
0 = 1\/ —]. —|— C1
0 =V -1 + C1
C1 = 1
Hence (4) becomes
y(@)=yvy+1
Which gives same solution as before. y = tanh® (2) — 1
2.4.6.1.4 Example 4
2y —e¥ =0 (1)
With IC
y(0) =0
y(0)=1
Let p =9/ then ¢ = pg—z. Hence the ode becomes
dp
oL v =
2Py — o 2)
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This is separable.
2/pdp=/eydy
P=e+a 3)

Before solving this, we should apply IC now as it simplifies the solution greatly. This

assumes both y,y’ are are given at same point zo. Which is the case here. If only one
IC is given (such as y(0) or 3'(0) but not both, then we can not apply IC now and have

to do it at the end).

We are given that y'(0) = p

Hence (3) now becomes

but p = ¢’ hence

For y(0) = 0 we obtain

Hence (4) becomes

1,y(0) = 0, hence the above reduces to

1=€e"4+¢

0120

YW _ i
Jer
2
ﬁ:—$+62
2262
=—z+2
2

(4)

(2.3)
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For the negative solution

Yy =—Vev
Integrating )
ﬁ =T+ C (5)
At y(0) =0
2= Co
Hence (5) becomes
2
e
2
y =
ver z+2

e¥ = 2 i
S \z+2

2
=21
Y2 n(z+2)

However, this solution do not satisfy y’(0) = 1 so it is discarded. Hence the solution is

only
2
Y1 = 21n (2 — 5(,‘)

This is same example as above, but here we delay applying IC to the very end to see
the difference. This method is more general, but makes solving for IC harder.

2.4.6.1.5 Example 5

2y —e? =0 (1)
With IC
y(0)=0
y(0)=1
Let p = ¢/ then ¢ = pg—z. Hence the ode becomes
23—51) =eY

This is separable.
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but p = 3 hence the above becomes

W) =¢+a

Y =+Ver +¢

This is quadrature. For the positive solution

)
2 arctanh (ﬂ) = —2/e — e/
=)

arctanh T = — T — 9
velta = tanh —wﬁ — c2v/er
Ve 2 2

e+ = <\/c_1tanh(— 5 T g
2
e¥ = <\/c_1tanh (— @—62\2/5)> -

Now we have to use (2) and take derivative and solve for ¢;,co. Much harder than if
we have applied IC to each solution earlier.

2.4.6.1.6 Example 6
2y" —sin(2y) =0 (1)
With IC
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Let p =y then ¢’ = pg—z. Hence the ode becomes

dp _ .
2pd_y = sin (2y)
2pdp = sin (2y) dy

/2pdp = /sin (2y) dy

1
p? = —5 cos (2y) +

At £ =0 we have p =1,y = —7. Hence the above becomes

1= —5 ¢os (—7) + ¢

1
= —5 cos (M) + ¢

Therefore (2) becomes
e 1 1
(y'(2))" = =5 cos (2y) +

Need to solve and apply IC y(0) = —7% to finish.

2.4.6.2 Missing dependent variable y(z)

ode internal name "second_ order_ ode_ missing y"
Given

y'+ F(z) f(y') + 9(z) =0
Let p = ¢ then y” = p’. Hence the ode becomes

P+ F(z) f(p) + g(z) =0

Which is first order ode.
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2.4.6.2.1 Example
Y + @) +y =0 (1)
Let p = ¢/ then y” = p’. Hence the ode becomes
pP+p+p=0 (2)

Which is now a first order separable ode. Its solution can be easily found to be

_ 1
et —1
Hence

1
/ —_— —
Y (z) P

Which is now solved for y(x) as first order, which gives by integration

y=In(cie®* —co+1)—x

2.4.7 Higher degree second order ode

ode internal name "second_ order_ode_ high_ degree'

These are ode’s with the second derivative raised to power not one. Solved by solving
for y” which generates all roots and now each ode is solved.
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3.1 Linear higher order ode

3.1.1 Linear ode with constant coefficients
azy” + a2y” + a1y’ + agy = f()
3.1.1.1 Solved by finding roots of characteristic equation

ode internal name "Higher order linear constant coefficients ODE"

These are solved finding roots of characteristic equation. This is the standard method.
For non-homogeneous ode, The method of Variation of parameters and the method of
undetermined coefficients are both used to find the particular solution.

3.1.1.2 Solved by series method

ode internal name "Higher_ order_ series_ method_ ordinary_ point"

Only ordinary point is supported and for third order ode at this time. See section below.

3.1.1.3 Solved using Laplace transform

ode internal name "higher_order_ laplace"

Laplace transform method is used. Currently only linear with constant coefficient ode
is supported.
3.1.2 Linear ode with non-constant coeflicients

3.1.2.1 Euler type z3y" + 2%y + z¢/ + y = f(x)

ode internal name "higher_ order_ ODE_ non_ constant_ coefficients_ of type_ Euler"

This uses same algorithm as for second order Euler type ode but for higher order.
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3.1.2.2 Missing y as in ay” + by" + ¢y = f(z)

ode internal name "higher_ order  ODE_ missing_y"

Since y is missing, we then assume ¢y’ = u and the ode reduces to one order less. Now
the lower order ode is solved.

3.1.2.2.1 Example 1
o2y + 2y’ +9y =0
This is not Euler type as it stands. Let ¢’ = u then the ode becomes
v + 2 +u=0
This is now Euler type. Solving it gives
u =cocos(Inz) + cgsin (Inz)

Hence
Y =cocos(Inz) + cysin (Inx)

Solving this as first order ode of quadrature type gives

1 1
y = %x cos (Inz) + %z sin (Inz) — 5 €3 €08 (Inz) + 5C3% sin(Inz) + ¢;
1 1
=z cos (Inx) (% - 503) + zsin (Inz) (%2 + +§c?,) +c

= Cyzcos (Inz) + Cszsin (Inzx) + ¢

3.1.2.2.2 Example 2

zy" +y" +y" =0
Let ' = u then the ode becomes
zu” + 4 +u =0
Since u is missing then let ' = v and the above becomes
v’ +v +v=0

This is now second order ode. This is Bessel ode whose solution is

v = c3 BesselJg (2\/9_:) + ¢4 Bessel Y (2\/5)
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Hence
v = c3 BesselJy (2v/7) + ¢4 BesselY, (2v/z)

This is solved by quadrature giving

u = c3v/z BesselJ; (24/7) + csv/z BesselY: (2v/z) + ¢

Hence
y' = c3v/x Bessell; (2v/7) + cav/z BesselY: (2v/z) + ¢

This is solved by quadrature giving

y = c3z Bessells (2v/7) + caz BesselYs (2v/7) + ez + 1

3.1.2.2.3 Example 3
n

zy" —y"' =0

Let 3’ = u then the ode becomes
zu”" —u' =0

Since u is missing then let ' = v and the above becomes
' —v=0

This is linear first order ode whose solution is v = c;z. Hence ' = c;z. Integrating
gives u = ¢,22 + c. Hence
! 2
Y ="+ C

Integrating gives
Y= clx3 + cox + c3
3.1.2.3 Solved by series method

ode internal name "higher order_ taylor_series_ method_ ordinary_ point'

Only ordinary point is supported and for third order ode at this time using Taylor
series (not power series) method. Let

y"' = f(z,y,9v,y")

Assuming expansion is at o = 0 (we can always shift the actual expansion point to
0 by change of variables) and assuming f(z,y,y’,y”) is analytic at £y which must be
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the case for an ordinary point. Let initial conditions be y(zo) = yo and y'(z) = ¥} and
y"(z0) = y. Using Taylor series gives

2 4
r—x r—x r—X
(@) = y(z0) + (2~ 2/ (o) + TPy ) 4 E I g B i
x? x3 z?
= Yo +TYp + ?y{{ + gﬂwo,yo,yé,yg + Efllzo,yo,yé,yg e
132 0 xn+3 dnf
= Yo + TYo + Yo + —
2 0 (’n/ + 3)' dx ZO,yo,y(),y{{
But
df Ofde Ofdy Ofdy = Of dy'
_f_f_w+f_y+f_y fdy (1)

dr ~ Oz dz 3_ydx 6_y’dx ay”%

_a_f a_f/ a_f// g///
~ Oz 8yy+8y’y+8y’y
_of of, Of . 0f
_8x+8yy+ y’y+8y'

@f d(df

@_E(£>
_2 ﬁ 3 ﬁ / i ﬁ " i ﬂ "
Oz (d-r) " 0y(dw) v 8y’(dﬂf) V't oy (dx) Y @)
_o(df o (df\ , 0 (df\ , df
_%(_w>+3_y(£)y +0y'(dw>y +3y”<@)f

Bf d (Lf
O (Bf\ B (&Ef\ , & (&f\ , 0 [df
S S S S o
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And so on. Hence if we name Fy = f(z,y,y’,y”) then the above can be written as

Fy = f(z,y,9) (4)

df
==
V7 dx

_dhy
T dx
OF, +8F0 ,+8F0 ,  OFy ,,

" Oz oy Y oy’ v 8y”y

_OR  OR , OF , OF
= "oy Y Ty Y Tyt

d[/d
Fo=—|[—
2 dx(dxf>

d

= ~(F
dx( 1)
3F1 +8F1 ,+8F1 " aFl "

" oz Oy y oy’ v oy"

_OR  OF , OF , OF
= Ty Y Ty Tt

Fn= (F )

a

dz

0 3Fn_1 ’ aFn—l " 8Fn—l "
= al 1+( dy )y+( y' )y +< dy" )y
) OF, 1\ , [(0Fu1\ , (O0Fs

3wF"_1+( dy )y+<3y’>y+<8y">FO ©)

Therefore (6) can be used from now on along with

y(x) = yo + -Tyo _yo + Z xo,yo,yo,yo (7)

To find y(z) series solution around z = 0.
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3.2 nonlinear higher order ode

Not currently supported.
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