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Lie symmetry method for solving first order ODE

Terminology used and high level introduction

. x,y are the natural coordinates used in the input ode Z—g = w(z,y).

. Z,y are called the Lie group (local) transformation coordinates. The ode remains

invariant (same shape) when written in Zz,y. The coordinates R, S (some books use
lower case T, s) are called the canonical coordinates in which the input ode becomes
a quadrature and therefore easily solved by just integration.

. &,n are called the Lie infinitesimals. £(z,y),n(z,y) can be calculated knowing Z, 3.

Also z,y can be calculated given £,7n. It is £, n which are the most important
quantities that need to be determined in order to find the canonical coordinates
R, S. These quantities are called the tangent vectors. These specify how the orbit
moves. The orbit is the path the point (z,y) point travels on as it move toward Z, .
The tangent vectors &, are calculated at e = 0. The point T = x + €€ and the point
Yy =1y +ne.

dy

. The ultimate goal is write ¥ = w(z,y) in R, S coordinates where it is solved by

dx

integration only as it will have the form g—f{ = F(R). The right hand side should

always be a function of R only in canonical coordinates.

. x,y can be calculated knowing the canonical coordinates R, S.

. The ideal transformation has the form (Z,y) — (x,y + €) because with this trans-

formation the ode becomes quadrature in the transformed coordinates. But because
not all ode’s have this transformation available, the ode is transformed to canonical
coordinates (R, S) where the transformation (R, S) — (R, S + €) can be used.

. The main goal of Lie symmetry method is to determine S, R. To be able to do this,

the quantities &, 7 must be determined first.

. The remarkable thing about this method, is that regardless of how complicated the

original ode % = w(z,y) is, if the similarity condition PDE can be solved for &, 7,

then R, S are found and the ode becomes quadrature 3% = F(R). The ode is then

solved in canonical coordinates and the solution transformed back to z,y.

. The quantity € is called the Lie parameter. This is a real quantity which as it

goes to zero, gives the identity transformation. In other words, when € = 0 then
(z,y) = (2, 9)-

But there is no free lunch, even in Mathematics. The problem comes down to finding
&, n. This requires solving a PDE. This is done using ansatz and trial and error. This
reason possibly explains why the Lie symmetry method have not become standard
in textbooks for solving ODE’s as the algebra and computation needed to find &, 7
from the PDE becomes very complex to do by hand.

Total derivative operator: Given f(z,y) then % = % + g—fj—y where it is assumed
y dr

that y(z) depends on z. Total derivative operator will be used extensively in all

the derivatiations below, so good to practice this. It is written as D, = 0, + 0,y

for first order ode, and as D, = 0, + 0,y + 0,y” for second order ode and as

D, =0, + 0,y + 0,y" + 0,y" for third order ode and so on.

The notation f, means partial derivative. Hence % is written as f,. Total derivative

will always be written as j—{c. It is important to distinguish between these two as the

algebra will get messy with Lie symmetry. Sometimes we write f’ to mean % but it
is better to avoid f’ and just write % when f is function of more than one variable.



13. Given first ode & = w(z,y), where § = §(z,y) and Z = Z(z,y) then thenZ is given

by the following (using the total derivative operator)
dy _ Dyy
di D,z
Uty
Y
Yz + Yyw
Ty + Tyw

14. Given second order ode £Y¥ = w(z,y,y’) where § = y(z,y,vy') and z = Z(z,y,y)

dz?
then % is given by
d* D dy

T dz

dz2 ~ D,T
ATy T
T, + 1y

!

To simplify notation we have used ¢ for % in the above. The above simplifies to

Py Ty Ty
dz2 Tl + Ty

Keeping in mind that (o), or (o), mean partial derivative.

15. Given third order ode %% = w(z,y,y',y") where §y = y(z,y,v',y") and z =

da3

Z(z,y,y',y') then %gl is given by

5 _ Digh
dzd3  D,x
_ U+ WY + Uy + Yy
T, + Ty
_ U Y Y+ Gy
T, + Ty

To simplify notation we used 3" for % above. And so on for higher order ode’s.

1.2 Introduction

Given any first order ODE i

= w(z,y) (4)
The first goal is to find a one parameter invariant Lie group transformation that keeps the
ode invariant. The Lie parameter the transformation depends on is called €. This means
finding transformation of (x,y) to new coordinates (Z,y) that keeps the ode the same
form when written using z, ¥.

This view looks at the transformation on the ode itself. Another view is to look at the
family of the solution curves of the ode instead. Looking at solution curves transformation
is geometrical in nature and can lead to more insight.

What does the transformation mean when looking at solution curves instead of the ODE
itself? It is the mapping of a point (z,y) on one solution curve to another point (Z,y) on
another solution curve. If the mapping sends point (z,y) to another point (Z,y) on the
same solution curve, then it is called a trivial mapping or trivial transformation.

As an example, given the ode ¢y’ = 0, this has solutions y = ¢;. For any constant c; there
is a solution curve. There are infinite number of solution curves. All solution curves are

3



horizontal lines. The mapping (z,y) — (z + €,y) is trivial transformation as it moves the
point (z,y) to another point (Z,y) on the same solution curve.

The transformation (z,y) — (z,y + €) however is non trivial as it moves the point (z,y)
to point (Z,y) on another solution curve. Here Z = x and y = y + €. This can also be
written (z,y) — (z, e‘y) which is the preferred way.

The transformation (z,y) — (z + €,y + €) is non trivial for this ode. The simplest non
trivial transformation that map all points on one solution curve to another solution curve
is selected. In canonical coordinates the transformation used has the form (R,S) —

(R, S +€).

Another example is ¢/ = y. This has solution curves given by y = ce®. This is a plot
showing two such curves for different c values.

Figure 1: Point transformation example for v/ = y

The above shows that a non trivial transformation is given by = = = 4 ¢,y = y. This can

be found analytically by solving the symmetry condition as will be illustrated below using
examples. For this case, the tangent vectors are £ = 22

a€|€:0 =landn = % o =0.In
Maple this is found using

‘ ode:=diff (y(x),x)=y(x);
‘ DEtools:-symgen(ode)
[ xi =1, _eta = 0]

\

But the following transformation = z,y = y + € does not work

co

v

Figure 2: Possible Point transformation for 3’ =y

This is because it does not keep the original ode invariant because % = ¢y becomes
Zi—% = ¢, where now g, = 0,9, = 1,Z, = 1,7, = 0,§ = y + ¢, and hence gii—ﬂ =y
simplifies to 3’ = y + € which is not the same ode. This shows that Z = z,y = y + € is not

valid Lie point symmetry.




However T = z + ¢,y = y leaves the ODE invariant. In this case §, = 0,79, = 1,T, =

1,Z, =0,y = y and hence gﬁi—% = y becomes y' = y which is the same ode.

The transformation must keep the ode invariant as this is the main definition of symmetry
transformation.

Therefore, what we are looking for, is the simplest transformation that move point (z,y)
from one solution curve to another solution curve, such that the transformatio also leaves
the ode invariant (same form) in the new coordinates (Z,y). In the above example, this
Was T =T+ €Y =1y.

In the above, the path the point (z,y) travels on as it moves to (Z, ) as € changes is called

the orbit. Each point (z,y) travels on its orbit during transformation.

In all such transformations, there is a parameter e¢ that the transformation depends on.
This is why this is called the Lie one parameter symmetry transformation group. There
are infinite number of such transformations.

Lie symmetry is hence called point symmetry, because of the above. It transforms points
from an solution curve to points on another solution curve for the same ODE. The identity
transformation is when € = 0, since then the point is transformed to itself.

An example using an ODE. The Clairaut ode of the form y = zf(p) + g(p) where p =/

2(y)’ —yy' +m=0 1)
12 /
Y= S A
m m
Where f(p) = % and g(p) = i’—n/ Using the dilation transformation Lie group
T =7Z(z,y;€) = e*z (2)
J=y(z,y;€) = €Y 3)

Eq. (1) is now expressed in the new coordinates Z,y . If this results in same same ode
form but written in z,y then the transformation is invariant. But how to find % ? This
is done as follows

dj _ 3

dz &
ety
T+ Ty

2¢

In this example y, = 0,y, = €, T, = e, T, = 0. The above now becomes

dy eeg—g
dz ~ e2
—edy
T dx
Writing (1) in terms of Z, § now gives
_(dg\® _dg
5(%) a5 +m=0 @
_dy\’ dy
2¢ € d (o€ €e_Jd —
(e*z) (e dx) (ey) e 2p T M 0
dy 2 dy _

Which gives the same ode. The above method starts by replacing the given ode by z, ¥, 3—2
and finds if the result gives back the original ode in z, v, %' This is simpler than having
to transform the original ode to z, v, j—g. This transformation can be verified in Maple as
follows



‘ ode:=x*diff (y(x),x) "2-y(x)*diff (y(x),x)+m=0;

‘ the_tr:={x=X*exp(-2*s),y(x)=Y(X)*exp(-s)};

‘ newode:=PDEtools:-dchange(the_tr,ode,{Y(X),X}, 'known'={y(x)}, 'uknown'={Y (X
(diff(Y(X), X)"2%X - Y(X)*diff(Y(X), X) +m = 0

Comparing (4) to (5) shows that the ode form did not change, only the letters changed
from x to x and y to y. The resulting ode must never have the parameter € show or remain
in it as ofcourse this will make it different form than the orginal ode which do not have €
in it.

The above shows how to verify that a transformation is invariant or not. In Lie group

transformation there is only one parameter ¢ and the transformation is obtained by
evaluating the group as € goes to zero.

But how does this help in solving the original ode? If the ode in x,y is hard to solve, then
the ode written with Z,y will also be hard to solve since it is the same. But Eq. (4) is not
what is used to solve the ode. The above is just to verify the transformation is invariant.
Similarity transformation is used to determine the tangent vectors £, n only. These are the
most important quantities. These are then used to obtain the ode in canonical coordinates
R,S). In the canonical coordinates (R,S) the ode becomes quadrature and solved by
integration. The transformation found above is only one step toward finding (R, S) and it
is these canonical coordinates that are the goal and not z, ¥.

1.3 Outline of the steps in solving a differential equation using
Lie symmetry method

These are the steps in solving an ODE using Lie symmetry method.
1. Given an ode ¥’ = w(z,y) to solve in natural coordinates.

2. Now the tangent vector £(z,y),n(x,y) are found. There are two options.

|
»

(a) If Lie group coordinates (Z, §) are given, then it is easy to determine £(z,y) , n(z, y)

using
oz
ﬁ(zv,y) = E o
_ 9y
n(z,y) = B¢ .

Lie group coordinates (Z, ) must also satisfy
-'f"xgy - j’ygx 7é 0

(b) In practice Lie group coordinates (Z,y) are not given and are not known. In this
case £(z,y),n(z,y) must be found by solving the similarity condition which
results in a PDE (derivation is given below). The PDE for first order ode
y' = w(z,y) comes out to be

UE + W(T}y - gx) - w2€y - w:cé - Wy77 =0

3. &,n are now used to determine the canonical coordinates (R,S). In the canonical
coordinates, only S translation is needed to make the ode quadrature. The trans-
formation is (R, S) — (R, S + ¢). This transforms the original ode ¢y = w(z,y) to
% = F'(R) which is then solved by only integration. This is the main advantage of
moving to canonical coordinates (R, S).

I



4. The ODE is solved in (R, S) space where R = R(z,y),S = S(z,y). The transforma-
tion from (z,y) to (R, S) is found by solving two set of PDEs using the characteristic

d
method. After finding R(z,y),S(z,y) the ode will then be given by 42 = %
T Y do
which will be quadrature. If this ode does not come out as %> = F(R) then something

went wrong in the process. This ode is now solved for S(R). It is the symmetry of
the form (R, S) — (R, S + €) which is of the most interest in the Lie method. This
is called a translation transformation along the y axis (or the S axis in canonical
coordinates). This is because this transformation leads to an ode which is solved by
just integration.

5. Transform the solution from S(R) to y(z).

6. An alternative to steps (3) to (5) (Which seems to be only applicable to first order
odes) is to use &,n to determine an integrating factor u(z,y) which is given by
wlz,y) = n—% then the general solution to y' = w(z,y) can be written directly
as [ p(z,y) (dy —wdz) = ¢; or % = ¢; but this requires finding a function
F(z,y) whose differential is dF = dzj:g:fz and now the solution becomes [ dF = ¢;
or ' = ¢;. If we can integrate this using [ pudy — [ pwdx = ¢; then this is the
solution to the ode. It is implicit in y(x). Currently my program does not implement
Lie symmetry to find an integrating factor due to difficulty of finding dF' that
satisfies dF' = di’]:—‘gff or in carrying out the integration in all general cases but I
hope to add this soon as a backup algorithm if the main one fails. This method is
similar to solving exact ode if we know the integrating factor.

7. An important property, at least for first order ode’s (I do not know now if this
applies to higher order) is that given £ = f(z,y),n = g(,y), then we can always
shift and use £ = 0,7 = g —wf where ¢y = w(z,y). This means we can always base
everything on £ = 0 after this shift is done to 7. This can simplify some parts of the
computation. Ofcourse if £ was found to be zero initially, i.e. just after solving the
linearized similarity PDE, then there is nothing more to do.

The most difficult step in all of the above is 2(b) which requires finding £(z,y) ,n(z,y). In
practice Lie group Z, y transformation is not given. Lie infinitesimal £(x,y),n(x,y) have
to be found directly from the linearized symmetry condition PDE using ansatz and by
trial and error. The following diagram illustrates the above steps.



At this point € = 0 and the
tangent vectors are given by

ODEisy' =
is Y = w(x,y) Canonical coordinates E(zy) = dx
are given by de | _,
Linearized symmetry dy
condition PDE R=R n(z,y) = E
G “le=0
S=S5+e €

e 4w (ny — &) — Wy —wel —wyn =0

v

Solve to find &, 7

OR OR
0="2"¢+—
ox &+ dy K
a8 oS
1= ¢+ —
0:1:f + y "
Method of characterstics
de dy
—=—=2=dS
IS

YES NO
v v
R
_[dy ‘ YES NO
n R—y
da Solve % = 7 and set R
S = /— to the constant of inte-
§ gration.
I
[
Does ¢ depend
on x only?
YES NO
Solve for S from
Does 1 depend
S = /di on y only?
4
YES \ NO

Generate the ODE in canonical coordinates J'. L
ds S, + Syw Solve for S from
dR ~ R, + Ryw

Since £ depends on y and 7
" dy depends on z, then we can use
= any one of these. Let us pick

And here is the tricky part. The RHS above will be a function 7

of x,y. Rewrite the above as function of R only using the
earlier findings, knowing what R was. The result must depend
on R only giving
ds
— =F(R
E-F®
‘Which is solved for S by quadrature. The final step is the
easy one. Convert solution S(R) back to z,y.

ds = %‘ But first

from solving % =

And now find

we have to

replace y in & by its value found

g found above

so that £ is function of x only.

S= /%dw

Nasser M. Abbasi main_1.ipe (8/23/2023)

Figure 3: General steps to solve ode using Lie symmetry method

The following diagram illustrates the above steps when we carry the shifting step in order
to force £ = 0. We see that It simplifies the algorithm as now we can just assume & = 0
and we do not have to check for different cases as before.



At this point € = 0 and the
tangent vectors are given by

ODE is ¢/ = ;s
sy =w(@y) Canonical coordinates E(z,y) = —
are given by ) de | _g
Linearized symmetry dy
condition PDE R=R n(z,y) = I
_ '€ le=0
S=85+¢€

Nz +w (”]y - 57) - wzfy —wel — Wyt = 0

v

Solve to find &, n
OR OR
0= 676 + (?77]
Apply the shift z’)g 0;/
1=——8+ -~
n=mn—~¢&w Oz dy g
=0 . .
¢ Method of characterstics
de  di
aw _ Y _ s
&
R=z .
. Since ¢ = 0 always
dy
S=[|—=
Ul
Generate the ODE in canonical coordinates
E Sz + Syw
dR ~ R. + Ryw
And here is the tricky part. The RHS above will be a function
of x,y. Rewrite the above as function of R only using the
earlier findings, knowing what R was. The result must depend
on R only giving
ds
ar = F(R)
Which is solved for S by quadrature. The final step is the
Nasser M. Abbasi main-2.ipe (9/26/2023) easy one. Convert solution S(R) back to z,y.

Figure 4: General steps to solve ode using Lie symmetry method. Shifting method

1.4 Finding xi and eta knowing the first order ode type. Table
lookup method.

There is a short cut to obtaining &(z,y) ,n(x,y) if the first order ode type is known or can
be determined. (of course, if we know the ode type, then a direct method for solving the
ode can be used which is much simpler, since the type is known and there is no need to
use Lie symmetry), but still Lie symmetry can be useful in this case, and also it allows us
to find the integrating factor quickly, which provides one more method to solve the ode.
An example of a first order ode which does not have known type is

(zcosy—e ™)y +1=0

The above can be solved using Lie symmetry but with functional form of anstaz £ =
f(z) g(y),n = 0. which gives £ = e~5"% 5 = 0.

I am in the process of building table for ready to use infinitesimal based on the first ode
type. The following small list is the current ones determined. For some first order ode
such as linear y' = f(x) y(x) + g(z) or separable y = f(x) g(y) the infinitesimals can be
written directly (but again, for these simple ode’s Lie method is not really needed but
it provides good illustration on how to use it. Lie method is meant to be used for ode’s

9



which have no known type or difficult to solve otherwise). For an ode type not given in
this list, an anstaz have to be used to solve the similarity PDE.

ode type

linear ode

separable ode

quadrature ode

quadrature ode

homogeneous
ODEs of Class
A

homogeneous
ODEs of Class
C

homogeneous
class D

First order
special form
ID1

polynomial
type ode

form & n

y/ — 0 ef fdzx

f(@)y(z) +

g9(z)

y = H 0

f(z)9(y)

y = f(z) 0 1

Y =g(y) 1 0

y=f(% =z y

y = 1 -2
b C

(a+bx +cy)m™

y =Y+ z? Ty

g(z) F(Y)

;o e— J bf(z)dz—h(z) f(z)e~ J bf(@)dz—h(=)
O R 9(@)
g(m) e (z)+ Y4
f(z)

y =
a1z+bi1y+c a1box—asbixz—bica+bocy aibay—asbiy—aica—azct
a2x+bay+c2 a1bz—azb; a1ba—azby

10

notes

Notice that g(z) does not
affect the result

This works for any g function
that depends on y only

of course for quadrature we do
not need Lie symmetry as ode
is already quadrature

T+y

For example 3’ =
y+2./yz
x

or

y =

Also
§=0,n=c(ba:+cy—|—a)%
are possible. For example, for
y=>01+2z+ 3y)% then use
the first option as simpler
which is £ = 1,7 = —2. Notice
that £ =1,n= —’E’ does not
depend on a and not on n,m.
Hence these odes

y=@ +$Jlry)%,y’ =
(10+z+1y)3 andz

y' = (104 z +y)3 all have
the same infinitesimals
E=1ln=-2=-1
example 3y = ¥ 4 56_%.
Where here

g(w) =3 F(¥) =e=.

For an example, for the ode
y = 5e®°T2% 4 sin z, here
g(z) =5,h(z) = 2% b=

20, f(z) = sinz, hence
e— J 20sin dz—z2

£= 5

sin ge— J 20sinzde—a

) 11 =
or

20 cos(z)—z2

2

)on=
sin(z) (20 cos(r)~2*)  In this

&= %sinm(e

form, b must be constant.

z+y+3
2z+y

then a; = 1,01 =1,¢c1 =
3,(12 = 2,b2 = 1,62 = 0. Hence
E=z—-3,n=y+6.

For example for ¢y’ =



Bernoulliode 3 = f(x)y+ 0

9(z)y"
Reduced y = 0 e~ | frde
Riccati filz)y+

fo(@) y?

Abel first kind ¢’ = fo(z) +
filz)y +
fa(x) v +
f3(z)y?

ynef(l—n)f(w) dz

n is integer n # 1,n # 0. For
example, for

y' = —sin (x) y + 2%y? then
f(z) = —sinz, g(z) = 22,n =
2and £ =0,n= el sinzdzy 2 op
£ =0, = e °3%y2 Notice
that g(x) does not show up in
the infinitesimals Another
example is ¢/ = 2% 4 z—g where
here f(z) = 2. Hence
E=0,n=e" f(3—1)§dzy3 or
§=0,n=n= %Z

For example, for

y' = zy + sin (z) y? then

fi1 =z, fo = sinx and hence
E=0,n=e"Jod o
E=0,n= e2%”. Notice that
f2(x) does not show up in the
infinitesimals. I could not find
infinitesimals for the full
Riccati ode

y' = fo(z) + fi(z)y + fa(2) ¥*.
Notice that fi, fo can not be
both constants, else this
becomes separable

No infinitesimals found

Currently the above are the ones I am able to determine for known first order ode’s. If I

find more, will add them. The table lookup is much faster to use than having to solve the

similarity PDE each time using anstaz in order to find &, 7.

1.5 Finding xi and eta from linearized symmetry condition

Given any first order ODE

dy

Ir w(z,y)

(A)

&(z,y),n(x,y) are called the infinitesimals of the transformation. Maple has function
called symgen in the DEtools package to determine these using 16 different algorithms.

Starting with the Lie point transformation group

T = Z(z, y;¢€)

y=9y(z,y;€)

Expanding using Taylor series near € = 0 gives

_ _25 9
T=x+ e €=045—!—0(6)

=z + e(z,y) + O(€)
_ @ 5
F=y+ 5 6206+O(€)

=y +en(z,y) + O()

11



Ignoring higher order terms gives

Z(r,y) = = + €(z,y) (1)
y(z,y) =y +en(z,y) (2)

In the above € is the one parameter in the Lie symmetry group. The symmetry condition
for (A) is that

dy _

% - CU(J,' ) y)
Whenever

W o(z,9)

d.’L' - ’y

Symmetry of an ODE means the ODE in (z,y) remain the same form (but using new
variables (Z,y)) after applying the (non-trivial) transformation (1,2).

Nontrivial transformation means € # 0. The first goal is to find the functions &(z, y) , n(z, y)
which satisfy the symmetry condition above.

The symmetry condition is written as

dy 4 _
= =) 3)
Where % is the total derivative with respect to the x variable. Similarly for g—i. But
dy _  _dy
dr Yo + Yy dz
= gac + :l?yW(.’L', y) (4)
And
dr. _ _ dy
% =X, + .’Dyﬁ
= Ty + Tyw(z,y) (5)

Substituting (4,5) into (3) gives the symmetry condition as

Yo +w(T,9) Yy _

s = (&) )

But
T, =1+¢€, (7)

And similarly

Ty = €&y (8)

And
Uz = €s (9)

And
Yy =1+ eny (10)

Substituting (7,8,9,10) back into the symmetry condition (6) gives

ens +w(1l+ eny)
=w(z+ e,y +
(1+ €&;) + wegy, ( €€,y + 1)

€Ny + W + wsny
=wlr+e,y+e
1+ €&, + wegy ( &yt en)

w + 5(1z + wny)
1+ € (& +wéy)

=w(z + €,y +en) (11)

The above is used to determine £(z,y),n(z,y). The above PDE is too complicated to use
as is. It is linearized, and the linearized version is used to solve for &, 7 near small e.

12



Eq. (11) is linearized by expanding the LHS and the RHS using Taylor series around € = 0
. Starting with the LHS first, let % = Arpgs. Expanding this using Taylor series
around € = 0 gives

ALHS = Aezo + 6% (A)ezo + h.o.t. (11A)
But Ay = w and
d _ die [w + 6(77_,,5 + wny)] (1 + 6(§z + w&y)) - (w + 6(7796 + wny)) % [1 + 6(§z + w&y)]
¢ (Brus) = 3
€ (1+€(& +wéy))
_ (ne +wny) (1 + €(&e + wéy)) — (W + €(nz + wny)) (€ +wEy)
(14 € (& +w§y))”
At € = 0 the above reduces to
d
E (ALHS)CZ() = (% + wny) - w(gac + w€y)
=Ny + Wny — wéy — wzé.y
=1+ (,U(’l’]y - é.w) - w2§y (12)
Therefore the LHS of Eq. (11A) becomes
Arps =w +€(n, + w(ny — &) — w?&y) (11B)

Now the RHS of Eq. (11) is linearized. Let w(z + s€,y + sn) = Agns. Expansion around
e = 0 gives

ARHS = Aezo + €<i A) + h.o.t.
de I

But Ao = w(z,y) and
d
2 Arps = wy€ +wyn

Hence the linearized RHS of (11) becomes
Arns = w(z,y) + e(wz€ + wyn) (13)
Substituting (11B,13) back into (11), gives the linearized version of (11) as
Arns = Arns
w+e(ns +wny — &) —w'€y) = w + e(wsf + wyn)

€(ne +w(ny — &) — wy) = e(wa€ +wyn)
Nz + w(ny - €z) - wzfy = wy€ + Wy

Hence

Nz + W(ny - gx) - wzgy - wxf — Wyl = 0 (14)

The above equation (14) is what is used to determine &, 7. It is the linearized symmetry condition.
There is an additional constraint not mentioned above which is

Tally 7 Tyla
The restricted form of (14) is
Xe + Xyw — Xwy = 0
An important property is the following. Given any
E=An=B
Then we can always write the above as
§E=0,n=B—-wA
So that £ = 0 can always be used if needed to simplify some things.

After finding &, 7n from (14), the question now becomes is how to use them to solve the
original ODE?

13



1.6 Moving to canonical coordinates R, S

The next step is to determine what is called the canonical coordinates (R, S). In these
canonical coordinates the ODE becomes a quadrature and solved by integration. Once
solved, the solution is transformed back to (z,y). The canonical coordinates (R, S) are

found as follows. Selecting the transformation to be

R
S+e

_ (oRax\| | (oRdy
Y ~ \ Oz de c—0 Oy de

But 2% = 9% and 2| = ¢{(z,y) and similarly %—1; = %—3 and
e=0 - e=0

The above becomes

Ly
I

Eq. (15) becomes B
OR
Oe

e=0

oR
Oe

_oR,, OR
o Oz 0y

= 0 since R = R. The above reduces to

But —%R
6 —
e=0

_OR,  OR
Oz oy g
This PDE have solution using symmetry method given by

4R _
dt
do _
dt
dy _
at "
The same procedure is applied to Eq. (16) which gives

0

0

§

95| _ (05| | (954
Oe |._ ~ \ Oz de 0 Oy de ) |._,
But g—f = % and %L:o = &(z,y) and similarly g—f‘ezo = % and
The above becomes B
05| _oR, OR
O¢|,_, Oz dy
But %—f .= 1 since S = S + €. The above reduces to
1= @ + @
- Oz Oy "
This PDE have solution using symmetry method given by
as
> -1
dt
dx
T
dy
at n

dy
de le=0

dy
de le=0

= n(z,y).

(15A)
(15B)

(15C)

= 77(1;’ y) .

(16A)

(16B)

(16C)

Equations (15A,B,C) are used to solve for R(z,y) and equations (16A,B,C) are used to
solve for S(z,y). Starting with R. In the case when £ = 0 the equations become

dR
E_O
dx
a—o
dy _
dt

14



First equation above gives R = c;. Second equation gives x = c,. Letting ¢; = ¢, then
R=zx

If £ # 0 then combining Egs. (15B,15C) gives

dy _m
de ¢
R=Cl

The ODE Z—g = g is solved first and the constant of integration is replaced by R. Hence R
is now found. S(z,y) is found similarly using Egs. (16A,B,C). If £ = 0 then

ds _
dt
do _
dt
dy

%—77

1

0

The first and third equations give

If £ # 0 then using the second and third equation gives
as _1
de ¢
1
S = / —dx
£
Now that R, S are found and the problem is solved. The ode in (R, S) space is set up
using
s S, +S,%
45 _ Ot Svas L (16)
dR R, + R,

Where g—g = w(z,y) which is given. The solution S(R) is next converted back to y(x).

Examples below illustrate how this done on a number of ODE’s. Eq. (16) is solved by
quadrature. This is the whole point of Lie symmetry method, is that the original ode
is solved in canonical coordinates where it is much easier to solve and the solution is
transformed back to natural coordinates.

The only way to understand this method well, is to workout some problems. To learn
more about the theory of Lie transformation itself and why it works, there are many links
in my links page on the subject.

1.7 Definitions and various notes

1. infinitesimal generator operator. I' = £(z,y) 8% + n(z,y) %. Any first order ode
has such generator. For instance, for the ode ¥’ = w(z,y) then T'w = & g—‘;’ + ng—‘;’.
The ode y' = w(z,y) = £ + z has solution y = z* + xc;, therefore the solution

o
family is ¢(z,y) = y;—zz = c. Using £ = 0,7 = = then T'¢ = x% = 1. This

. . o) L, o)

is another example: using { = z,n = 2y, hence I'¢ = z——7— + 2ya—y =
e(—%-1)+2y(l) = -2 —-1+4+2¥ =¥ —1 % 1. I must be not applying the
symmetry generator correct as the result supposed to be 1. Need to visit this again.
See book Bluman and Anco, page 109. Maybe some of the assumptions for using
this generator are not satisfied for this ode.

15



. w(z,y) is invariant iff Tw = £(z,y) 2 + n(z,y) % =0.

. The linearized PDE from the symmetry condition is w&, +w?&, +w,& = wyn+n,+wn,.

This is used to determine tangent vector (£(z,y),n(z,y)) which is one of the core
parts of the algorithm to solve the ode using symmetry methods. There are infinite
number of solutions and only one is needed.

Symmetries and first integrals are the two most important structures of differential
equations. First integral is quantity that depends on z,y and when integrated over
any solution curve is constant.

Lie symmetry allows one to reduce the order of an ode by one. So if we have third
order ode and we know the symmetry for it, we can change the ode to second order
ode. Then if apply the symmetry for this second order ode, its order is reduced to
one now.

If £, are known then the canonical coordinates R, S can now be found as functions
of z,y. We just &,m to find R,S. Once R,S are known then 375% = f(R) can be
formulated. This ode is solved for S by quadrature. Final solution is found by
replacing R, S back by z,y. I have functions and a solver now written and complete
to do all of this but just for first order ode’s only. I need to start on second order
ode’s after that. The main and most difficult step is in finding &, 7. Currently I
only use multivariable polynomial ansatz up to second order for £ and multivariable
polynomial ansatz up to third order for  and then try all possible combinations.
This is not very efficient. But works for now. I need to add better and more efficient
methods to finding £, but need to do more research on this.

7. When using polynomial ansatz to find £,7 do not mix z,y in both ansatz. For

10.

11.

12.

example if we use £ = p(z) then can use n = ¢(x) or n = ¢(z, y) polynomial ansatz
to find 7. But do not try £ = p(z,y) ansatz with = ¢(x,y) ansatz. In other words,
if one ansatz polynomial is multivariable, then the other should be single variable.
Otherwise results will be complicated and this defeats the whole ides of using Lie
symmetry as the ode generated will be as complicated or more than the original ode
we are trying to solve. I found this the hard way. I was generating all permutations
of £,n ansatz’s but with both as multivariable polynomials. This did not work well.

. Symmetries on the ode itself, is same as talking about symmetries on solution

curves. i.e. given an ode ¥’ = w(z,y) with solution y = f(z), then when we look
for symmetry on the ode which leaves the ode looking the same but using the new
variables Z, y. This is the same as when we look for symmetry which maps any point
(x,y) on solution curve y = f(x) to another solution curve. In other words, the
symmetry will map all solution curves of ¥ = w(z,y) to the same solution curves.
i.e. a specific solution curve y = f(z, ¢;) will be mapped to y = f(x, cz). All solution
curves of ¥ = w(z,y) will be mapped to the same of solution curves. But each curve
maps to another curve within the same set. If the same curve maps to itself, then
this is called invariant curve.

. An orbit is the name given to the path the transformation moves the point (z,y)

from one solution curve to another point on another solution curve due to the
symmetry transformation.

A solution curve of y' = w(z,y) that maps to itself under the symmetry transforma-
tion is called an invariant curve.

Not every first order ode has symmetry. At least according to Maple. For example
y' + y® 4+ zy? = 0 which is Abel ode type, it found no symmetries using way=all.
May be with special hint it can find symmetry?

After trying polynomials ansatz, I find it is limited. Since it will only find symmetries
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that has polynomials form. A more powerful ansatz is the functional form. But these
are much harder to work with but they are more general at same time and can find
symmetries that can’t be found with just polynomials. So I have to learn how to use
functional ansatz’s. Currently I only use Polynomials.

13. &, n are called Lie infinitesimal and Z,y are called the Lie group.
14. If we given the £, n then we can find Lie group (Z,y). See example below.

15. If we are given Lie group (Z, %) then we can find the infinitesimal using &(z,y) =
%f}ezo and n(x7y) = %g‘e=0'

16. First order ode have infinite number of symmetries. Talking about symmetry of
an ode is the same as talking about symmetry between solution curves of the ode
itself. i.e. symmetry then becomes finding mapping that maps each solution curve
to another one in the same family of solutions of the ode.

17. £,7n can also be used to find the integrating factor for the first order ode. This is
given by u(z,y) = ﬁ where the ode is ¥'(x) = w(z,y) . This gives an alternative
approach to solve the ode. I still need to add examples using u(z,y).

18. For first order ode, to find Lie infinitesmilas, we have to solve first order PDE in 2
variables. For second order ode, to find Lie infinitesmilas, we have to solve second
order PDE in 3 variables. For third order ode, to find Lie infinitesmilas, we have to
solve third order PDE in 4 variables and so on. Hence in general, for n* order ode, we
have to solve n* order PDE in n + 1 variables to find the required Lie infinitesmilas.
For first order, these variables are £,n and the PDE is n, + w(n, — &) — w?¢, —
wz€ —wyn = 0. Currently my program only handles first order odes. Once I am more
familar with Lie method for second order ode, will update these notes. See at the
end a section on just second order ode that I started working on.

1.8 Closer look at orbits and tangent vectors

This section takes a closer look at orbits and tangent vectors &, which are the core of
Lie symmetry method. By definition

dx
g(xa y) = E o (1)
_dg
77(9% y) - % —o

Hence £(z,y) shows how Z changes as function of (z,y). And n(z,y) shows how y changes
as function of (z,y). This is because

T=x+¢&e (2)
y=1y-+mne

Comparing (2) to equation of motion where Z represents final position and z is initial
position, then ¢ is the speed and € is the time. When time is zero, initial and final position
is the same. As time increases final position changes depending on the speed as time (here
represented as €) increases. So it helps to think of £, 7 as the rate at which Z,y change
location depending on the value €. £, 7 are calculated when € is very small in the limit as
it reaches zero.

As € increases the point (z,y) moves closer to the final destination point (Z, ). So these
quantities &, n specify the orbit shape. The orbit is the path taken by point transformation
from (z,y) to (Z,y) and depends on € such that the ode remain invariant in Z, § and points
on solution curves are mapped to points on other solution curves.
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Different &,7n give different orbits between two solution curves. The following example

shows this. Given the ode
/ r—Yy

This is Abel type ode. Also Homogeneous class A.

Y

It has two solutions. One solution is given by Mathematica as y = —x — v/c1 + 222, A
small program was now written that plots the orbit for 4 solutions &,n found for the
similarity conditions. The similarity solution were found by Maple’s symgen command.

> ode:=diff (y(x) ,x)=(x-y(x))/ (xty (x));
DEtools:—-odeadvisor (ode) ;
DEtools:-symgen (ode ,way=all)
o{fg = i 1-[ \-] — w
de ™™ x4+ y(x)

[ [ _homaogeneous, class 4], _rational, [ _Abel, 2nd npe, class 4]]

1 .2_2 il 2 "
e=1 p=—L|]| g=0_n=-1 ] E=0 == J e=—L1_ p=o| |-
¥ X x+ ¥ x+y x=3
_ 2_\'.\'—.\2 _ o et e . E | E= ) _ _12
iy _n 4 [ E=x _n=y.[ E=2x+y n=x]| & R x+‘]

Figure 5: Command used to find &, 7n

The program starts from the same (z,y) point from one solution curve and determines
(Z,7) location on anther solution curve using each pair of £, n found. The same solution
curves are used in order to compare the orbits. The following plot was generated showing
the result

1 1 1
=—n=—— §=0,n=
1.46 1.47 1.48 1.49 1.50 1.51 1.46 1.47 1.48 1.49 1.50 1.51
-3.751 -3.751
-3.80} -3.80
-3.85} -3.85
2 2
—(z* =22y —y
SN B I o E=mawasr
- 1.46 1.47 1.48 1.49 1.50 1.51
1.46 1.47 1.48 1.49 1.50 1.51
-3.751
-3.751
-3.80
-3.80+
-3.851
-3.85

Figure 6: Different orbits using different &, n

The source code used to generate the above plot is

‘<<MaTeX‘
‘ode=y' [x]==(x-y[x]1)/ (x+y[x]);
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ysol=DSolve [ode,y[x],x]
ysol=-x-Sqrt[C[1]+2 x~2];

x1
yi

1.5;
ysol /. {C[1] -> 1, x -> x1};

ysol2=ysol/.C[1]->1.1

getSolutions[inf_List, titles_List, x_Symbol, ysoll_, ysol2_, x1_,
yl_, from_, to_] :=

Module [{xbar, ybar, eps, eq, soleps, p, data, n, xi, eta, texStyle},
data = Table[0, {n, Length@inf}];
texStyle = {FontFamily -> "Latin Modern Roman", FontSize -> 12};

Dol
xi = First[inf[[n]]l];
eta = Last[inf[[n]]];
xbar

x1 + eps*xi ;

ybar = yl1 + eps*eta;

eq = ybar == ysol2 /. x -> xbar;

soleps = SolveValues[eq, eps];
First@SortBy[soleps, Abs];

ybar = ybar /. eps -> soleps;

soleps

xbar = xbar /. eps -> soleps;
p = Plot[{ysoll, ysol2}, {x, from, to},

PlotLabel -> MaTeX[titles[[n]], Magnification -> 1.5],

BaseStyle -> texStyle,

Epilog -> {{Arrowheads[.02], Arrow[{{x1l, y1}, {xbar, ybar}}1},
Text [MaTeX["\\left( x,y \\right)"l, {x1, yi1}, {-1, -1}],
Text [

MaTeX["\\left ( \\bar{x},\\bar{y}\\right)"], {xbar, ybar}, {1,
1}1%,
ImageSize -> 400];
datal[n]] = p
{n, 1, Length@inf}
i

data
1;

inf = {{1/x1, -1/x1},
{0, 1/(x1 + y1)},
{-(x172 - 2*x1*yl - y1°2)/(x1 - y1), O},
{2*x1 + y1, x1}
I8
titles = {"\\xi=\\frac{1}{x},\\eta=-\\frac{1}{x}",
"\\xi=0,\\eta=\\frac{1}{x+y}",
"\\xi=\\frac{-(x"2-2 x y-y~2) Hx=y},\\eta=0", "\\xi=2 x+y,\\eta=x"};
data = getSolutions[inf, titles, x, ysol /. C[1] -> 1, ysol2, x1, yi,
1.45, 1.51];
p = Grid[Partition[data, 2], Frame -> All, Spacings -> {1, 1}]
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1.9 Selection of ansatz to try

The following are selection of ansatz to try for solving the linearized PDE above generated
from the symmetry condition in order to solve for £(z,y) ,n(z,y). These use the functional
form. As a general rule, the simpler that ansatz that works, the better it is.

Functional form of ansatz is better than explicit polynomials but much harder to use and
implement. Maple’s symgen has 16 different algorithms that can be specified using HINT
option to support functional forms. The following are possible cases to use.

L. §=0a77:f(x)

2. £=0,n=f(y)
3. &{=f(z),n=
4. &=f(y),n=0
5. £ = f(z),n = zg(y). An example: applied to 3’ = x+cos(eij+(i+x)e_$) should give & =

e”,n = xze~ ¥ which leads to solution y = In <2 arctan (M) - (142 e_m).

e (Cl +57m)+1

6. {=f(z),n=29(y)

7. £ =0,n ( ) 9(y). For example, applied to y' = mmﬂ@“” should give
fl@)=v1i+z,9(y) =vIity.

8. £=f(z)g(y),n=0

1.10 Examples

1.10.1 Example 1 on how to find Lie group (z,y) given Lie infinitesimal xi
and eta

Given ¢ = 1,7 = 2z find Lie group Z,y. Since

oz
£(z,y) = Be .
Then
dzr _
& - 5(:1" ) y)
=1 (1)
Similarly, since
(5,9) = 2
'Y Oe i
Then
dy o
a 7)(93, )
=2y (2)

Where in both odes (1,2) we have the condition that at e = 0 then Z = z,§ = y. Starting
with (1), solving it gives

Z=c+cl(z,y)
Where c¢;(z,y) is arbitrary function which acts like constant of integration since Z(z,y) is
function of two variables. At € = 0 then ¢;(z,y) = x. Hence the above is

T=€+x (3)

And from (2), solving give
y = 2Ze + c2(z, y)
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But at € =0,y = y,z = x then the above gives c; = y. Hence the above becomes
y=2Te+y
But Z = € + = from (3), hence the above becomes
y=2e+z)e+y
=22+ 2z +y
Therefore Lie group is

+x

=€
22 +2ex +y

y

1.10.2 Example how to find Lie group (z,y) given canonical coordinates R, S

Given R =z, S = ¥ find Lie group Z,%. Solving for z,y from R, S gives

z=R

y=SR
Hence

Z=R

7=5SR

But S = S + € by definition of canonical coordinates and R = R by definition of canonical
coordinates. Hence the above becomes

r=R
j=(S+oR

Using the values given for R, .S in terms of z,y the above becomes

rT=z
§=<g+e>x
z
=y+ex

1.10.3 Example y =% 42

This is linear first order which can be easily solved using integrating factor. But this is
just to illustrate Lie symmetry method.

;Y
= — ]_
y=_+¢ (1)
Y =w(z,y)

The first step is to find £ and 7. Using lookup method, since this is linear ode of form
y' = f(z)y + g(z) then

§=0
n:effdxzef%dle‘

The end of this problem shows also how to find these from the symmetry conditions.
Therefore we write

xT=x+E&e
y=y+mne
=y+nz (2)



The integrating factor is therefore

w(z,y) =

Before solving this, let us first verify that transformation (2) is invariant which means it
leaves the ode in same form but using z,y. We do the same as in the above introduction.

dj _ &
dz &

Yo + Gy 2
-’L'm +-Tydy

But y, = 5,9, = 1,2, = 1,Z, = 0 and the above becomes

dj e+
dz 1

dy

_5—|—%

Substituting z, y, % in the original ode gives

dy y _
iz z "
d
p B _yre
dzx T
d
e+—y=g+e+w
dr =«
dy y
%—E-I-x

Which is the original ODE. Therefore (2) are indeed an invariant Lie group transformation
as it leaves the ODE unchanged. The next step is to determine what is called the canonical
coordinates R, S. Where R is the independent variable and S is the dependent variable.
So we are looking for S(R) function. This is done by using the standard characteristic
equation by writing

e _dy_ e

£

%:ﬁzw (1)
The above comes from the requirements that <§ 5 T n8y> ,y) = 1. Which is a first
order PDE. This is solved for S, which gives (1) using the method of characteristic to

solve first order PDE which is standard method. In the special case when £ =0 and n # 0
these give

R
S

U
<

Il |
BlQ S~ —_ 8

+ 8= |~

We are free to set ¢ = 0, hence S = . Therefore the transformation to canonical coordi-
nates is

(2,9) = (R,9) = (=, %)
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The derivative in (R, S) is found same as with % giving

ds S +5,%
dR R, +R,%

But S, =-%,5, = %, R, =1,R, = 0 and the above becomes

T

ds Yy 4 ldy

bt z2 z dz
dR 1
Yy 1dy
2 xzdx

But % = % + x hence the above becomes

as y 1/y
dR a2 +x<az+x>
=1
Solving this gives
S =R + C1

But S = £, R = z. Therefore the above becomes

g=x+01
x

Y= * + iz
Which is the solution to the original ode. Of course this was just an example showing how

to use Lie symmetry method. The original ode is linear and can be easily solved using an
integrating factor

Y
y—-==z
T
I:e—f%dw e~ Inz 1
T

Multiplying the ode by I gives

d

—(yl) =1

dm(y )=Iz
g:/zw
xr A
=+

Hence
Yy = % + zc;

Which is same solution. But Lie symmetry method works the same way for any given
ode. And this is where it powers are. It can solve much more complicated odes than this
using the same procedure. The main difficulty is in finding the infinitesimals for the group,
which are &,n that leaves the ode invariant.

Finding Lie symmetries for this example

y=2+a
T

=w(z,y)
The condition of symmetry is a the linearized PDE given above in equation (14) as
Ne + w(ny - gx) - w2§y - wx§ — Wy = 0 (14)

23



We first find the determining equation before solving for &,n. Since w = ¥ + z then

wy, = L w, = —% + 1. Hence the above becomes
) x

x?

77w+<y+w)(n - &) - (g+w)2€y—(—£+1)§—in=0

.’132
< )= (Lretem)o - (Fe)e g
””(%”)”ﬂ ( +2 +2y>€y (—%H)&—%n:o

Multiplying by z? to normalize gives

P+ (Yo + ) 1y — & (yz +2°) = (¥ + o' +22°) & — (-y+27) E—an=0 (A)

Equation (A) is called the determining equation. Using different ansatz can result in more
solutions.

Trying ansatz

£=0

n = byr
Plugging these into (A) and comparing coefficients to solve for the unknown gives

z%(by) —xn =0
boz® — z(box) = 0
bo.’L'2 - bo(L’2 =0

bo(0) = 0

So any by will work. Let by = 1. Hence

S
I
8 O

Now Trying ansatz as

E=ap+ a1z
n=bo+ b1y

Then &, = a1,&, = 0,1, = 0,7, = b; and the determining equation (A) becomes

(bo + b1y) = + (ao + a1z) (z° — y) + b1 (—yz — 2°) + a1 (yz + 2°)
(bo + b1y) = + (a0 + a1z) (z° — y) + (b1 — a1) (—yz — 2°)
xby — yao + x2ag + 2°(2a; — by)

0
0
0

Setting each coefficient to zero gives

bp =0
ap =0
ag=0
201 —b; =0

Hence the solution is ag = 0,69 = 0,a; = %1 Using b; = 2 gives a; = 1 and therefore
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And Trying ansatz as

E=ap+ a1+ azy
77=b0+b1y+b2x

Hence &, = a1,&, = ag,m, = ba,m, = by and the determining equation (A) becomes

(bo + b1y + boz) T + (a0 + a1z + a2y) (° — y) + b1 (—yz — 2°) + ax (v° + =* + 2y2?) + b (—2%) + a1 (yz
z*(—az) + 2°(—2a1) + z°y(—3a2) + 2°(b1) + 2*(—ao) + y(ao) -

Setting each coefficient to zero gives

bp =0
ap=0
a1 =0
by =0
a; =0
by =0

This shows there is no solution for this ansatz. There are more solutions depending on what
ansatz we used. We just need one to obtain the final solution. In Maple, these solutions
can be found as follows

ode:=diff (y(x),x)= y(x)/x+x;
DEtools:-symgen(ode,y(x) ,way=all)
[xi = 0, _eta = x],

[ xi = 0, _eta = x],

[[xi =0, _eta=2x"2-y],
[Lxi = x, _eta = 2xy],

[xi =1, _eta = y/x],
[[xi = x72 +y, _eta = 4*y*x],
[Lxi = x72 - 3%y, _eta = -4*xy~2/x]

N J

Trying ansatz using functional form. Let £ = 0,7 = f(z) then & = 0,§, = 0,9, =
f'(z),n, = 0 and the determining equation (A) becomes

2’ + (yz+2°)ny — &(yz +2°) — (V¥ +2* +2y2°) & — (—y+2°) E—an=0
o’ f'(z) —zf(z) =0
zf'(z) — f(z) =0

This is easily solved to give f = cx. Hence £ = 0,7 = z by choosing ¢ = 1. We see that
this choice of ansatz was the easiest in this case, as the ode generated was linear. Let us
try another and see what happens.

Trying ansatz as § = 0,7 = f(y) then { = 0,§, = 0,7, = 0,n, = f'(y) and the
determining equation (A) becomes

(yz +2°) f'(y) —2f(y) =
(y+2°) f'(y) — f(y)
This is separable and its solution is f = c¢;(z% +y). Hence £ = 0,7 = (z*> +y) by us-

ing ¢; = 1. But this is not function of y only. So this choice did not work. Trying
[€ = f(z),n=0],[¢ = f(y),n = 0] shows these also do not work.

0
0

&,n can be checked for validity by substituting them in the PDE. Maple’s symtest command
does this. These functional ansatz’s lead to an ode which have to be solved.
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1
3

1.10.4 Example y = zy? — 2 —

Solve

y=zy' —— - (1)

Hence

@
de
dy
de

£(z,y) =

e=0

_ _2y

e=0

n(z,y) =

(At end shows how to obtain these). The integrating factor is therefore

1
u(z,y) =
(z,y) —
. 1
I I )
.'1;2
- iy? —1
Now
T=z+le=x+ex (3)

This transformation Z = e‘z, §j = e >y is now verified that it keeps the ode invariant.

_ _ — d —2ed;
Y _ Yot Gya _ €@ _ sy

dz 7, + jy% e dx
Substituting z, y, j—g in the original ode gives

dy __, 2y 1

dx T z3 »
= () A e
6—363_3 — e gy — 23;369 _ e;:e

Which is the original ode. Hence the transformation (2) is invariant. It is important to
use (2) and not (3) when doing the verification.

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

dz _dy _ g

& n

dx dy

=2 _d 1
T o S (1)
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The above comes from the requirements that <§ % + n(%) S(z,y) = 1. Which is a first
order PDE. This is solved for S, which gives (1) using the method of characteristic to
solve first order PDE which is standard method. Starting with the first pair of ODE gives

y _ %y
dr =z

Integrating gives yz? = ¢ where c is constant of integration. In this method R is always c.
Hence
R = ya2?

S(z,y) is now found from the first equation in (1) and the last equation which gives

dzx
dS = —
§
S=/dﬁ
T
S=Inzx

Now that R(z,y),S(z,y) are found, the ODE 9 = Q(R) is setup. The ODE comes out
to be function of R only, so it is quadrature. This is the main idea of this method. By
solving for R we go back to z,y and solve for y(x). How to find %? There is an equation
to determine this given by

s B +tw

(z,y)
dR 4B +w(z,y)
(z,y)

Everything on the RHS is known. But

Substituting gives

dS L1+ (zmP-%-3%)(0
dR 20y + (zy? — 2 — %) 22

- 2xy + (wy2
_ 1
ooty —1

But R = yz?, hence the above becomes

a1
dR~ RZ-1

This is just quadrature. Integrating gives
S = —arctanh (R) + ¢;
This solution is converted back to z,y. Since S = Inz, R = yx?, the above becomes

In |z| = — arctanh (yz*) + ¢
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—In|z| + ¢; = arctanh (yz?)
yz® = tanh (— In |z| + ¢;)
tanh (—In |z| + ¢;)
y= 72

Which is the solution to the original ODE.

The above shows the basic steps in this method. Let us solve more ODE’s to practice this
method more.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as

Ne +w(ny — &) — w2€y —wef —wyn =0 (14)

We now need to solve the above for £,n given a specific w(z,y) for the ODE at hand.
This PDE can not be solved as is for &, without an ansatz. One common ansatz is to
use £ = a(x) and n = B(z) y + v(z) and plugging these into the above and then compare
coefficients to solve for a(z), 5(z),v(z).

Another ansatz is to use a polynomials for £,7. And this is what we will start with.

Using polynomial as ansatz

We start with order 1 polynomials. Hence

E=ay+az (1)
n=bo+ by (2)

If this does not generate solution, we will try higher order polynomials. Eq (14) becomes

Nz + w(ny - gz) - wzfy —wg€ — Wy = 0
0 + W(bl — al) — w2(0) — wz(ao + alx) — wy(bo + bly) =0

But in this ODE w = zy? — 2 — % hence w, = y*>+ 2% + 2 and w, = 2yz — 2. The above

becomes
% 1 % 3
2 2
(xi‘/ ‘;‘;) (b1 —ar) - (y +§+;> (a0 +¢
2 1 2 1 2 3 2 3
2y’ — Ty — by — aytar + a4 a1 — Ya0 — g — —dg — TYPa — a1~ — @y — !
X X x X X X X X

1 1
.'Ey2(b1 —a; —a; — 2b1) -+ %(—21)1 + 2a1 —_ 2(11 + 2()1) + E(—bl -+ a; — 3a1) -+ y2(—a0) + %(—2&0) + F

Each coefficient to each monomial must be zero. Hence

—2a;—b=0
—by —2a; =0
—2a; —2b; =0
ag =0
bp=0
These are overdetermined equations. Solving gives a; = —%bl and ag = by = 0. Choosing

by = —2 gives a; = 1. Hence

E=ayt+ax==x

n=>by+biy=-2y
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Which is what we wanted to show for this ODE. These are the values we used earlier to
solve the ODE using symmetry method.

Using functions as ansatz

Now &,n are found using £ = a(z) and n = B(z) y + y(z) as ansatz. Eq. (14) is

Nz + w(ny - gz) - w2§y - wx§ — Wyl = 0 (14)
But
e = B'(z)y +7'(x)

And

Ny = IB(x)
And

fy =0

§e = al(w)

Substituting the above into EQ. (14) gives

B @)y +7'(z) + w(B(z) — o (z)) — weal(z) — wy(B(z) y + 7(z)) = 0

But in this ODE w = zy? — 2 — X 'hence w, = 4>+ 2% + 2 and w, = 2yz — 2. The above

$2
becomes

6’y+7’+(w 2—2;”——) (B—a) - (y2+%+%)a— (m—%) (By+7)=0

2 1 _ 3 1 p 2
vV +yB + oy — 5B - Sa—yla+ Sd —2uyy - —ya—ay’B+ —yd —zy’e =0
A xXr X xr i X

Collecting on y gives

2 1 3 1 2 2
0 / ‘N _ T p__ Y N / _“ “ 2( _ N —
y (7 tov- - et xga)ﬂ/(ﬂ 2eyy — Ho+ ma>+y (—a—zB—zd)=0

Each term above is zero. This gives the following equations

+(z) + %y(r) - %ﬂ(m) - %a(x) N %a,(x) 0
§(@) ~ 2my(x) — yo(a) + ~a/(z) = 0
—a(z) — zf8(z) — zd'(z) = 0

Solving these coupled ODE on the computer gives

1
a(z) = = (c3z* + c12® + ¢2)
z

B(z) = —4csz® — 2¢
C2
v(z) = —2¢5 — 2;

Where the ¢y, co, c3 above are constant of integration. Let ¢ = c3 = 0. Hence

a(z) = %(@,x‘l + c12%)

B(x) = —4esz® — 2¢

Y(z) =0
Let c3 = 0. Hence
alz) = 1clav
B(z) = —2¢
V(z) =



Let ¢; = 1, hence

alz) ==
Blz) = -2
V(z) =0

Therefore, since £ = a(z) and n = B(x) y + v(x) then £ = z,7 = —2y which is the same
as the earlier method. After working using this ansatz, I find using the polynomial ansatz
better. First of all, I had to set constants above to values in order to obtain the same result

as earlier. Setting these constants other values will give different result. For example, the
following are another set of possible solutions obtained from Maple for this ODE

Which gives

1.10.5 Example y/ = ¥ + z—z

T

Solve

+1 ¢
g =Yt y3

xr X
Y =w(z,y)

This can be written as

<
o

8 8|

Il
I 8| 8| 8w
+
| =
VR ® +
8 +
;s
<
%)
N~

+

+
8|~
N
[
+
/N
SN
N——
[\
~__

T

Hence this has the form y' = £+g(z) F (%) where g(z) = < and F = <1 + (%)2> Therefore
this is homogeneous class D. Lookup table gives

£=2?

n=xy

Another way to find £, 7n is by solving the symmetry condition PDE and this is shown at
the end of this problem. Hence
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T=z+¢&e
=z + 2%
y=ytne
=y + Tye (2)

The integrating factor is therefore

uT,y) =

(z,y) "y
1

_xy_z2<w+£>

T 3

. x
- xz—}—yQ

The ode is now verified that it remains invariant under (2) transformation.

dj _ 3

dz %
et
T, + 7,2

But from (2) y, = ye, 4y = 1+ x¢,Z, = 1+ 2xe, T, = 0 and the above becomes

gg_1+a+x@%
dz 1+ 2ze

Substituting z, y, j—g in the original ode gives

dy §+1 7
dy _g+1. 9

dz z z3
1+ (1+ze) ¥ (y+ay) +1 | (y+zye)’
= 5 + 3
1+ 2ze T + 1€ (z + z%€)

Which as lim._,q gives
dy y+1 3
dr  © @ 23
The same original ode showing the transformation is valid symmetry.

Y:=y/(1-s*x):
X:=x/(1-s*x):
eq:=(diff (Y,x)+diff (Y,y)*Z)/(diff (X,x)+diff (X,y)*Z)=simplify((Y+1)/X+Y"2/X
solve(simplify(eq),Z)
y/x + 1/x + y~2/x73

Hence the transformation in (2) is invariant.

The next step is to determine what is called the canonical coordinates R,S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

der dy
ﬁ_:p—y—ds (1)

The above comes from the requirements that <§ (% + 17(%) S(z,y) = 1. Which is a first
order PDE. We need to solve this for S, which gives (1) using method of characteristic
31
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to solve first order PDE which is standard method. Starting with the first pair of ODE
in (1) gives
dy _zy_y
dr x2?2 «x
Integrating gives £ = ¢ where c is constant of integration. In this method R is always c.
Hence

R(:I?, y) =

Now we find S(z,y) from the first equation in (1

— 8w

and the last equation

Now that we found R and S, we determine the ODE 4 = Q(R). The ODE comes out
to be function of R only, so it is quadrature. This is the whole idea of this method. By
solving for R we go back to z,y and solve for y(z). How to find g%? There is an equation

to determine this given by
dS Sy +w(z,y)S,

dR~ R, +w(z,y) R,
We know everything on the RHS. Substituting gives
s =+ (y“ %) ©)

dR  _y <y_ ﬁ) 1
1
— 2
_y g <¢ L)1
22 23] z
P
22 + 12
B 1
RSOk
But R = ¥, hence the above becomes
ds 1
dR 14+ R?
This is just quadrature. Integrating gives
S = arctan (R) + ¢;
Now we go back to x,y. Since S = —%, R = %, then the above becomes

1 ]
—— = arctan ( > +c
T
-1 y
— 4+ ¢y = arctan (—)
T T
-1
y_ tan <— + 02)
T T
-1
y(z) = ztan (7 + 02)

And the above is the solution to original ODE.

Finding Lie symmetries for this example

The symmetry condition was derived earlier as

Ne + w(ny - gm) - w2£y - wz€ — Wyl = 0 (14)
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Let ansatz be

E=car+cytcs
N =c4T + cs5Y + Cg

Eq 14 becomes

Ne + W(Th/ - ga:) - w2€y - wmg —Wyn = 0

cs+w(es —c1) — wley — wyp(eix + ey + ¢3) — wy(ca + csy +¢c6) =0

But in this ODE w = y7+1 + z—i, hence w, = —ywlzl — 3;”6—2 and w, = % + % The above
becomes
y+1 92 y+1 2\? y+1 _4? 1 2y
C“L(TJFE)(%_Q)_( —ta) e (s —3; (az + ey +¢c3) — o (
1 1 1 1 2 2 3 1 1 5 1 1 1

2 2 2 3 4

50— —5C+ —C— —C+ Y CL— Yt Y3+ Y C— Y C— Y C— Y+ —Ycz —
x x T x T T x T x x T x

zles — zley + 2Pcs — e + 2232, — 20%y%cy + 3x%y%cs + xyBey — x3yPes — y402 — x4ycz + 334y03 -2

z*(c3 — ) + 2°(cs5 — ¢5) + 23Y*(2¢1 — ¢s5) + 22Y* (=22 + 3c3) + 22y3(c2) + ¥t (—c2) + zty(—co + c3 — 2¢
Each coefficient to each monomial must be zero. Hence

03—02=0
cs—cg =10

261—05:0

—2co +3c3 =0
c=0
—cpg+c3—2c4=0
—2¢c6 =0

Which simplifies to (since c; = 0, ¢ = 0)

c3=0
cs =0
ci—c5=0
3c3 =0

03—204=0

Which simplifies to (since ¢z = 0,c5 = 0)

C5:O
61—05:0
C4=0

Hence c5 = 0,¢; = 0,c4 = 0. We see that all ¢; = 0, therefore there is no solution using
this ansatz.

Trying ansatz

& =ap+ a1T + asy + asxy + a4 x>

n = by + bix + byy + bszy + bey?
Eq 9 becomes
Nz + W(ﬂy - fac) - w2€y - wxf - Wy"? =0
Substituting the ansatz and simplifying gives

—x2y3a2+y4a2+x4(—a0+a2)+x2y2(—3a0+2a2)+xy4a3—|—2w3yb0+:c4y(—a0+a2—|—2b1)+x5 (a3—|—b0—b2)—|—x3y2
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Each coefficient to each monomial must be zero. Hence
a, =0
—ap+ay; =0
—3ag +2a, =0
a3 =0
bp=0
—ag+as+2b; =0
a3 +bg—by =0
—2a;1 +2a3+by =0
as— b3 =0
2a3 —2b, =0
a3 —bys =0
Since a; = a3 = by = 0 the above simplifies to
—ag =0
—3ap=0
—ag+2b; =0
—by, =0
—2a;+b,=0
as— b3 =0
—2by =0
—b,=0
Since ag = by = a4 = by = 0, The above now simplifies to
as—bs=0
Therefore, if we let ay = 1 then b3 = 1 and the solution is
€ = ap+ a1z + agy + asry + aux?
= x2
1 = bo + b1z + by + bszy + b5y’
=1y

Which is what we used above to solve the ode.

1.10.6 Example 3/ = %
Solve
;Y- 4zy? — 1623
Vo Pty +a
Yy =w(z,y)
The first step is to find £ and 7. This is shown at the end of this problem below.
£=—y
n =4z
The integrating factor is therefore
1
w(z,y) =
(z,y) —
_ 1
- —Azy2—1623
to+y (M)
Pyt a+yP
RN
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The next step is to determine what is called the canonical coordinates R,S. Where R
is the independent variable and S is the dependent variable. This is done by using the
standard characteristic equation by writing

w_d_ s
& 0
dz dy

=1, =0 1)

The first pair of ode’s in (1) gives
dy _ 4z
dr vy
Solving gives

y=v—-4z2+c

Where c is constant of integration (For y > 0 only). In this method R is always c. Hence

y? = —42° + ¢
R =y*+ 42° (2)

The first equation in (1) and the last equation gives

dz
dS = —
3

S=-[Z£
)

But y = v/—422 + c¢. The above becomes

z
- / vV—4z2 + ¢
= —1 arctan (2—$)
2 V—4z? + ¢

1 ( 21:)
= ——arctan [ —
2 y

For y > 0. Now that we found R and S, we determine the ODE 23 = Q(R). The ODE
comes out to be function of R only, so it is quadrature. This is the whole idea of this
method. By solving for R we go back to z,y and solve for y(z). How to find %? There is
an equation to determine this given by

as S +w(z,y)Sy
dR  R,+w(z,y)R,

We know everything on the RHS. Substituting gives

s %(—% arctan (%’”)) + (%) d%(—% arctan (%’”))
IR LTI + (L) £ g

-1 <y —4zy?—1623 )
) 3 2 -
y(iT?‘*‘l) Hetyte )2 42 +1

4z (y —4xy?—1623
\/y2-|—4w2 3 44x2y+x V2 +4x2
P, /41:2 + y
=—-R
Hence is
. __R
dR
This is just quadrature. Integrating gives
2
S=—-——+c

2
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Now we go back to z,y. Since S = — arctan (2’”) ,R = v/y* + 422, then the above

v

1 2 2 4 422
2 Y 2

2 1 2
Y Zarctan (Z2) 4222 —c=0 y>0
2 2 Y

And the above is the solution to original ODE.

becomes

Finding Lie symmetries for this example

The symmetry condition was derived earlier as
Nz + w(ny - gx) - wzé.y - wx§ — Wy = 0 (14)
Let ansatz be

E=cix+cy+cs
N = c4T + Ccs5Y + Cg

Eq 14 becomes

cs +w(cs — ¢1) — w?ey — we(arT + ey + ¢3) — wy(cat +esy +¢6) =0

—4y5 322293 —8xy?+ (—649:4—1)3/—32:1:3

: : _ y—4zy?—1623 _ _
Bu;c in ’Zh;s OPE :u —3—y3 ATt hence w, = iy iy o)’ and w, =
64z"+322 (i’m;; 433;2;2 Y=2y"+2 Ahove becomes

ot (y — dxy? — 169:3) (65 — )= (y — dxy? — 16x3>2 o (—4y5 — 322%y® — 8y + (—64z* — 1)y —.
Y+ 42y + o Y3 +4r’y + (42%y +y® + 7)°

Which expands to

8ci1zy? Acszy? 256¢ox*y? 48¢cox’yt 16cyz3y 12cozy3
%y + 1P +o APy + P+ (daly+1P+1)° (dely+d+a)’ (dedy+vP+a)’ (dedy+of o+
48x2cyy 128x°yc; 128z%ycs 32z3y3¢, 32z213¢c3
Dy+y+r (aly i to) (lytyita) (dely+yd+a) (et + o)
4x?y?c, 4zy’cs yeL T 8x2ycy 8zyce
A2y +13+ 1) (dely+183+12)° (day+13+12)° d?y+y°+o 4doy+9°+ x
64z5csy 64y, 64x3y3cs 64x31>cq 12x2%y*cy 16¢52
a2y +1P+2)° (da2y+yP +2)° (daty+9P+2)° (da?y+yP+2) (day+yP +a)° a2y + 48
256¢9° 64c; 23 c1y 487%¢c4 dy3cy 4y2cs
 (4ay + 13 + g;)2+4w2y +3+z Ay +9°+ x+4x2y +yd+z d?y+yi+a dely+yd+o
16z*c; 16z3c3 ycs CuT 6425¢, 6425
@yt +a) Y+ o) @y +a) L+ Wyt +a) (dely+y
3ycs 3yce Co 12zy°cs 12z cq 4x3yc
(4o%y+ 9P +2) (2y+1P +2) LW+ +r (y+yP o) (@y+yi+a) (dePy+y?
4z’ cs 4x?ycg 3yicyx
+c = 0

ey + P +2)  (dePy+yP+a)  (de2y+y°+a)
Multiplying each term by (4z%y + 4® + z)> and expanding gives the multivariable poly-

nomial

128x5ycl —I—64x3y3cl +8c; :cy5 —256¢52° —6402x4y2+ 1602z2y4+402y6 —64x%¢,— 16x4y204+4z2y4c4+c4y6
— 128a;5c5y—64z3y3c5 —8xy505 +64z4y03+32x2y303+403y5 —64x°cq —32x3y206 —4xy406+48x4cl +
822y 1 — 1y +64cox3y+16coxy>+1623ycs+4yP car—16c5 2t +8x2y  c5+ 3y  cs+322° c5+-8xy* cs+8x %y ce+2y

Each monomial coefficient must be zero. This gives the following equations to solve for ¢;
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equation

—256¢cy — 64c4 =0
128¢; — 128¢c5 =0
—6466 =0

—64cy — 16¢c4 =0
6403 =0

48c; — 16¢c5 =0
64c, — 64c5 =0
—3206 =0

64cy + 16c4 =0
32¢c3 =0

16cy +4c4, =0
32¢c3 =0

861 + 865 =0

806 =0

8ci — 8¢5 =0
—4cg =0

1602 + 404 =0
803 =0

—Cg = 0

402 +c4 = 0

463 =0

—C1 + 305 =0
2c6 =0

C3 = 0

Hence we see that cg = 0, c3 = 0. The above reduces to

equation

—256cy — 64cy =0
128¢c; — 128¢c5 =0
—64cy — 16¢c4 =0
48¢c; — 16¢5 =0
64c; — 64c5 =0
64cy + 16¢c4 = 0
16cy +4¢c4, =0
801 + 865 =0

801 — 805 =0
16co +4c4, =0
4ey +c4 =0

—C1 + 305 =0

Hence Ac = b gives

0 —256 —64 0
128 0 0 —128
0 —64 —16 0
48 0 0 —16
64 0 0 —64

64 16 0 2| =
16 4 “
0 0 -8 | \*

4

1

&1

16
4
-1 0 0 3

The rank of A is 3 and the number of columns is 4. Hence non-trivial solution exist. Solving
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the above gives ¢4 = —4 and c; = 1 and all other coefficients are zero. this means that ,
since

E=car+cytcs
N = 4T + cs5Y + Cg

Then

Y
—4x

§
n
Which is what we wanted to show for this ODE.

_y2
ef—y

1.10.7 Example 3/ =

Solve
2
/I —Y
V=a

Y =w(z,y)

The symmetry condition results in the PDE

Nz + w(ny - €z) - w2€y —wg€ — Wy = 0

End of the problem shows how this is solved for &, which results in

{(z,y) =1
n(z,y) =y
The integrating factor is therefore
1
T,y)=
w2, y) —
. 1
=—
()
1 —ye™®
Y

The next step is to determine what is called the canonical coordinates R, S. Where R
is the independent variable and S is the dependent variable. So we are looking for S(R)
function. This is done by using the standard characteristic equation by writing

@ _ 4 _ s

£ n

dr dy

T—?—dS (1)

The above comes from the requirements that <§ % + n%) S(z,y) = 1. Which is a first

order PDE. This is solved for S, which gives (1) using the method of characteristic to
solve first order PDE which is standard method. Starting with the first pair of ODE gives

dy _
dw_y

Integrating gives In |y| = z+4c or y = ce® where c is constant of integration. In this method
R is always c. Hence

T

R(z,y) = ye~
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S(z,y) is now found from the first equation in (1) and the last equation which gives

dz
dS = —
§
dx
dS = T
dS =dzx
S=z
Hence
R=ye™
S=xzx

Now that R(z,y),S(z,y) are found, the ODE 92 = Q(R) is setup. The ODE comes out
to be function of R only, so it is quadrature. This is the main idea of this method. By
solving for R we go back to z,y and solve for y(z). How to find g%? There is an equation
to determine this given by

s @ tw@y) g
dR %+w(w,y)‘%
_ Sm+w(xay) Sy
"~ R,+w(z,y)R,

Everything on the RHS is known. S, = 1, R, = —ye ™, S, = 0, R, = e””. Substituting
gives

ds 1
IR _ye—w+ y e—:c

ye ¥ —1

= —ye—ﬂl

But R = ye™™, hence the above becomes

dS R-1
dR~ R

This is just quadrature. Integrating gives

S = / —dR

lnR+01

This solution is converted back to z,y. Since S = x, R = ye™?, the above becomes

T

r=ye *—In (ye_””) 4+

Which is the solution to the original ODE.

Finding Lie symmetries for this example

The condition of symmetry is given above in equation (14) as

Nz + W("?y - gm) - w2£y —we€ — wyn =0 (14)

§=cr+cy+c3
N =cC4T + C5Y + Cp
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Hence &, = ¢1,&, = ¢2,M: = €4,my = ¢5 and (14) becomes

Nz + w(ny - §x) - w2§y - wx§ - wy'r’ =0

cs +w(cs — c1) — w?ey — wa(a1T + ey + ¢3) — wy(ca + csy +c6) =0

_y2 2z 2
But w= 2" w, = L, w, = (— 2y _ __¥ ) and the above becomes
y (em—y)*? Y €=y (e"—y)

2 2\ 2 2
— — e
cat— Y (cs - Cl)_< . Y ) C2_y—2
er—y er —y (e* —y)
Need to do this again. I should get c3 = 1,c5 = 1 and everything else zero.
£=1
n=y

2y y?
(az+coy +c3)—| — — — 5 | (ca® + 5y + c6)
e"—y (" —y)

_ oIyt
1.10.8 Example y' = Sy ey

Solve

T /1+y+/1+y+1+y
y= 1+z
Y = w(z,y)

The symmetry condition results in the pde

Mo +w(ny — &) — w8y — we€ —wyn =0 1
Let Ansatz be
£€=0
n=f(z)g(y)
Hence (1) becomes
o) 5 +0f(@) L~ 0, (2) gy) =0
But w, = L (mmﬂﬁﬂ"’y) = —&%1))2 and w, = % Hence the above becomes

(f(z)g(y)) =0 (2)

()df (x\/1+y+\/1+y+1+y)f(x)d_g_x+1+2,/1+y
I G 1+z dy V1+y(2+22)

The numerator of the normal form of the above is

d dg _.d d d d d
2£g 1+ yz+2y\/1+ yf£+2fd—zxy+2£g\/1 T y—2fg\/1+ y+2fd—§\/1 ¥ y—fgx+2fd—zw+2fya

3)
We can now either collect on y or  and try. Let us start with collecting on all terms with
y. This gives

d, d, dg dg
oI 3 (20 425 —2f v TH YN+ P TH Y balaf — ry et + 200450 2sf -
(34)
The coefficients of all terms with g(y) or y in them are from the above are the following,
which each must be zero

2f =0
zf—f=0
2xf+2f=0

a  df _
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Now we set each to zero and see if this produces f(z) which can be used. We have 4
choices to try above. Starting from the most simple one. The first one above gives 2f = 0
or f = 0. But this is not function of . We try the next one xf — f = 0. This gives f =0
or x = 1. Hence this does not give f as function of x. Next we try 2zf + 2 f This also
does not give f as function of x. The last one is 2333—]; + 2 —2f=0or df =
this gives f = ¢;(x + 1). This is successful since f is functlon of z. Hence

f(z) =ci(z+1)

4

dx

Now we need to determine g(y). Substituting the above into (3) gives

5 +2 Solving

d d d
2¢19(y) /1 + yz+21/1+ yer (w+1)d—zy+2cl(x+1)d—zxy—l-chg\ /1+ y—2c1(z+1)g\/1+ y+2cl(x+1)d—z\,

Which simplifies to

d d d dg dg d
2c1v/1+ ydzym+2cl iz Yy—C19T +201d—z vV1+yx+24/1+ y01 y-|—2cl d—yx 244c, d—ywy 2c1xg+2c, df/
(4)

Now factoring on all terms with z, and these are {z, 2%} gives

d dg d
—clx2(—2d—zy+g 2dy> clx( 2/1+y y 2 /14y — 2— tg- 2d—§>+T ~0
(4A)
Where T are terms that depends on y only. Each factor of x, 22> must be zero. Hence the
first above implies

dg dg
—2— —2==0
dyy *g dy
g
') —
Solving gives
g=c1+y (5)

Substituting (5) into (4) gives
ci(l+x)c(l+y)=0

Which is not zero. Hence this term does not work. Now we try the second term in (4A)
which means
dg dg _,dg dg
—2\/14+y—y—2y/1+y— -2~ —-2—==0
+ydyy +ydy dyy+g dy
dg

dy  —2JTtyy— 2\/_1+ —2y—2

Solving gives

Vi+y
9(y) = cor——m——
1++4/1+4+y

Again, substituting the above back in (4) gives

1+y)z
(1+vT+y)
Which is not zero. Therefore starting with f(z) = ¢;(x + 1) has failed to produce a valid

9(y) to satisfy the pde. This means we need to start all over again. Going back to (3) and
now collecting on all terms with z instead. Here is (3) again

Cl(l + .’L') Co

d dg _.d d d d d
2£g 1+ yz+2y\/1+ yfd—z+2fd—zxy+2£g\/1 Fy—2fg/1+ y+2fd—§\/1 ¥ y—fga:+2fd—Zx+2fya

(3)
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Collecting on all terms that depend on x gives

x%(2g@)+f(2ym3—z—2g\/ﬁ+2—\/ﬁ+2 —+2Z—Z_ )+wf<23—§y—9+23

(3B)
Each term must be zero, hence this gives these trials
29y/1+y=
dg dg
2 2 0
dyy 9+29=

2y,/1 + ——2g\/1+ +2 \/1+ +2yd +2j—— =0

Starting with the first one above 2¢4/1 + y = 0 which gives g = 0 which does not match
the ansatz. Now we try the second one above, which gives

dg _ 9
dy 242y
Solving gives
g=c\1+y (6)

Which meets the requirements of the ansatz. Now we need to use the above to generate
f(z). We do not need to try the third one above unless this fails. Substituting (6) into (3)
gives

cz<2;l—fxy+23—fw+2;l—f —fy+2;l_f _ ) —
df df df df
P gt gy T2, =0 (7)

Collecting on y gives

cai(l+vy) (2d—fx+2;l—f— ) =0

Hence 2%1‘ + 2% — f must be zero. This gives as solution

fl@)=cvitz

df_c 1
dr 22\/1—}-z
Substituting the above into (7) to verify gives
2( L )w —I—Q(c L >x+2( ! ) <cx/1+a:> +2( ! ) e/ F
Co——— _ Co——or |y — Co———or | —
2oitz) Y oItz 22\/1+gg ym\@ Y o0itz) 2
1 1 1
c Ty +c r+c y—cvVl+tzy+c — V1 +
2\/1—i——x y 2\/— 2\/— 2 y 2\/1—i——,’1,' 2
1 1 ‘
c Ty + T+ —V1+zy+ —+vV1+z
2(\/14—93 Y \/l—l—x \/1+xy Y Vi+zx |

Verified, Hence we have found f(z),g(y). Therefore

Where we set ¢; = ¢ = 1. The integrating factor is therefore

1

n—&w
1

- vi+zy/1+y
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The next step is to determine the canonical coordinates R, S. Where R is the independent
variable and S is the dependent variable. This is done by using the standard characteristic

equation by writing

dr _ dy _

§

as
n

For the special case £ =0 we have R = z. S(z,y) is now found from the last two pair of

equations which gives

ds =

dy

VitayIity
522\/1-1—3/

vVi+zx

Hence (constant of integration is set to zero)

R==zx
522\/1+y

Vi+x

2)

Now that R(z,y),S(x,y) are found, the ODE 2 = Q(R) is setup. The ODE comes out
to be function of R only, so it is quadrature. This is the main idea of this method. By
solving for R we go back to z,y and solve for y(x). How to find %? There is an equation

to determine this given by

Everything on the RHS is known. S, = — Y% R, =1,

=————3 +w(z,y)

= — §-|-

s & twly) g
iR T tw(z,y) &
Sy +w(z,y) S,

1

vi4+z/14+y

z/1+y++/1+y+1+y

_ 1
v = VTravity’

1

Hence

(

This is quadrature. Solving gives

Convecting back to z,y gives

2

ds
dR

1+z

1

~ VR+1

S=2\/R+1+Cl

V1i+y
1+z

=2Vx+14+¢
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1.10.9 Example ¢/ = —L_

2x—yeY
Solve
r Y
Y=o yey
Y = w(z,y)

The symmetry condition results in the pde

Ny + w(ny - €z) - w2€y —wz€ — Wyn = 0 (1)
Let anstaz be
£=9(y)
n=20
Substituting this into (1) gives
d
—de—Z —w,g=0
But w? = ﬁ,wz = % (Qw:zey) = (2z—2369)2' The above becomes
Y dg 2y g=0
(2x — yey)2 dy (2z — yey)2
dg
—yQ@ —2yg =0
dg 2
i =0
dy - y’
This is linear ode. The solution is c
1
g=—
y?
Hence
1
=
Y2
n=0

But taking ¢; = 1. The integrating factor is therefore

1

n—&w
1

1 (_=v_
y2 \ 2z—ye¥

= y(2z — ye')

w(@,y) =

The next step is to determine the canonical coordinates R, S. Where R is the independent
variable and S is the dependent variable. This is done by using the standard characteristic

equation by writing
de dy

§ n

Since 1 = 0, then in this special case R = ¢; = y. To find S we use dS = % or dS = y?dz.
Hence S = ¢z + ¢, = c2x by taking c; = 0. Therefore S = y?z since ¢; = y.

as

R=y (2)
S =9’z

Now that R(z,y),S(z,y) are found, the ODE 92 = Q(R) is setup. The ODE comes out
to be function of R only, so it is quadrature. This is the main idea of this method. By
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solving for R we go back to z,y and solve for y(z). How to find 957 There is an equation
to determine this given by

s @ twEy g
iR Bt w(z,y) &
_ Setw(z,y) S,
R, +w(z,y) R,
Everything on the RHS is known. S, = y* R, = 0,5, = 2yz, R, = 1. Substituting into

the above gives

dS v’ +w(z,y)2yz

dR w(z,y)

-y
2x—yeY

Now we need to express the RHS in terms of R, S. From (2) we see that y = R, hence the
above becomes

= y2ey

dR—Re

This is quadrature. Solving gives
S=(R*-2R+2) e+

Convecting back to =,y gives

vr=(y—2y+2)e! + ¢

1.10.10 Example y/ = —5-2

242y

Solve

y = -1 —-2yzx

x2 + 2y

Y = w(z,y)

The symmetry condition results in the pde
Nz + w(ny - €z) - w2€y - wz§ —Wyn = 0 (1)

Let anstaz be

§=0

n=f(z)g(y)

Substituting this into (1) gives

df dg
L twfZ —w,fg=0
95, twf ay yf9
But w = —;ﬁjjf,wy = _(Z/ (;1212231’7) = (j2f;;)2. The above becomes

df —1—2yz\ ,dg ( 2 —2z3 )
'l e I e A e e =0
iz + ( z? + 2y ) fdy (22 + 2y)° i
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The numerator of the normal form is
d d
gd—f (m2 + 2y)2 + (mz + 2y) (—1 — 2yz) fd—g — (2 — 2:03) fg=0
€T Y
df442 A 93 2 _ pr? —9 dg 9 _ 943 —0 9
gajx+-xy+y)+(—xy—$—'M/—Zﬁﬁ@—('—x)fg— (2)

To solve this for f(x), g(y) we start by collecting on either z or y. Let us start by collecting
on y. This gives

1L @)+ |1 L] o)+ | Lot - (204 2) 1] g2~ 20 2) 1) () - [a2)
3

The other option was to collect on x terms. This would give

2%+ 2] @)= [221) (52 ~laor) (vi2 )+ | -2 520 - 28] (11410 (2L ) +lue] (430 )+
@

We start from (3), and if this yields no solutions for f(x),g(y) then we come back and
try (4). In either form, the terms inside the [-] must all be zero to satisfy the ode. From
(3) this gives

df

dw =0
df 22
dx =0

%z‘*— (—22°+2) f=0

(—22° —42-2) f=0
z2f =0

If one of these results in f(x) which is function of z. Then we try it to solve for g(y). If
the solutions end up verifying the pde, then we are done. From the above, we start with
the first one. This gives f = c¢;. Which is not function of . The second give same result.
The this option which is f zt — (=223 + 2) f = 0 gives

__2_
e 3z3

f(x) =G 72

Which is function of . We now use this to find g(y). It turns out this does not work. The
whole anstaz will fail. So need to try different anstaz.

1.10.11 Example ¢y = 3,/yz

Solve
vy = 3\/yx
Y = w(z,y)

The symmetry condition results in the pde
Ne +w(ny — &) — w2€ —wz§ —wyn =0 (1)
Trying polynomial anstaz

E=ap+ a1z
n = by + by

And substituting these into (1) and simplifying gives

(—9a1 + 3b) yr — 3zby — 3yag =0
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Setting all coefficients to zero gives

—9a1+3b1=0
bp =0
(10=0

Hence a; = %bl. Letting b; = 1 then a; = % and the infinitesimals are

1
§ 537
n=y

The integrating factor is therefore

1
n—&w
B 1

y — 57 (3\/yz)
__ytz/jry

o oy —y?

w(z,y) =

The next step is to determine the canonical coordinates R,S. This is done by using the
standard characteristic equation by writing

do _dy

— =dS
&
The first pair of equations gives
dy _n_ 3y
dr ¢ =«
Solving gives
y =z’
Hence y
R= C1 = :l? (2)
And S is found from p p
ds =2 = 3%
& x
Integrating gives
S=3lnz+c¢
=3lnz

By choosing ¢; = 0. Now that R(z,y),S(z,y) are found, the ODE %5 = F(R) is deter-
mined. This is determined from

s @ twEy) g
dR %+w(w,y)‘%
Sm-i-LU(x,y)Sy

ds 3

dR~ 3% tw(z,y) &
B 323
- =3y + 2w (z,y)
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But w(z,y) = 3,/yz. The above becomes

as 33
dR -3y +3z,/yz
73
YT — Y

But R = % and the above becomes

Which is a quadrature. Solving gives

/ds:/R—_i/T%dR
S=4M%¢§—Q+q

3lnx=—2ln( %—1) +c
\V

2
lnx3+ln( 1—1) =qC

Converting back to z,y gives

y1(z) = 2z(2” + z/z01) — 2% + €1
yo(z) = —2z(—2* + z/701) — 2° + &1
1.10.12 Example ¢/ = él(yx)é
Solve
1
y = 4(yz)®
Yy =w(z,y)
The symmetry condition results in the pde
Nz + w(ny - fz) - w2€y —wz§ — wyn =0 (1)
Trying polynomial anstaz

E=ap+ a1z

n=bo+ b1y
And substituting these into (1) and simplifying gives
(—16a; + 8by) yr — 4zby — 4yag =0

Setting all coefficients to zero gives

—16a1 +8b1 =0
bp =0
a0=0
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Hence a; = 1b;. Letting b; = 1 then a; = ; and the infinitesimals are

1
§= 535
n=y
The integrating factor is therefore
1
r,Y) =
wz,y) —
_ 1
= 1
Ve (1))
B 1
y — 2z (zy)?

The next step is to determine the canonical coordinates R,S. This is done by using the
standard characteristic equation by writing

o _ W _ g
& n
The first pair of equations gives
dy _m_2%
dc ¢ =«
Solving gives
y =12’
Hence y
R = C1 = ﬁ (2)
And S is found from p p
ds =2 =%
13 x
Integrating gives
S=2Inz+¢
=2lnx

By choosing ¢; = 0. Now the ODE 42 = F(R) is found from

s mtw@y) g
dR ‘é—f—i—w(w,y)%
_ Setw(z,y) S,
" R,+w(z,y) R,

But S, = 2, R, = —2%,5, =0, R, = 2. Substituting these into the above and simplifying
gives

B 1
B Zy%:p_% — ;’—2
B 1
2(%)F - %
B 1
2(R)* — R



Hence
dsS . 1

dR 2R} _R

Which is a quadrature. Solving gives

e e

——§1n< 2+R3)+Cl

Converting back to z,y gives

2Inz = —gln (—2+ (%)g) +¢

The above can be simplified more if needed to solve for y(z) explicitly.

1.10.13 Example ¢/ = 2y + 3e**

Solve

Y =2y + 3™
Y =w(z,y)

From the lookup table, since this is linear ode y' = f(z)y + g(z) then

£=0

n = el iz
_ J2dn
=e*.

If we were to use the integrating factor method, then

1
n—&w

w(z,y) =

= 622:

— e—2w

Then the general solution is
/ p(z,y) (dy — wdz) = &1
/6_2“ (dy — (2y + 362””) da:) =
/e_hdy — (2ye > +3)dr =c1

/e_%dy — 2ye %dg = /3dw +c

/d(e‘zxy) = /3dm—|—cl

2y =3z +¢
y=e*(Bz+cp)

Hence

But if we were to use the basic Lie symmetry method, then the next step is to determine
the canonical coordinates R, S. This is done by using the standard characteristic equation
by writing
dr d
Y _us
3
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Since & = 0 then this is the special case where R = x. And S is found from

d
as =2 — e 22dy
n
Integrating gives
S=e¥y4c
— e—2xy

By choosing ¢; = 0. Now the ODE 22 = F(R) is found from

s & tw@y) g
iR T tw(z,y) &
_ Setw(z,y) S,
R, +w(z,y) R,
But S, = —2¢ *y, R, = 1,5, = e **, R, = 0. Substituting these into the above and

simplifying gives

—— =2y + (2y +3e¥) e ¥
=2y 4+2ye * +3
=3
Which is a quadrature. Solving gives
/ ds = / 3dR
S=3R+¢
Converting back to z,y gives
e ®y=3cx+c
y=(3z+c))e*

Of course, this ode is first order linear and can be solved much easier using integrating
factor method. But this is just to illustrate the Lie symmetry method.

23 +z 3—"E2

_1
1.10.14 Example y' = ;=%

Solve

y_12y+y’—2?

3 x

y =w(z,y)

Using Maple the infinitesimals are

3
¢= 213

4

n=—-—=

€T3

(Will need to show how to obtain these). Lets solve this using the integration factor method
first. The integrating factor is given by

w(z,y) =




Then the general solution is

//L(:L', Y) (dy — wdzx) = ¢

4
x3 12y + 93 — 22
/sz—y?’ dy — (gT dr | = ¢

4 1
Hence we need to find F(z,y) s.t. dF = <2%dy — (2£> (2y + y* — z?) dx) which
will make the solution F' = ¢. Therefore
oF oF

dFF = —d —d
ox T Oy y
:vg 2 g3
_ 3 2
= 2x2 _y3dy — (5—:52 —y3> (2y+y —x )da:
Hence
OF _ 2132y +y’ — o) (1)
or 3 x2 — 3
oF T3
= —9 " 2
oy x?2 — g3 (2)

Integrating (1) gives

F= (/_§x3(2y+y3 _xz)dw> +9(y)

72 — o3

2
1l a1 4 2 2\ 2 1<2w3+y>\/§ 2 2
= 5%° +§ln <x3 +x3y+vy ) — g\/garctan R R gln <x3 —y> +9(y)

3)

Where g(y) acts as the integration constant but F' depends on z,y it becomes an arbitrary
function. Taking derivative of the above w.r.t. y gives

4
e = ) @
Equating (4,2) gives
4 4
2x2x_3 Y3 = 2x2$_3 Y3 +4' ()
=4 (v)
9(y) =a

Hence (3) becomes

<2x§ + y) V3 9

ol

1 1 2 1
F= ix + gln (x% + x§y+y2> - g\/garctan 3

Therefore the solution is

1 1 2
590% + 3 In (:c% + :c%y + y2> — g\/garctan

(208 +y)v3\ o
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Where constants c;,c were combined into c;. Now this ode will be solved using direct
symmetry by converting to canonical coordinates. This is done by using the standard
characteristic equation by writing

d d
2 _%_4s
£E
d d
5= =4S
-t 7
2x3 T3
First pair of ode’s give
v
dy _ 8 _ 2
de 3 37
2x3
Hence
y = 01:17%
Therefore
R = yz‘g
And

Integrating gives

Wil N

0
I
—

|
NN~

8 8
Wk Wik

+

o

A=

By choosing ¢; = 0. Now the ODE 22 = F(R) is found from

ds % twlzy) g
AR E+w(z,y) f
St w(z,y) S,
" R, +w(z,y)R,

Sy =0, R, = T3, Substituting these into the above and

wlot

But S, = %x%,Rx = —%ym‘
simplifying gives

s 223
dR  —2yz~5 +w(z,y) o s
2 1
2
=2 235 3
-y
But R = yx‘% ory = Rz5. The above becomes
ds 5 x?
dR 22 — R3z2
=2
- 1-R3

Which is a quadrature. Solving gives

/w /}_m

3111 (RP+z+1) - gx/garctan (%(1—!—2}2) \/§) + gln(R— 1)+ca
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Converting back to z,y gives

ot =gt ((s0) +2+1) - SvBarctan (G (1+2(u0)) vB) + 21 ((50F) - 1)
+

_%m (y2x_% +z+ 1) gx/garctan (:1)) (1 2y~ §) \/3) + gln <y$_% - 1) +a

w\m

4
3

X

N~ N -

1.10.15 Example y' =3 —2¢

This is homogeneous ODE of Class A of form ' = F (%), hence from the lookup table
E==x
n=y

The first step is to verify that T = ex,y = ey leaves the ode invariant.

/

i _9=+0y _ e _

A7 To+ 3y € 7
Hence the ode becomes
dy (]
27 _3_ 2_
dz
y =3— 2_y
€T
—3-2Y
T

Verified. Now the ode is solved. The tangent curves are computed directly from the Lie
group symmetry given above

0T
g_aszﬂ_x
_ 9%y _
n= O€ | .o

The canonical coordinates (R, S) are now found. Using

dx dy

=dS
&
dz _dy _ 4 (1)
Ty
The first pair gives
dy _y
dr =z
Iny=Inz+¢
y=-cx
Hence
R=c
_Y
x
Now we find S from the last pair of equations
d
% —as
Y
S=Iny
What is left is to find 95 . This is given by
as
PTG



To find G(R), we use

dS = Sydzx + Sydy = ,dy and dR = R,dz + R,dy = — %dz + Ldy
Hence
s _ 4%
dR —Xdz+ idy
dy
— dx
_% + EZ_?J
dy
dx
—R?+ R%
But % =3 — 2% =3 — 2R, hence
as 3—-2R
dR —R?+R(3-2R)
3—-2R
3(R-R?
Which is a quadrature. In Lie method, for first order ode, we always obtain 2 = G(R).
Integrating the above gives
3—-2R
d ———d
a5 = [ sia—gi®
S =

1
InR— gln(R— 1)+c
Final step is to replace R, S back with x,y which gives

lny:ln%—%ln<g—1>+cl

T

T
Y 1
5—1—02—3

_3+£
1.10.16 Example ¢y = z

ﬂ

This is homogeneous ODE of Class A of form 3’ = F (%), hence from the lookup table

Canonical coordinates (R, S) are found similar to the above which gives

rR="Y
x
S=Iny

What is left is to find g%. This is given by

dsS
R = G(R)
Which is the same as above .
s &
dR —R?+R%

%)



—3+4 _
e — 3+R , hence

But in this problem, the only difference is that Z—g =

ds ey

dR ~ —R?+ R(2£E)
1 R-3
T RR*+2R-3

Which is a quadrature. In Lie method, for first order ode, we always obtain g}s%

Integrating the above gives
1 R-3
d
/dS / (R2+2R 3) k
1
S=In(R) - §ln(R—|-3) - éln(R— )+
Final step is to replace R, S back with x,y which gives
() (i) i (Y-
lny—ln<x> 2ln<x+3) In (z 1)+cl
This can be solved for y if an explicit solution is needed.

2
1.10.17 Example i = Z30)

This is homogeneous ODE of Class A of form 3y’ = F (%), hence from the lookup table

E=x
n=y
The canonical ode is p
as _ Z
dR  —R?+R%

The above is the same ode in canonical coordinates for any ode of the form y' = F(%)

We just need to express 4 as function of R. In this case the above becomes

s _ SR

AR~ R+ R ()
_3R*+1
- R3+R

Integrating gives
S=In(R(R*+1)) +c

Final step is to replace R, S back with x,y which gives

Iny = In (%((%)2 + 1)) +o

Hence

y=+c3x3 — a2
= +xv/c3x — 1
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Finding &, 7n from symmetry condition for the above ode This shows how to find &,7 di-
rectly also. The condition of symmetry is given above in equation (14) as

Nz + w(ny - fx) - w2§y - wx‘f — Wy = 0 (14)

Try Ansatz
E=co+ iz
N = C2+ C3y
And given
_ 12?43y
2 zy

,_ 1@+ 3y%)*
wWw=--—"-
4 a2
122 — 3y?
Wy = —————
2 yx?
13 2 _ .2
o = 13—
2 xy?

Hence (14) becomes

12?4 3y 122 —3y% . 13y%— 22

=5 Yz * 3 n=0

T2 xy Y2 ya? xy?
Therefore the above becomes
122 + 3y? 122 — 3y? 13y? — 22
e T 2 T _ -2 T =0
2 zy C3 2 42 (co+ 1) 2 (ca+ c3y) =

Using the computer the above simplifies to
x 1 =z 1/1 13 3 v
;(03 — C1) + 502; — §(§Co> — —502 + 5 —2 =0
Hence

C3—Cl=0

1
50220

1

—§CO=0

3
—502 = 0

3
g =0

Solving gives cg = 0,co = 0 and c3 = ¢;. Hence the solution is
{=cax
n=2¢csy
Let ¢; = 1, therefore c3 = 1 and we obtain
E=x
n=y
Which is the result we used in solving the above problem. Notice that any scaler will also
work. Hence

& =5z

n=25Yy
And

¢ =10z

n = 10y

This will also give same solution.
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y
This is homogeneous class D ' = £ 4 g(z) F (%) Hence from lookup table
£=2?
n=xy

Now we just need to find canonical coordinates (R, S) since &, 7n are known. Using

o _W_ s
£
dr dy
— =" _d 1
2oy (1)
The first pair gives
dy _y
dr =
Iny=Inz+¢
y=-czx
Hence
R=c
_Y
x

Now we find S from the last pair of equations (we could also use the first and last equations
in (1)).
d
Y —as
Ty
1
S=—Iny
x

What is left is to find g%. This is given by

dsS
iR G(R)

S+ Sy

To find G(R), we use S, = ;—glny, Sy = Z—ly and R, = -5, R, = 9_16 Hence

s Fhy+ oy

dR -4 +1ly

—lny— Ty
y+ay

—Iny — &y’
y+ay

But y' = £ + 1F(%) = R+ 1F(R). The above becomes

as _ —lny—%z(RjL%F(R))
dR~ y+z(R+1F(R))

_ —Iny — —%F(R)
y+zR+ F(R)
—Iny—1- 5 F(R)

y+ 22+ F(R)
1
—lny—1-_F(R)
2y+ F (R)
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Something is wrong. should only be a function of R. Need to find out why. Let me try
the other pair of equatlons from (1) to solve for S and see what happens.

s

.’132
1
S=-—=
X

What is left is to find g%. This is given by

9 _am)

S+ Sy
= _Rm + Ryy/

To find G(R), we use S, = %,S5, =0and R, = —%, R, = 1. Hence

But y' = £ + LF(%) = R+ 1F(R). The above becomes

T

ds 1
dR~ —y+z(R+1F(R))
1
~ —y+zR+F(R)

1
T —y+3L+ F(R)
1
~ F(R)

This worked. But why the first choice did not work? OK, let me continue now. Integrating
the above gives

But S = —21, hence

KA
T

—1—/ Lcl7'+c
T F(r)

=1 1
0—/ md’f"i‘C‘i‘E

This example shows that when solving for S from

dr dy

There are two choice. One is dS = Z—Z and the other dS = Z—’g. Using the first choice did not
work here (unless I made a mistake, but do not see it)., Only the second choice worked
because we must end up with % = G(R) where RHS is function of R only. I need to look
more into this. In theory, any choice should have worked.
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1.10.19 Example y' =¥ + le =

This is homogeneous class D ' = ¥ + g(z) F(¥). Hence from lookup table

From above we found the solution to be

1
S—/—F(R)dR+c
In this case F(R) = e %. Hence
S = /eRdR+c
S=elfl+¢

Now we just need to find canonical coordinates (R, S) since &, 7n are known. From above

rR=2
T
1
S=-=
T
Hence the solution becomes
1 y
——=ez+cC
T
y 1
€z = Cy — —
T

Y 1
Z=Inlcy— —
x x
1
y=zln|cy——
x

The nice thing about this method is that once we solve for one pattern of an ode, then
the same solution in canonical coordinates is used, the only change need is to plug-in in
the RHS of the original ode in the solution and integrate.

1.10.20 Example y/ = 142+27

I 1—y2+x2
1+y? —2?
= w(z,y)

Using anstaz’s it is found that

Hence

= = dS 1)

The first two give

Hence
y=—-r+c (2)



Therefore
R= C1

To find S, since both &, depend on both z,y, then d—;’ =dS or % = dS can be used.
Lets try both to show same answer results.

W _4s
n

is— W

Yy—x

But from (2), £ = ¢; — y. The above becomes

4y
y— (a1 —v)
_ 4y
Y —oc

ds =

Hence 1
S = 51n(2y—c1)

But ¢; = y + x. So the above becomes

S=%1n(2y—(y+x))
= Sn(y—2) )

Let us now try the other ode

But from (2) y = —z + ¢;. The above becomes

dx
z—(—x+c1)
_ dr
- 2r —

s =

Therefore ]
S = 51n(2x—cl)

But ¢; = y + z. Therefore

S=%ln(2x—(y+x))

1

— (e -y) @

The constant of integration is set to zero when finding S. What is left is to find g%. This

is given by S S 4s
T yW

dR ™ R, + Ryw (5)
But, and using (4) for S we have




Hence (2) becomes

dR ~ 1+w
w—1
—ul
1+w
_ 1l-—w
(1+w)(z—-vy)
1— 2 w2
__ ()
(1+ (35422)) e -w)
= - — y
=—(z+y)
=—-R
Hence
ds
iR -R
R2
T2
Converting back to z,y gives
(y +2)°

In(y—z)=-—

1.10.21 Example ¢ = —jze ® + i\/(e—2y)2 z? + 4e~%

1 1
/ - —2 - —20\2 .2 _92
Yy = 4xe y+4\/(e v)  x2 + 4e= 2

= w(z,y)

Using anstaz’s it is found that

E=x
=1
Hence
d
o _dy _ g
& n
do _ dy =dS (1)
The first two give
dy _ 1
dr =«
Hence
y=lhz+c¢
Therefore
R = C1
=y—Inzx

And S is found from either % =dS or dg—w =dS. Since n = 1, it is simpler to use % =dS
instead.
dy

—~ =dS
n

dy =dS
S=y
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Where constant of integration is set to zero. What is left is to find %. This is given by

dS _ Sp + Syw @)
dR R, + Rw
But
.
x
R, =
S:=0
Sy =
Hence (2) becomes
a5 = w 1
dR —-l14+w -1 41
1

z (—iwe—2y+%\/ (e—2y)2$2+4e—2y)

But y = R+ Inz. The above becomes

s 1
dR 1- 1 -

z (_ize—2(R+1n @)1 \/(6—2(R+ln 2))242 4 4e—2F+1n z)

1
=1 -
z (_% we;#.,_% 1, /e—4R+4e—2R)
1
1

1
T (et Ve i)

14+4e2R 2R 1
\/ e~* arctanh
g eth < V1+4e2R )

V1 + 4e2R

Integrating gives

Converting back to z,y gives

1+4e2(y—In=) 2(y—Inz) 1
\ iG—me € arctanh Wirvro=rr)
y =

V1+ 4e2(y—Inz)

’ y—:cf(z2+ay2)
1.10.22 Example ¢’ = 2Tayf @2 tay?)

_ y—zf(@ +ay?)

-z +ayf (22 + ay?)
= w(z,y)
Using anstaz’s it is found that
§=—ay
=z
Hence
d
do _dy _ 4
£
d_dy_ "
—ay



The first two give
dy _ =
dr —ay

This is separable. Solving gives (taking one root)

a(ac; — x?)
Yy=—"""
a
Solving for ¢; gives
z2 + ay?
0q=—">
a
Hence ) )
z*+a
p= ¥ tay
a

S is found from either dn—y =dS or d?’” =dS. Using f—(fy = dS then

d
9T _4s
But y = —Va(azl_xz) Hence
dx
g4
_a\/a(ac1—x2)
d
a = ds

—v/a(ac; — x?2)

1 Vazx
—_ t - =
Va arctan ( o = x2a> S

1
———=arctan vaz =S
va ay
Where constant of integration is set to zero. What is left is to find dd_IS%' This is given by

dS Sz + Syw @)
dR R, + Rw

But

Hence (2) becomes

But R = % The above becomes

o o)

dR ~ %“”—l—Zyw

To finish. Another hard part of this Lie method is to convert back g% = I“Zij:—ls;;: so that
the RHS is only a function of R. Need to find a robust way to do this. This is now a weak

point in my program as I have few ode’s that it can’t do it

64



1.11 Alternative form for the similarity condition PDE

This section shows how to obtain eq. (8) in paper "Computer Algebra Solving of First
Order ODEs Using Symmetry Methods" 1996 by Durate, Terrab, Mota. Which is an
alternative equation to solve instead of the main Lie condition for symmetry we were
looking at above.

Starting with the main linearized symmetry pde

e +w(ny — &) — W€y —w€ —wyn =0 (14)
Assuming anstaz
n=_E&w+x (A)
Hence
Ne = &aw + §Ws + Xo
Ny = &w + Ewy + Xy
Then (14) becomes
(Cew + Ewz + Xz) + w((§w + Ewy + Xy) — &) — wzgy —w§ —wy(§w+x) =0
Eow + Ewy + Xz + EWP + Ewyw + Xuw — W — w3 — wi€ — Ewwy, — wyx =0
Eow + Xa + EW? + Ewyw + Xyw — wéy — W, — Ewwy — wyx =0
Xz + fwa + Ewyw + Xyw — w2§y —Ewwy —wyx =0
Xz + Ewyw + Xyw — Ewwy — wyx =0
Or
Xe + Xyw — wyx =0 (1)
And hence (1) is now solved for x(z,y). If we are able to find x then we can use the anstaz

1 = &w + x. This leaves only one unknown £. The paper does not explain how to solve for
this, &, which I assume is by using (14) again. The paper only said

The knowledge of x, in turn, allows one to set £ and 7 as desired using (A)

Which is not too clear how in practice this is done. I need to work an example showing
this. The paper says that (1) is solved for x(z,y) by using bivariate polynomial anstaz.
The degree can be set by a user, or Maple internally determines this.

2 Second order ODE

2.1 Linearized PDE of the similarity condition

Obtaining the linearized PDE of the similarity condition for second order ode, which is
used to solve for &, 7 follows similar method as given earlier for the first order ode. The
difference is that instead of y' = w(z,y) the ode now vy’ = w(z,y,y).

d’y _ dy
dz? w By dz
Y =w(z,y,9y) (A)

The linearized similarity condition for second order ode when w = 0 is

Nez + (2Ney — Eaa) Y + (Myy — 26ay) (?/)2 - fyy(y/)3 =0

Which is polynomial in ¢’ hence all the coefficients must be zero giving

2oy — oz =0
My — 262y =0
§yy =0
Nzz =0
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And for general w(z,y,y’), the linearized similarity condition is

—nuwy+(—3y'&, — 26, +1y) w—ﬁwx+(—y’ny + )& +yE - m) Wy HNae—Eyy (V) +(0yy — 2640) (¥)+

To continue

3 Analysis of Maple’s symgen methods for finding
symmetries

This section gives an overview of Maple’s methods of solving for Lie symmetries. There
are 16 total algorithms.

4 Notes, things to find out

1. Given an ODE y/'(z) = w(z,y) then we want to find nontrivial Lie symmetry. The
condition for this is that

n(z,y) # &(z,y) w(z,y)

so any values for 1, £ must satisfies the above.

2. Can we always find &,7 for non-trivial symmetry for first order ODE? When I
tried some in Maple, it could not find symmetries for some first order ODE’s. How
does one check if nontrivial symmetry exist before trying to find one? For example
v + y3 + zy? = 0 which is Abel ode type, Maple found no symmetry using all
methods.
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